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TIIPEJVCIIOBUE

Kak Bo3HmKaeT X20¢ B raMWJIBTOHOBCKHX cHcTeMax? — 3To o/t U3 QyHfa-
MEHTAJIBHBIX BONPOCOB COBPEMEHHOH TeODHMH AMHAMMYCCKMX CHCTeM. XOTH
BOAPOC MOMKeT MOKA23aThcA HeCKONBKO CIEHMAnBHBIM, OOHAKO OTBET Ha HEro
3aTparMBagT MHOTOMHCIEHHEIE NPHIOXKEHMA MPAKTHYECKH BO BeeX OGNacTax
HINKH, BKIIOUAA KBAHTOBYI0 TEOPHIO.

Xaoc RO3HMKAEeT BCIEHCTRHE CeldHIeCKOH JIOKANBHOH HEYCTONUMBOCTH
OTHOCHTEABHO CKONBb YTOOHO MAJjBIX BO3MYILUEHHH OpOHT cheremsl. OH mpo-
ABAAETCA B OlpefieeHHBIX 06nacTAX $a3oBoro IpocTpaHCTBa, & TAKXE B OTIpe-
AeneHHBIX ODNAcTAX 3HaueHWi mapaMerpoB cHcTeMbl. OpHako HauGonee IpH-
MeUATeBHBIM CBOMCTBOM XA0CA ABNIAETCA €r0 HEYCTPAHHMOCTE B THITHYHRIX
Puzuvecknx caryaumax. Umeetca B Bugy cneaylouiee. [Ipn nocraTtouro obumx
YCMOBHAX BCETTA CYIUECTBYIOT oOnacTH B (a30BOM MpOCIPAHCIBE H B IpO-
CTPAHCTBE 3HAYCHMIE NIZPAMETPOB, B KOTOPBIX AMHANMMKA CHCIEMbI CTOXACTHY-
Ha. I obnacTH MOTYT GBITh CKOJb YTONHO Majibi, OKHAKO OHM He YCTpaHH-
MpL TIpH NM0GBIX KOHEUHBIX 3HAUCHMAX NMapaMeTpoB U (PHKCHPOBAHHOA KOHCT-
DPYKUMM [HHAMMYeCKOH cHcTeMsI (T.. BHOe e¢ TI'aMIUIBTOHMaHa). Fpkum
IPHMEPOM TAaKO#H CUTyaluH sBnAeTcA ARG GdY3Ha ApHOIbaa — YHHBEpPCAIBHEIH
HEOrpaHHYEHHLE TPAHCHOPT YaCTHIE IO KAHANAM CTOXACTHYECKOH INAYTHHBI
B CHCTEMAX ¢ YHCTOM cTeleHeH cBoboast, GONBIIHM ABYX.

Tlepexom oT cHcTeM, He cofepXammMX BooOIE XAOTHYECKOH MUHAMMKH,
K ¢HCTEMaM ¢ Xa0COM COMpOBOXNIACTCH NMOABNEHHeM Mankx oGmacrell — 3a-
POHBILCH X30¢a, B raMunsTOHOBCKHX CHCTEMAaX TAKHMMH 3apONBIIIAMH ABJIAIOT-
CA CTOXACTUMECKHE CJIOM M CTOXAacTHUecKMe nayTHHel. OHM peanu3yior crnabbii
Xa0¢ B CHCTeMaX H OJHOBPeMEHHO NMPOH3BOLAT HexoTopoe pasGueHne gasoBoro
npocrpalcIBa. BeaencreHe 370T0 TONOJIONMYECKHE cBojicTBa ¢hasosoro Ipo-
CTPAaHCIBA OKA3BIBAKTCA TECHO MEpeIUICTEeHHBIMM C YCTIOBHsAMH U ¢dopMoit 06
TacTell — 3apoppiineit Xaoca. ‘

HeeneioBakMe CTOXACTHYECKHX CTOEB OBIIO HAYATO HABYMA M3 aBTOpOB
(P.3. Cargeessm 1 T'M. 3acnarckum) B 1966 1. B ¢cBA3M ¢ NpoGrneMoi paspy-
IIEHMA MATHHTHBIX [OBEPXHOCTel B TOPOMMIATIBHEIX MATHMTHBIX JIOBYILKAX.
fipakTHuecKH cpa3y BBIACHMIOCH, YTO Pe3YNBTAT O CYIEecTBOBAHHM HeyCTpaHH-
MBIX CTOXACTHUECKMX CJICCB ABIASICH YHMBepCanbHyIM. B manpHefineM crano
ACHO, 4TO CHCTEMAa CIOXACTHYECKHX CJIOEB MOKeT ODBEmMHATHCA B HeKOTOPYH
CBA3HYI0 ceTh, oOpa3ys croxacruveckyl nayruHy. IlpoHuspiBas Bce dazopoe
IPOCTPRHCTEO, CTOXACTHYECKAA MAYTHHA HIPAET ONpeNelIAoLyIe poib B Ipobne-

5



Mme raoGansHol yeroiuBocTy. IloaToMy HeT HMYETO YAMBHTENBHOTO B Top —_
KPYr DPHHONEHKH 3THX BONPOCOB OKA3ANCHA OYeHb LIMPOKHM. OmHum g He
COBCCM OGHIMHBIX NPHIICKEHNHA ABIVIHCh 33434, CBA3AHHBIE ¢ CYILCCTBOBauen
MUIKMX (THOpOAHHAMHYECKMX) MAyTHH, ¥ 33J1a4d, CBA3AHHBIE C CHMMCTpHejH
OONYCTMMBIX PeTYARPHAIX ¥ IIOYIH PeTYIIAPHBIX CIPYKTYP KOHOEHCHPOBAHHBIX
cped.

" Bee 3TH BOMpOCH MOLYT OPefICTABIATh MHTEpeC MIA CAMBIX UMPOKHX
KpYyTOB HCClIefoBaTeneil. ABTopamMu Npe[IPHHATE MONBITKA NOCAEA0BATEIBHO-
TO HINOKEHUA TeOpHH OGPA30BAHMA CTOXACTHUYECKHX CNIOEB W nayTuH (Teopdn
cnaboro xaoca) B ee MHOTOUMCIIHHBIX NpUnokeHui. B Kaure noppofHo ofmcer
BAITCA CPABHHTENBHO HECAOXHBIE TEXHMYGCKHE METANH. TeM CAMbIM UHTATEINb
HOAyYAeT BO3MOXHOCTH OBJIafeTh HeOGXOOMMBIMH MeETOHAMH BBIVMMCICHHWHA H
TPUMEHUTs HX B IPYTHX 33fauaX. 3HAUMTENIBHOE KOJMYECTBO HLTIOCTDAIMH,
BLIMONHEHHBIX ¢ NOMOIIBI0 KGMIBIOTEpPOB, oberyaer MOHHMAHHE MaTepHana,

Crpoerue kHATH cnegyrowee, Ona umeer Yersipe gactu. Yacre I (rm 1 m 2)
CONEPHMT HEKOTOPHIe HeOOXORUMBIE CBEIEHHA MO TaMHIIbTOHOBCK OH JMHAMHKE
u Teopur xaoca (Gonree nofpoGHas HHMDOPMAUMA MOXET OHITL NOIYYEHA H3
kHMrn I'M. 3acnascxoro u P.3. Carneepa “Bmenenne B HenuuefiHyio ¢usw-
Ky”, — M.: Hayxka, 1988).

Yacrp II HazpmaeTcn Iunamudeckuit Mopapok M xaoc”. B xeit paccMarpy-
BaOTCA TEOPHHE CTOXACTHYECKHX CJIOSB K HAyTHH H HX NPHIGKEHHA.

Yacrs Ul — “IIpoctpancrsenssie CTpyKTyphl”. Pasnmuuseie CIpYKTYpHBIE
¢BOMCTRA MAYTHH OKA3aNKCh CBA3AHHBIMH CO CTPYKTYPaMHM KOHMEHCHDOBARHEIX
CpeN M, B YACTHOCTH, MX CHMMETpHAHEIME cBoficTBamMi. B aT0il 4acTH onucaHm!
/MHAMMYECKHE TeHEPATOPhl CIPYKTYP, THAPOIMHAMMYSCKHE CTPYKTYDSI H HH.:
KHE HayTHHBI

Haxonren, wacte IV - “HexoTopble npuioxehus™ - HOCBALIEHA CTPYK-
Typam H3 081aCTH HCKYCCTBA H B KMBO# nipupore (prnotakcuc).

Boolue ropops, He TIpeJIIoNnaracTed, YITo YMTATeNb JOTKEH OBITh CIEIHaNnb-
HO moproroBreH. [ToaToMy KHMIra BIoJNHe DOCTYIIHA [ae CTYHNEHTaM CTapIHMX
KYpCOB M achupaHTaM-pH3HKAM, MATEMATHKAM M HiDKeHepaMm. Bmecre c Tem
ABTOPH! HAOCKWTICA, YTO M Te, KTO NOCBATHI ce0s HCCeJOBaHHI0 ABICHHA X30ca
WIH TIPOCTO NPOABIAET HHTEpec K 3Toi of71aCTH MOSHAHMA, HAfIYT B KHHTe
TOCTATOYHO MHOTO MHTEpecHOro, He COBCeM OOBIYHOTO MaTepuana IUifi TEOpHH
X20Ca: CBA3L 3TOH TEOPMM C TeOpHeil KBA3UKPHCTAIUIOB, ¢ TeOPHeld IOKPHI-
THH IDIOCKOCTH, ¢ XAOTMUECKHMHU BPAIEHHAMH CIYTHEKA, ¢ OuHOKaMH BEI-
TACIHATENEHBIX CXEM H TJL.

ABropm Gnaropapsr cBoux komner M.K. 3axapoea, AV. Hefurragra,
M.fl. Harewszoma, B.A. [lerpoBuueBa, BMecTe ¢ KOTOppiMM Gblla HOAyYeHA
YACTh Pe3YIIbTATOR, BOUISALIHX B KHUTY.



Yacre [

OBNUE NMOHATHA

[naea 1

TAMHIIBTOHOBCKASA JTHHAMHKA

YpapHeHWs [BHXeHHA B KIIACCHUeCKOM (M3HKE CYWIECTBEHHO pa3nHyaloT-
CA B 3aBHCHMOCTH OT TOrO, KaKoi OHW OIHCHIBAKT 00BEKT: YaCTHILY, 3AEKTPO-
MaTrHWTHOE II0/le MIIM XUAKocTh. ONHAKO YXKe JABHO €cTeCTBeHHOE CTpemue-
HYe JOGHTBCA YHHOHKAINH B OMMCAHMKE PadNMUHBIX ABICHHH IIPUBETIO K NOABIIE-
HHI0 YHHBEpCAIBHBIX (opManu3mMoB. Cpeld HHX NarpalXeBCKHH M TAMHILTO-
HOBCKHH ($opManusM HpoOBHEYTL B HauGonbiuedi cremem. Ilpuwmier 3Toro,
KOHeWHO, IIyGOKO CBA34HEI ¢ NPHPOJOH ONKchBaeMmbIX ABeHHH. IlosTomy
B pasiHuHMBIe MEpHOIBL PA3BMTIHA QHIUKH TOT HWIM HHOH METOJ| MCCITeJIOBAHUS
npHoGpeTan onperneneHHEH xoddupuiMenT nomynaproctd. B nepuop passarua
PeNATHBHCTCKU-HHBAPHAHTHRIX TEODHA 38 JArpalXeBCKHM (hOpMaIU3IMOM
COXPAaHANMOCh BECBNA 3JIaMETHOS NDEHMYILIECTBO, KOTOpOE OCOGEHHO CHISHO
ObUIO 3aMETHO B TEOpPHH IO M B TEOPHM CIUIOLMHBIX cpel. OTvacTH ate Gwuto
CBA33aHO C TeM, 4YTO NOHapobWwiock oGCOieHHe NOHATHH FaMUIIBTOHOBCKOTO
dopmanusma, ckobok IlyaccoHa ¥ 1.5 @A TOro, 4roful BO3MOXHOCTH OBOKX
MeTO/IOB aHaMK3a (TaMHIBTCHOBCKOTO H JIATPaKeBCKOr0) MOIVIH CPABHATHCH.

Hoeble HMzeH H HOBBIE BO3MOXHOCTH, KOTOpEIe HOSBMIMCH B TIOCTIedHEe
BpeMa B CBA3SH C OTKPBITHEM ABMCHHA NHHZMHUYECKOH CTOXACTHYHOCTH (MIH
HpOCTO — X20ca), BBIACNWIM MeTOIbI IAMIUIBTOHOBCKOH NUHAMMKH. Teope-
Mmbl JluyBwina o coxpaHeHu ¢a3osoro offsema 1 00 MHTETPHPYEMOCTH CHCTEM
¢ OOJNHBIM HaBOpOM HHTErpaneB B KeHUS OUpeJefIIH X NOCTAHOBKY MHOTHX
33724 DHHAMHMKH, B METOA0B HX HccnemoBaaua. OcoleHHO 3HAMTENBHOM OKa3a-
J1ach Pons [AMMIBIOHOBCKOTO METONa B TEODHH YCTOHYMBOCTH, pa3BHBABIHEro-
csi B 3ToM HampaBnieHuy [lTyaHkape. MuorouwncieHHbIe DallbHellme MCCTIEOBA-
HH# TOKA3ANH, YTO IaMIGIBTOHOBCKHE CHCTEMBI (T.6. TAKHE CHCTEMBI, KOTOPBIS
MOTYT OBITh OMHCAHBI TAMMJIBTOHOBCKHMH YDABHEHHAME [BIDKEHUA) HMEHT
NPHANUITHANIBHEIE  HU3HYECKME OTNHWA OT JIPYTHX, HeraMRIBTOHOBCKHX,
CHcTeM. JTHM H OIpeIeNAeTCA COOEPXaHue IMaBhl, B KOTOpoil GymyT npHsene-
HBI HEKOTODbIC HeoDXOmMMBiE CBelleHMA /1A TAMMJILTOHOBCKMX CHCTEM
(xom. 1.1).

§ 1.1. TaMUIBTOHOBCKHE CHCTEMBI

Ecny cHcTeMa TaMMIBTOHOBCKAA, TO €¢ COCTOAHHE ONMMchiBaeTca IV 0606-
IEHHBIMH AMIYILCAMA P = (P, . . ., Py) H TEM XKe WHCIOM 0BOGIIEHHRIX
KOOPIMHAT ¢ = (g, ..., qy). Yncno N onpegensier @icno creneHell ¢cecGOmbI
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CHCTEMEI. JBOJIIOIMA P H q CO BpeMCHEM ONIPERCIACTCA YPABHEHHAMH IBIDKEHHA:

: oH . oH
pi=—T—, q=T— (=1...,N), (1.1)
0q; ap;
KO'IOphle HMEIOT CMBICTE JIKIUR BMECTE ¢ I'aMHIIFTOHHAHOM
H=H(p, q; 1); 1.2)

TouKa O3Hawaer IuddepeHIMpOBaHKe MO BpemeHn f. QyHKUMA 'aMHIbTOHA,
WIM TaMWIBTOHHAH, 3amaHa B 2N-mepHom ¢dasosoM mpocrpancrse {(p, q) #
MOXET ABHO 3aBHCETh TAKOKe OT BpemeHH. [laph mepeMeHHBIX (py, g;) Hasb:
BAOTCA KAHOHMUSCKH CONPAMCHHEIMM napaml a ypasHenusa (1.1) — xaHOHK-
WCKHMH YPABHEEHAMH.,

Bpems ¢ MoeT OBITh BKIOUEHO B 'HCNO KOOPOHHATHLIX IePeMeHHBIX
cuctem, na storo ¢asopoe MpOCTPaHCTBO CHCTEMBI pacHMpAeTCs myTeM
BBE[IEHHA elne OHOM Naphl KAHOHHYECKUX NePeMEHHBIX

po=-H, qo=t 13
Tereph raMHISTOHHAH _
Jf:H(ps a4 QO)+pO (1'4)
OlIpeHeNseT YpaBHeHHA NBHKEHAA
. ax . i _
pi=—— , @4 =— (i=0,1,...,N). (1.5)
9q; op:
IOnsg i =1, . .., Ncuicrema (1.5) npuBort K TeM xe ypaBnenmam (1.1).

Mpu i =0 umeem cornacuo (1.3) u (1.4)

. 3H(p. q.q0) ~ OH(p, q, 1) . X
Po = — = — , o = — = 1. (1.6)
940 or P

Ilepsoe ypaBnrerme B (1.6} BbipaxaeT XOpOILO H3BECTHOE PABCHCTRO

dH(p,q, 1) _ 3H a7
dt at '

KOTOpOe JIeTKO NPOBEPSETCA ¢ IIOMOIBK YpaBHeHMil nsHxeHua (1.1). Bropoe
ypaeHenue B (1.6) oTpaskaeT onpeperieHHe BpeMeHH KaK KOOpP[IMHATEL

Takum oGpazom, BmecTo N-mepHOR CHCTeMBI ¢ FAMHIBTOHHAHOM, 33BH-
CAMIEM OT BpeMeHW, MOXNHO paccmartphBate (V + 1)-mepHyw cucremy c ra-
MHTRTOHMAHOM J{, He 3aBMCAIUMM OT Bpemenm. OpHako M3 oONpefeneHHH
(1.3) » (1.4) euppo, wro ¥ = 0. HoBbli HMOyNsC py = —H He copepuT
HUKaKo# pononHaTensHoR wunbopmammu. Bee cBojictBa  umMammuecicoi
CHCTeMBI MOIYT ObITh omucanel B (2N + 1)-mepHoM dazoBoM mpocTpancIBe
(P1s . - PN Q15+ -5 QN3 Qo =1). TIO3TOMY HHOIHA FOBOPAT, MTO CHCTEMA
¢ raMunbToHuaHoM H(p, q,t) umeer N+ % creneHu ¢cBoGOMRL

B tazoeom mpoctpancTBe (p, ¢) MOXKHO BBECTH MEMeHT $a30Boro obbeMa

dU=dp,...dpxdq, ...dgy =dpdq
i da3oBbii oGrem
r'=/dr,
by




OIP3HHUEHHEIA HeKOTOPOk rumepnoBepxhocThio S, Boobwe ropops, ¢aszonnit
o0beM IMHAMHYECKOH cHCTemm! ABNACTCH yHkiMed Bpemerm. Opmaxo mis
raMHIPTOHOBCKEX CHCTeM ¢azoBeiit 0GbeM cOXpaHsdeTcs:

Uy, =Ty, (18

1 MPOM3BONBHBIX MOMEHIOB BpeMeHH f; M f; (Teopema Jlmyswwms). 3to
O03HAuAeT, B VACTHOCIH, 4To ¢a3opaf XHUOKOCTh ABJIACTCA HECKMMAEMOIX,
CroiicTBO coxpaHeHHA (ha30BOTO 06BeMa HMeeT BaXHbIe cnencTeMd, OpHo H3
HHX COCTOHT B TOM, WIO CpedM MHOMKECTBA BCeX BOBMOXHBIX TPaeKTOpHil He
CYHISCTBYET TAKMX, KOTODbie MMEIOT ACHMITOTHICCKM YCTOHYMBBIC MOMOMKCHHS
paBHOBecHA (TOUKH MM MHOXKECTBA TOYEK, K KOTODBIM SCHMIITOTHIECKH
MPUTATMBAeTCA TPAeKTOpHA). WUnaue romopi, Teopema JIHybumns wcKniowaeT
CYHICCTBOBaHHE ATTPAKTOPOB, AHANIOTUMHOE YTBEDXHeHHe MOKHO CHENaTh H
06 OTCYTCTRUM pelleJUIepOB — OTTANKHBAIOHINK TOYSK WIH MHOMECTBA TOYEX.

(Gazopbii 06beM MOXET COXpAHATECH HE TONBKO JNA TaMIWIBTOHOBCKHX
cacreM. PasBHTHE COBPEMEHHOTO HEJMHENHOTrO aHaM3a NpHBeno K obobuie-
H{I0 TOHATHA TaMHJIBTOHOBCKMX chcteM (cM. [4]). lycre z; — HekoTopas
Koop/HaTa B $a30BOM TpocrpaHcrBe pasmepHocrn 2N, OpitueM NepeMeHHbIS
2; elue He pasfeneHB! Ha oGobmieHHbIe KOOPIHHATE H 0B06IMEeHHEIE HMITYIIBCEL
CHawmana BBOOWICA NoHATHe 0GoBIeHHBX ckobBok Ilyaccoma, Ecmm A (z) u
B(z) — pBe npoussonnHke $yHKUMH, TO UX ckoBxu IlyaccoHa onpenmenmoTcs
dopmynoit . '

N 64 9B

[4. Bl = Z gi
k=1

]

(19)
az; 0z )
THE TEHIOP ik = Eik (Z ) , BOODme FOBOpA, 3aBHCHT OT NEPCMCHHBIX. Opno-
BPeMEHHO NpeANonaraerca BUIONHEHHE ClIeMyIOLIHNX yCJIOBMﬁ:

a) ychoBHsA GHIMHeRHOCTH

[e4 +bB, C] =al4, C] +b1B, (], (1.10)
IJe ¢ H b — KOHCTAHTHI;

§) YCnoBRHA KOCOCHMMETPUYHOCTH

[4, B] =— [B, A] (1.11)
{310 ycnosWe, B UACTHOCTH, He MOXeT OBITh BLINOMHEHO, eClTH PaIMEPHOCTE

($a30BOT0 MPOCTPAHCTBA HeYeTHaN) |
8) toxmectea JleitGHuua

[4B, C}=B[4, C}+A[B, C); (1.12)
r) ToxaecTsa AKoGR
[4, [B, CY] + [C, [4, BI] + [B, [C A]] = O. (1.13)

C nomounw ckobGoxk Hyaccona (1.9) moxao 3ammucars onpemeiieHHe TeH30pa
&ix B BUIE

g = 2o 2], (1.14)
a camo onpenenenne ckobok (1.9) mpepcraBuTh KAk
2N A OB
[4,B1= Z ——— [z, ] (1.15)

Lk=1 9Z; 02z
.



Ilycrs H = H(z) — npoM3BonsHas (pyHKINA, HA3HIBAEMaA TaMH/IBTOHHAHOM.
060G HHOH FAMHABTOHOBCKOHR CHCTEMO# HAZBIBAETCA CHCTeMa, OHHCEIBaeMas
CTICHYIOMKEMH YpaBHeHHAMM JIBYKeHUA:

7= [z H  (i=l,...,2N). : (1.16)

HameHeHre BO BpeMeHH JioGoil GyHKINH A (2) onpemesnseTca ¢ HOMOUIBIO
ypaseerwi (1.14)—(1.16):

; N 94 . N 34
A= ¥ —z;= X -——[z,,H] 4, Hi. (1.17)
i=1 0z i=1

Ecnu, B YaCTHOCTH, g €CTh EAHHHYHAA KOCOCHMMETPHHAA MATPHIA

01
_gt'k= _10»

10 ypaBHeHHA (1.16) sksesamenthsr (1.1) npu N= 1u z; =q,z, =p. Inx
nposiaorapHoro N ypasHenusa (1.1) cnemyror u3 (1.16), ecnu Nonoxmuts

Bik =( 9 ’i), (1.18)
-10
rae 1 — euHMYHaA MaTpAila Iopanka V, 1
Gy 2N)=@n .0 4n), Grereeo228) = (P, W)

lpusepennan oGobwenHas ¢opMa TaMMWIBTOHOBCKON IMHAMHMKM Fanee
OK2KETCA MONE3HOH NpH aHANH3e YpaBHEHHN JBIKEHHA BeKTOPHRIX NOdIei.

B vactHoMm cryuae (1.18), Korga HMEIOT MECTO TAMWIBTOHOBCKHE ypaBHe-
mn (1.1}, cxobkw Myaccona (1.9) moryT GEITE NPENCTABNIEHE] B BU]IE

N o4 3B 0B 34
4B = % - : (1.19)
i=1\dq: Op;  Oq Oy

a pidrpeperi posanue fio Bpemery (1.16) Bbipaxaerca Kak

. N r04 8H o a4 :
4= 3 2 —-—> (1.20)
i=1\3dq; dpy 9q; Op;
Ypanuenna gewkenns B dopme (1.1) wmi (1.16) (WK 3KBHBANCHTHRIE
M onpenencHua cxoBok IlyaccoHa) COCTABNAIT OCHOBY KaHOHHYECKOTOQ,
MTtH FAMUIBETOROBCK OO, POopManAIMa.

§ 1.2. ®asosi noprper

Cemeitcrea TpaekTopuH cHcTeMel B (a30BOM NpOCTpaHCIBe oGpasyoT
e¢ dajospid moprper. Haubonee npoctolt Bup ¢azororo noprpera DONYUYaeTCH
mpy N = 1. Qa30BMM OPOCTPAHCTBOM ABNAECTCA IWIocKoCTs (P, ¢) . Hampumep,
OOHOMEPHOS IBHKEHHE MONET OBITH ONpelieNIeHO raMHIbTOHHAHOM

H=p*2m+ V(q), 1.21)

e V{g) — nmotenumanbHan IHepruna (moveHuwan) uacraupr. CornmacHo (1.7),
©CNH TaMUM/IBTOHMAH He 3aBHCHT MBRG OT BpeMeHH, To A = 0 X, CTeNOBaTeIbHO,

10



H ecTb HETErpan ABHKeHUA (MHBApHAHT) :
H = const =E, (1.22)

rge £ — HexoTopoe (bHKCHpOBaHHOe 3HaweHWe MHBapHaMTa. B cayuwae (1.21)
peInvuHa K HMeeT cMbICT MOMHOM 3HepruM cucrensl. B npumepe {1.21)} meue-
HHE NMPOHCXOMUT II0 TIOBEPXHOCTH NOCTOAHHON SHEPIUH H

p = £\2m(E- V(g)) = mq. (1.23)

Ypapnerune (1.23) onpepenser omHomapaMeTpHyeckoe ceMelicTBO TpaeKTopHi.,
Ouu u 0GpazywnT dhazoBel NoprpeT cucremMst (puc, 1.1),

Ecnu TpaexTOpHA CHCTIEMBI JIOKAMH30BaHA B KOHeuHOH obnacTH da3ororo
NpOCTPaHCTBA, TO COOTBEICTBYWINEEe [BMXEHHE HAIpBaercA ¢MHHTHRIM., B
TPOTHBHOM CITy4ae OHO Ha3bIBAeTCA HHQUHNTHBIM,

Ocobble TouKE B (ha3zoBOM NPOCTPAHCTEE ONPEASTAINTCA KK HETIOBHKHEIE
TOUKH ypasHeHuil npikeHnsd (1.1), 1.¢. U3 yparHeHuil

aH 0 8H _
0q;; -
B’cnytlae (1.21) 310 TOUKHM, roe p = O M poteHuman V(g) HMeeT SKCTpeMyM:
Vigr=0.

Puc. 1.1. Hoteunuan V(g) (@) u cooTBer-
crByloulni ¢azeBRlit MopTper (6) omHOMEep-
woro pemkxeHuda. Tpaexkropun O, # C, -
CenapaTpucsl

(1.24)

vig

Puc. 1.2, TpackTopHi B OKPECTHOCTH JLTHI-
THueckol (g) B renepGommieckoft (&) TOYex




W3 puc. 1.1 BHpHO, T10 TAKEMH TOUKAMM MOFYT BRITH MG0 TOYKH SIUTHIITH-
YBCKOTO THNA ¢3, MHBO ToukHM rumepGonmdeckoro tvma ¢, M g5 (cemma). B
OKDPECTHOCTH ILIMNTHYECKOR TOYKH HBHKEHHE YCTOHUHBO, 3 TPAOKTOPHH HMEIOT
BHA, aumncoe (puc. 1.22). B OKpPeCTHOCTH Cemen [OBIDKSHHE HEYCTOHMMBO, a
TPAaeKTOpHM HMeWT BHO runepSon (puc. 1.26). TpaextopHs, mpoxopmuas
9epe3 Ceplo, Ha3LBacTCA cemaparpucoil (rpaexropmu C; u C; Ha pue. 1.1),
¥ cenna Beeria e¢Th BXOAAIIME M BLIXOLAIME ycbl cenapatpuc (1.26).

Orcyrcrede NMpefeNbHEIR TOYSK U TNPEICTBHELX MHOXECTB (THN2, HalpH-
Mep, NpemenbHOTO UMKIA) cwmHO ©obemmAeT a3ossii MOPTPET IaMMILTO-
HoBckux crcreM. Tem He MeHee 3T0 He fejaeT HX Oonee MPOCTHIMM CHCTeMa-
mi. CylmiecTBoBaHME JIMCCHITATHBHBIX (aKTOPOB ¥ CBA3AHHBIX ¢ HUMM aCHMNTO-
THYECKH NpEfe/bHBIX TPaeKTOpHA B HEKOTOPOM CMEICTIE OrpyONser CHCTEMY.
IT0 MOXKET CHENATh ee MeHee UYBCTBHTNILHON K paaHIHOTO popja crnabeM
poaMymenusaM (koM. 1.2). OrpaHudiMcs 3pech JMItb 3THM 33MEUZHHEM, TaK
KaKk GAaKIHYeCKE OCHOBHOE COEpAAHMe KHHTW CBA3AHO ¢ TAKMMM CBoOiicTBa-
MH FaMIUIBTOHOBCKHX CHCTEM, KOTODBIC OTCYTCTBYIOT B MMCCHIATHBHOM CAyUae
(xom. 1.3).

§ 1.3. NepemenHbie QeiicTBUE — YIoi

HNepemennnie nelictBHe — yron yaoOHO BReCTH cHAYArA LI NBHNCHHA
¢ opHO# cremennio ceoBGomur (1.21). Ecnu meiokenne puHMTHOE H, Cliencsa-
TE/BHO, epHOANYecKoe, TO fNeficTBHe ] OlipeNensaeTcA BRIpaXeHHeM

1
=—— $pdq, (1.25)
2r

B KOTOPOM HHTerpajl GepeIcs IO 3aMKHYTOH TpaeKTOPHH cHcTeMbi. Ecnd gBu-
AenHe He(pHHHTHOE, HO NMEPHONMUECKOE, TO BMECTO HHTISTPHPOBAHHA O 3aMi-
HyToMy KoHTYpY B (1.25) cmenyer GpaTh HHTErpai o NepHOOY, YKOPOUSHHBIM
ACACTBHEM HA3ZRIBACTCA BEJINIMHA

S@ 1) = fp(q. Hydq. (1.26)

B mefl, a Takxe B (1.25) Bripaxenue wiap = plg, H) sapaerca opMynoi
(1.23), Kpome 1010, B (1.26) cremyer cuenats 3ameHy H = H(J) ¢ nomomsno
dopmyner (1.25). Benvuuna S (g, [) sBnaeTca B JaHHOM CIIywae T2KKe MPOH3-
popamest GyEknmed. C ee NMoMOMIBI0 ONpeHeIAeTCA HOBaR KoOOPAKHATHAA
NepeMeHHAA — YIOM:

o = 98(q, I)
Y S

Hepemernsie (7, §) ABNAOICA KARHOHHYECKH CONPMKEHHOH Napoii, T.e. A
HEX COpaBe/ijIMBHl FaMIIBTOHOBCKHE YPABHEHHA JIBHMEHHA

127

. oH
=% "0
1.
. OH()  dH() (128)
6= —= =2 = .
af dl
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Tockoneky peficTBHe I BRIpakaeTCA KaK GYHKLMA MMTErpaya gaemxetus H, to
OHO TAKKe ABIACTCA HHIErpanoM. JT0 M OTpaxKeHo B NepBoM ypasheHun (1.28).
Bropoe YpaBHeHHe ONDE[ElfeT YACTOTY NEPHOAHYECKOro ABWXKEHHA w([),
Oua 3asHcHT, BOOGIIE TOBOPA, OT HeHCTBHA HIM OT SHEPIMH CHCTeMbl B = H.
Beapa3mepHeIit MapaMeTp

I dw

=~ - 1.29
* w df ( )

OIpefleNAeT CTENieHb ITOH 3aBMCcHMOCTH. Eomi o # 0, To K0/1e63HHA HA3LIBAKT-
cf HenHHedHEIMH. YIX ya¢ToTa siBNAeTCA QYHKIUMEH 3HEPIHH.
YpapHesusa nsmwKeEna (1.28) MoxHO cpasy NPOMHTErPHPOBATS:

I=const, B =cw({)t+0,. (1.30)

3TUM K onpepenseTca yAoGCTBO HepeMEHHRIX [fefictBMe — yron (XoTA 310
Janexo He ¢AMHCTBEHHOE WX FOCTOMHCTBO, KaK GyIeT BHITHO Janee) .

I1a neHOrO OCIGULRATOPS

H=%p* +% wiq® (1.31)

(momoxeno macca m = 1). C momompio onpepenewn#t (1.25)—(1.27) nerko
MOy HTE

g=QIw? cos8, p=QI)?sin8, 8=cwot. (1.32)
Ha (1.30) u (1.32) cnemyer
H= "-)OI’ (133)

T.e. W= const = wy ¥ a =0, IT0 H oNpefenAeT MHHeHHOCTE ocHiATopa (1.31).
C momoIupio oNpeneneHHil NiA MepeMEHHBIX [, § MOXHO BRIPA3HTh CTAPHIE
nepeMeHHLIE P, Yepe3 HOBKle MePEMEHHEIE |

p=p0), q=q(0). (1.34)

llepemennan 0 ABnsAeTCA UMKIMYECKOH, T.e. cusur mo O Ha 2mn (n — menoe
WHCRO) THe H3IMeHsAeT BppaxeHuit (1.34). HostoMy oHM NOMYCKAKT pa3noxe-
Hue B pag Oypee:

a=q,80) = I D)™,

- _ (1.35)
p=plo)= Z b,Ne"?,
rae ko uuMeHTEL 4y, b, pPaBHEI
2
an =— [ d8 e "%q(1, 9),
27 0
(1.36)

i an .
by =5 arde e~ (1, 9).

Oypse-rapmornkn  (1.36) onmpemenaA0T CHEKTpajgbHBle CBOHCTBA CHCTEMBI.
BelecTBeRHOCTD NepeMeHHbIX (P, ¢) TIPHBOOMT K COOTHOIIEHHAM 1A KO3(-
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(HIBICHTOR DPA3IIOKEHHA:
a.pn =ay, b_p=bhy (137)

H3 ofupmix cooGpaxeHHit MOXHO YCTAHOBHIb BAaXKHOE ACHMIITOTRUYECKOE
CBOICTBO CIEKTPa CHCTEMBI, COBEPLIAIIUCH TEDHOIMMECKOS BIDKEHHE [6]):

an ~ exp(-nfNo), bp ~ exp(-n/Ny), (1.38)
roe No — HexoTopas koHctanta. OHa ompepenger 3ddexTHRHOE wHCHO rap-
MOHHK B cllekTpe KoneBanmit cucremsr. Ilpu n > Ny aMunuryner gypee-rapMo-

HMK 3KCHOHEHUMAIBHO Malbi. B YacTHOCTH, B AMHEHAHOM OCHMIUIETOpe KoneDa-
wna (1.32) conepxat TOIMEKO ONHY TapMOHMKY.

§ 1.4. HenmuseiAupii MaATHUK

Henuuednpnii MAATHUK ABNASTCA OJHOH H3 HauBONee YACTO BCTPEYAIOLIHX-
cA GBIUTECKHX MoJerned, JTO CBA3AHO ¢ TEM, YTO MHOTHE 3a[1au, CBA3AHHbIC
¢ KoneDaHMAMM, MPUBOMATCA [OCIEe HHOTHA OOBGNBHO CHOXHBIX M JUIHHHBLIX
npeofpa3oBaHuil K YpPAaBHeHHI0 HefAMHEHHOTO MAATHHKA. Ero raMuibroHMHaH
HMeeT BHJ, ’

H = %x%—wdcosx, (1.39)

e Maccd NIPUHST paBHOR eqpuuue (T.8. p = X), 2 Wy — YACTOTA MAIKIX KOne-
fanuil. Y paBHeHMe TBUXKeHUN MaATHAKA

X+ w}sinx=0, : (1.40)
a tha3oBxst NoprpeT IpuBeneH Ha puc. 1.3. Ocabele TouKHU: (JE =0, x =2m) —
INRITHYECKHE ToukH, (x =0, x = 2n(n + 1)) — cemia; n = 0, 1, . .. Tpaex-

TopuaM ¢ H < w} coorsercieyer koneGande MasATHMKA ((DUHUTHOE [IBIDKE-
Hue), a TpaeKTopuAM ¢ H > w} — BpauweHne MaATHUKA (HHQHHKTHOE IBHXKe-
Hue) . Tpaektopun ¢ H = w} — cenaparpucst. PertieHde Ha cenapaTprce HAXOMHT-

ca w3 ypasHeunz (1.39), B xoTOpOM

\ ceflyer l'lOIlO)l(l'lTb

H>w5 H H = (.do (1.41)
VAN H=w] 310 nmAeT ypaBHEHHE
H<wl x = £2wq cos (xf2). (1.42)
on 7\ iz Ero pemesue HMeer B,

= darctge* e’ . (1.43)
a npH HavaneHoM YWioBuH = 0, x = 0.
JIByM 3HAKAM COOTBETCTBYIOT I(BE Cena-
T PaTPHCHI — BXOEAUAA B CeIO M BRI

ﬂ\/‘)“ xomsnuas s Hero. Menmoneays (1.42),
—————] MOKHO NONnyuHTs u3 (1.43)

_)._\.@ — U=x.=12(.00/(3h(w0t). (144)

nT

o N s Puc. 1.3. lepHOmMueciHit NIOTEHIMA MaAT-
- &

HMKA (g} ¥ ero (a3oBasg WIOCKOCTE (6)




dopmMa 3TOTO pellieHust HOCHT HA3BaHHE CONKTOHA,
Mpusenem Temepb peusrerme ypapwennsa (1.39) (xom 1.4). Beenem napa-

MeTp
= (w} + HY2w} = (H+Hy)[2H;, (1.45)

OnpeneNAoWME Ge3pa3MepHYI0 SHEPTHIO ¢ H3MEHEHHOH ToukoH 0Tcyera. C no-
moupio hopmyasr (1.25) HaxopuTes melicTsHe

8 E@f2; k)~ (1 -k F(@f2; ), k<1,

I=I(H)=—wo{ (nf2; k)~ (1= K*)F(f2; K)

T kE@2;, 1/x), k 21,
roe F(mi2; «) v E(xf2, k) — NonHele 3IANTHYECKHE HHTETPAIIEL COOTBETCTBEH-
HO HEpEOrO H BTOporo poma. M3 ompemenehua (1.28) mna yacroTst Koneba-
wuil K us (1.46) cnegyer

dH(l) _ [dI(H) ]"
di dH B

(1.46)

w(H) =

w 1F(mri2; k), & <1,
= — (147
2 k/F(nf2;, 1), & > 1.
Peluerne yparHeHHs JIBHAKEHIUA (1.40) pasm cKOpOCTH X HMeEeT BHJ
5 en(s; k), Kk <1, 1.48
K, .
0{cln(r; k), Kk =1, (1.48)

rae cn M dn — amnunTHueckue $yHkuun Axo6u. Tlpu & = 1 BerpaxeHnsa (1.48)
nepexonar B (1.44). Paznoxenue (1.48) B pag Oypee maer [8)
n—1/2

x = SwHEI T3 AR oo f2n—Der], «<1,
x = Sw{ z -i-— cos (nwt) + l} £ =1 (149
n=1 1+ag*" 4}’ ’
e
= exp (~1F'/F), w = w(H), F = F(w2; %),
F = F(nf2, /1 -k
& k<1,
o {llx, k> 1 (150)
Hcnomssys acuMITOTHKY UIHIITHYECKHEX HHTEIPANIOB, KMEEM
. w2, Kk €1,
F(E;“)N LI IS (1.51)
2 H,—H

C ux nomowpric BaxomuM K3 (1.50) pnd mapaMeTpa a pasfoXeHdA pene-

s B pan Oypee
{x2/32, k€1, 1.52)
a ~ .
exp(~m/Ny), 1-xk*<1, (152)
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r7e BBeXeH HOBRIH MapaMeTp
No= -2 .2p ( i ) ' (1.53)
= - —— —_ ; K R
° T @ r \2 ’

ONpePeNMOIIMEA OTHOLICHHE MACTOTH MANILIX KONeGaHuii MasTHHKa K €I'0 4acTo-
¢ NpH 3Hepriy H, Ero acummrornxu cormacko (1.51) pasHbi

1, k<1
~!1 1 3H .
No — I —" k<. (1.54)
m Hy —

U3 (1.52) cmemyer, uro wiciro Ny onpegenser addexiBHOS THCIIO TAPMOEHK
B Gypoe-pasnoxerHn (1.49). IIpu n > N, aMINHTYE! pasioxeHHAA IKCIOHEH-
MansHo 0Bpesaorca. HaoGopor, npt n < Ny Bee KO3hHHUMERTE PasNoKeHHA
OJIHOTQ MOPSYIKA.

MpuBepeHHOH HHGOPMALMH HOCTATOTHO [IA TONYYEHHS IOIHOTO 1IpeICTaB-
neHuA O xapakTepe KoneGanmit ManTHHKa, Criyyait k € 1 COOTBETCTBYET MAIBIM
KoneBaHuAM MASTHHKA, T3K KaK B 3TOM ciydae M 6masko k sHaveHmo —H,,
T.6. KoNeGaHus MPOHCXOAAT BGAK3M IHa MOTeHnMansHoi AMEI (cM. puc. 1.3).
Cornactio (1.52) # (1.54) B srom cnymae w(H) = wy, Ny ~ 1 ¥ aMIuTY-
np1 a, manel. [loatomy B pasnoxedny (1.49) AOCTaTOMHO OrpaHMYMTBCSH JIHING
HepBRM WieHOM. OH COOTBETCTBYET MMHEHHBIM KOIeGaHIAM

v =x =~ (BH)'? cos wet,

e SH=H, +H=w} — | H|.

Paccvmorpum crywait k2 — 1, t.e. H = Hy. BENU3u cemaparpuchkl ACTOTa
w(H) crpemMuTca K HyT0, 3 HepHod KoneGaHHi noTapHGMIECKH PacXOIuT-
cd. CKOpOCTh MAATHUKE X KaK (GYHKLNA BpeMeHM NpHOMKaeTca K IepHOM-
YecKOM MOCNENOBATEIbHOCTH CONMTOHONMOMOGHEIX MMAynbcoB (puc. 1.4).

/\ n/ /\‘ Puc. 1.4. 3aBHCHMOCTE CKOpPOCTH
o MAgTHHKA OT BpEMeHH BOIM3IH ce-
o v 2njw RApaTpHcH!

Paccrosmine Mexmy jBYMA ropbaMy B OfHOH M ToH e ¢aze Mano oTAMYaeIcH
or mepuopa xomne6anui 27/ w{H), a nmpHHa Kaxmoro ropba Gm3ka x 2nfws.
Tosromy wacio Ny ONpepenAeT TAK¥e OTHOICHWE PACCTOAHHA MEKDY CONK-
TOHOMOHOOHBIMM HMNYABCAME K MX IUMPHHE A KofleGauMit BOIK3H cenapar-
PHCBL

- QmicaHHbIe CBOMCTBA KONeGaHMil CHpaBeIMBBL He TONBKO HpH BpHEMmDKe-
HHH K Cermaparpice CHM3y (H*wo — 0), Ho u ipH H—w? +0, 1.e. co cTOpo-
HL1 HHOHHHTHBIX TPAeKTOPHH.

§ 1.5. MHoroMe pHOe ABHIKEHHE

B arom naparpad¢ paccMOTpHM MHOTOMEDHBIE HHTerpHpyeMble CHCTEMBL
Hurerpanom JOBROXeHHA F' cHCTEMBI

H=H(pq)=H(p,q1;-..; PN AN)
16



HaspiBaeTeA Bemuunsa F( p, g), KOMMYTHPYIOWAA ¢ TAMIIBTOHHAHOM:
[H4 F] =0,

Ifle omepauud KoMMYyTartopa, wir cxoBox IlyaccoHa, ompenmenmeHa cormac-
g (119 _

[4, B] =

dp; dq;  0q; dp

BypeM pafee BCIOMY CUMTATh (33 MCKIIGUEHHEM CNELHANLHO OTOBApHBAEMBIX
WIYYacB )}, YTO YPOBHAM HNOCTOAHHBIX 3HAYCHHH TEMHIBTOHHAHA

H(p, q) = const = E

COOTBETCTBYIOT PAINUYHEIE 3HAMCHUA IHEPTHH CHCTEMEL E.

Ecnu uwnterpan pBmxeHus F Mo3BondeT NMOHH3ATH NOPANOK YPAaBHEHHI
ABMKEHHA, TO OH HA3BIBAETCA NEPBBIM MHTerparoM. B ofmieM citydae mid ui-
TETPHPOBAHUA CHCTeMEI MudpbepeHIHANBHEIX YpaBHeHHA nopapgxa 2N Heol-
XOIMMO CTONTBKO K§ MepBHIX HATerpanoB. OfHAKO B cyyae raMHIBTOHOBCKHX
VDAaBHCHHA HBICKEHMA [OCTATOYHO 3HATh JIMLIL /V MepBRIX MHTErpanoB. 3T0T
dakT oTpaxaerca Teopemoit Jmysmwina — ApsHonsma (koM. 1.5).

Iycrs fana raMMITBTOHOBCKAA cHcTema H(p, q) ¢ N cremenamm csoGomsl,
COBepIIAOIAS GHEHTHOS IBANEHHE H HMelotan N nemex HHTeTpasoB

F; = F(pq) (@(=1...,N),

KOTOPBIE JIHHEHHO HEe33BHCHMEL M MOMIAPHO KOMMYTHDYIOT:
[FoFl1=0 (ji=1,...,N).

Torma:

1} TpaeKkTOpHH CHCTEMBEI JieXaT Ha N-MEPDHOM TOpE;
2) OBY:KeHHE ABIIACTCA YCIIOBHO-TIEPHOOHYECKHM 1 HMeeT N YacToT

wi=wilFy, ..., Fy) (@E=1,...,N);

3) yrmoBele TepeMeHHbe 6;, xapaKTepHAyWIuye KOOPIMHATHL Ha TOpe,
YIOBIETBOPSIOT YP3BHEHHAM

N /34 3B 84 oB
( , (1.55)

i=1

0; =wi(Fy,.... Fy) (=1,....N), (1.56)
KOTOpbIe MOTYT DbiTh Cpa3y NPOUHTCIPHPOBAHDI:
8; = w;t + const. (1.5?)

Tlpumep TpaeKTOpuUM NpHBeaeH Ha puc. 1.5. B ciryuae apyx crenened cEoGo-
bl [ HATErPHPOBAKUA CHCTEMEBI JOCTATOUHO HMeTh JIHIIL OfMH HOIOIHHTENE-
Hbli RepBbIil HHTETPAT], He 3aBRCALME oT H,

B mpoilecce ABIDKEHHA TPACKTOPHA OCTAETCA Bce Bpems Ha rope. llostomMy
TOp ABJIAETCHA HHBAPHMAHTHOM XapaKTEPHCTHKONR cHcTembl. CemeficIBy pasmuy-
HbIX 3HAaveHWH wHrterpanoB (Fy,..., Fy) COOTBEeICIBYEeT ceMeHCTEO MHBa-
PHEHTHBIX TOpoB. HX B3auMHOe pacloiokeHHe B IIPOCTPAHCTBE ONpeaenAeTcH
pasMepHocrtsio ¢asoBore npocrpatcrea. Ilpu N = 2 Topel, COOTBETCTBYIOWINE
PA3NHYHEIM 3HAYEHHAM HHTerpanoB F, F,, BIOXeHml JpPYr B FApyra W He
Nepecexawtca (puc. 1.6). B aToM cityyae rOBOPAT, 410 TOPHI AEAAT MPOCTPEH-
creo. Tlps N > 2 Topbl He OensT OPOCTPAHCTBO M Repecexarorca. ITOT $akr
YCTaHaBNKBaCTCH CCOYIOLIMM 0OpasoM.
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B 2N-MepHOM ¢a30BOM HpOCTpAaHCIBE MOBEPXHOCTH NOCTOAHAOH 3IHEpTrUH
H = E numeer pasmepHocts 2N — 1. T'panuuer, KOTOpHIE JONXKHBI €€ Je/IHTh Ha
pasnuubsie ofacTH, MMewT paaMeproctt 2NV — 2. Ecnu Topwl JenaT HpoCTpaH-
CTBO, TO MX Pa3MepHOCTs N HOJKHA YIOOBIIETBOPATD YCIOBHIO

N=2N -2,

Otcioma N < 2 u cnyuail gByx creneHeH ¢BOBOMEI OKA3LIBAETCHA BHITEIIEHHBIM.

Puc. 1.5. TpaexTOpUA Ha ABYMEPHOM TOpe
Puc. 1.6, [Ipn N = 2 nupapuanTHeIe TOPBI OefAT (PazoBoe NPOCTPaHCTEO

B paneMeitiieM OyneT BHOHO, KakhuM O6pa3oM 3Ta TONONIOTHUECKAsA o0coben-
HOCTh (a30BOro NpPOCTPAHCTRA BAMsACT HA AUHAMHYECKYI0 YCTOHUMBOCTH CH-
CTEMBL.

JpixeHHe HA OBYMEPHOM TOpe WUMEET OBE. UACTOTHI wy H wj. B oGiieM
clyyae OHM HeCcOM3MEpUMBI, B TpacKTIOPHA BCIORY INTOTHO MOKPHIBAET NOBEPX-
HOCTE TOpa H He 3aMKHyTa. Clyvai, KOIi2 OTHOWIEHHME YACTOT PanBOHANBHO:

W|IW2 =mt/m2 (1.58)

(my, m; — uenble WACIA), ABJAETCA PE3CHAHCHBIM. TpPaeKTOpHA 3amMbikKaeTcs
uepea KOHEYHOE UHCIO O0OPOTOB Ha TOpE.

B ofwem cnyvae yCIOBHE Pe30HAHCA HMeeT BHL,

N

nyo; =0, (1.59)
i=1
TAe m; — Uesble BICIA, HE PABHbIE BCE ONHOBPEMEHHEO HYJIO.

Hockonbky YacTOTHl ; ABIAKTCH GYHKIUMAMY WHTETPANIOB IBINEHUA F,
ycnoBMe pezoHaHca (1.5%) o3Hauaer CyulecTBOBaHWEe HEKOTOPOLD COOTHOLIEHHSA
MeXIOy BenuumHamu ;. [looTomy npu pesoHaHcax NpPOUCXOOMT ONpefesneHHOe
BHIpOXeHue cicTempl. Huterpaner Fy v yraw §; He asnswrcs, BooGle ro-
BOpA, KaHOHMYeCcKOHd NapoH mepeMeHHbIX. B cniydae, xorHa cucrema ABnserca
HHTErpHpYyeMO#, KaHOHMYECKHE TepeMeHHbIe BBOTATCH CAENYIIUHM oGpazoM.
Hockonpky ABHKEHHE TPOHCXONUT Ha N-MEPHOM TOpE, TO HA HEM MOXHO BEID-
pars poBHO N GasMCHBIX KOHTYpOE (j, KOTOpEIE HE MOTYT GBIYb HM CTSHYTHI
B TOUKY, HM TepeBefI€HE] HEMpephIBHBIM clocoGom npyr B apyra. BasucHnie
KOHTYpel oA N = 2 ftpumefmens: Ha pec. 1.7. C momomsio kourypoe C; BBO-
nAarTca N HezaBHCHMBIX NEePeMEHHBIX — NeHCTBHI

1

N
L=— § Zpdg (i=1,...,N). (1.60)

27 Cp i=1

OHH ABAKTCA HHTETPATIAMM [BHXKEHMS — TAK HA3LIBAEMBIE MEPBLIE MHTCTPAIL-
Hbie mHBapuaHTe [Tyankape [2].
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B cuny muHeiHO He3aBHCHMOCTH HMHTErpaloB F; UX MOXHO BLIPA3HTH
yepes medcrsua I

Fi=Ff(Il,...,IN) (f“l,..‘,N).
AHAIOTHYHO BhipaxKdeTca raMHIIbTOHHAH H yepes JeiicTBuA:

H=H{,,..., Iy),
T.e. ICPEeMECHHBIC 3,- ABNAWICA nDUKIHYeckMMH, KaHoHmueckue YpaBHEHHA
NMMET BH,

I; = —8H/38;, 6;=0H/alL, (i=1,...,N). (1.61)
Orcropa

I;=const, 60;=;t+const, (1.62)
roe

wi=willy,..., Iy)=0HRI; (i=1,...,N}. (1.63)

HMeeTca HeKOTOpEIE NpOM3BON B BHIGOPE GasHcHBIX KORTYpOR (. [loato-
My onpepenerMe neficyeHa (1.60) ue sBnseTca opHo3HayHeM. Q@HAKC MHBA-
PHAHTHEIE TOPHI

(Y=, ..., Iy)=const

OTIpepeNeHET OHOSHAUHO , 8K CHCTEMA ABIIAETCA HEBRIPOIKACHHOM, 1.8,

oy (I 9*H({I
det .ﬂ(_) = .A (1.64)
I; 3,31

Cormacno pasencrBam (1.63) ycmoeue (1.64) o3Havaer GYHKIHOHAIBHYH He-
3ABHCHMOCTh N 4acToT wy.
&y

Pre. 1.7. Basucheie kouTypel C; M C, Ha pByMep-
HOM TOpe

v 3

Dopmynsl (1.62) NO3BOMMAIT PelMTh BONPOC O CNEKTPATBHLIX CBOACTBAX
'TPA¢KTOpHE cACTeMBI. JI/if 3T0TO HOCTATOYHO 3HATh CBA3h NEpeMeHHBIX (P, q)
¢ mepeMeHHpIMH fieiicTBHe — yron (I, §):

p=p(L8) a=q(0).
YuurpiBanA UHKIAYHOCTD [0 NepeMekHOMH #, nMeem

g= 2 qmem™?,
ms—c (1.65)

p= I pm(ye™?,

m:—m
roe KoybdHIEHeHT paiONeHHs YHOBRETBOPAIT YCIIOBHIC BeWIeCTBEHHOCTH
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BENIWUMH @, P
Gm =G-m» Pm=P-m:

M BEKTOPEl M M ] PAaBHEL
m=(ms,...,my), 79>=(0,,..‘,8N),

WMcna my; — Lebie, TOJOXHUTENbHBIE W OTpHuaTenphuie. CyMmupoBanue B
(1.65) Benerca mo Bcem wicnam my. C momoisio (1.62) paznoxenue (1.65)
MOKHO TIepeTMcaTh B BHEE

g= I Gnl)e™Sr,

m=—e (1.66)
o - .
p= I Pme™’,
m=—ce
e @ = (wy,..., Wy) ¥ NOCTOAHHBIC HayaNbHbie dassi BKAIOYEHB! B OIpe-

feneHue AMIUTHTYY Gm ¥ D. Paanowenve (1.66) omucsBaeT N-4acTOTHOe
EBWKEHHS, el OTCYTCIBYET BHIPOXKOCHHE, T.e. CHpaBefsMBO YciloBHe (1 64 .
TaKoe ABIOKEHHE Ha3pIBaeTCA YCAOBHO-TePHOIMYECKHM.

§ 1.6. Orobpaxenwe [yaHkape

Bo MHOTHX onyvadx DHHAMMYeCKYH 3BOJIIOLMIC CHCIEMBI YOOOHO Onpefe-
NATe He ¢ NOMOILBI HeNpephBHBIX GYHKIUHA p(), g(f)}, 2 MEKOTODHM
IHCKpeTHbIM 0GpasoM. IycTs 3afaHa NocnenoBaTensHOCTD MOMEHTOR BpEMEHH
(to,f1, ... ). B KaOKIpI1 U3 MOMEHTOR #; ONpefieneHa napa wmcen ( Py qi):

pi=p@), qi=aty),
JeXKAMX Ha TpaeK'l'opIm CHCTEME]. COOTHOIHGH]‘IB

(Pns1> Ans1)= Tnl Pus Q) (1.67)

ONpEenAeT ONEPATOP CEBHIA BO BpeMeHH f',,. Ono 3apaer oroGpaxcerue ¢aso-
BOTO NMpPOCTpaHCTBA B ceDA M 3aMeHseT YpaBHeHUs DBHXeHUA B MaddepeHnmans-
Ho#lt dhopme. :

MycTs, HalpHMep, TAMWILTOHMAH cicTeMbl H (p, q; ) 3aBHCUT OT Bpe
MeHH HepHOIYECKH

H(p,q;t+T)=H(p,q;1),
rge T — nmepuoa. Torga pocTaToOMHO PACCMOTPETH peieHHs YpaBHeHMH [IBHKE-
HUA HA HHTepBae (tq, Lo + T) v Haitty BHp oNepatopa T NyTeM CHIMBKHE pe-
IEEHHH Ha [IBYX COCENHMX MHTIEPBAIAX

(to.to +T), (to*T, to+27).

Onpenenenme pemenus cpogurca K NMochenoBaTe/IEHOMY HTEpPAHHOHHOMY
npoueccy

(Prr @n) = T™( po. q0), (1.68)

re —
(Po, 0) — Mavammoe yonosye. TpaeKTOpUA CHCTEMb! TIONYYASTCA ¢ MO-

Mowbio (1.67) mmm (1.68) u n M
" PeOCTaRJIAET COGOH HHCKPETHYIO NOCTENoBa-
TOILHOCTL TOWK (P0sq0); (P1.91), ..., (P @n)s...
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B arysae # = H(p, q, ), rfie p % ¢ — eOMHCIBEHHbIE IlepeMeHHbIe
(V = 34), otoBpaxeHue (1.67) nepeBomuT IUIOCKOCTH B MWIOCKOCTh. Takoi
e TIpHeM MOXHO HCIONb3OBaTh NpH N 2 2, rae M3oGpaxeHHe TPaeKTODHH B
¢$a30BOM NpOCTPAHCTBE € DPA3MEPHOCTHIO, GONMBIICH WM DABHOH dYeThipem,
TpaKTHYeCKH HEBO3IMOXHO. 1 310TO ClIElyeT paccMOTPETh, HANIpHMED, TGC-
koctk (p, g) B $azoBoM TpocrpancTBe H GHKCHPOBATH TOUKH, B KOTOPBIX
TpaeKTOpHA NpPOTBIKAET TNOCKOCTh B 3afIAHHOM HanpaeneHun (puc. 1.8). Eciun

Puc. 1.8. MoclenoBateNsHbie TOYKH OTOGpameHMs
IMyankape

(Pn> @n) — TOUKA HA INIOCKOCTH NIPH A-M NMPOTHIKZHUH IIOCKOCTH, TO COOTHO-
meHHe (1.67) 3apaer oroGpaxenne Ilyanxape. locieoBpaTeNEHOCTE MOMEHTOB
BPEMEHH NPOTHIKAHMA (fg, !, . . .) He ABIACTCH HKBHIMCTAHTHOM,

Orobpaxerue Ilyanxape neficTByeT B IIpOCTpaHCTBE MEHBLUEH pa3MepHOCTH,
9eM pasMepHOcTh (asoBOre MPOCTPaHCTBA. JTC YIPOINEHHE NOCTHUr3eTcH 33
CYET YeX TPYOHOCTER, KOTOpHIE Clleyer Ipeofo]eTh, YTOGsI ONpefeNiuTh Bif
oneparopa f’,,. Ecra cHeTeMa MMeeT MHBAPHAHTHEIA TOp, TO OYEBMAHO, YIO €10
HepeceyeHne ¢ IUIOCKOCTBI0 [ACT HHBAPHAHTHYW KpHBYW. lelcTBHTelIsHO,
TPAeKTOPHA, KOTOPaH BCIOAy MNOTHO DOKPHIBAET NOBEPXHOCTD TOPA, IPOTHIKALT
IJIOCKOCTh B TOYKAX, KOTOPRIE BCWO/Y IVIOTHO NOKPHIBAT KPUBYI NepeceueHuA
TOPA ¢ INIOCKOCTHIO.

Hcnonraopanue otoGpaxenuit IyaHkape o6napaer o KpaitHeil Mepe BYMSA
IOCTOHHCTBaMKM. Bo MHOTHX CIyvysAX, KaK 3T0 GYHer BUAHO, OHO TO3BOIAET
ofneranTs HeclepoBaHue 3amayl. OHO TaikoKe TOSBONACT HAITAGHO H30GPA3HTH
JMHAMHYECKYI0 KapTHHY IIpH €6 MMCIIeHHOM HcclenoBakyu. Bonee TouHo 3TH
YTBEp:KHAeHHA ByJIyT NpelcTaBIIeH I gaiee.

Tnapa 2

YCTOHYMBOCTDL H XAOC

OueHb peqKO BCTPEYAIOTCA TaKHe CHTYAUMH, B KOTOPEIX MOXHO Cpasy ycra-
HOBHTb QaKT HHTEPHPYEMOCTH CHCTEMBI. 3HAYHMTEBHO YAIUE MOXHO YIOBIET-
BODHTBCA TAKOH [IOCTAHOBKOMH 337auM, B KOTOPOH MMeeTCA Majoe BO3MYILLEHHe
HHIETPHPYEMOH CHCTeMbl. CymiecTBYeT GOMNbiIoe uMCIIO Pa3THUHBIX METOOB M
HCKYCHEIX NPHEMOB aHANM3a BAMAHUA BO3MYUleHHA. Bce ony Tem wie HHBIM 06-
PazoM CBA3AHBI ¢ PElliCHHeM 331auu 00 ycTOHMBOCTH ccTeMsl. M anech cremyer
HPHHATE BO BHHMAHHE B BhICIed cTeNeHH yCIOBHBE XapaKTep KaK IOCTAHOBKH
3amaui 00 YCTOHYMBOCTH, TAK U CAMOTO MOHATHA YCTOWMHBOCTH. TOT WIH HHOA
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BONPOC, KOTOPRI NPefsABNAETCA K CBOACTBAM CHCTEMBL, JZHKTYET ONHOBpe-
MEHHO He TOJIKO METOf, ¢ HOMOLIBPK) KOTOPOrO MOMHO HaHTH HA HETO OTBET,
HO M CcBOE ONpedelieHHe YCTOHUHBOCTH. MaNpie BO3IMYMISHMA CHCTEMBI MOTYT
NpPHBOMMTH, HANIPUMED, K MATsIM H3IMEHEHHAM HApaMeTPOE CHCTEMEl B TEUEHHe
OrpaHNYeHHOTO WJIH HeorpaHHUYeHHOTC BpeMeHM. B nmocrenHeMm cliyuae TONOMO-
rHA (as’oBore HOpPIpeTa MOXET He HIMEHATHCA, HO MOXET H MIMEHMTHCH CY-
LIECTBEHHD.

Ceifuac HccTefOBaHHE YCTOHUMBOCTH NHHAMHMUECKHX CACTeM Upuolpeno
H HOBBbIE MeTOJbl, H HOBBIC TIOHATHA. JTC CBA3AHO ¢ OTKDRITHEM HOBOTO fBIlE-
HHMA — QUHAMHYECKOTO Xa0¢a, WIH IpocTo Xacca. OHO 3aK/I04aeTca B TOM, UTO
TPAEKTOPHM CHCTEMBI MOTYT NPENCTABIATE CoGOR peaTH3ALMI0 CAYYAHHBIX
BPEMEHHEIX NPOLECCOR, XOTA HHKAKHX CNYYalHBIX HCTOUMMKOB B YpPaBHEHMAX
HeT. CBOHCTBO XaoCa aBTOMATHMECKH O3HAYAET HEMMTEIPMPYEMOCTb CHCTEMEL.
OHO npHCYINe TONBKO HETHHEHHbIM CHCTEMAM.

B sr0ft rhase 6ymer KpaTko NpABefieHa JMIIbL caMaf HeOOXOAHMAn HH-
$opMALHA IO YCTOHWMBOCTH M XaoOCcy B IHHAMHMYECKMX CHCTeMaX, KoTopad
NPUIOMTCA [UIA NATBHERIIEro H3MOXeHHa (koM. 2.1).

§ 2.1. HereiHbIA pe3oHaNC

HenuHeiinpid pe30HAHC HABIAETCA BAXHBIM CBOHCTBOM JHHAMHYECKHKX
CHCTeM, XAPaKTepH3YIOMMM MX PEAKIHIC Ha BHEIUHee BO3MYUIEHHE H NO3RO-
JISIOUIEe OUEHHTh POIID HeIMHEHHOCTH.

HeposmyuieHHOe OBIKEHHe CUCTEMBbI ¢ OJHOH cTeneHBI0 cBOGONE1 Bymem
ONHCEIPATL TamMWIbTOMHAHOM Ho{l), 2 BO3IMYNEHHOS — TraMWILTOHHAHOM

H=Hy(+eV{,0;0), (2.1)

rme € — GeapaaMepHbiil Maneid mapamerp (€ <€ 1). Bosmywense V aensaerca
HepHOAMYECK HM TI0 BpeMeHH ¢ IepHOIOM

T=12nfv.

[Tosromy ¥ MOsKeT GLITH paanoxeHo B NBOAHON pan Pypre no § u o !:

1
VU, 6;6)=— T Vi (De®* -2 4 o
( } 3 & k1) C. 22)

. _ .
.Vm‘ V—k,—l’

TIe K.C. O3HAaY4eT WIEHK, KOMIUIEKCHO COMPAXeHHBIE TTPERBITYLIIEM.

KanonnueckHe ypaBHeHHs OBMXKEHHA MPUHMMAKT CICKYIMHH BHJ, eCiH
HCHOOIb308aTh Berpakenus (2.1) u (2.2);

. av 1 .

f=—€ ~— = — —ie TkViul)e'*® "Dy xc,

af Kk,
{2.3)

. QaH dH, IV o;1)

0= —= + e =
ar df af

1 2
=w(l)+t—€e W) kOB e
2 k! Bf
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3peck yacTOTa KONMeGaHHH
w(l) =dHy(I)/di

BEeAeHa IJI1A HEBO3MYIUCHHCTIO ABHKCHUS .
Ycnosue CYIISCTBOBAHMA DE3OHAHCA B CHCTeME O3HavuaeT BLilIOTHEHHE pa-

BEH(CTEA
k() - w=0. .49

310 O3HAUAET, UTO CJIELEYET YKA3aTh mapy uelpiX wucen (kq,lo), A7 KOTOpPBIX
HafifeTCA 3HaueHHe [, , obpamawinee (2.4) B TOXOECTBO:

ko&)(fo)=lop. : ’ (2.5)

Kak npasuno, rakux 2Havenmit (ko, ly; ) oxasniBaercs muoro, B 3HayuTens-
HOM Mepe 3TO BRISBAHO HETHHEHHOCTEKY CHCTEMEI, T.€. 3aBUCHMOCTEI0 w (1) .

Tyt aHanu3a ypaBHerwit (2.3) 3aKIIOvaercd B HCCNENOBAHHH HEKOTOPBIX
npocredumix cutyauuii. OHa U3 HHX COCTOMT B PACCMOTDEHHM H3OMHPOBAHHOTO
pesoHanca (2.5) B TpeHeGpexeHNM BCEMH OCTANBHBIMH BO3MOXHBIMH Pe30HAH-
camH. POpPMANBHO 3TC 03IHAUYAET, YTO B YPABHEHMAX IBUxeHUA (2.3) cremyer
OCTABHTh TOIIBKO WIEHB! ¢ kK = kg, ! = I, iKOTOpBIE MOTYT OKAa3aThCA Pe30HAH-
cHpiMM IIpH [ =1;:

= eko Vosiﬂ(koe - lth + (P),

(2.6)
. a¥,
=w(N+e -cos{ko® — lyrt +¢),
e 0603HAUCHO
Vi, = | Vi1, 1€% = Voe'®. 7

Kpome Toro, cuntaercs, YT0 BeliHYMHA
Al=I-1I, (2.8)

MAaNa, T.g. ypaBHEHMA (2.6) pPacCMATPHBARIOTCH B OKPECTHOCTH PE3OHAHCHOTO
3HAYCHHA pelcTBUA [ .
lepeurcnyum QONOIHUTE ThHBIE TPHGIIMKEHNUA TATPHEHIIETO AHATHAA
1) B npaBBIX yacTAX ypaBHeHm (2.6) MOXHO NMONOXHTh Vo = Vi(lo);
2) nns vactothl w(f) MOXKHO NPUHATH PABIIOIKEHHE

w(I)=wp +w'Al, '
roe

wo =w(lo), w'=dw(ly)/dl,
a Al onpepeneno s (2.8);

3) nonpaBKOR K YACTOTe NMOPAIK2A € BO BTOPOM YPABHEHMH B (2.6) MOXHO
IpeHeGpeys.

B peaynbrate npoHcXOmMT ellle OfHA penykuMA cuctemul (2.6) k Gomee
IPOCTOH:

d d
—~— AT =¢eky Vosin S !
dr o ¥ gSl \D i W kow AI, (2.9)
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riie BBepeHa ¢a3a
Y =kol — Lot + . (2.10)

Cucrema ypaBHenmii (2.9) MoOxeT ObITh NpeficTABNEH3 B TaMHIBTOHOBCKOR
dopme

d oH dyr oH ,
——AI=_"_"'_9 -_ = 2.11
dt @n y dt a(AD) (211)
roe
— 1
H =~ ko' (A1) + ekoVocos . (2.12)

Brrpaxenme (2.12) mpencraBnfer coGod addexTHBHBIA raMHABTOHUAH, OTM- .
CHIBAIOIIMA [OMHAMUKY CHCTeMBbl B OKpecTHOCTH pe3oHaHca. IlepemeHHEre
(A€, ¥) ABNAIOTCA KAHOHHMECKH COTMPAXKeHHOH Napoil,

CpaBHenwe Beipaxerna (2.12) ¢ (1.39) mokaspiaer, 4T0 raMWILTOHWAH

H ONMCHIBACT KOJNEGAHHS HEMMHEHHOrO MAATHHKA (C TOYMOCTBIO IO CEBHTA 110
daseHa 7 npH ' >0. U3 (2.9) nomyuaem

¥ +Q3siny =0, (2.13)
tHe Y=y +mm
L9 =(€k%Vo|W'i)”2- (2.14)

Benmumaa £2, Ha3piBaercs uacToToil ¢asosrix koneGanuit, Bee dopmynrr, mo-
AyueHHnle B § 1.4 mia HemMHEHHOro MAATHHKA, aBTOMATHUECKH MOTYT GbiTh
nepeHeceHp WIS TaMwibToHuana (2.12), ecnH 3zamenuth B GopMynax mns
MasTHHKA § > Kow't.

Ha wcxopHo# ¢asoBoit mWiockoeTM (P, ) TOYHOMY pe30HaHCY COOTBET-
cTBYeT (pa3zoBag KpHuBaf ¢ mefictsuem Iy (puc. 2.1). Hepexon or nonapHoro
yrna 6 x ¢aze ¢ B dopmyne (2.10) cooTBeTCTBYET NEPEXOY B CHCTEMY KOOp-
NMHAT, Bpamaollyiocd ¢ YacToroli lov. Bo epamaioweiics cicreme ¢asoBpie
TIOpPTpeThl HENMHHEHAHOTO pe30HAHCA A JBYX (JIIyuaeB HpelcTaBlieHsb: Ha puc. 2.1
# 22. V3 HHX, B YACTHOCTH, BH/JHO, YTO TIpH pe3OHaHce MopAmKa [o Ha ¢azoBoil
nAOCKOCTH 006pasyloTcs [y ceMaparpucHEiX sAdeex, I, runepbomydeckux u Iy
STIMIITHYECKHX OCOGBIX ToYeK. Takum 06GpasoM, HelIMHeAHpA PE3IOHAHC H3Me-
HAET TONMOMOTHI0 (pa30BOTO NMOPTpeTa,

YCTagoBHM HEKOTOphiE YC/IOBHA ’33XBaTa’ CHCTEMBI B HEMHEHHBIA pe3so-
HaHc. Beenem GespasmepRniil MapaMeTp «, XapaKkTepH3VIONHiE cTelleHs HelTHHe-
HOCTH KOJleDaHuit: ’

I dw (], 7
Lo Aol ) Sy (2.15)
Wy dl Wyo
Torpa naspanubie Bpillie TpH NPHOTIKEHUA ¢NPABEUIMBLI IPH YCIOBUAX
ce€ a< lfe. {2.16)

TlepBoe HEpaBEHCTBO O3HAYAET, YIO HEAMHEAHOCTh NOMKHA GBITH NOCTATOUHO
Honpiioit 1 He MoxeT GhITh yCTpeMITeHa K HYITO (KoM, 2.2).
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Puc. 2.1, Henmueltnnilt pesoranc ¢ k, = 1, [, = 1 Ha ¢aszopolt mrockeeru (p, ). lMrpuxo-
pas JIHMHA — HeBO3MYIUgHHan Tpaextopa ¢ J = I, Tonxne munnn — gaszosble KONeGaHHA.
ToncTas MHHHAA ~ ceNapaTpuca (Pa3oBLIX KoNeSaHuH

Puc. 2.2, ¥COKHEHHBIH BAPHAHT HeNMHeHHOro peaoHanca ¢ k, = 6, I, = 1 (o6o3naueHun
Te e, YTO H Ha pHc. 2.1)

W3 ramwisroRkana (2.12) u {2.15) quenyer oneHka BiisA aMIUIATYAn ¢a-
30BLIX KONeGaHMA 10 AeicTBHI0

max Af Vo N2 1 e \1/?
~1 € ; —_— >~y — ] (2.17)
Iy 'l Iy o
1ak Kak Vo ~ Hy ~ woly. Ananormano nonywdem ¢ NOMOLBI0 OffpeneneHus

(2.14) A IMPUHE Pe30HAHCA 10 YACTOTe
max Aw Q
—— = (ex)* /2. (2.18)

(430 A o
Bripaxkenue (2.17) packpeiBaeT ¢MEICT NEpBOTO HepapeHcTBa B (2.16), 2 Ber-
paxenne (2.18) ~ cMbicl BTOPOrO HepaBeHCTBA: OTHOCHTENTbHBIE H3MEHEHHA
IDeHCTBHA H YACTOTHI IIPH HETHHEHKOM Pe30HAHCE HO/IKHEI GBITh MAJIbI.

Peurenne BOMpoca O TOM, KaK BIHMAIOT HEPE30HAHCHEIE WIEHL! B HCXOIOHOM
pamtoxeunH (2.3), 6yner maHo B vactu .

§ 2.2. BHyTpeHHEH sHenMHeRHLIH pe30HaHC

PaccMmoTpeHMe pe3oHAHCHLIX H3MeHeHHE B HelMMHeHHOH cHcTemMe Nop meicT-
BHEM BHEIHEro NepHONHUECKOro BOSMYLIEHHS ABIACTCH JOCTATOYHO OGIMM,
OHo cpaBHHTENbHO MpOCTO OGOGLIACTCA HA C/TYYaH Pe30HAHCOB MEXY JBYMM
H Ooree crelleHAMM cBoGopgsr. OrpaHuuMMces cilyvyaem N = 2. I'amMumsToHMaH
CHCTEMBI ¢ ABYMS CTEHEHAMHU CBOGONKI 3aIMILEM B BHOE

H= Z Hp)+eV({,, I,;6,,6,). 219
i=1,2

YPaBHeHHS! OBHXCHHA NMEKT BH],
L= —3H/00,, 0;=0Hf3l;, (i=1,2). (220

Paanosxenue posmyweHus V' B geoitroil pag Oypee 3aMALIeM B BHEE

1
V(11[2;61,32)=— 2 an,,i(fl,]z)exp[i(nlﬂl —n292)1+K.C. (2.21)

n,,mn,
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CyluiecTBoBanHe pe3OHANCE O3HAuaer, Yr0 OAA HeKOTopoH (MKCHpOBEMHOR '
napet wicen (n;, 713) W IUIA ONpelleSIeHHbIX 3HaueHwi peiicteuil (150, 720) BHI-
TIOJIHACTCA YCIOBHE pe30HaHCa :

mwy{lo)=nzwe(lz0). (2.22)
Ecnd ocraeguts B {2.21) TonbKO pe30HAHCHBIE WIEHH, TO B IIONHOH AHANIO-

THH ¢ MpenpinyuM naparpadom nonyuns e THBHEIN FAMWILTOHHAH HelH-
HeHAOTO BHYTPEHHETO PE30HAHCA!

_ 1
H=—_ 2 wiAL) +eVycosy, (2.23)
2 i=1,2
TREe
W= d.Hfo/dIf, (A);‘ = dwi(fjo)lde, AI,' = Ij - 1o (i =1 \ 2), (2.24)

a ¢raza Y onpeneneHa COOTHOIIEHHAMU
Y=mb —nyb; ty,

io — o B (2.25)
Vi, n, 10, 120)= | Vi 0, (10, f20)1€" = Vge'?.
YpaBHeHUA ABKXKEHNUA cpady cinepyioT 3 (2.23):
d(Al) dH , aH )
1= = - = em Vpsinyg, 8,= = wyAl;
dt 86, a(AlL) (2.26)
d(AlL) oH . oH , R
2 = = o = —€n; Vosin \p 3 62 = = ‘.l)gAIz .
dt 28, 3(Alz)
Mocnennue nBa ypasHeHus ¢ yuerom (2.25) nawr
¥ = mwiAl — nywsAl,. 227
MNepBrie gB2 ypasHeHus B (2.26) NpUBOOAT K MHTETPany IBIHKEHHA:
m AL +n, Al =const =EC. (2.28)

C ero NoMOMBbIO W ¢ YyeToM ypaBHenus (2.27) cucrema {2.26) HHTEIpUpyeTc.
[Tpoue, ogtaxo, DOCTYIIHIb APYTHM CHOCCGOM,

Hndpepenuupyem (2.27) 10 BpeMeHH H HCIONb3yeM NepBpie AB2 YpeBHe-
nuaA (2.26) . 3to naer

¥ +Qising =0, (2.29)
roe ‘

Q3 =eVylniw) +niwsl (2.30)
M=y +m,Kak patee. Ypapneure (2.29) IKBHBANEHTHO ypaaﬂemuo MAAT-

HMKa, 4 BeipaxeHue (2.30) ompegenser gacrory $azoBEIX KonlebaHMH B oKpecT-
HOCTH BHYTDEHHETO PE30HAHCA.

§ 2.3. KAM-teopns

PaccMoTpenHpiil HesnsHeHHpIH pe3oHaHC HOKA3pIRALT, UTO [123%Ke OUESHb MaTTbie
BOZMYILCHNA MOFYT IIPHEO/INTS K CHITBHBIM HIMeHeHASAM B cucTeme. M xors s1u
U3MEHEHUA MOTYT ObITh OTHOCHTENBHO MABL 10 BEIHUMHE, OHU MOTYT CO3aBaTth
CHJIbHBIE KAYeCIBEHHBIE U3MeHeHHA B CBOHCTBax cHcTeMsal. HenuxelHocTs npH
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3TOM HrpaeT 3HAUMMTENIBHYI0 poJib. Barofapa 3aBHCHMMOCTH YacTOThI OT aMIDTH-
TYOBl KoneGauuit pe3oHaH¢ He MOXET NPHBOAWHTE K HEOTPAHWMEHHOMY pOCTY
3HepruM (WM peHCTBHA) CHCTeMbI, TAK KaK NpPOMCXONHT PaccTpoiika peso-
Hanca. OgHAKO 3TH pe3Y/IbIAaThl He MOTYT FdPEHTHPOBAThH OTPAHMHEHHYIO JHHA-
MHKY CHCTEMBI B TeueHHe HeOTpaHHUeHHOTO Bpemen. Bnepipie pelenue Bonpo-
ca o BeyHoHl ycTofuHMBOCTH cucTeMbi GbUT0 maHo Teopmed Konmoroposa—Ap-
Honbga—Mosepa (KAM) DOpH HeKOTODHIX ONPENENEHHMBIX OTPAHHYEHMAX Ha
cBOHCIB2 CHCTEMBI (KoM. 2.3} .
PaccMOTpUM raMHIBTOHHAH CHCTEMBI B BH/IE

H=Holly,. ... L) veV{y, ... In: 01....,88), (2.31)

rde € € 1 u V — nortenuuan sosmymenuda. ®opma (2.31) sBnsercsa, B ofpe-
AGTIERHOM CMBICTIe, YHMBEPCANGLHOR [UIA aHATH3a poiM BoaMyiueHuit. Hesoamy-
IEHHAA YACTh TAMHIbTOHMAHA H 3aBHCHT 0T N pelicTBME, ABIAIOIMXCH He-
33BHCHMLIMH NEPBBIMH MHTErpantamM neikeHud. Ilostomy npu € = ( cymrecr-
BYWT MHBApHAHTHbIE /N-MepHBIE TOpHI, HA KOTOPBIX 7I€XAT BCe TPAaeKTOpPHH
crcTeMbl. YacToTl HEBO3MYIIEHHOTO ABMXKCHUA OUPEHENAIOTCA BBIPAXCHNAMU

w;=oHfol; (i=1,...,N). (2.32)

Ecnp teneps BBecTH BO3MYylUeHHe, T.. CUMTaTh € F 0, TO Bonpoc 0§ ycroi-
YHBOCTH CHCTEMBI MOMET ObITh NOCTABJIEH Cllefyl0mKM OGPA30M: YI0 IPOHIOH-
€T ¢ HHBAPHAHTHBIMH TOpaMH M coxXpauaTca NH oxv? [ipuBeneM OTBeT Ha BTOT
BONpoc B TOH chopme, Koropas copepxMrca B Teopeme KommoropoBa—Ap-
HOAbAA.

Teopema. Ecnu HEBOIMYUIEHHAA TAMIJIBTOHOBCKAA CHCTEMA HOBBIPOXK-
7ieHa, TO OpH JOCTATOUHO MATOM KOHCepBAaTHBHOM BO3MYILEHHM GOJIBLLMHCIBO
HEepe30HAHCHBIX HHBRpHAHTHRIX TOPOB He HCUe3HeT, 4 MMIUb HeMHOTO AedopmHu-
pYerca, TaK ¥io B ¢Ga30B0M NPOCTPAHCIBE BOIMYUIEHHOH CHCTEMEI TRKXE MMe-
0TCH HHBADHAHTHBIE TOPBI, 3ANOAHCHHBIE BCHORY NHOTHO (Pa30BLIMIl KPHUBBIMHU,
0OMATLIBAIINMH HX YCIOBHO-ISPHOOMUECKH, C UMCTIOM YACTOT, PABHBIM UHCHY
cTemeHeH cBoBonmbl. YKazaHHele WHBapHaHTHblE TOpPm 06pasyior GONBIIMHCTBO
B TOM CMBIC7i€, YTO Mepad HOMOJIHEHUS K UX OGhemMHCHMIO M2 BMeCTe ¢ BO3-
MYILIEHHEM.

HeBbIpoIeHHOCTL cHcieMbl O3HauaeT (GyHKUMOHANEHYI0 He3aBHCHMOCTD
ee vacrot (2.32):

3%H,
det | —— | #0. (2.33)
ol;al;
K HepeacHaHcHBIM TOPAM OTHOCHTCA BCE Te TOPHI, KOTOPBIG JIEKAT B HEKOTOpOil
MAI0H OQIIACTH BHE OKPECTHOCTH PE3UHAHCE, T.C.

Zaymy | >const - {ml =W gmy=0,41,.. ),
i

rjie BEMMYyWHA const Maja. 3aMeTHM, YTO ONpejeTeHHS HeBHIPOMIEHHOCTH U
HEPEe30HAHCHOCTH [JeNaTCA ¢ IOMOIBI YACTOT Hy)leBoro npubnmkenun (2.32).
YCIoBME JOCTATONHOR MANOCTH O3HadaeT CYILeCTBOBAHME HEKOTOpPOTO Ipa-
HHUHOTO 3HAYEHMS €5, TRKOTO, YTO TeOpeMa CIipaBensinga ApH e < €.
AHUIOTHYHBIN DPE3YNBTAT O CYIIeCTBOBAHHM KHBAPHAHTHBIX TOPOB OBIT
noxazad Mo3epoM NpH yCIOBHH CYMIECTBOBAHHA JIOCTATOYHO GOMBLIOro YHCIE
HNpOM3BOLHBIX Y BO3MYIeHKA V, KOTopoe B JaibHeHImeM yOajioch HOHH3MTE.
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Heitcrere Bo3MYyLICHHA cornacHo teopun KAM mponcxomut cnemyromum
06pazomM. OHO pa3pylIaeT TOPhI, JIEXAIUHE B MATOH OKDECTHOCTH pe30HAHCHBIX
TOpoB, Pasmep 3TOH OKpPecTHOCTH MOXKHO OueHHT. Hampumep, B cnyuae peso-
HaHca MepBOTO MOPAAKA MEWJY ABYMA CTEMEHSMH CBOBOLBI, pACCMOTPEHHOTO
8 § 2.2, wMpuHa oGnacTy pa3pymetns 0o feficTeuio Mensie €'/2 . Hansneiume
CBOICYB2 OQNIACTell paspylleHHBIX TOPOB 33BMCAT TAKKE OT TOHOJIOTHH HEBO3-
MYLICHHBIX WHB2PHAHTHLIX TOpOB B (a30BOM NpPOCTPEHCTBE. JTO NMPHBOOHMT K
oruuHio cyyas N = 2 or cnyyaas N> 2. Tlpy N = 2 topui nenst $asosoe npo-
crpaicTBo (cM. § 1.5), MosToMy paspylueHHEIC TODEI JIGKAT MEXKIY HHBADHAHT-
HEIMH TOpaMH. JTQ NPHBOIHT K TOMY, YTO H3MeHeHMe BEHCTBHA HA TPAeKTOpHH
HMeeT Xapak TepHy1o BeIHUMHY NOPANKA WHMPHHBE OBNACTH paspyHIeHHA M TI03T0-
My He MOXET ObITh GONMbIKM. TpacKTOpHA OKE3bIBACTCA 33XATOH MEXKTY
HHBaPHAHTHBIMH TOpam#. Ee 0TKAOHEHHE OT HERO3MYIHEHHOH TPAEKTOPHH CTpe-
MHTCA K Hymwo OpH € — 0. Takum oBpaszom noxaszeipaeTca BeyHas ¥ 1o GamasHas
yorofiumpocte ipu N=2 1 €< €. :

Eciu N > 2, 10 pe3oHaHcHBIE TOPHI Yke He endar dasosoe npochchrBo
[03TOMY O0N4CTH paspylueHust MOTYT, COeIUHASACh, TPOHH3LIBATL Bee a30B0Oe
TIPOCTPAHCTRO NOOOOHO HayTHHE. JT0 HPHBOIHT K TOMY, YT0 CYIISCTBYET KOHEY-
Haf Mepa TpaeKTOpHH, KOTOphIe MOTYT CKONb YIrogHO JIaleKo YHTH OT ¢BOHX
HEBO3MYILEHHBIX 3HAYCHMH. JT0 ABMEHHE HOCUT HA3BaHHe JHUbGhY3HY ApPHOTBIA
{71 (oHo 6yner paccmorpeHo B uacrti II) . Takum o6pasoM, npi N > 2 OCHOB-
HasA yacTh TOPOB TAK)Ke He paspyluaercd, OOHaKO cyliecTByeT KOHEYHAR MaTad
Mepa TAKHX HAUajIpHBIX YCJOBHH, KOTOphIE TPHBOOAT K MEVIEHHOMY YXOIY
CHCTEMBI CKO/Ib YTOMIHO JaeKO OT CBOSH HEBO3MYILUGHHOH TPaeKTOPHH.

IlpuBenenHsie pesynsTatel KAM-TeopHH Jlerko MepeHOCATCH Ha (yuail yxe
BCTpEYaBIIeHiCA HeCTALHOHAPHOH CHCTEMbI:

H=Hy{,,...,Ix)+eV{,,.. Y I H PPN 1 ry, (2.349)
rae V - nepuommveckasn GyHKUMA B;pemeﬂn:
VI, e;r+TY=V({I, 0;0).
Mg atoro nocrynum axanoruyno (1.3) M BRemem HOBpIe nepemenHbe (J, )
J=const, w=wt+const, v=2n/T (2.35)

Teneps BmecTo (2.34) cnemyer paccmarpusare cucTeMy ¢ (V+ 1) creneHamm
CBOBOIEI:

H=Hy{,....in)+vl+eV({y, ..., Iy; 01,...,05:¢). (2.36)
FamunsTonnan A aenserca ¢yukumein N + 1 geiicteus (Fy,..., Iy, J)
H CTOJIBKEX xe yrioB (6,,..., Oy, ¢). HHBapna}rmme TOPBI HMEXT pa3Mep-

HocTe N + 1. Teopnn KAM rapaﬂmpyeT HX YCTOHUMBOCTH TP} KOCTATOYHO Ma-
JIOM € ¥ pacumMpeHHOM ycrobun (2.33) .

§ 2.4. HokansHas KeycTo HUMBOCTE

Haubonee ciipHBIM BHIOM HEYCTOHUMBOCTH, KOTOpPAasg BOIMOKHA [aKe
TpH (QHHMTHOM [OBMAECHHH CHCTEMbI, ABIAETCH NOKWIBHAA HEyCTOHYMBOCTD.
Hmenno Gnaromapa 31oft ReycTORMMBOCTH BO3HMKAT IHHAMMUECKAA CTOXA-
CTHYHOCTE HIIH XaocC,
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O6osnayuM wepes D(f)} paccrosiie Mexpy AByMA ToUKamH B (dasoBom
NpOCTPEHCTRBE, NPHHAMIEKAMHMA PA3HBIM TPARKTOPHAM B MOMEHT BpeMEHH #
(puc. 2.3). Torna NMOKaTbHAA HeyCTOMWMBOCTS TPOABIIACTCH B TOM, IO Cy-
[LleCTBYeT TAKOE HalpaBleHHe, BAONs KOTOPOIO PACCIOAHHE MEX/LY TPacKIo-
pUsMHE PACTET IKCIIOHEHIMATEHO CO BpeMEHeM:

D(r)=D(0)e". .37

WHKpeMeHT HeycTONUHBOCTH hy sBnAeTcA QyHKIMeH TOUKH B $a30BOM Ipoct-
pancrse. CBOBCIBO CHCTEMEL, KOTOpOE Bhipaxero ypasHermenm (2.37), moxer

D)

o)

Puc. 2.3. JloxansHad Hey cTORGHBOCTE TPaeKTOp K
Puc. 2.4, PaciiibiBanne ¢a30pol Kalwiy

NpOABNATECA He IUIA BeeX HAYATHHBIX yoTOBHH, OOHAKO JNIOKaTsHasg HeycTOH-
YHBOCTh CHCTEMBI O3HAY3ET, IO CYMIECTBYeT ODNIacTh KOHCWHOR MEPHI TaKad,
uto e¢iH BuiGpars B Held miofylo M3 TOYEK B KaWECTBe HAYallpHOH, TO Majnoe
BO3MyUIeHHe ee MIPHBOJMT K CHIIBHOMY PacXOXIIEHHIO COOTBETCTBY HLIMHX TPEaEK-
ropuii. Ecniu peuskerde GMHMTHO, TO HAau@IbHO GIH3KHE TpPacKTODHH He MOTYT
pa3olTHCh Jasille, YeM Ha paamep ofnacTd gpnaxeHMA. B pesynsrate npoucxo-
IMT HMX CWIBHOE 3amyThiBaHue. ($azoBag Kalrid ApaBWIBHOH GOpMEL depes
KOPOTKOE BpeMA NPHHMMAET CHIbHO u3pesaHHylo dopmy (puc. 2.4). Crenenn
YCIOKHEHMS KAIDIH PACTET C0- BpeMEeHeM M MOJET OBITh OLEHEHA CKOPOCTbE
nepemMeiiBatma (¢M. § 2.5).

Oﬁognatmm Yepe3 2z BeKTOp TOUKH B (pasoBOM NPOCTPAHCTBE CHCTEMBL
[lycre T onpepenser oroGpaskeHde MMHAMMUBCKOH CHCTEMbl, COBEPLUAKINEH
GUHHTHOE IBHKEHHE

zn+1 =Tzn1 - (2'38)
Ia A
Ihe n — packperHoe Bpema. AxoGuera marpuua M oroGpaxenns T ompene-
Taetea dopmynoii
Mij;nzazi;n-i-l!az';n (!',i=],,..,P), (2-39)

roe P — pasmepHocts (asoBoro NMpocrpaHcTBa. B ramMiIBTOHOBCKHX CHCTe-
Max P = 2!}\{. Kpome toro, drazosrii oGbeM raMMIsrOHOBCKHX CHCTEM cOXpa-

Haetcau | M | = 1 gaa nw6oro MOMEHTa Bpe MERH.
Ll
CoGerpennpre 3nave MM A MaTpHils M HAXOLATCA H3 Y pABHEHHA

A Y
IM—-2all=0,
M
Tie 1 — enuHiYHam marpHa pasmepHocts P. Benwsub ., soofue roBops,
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KommekcHol. YIX MOXHO pachofsoxits B NOPARKe BO3PACTAHHA aGCOMIOTHRIx
AHAUCHHIA:

MRS, S <. <X,

Toe Ap —TogTenHee cobeTBeHHOE FHaYelHe, Iia Koroporo | Ay | = 1. 310 03Ha-
uaer, 9r0 umeercs (P —Kk) nanpaenedmd B (a30BOM NpOCTPAHCTBE, BOONB KO-
TOPBIX BO3MYLIEHHE BEeKTOPa COCTOAHHA Z DacTATHBaeTcA. B 3THX ne Hanpas.
fleHHAX pacTATMBaeTCA MieMeHr $az0B0T0 0GbheMa.

[oxazarens pacTaxeisia MOXHO ONpeIeNHTs CreAymuM o6pasom. Ilycrs,
Hig IPOCTOTSL, HPOKCXOOKT PacTAMEHHE B HANDABNECHWH COOCTBEHBOrO BEKTOpa
¢ HoMepoM ¢ Ha m-M wary orobGpaxeHns. OHO XapaKTepHM3yeTcd BeJIHUMHOH
| X m | > 1. Tlyers Taxxe A; He 3aBucHT OF m. TOrfa Yepes n maroB OTOGpaxe-
HEA MeMEeHT INIUHbI d BEKTOpa cocroamm ByneT pacru B Har!paBJ'leHHKI

dim) = | Mi" 4 (0) = q(0) e, (2.40)°
e BSTIIHYHMHA
g = In 1 lg | (241) ‘

ABNACTCA NoKazarenem JlatyHopa, ,
Ecne Bee HanpamleHMA KMEKT COXPAHAWINMECA BO BPeMEHH NOK23aTeMm
JlanyHosa, 'ro TIOK&NBHEA HEYCTOHUMBOCTE XAPAKTEPU3YeTCs BRIpaKeHIEM
P

ho = E 0,= & ln(}¥). "(2.42)
i>k  i>k
Gopmynsi (2.40) —(2.42) onpenmensior HeKOTOPYW HACATHIUPOBAHHYIC CHTYa-
OHMI0 TIOKATPHOH HeyCcrofiyHnocrd. B peambHEIX TaMHIBTOHOBCKMX CHCTEMAX,
KaK TpIBMWIO, BCe MOKasarens JIANYHOBA 3aBHCAT OF TOTKH B NPOCTPEHCTRE,
3 COBCTBEHHBE 3HAYCHMA N, , AKOOHeBOH Marpmiisl M {n) 3aBHCAT TAKXe H OT
BEpeMenn 71. Bonee TOTO, OKa3bBACTCA, YTO PeAILHO TPYAHO MOKA3aTh ClpaBes:
ausocts dopmynsr (2.40) (T.e. cyluecrBoBaHHe acMMITOTHYECKONO JKCIOHEH-
OMATPHOTO 3aK0Ha ¢ ¢; > 0) He TONBKO A noGoro #, HO JAXN® B cpefleM.
Nasiee Mb1 NOIHGKOMHMCH C NPHWHHAME THX T PYHOCTEH.

B ramisToHOBCKOM cryuae (M| = | u nosroMy A Aq- + - Ay = 1. B uact-
HOCTH, 1ipu NV = 1 umeeMm

h] }\2 =1.

Orcropa ciefyer, Y10 ecIH HEYCTORYMBOCTE CYIIECTBYET, TO OOHO HaNnpaBlieHHe
B $a3joBOM OPOCTPAHCTBE HEYCTOAUMBOE (pacTATHBaIolliee IEMEHTHI [VIKKBI),
ApYroe — yCTOHMHBOE (CHIMMAMLISe 3MEMEHT Bl WKkHbI) . ECNH, Hanpamep,

1 =1/X; =const> 1,

10 cormacHo (2.37) u (2.42) ke = Ay.
§ 2.5. Nepemeimmpanye

CpoficTBO TOXaNbHOM HEYCTOHWMBOCTM HEMOCPENCTBEHHO CBH3AHD CO
CBOHCTBOM TNepemelUHMBaHHa B GazopoM upocrpanerse. Ilycrs f(z) u g(z) —
gBe MNpOH3IBOJILHEE HHTerpapyemble ¢yHkuunu. Koppensomonho#t byHKIHeH
HIIH KOPPEITATOPO M Ha3bBACTCH BeJi MMHHA

(%8 )= (F(T)gE) - {fEN (@, (2.43)
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rie ckoGicH € . . . ) 0B603RAUAINT CpenHes N0 HalOBOMY IPOCTPAHCTEY:
(f)Er.(f(z) dr(z). (2.44)

IInA IprogHuecKfX HBWKEHMEA cTpaBeIMBO PABEHCTBO cpepHero o ¢aso-
BOMY oﬁbewryu cpenﬂero NO Bpe MeHH

lim — f dtf[z(r ) =) : (2.45)

T —ree
IMosToMy cpemme suavenua {f ) u (g} B (2.43) He 3aBHCAT OT MOMEHTA Bpe-
MeHH, B KOTOPSIH OHH BhMMCIIAI0TCA, eCITH IIPOLECe — IProfIHveCK Hit.

epeMelMBANKEM HA3bIBACTCA 3aTyXakHe (MNHM pacHielUieHHe) KOppens-
TOPOB:

Tlim ®(f.g; =0 (2.46)

3aKOH 3aTYXaHHA KOPPENATOpOB 3aBHCHT T BrIGopa Qyuxumit f u g. pouece
z(f), MNA KOTOPOTO BHMOAHEHO CBOMCTBO TepemelnnBanua (2.46), asnsercs
OIHOBpPEMEHHO M JPrOIMYECKHM B cMmbicie onpepenema (2.45). OGparHoe
yTBEpHECHHAE, BOO OIS rOBOPA, He CNPaBe INIHED.,

B cnyuae MMCKPeTHOTO BpEMEHH OHpefielieHHe KOpPPeSATOpa HMeeT BH[

Ry (£, 8)={f(T72), ) — (f(2)) (g (2)), (247}
a YOIOBHE NepeMeurnpanus (2,46) 3aMeHAerca Ha cledyowige:
lim &,(f,g)=0. (2.48)

B aTOoM criyuae 3aKOH yGhIBaHMA KOppenATopa 61, 3aBHCHT He TONBKO OT BMMTA
$yEkuME f M g, HO H Of BHGOpa NOIENOBATENLHOCTH MOMEHIOB BDEMEeHH
Pos By e sty

CpofictBO MepeMeIIHBAHWA O3HAYaeT AOCTATOUHO OBICTPOE M AOCTATOYHO
paBHOMEpHOE NepeMelIMBaHMe ABYX BHJOB JMOKOCIH: (a3oBOH MHOKOCTH M
ofmacTd, He 3aHATOR €10 (cMm. puc. 2. 4). Hanee, xak npaBuno, SyneT nogpasy-
MEBATRCA BCETIa IKCNOHE HIAANbHBIA 3aKOH fepe mmﬂnama, T.£.

() = Roexp(~tfrc). (2.49)
BpeMms T, HA3BIBAETCH BpEMEHEM NePeMRLIMBAHUA WIH BPeMEHEM PacLeITieHHA
Koppenaumi,

Ecniit oTBIleYbCA OT HEKOTOPBIX OUeHb CICRHATBHBIX M OYHB CTIOKHBIX BOTI- -
POCOB, TO B HEKOTOPOM Ipy0OM CMBICHE CBOACTBO JIOKATBLHOH HEYCTORMHMBOCTH
03HA4aeT OJHOBPE MEHHO ¥ CYIIECTBOBAHHE MepeMelMBAaHU 4. Bonee TOTO, HMEET
MECTO COOTHOINEHHE

ho ~ 1. ' (250)
Xora HHTYMTUBHO BpipakeHue (2.50) modxer nokazarsca LLOCIaTO‘IHO ecrect-
BCHHBIM, MOKA33TEIBCTBO 210 BOIMOMKHO JIHUIL B HEKCTOPBIX OYeHbL “IpAMO-
AMHeRHBIX” giyyaax (kom. 2.4).

CpoiicTBO TpaeKTOPHIl MHAMMUECKHX CHCTEM HMEThL DaclIemIAionMeci
KOppenAToppl WIH NOK@IRHY 0 HOYCTOHUMBOCTE O3HAYAST, UTO 3TH TPACKTOPHH
IKBHBAICHTHDBI PEATHIAUMM HEKOTOPOTO clyuaiiHoro nponecca. [lozromy anse-
HHA TAKOTO THNA HA3BIBAKT X&0COM MWIM CTOXACTHYHOCThI0. Ero [maBHbIM
CBOCTBOM HEBNAETCA TpPOAB/IEHHE 3aKOHOB CIYWaflHONO NBIXEHHA, XOTA B
GiCTeMe HET HHKAKHMX BHeHMX CHYYAHRIX CHI MAH HMKAKMX BHELIHMX Cly-

YAHHBIX HCTOUHHKOB. Bonee TOro, MOKATHHAA HEYCTOHMMBOCTD MOXET HMETh
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TMOPOTH CBOEro BOIHHKHOBEHHA, B 3aBUCHMOCTH OT 3HaueHH# KaKoro-mubo Ka
NapaMETPOR CHCTEMBL

It ONMHCAHHA cHCTEM C Nepe MEILHBZHMEM HCIONLIYETCA HOHATHE IHIPO-
man Konrmoroposa — Cudaa (KC-anrpomua). 910 onpejeneHde BBeeHO B pado-
te [8] KonMoropossiM 4 BHOCIeACTBMH YeoBepmeHcreobano Cunaem {9, 10]. -
Honamae amrpormun Konmoroposa — CHHasA Dpolne Bcero BBECTH HCXOHA M3
dusnmecknx coobpaxeruii {1, 2]. lycrs dasoBas kamna samiMaer 0Gbem AT
B $a30BOM NpoCTpaHcTBe. TOTHa ee SHTPOTHA paBHA

S=mnArl. : (2.51)

Ectn gauanbuei ¢a3soBei oGbeM kannu Geml pased Al'y, To B MOMEHT B peme-
HH ! OH DpuHMMaceT 3Hauene AI'(7). Teopema JinyBwing o coxpanersu ¢aso-
BOTO 0GbeMa 03HaYaeT, YTo

AF(f) = AT,

o aurpomas (2.51) ue uaMeHsercH.

12 10TO YTOOHI YUECTh CHMBHO yenoxHAMWYyloca dopmy dazoBoii KannH
B pe3yiibTare NMepeMEIUMBaHHA, CJICAyeT BBecTH NoHATHe Orubaliero ¢pa3oBo-
r0 o6bema AT(f). UM amndAerca orpyGneHHbi (asoBsii 06beM, B KOTOPOM
MEJIKME IY3IBIPKH ITYCTOTHI He (QUKCHpPYIOTCA B pE3YNsTaTe YCpeJHEHHS M
nepexofa K TKPYIHO3ePHHCTHIM™ XapakTepHcTMxkam xannH. OrpyGineHHbi
¢azoBLit 0GbeM pacrer, TaK Kak IJIA Hero TeopeMa JMYBWUIA yxe He IIpHMe-
miMa. Ucnomeays dopmyny moxansnoi HeycroduwbBocma (2.37), MOXHO oOle-

s AT (1) :

AT (£) = ATpe"?, (2.52)
rae

h={ho). (2.53)

Bocnonvayemen dopmynoit (2.51) mia ompenencHua 3Hrponue ¢$a3oBoi
KaIlIA NOCIe ee KPYIHO 3¢ PHHCTOTO YepeIHe HHA: :

S=In AT ()= In(ATge" ) = ht + In AT,. (2.54)

Bemtumna Ay Moer GbIrb NOJIOKEH2 PABHON TOMY MANOMy 3HAUE HUIO 06beMa,
70 XOTOpPOMY CileTyeT NMpOBOGHIB YCpeRHEHHe H BHYTPH KOTOpPOrQ HY3BIpPBKH
NYCTOT bl OKAIBIBAKTCA HE3AMETHBIMH. Bupamem:e

lim  lim —InAI‘(t)- lim lim -—(ht+lnAl"0) h (2.55)

AT,—0 t—e= | Aly=0 >

BBMHCIACTCA ¢ omomplo (2.54) 1 onpenenseT aurponmuio Konmoroposa — Cu-

HaA. [lopanok BemonHerus Opegenos 8 (2.55) ABNAeTCA CYUIECTBEHHBIM.
Bupaxemie (2.55) onpesenser TAKKE CKOPOCTh M3MEHEHHA DHTPOIHH S

orpy@nentoro ofpema u cormacue (2.53) u (2.50) umeer mMecTo COOTHOLIEHME

h~hy ~1/7,. (2.56)
OHO CBA3BIBAST NEpEeMEIUMBAHKE U JIOKANIBHYI0 HEYCTOWYMBOCTH ¢ DHT pONHed
Konmoroposa -- Cunas.

QopMmyna (2.56) urpaer GyHIAMEHTANBHYIO pONb TIpH AHATIM3E YCIIOBHIM
BO3HHKHO BEHHA Xa0ca B JHHAMHAYECKUX CHCT 8MaXx,
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Yacrs I1
IVHAMHMYECKUN TOPAOOK M XAQC

I'nasa 3
CTOXACTHYECKHA CIION

TaMIWISTOHOBCKHE CHCTEMBI B O0OUIEM <JIyyade ABMAIICA “HOCHTEIAMH Xa0-
¢a”. DTO 03HAMAET, YTO NPH HEKOTOPHIX MEHHMATEHBIX OTPAHHUCHUAX (a30E0e
IPOCTPAHCTBO NPOH3BONBHOH [MHAMHYECKOH TAMUIPTOHOBCKON CHCTEMBI RMEET
HEeKOTOpbie OOacTH, BHYTPH KOTOPBIX TIPOHCXOOHUT HBHKCHHe ¢ DepeMeuInBa-
mHem. OrpaHMueHHsA CBA3aHbl, DIaBHBIM 06pasoM, ¢ paamepuocrhm CHCTEMEL.
OHa monxHa HMETb He MeHee 7/, cTemeneii cBoGompl, T.e. N > . Bynem npes-
NIOFIZTaTh JaJiee, YTO BPeMHA KAaK Yactb cTeneHH cBOGOMEI ABNALTCH DHMIUTHY CKOR
nepemeHHOH. Muaue — ectM raMWIBTOHHEH CHCTEME] ABHO 3aBHCHT OT BPEMCHH,
TO 3TA 33BHCHMOCTD ABJIACTCH ME PHO AMYECKOM,

Cocymecreopanve B (a30BOM NMpOCTpaHCTBEe OGNTacTedl ycroluMpodt mHmHa-
MMKH M ofnacrell xaoca ARIAETCH OJHMM H3 CAMBIX Y THBHTENbLHEIX H HEO KHAAH-
HbIX OTKpbiTHil, OHO NO3BONIACT MPOAHAMHIMPOBATE, KAK 33pOXIAETCA XA0C H
KaK BbIMAOAT MHHMMaIsHAA oGnacts xaoca. M x0T# Ha MHOTHE BOTIPOCHI 37IECH
ellle HeT OTBETOB, TEM He MeHee, celyac #CHO, YTO 3apOABILEM Xaoca ARAACTCH
CTOXAacTHUeCKMil c1oil, ofpasywnmiica B OKpecTHOCTH pa3pyIIeHHBIX CENapar-
puc. CroxacTiuecknil cnoil GbU1 omicad B pagote [1] OpH BayueHMH 3apaun 06
YCTOWYMBOCTY M Da3pyUICHMM MArKHTHBIX foBepxHocredt, a B [2] Gruts momy-
yeHEl PAaITMUHBE OUEHKH er0 [UMpHHBL JT2 [MaBa GyHer NOCBALIEHA cHCTEMa-
THYECKOMY aHATH3Y CTOXACTHUSCKOTO (JIOA H HeKOTOPHIM BRXHBIM IPIAONE-
M (koM. 3.1). ObpazoBanie CTOXACTMYECKOrO CJIOH TIPH BOSMYINEHHH He-
AMHERHOTO MAATHHKSE ABNAGTCA THIMuHBIM. [lostomy 31a Mogens OyneT pac-
¢MOTpeHa NepBoil.

§ 3.1. CroxacriyeckHii cnoil HEJTHHEHHOIO MAKTHHKA.
CenapaTpucuoe oTobpakenne

Ecn# Ha MaATHHK OEHCTBYET HEeCTAUMOHAPHOS BO3MYyHIEHHE, TO €ro Ce-
mapaTpHca pa3pynIaeTCA, H B ee OKPEeCTHOCTH oOpasyerca CTOXAcTHUeCKHH
croii. Ipoecc ero oGpasoBaHHA cOmepXHT OCHOBHBLE 4epThl OBIIEro ciyvas,
H NOITOMY YAOOHO HAuars OMMCAMME 3apOKISHMA Xa0Ca KMEHHO ¢ 3TOH MOpenH.

TlycTe B raMMIIETOHHAHE

H=Hy(x, x)+eVix, 1) (3.1)
BBIpaXKEHHE I HeBO3IMYIUEHHO#H uacTH Hy OTHOCHTCA K HelMHEHHOMY MaAT-
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HMKY C enHHYHOH Maccoit (cm. popmyny (1.39)):

Ho = %3 — wicosx, (3.2)
3 BO3MYIIEHHE V Ilepuo,mmecxﬂ 3aBHCHT OT BpeMeH]’[: -

Ve t+ T)= Vix, 1), (3.3)
€ IIepHOHOM

T=2nfv. : (3.4)

C nomoupi onpenenermii (1.25) u (1.27) MOXHO COBEPUMTH 3aMEHY
nepememimcu nepefiti or (x, x) x (7, 0) cnenyoumm oGpazom:

=— qu p(a. Ho), plq. Ho)= [2(H, + whcosx)] /2. (3.5)

B ¢opmymax (3.5) 3aMeHa TepeMEHHBIX COBEpLIAETCH ¢ IMOMOUIBIO He-
BOZMYWIEHHOTO TaMWIsTOHMaHa Hy. Bee HeoOxommmble panmee pe3yNIbTaTh
yxe nonyyenst B § 1.4. Gopmynner (1.48) wi (1.49) ompepenaor CKOpOCTh
MaaTHHKa X Kak ¢yakuaw (1, 8, 1), a Takxe ee pawioxkenne B pag Qypoe.
Gopmyna (1.46) Bripaxaer =1 (Ho) ee obpaleHne gaeT 3aBUCHMOcT H, =
= Hy(I). 3ameTm, 410 NpH ACTONL30BAHAH d)opmyn § 1.4 HeoOXOIMMO BCHOIY
Bmecto H mucars Hy.

C nomowpio omicaHHO# 3aMelni (3.5) HCXomHpIE raMwisTOHMa® (3.1)
MO@T OBbITh NepencaH B BHIOE .

H=HoY+eV(1,8,1). (3.6)
Bripaxkenne (3.6) mmeeT OoGWME BHA CUCTEMBI ¢ BO3MYHICHHEM, 33BHCAIIHM
or BpemcHH. Ee cBA3b ¢ KOHKPETHOH paccMaTpHBaemodl 3amaueil 3aKIIKYeHa B
BHAe byHximi Hy u V.

3amiwem TOUHOE YpaBHEeHHEe IfIA H3MeHEHHA dHepruH [, -
aH, oV . oV
—_—= X — . 3.7)

ax ox ox
B dopmyne (3.7) ymoGHo HCIONB3OBATh MEPEMEHHBIE (X, X) TOQ HpHYMHAM,
KOTOPhE CTAHYT MOHATHBI HUOKE.

Hanee Symer paccMOTpeHo ApHxieHMe BOIHM3M cemaparpuchl. INaBHas ero
OcoBeHHOCTb, KOTOPas HCNONB3YeTCA HMKE, CBA33H2 ¢ XapaKTepOM 33BMCH-
MOCTH CKOPOCTH X HEBO3MYWIEHHOTO IBHKeHHs OKOJO cenapaTpuchl. OHa npes-
cTaBjleHa Ha pHc. 1.4. 3TO NOQIENOBATENBHOCTD HMIYIBCOB, O hopMe GIMIKHX
K npodwite conuroHa. OTHOUISHHE HHTEPBATA BPeMEHH MEMN(Ly HMMITYNbLaMH
K HX IHHPHHE PaBHO

N=wy/w)> 1, (3.8)

tak kak w(l) = 0 no mepe roro, kak [ NpudnuxaeTca K cBOeMY 3HATHMID
Ha cemaparpHce

3 T 3
Ic = CAJ().E(’: , 1)“_‘ — Wy (3.9)
n

i m

Ho = [Ho,H] = ¢[Ho, V] = €

(cm. dpopmyny (1.46) nipu « = 1). CooTHonierwe (3.8) nokassiBaeT, 4TO CHeTe-
ma gonro (~T = 2n/w) Haxomurcs BGAM3H TOYEK NOBOPOTA, TAE CKOPOCTh
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6nm3Ka K Hymo, H 6uictpo (~Ty = 27fwe) TpolieraeT OCHOBHY IO YACTH NOTEH-
HHATHHONA AMBI.

MosepeHHe CKOPOCTH MAATHMKA X, CrOAUlel B Npamoil yacTH dopmMyns
(3.7), nO3BONAET NOCTPOMTH OTOOPaXeHHE, ONUCHIBAWIIES JMHAMHKY BGNH3K
cenaparpcel. OHO OnpeneNseTcd Kak COOTHOLIGHWE MeXHY [epeMeHHBIMU
(I, 8) npH nepexoye OT OHHOTO MMITYNIBC CKOPOCTH K APYyTOMY.

Puc. 3.1. Bribop nocnenoBaTeNsHOCTH
MOMEHTOB BpeMeHH IUIH HOCTpOeHMN
OTOBPKEHAR BONKIN CenaparpHcel

Ho TexHMYeCKMM IIDHYHHAM YHOGHO CHellaTh elle OfHY 3aMeHy IiepeMeH-
HbX K nepesitd ot ([, ) x (E, t), roe ypapHeH#e

E=Ho(l) (3.10}

ofrpenenner nepexon [ — E. Mockonsky Bo3MyIIeHHe ARTACTCA TePHO IHUeCKOTH
dyHKIMeH BpeMEHH, TO MOXKHO BBECTH a3y BOIMYLIEHHA

@ = vt + const, {3.11)

KOTOpas 3KBUBATeHrHa BpemeHH. Taxum o6paioMm, ypasHerma (3.10) u (3.11)
OTPEREN AT HOBYK KAHOHHYCCKYW mapy (£, ¢), KOTOpasd OKasbBacTCA Hatee
OYeHb Y 0GHOH.

Hycrs (£, ¢) ecTh 3Ha%eHHA NepeMEHHBIX HENIOCPEACTBEHHO DKpes psicE-
BHeM HmIynbca ckopocth (puc. 3.1). CoorBercrBenno (F, $) — MX 3HAuUEHHA
yepe3 nonflepuona koneGamuii masTHuka. Torpa AcKoMOe OoroGpakeHHe OIpe-
AETAETCA CBA3BID '

E.9)= T ¢),

KOTOpaA MOXKeT GbITh IIPEHCTaBTEHA B BH]IE
E=E+AFE, . g=e¢+nv/@, (3.12)

roe AE — uameHeHHe sHepriu E = H,, Bo3HuKawilge B pesylibrate geHCTBHA
OHOIO MMIOYIIBCA CKOPOCTH, & YaCTOTH w = Ww(E) M @ = w(£). YroBsl moiy-
UMTH ITH 32BUCHMOCTH, HeoGXonuMO B w = w () cuemars sameny (3.10}.
Bempuwna AE fnerxo BBIPAKAETCA ¢ NOMOIIZK HHTETPHPOBAHHA YpaBHE-
Haa (3.7}
.V

AE=—¢ [ dt x —, (3.13)
Ar ox

FAe BHTETpal A f paBeH
At=%T=n/& (3.14)

B COOTBETCTBHMM CO BTOPbIM ypaBHeHneM B (3.12). Ero momoseHHe Ha ocH Bpe-
MeH ACHO H3 pHC. 3.1.

Hekotoppe ocoGenuocTH oTobpaxenna (3.12), Ha3bBacMOTO TaKxe ce-
MADATPHCHBIM OTOOpaXEHHEM, MOXKHO IOHATH, He Bermonaa AFE. Hocrarowo
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JIHMEh 3AMETHTS, YTO

|AE |={E —E|~¢eV ~eE. {3.15)
TosToMy ¢ TOYHOCTBI) IO MRILIX BellHYHE 007ee BhicOKOTO HOpAAKa B JIPABOH
yactd (3.13) Moa0 noj 3HAKOM MHTErPaTia HCNOJIp30BAaTh HEBOIMYIIECHHBIE
3HAYEHMA YepeMeHHbIx. Yonosue (3.15) moxaspiBaer TakXke, UTO H3IMCHEHHE

SHEPTHE He MOMET OPHBECTH K 3AMETHOH HEYCTOHUMBOCTH, IO KpaiHel Mepe
Ba BpeMeHaX ¢ & I/e (Tak xak AE & ¢), OnHako Bropoe ypasHerne B (3.12)

[uis a3l cCOBCEM pyTOe.

PaccMOTpH M BRipaXeHHe

K=|6g/8p—-1]|. (3.16)
Ono onpeienaer pactAxeHHe MaNOro HHT épBana ¢a3, EcH

K>1, (317

TO BOJHMKAeT NOKANbHAA HEycTOiuMBOCTh NMo ¢pazam. Ycnosue (3.17) Gyner
paccMoTpeHo Gosiee ToxpofHO no3pgHee. 37ech OrpaHMUMMCH JIHLIb TEM, YTO
OHO MOMET GBITh MPHHATC KaK XOPOLIAA OLEHKA IpaHMIlbl TOH ofinacTy, B KOTO-
poH BO3HMIKAeT CTOXACTHYHOCTh. PH3INYeCKad PHWHA BO3MOXHOCTH NOARNEHH A
Heycroitunoct# (3.17) B cnegymomeM. Masioe uaMeHeHHe 3HEPrHM NPHBOJHMT
K OTHOCHTEIBHO MATbiM H3MEHEHHAM YacTOThl: BGAH3M OHA NOTEHUIHATHHOR
fIMBI, T/l YacToTa ¢af0 3aBHCHT OT 3Hepruu (HmeficTBAA), MATIbie e2 U3MEHEHHS
NPHBEAYT TAKXKE ¥ K MalOMy M3MeHeHHIo (a3el 33 meprop koneGamwii, HaoGo-
pot, BOMM3M cemapaTpuchi, rae nepHop xoneGawmin T = 27fw crpeMuIca K
BeCKOHETHOCTH, IaNE ML M3MeHeHHR 4acTOThl MOTYT NPHBECTH K IHAYUT &lb-
HEIM M3MeHeHHaM a3ei. IT0 B ARMAETCA NMPHYMHOH NOKATBHON HEYCTOHYM-
BOCTH.

§ 3.2. CroxacTHYecKHIE o HETTMHeAHOIG MasgTHHKA.
lixpana cioa

B stom maparpade 6ymer NpoOBEEHO CHCT eMaTHUECKOE ONpeleIe e IUKpH-
HBI CTOX2CTHYECKOTO IO,

Kax summe w3z (3.12), mwrA 27010 HEOOXOMHMO BBLIMMCIHIbL BeNuuiHy AE.
JIa 3TOH UenM 3aNMUIeM HEKOTOpPOE THMHYHOE TPSACTABICHME A CAMHILIG-
HHAHA BOSMYIIEHHOTO MaATHHKa. [lonoxaum

H=%x?— wicosx +ewhcos(kx — vt), (3.18)

roe € — OespaaMepHas aMIDIMTYIA BO3MYLUeHNA M MACCa MAATHHKA PAEHA elIHHU-

" ue. FamunsToHAzH (3.18) MoxkeT ObITH IPOHHTE pOpPeTHPOBAH, KAK FAMIBTOHHAH

YacTHIbL, ABMXKYyllieHicA B mole ABYX miockux BonH. Ilpu 310M BBIpakeHHe

(3.18) aamacaHo B cHCTeMe OTcueT2, ABHxyeihca ¢ ¢pasoBoil CKOPOCIBIO Nep-

BO# BOJTHBI, a (a30Bad ckOpPOCTh BTOPOH BOMHBI B 3TOH CHCTEME OTCUETA PABHA

v/k. TlapameTp k BhIpaaeT OTHOMIEHNE BOJTHOBBIX YMCeN BTOPOii H NepBOH BOJTH.
Tammmpronmzny (3.18) cootBercrByer ypaBHeHMe IBHKeHUA

X + wisinx = ek wd sin(kx — ve). (3.19)
Ecnu yuecrs oBosuavenve (3.10), To Boipanenye (3.7) npuHMMaeT BH]
E = ek x sinlkx — v1). (3.20)
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WsmeHeHHe SHepruK cornacHo (3.13) noryuaercs MHTerpupOBaHHEM BbIpa-
wenna (3.20):

AE = ek w} Afr dt x sin(kx - vf). (3.21)

o METErpaioM MOFYT GbITh MCTIONBICBAHE! 3HAYEHHMS X M X, BIATHIC [IA ABM-
e HHA Ha cemaparpHce, T.e. (1.42)—(1.44):
2wy twolt—iy)

x=t—————— x=4arcige

ch(r— ;)0 (3:22)

3mech YUTEHO, UTO LEHTP CONHTOHA PACTONONEH B HEKOTOPOH TOUKe f. Ilo-
CKOMBKY X 3KCHOHEHIIMATLHO GEICTPO YGhIBacT Fipn t = teo 10 3TO NO3BONAET
wepenucars (3.21) B cnenymmeu OKOHU3aTeTBHOH dopme:

/ pr
siu(kx - gp,,), (3.23)

Lo

AE=(~1)"-2ekwd |
- chr

rae $asa g, HMeeT [IPOCTOE BHIpAKEHUE

Pn = Vip (3:24)
¥ OTpaxcaeT $a30ByI0 KOOPIHHATY CONMIOHA B MOMEHT BPEMEHH f, B COOTBETCT-
BuH ¢ popmymofi (3.11). Kpome Tor0, 3HaK B (3.22) Ges orpaHHye HUs O GUIHOC-
TH OPHHAT NOMOXMTEILHBIM NIpH YeTHHIX 7. Boipaxende (3.23) MoxeT GhITh
BBIMHCIEHC TEM IWIH HHBIM CHOCOGOM, H 3TO YKE WHCTO TeXHWYECKMH BOTIPOC.

¥IpuBenem sHaueHwe AFE mia Baxuoro onyuas k = 1. s 31010 3aMeTHM,
uto 13 (3.22) cnefylor cOOTHOLLEHHA
cos(x/2)y=1/ch 7, sin(x/2)=sh r/ch T, T=wo(t—1t,). (3.2%)
Ucnonssys ux, uMeem uz {3.23)
exp(nv2w
AE=4ner* (1Y explrv/2eo) sin ¢, . (3.26)
shinvf wo)

OrmetuM cpa3y, 710 BoipaxeHue (3.26) cnpaBefIuBO B OKPECTHOCTH Cemapar-
pucht Kak npu Ho > H = wj, 12k 4 npu Hy < H, = wh (cm. popmyny (1.41)).
Tpu mManbix Yactorax BosMyleHds (¥ <€ we) U3 (3.26) cnemyer

AE=devwo(—1)" sing, (v <wy), 3.27)

1.2, M3MeHEeHMe JHeprMM NOPAHKAa aMIDINTYOH! Boamyiuewuda. HaoGopor, mpu
GONbIUIMX YACTOTAX BO2MYILCHAA

AE=8rer*(—1)" exp(—mv/2 wo)sin gn (¥ 2 wp). (3.28)
0603H3amM fmanee A ynoGerea
AE= AFE 0sin ¢, (329)
ree
exp(np/2eo)
sh(mpfewo)

Be/IMYHHA 0 = *]1 H MHOEKC 7 OpH ¢ K IIPH ¢ 1712 POCTOTH 3alIKCH OMYCKAETCA.

AE, = 4ne)?
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W3 puipaseHusa OJIA 9acTOTHl HEBO3MYIEHHOTO maatHuka (1.47) umeem
BOIH3M cemapaTpuchl coptacko (1.51)

w(E)=

%% B, =l (3.30)
n(32E,/ 1 E~E, 1)

Teneps cenaparpecHoe oto6paxenme (3.12) NpUHAMAET KOHKPETHBIA BU/
F=FE+AFosing, Yl (3.31)
=E+ osing, p=¢+ —ln————. .
s L4 ¥ o \E-E,|
Oro6paxenne (3.31) MO3BONAET ONpeeNiuTh NAapaMeTp NOKAILHOH HEyCTOl-
ysoctd K ¥ peumrs Bonpoc o6 ofmacrM cywecrsoBaHHa Xaoca. Cornacuo
(3.16) HaxogaM u3 (3.31)
v AE 4rer? exp(nrf2w
K=t 25 ng) s —— p(v/2cdo) (3:32)
wo (E-E) wot E—Egl  shimv/we)

Tiprt Manbix YacTOTax BoaMyllleHua v <€ wqg pemmumua AE B oroGpaxeHHH
(3.31) ompenenserca dopmynoit (3.27). Ilpocras oleHKa NOKA3LBAELT, Y10
BCIOMlY, 33 KCKIOYeHHeM 3JKCTOHEHNHANLHO MaoR ofmactm |E-Eg| <
< whexp(—mwo/v), uamernerue daspr & (3.31) cranoBMTCA amMaGarHuecKHM
(€ 27) B TeyeHme TIOYTH BCEIO mepuona 2/v, 32 HCKITIOUE HAE M HeBONBIIOTO HE-
TEpBANa BPeMeHH B OKPECTHOCTH MOMEHTa NEepeceucHHS HeBO3MYLIEHHOH ce-
MApaTPHCHI. XOT# CTPOrofi TeOPHH IIHPHHEL CTOXACTHYECKOTO (JIOA B 3TOM CIIy-
Yagc M He CYLIECTBYET, ONHAKO PANIHYHOIO THNA OLEHKH HAKT [UIA ero HIMPHHEL

|E—Eg|~max AE=4¢erwy. {3.33)
[ps spicoKUX uaCTOTAX BO3MYILeHIst (¥ 2 wy) u3 (3.32) cnenyer
8ne P 7
K= ——— ——axp| - )I sin g |. (3.34)
i E—Eg | o 2&)0

(rcropa cnenyer A PAHHIE] 0GIACTH CrOXACTHYHOCTH

T Y
|E-E;| < 8me—exp|— ) (3.35)
Wo 2(.00

#IH 1A De3pa3mMepHO i LM PYHBI CTOXACTKYeCKO 0 GTos

SE vy Ty
—=8re —-—) exp(——- — 1, (3.36)
Es {Jo 2 Wo

rage yureno, wro E, = w. Batom cnyuae WIMPHHA CTOXACTHYE CKOTO CJIOA OKa3bl
BAETCH IKCIOHEHIMATIBHO Mo (puc. 3.2) .

Haxonen, 8 ofem cnyuae (3.32) mia onpejelieHna LIHPHHBI CNOA Y-
nosue K >, 1 maer .

i

e, (3.37)

3

|E-E < 4mer
M wosh(Tvfty)
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Orciona HAXOAHM ﬁespéamepﬂylo LBPHHY CJIOA

I 3
8E _ 4,,,,.(1) Sxplrvf2awo) (3.38)
s wWo shimvfwe)

PaccMOTpeHHBE ITPHMED CTOXACTHYECKOTo ¢JI0A AEMOHCTPHPYET HaM AB-
JleHHe MHEMMATSHOTO Xaoca. OHO 3eKITioyaeTCs B TOM, YTO B cHCTeMe 00mero
NOTIOXNEeHHAA Beerfa CYLIECTBYET OBIAacTh CTOXACTMMHOCTH OPH CKOJIb YTOIHO

Puc. 3.2. CroxacTwdeckHit c¢10# B OKpECTHGCTH cena-

mmnn“,.;'-..l ’
;Illll l|||i;r
PATPMCH HEMMHERHOIO MAgTHHKA ‘l

Rt i i
f‘L«n.".m

MANoM napametpe €. OBIacTh Xa0Ca TOYHO JIOKANTH30BaHa. Ee HOCHT eleM AR AET-
¢H OKpecTHOCTH cemaparpuchl Jlaree GyneT BHIHO, YTO CJEAHHOE YTBEDNIe-
Hde ofTafaey 3HAMNTENBHOM CTElleHBIO0 YHHB SPCANBHOCTH.

PaccMOTpUM eliie OMH IpHMep BO3MYILEHAA HENMHHEHHOrO MaATHHKA

H=%x%— wicosx+ewdxsin vt (3.39)

OH COOTBeTCIBYET AMAONBHOMY B3AMMOMEHCTBUIO OCIMDIATOPA ¢ BHEUTHHM
BoaMmymeHueM. lia momenn (3.39) umeem

V(x, = wixsinvt, (3.40)
H dopmyna (3.13) miz 6npe11eneuna M3MEHE HHA HEPIHH NPHHHMAET BHJ
)4 s .
AE=—¢ [dt x —=—¢wj [ dt xsinvt. (3.41)
A ox . At

Hanee e myer MOCTYIIHTH TaK e, KAK U IpH BerMcTIe UM B bipaierua (3.21)
Homcranoeka (3.22) B (3.41) u BeNBcCTeHHe HHTerpana gaer

2mewd .
E= —————gsing, {3.42)
chinv/2 ) :
wik AE, B cenaparpucHom otobpaxenmi {3.31) paBHo
AE, = 2mewi/ch{mv{2wo). {3.43)
OHO onpeensAer TPAHMNY CTOXACTHIECKOTO CIIOA
| E—E | < vAEfweo = 2mevwy fchimp/2 ws). “(3.44)

Honyuennaa $popmyna oGIIagacT TEMH *e CBONCTBAMH, YTO H BhipaxeHue (3.37)
H B CHEIHATLHOM OGCY KIeHHH He HYKIaercs.

§ 3.3. CnaGoe B3aAMoOgeHicTEHE PeIOHAHCOR

Crepyrowmit mpumMep MOXeT OBITh PacCMOTPEH OUEHB TIPOCTBIM CHOCOBOM,
€CJTH MCIIONIB30BATh Pe3yMbTaThl Npenbidyulero maparpada. OH coOTBeTCIBYerT
B3IMMOJICHCTBHI0 OBYX, CHWIBHO YR&TCHHBIX IpYr OT OpYra pesoHaHcoB [8].
YpaBHeH#e NBAXKEHAA CHCT @MbI HMEET BHT

X +2wicos(%vh)sin x=0. (3.45)
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OHO cOCTBETCTRYEr HCNHHERHOMY MAsTHHKY C OCUMIUIMPYIOWIEH vacroroy,
OTHOCHT JIBHO BEJIHYHHBI ¥ GyHer NpeanonaraThCA He paBeHCTBO

V¥ g, (3.46)

T.e. YACTOTa MOZYNIAUMU »/2 BelMKA OTHOCHTEILHO YACTOTH MATHX KOMeGatmii
MaarHuka. Eciu nipepcraputs (3.45) b Bupe

X+ [sin(x + Yhor) +sin(x — Bwt)] =0, 347

TO HeTpYOHO 3aMETHTh, 4TO cHcieMa (3.47) IKBHBANEHTHA YPaBHEHMIO NBMKE~
nua (3.12). HocTaToNHO JMIUb CIENATh 3aMeEHY

Fo=xt Yot (3.48)
Ypapraeanam nsuxerna {3.45) unu (3.46) cooTBercTByeT raMWIBTOHUAH

H=%x* ~2wlcos(¥vr)cosx = %x? - wj [cos(x — %ri) +cos(x + %ot)].
(3.49)

By 1306pa3uTth ¢a3ossie NOPTpersl B 0MHOM Macutale ¥ Ha OfTHO| MIOC-
KOCTH, TO HONYYMICA Ye H3BeCTHad CrpYKTYPa M3 CeMapaTpHCHEIX mMueek Oy
magrauka (puc. 3.3). Paznuke 3akniovaeIcs B TOM, 410 Telleph MMeETCH JIBe
CellapaTPHCHRIE HEMOUKH, KOTOphIe He MepeKPHIBAIOTCA APYT ¢ IPYTOM BOIEH:-
creMe HepapeHcraa (3.46). HelcrBuTenbHO, IMpHHA KakOOH H3 cemaparpHc
PaBH2 g, A PACCTOSHHE Mexay Humyu v. HepapercrBo (3.46) o3Hauaer 1akixe,
YTO B CHCTEME HET Pe3OHAHCAa EPBOro NOpANKa (¥ =~ wy). Amenso 3o obero-
ATENBCTBO BCET[A NO3BONANO NMPUMEHATh PANIHUHBE NPHGIIDKEHHEIE METOHBI
THMIIA METONA YCpefHeHHA N0 GBICTPMM MORYRANHOHHKIM ‘koneOauuam. Hobrre
BO3MOXKHOCTH, NOABUBIUMECA GNArOOADH TEOPHH CTOXACTHYSCKOIO GO, IO3BO-
JIAIOT PEUMTh OYeHb TOHKHI BONMPOC: Kakad HHGOPMAUsA O MOBEICHHH CHCTEMBL
(3.45) nan (3.47) TepseTcd MIpH HCNOJIBIORAHNH NPOUEAY PB1 YCPEIHEHHUA.

Jiia OTBeTAa HA 3TOT BOTNPOC CpaBHMM ypaBHenhnA Bwxehna (3.19) u
(3.47) . OHH cOBIAOAIOT, €M COEIATh 3aMEHY X — X, H NONOXHTh €= — 1, Te-
nepsb 3aMeTHM, ut0 dopmyna (3.37) cnpaBemIuBA He TOABKO IIPH MANBIX €, HO
M OpH € ~ | u3-32 HATHYWA 3KCHOHEHIMATIbHO MATOTC MHOXHTENA B HaMeHe-
HHM 3HeprHH AE mpu v > wy (oM. gopmyny (3.29)). JTo nosponser cpasy
HCTIONBb30BATh BhIpaKeHue (3.37).

Taxum o6pa3zoM, OBa B3aHMOLEHCT-

/\/\’ BYIOLIME W HeNepeXphuIBamoumect pe-

TN ~ s 30HAHCA ¢ ramiibToOHKaHOM (3.49)

"oAeBalTCA” CTOXACTHYECKHMY CIOA-

MH B OKpPeCTHOCTH HX Pa3pymieHHbX

cenaparpuc (3.45). Mupuua cnoes
JKCHOHEHUHANEHO MAIA H paBHa

' P T
6F =87 —exp| — ) .
(A1) 2wy

(3.50)

By

+

Notass

B
"

Puc.3.3. llBa HenepeKprIBalOlMecsd pe-
30HaHcA
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ITonyueHHp# Pe3yIBTAT NOIPONALT CHENATH elne GoMee BaxHOE 3AKITIONEHHE.
PaccMOTpUM TAMRIBTOHMAH YaCTMUbE, DBWKYINEHCA B Nojie GONBLIOrO YHC/IA
WIOCKHX BOJIH:

H= %.i2 + X Vk_COS(kx — (.:Jkt). (351)
k

Jra 330243 MMeET 3HAMMTENbHOE YMCNO MpwioxeHudi [8—11]. Cpemaem npa
npe OMONEHHs OTHOCHTENBHO BKa noTeHuuata B (3.51):
1} aMmnuTYAs1 V. YIOBIETBOPRIOT ¥ NIOBHID

TVE<on, (3.52)

K

2) paccrosiHue MeXIy COCENHMMH UACTOTaMH Awy = | wy, — wy, | Hoc
TATOYHO BENIHKO:

Awy > | Vi1t (3.53)

Venosde (3.53) OMKHO BRIMONHATLCA 1A BeeX k. OHO O3HAWET OTCYTCTBHE
MEPEKPHITHA KAKHX-THGO pe30HaHCOB M 3KBHBATIEHTHO HepaBeHCIBY (3.46).
Ecnx pMetoT Mecro (3.52) u (3.53), 1o Ha ¢asoBOH MIIOCKOCTH YACTHNA, [IBHTA-
AICh B OKPECTHOCTH KaKOH-THOO M3 MIIOCKMX BONH, cnaGo 4yBCTBYET BIMAHHE
OCTANBHBIX BONH. Bo BcAKOM cnyvae, BO3MEHCTBHEe OpPYIHMX BONH Ha YacTHUY
MOXeT GpITh NONYUeHC ODBITHBIMU METCOAMHE yCpeTHeHuA. MciioNeHHe cocTaB-
AseT MHIIS IKCNOHEHIMANLHO Y3Kad 0BNacts B OKPeCTHOCTH CeNapaTpuc BOMAH,
Ide BIAAHHE COCEOHMX BOIH BEIMKO, 2 NBHXMEHHE ABIAETCA CTOXACTHUECKHM
(koM. 32). ‘

§ 3.4. CrannmapTHoe oTobpaxenne

CraRpuapTHOe oTOOpaXKeHNe, Ha3hIBaeMOe TaKxe oTobpaxenneM Unpukosa—
Telinopa, BO3HHKAET BO MHOrHX sapauax ¢usuxu [11, 6, 10}. OnHospemenno
OHO MpeACTABNAET OOHY M3 MNpPOCTEHIIMX MOMENefl BO3IHMKHOBEHHA Xaoca,
B KOTOpDOi coxpaHeHsI Hanboslee XapaKTepHbie M ¢OXHbIE YepTs! ITOH Hpob-
AeMsl. ‘

TamuibTOBHAH CHCTEMBI, NPHBOMAAILMHE K CTaHOgapTHOMY OTOBpa)ceHHIo,
HMEET BYA

oa

H=%[* _Kcosé Z B@/T-n). (3.54)

n=—c0

Ou OIIHCBIBACT CUCTEMY C HEBOIMYINCHHBIM IaMHIIBPTOHHAHOM
Ho=%I%, (3.55)

Ha KOTOpPYW HeHCTBYeT [epHOAMuecKad NO1ef0BATeBHOCT TOMIKOB (5-HM-
MYNbCOB) ¢ HEPHOOOM

T=2nfv. (3.56)
BripaxeHue (3.55) CcoOTBeICTBYET NBMXeHMI0 cBOGOaHOM uactHum (f =p, 6 =
= X¥) WIN HBWXeHHI0 POTATOpa, eCjlM NMepeMeHHan ¢ — nMkiMyeckad, T.e. § €
€ (0, 2m). Opumem nocnenuui cryai. EQIH yuecTh ToXIeCTRO

z 5¢t/T—n) = > cos(2ant/T), .57

2 — n=—o
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10 BapaxceHue (3.54) MOxkeT GLITS NIepenKcaio B BHAE

H=%I?> —Kcos® 3 cos(mut). (3.58)
m = —_—m
HerpynHO YCTZHOBHTB COOTBEICTBHE MEXTY (3.51) K (3.58). Ina aroro
[OCTATOMHO MOJIOXKKTD B popmyie (3.51)

kEko"—'l, VkEVO’_‘K, Cdk=kU (3.59)

M CYMTATh K [EeNsIM, &8 CYMMHpOBaHMe HO K pachpocTpadHuTs B Tpefenax
(— o, =). TakuM o6pasom, ramuneToHnal (3.54) cOOTBETCTBYET, B YACTHOCTH,
JIBIDKEHHI0 YACTHIL! B TIEPHOIMYECKOM BOJIHOBOM NAKeTe ¢ GecKOHEYHBIM YHC-
TIOM TAPMOHHMK PABHOH AMIUIHTYOpI.

YpapHeRnd nprxenus B3 (3.54) umerwr sug

i=-Ksin6 % 8@T-n), 6=I (3.60)

"=~

MexXy ABYMA §-hyYEKLHAMA
I=const, @=1It+ const.

TIpu nepexope Yepes S-hYHKIHWO TepeMeHHan f ocTaeTcd HEMPepPHIBHOH, a JieH-
cTBre [ u3MeHseTcsH Ha Bemmumby K sin 8. Ecin npuats, uro (f,0) — 3Have-
HHA fePEMEHHBIX HEMOCPENCTBEHHD Itepen, n-M TONNKOM, 2 ([, §) — HX 3HAYeHus%
nepen cienywoiuM, {n + 1)-M, Tomukom, 10 13 (3.60) cremyer orobpaxenne

F=I-Ksing, =0+ (mod2w), (3.61)

KOTOopoe 3aMeHACT YpaBHeHNA ARMxkeHus (3.60).
Hac Gynmer uHrepecoBaTs, B OCHOBHOM, CNyHail MANBIX BO3MYILEHHHA

K<l. (3.62)

OpHako maxke MpH 3TOM Y CAGBHM ypaBHeHHA (3.61) ABIANICA OueHb  CTIOMN-
HeiMH. [Ipoule Bcero yGemirncs B 3T0M cpa3y, [0 TOro KakK OynyT npHBeNeHEI
HEKOTOpbIe PesynsIatpl HX HcclenoRaHHA. Mlna sroro ofpatiMcs K puc. 3.4,
npepcTaBisiomemMy ¢asoBuii noprper cucremst (3.61) npu K = 0,9. Ok coc
TOHT M3 ClegyIIHX JeMeHToB. Hanbonee K pyIIHEIM ABIIAETCA Aveiika cenapar-
pHcHl ¢ cemioM nipH @ = & (Bech ¢a30BBIil NOPIPeT ¢NedyeT PacCMATPUBATDL
HA TOpe C RONAapHO CKJIeeHHBIMH NIPaBOH H NIeROH, BepXHel M HIDKHEeH CTOpOHAMHU
KkBajpaTa) . CenapaTpuca pa3spyuieHa, a Hi ee Mecre 06pa3oBalcH cTOXAcTHYEC
KHA CIod. BHyTpH »T0TO, INIABHOTO, CTOXaCTHYECKOTO C/TOA DPaclloNaraerca
CEeMEHCTBO BIIOXKEHHBIX LPYT B ApYIZ MHBAPHAHTHRIX KPHBRIX, OXBaTHIBAK-
mux 1ouky (0, 0). BHe rmaBHOFO CIOX3CTHMECKOIO CJIOA MMEIOTCH OXEPEeNbs
CceflApaTPHCHBIX AMEeK cO 3HaYMTensHo Gonee YIKMMH CTOXACTHICCKHMMU CITORMH.
OHH cOOTBETCTBYIOT HENMHHEHHLIM PE30HAHCAM PAaNTHUHBIX NMOPANKOB H OXBa-
TBIBAWOT TOp NepHeHAMKYAApHO ocH 1. Mexny pesoHaHCAaMM H2ZXOOATCHA HMHBa-
PHAHTHEIC KPHBElE, OXBaThIBaloHe Top. [losromy ¢asoppiit MOPTPeT HATIOMMHA-
€T CI3HABHY ¢ OecKOHEUHEIM YKCIOM MEpe/IyHUIHXCA HHBAPHAHTHRIX KPHBRIX K
CTOXACTHYECKHUX (TOSB.

Baxuoe cBOiHCTBO $a3080r0 HNOPTPETA IAKIINYACTCA B TOM, $T0 HPH YCo-
Bum (3.62) manoctd K cToXacTHyeckMe CJ10M He COEMHAIOTCA APYC C APYroM.
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o o e g

Puc. 3.4. ®ajopui mopTpeT AMiA CTAHAAPTHOTO OTOGpaxeHWwa (Yuc/ioBie JaHkme) K = 0,9;
rOp¥3OHYaANpHasA Ochb: # € (—m, m); BepTHKansHag oce: [ & (m, — 1)

Jd10 ecrp npamoe cieactne KAM-Teopur ms uwoia crenededl cBoGoper V< 2.
B mansoM ciyuae N = %, M MHBapHasTHbie TOPH ASIAT NPOCTpaucTso. Menons
3yf pe3yNbTaTh NPedpITYIHX AaparpagoB 3Tof ITIABRI, MOXHO FATh O6bACHE-
HMe NpHBeAeHHOR KapTuHe (Ha3080ro nopIpera.

Cuavana oGpaTHM BHHMaMHe Ha TC, UTO OpH MalbX K KOHEYHO-Pa3KOCTHLIE
ypabdetua {3.61} sory?r GpiTh 3aMeHeHBl JudepeHUNAIEHMMYA YpaBHEHHAMH

dlfdn=—Ksin8, d0/dn=1,
KOTODPbIE COOTBEICTBYIOT YPABHEHHIOC MaATHHKA

d?0/dn* +Ksin = 0. (3.63)
Ecnma B opmyne (3.58) OcraBHTh B CyMMe TOJIBKO WIEHE ¢ m = 0, £ 1, TO no-
nyusEM ,

H =%J? _ K cosf — 2K cos(vt) cos @ =

=% T* _ K cost ~ 2K cos(2an) cos 6, (3.64)

rae BeKUHHA 1 HTpaeT poiib BpeMerH {cM. (3.63)).
Ypaerenne (3.63) onuceiBaeT KONeGaHMA MAATHHICA C YACTOTOM

wo =vVK. (3-65-)

PaspyuenHas cenapaTpuca 3THX KolleGaHuit 06padyeT OCHOBHOM CTOXACTHUECKHI
ci1oji Ha puc. 3.4. Boamyiennem ABnAeTca Tpetnit wied B (3.64). OH HMeeT TY
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e AMIUIMTYLAY, YI0 M OCHOBHOM WieH B FaMHIILTOHHMaHe A, ONHAKO €TO YacTOTa

v=2n (3.66)
BeNMKA MO CPABHEHHIO ¢ Wy, TaKk Kak K <€ 1. 310 faeT BO3MOXKHOCTE BOCNONE30-
pateca popmynoi (3.37) A umMpHHE cToXacTHueckoro cod. [lonaras B aroi
dopmyne € = 2K, wo =vVK, Fy=wd=K, ¥ = 2r,nonydaem

oF E—E, l @n? ( 7’ )
—— = max = EXpt ———— 1} (367)
Es Ey 2 \/K; \/I?

®opmyna (3.67) OWHCHIBAET 3KCNOHEHIHANBHO MAJIbii CTOXaCTHUECKHH
cnoi, obpasyommiica npd moOeX Manbix sHaveHusx K. Ecig O B CymMMe B
(3.58) coxpaHHTb CTefyIOMIHC WIeHE ¢ M = 1 2, 10 3T0 mpHBeno 61 K IKCNO-
HEeBLEATBHO MAJIBIM NOApaBKaM K dopmyne (3.67). Taknum ofpasom, onpee-
feHue fiokalatend B (3.67) HMeeT BBICOKYH TOYHOCTS.

HecioNIbKo Huxe OYIET paccMOTpeH BOIPOC O TOM, YTO H3MeHAeIcA B AW
HAMHKE POTATOpa NIPH yBel4eHuk NapaMerpa K.

Briiire 66110 paccMOTPEHO TONBKO HEKOTOpOE MepBoe NpHOIkeHNe, Nepe-
Jamee MM rpyGyl cTpyKTYpy $a3oBOrc noprpera. B meiCTBHTENBHOCTH,
BO BCeX OKHAX M OCTPOBKAX (pa30BOr0 NOPTPETA HMEETCA HEOTPAHMYCHHOE MC
O CcenapaTPECHBIX OJKepesuil M CTOXACTHYeCKHX clloeB Gojlee BRICOKOTO NOPATE
xa. Ouu  o0Opa3ywT B 1esOM HeoOBMAHHO CIOXHBIA QPAKTANBHEIH OPHAMEHT,
KOTOPBIH HOK2 eLi¢ HUKOMY He yNanoch ONMCATE.

§ 3.5. CroxactHyeckHit crioil HeMHHEHOI'O pe3oHaHca

B § 2.1 u 2.2 Gpio pacCMOTIPEHO OueHb BAKHOE ABJIEHHE HEIHHERHOIO
Pe3oHaHCca MeXFy CHCIEMOH H BHEHIHHM BO3MYUIEHHEM WAHM Mexy BHYTpeH-
HMMH CTeNeRAMH cBODOABI CHCTEMB]. Cpeniit YIPOLEHHH, HCITONb3YEMBIX IUIR €10
aHANM3a, CONEPKUTCA OHHO, KoTOopoe OymeT obcyxaeHo 3mechk. Peun upet o npe-
He{peKeHHH Hepe3OHAHCHEIMM WieHaMH. D10 HacTONbKO OGBIHOE B COBpEMEH-
HOit (pu3NKe NpHONIKEHHE, YTO TPYAHO HaiTH Takyw oGnacrs, rue Ol OHO He
HApUMEHANOCh. B [AefiCTBMTENBHOCTA MMEHNO YYeT Hepe30HAHCHOTO WieHa Hpu
BOJMT K MANIOMY, HO KauecTBEHHO HOBOMY Pe3yibTary — K 00pa3oBaHiie CTo-
XACTHYECKOrO CJIOA HA MeCTe CelapaTpHcnl HelMHEeHHOTO pezoHaHca. [Mupuuy
3TOr0 QIO MOXHO 3aIHCaTh NMpaKTHYeCKH cpa3y, MCOONb3YA YXKE TOTOBLIE
PesynbIaTsL.

Ibna rofl Lenu 3aMeTHM, YTO B YPABHEHWIX NBIHOKEHMA (2.6) orbpowen
Hepe3CHAHCHBIT WieH. ECTIM eTo yYecTh, T0 YPaBHEHHE YA [SHCTBHA HPHHMMAET
BH]J,

= eky [Vosin(kod — lovt + @) + Vysin(kof + lovt + ¢1)1, (3.68)

rme
Vi
B ypasuenus (3.68) mucma kg M /o TONOXMTENbHEI, M NOITOMY BTOPOH ‘DIEH

ABJIAETCA HEPE3OHAHCHBIM. Buipaxense (2.12) niA raMwibTOHHMAHR HeJMHEl-
HOTO pe30HaHca HpeoGpasyercs B clelyomee:

H=%kow'(AI'Y +ekoVocos ¥ + ekoVycos(yr +2hovr+p, — ). (3.69)

= fey = ip
o =1 =1V, -1, 1€ Vie's.
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Hlcrons3ya TaMHIATOHOBCKHE YPaBHEHWT [OBHOKEHMH (2.11), nosyyaem u3
(3.69)
d 8H . )
—— Al=——— =gk Vosin  + eko Vysin( + 20t + ¢, — ),
dr Y
dyfdr = 3H[3 (A1) = kow'AL

Orcopa cnepyer

d? ‘
y + Q%sin g = — Qsin(P + 2wt +¢ — ), (3.70)
t
rae §2 o — 4acroTa ¢asopbix Konebanuit (cM. (2.14)):
Q3 = ek Vol 'l, G.71)

¥ AHATIOTHYHO
Q% =ekdV,| w'.

JHanee nng ynpouleHKa 3amucH nonaraeM ko = 1. Yoioeze pesoHatca Bpipa-
JAETICHA PaBEeHCTBOM

w=ly. (3.72)
Hosromy ¥ ~ w K, CJIEIOBATENRHO,
v £2,. (3.73)

Hepasencieo (3.73) oueBHOHO, 14K KaK HEPE3OHAHCHBIN WIEH MMEET YacTOTY
NOpANKA YacTOThi HEBOIMYLIEHHBIX KofeGaHui, 2 yacTora ¢aloBeixX konebaHui
{}¢ TPONOPHHOHATIPHA KOPHI M3 BO3MYILEHHA H, CieOBATeNIbHO, GUEHE Mala.
Ecnyn Bocnonrsopathed casAzbpio (2.18) mexny yactotamy, 1o w2 (3.72) cremyer

1 1 Q
vVE— g = —

lo I fea
Tae o — MapaMeTp HETMHEHOCTH 3a5ayM.
CpaBHHM Tefepb JBa yPABHEHMA JBIDKEHM (3 19) u (3.70). Onn naeHTHE
Hel, eciin B (3.19) coBepuMth 3aMeRy

wo >, k=1, e>03/03. v 2.

(3.74)

Yunreisan Hepasenctso (3.73) u mopcraensa a1y 2ameny B gopmyny (3.36),
noNyqaeM mna Ge3pasMepHolt LMPHHET CTOXACTHYECKOTO CIOA:

SE |E - E,| ) (2101)) Cow Ly
=max ———— =8« exp{ —— =
Es .Es ( ( 2 QC! )

64n vy [*
= "—-—_(ea)sn' —-I;_;— exp (— N (3.75)
B wactHoctu, npu | Vi | =| ¥y | umMeem npocro
SE 64n ﬂ'
—E;u = W exp (- N ) (3.76)
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310 3KCNOHEHIMAIBHO MANOe BhIpKEHHE TOTO XKE THIA, uTo M Gopmyina (3.67).
OHo npencTanifgel HEKOTOPBIH YHUBEPCATSHEIA PE3YNBTAT! BCAKMKHA HEJIHHEHHBIN
pescHanc (B TOM uMNle, H BHYTPeHHHH) OKPYXEH CTOXACTHUECKHM CIOEM C
upusoi (3.75) wm (3.76) . Nanee OymeT BHAHO, KaKHM 0GpazoM 3TOT BAX-
HbIH PE3YNBTAT OTPAKALTCA HA HEKOTOPBIX YHHMBEpCAnsHbIX CBOMCTBAX [IMHAMH-
yecKHX CHCTEM.

§ 3.6. Herpunuansuble addexTnl AUCKPETHIANMM

Ipumepsl 06pa3s0BaHHA CTOXACTHUECKOTG CNOA, paccMOTpeHHbie BHIIE,
OueHp yEOOGHB! JUIA TOFo, YyToBs; OGCYIHTh OOMH U3 BECbMa Cepbe3HBEX BONpPO-
COB, BOSHMKUIHA B TEPHOS ICKANAOHH KOMIBOTePHLX MeTOMOB I/iA pelleHus
Pa3nWYHBIX 33334 eCTeCTBO3HaHKA. B OcHOBe UMCIe HHOTO aHATTH3a 1eXKaT pa3HoCT-
HBIE CXEMBI, H 3TO BhIHYXXJAeT HAC MepexOguTs 0T gudrdepeHUHaNbHbIX YPaB-
HeHMH K ypaBHeHHAM B KOHeyHsIX pasHocraxX. Hanpumep, ypaBHeHHe NBIOKEHHA
MAATHHKA ‘

X+ wisinx=0 3.77)
B OpOCTEMilIeM BapuaHTe 3aMeHACTCA YPaBHEHHEM A
Xpr1 — 2Xp tXp_1 + WE(AL)sinx, =0, (3.78)

3nmecs At — DjIMHA HHTEpBana BPeMeHH, ABAOLICTOCA 3MEMEHTAPHEIM IIATOM
PASHOCTHON CXeMBl, H

X =x(n AD.

-JInA NOBBINICHMA TOYHOCTH BHIMHCIEHWA BHIGHpPAIOTCA O4eHb MaJIble 3HAYCHMA
At TaK YT0GBI BEINOIHANTOCK HEPABEHCTBO

K=w}(An? <1. (3.79)

B waxoif Mepe MBI MOXEM KOHTPONMpPOBATH OUMOKH NpH Nepexole OT
samaur (3.77) Kk 3agave (3.78)? JTOT BONMpPOC MMeeT MABHIOW HMCTOpHIO. YKe
OpH MepBBIX UHMCIIeHHBIX MOOENMHPOBAHHAX HETHMHEAHBIX (PHIWYECKHUX 3apay
Ha4anocs OGCyxpeHHe TOro, KakHe CBOHCTBA TEPAIICA M HTO HOBOe npuoOpe-
TAeTCA OT BBEOCHUA AMCKPETH3ALHH B HelpepnisHylo sapauy [12]. B suaum-
TeNbHOM CTeMeHH COTBeT Ha MOACGHBIE BORPOCH! CTal BO3MOXEH JIHUIG ITOCTE
TOTO, KaK CTajI¢ fAcHO, YTO B IMHAMHYECKHMX CHCTeMaX Bo3MoxeH xaoc. Ilpumep
IMHCKpeTH3anKuK ypaBuesks (3.77) 1mo3BOAeT BRIACHWTE ONHH YHHBEPCAIbHBIH
M HETPHBHANBHEEH 2P eKT OUCKpeTH3alHIL.

O603HaYAM
1 .

Pn = (xn —Xp_1} (3-80)
At

Mepenuem (3.78) u (3.80) 3 BHAe COBMECTHOMH CHCTEMBDI:

Pn+1=Pn — Wi Atsinx,,

Xp+l =X Y AlPps, (3:81)
rae Mcmoib3oBaHO oBosmadenue (3.79). Orobpamenue (3.81) coBmamper co

cTaHpapTHBIM OToDpaxeHueM (3.61). I10 MO3BOJIAET cpa3y cHOPMYITUPOBAThH
pan pesynstatos. (asoroe mpocrpadcreo cucreMsl (3.77) COCIOHT TOMBKD M3
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HHBapHaHTHeIX kpuseiX. HaoBopoT, ¢asoBoe mpocrpancTBo cucTemsr (3.81)
HMeeT HeorpaHWUEHHOE UHCIO CTOXACTHYECKHX CJIOEB HpPH NMPOH3BONBHO MAJIBIX
sHayermax K.

Tlepexon K JHCKPETHRIM YDAaBHEHHAM IKBUBAJeHTeR 0CABNCHHIO BHEILHe
nepHoIMyeckoit CWIBl. 3aMeTHm, uro oroGpaxenwe (3.81) nopoxpaerca
FaMUTIBTOHHAHOM (3.58), B KoTopoM aiemyeT nomoxurs I = p Af, 8 =x, T.e.

H=%p* —wlcosx Z cos(mut), (3.82)
m=—

rme

v=2mfAs
YuursiBad HepaBeHCTBO (3.79), orpamuummen 8 (3.82) ronbko WieHaMK ¢ m =
=0, 1. Ir0 maer

H=Hgy + Vyiser, ‘ (3.83)
roe

Ho =p*[2 — wheosx, Vyiger = — 2wicosx cos(pt). (3.84)
U3 atmx ¢opMyn BHAHO, yTo Hy ecrs TaMIIBTOHHAH MCXOHHOTO YpaBHEHHA
(377), a Vgiser — NOTEHUMAT BO3MYIIEHHR, 00YCIOBICHHOrO THCKPETH3a-

upueit. OH npHEoauT K oGPA3CBAHHIC CTOXACTHYECKOrO «iod (cM. QopMyny
(3.67)) c OTHOCHTENBHOH IEHPHAOM

SE_SE _ (4m}  f w N\
=2, exp _____)_ (3.85)
Es Wy 2(00Ar WOAI

3JT0 mpocToe BRIpaKEHHE OTPAXKAeT HOBYH KaYeCTREHHYI0 CTOPOHY JHCKpe-
tH3aund. Tlotennpan mpckperysaumi Vg, SBMACTCA BHICOKOYACTOTHHM (v
> wp), ONHAKO AMIUIHTY[A €0 TOTO K& MOPAJca, YTO M AMIUIMTYHA HEBO3MY-
LIEHHOTO NoTeHuuana. Bee mompaBky M3-32 Vyjeer Malbl, TaK SKE KAK MANBL
NONP2BKH BBHICOKOUACTOTHRIX Bo3mylueHMA. OOHAKO 3TO YTBEpPXKIECHHE OCTa-
eTCA CRpPaBeTHBLIM TOJIRKO Uil BOSMYILEHHH HHBapHAaHTHLIX KPHBLIX, pacno-
JIOXKEHHBIX BOATTH OT CeMapaTprc. B oxpecIHocrH cemaparpuc BiusmMe Fyiser
NpHBOJHT K KaYecTBeHHO HOBOI BHMHAMEKE — K CTOXACTHYECKOH HEY CTOHUHBOC
TH. Jlpy BBICOKOI pasMepHOCTH peluaeMOH 3aaun Bee (a30BOE MPOCTPAHCTRO
NOKPBIBAETCA CETKOH CTOXACTHYECKHX CJIOGE HA MECTE Pa3pylIeHHBIX cenapar-
puc. Hamiwe Tako#l ceTkH, Kak Oymer BHAHO Diajiee, MOXeT TIpHBOJMIL K 3a-
METHBIM OTIIHYMAM OJUCKPETHOH 3a1aui 0T HelpephIBHOM.

§ 3.7. XaomyuecKoe BpaleHue CHYTHHK OB

fABnenud, B TOH WIK HHOJ CTETICHH CBA3AHHBIE ¢ X30C0M, CAMBIM HeOXHIAH-
HbIM 0Gpa3oM BO3HMKAWT B TAKMX OGNACTAX QUIHKH, M KOTOPHX BRICOKAA
creneHb NpefickasyeMOCTH PeayNbTaTa CUMTANACE BCETAA OTHMUMTEIBHBIM CBOH-
CTBOM. ‘

B cepun pabor [13—15] Bucmom oOpaTHn BHHMAaHHe H2 TO, YTO ACHMMET-
PHUHDIE CIYTHHKH MOTYT COBEPLRTE CTOXACTHUCCKHE BPALICHHA NPH JBIDKCHHH
M0 HeKpPYroBpiM OpOHTaM. AcHMMeIpHuHad ¢GOpMa CIYTHUKOB IPHBOIHT K
c80e06pasHof CNHH-ODOHTANLHON CBAH. CyLIECIBYWT HeCKOMBKO 06LEKTOR,
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[ Puc. 3.5. I'eomerpHa cnvH-OpOHTATEHOR cBAIM
CIYTREKA '

A KOTOPBIX pe3yNbTaTh BUCIOMA MOTYT
HpellCTABNATE BHOMHE PeanbHEiT HHTEpec.
K uMM, B nepByw OYepedb, OTHOCHICA
cryTHuK ‘CarypHa ['HNepHOH H CIYTHHK
Mapca ®oboc. He kacasacs HeTaIBHO aCT po-
duznueckux npoGinem I'mneprona u Po-
60ca, Mbl PACCMOTPMM JIMLZG [IMHAME-
yeckHit acHeKT 3aJauH, KOTOPBIi HHIepe-
CeH TAKXNE H A HCKYCCTBEHHBIX CIYT-
HHKOB.

Ina npocrors! GyzeM cUMTaTh, 9T0 OCh BpamieHHs CIyTHHMKA (CMHHOBAS
OCb) NEPREHFMKYIIAPHA NIOCKOCTH ero opBHTsl (puc. 3.5). Cam clyTHHK nperr
nonaraerca B GOpMe TPEXOCHOr0 IMETHNCOHIA ¢ ITABHEIMH MOMEHTAMH HHeEp-
min A < B < C (C — MOMEHT OTHOCHTENIBHO CIIHHOBOM OcH) . CTeneHb acum-
MeTpHH CTYTHHKA MOXKHO XapaK TepH30BaTh NapaMeTpoM

ag = (3/CY(4 - B). (3.86)
OpGdTa chyTHHKa fpeanonaraeTcA MUTHNTHYECKOH GOpPMBL H MMeeT B IOJAP-
HBIX KOOpaHHATaX (r,¢) BHA

r=a(l —e})/(1 + egcos ), (3.87)
rae @ — GonbumA NOAYoch OPOMIB H €5 — €6 K cleHTpHCKTer. YacToTa ofpanie-
HHA ClyTHHKA N0 opOMTe paBHa

wo = (M) 3112,
rae ¥ — IPaBHT2IMOHHAA TOCTOAHHAS H M — Mmacca nnaderst. Eciw BBecTH Ges-
pasMepHOe BPEMA T = g, TO YpaRHeHie BpailieHHA CIYTHHKA GyZeT HMETh BHJ,

d*efdr® + % o (a/r)®sin{2(6 — ¢)] = 0. : (3.88)
B stoM ypaBHeHMH & ¥ ¢ ABIAIOTCE GYHKUHAMM Bpemenu. Ecnu 6m opbMTa
CRyTHHK2 OBDTA KPYTOBOMH, TO 6bUI0 6b1 IIPOCTO

PEWol=7T, r=a. (3.89)

H3-38 anauNTHYHOCTH OpOHTLI 7' M ¢ ABIAIOTCHA GYHKUKAME BPEMEHH, KOTOpPbIE
OpHBOAAT K MOABIIEHHI0 JOMONHUTeNBHEX rapMoHHK B {3.88). B uactHoctn,
OpH €5 € 1 u3.(3.87) cnemyer

r=a(l — eycos 7).

Ecny yyecTs Taxske T2pMOHHKH, BOIHUKAIOWHE IpH pasfoeHuu cos ¢ [9],
TO ypasHenue (3.88) npuoGperaer BHY,

d®yjd7? +adsin ¥ = — eod sin(y — 1), (3.90)
rae € = Teof2 M ¢henaHa zaMena NepeMeHHBIX
=200 1) (3.91)

HpoananusupyeM ypabHenne {3.90). IIpu € = 0 seBaa wacTs oNMMCHBaeT
Kkoe0aHHA OCH CHYTHHKA C 9acTOTOH &y. [IycTh acHMMeTpua cllyTHMKA MAd
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(ap < 1). Hanpumep, nna Mepxkypus &, = 0,017. Torpa us (3.91) cnenyer, uro
di/dr = ap = 2(d0/dr — 1).

310 COOTHOLIEHHE TAKXKE MOKa3pIBaeT, yT0 YACTOTA po3mywieHus B (3.90) pas-
Ha 1, T.e. BOIMYyLHEHHE ABJSETCA BRICOKOURCTOTHRM (0 <€ 1). Takoe Boamy-
metKe 0GpaszyeT CTOXACTHMECKHH (N10# B OKPECTROCTH CENAPATPHCE] C LIMPHHOH,
onpepensemoi popmynol (3.36), roe HaEO OJIOXNKCHTH

e—+Tegf2, v=1, wy—>ag.

Oxciopa
SE 28e T
SE _ 28eo exp(_ ) (3.92)
Es ag 2“0 )

Jina Mepkypusa e; = 0,206 n o6TacTs Xa0THYSCK O HHAMHICH HMEET HOPAJIOK
10734, 310, KOHeUHO, OYeHb Maias BennuyHa. OpHAKO WA T'unepuoHa e, =
= 0,1 u oy = (3,89. CroxacTvyeckuil ¢I0H YXe CTZHOBHMTCA HOPAIKE eIHHUI(bY, 4
dopmyna (3.92) He npumenuma. Udcnennpiit aHanus No oupefienedno obnac
TH CTOX3CTHYHOCTH MCXOIHOro ypapHenus (3.88) mns I'MnepuoHa mowasall, 4To
napaMerphl ¢ = 0,1 ¥ oy = 0,89 NpUBOEAT K HepeKpPHITHIO PE3OHAHCOB K K 06-
pazoBaHHio GONBIOTO cToXacruueckoro Mopa [13], o xoTtopom peus Gyner
UEIH Jaltee. '

Taxum 0bpa3oM, peanibhsie HeDecHpie 0Obek TH Hantei CoOMHEUHOH CHCTEMBL
MOTYT WMeTb MaNbie H DONbBINME MEMEHTH! XA0THYECKOH AMHAMUKH TIpH CTIHH-
opbutansHoit cea3M. OCHOBHbIE COOGpP2MEHHA, NpHBEEHHBIE 3AECH, PHMEHH-
MBI TAKKE M 1A HCKYCCTBEHHBIX CILY THHKOR.

'naBa 4

NEPEXON CTOXACTHMMECKHHA CHIOH —
CTOXACTHMECKOE MOPE

CoBpeMeHHAA KapTHHA BOIHMKHOBEHHS X40Cd HACTONIbKO CIIOXHA, YTO K
NOHHMAHHN ee yIoOHO MpHONMXkarbesA MOCTeJoRaTeNbHO, BPeMEHHO MCKIoYan
M3 pacCMOTpeHHA HeKOTOpPhIE BOINpPOCHI. B Mpenpinyiied rrase HYYero He robo-
PHIAOCH O TPAHMLE MEXKAY CTOXACTHUECKHM ClIOEM H ODnacThlo, IAe JIexXaT HH-
BapHaHTHhie KpuBhie. IMeHHO MO3TOMY B KauecIBe I'DaHHIb1 Xa0¢a NMpHHHMA-
nock APHOUIIDKEHHOE HepaBeHCIBO K 2> 1 NpH BHhIMECIEHMM HIHPHHEL CTOXACTH-
Yeckoro cros. KoHeyto, Borpoc o0 yCIoBHAX BOIHHKHOBEHMHA Xa0Ca MOARHICH
OJHOBPEMEHHO C MepPBhIMH paG0oTaMK MO ZHATH3Y peallbHbIX ¢HIHYECKHX MOOe-
Jie. Cnoso “peanbHuiX” 37ech O3HAYaeT THIMYHBIX AMIA MHOrOUMCTIeHHBIX G-
3HYECKHX 337184, TAK KaK CYDIECTBYIOT MaTeMAaTHYeCKH CTPOTHe KPHIEPHHK Xao-
¢4, KOTOpBIe MOT'YT GpITh MPOMUIIOCTPHPOBAHDI HA He CIIMHIKOM a0CTpaK THREX
moyenax (xom. 4.1). I'napHoil 0coGeHHOCTBIO 9THX “H30pPaHHLIX” (JlyyaeB AB-
NAETCA OTCYTCTBHE B (ha3OBOM MPOCTPAHCTBE CTPYKTYP THNA “CIHGBHYA™ HITH
"ABIPABOIO IIpeaMeTa”™, B KOTOPHIX OONACTH Xaoca YepemywTcs ¢ ofNacTaAMM |
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ta T T h - _' . -
Puc. 4.1, @a3oRpift MOPTPET WA CTAHOIPTHOr® oToGpasenus npu K = 1,2; ropusoHTanbHan
och: § € (—n, w); BepTHKaNbHag och: f € (n, —7)

ycToRuneocTH. [lpumep nepsoro THna mpuseneH Ha puc. 3.4, a BTOpOTO THNA —
Ha puc. 4.1. B Hem “croxacrayeckoe mope” (3areMHeHHas ofitacrs) ofpasopa-
HO TOMKaMHN OTOOpaxeHW#, NPHHAMIEKAIUMH OJHOH TPacKTODHH, 3 CBET/bIC
o(JIacTH — OCTPOBKH, B KOTOphie TpaeKTOpHA He MOXKeT TOnacTs H3 obmacTu
"Mopa’” ¥ HaoBopoT.

CocymecrBoBanpe oGlacrell yCTOHUMBOCTE M OGRacTeif Xaoca B ¢a3oBOM
NpOCTPAHCTBE CO3[2eT 3HAYMTETIbHEIE TPYAHOCTH B W3yUeHMH HHHAMUYECKOTO
xaoca (koM. 4.2}. 31a CNOXKHOCTh IIPOABNIAETCE, HATIPHMED, YKe B CTPYKTYype
croxacriueckoro Mopsa. Kaxmeii ocrpoBoxk K ero mamasi OKpeCTHOCTE Ha
puc. 4.1 B IEHCTBHTENRHOCTH IIpeACTABIAIOT TAKOE XKEe CAOXHOE CTpOeHHe 3T0#
YaCTH (pa30BOTr0 MPOCTPAHCTBA, Kak ¥ BeA obmacrs Ha puc. 4.1 (cM. puc. 4.2).
BHyTpeHHKe 4acTH OCTPOBKOB TaKiKe CJIOXKHB! B MME0T OYeHb y3KMe oONacTH
THOA C3HABMYEH M T.14. Takoro THNa CTPYKTYpPhbl MPHHATO Ha3niBaTh $ppakranb-
HbiMH (koM. 4.3). HepapxHueckan cnoxrocTh (ha3oBOro NOPIpeTa PacnpocTpa-
HAETCA TaKxke H Ha cnocol ero ananmusa. Hampumep, croxactuiueckMit cioi as-
NAeTea FIeMEHTOM CTPYKTYPH THIIA “C3HIBHYA™, eClM pacCMATPUBATE He CITHIIF
KoM Gonbuiy1o 4acTs ¢a3eBore npocrpaHersa. Q@HAKO caM ¢f10# BHYTPH HMe-
eT CIPYKTYpy TuNa “croxacrwyeckoro mops”. TlosromMy onucaHpe cIpykryp-
HBIX CBO¥HCIB )a’0BOr¢ MOPOCTpaHCTBA BCerda CBH3aHO NHGO ¢ HEKOTO
pOH CTENEHLI0 JIOKAMU3ALHH OIGICHIBACMOH OBnacr M ¢ notepeii uHpopma-
i 06 oCnacty B HenoM”, NIHOO ¢ HEKOTOPHIMH KpYNMHOMACINTAGHBIMH
ceoficTBaMK ©OGNAacTM H ¢ noTepeil HexoTOpOH MHGOPMAMH O MENKHX Mac-
mragax.
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a — o6AacTs BHYTPH KBagparTa Ha pHe. 4.1, 6 — 06-

3

1,2

Puc. 4.2, JIpa nocneaopaTelbHbIX yBelHYeHHS o6nacTi (a3oBoro npocrpaicTda IS CTaH-

paptHoro oTofpaxenus npu K

TTACTh BHYTPH KBafpaTa Ha pHe. @



B 3t0ii rnape ByOyT NpHBefeHH! HEKOTODPBIE OUeHb TOHKHE CBOHCTRA ny-
HAMHYECKHX CHCTEM, CBA3AHHBIE C HX NEPeXOA0M M3 COCTOSHHA '~ CTOXacTHiec
KHil (JIOH” B COCTOAHME “CTOXACTHYECKOE MOpE™.

§ 4.1. I'pansua rmobansroro xaoca

CranmaprHOe oTOGpakenHe (3.61)
Iney =1y —Ksinl,, 8pe1=0, t1n0 (4.1)

ABWIOCH TOH MOMENB0, ATd KoTopoi ['puHy ypanoce TOYHO ONpEeIesIHTL rpaHic
1y rnoGanbHOro Xa0ca, T.e. TO 3HayeHHe Mapamerpa K = K, ipa KOTOpOM 0
pasyerca croxacTHueckoe Mope {8] (xom. 4.4).

Paccmotpum oTobpakerue (4.1} Ha Tope, T.e.

0<I< 2, 0<8< 2. (4.2)

Tipa K = 0 niMeem
Ip,=const=Iy, @,=8,+tnl, (mod2m). (4.3)

Qopmynet (4.3) ONKCHIBA0T CEMEECTBO MHBapHAHTHBIX KpHBLX. Ecnm [of2n
PALMOHATBHO, TO HHBRPHAHTHAS KPHB2st 3aMbiKaeTca Ha cela depe3 KOHEUHOE
YHENIQ UIAFOB OTOGpAKEHHA M ABIACTCA NEPHOAKYECKOH. OHA COCTOUT U3 KOHeY-
Horo wMcna touek. Ecnu fof2n MppausoHanbHO, HHBAPHAHTHAA KPHBAA BCIOMY
IIDTHO 3aMONHeHa TOUKaMHM TPacKTOPHH, 3 ¢aMa TPacKTOPHA IPTOIMICCKH 33-
TIOJIHAET NIOBEPXHOCTL TOPA.

Mpu K <€ 1 HHBapHAHTHBIC KPHBBIC CYUIECTBYIOT B cHiy KAM-Teophu.
IMockonexy pa3sMepHOCTh HHBAPHAHTHNX TOPOR paBHA ABYM, TO OHM [ElAT da-
30B0€ NPOCTPRHCTBO H, CHOBa corslacHo KAM-TeophH, cTOXacTHieckHe CIOH 3a-
KATHl MEXKIY HMHBADHAHTHHIMHM KpHBhIMH (cM. § 2.3). PaccMOTpHM OCHOBHOM
croxacTdueckmii ¢ioi (puc., 4.1}. BHYTpH H cHapy»XM OT Hero NpOXOJAT HHBA-
pHaHTHRIE KpUBble. YBelmudeHHe Napamerpa K NpHBOSMI K PaCIIHPEHHId CTO-
XacTHyeckoro crod. HauuHaa ¢ kpuTUMeckoro 3xavenua K Boe CTOXACTHYECKHE
CIOH BME OCHOBHOIO C/0H cOenuHAmorcA, o0pasysa “croxacrideckoe mope’.
[pu 3T0M HHBapHAHTHLIE KPUBBIE, MEXKAINHE MEXTY IJIaBHBIM CTI0EM H Omioxait-
LM K HeMy, paapyuarca. [foaromy Bonpoc o6 onpepenernu K, IpH KOTOpOM
oBpasyeTcA “cTOXacTHHECKOe MOpe”, IKBHBATEHTeH TAKKe Bolpocy 00 oflpe-
flefieHHM TOFO 3HaueHHs K, IPH KOTOPOM pa3pyilaeTcs NOCTeHHAR MHBAPHAHT-
Has Kpuead. JIo cux nop A 3TOi BEJIMYHHBLI HCIONE3OBANAch OUEHKa

Ke~1. | A - @.4)
Tenepb pedb AOET O BO3MOXHOCTH OOJTYYeHUsT TOUHOrO 3HaueHnA K ;.

3
BeeieM moHATHe wiciia Bpamielus ¢ [14]. PaccmoTpum TpaskTopHio lia

nBymeproM Tope. Torna @ onpengnserca Kax CpemHuil yrost HAKJIOHA Tpaek-
TOpHH, feNeHHsri Ha 27. B ciyyae, nampuMep, (4.3) HMeeM npocto

o= Iy/2m. (4.5)
Tycrb ¢ () w2 (¢} — BBe KOOPOHHATH! TPAEKTOPHM Ha Tope. Torpa
7
¢ = lim f&’ (4.6)
¢~ oo (pl (t)
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The cHMMeTpua & BpniGOpe @) W @, OTIPERACTCA TeM, OTHOCHTENBHO KAKOMH OCH
BBMHCIAeTCA MGIO BpameHus. B ciydae oroGpaxeHms (4.1) ompenmenum §
cemyoiuM obpazom:

~ 1 m a__¢ 6
¢= lim —— X (@,-6, )= lim - = fim —2
m— = 2mm n=1 m — o 2am m— e 2°0mM
“.7n

B COOTBETCTBEH C {4.6), eamn p; (¢) coBNApaeT ¢ AMCKPETHBIM BpemeHem. Echu
¢ PALKOHANBHO, TO

©=01/Cs, (4.8)

roe @1, 0, — uenkble, B3aHMHCG NpOCTHE YKcia, Brupaxenue (4.8) oszHavaer,
YTO TpaeKTopHsA 3aAMBIKACTCA uepes (), 1IATOB 0TOOpaxeHHA, COBEPINAR IPH 3TOM
(), 0BopoTOB BOKPYT OCH TOpaZ.

B o6mem ciyuae KAM-TopoB wicno Bpaimerus ¢ uppauuoHansso. HaoGo-
POT, TOPHI ¢ PAUMOHATLHEIM @ Mpy K = ( ABNSIOTCA PeIOHAHCHBIMY M JOTDKHBL
pazpyuatsca npu K ¥ 0. IlostoMy sapaya o6 onpepenenmn K, moxer GBiTh
TaKske CPOpMYTHpOBAHE KAaK 3a7aya OO onpenencHUM KPHTHYECKOro 4HCHa
BpamIeHHa $ ANA NOCIeIHel HHBAPRAHTHON KPHBOH BONHM3K BHEIIHEH I'PAHULb]
CTOXACTHYECKOTO CI10A.

PaccMOTpUM TIpefcT4BiEHHE YHCHa BpAlICHAS B BUAE HellpepsIBHOR ApoGH

A 1 )“
= a-l-——-—-—
¢ ( ! ayt...

WiH, B GoNee KOMMAK THOM 3amMcH,
~
go=[a,,a2,...]. (49)

Fal
Inst paunoHANBHBIX ¢ HOCHE/IOBAaTeNIBHOCTL YHCEN 4y, d, . . . KOHeyHa. Hus
A
MPPALHOHAIBHEIX ¢ 2Ta NMOCIEeHOBATENBHOCTs DeckoHewHa. Ecimu ofopsaTs noc
TIeIOBATENLHOCTD Ha HEKOTOPOM YKCIIE 2y, TO ANMPOK CHMAIKA

a = QQ = [dl_,az,...,aQ] = Q]/Q (4.10)

ABAfeTCA HAWTydiel Mpy mobsix Q' < (.

Temeps cuoBa ofpatumca k oTobGpakeimio (4.1) . IMpu K = 0 saukcupyem
TPaeKTOpHMH ¢ PAHMOHATBHEIM yraom Bpailenna (4.8). [lockonexy mar oroGpa-
AEHUA NPHHAT PaBHBIM €NHHMIE, TO BO3MYILUEHHE collepxHT Nepuonst @ (O —
ef0e UMCN0), T.e. YacTOThl 2%/ Q. B aTOM ciiyuae MOXKHO FOBOPHTB O TOM, YTO
npu n0GoM ( TPaeKTOPHH, y KOTGPBIX  pPAKOHANbHO (4.8), HaXomATCA B
pe3oHatce ¢ BosMyllieHHeMm. B ax OKpecTHOCTH oGpasyrorcd ceflaparTpucHbIe
AYCHKH, COOTBETCTRYIGIINE HE/TMHERHOMY pesoHakcy Nopaaxa . Kpome roro,
¢eNapaTpuce! ITOTO Pe3OHaHCA ClTABO paspyLICHB! H OIETHL Y3KHM CTOXACTHUYEC:
KM cnoem {puc. 4.3) . Brmxaiiniie K ¢1010 HHB3PHAHTHBIE KPHBBIE CYeBHIHBIM
00pasom HMewT YMCITO BpallieHHA ) %QQ, T.e. U HUX amnpoxcuMannsa (4.10)
OosKHA GbITh BMOMHe noaxopnauiei. Teleps MOXHO BeICKA3aTh OGpaTHoe co06-
paxcenue. Ilycre IiA HeKOTOpPOH HHBAPWAHTHOH KpPHROH ¢ YMCTIOM BpalleHHA it
OKa3lpiBaeTcH, uyro amupoxcumanms (4.10) sABnserca xopowedt. Torma 3to
03HAYAET, YTO FAHHAA KpHBAA HAXOAMTCA BOMM3H pe3oHaHca (-ro HopsaKa.
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Kakum HOMKHO GhiTh YMCIIO @, wTOGHI JIl0Gad KOHEYHas ANpoKcUManua
erc Obuia OJMHAKOBO ILTOoX0H? Jlo mpepfoliokeHuw I'pHHa TAKHM YKCIOM AB-
TAETCA 30II0TOE CeueHHe :

e = [11,...] = 4(/5-1). (4.11)
OHO M NpHHMMAETCA PABHEIM KDHTHYECKOMY. YHcneHHoe ONpefeneHue 3Hade-
HaAa K. mna (4.11) paer

K, = 09716. " (4.12)
HecmoTps Ha HecIporyio OCHOBY BoeX NpHBENeHHBIX DACCYHIESHHA, uHcna

(4.11) u (4.12) oKa3aIHCh OYCHH HAOEXKHBIMU. 3TO MOKA3AMO NpaBUABHOCTL
MOEAMaHHA HEKOTOPBIX 0coGeHHOCTeH BOSHHICHOBEHHA XA0Ca.

Puc. 4.3, CerapaTpHchile AuelkH, cOOT-
BeTCTBYIOUIHME pe3OHaHcy 3-r0 nopsagka

Q=3

TloguepkieM B 3aKiioueHAe 3ToTo Raparpada, yro KAM-reopusa u cIpykTy-
pa a30BOrO NPOCTPAHCTBE THIA COHHBHMYA ABWIHChH BAXKHMBIMH JJIEMEHTAMH BCEX
3TAaNOB paccykAeHMA 8 Metopne I'puHa. UMeHHO 310 0GCTOATENBCTBO, KAK CTa-
HET BUOHO [Tanee, OrPaHHYMBAET er0 YHUBEPCATILHOCTE (KoM, 4.5).

§ 4.2. Bapuauponnsit npuHmym lepeusans

HWpes u3yyeHus MHBADMAHTHBIX TOPOB WIH MHBapHAIHTHRIX KPUBBIX B IUIOC-
KOCTH OTOOPaKEHHA B KPHTHYECKOH CHTYAlMH, Koraa AOGNK30CTH OT HHX HAXO-
OMTCA X8OTHYSCKAA 30HA, UMeEET elle OZHY BAXHYK MOAMGMKAUHI, IpMHaaAe-
xamyio Hepcusamio [15—17]. Ona 3akniouaeTca B GOpMYNpUBKE BAPHALMOH-
HOTO GPHHIENR DA HAXOKICHUA MHBAPHAHTHEIX TOPOB, €C/IH OHK CYIMECTBYIOT.

[IycTh ramMuIbTOHOBCKAA OMHAMMYeCKad CHcTema c IV cTelleHAMH cBOGOIEI
onpenenAeTcs CUCTeMOH KAHOHMYECKHX NEpeMEHHBIX (g, p),rme g u p ~ M-
MepHEIe BeKTOphl. IIperonoxum, uto cymecIByer N-Mepliblii HHBApHaHTHELHA
top %. Ere MexHe onpegenuts ¢ nomosio NV yacTor

Q)'—'(Cdl,...,(JJN) (4'13)
H COOTBETCTBEHHO N ¥TrAOBBIX HepeMeHHh!X
Y= (1., 98) (4.14)

Ecly TpaeKTOpHA JIEXMT HA HHBAPUAHTHOM TOpe X, TO OJA KOOPAMHAT g Ha X
HMEEM Pa3fiokeHHe

gz = Z gue'™ ¥, : (4.15)
moo
rme m=(ny,...,my) — N-MepHsiil BEKTOp H3 HeBIX OAOXKHTENbHBIX X OTPH-
UATeNbHBIX YHCET M1 U '
(m,p) = myp +.. . tmyoy. (4.16)

AHaOrHYHO MOXeT ObITh ONpeHeNeHO pa3NoXKeHHe MIA BEKTOpA CKO-
pocty g:

gy = I g,y e’ ¥}, (4.17)
m
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C momougsio {4.13) —(4.15) Bpipaxenne (4.17) nepenuceIBacTCA B BUIE

s = (w, %)qz = Ei(m,w)qm eitms ) | {4.18)
F/i¢ BBEACH OTiepatap
d ] ]
(w,-é; =w1-a—m— ...t wy g;;r- (4.19)
BuipaxeHus
g =qx(p), a=dz(p) = (w, 3qz/dy) (4.20)

ONpefieNAI0T TOp Z B NApaMeTpHuECKOR GopMe.

Nycrs L{g, q) ectb narpamxwuad cucTembl, OH HMeeT ODBIHYH CBA3b
¢ ramuAbTOHKaHOM H(p,q):

L(q,9) = (p.q) - H(p.9), “4.21)

€ClTM YpaBHeHHE
q = dH(p,q)/dp (4.22)

MOXHO pAIpeIUnTh OTHOCHTEABHO p. Bee dopmynnr (4.17) —(4.22) pmocraroy-
HO XOpOLIO M3BECTHH W3 MexaHuku [18]. 3mecs oHu OpuBereHs! A TOFO,
4To6bl YK43aTh MYTh Nepexoia 0T FaMHILTOHOBCKOTO OMHUCAHHA CHCTEMBE K ONH-

caHRio GpYHKLHA g ¥ ¢ B (4.20) Ha N-MepHoM Tope Z.
Onpenennm GYHKIHOHA Ha TOpE

Zm
L, Z) = l{ dey ... don L{az (0). 4z (0)), (4.23)

@my¥

e gy (¢) onpemeneno B (4.19). Bapmanmeir Topa I Ha3piBaeTeA GHE3KHHA
K Z TOp, KOTOpPBIA 3aJIaeTCA BHIpAKEHHAMHE

g = qs(p) + 8q(),

(4.24)

. 0 0

q= (w, @), (w, -—)54@)-

oy dp
Bapuanus gpyrkiumoHana (4.28) NpHBOIMT K BHIPZKEeHUI0
5 L(o. 5 I j,"d 4 [BL ay oL ]6
o, = - - &, T I/

(4.25)

YenoBKe CTAHMOHApHOCTH YHKIMOHana L(w, Z) M MEpHOOMYHOCTL ¢ H 4
IO ¢ NPMBOAAT K ypaBHeHusm Jlarpanxa

oL 9\ 2k @=1 N) (4.26)
—_ =W, — )]/ i=1,..., . .
3g; ( d¢ / 3q;
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W3 (4.26) cpa3y cremyer, 9TO €CiM ¢ (p) €CTh pelleHHe 3TOH CHCTEMBY, iR
gz (p) = gz (Wt o),

: (427)
()] =(w )q: (wt+gg)

dyo

Pesynsrar IlepcuBana MoskeT GbITh BLIPAXKEH B BHOE CIIeAYIOHICH TEOPEMEIL:
raafkuil rop I ABAAeTCA MHBAPMAHTHBIM TOPOM CHCTEMbI, COBepilanileii Ha
HeM YCIIORHO-HepHOIMYSCKOEe HBMIKEHHE C YACTOTAMH (o, €CH U TOJBKC eclH
OH ARMAETCA CTAUMOHADHOH Toukol dymkuMoHana L(w, Z). H3 pesynerata
IlepcuBansA, B 4acTHOCTH, chemyer, uro KAM-tophr sBnArmTcA peleHHAMM
YpaBHEHUA

8 L(w, ) = 0, | (428)

€CNIH 9aCTOThI ¢U; CWIBHO HECOM3MEDHMBI H OMHaMHYeCKas 3afaqa paccMaTpH-
BaercAd B o6nmacT¥ HpumeHMMocTH KAM-teopuu (nnm crampaprHoro oro6pa-
aeHun (4.1) DocieqHee yenosue o3HaaeT, uto K €1).

OGpaTMMca K cTaHOapTHoMy oTobpaxeHuio (4.1). PaHee yxe 3anucoBan-
cd raMumbTOHHMaH (3.54), H3 KOTOpOro MOTYT OBITh DONYYSHBI YPaBHCHHMA
(3.61) mu (4.1}.

HetpyaHo 3anmcaTs TarpaHkHaH, HCTIONB3YH BeipaeHue (3.54) mna H:

L =%68% + Kcos§ I &(¢T—n). (4.29)
n-: -
Ypapuenue Jlarpanxa (4.26) npuHAMaeT B

£

9 = _Ksin@ T 8(/T—n). (4.30)

OHo coBHajaer ¢ ypaBHeHuamu apHxkeHna (3.60), eciin yvecTs 3ameny 0= 1,
H B pe3y/IbTATe HHTEIPHPOBZHHA HAa NepHofe BoaMyweHus T NpHBOAMT, Kak
uB § 3.4,k otobpaxeHuw (4.1). 3anumeM ero B BHAE

Bpty —20,+0,_ = —Ksinf, = F@4,). {4.31)
Xota Boipaxeuns (4.29) u (4.30), Ha HMepBhiA B3rIAM, NPUBOIAT K TOMY e,
4TO W raMwibTOHOBCKME (rOpMaTH3M, OHHAKO Teleph B HUX BJIOXKEH HOBBIN
embict. OH — B TOM, 4TO ypaeHesse (4.31) pmomkHO MMeTh NEpHORHUECKOE
pelleHHe ¢ YACTOTOH (w, He COH3MEPHMOH ¢ yacToToll » = 27/T.

TMepemennan §, o CMBICTY CBOETO BBeleHHA, BOOGIUE TOBOPH, He ABJAET-
¢ NEPHOINYECKOH GYHKIMEH, OTHAKO OHA MOeT GLITh NpelcTARNICHA B BHOS

§ = 8(p) = ¢ + q(v), (4.32)
rae
Y = Wt + g ' (4.33)

u q{p) — Nepnopuueckaa dyHxkuuA p. HNocne noncravoexu (4.32) B ypasHe-
Hue (4.31) nonyyaem

An+1~2qn+qn—1 = —Ksin(o +qn(9)) = Fp (o). (4.34)
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YyuThisas, ¥10 ¢{@) €CTh MepHOOMYEcKan PYHKIHA ¢, 3ANHIIEM DA3NIOKeHHH
an (e} = Eq;m)eim¢= Fulp) = EFrfm)e"m"’- (4.35)

PaajiaraeM NeBYIo M IIpaByio Yacth ypasHenusa (4.34) B pap @ypbe W HCoOnb-
ayeM BhIpaKeHus (4.35). 310 maeT OKOHUATENSHO

a™ = F™asin? (mwT), (4.36)
T5€ YYTEHO COOTHOLICHHE
qgrl)l = q'gm)eimwT’

BEITeKalomiee W3 onpemenenun §, u ¢opmyn (4.32), (4.33). Hanomuum, uro
BesimdaHa wT/27 = w/v uppanHoHanbHa.

Ina yAcneHHOTO ONpeReNieHUs FapMOHMK qim) BBRIOHpPaEeTCH KOHewHoe

YHENO MX M NPOH3BONHMTCH NPAGHILKEHHOS BHITUCIEHHe aMIUTHTYH £, ,5"'), a ¢ ux
NOMOILbI0 pEelIaTcs ypasHeHuR (4.36). Ymenuyenue napamerpa K npumopur
pd HeKoTopom 3HaweHmu K, K pacxouMOCTH MoAoGROre Meroja ollpefene-
BHA Mepuoppueckmnx opfur. Hcmonesys 15 ¢ypbe-TapMOHHK B paiIOXeHMAX
(4.35) , llepcusans nonywan K, = 0,97161, copnanatowee ¢ (4.12) . Takum 06-
pazoM, meroq [lepcupans MO3BONWI CPaBHATENILHO NpOCTO HPUATH K KPHUTH-
yecKOMY NapaMeTpy BodmMyremf. ¥ xors 3ToT NMyTH He COBCEM OHOIHAYEH,
TaK KAK pacXOOMMOCTh Hpollecca pellieHusl cucTeMbl (4.34) MOXeT GbiTh CBA-
3aHa ¢ IOABJICHHEM MAVIBIX 3HaMeHatenell, TeéM He MeHee BapHaNMOHHBIA MpUH-
uun IepcuBana mo3BonseT ecTeCTBeHHbIM OOpa30oM NpHATH K HOBOMY MOHH-
THIO — KAHTOP-TOpPY (TePMEH TaKKe NpuHaL1exHT [lepcusamio) .

§ 4.3. Kaurop-Topsl

Brilie paccMarpHBaach 33afa¥a O TOM, KAK HAHTH YCNOBHO-IEpHOIMYEC-
KOe pelleHHe 3aNaHHOH DMHAMMYeCKO#R cHcTeMbi. BHauane JiaHa COBOKYMHOCTh
yacToT @ = (Wy, . . . , Wy), [Ae N — YHCTIO cTemieHeR cBoBombl. IToT Habop
IIpOU3BOJIH, H TpeGyeTcs ONpedeHTh TOT HHBADHAHTHEIA TOp, KOTOpLIA 06Ma-
TRIBAET TPAGKTOPUS ¢ VACTOTAMH . OKa3ajioch, WTO pelleHHe TOH 3amauu
CBOOHTCA K pelleHuI0 ypasHeHu# Jlarparmxa (4.26). B oBnactu ycToRumMBOCTH
KX pemeHuAvn AsnAwTca KAM-topel. Hosriit BoRpoc — 4TO ABIAETCA peile-
HHeM YypasHeHuit (4.26) B o6macTu $az0BOTO NpPOCTPAHCTBA, [AE JBHXEHME
croxactiyHo? OTBeT Ha Hero GbIN MONYYEH ULML JAA HEKOTOPBIX HpoCTefimx
cnyyaes [17,19, 20]. '

PaccMoOTpUM ypaBHEHHA CTaujaprTHoro otoGpaxems (4.31) mpuw K > 1.
B 310M CIyyae MMEETCA CTOXACTHYECKOE MOPE, B KOTOpPOE MOTpY#eHb MHOIO-
UHMCIIEHHBIE OCTPOBKH YCTORMMBOCTH, MMBADHAHTHEIE TOPhl B CTOXACTHYECKOM
MOpe OTCYTCTRYIOT {HHaue HeBOSMOXHA Grula 681 M byIna B $azoBoM npoct-
paHcrse) . OpHako “HEIpABLIA” MHBAapHaHTHBLIA TOD MOXeT Obith. IlepcuBans
Ha3Ball peilieHHe TAKOTO THMA KaHTOP-TOPOM, TAK KaK er0 CEYCHHEM ABJIACTCH
HHBApHAHTHAA “KpUBan” KAMTOpOBCKoro THia. MHaue, kautop-Top ang (4.31)
NpeACcTaBNAeT coGOH LWIHHOp, CeYeHHe KOTOpOro o6pasyel KaHTOPOBCKOE
mHOKecTBO. Petuenne ypasuenuit (4.31) mosker Gb1T5 3a1MCAHO B BUME

6, = 2w(nv+vy) + f(nv+wy), (4.37)
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rae ¥y — BponssonsHas koHcrauta (0 <»y < 1) u f — nepuomimecxas gpyug.
u¥s ¢ nepuogom lfv. Jina kaHTop-Topa f MMeeT ciioxkHYlo Pa3pLIBHYIO CTpyk.-

TYPY.
IlepcuBans HpHBen NpHMep TOUHOTO BLIMCIEeHMs KaHTOp-Topa [39]. Pac-'

CMOTpHM oToGpakeHue
1
n+1~2qntqn_1 = ?S(Qn): (4.38)

'r,ue 0 < g <1, paspuipHan dynkuus s{g) onpeneneqa ctaopmynou
s(@) = q-%~[q]
u [q] o3nauaer uenymo vactk 4.
Orrnurie (4.38) or (4.31) 3akniouaeTca B TOM, 4TO NepHOOHYecKad QyHK-

uMaA sinf sameHeHa ppyro# nepuopmueckoil ¢yHxumeit s(g). Tounoe peluenue
(4.38) mpu ZOCTATOUHC MANBIX @ OJIA KAHTOP-TOPA HMeeT BH

1 oo
= oy ———— —im}
@) = & 1+ 427 )2 Lz T M is(Ermy), (4.39)
roe
1 :
=1+ —[1+(1 +44%)"?] (4.40)
2a

¥ 3HAUEeHus ¢, mnonyvatorea 3 (4.39), ecnu nonoxate £ =ny+vy.

Bo3HHKHOBeHRE KAHTOD-TOpOB IMpOMCXOIMT clemywmwmM obpazom. Ilpu
K > K;=09716. . . pmna oroOpaxeHns (4.31) Ha MHBApHAHTHOW KPHBO#
{ecru ona cywmecTByeT) oOpa3yercA XOTH Gbl O[HA ilenTs. UTepanyu 3TOH miemu
NOpoXKAAT GeCKOHEUHOe YMCAO HOBLIX Ieded, KOTOpme He TNepeceKawnTcs
ApYT ¢ OPYrOM M yMEHBILAIOTCA B CBOUX pai3Mepax. JTOT Ilpoliece W cO3paeT
KaHTOPOBCKOE MHOXECTBO, 0Gpasymoliuee MHBApHANTHYI0 KPHBYIO KK CeveHue
HHBAapHAHTHOro TOp2. KaHTOp-TOpH HEYCTORYMBBI, TAK KaK Mallble BO3MYILHe-
HHA B NepIEH UK YIAPHOM K HHM HAaNlpaBlieHrH GRICTPO HApaCTaloT.

Mockonbky KaHTOP-TOpH ABNANTCA HHBAPMAHTHLIMH PELICHHAMM Ypap-
HeHna (4.31) ¢ MppanMOHanNbHBLIMM THCIIZMH BpAWIEHHS, TO KX MHOro B daso-
BOM TpOCTPaHCTBE, H OHH CO3AAKNT MpelATcTBHE ONA OHbdYIHOHHOTO JBMMKE-
HHZ YACTHIL B CTOXaCTHYECKOM Mope. 3amennenue mipdysun BOIU3H KaHTOp-
TOPOB TeM CHfibHEe, 4eM MeHblie wiend B Hem. HauGonee cunsibie Gapbepht
Ina ouddysuH HaxopATca BOGMM3IW rpaHmuel oBnacTu croxacruyHocti. [loma-
[af B OKPeCTHOCTb KAHTOD-TOpA TOUKA, H30GPaamoman COCTOAHEE CHCTEMBI
Ha $a3oBOH IDIOCKOCTH, MeMIeHHO OBH-
HeTCA BIONE KOHTOP-TOpA, NOKA HE 0~
crarier wend (puc. 44) U He MOAYWMT
BO3IMOXHOCTE IIPCHTH CKBO3b KaHTOP-TOP
(xom. 4.6).

Ilpu wmcnenHoM aHanuse Rbhyanu
CHCTeMbi B OGNACTH CTOXACTHYECKOTO MOPA

Puc. 4.4. TlpoxowneHHe TPASKTOPNH uepes
LHETH KaHTOpP-TOPORB
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Puc. 4.5, IlATb nocNeoBaTeNnbHbIX KapTHH Ha (Ga30Boil NIOCKOCTE CTAHAAPTIOTO oTobpa-
weng npH K = 1,1, nofiytedHbie COOTBETCTBCHHO K MOMeHTaM BpemedH t = 3646 (a);
15268 (6); 24245 (8); 29122 (2); 34984 (4). KaxuslH noclenyiollyli wWar cBA3an
¢ "npoprlBOM” TPacKTOPHH Yepes KAHTOp-TOp. [I03TOMY Ha FpaHMUAX H3IOGpPaKeHHBIX

ofnactel CTOXACTHMECKOTO MODHA PaclloNojKeHBbl HEBHIHMEBIZ Ha PHCYHKE KEHTOD-TOPBI
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Puc. 4.5 (npopomkedne)



Pue. 4.5 (okoHYaHue)

CYIECTBOBAHME KAHTOP-TOPOB BHIINIAAMT CNleAylomMM ofpasom. CHaya-
na OmMy>gaHHe TOUKH MPOWCXOOMT B HEKOTOpOH y3Ko# orpaHuueHHo# obnac-
it dasosoro mpocrpancisa (prc. 4.5). Tak NpoucxXOAMT, HaNpUMep, JAA CTaH-
paprHoro oToGpaweHus npu K '= 1,1 Ha puc. 4.5¢ po ¢ = 3646 (yucno waroe
oToGpaxenns) . JIBHxeHue, Kax BHOHO H3 pHc. 4.54, "3axaro” B HEKOTOpOM
croe. Janee TpaeKTOPHA NpPOPHIBAETCA CKBO3h HEBHAMMLIK KaHTOP-TOp H O4eHb
ObicTpo 3alONHSAET 3HAUMTENBHO GOnbmryio o6nacTk ¢asoBOTe MPOCTPAHCTBA
(prc. 4.56). Teneps ee OBHXeHHE OrpaHHYEHO NPYTHM KAaHTOP-TOPOM C Kpyll-
HpiMd BaphepaMH M MansIMH WienamH. Tak NpomomkaeTca 10 MOMEHTd BpeMe-
HH t = 15268, Hocte dero NMPOKCXOOMT clIeAyHIMA “HpophiB” TpaeKTOPHK
yepe3 KaHTop-Top ¥ T.5. B peficTBHTenbHOCTH MNOmOGHBIX CKAUKOOGpa3HBIX
NpONBHHEHHH 3HAUMTENBHO GONbllUe, M Ha pHc. 4.5 3aQUKCHPOBAHLI JHIIbL HAH-
Gonee xpynusie U3 Hux. [lo mepe yBenHuenuz napameTpa K [IBHXXEHME CTaHO-
BHTCA Bce Gonee [UIABHBIM H OOMee GMHIKMM K MPHBRIYHOMY CTOXACTHYECKO-
My mpoueccy. Kantop-topst npu Gonsumx K ABNAWTCA OYeHb “HBIPABBIMH,
K 3¢dexTHBHan “'OAMHA", NpUXOJAMIAACA Ha Gapbepbl, CTRHOBHICH YpE3BHI-
uafiHO Matiof.

CNekHOCTE OHMCAHHOIC INpollecca OOYCNOBMIEHa TeM, YTO OH HABJIAETCA
NepexoHBIM H OTHOCHTCA K IOTpaHWYHOH OGNAcTH, TAe YXe €CTh CCHOBHELIE
NpU3HAKK CIIyyaAHOrO JIBM)KeHMs, HO ellle He McYe3NH CHefbl perylapHoOH on-
HAMHKH,
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§ 4.4. FaMuIsTOHOBCKas NepeMekaeMoCTh

FpaHulla xaoca B ¢a3oBOM FApOCTPaHCTBE, paccMoTpeHHasa B § 4.1, npen-
cT2BNAeT Cco0oM, NO-BHAEMOMY, OAHY H3 HpocTeRumx BO3MoxHocTed. Oma
ABAACTCA CNEACTBHEM ClleluduiecKore BHAa Momenu. 3meck Gymer npope:
MOHCTPHPOBAHA KapTHHA IPAHHUBI Xa0CA COBCEM HHOTO BuAa. CBOMM Ipowmc-
XOWJEHHEM 3277444, paccMATPHBAEMaA HuKe, OGH3aHa DONBITKAM peann3o-
BATh MACK CTOXACTHYSCKOIO yckopeHus {epmu B perylApHBIX NOMAX
(kom. 4.7). .

PaccMOTpHM CHAYANIA HEKGTOpKIE KayecTBeHHbIe coobpaxenna, oBbACHAN-
uve, KaK B 337a4aX 06 YyCKODEHHH YacTHI{ MOABIAETCA CPAHHIE XAOTHIECKOH
auHaMukH. IlycTd vYacTHila mBHXKETCA B HEKOTOPOM TOJIé BONHOROIO NMAKeTa

i= S 3 E, cos(k,x — wyt), (4.41)
M n=-oo :
B KOTOpOM
Aw = 20/T (4.42)
— XApaAKTEPHOE PACCTOAHHE MEXLY YaCTOTAMH w, H
Ak = 2n/L _ (443)

— XapakTepHOe PACCTOAHME MEXKAY BOJHOBEIMH WACIaMM K, BOJHOBOIO Ha-
Kera.

Xota npaeas vacte B (4.41) u ABnserca perynsapHod (HecimyuaiiHoil), Tem
He McHee, NP HEKOTOphIX YCTIOBMAX, KOTOphle OYIYT BBIACHEHBI HHXE, [BH-
HeHHe YACTHIBI CTAHOBMTICA CTOXACTHMECKHM, H OHZ HAUMHAET YCKOPATLCA.
[To mepe pocTa CKOPOCTH YAacTHUBI BpeM#, 33 KOTOpOe OHa HpoJleTaet MyTh [ATH-’
Hol L, yMmeHblilaeTcA. ITO O3HauaeT, YTO CTeHeHp agHAGAaTHYHOCTH BO3MYLe-
HUS YBEMMUMBACTCA H cAeZyeT OXMIATH MOABJICHUA TPaHMIIbI Xaoca KH3-33 Cila-
00ro BO3IREACTBHA BOJIHOBOTO TONA Ha JIWHAMMKY BBICOKO3IHEPreTUYecKoM
YacTHlsL. MOXKHO TAKXKe 0XHIATh, 410 B 3TOM CHYYde Xd0C HOMkeH OHITH OueNs
cnabpiM  OTHOCHTENBHO DEryNApHOH KOMNOHeHTe: pBuxeHuA. Kpome Toro,
Xa0THYECKAA KOMIIOMEHTA JIBMKCHHA JO/DKHA HMeIb OONblIHe BpeMeHHBbIC
W OpOCTpaFcIBeHHbIe MACILTA0R Ha (OHEe BEICOKOYACTOTHOIQO perylapHOro
aewxenna. B Teopuu TypOymMeHTHOCTH NOJOGHBIH XxapaKtep MBHMKEHMA HpH-
HATO Ha3plBATh MepemexaemocThio [31, 32].

OGbraHe NOf, epeMexaeMOCTBI0 TIOHHMAOT NpOCTPAHCTBEHHO-BPeMEHHY'0
XA0THUECKYI0 BHHAMHKY CHCTEMBI ¢ HOCTATOYHO UYeTKO BBIpaxkeHHOH Mpoct-
paHCTBeHHO-BpeMEHHOR CcTpyxTypoi, Ilpoue Beero HpemeTaBUTb cebe KapTH-
HY NepeMe)kKaeMOCTH B IHCCHHATHBHLIX CHCTeMaX. B OKpecTHOCTH yCTORUMBO-
I0 UpPeJenbHOTO LHKIA JHHAMEKA CHCTEMBI ONpENENAeTCH, B OCHOBHOM, TeM
CHEKTPOM, KOTOphIA HMeeT nuki. Ecnu, Hanmpumep, UHKA HMeeT TOJIBKO OOMH
nepHop, 7O (Ppypbe-CHEKTp CHCTEMBbl B OKPECTHOCTH UHUKIA ¥MmeeT BHI, BAH3-
Ku#f K &-QyHKHMH, ¢ MAKCHMYMOM Ha yacToTe uukina. B tom cnyuae, kormaa
HMeeTcA O4eHbh cnabplii X30C B OKPECTHOCTH LMKIIA, CNEKTP CHCTEMBI TAKiKe
OnmM30K K §-06pasHomy. BpeMeHHY 3BOMIONHI0 MOXKHO HAINATHO NPeNCTABHTH
cebe Kax GeclOpANOYHC “CLUNTHIC” JTHHHEIE YUaCcTKH pery/lApHBIX OCUHJ-
naupi. CyilecTBOBa#HEe OOCTATOUYHO OCOMBIUMX YYACTKOB perYyNsipHOTO [BH-
KEHHA YoiKe O3HayaeT HATHWYHE 3KauMTCIbHOH CTelleHM IWHAMKYECKOH pery-
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.]TKpHDCTH. AHaNOTHYHO BBEIMIAIHT W NIPOCTPAHCTBECHHAA MnepeMeKaeMoOCTs ﬂpﬂ
"IBHKEHHM cITOLTHON cpensl (koM. 4.8).

Ta ke KApIHHA ABWXKEHHA, OUYeHB GIH3KOIC K PETyJAPHOMY, HO ¢ OuYeHs
cnafio BrIpAXEHHOH XAOTHYECKOH [MHIMMKOH BO3MOXHA M B TAMWILTOHOB-
CKMX cHcTemax. B aTOM paspene GyfeT HM3YYEHO ABJEHHE IAMMIBTOHOBCKOH
TIEPEMEXAEMOCTH B 32/1a4€- O [BHMEHAM YACTMIL B [07ic BOMHOBOrO IMaKeTa
{4.41). OpHako, xak GyHeT ACHO HAXKE, XApaxTep OTNMCHIBAEMOIO SABICHRA
OOCTATOYHO YHMBEpCanieH ¥ TpHCYLL MHOTHM, Ha Aep&blid B3IJIAJ, HUKAK He
CBA3AHHEIM 3afauam [36].

BymeMm cuMraTh, yr0o BONHOBOH HakeT B (4.4]1) odedp NMPOX, T.e. YTO
OYeHb GONMBHICE YMCAIO TAPMOHUK B HeM HMEET CYILECTBEHHO OT/IMYHBIE OT HYJIA
aMIuTyapt E,,. 910 CBOHCTRO MOXHO GOPMANBHO BhIpa3HTh, HOJAOKHB

E, = E, (4.44)
ana seex n. Iloaoxum rakxe i
Wy = wetnAw, k, = kytnAk, (4.45)

Ecmi BRécTH rpyiinoByio CKOPOCTh NAKETA
v, = AwlAk, (4.46)

TO MOHO BBIGEMUTD OBA HIPeAelibHBIX CGTYUaH: U > Uy # U < v,. J[amee bymer
paccMaTpHBaThea MepBuifl M3 HUX, TAK KaK McCIlelyeMoe ABRCHME MepeMexae-
MOCTH BO3HMKaeT Npu Goabwnx ckopocrax uactwi. [lpu yonosun v 2 v, M3
(4.45) cnegyer, yTO MONHO MOJOXKHUIb W, = wy WId Beex #. Hemonbays ato
1 popmynet (4.44) u (4.45), momywaem BMmecto (4.41) cnenymoiniee ypaBHEHUE:

o

- e
x = +F, Z cos(hox—wpt+ndkx) =
m

n=,-o0

e o0
—Eqcos8 X cos(nAkx), {4.47)
m n= —oa

rae oGo3HaueHa dasza
g = kox — Wy . (4.48}

Hcnonawsya cOOTHOWICHHE

T cosnAkx) =L T 5(x—nl) (4.49)
n= —oo n= —«
H oGo3nauenue (4.43), nepemmuem ypasnerue (4.47) B Bume
. € = .
v= —EoLcosf# X S(x-nl), v=x (4.50)
m n=—=

J7a ¢opma 3aNHcH pacKphiBaeT GHIMYeCKoe CcOAEpKaHKe HCXOOHOH 3amauy
TIpH CHAENaHHBIX NpernotoxeHwx (4.44), (4.45) u v » vy. Eciu TONBKO He UMC-
eT MecCTO paBeHcmo X =x,,, roe

x, = Ln = 2anfAk, (4.51)

Top =0, T.e. v = const, u ABHXeHAE ABNRETCA CBOGOAHSM. B MoMeHT, Korga
KQOPAMHATA YACTMIBl OOCTHIAeT 3HAYCHMSA, KPATHOrO M, YACTHRE MCIBITHBAET

63



BO3/IEHCTBHE BHELUHGH CHIEL — TOMYOK. TOMMKM MPOMCXORAT B MOMEHTH Bpe.
MEHH . . . , In, tn+y, . . . , KOTOpHIE CODTACHD (4.5}) HOMKHBI HAXODWThcy
K3 yCIOBHA

G oxU)=Ln, x(tee)=Lnzl); L, (4.52)

FAe 3HaK * 3aBHCUT QT TOTO, KYZJA HANpaBlieHa CKOpOCTh YACTHIEL NOCKE A-ro'
romuka. M3 (4.52), B yacTHOCTH, HAXOOMM HHTepBan BpeMeHH Mexy JIBYM!I
MOCNENORATENLHBIMYE ~CTONKHOBERHAMK !

Aty = |x{tp+ 1)—x(fn)]fivn+1 | = L/IU;HI R (4.53)

IO€ U+ — CKOPOCTB YAaCTULbI 110CAE H-TO ToNuka, [focrpoum oToGpasceHue,

CBA3BIBAIOILES KOOPAMHATY M CKOPOCTb YACTHLEI MEXKAY ABYMA NOCIeAOBATE M- -

HEIMH CTONKHOBEHHAMH. )
Beeniem HOBYIO epeMeHHY IO

w=¥%mulvi, (4.54)

MOJIySTb KOTOpoil paBeH sHepruu uactvupl. M3 (4.54) MOXHO BRIpasHTh CKO-
pocTh U

= (2 twl/m)Y?signw. (4.55)

Henonsays onpenenenue (4.51) u cBoficTBa & -pyHxuuit, Haxopnm w3 (4.50)
u {4.54)

w=eEoLcos§ I 8(t-1,). (4.56)
n= =
NupdepeHnupopanyue Bpipaxelina (4.48) mwia § paer ¢ yderom GOpMYNb
(4.55)

8 = kov—wo = ko(2 1w |/m)*signw — w. (457

Cuctema ypasHeHM (4.56), (4.57) OTHOCHTENBHO HOBBIX RepeMeHHBIX (W, 6)
ABAAETCA 3aMKHYTOH, Kpome Toro, 3TH NepeMeHHBie ABNANTCA KAHOHHYeCKH
CONPAXEHHOH Napoi, TAK KaK BHMEET MECTO COOTHOLICHHE

awjaw + 26/90 =

Ina toro yro6pr MOCTpOHTH OTOGpAXMeHHe B Miockocru (w, ), ciemyer
OBpaTHT BHEMAHHE HA TO, UTO ROCNEJOBATENBHOCT MOMEHTOB BPEMEHH Iy,
ti,. o+ 1 tns ..., B KOTOPEIE H2 YACTHIY FieHCTBYET TOMYOK, ABMAETCA MOHOTOH-
HO Boapacrawmen 1.6, KMEET MECTO HEPABEHCTBO 1y => Iy, e i > k. OptHako
fOCIeA0BATeNIBHOCTE KOOPOMHAT Xg, Xy, - - . , Xp, - . . , B KOTOPBIX NCACTBYHOT
TONUKY, He ABNAETCH MOHOTOHHOM, TAK KaK Hanpasnezme CKOPOCTH -4aCTHHEL
MOKET H3MEeHATRCA OT TONMYKA K TORYKY. IT0, B YaCTHOCTH, OTpaxeHo B (4.53).

O603Ha4YHM

w, = wit,-0), 8, =8(,—0). (4.58)

CornacHO ypaBHeHHAM HBWxeHHA (4.56), (4.57) npu mnepexojie uepes TOMHOK
nepemenHas § ABIAETCA HellpepbIBHOMH, T.8.

8(t, —0) = 0(z, +0), (459)

4 mepeMeHHas W HCIBITHIBAET CKAYOK. YUHIhiBaA cBoHcTBO (4.59), nonyuaem’
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u3 (4.56) u (4.57)
w(ty, +0) ~w(t, ~0) = eEy L cosh,,
B, +0)~0(t, —0)=0.
Ha uniepsane spemenn (¢, + 0, t,+, — 0) BenuunHa W HMe HIMEHAETCA W,
CIEIOBATENDHO,
W(tiey ~0) = Wy y = W(t, +0)=
=w(ty —0)+eEyL cosd, = w,+eEyLcosl,. {4.61)

(4.60)

Tlo TOil Xe NpUYHHEe HA TOM e UHTEepRale 6 ecrh KoMcranTa M B3 (4.60) cne-
AYeT, uTo

0(tnsy ~0) = Bpyy = (2, +0)+0(ty + 0) AL, (4.62)
rie At, onpenensercd GoOpMynoi (4.§\3). H3 (4.61) n (4.62) cnenyior OKoOH-
yaTeAbHp1e GOPMYIIEL, Ofpenendiomue L -0To0paxeHne:

" { Wpey =Wy teEyLcosd,,

L: (4.63)

Oney =koLsignw, sy —woL (Mf21w,eq )2 (mod2n).
Gopmynpt (4.63) ymoGHO mepenMcaTh, BBENA HOBBIC HOPMHPOBAHHEIE BEMH-
UUHBI

u=2wimwil?), y=02m ~%, (4.64)
Jro paer

Upsy = Up + @sin(Ruy,),
i: (4.65)

1 o~ -
Yry1= Yn ~ Tl + ¥ signuy 4y (modl),

roe ¥ = koL/27 — HOCTOAEHEIA cOBHY dazel u
0=2ef,/(mwil). (4.66)

Benuguna @ uMeeT CMBbICT OTHOIEHUS H3MEHeHMWs JHepruM YACTHIBI 33 OHO
cronkHoBeBne (mudv ~ eEylL) k aHeprum yacTHihl 33 CYeT BBICOKOYACTOT-
HBIX OCUWUIALMA (~mwiL?).

Mpa fOCTaTOUHO MANBIX 3HAYEHWAX HepruM |u | mamenenua daser or
TONKA K TOJUKY BENHKH M TPAeKTOPHA YACTHIB! CTAHOBMICH CTOXACTHUECKOMH.
YCnoBHs BO3HEKHOBEHMA XA0CA MOXKHO HpHONMNeHHO NpeNcTaBHTh B BHAE

8 Vp+1
¥n

(Qazoesiii Noprper cucremer pn & <€ 1 npuBened Ha puc. 4.6. OcTpoBKH
YCTIOHYMBOCTH, B KOTOPhIX TP3eKTOPHH pErynsApHhie, 0OYCNOBIEHB MHOXHUTE-
nem cos(2wy) B (4.67), M3-32 KOTOPOTC HEpaBEHCTBO He BHINONHACTCH A
HEKOTOpo# OGIacTy 3HAYeHUR ¥.

I'nasHas ocofeHHoCTh" L-orofpaxeHus (4.65), oTnvuaouas ero oT craH-
maptHoro orofpaxenns (§ 3.4), cOCTOMT B TOM, YTO B YDAaBHEHHMH LA H3ME-
HeHnz $a3pl ¥y NepeMeHHAA U, UTPAIOLIAA POls AeHCTBHA, CTOMT B 3HaMeHare-

K= cos(2ry)| > 1. 4.67)

Q
= 2!“'3/2\
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Puc. 4.6. bazopay NMIOCKOCTh i-oro&paxcenna apu =102, 7 =0

ne, a He B wacnuTene. IIpu Q <€ 1, ecun NepBoHavaAbHO 9HepruA GhUta Manoi
(lul <€ 1), To ¢c u3meHeHHA Su ~ ) TAKKe MANH, ¥ B TEYCHHE MITUTENBHOTO
BpeMeHM BenwuMHA | # | MOXeT ocrasarecAa Mamofi. Omuako npu @ > 1 ara
KapTHHA M3MeHAeTCA. ¥ke 32 OOMH TONMUOK Nonyyaem |u | ~ O, gaxe ecnu Ha-
yansHoe 3HaueHue |u | <€ 1. 370 cpasy naer

BY = 1¥ns1~Vnl ~ 1R2rQ"¥) <1, (3.68)

Ycnorre (4.68) o3HauaeT oueHs MeIUIeHHOe, amuabaTHYecKoe HaMeHeHHe da-
3bI ¥ OT OJHOIC CTOAKHOBEHHA fo Apyroro. Paccmorpum ofmacTs 3HaueHUit

lul > Q » 1.
B 310# o6nacTH HaMeHeHNe 32 OfKH [Uar OTOOPAKEHRA OyZeT
16ul ~Q <€ tui. (4.69)
Yenorua (4.68) u (4.69) mo3BOAANT ¢ XOPOILUEH TOYMOCTBE) ANNPOKCH-
MHUPOBATH 2-0106pa){<e}me {(4.65) auddepeHnHanbHpMU YpaBHEHHAME ‘
duin)

o 2snQry @),
dy () _ 1 . s 4.70)
an 2mlum® 7
Cuctema (4.70) nmeeT peryidpHoe, HecnyuyaltHOe, pellieHHe
u’? = ¥ {1+cos2my)] + C u>0), . 4.71)

Onpefenilollee HHBAPDHAHTHYK KPHMBYIO, rfle ¢ — NpOM3BONBLHAA NOCTOAHHAA
M 1A MpOCTOTH Nomoxkewo 3 = 0. OpHaxo ypabHenue (4.71) He ommchiBaet
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PeaNBHYW CHTYAUMIo, TAK KaK MMEKRTCH MOMEHTHI BPEMEHH, Ide MCXOpHas
cucrema (4.70) Tepster cmpicn. llpi Gonpumx 3HaueHMsx () m3MeneHue ba-
3l ¥ 33 OOMH IIAT MANo cornacho (4.68). Tak xe MemfIeHHO W3MEHAKTCA

sin(27y) W BenMuMHa U B E -o10Bpawxennn (4.65). [Iponecc MeIIeHHBIX HIMe-
HeHMH u ¥ y onwmceiBaeTca Kpusoil (4.71), Ha KOTOpOR exaT TOUKH TPaeKTo-
puH (4, y). Tax NpOHCXOOMT KO Tex Iop, Noka sin(2ay) He cTaHer GiAM30K
K Hymo. HimeHeHpe ero 3Maka OpMBOOHT K ¢KayK0OOHpa3HOMY H3MEHEHHIO
Ha BEAHYHHY

Su = lupey —uy | = Q1sin(Ruy,)l.

3a cueT 3TOTO TOHKOIO 3¢ dexTa H NPOHCXOONT caabasd CTOXACTHIANMA AYHAMH-
KH yacTHUBL. YHCHO IATOB A, Uepe3 KOTOpOe HpOHCXOOWT HeaquabaTHYecKOe
H3MeHeHHe (a3bi ¥, NErko oleHuBaeTca U3 hopmynnt (4.68):

ne = 2w QY2 » 1. (4.72)

O6ulas KapTHHA TaKOrc EBMKEHHA XOPOLIO BHAHA H3 puc. 4.7. dazopas
AIOCKOCTh NOKpPHIBACTCA, B OCHOBHOM, GOMNLUIMMM TPYANaMH TOUEK, YHCAO
KOTOpPBIX Topajika 2n,. Kaxpaa rpymma smexair Ha xpueoit (4.71) ¢ HEKOTOpbIM
3HaueHHeM KoHcTaHTor C. [Ipu mepexome pasHOCTH {itn44 — Uy | Uepe3 HyNb
ypaBHeHua {4.70) reparT npumMeHHMOCTh. OHaKO janee OHH CHOB2 CTAHOBHT-
¢t IPMMEHUMEIMH, XOTA pellleHMeM KX AsiAeTcH kpusad (4.71), Ho yxe ¢ opy-
roit xoHcranTo# €, ITH MecTa, Iie IPOUCKOEAT NEepecKOKH TPaeKTOPHE YaCTH-
1BL HA [IPYTYI0 KpuBylo H3 cemeiicta (4.71), xopowo Brasb Ha puc. 4.7 B6mu-
31 ocu Oy mpu ¢ = 0. llo cymecTBy, HMEHHO TAK MOXHO M306paxarTh IOl 2ce
raMUNLTOHOBCKOI NEPeMEXaeMOCTH Ha $aioBoi [IIDCKOCTH.

CeMeHCTBO KPHBBIX

u=ul(py O (4.7l3)
u |

702 -

_.45 LNt

A
Puc. 4.7. GajoBas NMnockocTs L-oTo6paxedns opH 0 = 10 4 ¥ = 0 cOOTBETCTBYET ciyyaio
raMHIETOHOBCKOM MepeMexaeMOCTH
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NOKpbiBaeT (a3oBYi0 MNIOCKOCTS, M TPAEKTOPHA CHCTEMBI NPEACTaBNsheT coBok
aHcaMGnb KpuBbIx (4.73), CIUMTHIX NpH PASHBIX, CNYYaHHO HIMEHAIIIUMXCH
3HaueHHAX KoHcTaHTsi C. Teneph MOXHO HOCTABHTH BONPOC O NpEebHOM
sHaveHEM Cp, T.¢. TOM 3HAUEHHH, KOTOpOE ONpedelifeT HOCTEAHION HHBADHAHT-
HYI0 KPHBYI0 Ha puc. 4.7 cBepxy, ABNAIUYICA FpaHWIlEHd OGAACTH CTOXACTH-
9eCKOR NMMMAMMKM, Nexained cHusy. UMCIeHHBA amanu3 mokazan [36], uro

Co =~ 05073,

Boobine, rpaHmJa OGMTACTH CTOXACTHYHOCTH MOKET Obi{Th ANNPOKCHMHPOBAHA
KPHBOH

u=%Q*{1+cosQ2ny +5°)+Q—213]2, (4.74)

roe cxBHr dassl 5o —> 0 npu @ —> o0, 3amerum, uro npu @ < 1 gopmyna (4.74)
OOCTATOYHO XOPOIUO ONMCHIBAeT TpaHHLY CTOXACTHMHOCTH, NONYHaeMyW H3 .
(4.66). TTo310MYy MOXKHC OXHANATh, YT OHA MMeeT Gonee YHHBEpCANLHBIL Xa-
paKtep, 4eM 3TO [IPenoIaranoch NPH ¢e BEIBOME.

OndcanHoe ABNEHHE CTOXACTHUECKOH IMHAMHKH B YOIOBMAX IlepeMexac-
MOCTH TaKXKe IPHBOOHT K YCKOpPeHHI0 YacTHILI, XOTA HpPOHece ITOT ABJIAETCH
3HaYHTeNNPHO GoNMee MeATIeHHBIM, YeM IpH MANBIX 3HaveHdAx (). Iueprud, no-
CTHTAEMAA B Pe3yNbTATe YCKOpeHHs, MoxeT Opirh oueHbh Bemmxa. Mz (4.74)
cliefiy eT OUeHKa

Umax ™ Q2 - - (4.75)

B pelicTBHTENBHOCTH NPOLECC YCKOPEHHA BOIEOCTBHE CTOXACTHUECKOR nepe-
MEXaeMOCTH OLleHb YyBCTBHMTIENEH K AETATAM MeXaHW3Ma HapylleHHs amuaba-
THUHOCTH. Kak craHer AcHO HMxe, oleHxka (4.75) He ABIAeTcA NpefienbHOIM,
4 OfHCaHHAA KAPTHHA MepeMeRaeMOCTH — eSMHCTBEHBOM.

e

. e T

o D LA AR AR

- CRAS T R
05

Puc. 4.8. ®azoman nrockocts L -0ToGpakenns npu @ = 10 v 7 = 0,007 nemonctpupyer
CHILHOE H3MEHEHUE KaPTHHET [IEPeMENAEMOCTH
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Puc. 4,9. ®azopsiit nopTper wid cnyuas @ = 10w ¥y = 0,003 (@) u 3 = 0,008 (6)



PaccmotpiM atyuaii ¥ # 0. Byzgem rakske cuurats, uro 0 <y < 1. Torna
w3 (4.70) eremyeT CYIMECTBOBAHES ABYX HOBBIX 0COGBIX TOUEK € KOOPHRHATAMH

(7120, g = 147 5%)), (¥2 =%, up = 1452 5*).

Teprpast u3 HAX — ruiepfONKYECKan, BTOpaAa — 3UIMITHYecKad. Egin Touka
{¥1, #;) He Nonajgaer B OGIACTh CTOXACTHYHOCTH, T0 $Ha30BBIA MOPTPET CHCTe-
MEl aHATIOrHYeH TOMY, 9T¢ H3o0pakeH Ha puc. 4.7. OgHako ecnm rumepbomm-
HeCKAA TOUKA PAachioliOXKEeHa [OCTATOMHO HH3KO, YTO 3aBHCHT OT BEIHUMHB ¥ ,-
TO BO3IHHKAET OTBETBIeHME TOHKOTO CTOXaCTHYeCKOro KaHala BfO/ib YCOB
cerapaTpHc, [1poOXOIAUMX uepe3 Touky (¥, #4;) (puc. 4.8). OGpasopaBmasics
ofnacib XaOTHYeCKOHW [JMHAMHKHM NpPUBOGMT K BO3IMOMHOCTH 3HaUMTEIBHO
Tec CHIBHBIX YCKOpPeHHH, ¥eM TO, 4T0 cuenyer M3 ouewkn {4.75). Tak, Ha-
npumMep, Ha pHc. 4.8 yXe HpH MaIOM oTiyky ¥ or Hynsa (¥ =0,007) umax ™~
~ Q3. CuobHasd UyBCTBHT&IBHOCTE YCKOPEHMA K W3MEHEHMo Tapamerpa Y.
COUOPOBOKOACTCA TAKKe pe3KuM OHMbYPKALKOHHBIM M3MEHCHMEM Xapakrepa
nepeMexaemMoctd. Tenepb B HeM y4YacTBYIOT [1Ba CeMEHCTBA perylAPHBIX TPaeK-
TOpIiE — TPAEKTOPHA yie ONHCAHHOTO THNA M TPaéKTOpUH BAONE CENAaparpHc.
Tipumep, paccMOTpeHHBIR Bbillie, MOKAIBIBAET, B YACTHOCTH, YT0 paHHUa
xaoca, onpelenendad B § 4.1 A cTaupaprHOre OTODpa)eHHH, He ABNACTCH
yuHBepcanbHOi, TOUHO TaK e He ABNAEICA YHUBEPCAIBHOH CBA3bL MEXIY
YMCIOM BPAEHMA MOCISIHEH MHBAPHAHTHOH KpHBOM ¢ 3070ThIM CeYeHHEM.
310 OUEBMAHO M3 HOJAYyueHHbIX Briue dopmyn (4.71) n (4.74). Bonee toTO,
paipyiueHHe HoclenHedl HHBApHAHTHOH KPHMBOH Moxer ObTe CBA3aHO He C
TepexooM X II0GATBHOMY XaoCy, 4 C COe[IMHEHHeM BCEro NIMIIE ABYX CTOXac-
THYecKHX obmacrefl (prc. 4.9). Paspyinenue HHBapHaHTHOR KPHBOH y I'paHMIUE]
X20Ca CBR3aHO C BIMIAHHEM” cemia B OQIAcTh CTOXAaCTHYSCKOH AMHAMMKH.
FaMUIbTOHOBCKAA [MEepeMeKaeMDOCTh OXBarplBaeT Oonbmiofi kiacc pas-
NHYHBIX DM3HUECKHX 3a7ay. 310 MOTYT ObiTh He TONIBKO 3alia¥u, B KOTOPBIX
u3MeHeHue ¢asel OSpaTHO NPONOPUHOHAIBHO KAaKOH-IHOO CTeleHMW OEHCTBHA.
Hpumep cnepymoiuero naparpada NHOKA3bIBAET HEKOTOPbIE HONOIHUTETbHbIE
BO3IMOXKHOCTH BO3HHEKHOBEHHA cllaforo xaoca.

§ 4.5, YcKkopeuhe pelIATHBHCTCKHX Y4CTHI

Bepemcs cHoBa K ypaBhenus (4.41). OHO ONUMCBIBANIO HBIDKEHHE YaCTHI(
B Nojlé MOTEHLRANBHOre BOMHOROre Nakera. Eaon vactuuel yeckopAlorea gocra-
TOYHO CWILHO, TO HEPENATUBHCTCKOE MPHONHKEHHE MOXEeT OKa3arheA Hecnpa-
BEMIMBBIM M CHEAyeT paccMaTpHBAaTe NMHAMHMKY pelATHBHCTCKHX YacTHI,
(koM. 4.9).

B penfiTHBHCTCKOM Cliyuae ypaBHeHHs IBIDKSHHA 3anmilem B Bume [41]

p=—eEx 1), x-=p?l8, (4.76)

roe

E@x, )= X E,sin(k,x — wpt) 4.77)

n=e

ué — JHEPIHA YacTHLBI.
&=(m%c*+ p2c)!/2, (4.78)
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B omuume ot ryvas, paccMOTpeHHoro B § 4.4, OymeM cunTaTh, 4TO BONHOBOH
MAKET XapaKTepu3yeICH JIMILG OBHAM MNPOCTPAHCTBEHHBIM NEPHOAOM C BONHO-
BHIM UMCIIOM Ko . Cllemya BeipaxenusM (4.44) u (4.45), monoxum

En =Eo, kn=ko, Wy =wethn Acw. (479)
OGosnavad, Kax H paHee,
8 = kox — wgt, (4.80)

JIerKo NonyvaeM nocie nopcraHoeku (4.79), (4.80) s (4.76), (4.77)

p=-—eFesind X cos@mAwt)=—eEyTsing X 5(—nl),

n=—ca n=—o

. 4.8‘]
8 = kopc® & — we, (481)

roe T=2rfAw,kak us (442).

Cucrema ypaeHeruit (4.81) umeer Ty xe cTpyKTYpY, 4T0 M cuctema (3.60).
[ostoMy B [aHHOM CIIyYae MOXHO MOJYyYdTb OT0(pakeHHe aHATIOTHYHO TOMY,
KaK BHIBOAMNOCE CTaHZaprHOe ©oToGpaxceHme Ympnioma (3.61). Honaraem

Wurerpuposanve (4.81) Ha uureppane Bpemenn (n7 — 0, (n + 13T — 0) maer
Iy =1, — Ksin8,,

(4.82)
Opey =0, + —-——-—If-:'—l—-———-—w T (mod2n)
n+l n (l +I:+l/7?‘)1,2 [ ]
r7ie BBefeH Ge3pazsMepHbIH HMIYIbe
I=pkoT/m = 1ipf(mc), ' (4.83)
napamMerp K uMeer TOT e Bun, yrou B § 3.4:
K =(e/m)EokoT* =4 T?, (4.84)
1 IHCTIO .
T = kocT. (485)

Haxe Gernoe cpabHeHHe orobpaxenus (4.82) ¢ L-oroBpaxennem {4.65)
YyCTaHABIHBAET MeXOY HHUMH ONpefeNieHHoe cxoncreo. IIpHBenmeM HeKOTOpbIE
NpeneisHbie Clyyau ypasHenul (4.82).

Hz (4.83) cnemyer, ¥I0 HepeATHBHCTCKOMY IDEeHeNy COOTBETCIBYET
ycrnosue Ifr), — 0, Oto6paxenne (4.82) mepexomuT B CTaHmApTHOE 0TOBpaNKe-
Hue. B ynbrpapenstuBHCICKOM TNpepele, HaoBopor, Ity > = u u3 (4.82)
HaXOIUM, YIePXHBas HePBEie WIEHB paznoxeHus 1o 7/l

Lo =1, —Ksind,,
mrL e " , {4.86)

T
—wol mod 27).
21,,’“) oT  (mod2n)

Ecin rp = 2am (m — uenoe umcno), to (4.86) mepexomMr B cliefly ioliHe

8n+1 =6" + 7 SigIlI;l+l(l —

"



ypaBHeHH A
Iﬂ"'l =In — K sin 3,.”

; 4.87)
sign [, (
One1=0p— Efiac —i'n";,—'tll‘*“wnT (mad 2m),

n+1

KOTOpbie 0%eHs ONMu3kH K (4.65) . Pasnmuwie muum B creneHH AelCTBUA, KOTOPOe
CTOHT B 3HaMEHATIe HETIWHEAHOMH YacTOThl B ypaBHeHHH 1A a3bpl Y

B cryyae IpOMIBOIBHBIX Ty ¥ 2mm (m — penoe uucio) B (4.86) mansii
unen 7%/ paer mamblit BKian B M3MeHenHe ¢asst 0, OZHAKO OH BaXEH TPH
OflpefieTieHHH JIOKATLHOM neycroumocm TAK K4K HMEHHO OH Oflpepender
HpOH3BOHYI0 88,4 [31,.

IlpuBesiem HexoOTOpHIE UMCTEHHBIE mmmcrpaunu 1A PelIATHBHCTCKOTO
otobpaxenns (4.82). Ha puc. 4.10 m3oGpaxeH ero ¢a3oBEil mOpTper IpH
HEKOTOPHIX “yMepeHHBIX 3HAUCHHMAX HApAMeTpoB (He OYeHb CHSIBHBIA pens-
THBH3M H He O4eHb cnabad HeycroiumBsocts), Croxacrmueckar ofinacts HMeeT
OGLIUHYI0 CHCTEMY pe3OHAHCHBIX OCTpOBKOB. BHe obGnacI npoxopsAr HHEa-
PHEHTHBIE KPHBBIE.

lpu ysemwueHun napamerpa K BO3IWMKAET CWIBHAK [€PEMEXAEMOCTD.
Touxy noxarca Ha PeryNsApHYI0 KPHBYH, KOTOpad WMeeT HeperyildpHsle cMme-
IEHUA ML BBNIM3HE 3HaveHnd abemuce (puc. 4.11). g Gonbueil HarnggHocTH
KapTHHB [epeMeXaeMOCTH BpeMs#A cvera BrIOpaHO He oueHb OonbiMM (0KOINO
10° wurepaumit) Ha puc. 4.11a. B yCIOBHAX NepeMeXaeMOCTH PperyApHbIE

Puc. 4.10. Pa3zopniii TOPTper peiATHBMCTCKOre oTtofpaxenms (4.82). OfmacTi HaMesHeH s :
ne ropu3cHrad ¢ € (—w, n}, no Beptuxaad [ € (37, —37); 3HAYEHHA NAPAMETPOB:
K=3,r=4,w,T=0
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Puc. 4.11. O6aacTs Xaoca PEMATHBUCTCKOTO OTOGpaXeHMA B YOTOBMAX CHILHON nepeme-
#AeMOCTH, OGNACTH H3MeEHeHuUl: 10 rOpUICHTATH @ € {—m, 7)), no pepTHKauH € (—1500m,
15007} ; 3maueHus napameTpoB: K = 200, 1 = 6, w,T = 0; apema cieTa (YHCNIO [LUATOB
otoBpaxenns) :a — 979, 6 - 5.10*

KPHBLIE, H3 KOTOPBIX CJIaTaeTcA BCH TPAeKTOpHA, MOryT GuITh OlpefeseHbl
H3 ypaBHEHHH

dlifdn=—Ksin 8,

déjdn =1/ +1* [2) 1?2 — woT. “88)
Hpu woT =0 u3 (4.88) umeem
1% =— 1+ (K/r;)* (cos 8 +const)?, (4.89)

TAe const — HOCTOAHHAA MHTErpApoBaHHA. COOTBETCIBY OILMM BhIGOPOM const
MO2KHO MOIYYHTE HOCIEAHI00 KHBE DHAHTHY 10 KPHBY 10 Y [PaHMIibl 0 GNacTH xaoca.
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Puc, 4.12. dazoppifl TOpTper peASTHBUCTCKOTG OTOGpOK CHHA BOIMIM Pe3OHAHCHOTO 3HAYe-
Huf 7 ~ 2ar. OGTACTH HIMEHEHHI: IO TOPMIOHTANN & € (—n, 1), no Bepruramn I € (—107,
107} ; auavedus napamerpos: K = 6; rx = 6,28, w,T=0

/

+ - = . LY e -

Puc. 4.13. To xe, uT0 H a phuc. 4.12, HO B yCTOBHAX cHIBHOM llepeMexaeMocTh: 8 & (—m,
n), J& (-5-10%,5-10%); K=19, 7, =12,536, w,T=0



L

- g J‘,l. = 4L .'..”':"Ek‘."l

Puc. 4.14. To xe, yto » Ha puc. 4.11, vo npu Gonpiuom 3HaveHun napamerpa K: 8 € (-a, w);
I (100007, 10000m); K=10% 1, =55, w,T=0

Mpupepem emte ABa MpaMepa GasoBoH INIOCKOCTH PENATHBHCTCKOIO OTO-
Bpaxenus (4.82) BENH3H Pe30HARCHBIX 3HaveHuit 7,. Ha puc. 4.12 sHaueHus K
yMeperubte, OfHAKO SHeprum, 70 KOTOPBIX MOXET YCKOPATECA 23cTHINE, HeOORI-
yaiino senxicd. [Ipu 3ToM GONBIIAE SHEPIMM YaCTHY, COCPETIOTAUHBAIOTCA BOIM3H
daz # = tx. Ha puc. 4.13 snavenme K BelIHKO M KapTHHA MepeMexaeMOCTH
ABNATCA OveHp ueTkod, Ilpu drom sHAYeHue neficIBMA [OCTMraeT 3HAYCHMH
10%. MexXaHuW3M CTOXAaCTMYECKOTO YCKODEHMA B YCIOBHAX CWIBHOH NepeMe-
JKAEMOCTH yXe HMeeT MI0 Ofinerc ¢ MeXaHM3MoM yckopehus Depmu mug-
dysHoHHOTO THNA. B uacTHOCTH, NpH oveHs Gonibiux 3saveRmax K 3 rj, Kak

O H3 (4.89), MOXeT W3MEHHTbCA XapaKTep KapTHHb! lepeMeXaeMOCcTH
(puc. 4.14). .

Fnaea 5

CTOXACTHYECKAA MMAYTHHA

OBHapyxeHHe Xa0ca B TAHAMHYECKMX CHCTEMAX NMOPOXNAST pAl BOTIPOCOB
NPHANHIHATEHOFO XApaKTepa 06 YCHOBHAX NOABNEHHA Xa0Ca H O £T0 CBOACTBAX.
CylwecTBY10T M BOIPOCH MHOTC XAP4KTEpPd, Uefis KOTODBIX HE TOIBKO NMOHATH
ABTEHHE X30¢a B UEIOM, HO M TIONYWMTh Bomee obLee npencTapienye o rmobars.
HBIX CBOHCTBax mwHamMuyecKMX cHcreM. Ilosromy Beripoc 0 TOM, MOXKET MM
xa0¢ BeITh,Hey CTPaHHMBIM, HOCKT yXe cOBceM HHOM xapakTep. [lomosxuTenbHbri
OTBET Ha Hero 03H24all Gbl IPHHNKMITHATILHOE OT CYTCIBHE TIONHO A HHE eI PHpyeMoc-
™ Taxkux cdcreM. Jlo3TOMy TeopHA CTOXACTHYECKOTO CHOH, PACCMOTpEHHAA
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B I7l. 3, B [eACTBUTEIBHOCTH COAEPXKMT CYIIECTBEHHO Gonbluryio mHbopManuio.
Ona coCTOHT B TOM, YTO B 06meM cIy4ae mobas oMHaMuMecKas CHCTeMa HMeeT
HeYCTPaHHMY10 OfII4CTh CTOXACTHYHOCTH B-a30BoM Ipecrpakcrse. TloBTopHM
KpaTko, MoYeMy 310 TaK.

HpencraByM raMuibTOHHAH CHCTEMBI B opme

H=Ho(1)+€V(I. e;t)’

roe £, 8 — Ny-mepuble BekTophl, Takas cucreMa uMeer NV = Ny + 34 crenenei
cBofonbl, MpuseM % OTHOCHTCA K mMepemeHHofl ¢ (Bpema). B oBuwem cnyuae
YacTh ramMuisTOHMaHa fy WMeer CeNapaTpuchl, M H03TOMY BO3IMyiUeHue €V,
paspyillas HX, 0OpasyeT CTOXacTHYECKHE CIOH NpH Ni6sIX €. Maxke ecmu Ny = 1,
NepROAMMECK HE 10 F BOIMYTLEHHA JA0T TOT Xe pe3ylbrat. X0IA CyllecTBOBAHHE
OGIACTE CTOXACTHUHOCTH H CTAHOBMTCSA, TAKHM OGpa3oM, HEKOTOPhIM yHHBEp-
CATbHBIM CBOHCTBOM [AHHAMHYECKHX CHCTEM, 3TO e€lle HE O3HaYaeT CHIIbHOH
HeyCTOuHBOCTH B cHcTeme. [IpHuMHa TaxOTo yTIBEepiUEHHMS 3aKIouaeTcA B
TOM, Y10 OfiTacTH Xaoca oueHb yskue. IloatoMmy mansHeilimas cymeGa croxac-
THUECKHX TPaeKTOPHA ONpefendercd 1eM, KakK COeqUHAKTCA oGmacTH xaoca
Mexay cofoif MM, HHaye, TeM, KaKOBa TONONOTHA ¢Taforo xaoca B (a3zoBoM
HpOCTpatCTBE.

O0bemieRHe BoeX CTOXACTHIECKHX CiloeB B (a30BOM NMPOCTPAHCTBE MOXKET
0Bpa’oBary eOHHYI0 CeTh — CTOXacTHYecKyHr mayThHy. Ilo mayrHHe BOIMOXHO
CKOMIb YTORHO Janekoe Gnyspanue yacruibl. [TosroMy cylecrBoBaHie TayTHHE]
03HAYAeT KAYCCTBEHHO HOBOe NMposnienre xaoca. OHO BRIpaaeTcA B yHHBED-
CAIIBHOM MEXaHH3me Heycrpanumoil nubdysuu B ¢aszosoM npocrpaHcTBe. B
JeHCTB T eNBHOCTH 3TO TONLKO ONHO U3 cnemcreMi. Jpyroe, He MeHee BaskHoe,
cBA3AHO c reomer pHei NayTHHBL B aroil mase Gyner Hagaro obcykueHse T0T0,
KaK BO3HHKAET CTOXACTHYeckas NayTHHa,

§ 5.1. KAM-rope: u nupdyzna Apuonnaa

B § 2.3 6puta pacemorpera KAM-reoprs, onpeneiAloman yoIoBHA coXpa-
HECHHA HHBAPHAHTHBIX TOPOB FAMHIBTOHOBCKHX CHCTEM IpH NelCTBHH Ha CHCTE-
MY Maforo BosMyiteHas. Omia H3 HeHTPaNbHBIX HAeH 3TOH TeOpHH 3aIUTIONAeTCA
B TOM, Y10 MEpa pa3pyIUCHHBIX TOPOB Mana H, Gollee TOTO, Majlbie OGITACTH, ITe
TeXAT paspyHIeHHBIE TOPELI, 31KATHI MeX(ly HHBApHAHTHBIME Topamit (puc.5.1).
I71a e CHTYalluA XOPOHIO NMpeRCTaBieHa Ha puc. 3.4 WA CTAHOAPTHOTO 0TO6pa-
MeHMA, FI¢ N0 CTeNeHedt cBoGombI pagHo N = 3/, CHTyamust Moriia 8bl CHIBHO
H3MEHHTRCH, ec/iH 6bl CYIECTBOBAIH TOpPBI, KOTOpPHIE MOIMH Obi Mepecekats
CHCTEMY BIIOKEHHBIX JpYr B AipyTa TOpos Ha puc. 5.1. Toraa pasnuuksie croxac-
THYECKHE CTIOH OKas3amuch ObI cOenHHEHHBIMH IpYT ¢ ApPYroM, ofipasys HeKo-
TOPYI0 CE€Th KAHATOB O CTOXACTHUECKOH MuHaMHKOR BHyTpH. OmHAKO IO MWHCTO
TOUORCTHYECKNM NIPHYHHAM BO3IMOXHOCTE TaKOr0 HEDEceYeHMA CYINecTBYeT
mmus npx N > 2, flsnenne ynuBepcansHoil muddysun mo o6paloBapimeiica
TaKHM 00pa3oM nayTiHe npi N > 2 6ru1o oBHapyxeHo ApHoisnom [1]. Mexa-
HKH3M 05pasOBAHEA MAYTHHEI 3IECE CIISAY IO,

Paccmorpam cHauana cnywait N = 2 (cmyvait N = 3/ paccMarpuBaercA
TOUHO TaK xe) . 3aHHIeM TaMIDIETOHMAR CHCTEMBI B OGBIMHOM BU/IE

H=Ho(l\, ..., Iyn)+eV I, 04;. .. 15, 0x5) .1)
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Puc. 5.1, OBnacTé palpylleHBBIX TOPOB 32KATHI
MEXY WHB2P HEBHTHEIMH TOPaMHU

Puc. 5,2, O6nacta croxactiunocT npu N = 2 (q)
HN> 2 {6}

H BBeOeM HYacTOThL Henoahymeﬂuoro HABHKSHHA Ha N-MepHOM TOpS

wy=dHofdl; (j=1,...,N). . {5.2)
Kaxmada 4acTroTa ABASETCH ¢yﬂxuneﬁ, BOOGIIE rOBOPH, BCeX NEACTBHM:

w,f:wj'(]l:-IN) (.’=1"':N)’ (53)
BhifieNMM pe30HaHCHBIE TOPEI, KOTOPbIE ONPENenAITC Y PABHEHHEM

N

i=1

roe 7; — KakHe-nuGo lerible uwMcha. i KaIOro KOMIVIEKTa WeIbIX YHCEs
(n,,..., Ny) UMeerca MHOXECTBO peILeHNi 7 = (Il(o), RN § 0)). Kax-
moe pemlenne (%) olpefeifAer pe3oHaHCHEIH TOp. C HHM ¢BA3aHO, ¢ OJHOH
cToponbl, 0BpasoBaHHe cemnapaTpHcHO# nerim  umpmmonr ~ €'/2 u, ¢ gpyroi
CTOpPOHBE, €8 pa3pylleHHe H TNMOABJICHHE Ha £¢ MecTe CTOXACTHYeCKOro CIIod
N0 OeHCTBHEM pa3iHuHBIX Hepe3oHaHcHbIX wieHoB B (5.1). JroT mpouece
op11 mompoGHo onucas B § 2.1, 2.2, 3.5, Teneps NOCMOTPHM HA 3TO e ABEHHE
€ HECKOJIBKO MHOH TOTICH 3PEHHA.
Tlpr N =2 ycnosse (5.4) nMeer Bua

nyany F Ny, =0. (55)

Cornaceo (5.3) KaXpam W3 YacrOT 3aBHUCHT OT BRYX medcTBHiA (7, f;). Hanee
B cooTBercTBUH ¢ KAM-reopueil npeimonaraem OTCYTCIEMe BLIPOMKMEHHA IO

)



sacToTaM (cM. popmyay (2.33)):
9t H,
ol;dly

Tlepefimem or nepemennsix (I;, I3} x nepemenHbiM (w;, w2). GopMyna
(5.2) onpenensaor 31y 3aMeny nepemenHbiX. Ha wrockocrn (wh, W, ) pentenus
ypapHeHua (5.5) BHIIANAT 0COGEHHO TPOCTO. IT0 CeMecTBO NPAMBIX

wy =— (11 /) w, _ .7

1A BCEBO3IMOMNHBIX 3HaueHHit ny, m ny (puc. 5.2). Ha nonepxuocm 3aMaHHOH
3Heprud £ BMeeM

E=Hy(h, I3). : : . (5.8)

Hostomy Ha Hell Mexgy I, H [, cynmecTByeT o/JHO COOTHOILEHNE, ONlpEAETIAEMOE
dopmynoil (5.8). 10 03Ha¥aeT, YTO PEIOHAHCHLIE TOPHI HA 3aJAHHOM JHEPTeTH-
YeCKOl MOBEPXHOCTH OMpeNeHAICA H3 cHCTeMbl ypasHenmi (5.7) u (5.8)
IPTA KaKEOW Maphi MENMBIX wucen (1, 7). PelueHusamu ABNAwTCH TOUKH Ha
IFIOCKOCTH (W1, wy) {cM. pHc. 5.2 a). '

Kaxpmoll TakoH TOWKE COOTBETCIBYET ONHH PE3OHAHC, H KOKIOMY TaKOMy
pPE30HAHCY COOTBETCTBYET CTOXACTHHUeCKHH oJI0H, CO3NALIMA Ha IDIOCKOCTH
(w1, wy) Many ofmacts xaoca. Tlpu ¢ > 0 pasmepnt oﬁnaﬂen CTpeMATCH K
HYI0, H OHH He [lepeceKanTcd.

Ilpr N > 2 Bce NMPOHCXOOMT HHaye. Hanpumep, npu N = 3 Bmecro (5.5)
HMeeM

det #0. ' . (5.6)

MWy YRwr tasw; =0, (5.9)

rae Ka¥nada M3 YacTOT 3@BUCHT oT Tpex uehcreuwid (I, [2,7:). B upoc'rpaﬂc'me
(w1, w;, w3) ypasHenwe {5.9) onpepensaer cemeuc‘mo noeepxHocreil. Ha
TIOBEPXHOCTH SHepTHH E UMeeM

E=Hy{y, I, I3) = Hy(wy, w2, w3), (5.10)

rie ¢yHKUHA H, nostyvaeTcsa H3 H 3ameHoHl NepeMeHHBIX. JTO TOXe ypaBhe-
HHe TOBEPXHOCTH, KOTOpadA MepecexaerTcA ¢ NOBepxHocTAMA (5.9) nmo Hexo-
TOphIM KpuBbiM. TakuM ©0Gpasom, pe3OHAHCHBIE TOPbl HMEKT HEKOTODHIE
obiHe YacTH BIOMb KPHBBIX, ABJIALINXCA PElICHHAMK OBYX ypaBHeHmit (5.9)
H (5.10) OTHOCHTENIBHO Tpex NepeMeHHbIX. Manoe BO3MyLIeRHe ~ € “ofieBaeT”
3TH KpHBBE CTOXACTHYECKMM clloeM. 310 M ecTh CToXacTHYeckan NayTHHa
{puc. 5.26).

[pn ManmbIxX 3HAYEHHAX € CTPYKTYpa MAYTHHBI ONPENENACTCA JIMIML [BYMA
Yy paBHEHHAMM:

E=H0(I|, . ,IN),
oH, d0H,

Hy —+...+n
Yoo, N oAy

(5.11)

2

He 3aBMCAWHMYE 0T €. [loaromy HekOTOpbIA rpy6biil BUJ NAyTHHBI He CBA3AH
HMKAaK ¢ Bo3MmyweHieM B (5.1) H onpenensercs HeKOTOPBIMH CTPYKTYPHBIMH
CBOHCTBAMH BHHAMMYECKOH CHCTEMEl ¢ raMHIsTOHRMaHOM Hy. CToxacTHuecKHi
Ciofi Ha ITOH rpy0ofi CTPYKType ABIAETCH HeYCTPAHHMBIM, T.€. OH CYLUECTBYET

78



NPH CKOJTb YTOAHO MAILIX €. BMecTe ¢ HEM WMeeTcA HeYCTpaHHMadA mupdy3ns
© CHCTEMBI, Y KOTODO# HayanbHble YC/IOBMA OKa3aMiCh NeXAWHMH B OONacTy

nayTHHel. 310 # ectb AUbbysua ApHonsaa (xom. 5.1).

§ 5.2. Cnalbrift xa0Cc H cTOXacTHuecKan nayTHHA

Pance MBI NO3HAKOMIJIMCH C CHTYaliMeH, B KOTOPO# CKONb YTOMHO MAJioe
BO3MYIIEHHe NPUBOTHT K o0pazoBaHHio ofmacteit (a30BOro0 NMpOCTPIKCIBE,
BHYTPH KOTOpHIX AMHAMAKA CHCTeMbl ABIAeTCH croxacThdeckoil. IIpumepom
HX ABNAKTCHA croxactHueckue oion (mpH N > 1) u croxactuieckas NayTHHa
(apu N > 2). Yem MeHbIe BOIMYiLeHHe, TéM MeHbINE OGNacTH Xaoca. OoHaKo
X20C HeyCTpaHMM, eCJIH TONbKO BBIMOTHEHBI HEKOTOphle OO6LIMe yCIOBHA OTHO-
CHTENLHO Pa3IMEpHOCTH cHCTeMbl. B HekoropoM He 0O4YeHb CTPOrOM CMBICITE
MOXHO Ha3paTp CJIyYaH, Korpa oOONACTHM CTOXACTHYeCKOH [MHAMHKH OYeHb
Manel, coyyaeM cnaboro xaoca. Kak 6wl Masipt B GpUlH OGNMACTH Xaoca, X
CYIIECTBOBaHME 03HAYaeT TIPHHUMIIMABHY0 HEHHTETPHPYEMOCTh CHCTEMBI.

Cnabeiit xaoc MOXer peaTH3OBaTbcH B BHIAE CTOXACTHUECKHX CIOEB WIH
B BHAE CTOXacTWiecKOil mayTuHei. Uz KAM-Teopun cremyer, 4ro CTOXacTHUEC-
Kad MayruHa cyuiecrByer npu N > 2, T.e. MHHEMAILHOH Pa3MepHOCTBIO CHCTe-
MBI, [IpH KOTOPOil BO3HMKAET MAYTHHA, ABIAETCH

minN=2%. : (5.12)

Moxer nu Bermuuna (5.12) 6Gbirs noHmkeHa? YTBepmuTeNbHsll OTBET
Ha 3TOT Bonpoc GbUT MoJyueH B cepud paGor [7—11]. B Heckombko rpyGoi
OpMYITHPOBKE OH 32KAKUaSTCA B TOM, Ur0 CTOXACTHYECKaA MayTHHA CYLIECT-
BYeT ye npy '

minN=11%, (5.13)

eCTH TONBKO OTKA3AThCA OT YCIOBHA OTCYTCTBHA BHIPOKACHHA (5.6).
PaccMOTpHM IBIDKEHHE NHHEHHOrO OCUWUIATOpPA NON, WIHHKEM BO3MYyIile-
HHA B BHAE INOCKOA BOIHLI
T I
x+w0x=e—]~€-—mn(k:x-vt). (5.14)

TaMWILTONHAAH, PHBOAAITHIL K ypaBResuio (5.14), paBex
2
w
H=%(i2+w%x2)+e;—fcos(kx—vt). (5.15)

Jlepan wacts ypaBHeHwn (5.14) ONHChIBaeT OY¢Hb HPOCTYI [AMHAMMKY
NHACHRBIX KoneGanuii. Bce HeTPMBHANBHBLIC BHOB ABMKEHM HOPONKIAKTCA
BO3MYILIEHHEM H er0 B3aHMONEHCTBHEM ¢ HEBO3IMYIEHHBIM nBIKeHHeM, Onpa-
KO Telleph CHTYANMA MOXKET CHIBHO OTIHYATHECH OT TOH, KOTOpaA HMENa MECTO
B yotosuax KAM-teopuu. UrtoBel yGeUTbCA B 3TOM, MEPEHIEM B BhIPAKEHMH
(5.15) x HOBEIM NepemeHHBIM peitcTBMe — yron. JIns nepemenurix (X, X)
MOMOXKUM

x = (Uyefwo) sin gp, ¥ = (Qwoly) *cos g (5.16)
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B 311X mepeMeHHbIX
H=wel, + EV(Ix,‘Px;t)-

Ve, ox:t)= —7cos — sing, — vty
k . 2o o -

Hepoamymennas 2acTs raMwisToHHana Hy = wol, He yLOBNETBOPAET yCIOBHID
HeBBIPOXIeHHOCTH (5.6). [loatoMy Npk pe3oHaHCe

nwe =V, : (5.18)

Ife n — enoe YHEIO, aMIVIRTY/IA OCHWUTATOPA MOYKET BO3PACTATS OUeHDb CHIIBHO,
3arpapouHas HeNHHeHHOCTh OTCYTCTBYET H BBIXOJ M3 PE3OHAHCA MOXET NpOH-
30itTe TONBKO Garomaps Bo3Mywlenuw. Jlanee Mbl YBHEEM, UTO 3T CHTYAURA
ABNAeTCH 06uieH A CHCTEM, GTH3KHX K JIHHEHHEBIM,

3apaua (5.14) MMeer HarnanHyw WHTepmperamuio. OHa 3KBHBalleHTHA
ABWKEHHI0 YACTHUE B TMOCTOSHHOM M4THWTHOM Hofe¢ By H B TNONe Onockoi
BOJTHBI, PacHpOCTpaHAIIEACA HepleHEMKYIAPHO K MArHHTHOMY MOMK0. 3anH-
IfeM y paBHeHEe TBHKEHUA YACTHUE! 71 3TOTO CNyyad B BHIE

e e
¥ = [r‘ Bo] +—Eosin (kr""' Vt) : (5.19)
mc m .

MonoxuM, uro B HanpaelkeA0 BIOML OCH Z, BEKTOp F JIEHKHUT B IWIOCKOCTH
(x, ¥) ¥ HanpaenM BexTOopbl kK B Ey Bronb ocH x (npoponbhas sonua), Torma
w2 (5.19) cienmyer

. L .

¥ = wey +€—k'"sm(kx-w), J=—wox, (5.20)

rue
we =eBof(mc), ewd =eEok/m.

Hz (5.20) cnemyer cyuiecTBOBAHKE MHTerpajla KBHKEHMA
¥+ wex =const,

INonaras Ge3 OrpaHMUeHUA OBUHOCTH conist = O, MPUXOIUM K ypaBHeuo (5.14)
(xom.5.2).

Tloxaxem, xak B ypagHemsm (5.14) wiu (5.15) BO3uMKaeT MAYTHHA [PH
pesoHatcHoM ycnoeus (5.18). CoBepumm MocitenoBarellbHO HeCKONBKO 3aMeH
nepemenHsIx. Cuavana BBegeM OGbIMHBIM 06pasoM MONAPHBIC KOO PIUHATDI:

x=psing, X =wgepcosy, (5.21)
H BOCTIONB3YEMCH PA3ITOKEHHEM
cos{kx — vty =cos (kpsing —wvt)=Z J,, (kp)cos (mg —vi), (5.22)
m

e J,, — dyuxunn Beccensa. Ecnu MCIONb20BaTh OTMEYEHHYIO AHANOTHIO C
JIBYXEHHEM B MarHHTHOM J5iOJie, TO p — NapMOPOBCKMA pamiyc. TasvpuisToHmaH
(5.15) B HOBBIX TepeMeHHBIX (5.2]1) NMpUHHMAaET BHJ, C YYETOM pPailioKEHHA
{(522):
wh '
H=%wip? +e¢ e Z J,, (kp) cos (mg — vr). (5.23)
m



Bryienum #a cyMMBl WIEH €M = Rg!
2

[T+
H=%wip’ te k—: I, (kp) cos (o — 1) +
wp
te— X Jpy (kp)cos(my— vt). (5.24)
k m#*n, -
BeeneM HOBEIE TIEpeMeHHBIE
I=(wol2n10) p*, 8 =nop—vt : (5.25)
H 3anfAieM
H=H-vl, (5.26)

rne H soipawxeno xaxk dyuxoua (£, 8). HpAMeM BrivBcIeHHesm Jerko y0e-
IOHTbCA, YTO Y paBHEHHA

F=—0Hpe, 6=adfl (5.27)

IKBHBATICHTHBI ypapHeHHwo apiwkenus (5.14). Ioncranoskoit (5.25) B (5.24)
H (5.26) monmyyaem

- w}

H=(nowy —1)I+e ? I, (kp)cos b +

wi m m
te — Z Jy (kp)cos —6»—(1 - —) vt |, (5.28)
m#n, no Ho
rie [JIA COKpPALCHMH 3AMHCH NHUMIETCA P, KOTOpOe CIeyer CYMTaTh COITIACHO
(5.25) n
25) paBHRIM
p=(2nolfwo)/*. (5:29)

Takum 06pazom, Boipakenne H =H (I, 8; t) ABnAeTCA TAMIISTOHUAHOM
OTHOCHTENBHO HOBBIX KaHOHKYecKHX nepemerHbix (/, #). Ero moxwo 3anucare
TAKHKE B BHAE

H=Hoh+V(, 0;0), | (5.30)
roe coracuo (5.28) oBo3HaveHo

2
- w
Ho(l)=(ngwo —v)I te TC'zo-Jno(kp) cos .,
, (5.31)
~ W m m
V(I,B;t)=e—?° zZ Jn (kp)cos[-——&—(l—- — vr]
k* m#n, Ro no

H A p cIlelyeT HENONb30BaTs Buipaxetne (5.29).
Ianee Hac OymeT HHTepecOBaTs PE3OHAHCHLIA ciydaid (5.18). [lycts aro
YCIOBHE BBIIOTHAETCA WA HEKOTOPOI'O 71 = Mg, T.e. HMEET MECIO paBeHCTBO

Holo = V. (532)

10 ¥ ecTh OnpengelieHHe WCHA Mg, KOTOPOe paHee GbUl0 BReOeHO ¢hopMansHo,
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Puc. 3.3, ®ajoRkifl NOPTPET CHCTEMBI ¢ CEMapaTpHCHOA cerkoli B (opMme nayTHHL: n, = 4

[pu yenosuu (5.32) seipaxenne mia H o npusumaer Bug

~ wi _ wd : 12

H,=¢ -’-c?Jno(kp) cosf=¢ -;;J,,n(k (2nolfwy) %) cos 8. (5.33)

IlpoBenem MMpenBapHTENbHBIA aHANH3 NYHAMUYECKOH CHCTEMBbI, BOIHMICAI0-
welt B pesoHahcHoM cnyuae. O6a wieHa B rammiproHuane, u Hy u V, nponop
UHOHATLHEI €. TI03TOMY CTalHOHAPHAA YacTh TAMWILTOMH2HA, He 3aBUCAAA
OT BpeMeHM, HHOYUMpOBaHa Bo3MyineHueM, OHa ucueszer Mpu ¢ > 0, ¥ 310 —
HOBBIA IIEMEHT MO CPaBHEHMIO C 33aJaYdMH, DPacCMATPHBABUIMMUCA paHee,

Byzem paccmarpusate Ho (f, #) Kaxk HeBO3MYIICHHYI® YaCTb FaMIIBTO-
nunana H, a V (I, 0, ) — xak Bo3MymeHue. Jlaniee CTaHeT fCHO, NOYEMY 3TO
BO3MOXHO. $a30Bbifl Noprper A TaMHNsTOR#aHa (5.33) npuBened Ha prc. 5.3.
CenapatpHcnl 06pa3yloT Ha IWIOCKOCTH (X, X ) CeTKY THNA NAyTHHBI C YHCTIOM
TyyeH, paBHBIM 715, H C IOBOPOTHOH CUMMETPHEN Ha yTON o = 21/ny [IIA YETHBIX
no W C YHCIOM Jyueidl 2719 H CHMMETpHeH NOBOPOTA Ha YPON & = 7/my DN He-
YeTHBIX My . OcoBble TOYKH CUCTEME] HAXORATCA U3 ypaBHeHHH

3H, ol =0, 8H,[30=0. (5.34)

Orciopa nonyuaetcs, ecnu noncraeurs mans H, sripaxenne (5.33), cucrema
runepboitueckHx TodeK (o, 04):

Jn,kpp)=0, 8,=tnf2, (5.35)
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H 3IHITHHeckKX ToUeK (0., 8. )
"r;a (kp.)=0, 0.=0,m (5.36)

CemeiicTBO cenapatpuc ofpa3zoBaHo 2r, JIyvYaMH U NepeceKalomHMHM HX

- L
OKPYXHOCTAME C PagHycamH p,,(") . THe kp,,( ) _ Pa3NHYHbIE KOPHH (YHKIHH
Beccens J, . B suelikax mayTuHsl, 06pa30BAHHOH CeNapaTPHCAMH, NBIDKEHHE
TIPOHCXOEMT MO 33MKHYTBHIM OPOHTAM BOKDYT IIMHNTHYECKHX TOueK. OJTH

a (]

Puc. 5.4. TlyTs, yKazauuuil CTPEIKaMH B CJlyyae @ PEalbHO HeBO3MOXKEH, TAK KaK IpHGIE-
MeHHe K Mrepolinyeckol TOYKe HpoHCXOOuT OecKoHeyHo Oonro, QoHaKo OH BO3MOMeER
B cllyyae §, xorda o6pasyerca croxacTmieckslt cnoff

T0ukH (5.36) pacnonoxkeHel B IHTpax adeek. Takum OGPasoM OIMHCAHO He-
BO3MYLUEHEOE [IRHKEHHe, 3aJaBaeMoe ramMunsToHHaHoM (5.33). Cywectsyer
T PUHIMNHATBHOE pazindiie MEXAY ITHM [BIDKCHHEM M [BMKeHMeM, HanmpuMep,
HeJIHHeHHoro MaaTHHKaA, [lo mayruHe yacTHiIa MOXeET OBHTaThCA B PajHANBHOM
HallpaBleHWH, B TO BpeM# Kak MepeMelleHHe B pagHANBHOM HAalpaBJIeHHH
OJjid CHCTeM THNUA MAaATHMKAE OTCYTCIBYeT. B 3TOoM npHHIMNEanbHag ocoGeH-
HOCTE HEMTHHEAHOFO CITyYad, IS KOTOPOro uMeeT Mecto (5.6).

Ograio OBMKEHHE IO pagMycy, KOTOpOe B cpefHeM OTIMYAETCH OT HYNA,
BO3MOXHO TONBKO MO cenaparpucam, OHO OyIET 3aMOpakuBaThCA BOIH3U
runepOoNHyeCKHX 104%€K. [J03T0My NpOIBHXeHHe NO PajMycy WIA TaMHIb-
ronuana H, (5.33) TaKkXe He NPOHCx0ruT. Ecmu npuHATs BO BHMMaHWe reil-
CrBHe Bo3mymeHHs V' (5.31), To 310 [OMXHO NIPHBECTH K pa3pyIIeHHIO ce-
HapaTpH¢ M 0GPalOBAHMIO HA HX MECTe KaHA/IOB ¢ KOH@UHOH IWpHHOH, B KOTO-
PBIX IEPOHCXORMT CFOXACTHYECKAd gHHaMuKa (puc. 5.4).

§ 5.3. HupapuanTHEie TOPLI BHYTpH nayTHHE! ([I-Topsr)
H ITHPHHA Ay THHEI

Onmiem Gonee METATBHO, KaK MPOUCXONMT [BMKEHHE BHYTPW [ayTHHSL.
Bepremca x ucxomsomMy ramunbroHMady {(5.30) m npomsBemeM B HeM pAn
yrpomensit. ByneM cuMTarth BRIMONHEHHBIM yCToBHe pesoHanca (5,32) u yoep-
UM B Boipaxerun (5.31) nas ¥ tonsko wiensi ¢ m =g % 1.

Kax Gyper BMOHO pjalee, OCT@ILHBIE CflaragMbleé B CyMME [ vV AawnT
MeHbiMi BKNan (MOOOGHBHI NpHEM YXe HCIONB3OBANCA NpH BBIMHCTEHHH
TONUMHB] CTOXACTHYECKOTO cmod B § 3.4). B peaynvrare mz (5.31)
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2

- ~ w )
H=H,+V, Hy=¢ k—:.l’,,o(kp)cosﬂ,
(5.37)

- wi 1 vt
V‘—‘e—z-{l,, +1(kp) cos 1+—--—>6+ — | +
k ¢ ) o

[’( i ) vt
tJp, akp)eos|{ 1 — 18— ——]}
Hg Ro

PaccMOTpEM Takike A MpOCTOTH OOCTATOUHO YNAIEHHBIE OT LEHTPa
MayTHHaI OGIIACTH, T.2. TOIMOKHM

kp> 1. (5.38)
Henonbayem comtacko (5.38) acumnrorxy bynkuuit Beccena
Jy (kp) ~ (2/nkp) 2 cos (kp — nnf2 — /4). ‘ (5.39)

Brigennm HexoTopyio GHKCHPOBAHHYH fueHKY TIAYTHHBEI M OMHILEM ceMeiictBo
TpaeKTOpHit BHYTpH Hee, cHauana IpeHeGperaa mosMymeHuem V' (pmc. 5.5).
TlycTe pp — SNuHIFMYecKad TOYKA B LeHTpe Adeiiku, CornacHo (5.36) u (5.39)
HMeeM Ipa yonoeun (5.38)

kpo —mno/2 -~ 7/4=0,7. (5.40)

C nomowsw paznoxedun (5.39) u ycnosua (5.40) nepenmchiBacm ﬁo 3
(5.37) cnepywwmM 0Gpasom:

~ o
H"““?(

1/2 :
) cos{kp)cosé, o=t1, (5.41)
mkpo

rfe § = p — Po # pasHElE 3HAKH COOTBETCTBYIOT Pa3HBIM KOOPIHHATAM 3ILITHITH:
YeCKHUX TOYEK B 32BUCHMOCTH OT 3RajYeHNA NpaBofl acTH B (5.40) .

OCTaHOBHMCA Ha aHATK3e TPaeKTOpHil, ONpeNelisieMbIX TAMHIBTOHHAHOM A
(5.41). Pasmep opgnofi ceMapaTprcHOR Aueiiku uMeeT Hopanok 2n/k. Hostomy
max Ap = 2nfk, 4 cOTTIACHO HepaBeHCIBY (5.37)

[D1=1p—poi<pe. ‘ (5.42)

U3 onpepenenua peiicreua (5.25) uMeem

1 P
I= Wop* = wepd + o0

2”0 2"0 My

3aMeHa NepeMeHHOH

p. : (5.43)

1
I=T1 ~ — wep}
2ng
ABNACTCA KAHOHEMECKO# {CIBMT Ha KOHCTAaHTY). B tom ke npuﬁnmxem»m, B KO-
TOPOM NOJIyYeH TAMWIBTOHKEH H, MOXHO CUHTATh KAHOHMYECKO napy Iiepe-
MeHHbIX (0, #). COOTBETCTBEHHO TaMWIBTOHOBCKHE YPAaBHEHMS [IBIDKeHHA
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Puc. 5.5, Opna suelixa NayTHHED ¢ UTHITHIECKOR
TOUKOH p, B LeHTpe M CeMeHcTBO OpGUT BHYTpH Hee

VMET BHI,

o Ry aﬁo
P powo 00

(5.44)

o Bﬁo
Powo 3P .

OHH, KOHEUHO, COBINANAWT ¢ TeMH, KOTOpEle MOKHO Homyyntk u3 (5.27) npu
yenosuu (5.42).

OGosgaunm

W,y = —0(2fm) 2eng o [(kpo )1 (545)
H MOMOXHM

H,=w,cosEcosd, (5.46)
roe £ = kp. Torma ypaBHeHus :

£=0H,,/00, 6=—03H, 3k (547)

sKBABANEATHe! (5.44). TamunbToHHaH H,, MOXHO HAa3BaTh FAMEIBTOHHAHOM
nayrtHHHpX TopoB (lI-ropoB). BenuuuHa w,, ABNAETCA YaCctOoTOf MAIBIX KOMe-
Dannit g TpaeKTOpHiL, 0GMATHIBAIOWIHY, [I-TOPEL.

Ilepermnem (5.47) B ABHOM BH[IE:

E=—wy, costsing, 8-=wwsin£cos0. . (5.48)
Henonsayn (5.46) v mnrerpipys (5.48), Haxonmum
sin 8 =« s (0, (¢ — to); k), (5.49)

rpe sn — wuianTEveckan GyHkuua Axko6H, £( -~ MOMeHT BpemeHH, B KOTOpDbIH
8 =0, 1K — MOILY/Ib FUIANTHUECKOH GYHKINH:
k=(1 — By jud )2, (5.50)
Hcnonesys pewrenne (5.49) u Bupaxenna (5.46) u (5.50), monyvaem
cn (Wt = 29k
sink =« (= f)ik) (5.51)
dn (@, (f - 20); %)

Pewenna (5.49) a (5.51) AsnsAwIca NepHOOMYeCKHMHA (hYHKEUSAMH Bpe-
MeHH. [lepuon HeMuHe#HRIX KOJIeGaHAH paBeH:

TH,) =
[wwl
roe K(x) — monusiit ananTmieckuil HaTerpan niepsoro popa. Mpu k =0 umeem
T =2rf|w,l,
T.¢. TEpHOA Manpix xonebanud. BO6mnu3u cenmapatpucer kK — 1, H H3 ¢0pM5}nm
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£ Prc. 5.6. PaznmuHne cenapaTpHCHbe BeTBH ogHON
AYeR KN NayTHHEI
4 .y P (5.52) cnenyer
- T, 4 4
- n -
w | wwl (] _ K2)1 /2
72 /2 4 4| w,, |
5 = n -
|yl VH ol
) .
-?I'/Z = E ‘1!2 4 (kpa)afz x
2 €ngWp
W} 12\
Xln 45"'""2_ ———-) "':..-“'] (5.53)
k* \ nkpy Hy
Ha cemaparpucax H,, = 0. U3 (5.46) ciemyer, 410 4eTpIpe CeNapaTpHCHI Onpe-
LENAITCA YPpaBHEHUAMH
cost =0, t=2q/2 (5.54)
H
cosf =0, @&=zixf2. (5.55)

OHM COOTBETCTBYIOT YETHIPEM CTOpOMaM KBafpara (B NpHSMIkeHun o €p,)
Ha pHc. 5.6. Ha mBYX TOpHIOHTaNBHBIX cemaparpucax u3 (5.49) u (5.54) cne-
nyer ypaBHeHHe IBHKEHHA

dnf=2th [|w,l(t—t0)]; E=2m/2. (5.56)

Ha nByx BepTHKanbHbIX cenaparpucax ®3 (5.51) u (5.55) MOXCHO TIONIYYHTD
sing= Fth2lwel (@ -1)); 8=F/2 (5.57)

{puc. 5.6) (xom. 5.3).

3aMxHYTBe TPACKTOPHH, ONMCHIBZeMble [aMWILTOHHaHOM (5.41) wunH
(5.46) , ABIANTCA CeUeHHAMHM MHBapHaHTHEIX TOPOB, ecllH [ONONHKT: (a30B0e
npocrpacTBo ([, ) NepemenHoit “spemsa” OGbIUHBIM CHOCOGOM, YUHTbIBAR
MePHOHYECKOe 1O BpeMeHH BO3MYyluenMe V. IHBapMaHTHBIE TOpbI BHYTPH NAy-
THHBL ByaeM HasuiaTh [l-topamu. Mx omnamme o1 KAM-1opor MpOABNACTCA B
3aBUcHMOcTH mepuona T, oT e. B oiyvae KAM-topos T ~ lfe / 2, B clyvae
MI-topos T, ~ 1fe.

[lepelimemM Temepp K ONMHCaHHI0 DA3PYLICHHA CeHapaTpHc H ODPa30BaHHI
Ha MX MeCTe CTOXAaCTHYeCKOW NMayTHHb. JL1A 3TOr0 Hafe paceMOTPETh MCXOIHBIH
raMunbTOHKal (5.37). Wcnonms3ys acumnrotHxy (5.39), nepenMimeM BO3MYy-
wenne ¥V cnemymwmuM oGpazom:

Vo~ 2

k2 Tfkpu

Takem 06pazom, nonHas 3anaua OMMChHIBAeTcHd cornacHo (5.41) u (5.58) cue-

wi 7 2\ .
( ) g sin (k7) sin 9 sin [ - 0+ vt)]. (5.58)
. Ry
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TYIOLWAM raMIUTETCHHAHOM!

H wb (2 )uz { (k7) cos 8 +
= g¢ — —cos
% k? ﬂkpu
1
+ 2 sin (k@) sin # sin [—— (@ +vt)]}. {5.59)
fo
Orcopia
L eH, . oH, . n aff, oV  aH, oV
i, = 0 b+ ~u 5= 0 ( 0 — j _ ):
2 et =8 ( o . z)[ (2KkB) — cos 20] (5.60)
= —nge? ——— sin{ — cos —cos 26] . .
m ¢ kz(kpo)z Ro “o P

Ha y4acTke TpaeKTOpHK BOMH3H ceMapatpucht AB (puc. 5.6) HMeem
ki =nj2, cos(2kP)=-1,

[oatomy npy ny > 1
L 4 , Wb 2o
Hy =~ - noe W cos? @ sin (wel) . (5.61)
BeruncinM uaMeHeHHe Aﬁo BOMH3E CeNapaTpUCH NOA neﬁc*an_eM BO3MY-
wenna. HarerpupoBanse (5.61) maer

wj

K?(kpo)?

B a1y ¢opMyny MOKHO NOACTABHTh 3HaYeHHE [ cos §, BIATOe Ha cemapaTpuce.
U3 (5.56) nmeem '

cos 8 = 1fch {2] w,, | (t — £4)]

Kpome T0ro, lpefefibl HHTETPHPOBAHEA MOXHO pacApOCTpalHHTh OT & = — [0
t =co, B peaynsTare NOJIydaem

~ 4w}

-1 4 32
AHy = —— kpg exp [ - — (— kpo) Jsin {woty). (5.62)
Hy kz €Ng 2
JINs noiyueHHA OKOHUATENBHOR (GOpMBI H3MEHeHMst IHepTHH Aﬁo BBnH-
3H cenapaTpHchl YO KEHCTBHEM BO3MYIUeHHS BBIPA3HM HOMEp pe3CHaHca Mg
qepes kpo, MCHONh3ya ompepencHue (5.40) u ycnoeHe ng » 1. Hmeem BMe-
cio (5.40)

~ L wh ‘ 1 /m\ss2
AH, = -2n* o exp | — — -2—) (kpo)/? | sin (woty) . (5.63)
€

Mer paccmorpenu usmeHende AMg NpH ABHKSHUH YacTHIB! HA YUacTke
Bfman opHo#l M3 cemapatpuc AB (puc. 5.6). To ke camOe NPOHCXOOMT H Ha

~ 4
AH, =— — nye? Jdt sin (wqf) cos? 8.
m

OCTaNpHBIX TpeX BeTBAX Auedku. Beipaxenue mna AH, opnMHaxoBO Ha Beex
uerpipeX ydacTkax OpOHTBI B CHITY CHMMETDMM 3471aYH, M H3MEMAKTCH JHIIbL
MOMEHTBl BpPeMeHH o, ONpeelAOIIHE NONOXEHHEe YACTHIbI MIPH MIPOXCKISHHH
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cepelHHbl Y4acTKa OpGHTHI BOITH3M K2KA0H M3 weThipex cemaparpHc. Untepsan
BPEMEHH MEXKZY OBYMS MOCTeQOBATENEHBIMH ITPOXOKAEKHAMH BOIH3H cepeaiH
cenapaTpuc paBeH ONHOH yeTBepTH NMepnofa, 1.e. T(H,,) 4. 910 NO3BONSAET ONH-
cath QHHAMHMKY CHCTEMBI BHYTDH OJIHOH AYEAKH, COOTBETCIBYIOLIYIO TaMIUIb-
ToHuany H (5.34), B BHpe OTOOpaXeHHS 1A MepeMeHHbIx Hy H ¥ = w(H,,)¢,
rge :

w(Hy,) = 2n/T(H,) (5.64)

— YacTOTa HeJTMHEHHBIX KOTeGaHuil BHYTPH CeNapaTpUCHOMR fueKH.
Henonsays dopmynst (5.63) u (5.53), umeem otolpaxeHue BONHIN
CemapaTpHC ay THHbBI

- ~ IRY; w\s/z (kpo)t!?
H,., = H, —2n? kg exp[—»(;) gL— sin ¥,
€
1/2

a\31? (kpo)'/? w} 2 1
B = T
2 € k nkpo Hyey

(5.6

YenoBHe cToXacTHYecKOH} JHHAMHKCH
K={0ype /oy, — 1121

ONpefenser rpaHmly H, CTOXaCTHYECKOTO ClI0OR, OOpasymieroca B OXpecI-
HOCTH cerapatpuc. Mmeem u3 (5.65) npr K =1

PONYY: 2 | a\s/2 (ko yLi2
H. = 212702 (ko) " @b exp [_(._)5’ (ﬂ_] . (5.66)
€ K? N2 €

TonnmHa croxacTHieckod naytuHer pagHa 2H.. U3 (5.66) cnepyer, 110 OHa
IKCHOHEHIHAIIBHO MaNa [0 [apaMeTpy € M, KpOMe TOTO, 3IKCIOHEHHHATHHO
yO5iBaeT ¢ POCTOM fy, T-e. 110 Mepe YOaIeHUs OT HeHTpa MayTHHs!. YnclieHHbIH
NpHMeEp CTOXACTHYECKOH HayTHHBl M QYHKUHMH paclipedenic¢Hus B Hell MpuBeeH
Ha puc. 5.7 {10].

Taxum 06GpaszoM, pasnuuHete [I-TOpBI OTHesieHsr ApYT OT Apyra cTOXaci-
ueckoil maytHo#. OHa ofpasyel eRMHYI0 CETKY ¢ IKCMOHEHIMATBHO MATOH
TOMUMHON. B MOKasarene JKCNMOHEHTH! CTOMT MHOXKHTENb Ife, a He 1 /\/_e_, KaK
B chiyyae MayTHHHl ApHonsna. Kpome 10ra, cyxeHHe HayTHHB ¢ POCTOM 3HEpIHH
YAacTHLbI, T.e. HO Mepe YAaNeHUA OT UeHTPa WayTHHK, 3a1pynHser nuddysuio
MO MayTHHe Ha GOMbLIHE PAccTOAHUA K IpaK THUeCKH OBpe3aer ee.

§ 5.4. flepexon — KAM-tops1 - H-roph1
Brime Gpuio MOKA3AHO, YTO 1A ypaBHEeHUSA

wj

X+ wix=e sin (kx — vf) (567

npH € <€ 1 M YcIOBMM peioHaHca
V=nowe (5.68)
$asoBpIii TOPTpeT BRIMIAINMT, KaK CHCTeMa HHBapHanTHaIx [1-TOpoB BHYTpH
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Pch 5.7 CToxacruqeckaﬂ nayTHHa {g) Ha pa30BOR MNIOCKOCTH ypaBHeuwa (5.14) npu
€wg/k = 1/10; k = 15; v = 4wy,; w, = 1 ¥ DysKUMT pacnpepcrenns (ha3oBeIX TOYEK B
HeR (6), nocTpoenHas 3a 2 - 10° nepuopos konebauuit 2mfw,



AueeX NayTHHL. CaMa nayTnHa ABNAETCA CTOXACTHUECKOM, T.e. MMEET KOHey-
HYH TOMIUMHY, M BHYTPH Hee NMHAMHKA YacTHIel croXacTmyeckas. Haytuna
CYIECTBYeT TIpH MPOM3BONIBHO MaTIX ¢ . CHIILHOE BRIPOIKICHHE B 3a7aUe MOXKeT
ObiTh CHATO ABYMSA NMyTAMA: paccTpOHKOH pesoHanca (5.67) A BBelleHHEM He-
AuHelHOCTH B NIeBYI0 YACTh ypaBHeHuA (5.67).

B stom nmaparpade ™Mbl BBIACHMM, YTO RPOHCXODMT B cllydde, Korza oBa
BHJ/Ia BRIPOXKACHHUH (38 CdeT pe3OHAHCA H 33 CYET JIKHeHHOCTH HEBO3MYIUEHHOM
33[aYH) CHATBI, XOTA CHCTeMa OCTaeTcA BIH3KOM K BLIPOXIEHHOMY COCTOAHHID.

PaccMOTpHM cHOBA CHCTEMY C FAMHIBTOHHAHOM

H=x%[2 — w} cosx + (ew} [k2) cos (kx — vt), (5.69)

KOTOpPBLI OMHCHIBARET JBHKeHHe YACTHNE B TIOMe -ABYX IIOockux BonH. OH co-
OTBETCTBYET T2KXKe HEMHHEHHOMY MAATHHKY, BO3MYIIAEMOMY TIOCKOH BONHOH
(e €1).

ByneM cuMTaTh BOIMytieHne B (5.69) MenkomacurraGHeIM, T.¢.

k> 1. (5.70)
Yenosue (5.69) aBnAeTcA OdYeHs BAXHBIM M Janee Gyfer scHO nouemy. YpaBHe-
HUA OBMKEHAS, Clieayoume 03 (5.69), uMenT BHL,

X + wd sinx = e(wj/k) sin (kx — vr). (5.71)

Paanaraem cos x B (5.69) no Tpersero uneHa u sin x B (5.71) mo BToporo
dieHa:

sinx=x —x3/6, cosx~1—x2/2+x*/24. (5.72)
Ipu x < | BKJaj HeNMHelHbIX MonpaBok x* (win x3) man.

BBerieM cHOBA TOMADHbIE KOOpHMHaTel (p, ), NOAR3YAck QOpMYJaMu
(5.21):

x=psing, X=wppCcosy. : (5.73)
Monaran, kak u B {5.25),
é= Hop — v,
nony4aem
1 . 1 :
x =psin| — (@+v)], x=wepcosi — (@+u)]. (5.74)
] - L Ry

Onnmem KpaTxo myTh npecBpa3OBAHHH, IIA TOrO 4TO6RI M3GENATS HEKO-
TOPBIX TPOMO3IIKHMX BRIKNANOK. Ji/IA OCHOKHOH YACTH TAMWILTOHHMAHA (manr-
HHK) MOXHO BBECTH MepeMeHHbIe ASHCTBHe — Yrom. 3To yke Oenanocs. OuHa-
KO Hac GyHer MHTepecoBarth OBNacTh MaisiX 3HaueHHH p. [To3Tomy 3Ty vacTs
raMuibTOHHaHa (H,) MOWHO TONYWHTH MPOCTRIM YCPeAHEeHWEM, ecli MofcTa-
BHTb paznoxenne (5.72) u (5.73) B (5.70). B pe3ynbrare nonyuaem

H, = wol +al?, a=-nkfl6, (5.75)
rie

I =(wo/2m5) 0%, (5.76)
TaK Xe, KaK U B (5.25).
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Puc. 5.9. Bxpauiense YacTH nayTHiHsl BHyTp# OGBLMHOM CcemaparpucHoi sdeftkH B 3apmave
O BO3MYLUCHHH MaATHHKA (3.71); w, = 1, v = 4, k = 75; efk = 3/200; a — ¢asonprit
NOpPTPET BHYTPH celNapaTpHcHOH gyelikH; 6 — yBelddeHHe BHyTpeHseit 00IacT#, MOKa3aH-
Ro#t Ha pHc. &)
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Puc. 5.11. Pasnmuntie crapuu nepexoma KAM-topu — IT-topnl (w, =1, v = 5, k = 12:
@) — uonHam cenapaTpHcHan suefika npu ¢/k = 1/80, 6§ -~ BHYTpeHHSH YacTh NOPTPETA

B Clydae 4, 8 M & — TO e, Uro W B ciyuae 0), Ho npu efk = 1/20 u e/k = 1/30 coot-
BETCTBEHHO
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Tenepb MOKHO HCMOJIB30OBATh TO XK MpeAcTaBieHHe (5.31) MIA ramMuiIbTO-
HHaHA, KOTOpOE JOMXHO OTAMMATHCA JIMIIL HANHYMem HenuueMHOro a0GaBoy-
HOTO YeHa: '

H=Hy(,0)+ V(L 6;2);

w3l .
Ho(l, 0)= (nwo—v) I +al? + ¢ k: Jn, (kp) cos 0, (5.77)
w3 - m m
V({Z,6;8) =€ T  Jplkpdcos | — 0 {1 —— }ut |,
K om= ny Ho ngy

fIe TOpa3yMeBacTCH, UTO p BHIPOKEHO Yepes aeiictaue I no dopmyne (5.76).
CrpyxTypa BsipkeRus (5.77), 1o cymecTBy, Ta ke, 910 u B (5.37) . [JoGaBne-
Hpi NHE B3 wieHa B Ho(l, #). Hepbuifl #3 HMX OGYCHOBIEH paccTpodkod
pe3cHaHca, BTOpOH — 3aTpaBoyno# HeluHefiHoctbio. [Ipn e = 0 wactora onpene-
TAETCH BLIpAXKEHMEM

0y, 8,e=0)
s ———
ar

roe 8wy =newge — ¥ U 8wy = 2al. U3-3a Toro, yro 8w # 0, dasosslil NoprpeT
cucTeMsl 1ipH ¥ = 0 yxe He uMeeT MayTuHsl (pHc. 5.8}, TaK KaK BHIPOX/IEHHE
cHumMaerca. Teneps B (pa30BOM TPOCTpaHCcTBe NOABIANTCA HHBADHAHTHbIE KpH-
BbIe, OXBaThiBatoiye UeHTp. HMeHHO OHM MpensATCTBYIOT BO3MOXHOK nH(y3nd
B paOManbHOM HalpaBHeHHH.

OpmHako, XOTA cHTYanua GIH3Ka K TOH, KOTOpas uMmeeT Mecto B KAM-reo-
DHE, TeM He MeHee MHOIHe KpHBbIe CWIBHO H3rMGaioTcd, 00pasysd KapIuHy,
OueHb BNH3KYw K naythHe. JlanpHeHmas uEes BBIFTAOUT AOBONLHC TPOCTO:
eclM BO3MYILEHHe A0cTaTouHe GoNnsioe, i TOre YTOGH! HpHHA 06Gpasyiomie-
IOCA CTOXACTHMYECKOIO (JIOH MOTNA TepeKphITh LIEAH MeXIY CemaparpucamMu,
TO eMHHaA BONBINAA NAYTHHA BOHHKHYTh MOXeT. JTO YTBepKIeHHe WITICTPHU-
pyeTcA Ha puc. 5.9, rae H3oBpaxeHa ofHa OBEIYHAA cellapaTpHcHan auedKa
WA BO3MYUWEHHOro maatHuka. [lon nedcTBHEM BO3MYIICHMA cellapaTpHca pas-
PYLUAETCA M B €€ OKPECTHOCTH 06pasyercs oyeHb Y3KMA CTOXAcTHYecKHH cnof.
Hance B rnyGuHe AuediH paclioNaraoTcA WHBAPHAHTHLIC KPHBbBIE, ABIARIIHE-
ci cevenuamn KAM-topor. Opgako GmibKe K UeHTPY AueHKM NOsABnseTca 06-
NacTh, MOXOKadA Ha cedennd [I-Topos (puc. 5.96).

JononHuTenbHbie NBA NMpHAMepd Ha puc. 5.10 MOKA3pIBANT, KAK B pesyiib-
TaTe PE3OHAHCHOTO ycnoBua (5.68) M ycnmoBua (5.70) BHYTpE ceflapaTpUchl
MOKET UMIUIGHTUPOBATLCA OTPAHHYEHHasA 4acTh NMayTuHel. Yem Gombmie K, Tem
MeHblIIe AYefiKH MayTHHEL, TAX KaK MX pa3mep MMeeT nopapok 2a/k. UeMm 6onpb-
le €, TeM LIMpe CTOXAcTHYeckas MayTHHa. Ecin mapaMerpst X ¥ € HepocTaroy-
HO BefIHKH, TO KapPTHHA BHYTPH OCHOBHOM AueitKHM CellapaTpHChl MMeeT pasnuy-
HBIE TIPOMEXCYTOUHEIE COCTOARHA (pHe. 5.11) . ITH PHCYHKH XOPOLIO AeMOHCTPH-
pyioT, Kak nedopMHpyioTca cededus KAM-TopoB mo mepe yBenuueHHs Hapa-
Mertpa k, oGpa3ya HOBrIe, Gonee MenKHe AYedKkH [I-Topos.

OnucaHHpie H3MeHeHMA Mbl HaspiBaem HepexonoM KAM-toper — Tl-rophl
B npouecce nepexona npu yBeNHYEHHH € HPOUCXOZMT DecKOHEWHOE 4HCNO OH-
bYpKaUMOHHEIX H3MeHeHWH (a30BOro moprpera. CTpyKTypsi Ha a3oBOH

=fowe —V+ 2al = 8CIJL + 8(A)N, (5.78)
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ITOCKOCTH, KOTOphbie BO3HMKaT BeleactBue OIHMIOCTH K BHIPOXNEHH, sB-
NAITCA OOMOMHMTENLHBIME K OcHOBHOH KapTwMe $Ha30BOTrc noprpera, cienyio-
viero U3 KAM-teopnn.

I'napa 6

PABHOMEPHAA MAYTHHA

IlayTHHa, paccMOTpeHHas B Tpefsiywiedl Inape, Gunia HeOrpaHNMUEHHOM,
OnHako ee MMPHHA SKCNOHEHUMANEHO ObICTPC YOBIBANIA TIO Mepe YHANEHHA
OT IEHTpa, M 310 Jenano ee 3hdexTHBHO KOHeuHOH. B 310# rmaee Gyzer pac-
CMOTpeH TaxoOif clyyai, KOr[a IMpHHA NIZYTHHBI B CpeJJHeM He H3MeHseTCs Ha
Beed dazopoil miockocTH. Takyw mayrtHHY GymeM HASpIBars PERBHOMEpHOM,
OHa BO3HMKIIA NpPH aHAIM3e OBIDKEHHMA 3apAKEHHPIX YACTHIL B MaTHHTHOM
nolle H nofle NepTeHNUKYNAPHOTO BOJHOBOTO IAKETA ¢ GOABIIAM UHCIOM
rapmonnak [1, 2]. B mefCTBHTENIBHOCTH HHTepeC K 3TOH 3amade OKa3afcd 3Ha-
YHTENBHO HMpe. 3TO GbUIO BBI3BAHO e¢ CBA3bK ¢ MpoGneMor CEMMeTpHM HO-
KDBITH# NJIOCKOCTK, ¢ GRYXIaHWAMHK HAa CTPYKTYPaX, ¢ FMOpOHMHAMHYSCKHMH
CTPYKTYPaMHM K ¢ FEOMeTpHed KBasMKDHCTANnos (cM. oG3op [3] u pabory
[4]).

B aroii rnase Gyner BBefeH HOBBIA BRI, OTOOpaxKeHHA, COXPAHAIONIETO Mepy,
K KOTOpOMY HENb3A HeNOCPENCTBENHO NpHMeHHTh pesynbTatel KAM-TeopHH,
Tem caMpIM MBI NIOTydaeM BO3MOKHOCTE GOMee IHPOKOro B3rnaAfa Ha NPHPOOy
Xa0ca B raMWIbTOHOBCKHX CHCTEMAX.

§ 6.1. Orobpakenue ¢ NOAKPYIMBARHEM

HcxonHpie ypaBHeHUA TBHKEHNA YaCTHHB HMEIoT BHJ
e . e .

r =— E(x, t) +—[rB,], (6.1)
m mce

roer = (x, ¥) — BeKTOp, Nexaului B WIockocTH (x, ¥), E — BonHoBo#H naker,
PAcHpOCTPaHAIOILUACA BOONE OCH X M HalpaBleHHm#A BOOAb X, By, — nocrosaH-
HOe MArHKTHOe TONe, HAMpaBNeHHOE BAOMb OcH z. OTCYTCTBHE BABUCHMOCTH
1papo#l yacti (6.1) OT y NIpHUBOOMT K HHTETPALY OBMXEHHA

¥y = vy = —WpX + const,

rfe wq = eByf(mc) ects uMKnoTponHadA dactora. bes orpaHmyenna oSwHOCTH
MOXKHO HONIOKUTE const = 0 U TOrAa

¥ = —weX. (6.2)

Hns sonnoBoro naxera £(x, ¢) NpHmMeM clefyoluee BrIpakeHHe:
o0

E=_E, Z sin(kx—cwt—nvt)=—E,Tsin(kx —wit) £ 8(t—nT),
n=—o
' (6.3)
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rae Ey HanpasiieHo BIONL X 1
T=2n/v. . (6.4)
Hloacraensa (6.2) u (6.3) B (6.1), nonyuaem ypaBHeHHe

o

- e
Xtwix= ——— E,Tsin(kx-wt) Z 58(t-nT). (6.5)
m = :

= —w

Ono onuceiBaer JMHEHHBIA OCUWINATOP, Ha KOTOpHIH JelCTBYIT KOPOTKHE
(8-06passpie) ToNuKH ¢ nepHomoM T. Jlna nepexopa o1 (6.5) K pasHOCTHOMY
YpaBHEHKIO 0G03HAYHM

Xp = X(tr —0), Xy = Ux (n)= Xn(ts —0).
COOTHOUIEHHA MeXIY BENHYHHAMH X, X CeBa H CIpaBa OT S-GYHKIHM MMEIOT
BHA

x(ty +0) = x(tp —0),

. . [
X(tgt0) = x(tp — 0) — — TE, sin (kx,, — wi,),
m

rre 1, = nT. ITH cOOTHOUIEHHA NPHUBOIAT K CHEAYIOMEMY OTOOpaXEHHI0:
Ux,(n+1) = —WoXp, sit (woT)+

e
+ [vx,(,,) +—— E¢Tsin (nwT — kx,,)] cos (wyT), ‘
m ' (6.6)
Xp+y = Xpcos(woT}+
1 e
+ — { Ux, (n) + —_— EoTSin (an— kx")] sin (on).
w m

0
Ilpn wy — 0 oTobpaenne (6.6) NMepexOOMT B CTAHFAPTHOE OTOGpaMeHHe

Ux,(n+1) = Vx,(n)y t(e/m)EyTsin (kx,),
(6.7)
Xp+1 =Xp + T(Ux (ne1) — @fk),

npHBefieHHOe B § 3.4. JInia Hero, B 4aCTHOCTH, CIOGANHHBIA Xa0¢ BO3HHMKaeT
IIPH YCIOBHH '

K = (e/m) EokT? 21, (6.8)

Ipr K €1 dasoset noprper cucremel (6.7) Taroxe omucad B § 3.4. Yakwe
CTOXACTHUECKHE CJIOM OTHelieHpl APYr OT [pYra HHBAPHAHTHBIMH KDPMBBIMH,
H MO3TOMY 3HAYATENIBHOE NPOOBHXKEHHE MEPNEHIHKYIADHO CNOAM, T.e. YBe-
JIHYSHHe IHepPTrHH, Hepo3IMokHO. Kak cTaHeT ACHO HibKe, CBOHCTBa OTOGPaXeHHA
{6.6) coBceM HHbIe.

Hanmiue cnaraemoro w7 # 2mm, rae M — Leroe KO, B apTYMEHTe CHHY-
ca B (6.6) umMeer npoctoil dpuamiecknit cmbicn. Ecnu caenars 3aMeHy

X = x ~ nwTlk,
10 M3 dopMymnt (6.2) BymeT cIeN0BATh, YTO NPOHCXOMHT YCKOpPeHHE HacTHIL.
H3MmeHeHHe CKOPOCTH HA OIHOM TONMYKe paBHO weT/k. Toatomy 3a Bpemsa ¢
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CKOPOCTb H3MEHACTCA Ha BRTHUNKY

Av ~ woHw/fk), ' (6.9)
rae w/k— dasopas CKOPOCTb BOJIHOBOTO laKeTa. Y CKOpeHHe 0By CIIOBNEHO Tem,
4TO BONHA perynapHe “NOATaNKUBaer” dacTHIY (XOM. 6.1).

Honoxum manee w =0, T.e. HCKIWYHM H3 3a[aYH BOIMOXKHOCTD Deryisp-
HOTO yckopeHHs tina (6.9), OGosHaurm

a = weT. : (6.10)
BeeneM HOBHIE, BedpaamepHbie, HepeMeHHbIe
u = kugfwy, v=koyfwe = —kx. (6.11)

Torna ypasHenus (6.6) NepeXOAT B cleNyoiiee OTOBpaxXeHHe:

A i =(u+Kysinv)cosat+ysina,
e b _ . . {6.12)
v = —{u+Kysinv)sina +vcosa,
rae HHOeKCH R U + 1 V1A NPpOCTOTHI 3AHCH Ol'lyllleth ¥ 0603HaUeHO
Ky = Kfo. (6.13)

~
Otobpaxesse M, Oyaem HaspiBaTh OTOOpaXeHHeM ¢ TOAKPYYMBAHHEM Ha
yroa &. 3amumeM. TAMWIBTOHHAH 3a0a4Yd, KOTOpafx MpHBOOHI K dopmynaM
(6.12) . Ypasnenuio HBHKeHKA {6.5) COOTBETCTBYET FAMINBTOHHAH NpH ¢ = 0

| . e =
H=— (x*+ wix® )= — E¢Tcos(kx) X 8(t—nT). (r:.14)
2 m n= o
B De3pasmepHpIx NepeMeHHBIX i, U TaMIIBTOHHAH HMeeT BHT
a oo
H = ;(u“*v’)—Ko cosv X 8(r-n), (6.15)
n= -—wm
rge Beegeno GelpaiMepHOe BpeMs
T=t/T,
U YpABHERHA OBIDKCHHA 3aTHCHIBATCA CIIeRYONUTHM 00pasoM:
du oH -
—=——=auv+Kysinv Z  S(r—n),
dr v n=—oe
d (6.16)
—= - ——= _gu
dr du

B mepeMeHHnIX &, ¥ H T OCUMAIATOD HMMeeT UaCTOTY O, 3 TONUKY CNeIyHT
uepes MHTepBaibnl BpeMeHH A7 = 1. Ocofoe BHHMaHHWe Aafiee ByIOET yHeleHO
PE3OHAHCHOMY olyuato. OH BO3HHKaeT TOITA, KOTTa 38 ONHH MepHon, xoneba-
HMA OCUMITIATOpA 27/ HPOUCKOMMUT HENlOe YMCIIO TOIYKOB ¢. YCIOBHEM 3TOrO
ABJIAETCH PABEHCTBO 217,‘czq =q, WK

a, = 2nfq. : (6.17)
Eciu Benmomaurs oGosHauenue (6.10), 1O pesomancHoe ycroBue (6.17)
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IKBHBANEHTHO CTETYI0WICMY !
qwo = 277/T,
M COBNIAZAeT ¢ ycIoBHeM (5.18), B KOTOPOM ciemyer NMOTIOKUTH 1A YBCTOTHI
Ll

BosMyuleHuss ¥ = 2a/T. OroGpaxene My B 3TOM cnydae nonyudercd w3 Mg,
ecmd B (6.12) nopcraeuts 3Havedke (6.17) mna o

n {t’t‘ =(u + Ky sinv) cos (2n/q) + vsin (2n/q), (6.18)
7 = —(u+ K, sinv)sin (2n/g) + v cos (2n/q). )

[pupeneM HEKOTOPEIE YACTHDBIE CAYJYAH V1S }l?Iq.

Mpug =1

n U =u+K,siny,
M, (6.19)

v =,
O1coma
v =const =vy, H, =iy +Kon sinvg, (6.20)

OTobpaneHue M | COOTBETCTIBYET Cy4dlo OCHOBHOIO LUMKJIOTPOHHOTO Pe30HaH-
ca (wo = ¥), a pewenre (6.20) onucmBaeT YcKOpeHHe BAOAL OCH X ¥ 7 HTpaeT
poNs AHMCKpeTHOTO Bpemenn (n = ¢/T).

Ilpn g = 2 umeem u3 (6.18)

A i =-u—K,sinwy,
) { (621)
U =

JTOT chyvai COOTBETCTBYET NONYUENOMY UHMKIOTPOHHOMY Pe3OHAHCY. Pac-
~

CMOTPMM [IBa MOCNTENOBaTelbHBIX oTOBpamexna M, M, = M3. U3 (6.21) no-

IyuzeM

A (T =i — KosinT =u+2K, sinv,
M3

v =0 =u
ITH BhIpaXeHHA cOBNaganT ¢ (6.19) # moatoMy HMeloT TO e pewenne (6.20),
ONUCHIBAOIee YCKOPEHHE HaCTHILB.

PaccMOTpeHHple ¢/Tyuad pes3OHaHCAZ ¢ = 1, 2 OXAJAINCh OUYeHb NPOCTHIMH,
T.e. OHH JONYCKAWT TOUHple pewlennd. Haunnaa ¢ ¢ > 2 cucrema (6.15) win
(6.16) yxe He AB/IAETCA UHTErpHpPYEMOH M ee aHaTK3, KaK Oy[leT BHIHO HIXe,
B 3HaUHTENIbHOH Mepe CIIOXEH.

§ 6.2. llepronudeckas MayTHHA

B atoM naparpade GYAYT paccMOTpeHsl pe3oHaHchl ¢ § = 3, 4 u 6. Ilpuun-
Ha, O0beMHAIOINAA UX, CTAHET ACHA UYTh HUKE.
Honoxum B (6.18) g = 4. Hmeem

A w =,
M4:{_ X (6.22)
v=—u—Kgsinv.
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Puc, 6.1, Qaioprit nOpTPeT Ha
nIOCKOCTA (u, v) OTOOpaXeHHs
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A
Puc. 6.2, Da3oBsiil HOPTPeT Ha MIOCKOCTH (4, v} oToSpaxerus M, Npu BOILUIOM JHAYCHEH
K, =3; pasmcp kBamipaTta 47 X 4n

Ea)
Famunsronnan, cocIBeTcIByOWHA 0T0OpaxeHHI0 My, MOxeT 8bITh MOMyYeH
us (6.13}:
-]

H = o 2 + AN _ .
ot +v*) -~ Kp cosv , =E_w §(r —n); (6.23)

Wy = 7T/4

]

$azoBnit noprpel oTobpaxeHus M, NpuBeneH Ha puc. 6.1. Ha ¢asosod mioc-
KOCTH HMEETCH HeOrpaHMUeHHas NAyTHHA, T.6. OBIACTE CTOXACTHYECKOR JHHAMH-
KW YacTHI(El. BHYTPH sveex NMayTHHBl OCHOBHAA 4YacTb cemelcTRa OpOMT Npen-
cTapnseT coG0d 3aMKHYThIe [[epHOAMNEcKMe TPAeKTOpHH, RBISILINECH ceve-
HMAMYE MHBapHaHTHEIX TOpoB. [IpH Mansix 3HaueHmAax K, NayrMHa ABIAETCA
TOHKOH M WMeeT BHJ, ONH3xHA K KsappatHoll pewerxe, C poctom Ky oBnacts
CTOXACTHYECKOH AUHAMMKH pacTeT, PaMep OCTPOBKOB YCTOHUMBOCTH BHYTpH
AYESK YMEHDIHALTCH, ONHAKO HX DAacTOIONEHHe NO-NIPEXHEMY COXPAHIET CHM-
MEIPHI0 KBaApaTHOW pemerkH (puc. 6.2). Eiue opuH uHcaeHHpE npUmep Ha
pUc. 6.3 AEMOHCTPHPYET CROXKHYIO ¢paKTAILHYI0 CTPYKTYPY CTOXAacTHYeCKOi
HaYTUHR. BHYTPH Ka3KIOTO H3 MalIMX OCTPOBKOB MMeeTcH CyDCTpYKTYpa,
3aBHUCAILAA OT 3HAYeHHA K.

Nepengem teneps K Gonee aKKypaTHUMy HCCTIENOBaHHI0 OTOOPaXKeHHA M4
PaccMoTpumM cHavana wmansie 3HaveHwd Ky < 1. Tloctponm oToBpaxeHue M’i,
B KOTOpOM YHEPWHM /KL WIeHb! ¢ NMepBol creneHbo K. UeTnlpexwpatHas
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ray
Puc. 6.3. Heranbinie cBoHCTBa (a3oBOTO HOPTpeTa OTOGpaKeHMA M, : ¢ — vacTh MayTHHBI
nipu Ky = 2, pasmep xBanpata 4 # X 47; O — ypennyernne oGNacTH BHYTPH MAlOro KBagpara
B ¢JIy4ae g, pasmep KBajgpaTa 4w X 47



wrepauna (6.22) paer

- {E_=u +2K, sin T,

4. (6.24)

v=p-—-2K4sinu

OtoBpaxenne (6.24) s3anucaso B Gpopme, NPK KOTOPOil OHO COXPAHALT Me-
py. VIHTepBan BpemeHM MeXHY ABYMs MNOCAeNOBaTeNbHBIMH LUAramMu OToGpa-

A
xKennss My paBeH 4. )
HerpysnHo 3amucath TAMHISTOHHAH, NPRBONAUIAH K otoGpaxenuio (6.24):

1 : o= T
Hy= — — Ko{cosu+cosu X &(— - )}, (6.25)
2 ! n= —« 4
K COOTBETCTBYIDILME TAMUALTOHOBCKHE YPaBHEeHHA IBIKECHHA
. dH, 1 )
u= 5 = E Kgsinv,
v
(6.26)
. aH, 1 = T
p= — —~— = ——Kysinu X §{—- —n)
du 2 n=—o \ 4

Brimen¥M B cyMMe B {6.25) unen ¢ # = 0 M HepeRmMUIeM rAMHIsTOHMAH H 4
B CIeAYHILEM BHJE!

= n
H,=—Qu(cosv +cosu) — Qacosu 2 cos(; m—) . (6.27)

n= -~

n# 0

BosuHkiuas cHTYanHA yxke paccMarpusanacs Ham# (§ 3.4). Iepsoiil unen
B H , omHchIBaeT HeMHeHHbIe KONeOaHKA ¢ TAMMWIETOHHAHOM

(0) U+ u-—-v
Hy * = —Q4(cosu + cosu) = —2824 cos —~2——- cos (6.28)

2

1 ¢ yacrortoit £, = Ky/2. Bropo# wien B H, M0oXHO paccMaTpHBaTh KAK BO3MY-
HICHHE

e

- .
Vo=—84cosu X cos(-z- HT). (6.29)

n= o,

n¥0
XOTA OHO HMeEeT TOT Xe MOPANCK, YTO H Hgo) (~K,), opHako MHUHAMaNLHasA
YacTOTA TAPMCOHEK, BXOOAIUNX B V4, paera 4. ITockonuky £24 < 4, 10 BO3MyIIe-
HHe ABJIAETCA BBICOKOUACTOTHBIM M €I0 BIMAHHe, kak OyneT BHOHO janee
(4 xax yxe Gwpulio B § 3.4), okazpiBaerca MansiM. Bosee Toro, T2K Xe, KaK H
B § 3.4, moctaroyHo orpaHmuuTsca B8 (6.29) nuwp rapMoHMKaMK ¢ n = *1, T.6.
HONOXHTE

Vi = 2824 cosu cos(nr{2). (6.30)

JBIKeHHe, ONMHCHIBAEMOE TAMHIIBbTOHHAHOM H§°2 YK€ paccMaTpHBANIOCh B
§ 5.3. U3 (6.28) cnenyioT ypaBHeHHA IBWXKEHHUS:

=Q,siny, b= —8sinu. (6.31)

104



Onu MOTYT 6BITh TAKXKE NOYYeHREr u3 (6.20), €CTIM PasNoXUTh CymMmy 8-dyHxk-
U B pan Oypse H OCTABHYD TONBKO nepBLIiFl YyleH pAlia, KaK 370 JeNanocs
B (6.27). Cuctemy (6.31) MoXHO raxske 3aNIMCATH B BHAE OHOTO YPAaBHEHHA

it + Q3(Csinu — %sin2u) =0, (6.32)
ra¢ BelTHIHHA
C=cosv+cosu

npencTaBifer coboi Ge3pasMepHEIil MHTErPal JHEPTHH.
YCTOWYMBRIM MONOMEHHAM PaBHOBeCHA (IUTHIITHUECKHM TOYKEM) COOT-
BeTCIBYIOT 3HaYCHHA

tC1=2, v=an, wu=mm, m+n=21 (=0, +1,..);

HEYCTOMYMBLIM [OJIOKEHHAM PaBHOBecHA (TUNepBONHUSCKHM TOMKAM) COOT-
BETCTBYIOT 3HAUCHHA

C=0, v=mn, u=am, m+n=21+1 (=0, £1,...).

CenaparpHcel, IPoXoOAlLHe Yepes rulepGofMiecKue TOYKH, MOKphIBaT daso-
BYI0 THIOCKOCTS KBaJIpaTHOH ceTkoil, onpenensemMoil ypaBrReHHAMHE

v=t+m+2al (=0, £1,...). (6.33)

TpaeKTOpHH BHYTDHCEIAPATPHCHBIX SUCEK HAXOMATCH HHTETPUPOBAHUEM
ypasreawit (6.31) unn (6.32). I1o maer mpu |[C| <2

cosu=%BC+(1 —¥Ocd [(1 + KO, k],

(6.34)
cosu=KBC—(1 —¥O)ed[(1 +BCYUT; k],

e k=2 -0O)f(2+C) n cd=cnfdn — OTHOIIEHHE JITHIITHUECKHX QYHKIUHI
Axobu. TpaexTopHM, onMceiBaemple cuctemoll (6.34), npencramnsiT coboi
3aMKHYTBIe OPGHTLI, H300paxeHHble Ha pHc. 6.36. [lepuon Hemuelinpx Koneba-
HUM /1 HMX paBeH

) (x), o ' (6.35)

= — K
Q41 +C/2)
rae K(x) — nonxpiil annumTHYeckHi HHTerpan nepsoro popa. lpu C = 2 us

(6.35) nonyyaem

T(2)= 27/,

T.. MEPHOT MANEIX KoMeDaHWA B OKPECTHOCTH MUIHITTHUECKOH TOUKH (M3
(6.28) pasnoxenHe NMPH MalbiX U M @ [AET YRCTOTY Manbix koneGammit Q).

Yuer posmywmenna (6.30) npuBoauT k cnaboil NepHOmMYECKO MOTYTALHMK
Beell CTPYKTYpEI Ha $asoBoli inockocti. OHa XOpouo BUHa Ha puc. 6.3. Opua-
KO Haubonee CHABHOE BITMAHME BO3MYHIEHHA NPOABNAETCA BONMIM cenaparpu-
Chl, TAK KAK NPHBOOMT K €& paspylleHHi M K 0DpasoBEHHI CTOX2CTHUECKOH
NayTHHm. Ina storo crefopance 6w paccMOTPETh BBICOKOUACTOTHOE BO3MYILe-
uHe (6.30), meiicteyiomee Ha ocrosHoe gBwkenue (6.28). Owo mpHBOMHT K
UGPa3IOBANMI0 BKCMOHEHUHMANBHO Y3KOTG CTOXACTHYECKOro cJI0A TONIIMHOM
nopsgka exp(—const/Ky). Ito M ects TommimHa mayTHHel. Bonee TouHoe ee
BbluicrienHe Gyner NPHBENeHo B CledyollteM naparpade.
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Puc. 6.4, Pacnaj mayTHHE! H3-3a
PacCTpOMKH PE3OHAHCHOTO YCITo-
pua: K, = 0,7, « = /2 + 0,03;
pasMep kBagpaTa 127 X 12x

CyulecTBOBAHNE HEOrpa-
HMYeHHOK MAayTMHB! HMeer
30ech Te Xe ClefcIsud, 910
H B ciywe mdgysnn Ap-
Honbpa. OHa MMeeT DaBHO-
MEPHYI0 TOMMHMHY BO BCEM
¢$a3cBOM IPOCTPaHCTBE H,
ClIeQOBATENEHO,  IIPHMEPHO
OMIHAKOBYH CKOPOCTh [IHth-
¢y3un. Yactnoa, y KoTopoit
HayaNbHAA KOOPHKHATA HAXO-
OHNach BHYTPH MayTHHEL, MO-
MeT COBEPLUATH CIIyyaifHpre
Gry>xAAHUA Ha CeTKe MayTH-
Hbl, YXOOA CKONb YIOJHO fia-

IeKo OT HCXOOHOH TOUKH.

Pesonaucioe ycnoBMe wy = 7/2 WrpaeT, KOHEUHO, HCKJIUYRTENIBHYH Polls
B 0fpa3oBaHud NayTHHLI. EcaM 310 yclloBHE He BBINONIHAETCA TOYHO, TO YXKE B
HyNe€BOM NpUCTIDKEHHH He BO3ZHMKaeT equHoi cemaparphcHoit cerku. Taxoi
OpuMep TpuBeleH Ha puc. 6.4, roe pasnocTs Mexay dasol o = 1,6 M ee peso-
HAHCHBIM 3HAYEHHEM (3 = (34 = 27/4 cocraBnser Beero JHIL okong 0,03,
Croxactiueckas NayTHHAa MOXET BO3HHKHYTh M B 310M cnyvae. OnHako Heob-
XoOuMo, YTo6b! Bo3MYymeHHe Grino Goslbiie HEKOTOPOro KPHTHUECKOrO 3Have-
Hug, Torga DOCTaToOMHO CHIBHOE BO3MYLLEHHE MOXKET MPHBECTH K CBA3H HBHKE
HEH Ha pa3JIHYHBIX 3JIeMEHTaX pacnaBiledica nayTHHBI.

BuytpH sMeeic cenapaTpichl HMeeTCHA CBOA CHCTEMA HHBAPHAHTHBIX KPHBBIX,
OCTPOBKOR M cenaparpuc. [locnenuse oTneseHki 0T OCHOBHOH CCTH MHBADHAHT-
HBIMH KpdBeiMA. [ToaTOoMY (h230EBLIA NOPIPeT BHYTPH AYeEK BO MHOTOM Hamo-
MHHaeT CHTYallHio B CNyyae, Korha npAmeHnma KAM-reopmns. Bun moprpera
BO MHOroM 33aBUCHT OT Benuauubl K. Yeenmyenye Ky MIpHBOIRT K YMeHLIIEHHIO
sriekH mayTvEbl, OAHOBPEMEHHO BHYTPH Hee NpOHcXonat Gudypkauus gene-
HHA H O0pa30BaHiAd OXepelHH U3 PasNUYHOIC YKCIa OCTPOBKOB MEHBUIEro pas-
mepa. Pacemotpum atot npouece Gonee noppoGHO.

Orobpaxenne (6.12) Beeraa mmeer CTAUHOHAPHYI0 TOYKY =0 v=20).
Paccmorpum matprny M, kacatenshyio k M, B Touke (0, 0):

M.(0,0) = (

cose  Kpcosa+sina
—sina  cosa — Kysina )
CobcTBeHHBIE 3HAYEHHA A MatTpHIub M o (0, 0) yaoBnerBopAIoT ypaBHeHHIo

A~ ASpM, +1=0.
Touxa (0, 0) craHoBHUTCR HeyCTOMMBONH npH | Sp M o> 2, 1.e.mpH

Ko > 2etg(af2). (6.36)
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B UacTHOCTH, X & = &4 = 1{2 ycnoBHe HeYCTORUHBOCTH MMeer Bup Ko > 2
HeycrofiuKBOCTh IIPOABIIAETCA B TOM, U0 juMATHYeckasn Touka (0, 0) npeBpa-
praeTcs B runepGolHIecKyo. O,m-;ospemeHHo DOXAITCA {BE HOBBIX MUIHNITH-
yecKMX TOSKH. 370 OBbivHAA GM¢ypkallysa yaeoeHua ociposkos (puc. 6.5).
BHYTpH OCTPOBK? BHIIEH HOBBIK cTOXAacTHUECKHM cJI0#, 06pasyloltiich Ha mecTe
cenmapaTpHcht, Ipoxoaawed yepes cepno (0, 0).

PaccmorpuM oTobpaxeHne

A 7= —~tt — Ky si ,

M2 {= “=Fosnb (6.37)
v=—p— Kgsin{u + Kysinv).

Ero craoMOHapHBIE TOUKH COOTBETCTBYIOT LKy © NepHOOOM 2 M YIOBIETBO-
pAKT cUCTEME YPARHEeHHHA

g = —%Kysinvg, vy =-%K,sin ug,
WiH
Uy

%KO Slﬂ(% ko sin UQ),
o = %Ko sin(% Ky sinve).

HccnemoBakke 5THX TOUEK Ha YCTOHYMBOCTD HPHBOOMT K CIEOyIOLHEMY

YCIIOBHIO:
Aol

1Sp(Mi) 1<2,
KOTOpOe COOTBETCTBYET HepABEHCTBY

0<% K3 cos (%.Kgsinug) cosvg < 1. (6.39)
B vem Ky ¥ vy cBazasnl ypaBHennem (6.38). M3 (5.39) oneagyer, uro uUMkn

C.NeproneM 2 TepAeT YCTOMYMBOCTh NMpH 3HaueHMM Ko, yIOBIETBOpSICIUEM
YPaBHEHUIO

Y Kysin(LKp)= %,
1.e. npn Ky = 4,88665. . . ITa GHYPKALMA COOTBETCTBYET PONCISHHID UHAKAA

¢ nepuogomM 4.
OrMeTHM TaKKe, YTO MPH YCIOBHH

(6.38)

% K3 cos (% Ky sinvg) cosvg = 1

B CcHCTeMe NMPOKCXOOHT MpoMexyrouHas Oudypxauna npu Ky ~ 4,54, Ona 3a-
KJIOYAeTCA B IIOABNEHMH UYeThIipeX INUTHNTHYECKMX TOYEK ¢ IMpexHHM ne-
puonom 2,

B pabore [1] noxaaaﬂo, 4TO MOTEpPs YCTOMUABOCTH HMKIIA C NepHoaoM 4
Hpoucxoput npu K, = 4,92934. . . | nogie Yero NOABIAKNTCH LMKIL ¢ Ne-
progom 8. O6osuaunm uepes K™ smauenme Ko, mpu KOTOPOM MDUHCXONAT
Gudypranmua yoBoeHus, LLHKIT C TiepHOTIOM 2" Tepaet YCTOHMHBOCTD M BO3HMKAST
MKy ¢ nepuomoMm 27*!. Tocnepopatensyocts ﬁuq:ypkauHOHHux IHAYCHHA
K (n) yrnaerca BBICTPO cxozmmencn K npegeny Kg =)

2<KD <K <L <KL =4,93488 .
Onpepnenum oTHOLUEHHA
= (K™D - KPS - kM), n=2,3,...
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4 pu K,= 2,05: 2 — pasmep xpagpara 2w X 2,

6 — yBermienne oflacT BHYTPH KBAaJpaTa B cllydae &
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Puc. 6.5. BudypKalia yaBoeHRE WA ¢



Puc. 6.6. Tipumepel pasAmuubix Gudypxatnit g0s ¢ = 4: 4 — OTReNeH e IECTH OCTPOBKOB,
K,= 2,61; 6 - oTpenenue TpuaamuaTh ocTpopkos, K, = 3,1; 8 — orpenenue Tpex ocrpon-
xoB, K, = 3,7
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Puc, 6.6 (oxoHuaHue)
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Puc, 6,7, [IBa npsmepa NayTHHBL OpH ¢ = 6: ¢ — mna K, = 0,4, pasmep kBampata 32x X 32,
6 — ana K, = 0,8, pasmep kBagpata 327 X 32 O6pasywiuasca Ha MIOCKOCTH CETKA HOCHT

Ha3BdHHE PELIETKH Karome
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L4

Puc. 6.7 (oKkoHUaHne)

M3 uncieRMoro aHanuaa clefyer, 4To NpH A0CTATOYHO BOJLIIHX JHAUCHHAX 71
nocAefoBaTelILHOCTE KO”) CXOJHMTCA MO 33KOHY FeOMETPHUEcKOH MpOrpeccHu.
70 o3HAYAeT, B YacTHOCTH, o lim 8, =8 ~ 8,72. .. (kom. 6.2).

budyprauny ynpoeHns He HcuepNsBawT pasHoobpasue SudypKanHORHOR
KapTHHE! B ortofpaxennn (6.22). Hanpumep, B npoMexyTKe Mexay 3Haue-
unamu K™ u K"V npu 6udypiaumax yBoesna BOSHAKA0T H OTHENNARTCA
OXepenbi M3 OCTPOBKOB, COOTBEICTBYIOIIMX PE30HAHCAM BRICOKHX NOPATKOB.

Ha pHc. 6.6 DaHBI MpHMepPB! POXJEHMA TPYMIBl OCTPOBKOB (OXepenuit)
pasnuuHoro THma. B npyrux suefikax maytHuel GhypKamMM IpOMCXOMAT,
B OCHOBHOM, TaK K€, KaK H B UCHTPATLHOH Auciice. CIOXHAA NOCNENOBATENb-
Hocth GHbypranuit ofpazyeT HeKOTOPYI0 “IBABONLCKYI0 NECTHHLY', KoTOpas
eIe fUI0X0 H3yYeHa.

B 3axmouenne o10r0 maparpada OTMETHM, YTO CAYYaHM ¢ = 3 H ¢ = 6 TaKxe
obpasyoT neprogudecKyn nayTmHy (puc. 6.7). Oua HANOMHHAET KITaCCHIECK Hit
¢paxran Koxa (xom. 6.3). Pemierxa, o6pazoBanHas B ITOM Ciy4Yae, HOCHT
HajBawHe pewreTKH “karome”. Ee cBoiictsa Gynyrt omucadsl nompoBHee B No-
CHEMYIOIIHX [aBax.

§ 6.3, Anepuommyeckan 1Ay THEA
H CHMMeTPHS NOKPHITAN IVIOCKOCTH

Briine Gbims paccMOTpeHBI Pe30HaHCH! ¢ ¢ = 4 n ¢ = 3, 6. Um cooTeeTcTRyeT
$a3z0BbIi MOPTpET, EMeOIHA Ha $azoBoll MIOCKOCTH NEPHOAMYECKYIO CTPYKTY-
Py THNA KBafpaTHOA WM IeKCaroHanpHo# pelerkH. CryvaM ¢ = 1, 2 1akxke
JawT nNepuoasdeckuit (Bmons OmHOR u3 ocedl) asosmi noprper. Iostomy
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MOXHO CKa3aTh, YTO MHOXCCTBO 3HAMcHUH )
{a.)=1{1,2,3,4,6} (6.40)

XAPAKTCPH3YETCA. MePHOAMIeCKMH (a30BRIMH nmoprpetamH. UTo NPOUCXOAMT
NpH  GpYTHX 3HaveHuAx q? Ilpexne uyem OTBeYaTh Ha 3TOT BOMpOC, NOME3HO
B3IJIAHYTh KA MCXOOHYI0 3amauy {6.15) ¢ raMHILTOHHAHOM

H=1/m(u’+v2)—!<_ocos-v Z 8(r-n), (6.41)

n= —w
C [ApyTOf TOUKH 3PEHHA.
Heppotit wied B A onnceipaer Bpamenye sactuubl. Ha $azoBoil nmockocTH
(1, v) eMy COOTBETCTBYIOT OKpYx¥HOCTH. IloaroMy (a3oBBIA TOpPTper HMMeeT
MOBOPOTHYH cHMMeETpHI0. OHa ABNAETCA BHIPOKJIEHHOM, T.e. CeMeliCTBO TPaeK:
TopHA Ha GasoBOH MIOCKOCTH CHMMETPHYHO OTHOCHTENBHO NMOBOPOTA HA Yrojl
&, = 27/q OnA IPOH3BOIBHOTO HENOTO ¢. Bropoit uien B ramumibTonkane (6.41)
IMeeT TPAHCTAUNOHHYI0 CHMMETPHIO OTHOCHT &/IBHO CIIBHTA

v=uv+2am,

roe m — LeNoe YHCHOo.

Takum oBpaszomM, BhipaxeHue juia H conmepXur YacTH, oNpedenAlollHe NBa
THNA [BWKEHHI — ¢ BPAIUATENIbHOH H TPaHCTILMONHOR CHMMETpHeH — M MX
BaaumopnefcTBre, Ilpu Manwix 3vaueHuax K, Moxmo ObEIC Gbl NPENNOIOKUTS,
Y70 B3aHMOHEHCTBHE ABNAETCR CNa0niM, ¥ NOITOMY OBIKEHHe AC/DKHO Hacle
noBats 0o6a Buua cHMMeTpHil. O[IHAKO CYWECTBYKT CepheIHbie BO3PAKEHHA /1A
CTOJIb HPOCTOTO B3rJIAHE HA BEUIH.

lNockonpky mNochegoBaTentHOCTh §-GYHKUMOHHBIX TOMIKOB HMEET ne
pron 1, To mpH & = @, = 2nf¢ Takoe BO3MYILIEHHE ABIAETCA PE3CHAHCHBIM H
OeiictByer naubonee atwpextusro. IloaroMy HMMEHHO B 3TOM Clyyae MOXHO
Gbuto st 3a2TCH BOMPOCOM: BBDKHBACT M KaKaf-mu6o oHa ciMMeTpua (To-
BOPOTHaA HIH TPaHCNALMOHHAA) WIIH COCYHIeCTEYIOT 06e. ciMmerpuu? B rex

B8 A
H L

|

|

|

|

{

Puc. 6.8. Onpenelienue ycnoBHM COCYLIECTBOBZ-
HHH TPaHCAUHOHHON M NOBOPOTHOM CMMMeTpHH

A a B

cIyyasx, Korga q € {q.}, MsI y>Ke MOIrAH YOeOMTHCA BhIIE, ¥TO MMEST MECTO
BrOpo# chyyait. Bce nomyyenssie CTpykTyphbl $a30BBIX NOPTPETOB HMETH OIHO-
BPEMERBO KaK TPAHCHALUMOHHYI0, T3K U BpalaTeasHyR caMMetpri. OmHako u3-
BECTHO, YTO TAKOE COCYUIECTBOBAHME CHMMETPHH HA INIOCKOCTH iR TPOH3-
BOJIBHBIX CTPYKTYP BO3MOKHO TONLKO JUIA CHyYaeB, onpemeneuueix 8 (6.40)
[4, 5]. Hoxa3aTensC1BO CAENAHHOTO YTBEPXKICHHA OYEHB TPOCTOE,

Hycte touku A B B (puc. 6.8) npencrapnaior coBol Y3kl HEKOTOPOH ceT-
KH, DOKpbiBatowmedt nmnockocts. [ycrs Takxke 310 NOKPHITHE ABISIETCA NEPHONH-
HeCKHM M UMEET CHMMETPMIO OTHOCHTENbHO TPAHCIAUMH Ha nepnon . Paccros-
HHEe Mex/ly Toukami A u B paBHO g, eclii OHH — cocenHie. Eciu ogHoBpeMenno
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' CeTh MMeer NOBOPOTHYI0 CHMMETPHIO HA YTOI & = 27/q, To ocH 3TOH CHMMETPHH
AOIDKHEL NPOXORHTL M Hepes Touky A, ¥ uepes Touxy B. CoBepiiMM nOBOPOT
Ha YTON & OTHOCHTENBHO ToukH 4. Flpu 31oM TouKa B nepexonut 8 B’ (pHc. 6.8).
AHWIOTHIHO TOBOPOT Ha YTOJ @ OTHOCHTENHHO TOYKH B mepeBOIMT TOMKy A
B Touky A'. Paccroanne A'B’ pomkHo 6b1Th KpaTHO neproay pPeIIETKH 4, T.e.
A'B' = ma, rpe m — uenoe uucno. B npotussom cryyae Gbina GbI HApYlIEHa
TpaHCnAUMoNHaA cumMerpua. Ha puc. 6.8 citentyer raicke, uro

A'B' =ma=a+ 2asin(e — nf2),

HITH
cose=(1 —m)/2.

Orciofida O M BO3IMOXHEL 3Hadenuwsa m = 3, 2, 1, 0. CootBercrBenHo pmns
g = 2@/o BOIMOKHLL 3HaueHMA ¢ = 2, 3, 4, 6. Eciu fo6aBHTL CIOJA TPHBHATIBHBIHR
cnyuall ¢ = 1, To MBI TPHXOIUM K MHOXecTBY {g.} B (6.40).

Taxum oGpazom, A 3HAUEHHH ¢, He IPHHAMIEKAMINX MHOXKECIBY {4}, ITe-
PHOIHYECKOH NAYTHHBI CyLIeCTROBaTh He MoxeT. OnHaKo MOXET CYUIeCTBOBATE
aNepuONMIECKas MayTHHA C NOBOPOTHOH ciMMerpueil. Takne CTPYKTYpH ObliH
0BHAPY¥EHDBI B KEBAZHKPHCTAIIIAX H OyayT ronpobHo oGcyxnersl manee. [Ipume-
pel nayThH mns ¢ = 5, 7, 8 npuBenenst Ha pHe. 6.9, 6.10. [layTuna Bo Beex ITHX
nMpumepax o0pa3oBaHa cayualiHpiMHM GnyxmaHuaMH HIoGpaxkalowed TOYKH Ha
¢azosod nnockecrr. Ilockoneky TOUKa He MOXKeT BBIATH 32 NIpenenbl KaHaloB
HAYTHMBI, TO 33 AOCTaTOouHO Oanbuioe BpeMs npHoOperaeTcas HOCTATOYHO Ag-
TANBHAA HHGOPMAIHA O CTPYKTYPe MayTHELI.

CrpyxTypa NayTHHBl HpPOABJAETCE OYEHb HEP3BHOMEDHO BO BpeMEHH.
Ha puc. 6.9 npuBepeHa nayTHHa, KOTOpasd OOCTATOMHO HOJHO H300paxeHa
32 BpeMA ee Habnionenua (Bpems cuera) . CoBceM npyras KapTHHAa HMEeT MECTO
Ha puc. 6.10. B Teuenme Gonee ueM 10° wrarop oToGpaxeHus BHYTDPH Nay THHEI
octaeTcs okHo B (hopme dpakTanbHOH MATHY ronsHol 38e3upl. OkHo 3apacraer
[AYTVHOR Ha Rpemenax 7 > 1,3 - 10°. [loABneHHe OKOH pasHBIX PaIMepoB H
thopmel ceasako ¢ BeIGOpoM HavansHbix yenoswuit. Hocnegoparensnocts hopmu-
POBaHMA “CHEXHHKH' W3 NAYTHHBI OUeHb UYBCTBHTENbHAa K HAuyaJIbHbIM 3Ha4e-
HHAIM, & 3TO B CBOK Ouepenp OBYCNOBINEHO CYUIECTBOBAHHEM KaHTOD-TOPOB,
3aTPYIHARUINX HEKOTODbIe HAaNpasiedus nudicy3uu.

Poct nayrHHel npoucxopdr cnemyiomuM ofpasom. CHauana caydatitibie
OIy)KNAHHA TOMKH H3 NAOCKOCTH CO3NAKT HEKOTOPYI0 HEMPAaBHILHYIO QHTYDY,
HanpHMep 3Be3/ly, ¥ KOTopoit He Bce KOHUB OGHHAKOBO BHIPOCIH. 3aTem 2Ta
aBe3pd JOCTPaMBAETCA [IC NPABWIBHOW, M B MOCNEAyIollee BpeMs HAUHHAeTCA
dopMHpUBaHKe 3Beapsl Gonsmero pasmepa (pue. 6.1F). Koweuno, rpanwus:
3THX 3BE3]] UMENT CII0XHYI0 Gopmy M obpasyT QpakraybHble KPUBEIE B Npe-
nene t = <o, [losromy croxacriveckas DAyTHHa MOXeT OBITH HA3BaHA TAKNE
dpaxTansHOH May THHOH.

PpaxTansHas DayTHHA HMeeT USHTPANILHOE HE3AKPbITOE OKHO B ¢opme npa-
BHMBHOCQ ¢-YTOJIBHHKA NPK YETHBIX § W NPaBHILHOIC 2g-YrONIBHHKA NPH Heuer-
HBIX ¢. BHYTpH LUeHTpaibHOro OKHa TAKKE eCTh CTOXACTHYECKHE CIIOH, KOTOpLIE,
ONHAKO, He BBIXOOAT 3@ Kpall OKHA M He COCOMHAIOTCA C OCHOBHOH MayTHHOH
(pHc. 6.12). Yem meunwe 3Havenne Ky, Tem GONblIe pasMep HeHTPANbHOTO
oxua. TlayTHHa umeer GeckOHEUHOE UYHCIIO 3NEMEHTOB TOH Keé (QOPMBI, 4TO H
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7, K, = 0,5, pazmep

0.6, paiMep KBapaTa 1287 X 1287

Tuq=8:q—pnagq

Puc. 6.10. CroxacTiiecKkan nayTHHA B cliyyae g

KBapgpata 647 X 64w, 6 —gnaq =8, K,
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Puc. 6.11, Yetnipe nocleqopaTedAbHiie cTagid (g—2) HOPpMHMPOBARHMA MAyTHHBEI ¢ ¢ = §,

keagpara 80w X 80w



Puc. 6.12. ®asoprif NOpTpeT BHYTPH UEHTPANEHOIO OKH: HMayTHHel ¢ ¢ = §: K, = 0,75,
pasmep kBafipata 10w X 10#

N ~ el -
Puc, 6.13. flayTusa ¢ ¢ = 5 #MeeT NOBTOPAIMIMNCS MieMeHT B OPMe LUeHTPAIBHOTO OKHa!
- Kg=0,7, paamep xBagpara 100w x 100#
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LeHTpalibHoe OKHO. ITH IANEMEHTRI oﬁpaaymr anepuondecKoe IMOKphITHE IU10-
ckoctH {puc. 6.13).

Ipk Ky — O TOMUHHA NayTiHe yMeHbIWaeTca. Mbl yie Mokasanu 310 Oia
g=4,aan q ¢ {qg;} coorBercTRyIoUIMe OneHKH BYRYT NpUBeaensl Hinke. Fle-
PHOIMMECKYIO TIAYTHHY ¢ g € {q.} Gynem Ha3slBaTh NAYTHHOH C KpHUCTAILTHYEC-
KOl CHMMeTpHeH, a MayTHHY ¢ ¢ ¢ {q.)} Oynem Ha3pIBaTh MAYTHHO#N ¢ KBasw
KPHCTARITHIECKOH CHMMETPHEH WIM ApocTo — ¢ KBasHcumMmerphed. Mamenenne
BeMMMHBl Ky He M3IMEHAET PasMepbl AUeEK TAYTHHE ¢ KPHCTaIIMYeckol camM-
MeIpHeH, D10 CBOACTBO He HMeeT MeCTa B Ciyide KBA3UCHMMETPHH. MaxHo
TPeIIONOKNTS, YO NayThHa q & {g.} cymecTryer naxe npn Ko = 0. n

CnexguanpHoe 3aMevaHue ClelyeT CHENaTh OTHOCHTENbHO otobpaxeHns M.
C erc NOMOIIBI HA MIOCKOCTH TeHEPHPYETCA HEKOTOPOe HHBAPMAHTHOE MHO-
MECTBO — CTOXACTHYECKAR NAYTHHA. 3TO MHOXECTBO MMeer NOYTH PETYJLIPHYI0
dbopMy M peanusyer NOKPHITHE MAOCKOCTA ¢ NPOM3BONBHOM CHMMeTpHell g-ro
nopagka. [osromy oroBpakenne Jﬁq MoXer 6BITE HA3BAHO TeHEPaTOPOM
NOKPBITHA ¢ g-CliMMerp#eif, CBOMCTBA 3THX NOKPHITHR GYIYT HIYYEHE! B CMe-
OviolueH rnaBe.

§ 6.4. Ccener nayTHHSI H TOMILMHA (Y THHEI

Tpu MasbIx 3xaueruax napamerpa go3MynieHHA K, cToXacTHuecKan hayTH-
Ha ABJIACTCA OYEHb TOHKOH H HMEET XOPOIIC ONpeleieHHYI0 CTPYKTYpY. Moo
NOCTaBATE BONpOC 06 ONpefleneHUi aNropHTMa, 3aJAUIEre 3TY CTPYKTYPY B
KaKoM-JIH6O CrNaeHHOM BHIE, rite yBpaHp MHOrHe ee Menkue gerand, Taxoil
ATrOPUTM MOXMeT GpITh NOAYYEH NYTEM HEKOTOpOH OHepauMH yCpeTHeHHR
HCXOIHOro raMENTBTOHMaH2 3amaun {6.41) [11, 3].

3anuureM raMHNLTOHAZH YACTHLBI APH BLINO/HEHKH PEIOHAHCHOTO YCIIOBHS

Oq 2 2 -
H=—2-—(u +tv')~Kgcosv X 8(r—n), (6.42)

ns —oo

rme og =2n/q u g — uende vucno. lpencrasum (u, v) B HONAPHBIX KOOPOHHA-
Tax:

u=pcosf, v=—psinf®, I=Y4%p?,
rie p — Oe3pasMepHBIil panHyc BPALIEHMA YaCTHUM (UHMKIOTPOHHBIA pasinyc).
C nomowsio npoussonanied QyYHKHUH

F=(0 —agmi
OCYIIECTBNACTCA TIEPeXon K HOBBIM HepeMekubiM J = [, o= — @y T B CHCTEMY

KOOpPOHHAT, BPallawIMYHICH C YacTOTOR O . B HOBERIX NepeMeHHbIX TaMHIIbTO-
HHAH HMECT BHX

H=H+3F[3r= ~Kqcosfpsin{p +a,”] T 8(r—n). (6.43)
n: —
[Ipeobpasyem pan §-dyrkumii:
oo q oo
2 §(r-m= X 2 S(r—(mg+)). (6.44)

n=-—o }':1 m=—oc
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Henonszyem npencrasnenue

o [

. i -
z S(r—-j-mgp=— X exp(?m‘m I—])
m=—9e q Hn=—o q

Topcrasnsem ato Boipakenne u3 (6.44) B (6.43):

H=Hy+V,  H= —To Z cos(f). (6.43)
j=
2K, 9 = 27tm
Vq=—,—‘2 Z cosk X cos[ (T*I')],
q J=1 m=1
rae
27
gj=_ps1 ¢+ -—-]) vcos ) wsing — ]) (6.:46)
q

Cornacuo onpeneneHuin (6.46) MOXHO TAKIKE 3AHCATH
E] = Hej’ (6.47)

21 2w o
e =(cos — 1, —sin —j p=(v,u),
q q

T.6. € — e[HHUUHBIA BeKTOp, ONPERENAKINMA j-F0 BEPUIHHY NPaBHILHOTO
¢-yTOJIBHHKA.
Bripaxenne

Q, ¢ - 2K '
H,= —'-23- ? cos(pe;), §,= - (6.48)
/=1 q

GymeM Ha3blBaTh PE3VHAHCHBIM MAMWIBTOHHaHOM Nopanka g. llpu g = 4 os onu-
ChIBAET YIKE HIBECTHOE HAM BRIPAXKECHHE

Hy = —Q4(cosu + cosv). (6.49)

{asoBeIi MOPTIPeT, COOTBETCTBYIOILMA cucTeMe (6.49), mpusenex Ha pHc. 6.14.
Ha nem M300paX eHbl THHUK YPOBHA NOBEPXHOCTH

6’;4(11, U) = —H4/Q4.

Ilpu &, = ( oun oGpasyloT KBa#paTHy® peLieTKy. 3uauennam &4 > 0 cootBer-
CTBYIOT TOPBbI MOBepXHOCTH &4(U, U), a anauenuaM &4 <X 0 — BrapmHs:. Onn ge-
PeOYHTICH B IHAXMATHOM NOpAOKE.

PaccMotpum B meransax, Kax BoaMywmedse ¥4 npHBogMr K oBpa3joBaHMi0
CTOXacTHYecKoM maytuust f1, 3, 12].

Beiwre GO MOK33aHO, 910 CYWIECTBYET TOUHBIA NMEpeXofx OT HCXOJHOrO
ramuabToHHana H B (6.42) x ramunbronnany H B (6.45), xoropeiit npu ¢ =4
PHRUMAET BHI

I;:H‘; + Vq.
IOna ¥V, nmeem

V4= —2Q4(cosv — cosu)cosnr+..., (6.50)
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Puc. 6,14, dajospft nopTper Ha IUTOCKOCTH (&, u) MIS Pe3OHAHCHOTO TamIILTOHHAHA
4-10 nopaaka. 3aMKHYTEIe OpOHTHI COOTBETCTRYIOT 3HadeHuAM & = 1, -1, -3

[[l¢ MHOrOTOYHE BKITOUAET BCE WIEHb! B CyMMe mo m u3 (6.45) HauMHA% C
m = 3. Mp1 GyneM ¥MH npeHeGperaTh, TaK K3K OHM BHOCHT OYEHb MAaflblH BKJIAT,
B Ty LIMPHHY CTOXAaCTHMECKOIO CJI0fA, KOTOpRIH o0pa3yercd H3-32 NepRBOrC uie-
Ha B V.

H3 (6.49) u (6.50) umeem

H, = 403 sinu sinv cosnr. ©6.51)
YpaeHenne cenaparpuc, onpegendemMulX uz (6.49) npu Hy = 0, uMeer Bun
v=tu+m+2mm, m=0, *1,...

Ha cenaparpHcax pellieHHe HMeeT BRI,
sinu = —sinv= —1/ch[Q4(T — 7). (6.52)

Te 7T, — HEKOTOpas KOHCTAHTA, ONPENEIAIINAA HAYaIO OTCHETA BPEMEHH.
Toperapnstst (6.52) B (6.51) ¥ vHrerpupys, HAXONHM H3MeHeHHe YHEPTHM
nop, HmeficTBHEM BO3MYINEHMA BENH3H CEIapaTpHChI

= cos T
AH,=-493 | dr ————— =
—~ ch® Qo (r — 7)
_ , CosmT,
T oy
sh(m®/252,)

Mockonexy 24 = Ky/2 € 1, 10 370 BoIpaXeHHe IPHHEMaeT BULT

AH, = —8n* cosnry - e~ " /Ko, (6.53)
2



Meprop xoneGanuit BGIUIM cenapaTPHCh! PaBen (cm. (6.35), IHe HAmo mo-
noaure K =1 —C=1 — Hy/S14)

4 80
TH)= — In —— .
Qs Hyl

Hutepan Bpemen IpoxoxXeHust BOM3N OZHOR CenapaTpPHChl PABEH YETBEPTH
nepHopa, T.€. :

(6.54)

Y% T(Hs) L
— Ty =—In .
Tu+1 T, ' 4 4 94 ]H4‘

Monarag H, B 3T0# dopMyne paBHbiM Hy4y H yuuTbiBasi Betpaxenue (6.53),
nonyyaeM oToOpaxeHue BEIH3M ceNapaTpHChI

2
Hpoy=H, - 871%™ %o cosnr,,
) 8§Q,
T+l = Tp+ I
Q4 |Hpey

Bech ator NyTh yKe omuceiBancs padee B § 3.1, 3.4. Teneps MOXHO BBRINH-
€aTh TEM JKe HyTeM TPAHHHY CTOXACTHUECKOro c1od. OHa HAXOAUTCA M3 YCIOBHA

(6.55)

6"'rz+l

max

~1|>1.
87p

Orciopa nns rpanunst H; umeeM
167°

5

PRLNLTE (6.56)
[
Bemwinna 2H, onpepenser wMpuny cnos. [lockonsky Bce cenapaTpHchl cuegy-
HAWTCA, 00pasys eAHHYIO CeTh — MIAYTHHY, TO Belmmia 2H ectb OTHOBPEMEHHO
1 TONLUHHA CTUX3CTHUECKOM HaYTHHBI.
PacemoTpum reneps ciyuait ¢ = 3 wan 6. Hz (6.45) umeem

Q, 1 V3 1 3
Hy=Hg= — — | cosv+tcos{ —v+t utcos{ —v——uj|,
2 2 2 2

2
s = 2K,/3. (6.57)
dazoppiit nmopTper LA ramuAsToRHaHa &3 = —2H3/(l; npuBenen ma
puc. 6.15. Cenapatpuchan cerka nmpH &; = —1 obpasyeT peuleTKy Karome.

Oxa onpefnenderca ypasHeHUAMH
v=a(2n, +1) (n; =0, £1,...),
v=Fu+ 202, +1) (=0, £1,...), (6.58)
v=—n/3u+2m(2ny +1) (13 =0, £1,...).

OHM cOOTBETCTBYIOT TPeM HE33BHCHMBIM CEMEHCTBAM MApanAeNibHbIX M PaBHO-
oTcToAMIMX npaMbix. Ha Bcex cenapatpucax (6.58) wmuterpan omeprau H
NPHHHMAeT OfHO H TO K€ 3HaueHue &; = —1. B obnactu 3HaueHui 3L
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Pue, 6,15. ©a30BbIfl NOPTpeT HA MnocKoCTH (4, v) AT pe3OHAHCHOrO FAMMABTOHHAHA 3-ro
HOpARKa. 3aMKHyTble OPGHTH COOTBETCTBYIOT 3HaueHHdM &, = 2 (BHYTPH ILECTHYTONE-
HUKOB) M &, = —3/2 (BHYTPH TPeYFONBHUKOB)

< £; < -1 gBibkenue y2CTHIE! HPOHCXOONT BHYTPH TPEYFOGBHHKOR PELUSTKH.
Tlpu —1 < &; < 3 aBWKeHNe NPOHCXOANT BHYTPH IHECTHYOMBHHK OB,

TommuHa croxacTHuecKoil NAyTHHBI MoOXKeT OMTh RONYYeHa TeM Xe [MyTeM,
NOCKONLKY BoaMyueHHe V3 HMeer Ty Xe CTPYKTYpY, Yto B Vy:

Hy ~exp(—24/37%/3K,).

AHanorvuHbie cOOOpaKEHHA MOMKHO HCIIONB30BATh O/ NPOHIBONLHOTO
3HayeHHsd ¢ H 33aMMUCATH TONIIHHY CTOXACTHYSCKOR NayTHHbBI B BAOE

Hg ~ exp(—const/K,), (6.59)
e KOHCTaHTa cnabo yBenuuMbaerca ¢ pocroM ¢ OmHako nna Beex g €{q.)
CYLIECTBYET OCOBEHHOCTh, Ha KOTOPO#H CleqyeT OCTAHOBHTBCA HOHpoGHee.

Cywectsyer pAg NPHHUHTHANBHBIX Pa3nMuUil MeXOy cROWCIBAMH FaMMTb-
ToHmako® H, npn g €{q.} nq € {g.}. Ectu g €{q.}, T0 BoE CeUAPATPHCH -

HAMMMECKOA CHCTEMBI C FaMWIBTOHHAHOM H, NpHHAIEXKAT OAHOMY H TOMY Xe
3HAYCHHIO HHTETPaNa 3Heprin &, = &éo), e

q
&= ~2He/Qq= T cos(Bey). . (6.60)
j=
Beinle MBI, B YaCTHOCTH, VK& HMETIH

g®=0, &=-1

J10 06CTOATENBCTBO OOpeIenAer TAKXKe TO, YTO BCe THAEPOOTHIECKHe TOYKH
NeXaT B OMIHOH NAOCKOCTH YPOBHA 3HEPrHH &éoj npu g€ {q.}.Ilpu g ¢ {9:)
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Puc. 6.16. TloepxHocTs & (%, v) B CNyYae KBA3KCHMMETPHH 5-TO nopAnKa

nogoGuoe cBolicTBO OTcyTcTBYer, Cema H cenapar pHChl paclpe RENAKICA B pas3-
JIMYHBIX IUIOCKOCTAX YPOBHA, M B 3TOM 3aK/IHYAE€TCA OOHO M3 CTPYKTYPHBIX
PasnM¥EA MepHOAMYECKHX CTPYKTYp H CTPYKTYp ¢ KBasMchmmerpued. Ilpm
g ¢{q.} enMHas ceth cemaparpuc orcyTcTRYyer. lloBepxHocTs, H30OBpaXaloIIan
dyHKIWo, onpeleneHHyio dopMynoit (6.60), npusepena Ha pHc. 6.16 mia
q = 5. Uz pucyrxa sugpo, 410 celuiz oGpasyioT CTpYKTYPY, DNHIKYI K ceMedi-
CTBY MapalLieNbHBIX [IPAMBIX.

Puc. 6.17 noxa3seiBaer, uto BOIH3M 3HaveHus &5 = 1 cermapaTpucHble NETNH
NoAXOOAT odeHs GH3ko Apyr K Apyry. OpHako NMepeceueHHs TeTeNb IPOUCXO-
IAT B pasHLIX MECTAX Ha PA3NMUHLIX (XOTH ¥ BNH3KHUX) NHHHAX YPOBHSA.

Braropaps ToMy, 9TO 1LETH MeXIy CENapaTpHCAMM OYeHb Mallkl Ha NOBEpX-
HOCTH MHTerpana 3HepruH &s = 1, maxe mManoe BO3MYIISHHe CIOCOBHO CO30ATH
CTOXACTHYECKHE CIIOM, KOTOpBIe IIepeKpolT 3TH wenk. TeM caMpIM BO3ZHHKHET
edMMas croxacTHyeckas Mayruna. Taxum ofpa3som, B cliyvae KBasHCHMMETPHH
MeXaHu3M 06GpasoBaHHA TAYTHHBY CMIIBHO OTJIMYAETCA OT CIYYad KPHCTAILIM-
YecKOH CHMMETPHH, TaK KaK NpH npeHeOpexeHHH BO3MYINeHMEM V, edHHas
CeMAPATPHCHAA CETh OTCYTCTBYET.
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Puc. 6.17. ®asoBpifl Noprper i IaMILTOHHAHA &, ¢ KBa3HCHMMeTpHelt 5-To nopagka:
& — NMHUM YpOBHA BOIH3H &, = 1, BCE TOUKH OpHERIExKAT 06n2cTH sHauenuit 0,8 < &; <
< 1.2, pasmep kpazgpara 327 X 32r; § — yBenuueliHoe HI0GpaKeHHe NHHUK YPORHA B Ma-
NoM KBafpaTe, OTME4CHHOM Ha pHC. 4, 0,9 < & < 1,1; 6 — JIHHUH YpOBHS B OKPECTHOCTH
3Havenns &, = 0,2 (KMpHEIE JIHHUM) H B OKPeCTHOCTH 3HaueHua &, = —3,2 (GnepHble JTH-
HHUH) ; uIHpHHA KBaaApata 32w X 32x

Ecnu paceMorpers dazospit 00beM B BHAE TOHKOro cios TonmuHo# A&
B OKPECTHOCTH 3HaYeHMA &, = ag‘”, TO BCE IHHHH YPOBHA (B TOM UMCIe H Ce-
NMapaTpHcel}, YNOBNETBOPAIOIIHE YCAOBHIO

&,(u, v}=const= E;E,O),

Crerka pasMaxyrtca M pHoBperyT KoHevnylo Tomumey. BrifiepeM snaueHHe
&30) TAKWM, 4Y100bl CEM3PATPHCHBIE TETNH NOOXOOMIM JOCTATOUHO GAn3Ko
opyr k gpyry. Hampumep, npk ¢ = 5 3toMy cOUTBETCTBYeT Séo) ~ 1. Torpa
H3-32 KOHEYHoH TOVILMHB! CelTapaTpHCc OHH COeJIMHATCA, 06pasya HeKOoTopyw
cpyxTypy (cets) ua dasopoit miockocth. Ymenno Takas cTpyKTypa MOIyYH-
7ach Ha pHc. 6.168. bymeM panee Ha3LIBATh TAKHME CTPYKTYpbl CKETECTOM Ay TH-
Hel. Cxener ABNAETCA HEKOTOPBIM OI'pyDIIeHHEM CTOXAaCTHUECKOR TIAYTHHBI LA
HCXOnNHOro rammuneTonHana H(u, v, 7). Mccnegopaune ckeneToB mayTHH Dyper
poBeneHo B Clemylolielt riiase.
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§ 6.5. Crpyxryps! BpH i dyanu yacTHL

Ho cex mop oGCYHOANKCh Tonpko MAIILIE IHAYEHMA MapamMeTpd BO3IMYmue-
HuA K. HmenHo B 310M Cilyuae COXpaHSIaCh CTPYKTYPa TOHKOH NayTHHEL,
reHepupyeman ortoGpakendem M,. Tlpu yeBenmuesMM napamerpa K, nayruHa
CTaHOBMUTCH oueHp UMpokod. Ee Menkwe meranw paszpywawrcea. Hamsneiinee
vBenuyeHne Ky cosmaer yxe CIpyKTypy, o6paz0Banuylo ClydaiHbBIMK ONyxa-
HHAMH YACTHIB! HA THIOCKOCTH M HEYero OGLIEre He MMEKLIYID CO CTPYKTYpOH
MepHOIHIECKOH HITH aNePHOAMYECKOM May THHAI Mpu Manbix Kg.

Ofparumca K HCXOJHOMY raMWIbTOHMaHy (6.14) samaud o JBIDKEHHH
YACTHLLI B MarHKTHOM N0JI¢ H B AI0Jie BOTTHOBOIC MaKeTa:

o0

e
H=%(*+wix*)— —E,Tcoskx I &(t—nT). (6.61)
m

n= —w

Bsenem nepeMeHHbie eliCTRHE — YrOn:
I=%% + wix?,  p=arctg(wex/X).
Bermmunna [ ¢ TOYHOCTHI0 O BOCTORHHOTO MHOXHTENA PABHA JHEPTHM YaCTHLLI

{ocuumnsTopa). Ipu pocrarouno Gonpumx 2HAYeHMAX | OTHOCMTENISHOE H3-
MeHeHHe el CTRUA Mo/ BAHAHMEM OIHOTO TONYK2 §-pYHKIMH OyAeT MabIM, T.C.

1ALl = | Ipey — Ip] € 1, (662)
Ecin OHOBPEMEHHO HMEET MECTO YCIIOBHE
e

K= EokT » 1 (6.63)

mwyg

{cM. onpepeneHua (6.18) u (6.13)), To OBHXEHHe YaCTHLBI CHIBHO CTOXa-
CTHYECKOE W MOKEeT GbITh OMHCAHO ¢ NOMOWLI0 ypaerHeHHA mubdysur Dox-
xepa—Tlnanka:

or

aF
ar

LS 6.64)
2 8l U)a:' (6.

3necs F = F(I, t) — dyHxuns pacnpepenenva u D(J) — Koa(bqanuﬁeHT -
y3uM YacTHLIL: '

D) = —;;« (AD? », (6.65)

a ckobku (. ..» obo3gauaioT ycpemHeH e no dase y.
Uz otoBpaxenun M, (6.12) ciegyer

e
Al = 2 —Eo TI"? sin psin (kpcosy) +
m

2
e
+ ( EJCT) sin® {kp cos ¢), | (6.66)

m g

roe p = I"?*w, — pammyc opbutel BpameHus "acTHNp! (AMIUTHTYO2 KoneGa-
HUl OCLHHUIATOPA) .
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Puc. 6.18. ®paxTan, obpasopaneilt AHdhy3HeH ¢ cHMMeTpuell 3-To NOPHAKA IpH K,=3,5:
@ — pazmep kBagpata 1007 X 100w; uucno waros 150000; 6 — 4acTs, HioGpaxeHHad b Ma-
710M KBagpaTe Ha pHc. 4, o6pasyercs 32 9500 waros
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Puc. 6.19. ¢paxran, obpazosatusiit muddy3neld c cHMMeTpuel 5-To nopagxa npu K, = 3,5:
@ — pasmep kBanparta 8007 X 800w, uncno waroe 160000, § — 4acTs, JAKNIOYEHHAS B MATOM
KBapaTe Ha pHC. g, YHCIO 1uaros 9826
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Puc. 6.20. Opakran, ofpasuBaHbill muddyIHeit ¢ cumMeTpHelt 7-ro nopagka npu K, = 3,5;
4 — pa3mep xpappara 300« X 800w, uweno waros 108470, § — vacTs, #300paxcHHad B Ma-
7IOM KBa[ipaTe Ba pHC. 2, YHCTO Wwares 7618
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NoncraHoBka BeIPaXEHHA (6.66) B (6.65) H BBINIONHEHWE WHTCTPHPOBa-
HuA 1o daze ¢ maeT

wi T 1
D) = =Ky — [x - ——Jl(2kp)] , (6.67)
k T kp

roe Jy — byuxoua Beccens. [IpH BhIMONHeHMM ycpemHEHHA IO dase repaet-
ca uHpOpMalz O CHMMETPHH 3afiayi. B [CHCTBKTENBHOCTH OHA, KOHEYHO,
CYIeCTBYeT MpH 3HAYEHHAX ¢, ONM3KMX K pamMoHaribHeIM uHciam. Ha
puc. 6.18—6.20 mpuBereHsl NPAMeEpPEl TOTO, K3K TPACKTOPHA YACTHIM 3aRGJ-
wger ¢azoBylo IOCKOCTL NpH g4 = 3, ¢ = 5 ¥ ¢ = 7. OOpasywiugecs MpH 3TOM
(UTYpPb] SBISIOTCH THIMUHLIMH (paxrtenami. Mx dopMa cuibHO 3aBHUCHT OT
npeMelr HabmopeHns muidysuu u or mapamerps Ko. Hem Gombuie Ky, TeM
ciibHee BBITAHYTH (paxTtamsi Bpons paguycos, Ha dazopoii mnocikoctu Bo3-
HHKaeT ¢paktaipHoe fAepeno. JleficTBHE pamIMYHBIX CHI B YPABHECHMAX LBH-
XEHHUA TPKBOAMT K cBoeoOpasHo#t KmacTepuzamuu mmpdysun. Ipu Gonbumx
aMIUIMTYaX BoamymeHma (Gomsumx Kg) uwacTHua GRICIpO NpOXBMraeIcs B
panHaNbHOM HANpaBleHuM, obpazya pa3MBITHIC NyYH HeNpaBHIBHOH (opMsr,
PacnnsisaHKe syuedl B a3UMYTanpi’0OM HETPABJICHAM NPOHCXOIHI CPABHHTENDb-
Hoi MmemienHo, Ioatomy, eciim BpOparTs HAauYalnbHOE YCIOBHE TAK, YTO OHMd-
¢dyma moHmEr, B OCHOBHOM, IO JIPYTHM pajMycam, TO HOBoe (paxkTaisHOe
nepeBo (KnacTep) B TeueHMe JONTOTo BpeMeHM He OymeT WITH NMouYTH He Gyper
CpPEeCeKaTsea ¢ HpefBIIyMM fepeBoM. B atom cMpicne ¢a3sopas NMIOCKOCT
OKa3RBAETCH TKIIACTEPHIOBAHA”, T.€, YCIOBHO HOJMENeH2 HA HeKoTophie ¢p k-
rajibubie oGnacti mudwpyau, cnaGo NepeK pLIBAGIIMXCH APYT C IPYFoM.

§ 6.6. Pacnaz nayTHHB! IR PerATMBACTCKHX TACTHIL

Fcnu uyacTina OBMOKETCH B MATHHTHOM IOe H B MEPUEHAMKYNAPHOM K
HeMY 10716 BORHOBOTO MAKETa, KAaK B MCXOMHOU 3amaue (6.5), To npm ycro-
DHH Pe30HuHCA

weT = a = 2n/g g.=34,...)

H OopH w = 0 o0pasyercA croxacrHueckad HayTHHa. BOonms xaHanoB MayTHHBI
203MOKHO, BooDINE TOBOpA, HEOTpaHMueHHOS Yycxopenue dactHn. Onopako
HPH NOCTATOYHO GOABIUMX 3HepPTHAX CKOPOCTh YaCTHIBl HaYMHaeT HpHOIMKATH-
CH K CKOPOCTH CBera, JBMKeHHe YacTHUbl CTAHOBHTICH PeNATHBUCICKHM, 8 Yac-
T0T2 e¢ BpallleHHU{ B MAarHHTHOM NONE CTAHOBHUTCA HETHHEAHOH. T.e. Hauuuaer
49BHCETh QT JHEPTHM HaCcTHULI. B peaynpraTe nayTdma HOMKHA pacnacTscs B
oBnacTH, Toe HeMHHSHHOCTb OKAZBIBACTCH HOCTATOYHO GonbioR. ITOT 3ddeKT
Bout paccmoTpeH B padote [13] (xom. 6.4).

B penaruBHcIckoM ciiyuae ypasHeHMsa (6.15) sameHmiorTcs CleyiomMMH
YPaBHEHHAMH :

d Wi e

—(yx) + —x = —E{x,1),

dr ¥ m

. w0y {6.68)
y = —-x

Y
T7¢ ¥ — PelATHBUCTCK UL dhakTop:
y= Q1 — @ + 32 VR (6.69)
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Puc. 6.21. CenapaTphcsl YepeaHeHHOrO TamaiIsTOHHaHA Hf }('y) TpH pe3oHaHce 4-ro no-

pagka u T =1,3 - 107%, HITpUXNYyHKTHPHLIE IUHHE COOTReTCTRYIOT cellaparpHeHOM cerke
npu I =0 (pucyHox H2 [13])

4 BONHOBOH NakeT £ (x, #) onmpenerned Tem ke BolpaxenneM (6.3) ¢ w=0:

F(, ) = —EoTsin (kx) E 6(t — nT). (6.70}

n=-—os

MopcyaHoeka (6.70) 1 (6.69) B (6.68) nosmonser nepetty ot mudpdepen-
U#AnbHOTO YpaBHewHs K oroOpaxenww. JIna 3Toro Hafgo NPOHHTErpHPOBATb
(6.68) B OKPeCTROCTH 8-QYHKIMM H CBA3aTh NMepemeHHble (X,, V) H (fpeq,
Pn+1) HE KOHIRAX MHTEpBaNa BpeMewH LTAHOK T TaK, KaK 370 [eanoch B
§ 6.1. B pesyiibTaTe MPHXOMHM K PEJATHBHCICKOMY OTOOPAXEHWID, NIOHYYEH-
HoMmy B [13}:

Upsy = Uy + Kosinv,) cos (afyy) + vy sin(aly,),

Ma(): { (6.71)

Upet = —(Up + Kosin v, }sin (@/7,) + v, cos(afy,),
riae obo3HayeHo

1/2
w2
7n={l +k—zc%—{(u,I + Kosinv,) + vl] ,

u = ykxfwy, v = ykylwe = —kx, (6.72)
e
Ko = FkT
My
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Mpr ¥ = 1 orobGpakeHKe Ji\fa(y) nepexorHT B (6.12).
W3 dopmyn (6.71) 1 (6.72) xopomo BHOHO, B YeM 3aKHKYAIOTCA 3me.

HEHMA H3-332 PefIATHBU3MA wacTu, BmecTo yITa NOAKPYYMBAHUA ¢ B M 03]
CTOMT YTOT a/7,,. [lo3TOMY yCiloBMe pe3oHaHCa KMEET BHJ,

afyy = 2mflg (@ =1,2,...). (6.73)

Benuumna 7, 3aBHCHT OT 3HeprmM vacthubl. [losromy ycrnosue (6.73)
MOXeT GbiTh BLIONHEHO NPH HEKOTOPHIX ONpEeMeieHHBbIX 3HAYCHHAX (#, v).
WsMmenenre (4, v) co BpemeHem NPHBOOMT K paccrpoiike pesonaHca. Tem
CaMbIM CHHMAETCH BBIPDOXOCHHE H CTRHOBHATCH HPHMEHHMEIMK pPe3ynbTaTsl
KAM-teopeH © cOXpaHeHHN MHBAPHAHTHBIX KPHEBBIX, OXBATHIBAIOLIMX LEHTP
TIPH M&JBIX 3HAYCHHAX BOIMYLICHHAA.

Js HIMOCTPaUMH 3TOTO 3aK/IWYEHHA DPACCMOTPHM CIydaii PE30OHAHCA
4ro nopanka (¢ = 4) H pasNoxuUM BHIPAKEHHS, Bxoaamwe B (6.71)—(6.73),
TI0 MAafIbIM 3HAYCHHAM NMapaMeTpor f = wy/ke M K. 1o npusomur K orobpa-
SKEHHIO

A u
Mé‘(“r):{ nd

Un+a

= u, + 2Kssinv, — 7 ud + vi)v,,
n 0 ‘ n 2( : ?:) n (6.74)
vy — 2Kgsinu, + w8°(uy + vpu,

¢ TOYHOCTBIO IO WICHOB nepBoro nopaaxa no Ko u f* {13)]. Ero cienyer cpaB-
HHTB ¢ OTOGpakeHHeM M4 (6.24), xoTopoe He EMeeT MOCTEIHHX WIEHOB, CO-
gepsxasx B2, Haneuefinme npeofpa3oBaHuA AHANOTHYHB! TEM, UT0 TIPOBOIH-

Puc. 6.22. [14TL pasHbIX HAYATLHEIN YCAOBMR Mt peNHTHBHCTCKOTO oTOGpaxenua M3 (v);
2=0,01, K,=1,213)
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nuce B § 6.2. MamuuisToHMaR, npHBopAUHI K (6.74) , umeer BHI
Ha(y) = ~%K, Ifcosv + cosu + T@® + v?)?} +

2,232 - Tt
+ [cosu + T@? +v¥)?] = cos(;n-};)l, (6.75)

rae I' = 18 /8K,.

Borpaende (6.75) TaKike cnedyeT cpaBHMTL ¢ COOTBEeTCIBYWLIEH dhopmy-
no# (6.27), xotopad cnegyer u3 (6.75) npu I' =0 (8 = 0). HepoamywieHHas
YaCTh ramMIUTPICHMAHA H, (Y) MMeeT BHA

Hi“’('y) = —Qyfcosv + cosu + I'@w? + v*)) (6.76)

(cm. (6.28)). Ona onpepenser ceMeficCTBO celaparpMc, KOTOpOe Teneps He 06-
pa3yeT eMHHYI0 CeTKY, NOKPBIBAWLIYI IIockocTs (puc. 6.21). [Moatomy peil-
cTBHE Bo3MymeHHsa B (6.75) npMBOIMT K 0Gpa3OBAHKI0 OrpaHHYEHHON May-
ThHbl (pHC. 6.22). DTOT mpUMep TaKKe MOKAILIBACT, YTO YCKOPEHHE 9acTHII
10 GONBUIHX IHEPTHE BO3MOXKHO, €CITH HAYANEHOE YCIIOBHE BHIGPaHO B OBNIACTH,
ffle MAYTHHA yxe paspyuieHa. B ofmacry, roe yacrs nayTHHBI COXPAHMACH, POCT
SHEPTHH OTPAHMMEH TPANMIAMA COXPAHHBINEACA YACTH NAYTHHE (KoM. 6.5).



Hacers 11T
NMPOCTPAHCTBEHHBIE CTPYKTYPBI

T'nasa 7

ABYMEPHBIE CTPYKTYPbl C KBAZHCHMMETPHENR

Duanyeckye ABICHHA, NPOHCXOAANNE B KOHICHCHPOBAHHBIX CPEOaX, 3Ha-
YHTEIRHO padHoobpa3ztee sspeHHH, NOPOXKIAEMBIX HDBHXCHHEM OIBENBHBIX
YaCTHIl. 3HAYHTENBHOE yBeJIMUCHMe YHCHa cTellenell cBOGOOE IPHBOMMT K Heob-
XOIMMOCTH Ka3YeCTBEHHO MHOTO aHalM3a JHHaMHMKH cpell. OpHEM H3I BaXHBIX
NpOABNICHHH DJTOTO pa3nNuWuMa sBAAeTcA oOpa3oBAHHE PETYNADHBIX CTPYKTYpP
B cpefe. IIpuMeprl X ¥ MHOTOYHCTIEHHBY, H PA3HOOGpa3HbI: KPUCTalipl # BHX-
PeBbl¢ OOPOXKKH, KOHBEKTHBHbIE AYEAKYM H nepHcrele obnaka, y3opri, co3ga-
BaeMble TPEeLIHMHaMH,H MBUIbHAA TEHA, PAcTIOIOXCHHE 3€peH B TONOBKE NOI-
conkyxa W Boneuwoe Kpacroe [latHo W0marepa, ¢opmbl cHeXMHOK M "yIIaKoB-
Ka" JKHBBIX KJETOK. 3TOT CHHCOX MOXHO Bnio 6bl IPONOIKHTE CMeHh Baje-
Ko. Xenanue monyudrts oOuwil B3MIAL HA BeLM BIIOSiHE ecrecTBeHHo. Hepas-
Hee OTKPHITHe KBAZUKPMCTANINOB 3HAUHTENBHO TPOIBHHYNC Hale TFOHMMAHHE
TOTO, KaKHe MOryT ObiThb CTPYKTYPsl M KaKHe JOMyCTHMEBI chMmerpuu. Korma
MBI TOBOPHM O CHMMETPHHY o0OBEKT4, TO HPEANOaracM CylecTBOBaHHE Y ITO-
ro o0BeKTa HEKOTOPOIO HHBAPHAHTHOIO CBOMCTBa, KoHeuHo, NpupieucH:e
TEOMETPHUSCKHX METOA0B [AA aHaNK3a OPOCTPAHCTBEHHBIX CTPYKTYP H HX
CHMMETPHI  ABISETCA HOCTATOMHO PacNpoCTpaHeHHBIM. OIHAKO HCOOMb30-
BaHHE TMHAMMYECKHX METONOB MOXET CHITPaTh 3[ech AaleKo He MOCIEHHION
PO,

JHHAMHKA YacTHH K HoNed Talkke MOxeT 00/1aJaTh ONpeleNeHHbIMH CHM-
MeTpHAMH, Mpl yXe¢ HMenH BO3MOXHOCTh yOGegurbcs B 9ToM Beite. B sroi
rnase ByHET NMOKA3aHO, KAaKk¥M 00pa3oM CHMMETPHA IMH2ZMW4ECKHX 3amay
MOXeT ObITh HCMONBIOBAHA [UIA MONYUYEHHA M QHAMH3a CHMMETPHM IIPOCTpPaH-
CTBEeHHBIX CTPYKTYP. Ilo pasHbimM npHuMHam CyiuecTEOBaHHe NOONOOHOH CBA3H
ABTAETCA oueHs IQPEKTHBHRIM H [AET BOIMOXKHOCTE TNYOXEe [POHHKHYTh B
NpHpomy BeilicH. BCIOMHHM, CKONMBKO YCHIME B M3oIIpeHHOCTH GRING 3aTpa-
vedo Kennepom pna toro, urodpl yOeoMTh UMTRTENs, 9TO HEKOTOPBIC CHIBL K
dhakTOpEl, BeHCTRYIOIINE B NpHpoIe, ABNAIOTCA dopmoobpasywowmmi. Baaumo-
ACHCTBHA OMpPEJENANT NPOCTPAHCTBEHHbIE CTPYKTYPRI H 3aKOHBL HX pocra
(koM. 7.1).

MpounkHoBenMe B riyGh AMHAMBYECKOH NPEOLICTOPHH BOIHHKHOBEHHA
CTPYKTYP NO3BOJNAET IPHMMCHHTD HOBLIE MCTOAbl HENMHEHHOH IMHAMUKH B
TAK¥X OONACTAX TeOMETPHYECKHX CBOHCTB CTPYKIYp, Tie pasee 310 Bbulo
HemsichHHMBIM.  OpHaKo, NO-BHOMMOMY, Hanbollee HMHTEPECHBIM OQITEHKOM
3TOH TEXHHYECKOH BO3MOXHOCTH ABNAEGTCA BO3IMOKHOCTb BKIIOUEHHHA B Me-
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TOM, MCCNEROBAHMA TPHHUMITHANEHO HOBOTO 3ieMenTa, UM ABRACTCA cnabsiit
X40C B reoMeTPHUYECKOM CTPOeHHMH CIPYKTYD. Xaoc mmpafercs HEYCIPaHNMBIM
CBOMCTBOM [HHAMHMKH B Oo0mem ciIyyae, H AO3TOMy GopMBI JIMTHAMHYECK OTO
NPOHCXOKOCHUA MOTYT TaK)Ke COJIEpaTh HeGonplme CTOXACTHYECKHE OTKIIO-
HEHHA OT HOSaThHOCTH., TeM caMbiM JHHAMHYECKAA CTOXACTHYHOCTh MOXKET
OATE KJIIOY K NMOHAMAHHI, KaK MOMXKHO KOMINEHCHPOBaTh Manbieé IéOMETpPH-
YeCKHE HEBA3KH B CTPYKIYPaX, KOTOpbIE NPHHUMIMANBHO He CYIIECTBYIOT
B HOE3ATLHOM BKIE.

§ 7.1. Kaxnmny Moryr OuTs cTpyKTYDEI?

Korma ™Mbl HBITAEMCH IIOHSTH, MOYEMY CHEKHHKH HMEIOT IUSCTHYTOINb-
KYI0, 3 He, HaNpHMep, OATHYronsHyw (opMy, Mb CralikMpaemcs ¢ Heobxo-
IMMOCTBI0 TMPOHUKHYTh B MIyGoKHe TaHHBI HPOHCXOMIEHHA IeoMeTPHYSCKHX
CBOHCTB TeN, CO3MABACMBIX MPHpoHoi, IIeHCTBHTENbHO JIH 3aKOHN, FEOMETPHH
33MpeIanT T€ WK HHbe dopMel dH3Myecknx cObexToB? B TOM WM HHO{ dop-
me nopo0Hpte BOHpocel OepyT cBoe Hauano B ApeBHeM mupe. IIpaBunbHuie
OJATOHOBBl TEJ2 CHITPANM 3HZYHTENbHYI0 pollb B KapTHHe MHposgawua Ken-
Jlepa, a cefdyac KCTIONb3OBAHHE 3aKOHOB CUHMMETPHH B (HIAKE CTAIO IpH-
BBHIYHBIM METOIOM aHAJIM3A ABJICHIH.

B xpucrannodpusnke IpHMeHeHHe reoMeTpHYeCKHX Mgl #BlAeTca ocoben-
HO HarmamHeiM. B OCHOBE OpTOBOKCWIBHON KpHCTamorpadHM TexHT npepn-
CTABNICHHE O MEPHOMHYECKH MOBTOPAIOWMAXCA CTPYKTIYPax, 3allONHRIOWIMX

Puc. 7.1. TlpuMepsl  TMOKpBITHR MMOCKOCTH, HakineHubte Kemnepom (Harmonice Mundi,
ToMm 2, 1619 1.)
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NPOCTPAHCTBO HNHM NIOCKOCTH. B Gonee GOPMaNbHOM CMbICHE B KPHCTan-
74X peayH3yercs TAaKad YNAKOBKA OOHOW HAH HECKONBKHUX CIPYKTYPHBIX Aue-
ek, KOTopad oO0lafdeT IPAHCNAUMOHHOH CMMMETIPHMER OTHOCHMTE/IDHO COBH-
ra Ha HEKOTOPHIA BeXTOP. B Takux ciyuadx roBOPAT O CYIIECTBOBAHHH IIANIL-
HETO NOPAJKa B KpHCTAllNaX.

CHMMeTpHYHBIE CBOHCTBA 00heKTOB 007aAalT YHHBEPCANbHOCTEW. 310
03HAYaeT, YTO eCNH KaKoH-mubo crnocof MpaBHIbHOW YMAKOBKM FYeCK HEKO-
TOpoit dopMBI HalifieH B KpPHCTANNax, TO TAaKOH *e cnocod YIAKOBKH “XMD-
KHX" AYeeKk MoxkeT OpiTh oOHapyxeH H B TMAPOIHHAMHMYECKHMX TCUECHMAX, H B
CTpYKTYpe (A30BOM MIOCKOCTH JIHHAMMYeCKOil cHcrempl. TlosroMy npoGne-
Ma MO3aMK {IIOKPBITHH) MPOCTPAHCTBA MM IUIOCKOCTH, OGTafalomas KaKoi-
nu00 CHMMETPHEH, OKa3bIBAETCH CBA3AHHOH He TOJNBKC C reOMETPHYECKHMH
CBOHCTBAMM TIPOCTPAHCTBA, HO M C PEANBHBIME (H3IMYCCKHMMA npnueccaMH
(kom. 7.2}.

Xot1a MOXHO HPUOATH OUEHH CIIOXKHYI0 GHOpPMY OTHENBHOH AueiiKe MO3aHY-
HOH CTPYKTYPBI, KaK 3TO BUAHO B M305pETaTENEHBIX PHCYHKEX JATCKOTC XYHO0XK-
HEKa Mopuca Juepa [9], omHako Mbi MokeM 38MOCTHIL MMH ILUIOCKOCTDH
MG BOCJIHE ONPEJENEHHEIM YACIOM ClocODOB, €CIH XOTHM COXPaHHTh Jailhb-
HYi Hopazok. Kemnep Xopouio NOHHMAajg BIXHOCTE M 3TOR Hpobiaemml, T.e.
IpobAeMbl MOKPBLITUA HEOTPAHHYEHHOH NNOCKOCTM, HCHONb3ys JIMINb KOHEY-
Hoe udeno asnementoB. O6 3T0M CBUACTSNBCTBYIOT €ro HCCHENOBAaHMA, OTpa-
*eHubie B puc. 7.1 [2].

B nnneHOM mepeuHe MCCNGNOBAHMA IO MOKPHITHAM, YTMaKOBKAM, MO3aH-
K@M H OpHAMEHTaM 4YHCNO 5 Beerga Obro BoaelleHHbIM. [lonnitk¥ moHATS,
B KAKOW Mepe TPaBIbHbIA (ATHYTONSHMK MOXKET ObITb BKJTIOYEH B MOKPBI-
THA, MBI Haxogdm yxe y Kemnepa (cm. puc. 7.1, snement Aaq) u Hiopepa. On.
HOBpEMEHHO C MHOTOYHMCIIEHHBIMH MYCYJIBMaHCKHMM OpHAMEHTaMH, COLEp-
HALKWMY TIPABHIIbHDIE NATH- M JIECATHYIONbHMKE (oM. pasmee § 10.2), cyume-
CTBOBANO TaKKe TUIHYHOE YTBepOCHME B CNELHAILHON JMTEpaType O TOM,
YTO KPHUCTAINOB ¢ OCBK CHMMETPHH 5-TO MOpAIKa He MOoxeT ObITh.

C HeKOTOpOro BpeMeHH B KPHCTAIIIOrpadH# MOABWIMCL TOTILITKH OT-
X0IJa OT OPTOLOKCANBHBIX B3IMAZOB HA TO, KaKHM HOMKEH ObITh KPHCTAmI.
[leproe xoOpoio apryMeHTHPOBAHHOE WIIOXKEeHHE NOHoOHOH HeobxopHMo-
cti TipuHagnexut lpemunrepy [10]. Jias of6bAcHeHMs CyllecTBOBaHHA pe-
CYRAPHOR CTPYKTYPBI OONBINOW MOIECKYNbI, COCTABNAIONIENH OIMH TeH, OH BBell
TIOHATHE ANMSPHOOMMECKOro KpHCTaa. I'eHeTHyecKHH KoOp CHYXHT TeM airo-
PHTMOM, KOTOPBI 33/13€T [IOCHECEOBATENbHOCTh B PACTONIONKEHHH aTOMOB H
ATOMHBIX TPYNI aNepHOJHYECKOro KpHcTaula. MHOrHE NONBITKE DPacliMpUTh
CTapbie CXeMpl KPUCTAIUIHYECKOro T0pAnxa OuUIE COCPefoTOUeHB! BOKDYT
NoHCKa CIPYKTYP ¢ CHUMMETpHeH 5-10 nopsaka. XoTa ToaoOHbIe CIPYKTY-
PBI yKe BCTPEYANUCH B POCHMCHX [BOpua AneramOpwmr B I'peHame (cm. mamee
B ra. 10), ognaxo HavGoneiryre nonyiaspHOcTs npHobpen napker Ilerpoysa.
Heckonsko BapHanToB ero npuBegexno Ha pac. 7.2 (kom. 7.3).

Ha nmepBpiii Barian IpyOHO YKa3aThb CBA3b MENOY NMOKPHTHAMH [lenpoy-
32 ¥ gMHaMHYeCKMMA cucTemamu. Opnaxo puc. 7.3 memoHcIpHpyer Topob-
Hyw cBask [20]. Ha Hem noxasamo, kax nmapker [eHpoy3a BOZHHKaET Ha cKe-
fieTe CTOXACTHYECKOH NayTHHbl, KOTOpas paHee Obiia NpHBeIeHA Ha puc. 6.4.
Cucrema ocoGeHHocTel (nMATHYeCKMe W THNepGONMMUECKHEe TOYKH, cellapar-
PHCBI) - PMHAMHYECKOH cHcTeMbl 00pas’yer B ¢a3oBOM NPOCTPaHCTBE HEKOTO-
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Puc. 7.3. Cafas mexny ramunsroHuaHom 4 (g = 5) u napxerom [lenpoysa: ¢ — oBnacta,
COOTBETCTBYIOUIHE JHauenAM QyHKuMRE M, NexalMM BHYTpH wHTepRana A, € (1 - 0,15;
1 +0,15), & — cxema nonyueHua napxeTa Ienpoysa nyrem coepHHeHHa onpegeneHHLIX To-

YeK penbedia HA DHC, J; ANITOPHIM COSHHEHAA 0YEBHIEH H3 PHCYHKOB



Phie CTPYKTYDBL 3TH CTPYKTYph OK33BIBAKTCA B oOnpefeleHHHIX CITyuasX
CBA3EHHBIMM CO CIPYKTypaMM KBa3HKDHCTarMueckoro Tvma. Biarogaps
nopoGHOM CBA3M HEKOTOpLIE YeoMeTPHYecKHE CBONCTRA CTPYKTYD MOTYT BbiTh
W3YUEHBI METOMAMM OWHAMHKH, a HEKOTOphIE CBOHCTBA AMHAMHYECKHX CHC-
TeM MOXKHO ONIPEIEITHTb CTPYKTYPHLIMH METOIZMH.

§ 7.2. MunaMuyecKad redepaias CIPyKTYp

Opuy K3 TEpBOHAYaNBHBIX METOADB NOMYUSHHA KBASHKPHCTATLITHUECKUX
CIpYKTYp 651 OCHOBAH Ha IPOEKTHPOBAHMM N-MEPHbBIX, IUIOTHO YMAKOBaHHEIX
KyBoR M3 N-MepHOrC HPOCTPaHCTBa Ha HeKoTopoe D-mepuoe (D < N). Ipn
D=2 u N =5 u HannexaigeM BpiGope yria ams WIOCKOCTH TPOeKTHPOBaHUA
nonyyanca napket [Tedpoyaa (xom. 7.4).

. OCHOBHasA HIeA MeTOAA NPOSKTHPOBAHWA 3aKIIOYACTCH B CIEIYIOLIEM.
Paccmorprm cHcremy oproronansHeix Bextopo {e;} ( = 1,..., q}, uc-
xonmuMx w3 omHod Touxd (Tex” {e;}}. Ha puc. 7.4 mpencrasnens! nBy-
mephbiii (V = 2) u tpexmepubit (N = 3) "exa”. Kaxnomy BEKTOpY &; CO-
TIOCTABHM  HEOTPAHHYEHHYH CHCTEMY OPTOTOHANBHBIX K HeMY . PaBHOOTCTOSN-
mMX JIpyT OT JpyTra mapamensHsix (§ — [)-MepHsIx runepmnockocrefl B g-
MepHOM fpocTpaHcTBe. CeMeficTBO THIEPHOBEPXHOCTEH Ha3oBeM “TpHpoM”.
MsuoxecIBo g-TpHACB 00pasyer mMynbTHTpHA NMopsaka ¢. [lepeceveHHs rutep-
moBepxHocrel ofpasyior g-mepHoe oboflenuwe kpapparrodi peiretku, [lpoex-
THPOBaHHE HEKOTODOH YaCTH MYNbIWIPHOA, 3AKITIOYEHHOH BHYIPH THIIEpClOA
KOHEUHOH TOMIMHBI, Ha D-MepHOe NpPOCTPaHCTBO MOPOXIAAET TOKPHITHE, HIH
Mo3aky. MmeHHO T2KkuM 00pa3oM BO3HMKaeT mapkeT [leHpoy3a H OOKa3el-
BAeTCA, YTO OH HE COOEPHMT “HpIp” WM NepeceKawuuxca pombos [22],

B Gonmee ofumeM ciyuae IpHI MOXeT GpiTh YCTPOSH crioxkHee (Hanmpumep,
¢ HEKOTODBIMH HpoGenamMM), OPHAKO HCHO, YTO ONEPAUMA MPOEKTHPOBAHMA

Puc, 7.4. IpymepHerfi (&) M Tpexmep-
HbIEt (§) “exu”

ABRAETCA NHHEHHOE. JITOT BaXHBI BHIBOL O3HAYAET, UTO DETY/APHBIE MYJih-
TAIPHOBI [PH NPOSKTHPOBAHMH CO3HAI0T CIOXKHLIE MApKeT YNOPALOYCHHBIX
CTPYKTYP, HMEIOINX 34BEAOMO AANBHMi nopagok. ONHAKO DANBHHA MOPAINOK
CBA3AH HE C NMEPHONMYHOCTBIO CTPYKTYD, 2 ¢ MX [IQUTH TIEPHOIHYHOCTBIO (KO-
HETHOS YMCTO HECON3IMEPHMEIX MEPUOAOB) MM C YCTOBHOH NEPHOIMYHOCTbIO
(BecikoneyHOE THCIIO HECOM3MEPHMEIX IIEPHOLIOB) .

Cymectaywr pambHelinme oGoCuieHMA HIeH NPOEKTHPOBAHMH NS NO-
TyueHHA ReNepHOaMYecKMX CIPYKTYp. Hampumep, cucrema BexrTopoB {e;}
MOXeT 06paszoBpIBATE TMPOH3BONBHLIA (HEMPABHABHEIA) “ex™, a CEMEHCTBO
TUOEPNNOCKOCTEH MOXKET OBITh 3aMEHEHO CEMEHCTBOM  THHUEPIOBEPXHO-
creit [17].
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Bepuemca Kk OTODpaKeHHo M ¢ PE3OHAHCHBIM [IOBKPYWHBaHHEM (CM

§ 6.1):

— 2 27
N u = (u + Kgsinv)cos — + vsin —,
M, 1 1 (7.1)
g | _ 2 <27
v = —(u + Kgsinv)sin — + veos —-.
q

OHO peficTBYET Ha HIOCKOCTH (1, ©) M MMeeT MHBADHAHTHBIC IAEMEHTH §,

T.C.
A

Mys = s. (1.2)

MHOXECTBO 3/IEMEHTOR § COCTOMT M3 KOMIEKTOB HEHMONBIUKHBIX TOUYEK
H croxacTuyeckux ofbnacrell. B gactHoCTH, croxacTdYecKas uayTuHa sBAAETCA
OfHHM H3 Takux nementoB. Hom peitctBHeM oTOGpaKeHHA ﬁq TOUKA, HPH-
HameXauaA CTOXACTHYECKOH NayTuHe, otofpaxaercs B APYIVI0 ee TOYKY.
QmHaKo BcA MAYTHHA HHBApHAHTHZ OTHOCHTENBHO IEHCTBHA M H [03TOMY
M MOXKHO PacCMATpHBATh K4K rEHEpPaTOp NOKPHITHA € Ksaaucnmmetpuen
nopsfika g. CnoBo “KBasucHUMMeErpufA” 3[eCh O3H34YAEeT, YTO MbI MMEEM Jg-
70 ¢ HEKOTOPBIM, HE COBCEM “TIDABHIBHBIM™ B OGBIYHOM CMBICHE TIOKPLITH-
&M TIOCKOCTH.

BakHBIM CBOHCTBOM OUPEHENICHUS CHMMETPHH (7.2) ¢ nomourso aMHa-
MHYeCKOTO oneparopa M, sBAACTCA TO, UTO HHBAPHANTHOE MHOXECTBO TO-
Yex {S, }, COCTABIANMMX CTOXACTHYECKYW NAYTHHY, NOABIACTCH C TeYeHHEM
BpeMeHd. TONLKO OpH ! —> 0 MHOKECTBO TOWK {S;), MOCTATOUHO {IONHO
IIpedcTaBAAeT CTPYKTYPY NayTHHBL

Onepauss cIMaXHBaHHA NAYTHHLI H yOUpaH#s MeNKHX ee Jeranei Mme-
eT CTpOro OnpepeNeHHblH OuHAMMMecKH cMbIca. [Tycts H(u, v, t) — raMuin-
TOHWAH MCXOPHOHW CHCTeMBI, YPABHCHHS NBHXEHI KOTOPOH 3IKBUB2NCHTHEI
oTo0paxetn M,. Buipaxenue ana H{u, v, t) npusegeno B § 6.1 (dpopmy-
na {6.15)):

Tr -
H( v £) = —@* +v*) - Kysinv T §{t—n), (7.3)
q n= —w=
Ifie UPHHATO & = 27/q H T 3aMeHeHO Ha f. YpaBHeHHA OBMKEHHA HMEWT 06hIY-
HYI0 TAMHIISTOHOBCKYI0 dopmy

= gHfdv, U = —dH[u. : (7.4)
CrnaxvBaHHe OayTHHbBI, ONpedelsieMOR ramwistoHHaHoMm (7.3}, npouiBo-
OUTCA TYTeM NEpeX0[a BO BPAHIAWMIYIOCH CHCTEMY KOODAMHAT ¢ MepUOoM

= g 4 ¢ NIOCTENYIIIMM YCPEeIHEHHEM N0 BpeMeHH. 3TC MPUBOMMT K HOBO-
My ramMiibroRnany (cm. § 6.4, gpopmyna (6.48))

q =
H, = jzz 1 cos (p e7), (1.5

roe oiymeHa KoHcraHta (—$£24/2) ¥ gna yao6cTBa MepeonpeneneHa cHcIeMa
Ga3yCHBIX BEKTOpOB €;;

po=(vu), €= (cos< >=sm( )) (7.6)
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Hoepiit ramunsrodsal {(7.5) omucwipaeT HOBYH JHAHAMMYECKYID CHCTEMY C
YPABHEHHAMH DBYKEHHA

4 = 3H,/dv, b= -3H,fou. ' (1.7)

Onnako Tenepb CHCTEMa HMeer TOJNbKO OfRY cTeneHs cBoBompr (H, He 3a-
BHCHT OT BpeMeHH) H TI0ITOMY GOpMANLHO ABIAETCA HHTErpHpYeMoii. B uact-
HOCTH, cHcTema (7.7) He CONEPMMT XAOTWUeCKHX TpaexTopHil. IaMHILTCHHAH
H, (7.5) uMeeT pan upuMedaTenslipx cBoACTB. On nenosbsosalnca (Ipa g = 5)
and oBbACHEHHWA CHMMETPHH 5-To mopapka [16, 25]. C noMombio BrlpaxkeHAA
(7.5) MOXHO MONYYHTD AOCTATOUHO MHTEpeCHYi M oblmMpHyl HEbOpMalHio.
Onnaxo oHa cranosuTCcs 3HauMTENBHO Goraue, CAH MPHHATS BO BHUMAHHE NPO-
UCXOXIEHHe TaMMIIbTOH#aHa f; u ero cBa3s ¢ oroGpaxemrem My. Mbl nmpo-
ACMOHCTPHPYEM ITO HIDkK, Paccmorpum nosepxrocys Hy = H, (4, v). Ceuenne
3TOi MOBEPXHOCTH IIIOCKOCTBI0

Hy(u,v) = F (7.8)

ofipeieNdeT MMHHM ypoBHs. [lockonsky H,y ecTh raMUII>TOHHZH OHHAMHYECKOH
ciucremel (7.7} ¢ aueprmedi E, TO JIMHHH YPORHA ypasHends (7.8) oBpasyior
CEMEHCTBO 3aMKHYTHIX MHBAPHAHTHBHIX KPHBBIX pasiiyHoi (opMEl H PA3MEPOB.
B ux umcrio BXOOAT ocofile 3MEeMEHTHI! CEapaTPUCH, JIUTHIITHIECKHe W THIep-
Gommeckde TouKKH. Ocobbie TOUKH HAXOOATCA H3 YDaBHCHHHA

9H, - aH
e =0, 24 = Q. (7.9)
dv |Hg=E du Hy=E

Mb! yxe pewanu ypaesHenna (7.9) npug =4 (§ 6.2) ug=3,6 (§ 6.4). lIna
BGeX g € {g,} cyumecTByeT TONBKO OJHMH YpoBeHs Ej, HA KOTOpPOM JIEXKaT
8ce THIlepGOTMYECKHE TOUKH, H TONLKO 182 ypoBHA £, ¥ E, , H2 KOTOPBIX
JIEXAT Boe HNMUIITHYE CKHE TOYKH.

OcoGsiM CBOHCTBOM JMHAMMWYECKHX CHeTeM M, cospaomux Ha ¢azoBoin
IUTOCKOCTH TIOKPHTHE ¢ KBasucHMmerpheil (g & {q.)} ), ABNserca pacmpene-
nenMe ocoBpix TOUEK MO Pa3fMuHbIM ypoBuaMm axeprad E. Ha puc. 7.5 npuse-
[eHO YHCRO IMNTMNTHYECKHX TOUeK p, IUIA PasIHYHKIX 3HAUCHHH B CIIyyae CHM-
MeTpuu S-ro W 7-ro nopankoB (HOpMHMpoOBKa p, npoussonsHas) [18]. Otu
TOUKH, HANpHMep NpH g = 5, pacnpeleneHei B OKPECTHOCTH KBYX 3HAYCHHMA
aueprum: £, = =3 u E,, = 1,5, 410 COOTBETCTBYET HHY TOTEHUMAIBHBIX AM
H BEpUIMHAM NMOTEHHHANBHEX ropGoe, Pachipenenenue p, npu ¢ = 7 ABnAeTcA
Gonee pasHoMepHbiM. CTeneHb DPaBHOMEDHOCTH pAacHpelenieHMs BO3PACTaeT
o Mepe pocTa 4.

AHanorHyuoe pacripefeiienne rumepOONUUecKuX ToYeK o WA § = 3 H
g = 7 npuBeneHo Ha puHc. 7.6. Tlockonpky Uepes KKy THIEPOONHUECKY
TOUKY MNPOXOOMT CENapaTpuca, TO COOTBETCTBEHHO MMEHTCA Pe3KHe HimeHe-
HEA Ga30Boro NMoprpera ¢CHCTeMbl NPH H3IMEHEHHAX JHeprud E, MoxHo cka-
3aTh, YTO CHCTEMbI C KBa3HCHMMETpHedl NIOTHO 3alIOJIHEHBI KaTacTpodamu
B MHTepBaNIe 3Hepran (—¢, ). Uz puc. 7.5 1 7.6 BHAHO, 9TO CYLIECTBYHOT TaK-
Xe 3HAYeHMA SHepTHM F, NpH KOTOPHIX YHCIO OCOOLIX TOYEK MMEET JJOKAllb-
Hble MakCHMyMEl. Peakoe pasnuuve ¢a3oBuIX NOPTpeTOB NPH pasHuXx E Xo-
pOLIO MPeICcTaBaeHo Ha pHC. 6.17a, ¢ mua g = 5.

Taxum o6pazom, B OTNHUHE OT OOLIYHBIX NEPHOAHYECKHMX PEINETOK, THe
ocoOBle TOUKH 3HEPreTHUECKOH HOBEPXHOCTH PAachONONEHBl Ha IIOCKOCTHX
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Puc. 7.7 (oxoHuanke)

€O CIPOro HUKCHPOBAHHBIMH 3HAYCHHAMM DHEPrun, Teneps Mph ¢ & (g} Ume-
ercd pazfpoc B paclipefiened¥H 3THX Touex. JTa K&pTHHA APHCYLsA Heytiops-
IOYeHHBIM cucreMaM. Hoatomy cHcremsnl (7.5) ABRAOTCA HOBRIM M IOKA
eie cA200 HM3IYUEHHBIM KRACCOM NMHAMHUECKMX CHCTEM ¢ KBaIHperymgpHbIM
crpoednem ¢azosoro noprpera. Xora B cucremax Hy ecTh DaNbHAR DOPAICK,
ONHAKC IO HEKOTOPBIM CBOHCTB2M OHH NpHOIIKAITCA K HEeperyIAPHLIM HIH
HeynopagoueHHbiM cucremam. OCHORY THX CBOHCTB COCTaBIAeT BONBIIOE UHC-
jo xatactpod Ga30BOrO NOPIPETa, YYBCTBHTEABHOFO K MallbiM M3MEHEHHAM
SHEPTHH.

Ecrm paccMoTtpere cnafoe HecTauMOHApHOE BO3MYILCHWE TaMITBTOHMA-
Ha H,y (4, v), 10 BCE €r0 CeNAapaTPHCHl NOMKHLI Pa3pylMTLCA H OfIEThCA CTO-
XacTHMECKHMHU clIoAMM. Kak BHIHO, Hanpumep, uapuc.6.17¢ npH ¢ = §, ce-
napartpHcHale MET/IH MOTYT HaXOmMTbCH Jalieke Apyr or apyra. OmHako, ec-
T OHM pacnooXeHnl 6/M3Ko, KaKk Ha pHc. 6.17 4, TO UX CTOXACTHYeCKHE CIIOH
MOTYT ODBEIMHHTACA, Y3KHEe NPOMEXYTKH Mexay ONH3IKHMH YJacTKaMH He-
BO3MYIMEHHBIX CENMAPATPHC '3apacranwT” ¥ o6palywT obulylo ceTh, KoTOpas
MOMET NOKPBIBaTh BCKO TJIOCKOCTb. JT2 CETh H SiBIIAETCA CTOXACTHYECKOi Nay-
THHOH, KOTOpas BO3ZHMKaeT mNA GHHamMmuecko#t cucremsl {7.3) u mopoxpae-
Moro eio otobpaxeHus (7.1). [Ipu nepexoze

H(u, v, t) > Hy(u,v) (7.10)

NPOHCXOOHT TOTEpA TOi YacTH TaMEIVIBTOHMAHZ (BO3MYLNEHHMA), KOTOpPaR RPH-
BOJHT K Pa3pYLUEHKI0 CETIAPATPHC H K COINAHKIO TTaYTHHDI,
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Jna ycpenHeHHOTO Tamumbronmana Hg (¥, v) NAYTHHA BO3HMKAET AWIIb
B OKPECTHOCTM JHepreTuuecKoro cnos ¢ F ~ E.. 3navenue E; coOTBETCIBYET
MAXCHMYMy runepBONBYecKHx Togex B pacnpedenesnn py (F). Ha puc. 7.6
BUgHO, UTO B, =1 npug=5nE .~ 1 opug= 7.

[IpuBegentple BbILE CBEASHHE NOICKa3bIBAT CNOCOD AONYYeHHS CKe-
7MeTa CTOXACTHMHECKOM TNAayTHHBI ReNOCPelCTBEHHO M3 BoaipaxkeHua Hy (w, v).
PaccmOTpBM yakuil 3HepreTHueckhfl cioft Tonmuhod AE B OKpECTHOCTH 3Ha-
ueHHA E,. MHOMeCTRO TOUEK, NpHHALTEKALMX CHCTEME H YIUB/ICTBODHIOWIUX
ypeeHeHHlo (7.8) H ycnosumwo

FE e (E. — AEf2, E, + AFE(2),

00pa3yoT HeKOTOPOE MOKPHLITHE TUIOCKOCTH — CTPYKTYpHuiH ckemet. [IpHme-
PHl T2KHX MOKDBITHE mng q¢ = 5, 7, 8, 12 npuBefeHs Ha puc. 7.32 1 7.7. Onn
COHlepXAT CKeneT NayTuHpi. Pasmaika Bcex TpaekTOpHH no Masioi o8racti
BHYTPH 3HEPTETHUECKOro HHTCpBaNa TOMuHHOH AF HTpaeT ponb BOIMYUICHHSA.

Takam aBpazom, ¢ nomombio mepexofa (7.10) H mocnenywmmero Bbife-

NeHHA CIPYKTYPHOTO cxenera YCTAHABITHRAETCA CBA3bL MEXIY DHHAMMYCCKAM

TEHEPATOPOM HOKPHITHH M H MO3aHKO# TOKPBITHA MIOCKOCTH (KoM. 7.5).

§ 7.3. Keasncummerpus. Pypoe-crexTp
H AOKANBHEI H3oMOopdhHIM

B oT0ff rmaBe y Hac NMOABMNIOCH HE OUSHL YeTKO ¢HOPMYNIHUpPOBAHHOE 110O-
HATHE KBa3MCMMMETPHH. Er0 WHTYHTHBHOE BBEICHHE TECHO CBA3AHO C (pak-
TANLHBIMH CBOHCTBAMM xa0ca. PaccMOTpHM, HanpHMep, CTOXAcTHYECKYIo 11ay-
THHY ¢ CHMMETpHER 4-ro nopaaka (g = 4). YUem MeHbme mapamMerp BO3Myuie-
‘Hua Ky, tem Ombke opMa mayTHHM K KBaOpatHO ceTice. OBHAKO 3THM reo-
MeTpHYeCKHe CBOMCTBA NayTHHMB! He McuepiniBatorca. I'panuna ofnacrH Xao-
THYECK O THHAMHKH ¥ OBNACcTH pPerylnApHOro HBBIKEHHA YMeeT ovMeHb CHOXHYI
{ppakTansiylo) dopmy, UYeM Toudee Mbl Noxenaem onpenelinTs GopmMy rpa-
HHUBL, Tem Oonee cloxHasg ee CTPYKTypa Oynder NpOABAATBCE. ITO CBOHCTBO
npHcywe NboMy CTOXACTHYECKOMY o (KoM, 7.6).

lMosroMy BPAL MM CTOHT TOBOPHTH O KAKOH-THOO TOUYHOH CHMMETpHMH,
ecnu obcywpaeTea reoMerTpHueckKas Qopma HHBAPHAHTHOH OONACTH, TOPOX-
JacMOH peanbHOR TPACKTOPHEH BHYTPH TOHKOIO CTOXacTHYeCKOro ciof. Biau-
MOJECTBAE YacTH [OBHXEHUA ¢ TPAHCNAHMOHHON cUMMeTpHEH M YacTH OBUXe-
HMA C Bpamare/ibHOM ckMmerpHedl (wiH, Kopode, MpocTe B3aHMONeHcTBUC
CUMMETPHIi) MOAKHO UCHOPTHTE 0B CHMMETPHH, JaXe NPH MAJIBIX 3HAYSHHAX
KOHCTanThl B3aumojeHcTBuA K. OIHAKO CHMMeETpHuYHbIe OedeKTH MOryT
okazaTeeA caabpivu. [loaToMy CHMMETpHSL CYIIECTBYET B HEKOTOPOM INpHOIM-
KEHHOM CMBICAE, KOTOpPHH, GuITh MOXET, BAXEe TPYIHO JOCTaTOYHO XOpPOINO
onpefenth. UATYHTUBHO ™Mbl NOHMMAaeM, YTO HEKOTOpas cCTeneHs orpydme-
HUA Aenaer ¢dopmy MayTHHbE Goltee NPAaBHIBHON, HITH, HHavue, DoJlee CHMMETPHY-
Ho#. JTO NOKa3plBaeT, 4TO HHOTAR TIONEIHO OTOHTH OT ONpeReNIeHHs KaKoH-
nubo yHCTOH CKMMETPHH, 2 BMECTO 3TOTO HCIOJIB30BATh “"KBA3HCHMMETPHIO .
CyliecTBOBaHHE KBa3HCHMMETPUH 03HAYaeT, YTO CBOWCTBO CMMMETPHH BLINOJN-
HSeTCA [I71A HeOTPAaHHYEHHOTD TeOMETPHYECKOTO 06BeKTa C HEeKOTOPOH CTENeHbIO
TOIHOCTH. BaxHo, 4T0 TOYHOCTH JIOKAJIBHO OJHOPOIHA, T.¢. He 3aBHCHT OT HOJIO-
*eHHA BpIOPAHHOTO 3M1CMeHTa 06beKTa.
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Ins nayTHHEL, Hanphmep, ato o3HauaeT cledyiomee. PaccMOTPHM YacTb fay-
THHBI BHYTPH Kpyra Hekortoporo pafguyca R, WxeanpHas cUMMETpHA 03Hava-
€T, UTO reoMeTpuyecKas QopmMa NayTHHB BHYTPH Kpyra [0JIKHA YIOBJIETBOPATE
HEKOTOPBIM COOTHOILIEHHAM. B JeiicTBHTENBHOCTH 3TOro moxer He OuiTh. OnHa-
KO OTKJIOHEHWA OT HJICAJIbHOH CHMMETPHY He NPEBRIHAl0T HEKOTOPOe IHAUCHHE
3 (R). CyluecTBORaHME JIOKANHHO OHOPOOHOH TOYHOCTH COXPAHEHMA CHMMET-
PHH 03HAY4€T BRIMOIHEHHe CIeAYIOHHX IBYX YCIOBHI:

1) Ons KpyroB ¢ pasnAuHBIMM HOJIOXEHRAMH HAa MIOCKOCTH HMEWTCH pas-
NHYHBIe 3HaUeHHA §; (R), YIOBNETBOPAIOLINE YCIOBHIO

8;(R) —— &y, (7.11)
R =+ e

THe 3Ha4eHUA 8;, He 3aBMcAT oT R;
-+ 2) nadg BCeX i BRIMIOJHEHO YCIOBHE

- b < 8. (7.12)

C ToukH 3peHHA BBEOCHHBIX MOHATHH OTODpaKeHHE j\lq MpH ManbIX 3Ha-
YEHHAX napametpa Ko MOXHO PacCMaTpHEATh: KaK [EHEP2TOP MOKPHITHA LOC-
KOCTH ¢ “KB23HCHMMETPHMed” WOpAKa ¢ THNA “KBasHKpHctamn”. CriaxeH-
HbIE GIPYKTYPHI, TONyYaeMble W3 ramwibTonnana H, (7.5), asnawrcs Gonee

Puc. 7.8. Mosanka 7-ro nopspka sBnderca ofoblieHHeM napkera [ledpoysa Ha ciayvad
CHMMeTPHH 7-T0O NOPANKA H HCTIOJIB3YeT TONEKO TPH BUAA pombos [1§]
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"nipaBkAbHpiMA”. TIPH ilepeXone or mayTHHEI K CTaXeHHEIM peihedam Mpomc-
XOJUT HEKOTOpoe BBLIPABHMBAHHE NMHMI U HCUC3HOBEHHE HEKOTOPLIX 3MeMeH-
toB. [O3ToMYy MOXHO CUMTaThH, ¥TO pem:ecbhi (ckenets; maytuH), Hanpmmep
Ha pHc. 7.7, ABNAI0TCA HEKOTOPOI feKopauHei 2y THHBL

BooGwe, Ha Gaze mayrtumpl i pembeda (CiKeNeTd) MOXKHO NOCTPOHTH
MHOXKECTBO DPa3nHUHBIX NOKPBITHEE TMIOCKOCTH, eCAM HCIONb30BaTh KaKoii-
KRGO IONONHKTE/IBHBIH ANTOPUTM IS COEOMHEHHA PasNMIHBIX TOUEK OCHOB-
HOro pucynxa. Takywmo onepammic ecTecTBEeHMO Ha3BarTh HEKOPUPOBIHMEM
{(xom, 7.7).

MEr yxe BCTpeUanAHCh ¢ OIHOH peKopausel, KOTopas npHBena K IapKery
Iewpoysa (§ 7.1, pue. 7.3). AHaNIOTHUHO MOXKHO NONYUHTE MO3GHKY 7-ro
nopagka (puc. 7.8) Kak pexopaumio ckenera Ha puc. 7.7a. Tlps ee co3manuy
HCIIONB3YIOTCA TOJIBKO TPH BKOa poMOOB ¢ ocTpeiMu yriamu (w7, 24/7, 37/7).
JT0 MUHHMAJBHOE YHCTO poMGOB W BOOBIE PA3THIHBIX MEMEHTOB NMApKeTa.
Bonee crnoxHbii BapHaHr mapkera ¢ CHMMeTpHeil 7.-r0 MOpHOKa NpPHBEACH
Ha puc. 7.9. JlwGolk mapxer, mOmyueHHbE! B pezy/ibTale QeKOPHPOBAHMA nay-
THHBI, MOXeT ORITh NpeofpasopaH B IPYroil MapKer MyTem HOBOH MEKOPAIHH.
TakHM 0Bpa3’oM MONKHO TONYYMTh HEOTpAaHHUEHHOE MMCNO MO3IHK ¢ TOH e
cummerpHei [31].

B crnakeHHpIX CTpYKTypax Ha pc. 7.3a, 7.7 MOXHO BHIISIMIb CACTEMY
NpAMbIX, OGpasymouMx MyNBTHIPHI, T.€. CHCTeMY NapajUleNibHbIX NPAMEIX,
IHOBEPHYTHIX ¢ pa3 ka yron 2nfq. PaccMorpum, HanpHMep, NMeHTarpHA Ha
puc. 7.34. Cucrema nOpAMBIX B HEM MMeeT TOMUMHY, a PACCTOZHME MEXIY
mwboil napo#t coOCeNHUX NPAMBIX PaBHO

— n
@p = do70,

e do

|

MUHWUMAITEHOE PACCTOAHHE, To ~ 30/I0TOE CeyeHue:
(1 ++/5)2 = 2cos (n/5),

n — kaxoe-nuGo nenoe uucmo. MynsTHIpHI Takske ABNAETCA OOHOA M3 AEKO-
pauHit NayTHHEL.

Onpepenum npougce bUnNsTpauMA cnepyiomum obpasom. Bymem Borep-
KHBATh, HAMPUMeEp, U3 puc. 7.3 4 Bce HpAMBie, KpoMe Tex, KoTopuie obpasynr
NERTATPHA NALIS ¢ JBYMA BO3MOXHBIMH DPacCTOANHAMH MEXAY COCETHHMH
NapajiebHEIMK NIPAMBIME: @, M &y _y (o = 1). OGpazoBankpil TAKHM
ofpazoM neHTarpup HA3bIBACTOA pemencou Ammanna [4]. KoopamHatel X,
PACNIONOKEHHUA TAPAIENbHbIX MMHKHA B pelieTKe AMMANHA YIOBIETBOPHIOT
npocTomMy npaBwy [32]:

R L] o

To v To

To

roe m — Oenoe 4Heno, B, f, — HEKOTOPBble KOHCTAHTHI B cKofxH [, ..] ofo-
3HIYAOT HEJIYI0 YACTh YHCNA.

Ipyroit crocof oroGpasurs NocNedoBaTeNbROCTh YEpedOBaHHH OBYX Pac-
CTOAHMH 2o M by MexIy JMHHAME B peuietke AMMAaHHA CBA3AH ¢ HCNQAB3O-
BaHueM oToGpaKenun [33]

A ] 1
L = , 7.14)
() o) (
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Puc. 7.9. Benee croxHpIll BAPHAHT NapKeTa ¢ cHMMeTpHelt 7-Fo nopaaka [19}

OefiCTBYIOMIETO H3 BeKTop-cTonbel] (dq, Bg) . OHO maer

ay =ag t+ by, by = ao;

02=al+b|=ﬂ'o+bo+ﬂg, b2=a1=ao+bo.
[Tocnegopatemprocts  lim a,, B KoTopoil 3adHKCHpOBaH MOPANOK CIENOBa-

n—»ow
HHA [UTHH 4o, bg, wazsiBaeTcs nocnemopateabocTbic Pubonayun. OHa 1 onpe-
nendAeT pewleTky Avmanaa (7.13) 8 cnyuae g = 5.

Ilpu ¢ = 7 omeparop (7.14) momxeH GbiTh 3aMeHEH HEKOTOPHIM APYTHM
oneparopoM 7;. OH ABIAETCA HENHHEHHBIM, 3 NOCHEJOBATENLHOCTH JIMHHI
B PElIeTKe ONpelensdercd He OIHMM UKCTIOM, KaK B Clydaec § = 5, @ EBYMA!
Hanpumep, 71 = cas (n/7), 74 =cos (27/7) (xom. 7.8).

Pemterka AmmaHHa HauGomee MpocrsiM 0GPasoM OOBACHAET CYTo KBAJM-
KpHCTAINHYeckKux c1pykryp. Ilocienosatensuocts X, B (7.13) He aBnser-
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ca nepuomrueckoid. ONHAKO omHa spndAercd KBAZHOEPHOOMYECKOR H COAEPKHT
[BA HECOM3MePUMEIX TIEPHOIA (Hanpumep, 1 M To).

TaxnM 06pazom, CTOXAacTHYecKas MaYTHHA OKa3afach CBAZAHHOM ¢ HEKO-
TOPBIM KNACCOM aneprOIOMYeCKMX MO3adK, OD/IANZIOHIMX TOH ke CHMMETpHe,
uT0 H KBaskkpucrannsl lpr ¢ € {g.) TPaHCIAMOHHAR CHMMETDEA NOTe-
piHa (3TC W OTPAaXAETCA B TOM, YTO MO3AMKH SIBIAIOTCA BliePUOHMHE CICHMH)
Ha cMeHy CBOACTB TPRHCIALHOHHONM CHMMETPUH TNPHXOAHT CBOHCTBO JIOKAaNb-
Horo H3oMopdU3Ma, KOTOpoe ompemenserca cienyowum obpasom. Ilycrs
NOKPBITHE TIOCKOCTH (Mo3auka) ofpasyerca ¢ HOMOLUBK KOHEUYHOTO YHCIA
ONpeliefieHHbIX 3MeMeHTOR. Hanpumep, B cmyuae napkera IleHpoysa TakumH
3MIEMEHT4MH MOTYT ObiTh pOoMOBI ¢ OCTPRIMH yrinamu 75 m 2w/5. Uuerao pas-
JMUHBIX TIOKPBITHH GecKOHEYHO BeMHKO. PaccMOTPHM OBHO H3 HMX W Bbife-
JIHM B HEM HEKOTODHIH YYacTOK M3 KOHEUHOTO UHCNa JflemMeHToB. Torpa Ta-
KOA ke YYacTOK (TOYHeS, KOHIpPYIHTHBIH eMy) GYIET BCTpeYaTbcs HeorpaHu-
4eHHOE YHCTO0 pa3 KakK B JAHHOM NOKPBHITHH, TAK M B JIKOOM OpYrOM [TOKpPHI-
THM M3 TEX Xe 3MIeMEHTOR (Kom. 7.9).

JlokansHpii M30MOPGH3M CIPYKTYP C KBasHcHmMerpHeli 0COBEHHO Ap-
KO TpOABIACTCA B HX dypse-ciekTpaXx. UM cooTBeTcTByeT peHTITEHOCTpYK-
TYPHbIH aHANH3 PEABHBIX KPHCTAIUIOB, KOTOPbIl MO3BOMAET CYOHTb O CHM-
METPHH BHYTPCHHEIC DaclONoKeHMA aTOMOB H MONEKYT KOHISHCHPOBIHHBIX -
cpen {kom. 7.10).

ObosHayrMm Yepe3 Sp MHOKECTBO ToOHYeK, UPHHANIEXALMX Ha (aso-
BOH TIOCKOCTH paamepos [ HekoTopoMy DHCYHKY (cTpyKType). TTycTs Taioxe

I, ﬂeSr,

B(R — R,) = { o ces (7.15)
L] rs .

roe B — BeKTop MPOM3BONBHO# TOUKK Ha twiockoctd I, R, — BexkTop duxcu-
posanHoH ToukH a. Torna ¢ypse-06pa3s CIpYKTyps! ONpedensercs BbipaKe-
HUEM

Ste) = tim (2 e JdRe*R5@R — R,). (7.16)

Peam,uo MEI BCETOA HMeeM IeN0 ¢ KOHeyHol oGnacreio I', Jro ooa,uaer no-
foNBMTelBHbpe rpaiyanble bdexTsl, BAMAlWYe Ha BHA pyHxmun S (k). B aiy-
qae MEPHOIMYECKOH CTPYKTYpPBI HX HHOIZA JIETKO BbInenuth. OOHAKO B ciyyae
HeMepHOOMYECKHX TMOKphITHR [UIOCKOCTH BRIZEITHTh UYMCTHIH “MOHOKpHCcTRnNn”
OKa3LIBACTCA HEBO3IMOXHEIM. TeM He MeHee et ofnacts I’ gocrarouHo BenMka,
TO (ypbe-CHeKTPEI PazIHuHpIX “"06pasuos” I, Ma1o oTAMYAONIIXCA 10 dOpMe
H IO paamMepy, TaKxe ByayT cnafio pasiMyarscs.

Ha pric. 7.10 u 7.11 npusopatrca ¢ypse- -CEKTPhl COOTBETCTBEHHO /1A CTO-
XACTHYECKOA MayTHHBI, NOPOKIAEMOH [eHepaTOpOM Ms, M A CKedeTa nayTd-
HEl MOPOKEACMOTO JIRHMAMH YPOBHA TamuiibroHuaHa Hs. OGnacrs I' saibupa-
nack B Buge xpyra. Kaptirpr @ypre-cnexkTpoBR na puc. 7.106 u 7.116 Gnuaxu
HPYT K Apyry. ITO OveHb BaxBOE GIEICTBHE, TAK KaK OHO NMOATBEK/aeT BO3-
MOXHOCTh BBEICHHA CHMMCTPHUHOTO, aHATH3a GeCKOHeYHBIX NAYTHH IMHAMM-
YECKHX CHCTeM MOAOGHO TOMY, KAaK 3TO IeNaeTCA O KpHCTA/UIOB WIIH KBasjn-
KpPHCTALIOB, AHXIOTHYHAaA B3KBHBANCHTHOCT: BHAHAa u3 puc, 7.12 u 713
msg=17.
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HauGonee cunshan AeMOHCTpAlHA CBOHCTBA NoxansHOro H3OMOpdumama
TAKIKE MOKET OBITh POBENSHA ¢ MOMOLIBK (ypse-anauza. PACCMOTPHM, HalpH-
MEp, KPYINbIH 06pasen cKefeTa mayTunbl ¢ ¢ = 11 (puc. 7.14a). Ero dypse-
CHeKTp Ha pHc. 7.146 nokaspiBaeT, UTO MBI HEHCTBKTETBHO HMECM [EMN0 ¢ YIOpA-
ROYeHHOH CTPYKTypOit ¢ cHMMeTpHe#l 11-ro mopamka (royeuHsti CHEKTp pacno-
JaraeTed Ha 22 nyuax, HCXOOALMX M3 OFHOTO UeHTpa). IIpOAOInKMM CKefet
MAYTHHKI 32 Npefeisl Kpyra o6pasia Ha puc. 7.144 u BmGepem HOBBM oGpasel
TOH ke (opMBI B pa3Mepd, HO yXke B JIDYTO# 9acTH TIOCKOCTH. 3TOT HOBbIA
oBpaszen npupescH HA puc. 7.152. Ilo ero sHAY TpymHO ckazaTh, Y10 OH MMeeT
cHimmerpiio 1110 mopagka, OB ckopee HaMoOMHHAeT Tekcrypy. Onmako ero
thypre-clieKTp Ha pHC, 7.156 T0MHO yKa3spBaeT, ¢ KaKHEM OObEKTOM MBI HMEEM
nero. bonee TOro, cpaBHeHWe CHEKTPOB Ha puc. 7.146 u 7.156 nokaspmaer,
YTO OHH NPAKTHYECKH HE pasfIKIMMBbL. ‘

Bee mpuBepeHHbie Bbluke ¢ypbe-CIIEKTPBI CTPYKTYpD ABIAKTCA TOUCTHBIMU
{B Npenenax DOrpeIHOCcTe HX ONpeHeNeHHA). ITO O3IHAUAST, UTO OHM ONHCHI-
BadT YHNODAHNOWEHHBE CTPYKTYDhI, KOTOpPBIE HEAb3A OTHECTH K KATeTOPHH
amopdHBIX WM HEYNOPANOUCHHBIX CTPYKTYp. ONHAKO Ha 3TOM NMyTH BCTpe-
YaKTCH O peAeNeHHbIE HEOKHTAHHOCTH.

§ 7.4. OcoGeunocs B 3aBHCHMOCTH da3zoB0ro o0nemMa
oT 3seprad {ocoOenHocra Ban Xopa)

TaMTbTORMAH CIMaNEHHLIX CTpYKTYD (7.5)
q
Hy= I cos(pe;) (7.17)
i=1

MO3BONAET NPOAHATHIHPOBATE HEKOTOPHIE TOHKHE CBOHCTBA CTOXACTHYECKOMH
nayTHHBL K MX YTy OTHOCATCA ocofenHoct Ban XoBa, cBs3aHHRE ¢ CYILECT-
BOBaHHeM JNUIMUTHYECKHX H THNepOOnuyeckux 0cobbix ToueK B Ga30BOM NPOCT-
patcree [36]. Ilycrs, HampHMep, cucreMa ¢ OJHOH creMeHnio CBOGOMBI cOBep-
waeT GHHMTHOe ABMKEHHe ¢ IHeprueit E. Dasospmi 06bem I'(F), orpammueH-
HoIH FHIepPIOBEPXHOCTBI

H(p,x)=E (7.18)
(B H3HHOM CNydae 3T0 KPUBasn) , papeH
T(E)= [ dpdx=$dxp(E, x), (7.19)
H<XE

THE HHTIETPHPOBAHHE B NOCIE/IHEM HATETpasic NPOBOMKTCA HO MHTEPBATY 3HaYeE-
. Hudl x, KOTOpBIe TipoGeraeT kpHBaa p = p(E, x) Ha runepnosepxrocru (7.18),
HYHCTo KBaHTOBBIX COCTORHHIE CHCTEMBI ¢ 3Heprued He MeHee F pasHo, Kax H3-
BectHo [36], ¢ TounocTsio mo koHcraHTsl asoBoMmy ofbemy [(E), a miot-
HOCTB COCTOSHMI paBHA

op(E, x)

dr'(£)
E) = const -+ ——— = const - $dx
o) : dr const - § oF

(7.20)

r/e HCNONb30BAHO BaipaxeHue (7.19).
B criyuae omodi crenern ceoBopnr unterpan B npaeoi vacts (7.20) coena-
naet ¢ nepuomom koneGamnit T(E} wactunpi, umeromedt auepruwo E. Orciopa

p(E) = const - T(E), (7.21)
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H 0CO0BIE ToykH KBAHTOBOH INOTHOCTH COCTOMHHMIE COBIARANOT ¢ OCOGBIMH TOY-
KaMH KIaccH4e CKOro NTepHoIa KoneGanui. JlnAa 0auoH creneHl ¢cBOBOIE BGIN3Y
AUIRITHYECKOR TOUKH HMEETCA pa3puiB THIA CKAgKa GyHKIHMI, 06y crioBIe LI
TpaHMUEH AOMYCTHMBIX 3HAYCHUR JHeprin. BGAMZH TuNepBOIHUECKON TOYKH
HMCETCH T0TapH(MHYeCKai 0COGCHHOCTE, CBA3AHHAA ¢ PACXONHMOCTLIO IEPHOJA
koneGaHui Ha cemaparpuce.

B ciyuae Tex muHaMHYeCKHX CHCTEM, KOTOphle ONPESNAITCA TAMITETOHRA-
HoM (7.17), memaenue yctpoeHo Gomee wiokmo (oM. 0Bcyxuenue B § 7.2).
Tunepnosepxtocin  (7.18) coOTBETCTBYET He OfHA 3aMKHYTAA (€T, 2 fecKo-
HeUHOE YHCHO 3aMKHYTBIX IeTesb, PaclONATAILHXCA B IocKociM H = £ 1 06-
PasyIoNHX COOTBETCTBYHOLIYI CIPDYKTIVpPY Ha (asoBod mrockocTd, Tostomy
dopmyna (7.19) mna dazoBoro 0BseMa UaIMEHETCA CIEAYIOUIAM OGPAIOM:

FEY=2¢dxpE x), - (7.22
TAe cymma DepeTcd IO BCSM 33MKHYTBIM Ietnam. Beipaxenwe (7.22) pacxo-
mutcd. CMBICH MMeeT [pyroe TMpefCTaBlleHue 1A WIOTHOCTH COCTORHWEH, Pac-
CMOTpHM HpaMoyronesHK (| pl < po, | x| <xp). Onpepenum Bmecto (7.20)
cnefywomee nmpaxcerme'

op (£, x)

= i L mgax Y , 7.23
po(E) ST $ Py (7.23)

raoe Iy = poxo H po — HOpMHPOBAHHAA MNOTHOCTE COCTOAHME. Mer MoxeM pac-
CUMTBIBATE H& TO, IO CBOHCTBO MORofHA $a30BOIO HOPTpeTd, NOPONIAEMOTO
raMIILTOHHAHOM H); 71s APOM3BONBHBIX ¢, OGECTIEUHBAET CYLIECTBORAHHE Mpe-
dena B (7.23). [o-BERUMOMY, NOCTATOYHO TAKIKE CBOHCTEA JIOKANEHOTO U30-
mopdHaMa.

B cnyqaaxé = 3, 4, 6 (cCHMMETpPHA KPHCTATIOB) AOCTATOYHO OTPAHHUHTHCA
JHIIL OOHOH AYCHICON CTPYKTYpPHI AIA BRIUHCIEHHA Po, TAK KaK CTPYKTYPHI lie-
puorHyeckue, OnHaKo B oTyuae KBaIMKPHCTAUIHYECKOH cHMMeTpuH (g &
& {q,}) 3aMeyaHHe O BO3MOXKHOCTH WCMONB30BaHMA ¢opmynm (7.23) craHo-
BMTCH HETPHBHAN bHBIM.

ITpuBeneM cHayana HeKOTOpbHIE NPOCThie ZHATHTHUECKHE BLIPAXEHHA OAA
g=4u g=3.

Ipu g =4 3amiuem

H=cosp +cosx. (7.24)
Torma dopmyna (7.23) npunumaet BUI
dx .
po(E) = $ =4K((1 - E* /)7, (7.25)

[1 - (F — cosx)*]!/?

roe K — NoAHRH MUTANTHYSCKHH HMHTerpan mepsoro pega, Ipu (E| —~ 0 u
[E| = 2, T.e. COOTBETCTBEHHO BOIH3H THMepOONMYECKOH W IMTTHNTHYECKOM
TOUEK, EMeeM H3 (7.25)
L 4InB/IED. |EI=0,
po(E) = {
2m, [E|-+2.

Uitcnentoe ompenenense po(E), HCMOb3yoOMiee HEMOCPENCTBEHHO GopMynTy
(7.23), npupenetio Ha puc. 7.16.

(7.26)
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Tipa g =3 zamumem H B Bupe
H =cos x + cos(x/2 + (/3]2)p) + cos(x/2 — (/3/2)p). (7.27)
Hz (7.23) u (7.27) cegyer

2
po(E)=—\/3T $adx[2(1 +cosx) — (E ~cosx)* ) 112, (7.28)

OTciofia criefyloT AB& MHTEPBANA DHEPIMH C PAWTHYHBIMM BRPOKEHHAMH 1A
polE) . Tlpu —1 < E < 3 umeem u3 (7.28)

8 _
Po(E)=':7_;‘(2E+3)_”4 X

XK{ [(1 ++/2E+3)* — (1 + E)*]!/2 1

2(2E + 3)1/4 I&
Orcroma
4n/3, E—+3,
= 7.29
oo (E) {4-\/3'_In(l,r’iE+li), E->_1. (7.29)
Hpun —32 <E< -1 nmeemus (7.28)
poE) =~ [(1 +IEFIR — (1 +EPT 1/
V3
1/4
X K{ 2(2E +3) .
[(1 +V2E +3F — (1 +E)*]'/?
Ortcropa
16m/3 = 4p0(3), E~—1y,
= .30
0o ®) {4\/§ln(1/IE+l ), E--l. (7.30)

3uavenna £ < -3z mia ramunsrosnzda (7.27) HeBo3mOxkHBL COOTBETCIBYIO-
winit BUI oo (£), NONyUSHHRI WICAEHHO, IpUBEIeH Ha puc. 7.16.

Bee Bummi ocoBeHuocTell, onpenensembie bopmynamu (7.26), (7.29) u
(7.30), oTuerHBO BHOHBI Ha puc. 7.16. O6patuMcs Teleps K CIYYao KBA3u-
KpHCTAIINUeCcKeA ciMMeTpuH. UiicmeHHsle pelynbTaThl UIA po NpH @ = 5, 7, 8
npupesieHs: Ha puc. 7.17 [18], D1u pucyHky clemyeT ¢paBHUTE ¢ puc. 7.5 1 7.6,
Ha KOTODHIX IpHBCHEHBI pachpefesieHHa OCOGBIX TOYEK IMTHOTHYECKOTO (2.)
W rHnepGoNtHbecKoTO (py) THNA Ko aHepriamM. CylecTBOBaHHE HX PasMBITOr0
paclpefefcHEA TpHBOIMT K criaxuBaHuio ocoberHocredl Ban Xosa, 3amerHeie
OCOGEHHOCTH P OCTAIGTCA NHINB B TeX MeCTaX, IJg pachpedefeHHA p, H Py
HMEIOT CHIBHO BRIDAXEHHBIE MAKCUMyMEL OOHEKO [0 Mepe poOCTa Mapamerpa
CHMMETDHK g Dachpefieie#e 0co0bIX TOYEK TraMHIbTOHMMAHA H, CTAHOBHTCA
Bee OOTiee pAaBHOMEPHBIM, @ TUIOTHOCTL COCTORHMIt p, — Bee Golee criiaxeHHoOMH,
Haynag ¢ ¢ = 7 dyHKuua po(F) NpaxtHyecKH MANO OTIHYAETCA OT CIlyyaeB
¢ q > 7 # ouweHp GNMM3KaA K IUIOTHOCTH COCTOAHMA XHUIKOCTH, a He KPHCTAIAA.
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Puc. 7.17. MlnotHocts cocToRHiA p, # ocofeHHocTH Ban XoBa B ClAyude KBa3UKpHCTATIIM-
YeCKOM CUMMETPUH: @ — 1A g =5, 6 —aiag = 7.4 — nna ¢ = § (abconwTHoe 3naueHue p,
B NPOH3IBOMEHBIX efUHHLAX)
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Puc. 7.17 (OKOM4aHME)

70 cBOACTBO KBASHKPUCTANTHYECKHX CIPYKTYP ARJNACTCA OYeHb XAapaKTepHbIM
WA Hux. HecmoTps Ha mickperHpt (ToueuHbiH) ypbe-cliekTp, OTOeNbHbEe HX
CBOHCIBA, KOTODHIE ONpPeNeANTICA BHIOM Po, OYy[AyT aHATOTMYHEI CBOMCTBAM
AMIKOCTH.

§ 7.5. Iunrammueckasn opranusaiusd B (azoBoM NPOCTPAHCTRE

B 310l mMaBe YCTaHOBICHA BAXHAA CBA3L MEANY CTOXACTHUCCKOA OMHaMH-
KOH vYacTHUBI H OOpasOBaHMEM NPABMABHBLIX (T.c. OONANAWIIMX HEKOTOPOWH
XOpoHicH cumMMeTpHelr) cTpykTyp. OcTaHOBMMCR HojpoGHee HA TOM, KaK 370
npoucxomut, PaccmoTpum BMHAMUKY ¢dasoBoit Toyku Ha ¢a3zoBOA MIOCKOCTH,
nopoxpagMyio otoGpaieuuem M, TpH MaIpIX 3HaueHMAX Napamerpa Ko u, Ha-
npuMep, Apn ¢ = 4. Beibepem HayanipHOE YCHOBHC TAKUM 06pa3oM, UTOOE OHO
Nexano BHYTpH CTOXACTHUeCKOH mayTHHsb:. TOrJia TOUKA COBEpIIAET Cyualnble
GityxmaHuA Ha ¢asoeoil wiockocry, QnHaKo B ApoLecce cBOero GecliopafouHO-
Io HABWOKeHHA TOMKZ CO37AeT HA IJIOCKOCTH NOYTH HpaBHIBHBIA OpHAMEHT C
CHMMETPHER KBagpaTHOH pelieTKH. OTIOENbHBIE MeCTa JTOH pelIeTKH HE 3anoj-
HeHbl PeilleTica craHOBHTCA Bee §oliee ApaBUNBHOM MO Mepe YBeAMueHUs: BpeMe-
HH OnyxoaHda. Taxum oBpasom, Ha [WIOCKOCTH aCHMITOTHYSCKH NOABIIACTCA
XOpOHI0 OpraHU3CBaHHAA GHrypa. ITOT NpoLECce MOKHO HA3BATh AMHEMEYECKOH
opranmsatieii. Ee cyniecrpoBaHue O8YCIOBACHO CYLIECTBOBaHHEM OCOOBIX
ToyeK M 0COGHIX TpaekTOpuH B (230B0M IIPOCTpaHCIBE CHCTEMBL. JITO TOKI3BI-
BaeT, YTO Xao¢ HACHeAyeT CTPYKTYpHBIE CBOHCTBa ¢ha30BOTC ApOCIPaHCTBA [IH-
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HAMHYECKHX CHCTeM. B ToM cnyuyae, KOPAR Xaoc genimercs C1a0hIM, CTPYK-
TYpHBIC CBOHCTBA MpOABNAITCA GoJlee OTUETIHMBO, (xom 7,11).

CTO/NIKHYBHBICE ¢ BO3MOXKHOCTBIO OPraHM3alliK CIpYKTYp B hasoBrom
OpOCTPaHCTBE, MBI lNPHXOOMM K HeOOXOOHMOCTH BBEREHHA KaKux-JIKGo
KpHTepHeB OpraHuszauMy. Jlo HemaBHEro BpeMeHH Halle NpejcTasiieHye O Xa-
paKTepe BO3MOMHBIX CTPYKTYp OBUIO CpaBHHTeNsHO NpocThiM. OHO BKIHOYAIO0
MOHATHA O KpHCTAIEX H XOIAKOCTAX. Pasmuumbie  HeylOpAADUEHHEIE,
aMOpdHEIe cpefisl OBBIMHO OGBEIMHANMCh ¢ MMOKOCTAMH. IIOABleHMe KBa-
SHKPMCTAIHYECKOA CHMMETDHM NOKAa3ano, 910 HeoOxomumer Oontee UYSTKHE
onpenenesnd. ToyHee, CnenyeT BAOKHTh GOJiee ONpelENeHHRIH CMBICT B T0,
qro rieflyeT Ha3BIBATH YNOPALOUEHHOH crpyKrypoﬁ a yio — HeymopanoueH-
HOH- wm‘ amopduoit, Kak 6wuio BuaHo B § 7.3, 7.4, KBa3BKpHCTATHYECKHE
CTPYKTYpHl CIIEfIOBANIO OTHECTH K CTPYKTYPAM ¢ AalbHHAM NOPAIKOM, G YeM
CBUAETENBCTBYICE, Halpumep, ux Qypbe-cexTpsl. OpHaxo BU IVIOTHOCTH
coctosHU po(E) ¢O craaeHHBIMHM 0COGEHHOCTAMM Barm Xosa cKOpee CBHAE-
TENBCTIRYET O HeYNOPATZOMEHHOM 06BbEKTe, YeM O KpucTaie (KoM 7,12},

Tpyyukel TOJOGHEIX MAPAOOKCOB CBA3ZHBI OTYACTH C TEM, YTO KOHGUrYypa-
MY CIPYKTYp B Oyyae KBA3HKPHCTAUIMUECKOH CHMMETPHH  ONpenensiored
Gollee CNOXHEIM ATrOPHTMOM, 9eM 3TO MMeeT MECTO B Clyuae KPHCTALIH-
YyecKOTO Nopsaka. I aHAAH3Aa CTPYKIYp, 3373BAeMBIX COKHBIMM AATOPHT-
‘MaMH, OOpaTHMCA CHOBAa K MeTOaM, CYUWECTBYWIUHM B TEODHH OHHAMMUEC-
Kux cucreM [41].

flycte BexTOp £ XapaxTepHsyeT MONOXeHHe HEKOTOPOTO MeMeHTa CIPYK-
TYpbl, 3 BEKTOD ;; olipegenficT MOIOMEHME KAKOro-nuGo Opyroro eMeHTa.

>
Cea3p Mexay § H 7 MOXKET GHITh 3aflaHa ¢ NOMOLUBIO HEKOTOPOTO ONepaTopa
-
J@l e
—+ A
n=FmtE) (7.31)
IlycTh TOUKH 3IEMEHTOB CIPYKTYpBI JIEXAT HA TPaeKTOpUM HEKOTOPOA
AMHAMHYECKOH CHCTEMBI, KaK 370 65010, HATIpHMED, B Cllyude cmxaczuqec:coﬁ

nayruipl, Omeparop J vHOyumMpyeTcd AMHAMHWYeCKHM onepatopoM T, neicr-
BYWUIHM B (a3oBOM MNpocTpaHcTBe [ HCXONHOA [MHAMAYGCKOH CHCTEMBI.
Yparuense (7.3) onpenesnaeT HEKOTCPYH HOBYIO IMHEMHUECKYH CHCTEMY

- :

B ha30BOM NpocTpancTBe BexTopoB (£). [IOCKONBKY UHCIO TEMEHTOB CTpYK-
TYPBI CYSTHO, HX MOXHO TepeHyMepoBaTh. Kaxaomy aneMeHTY CONOCTaBIIA-

eTcH BeKTOp 2,,. Torna MOHO 3aImicars Bmecto (7.31)

Enem = Fm ) Ene (7.32)
BBeficM XOppenATOp ABYX NPOM3BOMBHBIX HHTCTpUpYyeMbix (YHKIMH f (?)
H g

®(7, gl m) denf(En+m)g(£ )— demmf(Enm) S dEngEn) =

= [dEf(GmE) 8®) — S A(GnE) (GnE) - SdEg (D), (7.33)

rie HCMIONIB30BaHO ONpenienenne (7.22).
C romomnibio {7.33) MOXKHO ONpeNeNHTE Koppenatop Npu g = f: G(F, f { m)},
H €10 paalioskeHue B pag Qypoe:

QU D= [ ake*Erep). (7.34)
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Bennmmuy Q(K) ecTecTBerno HazBaTh CLIEKTPOM CTPYKTypbl. Eciiu oro6pa-
KeHHe (7.32) OHpeneNfeT ycnoBHO-NEPHOOHYECKYI “TpacKIOpHI™, TO ee
cnekTp (k) ABAAETCA THCKPETHLIM:

R =Z R0k - k,}, (7.35)

ra¢ Habop BOMHOBLIX WHcen Kk, ONpepenseT BO3IMOXHBIC TIEPHOHBI W OpMeHTa-
UMM XApaKTepHBIX INTOCKOCTEH CTPYKTypsl. B ciywae, Hanmpumep, Nepaompyec-
KON HeNOYKH MMECTCA JIKLIL OOHO 3HaveHMe kg (ecrik He CYMTaTh BOZMOXHBIC
3HAYSHMA rko). OAHAKO WA KBA3UKPHCTATTHUECKOH PEeMIETKA AMMAHHZ yXKe
NOABAACTCA CHCTEMA NATH OPHEHTHPOBAHHEIX TIAD BEKTOpoB K, H k,, OTHOLLe-
HME HJTNH KOTOPBIX PABHO 30JI0TOMY CeUYeHHIO.

Jpyras BO3MOXHOCTh CBA3aHA C TeM, YTO cHeKTp R(K) moxiceT OxXa3aThCA
HeTIpepLIBHBIM. 3TO COOTBETCIBYET C/iyual) pacuelieHus koppenauui B (7.33)
H HeYMOPAAOUEHHOCTH CTPYKTyphi. CTefleHb XaOTHUHOCTH CTPYKTYDBI 3aBUCHT
OT TOTO, KaK GhICTpO pacilemserca Koppenaarop (7.33) - No cTeNeHHOMY WIH
N0 3KCOOHCHIMAIBHOMY 3aKOHY. CTPYKTYpEl NIpH 3KCIOHGHUHAIBHOM 3aKOHE
paciiaia KoppelAToOpa COOTBETCIBYIOT TYpOYReHTHOCTH B [JHHAMMYECKOH
CHCTEME, '

Jlo cux nop oGcy:KAanach OpraHU3alMa cTPYKTYpsl B (a3oBOM MpOCTpaH-
CTBE [HHAMHYECKOH# CHCTeMEL B clenyiouiell [NTaBe MbI-YBUIHM, UTO aHANO-
FMUHBIe CIPYKTYPbl MOTYT BO3ZHMKATh B HEKOTOPBIX 3aI#uaX THIPOMMHAMHKH
B peaTBHOM TIPOCTPaHCTRE.

I'nasa 8

JAB¥MEPHBIE THOPOJHHAMHYECKHE CTPYKTYPbl
C CHMMETPUEH H KBA3ZHCUMMETPHER ‘

Brime Mp1 nmoxaszanu, wro ¢a3oBBIi MOPTPET OHHAMHUECKHX cucTeM ¢ 1 %
CTENeHAMH cBODOAE! MOXET 0GIagaTh HEKOTOPOH He OueHB CTI0XKHOH TNepHoan-
YCCKO# MM TIOUTH NepHOOH4ecko# crpykTypoi. Takue cBoicrsa ¢azoBoi
INIGCKOCEH CACTEMbI BOIHHKAIOT IIpH BITOJIHE OINpeQielieHHBIX YCIOBHAX, B KO-
TOpHX CYIIECTBOBaHHe OOMACTH CTOXACTHYHOCTH (CTOXACTHYSCKOH MAYTHHEL)
ABNAETCA HENPEMEHHBIM cBOHCTBOM. MMEHHO nayTHHa cO3gaBaya paszfueHHe
430808 MIOCKOCTH ¢ MEPHOIMMECKO# CHMMeTpHel (COKpAlleHHO, TIpOCTO
CHMMETpHeil) HIM KBa3HMEPHOAHUECKOH cHMMeTpheH (KBa3MCHMMeTpHEl).
J10 NpHBENO HAC K HOBOMY NMpPE/ICTABASHHIO O CHMMETPHAX, MOPOXEAEMBIX fH-
HAMMUCCKHMM CHCICMaMH B (pa30BOM NMpOCTpaHcIBe. B kaxoH mMepe CHMMETpHH
pa3buenya (A3CBOIO IPOCTPAHCTBA ABIAWTCA YHHBEPCANLHBIMM M MOTYT JIR
HOMOGHEIE CKMMETPHH BOSHHKATD B APYTHX 0GbeKTaX NpHpOgsI?

Mur ywxe YyNOMMHANH KBASMKPHCTALIBI KAk NpAMep ApOABIEHHA KBa3H-
cuMMeTpHH. B 310 M clenyiomedi rmaRax Mel NOKaXeM, YTO THIPOIHHAMM-
YeCKHE TeYCHMA TaKIKe MOrYT HMeTh CHMMETPHI0 H KBasHCHMMETpPHIO, COBIa-
DAIKMEe WM GMM3KHE K T0H, KOTOpad IeHepHpyeTcd PaccMOTPeHHBIMH BbIlle
OMHAMHMYE CKHMH CHCTeMaMH.

Bo3HHKHOBeHHe CHMMETPHYHEIX CTPYKTYP B XHIKOCTH H3BECTHO [ABHO.
Mpumepom mpoctelmedt H3 HMX {(C reOMETpHUSCKOil TOUKH 3peHMA) MOXKET
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CTLyXHTb Buxpesana mopoxka Kapmana [1]. OHa mpencrasnser coGoH [pa ma-
PYUICIIBHBIX PANA TOYeyHEIX Buxpei. BHXpH pacnonokeds! B 11aXMATHOM MO-
‘ PAZKE M Ha PABHBIX PACCTOMHMAX IpPYT OT Apyra. Mogens BHXpeBOi TOPOKKH
Beuta npemioxeda KapMaHoM myis NeplHoHYE CKHX QJIefOB MO3A/H 0BTeKaeMOro
IMIMHAp2 B OBMacTH He Ovenb Gonsumx wcest Pefinonsaca 30 < Re < 300.
Hopoxka Kapmaka sABismetcd FpPUMEpOM OJHOMEPHOR [EPHOIMNECKOH
LENOYKH, M 310 €e CIPYKTYpHOE CBOICTBO CYLUGCTBEHHO HCIONB3YETCA NpH
asanuae ee cpoitcrs [2, 3].

Puc. 8.1. Ctpykrypa sueex GeHapa (@) No maHHpIM paboTel [6a] B CYpYKTYPa KBAIDATHBIX
AYSeK HPH TePMOKUHBCKUXY () No maHMel paGoTh [6B]
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Cpemm  pgBYMEDHBIX TepHomuuecKMX CTPYKTYp Haubojlee H3BeCTHBEIMU
ABIAKNICA KOHBEKTWBHEIE sueiiky Benapa [4]. O 08pasywTtea B pesyinprate
TepMOKOHBeK(HH (TaK HaspmBaemas KOHBekUMA Pames — Bewapa [4, 5]).
B noporpesaeMomM CHH3Y cCil0€ XHAKOCTH OGpa3syOTCA BOCXONAMIME H HHCXOMA-
IMe NOTOKH MMAKOCTH. B pesynsrate 5THX KOHBeKTUBHRIX HBHXEHW Ha
MOBEPXHOCTH XHAKOCTH MOXeT 0Gpa30oBaThci IeKCarouansHad ctpyxrypa THNA
nuennHbIX cot (pHc. 8.1a [6a]) . B Teyehme MHOIHX jieT 372 CIPYKTYpa ABAACTCA
HpUMEpOM YAMBHTEIBHOIC SBJIGHHA CAMOOPIraHM3AUMM B CIUIOLIHOH cpefie.
B 3aBMCHMOCTH OT Tex HNM HHbIX Y(FIOBMH BOIMOXHDI PaaHUHbIE CTPYKTYPHBIE
NEPEecTPOHKH TeueHMH M COOTBETCTBEHHO MOBEDXHOCTH XMEKOCTH. Bumecto
FeKCATOHANEHBIX CEPYKTYP MOIYT BOBHHKATh CEPYKTYpPEI ¢ KB3a[paTHEIMA
mueiikaMn  (puc. 8.16 [68]) m Gonee cnosuwle xondpurypammu (xom. 8.1).

Kak craner acuo mnocgie 310t W cremyroiiedl 11aB, B peallbHOM KOODIHHAT-
HOM [pOCTPAHCTBE TAKXKe MOMKET CYILUeCTBOBATE CTOXACTHYECKaA HAYIRHA.
TIo Hell MOMeT ocymiecTRNAThCH mHbdyna NacersHbix sactuil. [IpocTpancTeel-
Has MayTHHA CO3MACT HeKoTopoe pa3GHeHMe MpocrpaHcrBa. B pesymerare a10r0
pasiyHple GONACTH ero o@NapalT paxlHuHLIMK cBoHcTBamu. Tax BO3HUKaeT
B IpOCTPAHCTIBE CIPYKTYpa.

§ 8.1. lpyMepHble CTAIHOHAPHRLIC BHXPEBEIE TEUeHHS
HOSANKHON XHATKOCTH

B stom maparpade Mbl OCTAHOBHMCH H2 OTHCAHKHE HEKOTOPAIX NPOCTEHIIHX
BHXpEeBBIX TEUeHHN MXWIKOCTH, IEMOHCYDHPYIOWHX CTPYKTYpHBIE CBOHCTBA M
OBmafaloMx ONpeZe/eHHEIMH CBOHCTBaMM CHMMGTpHM. MBt OrpaHMysmcs
caMOfi MpOCTOfl CUTYallpeH, NpH KOTOPOR MMEET MECTO BUXDEBOE IBMIKEHME,
2 HMEHHO, PACCMOTPHM TNIOCKOE TeYeHHe MASalBHON HEeCHKHMAREMOH HHMAKOCTH
B OearpaHMuHoM NpOCTpaHcTBe, YpaBHeHHe C(OXpaHEHMA BelecTBa: IVIA
HeCHHMaeMOCH HHIKOCTH CBOIMTCA K YDABHEHHID

divv=0, 8.1
rae v(r, 1) — BEKTOp CKOPOCTH CHJIKOCTH, ABIAIONMIACA OCHOBHBIM IAPAMET-

POM Teuehnsa H YHKIMEA KOODHMHAT 7 W BpemeHM 1. [lBHikeHue HOearlpHOH
HECXKUMAeMOT XUJIKO CTH TOJUAHACTCA ypaBHenuio Jidnepa

av/ot + (vV)v =—T(P/p), (8.2)
rie P — [aBlieHHe XUIOKOCTH, 8 0 — €@ IWIOTHOCTh, KOTOpas CANTaeTCA ganee
nocTosiHHO#, ¥YpaBHeHue Jitepa (B8.2) momyciaeT Takke RamEch B popme [10]

avfor + [rotv,v] = — T(P/p +v*/2). 8.3)
ECIH TpAMEHATh Ofepauiic rot K oBeMM yacTAM ypasHenus (8.3), To oHa
CBOIMTCA K YPABHEHHIO

3ot = rot [v&], (8.4
rfe BelHuHHZ §2 = 1OtV A Ha3BIBAeTCA 3dBMXPEHHOCTBIO. XPaBHemie (8.3)

HHTEPNPETHPYETCA KaK YpaBHEHHE BMODPOXKEHHOCTH Benumtpl §) . JUis wiockux
[BHIKEHHH, KOITA CKOPOCTb V. = {Uy, Uy, () 32BMCHT NIMIG OT ABYX KOOPHHAT
x uy,ycnosue {8.1) zanucsiBaeIcs B BHIIE

du,fox + 8, /ay =0, (8.5)
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YTO MO3BONACT BBIPAZUTH CKOPOCTh Yeped CKalapHyo dymumio ¥(x, y, 1),
HaspraeMy0 byHKUHeH TOKA:

vg = — 0W/3y, v, = d¥/ox. (8.6)
Jlna TakuX ABYMEPHBIX TeyeHMH 3aBHXDEHHOCT MMEET Kb OJHY Z-XOMIO-
HeHty §2 = (0, 0, §2), u ypasHetme (8.4) cBOIMTICH K CKAAPHOMY Y paBHeHHI

QY+ (vmOL =0, Q=vV. 3.7
OHO OTpacaeT cOXpaHeHHe 3aBHXPEHHOCTH NIPH NEPEHOCE €€ HMIKHMY YaCTHIA-

MU, BeipaxeHHs WISt CKOPOCTH XHAKOCTH (8.6) # 3aBHXPEHHOCTH uepe3 QyHk-
o Toka ¥ MOSBONAKT 3amMcaTh ypaBHerHe (8.7) B ciemyioiiem BUJIE:

g
—at—v“\b +J(F, v29) =0, . : (8.8)
Trie TIPHHATO COKPpAILEHHOe 0603HAYeHHe A AKoOHaHA
J(P, V2 0) = o 8 viw w2 vivw (3.9
N ) ox 3y dy ox ' i

~ PaccMoTpHM CTANHOHBpHEIC BUXpPEBEIE TEUCHMA MIEATBHOH JMAKOCTH,

B stom cryuae axoGuan (8.9) paBeH Hynw. OTclona cieyeT, YTO 3aBHXPEHHOCTH

_ &) nocTosAHHA BEONE NHHKH ypoBHA GyHKIRM Toka ¥, CRefoBaTensHo, Heaémo-

BaHHe IDIOCKHMX CTAUHOHAPHBIX BHXPEBBIX TEUYCHHMH HieaibHOR HeCKuMeMOH
WUTKOCTH CBOJMTCA K HAXOMOCHHN pemeHui ypapuenua [11]

V3 = F(I), (8.10)

roe [ — HeKOTOpas MpoM3BONbHAA (GyHKIMA, ITO ypaBHEHHe CTAHOBHMICA JIH-
HeliHbM, ecnn (W) — KoHCTaHTa NGO NMHHeHHas GyHKUMA ¥, ¥ Wid Hero
MOXHO yxazars o0mee pewene. Eciu jxe 3aBHXpeHHOCTh ABNACTCA HenmuHed-
Hoil dyHkuueli ¥, To ypagnenwe (8.10) cTaHOBHTCA CMOXHEe, OIHAKO M 37IECh
HafiieHO HEMAIIO YaCTHBIN pelreHnit (kom. 8.2) .

OcraHoBMMCA Temepb HA OHOM KJlacce pentenuil ypaHenus (8.10), xoro-
pbiit panee miA Hac OymeT NMpedcTaBNsTh OCOOHIH HMHTEpec, Kak MOpHMep
TeUeHHH ¢ APKO BHPRKEHHOH BHXpeBOH sueHMCcTOd CIPYKTYpOH M ¢ HETpH-

BHANBHEIMH CBOMicTBaMH cummerpin. Ecnu f = — ¥ | 1o ypasrenve mia ¥ cra-
HOBHTCHA MHHEHHbIM: ' )
Vi + ¥ =0, (8.11)

H UMEET TOUHOE pellleHHe

q
¥=3 Cjcos(Re; +a;), (8.12)
i=1
rae BexkTop R = (x, ¥), a HaGop {e;} ABNAeTCA MPOH3BONBHRIM HAaGOpOM ¢
SOUHHYHBIX BeKTOPOB, C; M @; — NPOM3BOJIBHBIE KOHCTaHTHL B wacrnocru, eca
Bee aMIUIHTY/In OfuHaKoBu C; = W /2, daaer oy = 0 u HaBop { e;} 0BpasoRan
EOMHMYHBIMA BEKTOpaMH, pacHOJICKEHHRIMH B BHOE MNpaBHIBHOH 3Besmsl

27 2r
e =dcos| —j |, sin{ —jF ), (8.13})
q q
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T0 Tako# xnace pelieHul ¢ pyuxnmeit Toka
i q 2n . f2m
¥=—, X cos{xcos{ —j Hysin{—j (8.149)
2 i=1 q q
ofnapaeT mpEMEYaTeNbLHBIME CBORCTBAMH CHMMETPHM, ¢ KOTOPBIMM MBI YXe

BCTPRUAITHCH B L. 7.
IIpi g = 2 umeeM NepHOaHyeckoe TeyeHne Konmoroponra ¢ pynKuMed ToKa

¥ = ¥ycos y. (8.15)
Ilpy ¢ =4 dyHKUMA TOKA
W = Wy (cosx +cos y) (8.16)

OIMCBIBAET AYCUCTYI0 CTPYKTYPY ¢ KBaapaTHbhIMHM suefixamu, a npu ¢ = 3 nu6o
g = 6 dyHkuns ToKa

¥ = Fy[cos x +cos{x/2 ++/3p/2) + cos(x/2 — \/§y/2_)] (8.17)

OTIHCBIBEET AYCHCTYI0 CTPYKTYDY ¢ FeKCATOHANBHBIMH siyeiikamy. J1a xe PyHK-
UHA ONMMCHIBAET TeyeHHe XMAKOCTH IpH TePMOKOHBEHUMH, 00pasymliee myei-
Kk Benapa, Ormetnm, uro npu g = 2, 3, 4, 6 cuMMeTpHA TeueHUH ¢ GYHKIHAMY
Toka (8.15) —(8.17) aBssAeTcA OTHOCHTENBHO MpocToll M COBMARAET ¢ CHMMET-
pHelt meyMepHEIX KpHcTarutos. Takie TeueHRs o6GlananT KaK TPAHUIALHOHHOH,
TaK W OPHEHTAUHOHHON HHBAPHAHTHOCTHIO O THOCHTENTEHO NMOBOPOTa Ha yron 2nfq
(ana yeTHBIX @) TMGO Ha yron w/q (WA HevetHbix ¢). Ecu HaGop BEKTOpPOB
{e;} He oGpasyer TpaBWIbHOH 3BE3OH, TO TPAHMIALMOHHAA HHBapHAHTHOCTH
MOXET COXpaHHTbCA, & AUSHKAMH MOTYT GbITh poMEBE.

HoBrie BHOBI cTpyKTYp BOZHMKAWOT TIpH 4 = 5, 7,8, ... JT4 CTPYKIYpHI He
ABNAWTCA NEPHOAMYECKHMHA. MX TOUHRIH 4HATOT — KBa3HKpHCTALT. MEI Bep-
HeMCH K 3THM TeqeHHAM Hibke (xom. 8.3},

PaccMOTpHM Temepb cyual HETMHeKHOM CBSA3M MeXNY 3aBHXPEHHOCTBIO
H ¢yHxkuueH ToKa. Tak HasmmBaemoe pemicHue Crmoapra [14] cootBeTcTBYyeT
BLIDOPY (PYHKHMM [ B BHAE 9KCAOHEHTHI

Vi =2, (8.18)
Ypaenenue (8.18) nmeet 104HOE peieHue
V=In{Cchy++/C? ~lcosx). C=1, (8.19)

KOTOpOEe ONMCLIBAET CTALMOHAPHYIO CTPYKTYPY B BHMIE HOPOXKKH paclpenenen-
HBIX BHXpeH, PAaclONIOKEHHBIX TICDHOIMYECKH MO OCH X Ha paccTosHMM 2
apyr o1 ppyra, IlapamMerp ' XapaKTepH3yeT KOHUEHTPARUHI0O 3aBHXPEHHOCTH.
Mpu C oo ¢yruxuma 1oka (8.19) HmeeT BUI

¥ =In(ch y — cosx) + const, (8.20)

coBNamawmki ¢ yHKOHEH TOKA LENOUKH TOueuHeIX BHXpell, pacnioNoXeHHbIX
HEPHOTHYECKH IO OCH X [2, 3}.

CIpyKTypy pasnHuHbiX TeueHHH MOKHO NpefcTasuth cefe, HCHOMb3YA
TOHATHE JIMHHA ToKa. JIMHMAMH TOK3 Ha3BIBANTCA TaKHe JHHHM, B KaXIOH
TOUKE KOTOpRIX CKOPOCTh HAalpABlieHZ 710 KacaTeNbHOH K HHM. A craumo-
HapHOTO TONA CKOpOCTeH NTHHHH TOKA COBMNAZAT C© TPAacKTOPHAMH YacTHI
XHUAKOCTH M TAKHE JMHHUM TOKA JIETKO HaGNnidaTh, ec/iH HACHLINATE Ha MOBepx-
HOCTh WHIKOCTH TACCHBHYW NpPHMeECh B BHOE JIETKOTO H XOPOIIO BHAMMOIO
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nopouca. Ilpu dortorpapuposanuy ¢ MaXbiM BpemeHem 3KCIOHIMU HA do-
rorparprm BO3HMKHYT OTYCTIIHBO BHIAMBIC NTHHUM, coBmafanlixe ¢ JIHHEAMU
TOKA.

YpasHeHHs NMHHA TOKA OUPE/IENAKTCA B WIOCKOM Clyyae  CHCTemol
pHddbe peHIMATIBHELX Y paBHEHIH

dxfv, = dy/,,. (8.21)
Moncrapnas ciona {8.6) , noayvyaem
v
iI’-arx +——dy=d¥ =0, (8.22)
Ix day

orkyma W(x, ¥}= const. Takyum 0GpasoM, B IBYMEDHBIX CTAUHOHAPHLIX Teue-
HHAX JMHHH TOKa YCTPOEHE! OYEHb TIPOCTO M MpEACT2BIAIT coBOR cemelicTBO
snHmit yposra ¢y W (x, y).

Yepes KOKAYI0 TOYKY IUIOCKOCTH MOMKHO TIPOBECTH, BOOGINE TOROPA, MHIIL
OHHY JIHHHIO TOKA. Meknwyenuem ABARIOTCA TaKne 0coOble TOYKH, Yepes KOoTo-
pbi¢ MpOXOIAT HECKONHKO NMHHA ToKa. ITH 0cofble TOUKK COOTBETCIBYIOT
CeVIOBRIM TOUKAM Ha TIOBepxHoctH ki = (X, ¥) H COeMHHAITCA OCOOBIMH
CenapaTpHCHBIMH THHHAME TOKa,

B cmyyae Tedennil, oGNafamMX KpHCTALIMYECKOR cMMeTpHeil g = 3,4, 6,
ocofble TOWKK HAXOJATCH HA OJIHO# JIMHHR ypoBHA (yHKUMH TOKa ¥ ¥ coepu-
HAOTCA eFHHON cenmaparpucHoit ceTkoit (cm. § 7.4).

Ha prc. 6.14 noxazadsi nuHEM ypoBus ¢yHkiuu toxa (8.16), coorser-
CTBYWINHE TeYeHHI0 ¢ KBaIpaTHhIME sueikami. [losepxHocts = ¥ (x, y) npu
¢ = 4 mpeacraBaser coBoil uepenywIHecH B INAXMATHOM NopAnKe roposr ¥ > 0
n snapuHel ¥ < 0, CenapatpucHple THHEMM TOKa 08pasywr npu W = 0 kBanpart-
Hylo peiuetky. Pac. 6.15 winmecTpupyeT NuHHH ypoBHs dyHKimn toka (8.17)
onst g = 3. CeueHMe rioBepxHocTH Npn ¥ = —¥ 4 oBpasyeT ceHapaTpACHYO pelleT-
Ky karome. [Ipy npyr#x sHAYeHHAX YpOBHA ITHHHM TOKA HBNAKTCA 33MK-
HYTBIMH,

Wuasa curyaussa BO3HMKaeT WA TCUCHHHA ¢ KBasMcMMmeTphed. Teneps cen-
TOBBE TOYKH NoBepxHOCTH A = W (X, ¥) HAXOMATCA HA PasHMUHbIY IHHHAX ypPOB-
HA W HE COSOMHANTCA €OMHOH cefapaTpMcHOH cersio. Puc. .17 nipefcraBaser
rosepxHocts kB = W (x, ¥) mwia ¢ = 5. Ha 310l NOBepXHOCTH OTUCTIHMBO BHOHO,
YTG CeTOBbIE TOUKH HAXOOMTICH Ha pasnHuHoil Bricote. Tem He MeHee ceioBbie
0BnacTy GOpasyoT CIPYKTYPbi M3 JinHKH, GlM3KKX K OpamMbiM. B pastsix moc-
xoerax W (x, ¥) = const NONYHAWTCA PAVTHUHBIE PACITPElElICHHA CenapaTpuc-
HBIX fleTelb ¥ OCO0BIE THHYH TOKA He CO3NANT eJHHYI0 ceTh — MayTHHY, MMeerca
MHOTO pa3jpblBOB, Kak 3T0 BHIHO M3 pHC. 6.176, 8, Ha KOTOphIX MOKa3aHbBI
JIgHWH YpoBHeH TeueHMH ¢ KBasMcHmMerpHel g = 5. Paccroamme mexay
AKHHAMH YPOBHEH B OKPECTHOCTH DA3pHIBOB Ha ONpedeseHHOM YpOBHE OU¢Hb
Ma10. 370 CBA3AHO ¢ HAIMUMeM OCOGEHHOCTH B TUIOTHOCTH paciipenelleHHs cefl-
JIOBBIX TOUEK M0 BLICOTE A Ha ITOM YpOBHe.

Towo TaK e KapTHHR JIHHMI Toxa Ula TeueHua (8.19), uzoGpaxeHHan
Ha puc. 8.2, maeT HarNsOHOEe WpelCTaBjieHde O BHXpeBOH Mopoxke. Takoe Te-
YEeHHE HMeeT CHMMETPHIO OTHOCHTENIBHO CABHIA HA NEPHOH BIONL OCH UETIOUKH.

[Inockocts MOCTORHHOTO 3HAYeHHA PYHKIMH TOKR M NMHHYU YPOBHA HIDPAT
TY Xe ponb, yro # ¢a30Bas MHOCKOCTE AHHAMHUSCKOA CHCTéMBI M e€ OpOHTEL
JTa 2HANOTHA CTAHOBHTCA OCOBEHHO OUCBHOHON, €CHH YuecCTb, HIO YpPABHEHUA
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_2' 14

]

1.8 2g
Puc. 8.2. KapTHa nusui roxa mis tevyedust Crioapta (8.19) npn € = 1,03

TPAEKTOPHI YACTHIL KHIKOCTH 151 TUIOCKOTO IBHKEHAA KMEIOT BT,
dxjdt=— a¥/dy, dyfdt=0dV[dx, {8.23)

T.e. 3aMHCHIBAIOTCA B GOpME raMHIPTOHOBCKHX YpPAaBHEHHH, B KOTOPBIX TAMHANE-
TOHHAHOM sABIseTcH Gynxkmua roxa W (x, v, ), a koopmuHaTel (X, ¥) HrpawT
pO/b KaZHOHMUeCkO#l Mapsl. 3aluch YpaBHEHHR TpaeKTOpHE B FaMHIIBTOHOBCKOR
dopMe NMO3BONAET CIefiaTh CIedymnlee 3AL0ueHue, Ecid INMOCKOe Te4eHMe
crauguoHapho, 1.e. ¥ = ¥(x, ¥), ¢ ypaBHenur (8.23) cOOTBETCTBYIT KOHCED-
BaTHBHOH cHcreme ¢ OJHOH cTemeHblo ¢B0GOMAbI M, clefIOBAaTeNbHO, 3amaya o6
OTRICKAHHH TPAcKTOPHH YACTHL XMIAKOCTH ABNAETCA HHTErpHpYeMOH, a Tpaek-
TOPHH YACTHI[ XMOKOCTH COBMAFAIT C NHHHAMH YpOBHA QYHKUMM ToKa, s
HeCTAIMOHAPHBIX ABYMEDHBIX TeYeHMH MMIKOCTH, Koria ¢yHKnMa Toxa W
ABHO 3aBHCHT OT BDPeMEHH, ciicTema ypasHeHMii (8.23) cootBeTcTByetT HeKoOHcep-
BaTHBHOM FaMIDIGTOHOBCKOH cHCTeMe H, BooGlle rosopsa, He ABNACTCA HHTET-
PUDYEMOH,

§ 8.2. YerodummsocTe CTAMMOHEPHLIX IWTOCKHX TedeHH
C CHMMETPHYHON CTPYKTYpO#R

B npenpimymiem naparpade GeUI0 HOKa3aHO, 4T0 B ABYMEpHOM cIyyae
MOTYT CYWIECTBOBATS CTALMOHAPHBIE TeueHHs C CMMMETpHeR H KBa3HCHMMET-
pueil. Ix cTpyKTypa M CHMMETpHA 3TOH CTPYKTYPbl MOTYT OBITh BHIABIICHEI C
MOMOIIbI) KapTHHBI JTMHEA YpOBHA. 3TOT MyTh IPHBOOMT K YCTAHOBNEHHIO MOM-
HOM ZHATIOTHM C AHATTM30M NOAXOOALIEH JHHAMHUECKOH CHCTEMEI M ee (a30BOrO
noprpera. OEHaKO HMEETCA OJHO CYIUSCTBEHHOE pa3iidude B 3TOH 2HANOIUH.
PaccmaTpuBaeMoe CTallMOHapHO® TeUYEHHE MOOXKET OKAa3aTbCH HeyCTORUMBBIM, M
TOTOd WCCIEAOBaHHE €I0 CTPYKTYpbl B 3HAUMTENBHOM CISNEHH TepAST CMBIC.
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esir 37010 Haparpadia — HeckONBKO ROTMONHHTH npencmBneHHe O CYIleCT-
BOBAHHH CTAUHOHAPHEIX CTPYKTYp M IIPHBECTH HEKOTOpbIe IPHMEPEI H aprymeH-
Thl B MONKSY TOIO, YTO TAKHE CrPYKTYpBI MOTYT Brite ycroiuiBbiMH. Bonee
TOTO, CTPYKTYDbI, HANpUMeEp C KBASMCUMMETpHeH, mMOryT ObiTh BO3GYKICHDBI
NpH ONMPEeTeBHBIX Y CIOBMAX, B KOTOPRIX HAXOIMMTCA CHCTEMA.

MBt orpaHMwMMca 3meck JMHWE HECKONBKUMH TpOCTEHILMMH HpHMepaMH,
AEMOHCTDHPYHOUMMH  BO3MOKHOCTD  CYIeCTBOBIHHA OBNacTH YCTOHMMBOCTH
TeueHMid c0 CTPYKTYpamsi, OTpeieNAeMIMH d)yﬂxu.ueu toka una (8.14). Pons
TAKHX TeueHHH, 0Q1afalolMX NGO TPaHUIAUMOHHOA cHMMMeTpHed, TM60 CHM-

MeTprelt KBASMKDHCTAIUIA, B HACTOALee BPEMA ellie HENIOCTATOYHO XOPOLIO Hc-
ceioBana, B TepByi0 OuepeAb 510 3aMevaHMe OTHOCHTCA K MX YCTOHUMBOCTH
B OFpaHMYeHHBIX H §e3rpamMuHbix cucTeMax. OfiHaKO SICHO, YTO MOTYT CyILect-
BOBaTh YCIOBHA B BHJE BHEIUHEro NONA (HAKAUKK) .M JMCCHIIALMH, mpH KO-
TOpBIX TAKHE TEUCHHA Dpeanu3yrTCA.

PaccMoTpiM cHawana yCTOMYMBOCTD IIIOCKOTO TeyeHWA C  (yHKIMeH
10Ka (8.14) B HeorpamMueHHo# cucTeme. C 3TOM UeNbio 3aAHIIEM BMECTO ypaB-
nenusn (8.8) ypaeuenue Hanse—Crokca

3
?v’\lf +J {¥, V3T }=pV* Y +F, (8.24)

oTARMameecA ot (8.8) HanmumeM B IPaBOH YACTH BA3KOro wieHa (¥ — Ko3d-
dungenT BAIKOCTH) ¥ BHeltHed cwioit F = F (x, y, 1), urpawiue#t poas HCTOU-
HuKa BO3GyxmeHus cpennl. CrauyncHapHoe pemedue W (x, v) B dopme (8.14)
1A KeBA3KOro ypapHenwa (8.8) apnsercsa Takske, cormacko (8.11), crammo-
HAPHBIM pelieHUEM /1% BAIKOro ypaBHeHHA (8.24), echu BIMOIHEHO YCNIOBHe

F=_»¥, (8.25)
T.. CTAHOHAPHOE pellieHHe HMEET TY Xe CHMMETPHIO, YTO W BHEIIHAA CHIA
{HaKauka) .

OcTaHoBHMCA B KauecTBe MepBOTO NMDUMEpA HA HCCITSAOBAHHH YCTOHUM-
BOCTH TAOCKOro NepHORHMUSCKOFO TEYeHUSA BARKOH HECHKHUMAeMOR XKUIOKOCTH
(8.15), BosHAKawuIero nop AeHCTBMEM OINHOMEPHON NPOCTPAHCTBEHHO-NEPHO-
Iuyeckoi cwint (TeueHue Konmoroposa) [21]. Takoe Teuenue B Ge3pa3MepHbIX
NepeMeHHBIX ONUCEIBACTCH YPABHEHHEM

d oo\, . 1
— - — V)R + TV, V) = — cosy, (8.26)
ot Re Re
e Re = Wo/v — uparo Peitnonpaca u Wy — XapaKTepHoe 3HaueHHe V. C:rauuonap
HOe peilieHme ypaBuenna (8.26) umeer Bux

¥ = _cosy. ' 8.27)
st posmymenna ¥’ =W — W u3 (8.26) u (8.27) umeem crneayiouee THHERpH-
30BAHHOE YPAaBHEHHE !

d

— - L V2 YVE' —siny(] +v2)—a— ¥'=0 (8.28)
or Re dx )

OrpaHHMUMCA  UCCIENOBAHHEM YCTOWYHBOCTH MEPHOJHYECKHX BIOAbL OCH X
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BOIMYLUEHHH:
T'ix,y, ) =e*V(y,t) +xec. ‘ (3.29)

ffocne mopcranopxu (8.29) B (8.28) monyuwum mis Boamymenus V' (y, 1)
TAK Ha3pBaemoe ypasHeHue Oppa—3ummepdensaa

J 1

(——-— Vz)vz\lf'-l-iasiny(l +V3)y ¥’ =0, (8.30)
a¢ Re /

3necs V2 =0%/3y? — a?. Toncrasum Bosmymenue W'(y, t) B BHOe pAma
@rypoe o y:

Viy,)=e? T ¥, (8.31)

n=_oo

Doncraemaa (8.31) B (8.7), monmyuum OGeckOHeuHYw cHCTeMY  ypaBHeHHi
A Koapduupenton ¥,

2 a2+ 2 .

— [ +n?(y+ ——-—"—) ¥, +¥, e —1+@n-1)] -

o Re

— W@ — 1+ +1)2)=0. (8.32)

HauGonee onacHpIMH ¢ TOUKH 3peHHA YCTOHUMBOCTH OKA3BLIBAWTCH IITMHHO-
sonHOBble Bo3myluesna (e <€1). Inm HCCiefOBaH¥A YCTOMUMBOCTH TAKHX
BO3MYIUEHHH TOCTATOUHO B cHcTeme (8.32) OrpaHMuMTECA Y4eTOM KCOHEUHOIO
wicna rapmonkx ¢ =0, 1, Torga B Kxauecrse YCNOBHA pASPELIHMOCTH YKO-
POYEHHOH CHCTeMBS nonquM cneny!omee AMCTIEPCHOHHOE YpaBHeHHe:

( 1+6® ( a?(1 - o) -0 833
) Re h2(l+a2) e (833)

s (8.38) cneu.yer YTO INA J0cTaToyHo Gonbluwx wHcen Peinonmnpaca (T.e.
npu Re ») v? =a?{2> 0, 1 TeueHue Konmoropoaa ABJIAETCH HEYCTOHUMBBIM
OTHOCHTENbHO JVIAHHOBOJIHOBRIX Bo3mymieHui. [loporoeoe 3Hauenue Re = Re,
IpH KOTOPOM HEYCTOHUMBOCTE MOXET HCUe3HYTh, Haiimem, monaras B (8.33)
¥=0. Torma npu o<1 xpurvieckoe 3HaueHue uncna PeitHonpaca 3ajaerca
CIIEIYIONIMM ACHMITTOTHYECKHM BRIPAKEHHEM:

=2 (1 +3, a2) + 0(a?). (8.34)

Ipu mamoit magnoporosoctH Re — Re, < Re, BHpaskeHHe IIH HHKpEMEHTA
HEYCTOHYMBOCTH OKASBIBAETCA INPOMOPUMOHATLHLIM  KBRApary BONHOBOTO
YHCAA JSTHHHOBOHOBEIX BO3MYLIEHUi:

v =a?(Re — Re,). (8.35)

Takas 3aBHCHMOCTh HHKPEMEHTa OT BOJHOBOIO YHCTIA MOXeT OBbiTb MHTEpIpe-
THPOBAHA KAK HEYCTOHYHBOCTE TEUSHHS C OTPHIUATENBHOH BASKOCTE (KoM, 8.4).

B kavecTBe BTOPOrO TpHMepa pACCMOTPHM YCTOHYMBOCTS TeueHust (8.16)
¢ KBa[paTHpIMH AvefikkamH. ¥ paBHeHHe, ONUCHIBAKIICE TAKOE TeUeHHE, OTIIHYAET-
ca ot {8.26) npapoii yacteio:

) 1 1
(— - — V2>V2\IJ +J (U, VW)= — (cosx +cos ), (8.36)
at Re Re
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H MMEET CTAUHOHAPHEIM perticHreM Gy HK ITHIO TOKa
¥ = —(cosx + cosy). (8.37)

JluHeapH30BAHHOE Y paBHeHHe HMeET BHIT

0 1 R v’
C— — — V3V _siny (1 +V3) . +smx(1 +vi) ——=0.
x

Mpencrasnsas sosmymenne ' B Bune pana Gypbe
: W'(x v, I) - 6,»-)rr+|’u:>tx+!'£b»' p ‘pm"eim y+r'nx’ (839)

nm,n

NONYUHM T KOG DHUHEeHTOB W, GECKOHEUHYI0 CHCTEMY YpaBHeHHi

2
[Cr +ay’ +(m+6)2][7+ ! ;(m+6)2 ] ¥ —
) e

- o ;a) {[n+a) +(m —1+8? — 11 ¥y, 1~

— [+ a)? +‘(m + 1402 —H Wiy n b+
. m+8
2

—1+a)p? —1] Yop—1 —

~[m+BY +(n+1+a) —1] ¥ppsq } =0. (8.40)

Kax u ina revenns Konmoroposa, sfecs HauGomnee HeycroHYHBbIME OKA3BIBANOT-
¢l [JIMHHOBONHOBBIE BO3IMYHICEHHA, BOJHOBOH BEKTOP KOTOPBIX HANpaBIIeH
BAOML OZHOH M3 Oced KoopawHar. IIns WcclefoBaHHA YCTOMUMBOCTH 9THX
BO3MYILICHHA OrpaHMMHMCA, KaK H B NpsfbSylIeM NpHMepe, B pasnoxeHHd
(8.39) yuerom KOHeYHOro umMciia rapMOHMK ¢ m =0, *1; n=0, 1. Paccmarpr-
BadA OAA npocToTel § =0, NONYUMM B KAueCTBE YCNOBHA PA3PELUMMOCTH YKOPO-
YeHHO#H CHCTEMBI Cledyilee AUCTePCHOHHOS COOTHOMIEHHE:

C1+a? ?(1 —a®)
[1+eiH 7+ Re )= 2(v +e2/Re) h
o? (a0 —1)?
4 { [1+(@—1)][7+(1 +{a—1)*)/Re]
N (a+1)
[P+ @+ 1][y+Q +(a+ 1)°)/Re] }

Ilpu o<1 BelpaxeHHe INIA KPUTHYECKOTO uHcna PeiiHonnaca mmeer Bup,
13
e, ='\/§(1 t a’>+ 0(@*), (8.42)

4 OJIf MHKpeMeHTa HeYCTOMUMBOCTH 7y NipH Manoi HaAIOPOTOBOCTH COXPAHAETCA
dopmyna (8.35), T.e. Mp1 CHOB2 MMeeM MENIO C Heycromunocnm TUNA HeYCTOM’-
YHBOCTH T€YEHHA C OTPHIIATEILHOM BA3KOCTHIO.
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Paccmorpennble BbIlle Npumeps NOKA3BIBAKT, YTO NMPH HOCTATOUHO GONB-
woi sx3koctH (Re < Re.) M coorpercTByMOIEM BHIGOpE HAKAUKM HMEETCH
0BnacTe YCTOHYMBOCTH CTPYKTYpHbix TedeHMH TNz (8.14) ma g=2 u g =4.
B paBore {29] paccmarpupanacs ananorsusas 3aziava 06 yCTOHUWBOCTH CIPYK-
TYPHBIX TeueHHH ¢ CHMMETDHe# 1recToro mopsaaka (¢ =3 win ¢ =6) H TaKxe
ObIna HalpeHa 0GNACTL YCTORUMBOCTH.

Bonpoc 06 aHaRHTHYECKOM HCCAENOBAHUH YCTOHUHBOCTH TEUCHMH ¢ KBaIH-
CHMMeTpHelt Bornee CTTOXKeH M 37ech HaM MPHIETCH OBPATHTBCA K UHMCAEHHOMY
IKCHEePUMEHTY. 30ech e BOIHHKAET HEeTPUBHANBHLIN BONPOC O POTH MPAHHYHBIX
YCIIOBMiA, KOTOpbie, HanpuMep OyAyuH YCIOBHAMHM MNepPHOIHYHOCTH, HMEIOT
COBCEM HHYI0 CHMMETPHIO, YeM Hakayka. Torpaa ycTAHOBHMBILCECH CTAIMOHAPHOE
TeueHHE BO3SHHKACT B PEIyNbTaTe KOHKYPEHIMH HBYX pPasHuIX CHMMETPHIL.
BoknBaTh MOMET CTPYKTYpa, HMEIOIIAR ONHY M3 ITHX JBYX CHMMETPHil THBO
KaKaA-TH00 CJIOKHAA KX KOMOHHAIMA.

[loxaxeM Teneps, Kak BOZHMKAET TeueHHe ¢ KBasHcuMmerpueil. Iinsa onpe-
AeNeHHOCTH NPeINONOKHM, 4TO HAKAYKA B ypaBHeHuH (8.24) HMeeT cUMMeTpiio
HAATOro NOpAaKa

S 2n 27
F(,yy=F, T cos(2wk) [x cos(—s— f)+y sin(-é—j ] (8.43)
i=1 :

PesyibraTtel YMCIMEHHOrO aHAIM3a 3a7A¥H JUIA CeTKH pasMmepom 128 X 128
AYeeK MokazaHst Ha puc. 8.3 [17]. 3TH manHbte MpHBeNeHs! INIA CIIyuad, KOTda
I'PAHHYHBIE YCIIOBHA BHIGPAHE! B BHIE

V(0,y;)=W(0,y;0)=V¥,, W(l,p;¢)="¥(1,y;0)=¥,;
Wx,0:8)=¥(x,0;0)=¥ycos(2nx); (8.44)
T(x,1:0)=¥(x,1;0)=V¥gcos(2mx).

Taxse rpaHHyHble YCAOBHA HMENT CHMMETPHIO, CGOTBETCTIBYWOILNYIO ¢ = 2.
Ouu puKCHPYIOT OTHOPORHBIE BAONb OCH } TOTOK SKMAKOCTH € IPAfHEHTOM
NpodHAA CKOPOCTH Uy = —0Y/0x kax ¢yHkummm x (cm. puc. 8.3g). Taxum
06pa3oM, HMEeT MECTO KOHKYPEHIHA MeXTy CHMMeTpUeH BTOPOrO NOpsfka,
HaBA3BEAEMON  TpaHyMHEIMH ycfiosuaMu (8.44), H cummerpHef mATOTO
NOPAZKA, KOTOPYK HMeeT Haxauxa (8.43). BosHHkajomee B pesynbTaTe pac-
IpefielieHHe CXOPOCTH IpHBeXeHo Ha puc. 8.3a, roe mapameTpn! TogoGpaHbi
TaKhM 00pa3oM, 4YYC BBUKMBAST CHMMETPUA NATOr0 mnopagka. BoamodHBI
H pa3HuHble NPOMEXYTOUHEBe CNyyan. OOHAKO IS HambHellero aHanMsa
HAM BaXHO OTMETHTh, YTO CTAIMOHAPHbIE TEYEHHS CO CTPYKIYDPOH KBAIMKDHC-
TAN0B (W, B TOM UMCIe, ¢ HEHTATOHANLHOM CTPYKTYPOIL} MOTYT CYIIECTBOBATD.

PaccmorpiM Telleps CRIYalMio, KOTAA HAKAYKA B MIPABOR YACTH YpaBHEHUA
(8.24) sapao 3apHcHT OT BpemeHH. JInA ONpeneneHHOCTH BeIGEpeM BHELIHIONO
cwiy F B Bupe

F(x,y,)=Fy(t) cos[k(xcoswt +ysinwr)], {8.45)

rZe BOTHOBOE YHCIO Haxayku k = 2n/L , a vactota w=2n/T; F, — amnnuryaa
BHelIHeH CHIp, 3aBUCAIIAH, BOODLIE FOBOPS, OT BpeMeHH.

YpapHeune (8.24) ¢ ssiyxpamomeii cunoit (8.45) uMcneHHO HHTErpHpO-
BAIJOCH HA CeTKe, UMeweH B eHHHUHOro KBanpata pasmepom 128 X 128 sye-
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a

ex [18]. Ha puc. 8.4 npupemenn BaHHBIC ANIA CHYY4A, KOFOA AMIUIMTYGA BhI-
Hy¥nawmei canbel Fo(r) npencTaBnser cofoil NMOCTENOBATERBHOCTh NIpAMO-
YTONEHRIX KWMIIYNBCOB MANIOW ANUTENBHOCTH T ¢ NEpHOAOM cliemoBakna T =
=2n/$t. IaurensHOcTs OMHHOYHOrO. HMIYJIbCA T B YHCTIEHHHIX pacuerax [18]
Ob11a CYWECTBEHHO MeHbllie OCTA/BHBIX BpeMeHHHIX MacloTabos 3agawd. B pe-
3yNLTATE UHCHEHHBIX pacyeTOB OrUl0 HAHpEHO, YTO YCTAHOBMBIIHECA CTaUHOHAp-
Hbl¢ CTPYKTYDPHI NpH BHINOITHEHKA pe3oHAHCHHIX YermoBhmil £ = ¢ w mMoryT.oGna-
OaTh CHMMeETpHell KPHCTAUIHYECKOTO JIMG0 KBA3KKPHCTATUIHYECKOTO THIOA.
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Puc, 8.3. GopMupoBalHMe CIPYKTYPHI TedeHHA ¢ CHMMeTpueH 5-To popanka. Peaynbrar
YUCHEHHOrO WHTETPHpOBAaHMA ypaeMeHma (8.21) c Brmykpaomed cuno# suma (8.42).
Henonrsoratel uwapameTper: & = 10, Fy = 10°7, ¢, = 10-%, » = 0,31. PUCYHKH COOTBET-
CTBYIOT MOMeHTaM BpeMeHn ¢: 0 (2), 2 X 1075 (&), > 1072 (g)

IpubnmKkeHHoe aHANHTHYECKOEe BRIPAXKEHHMEe MTA CTALMOHAPHOA GYHKIHA

Toka ¥ MOXHO HafiTH cheAymumM 00pazoM. ANNPOKCHUMHpPYEM &MIUTHTYITY
HakauxH Fy () T0cnenopareIsHOCTBIO 8 -hyHKITHIE: ’

o=

Fix,y,)=Fy Z 8(@/Ts —n)cos[k(xcoswr +ysinwe)]. (8.46)
n:—m
Nonssyaces npeacraenenyem (6.48), terxo HaxomAm
- o~ F
F=F+F, F==2 3 cosk;,
q i=1
8.47
. 2F, 4 = 2em /¢ (B47)
F=—— % cost; X cos “'"—>,
q ji=1 m= Ty

27 27
roe §; =k [xcos (7 j) + ¥ sin (7 ;)] Benuunna E,- = kﬁe; , e P — pamuyc-

BEKTOp Ha INOCKOCTH (X, V) H €; — CAMHUYHBIA BEKTOP, ONpEACAAKILHE Bep-
IIHHY TpaBWABHOre ¢-yroibHEKa. Hockonsky ¢yExkuus F (x, y) B (8.47)
ABNAETCH TOYHLIM pellicHHeM ypaeHeHHs (8.8), 10 hyExuus TOKa

ol } (8.48)

0 & 27 2m
z cos{k[x cos(—- j)+y sin(— j)
4 .
vkg j=1 q q

HBIAETCA TOYHLIM petueHyem ypasHeHHs Happe—Crokca (8.24) co cranmonap-

T=_

177



>
<
@;
),
Q)
®
.7 .
=
D
©
)
D

(
(
N
\JD
Qe
©)
D)

o)
e\
@(Q{ (
()
A
1@ PN
?-’9)(31 ®)
Oy e
ol
@@@ O
i
o)
Sors
“NO©

i, i ‘: \ TNy, ‘/_‘\ ~ (7“—\ /-\‘: '/(:-“a\l ’
“e CYAS 2R QDR o

(\@:3?
QA
?OC ‘
e
S
2
S
)
X

) N \ WA

OO[CY ¢ (2 MR DIC
o~ AN = U~

T e T /‘.‘(/5 o o L {
N a2 0 e,
AN Y EICH N CH e P
N A VAN AL SETAENT AN A -
- ( NSV AN SR NCZZa SR N7 R I
- \__/\ L—-—"‘ \-._.-?' L:~:U\ “\,_.j o ' .
x
[0

HOi Haxaukoil F. Ha puc. 8.4a npHBemens! JaHHBIE [UIA CIIyuas, KOTAa HMeer
MecTO pe3oHaHcHoe ycnosue {2 = 10w, a Ha puc. 8§.46 npepcrapiaeHa CHCTema
JIMHME yDOBHA HJA CNYYas Pe30HAHCA BOCHMOTO TOPSIKaA.

YcnopuA Ha rpaHuile eAMHMMHOrO KBaapara I GemM creayomHMH:

¥, )=V, ' (8.49)
AHAJIOTBMHBIM 05p330M BbIﬁHpaJIHCb W HAYanbHBIE YCIIOBHA .

Puc. 8.5 wunoctpupyer peureime ypapHeHHA (8.24), korga ammnuryga -
BhIHYXO2wowlel cuibl BRIGHpasTCA B BHIE

Fo(l‘)"’FoOOS(Qf). i (850)

KapruHa TeueHHR B Pe3OHAHCHOM ciyuze ( =gw (¢ — UeNoe) KayecTReHHO
OTIIKYAETCA OT COOTBETCTBYIOUIEH kagm}m B Cllyuae, [AIEKOM OT PE30OHAHCA.
B ycnoemax pesorancz W npH w/vk® > 1 duHamsHOA crapuedt IBONIOUME Te-
YeHHA SBJIANACH CTANMOHAPHAA CIPYKTYPA ¢ IHIMHADHYECKOH CHMMeTpHe#
g0 nopagxa. Ha puc. 8.5¢ npusemeHa cucrema JTHHME ypoBHed byHKINM
TOKA B MOMEHT BpeMeHH { =57 (g=10), cOOTBETCTBYIHAA CTANMOHAPHOH
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Puc. 8.4. PesynoraT uMCNEHHOIO HMHTerpHpOBahiwa ypabMedus (8.21) ¢ BuHyxpaolileH
cunofl Bupa (8.45). Ilpusenens) muuny ypoBHA ¥ (x, ¥} = const GYHKIHA TOKA YCTIHOBRHE-
welicA CTPYKTYPH TeweHHa: 2 — oua F, =100, » =0,01, T =0,25 - 107*, ¢, =107%,
L=10",7T=107,, 6~ F, =100, » =0,01, T =0,16 - 107, y, =107, L = H}™*,
T=8T,

CTPYKTYpe Ha Bcell MIIOCKOCTH, 34 HCKITIOYEHHMEM KPYTroBoi 0GJacTH ¢ pauuy-
coM nopagka I BOAM3M UeHTpa, BHYTPH KOTOpOH TedeHHe OCTAeTcA HecTa-
HOHAPHEIM. [lpH yMeHBIIEHHM YACTOTH] (W M HAPYIUEHHH Pe3OHAHCHBIX YCTIOBHH
CTalMOHApHAA CTPYKTYypa He Habmiomanack. Ha puc. 8.56 upegcrapned TMHHY-
HplIi BWO NUHBER YpoBHA QYHKHHH TOKA B OfIdH H3 MOMEHIOB €€ 3BOJTIOUHH
Tipu ¢ =5 7. BenuuwHa paccTpoAKH Pe30HaHCHOro yCoIOBUA paBHa 8 = Nw — 1.
Ha puc. 8.56 oTHOCHTENnBHOE 3HAYEHWE PACCTPOMKH pe3oHaHca paBHo 882/ =
={(,044, a BemuanHa w/rk® =1,

Heckonbko MpuBeeHHEIX BbIlIe YHCIICHHBIX Pe3yAbTATOB OeMOHCTPUPYIOT
MHOroofjpasHe pasNuyHpIX CTPYKTYpP, KOTOpble MOTYT BO3HHMKAT: B IpocTei-
INHX BapHaHTaX THAPOIHMHAMMYeCKHX TeueHMH. OGiuas TIpHYHHA, IPHBODAINAA
K TOH WK MHOH CTPYKTYpe, CBA33aH3 CO CIIDXKHLIM BIAMMOLEACTBHEM KOHKY-
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PHUPYIOLIMX CHII, ONpedeIAwiIHX THHAMKKY XHIKOCTA. B obuieM cimyvae cTpyk-
Typsl MOTYT BO3SHHKATH KAaK NpOAB/IeHHe BTOPHUHBIX TeYeHHH M TeueHMi Gonee
BBICOKOTO MOpAgka. B 3THX cmyvyasx TeueHHst 00ee HU3KOTO TIOPATKA HTPAIOT
POJIb CHJIOBRHIX ITOTeH, YUACTBYIOINMX B KOHKYPEHIHH M BIMAIIIMX H3 YCTaHOB-
TIeHHe KOHEeYHOTO BHAA TeueHHA.

MokaxeM, Kak onupenenserca cITPYKTIyPa BBDKHBAOLIETO TEYEHAR B TOCTe:
HEM PACCMOTpPEHHOM npmepe. PazoGheM BhIHYkmatomyto cany (8.45) ¢ amrmy-
typoit (8.50) npu £ =qgw Ha pBe YACTH — CTALUMOHAPHYKH F M HecTauMoHap-
HyR F!

F=F+F; F=Fy;(kp) cos(@y),
Fr WP {J (k) cos[(g+ D+ wi] +
+Jg_1(kp)cosi(g - Nyp+wi]},

TAe p U @ — MOTApHBIE KOOPAHHaTH, J, (kp) — dyHxuma Beccens u B npapoit
YaCTH BRIpRKEHHA OiA F Mal TpeHelperiH CharacMpIMH, COREPAAUIMMKE Fap-
MOHHK¥ C 4acToTOil w. B cuy 1oro, uro ¢yHKUHA F ABNACTCA TOYHBIM peliie-
HMeM 34lIHCAHHOTO B HOMAPHLIX KOOPIMHATAX ABYMEPHOTO ypaBHeHus [ensM-
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F, cos ()

1077, L =107, 6 — gna F, =0,03,

- 1073, Ve

0,510, y, =107, L = 107

Puc. 8.5. PeaynbTart uHCIGHHOTO HHTEIPHPOBAHMA ypanHeHus (8.21) ¢ F, (f)
0.25

g - mma Fy, =003, » =031, T

v=031,T

CF, rie C — NpoM3BONBHAA KOHCTAHTA,

dbyEKIMA TOKA W

1

ronsua (8.11)

it vactu (8.24). CriemopatensHo, dyHk-

SAHYITACT HEMHHEHHOS CllaraeMoe B JIEBO

IHA TOKA

(8.52)

Jq (kp) coslqy),

Fo
vk?

T=_

ABAAEICA TOYHBIM peElICHHEM YPaBHeHHA Hapre—CrOKCA €O CTB.III‘IOH&pHOfI

F TIpH

1
wk?

¥<€ . TToaromy HabGriopae-

Haxaukoit F. BeICTPOOCHWINMPYOINAA YacTh BYHKIMH TOoKa ¥~

~

YCIOBHM 3 vk® yNOBIETBOpAET HepPABEHCTBY

Mad Ha puc. 8.54 B YCNOBHAX TOYHOTO Pe3OHAHCA CTAUHOHAPHAA CTPYKIYpPa

LOCTaTOMHO XOPOILO ONMUckIBaeTcA popmynoit (8.52).
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ITpuBenenibe BRI HekoTOphle WUINCTPAIMYE npymepHBIX TeHeHMH IIO-
K43BIBAIOT, YTO MOXHO YCTZHOBHTb AHAJOTHI0 Mexmy crpyKTypamH, BOZHU-
KapmyMHE Ha $a30Bofi IWIOCKOCTH EMHAMMUECKHMX cHCTeM, H CTPYKTyYpaMH
OBYMEPHBIX TeUeHHH HeCKHMAeMON KHIKOCTH. B meficTBHTEITBHOCTH 3TY 2Ha-
IOTHI0O MOXHO NPOXBHHYTH 3HAUMTENBHO mansiye, Jis 10ro HeOOXOMAMO Ie-
PeATH K AHATIH3Y TPEeXMEDPHBIX TeueHHil.

Tnasa 9

XAOC JIMHHIA TOKA

B mpeppimyiel riase Gpi0 NMOKA32HO, YTO B IBYMEPHOH rHIPOTHHAMHKE
MOTYT CYLISCTBOBATh TeYeHHA €O CTPYKTYPOH, HMewme# CHMMETpHIQ HITH
KBazHcHMMeTpulo. OHAKO 3Ta NeMOHCTPAIMA ABNAETCH JOCTATOUHO OGedHOM,
TAK KaK OepeXxof 0T IBYMepHOH CTANHMOHAPHOH FHADOMMHAMMKH K TpeXMepHOH
NMPHEOIHT K BOIHHKHOBEHHIO KAueCTBEHHO HOBOIO ABNeHuA. OHO NpoaBNACTCH
B CYmECTBOBAHHH XROTHUECKH PACTONONCHHBIX B MPOCTPAHCTBE IMHHHK TOKA.
WHorpa 910 ABMeHMe , HA3HIBAKT JArpamHkeBCKOH TypOymneHTHOCTBIO. PasHble
ero ¢OpMbI He TONBKO MMEOT HMHTEPecHBIe NpPAKTHYSCKHE NpWioxeHHs, HO
H HI'paloT 3aMETHYH pOnb B GHOPMHPOBAHHE Halllero MpPeACTABIEHHA O 3aPO-
DeHu# TypOymeHTHOCTH. B 3TOH rmame Oy[eT yCTAHOBTEHA CBA3: MEXIY CIPYK-
TYPHBIMH CBOMCTBAMM CTALHOHAPHEIX TPEXMEPHBIX TEYeHHH, HMEHIMX CHMMET-
PHIO WITH KBa3HCHMMETPHI0, B Xa0COM JIMHKIH TOKA 3THX TeueHuil. YCTaHOB/IeHHe
9TOH CBA3M B 3IHAYMTENBLHOH CTENEHH paCIUMPHUT HANle NpeACTABIIEHHE O Tex
obnactax ¢H3HKH, THe BOIHHKAET CTOXACTHYecKas MayTHHA. OOHOBpeMeHHO
¢ 3THM MBI OGHAPYXHM YHHBEPCANBHOCTD (TPOABNEHHA KBa3HCHMMETPHH TRKHX
CTONp pasanuaIuxca duInvecknx o0beKTOB, Kak (a’oBpil NOPIper AMHA-
MHYeCKOH cHCTEMEI B ¢@30BOM INPOCTPAHCTBE M FeOMETPHUECKAA CIPYKIypa
CTALHOMAPHBIX TEUeHHHA HMIKOCTH B KOOPAHHATHOM NIPOCTPaHCTBe.

§ 9.1, JInnrs T0Ka B HpOCTPANCTBE

JIuMMH TOKA CTAMOHAPHBLIX MBYMEPHBIX TeYeHHH YCTPOeHsI OUYeHDb NPOCTO
B HBJIATCA JIMHUAMH YpoBHell dyuxuumm Toxa W(x, v). [Mosemenve aummit
TOKE CTAHHOHAPHBIX TPEXMEPHLIX TeHeRHH MOXET GbITh COBEPILICHHO HHBIM, -
TaK KAK TpeXMepHas THAPONHHAMHKA pe3KO OTIMYAeTCA OT HABYMEPHOM.
YpapHenus

dx dy d:z

— == - ©.1
vy by U

OTIpEleNAOT JIMHUIO TOKE NOJA cKopocted v (x, v, z). Bonee ypoGHas samuch
cHcTemet (9.1), HampuMep B BHIOe

dx dy v
o - o =hka), ©2)

Yy

)
== X, V. Zh
dz v, 16

TOKA3BIBAET, YTO MBI HMEEM [I€l0 ¢ “HecTallHOHApHOM™ 3aavedt 1A QHHAMHE-
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Puc. 9.1. Ycroftuussie (4) M HeycToRMMBLIe (6) NHHHK ToKa

5

YeCKOH CHCTEMBI ¢ JABYMEPHRIM (ha3OBbIM TIPOCTPaHCTBOM (x, ) . IlepemenHnas
z UrpaeT poiib BpeMenM. Jhna nosiedl ¢ divy = O MOXHO NpeacT4BETH CHCIe-
My (9.2) B ramuansroHoBckoil GOpMe, H TOTHZ YXe Y~ 00O pa3paBoTaH-
HpIH aNnapaT TEOPHY OHHAMMMECKMX CHCTEM YMNAeTcA HCONL30BATh B NMONHOH
mepe (koM. 9.1},

Ecnu npuuars 8 cHcreme (9.2) NepeMeHHYH Z B KayecTBe “BpeMeHH”
(ToUHO TaK Ke ponmb BpemeHM Morfa Gni MTpate meGad Apyraf NepemeHHan),
TO PAcroNoXeHHe THHUH TOka B RPOCTPAHCTRE OMpPedenuTCa 3alaAHHEM ceMeHcT-
Ba ABYX ABYXNApamMeTpHuecKHX pyHKIuMH:

X =x(z;X0,¥0), Y =¥(2:X0,Y0). {9.3)

3aech (xp, Yo) — “HauanbHBEIE" KOOPIMHATH JIMHHA TOKA, T.e. JHAYCHHA (X, )
Ha HEKOTOpPOH HayalnbHOM IUIOCKOCTH Z = Z,. lloatomy Beipaxenns (9.3) yaoe-
NETBOPAIT YPaBHeHUAM IIBHxXeHuR (9.2) M HAYANEHOMY YCNOBHIO

X0 =x(20;%0,¥0), Yo =y(Z0;X0,Yo). (9.4)

Borpamenua (9.3), (9.4) onpenensior jiMHHI B npocTpaHcrse {x, ¥, 2) mas
3a[AHHOTO MONA cKopocrei ¥ (x, ¥,2).

Crpykrypa dyusxumit £ 1 fo B8 (9.2) (win, HHaue, CTAIMOHAPHOIO Teye-
HHa v (X, ¥, 2)) MOKET MPUBOMHTE K HHHMAM TOKA ¢ PasHOOOpasHOW Mpoct-
PAHCTBEHHOHR TOMONOTHEW, 3Eech TaK ke, KAK M B C/yuae TPIexTOpHE muHamu-
YECKHX CHCTEM, MOXHO FOBOPHTE 00 YCTOMUHBBIX H HeYCTORYMBEIX JTMHHAX TOKA.

Nycts, Hanpumep, NUHKA TOKA MOIH CKOPOCTEH v BBIXOAHT H3 TOUKH 7y
¥ NONMamaer B TOUKY r, (puc. 9.1). ITH TOYKHM CBA3aHBI MEXAy co6Of cOOTHO-
nieHAeM

r2 =‘o%fp (9.5)

N

R KOTOPOM Ollepatop % 3amaer “HBMKEHHE™ JTMHHM TOKA. YCTOHUMBRIM JIMHUAM
TOKA COOTBETCTBYET CNyuai, KOTIa Npy MaIslX BO3MYymweHHAX §ry GymeT Takxe
MarbiM M 81y (pHc. 9.12) . [Tocxkonsky 4YHCNO NMUHMIE TOKA COXPAHAETCA BHYTPH
pyBky TOKZ, TO NOABJIEHHE Xa0CA O3HAYaeT CHABHOE WX ’3anyThIBaHHE” B
npocrpaHcrBe (pre. 9.16) mo cpaBHeHMIo ¢ PpeTyNApHBIM NOBEHEHHEM
(puc. 9.1¢) . MpoHCXOOMT NepeMeIIABaHEe JIHHIA TOKA B KOOPIHHATHOM IIPOCT-
PaHcTBe, NMOHOBHOE TOMY, KOTOpOEe HMeeT MeCTO [JIA TPReKTOpHH uacTuy B
{a320BOM TIPOCTPAHCTBE FAMIILTOHROBCKHX CHCTEM.
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Ecnu TeueHMe ABYMepHOe, TO 33BHCHMOCTE OT z B (9.2) HCHE3AET H Xaoc
MHHA TOKAZ HeBo3mOXeH. Hexoroppie BHIBE CTANHOHApHBIX TPEXMEPHEIX Tewue-
HUH TAKKE KCKITUAT Xxaoc [5]. B manbHefimiem mel GypeM paccMaTpHBaTh,
[TIABHBIM 06pasoM, TeYeHHsA, YOOBAETEODSAIOIINE TAK HA3KIBAEMOMY YCIOBHIO
BensTpamu

p=crotyp, : (9.6)

e ¢ — Hexoropad GYHKUMA KOOPEHHAT. MbrOTpaHMUMMCA TAKXKE CLyvaeM,
korpac ==*1.

Cwmsbrcn YenoBHA (9.6) CTAHOBMTCA SICHBIM M3 CTAUHOHAPHOTO ypaaHeHuﬁ
{8.3) nnA cKOpOCTH

[v. roty] =V, 07

rae ¢ =v?/2+Pfp - npomsponbHan cKanApHas GyHKIMS KOOpIHHAT, HBJIAI-
HIAACA TONHOH MeXaHWuYeCKOH 3HeprHeH XHOKOCTH, OTHECEHHOH K cHUHMIE
macchl. Ecnu ¢ u3MeHAeTCA B HPOCTPAHCTRE, T.€. eCIIM YPaBHeHHe

${x,v,2)= const

onpefensaeT MOBEPXHOCTb, TO, YMHOXasa (9.7) ckanapHO HAa CKOPOCTE ¥, NO-
nyuaem ’

rv)P=0.

310 YCIOBHE O3HAuALT, ITO PYHKLMA ¢ asnfAeTcA MepBBIM HHTETPAIOM CHCTEMBI
ypasHeHMiA (9.1} nys MHHME TOKA, T.e. TAKHe TeYeHHA MCKIOYAIT XaOcC. Ecmn
e B HEKOTOpOH 06NacTH

vd =0,

10 ¥3 (9.7) cnepyer, ¥TO NMONE CKOPOCTER ¥ YAOBIETBOPAST YCAOBHK Benbrpa-
MH (9.6) u, kax GyIer ACHO HIbKe, 1A TAKHX TE€YeHHH BOIMOMKEH Xa0C JIMHHA
TOKA.

QOBpaTuMes Tefleps K YPaBHEHHAM TPaeKTOPHH YACTHIL SKHIKOCTH

dridt=v{(r). (2.8)

TTockonbky NpH CTAHHOHAPHOM NOMAe CKOPOCICH MHHME TOKa COBIANAKT C
TPAEKTOPHAMH YACTHL, TO XA0C JHHMH TOKA O3HAYIET TAKXKE CTOXACTHYECKOE
TIOBENIeHHe  MaCCHBHBIX TMPHMECHBIX YACTHIL, Taxoe noBenenne TpaexTOPHH
TONYYMNIO Ha3BaHHe JIaT paHxKeBOH Ty pOyIeHTHOCTH,

Ilycts r(#) — TpaeKTOpHA, COOTBETCTBYIOWAA HAYANBHOMY YC/IOBHIO
r(t =0) =r,. Haligem ypamHeHHe ONA BO3MYLICHUA 2TOH Tpacktopuu. Jia
3TOTO paccMOTPHM GiH3KYlo Tpaekropuie r(r) +8r(f) ¢ HauanmbHbIM YCNoO-
BieM r{t =0) =r; +87p, The 8ry — HHQHHMTEIUMANBHHIA BexTOp. TOrma
BO3MY1IeHHe TpaeKTOPHK 8 7 () Gy/ieT YROBIETBOPATH CIIEAYI0ILEMY Y PABHEHHIO:

d
=8r=@rv)v(n,
dt
KOTOpOe MOXHO TIepenucaTs B BUE
3 .
o Sr+(pV)or=03rVyr 9.9

184



CTOXaCTMOCTB J‘IHHHI"‘I TOKA MU TpaEKTOPHﬁ YACTHIL AKHOKOCTH O3HAYAET

TIONIOKHUTEeNBHOCTE NIOKAa3aTeNns JIanyHoBa

1 &r(0)l
A= lim — In ——

tro |8#0l (10

WIH 3KCTOHeHUMAaNnpHOe pasferaHe COCEHHMX INEMEHTOB SKHOKOCIM. JT10
NPUBOOHT K eMe OOHOMY HETpUBHAIBHOMY 3deKTy, CBA3AHHOMY C reHe-
palyedl MarHHTHOTO THOJTA [IpH OBMIKEHMH PO BOOAIEH XUIKOCTH, WIH addek-
TV THOPOMATHHTHOTO DHHamo [6, 7],

JEOMOUMA MATHUTHOTO ToNA B IpH 3a/aHHOM TeYeHMM HeCKHMaeMoit
KUAKOCTH ONHCHIBACTCA YPABHEHHEM HHAYKIHH

OB 1
— =rot[ B} + — AR, (9.11)
3t Re,,
B KOTOPOM Re,, = Lovo/v,, — MaruntHoe unco PeltHonbaca; L, — xapakrep-
Hbl# MACUITAl, Vg — XapaKTepHAA CKOPOCTh, ¥, — MArHHTHAA BAIKOCTH, I10Ma-
rai ¢opMansHo B (9.11) Re,, =°°, TONMyuHM, yt0 B W 8r ynoBlerBopsir
OJHOMY K TOMY e ypasHehnno (9.9). CnenmoparenpHo, ecnu mokasarens Jla-
nyHoBa (9.10) oTnHyeH or HyJTa, TO 3TO O3HAYAET TAKKE JIOKATBHOE IKCIOHER-
IMATIGHOE YCIIIEHME marHuTHOro mond. [lonmoxwrensHocrs mokasatens Jla-
MyHOBa, TeM He MeHee, MOXET OKA3arsCH HEHOCTATOUYHOH JAs cylWEcTBOBAHHA
GricTporo puHamo. Cremyomuid npHMep WUTIOCIPHPYET 3TO YTBEPKIEHHe,
PaccMOTpHM HecTauMOHapHOE IUVIOCKOE BMXPEBOE [BUEHME HECHKUMASMOH
AaHaKocTH. TIpH onpepeleHHBIX YCIOBHAX 30eCh MMEET MECTO XaOTHUeCKad
[MHaMHKA ¥ pudy3ua OprMecHbIX Yacrthy. OQHAKO B cWily M3BecTHOH B Mar-
HUTHOH THAEpOIMHAMMKE Teopembl 3anmpera Kaynuura [6] B raxoit gpymepHoit
cHcreme MHAMO-3GddeKT HeBo3MOKeH (koM. 9.2).

§9.2. Tbomn Toxa ABC-Teuenns

B 1965r. B.A. Apronsp [11} npenanonoxwi, 4ro CTaHMOHAPHOE TPEXMED-
HOe TeueHHe '

v, = Asinz + Ccosy,
vy = Bsinx + 4 cosz, (9.12)
v, =Csiny + Bcosx,

ofnagaeT HeTPMBHANBHOH TOHONOTHeH JIMHHH TOKA, TAK KAK IS 3TOTO feue-
HHA BBIMOJHEHO YCnOBHe benmbTpamu (9.6): roty =p. YucnewHpri aHamus,
npoBefigHHbli B paGorax [12, 13], moarBepomn 3Ty OCOBEHHOCTh TEUEHHS
(9.12). Mor yxe oTMeuanu B koHue §9.I, 4TO Xaoc JHHMI TOKZ MOXeET npu-
BeCTH K TOMY, UTO COOTBETCTBYIOLNEE TeueHHe IIPOBORAMIEH MMIKOCTH MOMXKET
NpuBecTH K reHepalMM MArHHTHOrO mons. JTa 3ajava mayvanace Ymimpecom
[14]. Tevenne (9.12) 6o Hazpano ABC-teuermem (Apronsma—BensTpamu—
Unngpeca) (koM. 9.3).

OtmernM B2 BakHpIX CROFCTBAa ABC-TeueHna. Bo-MepBEIX, OHO ABNACICA
petueHuem ypapHenusa Haese—Crokca

dv
; +(pYYr=-V(Pp)Y+vViv +F (9.13)
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NpH HajiexaieM BriGope cumsl F:

F=vy. (9.14)
Papencro (9.14) BeiTexaer H3 Toro, yto ABC-reverme (9.12) YII;DBI!S!TBOPH&T
YCIIOBHID Vip=p. Kpome TOro, CymIeCTBYET YTBEP#ICHHE 00 YCTOIUHBOCTH
ABC-TeyennA npu gocratouHo Gonsmoii Baskoctn [19]. Mosromy ABC-Teuenue
MOXeT BOJHHKHYTh B pe3ylbTaTe [EHCTBHA BHEIIHEH HAKZUKH nogo6HO TOMY,
KaK 3TO OpOHCXOHHI0 B NBYMEPHBIX MOJIENIAX B §8.2.

Filte ogHe BaxHoe cBoiicTBo ABC-TeueHud 3akimwouaercd B TOM, YTO CHCTE
MY YpeBHeHHi

d d d '
: - Y . : , (9.15)

Asinz + Ccosy  Bsinx + Acosz Csiny + Bcosx

. ONpEedenAIIAX JIHHMM TOKa INONA ckopocTed (9.12), MOXHO TNpeflcTRBHTH
'8 TaMAnbTOHOBCKOH dopme [20]. C sroit uensw sammmem (9.15) B cregym-
IIeM BHIE: . .

dx_l 3

———a-H, -——-—iiH, (9.16)
dz ¥ dy dz ¥ ox
rae ‘
P(x,y)=Csiny + Bcosx, 9.17)
H(x,y,2)=%¥(x,y) +A(ysinz —x cosz),

H nepeﬁ,u,eM OT HE3ABHCHMSBIX nepemeHHux X, VK HOBB_IM He3aBHCHMEBIM l'Iepe-
mernbm £ = £(x,¥), p=p(x,¥):
dp_ 1‘ oH {BE op 8t dp }

dz _E—é_t ox ay“ay dx

9.18
at 1 BH{BE op 9t ap}' ©-18)
dz V¥ 3p lax ay dy ox )
HNonaraa g (9.18)
y

tE=x, p =f0dy'\!l(x',y'), (9.19)
RApPHBEIEM ITY CHCTeMY K KaHOHWYeCKOMY BHLY

dx dH dp .Y

— ==, t=__" (9.20)

dz p dz Ix
e QYHKIHA

H(p,x,2)=Csiny{p,x)+Bcosx + A{y{(p,x) sinz — x cosz} (9.21)

HAXOOMICA M3 NONCTAaHOBKM Bhtpukenua (9.17) pna ¥ s (9.19). 3ro maer
p =By cosx + C(1 — cosy). 9.22)

Cucrema ypasHenmit (9.20) c¢ ramunbroHmavom (9.21) sBnfercd, BooGme
roBOpsA, HEHHTETPUPYEMOH CHCTeMoif, 32 MCKIUSHMEM OUEBHIHOTO CHydad,
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Puc. 9.2. HHTerpupyeMbIA CTyaal 10
ABC-Tedenus mp A = 00 JHHUH 4
tToxa Ha nnockoctd (X, ¥}

9
2w
Puc. 9.3. Tlpuamep cevenun [Tyan-
xape mEHel Toxa ABC-revennsa
npd z =0 mnE cnyuas 4 =+/3, 0,0
8=y2.C=1[12]
TR LR B
| 4 5" ! { f -
LN IE R P
M J F I
e : ol B
! ¥ | :
: (] i I
: i| !E ! ‘.
.. ] [} = o ;
BVERE
' [
B [}
> % ':i i
3 ! t '-.:

ra
L T —— L

KOTa OHa CBOJHICA X NBYMepHOH, r.e. KOorga oguH 3 Kosdduimentos A4,
8, C ofpawaetca B Hyns, [lonaras gna onpefenentioctn A = 0, Hafinem mepabril
HHTETpaJI B 3TOM HHTEIPHPYEMOM CIIyYae:

Csiny + Bcosx = Hy = const, (9.23)

Jluaun TOKA B INIOCKOCTH (X, ¥} MOKasaHpt Ha pHe. 9.2. 3mecs HmewrTcA
TPH THIa JIMHWA TOKA: 3aMKHYTHIe JIHHHM TOK2, NTHHHH TOKa, YXO[NALMe Ha
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BeCKOHEUHOCTh, M OCOOBIE NHHUM TOK2, TPOXORAmMe uepe3 CeOJIOBBIE TOUKH
noBepxrocTH Hofx, ¥} u cooTBercrsyioinue cenaparpucam. C MOMOLILI0 HHTEr-

panma (9.23) cucrema (9.20) moskeT ORITH JIETKO IPOMHTErpHpOBAHA, 4 pellleHUe
Bblpa)KeHO Yepe3 IUTHNTHIECKHe pyHkuun [13].

UTo NMPOMCXONHT ¢ IMHHAMH TOKa NpH 4 # 07 PaccMOTpHM IraMHIETORHAH
nuHmit Toxa (9.21). Hpr A = 0 (aBYyMepHbIii cityuai) OH ONpENIENseT CeMeHCTBO
UMAHHIpAYECK HX IOBEPXHOCTeH (TpyBOK TOKa),, COOTBETCTBYIOUNX PA3TIHIHbIM
3HaYeHHAM WHrTerpana “sHepruun” Hgy = const, nMpHYeM 3T10T HHTETpan OfHOBPE-
MeHHO apnAercd GYHKIMeR Toka. Boamywende rammnproHuana (9.21) mpH
MaNpiX. 3HaueHHAX A IKBHBAleHTHO NOABNEHHI0 MAJIOr0 HecTaDHOHApHOrO
. BO3MYLIEHHA B JWHAMHA4YECKOR cucTeme, 3HauWTenbHaA uacTh Tpybox TOK2
cleTKa M3MeHAeT CBOKW OpMy B COOTBETCTBHE ¢ Teopmeil Konmoroposa—
Apnomepa—Mozepa. OpnHako npu 4 = ¥Melores ocobrle cellaparpHcHsIE 10-
BEPXHOCTH, HA KOTOphie JaKe Majoe BO3MYIUEHHe BIMAET cwibHo. OHO IpH-
BOOMT K OOpa3OBaHH® CTOXACTHUECKHX CJIOEB B OKPEeCTHOCTH pa3pyIieHHBIX
cenapar'puc M, CTe[OBATeNIBHO, K Xaocy NHHWA TOKa. C pocTom napamerpa

A (4~ 1) crosactiyecxHe cnoM pacumpawtcs (puc. 9.3) M Xaoc THHKE TOKa
OXBAaTpIBAET JHAYUTENBHYIO YACTh TPEXMEPHOrC MpPOCTpaHCcTBA. BosHHKHOBEHHE
Bonpux ofnacTell xaoca THHME TOKa B ABC-reuenuu, oBHapyxerHoe B [13],.
B JIefCTBUTENIbHOCTH ecTh NpoABnenne Gonee obmerc 3pdexrta. M nogpoGHo
PaccMOTPHM 3TOT BOIpoC B §9.4.

§9.3. TpexmepHEie TeUeHHA ¢ CHMMETPREH H KBa3HCHMMeTpHel

Kax yxe ormedaniocs B Npensiayiueit rnase, B ABYMEPHOH THIPOIHMHEMHKE
MOXeT, BOOOLIe roBOPA, PealMIOBATLCA KBAZUKPHCIAIUTHYeCKAs CHMMETpHI,
ECITH 33 CUeT MCTOYHMKA M BA3KHMX WIeHOB ¢O3[aTh 00HACTh YCTOMMHBOCTH NOO00-
HBIX TEMCHHH.

B TpexmepMBIX CTALMOHApHBIX TEYEHHMAX TAKXKE MONKET CYUEeCTBOBATH
kpasucuMmerpua  [21, 22]. Paccmorpum TOne CKOpOCTedl, Onpedensemoe

BbIPaXKEHHAMH
av . oy
Uy =— —— +ésinz, v, =-— —ecosz, u, =Y, (9.24)
ay o dx

roe € — napamerp, a dyukuma V= V(x, y) yOOBIETEOpsAeT IBYMepHOMY
yparennw Fensmronbia (8.11)

VAW + ¥ =0, ' (9.25)

Henocpencreennof NpoBepKol MOXHO YOeTHILCH B TOM, uTO TeueHHe (9.24)
VIOBNETBOPAET YCHOBHIO HeCKHMAEMOCTH

dive=0
# ycnoBHio bensrpamu B dopme
oty = —y’. (9.26)

PaccMoTpuM uacTHBIR chyual reyenus (9.24), B xoropoM EBhifiepem B
KauecTBe PelueHrA ypasreHus (9.25) cnemyiomee BrIpaxeHne:

q
v=w, ¥ cos(Rey), (9.27)
i=1

188



roe, Tak xke xax 1B (8.12),R = (x,y) — KOOPAMHATHDIA BEKTOD U

o) (20

— e[MHHUHEIE BeKTOpHl, 06padyiouwme NpasmwisHylo g-3pe3ny. Tax ke, Kak
u paHee, GymeM TOBOPHIb, 4Yr0 TeyeHue (9.24) MMeeT CHMMeTpMI0 TOpsaXa
¢, HITE TIPOCTO KBa3HCHMMETPHIO.
3aMeTHM, 4ro hyaxima (8.12)

¥ = g‘, Cicos(Re; + g}, (9.28)
j=1

74K Ke, KaKk H (9.27), ynopnerBopser ypaBHeHnwo I'embmromsma (9.25). C ee
HOMOLIB OTHCEIBAOTCA 0006IIeHERIE TEUEHHA C KBa3HCHMMETpHe#.

[fone cxopocrel, ABNMOIIEECH 3ePKANBHO-CUMMETPHUHEIM [0 O THONIEHUID
K (9.24) , onpenenAeTca BHIPAKEHHAMM

A ov

Uy = — +Asinz, v, =- -— +Acosz, v, =V, {9.29)
ay ax

rie A — napamerp, 2 ¢yHkuuA ¥ ABnfeicA peleHuem ypapHeHusa (9.25).

Ecmi Beifpare dymcomo ¥ B Bupe (9.29), TO Taxoe TeUeHHE HMEST KBa3u-

CHMMETPHIO, OBHAKO 3HAK JIONAPH3ALHHA NPOTHBONOMOXKHOH IO OTHOLICHHIO

K (9.24),1.e. ycnosxe BenbTpaMu 3aAKCEIBAETCH B BHAE

roty =p.
B yacTHOCTH, echHM

¥ =Csiny + Becos x,

TO COOTBETCTBYWIUge Moje ckopocred aBnsgerca ABC-revenmem. Taxum obGpa-
3omM, TeueHue (9.24) win (9.29) ssnsercA cwibHbIM ofoGiuerkeM ABC-reve-
HutsT Ha criydait IPOM3BOMBHON KBa3sHCHMMETPHH.

Ins KBAUCKMMETPHMHOTO TeweHHA (9.24) cucTema ypaBHewn#t (9.2),
OTIpeNerAIcIas IHHKK TOKA, HMEET BHA

dx 1 3 dy i 9

el a—H(x ¥z}, Z T B;H(x,y. z), (9.30)
TII¢ BEIPAKECHUEC

Hix,y,2)=¥(x, ) +eV(x, ¥, 2}, {9.31)

V{x, y,z)==xcosz — ysinz,

ABAETCA TaMIUIPTOHHAHOM, ONpPeNeNsIMM YpaBHeHHa nswwenna (9.30).
B cuenyminem naparpade Mpl MOKaXeM, KAKHM 0GPaIoM EHHAMHYECKaA CH-
crema (9.30), (9.31) moxeT ObITh NpHBeNieHA K OOBIMHON KaHOHHYecKo# op-
Me. Oneako yxKe ceHyac HEKOTOPEHIE Pe3y/bTaThl TEOPHH OMHAMMWYECKHX CHCTEM
MOTYT BbITh IpUMEHEHEI HENOCPEACTBEHHO K Ypateunsam (9.30).
Hesoamymennas uacrh cdacremst (9.30) ¢ ramunbromuanom (9.31) npm
= 0 uMeeT MHOKECTBO OCOGBIX TPaeKTOpHil, IPOXOIAIMX Yepes CEIIOBHIE
Ocofpre Touku (cemaparpucel) . Hanpmmep, Tpu ¢ = 4 win q = 3, 6, Korna
bynxuus ¥ sagaerca dopmynamu (8.16) umm (8.17), Boe cenaparpycn NpH-
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Puc. 9.4, JIuyuu ToKa GOPMUPYOT CTOXACTHYSCKYIO TAYTHKHY C KBaapaTHol cumMmetpued
(g = 4) . TloxasaHu peayNbTATS] YKCITIEHHLIX PACYETOB YpaBHenud (9.24) nnag =4ue =0,6.
Mnockocts cevenna Ilyanxape (X, y) cooTBercrByeT z =0 (@) M 2 =rnf4 (6), Pasmep
KBanpata Br X §n [22]
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Puc, 9.5. MexcaroHamsHan CTOXACTHYECKAR N8y THHa, Pe3ynsTaTel YHCEHHEIX pAcieroB ypaB-
Hewuit (9.24) nng g = 3. NlnockocTk cedennd Ilyawkape (x, ¥): ¢ — R £ = 0,3, 2 = /4,
6 -nnae = 1,0,z = 0; pasMep kpagpara 9,27 X 9,2r [22]
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Puc, 9.6, CrparubuuUMpOBaHHAS CTPYKTYpAa reKcATOHANEHON DayTHhul (¢ = 3). CedeHue
Tlyankape B BepTHKaNEHOM nuockocTd (¥, 2): 8 —x =0, ¢ =1, 6 —x =m, ¢ =1; pasmep
KBagpaTa 87 X 87 [22]
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Z=a

+400q9¢

=200

+307

=309

=-30m T +3097

Puc, 9.7. O6mmH BUOD UpOCTpaMcTBeHHOH AHGA@YIHH OJHOM JIHHHH TOKA B IUIOCKOCTH
(%, ¥) naa z =n/4: 2 — KBampaTHa® cUMMeTpus (¢ =4, ¢ = 0,6, —400r < x < 200m,
—200m < y < 400m), 6 — rexcarodaneHas cuMMeTpHa (g = 3, e = 0,003, —30x < x < 30mn,

—30m < y < 30a) [22]
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Ha[jlekaT OTHOMY M TOMY ke 3HaveHHIo GYHKIHu Toxa ¥ u 0Gp2asyloT IO3TOMY
eqMHYH0 KBApaTHYI0 WIM IeKCaroHanbHylo ceTh. JloGoe, koMb YIOAHO MANoe
MEPROMMUECKOS BOIMYIIEHHE N0 z (T.£. NPOMIBONBHO MaTbie €) TPHBOIMT
K paspyiLeHWI0 CelApATPHC ¥ NOABTEHHI0 B MX OKDECTHOCTH KOHeuHOH oGnacty
CTOXACTHYECKOH OMHaAMHMXH THHAH TOKa. B manHOM crnyuae 310 03HagaeT UOAB-
neRMe B TIPOCTPAHCTBE (X, ¥, Z) CTOXAcTHueckoil NMAYTMHBI ¢ SMEAKAM¥ KBaj-
PaTHOM HITH reXcATOHANBHOH CTPYKTYphI. [IpHMeph! TakoH NayTHHBI IPUBEIEHBE
Ha puc. 9.4, 9.5. BHyTpH NayTHHbI COXPAHAIOTCH MANTEIe OBIACTH {OCTpOBKH),
BHYTPH KOTOpPBIX AMHAMHKA JIMHHME TOKA YCTOATHBAA. ITO O3HAYALT, YTO JTHHUH
TOK2 HAMATHIBAIOTCA PETY/IAPHO HA HEKOTO[YH HHBADHAHTHYH IOBEPXHOCTh
(1pyfky TOKa). B manHOM cryuae TaKHMH TOBEPXHOCTAMM ABJIANTCA HIFH-
Gajompecs NEPHOOHYECKH TPYOGKM C OCBIO, OPHEHTHPOBAHHOH B -TIpOCTPaHCIRE
B HECKOJIBKHMX HAlpABJIEHMAX, 3ABHCALIMX OT NOPATKA CAMMETpHYM g. CeucHHs
3THX TPYGOK M 0BpasynT OKHAa B CTOXacTHYeCKO# nayrmde Ha puc. 9.6. Bex
OCTaIbHAS OGMACTs NAYTHHB 3AHOMHHAETCA BCErO JIMOIL ONMON TpaeKTopueH H
ABAETCA (QPAKTANBHEIM MHOXECTBOM, 3aHMMAOMMM KOHeyHRW! ofbeM B
MPOCTPaHCTBe (X, ¥, Z) . .

MpuGnkasgch K TOUKAM OCTAHOBKM (cepyiaM) , JekaHIMM Ha TiepeceyeHMH
CEHAPATPHC, NMHHA TOKA MO CUywiiHOMYy 3aKOHY “BpiGMpaer” HalpaBlcHHE
CBOEro fansHedimerc gpikerus. B pesynerate BO3HHKAEeT IPOCTPAHCTBEHHEBIA
muthdy3HOHHBI NMpoLece, AHATOTHYHEIA GPOYHOBCKOMY [IBHXKEHHIO YACTHII
HAa KBalpaTHOH HIH eKcaroHaIbHOH peuieTke. JIBa mpuMepa Takoi fubdyaun
s g =44 g =3 NONyYeHsi B Pe3yNbraTe YMCASHHOTO aHAIN3a B H306PaeHDI
Ha puc. 9.7. JiuHuA T0ka MOxeT NpoHTH 3HAYUTETISHEIN OTPE30K AJIHMHBI B IJIOC-
KOCTH Z = const, MOBepHYTbcA M TepeldiTH B IIOCKOCTh X = const, ONMHCATh
JOBOJIBHO CIOSKHYI0 NELII0 H 3aTeM CHOB3 BEPHYTbCA B TY k¢ IUIOCKOCTh Z =
= const. Umenno mosromy B KapTade IudbdyIud HaGMIOTANTCA “TPRDKKYH
JMHAA TOKE B OOHOH M TOH e IDIOCKOCTH z = const. 310 0COGEHHO XOPOIID
BMIIHO B ciyqae ¢ =4 (puc. 9.74).

Ilo cymecTBYy pesyssTaTel 9TOTO Haparpacda NOKa3EBA0T, YTO CTALHOHAp-
HOe TpexmepHOe TeMeHHe YCTpOEHO B 3HAUHTENBHON Mepe HeTpHBHAIIBHO,XOTH
¢opManbEHOe BhIpAKEHHE 1A NOTIA  CKOPOCTEH MOXKET BBITHAMETh JOCTATOM-
HO Ipocto. QOnacTd CTOXACTHYHOCTH ITHHUHA TOoKa pa3bHBalT BCe KOGpPIHHAT-
HOe RpOCTPAHCTBC, B KOTOPOM NPOHCXOOHT TEUEHHE, HA CHCTEMY sUeeK, UMeto-
wero aubo TPOCTYI0 KPHCTAIHYECKYo cMMMeTpuio (¢ = 3,4, 6), muGo oueHs
CIIOXKHYID — KBASHKPUCTATIIMYECKYI0 CHMMEYPHIO, KaK 3TO HMeET MeCTo B
cnydqae ¢ =35,7,...

Tomuuua ofiacTeli CroxacTHUHOCTH (CTOXACTHYECKON NMayrMHsl) olperie-
nAeTcd TApaMeTpamMM TeUeHHs. JTO sBJIeHHE eCTeCTBEHHO HA3BATh TypOYJeHT-
HOCTBIO AINHHE TOK4.

3pecs HAM YJaTocs He TONLKO IPOASMOHCTPHPOBATH HOABIIEHHe IIpO-
CTPAHCTBEHHOH CTOXAacTHUECKOH NayTHHBL B THAPOOHHAMMYECKMX CTAHUOHAp-
HBIX TEYeHMsX, HO M NOHTH 3HauMTellpho panbuie. [MppopuHAMMYECKAA HAY-
THHA ONpeIeNAeT CTPYKTYpHI TeueHuii. CKopee Beero, He TolbKO TeueHue (9.24),
HO M OpYFie TEYeHHA ¢ JOCTATOUHO CICKHOH CTPYKTYpOil TéeHepHpYIT larpaH-
*keBCKYI TypByneHrHocTb. Ilosromy Gudypxamus CIpyKTyphl O3HAYET TAKIKE
GubypKalBOHHOE H3MeHeHHe THIPOMMHAMIMECK O NAY THHBL.

B crnepyiomem maparpade 6ymeT paccMOTpeHa Teopusa o0GpasoBaHHA TUIPO-
AHHAMMYECKOR CTOXAaCTHYECKOH NayTHHBL.
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§ 9.4. CToxacTHUECKHE CJIOH B CTOXACTHYSCKHE MAYTHHEL
B THXpOOHHAMHKE

PaccmoTpum TeopHI0 ©6pazoBaHHA FUAPONMHAMEYECKOH CTOX2CTHYSCKOH
TIAYTAHEI IIPH MANBIX 3HAYeHHAX ¢ <€ 1. Mp OpHBegem HompoBHOe H3NOMNeHMe
st @ = 3. 70T e NMYyTh MOXeT GBITh NONOKEH B OCHOBY H3YUYEHHMA TeUeHMH C
OpYTHMH IHAUECHHAMH (.

HepeiigeM 0T He3aBECHMBIX TepeMeHHBIX (X, V) B YPaBHEHUAX 5. 26) K
HOBBIM KAHOHHYECKHM NIepeMeHHBIM (X, p) ¢ HOMOILIBK HelHHeHHOTO Npeobpa-
30BaHMA THNA (9.19)

¥

p=plx, y)= Df dy' ¥ (x, y'). (9.32)
B HOBBIX NepeMeRHBIX (X, p) ypaBHeHua (9.26) 3alUCHIBAIOTCA B KAHOHMYECKOH
dopme:

dx oH dp aH

.8 & _ A (9.33)

dz p dz ax
¢ FaMHABTOHWAHOM

H(p, x,z)= Y¥(x, y(p, X))~ ey(p, x)sinz — ex cosz, (9.34)

MepHOOMYCCKH 34BHCAIEM OT "BpeMeHH” Z.

Taxum obpazoM, ¢ ToMolpio TpeoGpazoparmna (9.32) zapgava of ompepe-
JIGHMH JIHAMA TOK2 B TPEXMEPHBIX CTaIMOHAPHEIX TeYeHMAX CBOTMICH K HCClle-
AOBaHMI0 TAMIIBTOHOBCKOH CHCTEMBI ¢ TIOMYTOpa CTelleHAMM CBOGO/IE:.

IlpuBenem ABHYH 3alMCh HeNMMHEHHOTO NpeoGpasoBaHua (9.32) B cnyuae
TeKcaroHampHoil cuMmeTpuH (g = 3), Korja HeBOIMYLUEHHbI TaMHIBTOHMAH
onpenensierca bopmynoi (8.17):

X 3 x 3
\If=cosx+cos(— +£ y)+ cos(— —i ) (9.35)
2 2 2 2

' Ii1a OTIpENENEHHOCTH Mbl oMok Kodgduuuenr ¥, = 1. B 310M BRIpaxe-
HUM TIEPEMEHHAA ¥ KaK GYHKUMA X M p HAXOOMTICA M3 PELICHMA HelHHEHHOro
ypapHeHus (9.32):

44/3 x 3
p=ycosx + ;/— cos; sm(—-\g—: y). (9.36)

Paspenras (9.36) orocuTeabHO ¥, GynemM HMeTh

X
nCcos —
4/3 = ()" 2 3n
y(x, p)= d + V3 z ) I sin(v—p) (9.37)
cosXx 3 n=s1 n 2cosx 2cosx

C nomonmsio (9.37) ramunsronma sagauw (9.34) mpu ¢ = 3 sanMceBaeTcA B
ABHOM BHAE KaK GYHKIHNA X, P H Z.

Bocnompsyemca ganee MeTonoM KaHOHHYECKHX Npeo6pazoBaHMil M nepei-
neM ¢ TOMOILIBIO NPOH3BONAMeH GYHIKIIHH

Sx)= f dx p (¥, x) (9.38)
0
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B raMHIbTOMMAHE (9 34) or TepeMeHHbIX (x, ) X xaHOHMYECKUM NE¢peMEHHBIM
" (I, ¢), ABNAIOUMIMCA HepeMeHHBIMM ACHCIBHE — yron Oif HeBO3MY LICHHOH
sagaun (e =0):

1
I= —¢dxp, ¢=235( x)/ol
2n

Beipaxan ¢ nomotnsio (9.35) u (9.36) p uepes x u W u HOACTABAASA B (9.38),
HOTYYMM

23 x ¥ —cosx
S(x, = —— fdx }cosx -arccos [ ————
3 o X
2cos —
2
x ¥ —cosx \ 2]V/?
+ 208~ - {1 - ———— . (9.39)
2 x
2cos —
2

CyiliecTByeT HBa MHTepBalla ¢ PaIHBIMM BBIPBKCHMAMM RIA ZefcTBEA H
yrnosoi nepemennod. [py —1 < ¥ < 313 (9.39) umeem

43 ¥
‘/—fdh
37 o (2h +3)1/9

I=

Kix, ()], (9.40)

rage
[3 —h* +2(2h +3)'/2]1/2

2(2h +3)H14

k()=

— MOOYNh NOJHOTO IAKNTHYecKore uurerpama K(k,). Ha dopmynsr (9.40)
CIIeYeT BhIpRXKEHHE 1A YaCTOTsI HEIMHERHBIX KOTIeOaHHH
' g V3
Q= — = 2% +3) VAR k(W 9.41
ol PR ) ki ()] . (9.41)
B ofiracru BGmuan cenapatpuce (¥ —~ —1) Bripaxenue nia §2(¥) umeer, kak
OBBIYHO, OTAPKGMHIECKY10 OCOBEHHOCTD:
/3 1

2= (/| ¥ +1]) | (042)

B oGmactu snavennit —%, < ¥ < 1 Bmecto (9.40) umeem

= 83 > [ n i +VIRFE P = 0+ 1 KTk 0, (9.43)
o

roe k2 = lfk;.YUacrora HemMBeHEbIX KOyeGaHMi BONMMIM CeMApPATPHCHI B ITOH
O0NAcTH 3HAYEHHH HEBO3IMYILECHHOIO IAMWIbTOHHaHa ¥ mo- npexcnemy olpenie-
nsercs dopmynoi (9 42)

FammneroHuan nuHEMA Toka (9.34) npu € = 0 (gBYMepHpIil cnyuan) onpe-
OENAET CeMEHCTRO IWIHHAPHYECKHX NMOBEPXHOCIEH, COOTRETCIBYIOWIUX pa3nHy-
HBIM 3HauYeHuAM HHTerpana suepruy ¥ =const = £, Cpegd HHX HMEKTCH ©OCO-
6b1e CEMapaTpucHpie TIOBEPXHOCTH, HA KOTOPHIE Jlawe Manoe BO3MYIieHUe
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pMseT CHABHO. MIX CEYEHMe IMNOcKOCTHIO Z = const fIaeT HpH ¢ =3 reKyaro-
HANBHYI0 CeTKy, KOTOPaA Hpu € # 0 paspyliacTci ¥ Ha ee Mmecre ofpasyer-
¢ CTOXacTHUecKas MayTHHa,

Onpefenim TONIMMHY CTOXACTHYECKOH MAYTHHSI, C 370 LENBI0 PACCMOTPHM
ramwisTonmair (9.34) npu € < 1. Wamenenne ramunsronmana ¥ Haxomures
¢ IOMOLIBK0 YPaBHEHHA

dw € ( ar o )

= ——ginz ~ — cosz (9.44)

dz —\E'ax ay

CelapaTpUCHEIE HOBEPXHOCTH NPH ¢ = 3 COOTBETCTBYIOT 3HAYEHHIO IAMIUTBTO-
umaHa ¥ = —1 i ONpenensoTCH ypaBHeHAAMI

x=n(n +1), x=\/§y+21r(2n2+l), x=-\/§y+2n(2n3+l}
(m,ny,my=0,%1,...). (9.45)

Haitgem ogno n3 CenapaTpHcHLIX pellieHkit HeBosMyIeHHOH 3apaun (¢ = 0).
Mycts, Hanpamep, x = . Toraa u3 (9.30) nomyyaem

dy V3
~—=cos| —uy ). 0.46
e 5 y) (9.46)
Wurerpupys (9.46) , Haxomum
3 i 3
"-5\/:}! = 3 2arctg exp [— % {z —z,,)], (9.47)

r7e Zn — MOMEHT NpOXOoxeHHA nosepxHocTH y = 0. Buipaxeuue (9.47) umeer
OpocTOR ¢MBICTI. JTC COJMTOH JIMHMM ToK2, o0pa3yloulell FeKCaroHajIbHYIo
crpykrypy. Honcraenar (9.47) B (9.44) u HHTerpHpyd 1O Z,HaiifieM H3Me-
HeHMe HEeBO3MYyMieHHOH sHepruM ¥ = L Ipy ABMXEHMM MeXOy OBYMSA Coceq-
HHME ceoBevE Toukamu z () u 2(2):

e

sinz = sinz
AF=¢ [ dz ~e¢ [ dz + (9.48)
A1 V3 == V3
ch (z —zn) ch|—(z-2z,)
2 2
Orciopa cnemyet
AE ~+/3 nesinz,,. (9.49)

H3 dopmyn (949) u (9.42) nonywaem otobGpaxeHHe, OMACHIBAIOLICE TOBENE-
HUe NTHHHA TOK2 BOIH3H ceNaparpucs:

Epv1 =Eq+ V3 resinzp,
2\/3_1 1

n .
3 |1+En+l|

(9.50)

Z"+1 =Zn +

An# 0BnacTH BHYTPH CTOXAaCTMUECKOrO ¢/los u3 (9.50) nmeem (cm. § 3.2)
|1 +E| 2me. {9.51)
Otrciona maxomures LBPHHA CTOXACTHUecKoro c¢iof 28F, ecm B (9.51) momno-
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T2

« £ X %

oy ' e & ‘_’_ ‘

(] -,  ; " A

e ) ‘ : ¥, .

R : b ‘...
5 Y » . .

1

=127 x +i2m

Puc. 9.8. CroxacTuveckas MayrHHa NHHMYE TOK2 ¢ KBaIUCUMMeTpHe# 5-To nopgoxa, [noc-
x0cTh 2 = (). PelreHe ypaBHenuit (9.24) cootercreyer ¢ = 5 H ¢ =0,03. Pasmep KBaupaTa
247 X 247 [22]

#urh E = —] 1 8F 1 B3ATH 3HAK paBeHCTBa:
28F = 4me. (9.52)

MosyueHHs1li pe3ynbTar MOKA3mBAcT, YTO B MPOCTPAHCTBE (X, ¥, Z) HMe-
eTcAd KOHeyHas ofmacTe — MAayTHHA, TOMMHON NMOpAAKa €, PHYTPH KOTOpOH
JIHHHM TOKA PACTOIAralTCA B MPOCTPAHCTRE CTOXACTHYECKH, XOTH 3TOT BBIBO
afeck MpHBeJeH NUIIL JUIS YACTHOTO CNyWad FEKCAarOHATBHOR CMMMeTpHH, OH
MOKeT GBbITh JJOCTATOUHO MpocTo 0GOGLEH Ha ciywail ABC-revenns [21] wm
TeueHHA ¢ NMPOM3BONLHOE KBasHCHMMETpHedl. 310 O3HAYAeT, YT0 CTALHOHApHDIE
TeYeHKRA, CO3[aBAA ONpeNeICHHYI0 CTPYKTYPY B NPOCTPAHCTBE, OMKOBPEMEHHO
NOPOXAAKNT OBNACTM XA0ca PAacloNOMeHHs JIHHUHA TOKA TOJINHHOH TIOpAAKA €
B OKPEeCTHOCTH 3TOH CTpYKTypbl. TpexmepHsiit XapaKTep cTPYKTYp i 06pa3o-
BaHHA CTPYKTYPHOTO X403 ABTIACTCA HEOOXOIHMBIM Y CIIOBHEM,

B raaBe 6 yxe ONHCHIBAICA MeXaHHSM 0GPa30BaHHA NMayTHHLI ¢ KBA3HUCHM-
merpueil. 3mech, OHAKO, MBI CTOJIKHYIMCh C €€ COBeplIeHHO HOBLIM YIPOABJIC-
Ruem. OGpa3oBaHHe KBASHCHMMETPHUYHON FHMIpONMHAMMYECKOHR NayTWHBI Ipo-
HCXOHHT He B (aszoBoM mpocTpaHCTBE WACTHULI, 3 B OOLMHOM KOOPHHHATHOM
npocrpanctee (X, J, z}, Ti¢ PONb YCTIOBHOTO BPEMEHM Mrpaer TNlepeMeHHan Z.
TlayTHHa sBNfeTcA TpeXMepHOH, 2 KBaSHCHMMETPHA PeanH3yeTcA B ILIOCKOCTH
{(x, »). llpumep TpexmMepHOTO TeyeHHA, B KOTOpoM 0Gpasyerca IIOCKAA CIPYK-
TYpa ¢ KBa3KCHMMETPHeH NATOro NOpAnKa, HpHeeneH Ha puc. 9.8. On monyuen
VHCIIEHHO 1A cucteMbl (9.24) ¢ dyukuueit Toxa (9.27) npu ¥ =1u g =5.
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§ 9.5, BUHTOBBIE CTALHOHADHLIE TeucHHS

B stOom naparpade MbI BBeniem elile OIHH THII TPEXMEPHBIX CTAIHOHAPHBIX
TeueHHil, KOTOpslA OGIaNaeT BHHTOBOH cHMMeTpHell Nopsjxa N ¥ ABISeTcA
TpexMepHpIM 0GOOLIEHHEM TUIOCKOro TeveHns ¢ ¢yHKIme# Toka W, ynomner-
popswoweii ypesHenuro I'envmromsma (9.25). Takue revenus cummerpramnbt
OTHOCHTENLHO TIOBOPOTA BOKDYT O¢M 2 Ha yron 2m/N. HX cymecTeoBaHme
OCHOB3HO HA IIpEACTAaBIIeHMM Mona ckopoctedt (9.24) B IMTHHAPHYECKHX KO-
omeHaTaX.'

1 8F ¢ o €
vp=— —=— + —sinz, v,= — — —cosz, v, =V". (9.53)
rag r or r
3neck yHKuMA ¥ = ¥, p) ynosneTBopseT ypaBHenuio {(9.25) , 3aMMcRHHOMY
B [OMAPHBIX KOOPTHHATAX :

19 o v
rar or p?

Jlerko yGeuIbca B TOM, 4TO T4 TONA ¢Kopocreit (9.53) BRINONHEHO ycnopue
. Bensrpamu rotv = —v.
Peiennem ypasuenus (9.54) senserca GyHKIMA

V@, 9) = Z CyJy (r) cosing), (9.55)

) (9.54)

rae C, — nocroanuse Koadpuunentsi, a J,(r) — dyuxuus Beccenn, Hexoro-
pbie yactHeie cnyuaM (9.55) Br3mBawT ocobpil uurepec. Ecnu B (9.55) ocra-
BHTH TONBKO OJUKE WIeH ¢ # = N, TO NOJIYYNTCA BHHTOBOE TeUeHHE ¢ CHMMETpH-
el IOBOPOTA B TNIOCKOCTH Z = const Ha yron 2m/N:

N . € .
v, = - Ty () sin(Ny) + :smz,

€ ‘
v, =Jy (Pcos(Ny) ~ - cosz, (9.56)

v: =Sy (r)cos(Vy) .

CHcrema YpaBHEHMt 1A MMHMA TOKA MOXET GBITh 3aMHCAHA CHEOYIOMMM
0bpasom:

dr 1(1a~1: € )
— = —{~- —— % —sinz},

dz N4 r dp r
9.57
dy 1 /ov € ) ( )
r—=—-|— — —cosz},
dz W\ or r
roe
W r, ) =Jn{r) cos{Ny) (9.58)

ABNACTCA NepBBIM HHIEIPalioM B OTCYTCTBHe BO3MYINUeHHA ApH € = (. YparHe-
HHa (9.57) Takoke MOIYT OBITh NpeNCTaBleHpl B TAMMIBTOHOBCKON (opme c
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Puc. 9.9 Jiysus YpOBHeH (ByMKunM
ToKa (9.58) BHHTOROTO NOAA ¢ CHM-

MeTpHell §-To NOopANKa

FaMIUIBTOHHIHOM
H{, p,2)=
=Y (r, ¢)—elygsinz +
+Inr-cosz). (9.59)

Cenaparpucht  HeBO3IMYLIEHHOW
CHCTEMBI C TaMIDIBTOHHAHOM
(9.58) o6pasylr mpaBWILHYIO
naytaHy (puc. 9.9). B mmyx,
CHMMETPHUHO  pacloNOseHHEBIX
- OTHOCHTEJIBHO  LEHIpa  Avel-
KaX XHOKOCTh Bpamaercd B TIPOTHBONOJIONHLIX HanpapieHMax. Jiif BHH-
TOBMX TeueHMit (9.56), Tak xe, Kak H [IA TeueHMil ¢ KBA3HCHMMET-
PHed, YCTAaHABNMBACICH CYINECTBOBaHMe CTOXAcTWdeckoil mayrunpr. Hekcr-
BHE BO3MyHieHHA UpH € ¥ 0 paspynmer cenapaTpucHyn ceTky, oGpasys
Ha €& MECTE CTOXACTHYSCKHH CIOH.
YacTHbIM cTyyaeM BHHTOBOTO TeueHHA (9.56) ABNAETCH LMIHHIpPHUECKOE
TeueHue Apu N = 0. B atoMm cnyuae u3 (9.58) crienyer

¥ =Jo(), {9.60)
M 3a71aya sBNACTCA HHTerpApyeMoi. JleficTBuTeNnLHO, H3 (9.57) cnemyer

dr €sinz
—_—— (9.61)
dz rJo(r)
H 3TO YPaBHEHNE Cpa3y HHTEIPHPYETCA:
€cosz +rf, (r) = const. (9.62)
O1croma cnepyer, 4TO TAKHE TeHeHHA COXPEHAKT BPAIIATENEHEI MOMEHT ©
v, r = —const,

H ONHMCHIBAIOT OBMXCHHE XKHOKOCTH ¢ 0COGEHHOCThI0 HA ocl r = () moxoxee Ha
BMXPCBOC IBHKCHHE B cMepyax.

MoxHO NpPOBECTH AHANOTHMIO MEXDY CTPYKTYDaMK, OGpas’yeMbpIMM Tujl-
POTHHAMWYECK UMY TEYCHHAMMH C BHHTOBOK CHMMeTpHEH, U CTPYKTYpaMHu Ha (a-
30BOMH IIOCKOCTH, ONHCAHHLIMU B § 5.2,

§ 9.6. CroxacTiEOCTS THHMG TOKA
TIDK CTAHOHAPHOMH KoORBeKIMH Panes--Benapa

OnncaHHas Bbuue CHTYAUHA, MO-BUARMOMY, ABIAETCA HOCTATOUHO YHHBED-
CaTbHOR M MOITOMY XOPDIO H3BECTHBIE CTPYKTYPHI NPH APYriX CTAMOHAPHEIX
ABMKEHHAX XHIKOCTH, ra3a WiH YUTa3Mil BOKHBE 0GTagaTh Nopo6HRIMHE CROH-
CTBAMH. 3TO O3HAYAET, YTO CTPYKTYDEHI, BOSHHKAIOIME B XMIKOCTH [0 TOAB-
fiendst TYpGYNEHTHOCTH, CO3MAI0OT CTOXACTHYECKYIO NIAYTHHY JMHMiA ToKa. Kpome
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PHc. 9.10. JIuHHN TOKA B TeKCAroHankHo# avell-
Ke B NepBomM npuGIIDKEeHHH N0 NapaMeTpy Hag:
KPHTHYHOCTH &

Puc. 9-11. Ceuenre Tlyauxape cucTemur (9.65)
mpn z = wf2; 4 — cedeHHe TOPOMOANBHEIX 110-
BepXHoCTeH, § — CTOXACTHMMeCKad JIMMMA TOKa
B AYeHKe

B
x

-0,2 v

0,6 7¢ z 3am

5 EPS=0,2 Z2=P1s2

Lz x 2,07



-2
TOro, pAacNoNOMeHKe 3Toi MayTMHBI B fPOCTPaHCTBe £cTeCTBEHHBIM obpazom;
oTpaxaeT ¢opMy cTpyKTypsl. [IpuukHa TAKOTO BRHBCOHEA 32KIYACTCA B CICYi0-.
wem. BocnonbayemMces nMwbeiM NOAXONALIUM CROCOBOM aHATH3a npenry poyReHE-
HOFO COCTOAIHMA THAPONMHAMMUECKOH cpedpl. Takoe COCTOAHHE MOXHO ONUCHL
BATh KOHEYHbIM YMCIIOM TaPMOHMK, KOTODBIE TOJIYYalTcs B pe3ynbraTe pasno-
JKEHMA peuleHus B pan Qypbe M oGpesanus pang. Jlo6oi KOHEUHBIH AL rapMo-
HHK oQnajaeT CROHCTBOM KBa3HCHMMET[HH. Ecnu 3apaua TpexXMepHas, TO OHA:
COOTBETCIBYeT [MHAMMMECKOH CHCTEME C TPEXMEDHBIM (a3oBRIM NPOCTpaH-
cTBOM. [ToaTOMY CTOXACTMYHOCTE JIKHMHA TOKE mOMKHA BOZHHKATH NPAKTHYSCKH
B JmoGoit obiledl CHTYALMH TpeXMEPHBIX TeUeHHH, XAPAKTEPU3yeMOR KBasume-
PHOBHMHOCTBIO.

[TpomeMOHCTpHpYeM ¢Ka3zaHHOe HAa HpMMepe JIMHMH TOKa TpH CTAUMOHAp-
HOH KOHBEeKIMH Pamea—Benapa B GeCKOHEUHOM IO rOPH3IOHTANH CJOS XHA-
xocrH. Ecnu wcno Pones R, onysauee Ge3pasmMepHoR xapaxTepucTHKOH pasz-
HOCTH TEMTEpaTyphl HA FP3HUIAX CTI0M, MPEeBLIIKAET KPHTHUeCKOe 3HaYeHHe R,,
TO KMIOKOCTb CRMOOPIaHM3YeICA B I'eKCaroHaJlbHble suefiky Benapa. [lpn ma-
noi KapkputuaHoctk € = (R — R.)1/? € 1 npocTpancreennas 3aBHCHMOCTD
HONA CKOPOCTEH ¥ ¢ TOYHOCTHID O WIEHOB BTOPOTC HOPAAKA MAJIOCTH TO Ha-
pamerpy € uMeeT crenyrowmi sug [23]:

v=erot rotz b, {9.63)

rae
7 x 3 x 3
¥= [cosx +cos(5 + —\—g-_-y) +cos -2- - %———y)](sinz +aesin 2z) +

3 3
+ be [cosﬂy +cos (—\g—:y + 3x)+ cos (—5\/:)" - 3x)] sin 2z, 9.64)

B paGore 23] momyueHs1 ABHEIE BBIPOKEHHA 1A KO3dOHIHEHTOB ¢ U b B 33-
BHCMMOCTH OT IlapaMeTpoB 3ajaud, a B paGoTe [24] mpuBemeHo pasnmoxeHue
¢ TOYHOCTBIO 10 WIEHOB TPETBETo NOPHIKA 1O €,

¥paBHeHM:, ' ONMUCHBAWIIME OHHAMHKY [FACCHBHOR TpHMecH B HOJe CKO-
pocreit (9.63), (9.64) , umeroT cienyoumit BUA:

dx x V3
—_— = (sinx + sin 2 cos -5—- ¥ | Hcosz + 26, cos22) —

dt
V3 /3
— 2e;c08{ —y )sin{ —~ x Jcos 2z,
2 2
dy x (\/5
— =—+/3cos — sin{ —y [{cosz + 2¢;c0822) —
= " sin (% y)( Jc0822)

_ 2\3/5 €, (sin V3 y +sin (—?— y)cos(% x))cos 2z, (9.65)

dz x V3
—— = {cosx+2cos — cos | —y ) Jsinz +€;sin2z) +
dt 2 2 '

3 3
+ e,G:osx/? y + 2cos (—-i\/:y) cos(; x)) sin 2z,
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[ €, = d€ M € = 3be. B nepsom npuGIIHKEHAN TIO TapaMeTpy €, T.¢. KOraa
¢, = 0 # g; =0, KapTUHa THHMA TOKA B FeKCArOHANBHBIX Aueiikax Gpiia momy-
yewa B [25]. JHiHMAMM TOKA MBNAGTCA 3aMKHYTHIE KPHBRIE, KOTODSIE JI€XaT
Ha BePTHKATIbHBIX IMTHHIPHYSCKHX NoBepXHOocTAX (pHe. 9.10).

Bo BTOpOM mOpsafKe 0O NAPaMETPY € KAPTHHA MeHACTcA. BolbumBCTBO
nUHEMA TOKA Teleps OKa3hIBAKTCH HeJAMKHYTHIMH M HAMATHIBAIOTCH H3 TOPOM-
aansHeie nopepxHocTH. Ha pic, 9.114 npeacrapnensl pe3ynbTarbl INCIEHHOTO
HHTErpMPOBaHuA cHcTeMbl (9.65) mpu €; = 0 u e; = 0,2. {lpUBeNeHO ceveHMe
OEHOTO H3 TOPOB IUIoCKOCTRIC Z = 7f2, TopoMganmbHpe NOBepXHOCTH OKAasbl-
BAIOTCA Pas’pylIEHHBIMH BONHM3H rpaHuub suefiku. Puc. 9.116 winmwocTpHpyer
X40¢ JIMHHH TOKa B OfHOM H3 CeKTOpPOB IeKCaroHanmsHOH aveixn. OTMeTHM,
yTO B 3TOM HpHOMOKEHHH HO HapaMeTpy €, HeCMOTPA HA BO3ZHMKHOBEHME X20CA
BHYTDH UEAKH, CKATAPHAA NpuMech He MoxeT muddyHrrposars Mexay suei-
KaMHM, TaK KaK Ha rpaHMIle AyeHKHM HOPMANBHAA KOMIOHEHTA CKOPOCTH 3aHy-
naerca [25]. O6pazoBanme eqpHOIN CTOXACTHYECKOHR MAYTHHEI 2[ech, B OTIHIMG
OT CITyyas KBaJIpaTHEIX Aueek [26], OKa3bIBAaETCH BOIMONKHEIM SMILE NpH yUeTe
WIEHOB §0J1¢¢ BHICOKOTO NOPAMIKA MATIOCTH TIO €,



Yacre IV
HEKOTOPBIE NPHIOKEHHS

Tnaea 10

CTPYKTYPbl B UCKYCCTBE W B NPHPO/IE

Jo cux nop oBCyXJanuch pasiiHyHbIe TPOABIICHUA CTPYKTYP, 0014 a10IIHX
NpaBWILHON WIIH HOYTH NpaBHAbHONH cHMMeTpuell, OHH BOJHHKATH B (ha30BOM
NPOCTPaHCTBE NHHAMKYECKMX CHCTEM WM B KOOPOHHATHOM NPOCTpAHCYBE FHA-
PONMHAMHYECKHX TedeHMHA, OCIEM UIA BCEX ITHX CIYYaeB ABHICH MeTofl Ho-
JTy4eHHst MM OGHapyXeHHA cTpYKTYp. CTPYKTYpbl BOSHHKANH HE B pe3y/brare
"MpUAYMBIBAHHA® HEKOTOPOro (OpMANBHOIC ANTOPHIMA, 4 B pe3yfprare
IeHCTBHA HEKOTODHIX ONpPEHENeHHBIX 33KOHOB NpHPONBL. TakHe CIPYKTYpHI
ABTSUIACh JIHUG OTODpaxeHMeM pfeiicTBMA 3akoHOB. OmHaKo B ganekHe Bpe-
MEHa IPEBHOCTH YeNIOBEK eilie He BIIaJieN TeM YpOBHeM 3HaHMiA, KOTODbIA HOCTY-
HeH emy cefiuac. BoaMOXKHO, 410 MOMBITKK pasrapgars TalHpI 33KOHOB CO3MAHHA
PETYNAPHBIX TOCTpOeHHH pOOMIH ocOGyr obmacTs MCKYccTBd — HCKYCCTBO
opHameHTa. Boamoxao, w10 312 cdepa NMPOABICHHA YETIOBEYCCKOA AKTHBHOCTH
popHnack He3aBHCHMO OT HabilwpaTensHoro Marepuana. Tak Hmx uHave, ceivac
MHTEPEeCHO MPOBECTH PS CPAaBHEHMH MEXKLY MPOABIEHAAMH IpeBHeiel OpHa-
MEHTAIBHOR TeXHHKH H TeMH “pHCYHKaMH”, KOTODbie CO3ZIAICTCA peanbHOM
TP2eKTOPHEH YaCTHILH! B HEKOTOPHIX ONpENIeNeHHBIX YCAOBHAX.

§ 10.1. IsymepHEie NOKPHITHA B HCKYCCTBE

Bu3anTHiicKan mMO3aMKa NpexcraBnaer co60i OHO M3 JApeBHEAINNX HOCTH-
KEHWH 10 CO3OAHHI0 CHMMETPHYHHIX MepHOJHYeCKHX 3aMOLIEHMA IUIOCKOCTH
(puc. 10.1). XoTa ycnoeue NepHOMMUHOCTH MO0 BOSHEKHYTE KaK HEKOTOpas
He3aBucHUMaA 3a71aya, MpaKTHYECKHE LEH APXHTEKTYPHOrO odopmieHus Tpedo-
BAMM CO3OaHHA OPHAMEHTOB MMEHHO TaKoro Tvna. QmHa WM HeBOMbiIOe YHCHIO
IVIMTOK OffHCH M TOM ke dhopMel JOMKHEI ObUTH CO3HABATH OCHOBHOH 3/IeMEHT
MOKPBITHA. JNEMERT OpHAMEHTA NoxeH ObIT HMETh BO3MOXHOCTD HEOTPAHH-
YeHHOTO TPONOIKEHRA, TAK 4TO0B! B KOHIE KOHLOB 3aMOCTHTB JIOGYI0 “ACTh
HI0CKOCTH.

HanGonee cuibHoe¢ pasBHTHE OpHAMEHTATIBHOH TEXHHKH NPOH3OLUIO B My-
CYNbMAHCKOM HCKYCCTBE. JJIeMEHTApHRe AYSHKH OPHAMEHTOE CHIBHO YCII0XK-
Huuce (puc. 10.2-10.4). TpeGopanke nepMOMMMHOCTH BHHYXIAAO Xy-
JIOKHHKOB NpOABIATh 0co0yI0 H30LIpEHHOCTh HMpH CO3JAHHM pHMcyHKa. Haxe
NpPHCYTCTRHE MATHYFONBHBIX (pH¢. 10.22) M ceMHYTONsHBIX INE€MEHTOB
(pic. 10.3) He NpHMBeNO K OTCTYINEHHI® OT NepHOmMMecKol  CTPYKTYpH
NOKPHITHA.
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Puc. 10.1. lipumeps: pusatTyiickod Modauku [1]

Cefivac He HIBECTHBI ANEPHOOMYECKHE MO3ZAMKH KBAWKPHCTATHYECKOro
tHia B CpemHed AsSHH, XOTA CYLIECTBOBAJIO MHOTO DA3NKYHHIX CNocoGOB 1MO-
CTPOEHMA NPABMIBHEIX IATHYTOIBHKKOB M 3Be3f [2]. OmuH M3 HHX NpHBeneH
Ha puc. 10.5. : :

Ecnu o6paTtuIncs TONBKO K TeOMETPRYECKHM OcO0eHHOCTAM OpHAMEHTOB,
TO B MABPMTAHCKOM JIBOpLe B AnpramGpe (HcIaHHA) cOmep KUTCA YHHKATBHO
cofpaHMe pasNuyHbIX BHE0B NOKpHTHH. HmeHHO 3mech Ovin OGHApYIKEH OpHa-
MEHT ¢ CHMMETpHel 5-70 nopapka, floseMy MMEHRO 30eCh XYJOKHMK penmiucA
(H7AH 3ax0Ten) OTOMTH OT MEPHOIMUECKOH CHMMETDUH H KAK OH K 3TOMY IIpH-
LIesl — OJIHE H3 3arafiok, pelleHHe KOTOpo# 3aclyXMBaeT CBOSr0 Mecra B MCTO-
PHI HAYKH.

llpaMepsl OpHAMEHTOB ¢ CHMMeTpHell 5-ro TOpAAKa TNpHBeJeHBE HA
puc. 10.64, 6, s. PagoMm c HUMH {2} B To# e TeXHUKe 1A CpaBHeHUA NpUBeNeH
OpHaMeHT ¢ CHMMeTpHel 4-ro nopapka. PucyHKY TOKA3BBAKIOT, UTO XYIOKHHKH
CBOGONHO BAfeny TEXHMKOR 00pasoBaHMA HENEepHONMYECKOrs MeHTaroHIs-
HOro opHameHra, Ilo-BHOMMOMY, MM OBUTA M3IBECTHA pellleTKa AMMAaHHA, KOTO-
pax u cnyxmia TpacapeTroM IJIA CO3TAHHA OpHAMEHTa.

B 1977 r. PoGepr AMMAaHH OTKPEUT HeCKONBKO HOBBIX AlIBPHOLHYECKHX
NOX ppITHH, ONMcaHHe KOTOPEIX MOABWIOCH B JIUTEPATYpe TONBKO B MyOnuicaiun
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Puc. 10.2. TIpumepsl OBYX DIKTOK # cnocofom mx noctpoerus u3 CpepHe#t Asuu (X1l B.)
[2]: ¢ — Camapxanpckui Myset, & — Byxapckuii my3eit

Puc. 10.3. OpHaMeHnT K <Toco6 elo co3gaHus U3 Map3omes Xomka Axmaga (Camapkann,
Wan-u-3uupa, XIV ) [2]
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Puc. 10.5. [locrpoeHHE NATHYTONEHHKA LOCTOEHHEIM )

TBOPOM IHMPKYIA PABHLIM 3apanuofl AHATOHANH Ny
mnxa (meron AGY Bakpa an-Xamuka ar-Takmxmpa) [2

[4]. Pewerka AMMaHHa npeficTaBnAeT coBOR cuo:
TeMy TapaUleNbHBIX  JIHHEA,  MATHKPaTHO TNo:
BepHYTYI0O HA yrim 2n/S, 4xf5, . . . Paccroanms
Mexay JHHHAMH COOTBETCTBYIOT  WMciaM On-
Gomawmy. CHUCTeMa 3THX JNMHMA OTYCINMBO BHOHA
ua puc. 10.68 (cm. § 7.1).

Tak xe, Kak u B opHameHTax CpemHed
A3WH, PHCYHOK CO3JaBANICA  C MOMCILBI0 I'eOMET-
pHuecKMX MOCTPOSHMII mATHyronsHuka (puc. 10.7).
B ochHoBe IpHBCOCHHON MOZAaHKH JIEXAT BCEIO
TpH anmeMeHra (eclH He CYMTaTs (HOPMEI MpOMe-
XKYTKOB MekTy HEMH) . Teneps opHameHT co3paer-

& o yxe He ¢ MOMONIBI OMMHAKOBHIX IUIHY C OfH:

HAKOBEIM PUCYHKOM, & IIyTeM IUIOTHOH YIaKOBKH

HECKOJIBKHX 3NeMEHTOB OllpelieNeHHOH GOPMbl. ONHO M3 BaXKHBIX TOCTIDKCHHA

XYROKHMKOB H3 ANBraMbphi COCTOSIO B 3KCNEPHMEHTAIBHOM HOKa33Te/IbCTBE

CYILECTBOBAHHA IUTOTHOH YIaKOBKH (M JANEKO He egHHCTBEHHBM CHOCOBOM) .

Tem cambiM anTasusa XYZONHHKE NONYYHAA 3HAYHTENBHO GONBLIYIO cBOGOLY,

yeM OH MMEN, CO3NABAA MEPHOMUeCKHe CpHaMeHTHl. B [5] npoBopnrca anano-

THSA MEXTY CO3[aHHEM MNEHTATOHANBHOTO MApKeT2 M MYS3BIKAIBHON HMIIPOBH-

3anyed Ha 3aJaHHYl0 TeMy. ITY aHIOTHI MOXHO Pa3BHTb 3HAMMTENBHO HATIb-
HIe, eC/iH BKITOYHTD NeeKThl B NOCTPOSHHE TapKeTa.

UntepecHo oTMeTHTD, 410 AnbGpext Hiopep co3pan ¢Boft BapHaHT MOCTpoe-
HHMA MPABWTLHOrO NATHYTONBHMKA. M3BecTHE! Takike ero MOMBITKM 3AMOCTHTEL
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Puc. 10.6. [pumep HeNepHOIMYECKHX OPHAMEHTOB C CHMMeTpHel 5-ro nopanka (e, 6, 8)
H flepHOINYecKOT'o OpHaMedTa ¢ cHMMeTpHel 4-To nopanka (2) [1] :

IUVIOCKOCTE MEATHYTOIBHKKAMM H KakHMH-TMGO eme 3meMeHTaMy, OpHaxko
CTPYKTYPbI THHIA PeIIeTKH AMMAHHA MM HE GBUIM HAAHCHBI. '

Marepnan, #3moKeHHBIH B 1. 6, 7, MOZBONAET peMIHTh NpoGieMy NOKpPEI-
THH ¢ KBa3HCHMMCETPHEH YHHBEpCanbHeIM 0Opa3cM, JOBEAA €€ [0 WIrOpUTMA.
B ocHOBe Takoro pellicHUs NexdT cO3{aHue Tpacdapera ¢ MOMOIUBK FaMHIL-
rouuaHa (6.48) . IpogemMoHCTpupyeM 510 Ha pocToM npumepe. Ha puc. 10.8
HpHBENeH THOMYHBEIA FAEKATOHANBHBIE 3NMEMEHT MYCYJIBPMAHCKOIO OpHAMEHTA
H ero “pacumMppoBKa’ ¢ NOMOINBIO Ye H3IBECTHOrO HAaM penbeda ¢ CUMMET-
pHeit 5-ro nopagka. Hamoxenue pucyHka Ha pensed NO3BONAET YKa3aTh, KAKHE
JMHAH NPHBETH XYBOKHHKAE K MOTepe NEHTarOHANBHON CHMMETPHH H i BRIPOX-
IEHHI0 OpHaMEHTa B OOBIUHYI0 MepHOAMYecKYo CTpYKTypy. Puc. 10.9 nemoH-
CTpHpYeT OOHH H3 BOSMOXHBIX MyTell NOMyYeHHS OPHAMEHTa ¢ CUMMETpHel
5-ro NopARKa, HCHONb3YIOLEH TOT e peneed M COXPAHAIONIAA B MOTHBE CTPYK-
TYPBI TOT e JEKaroH.

AHAJIOrMYHAA UOEA MCIONIb3IOBAHKA penseda oGeyxpanace B § 7.1 (oM.
puc. 7.3) B cBazn ¢ mMo3auko# Tlenpoysa. Henons3oparne pensedos, Hopos-
IAeMbIX TaMHIIBTOHHAHAMY

q
H, = T cos(rey),
i=1

Ie r — ABYMEpPHBI BEKTO , €f — CIMHHYHBIC CHMMETPHIHO CITOJIOXKEH-
7

8. T'.M. 3acnanckuit 209



A pacimHgposka

KPEITHA (2) M ero reomMeTpHYecKa:

Puc. 10.7. {IpHmep NeHTArCHANTEHOTO OO

(0 5]
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Puc. 10.8. Ilpimep THAHYHOrO NeKaroHaNBHONO AEMEHTa MYCYJILMAHCKOR Moaanky B T6x-
nucy (4) W ero “pactiMdpoBKa” ¢ NOMOLILI penkedha ¢ cHMMeTpHed 5-Te nopanka (4} [6]

8* 21



Puc. 10.9. Ucnonsaopanue petbeda ¢ camMMelpreil 5-To Nopagka Qi NORYICHHE OpHAMEH-
T2 ¢ ToH We CHMMeTpHelt U ¢ BKNIOYeHHeM B Hero Jlexarona u3 puc. 10.8a .

Hbie BEKTODBI, CO3AAET HEOTPAHHYCHHBIC BO3MOXHOCTM JfA HOBLIX IIpOH3Befe-
HUit OpHaMeHTANbHOH rpagukH. OnHako enfe GoNee 3aMAHYHBOR KAPTHHOU AB-
JAAETCA BO3MOMHOCTD CO3[@HHA OpHAMEHTd, MpOYEpUHBAEMOrO TPAEKTOPHER
YaCTHUpI, COBEPLAMOINEH CiyvyalHple ONyXaHHA BHYTPH CIOX2CTHYeCKO#H
N2y THHBI.

CBA3L HCKYCCTB2Z OPHAMEHIOB ¢ MATEMATHUECKOH IIpOBIEeMOR IMOKpHITHI
HMeer OOUBIPHYI0 HCTOPHIO M JMTeparypy (cM., B uactHocTh, (4, 7, 8]. Mare-
pHan HACcTOALIEH KHHIH 3aTParHBAET 3TY CBA3b JIMILIL BCKONb36. OGHAKO TPYIHO
BbL1o Obl OB0HTH MeKYccTBO Mopuca Jwepa [9]. CymecTByer MHOXECTBO ac-
NEKTOB, B KOTOPHIX €70 TBODYECTBO BHI3BIBAET WCKIIIOUMTENBHBIA MHTEpeC Ma-
TEMATHK OB, HCKYCCTBOBEJIOB M IW3aiHEpOB. 06 arom CBUIETENECTBYIOT, B UACT-
HOCTH, MaTepHaspl KOH(pEPEeHIHH, NOcBALLIEHHOH ero tBopuectBY [10]. Muorue
U3 KapTHH Mopuca Juiepa Takoke MCNOMbIOBAIH OOHY WAH HECKOJIBKO INTHTOK

212



Puc. 10.10. Wcnonp3opakne ABYX NAHTOK JUIA CO3MAHMA NEepHOMMYECKOrC OPHAMEHTa B
pucyHke Mopuca 3mepa [11]

LJ1A CO3JaHMA MOpoi QueHp CNOXHBIX OPHAMEHTOB, OTHOCAIUMXCA K TAK Ha3hl-
BaeMOH HBETHOH CMMMeTpHM (oM. Manmpumep, puc. 10.10, 3aHMCTBOREHHENA U3
[11]). C nomomplo TOTO Xe¢ NpHeMa Juwep TMHITAICA OGHAPYXHTH TIepexor U3
OfIHOH CUMMETPHH B Hpyryw. HanGonee cunpHOe MpencraBiieHHe 06 3THX HOHC-
Kax gaer ero xaprana "Meramopdioast 1117 (puc. 10.11) . B Heil ecTh Heckonb-
KO 'MeCT, B KOTOPBIX [eNaeTcA HOMBITKA "CUMTh” CHMMETPHE TPETHEro H IIeCTo-
ro Mmopspka ¢ cHMMETpHel yerBeproro nopazxa. OmHaxko HpHpopa cmocoOHa
PelETL NpoGNeMy CUMBKH CHMMeETpHH Gonee ecrecTBeHHniM obpazom. 06
3TOM CBHAETENLCTBYET, B YACTHOCTH, puc. 10.12. OH BOSHHK B IBYMEPHOM
TedeHHH (§ 8.2}, B KOTOpOM HAyanpHOE YCIOBHE ITA TIONA CKOPOCTEH HMENIO
TeKCATOHANBHYK CHMMETPHIO, @ TI0JIe BHENIHeH HaKaYKH — CHMMETpPHI0 5-T0 1o-
psaaxa. B pesynbrate BO3HMKIIA MO3aKKa CO CIIOXHOH NepecTpOiKol CIpyKTY-
Pbl. JTC JIHUL NpUMEp TOTO, KAKHM OfpasoM HHHAMHYECKME 3afayd MOTYT
PELIMTE” MHOTHE JIOHBIE MpOGIIeMB! TeOpHH IOKpeITHA. OTMeTHM, UTO 3TH
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"MeTamopdoss: 11 (1967/1968)

Puc. 10,11. Kapruna Mopuca Jmepa



Puc. 10.12. Pemweh nona cKkopocTeH B OBYMEpPHOM TCUCHHH, B KOTOPOM HavanmbHeie ycio-
BHS H BHEINHee CHA0BOE HoTle UMEIOT PA3HBIE CHMMETPHY (pHCYHOK nojyueti B.B, Benouran-
KHHEIM)

BO3MOXKHOCTH PE3KO BO3DACTANT, €ClIM MCUONL30BATL HE TOJIBKO YCTOHUHBBIE
AMHIMHYECKHE CTPYKTYpPHI, HO M METACTAOWIBHBIE M KBa3HCTAUMOHADHBIC [H-
HaMHYeCKHEe OOBEKTEI.

§ 10.2. dunotakcic

@opMa H' CUMMETPHA KPHCTAINOB XADAKTCDHEI [JIA HEXWBOH MaTepHu.
B kpucramnax npepncrapiied HauGOTee NPHMMUTHBHEIA THIT OPraHN3AIMN — MOHO-
TOHHas NOBTOPAEMOCTb, T.e. MPOCTAA TPAHCIANMA NleMeHTapHo# Aveku. Ka-
KOBA e CTeneHb CJIOKHOCTH CHMMETPHE CTPYKTYDhI MaTepHH, HATHHAA C KOTO-
POil OHa IPOARIIAET NPH3HAKH JKHIHH?

O6cyxnag ¢IpoeHMe THrAHTCKHX MOJIEKY/ — TeHOB, ABJIAIHXCA HOCHTe-
AAMHM HACTIEJICTBEHHEIX NPU3HAKOB XHUBOH Matepuy, HlpemiHrep HCKITIowHN fe-
pHOnMYeCKHe CTPYKTYPEI, TAK KaK OHM COMSPKAT MUILIH 06beM HHpOPMAIIHH
[13]. On BBen moHATHE ATEPHOMMISCKOTO KPHCTANAA. 310 PeryNApHasd CTPYK-
Typa, B KOTOpOH MOMeT OBITh 3aMKCaHA 3HATHTeNpHO Gonbisad nHGOpMAIHA.
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Puc. 10.13. ®otorpagdua Mop-~
cxoit 3pe3nEl C CHMMeTpreh na-
Toro nopanka (24}

Keasuxpucranup: npenctasiainT coboli mpocreiimylo ¢opMy TaKOTO BHIA
CaMOOPTAHM3AIIHH.

Ocoboe MecTo B amepHonMueckoll CTPYKTYpPHOH OpraEH2aLMH HTPaeT CHM-
MeTpus 5-ro nopsgka. OHA NMPOKC PacHpoCTpaHeHa B GHONOIHYECKHX O6bek-
1ax. Hampumep, Hanmume Ocelt 5-ro NOpAKa HCMONB3yeTcs MANEOHTONIOTAMH
OJiA [OKa3arenbcTsa OHONOTHYECKOTO, a He IecNOTHYeCKOTO NPOMCKOXKACHHA
HexonaeMblx 06sexT0B. Cornacho Bemony [3] ock cummeIpmu 5-ro mopspka
AABNACTCA Y MERKHX OpTaHH3MOB cBOe00pa3HBIM MHCIpyMeHTOM BOppObI 32 cy-
IieCTBOBAHKE, CTPAXOBKOHA TPOTHB OKaMEHEJIOCTH, NPOTHB KPHCTANTH3AUHHM,
NepBEIM MIAMOM KOTOPOH Obmia 6Bl “HOMMKA’™ PeLIeTKOM KHEOTO OpraHH3Ma.
¥Xe peHITeHOrpaMME! OYEHEB TPOCTHIX OPFaHH3MOB, HAXOMMAIUMXCA HA IpaHy
MEXIY XHBOH H HEXHBOH MaTepHed, — BHDYCOB FOBOPAT O BLICOKOH CrelleHH
PeryfApHOCTH MX CTPYKTYpBl H O HaNHIMH Ocell CHMMETPHH 5-ro NOpAmKa.
Ha dotorpadmax, nofiy4eHHBIX ¢ TOMOLBI0 FIEK TROHHOTO MUKPOCKOTIA, MOXHO
YBH[IeTh, YTO HEKOTOPBIE PAIHOBHIHOCTH BMPYCOB 0BNaganT GopMOil, Noxoxei
Ha NpABWIBHRIM MHOTOIPAHHHK — MKOCA3ApP, 2@ KOJICHMY BHpPYCOB 06pazyior
CIPYKTYPY ¢ CHMMeTpHeH 5-ro mopapxa [4].JIpyruM Xopouwio H3BECTHEIM TIPH-
MEPOM JKMBOTHBIX ¢ APKO BHIPIKEHHOH CHMMeTIpHeH S5-ro NOpAJAKE ABIAIOTCH
Mopexue 3se3mer (puc. 10.13) 1 MHorHe gpyrie o6uratenu mopa {pue. 10.14).
Y 3IHX XMBOTHRIX HApAJY C WHAPOKHM PpACIPOCTPIHEHHEM NEHTATOHATLHOM
CHMMETPHH Hepeaxko MOXHO HaGmomaTh He TONIBKO CHMMETpPHIO GOMNiee BHICOKO-
ro MOPAMAKA, HO TAKXKE M OCOCYINECTBOBAHHE DA3MMUHBIX THIOB CHMMETPHH.
Ha pue. 10.15 npuseneH s3ATelit u3 amiaca lexkens {14] npumep cocywmecr
BOBAHHA CHMMeTpHH 4-TO # 5-r0 MOPAIKOB. JIpYrMM NpHMEpPOM TEPHPOIHBIX
00bEKTOB ¢ KBASHCHMMETPHEH ABNAIOICH DPAKOBMHBEI MOJITICKOB-2MMOHATOB
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Puc. 10.14, Buewnuit BHA HrNOKO)HX W3 Kiaacca obuypos (Ophiodea). PucyHok W3 aTnia-

ca Tekkenz [15]



Puc. 10.15. Tipumep cocyltecTBOBaHHA CHMMETPHE 4eTBeproro M NATOTO NOPARKOB ¥y
Melathallia [15]
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Puc. 10.16. PakoBHHEI aMMOHUTOB ( Ammonitida) — npuMep caMODOROGHBIX NOrapHbMu-
4eCKHX crimpaneit [15]
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(puc. 10.16), popMa koTOpRIX (AKTHIECKH OKaspBaercd OUeHB ONMM3KOH k
¢opMe, BeTpevaromleiica y pacTenni. 3/¢ch, 0gHaxo, HeoOXOAHMO CISNATH He-
KOTOPBIE [IOACHEHHA.

CrpyxTypHOE YIOpPALOUCHHe, POABTIANMICECH Y PACTeHHI B PACHOI0KeHHH
LBETKOB, 3¢peH, YeHIyeK, IHCTheB B T.01. (Hampumep, B NOACOTHYXE, MAPTAPHT-
Kax, WHHIKAX, | Op.}, HOCRT Ra3paHWe dioTakcuca [8]. CpaBHMTENEHO A3aBHO
GoTaHmKH Hadanmu 06cyxOgHHe 3Torc aBneHuA [16]. OGbeKTo1 GHIOTAKCHCE,
KEK MPaBHIIC, MMEWT CTPYKTYPY WMIMHAPHYECKOTO WIM KOHHYCCKOTO BHJA,
obnapamiyo HeKOTOPBIMH CBOHCIBAMH KBa3sHKpHCTAIA ¢ CHMMeETpHeH 5-Fo
nopsamca [17]-

HaGmiogetus 1oka3psaloT [18, 19], uro sepHa Mmu demryilku y enoBoil
IMKIIKH WIK aHaKaca 0BpazysoT HeKOTOPOS KBA3HPETyNApHOE OKPHITHE NOBEPX-
HOCTH, B KOTODOM cOce/lHMe AYeiiKH OPraHH3YIOTCA B XOPOLIO padlHuHMbIe
CIIHpaNa, Ha3bIBaeMBIC NapacTuxaMu, EClH oTdenbHas Avelika no gopMe ABNA-
¢TCA LIECTHYFONBHOM (KAK Yy acTphI WIM AHAHACA), TO OHA NPHHAIENKHT TPeM
THIIAM 0apacTuxoB. EciH ke ayeiika pombuyeckan (Kak y MMILEK WIH HONCOM-
HyXa) , TO HMEETCA [B4 THNA NAPACTHXOB, COOTBETCTRYIOLIMX BpateHo Tubo no
YacoBOH crpelike, smbo mpotus (puc. 10.17). B GonblumHAcTBe cnydaer y pac-
TeHKH 9MCId NAPACTHXOB KAXKJOTC THMA ABIAKTCA NOCIEeNOBATENLHBRIMH MUC-
namu PubGOHaT, 2 HX OTHOLUCHWE — MOJXOAALIEH LpoQblo Nf 30I0TOre ce-
genna |20, 21] (puc. 10.18).

Ecnu paspesars noBepXHOCTh, HaNpHMep, aHAHACA M PAa3BepHYTh ee HA TIOC
KOCTb, TO NONYUMTCA NONOCKA, 3AKIINYCHHAA MEKOY HBYM#A NapailelbHpMUA

Puc. 10.17. TomoBxa NOECONHEUHHKA ¢ YOUIGHHOR YacThlo cemevex, UHCNZ NapacTHXOB
(34 ¥ 55) AaBnAoTCa yMcnamu OuGOHawyn [19]

Puc, 10.18. Jlorapagmmieckue CIHpMIH Ha Cpese amexca araucaria excelsa [21]. Uncna
HAPAcTHXOB § 1 13
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Puc. 10.19. PaspepTa ROBepXHOCTH aHAHACA HA [ockocTH [22]

NpAMbBIMH, KOTOpple O0Gpa3oBanMch BJONL BEPIMKANILHOTG paszpeza. Ha
puc. 10.19 B KavecrBe BYX IaKMX NpAMBIX R3frbsix = 0 Mx = |, a wecTHyronb-
Hble AYEHKH 3aHYMEPOBAHLI NOCTCHOBATENEHO B NOPASKE BO3PACTAHKA OpAMHAT
ux- mentpo [22]. Hauano KOOpOMHAT ABMACTCHA MEHIPOM HyJIeBOHR sueiKi,
a UeHTp AYeiikH ¢ mADEKcOM "1™ umeer koopmuHaTLL (7, i), I'le A NPOM3BONDL-
HO, & YHCHO

= (5~ 1)/2 (10.1)
ABMAETCH 30/10ThiM ceveHueM. HleHtp n-it Auelikn umeer KoopauHate: [22]
y=nh, x=njr- [nf1], (10.2)

T.e. 3a7aeTcAd TaKHM )K€ ANrOpHIMOM KBasMKpUCTAIIHYeCKOrO THNA, KaK U
IO CeJUBATETIBHOCTS (IPAMBIX B pelleTKe AMMaHHa.

JpyrimM npoasleHHeM ¢$pUIOTAKCHCA ABIAETCA TO, 4TO GOpMA MAPACTHXOB
MoxeT OblTh BmM3Ka K ¢opme Norapudmuueckoi cimpana (cm. puc. 10.17),
T.e. KpuBoH, onagaomei cBoicTBaMH caMononobus. CBoilcTBo camonoaobua
ABNAETCA YpE3BBIMAMHO BAXHBIM, M OHO TeCHO CBA3AHO CO CBOHCTBAMM HHOAN-
uuA U pedrsudN Y 00beKTIOB ¢ KBA3MKpPHCTALIHYeCKOH cummerpued. Tax,
HEKOTOPHIMH HPOCTRIMH pasBueHdAMEA WIM cOegMHEHHAMH pomOOB B TapKeTe
IleHpoy3a MOXHO NMPEBPaTHTh €T0 TOYHO B TAKOH Xe NAapKeT, COCTOALIMH, O
Hako, yxe H3 poM0os Gofblrero pasmepa (MHONAIHM) WK poMBOB MEHBILIETO
pasmepa (mednsanun) [23].

Croiicrso camononobHoro ripeoGpa3oBaHHA CTPYKTYpHE AO/KHO ObiTh 33-
TIOeHO B PACTEHHAX FeHeTHYeCKHM KOJIOM, OJIHAKO H CAMH CTPYKTYDBI JOJDKHEL
obmapary cBofcrBOM camononobua. Hammume cBoicrea camononobusa npubo-
OMT HAC K MBICIIH, YTO0 HEKOTOpPbIE MHBAPHAHTBI, KOTOPLIC Mbl HAG/IIOOAEM B
MAKPOCKOHHYECKOM Maciutabe, HApHMep YHUIO BpalieHus y o6beKTOB (ivio-
TAKCHCA, PABHOE 30JI0TOMY CeMEHHK, JOJIKHBbI COXPAHATBCA M B MMKPOCKONM-
HeCcKOM MacuIrabe Ha MOJIEK YIIAPHOM YPOBHe.



KOMMEHTAPUK

1.1. CoBpeMeHHOe H3NOXKEHHE raMIUILTOHOBCKOTO GOpPMAajTH3Ma ¢ HPHIO-
AEHMAMHA KO MHOTHM 3302YaM (pH3MKH HMeeTCA B KHurax [1--3] . Pag oGobme-
HHA TaMWIbTOHOBCKOTO ¢opManu3mMa OpUl HHEIHHPOBAH DA3BMTHEM MeETOOB
TOYHOTO HHTErpHPOBAHKA HelMHEHHPIX BONIHOBBIX YPABHEHHH, ¢ O/THOH CTOPOHEL,
H 2HAJIM30M - HeMHTeTDHPYEMbIX [HHAMHYECKHX 3agay (KOTOPBIX OKAa3anoch
GONbILMHCTBO) , ¢ IpYTO# CTOpPOHH {4, 5].

1.2. 3pech, koHedHO, TPYAHO OBGCYXK/IaTh CPaBHHMTENbHBbIE Ka4eCTBA TaMIiIb
TOHOBCKMX M [MCCHIATMBHBEX cHCTeM. MHOTHe pazmuuma ¥ uxX ¢u3MiecKag
HHTEpIpeTaUMA NpHBeneHsl B [6].

1.3. Mpr 3pgeck He GydeM TakiKe KacaThCH HeHCCHMNATHBHBIX M HEraMHIb
TOHOBCKMX ¢HMcTeM. Hampumep, Tak HasmBaeMple OOpaTHMble cucTeMsl [7]
MOTYT HMETb MHOTME CBOHCIBA, AHAMIOrMIHbIE TRMMIBTOHORCKHM CHCTEMAM.

1.4, TloapoGxoe peucHue MOKHO HaiTH B [6]. Tam e COmepXUTCA BRIBOA
Bcex opMYN, NPHBOIMMBIX 376Ch B OKOHYaTeNIbHOH dopMe.

1.5. Tounas hopMyIHPOBKA YCIOBHIt TeOPEeMEl H €¢ NOKA3ZATENLCIBO TIpH-
HaJiexaT APHONBIY K NpUBEREHH B [2].

2.1. Tlpocroe MIIOMKEHHE Pa3NMYHLIX BONPOCOB YCTONUHBOCTH M Xaoca #
HX IPHIOKEHHE K Pa3HOOOPa3HBLIM (H3NYECKUM 3a[1a4aM COEpXKHICA B KHHUre
[1]. Cneuuansesie NpoGieMEl TEOPHH Xaoca {IMHAMMHYECKOH CTOXACTHYHOCTH)
MOXHO HaiiTy B kuurax {2, 3] ns [4].

2.2. llogpoGHee 0 HENMHEHHOM Pe3CHAHCE H O €T0 PR3TTHYHBIX MPHITOKEHHAX
cm.B {1,4].

2.3. Hanoxenne reopuu KAM moxuo Haith B 5, 6]. Tam xe conepxarcs
MHOTHe CTIeEcTBHA u3 5T0H reopuu. Teopema KonMoropora o coxpaHeHHM HE-
BApHaHTHbIX TOPOB Gbula copmynuposama B 1954 r. loxasarenscTrO Teope Mbl
Konmoroposa 6110 faHo APHONLOOM. AHAOTHYHAR TeopeMa GhUIa HE3aBHCHMO
FoxasaHa Mosepom 1IpH HeCcKOMbKO OTNHYAICIIMACH Y CTOBHAX.

2.4. Bonee nogpoGHOe H3NOKEHHE JTOTO BONpPOCA MOXHO HAATH B KHHTE
[1]. TpHuntsl BOSHHKAIOIMX TPYIHOCTEH CBA3AHBI C TEM, YTO CIIOXKHO AOKA3aTh
CBOHCTBO TepeMEIIHBAHHA B ¢OpMe 3KCNOHEHIMANLHOTO 3aKoHa (2.49) iz
t —+ o, PeajibAple CHCTeMBI MMEIOT, KaK HpaBMIO, He OOMH HHTepBaa (a BO3-
MOXHO, H OecKoHeuHOe 4YMCIO MHHTepBAIOB) ¢ PpasHBIMH ACHMOTOTMKAMH
pacmapa KoppenaAnui. TouHe Tak e TPYRHO YCTaHOBHTh CBOHCIBG NOKANBHOH
HeYCTOAYMBOCTH B BHJIg DKCNOHENIHansHOro 3akoHa (2.37) ¢ pocraTouHo pas-
HOMEpHOR NO BpeMEHH OHEHKOH BenuMuMHE]l ho. CyMIeCTBYWT, OEHaKO, [OCTA-
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TouHO YAOGHbIe MOJENH, AJiA KOTOpHIX MOXHO HaliTH Ao M 7. M IIPOBEPHTH
(2.50). K miM OTHOCATCH, HANpMMED, CHCTEMBI AHOCOR2 K HEKOTOPBIE BHIBI
gunnmappos [2].

3.1. Hcropua oGHApYReHHS CTOXACTHYECKOTO CTOA cremywmai. B mavane
60-x roHoB (DUIHKH, HCCIIENYIOIMME BHICOKOTEMNIEPATYPHYIO IUIA3MY, AK TUBHO
H3YYaNH CIpoeHue MACHHTHBIX NMOBEPXHOCTEH PA3NIMYHBIX KOHGMTYpanMii Mar-
HHTHBIX NTOBYLeK. YCTOHUMBOCTb MATHHTHBIX NMOBEPXHOCTEH B TOPOMAAMBHBLIX
CHCTeMAX pAcCMaTPMBATACH KaK HeoOXoauMoe YCIOBHE, NPEebABIAEMOe K
ycTaHoBKaM. B mpoIMBHOM ciTyuae 3aMarHWueHHpIe ¥ CTHHBI MOTIIH 6bI YXOIHTD
M3 JIOBYIIEK BROIb CWIOBMX JMHWM MArHHTHOrO MNONg, He AEXKAIIHX HA HHBa-
PMAHTHBIX MAFHMTHBIX MOBepXHOCTAX. HM3pecrHo Ghulo elue co BpeMeH paboT
Iyanxape, 970 BOJIM3IN CelTApaTpHC JBMKEHHE HEYCTOMUMBO M TpacKIOpHM Be-
oyT ceOa HeoObmMadHO cnomsHo. CnoxHOCI: GpUia CBA3AHA ¢ pacllelUIcHHEM
cerapaTpHc NOfI, peficrBHeM Bo3amywenns. OneHKa oG/acTH paciuelUleHMs ce-
naparpHc 6s0a coeftala B [3] Taroke B ceA3H ¢ 3apauell 08 yCTOHMMBOCTH Mar-
HUTHBIX NOBepxHocTedl. B crathe 4] nmoBegeHMe MarduTHRIX NOBepXHOcTeh
6bUI0 PORHATHIMPOBAHO KAK 33[134a O HETHHEHHEIX [:€30HAHCAX H HX NepeKpPhE
TUM B IKBHBAICHTHOR [HHAMMYECKOH CHCTEME, YFO MO3BOJWIO BBECTH B ITY
npobiieMy MOHATHE XA0ca MArHUTHRIX CHIIOBBIX JHHHMH. B nocrepyouiei pabore
[1] yxe xoHKpeTHO HCcieZOBaHa 0GHacTs BOAN3N cenapaTprcst. Posb HecTanmo-
HApHOTO BO3MYLISHHA MIPUTO NepHOAMYEcKOe BHONbL OCH TOPA BO3IMYLUEHHE.
B »10it xe pabore BbUT HPOBedeH HeOBXOMMMBIN YMCIEHHBIA SHATIHS, KOTODEIA
TMOKA33 CYIUECTBOBAHKE TOKANBHOH HeyCTOHYMBOCTH M NPOCTPAHCTBEHHOH
maddysnM MArHUTHBIX CHIOBBIX TuHMIA. JanbHeiliiee o0oGiieHHe 3THX pe-
3y/AbTaToB B [2] NOKA3an0 YHMBepCANBHOCTE H HEYCTPRHHMOCTh CTOXACTH-
YeCKOTO CIIOH.

Bo mmormx paborax Yacro NMpPOMCXOMMT CMemieHHWe TIOHATHIH pacileme-
Husl celapaTpuchi H 0GPA30BaHMA CTOXACTHYECKOIO oof. B medcTBHTERHOCTH
9TH NOHATHA He JKBUBXICHTHBI, M HX DasliHiHe ABIIAEICA TOHKHM BONpPOCOM.
B paGote [5], Hampumep o6pailaeTcA BHUMaHHe Ha TO, YTO pacHielUIeHHe cenia-
PaTPHC MOXeT MPOKCXOJMTb [aXe¢ B MHTETPHPYEMOM ciuydae (T.6. B OTCYF
CTBHE CTOXAcTH4EcKOro ¢nos). Tam ke npMBefieH oOpaTHui NpuMep, B KOTO-
POM CTOXACTHUCCKHE CHOH CYIIECTBYET B OKpPECTHOCTH He MEpPECeKalomuXxca
cerlapaTpHc.

3.2. Eam ¥ £ wy, TO NPOHCXOIMT IepeKPHITHE Pe3oHaHCOB. B aTOM ciiyvae,
NOUTH BCA 06/1acTh BHYTPH CeMApaTpPHCHBIX NeTelb CTaRHOBHTCA OONACTbI0 CTOXAC
THYECKOTO NBIKCHHA. JTO ABIACTCA NPHYMHOH TOrO, 9T0 YUIOBHE ¥ & Wy pac
CMATpHBAEeTCH KaK KDHTEpHH BOIHHKHOBEHHS CWIBHOH CTOXACTMUHOCTH (KpH-
TepHil NepeKpLITHA pe3oHaHcoR Uupuicora [8]). pu ¥ £ w, MoaynauuMM Yac-
TOTH MafiTHHKa B ypaBHeHMH (3.45) craHoBMTCA ammaGatudeckoii. Tem He Me-
Hee B ITOM Cliydae TaKxe MOYTH BCR OBIACTh BHYTPH CeNapaTPUCHOI NeTIH ecTh
ofnacTe Xaoca. QpHAKO Telieph BpeMeHa NEPeMEIMBAHHA CYLIECTBEHHO GoJp-
we [6,7].

, 4.1. K TakuMm MopenaM MOryt Obith OTHeceHp! cHcTeMbl AHocosa [1]
Gannuapap Cuwasa [2] u pp. [pocToe ommcaHMe 3THX MOpeNei MOXHO HeHTH
B [3].

4.2, MHOIHe acHeKTHI STHX TpynHOCTeH ommMcaHel B [3] QuauH u3 nHTepec
HRIX BONPOCOB, ROJHMKAWINMX B CBAIK ¢ BO3MOXKHOCIBI COCYINECTBOBAHMA
ofijlacTi Xaoca H 00NacTH M YCTOHYMBOCTH: KaK YCTPOEHA IrpaHMia X30ca,
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4.3. O ¢bpakTanax u ¢paxranbHeX 06beKTax ¥ MX paclpOCTpaHEHHH B,
mpuppfe ¢M. KHUTy Maupens6pora [4]. Paanuumpre mposaeneHus ¢pakrany
HocTH Xaoca oGcyxmpiorcad B [5, 6]. JIoCTYRHOE HaoxeHWe CBASH (paKTanon
€ Xa0coM cM. B KHHre [3]. Xaoc Ha pHc. 4.1 OTHOCHTCA K KRTeTOPHH TAK HA3pk
BacMBIX "KHpHBIX pakTanos” [7].

44. 3HayMrenhHo paHee CyINECTBOBAJIH TPHOMIDKEHHBIE KauyecrBeHHbie
MeTORHl ompeneneHus K. B NepByo ovepenp ciedyer HA3BATh METOJ NEPEKPEE
THA pe3oHaHcoB Unpuxopa [9, 10]. Hosnpee nossunacs onedxa K, M3 yaio- .
BHMA NOKaNbHOH HeycToHWHBOCTH ¢a3 [i1, 12). OGa 31u meropa masanu K, ~
~ 1. B gansHeiillieM HOABHITHCE MONBITKK YTOUYHEHHA FPaHHLIBI 00pa30BaHKA CTO-
Xactuuecxkoro mopa [10, 13]. Bee oHu ocHoBLIRANHCE H2 HCIOABIOBAHUE HEKO-
Topo#t (M JOBOIBHO CHABHOR!) SKCTpaNonsuuy pe3ynsTaTos U3 0GNacTH MAbX
sHayeHHH K B oGnacrs 3navennii K ~ 1.

4.5. B cBA3H C OTCYTCTBHEM CTPOrOTO METOJA ONpefesieRus TPAHKIBI TI0-
GanpHoro xaoca B dropme (4.11) nnn (4.12) Mel He MOkeM TOYHO YKA3aTh BCE
HeoBXOmMMBIE YCIOBHMA HONyUeHMA 3Tux ¢opmyn. TIoaToMy Hernsa anpHOPH
HCKMIOYHTh HHBIX BO3MOXHOCTel paxe B cnyyamx, korga KAM-teopus npu-
MEHMMA,

4.6. Ucenenosanye TpaHCIOPTHBIX MPOLECCOB € YETOM KAHTOP-TOPOR MPO-
H3BOfIMNOCE B paGortax [21, 22]. MoxHO ¢xasaTh, 910 HATUUHE HX HE TOABKO
NpefiCTaBNAeT SHAUHTENIBHEIN MHTepec [jiA NPHIOKEHMiE B QH3MKe [LNa3MBI,
HO H CO3[aeT TPYIHOCTH B CTPOTOR TEOPHHM XA0Ca PEalIbHBIX CHMCTeM. Jleno B
TOM, YT0 BCErfa HaxOAATcA Oapbepbl, BAOND KOTOPLIX TPaeKTOPHA [BHXETCA
aHOMAaNbHO RONIe. B GYEKUMM pacnpedesleHHs TAKHX BPeMEHHEIX HHIEDBANOB
BAAEPKKH ecTh, HO-BUIHMOMY, CKOMb YIOZHO GONbIlHE MHTIePEAIbl 3a/epiKeK.
J10 03HAUAET, YTO B TPAEKTOPHH, KOTOPaA HOLKHA GbiTh ClyuaiiHOR, CONEpKat-
CH PperyjiapHbie BCTABKH, B KOTOPHIX CHCTeMa IPOBOJIHT OYeHb MHOFO Bpe-
MeHH. 3TO e CBOMCTBO ABIKEHMA NPHBOMMT K CiaboMy (CTeleHHOMY) 3aTy-
XaHHI KoppenaTopos [23].

4.7. Tlpe pewxeHH YacTHI, B CIYYafHBIX TIONIAX CKOPOCTh YACTHII MOXET B
cpe[jHeM BO3pacTaTh. Takoi cnocofi yckopeHusa 6p01 npemioxes Gepmu mns
OBbACHEHHR MPOMCXOXNIEHHA OuICTpRIX KocMmuueckux wacrun [24]. Ioapmee
¥YnaM npemroxun ITA aHATH32 MPOCTYI0 MOJIENb, B KOTCPOH YacTHIA JBHKETCA
MeEXTY OBYMA CTEHKAMH, ONA2 W3 KOTOpLIX HMepHomMueckH komeGmerca [25].
YsneHHBH ¥ aHATHTUYECKAH AHANIM3Kl MOJETH Yama, IpoBefdeHHbIe B paboTe
[26] , mokazanu, 9ro B 3T0# MOJIENH CYUIECTBYET XAOTHYECKAS [MHAMHKA H CTO-
XacTHueckoe yckopedme wacran. Bonocnemersmm 3ty Beoneposamua Onity fpo-
HOIDKEHBI BO MHOTHX paboTax (cm. oGzop pesynstatos B [3, 10, 12,27]) . Cei-
Yac CYIECTBYIOT H FpyTHe, O0jiee pealMCTHYecKMe MOJENH YCKOPEHWA YacTH,
BOSHHKUMe B ¢pu3KKe Wiasmel [28—30].

4.8. CyulecrsyeT 00IIHpHAA NHTepaTypa, NOCRAINCHHAA ABJIEHHIO nepeme-
waeMocTH. OHO OKAa3LIBACTCA CBA3AHKEIM CO CBOMCTBOM MYIBTAGPAKTATRHOCTH
[polecca, T.e. ¢ HeOQHOPOZHEIM paclipelieiieHieM CHHTYTIAPHBIX HWIH paK TaNb-
HBIX CBOHCTB B MPOCTPAHCTEE ¥ BO BpeMeHH. Mel 3pecsh He DyeM KacaThef 310-
ro BONpPOCA, TAK KaK €ro NPHIIOKEHHA OYeHb PasHOOGPAzHEI H HYXIAKTCA B
HHOM BCIIOMOrarefibHOM MaTepHane. [IpHBeneM JHub CCBUIKM Ha HauBGonee
KpYylHBle 0G3opar — [33—35]).

4.9. CuabHBle 3MeKTPHUECKHE [IONA PNIATHBHCICKUX (W/k ~¢) NOTeHIHANb-
HBIX BOJIH B Ia3Me MOrYT OBITH WCIIONIE30BAHKW IR YCKOPEHHA YACTHL, MO
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CBEPXBBICOKHX HEprHA [37, 38}. Opgoit H3 XOPOILIO HCCNEAOBAHHLIX K HACTOA-
eMy BPEMEHM cXeM YCKOpeHMs serisieTCA TAK HasplBaeMerd beat-wave- ycko-
putents [39]. Yacrhua ycKopsiercs B Hem IUIa3MEHHOR BONHOM, BO36YKIaeMOk
¢ MOMOIIBIO IBYX KOMHMHEApHpX JIA3¢pHLIX OYYKOB B HeoQHODPOMHOK IaiMe.
B ciyyae, KOTOa HylyueHHe ONHOTO M3 JIA3¢PHRIX NYYKOB ABIAETCA IMPOKO-
1OJMOCHBIM, BO3Gyxpaemoe B IUa3Me 3eKIpocTaTuieckoe noie E(x, ) Takxe
Oyfer uMeTs SONBUIYIO CNEK TPAITBHYI0 IIHPHHY .

NpusoauMere B 3T0M Taparpade peaynsiaThl cienytor padore [40].

5.1. Hmenrcs Heckonasko hphmepoB mdpy3ud ApHONbO2 B 3apadax
GU3MKA NIa3MBl M EHAMUKH ¥acTuil B yckoprrenax. 0630p ux ¢M. B [2-4].
OueHKy TONMHsT NayTuHw (~ exp(— const/ \/€)) cM. B [5]. Cxopocts mud-
¢y3um ouennpanack 8 [6] . Muddysus Ha nayruHe uMeer CBOeOGPasHy0 ClieHH-
(PHKY, KOTOpasA ByaeT o6CYKPATECA HECK OMIBKO NIO3IHee. '

5.2. Ypasuenme (5.19) onMcnibaer B3aUMOAEHCTBHE BONIHA — YAaCTHLA B
NOCTOAHHOM MAarHETHOM Iayje. 3Ta 3aJa4a HMeeT MHOTOYHCITeHHEIE IPWIOKEHHA
B ¢u3nke mwiasmal {cM. o62opm |3, 12]}. Cnyuait ABIDKeHHA BOMHEI IO YTIAOM
K MATHHTHOMY TOMNI0 ObIt BrepBuie paccMoTpeH B [13]. Xaotuzaumus npu mep-
[EHIMKYIAPHOM IBIKEHHH RONHBI OblTa OGHapyxuera B [14—16]. J1a zamaua
0K23aMach OYeHb OOraTON pasIMUHBIMM GH3MUECKHMH CHTYAUMAMH, H O CHMX
NOp B HeHl OCTAWTCA He MCUISHOBAHHEIE COBCEM WM JOCTATOUYHO TOJIHO CHYYaH.
CMm. Takxke aHanHM3 ypaBHenns (5.19) B cBA3H ¢ IapajioKCcOM HCUe3HOBEHUA
satyxaHua Jlawmay [17-20].

5.3. Peenua (5.49), (5.52) u 1.0, IfIf OBYXKEHAA BHYTPH KBappaTHOH
Ayeliku GBIIH NONYYeHwl B paGote [16]. BuocnefcTBiM OBY MCIONB30BAMNMCH B
paborax [14, 15]. Acummrorhika Gomsiux ko 3HaveHHH NMO3BONAET CHENATDH
BbIBOJL O JIOK&NBHEIX cBOHCTBAX (a30Boro noprpera cucremnl (5.14).

5.4. J1a 3amava uconeneBanace B paborax [10, 11].

6.1. IloppoGHoe H¢cnemoBaHHe MeXAHM3Ma YCKOpPeHMA YacTHH Ha ¢poHTe
BOJIHBI HCCETOBAIIOCE B CBA3M ¢ MHOTOUHCIEHHBIMH NPUIOKEHHAMH B HH3UKE
mwiaamsr [3].

6.2. B paGorax [5—7] uccepoBanucsk Gudypkauuu yaBoeHHa B 0ToGpaxe-
HHAX, COXpaHAwIMX (a3oBuit oObeM. UNCIeHHEI aHATIN3 NIPHBeEN K OIpenene-
HHI0 KoHCTaHTH & = 8,72109720. MOXHO OXHIATh, YTO 3T0 3HAYEHWe SBJISAETCA
YHHBEPCATIBHBIM [iA FAMHIBTOHOBCKHX CHCTEM.

6.3. dpaxTane: upencTaBAAnwT cobOM MHOKECTBA, OPTAHH30BAHHEI CITMILF
KOM ¢AIOXHO, Ofif TOro 4108bI HX MOXHO OpU0 OGbUIO Ha3BaTh IPOCTO NMHHKA-
MU, IOCKOCTAMH T.0. [Tompo6HO U HOCTYNHO MaTepHan O HHX M3NIOXKCH B KHY-
re ManpemGpota [8]. Ipepcragnenve o ¢pakrane Koxa MOXHC TNONYYMIB
cnegylomum 0GpazoM. PaccMOTpHM OTpe30K MBI ¢ HEKOTOPBIM UMCTOM 3y6
noB (HanpuMep, Tpems) . CTopoHy Kaxaoro 3y0ua NpeBpaTHM CHOBA B MY,
HO Yxxe MeHbLIero pasMepa. IIpogomkuM 370F npolecc, NpeBpallas Bee BpeMa
CTOpPOHBl YMEHBLIAWIIKXCA 3YOUOB B NMHNL MeHBUmMX pasmepoB. Ecmm aror
npolecc Ha KaKOM-TO irare NPeKpaTHTh, TO Mbl OMYYHM 3a3yBpeHHYI0 KPHBYH
C KOHCUHLIM uMcrioM 3y6uoB. OpmMako, eciu HpOllece HApAIMBAHMS 3YDLOB
NPOJOIKKTE 10 OecKOHMEYHOCTH, TO 00pa3oBaBIRACA CNOXHAA KpuBaA u Gyner
npuMepom ¢paxrana Koxa.

6.4. YcxopeHHe PelATUBHCTCKHMX YACTHIL B MATHUTHOM IOfe BCAENCTBHC
CYLIECTBOBAHUA NAYTHHEL B HEPENATMBHCICKOM Ipefelic HMeeT MHOTOUYHCHEH
Hble NpWIOXKeHHA . HeKOTOphIe M3 HHX OTpaxkeHE! B paboTtax [14, 15].
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6.5. OrpaHuverde mayTHHB MOXET NPOHCXOAMTE He TONBKO BCIENCTRHe
HeTMHERHOCTH HEBOIMYIUEHHOTO NBHXKEHHA, HO H B clyyae, KOT/Ia BO3MYleHHE
CONEPUT KOHEUHOE YMCNIo rapMoHHic [16] .

7.1. 3damenursie paGorer Moranma Kemwrepa o ¢popme cHexuHok (1611r.)
[1] u "Tapmonua mupa” (1619 1.) [2] nOCTYyXHIH HCTOUHHKEMH MHOTHX Hfeit
VA OPOHHKHOBEHHMHA B TEOMETpHUYEeCKHe TAfHbI CTpOeHHH OKpYXaioillero Hac
MHpa. AHANH3MpYd BO3MOXKHBIE NPHYMHBI, FHO KOTOPHIM CHEXMHKH HMEIOT
IUECTHYTONBHYI0 GOpMY, 2 3¢pHa TpaHaTa He iLAPLL, 3 MHOrorpaHimkH, Kemwiep
HMCKAIl Te CWibl, KOTOpPBIE NOMDKHEI GbUMM MPHBECTH HMEHHO K HabniogaeMbiM
cTpykTypam. TOUHO TaK e OH NBITancA O0bACHATH OTHOCUTEIILHBIE PA3MEpH Op-
6HT A3BECTHBIX TOTHA MAaHET ¢ MOMOUIEI0 TeOMETPRIECKHX TOCTPOSHHH, OCHO-
BAHHBIX H3 MCOOJB3OBAHMH IPABHIBHBIX IIATOHOBBIX Teld. Maes 3aBUCHMOCTH
reoMeTprdecKix ¢GopM 06beKTOB OT BHAA [HHAMMMECKHX 3aKOHOB, B KOTOPLIX
YYACTBYIOT 3Td 06beKTHl, BIOGIEACTBRA LIHPOKO ofcyxpmanacs Nepmanom Bei-
nem [3].

7.2. CymecTBYeT YHHKaIbHafg KHura [4), B KOTOpo# cofpaHO W KJIaccH-
(PHUMPOBAHO OIPOMHOE UHMIO PA3THMMHBIX MOKPHITHH TUIOCKOCTH. B KHure m3-
FOXEHBI TAKXE COBPEMEHHBIE PE3YIbTAThi M3 TEOPHM NBYMEPHBIX TOKDLITHH.
UccnenopaHue reoMeTpHYeCKHX CBOMCTB MO3AHK MOXHO HAHTH TAKXe B KHM-
rax [5-8}. ‘

7.3. Ilenpoys onyGNUKOBaN CBOM BAPWAHTh] MEeHTATOHAIBHLIX HOKPHITHH
B 1974 r, [11]. OpHaxo ceppe3HOe HCCNMEIOBAHKE MX HAYANOCH NOCTe CTATBH
Tappsiepa [12], xoropas fpHBieKna BHMUMAHHE IHMPOKHX HAYYHRIX KPYroB
He TOlbiO K paBorte IleHpoysa, HO M BooOwe K ApoliieMe CUMMETPHM 5-Io
nopapxa. Cpasy ke ObUld CeNiaHa cephe3HAA MOMBITKA MCNONB3OBATH HAPKET
IleHpoy3a Kak BO3MOXHYI0 MODENb KPHCTANNA ¢ CHMMMeTpdedf 5-To Mopspka
{13]. BnocnencTeuy NaHOMepHbIE NMOHCKH MPHBETH K OTKPBITHIO KBA3HKPHC
TAJUIA, MMEIOIMETo NOBOPOTHYH CHMMETDHI 5-TO MOpAAKA NPH OTCY.TCTBHH
TpauCHAUMOHHOM cummeTpud {14]. TloaBwnocs orpoMuoe wiaio paor, moc
BALEHHBIX TeOpeTHYECKOMY H IKCHEPUMEHTATTRHOMY H3YYeHMIo CTPYKTYD R
KPUCTALIOB ¢ aHOMANBHBIMH CHMMeTpHAMH (kBasuxpucramios) [15-17].
3HaunTenbHOE BHHMAaHHe reoMerphM nokpeiTuii IleHpoysa ynerneHo B KHMre
[4]. 1 xot1a BONPOC O PEANIBHOM CYHIECTBOBAHMM KBa3HWKPUCTAIIIOR MOK2 He
COBCEM MCEH, TeM He MeHee KBAZMKDPHCTAITHYeCKHe OKDLITHS M CHMMeTpHM
PeaNsHO CYLIECTBYIOT B IMHAMHTeCKHX cHcTeMax (oM. o6zop [21]).

7.4. B ocHoBe TEXHHKM ODOEKTHPOBAHHA JIEHKHT METOM, NpeioKeHHBIH
8 [22] u pa3puteril panee Bo Myorux pabotax [23-28, 16,17].

7.5. Ceash reHeparopa Mg ¢ MapkoBCKHMH pPa3sGHeHHEMHE RAOCKOCTH
Grula orMeuena B.M. Apaonbsom [29].

7.6. Crporo ropopsa, rpaHMEa TaMWIBTOHOBCKOIO XA0CA XOPOIUO He M
cleposata. JluHaMEKY B €¢ OKPECTHOCTH H CBOHcIBa ¢a3080T0 nOpTpeTa BOIH-
3 rPaHMKEE elle TpeAcTOHT NMOHATh. CIOXHOCTD TPacKTOPHA cHCTeMb! BOME3N
IpaHklp! ONpefeiAeTcA CYIIECTEORaHMeM JOBLIOTO YHCITa MAUTEHBKHX OCTPOB-
KOB YCTOAYHBOCTH, B KOTOPBIE CTOXACTWYECKAR TPAaeKTOPHA He MOXET HOMACTS.
Ona ux 06xomuT, H pe3yNbTAT TaKOT0 OGX0A NPHBOOHT K NOABNEHMIO HETPHBI-
aABHOW CHTYALHY,

7.7. PasnuuHple HAEH nexopuponannﬂ MOXHO HaifiTH B MOHOTpapHH
[4]. Ofcyxnenme HEKOTOPHIX UACTHEIX BONPOCOB HMeerca B ob3opax
[21,30].
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7.8. IlogpGro TOMY, KAK 3010708 CEYEHME To ABNACICA pelleHHeM KBan:
paTHOLO YpaBHeHus, KOTOPOMY ypmoBZerBOPAET BelMHHa cos(2r/5), rak
W THCHA Ty, T2 ABMAKTICA pemIeHKAMH KYOHYECKOTo ypasHenus s cos(2n/7),
T4 YHCHA PA3NIATAIOTCA B BETBAMECA HENHEIE HpOoGu.

7.9. OyHpaMeHTanbHEIH AHANN3 NOHATHA NOKAIBHOTO H3OMOpgHE3IMa meer—
caB [4]. Cm. Takxe [17,32].

7.10. Kaprtuna dypbe-chRekTpa nokpsitua Iekpoysa NoABKIace B paGore
[34] no TOro, KaK aHanoOrWuHas KapTHHa Obi1a NOAYUEHA B JKCHEPHMEHTax
[14]. CpaBHenme ¢yphbe-CIEKIPOB CTPYKTYP, OGPa3OBAHHBIX TAMITHTOHHAHOM
Hs, ¢ 3KcnepHMeHTATRHEIMY RpoBomaiocs B [35). Bee 27u maHHRe MO3BONAIOT
CUHTATH, UTO, pYPbe-CHEK TP NOK PLITHA ANOCKOCTH AOCTATOMHO XOPOLIO NepeiaeT
CHMMETpHYHDIC CBOHCTBA NOKPHTHA, XOTA H He NO3BONIAET, KOHEUHO OfHO-
3HAYHO BOCCTAHOBHTD CIPYKTYDY.

7.11. B peficTBHTeNsHOCTH 0COOBIE TPASKTYOPHH €CTh M B (JIyuae CHIBHOTO
xaoca. C HHMM MOTYT GbITs CBA3AHEI MHOTHe HHTepecHBIE TeOMETPRYECKHE CBOI-
CTBA AMHAMMYECKHX CHCTEM, ¢ O[HOU CTOPOHBI, B HEKQOTOPEIE NPOGIEMEI TEOPHH
umncen, ¢ ipyro# cropoHm [37, 38).

7.12. AHanoryyHoe NMapagoOKCAIbHOE COBMENCHHE CBOWCTB YTIOPAIOUEHHBIX
H HeyTIOpAAOUEHHBIX CTPYKTYP NPOABIASTCH B AMEKTPOHHBIX CHEKTPax MBYMeEp-
Bbix MOpeneil ¢ NeHTaroHANBHOH cummerpueit [39,40].

8.1. CpaBHuTe/NBHO HeJABHO MHCCAEOBAHMA BOSHHKHOBEHHA CIPYKTYD B
CIMIOWHOA Ccpefe OO CTHINH HeOORYaiHO BRICOKOTO ypoBHA. K THNHMHEIM 06beK-
TAM MCCITeIOBAHMA OTHOCHTCA TePMOKOHBEKLHSA, WTEKTPONMHIMHUSCKAA KOH-
BeKIHsA, liepeMelKBaHHe BelefICTBHEe HeycToiuMBOocTH Panes — Teitnopa u gp.
BosnMKkapliHe CIPYKTYPbl HMERT OWYEHB 4YeTKYK BH3YANH3AUMI0, XOPOLIYI
(NpaBWIbHYI0) FeOMETPHIO. JKCIEPMMEHTANIbHEIE YCIOBHSA MO3BOIAIOT H3YYATh
nx Bo30yxneHKe, 3BOMIOLHI0 M B3aHMOAEHCIBHE. YKa)eM Ha HeCKOIBKO chop-
HHKOB, COZAEpXalluxX o0LmMpHbIE MATEPHAIILI IO 3TEM Bonpocam [7,8].

8.2. Bonbiioe uMcnO NPHMEPOB OBYMEPHBIX CTANWOHADHBIX BHXPEBRIX
Teuenni HeOTPAHWYCHHON XUAKOCTH NPUBENCHO B [3, 11}. C momomso MeTO-
4 PA3fE/icHHs TICPEMEHHEIX B [12] masimen TpexnapameTpnqecxnn Knace
pememm ypapsenna (8.10) ¢ f(¥)=¥In¥ +aC uf(¥)=V¥> rmean b —
ZefcTBHTeNbHRIE Wicna. B padoTte [13] paccmarpuBanoch '.I‘BK)KC l'lpe,D.CTaBIIeI{He
sasuxpentoctu s sune f (¥ ) = sin ¥, f(¥)=sh ¥ uf(¥)=ge ¥ —¢¥.

8.3. T'apponvHamudeckue TeveHnst tuna (8.12), (8.14) mavanu oGoyxomaTs-
I B CBA3HM C PA3HBIMH 33Ja%aMH THIPOIMHAMMKM CPaBHHMTENBHO HeJaBHO
[15—20] . Ho-BHmmMOMY, ¢ POCTOM 3K CIEPUMEHTANTEHBIX BO3MOKHOCTEH BHUMA-
HHEe K CTPYKTYpaM KBasHKPHCTAUIHYECKOTO THIA GYAET YCWIMBATHCA, TAK KaK
HX BO3HMKHOBCHHE MOMKEeT MPOMCXO[IHTh B peaylbTlaTe NOCIIefOBATENbHEIX OB
Pypialni Ipd TIepex0pe 0T NAMAHAPHOTO TeUeHHA K TypOyIeHTHO My .

84. 3ajaua HCCIENOBaHHA YCTOHMMBOCTM NamuHapHoro Teuenusn (8.27)
opna nocraeiena A H. Konmoropossim Ha pyKoBogaMOM HM cemuHape [221.
JlunefiHaa TeOopHA YCTOHUMBOCTH 3TOTO TeyeHHa Opula mocrpoeHa B [21]. B
paGore [23] pmokazaHo cyweciBoaHMe npH Re > Re, BTOPMYHBIX CTAHHOHAp-
HBIX TEYEHHH M MX YCTOHIHBOCI: OTHOCHTEIIBHO NEPHOAHYECKHX BO3IMYLIECHHH ¢
[epHoIOM OCHOBHOTC Teuehud. OpHawko B [24-26] GbpU10 OOKAa3aHO, YTO Bee
BTOPHYHBIE TEYEHHA C TPAHCIALMOHHON CHMMeTpHell HeyCTOHUHBEI OTHOCHTEIE
HO BOIMYIUEHHA ¢ NEPHOIOM, HECOH3MEPHMEIM ¢ IMePHOIOM OCHOBROIO Teue-
Husa. TakuM 00pa3oM, TeopeTHYECK W BhIBOM 3aKIIOYAJICA B TOM, UTC B 3aKpH-
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THUECKOH obnacru npu Re > Re, npoCTpaHCIBeHHO-TepHOIHYECKHE BIOPHUHbIE
TeMeHHA HeycToduHBm. OpHako 3KcHepUMeHTLL [27] OOHAPYXKHIH BTOPHYHEIS
CTAMOHADHBIE CTPYKTYPHI B BHOE Pery/APHOH pemreTid BHXPEH, pacHoiomeH
HRIX B [HAXMATHOM [OpAMKEe H M3IMEHAKUIMX CBOK ¢opMy C yBeiuyeHMeM
uucna PefiHonbaca. Pasrapgxa mapapmoxca cBAsaHa ¢ TpeH#eM KUEKOCTH O OHO
KaHana. COOTBeTCTBYWIIAA TeOpHA, HO3BONHEINAA KOJIMYECTBEHHO OIHCATH
IKCIepHMEHTANIbHEBIE Pe3YIIbTATHL, Gbuia NocTpoeHa B [27, 28].

9.1. CywecrByeT IOJIHaA AHATOTHA MY HCIIOTB30BRHHEM NPEACIABIICHUA
O JIRHHAX TOKA H MpefcTaBlieHHeM 0 MATHUTHBIX NOBEpXHOCTAX. MarRuThele 11o0-
BEepPXHOCTH NpPEACTaBNAKNT cobofl HHBAPHAHTHpIE CTPYKIYPEI B IIPOCIPAHCTBE,
HAa KOTOPBIX palTionaraercs CeMelcTBO CWIOBBIX JIHHHH MATrHHUTHOIQ MOMIS.
3apaya © CYINEeCTBOBAHMM MArHUTHRIX HOBEPXHOCTEH IKBHMBAJIEHTHA 3afade O
CYUIECTBOBAHMH HHBAPHAHTHRIX TOPOB [MHAMMMECKOH cMcTeMsl PaspyieHue
MATrHUTHBIX TIOBEpXHOCIEH HPOABNAECTCA B X40Ce MATHUTHRIX CMIIOBBIX JIMHMA,
XOTA COOTBETCIBYIOMAA MPOCTPAHCTBEHHAA KOHGHIYPAUMA MATHATHOTO HOJISH
ABNAEICA PeryaapHOf. 'aMHNBTOHOBCKHH POPMATH3M A 337aY4 O MAarHHI-
HpIX NOBepXHOCTAX OBLT NpuMeHeH B paBorax [1, 2]. HanvHeiiiee paspuTHe
3TOro HanpaBleHHA cM. B [3,4].

9.2. HccnenropaHue cTOXacTHYeCKOH NMHEMMKH MaCCUBHON CKAIAPHON MpH-
MecH (apBeKluH) B HeCTAMOHADHOM [BRYMepHOM Il0ToKe GBUIO IIpPOBEfEHOC B
[8]. B npepcrapnetnu JIaHrpatxa 3afava CBOIHTCA K H3YYeHHIO CTOXACTHIECKO:
ro NOBeMeHAA pellcHHi HeaBTOHOMHOH raMWJIBTOHOBCKOH CHCTEMBI. JKCHepH-
MCHTATIBHOMY MCCIEOBAHNIO TIePeMEelMBAHHA NAaCCHBHOK NPHMECH B XHIKOC
TH, HAXOGAIEHCA MeXTY ABYMA HeKOAK CHATIBHO BPAARIMHMHCA ITHITHHIPAMH,
HocemueHs! pabote [9, 10}.

9.3. Ukcnennoe HecnenoBaHHe HOBe[eHHA pelleRMH YpaBHEeHHA HHIYKUMH
(9.11), onuceiBalolero 3BOMIOLMI0 MAIHUTHOTO HOJIA B CTAIMOHAPHOM [HOTOKE
HpoBOOsAMIeH XUIOKOCTH, BEUI0 Havato paGoroit [15] m 3areM IpomoixeHo pa-
Goramu [16, 17]. Ona uccneposaumii Grrio BeiBpano none ckopocreit ABC-
TedeHuA ¢ Kosppuuuentamu A = B = C = 1. B [15] Gbuio ofHapyxeHo, yro
IrHaMO-3¢(PeKT HMeEET MECTC [JIA MarHHTHOTO YHoIa PefiHonbica B OBIacTH
9 < R,, < 17,5. B [17] wicrenHsie pacueTsr yUAnoch npomsusyis o R, =
= 450, u 6pula HajigeHa BTOpas OBMACTb CYLEGCTRORARMAN THAPOMATCHHTHOTOQ
maHamo Ry, > 27. B [18] mokasaHo, yro Bo30yx7aeMOe TaKHM 0BG pa3oM Mar-
HHTHOE N0J1e HMeeT TeH IeHIMID K KOHUEHTPALMN Ha dpakTane.
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