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BBEJAEHUE

“CHMMETpHS SBISETCS TOH HJleeH, MOCPEeICTBOM KOTOPOH
YeJI0OBEK Ha TPOTSHKCHHH BEKOB MBITAJICS ITOCTUYb U CO37aTh
MTOPSIZIOK, KPACOTY U COBEPIICHCTRO .

“Hackonbko s MOTY Cy/UTh, BCE AIPHOPHBIE YTBEPIKIEHHS
(U3UKH HUMEIOT CBOMM HCTOYHHKOM CHMMETPHIO.

T'epman Betine

Cummerpusi, TapMoHHS — 9TO Hambonee oOmue MOHSATHS, WeH, BeIpaOOTaHHEIC B
Ipoliecce TMO3HAHUS YENOBEUECTBOM OKPYXKAIOIIEro MHpa U cBoero mecra B HeM. OHH
BKJTFOYAIOT MOBTOPSEMOCTh COOBITHH BO BPEMEHH M B IPOCTPAHCTBE, COXPAHEHHE CBOMCTB
00BEKTOB TIPH Pa3IMUHBIX IpeoOpa3oBaHuUsAX, JBHKCHHSX 1, B KOHEYHOM CYETE, CAMH 3aKOHEI
NPUPOABLI. OTH MJAEM W TIOHATHSA HAIIM BOIUIOIIEHHE B CaMbIX pa3HbBIX CTOPOHAX
JNeATeIbHOCTH JII0OIeM — HayKe, HCKyCcCTBe, pemecnax. J[ocTaTo4HO OTMETHUTH
MateMarndeckue (GOpMYIHPOBKH MHOXKECTBA €JMHOOOpPA3HBIX OOBEKTOB, MOBTOPSEMOCTH
Y30pOB OpPHAaMEHTOB IPH TPAHCIALHUAX, MOBOPOTAX, OTPAKEHHUNIX, PUTMHUYHOCTH PaOOTHI
MaigH U T.1. Hanbonee yeTkuM MareMaTndecKuM OTOOPaKEHUEM HUJICH CUMMETPUH CITY)KUT
TEOPHS TPYII, UMEIOMAs /IO C CaMbIMH DPA3IMYHBIMA MHOXKECTBaMH NpeoOpa3OBaHHIA.
Ilonpo6GHO O pa3BUTHH WU CUMMETPHH W €€ MAaTeMaTHYeCKOM O(QOpMIIEHHH, PA3TAIHBIX
MPOSIBJIICHUSAX CUMMETPUH U €€ HAPYLIEHUH B IIPUPOJIE U UCKYCCTBE PACCKa3al BbIIAKOIIUUCS
mMatemaruk [ .Belins B cBoeM nocnenneM Tpyae — ekinusax o cummerpuu (I'.Bewns, 1968).

CaMBIM H3BECTHBIM TIPHIIOKEHHEM TEOPHH TPYII B JTOKBAHTOBOW (M3UKE SIBIISETCS
ONHCaHWe CUMMETpUH KpuctamioB. HHrepecHo, uyro k 1830 roxmy, korna BO3HHK
MaTeMaTU4YeCKuii  TepMuH  “‘rpymma’, otHocutcss W BeBox  l'eccenem  32-x
Kpuctautorpadpudecknx kimaccoB. BeBog ®PemoposeiM u lllendmucom B 1891 r. 230
MIPOCTPAHCTBEHHBIX TPYII CUMATAETCs IeaeBpoM aHaimm3a. Ho B XIX-m Beke ¢usndeckas u
MaTeMaTHYECKash BETBH TEOPHH TPYIT Pa3BUBATHCH MTPAKTHYECKH HE3ABUCHMO JIPYT OT JPYTa.
IIlupokoe BHempeHHe TPYIIIOBOrO amrnapara B (U3WKY HA4aJloCh BCKOPE IMOCIE CO3/IaHHSA
KBaHTOBOM MEXAaHHUKH W CBA3aHO OHO ¢ umeHamu ' .Beiuna, E.Burnepa, I'.bere, 10.Paka u

MHOTHX JIPYTHX U3BCCTHBIX MATEMATHKOB H (1)I/ISI/IKOB.
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Bo3MoxHOCTH NIPUMEHEHUS TEOPUU TPYII CUIBHO PACIIMPUIINCE B CBSI3U C TEM, YTO
COCTOSIHMSI B KBAHTOBOH MEXaHMKE, B OTJIMYHE OT KJIACCUYECKOM, 3a/1al0TCi BEKTOpPaMH B
abcTpakTHOM THIIEOEPTOBOM IIPOCTPAHCTBE, a MPeoOPa30BaHU CHMMETPUH NPEICTABISIOTCS
VHUTApHBIMH (WJIM AHTHYHHTAPHBIMH) TPEOOPA30BAHMSIMH DTOrO IPOCTpAaHCTBA. bBHUTO
BBISIBJIEHO, UTO TpYIINa CUMMETPHH KBAaHTOBOMEXaHUUYECKOH CHCTEMBI U €€ HeNPUBOJIUMBIC
MIPECTABICHUS MOTYT OBITh HCIIOJIE30BAHBI JIJIS KITACCH(HUKAIIMU DHEPTETHUECKOTO CIIEKTPa H
CTAallMOHAPHBIX COCTOSHUH CHCTEMBI, BBIYMCICHHUH MATPHUUYHBIX JJIEMEHTOB M PACYETOB IIO
TeOpuu BO3MyIlleHud. [IpencraBneHne raMuIbTOHHAHA B BHJIE CYMMBI IOCIEIOBATEILHO
yOBIBAIONIMX YIICHOB, YYHTHIBAIONIMX Bce OoJice TOHKHE B3aMMOJICHCTBHS B CHCTEME, Ha
SI3bIKE TEOPUH T'PYII O3HAYAeT NMOCTENEHHOE MOHMW)XEHUEe CUMMETPHH, NIEPEX0/] OT UCXOAHOMN
TPYNIIBl BBICOKOM CHMMETpMHM K ee¢ mnoarpynmnam. IIpm TakoM noaxole OKa3bIBaeTCs
BO3MOXHBIM IPOCJIEIUTh 32 T€Healorned ypoBHEH DHEPruM CHUCTEMBI M €€ CTalHOHAPHBIX
COCTOSIHMM, ¥ OH LIMPOKO UCIIONB3YETCSl B TEOPHH aTOMHBIX U S/IEPHBIX CIIEKTPOB, CIIEKTPOB
MOJIEKYl W TBEpPABIX Tel. be3 OOonpIIMX H3MEHEHHH €ro MOXHO HCIONB30BaTh IS
paccMOTpEHHs CIEKTPOB JpyTMX HaOMIOJaeMbIX BEIWYMH. B  Teopum CIEKTpOB
SIIEMEHTAPHBIX YACTHUI] PelIaeTcs CKopee oOpaTHas 3aja4a: Mo MMEIOIIMMCS CreKTpaM (uim
X KyCOYKaM) yTraJiaTh CHMMETPHIO, OOBEAMHSAIONIYIO pa3inudHble 9acTHIlpl [lorpeGHocTH
(GU3MKH CTUMYIMPOBAIM Pa3BUTHE 1EJIOT0 PAJia KPYIHBIX HAIPABICHHH MaTeMaTHYECKOH
TEOPHUH I'PYII, TAKHX KaK KaHOHWUYECKHE (DOPMEI HETIPUBOJUMBIX NPEACTABICHUH PA3IMIHBIX
rpymm, Teopuss  koddp¢ummentoB  KneGmma-I'opaoHa, yHHUTapHBIE  NPEACTABICHUS
HEKOMNAakTHeIX rpynn Jlu, paszmuunele pacmmpenus rpymnn Ilyankape. llepseie
3HAYUTENBHEIE PE3Y/IBTATh] B THX HAIIPABJICHUSAX ObUIM MOJMyYEHB! KaK pa3 Gusnkamu.

Kak BuAHO, /U1 yCHEIIHOrO IPUMEHEHUS UACH CUMMETPUM IIOMHUMO 3HAKOMCTBA C
OOIIMMH MIOHATHSMH TEOPHH TPYII U UX MIPEACTABICHHHA HEOOXOIUMO JIOCTATOYHO MOAPOOHO
3HaTh 4YacTO BCTpedarommecs B (PU3MKE KOHKPETHBIE TPYNIBl CHMMETpHH. B ducno
MOCNHEHUX BXOJAT TPYMIBl, OMNUCHIBAIOIIKME “TEOMETPHIO” CHCTEM: TpyIIa BPALICHHH B
TPEXMEPHOM IIPOCTPAHCTBE, JIEKAIlas B OCHOBE aTOMHOH CHEKTPOCKONHH, Pa3iHdYHEIE €e
KOHEYHBbIe TOArpynnbl (“TOYeYHbIE TPYNIbl CHMMETPHH), ONHMCHIBAIOLIME BHELIHIOKO
CHMMETPHUIO MOJIEKYJ M KPHCTAJUIOB, TPYITa MEPECTaHOBOK OJMHAKOBBIX dacTull. Ocoboe
MECTO B 9TOM DPSiIy 3aHHMAeT CUMMETPHS OTHOCUTEIBHO OOpallleH!si BpEMEHH, TIPHBHOCS AN
B (HU3UKy aHTHYHUTapHBIE IpeoOpa3oBaHus. YHHUTAPHBIE TPYMIBl PAa3HBIX MOPSIKOB
UCTIONB3YIOTCS B TEOPHH DJIEMEHTAPHBIX YacTHI[ M B TEOPUH ATOMHBIX CIEKTPOB (Tipu

PacCMOTPEHHH TEPMOB BBICJICHHOH KoH(urypauun). I'pynma Jlopenua onpexpenser
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CTPYKTYPY TPOCTPAaHCTBA-BPEMEHH B CHEIHMAIBHOH TEOPUH OTHOCHTENBHOCTH; B OOMmIEH
TEOPHH OTHOCUTEIEHOCTH JUISl ONTUCAHHUS TTOJNICH TATOTEHHS UCIIONB3YIOTCS U IPYTHUE TPYIITHI
JIn.

Cxema MPaKTHYECKOrO MCIOJIE30BAHUS TEOPUH TPYII BO MHOTHX 33Jadax JOBOJBHO
MPOCTa: ONUCAHHUE CUMMETPUH CUCTEMBI, COCTABIEHHE NPUBOAMMOIO IPEJACTABICHUS Ha
MHOXXECTBE COCTOSTHUH CHUCTEMBI, pACCMATPHBAEMBIX B JIaHHOHM 3ajade, Pa3lioKEeHHE €ro Ha
HENPUBOJUMBIE COCTABISIOIIME C TMOMOIUBIO OMNEpaTOpOB IIPOCKTHPOBAHHUS U, IpH
HEOOXOAMMOCTH, pPACYeThl MAaTPHYHBIX OJJIEMEHTOB HA TMOMYYEHHBIX IIPOCKTHPOBAHHEM
CHMMETPUYHBIX COCTOSTHUSX.

VYkazanHas oOmmpHas mnporpamMMa ‘“‘cummerpuitHoro” oOpa3oBaHusT (U3HKOB B
Ka3zaHckoM yHHUBEpPCUTETE B HACTOSIIEE BPEMS PEATU3YETCSl B HECKOIBKO NMPUEMOB. JTO, BO-
MIEePBBIX, BBOAHBIN Kypc “Teopust ciMMeTpun’” 1S CTY/IEHTOB TPETHEr0 Kypca, BKIIOUAOLIHH
OCHOBBI TEOPHH TPYNMI M HMX TPEJACTABICHHHA, 3HAKOMCTBO C TOYCYHBIMH TPYINIIAMH
CUMMETPHH U TPyNnou BpauieHui. CTyleHTaM, CIeHHATH3UPYIOIIUMCS 10 TEOPETUUYECKON
¢usuke, uutaroTcs “‘J[onmonHHMTENRHBIE TIABEI MATEMaTHKW , TAE€ OTH JK€ BOIPOCH!
paccMaTpUBAIOTCS MOAPOOHEe, PEIAIOTCS 33Jja4d W BBIIOJIHSIOTCA 1abopaTopHBIE 3aJaHMS.
Haxoner, 6ynymum maructpam ¢puzndeckoro pakynbTeTa 9uraercs Kype “JlonomTHATENbHBIX
IJIaB MAaTeMaTHKH C (U3HYECKUMH TMPHIOKEHHSIMH , B Hadaje KOTOPOro JETajJbHO
paccMaTpUBAIOTCS PA3JIMYHBIE TIPUIOXKEHHUS TOUYEHHBIX TPYII U TPYINEI BPAlIeHUH U, KPOMe
TOro, W3Jaraercsi TEopus TMPOCTpPaHCTBEHHbIX rpymnn, rpymn Jlopenna u Ilyankape,
YHUTApPHBIX CAMMETPHI.

Hacrodmee mnocobue mpenacrasnsier coOOH Kparkoe COJepKaHHWE JIEKIWH 10
yKa3aHHBIM pas3jielaM TEOpHH Tpyln. boaee mogpoOHO H3M0XKEHBI PAacYEThl KOMIIOHEHT
TEH30pOB, HHBAPHAHTHBIX OTHOCHUTEIBHO HEKOTOPBIX TPYIII, pacyeTbl HOPMAIBHBIX
KOOP/IMHAT M MOJICKYJIIPHBIX OpOHMTaNeld CHMMETPHYHBIX MOJIEKYN. OTH maparpadbl MOXKHO
paccMaTpuBaTh Kak oOpasibl BBIMOTHEHUS AaHAJOIHYHBIX JAOOpPATOPHBIX 3aJaHHM.
CrpaBouHBIE CBEJEHUS, TIPUBEJCHHBIC B MPUIOKEHHUIX, TAKXKE NMPU3BaHBI CIOCOOCTBOBATH
BEIITOJTHEHHIO JTA0opaTOpHBIX 3amaHui. 1o KaxkaoMy pasieny Kypca NpPUBEACHBI 3a1auw,
KOTOpBIE JHOO J[ONMONHAIOT MW HIUTIOCTPUPYIOT TEOPETHYECKYI0 YacTh, JTHOO TMOMOTAIOT
OBIIA/IETh CTAHJAPTHBIMH IPUEMAMH, BCTPEYAIOLIMMHCA B MPHIOKEHHMAX. PacummpeHHoe
COJIEp)KaHUE KHUTH ABIISIETCS TIPOTPaMMOH Kypca.

B nocobue BiiroueH TakKe psji JONOTHUTENBHBIX CBEJCHHHA, CPABHUTENBHO PEIKO

BCTpeHaronMxcss B y4yeOHWMKax mo Teopun Tpynn Juis ¢usukoB. Ham mpencrammsercs
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resecoobpa3HeIM x0T OBl KPaTKO MO3HAKOMHUTH CTYIEHTOB C HEKOTOPBIMH BBITAIOLIMMHUCS
pe3yabTaTaMu abCTPAKTHOH MaTeMaTWYeCKONW TEOPHH TPYII — KIACCHPHUKALMEH KOHEYHBIX
rpymn, anrebp JIn, nzomopduzmom anrebp JIu m MaTpuuHbX anredp. DTH BOMPOCH! JIKIIb
YaCTHYHO HM3JaraloTcid Ha JIEKIUAX M PAaCCUMTAHBI, CKOpee, Ha MpoOyXJEeHHE HHTepeca K
YTEHHUIO JOMOTHUTENBHOMH TuTepaTyprl. Heckonbko mogpodHee paccMaTprBaOTCS TPYIIIOBas
anredpa U KOMMYTAaTOpHbBIE anreOphl MPEACTABICHUNA. OTH TOHATHS NPHAAIOT BHYTPCHHEE
€IMHCTBO BCEA TEOpUU I[IPEJACTABICHUA U €€ NPWIOKEHHAIM. [ aMUIBTOHMAH
KBAaHTOBOMEXAHHYECKOW CHCTEMBI SIBISIETCS  DJIEMEHTOM KOMMYTATOpDHOH  ayireGpel
MIPE/ICTaBICHHUS COOTBETCTBYIOLIECH IPYMITBI CHMMETPHH, U BUJI MaTPUIIb! €r0 B MOAXOAAIICH
cucteme koopauHat ompenensercs jgemmon Illypa. Ha ykasaHHbIX NOHSATHSIX OCHOBaH M
¢yanamenTaieHeld  BeIBOA lllypa o CBA3M TONHOW JMHEHHOH TPYNNBl H  TPYIIIEI
MEPECTaHOBOK.

[Ipennonaraercs, 4To YATATENb 3HAKOM C OCHOBAMH JIMHEHHOH anredpel, B YaCTHOCTH,
CBOMCTBAMU YHUTApPHBIX M DJPMHUTOBBIX ONEPATOPOB M MATpHUI, a TAaKXE DICMECHTAMHU
KBAaHTOBOM MEXaHHWKHU. /[ MOHMMaHUA JABYX IMOCJHEJHHUX IJAB KEIATEIBHO 3HAKOMCTBO C

OCHOBaMH KBAHTOBOH TCOPHHU ITOJIA.
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1. OcHoBHBIEe MOHATHSA TeopuH rpymnn. Ilpumeps! rpynn

1.1. Onpeaenenne rpynnsl

I'pymma — mMHOXecTBO G, HA KOTOPOM OIpeleliecHa GHHAPHAS TPYIIIOBAs OIepalius
(“pmnuodrcenue”), CONMOCTABIAIOMAT KaXKIAOW Tape dIeMeHTOB a,b € G onpeneneHHbBIH
aneMmeHT ¢ €@, ab = c. YMHOXeHHe nogunHseTcs akcuoMam (1) accomnaTuBHOCTH (ab)c =
a(bc); (2) B rpynne uMeercs eTMHAYHLIA 31eMeHT e € G, ae = ea = a; (3) U1 KaAXIOTO
aneMeHTa a € (G CyIIECTBYeT OOpPATHBIH €My 3JIEMEHT a'e G, aa'=a'a = e I'pymma
HA3BIBACTCSH abenesoi (kommymamuenou), ecnu s moOeix a,be G umeer mecto ab = ba.
MHuoxectBo /1 — G HasbiBaeTcd nodzpynnou rpynibl (G, €ClId OHO 3aMKHYTO OTHOCHUTEIBHO
3a/1aHHOM Ha G onepalliid YMHOXXCHHSL.

B 3aBucumocTH OT uucla 3JIeMEHTOB MHOXecTBa (G (TOYHEE, OT €ro MOIIHOCTH)
pasau4yaroT TpynIbl KOHCYHBIC, 6CCKOHCLIHI:IC AUCKPETHBIC, HCMIIPECPBIBHBIC WU CMCIIAHHBIC
HEnpepbIBHBIE. UUCIO DJEMEHTOB KOHEYHOW TPYNIBI HA3BIBAIOT €€ HOPAOKOM. DINEMEHTEH
OECKOHEUHOM TUCKPETHOM IPYIIIHLI MOXXHO TIEPEHYMEPOBATH C TIOMOIIBIO HATYPAIBHOTO P
gucell WA JIOO0ro CYeTHOrO MHOXKECTBA CHUMBOJIOB. ODJIEMEHTBHI HEMPEPBIBHOW TIPYMIIEI
3aJa10TCS TIOCPEACTBOM KOHEYHOI'O YHCIia HEMPEPHIBHO MEHSIOMIMUXCS MapamerpoB. ['pymma
Ha3bIBACTCS KOMRAKMHOW, €CIA ee TapaMeTpbl NpoOeraloT OrpaHWYCHHBIC HHTEPBAJIBI
3HadeHUUd. B cmemannvix zpynnax HexoTopble mapaMmeTpbl NMpoOeraroT JUCKPETHHIA (B

JaCTHOCTH, KOHEYHEIH ) HaOOp 3HAUCHHH.

1.2. Ilpameps! rpynn

I'pymmoii sBIsS€TCS COBOKYMHOCTH ODIJIEMEHTOB JIMHEHHOTO NpocTpaHcTtBa L, co
CIIO)KCHHEM BEKTOPOB B KAayeCTBE TPYIIIOBOH oOmepanud (B YaCTHOCTH, MHOXECTBO BCEX
BEIIECTBEHHBIX YHCEN, KOMIUIEKCHBIX uHcenl). Pollb €JUHHMIBI TpyMIsl WUIrpaeT HYICBOM
BEKTOp, OOpaTHEIA DJIEMEHT /i BEKTOpa a — TIPOTHBOIOJIOXHEIA BekTop — a. I'pynmna
abenea, HeIpepHIBHAS n-TIapaMeTpHUECKas (27 B KOMILUIEKCHOM clTy4yac), HeKOMIaKTHAs.

GL(n,R) [GL(n,C)] — rpynna Bcex HEOCOOEHHBIX JIMHEHHBIX ONEPaTOpOB (MATPHII) B
BelecTBeHHOM (R) mnu koMmiuiekcHoOM (C) mpocTpaHcTBe L, C YMHOXKEHHEM OIEpATOpPOB B
Ka4ecTBE TPYMNIIOBOW omepanuu. I'pynma HekoMMyTaTuBHA (ecinu n # 1), HenpephIBHAS n’-

rapaMeTpudecKas (2n2 B KOMIUIEKCHOM CIy4ac), HeKOMIaKTHas. Yuumapnasn zpynna U(n) —
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nogrpymma GL(n, C) — onpesensercs n° He3aBHCHMBIMH TTAPAMETPAMH; TPYIIa KOMIIAKTHAS,
Yuumapnas ynumodynapnasn zpynna SU(n)c U(n) (MaTpums! ¢ onpegenutenem 1) — n’—1 -

HapaMeTpu4ecKast.

I'pynna epawenuii B TpexMepHOM eBKIMa0BOM mpoctpanctBe SO(3,R) (mpyrue
o6o3nauenns O3, R3) — HenmpephIBHAS TpeXMapaMeTpHYecKas KOMIAKTHAS TPYIIA; OfHA U3
BO3MOXXHEIX NapaMeTpH3alliii — C TOMOIILI0 Tpex yrioB Oinepa. [lonHas oproroHanpHas
rpynmna B Tpex m3mepeHusx O(3, R) (unmu Osz) CnyXHT IPUMEPOM CMEIIAHHOW TPYIITBI — TPHU
HENpephIBHBIX TapameTrpa (yrael Oiiiepa) [IONONHSIOTCS YETBEPTHIM  MApaMETPOM,
NPUHUMAIOIIMM [IBa 3HAa4YeHUs (CKaXeM, + W — ) W pa3IudalolluM COOCTBEHHEBIE H

HecOOCTBEHHBIC BPALICHHSI.

I'pynna Oeuxcenuii eéxniudosa npocmpancmeda — COBOKYITHOCTH NpeoOpa3oBaHui,
HE MEHSIONIMX PACCTOSHH MEXJY JIFOOBIMU JABYMS TOUYKAMH; TIOMHMO BPALICHWH BKIIOYACT
NapauienbHbIE TIEPEHOCHI TOYEK.

I'pynna mpancnayuii 6eCKOHEYHONW KPUCTAUTMYECKOH peleTKH — OecKoHeyHas
JUCKpeTHas abeneBa rpymma. B kagecTBe 37IE€MEHTOB TPYHNBEI MOXXHO pacCMaTpUBATh
BEKTOPBI TPAHCHAUMA a(m,n,k) = ma; + na, + kas, rne m,n k — moOble 1LeNble YUCIa; a1,a,, a3
ONPENENAIOT JJIeMeHMapHble MPAHCAAYUN, TApAJUICNCNUNe/l, NOCTPOCHHBIM Ha HHX,

SIBISICTCA 971IEMEHMAPHOU AYEUKOU KpUcmanna.

Cummempuueckana 2zpynna n-oii cmenenu P, — Tpynma BCeX MNEPECTAHOBOK 7
o6BekTOB (umcen) — KoHewyHas rpynmna nopsaka n! IlpousBeneHue AByX MEpecTaHOBOK —

pe3yAbTAT MOCIEI0BATENIEHOTO MIPOBEICHHUS DTHX NIEPECTAHOBOK (B MOPSIKE CIIpaBa HAJIEBO):

12...n12...n_12...n
b, .. b

b b, .. b\a, a, .. a b

n n al an
HepeCTaHOBKI/I MOXXHO 3aNUCBEIBATH B OJHY CTPOUYKY, B BHUJAC NMPOHU3BCACHHA HC3aBHCHMBIX
UuKnog. paaoM C KaxXIbIM YHUCIOM B IIHKIEC CTAaBUTCA TO 4YHCIO0, Ha MECTO KOTOPOTO
NECpEXOJUT TNECPBOC;, LUK 3aMBIKACTCA 4YHUCIIOM, NCPEXOAANIMM Ha MECTO YHCIA,

oTKphIBaroniero nuki. Hampumep,

1 23 456  (135524)6)
34521 6/

Uncmo oOBEKTOB B IMKJIC HA3BIBACTCS €r0 OMHOW, VKLl JJIMHBI 1, KaK NpaBHIO, HE
BBIMUCBIBAIOTCS. [lepecraHoBka, 3arparuBaromias TOJBKO JBa 4YHCHA, Ha3bIBACTCA

mpancnoauuueﬁ; OHa MNPCACTABIACTCA OJHUM ILIUKIIOM JIJIMHBI JIBa. 3amuce nEepECTAaHOBOK
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HEO/IHO3HAYHA: B MOJHOM 3aIIMCH MOXHO KaK yTOJHO MEePECTaBIATh CTONOLBI, UKLl MOXKHO
HAUAHATE C JIO00r0 M3 COAEPXKAIIMXCA B HEM YHCEN, HE3aBHCHMBIE I[HKJIBI MOXHO
nepecTaBiATh. llepexon K 0OparHOMY ODIEMEHTY [IOCTHUTASTCS IEPECTAHOBKOW DSIOB B
JBYXpSJTHOM 3alHCH. BCAKyI0 NEpPEeCTaHOBKY MOXXHO IIPEACTABHTL B BUJIE NPOHU3BE/ICHHS
TpaHcio3uiui (3agada 24). Uucao MHOXHTENEH B TAaKOM NPOU3BEJICHHH OIPEICIsIeT
uemnocms nepecmanogxu. lloarpynmna P, , cocTaBneHHast TOIBKO W3 YETHBIX MEPECTAHOBOK,

HAa3bIBACTCS 3HAKONEPEMERHOU Zpynnou A,

2 N Baxnyio pons B Pa3snUYHBIX MPWIOKEHHUSX HIPAIOT TaK HA3bIBACMBIC
\/
N7 (v
AT 1 moueunvie 2pynnvt cummempuu — TDYNNbl CaMOCOBMEIUIEHHH KOHEYHBIX
3¥ reomeTpuueckux ¢uryp. OHU ABISIOTCS MOATPYIIIAMH OPTOTOHAILHOM TPYIIIIEI

O3. Tak, rpynna n-ro mopsaka C, COCTOUT W3 TIOBOPOTOB OKOJIO HEKOTOPOH OCH
Ha YTJIbl, KpaTHble 27/n. B xauecTBe 06bEKTa C TAKOW CHMMETPUEH MOXKHO IIPEACTaBUTH cebe
KOHHYECKYIO IIECTEPEHKY C A HAKJIOHHBIMH 3yOuamu. ['pynma cHMMETpHH TpaBHIBHOH
TpeyroinbHOW nupaMuipl, Csy, COAEPKUT LIECTh DJIEMEHTOB: eAMHUUYHBIH £, moBopoT C; Ha
120° (anst ONpPENENEHHOCTH IIPOTHB YAaCOBOM CTPENIKH, CYMTas OCh HANPABJICHHOM OT
OCHOBAHHS K BEpUIMHE MHpamMuzsl), moBopot Cs° Ha 240° (PaBHOCHIBHBIH MOBOPOTY Ha 120°

mo 4acoBoii crpenke), otpaxenns o, 6@, ¢

OTHOCHTEIILHO TUIOCKOCTEH, MPOXOSIIHAX
gyepe3 BhICOTY M BepIIWHEI 1,2,3 oCHOBaHMS NMHpaMubl (HyMepauwus, Ui ONpPEAeIeHHOCTH,

MIPOTHUB YaCOBOM CTPENKH, CM. PHUC.).
[ompo6Hoe nepevncieHre TOYEUHBIX TPYIIT PUBOIUTCS B KOHIIE pa3ziena.

1.3. ITopoxnaonne MHOXKECTBA 3JIEMEHTOB
Hensle crenenn a000r0 JIEMEHTA TPYIIIBI OIPEAEISIIOTCS CASAYIOMIM 00pa3oM:

- -1 _-1 -1 V]
a"=aa.a (npa3), a"=a a .a ,a =e

n+m

OueBdgHO TpH 3TOM, 410 a"a™ =a™, u wmuHOKecTBO {q"} oOpasyer mnoarpymmy,
Ha3bIBACMYIO HUKIUMECKOU RnOOZpynnou, TIOPOXKACHHOW dnemeHTtoM a. llopsanok
HUKJIAYECKOW TMOATPYNILl HA3BIBAIOT TAKXKE HOPAOKOM INeMeHma a — DTO HAUMEHBIIAS
CTENEHb, TMPH BO3BEACHHH B KOTOPYIO DJEMEHTa a mojiydaercs exuuuna: a = e. Tak,
nukgeckas rpynna C, o6pazoBana snemMeHToM n-ro nopsaka C,.

B obuiem ciyyae HEKOTOPOE MHOMKECTBO DJIEMEHTOB TPYMIBI {X1,X,...,X,} HA3BIBAETCS
HOPONCOAIOWUM MHONCECMBOM, WITN CHCTEMOH 00pa3ylolluX TPYIIb], €CIH TPOHU3BOILHBIN
SIIEMEHT TPYIIbl MOXET ObITh MPEJCTABIEH B BUJIE IPOU3BEICHUS & = XX;..., COCTABICHHOIO

U3 DJIEMEHTOB JTOTO MHOXeCTBa M oOparHeix kK HuM. OOpasyronme 3JeMEHTBI TPYIIIEI
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CBA3aHBl MHOXXECTBOM  COOTHOILICHHMH BHIA XXj... = XX.... Onpedensiowumu
COOMHOUWIeHUAMU TPYITILI HA3BIBAIOT MUHAMAIBHYIO COBOKYITHOCTE TAKHX COOTHOIIICHHMH, U3

KOTOPBIX BCE OCTAIBHBIE MOXKHO TIOJIyYHTh B KadecTBe cleAcTBus. B rpynme C;, HauMeHbIee

TIOPOX/IAIONIEE MHOXECTBO COCTOMT M3 JBYX dneMeHToB, Hampumep, C,;0", cBazammex

3
onpenensoumu cootvomenmsvu C,° = E, 0™ = E, 6V C, =C,’c®.

1.4. Teopema Jlarpanxka

Ilycts H moarpynmna rpynnel G , @ — NPOU3BONBHBIN 3JIEMEHT TPyMNIbl. MHOXECTBO
all = {ah; he H} Ha3bIBaeTCs J1€66IM CMEMCHBIM Kaaccom Tpymnsl G mo noarpymnme /,
00pazoBaHHBIM d11eMEHTOM da. CMEXHBIH KJIACC COACPKUT CTONBKO K€ DIIEMEHTOB, YTO H
MOJIpYIIa; eclid a ¢ H, To Bce DIeMEeHTHI Klacca OTIMYHEI OT DJIEMEHTOB MOIPYIIIEL, TOT/IA
Kak hH{ = H pns nroboro h & H. OueBupHO, B KadecTBe “00pa3yroniero” MoXeT BEICTYATh
mo0oii anemeHT knacca, aH = ahH. Ecniu B rpynne ocrajics sieMeHT b, He cojaepkanfuiics
Hu B H, Hu B aH, M0oxHO o0Opa3oBath Kiacc bH, He MO 001X dJIeMEeHTOB ¢ H U aH u
T.1. B pe3ynprare rpynmna npeacTaBiseTcsi B BHAC OOBCIWHEHHS HENEPECEKAIOMINXCS

CMCXHBIX KJIaCCOB:

G=H+aH+ bH +...

Uucno craraeMelx B 0TOH “cymme” () Ha3wIBaeTCs unoekcom noozpynnet H B rpynme G. Jlns
KOHEYHOM TPYMILI MOPSAAKA 7 U MOArpYNIE! H MOPSIKAa m Mbl IOTy4aeM COOTHOIIICHHE n=mF

U meopemy Jlazpanstca: NOPAAOK NOATPYIIIEI SBJIAETCS JEIUTENEM MOPAIKA TPYIIEL

B rpymme Ci, moarpynma C; obnamaer WHAEKCOM 2, a TPU OTPaXKCHHUS COCTABISIOT

CMEXHBIM KJIACC MO 3TOW MOATpyIIeE.

1.5. Kiraccnl cOonpsiAKeHHBIX JJ1EMEHTOB

OneMeHTE! TPYNIEl @ U b HAa3BIBAIOTCS CONPAMNCEHHBIMU IPYT APYTY, €CIU B TPYIIE
HAIIeTCS DIIEMEHT g TaKoi 910 a = ghg . MHOXECTBO COTPSKEHHBIX APYT APYTY JEMEHTOB
rpynmel  obpa3dyer Kaacc, W Tpynma MoOXeT OBITb TpencTaBlieHa Kak oObeIuHEHHE
HETEPECEKAIONINXCA KJIACCOB COMPSDKEHHRIX JJIEMEHTOB. [OpSAAKH COMPSHKEHHBIX DJIEMEHTOB
COBIIAJIAIOT, €AMHUYHBINA JIEMEHT TpyNIE! caM o cebe obpasyer kiacc, B abeneBrIX Tpynmnax
mo0oii sneMeHT caM o cebe obpasyer KITacc CONMPSKEHHBIX JJIEMEHTOB.

DNeMEeHTOM, COMPSKEHHBIM K TOBOPOTY B TIpynne (WM TOATPYIIE) IBHXKCHUAN

CBKJIM/IOBA IIPOCTPAHCTBA, ABJIACTCS IMOBOPOT HA TAKOH K€ II0 BEIIHYHHE YTOJI OKOJIO OCH,
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MONTy4yaeMOi M3 MCXOJHOH OCH B pe3ylbTare mpeoOpa3oBaHUs, OCYLIECTBISIOMICIO

conpskenue: gR(n, (p)g_l = R(gn, + @) (cm. puc.).

Yron moBopoTa B MpaBOW 4YaCTH PaBEHCTBA Oepercs co

3HAKOM —, €Clii Npeobpa3oBaHue £ MEHSET MPaBblii BUHT

n Ha JIeBBIA. AHAJIOTMYHO, CONPSHKEHHBIM K OTPAXKEHHIO B
gn
ga IUIOCKOCTH  DJIEMEHTOM SIBISIETCSl TaKXXE OTpPaXXEHHE,
a TPAHCISIIUN COTNPSKEHA TPAHCIAIUSA HAa TakKoH e IO
BEIMYUHE BEKTOP M T.JA., T.€., COIPSHKCHHBIC
MIPOCTPAHCTBEHHBIE mpeobpazoBaHus OJIHOTHITHEL

Hanporus, /1Ba OJHOTUIHEIX NpeoOpa3oBaHHs COMPSHKEHBI JIPYT APYTY, €CId B TpYIIe
uMeeTcsl npeobpazoBaHMe, NEPEBOJSIIEE COOTBETCTBYIONMIUE DJIEMEHTHl CUMMETPHUH (OCH,
TUTOCKOCTH) ApyT B Apyra. Tak, B rpynmne Cs, moBopotsl (s, Cy COTIPSIYKEHBI, TTOCKOJBKY
oTpaxxenue (M0boe M3 TpeX) MEPEBOJMUT OCh BpamieHHsl B ceOs, HO MEHSET HANpaBJICHHE
noBopota. Tpu oTpaxeHHs COMPSHKEHBI APYT APYTY, TAK KAK UX MJIOCKOCTHU MEPEBOAATCS APYT

B JIpyTa MOBOPOTaMH (MJIM OTPAKESHHUSIMU B JIPYTOM TUIOCKOCTH).

ConpspkeHHBIM K TIEpECTaHOBKE JJIEMEHTOM SBIISIETCS TIEPEeCTAHOBKA C TOH IKe
UKIMYECKON CTPYKTYypoi. B monHo# rpynme nepectanoBok Py, it moOBIX IBYX DJIEMEHTOB

C OJJUHAKOBOM IIMKJIMYECKOM CTPYKTYPOH HaHIETCA ePeCTaHOBKA, CONPATAIONIAS UX:

b.. b b b..

(@,a,..a,)(a,,,-a;)...= g(blbz...b,.)(bm...bj)...g_l, g= 7

Ay G Qe G

TaK 4TO OOILIEee YHCIIO KJIACCOB COMPSHKEHHBIX 3JIEMEHTOB OIPEAEIISETCS YUCIOM BO3MOXKHBIX
[UKIMYECKUX CTPYKTYP JAJS MEPECTAaHOBOK JAaHHOU creneHd. Iuxknuuecxkas cmpyxmypa (V)
O/IHO3HAYHO OIPEEIIEeTCS YKa3aHHEM YHClIa [UKIOB BCEX BO3MOXKHBIX JUIMH OT 1 110 n,
(1V'2*%...n*"), wnu pasbuenmem (L) uUMCIa #© B YNOPSAOYEHHYIO CYMMY IENBIX
HEOTPHUIATENBHBIX YHCEIL V, +V, +..+V, =A,V, +..+V, =4,,.,Vv, =4, M= > ... 2],
A1+ Ay +...+ A, = n. PazOuenus HarnsgHo n3obpaxawtcs cxemamu FOnza — ynopsioueHHBIM

PaCcoIOXKCHHUCM 71 KJIICTOK BHIA.
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1.6. HaBapuanTHbIe MoArpynisl. 'omomopdu3sMel rpynn

Ioarpynna H' = gHg_1 HazbIBaeTCs conpaxcennou c noarpynnoit H. Ecou H' = H
ms Bcex g€ G, moarpymma /[ HasbiBaercs uneapuanmnoii (HOPMAJIbHBIM JIEIUATEIEM
rpynnel G). Ilpocmole zpynnet He uMeOT HeTpuUBUHANBHBIX (H # e,(G) HOPMaJIbHBIX
nematened. Iloaynpocmote zpynnsl He UMEIOT a0EIEBEIX HOPMANBHBIX Jenutenci. [Ipaseie u
JeBBIE CMEXHBIE KJIACCHl TPYINNBI MO0 WHBAPHAHTHOW monrpymnmne cosnaaawt: aH = Ha.
Orcro1a BEITEKAeT, YTO MPOMU3BEJCHHS JIEMEHTOB JIBYX TaKUX KiaccoB aH, bH (B3ATBIX B
OIPE/ICIIEHHOM TOPSAAKE) BCE BXOAAT B OJMH M TOT e Kiacc abH, 4to mo3Bojser Ha
MHOIECTBE KJIACCOB OIPEACIUTEL OMEpALUI0 TPYNIOBOro yMHoxeHus aH-bH = abH. B
pe3yJibTaTeé MHOXECTBO KJIACCOB CTaHOBHUTCS Trpynmnoi, G/H, Ha3eIBacMOH ¢haxmop-zpynnoii
rpynnel G 1o uHBapuaHtHOM mnoxarpynne f1. Ilpumep: noarpynma C; B rpymme Cs,
WHBApHAHTHA, JJBA CMEXHBIX KJIacca Mo 3TOH nmoAarpymnmne obpa3yor GakTop-rpymiry BTOPOro
Mops/IKa.

e rpynnel G u G* uzomopgust, ecnu Mexy UX DIEMEHTAMU MOXKHO YCTaHOBUTH
B3aWMHO-OJJHO3HAYHOE COOTBETCTBHE g <> g¥*, coxpaHdmomiee onepanuo yMHOKeHus: (ab)*
= a*b*. WsomopdHoe oToOpaxkeHHE TpyHIel Ha ce0sf Ha3bIBACTCA AGMOMODPUIMOM,
Hampumep, a* = gag ' (emympennuii asmomopuzm). Bonee obuuM SBISETCS TOHATHE
2omomopepuzma tpymn; rpymma G romomopdna Ha rpymmy G*, G — G¥*, ecnu mexnay
SJIEMEHTAMH ITUX TPYII MOXHO YCTaHOBUTH COOTBETCTBUE g —> g* (OTHO3HAYHOE B OJTHOM
HaNpaBJICHUH ), COXPAHSIIOIIEE ONEPaIi0 YMHOXKEHHUS, (ab)* = a*b*. Dnement g* Ha3wBaIOT
obpazom g, a g — npoobpazom g*. HerpynHo yOemutbes, uTo mpu roMomopdusme (u
u3oMop(u3Me) STUHAYHEINA DIIEMEHT OTOOPAXKACTCS HA €AMHUYHBIN, a OOPATHEIA DJIEMEHT —
Ha OOpaTHEI K ero oGpasy, a = — (a*)'. MuoxectBo N © G mpoobpaszoB eXMHHYHOIO
snemeHTa e* rpynnel G* HazeiBaeTCs A0pom comomopuima G — G*. Ocnosénan meopema
0 zomomopgpusme: sipo N romomopdusma G — G* sBnsgeTcs MHBAPHAHTHOH NMOATPYMIOH
rpymmel G, a ¢akrop-rpymma G/N um3omopdua G*. Jlns gokazarenbCrBa JOCTATOMHO
yOeIUuThCS B TOM, 9TO JII0OOM DIIEMEHT CMEXHOI0 Kiacca alN orobpaxxaeTcsi Ha OJTUH U TOT e

DIJIEMEHT a *,

I[Ipumep romomopdusma rpymmer  GL(#n): A—det 4 (orobpaxenue Ha

MYJIBTHIUIMKATUBHOE MHOXXECTBO BCEX YMUCEN, OTIMYHEIX OT HYJs); SAPO romMomMopdusma —

rpymma SL(n).
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1.7. Ilpsimoe mpou3BeAeHHE TPy

IIpamoe npou3ssedenue MoxHO HOpPMATEHO ONIPEACIUTE I TIOOBIX MBYX (U Gonee)
rpynn G u G’ kak MHOXecTBO map GxG' = {(g, g')} co caeayrommM 3aKOHOM T'PYIIOBOTO
ymuoxenus: (a,a’)(b,b’y = (ab,a’b’). Pazbuenue mpsMOro NMpOU3BEACHHS TPYIN Ha KJIACCHI
CONPSDKCHHBIX  DJJIEMCHTOB  MPEIONPEACHACTCS  COOTBETCTBYIOIIUM  pa3OHCHHEM
HNEPEMHOXACMEIX Ipynn: eciu {a} — wiacc rpymnel G, {a'} — kmacc rpynnu G', TO
MHOXecTBO map {(a, a’)} sBmsercs kmaccom GxG'. MuoxectBa map {(ge’}, {(eg)}
SIBIISIIOTCSI MHBAapUAHTHRIMH NoarpynnamMu GxG', m3omopdueiMu, cooTBercTBeHHO, G U G
Jio6as mapa 5JIEMEHTOB 3THUX MOATPYII KOMMYTHPYET, a JIFOOOH SJIEMCHT BCCH TPYIIEBI
OJTHO3HAYHO IPC/ICTABISICTCS B BU/IC IPOU3BCACHHUS JIEMCHTOB NoArpyni: (a,a’) = (a,e’)(e,.a’)
= (e,a")(a,e"). Takum oOpa3om, Bcskas rpymnma, coacpxkamas aABe (4 0onee) MOArpyNIsl
YKa3aHHBIMHU CBOﬁCTBaMPI, MOXCT pacCMaTpUBATBECA KaK NOPAMOC TPOHU3BCIACHHE OTHUX

noxrpynm. Hampumep, Cs = C3xCs, O3 = 03 xCi.

1.8. Teopema Kain
CrpykTypa Tpymnmel OHPEACTSCTCS ONCPALUCH YMHOXCHHS —  IIPABUIIOM,
COIOCTABIIAIOIIUAM JIFOOOH mHape DJICMCHTOB (B TOM 4YHCIIC OJMHAKOBBIX) TPCTHH DJICMEHT
Tpynbl. JI7s KOHCYHBIX TPy CTPYKTYpa HArJsITHO TIPECTABIACTCS TAONMMIICH YMHOXCHHUS
(“mockoit Konu™), B KaxI0H KICTKC KOTOPOH YKa3aH pPE3yJAbTaT YMHOXXCHHS JJICMCHTOB,

CTOSALIMX B HAayallc COOTBETCTBYIOIICTO psifia (JICBBI MHOXHUTENb) W croibma. Tabmwmia

YMHOXCHHS Tpynnsl Ciy:
E G C32 s s s®
C, Gy’ E e Q) @
0% E G @ o® o
s @ s® E G, C32
s s® s C32 E G,
c® s s G C32 E

Kopoue cTpykrypa MmokerT OBITH 3amaHa CHCTCMOH OOpa3ylOIIMX H ONPCACTSIONIMMHA
COOTHOLICHUAMH MCXTy HHMH. JII0OOH DIIGMCHT IPyNNBI NPOCTOTO MOPsIKA 00s53aTCIBHO
UMCCT TOT JXC HOPSIOK, T.C., TaKas TpyNNa MOXET OBITh TONBKO IUKIWYCCKoH. ['pynma
YCTBEPTOrO MOPSAJKA IOMUMO LIHUKIMYCCKOH MOXCET 001agaTe CTPYKTYpOH, B KOTOPOH Bce
HCCIHHUYHBIC DJIICMCHTHI — BTOPOro nopsnaka (uemeepnas zpynna tuna C,xC,). I'pynmsr

LICCTOr0 MOPSIKA MOTYT MMCThb /IBC DA3JIMYHBEIC CTPYKTYPHI: LUKIHYCCKYI0 U CTPYKTYPY
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rpynnel Csy. IISTh pasnmuyHBIX CTPYKTYP BO3MOXKHBI JIJISi TPYIII BOCBMOTO TOpsAKa (CM.
3amady 23).

W3 Tabauiisl yMHOXKCHHMS TPYIIIEI BEITCKACT, YTO B PE3YNFTATC YMHOXKCHHS YICMCHTOB
TPYIIbI, PACHONOXCHHBIX B OINPCACICHHOM TIOPSIKC [BEPXHAA CTpPOYKa TaOMMIbl —
(a1,az,...,a,)], cneBa Ha Kakod AMOO SICMCHT TPYIINLI @ MOJYYaCTCs CTPoUKa (adi,aas,...,ady,),
B KOTOPOH TC JXC DIICMCHTHI PACIOJOXCHBI B APYroM MoOpsjaKe (mepecTaBicHbl). Takum

o6pa30M, KaXI0MY DJICMCHTY I'PYIIIbl COMOCTABIIAICTCA NMCPCCTAHOBKA 71 TIPE/IMETOB.

a, a .. a
1 2

a— ",

aa, aa, .. aa

n
MPAUYEM HCTPYAHO YOCTUTBCA B TOM, YTO NPOHM3BCACHHIO DJIICMCHTOB TPYIIBI OTBEUACT
MIPOU3BCICHAC COOTBCTCTBYIOIUX MEPEcTaHOBOK. CkazaHHOC POPMYITUPYCTCS KaK meopema
Kynu: Bcskas rpynna mnopsjka n H3oMopdHAa HEKOTOPOH MOATPYNNC CHUMMETPHYCCKON
rpynmnel n-i creneHd P, DTH NOArpynnel COMEPKAT TONBKO “TIPABHIILHBIC” NEPCCTAaHOBKH,

OpCACTABIACMBIC B BUJC ITPOU3BCACHNA HC3ABUCUMBIX ITUKIIOB OI[HHHKOBOﬁ JJIHUHBIL.

1.9. Toyeunsbie rpynnbl CHMMETPHH
Dnemenmamu TOYCUHON cummempuu MOTYT OBITH OChb CHMMCTPHH, IUIOCKOCTB
CHMMCTpHUH, LEHTp cumMmeTpun. Ilopadox ocu — HauOOIBIIMNA M3 TOPSAKOB TOBOPOTOB,
COBCPIIACMEIX OKOJI0O DTOH OCH. 3epKaabHblii nogopom — KOMOWMHAIMA IOBOPOTA C
OTPXCHHECM B IUIOCKOCTH, TCPIICHAMKYISIpHOH ocu moBopora: S(¢) = C(p)on, = orC(0).
OTpaxxcHMC B IUIOCKOCTH M HHBCPCHUS SBIIOTCS YAaCTHBIMH CIy4YasiMH 3CPKaJbHBIX
MOBOPOTOB: 81 = Gp, & = (o, = I OTMeTHM, YTO NPOH3BCACHHC JIBYX 3CPKAJIBHBIX
MIOBOPOTOB SIBIISICTCS YUCTHIM MTOBOPOTOM, TIPOU3BCIICHHC 3¢PKALHOIO MTOBOPOTA HA TIOBOPOT
SIBIISICTCS 3CPKAJIBHBIM TOBOpOTOM. B wacTHocTH, 6,6y = C(2¢0) — MOBOPOT OKOJIO JTHHHH
MCPSCCUCHUA TUIOCKOCTEH V' U Vv, @ — YIrod MEXIY IUIOCKOCTSIMH, OTCUHTHIBACMBIA OT
IJIOCKOCTH V', OTCI0/1a MOXKHO MOIYYUTh M PE3yJIbTaT YMHOXXCHHS TOBOPOTA HA OTPAXKCHHUC B
TUTOCKOCTH, TIPOXOSIICH Yepe3 ock moBopora: oy = C(2¢)o,. Kpome Toro, 6,C(p)o, = C(—
(), C MPUMCPOM TaKOr'O COOTHOLICHMS Mbl Y)K€ CTAJIKMBAJIUCh NMPU PACCMOTPSCHHUH TIPYIIIbI
Csv. Korza moBopoThl 0KOJIO OCH Ha TMPOTUBOMONOXKHBIC YTIEI CONPSHKCHBI IPYT IPYTY, OCh
HAa3bIBAIOT 08YCMOPOHHEN.
ITepeuncnuM BO3MOXXHBIC TOUCUYHBIC IPYIINBLI CHMMCTPHH:
1. Huxmuyeckue rpynmel Cp (B npenene Cy); 0OBEKTHI C TAKOH CUMMETPHCH 00J1a1al0T IMIIE

OJTHOM OCBIO 1-T'0 MOPSAJIKA.
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. Huxnmueckue Tpynmel S, (3€pKaNbHO-IOBOPOTHAS OCHh YCTHOTO MOpsaka). YacTHEBIN
Clly4aii — rpymnmna uaBepcun S; (Ipyroe obosnaucuue: C;).

. A6enesnl rpynnel Cpy = CyxCs. DIEMEHTBI CHMMETPHH — OCh A-TO TOPSAIKA, TUIOCKOCTh
OTPaXCHMS, a TIPH 7 YCTHOM H LICHTP CHMMeETpuUH. [Ipu 7 HEeUETHOM Ipynna HHKIHYCCKas,
¢ obpazyromeit S, = C,op. YactHeii cnyvait Cip= Ci.

. I'pynnel ciMMETpUU NPaBHIBHBIX A-YTOJNbHBIX MUpaMuf Cuy. DNEMEHTHl CHMMCTPHH —
OCh 7-TO TIOPSI/IKA U A INIOCKOCTCH, NPOXOAAIINX Yepe3 OCh U OTCTOSIIUX APYT OT Apyra Ha
yrael, KpatHele 7/n. Ilpu n > 2 rpynna neaGeneBa; xaxjas napa B3aUMHO-OOPaTHBIX
MOBOPOTOB 00pa3yeT KJacc CONpPSHKCHHBIX JJICMCHTOB; IPH HCYCTHOM 71 BCE OTPaXKCHHUS
BXOJIIT B OJIMH KJIACC, & IIPU # YCTHOM OHH pa30HMBAIOTCS HA [[Ba KJacca MO /2 OTpaKCHUH
B INIOCKOCTSIX, CBA3aHHBIX IPYT C Apyrom nosoportamu C, .

. Tpynmer D, comepxart B momondenue k rpynme C, mosoporsl Ha 180° okono n oceit
BTOPOI'O MOPSAJIKA, MEPICHIUKYISIPHBIX K “TTaBHONH” OCH U PACMOJIOKCHHBIX MOJ yriamMH
7/n apyr k apyry. ['pynner D, u Cy, n30MopdHEL

. I'pynnel cuMMeTpuM mNpaBUNIBHBIX A-yTOdbHbIX MNpuU3M Dy, = DpxCi,. Onements
CHMMETPHH — OCh A-TO TIOPS/IKA, 7 TICPIICHAMKYISPHBIX €H OCCH BTOPOro MOpsAKa, 7
IUIOCKOCTCH OTpa)KCHHsI, MPOXOAAINMX dYCpe3 INIaBHYKD OCh W OJIHY M3 OCCH BTOpOTO
HOpsiKa, MJIOCKOCTh OTPXCHUS, COACpXKaInas OCH BTOPOTO MOpPs/IKA, IPH 7 YCTHOM
UMCETCS TAKXKC LCHTP CHMMCTPHH. UHCIIO KJIACCOB CONPSKCHHBIX DJIEMCHTOB BJIBOC
6onniie, uem B rpynne Dy,

. I'pynnel Dpy montyyaroTcst B pe3yapTare JOOaBICHUSA K OCAM CHMMETpPHH Ipynnsl Dy n
IUIOCKOCTCH, MPOXOAIUX Yepe3 TIaBHYI0 OCh U OMCCEKTPUCHI YTIIOB MCXKIY COCCIHHMH
ocsSIMH BTOpOro nopsjaka. HerpymHo yOemUTBCS B TOM, YTO HMPOHU3BCACHUC OTPAKCHHS B
IUIOCKOCTH U NOBOPOTA HA YTOJd T OKOJO OCH, PACIONIO0XKCHHON MO YTIIOM (P K IIOCKOCTH
€CTh 3CPKANBHBIA IOBOPOT HAa YTOJ 2¢ OKOJO TJIaBHOH ocH (cM. 3amauy 41). Takum
00pa3oM, dJIEMEHTHl CHMMCETPHH 3/1CCh TaKHC: 3¢PKAEHO-TIOBOPOTHAS OCh 271-T'0 TTOPS/IKA,
1 DKBHBAJICHTHBIX JIPYT APYTY (BHE 3aBUCHMOCTH OT YCTHOCTH /) OCCH BTOPOTO MOPSIKA, /1
SKBHBAJICHTHBIX IIOCKOCTCH, a IIPH 7 HCUCTHOM CLIC M LCHTp cummeTpun. CHMMETpUCH
Dpng obnamaer, Hanmpumep, ¢urypa, moiay4eHHas W3 JBYX OJMHAKOBBIX NPAaBUIBHBIX 71—
YTONBHEBIX TIPU3M, CIOKCHHEIX OCHOBAHHIMH, IIOBOPOTOM OTHOH M3 HUX OKOJIO O0IICH ocH
Ha yTroJ Tt/n.

. I'pynmier cummerpun npaBUIbHEIX MHOTOrpaHHuKOB — TeTpaszapa (T, Tq), okrasapa (kyOa)

(0,0 = OxC;), nxocaspa (moaexarapa) (Y,Yn = YxC;). I'pynnel T,0,Y comepkart TOJIBKO
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MIOBOPOTHBIC 3JICMCHTHI. Y KaXXCM KJIACCHI CONPSIKCHHBIX 3JICMCHTOB HCKOTOPBIX M3 IPYIII
(4Ucno DAEMEHTOB Kilacca M THMHYHEIA dneMeHT): T(E, 4Cs, 4C32, 3C,), Ty(E, 8Cs, 3C,,
654, 604), O(E, 8Cs, 3C4%, 6Cy, 6C,), On(E, 8Cs>, 3C4% 6Cs, 6Cy, I, 8Ss, 304, 654 60).
OtrMmeTuM, 4TO OCH TpeThero mnopsaka B rpynmne T ogHocTopoHHME, a B rpymme Tg
JIBYCTOPOHHHE H3-32 HAJIHUYMA OTPAKCHHH B IUIOCKOCTSAX, MPOXOSIIUX YE€PE3 ITH OCH.
I'pynnel Tq u O uszomopdusl. B kpucrammorpaduu NpuUXOAUTCS BCTpEUarbcs CIIC C
rpynr[of/'l Th= TXCi.

Uncnmo TOYCUHBIX KpUcTauiorpaduucckux rpymm orpasuvcHo 32-ms (cM. pasacn 6).
JT0 BCCBO3MOKHBIC ToATpynTisl Tpyrn Oy # Dgy, 1 BX TaOIUIBI YMHOXCHHS, TAKAM 00pazom,
coxepxxarcs B Tabmunax ymHoxeHus rpynn Oy u Dgp, TPUBECHHBIX B IPHIIOKCHHSX.

JIist TOUEUHBIX KPHUCTALIOTPadUIECKUX TPYI (KOTOPEIC COAEPKAT MOBOPOTHI TOJILKO
BTOPOTO, TPETLETO, YSTBEPTOIO H IICCTOTO MOPSIKOB) YACTO HCIIOJIB3YIOTCS MCITYHAPOTHBIC
0003HaYCHHMS, B KOTOPBIX BHAYANIC YKa3bIBAIOTCS MOPSIKH IJIaBHBIX OCCH MOBOPOTOB (OCh Z),
IIPH DTOM UHBEPCUOHHO-NO08OPOMHAA OCh 00O3HA4YACTCA 4CpTOH Hajm 1udpoi; Hamuuue
IUIOCKOCTA OTPXCHHS, TNEPICHIUKYISIPHOH OCH, NpH HEOOXOAUMOCTH OTMEYACTCS
CHMBOJIOM /m psagoM ¢ 0003HAYCHHEM OCH. J/[pyrMe OCH M ILIOCKOCTH YKa3bIBAIOTCS Ha
BTOPOM H TPETHEM MECTax (CCIM MMECTCS HECKOJIBKO DKBHBAJICHTHBIX OCCH WM TUIOCKOCTCH,
TO YKa3BIBACTCS JIMIIL OJTHA U3 HUX). [IpuMeprl MexayHapoHeix obo3HaueHui: Cp=n, Ci=
1, Cs=m, Con=2/m, Dy=222, Cyy = mm2, Doy = mmm, Can=4/m, S4= 4, Dy =422, Dyg=
sz, C4V = 4mm, D4hE 4/mmm, C3i= 86 Eg, C3h = S3 = 6, D3d Egm, D3h

62m, T=23,Ty
=m3, O =432, Ty=43m, O, = m3m. Us Pa3IUYHBIX BO3MOXKHBIX 0003HAYCHUHN (HApUMEp,
6 u 3m misn Csn) BeIOUparoTcs Hambonee mpocTbic. B KyOMYeCKHX CHCTEMax 3a och Z
BBIOMpACTCS OFIHA U3 TPCX B3aUMHO-IICPIICHIUKYISAPHBIX OCCH CUMMETPUH YCTBEPTOro (s

TETPadIPOB BTOPOTO) TMOPS/IKA.

1.10. HexoTOpbi€ 1OMOTHATEIbHbIC CBEICHUS
IIpuBeneM onpeaencHUs HCKOTOPBIX BAXKHBIX MOHSATHH TCOPHH TPYII, CPABHUTCILHO
PEIIKO BCTpeUaroImxcs B QU3HUCCKOM TUTeparype.
o Ilonyzpynna — MHOXCCTBO, 3aMKHYTOC OTHOCHUTCIBHO YMHOXXCHHS, YIOBICTBOPSIONIICIO
JIUIIb YCIIOBUIO aCCOLIMATUBHOCTH.
o Ilenmp cpynnet {z} = Z c G — MHOXCCTBO DIICMCHTOB, KOMMYTHPYIOIIUX CO BCCMH

3NIEMCHTaMU Ipynnel: zg = gz. llenTp — abencBa MHBapHaHTHAs MOATPYIIIA.
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Hopmanuzamop noomnodxcecmea M — G — COBOKYNHOCTH JJICMCHTOB a€ (G, KOTOPBIC
YAOBJICTBOPSIIOT COOTHOWICHUIO aM = Ma.

Pp-2pynna — TPyIIa nopsaaka p*, A€ p — MPOCTOE, K — OO0 LEN0E YUCTO. AHATOTHYHO
onpenensores (p,q)- , (p,q,r)-rpynusl. Tak, Ps — (2,3,5)-rpynmna.

Kommymamop snemenmoes rpynnel a U b: [a,b] = a'bab.

Kommymanm zpynner — noarpynna G'c G, NOpoXICHHAs BCEMH KOMMYTaropamu. Tak,
C; — kommytant Csy. Eciu G’ = G, 10 G — coeepwennan zpynna.

I'pynna G Ha3wIBacTCS paspemiumon, ecnu e¢ npouseoduwvii pad G > G' o (G)'>...
3aBepmacres (“crabunusupyercss’) MOArpyIIoH e.

Hopmanshuwiit pao zpynner — nocnenoBareibHocTh noarpynn G > Ny D N, D ...e, B
KOTOpOH  K&XIBIA WICH SBISCTCA  HCTPUBHAIBHBIM  HOPMAJIbHBIM  JCIHUTEICM
npeasiaymero. ['pymnna oka3elBacTCs pa3pelIMMON [IPH HAIMYUHK Y HEE HOPMAJIBHOTO PSJIa,
y KoToporo Bce paxrop-rpynmsl N/N;;; abenesesl.

I'pyrmna G npeobpazoBaHHi HEKOTOPOTro MHOXECTBA () HA3LIBACTCS MPAH3UMUBHOM, CCITA
s mo0bIx oL, € O Hadaercs snement g€ G takoi, uto go = 3.

Ceob600nan zpynna panza v — TIOPOXKICHA MHOXCCTBOM # DJICMCHTOB, HC CBS3aHHBIX
HUKAKHUMH ONPEIICISIIONIMMUA COOTHOIICHUSIMH,

I'pynna G sBasiercs noaynpamoim npouseedenuem noarpynn A u B, G = AB, ecnu mo6oi
BIIEMEHT TPYIIILI MOXKET OBITL MPEACTABIEH B BUje g = ab, ac A, be B, A(\B = e, A —
uHBapuanTHas noarpynna G. I'pynna B (~ G/A) usomopdna noarpynne aBTomopdusmMon
A: b — bAb™'. TlonynpsMEIMH [POM3BEICHASIMH SBISIOTCS CBKIHIOBA rpymnma, rpymnmna
Ilyankape (B HMX A — NOATpYyIIa TPAHCIISALIUHN ).

Cnaemenue tpynnel A c nomolneio rpynnel B (mopsiaka n), A4B, — mnonynpsmoe
npousBeacHue rpynn A" = AXAx..xA u B, npu4eM AEHUCTBHE DIEMEHTOB B Ha dIEMEHTE

1 2 .. n
-1
A" ompenensercs mo mpasuny b(ai,ds,....an)b = (a1,a;...a,’), TAE oo o

NCPECTaHOBKA, COOTBETCTBYIOIIAs b mo Teopeme Konu.
[Tycte G HEmpepuIBHAS r-TIapaMeTpuycckas rpynna: g(py, ...,pr) = g(p)e G, [g(p)]_1 =g(p",
g(a)g(b) = g(c), p' = p'(p), ¢ = c(a,b). Ecnu p' u ¢ — aHanuTHUYCCKUC QYHKIMH CBOUX
apryMeHToB, To G — r-napamempuueckan zpynna Jlu.
CymiecTByeT HCUCPIBIBAIONIMA CIMCOK KOHEUHBIX MPOCTHIX TPYIIN, BKJIIOYAIOLMH

3HAKONIEPEMEHHBIC TPYIINHI CTEIICHA HE MCHbIIE 5, Ipynnbl THHA JIM B 26 Tak Ha3pIBACMBIX
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cnopamguucckux rpymn (I'opencreitn, 1985). I'pynnel Tuma JIu SBISIOTCS aHANOTaMH Hal
KOHCUHBIMH TIOJISIMH KOMIUICKCHEIX rpynn JIu. Knaccugukayuonnas meopema rnacur:
Ecim G — xoHewyHas mpocras Ipynna, TO OHa H30MOpQHA OMHOH M3 MPOCTEIX IPYII

YKa3aHHOI'O CITUCKa.

3ama4m k pasgenay 1
1. O6pa3yroT Jiu IpyMIy CICAYIONUAE MHOKCCTBA MATPHILL, €CJIH B KAYCCTBE I'PYIIIOBOTO

YMHOXCHHS B3ATh OOEIYHOC YMHOXXCHUC MaTpuL?

an di2 d13 a;p ap 0 a
12
a) 0 ayp axp aHajj #0, b) ay1 axp O} apaxn —apay #0, ¢ 4 0
21
0 0 ass 0 0 0

2. Tlokasars, uto (ab) ' =b"'a ™.

3. Jloxa3zaThk, 4TO nepeceucHUeE JII0OOro yucna noArpynn — MnoArpymnna.

4. Jloka3zaTb, 4YTO BCE OJICMCHTHI TPYIINbI, NEPECTAHOBOUYHBLIC C JAHHBIM DIICMCHTOM da
(HopManu3arop a), o0pa3yroT moArpyImmy.

5. IlycTe BCC HECIUHUYHBIC DJICMCHTHI I'PYIINEI UMCIOT MOPSAAKH, paBHEIC 2. Jloka3ars, 4uto
rpynmna abenesa.

6. TIycTb g — DIIEMEHT KOHEYHOM TPy IOpsaKa A. Beraucnuts a”.

7. Jloka3zats, uTo Beskas OCCKOHEUHAs IPyNna UMEET OCCKOHECIHOC MHOMKCCTBO TTOATPYIIIL

8. Jlokasats, uto ecnu b e aH, to bH = aH (H — noarpynmna).

9. Jloka3aTh, 4TO INCMEHTEI Xy H yX CONPSIKCHBI.

10. JloxazaTe, 9TO YHCHO SJIEMCHTOB B KJIACCE CONPSHKCHHBIX C @ JICMCHTOB PaBHO 1/m, TIIE 1
— MOPSIOK TPYTIIEI, M — HOPSI0K HOPMAJIU3aTopa d.

11. JIoxazate, 4uro B m0OOH Tpymme NOATPyNNa HWHACKCA 2 SBISCTCS HOPMANbHBIM
JCITUTCICM.

12. /loka3aTk, 4TO LICHTP TPYIIEI ABISCTCA HHBAPUAHTHON MTOATPYIINOH.

13. Moryt nu aGeneBrl rpynisl ObITE IPOCTEIMHU?

14. Tloka3atb, YTO MHBapUaHTHAs MOJTPYINA COICPAKMT BMECTC C DICMCHTOM d BECh Kiacc
COTPSIKCHHBIX @ DIICMCHTOB.

15. IlycTh NOPsAAOK KOHEUHOH TPYNINEI ACIUTCS HA IPOCTOC YUCHO p. Jloka3aTe, 4YTO B Ipynne

HUMCIOTCS DJICMCHTHI TIOPSIIKA p.

16. ITpuBeCTH NPUMEPH! ABTOMOP(H3MOB, OTIHYHBIX OT a —> bab ™.
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17. Jlokazathk, 94T0 ecnu CcymecTByrOT roMmoMopdusmMel G —> G* u G* —» G**, To cyniectByer
romomopduszm G — G**.

18. JlokazaTb, 4TO0 BCC TOMOMOPQHU3MEI MPOCTOH TPYNNEI, 3a HUCKIIOYCHHEM G — e¥,
SIBJIAIOTCS] HF30MOpPGU3MaMH.

19. Jloka3zaTk, 9T0 OTOOPAXKCHHUC a <> a”' sBasercs aBTOMOPPHU3MOM TOT/Ia U TONBKO TOT/A,
KOrJa TPyIIia KOMMYTaTHBHA.

20. [lokasats, uro ¢akrop-rpymna G/Z HEKOMMYTaTHBHOH Ipynnsl G MO €¢ LCHTPY SBIISCTCS
HEIUKITHUYECKOH.

21. MoxeT 1 psiMOS TIPOU3BEICHAC HCTPUBHAIBHBIX IPYII (# €) OBITh MPOCTOH IPYIIIONH?

22, Jlokazatb, 9TO IPSIMOC NMPOU3BCICHUE ABYX KOHCUHBIX IUKIAYCCKUX TPYMHN CO B3aUMHO-
MPOCTBIMH MOPSAKAMH SBJISICTCS LIUKINYCCKOHN TPYIIOHN.

23. BbISICHUTb BO3MOXHBIC CTPYKTYPBI TPYIIIl BOCEMOI'O MOPSI/IKA.

24, [loka3aTb, 4YTO BCAKYK) ICPCCTAHOBKY MOXHO MPCACTABUTL B BHJC ITPOU3BCIACHUS
TPAHCIO3HUITHH.

25. Haiitu Bce dJIeMCHTHI Tpynmnsl Py , mepectanoBouyHBIC ¢ TuKioM (123...x).

26. Jlokazarb, YTO CCIIH PA3JIOKCHHUC TICPCCTAHOBKH p HA HC3ABHUCUMBIC IIMKIIBI COCTOUT U3
LUKIOB JJIUH M1, My,..., Mk, TO MOPSIOK P PaBEH HaAMMCHbIICMY OOIIEMy KpaTHOMY YHCEI
mi,mo,...,mMg.

27. JIokasarb, 9TO YETHOCTh MEPECTAHOBKH pe P, paBna (—1)"™, rae m — 4uCiIo LUKIOB, HA
KOTOpPEIC pacnajgacTcs IepecTaHOBKa.

28. Jlokazatb, 4To MHOXECTBO Tpancnosuimi (12), (23),..., (n—1,n) mopoxmaet rpymmy Py,

29. Jlokazatb, uto aBe nepecranoBku (12), (12...n) mopoxaaior Py,

30. Pa36uTtsk rpynny Ps Ha ki1accel CONPSHKCHHBIX SJICMCHTOB.

31. Pa36uth 3HaKONCPEMEHHYIO Ipynny A4 (MOATPYIINa YCTHRIX ICPECTAHOBOK rpynisl Py) Ha
KJIACCHI COTPSKCHHBIX DJICMCHTOB.

32. IlepeuncnuTh NOATPYIIIbI, cOnpshKCHHBIC P3 B rpynme Pa.

33. Iloka3aTb, 9TO B TpyIIE BpalICHUA KOMMYTHPYIOT MCKIY COOOW TOJIbKO BpallCHHS
BOKPYT OJTHOM M TOH € OCH WJIH MOBOPOTHI HA T OKOJO B3aUMHO-NICPICHIUKYIISPHBIX
OCCEH.

34. Pa30uTh Ha KJ1aCChI COMPSDKCHHBIX DJIEMCHTOB yHUTapHbIC rpymmsl U(n).

35. Iloka3zats, uro npeobpazoBanue C(@)! ABASICTCA 3¢pKATLHEIM IOBOPOTOM.

36. Iloka3aTb, uTO TIpynma CaMOCOBMCHICHUM MHOIOTPaHHUKA, HMMCIOMICTO 7 BCPLIMH,

n3omMopdHa HeKoTopoH oarpynme Py,
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37. Haiitu noarpynmny caMOCOBMCHICHMHM MPaBMIILHOIO #M-YTOJIbHMKAa B TPYIIE BceX
JBHOKEHHUH TIIIOCKOCTH.

38. Ilycte ¢purypa @ cocTouT U3 BCEX TOUCK IUIOCKOCTH, HMCIOIIHX LICIBIC KOOPJAHHATHI B
HCKOTOPOH MPSAMOYTOJIBHOM CUCTEME KoopauHat. Haiitn noarpynny camocoBmenicHuii @
U ONKCATh CC MOATPYIIIILI YCTBEPTOTO MOPSIKA.

39. HaiiTu HauMeHbIIIEC MHOXXECTBO JICMCHTOB, OPOXIAIOIIMX TPyMy Dy,

40. IToka3aTe, 9TO BCC DICMCHTH Ipynnel okradapa O NMOpOXKAAIOTCS MOBOPOTAMH BOKPYT
OCEH YETBEPTOrO MOPSAIKA.

41. IToka3zaTs, 4TO TJIaBHAs OCh IPyNIibl Dpg €CTh 3¢pKaNbHO-TIOBOPOTHASL OCh TIOPAJIKA 271.
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2. J/InHeHHbIE NIPEICTABJICHHAS IPYIIII

2.1. Onpeaesenue npeacTaBJICHUH

Juneiineim npedocmasnenuem rpynnel G HazeiBaeTcsi romoMoppusm G —> I' [g >

ﬁr(g)], rone I' = {ﬁr(g)} — TpyIna HCOCOOCHHEIX JIMHCHHKIX ONCPAaTOPOB, NCHCTBYIOIIUX B
HCKOTOPOM TIPOCTPAaHCTBE L, HWIH COOTBCTCTBYIOUIMX MM MaTpul. Pazmeprnocmbo
npedcmasnenus (n) — pa3MEpHOCTh TpocTpaHcTBa L, (mopsgok marpui). M3omopdHoe
orobpaxxeHue G — ' Ha3mBacTCs mounvim npedcmaenenuem. J|Ba npencrasicHus I u I
OJIMHAKOBOH Pa3MEPHOCTH HA3BIBAIOTCS IKGUGAIEHMHBIMU, CCIHM UMCCTCA XOTS OBl OIUH
HeocOOCHHBIN THHCHHBINA omeparop (MaTpuua) S (MBI HE BCErlla MCHOIB3YCM 3HAYOK ~ JUIs
0003HAauCHHs OICpaTOpa) TaKOH, YUTO ﬁrr(g) = SDpS! mns Beex g€ G. DKBUBAJICHTHEIC
MATPUYHEIC TPCACTABICHUS MOXHO paCCMaTpUBATh KaK MPCACTABICHUA OJHHUMU U TCMH KC
orneparopamu, 3allMCaHHBIMH B pa3HeIX Oa3ucax. Yuumapuvie npedcmasnenus —
MIPC/ICTABJICHHS YHUTAPHEIMH OICPAaTOpPaMH (MaTpPHLIAMH ).

IIpencraBncaue [° HA3BIBACTCS HPUBOOUMBIM, CCIIA HMCCTCA HCTPHUBHANLHOC
HIOANIPOCTPaHCcTBO L,,  L,, UHBapHAaHTHOE OTHOCHTCILHO BCEX OIECPATOPOB ﬁr(g). B
NPOTHBHOM Cly4a¢ TPCIACTABICHHC Ha3wIBacTcs Henpugeooumwvim (HIT). Martpumm
MPUBOIUMBIX TIPCICTABICHHH B 6azuce (ey,...,em €m+ 15-+.,€x), TAC (€1,...,8,) — 0a3uc L,,, AMCIOT

“OpUBCIICHHBIA BU/I;

ﬁl(g) l:)3(g).
0 Dy(g)

IIpuBogMMOE TPCACTABICHUC HMHIYLHUPYCT [Ba NPCACTABICHUSA MCHBLUICH Pa3MCPHOCTH:

Dr(g)=

I, g » ﬁl(g); I, g > ﬁz(g). IIpencraBncaue ' Ha3eIBacTCS 6nosiHe npugoouUMbLIM
(paznoxscumuim), ecnu NPoOCTpaHCTBO L, pacmajiaeTcs B MPsSMYI0 CyMMYy NIByX wim Oosee
MHBAapUAHTHBIX OTHOCHUTEILHO BCEX ﬁr(g) MOANPOCTPAHCTB, B KaXIOM M3 KOTOPHIX
UHAYIIUPYIOTCS HCTIPUBOAMMEIC IIpe/cTaBicHus. B moaxozsmeM 6azuce (COCTaBICHHOM U3
6a3MCOB HHBAPUAHTHHIX IOANPOCTPAHCTB) MAaTpHUIla TAKOTO TMPCIACTABICHUS HMECT BHJI

“IpsiMOM” CyMMEI MaTpHll, COOTBCTCTBCHHO, | Ha3bIBalOT cymmoii HIL, T'=T1+ 1+ ....
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2.2. Pazioxenue NPHBOIMMBIX YHHTAPHBIX MpeICTaABIeHHH

[IpuBogMMEBIC  YHHTapHBIC TIPCACTABICHHS BIIOJIHC TNPHBOJIUMEI, ITOCKOJBKY
YHHUTAPHOC TPOCTPAHCTBO MOXKHO 3aIHMCATh B BHJC MPSMON CyMMbI ITOANPOCTPAHCTBA L, U
r0 OPTOrOHATBHOTO [OTOTHEHHS L, ", 8 3 HHBAPHAHTHOCTH L,, OTHOCHTCIBHO YHHTAPHEIX
OTICPATOPOR BEITCKACT W HHBAPHAHTHOCTH L, . IIPEACTABICHHS KOHEUHBIX IPYIIN YHHTAPHEL:
B TPOCTPAHCTBC, TINC JCHCTBYIOT OICPATOPHI ﬁ(g), MOXXHO OTPCACIUTh CKaSIPHOC
MIPOU3BC/ICHAC TaKUM O00pa3oM, 4YTO STH OIEPaTopbl OYAYT COXPaHSThL €ro, {ﬁ(g)x,
ﬁ(g)y}Z{x,y}. JlocTaTouHO MOJOKHUTE {X,y} = Zg(ﬁ(g)x, ﬁ(g)y), rae (x,y) — Ipou3BOJILHOC
HCXOMHOE CKalsipHOe mpoussencHHUe. “Crapoe” cKalmsipHOC MPOMU3BEACHHUE COXpaHsICTCS
orncparopamMu SDS, rne S — MaTpulla Nepexojia OT JO0ro OpTOHOPMHPOBAHHOTO MO-
HoBOMY Oasuca f;, {f; f;} = 0y Kk 0Gasucy e; OPTOHOPMHMPOBaHHOMY MHO-cTapoMmy: (e;e;) = Jj,
Sfi= e. [lna nokazarenscTBA yAOOHO JBaXIBI BOCHOJB30BATHCS COOTHOIICHHUCM
(Sx,Sy)={x,y}, KOTOpPOE JNErKO MONyYACTCs, CCIH PATOKHUTE X U Y IO KOOPAMHATAM: X = & f;
y="1f;

CkazaHHOC BBIIIC CBOJUT MCCICAOBAHUC IIPCICTABICHHA KOHCUHBIX TPy K
HaxO0XJICHHUIO MX HCOKBUBAJICHTHHIX yHUTapHbIX HII.

YTBepxAcHHC 00 YHHUTAapHOCTH TIPC/CTABICHHH (a TaKXKe TPUBOMUMEIC HHKC
COOTHOIIICHUS OPTOrOHAJLHOCTA MATPUYHBEIX DJCMCHTOB M xapaktepoB HII) moxxHO
pacupoCTpaHUTh M Ha HCIPCPBLIBHLIC KOMIIAKTHBIC TPYMIBI, 3aMCHSS CyMMY IO TPYIIIC
2. F(g) “uHBapHaHTHBIM” HHTETPAIOM JF(g)dg = [F(gug)dg. ®axruueckn 510 WHTErpan mo

napamMerpaM TIpynnel (B KOHEYHBIX mpefcnax!) ¢ HEKOTOPOH BCECOBOH (QyHKUHEH:

IF(g)dg=IF(pr.....0)pP1,....0)dp1...dp:.

2.3. Jlemma lllypa u ee ciieacrBus
Jemma Illypa: ecnu )ﬂ)(“)(g) = D(B)(g)Xmm JIBYX HCTIPUBOIMMBIX TPCACTABICHUH [
u I'g (moboii rpynmer), To 1160 X = 0, 1160 X — HeocoOcHHAs KBaJpaTHAsi MATPHLIA, U TOTa
I'y oxBuBanentHo I'g. JlokazatenbcTBO: MaTpuiua X comepxur ng = diml', cTonbuos u ng
CTPOYCK U (JIMHCHHO) OTOOpaXXacT BEKTOPHI 7,-MCPHOIO IPOCTpAaHCTBA C OasucoM {e;} Ha
BCKTOPBHI 73-MEPHOTO. TpaHCIIOHMPOBAHHYIO MATPHILY X MOXHO paccMaTpHBATH Kak
0TOOpaXKCHHE 7Mp-MCPHOrO IPOCTPAHCTBA Ha Mg-McpHoe. Ilpu n, > ng BekTOopel {Xe;}

JHMHECHHO 3aBHUCHMBI, T.C., CYIICCTBYIOT HEHYIICBBIC BEKTOPHI X = £'¢; Takue, uyto Xx = . Otn

BCKTOPBI 00pa3yloT MOINPOCTPAHCTBO B L,u, KOTOPOS IO YCIOBHIO JICMMEI OKa3bIBACTCS
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WHBAPUAHTHBLIM OTHOCHTCIIBHO BCEX D(“); B CWJIy HempuBoguMmoctH I, OHO 00s3aHO
COBNaJaThk CO BCEM MPOCTPAHCTBOM, H, ciemoBatenbHo, X = 0. IIpu ng < ng U3 Tex xe
coobpaxkeanii X = 0, T.c., choea X = 0. ITpu ng = ng BEKTOPHI {Xe;} He 00s3aTCIbLHO
JUHCHHO 3aBHCHMEI, HO TOT/1a X — HEOCOOCHHEIH Oneparop.

Cnencrsue (6émopasn nemma Ilypa): ecnu XD (g) = D' (g)X mus Beex g € G, 10
X=AE — ckamspnas marpuna. (Ecmu X — ncocobennas marpuna, 1o X — AL, tme A —
cobcTBeHHOC 3HaUCHUE X, ocoOeHHas, a mosromy X — AE = (.) Orciona BHTEKACT BAXKHBIA
BBIBOJ JJist aberneBbix rpymm: Bce HIT aGeneBbIX rpymnn o HOMCPHEL.

PaccmoTtpum koHeunyro rpynny G (mopsnka g) u ee HII I'g u I'p. Ilycte My —

PSIMOYTOJBHAS MaTpHIA, B KOTOPOH TOJNBKO OMUH DIICMCHT (B i-M CTPOUKE U j-M cTONOIC)

OTJIMYCH OT HyJds W paBeH 1. Marpuna X = éZD(B)(g)MjD(“)(g_I) YIOBJICTBOPSICT YCIOBUIO
g

aemmel lypa (a mpu o = 3 — yCIOBHIO CICACTBUS W3 HEC); MOITOMY MOXXHO HaIlHCarh
X=A;j0qpk, monaras, 4ro o # [3 O3HAYAET HEOKBUBAJICHTHOCTh HpenacTaBicHui I'q um Ip.
PacninceiBas 5TO MaTpUYHOE PABCHCTBO MO DIICMCHTAM, ITOJIyYUM COOTHOLICHHUC!

LS5 p® (oAD® (o1 =

_ZD],' (g)Djk (g )_ Kz'jsaﬁslk'

£ ¢

INonaras 3mece o = B, [ = k u cymmupyst 1o k, HaxomuM A; = O /Hg; TMOICTAHOBKA DTOTO
BBIDOKCHUS B  NPUBCIACHHOC  BBIIIC PAaBCHCTBO MNPUBOIUT K  COOMHOWIEHUID
opmozonanbHocmu 0na mampuunvlx dnemenmos HII. JIns yHUTapHBIX TPCICTABICHUH
D(g_l) =D(g)* (3Be3moUKa 34CCh O3HAYACT KOMILICKCHOC CONPSDKCHHC, a THIBA —
TPAHCTIOHUPOBAHUC), H TIOTOMY COOTHOLICHHE OPTOTOHANBHOCTH MOXHO TPCACTABHTH B

BHJIC

1 1
—> D ()*DP(g) =—8p848 ;. 2.1)

2.4, XapakTep npeacraBjIeHust
Xapaxkmep 3Inemenma g B upencraBicHud 1: yr(g) = Sp Dr(g). Xapakreps
COTPSKEHHBIX DICMEHTOB COBMANAIoT, Xr(aga ') = %r(g), # MOXHO IOBOPHTE O XapaKmepe
Knacca CONPSDKEHHBIX JJeMEHTOB. Xapaxkmep npedcmagnenus [ — COBOKYITHOCTB

XapaKTCpOB DJJICMCHTOB TIpymmbl  (KJIACCOB) B OTOM TPCACTABICHHH. XapaKTCPHI
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OKBHBAJICHTHBIX TPEACTABICHUN coBmamaioT. W3 (2.1) BEITCKAIOT coomHoOuieHus
opmozonanvhocmu ona xapaxkmepoe HII.

1

—>x (@) *x P (g) =84,

£ g

WA (11 KOHCYHBIX TPYTII)

_Zm X(“) * (B) SaBﬂ (2.2)

TOC m; — YHACIO DICMCHTOB Kiacca K;. Bcaemcrue dToro, 4uciao HEOIKBHBANCHTHEIX HIT

TPyIIBE HE IPEBBILIACT YACIA KiaccoB k (kak OyZeT MOKa3aHO B JalbHEHINIEM, COBIANACT C

/ /m
HUM). JIGHCTBHTENBHO, YHCIO HCHYJICBEIX BCKTOPOB (“) —( (a) k (G)J,

OpPTOrOHANLHBIX JAPYT APYTY coriacHo (2.2), He MPEBLILIACT PA3MEPHOCTH TPOCTPAHCTRA.
OnHO3HAYHOCTh  DPA3NOKCHHS  BIIOJIHEC  MPUBOJAMOrO  IPCACTABICHHUS IO

HCIPHUBOIUMBIM

=Y NoTo. 2 xr (@)=Y Nox@(2), N, Zm ™ *. (2.3)
a a

ézur(g)f Y (2.4)
g a

Kpumepuem nenpugodumocmu npezcrasicHus I cnyxur obpalueHue mpasoi vyacty (2.4) B
CIUHUILY.

2.5. Peryasipnoe npejacTaBjieHHe KOHEYHON Ipynnbl.

Pezynapuoe npeocmaenenHue KOHCUHOH Tpynnel: g5 —> G, rae wmarpuna G

OIPEACIIACTCS COOTHOLICHACM

(881, 882 s 8:8e) = (&s1, &s2o --» &) = (81, &2, -+ €Ty
T.C., (Go)i = Oksi. XapakTep pEryisIPHOTO HPEACTABICHHA: Yreg(e) = &, Yregl@ # €) =
Pasnoxenne na HII: cormacuo (2.3), Ny = n, = dim I'y. OTcioga BBITCKAIOT BaXXHBIC

coomnowenusa bepucaiioa:

8 =Lrg@ =D N1 @@ =Dns, Y nx“@ze)=0. (2.5

Hampumep, rpymma T wumeer 4 xnacca CONPSDKCHHBIX DJICMCHTOB, a 3HAuYuT u 4
HeokBHBaNICHTHRIX  HII, pa3mMepHOCTH  KOTOpPBIX  CBsi3aHbl  COOTHOLICHHEM  (2.5):

n12 + n22 + n32 + n42 = 12, T.c., IMCIOTCS TPU OAHOMEPHBIX U OHO TpexmepHoe HII.
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2.6. KoMIiekcHO-CONPsizKEHHBbIE MPEACTABICHHA

Komnnekcno-conpascennvie npeocmagnenusn: I'={D(g)} u I'*={D*(g)}; yr=yr*.
Ecnu I' — HII, To T'* — toxe HIL. Ecnu xapaktep I' BemectBenumii, To I' u IT'*
okBUBaNCHTHEL J[ns okBuBanenTHeix HII I' u I'* D(g) = SD*(g)S =358 *D(2)(S*) s,
cormacHo nemme Illypa, SS* = AE. Jlns yaurapueix I' maTpuia S mMoxer ObITh BeIOpaHa
YHUTApHOH (3amada 5), u Torma S = AS, otkyma A=*1.IlpuA =1, §= S npeacrasiacHue I
Ha3bIBACTCS  NOMEHUUATbHO-8EU4€CMBEHHBIM, OHO  DKBHUBAICHTHO  BCIICCTBCHHOMY
[c BemecTBeHHBIMH Matpuuamu D(g) = D*(g)]. Eciu U — maTpuna npeobpa3oBaHusS K
BelecTBeHHOM Matpue D D' = UT'DU = (U'DU)* 10 D =WUU)D*UU)", re.,
matpua U HaxoguTCsi pCUICHHUCM YPAaBHCHHUS UU = S. Orciona BHJIHO, 4TO
nceeooseujecmeenmble npeocmaenenus (S= -S ) HUKAKUM DKBUBAJICHTHBIM
peoOpa3oBaHUEM HE MOTYT OBITh MIPUBC/ICHEI K BEIICCTBEHHOMY BUTy. CyMMa KOMILICKCHO-
CONPSKCHHBIX TNpeactaBiacHuil I + I'™* Bcerma moxeT ObITh MpUBEICHA K BEIICCTBCHHOMY
Buny: ecnu Dr(g) = Di(g) + iDa(g), rae Di(g) u D,(g) — BelecTBCHHBIC MATPHIIEI, TO

S[Dr(g) 0 Js-l{l)l(g) Dz(g)J S:L[E iEJ
0 Dr*(g) -D,(g) Di(g)) L GUE EJ

rae £ — emuHUYHAS MaTpulla mopsiika pasmepHoctu I

IIpencrasncuue, conpaxcennoe 1': T, g lN)r (g7"). Jlns yHHTApHEIX TIPEACTABICHUN
r*=T.

2.7. Tlpsimoe nipou3Be/ieHHE NPEACTABICHAN TPYNIIbI

IlIpamoe npoussedenue npocmpancmeé L,x L, onpenensercs Kak JHHCHHASA
000J104Ka MHOXXECCTBA OHIIMHECHHBIX KOMOMHAIMHA {xy}, 10 X € L,, y € L,,. Ecn {e;},{f;} —
6a3ucel L, ¥ L,,, COOTBETCTBCHHO, TO IPOU3BOILHBIN JIEMEHT Z € L, X L,, OTHO3HAYHO MOXKET
OBITH TIPCACTABIICH B BHJIC Z = (;"je,ﬁ, T.€., MHOXXCCTBO Nap {e;f;} CIyXHT ecmecmeeHHbIM
Oazucom B TPOU3BCICHHH IIPOCTPAHCTB, PA3MCPHOCTh KOTOPOrO OKAa3bIBACTCA PABHOH
TIPOM3BCICHUIO Pa3MCEpHOCTCH comuoxutench, dim L, x L, = nm. Ilpamoe npouseedenue
onepamopoe A n B, ncicrtByroumx B L, u L,, COOTBCTCTBCHHO, ONPCACIACTCA KaK
IMHCHHBEIM omneparop Ha L, x L,, npuuem (4 x B)xy = (Ax)(By). Marpuua 4 x B B 6a3uce
{ef;} sBmsercs “npsmbiM npousBeneHuem” Matpuln A u B B Oasmcax {e;} u {fj},
COOTBCTCTBCHHO:

(AxB)ijij = AiiBjy.
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Ecmu L, u L, — yHuTapHH (B HUX ONPC/ACICHBI CKAISIPHBEIC IPOH3BCACHUS), TO CKAISIPHOC
npousBeacuue B L,xL, ompenensercs ycmoBusmH (xy, xy) = (xx)(y,y) ¥ nuaciHOCTH
(aTHNIMHEHHOCTH) NO apryMmeHTaM. Torma, ecau {e;} u {f;} — opToHOpMHpOBaHHEIC OA3UCHI,
1O {e;f;} — OpTOHOPMUPOBAHHEIH 6a3HUC B L,X L.

Ilpamoe npoussedenue npedcmasnenuii rpynnel ', g — Di(g) u I, g = Da(g):
I''x[, g > Di(g)xDa(g). Ecniu T'y u T', — ynurapuel, 1o [1xI, Takke yHHTapHOC
NPEACTABICHHE. XapaKTep MPSAMOro MPOU3BEICHUS MPE/ICTABICHHIHA:

xrixr2(g) = xri(@xrag). (2.6)
[lonsiTHEe TpPSAMOrO NPOU3BCICHHMA OYCBHIHEIM oOpa3zoMm oboOmjactcss Ha nr000¢ HHUCIO
COMHOXHUTEICH. B  wacTHOCTH, KaXI0€¢ TIPCACTABICHHC IOPOXIACT MEH30pHOe
npedcmaenenue nMoOOro paHra r B COOTBETCTBYHOIIEM mpocTpanctBe: ['xI'x..xI" (r pa3s).
TeHn3opHOE MPOCTPAHCTBO (paHTa r) pacmagacTcss B CyMMY HOANPOCTPAHCTB, 001aJarolux
OTIPCIICIICHHOA CHMMCTPHCH OTHOCHTCIBHO TICPECTAHOBOK (-OH CTCTICHH), MHBAPHAHTHBIX
OTHOCHTENBHO TCH30PHOTO IPC/CTABICHHS.

Hampumep, TEH30p BTOpPOro paHra SBISICTCS CYMMOH CHMMETPHYHOTO H
AHTHCUMMCTPHYHOIO TCH30POB; COOTBCTCTBCHHO, KBAJIPAT MPCACTABICHUA |’ TIPUBOJUTCS K
CYMME CHMMCTPH30BAHHOI'O U aHTHCHMMETPU30BAHHOIO KBAIPATOB:

IxI' =T?=[I?]+ {T%.
Ecmu L, — mpocTpanctBo acHcTBus npeacraBieuus I, g — D(g), ¢ 6azucom {e;}, 1O
MPOCTPAHCTBOM JeHcTBHs mpeacTasicuus 12, g — D(g)xD(g) cayxur L,YxL,? ¢ Gasucom
{e,-(l)ej(2)}. BasucoMm moanmpocTpaHCTBA CUMMCTPHYHBIX TCH30pPOB CIYXUT Habop n(n+1)/2
BEKTOPOB {e,-(l)ej(z) + ej(l)e,-(z)}, a 6a3ucoM ISl aHTHCHMMETPHYHBIX TCH30pOB — Habop #(n—

1)/2 BexTOpOB {e,-(l)ej(z) — ej(l)e,-(z)}. IIpocTeic pacueTsl MPUBOIAT K CICAYIOIIUM XapaKTepam:

Xz =E@1= 311 (@) +31r (). r@=3xr@-31r€?. @7

2.8. lIpeacraBiaenusi NpAMOro NMPOU3BEIEHUS IPYI
IlocTpocHHE NpEACTABICHUM MPSAMOrO IMPOU3BCICHHS TPYIN IO MPEACTABICHUAM
nepeMHoxaemeix rpym: nmycte G — I', D(g) B L,, G' > T, D'(g") B Lyy; Torma GXG' — I'xI”,
(aa"y > D(a)xD'(a") B L,xL,,. Xapakrtep yrxr{aa’) = yr(a)yr{a’). Ecnu I u I'" — HII, To I'xI"’

— HII rpynnst GxG'. J1ns1 KOHEUHBIX TPYTIN 3TO CIACAYCT U3 KPUTEPHS HETIPHBOTUMOCTH.
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2.9. Metoa bere Boiunciaenus xapakrepos HII konedHbIX rpynm
IMpencraBum knacc K; kak OOBCIMHECHUC DJICMCHTOB: K; = a;1 + ap + + Qi
QOueBuHO, bKh' =K, be G. B cymme KiK; = KiK; = 20,0 KQXKIBIA JICMCHT Qi djs'= iy’
BXOJIMT BMCCTE CO BCCM KJIACCOM COTPSDKCHHEIX JJICMCHTOB Kj, n60 bayb ' = ba,-,’b_lbajs’b_1

€ K;K;. Takum obpazom, KiK; cocTaBiieHo U3 K1acCOB:

KK ; =Y c(ijk)Ky. (2.8)
k

IMonoxutensubie neabie yuciaa c(ijk) B 5THX COOTHOIUICHHUSX HA3BIBAIOTCS CHIPYKMYPHBLIMU
ko3gppuyuenmamu zpynnot. Illycte G > ', g > D(“)(g) torna K; — D; = b;E (caencrsuc
nemmet 1lTypa), SpD; = miy; = bing, Tmily> = g, mostomy n,> = g(X|b)*/m;)™". Cormacro (2.8)
bib; = 2 c(ijk)by . (2.9)
PemieHue oTol cHCTEMBI ypaBHCHHH JacT BO3MOXXHEIC HAOOPHI b, a ¢ uuMu u HaGoOpH
xapakrepos y”. Hanpumep, wist rpynnet Cyy (K1 = ¢, Ky = G + G2 K3 = 6V + 0@ + oP);
b =1, b2 =2bh; + by, b3 = 3by + 3b,, byb; = 2b;; xapaxrepn Tpex HII: T'1(1,1,1); I'x(1,1,-1);
I'3(2,-1,0).
N3 (2.9) u (2.5) cnepyer, uro

Zx(“’xﬁ‘”m m; Zc(uk)mknaxi ) = c(ijl)g;

Ki = e, c(ij1) = m;0;;, re knacc K;» COCTOUT U3 DICMEHTOB, 0OpaTHBIX dneMeHTaM Kj, y=x:*,

Zx(“)* @ Jmm;/g* =5;. (2.10)

OTCIOI[a BBITCKACT, 4YTO YHCIO KJIACCOB CONPSXKCHHBIX JJICMCHTOB HC MNPCBBIIIACT YHUCIIA

my=m;. Takum oO6pazom,

HeskBuBalieHTHRIX HII, T.¢., coBnamaer ¢ HuM (cp. §2.4).

2.10. Ipyrue MeTo/bl BHIYHCICHHUS XapAKTEPOB
IIpn Hanuuuu WHBApHAHTHOM MOATpyNNel N uMmeer mecto romomopdusm G — G/N, B
CHITy KOTOPOTO MPEACTABICHUS DAKTOP-TPYIIEI OJHOBPEMCHHO SIBJISTFOTCS TIPECTABIICHUASIMA
HUCXOJTHOH TPyMIIBL.
CocraBieHue xapakTepoB [ns Tpynnel no xapaktepam HII mpousBoibHBIX €€

noarpynn (meopema @pobenuyca): He G , o) — xapaxreps HIT H | Torna

Zmﬁcpﬁ? @.11)
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— xapakTtep (BooO1iie roBopsi, IpUBOAUMOro) npezcraBicHus G. 31eck j, — HHACKCHI KIacCOB
H, >neMeHThl KOTOpLIX B rpynne G Bxomar B onuH kinace K. (xx = 0, ecam sneMeHThl Kiacca
K, He comepxarcs B moarpynne H.) JlokazaremsctBo: Kaxaoe HII G — T, sBusercs
NPEACTABICHUEM (IPUBOAMMEIM) H, modToMy X,-(“) = Zaavcpil(v) = Zaavcpiz(v) =... JUISl K1acCOB

K;c G, conepxarmumx >nemeHTr H. B cumy (2.10)

g
S 1 = T o) = £5,,
a av m

[
H, YMHOXasl Ha (p,-r(“)*m,-T H CyMMHpYs 1o it, momydaeM (2.11), rae y; = Zaaavx,-(“) (@ay —
LeIBIC YHCTa).

Ecniu H — wnBapuantHas noxarpynma rpymmel G, h — d(h) — HekoTopoe ce
npexcrasicHue (y), To b — dy(h) = d(ghg™), g € G Take sBISETCA NPEICTABICHHEM
(3amaua 2), KOTOpOC HA3BIBACTCS compaxyceHHvIM K Yy orHocutTeapHO G. Ecnm ucxomsoe
TIPC/ICTABIICHAC HCTPHUBOIUMO, TO HCIPUBOIUMEI H COTIPSDKCHHBIC K HEMY TPC/ICTABICHHUS.
COBOKYITHOCTh HCOKBHBAJICHTHBIX NIpyr Apyry comnpspbkeHHbix HII HaseBatoT opbumon H
omnocumensno cpynnest G. Umeer MecTo caenyronias Teopema:

Ilycte I' — HII G. Ilpu orpanuuenuu noarpynmnoit H I' pasnmaraercs mo HII
noarpynnsl H y,, IpAHAAICKAITAM OJTHOH H TOH K€ OpOUTE, MPHIECM KaXIIO€ Y, BCTpEUacTCs
B PA3I0XXCHHH OJJHHAKOBOC YHCIIO pa3 (m, Kpamuocms opoumaot).

Mosxno noctpouts Bee HII rpynnel G, ucxons u3 HII ee HopmanbHoro nenutens H.
Mgl paccMOTpUM Takue IMOCTPOCHHS Ha IMPHUMEpPE MPOCTPAHCTBEHHBIX TPYNN W TIPYIIIHI

Ilyankape, o6namaromux a0c/iCcBEIMA HHBAPUAHTHBIMA MOTPYIIAMHU TPAHCISAIAH.

2.11. dakTHYECKOE PA3JIOKEeHHE IPUBOIUMOTO MPEACTABICHUS
daxkmuueckoe  paziodxcenue (BTOJTHE) MIPUBOTUMOTO TIPCICTABICHHUS
={D(g)}=YoN['x MO0 HEIPHBOIMUMBIM — HAXOXKICHHE “KaHOHH4eckoro” 6azuca {e;*’} B
MPOCTPaHCTBE L, IJIe 3TO MPEACTaBICHUE OCYIICCTBIACTCS; UHACKC ¢ = 1,..., Ny paznuuact

omunHakoBbic HII, i — unmekc “crpouxn”™ HII, i=1,2,..., ny;

D(g)el™ = D{ (g)e(™, (2.12)
I

D(g) — marpuua HII I', , BuT KOTOPOH MOXKHO Harepel GUKCHPOBATH.
Heomno3nayHocTh KaHOHHUYCCKOTO Oasuca: mycte U — mio00H HEBBIPOXKICHHBIN

olepaTop, KOMMyTHpyIoImii co Bcemu D(g); Torma e = Ue!™ — toxe xaHOHHUCCKHit
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6azuc. Bun matpuner U B kaHoHHUYecKoM Oasuce omnpenensiercs iemmol lypa: U — npsimas

cymma Ny-CTpOYHEIX OJIOKOB

bllE voe blNaE
, (2.13)
bNalE voe quNqE
rae b; — mpousBonbHEIC umchaa. Kak BuAHO, B 0OIueM ciydac IHEpEXox OT OIHOrO

KaHOHHYECKOro 0asuca K IpyroMy OCYIIECTBISACTCS HEBBIPOKICHHBIMH MPCOOPA30BAHUSIMH
e = Zb e (2.14)

OJTHOBPEMCHHO 1 Bcex k=1,2,..., n

(o) (o)

HpI/I H3BCCTHOM &€ OCTAaJIBHBIC €; YCTAaHABIHUBAIOTCSA OOHO3HAYHO IIPH IMOMOIIMH

oreparopoB “noBoporta’;

e{™) = ?‘* > DS *(g)D(g)el™. (2.15)
g

@) g0 (@)

B kaugectBe ¢; coryiacHo (2.14) MoxHO B3SITh M00BIC N, HE3aBHCHMBIX

BECKTOPOB, OJIYYCHHBIX “IPOCKTHPOBAHUECM  MPOU3BOJBHEIX X € L:
a)_ 1 a A at
e® =223 DO *(\D(g)x =Y x(at,1)el™. (2.16)
g g t
[pu HEOOXOMUMOCTH DTH BEKTOPHI MOYKHO OPTOrOHANHA30BAaTh H HOPMHUPOBATE.

Onepamopw.  npoexmuposanun ~ P\® = Ta Z D™ *(g)D(g),  mopoxpaior

MHBAPHAHTHLIC OTHOCHTEIbHO {U} HOANPOCTpaHCTBA L,-(“) c L, rne L{* — nunciinas
oD (@ ., e N}

xel x= Zx((xt z)e ar) —Zx(“) —Zx(a)

ot (2.17)
(@ = Py, £ — in(a) = P,.(“)x = py
I

i

obonouka {e;

P@ =Ta 3 @« (g)P(g). (2.18)
g g

P — onepamop npoexmuposanus wa noxnpoctpancreo L@ = L, + . + [,

2

MHBAPUAHTHOC KaK OTHOCHTENBHO onepatopoB {U}, Tak u oTHocutenasHO {D(g)}.
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2.12. JneMeHTHI TPYNIIOBOH AITedphI

Mampuunaa anzeopa [I'] — nuneitnas obonouka mMatpul D(g), OCyMICCTBISIOUIAX
npencrasncaue G — I rpynma G. Jlns xoseunoit rpymmst [ = {a'D(g) + ... + a®D(g,)},
rme o — BceBO3MOXKHBIC umcia. MmuoxecTBo [I] 3aMKHYTO OTHOCHTENBEHO TpEX
OIIPEICTICHHEIX Ha HEM OIICpal|i (CIIOKCHUE, YMHOXKCHHE, YMHOXKCHHC Ha YHCIIO) U IOTOMY
SIBIISICTCSL Q/I2efpofi — 4YacThIO TMOJIHOM MaTpuvHOH anreOpel {Mp} cCOOTBETCTBYOIIEIO
nopsiika. Matpuunas ainreOpa [I'] npuBoauMa WM HEPHBOAUMA BMECTE C MOPOXKIAIOIIAM
¢c mpeacTtasiicHueM [

BceBo3morkHEIe MaTpuuHEIC anreOpsl [17] B ciiydae KOHCUHBIX Ipynn yIo0HO CUHTATE
MaTPHYHEIMU TIPC/ICTABICHUSAMH (OTOOPaXCHHSMHU, COXPAHSIOIMMH OCHOBHEIC OIICPAIIHH)

abcmpaxkmuoii 2pynnoeoii anzeoput [G] (rpynnoBoro Koibla) :

[G]= {x= Y &@a}; [G] > [T], x > Z&@)D(a).

acG
Kak BumHO, mobast QyHKLUMS Ha TPyNIC MOXKCT PAcCMAaTPHBATHCA KAaK JJIEMCHT I'PYHNIOBOH
anrcOpsl. [TpaBui0 YMHOXKECHHS DIICMCHTOB alNT¢OpHI:
-1
2. 8(e=z=xy= &amblab =D &@) n(a o),
ab a c

L L (2.19)
()= &a@m(a~¢) = X &(cb™ ().
a b

PerynspHoe npeacraBnenue rpynnoBoii anreOpei: x — G, Ha [G], Gy = xy. /[Bosxas pons
anrcOpel  [G] B perymsipHoM TpEACTaBICHAH — 1) COBOKYIMHOCTH mpeoOpa3oBaHUH,
2) TMHCHHOE IMPOCTPAHCTBO — MOJC ICHCTBHSA ITHX NPcoOpa3oOBaHUH.

Kommymamopnasn anzeopa {A} nexkoroporo MHoxecTBa MaTpull {L}: A€ {A}, ecu
AL = LA nnsa Bcex L € {L}. Kommyraropnoii anre6poit HII I' (u anrebper [I']) cormacHo
nemme lypa sinsiercs MEHOXECTBO AL, T1Ie A — MO00€E YHCITO.

IlonHass TPUBOAMMOCTH PCTYISPHOIO MPCACTABIACHHS (G 03HAYACT PaA3IOKHUMOCTh
anrcOopel [G] Ha mnoampocTpancTBa B, WHBApHAHTHBIC OTHOCHUTCIBHO YMHOMXCHUS Ha
anemeHThl anreopel (b € B, ecu s moboro xe [G] xb € B, B — “aesstii udean” anrcopu
[G]). IIpouecc paciiericHuss OOPBIBACTCS HA “MUHUMATbHBIX UOeanax, COOTBECTCTBYIOIIUX
HIT [G]:

[G] =B®...©Bs. (2.20)
Cornacho (2.20) mo6oit daeMeHT anredpsl x = x1 + ...+ X7, x; € B;, B TOM uncne

e=e t..tTer. (2.21)
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Ilpouseooauwjue udemnomenmor: xe; = x;, ee; = e0y5, be; = b (be B); ey,...er — 63aumno
HOPMAIbHbIE NPUMUMUGHbIE UOemMnomenmypl (HS TONYCKAIOT JaNbHCHINCTO PA3JIOKCHHUS ).
Heump anzeopwr Z: z € Z, ecnu zx = xz 1as moboro x € [G]. Lentp, kax QyHKIAs
KJIACCOB COMPSKCHHBIX DJICMCHTOB!
g€ G,z=2((a)a =gzg ' =Yl(a)gag ' =XL(g ag)a L(a)=C(gag ) =0,
OTKyJIa

z= Z(;(i)Kl., K, =a,+a,+.+a,,, (2.22)

{K;} — 6a3uc neHTpa. B yactHoCTH,

KK ;=Y c(ijk)Ky. (2.8)
k
BsaumocBsi3p rpynmnoBoi anreOpbl © KoMMyTaTopHoi anreOpsl {U} TpoH3BOIBEHOTO

i

npencrasnenus I mpoobpas P{® e [ B [G] , Bi(i“)(.):n—“ZD(“) *(g)g, ABIsercs
g

OPOU3BOAAIIMM HACMIIOTCHTOM THIIA BBCACHHBIX paBcHCTBOM (2.21), OoH mnopoxaaet

MHHHMAbHbIH Hcal {515-0‘)(.)} (3amaua 29).

3agaum k pasgerny 2

1. llycte {a"} — O6eckoneuHas IUMKIMYECKas Ipynma. lloka3aTb, 9TO OTOOpaKEHHE

1 n
a - [O | SIBISICTCS TIPCACTABICHUCM. SIBISICTCS NM DTO TPEJACTABICHHC BIOJHC

MIPUBOAUMBIM?

2. Ilycte H — wHBapuaHtHas noarpynna G, h — d(h) — HeKOTOpOe ¢ MpECTaBICHHC.
VY6enurecs, uro orobpaxeHue h — dg(h) = dghg™), g € G raxe sBAercs
npexcrasicHueM H. Jloka3aTh, YTO COBOKYIIHOCTb JIICMCHTOB g, JUI KOTOpHIX dy o d,
obpa3zyer noarpymimy.

3. Haiitu Bce HII nuknngeckoi rpynisl Nopsiaka .

4. Ilycte g — D(g) — npuBomuMoOe MpPEICTABICHHE, ICHCTBYIOIICC B MpPOCTpaHCTBE L,
a L, ¢ L — uHBapuaHTHOE NOAIPOCTPAaHCTRO, peodpa3yromeecs no HII I'. Jlokazars, uto
CCIH HEKOTOpBIA omepatop B KOMMYTHpPYET €O BceMH oneparopamu D(g), 1O
MOJIIPOCTPAHCTBO, COCTOSAIIEE U3 BEKTOPOB Bxi, X1 € L1, HHBapHaHTHO W Npcobpazyercs

10 Fl.
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5. Tlycre yuurapusic HIT Dy(g) u Da(g) oxsusancutusr: Di(g) = ADy(g)A™. oxasats, uro
oneparop A/(detAd)"” — yuurapusiit. n — pasmepaocts HIT.

6. Jloxasars, uto npousBenecHue HII Ha ofHOMEpHOE MPE/ICTABICHHE HEITPHBOIUMO.

7. llycte I'y, T, I's — HII rpynnet G. /loxazath, 9TO0 KpaTHOCTH, C KOTOpBIMH [';*
comepxkurcs B ['hx[3, T'y* comepaxures B ['1xI'; u ['3* comepaxures B ['1xI'y, paBHEI MEXIY
co0oii.

8. Jloka3zats, uro npoussencHue aByx HII pasmepHoCTH 11 U 1, 1 > Hp, HE MOTYT CONICPKATh
TIPC/ICTABICHHS PA3MEPHOCTH MCHBIIICH, YeM A11/7).

9. Jloka3aTb, 4TO €CIIM KKK DJICMCHT I'PYIIEl COMPSHKCH CBOECMY OOpParHOMYy, TO KaXI0¢
TIPC/ICTABIICHHUE TPYIITIBI COTPSDKCHO caMoMy cele.

10. Ilyctb K;» — xnacc COMpsHKECHHRIX DJICMEHTOB, 0OpaTHEIX 2neMeHTaM kiacca K. [lokasars,

910 Aj1s1 mpou3BoabHeX HII T, 1 I'y HMEI0T MECTO paBeHCTBA: Zm,-x,(“ )xl(.v ) = 80,y

[
11. ITokazatb, uro a1 HII koHEUHRIX TPy HMCIOT MecTo cooTHommeHus (PpobeHuyca-
Iypa):
1, ecnu D(g) BemecTBEHHOS
éz v(g2)={ =1, ecnu D(g) NCEBIOBEIECTBEHHOE
g 0, ecmu D(g) u D *(g) HEOKBUBAJICHTHBI.
12. loka3zaTsb, uTo npsiMbiM ymMHoxeHHeM HII koneunoit rpynnel G Ha HII koHeuHo#M rpynmbl

G' moxHo nony4yuth Bce HIT rpynine Gx G,

13. Beraucnuts Z Dlg-a) (g2).
g

14. Ecnu yr =y, To npeacrasncHus ' u I skBuBaneHTHel. Jlokas3ars.

15. Beramcauts [y ()] 1 {xr(g)}.

16. Iycts I = I'y + Ty, Pasnoxuts na wactu T2, [T2], {T%}, [I], {T°}.

17. Iloka3ate, 4To HEMpHUBOAUMAs MaTpuyHas anreopa [I,] coBmamact ¢ monHOU anreGpoin
MAaTpHIl TIOPS/IKA Hg.

18. Uto mnpencraBnsier coboii KoMMmyTaropHas anrcOpa MaTpuuHoi anreOper [I7], ecnm
a) [ =Tq+1Ip, 6) I =2I; (I'q u I'y — HeokBUBaneHTHeie HIT)? Onucate KOMMYTaTOPHYIO
anrcOpy B ciy4vae, eciu [y — OTHOMEPHOC MPEICTABICHHE.

19. CocraBuTh perymnspHoe npezacrasicHue anredpsl [I'y] npu n, = 2.

20. Kakast cBsi3b CYIICCTBYET MCKAY PCTYJISAPHBIM NPCACTABICHUCM TPYIINbI U PErYISPHBIM

TIPC/ICTABICHACM IPYIIIIOBOH anrcOpe1?
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21.Ilycte [a] — anrcbpa ¢ emunuueid (manpumep, [[']). [okazatb, 4uTo €IMHCTBEHHBIMH
JTUHCHHBIMHU TIpeoOpa3oBaHUsIMH Ha [0l], KOMMYTHPYIOIIHMH CO BCEMH NPCOOPa30BaHUIMHU
Ax = ax, a € [a], sBusroTcs npeoOpazoBanus Buaa B'x = xb.

22, Hanmcare Matpuily npcoOpazoBanuss B’ w3 npeapiaynicid 3amaum s anrcOper [Iq]
CH,=2.

23, PaccMOTpHM CHCAYIOIICE B3aWMHO-OHO3HAYHOC OTOOpakeHue mnpocTpanctBa [G] Ha
cebs: x = YE(a)a © X = Y@ Ha. Iycrs z = xy. Tlokasats, 4to Z = jx . Kak BBIISIAT
paccMaTpuBaeMOC OTOOPAXKCHHUC ISl SICMCHTOB Ipynnel G?

24. Iycts B = {b} — nebiii nxean anrebps [G]. Tlposeputs, uto {b} = B sBusieTcs npasbiM
HJICATIOM.

25, SIBnsieTcst M LICHTP TPYIIIOBOTO KOJBIIA CTO HICATIOM?

26. Jlokasath, 4To ZnaD,;“) * (g)D,-j(-“) (r) = gd(g,r).
aif
27. Hanmcarb coctaBHbIC Xapakrepsl Csy , vexons u3 xapakrepos HIT Cs.

28. Haiitu op6utsl rpynmsl C; OTHOCHTENBHO Tpyniibl Csy.

29, TIpoBepUTh HACMIIOTCHTHOCTE DJICMCHTA 13,-(,-“) (.) € [G]. Jlokazarh, 4TO OH MOPOXKAACT

JIeBLIN Hcan {13,5-0‘) ()}.
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3. I'pynna BpanieHu

3.1. Oanoocneie BpameHust

I'pynna C,, — HempepeiBHas abeicBa OIHOMApaMCTpHUCCKas KOMITAKTHAs TPYIINA.
IIpocTpaHcTBO mapaMeTpoB — OTpE30K (KONMbLO) (—7, m). MHBapHaHTHEIH HHTErpanx Mo
rpynne (f— ogHo3Ha4Has QYHKIMS HA TPYNIE, T.C., ICPHOAAICCKAs QYHKIIUA OT ):

[ £(g)dg = [ f(0)do = [ f(o+0p)do.
HenpepeiBHbic omHO3HA4YHBIC TipeacTaBiicHus: X (0)x(0") = x(o + ¢'). Juddepenmupyem no
¢’ u nomaraem 3areM @' = 0: () = x(p)4, 4 = d)(/a’(p|(p - 0 — UHQuUHUMe3UMATLHbLIL
onepamop npeactasicnus (s HIT — gucno). Jlns “yaurapaeix” omnosHaunbix HIT 4 = im,
m — 1uenmoe umcho. lIpu m HEUENbIX BO3HHUKAIOT T.H. MHOZO3HAYHbIE HPEOCMAGNCHUA
(0sy3naunbie Ipu m NOIYICIBIX U T.JT.).

I'pynna Couy (¢ Dy) — cMemanHas HenpepbiBHas rpynna. [IpoctpaHcTBo rpynnel —
nBa orpeska (—m, w). OnuH u3 Hux (0003HAYUM HHICKCOM +) COOTBCTCTBYCT JJICMCHTaM
noarpymmnel Ce, a apyroi (—) snemeHTaMm cMexHoro kiacca 6yCe, THE Oy — moboe u3
orpakeHuid. Kitaccws conpsixeHHBIX aneMeHTOB: E, C(+¢), o. HII Cyxy 0HO- U IBYMCPHBEL:
oncpauus o, oosemuuser gsa HIT Co, X('”) U X(_'”) = x('”)*, m # 0, B oguo HIL, D™ ¢
xapakrepoM 2, 2cosm, 0; onaomepasie HIT — X" u £~ (1,1,-1). B orcyrcrsuu apyrux HIT
MOXXHO yOCIUTECS HENMOCPEACTBCHHEIM BBIYMCICHHEM MaTpullel D(c,) B 6a3uce, B KOTOPOM
Bce D(¢) nuaroHansHel. Oniepalins yCpeIHCHHUS 110 TPYIIIE BRINISIUAT CICAYIOIUM 00pa3oMm:

1 1 2n
P IGES ) W HCH @3.1)

k=t

3.2. T'pynna BpameHHid B TPEXMEPHOM IPOCTPAHCTBE
O6o03nauennsa rpynns: SO(3,R) = R; = O;'. IIpocmpancmeo zpynnet — coepa
paamyca 7, B KOTOPOH KOHIIEI JIFOOOro JuaMerpa CUMTaroTCs OTHON Toukou. Kaxaas touka L
OTBEUACT BpAICHHUIO OKONO ocd OL Ha yron | OL | . Kitaccy noBopoToB Ha yron ¢ oTrBcdact
MIOBEPXHOCTH cheprl paxuyca ¢. Hekoropeic nmapamerpusaiuu 31eMeHTOB Rj: a) (§1,80,E3) —
JICKapTOBEI KOOPJMHATHE COOTBETCTBYIOIICH TOYKH MpOCTpaHcTBa rpymmsl, 0) (o,0,0) —

cepuUcCKUe KOOPIUHATEI TOH KE TOYKH, B) (01,0,02), 0 < 01,02 < 21, 0 < 0 < w — yenn
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Diinepa (cm. puc.). [Ipu nomonm yrinos Diijiepa MPOAU3BOIBHOC
BpAllCHUC CBOJUTCA K MOCICIOBATEIBHOCTH TPEX MOBOPOTOB

OKOJIO OCEH KOOpP/MHAT:

L 6(01,6.02) = g:(02)g01®)g:(01) = £0(B)g:(92)g0:7'(6)
2o1(0)g:(¢1) = £:(91)g,(0)g: (P1)g(P2)g:(91) =
g(0,0,(pl)g(O,G,O)g(0,0,(pz) (32)

Bripaxkenue MaTpuilsl moBopota g((1,0,(0,) 1epe3 yriasl Jincpa:

COS (| COSP, cosO —sinQsing, —cos@; sin@, cosO—sing;cosp, cose;sind
Sin @ s @, cos O+ cosQsing, —sinQ;sin@, cosb+cosp cosp, sing;sind | (3.3)
—C0os ¢, sin@ sin@, sin® cos0
JIns  ompemeNieHHs MHBAPHAHTHOTO MHTETpajia Ha TPYINNe HEOOXOAMMO HaWTH
UHGApUAHMHYIO n10mHOCMb P(D1,D2,P3) TAKYIO, UTO
P(P1.p2P3) AP\ AP ADs = Ag = A(gog) = p(p1'.p2°p3 YAp1 Ap> Aps
rae g(p1°,p2°,ps°) — npoussonsHO BEIGpanHOE BpameHue, (p1/p2 p3) = (p1 . p.p°) (PLpaps).

Orcrona:

o '.pa' )| (3.4)
‘ o(p1> P2 P3) ‘

p(1.p2.p3) = P(P1°p25p3)
[TOCKONbKY P ONPEACHSCTCS ¢ TOYHOCTBIO [I0 YMHOXCHHUS HA HPOU3BONIBHYIO TIOCTOSHHYIO,

MOJKHO 3a/1aThbCsl TPOU3BOJLHEIM P(e) = po. Toraa

oopapa)=pu | 221202122 2% 2.2y " ) 65
‘ a(p1»P2-P3)

-1
‘(,,0)=(,,)
Heckonbko TI'pOMO3IKHH HCHOCPCACTBCHHBIM pAacueT dYepe3 YIIbI JHICpa NPUBOIUT K

pe3ynbTaty (3a7ava 4):

0(¢,',0',0,")| _sin8 _
=sng’ P010,02)=smb, 3.6
[3(01,0,05) | sing PLOLO02) 7 (3.6)
TAaK 4TO
If(g)dg - If(gog)dg = If(ggo)dg = If((plecpz)sin 0dp,d0do, . 3.7)

3I[CCB MBI BOCHOJB30BAJIACH TCM, YTO HHBAPHAHTHAsA IUIOTHOCTE KakK JICBO-, TaK H

npaBouHBapuaHTHa: dg = d(gog) = d(ggp). DTo of0Ince ans KOMIAKTHBIX Tpymm JIu
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YTBCPXKJICHHC I TPYNIbI BPAIICHUH MOXHO IPOBCPHUTH HCMOCPEICTBCHHBIM PAaCUCTOM.
WuBapuaHTHas NIOTHOCT B IPYTUX HapaMeTpax:

g = 2(1—cosa)sinOdad0do, g =81 . .
dg =2(1 )sinbdadode, |dg = 8n* (3.8)

3.3. HenmpuBoauMbIe MpeICTABJIEHHS I'PYNIIBI BPAINEHHH
PaccMOTpUM  HEKOTOpPOE  HENPEPLIBHOEC  YHUTAPHOC IMPEACTABICHHE TPYMILI

BpAllICHHUH:
D(#)D(s&) = D((t +5)E), D(0)=E.

Huddepenuupys no s u monaras 3atem s = 0 :

G D0 = (e + Ao + At D@, 4 =705,

rne A; — ungpunumesumanvhuiii onepamop, oTBCHAOIMA napameTpy &. Takum o6pasom,

KaXXJ10¢C HCOPCPBIBHOC IIpEACTAaBICHUC HOJIHOCTBIO OoNpeCaAcCIsCTCA CBOUMH

WHOUHUTC3UMANBHBIMA OTICPATOPAMH:

D(&y,&2,83) = exp A, = exp(=iJ &, —ify8, ~iT3E3), J; =ids, (3.9)

WK Yepe3 yriel Diiiepa, ucnomns3ys (3.2):
D(¢18¢,) = exp(—iJ3¢1) exp(=i] ,0) exp(-iJ3py). (3.10)
JInst yHUTapHBIX MNpEICTABICHUH A; — aHTUDPMHUTOBBI, J; — 3pMHUTOBBEI. (COOTHOIICHUS

KOMMYTAIlMd HHPHHATCIUMAIBEHBIX OTNICPaTOPOB:
A, A, -4 A — A, si ~ - .
efetem b — g O0Se T A SINE L oAt 4 o™ — 4 cosg— A sine, (3.11)
CpaBHMBas 4iICHBI IEPBOTO MOPAIKA IO € , HAXOIUM:
Vi h]l =ik LSl =iy, [SJi]=ih. (3.12)
Hdns HIT Tpoiika WHOUHATC3UMANBHBIX OINCPAaTOPOB TAKXKC HCNMPHBOIAMMA, T.C., HE

CYHLICCTBYCT HCTPUBHAJIBHBIX MNOANPOCTPAHCTB, HHBAPUAHTHBIX OTHOCHUTCIBHO BCCX TpPEX

OTICpaToOpOB J;.

Buviyucnenue mampuy ungunumesumanvnvix onepamopos.

J.=J xidy, [T, J3]1=—=J,, [J_,J3l=J_, [J,,J_1=2J;. (3.13)

Bri6upaem opTroHOpMHpOBaHHEIH 6a3Hc, B KOTOPOM JHaroHalieH Jj :

J3Sm =M J_fon =0 fonts Ji fonat =B S’
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Ilycts | — HaubGonbmee coOctBeHHoe 3HaweHue J3, J.fi = 0, B;r1 = 0. Torma uemouxa
BEKTOPOB, MOJYYEHHEIX MMOCIEIOBATEILHBIM IPUMEHEHUEM OTiepaTopa NoHmKeHus J_, f, fi,
fr2,... , HHBAPHAHTHA OTHOCHTEJIBHO TPOHMKHM ONEPaTOpoB .J; (JOKA3bIBAETCH MO HMHAYKIIHH).
Orciofia BBITEKAET O, = Pn™* M, Kax pesynbrar AcicrBus omneparopa [Ji,J_| = 2J3 Ha dTH
BEKTOPHl — IIETIOYKA PaBCHCTB | ot | 2= | s |2 = 2m, TO3BOJIAIONIAS TOCIEA0BATEIIBHO
BEIYHCTUTE KOYQQHIIHEHTHI Oy

Oy = (fptsfon) = €On J(U+ m)T —m +1). (3.14)
Ilopxonasimum BeIGOpoM (a3 Ga3UCHBIX BEKTOPOB MOMXKHO OOpaTHTb BCE (o, B HYIlb, MOCIE

yero 0asuc (kamonuueckuil 6azuc) oKa3zbIBACTCS ONPEACICHHBIM ¢ TOYHOCTBIO JI0 00mIero
dazosoro muoxwurens. 13 (3.14) surekaer, uto o = 0w o = 0, T.€., IEMOYKa BEKTOPOB fj,
fr1, ... obpeiBaercs Ha f. Tak xak —/ = [-N, N — uenoe, to gec HII | — nubo uenoe, mubo
nonyuenoe uucio. Pa3mepHocte mpeacraBieHus r = 2/ + 1. DxBuBaieHTHocTh HII
OJIMHAKOBOTO BECa CIEAYET M3 SKBHBAICHTHOCTH COOTBETCTBYIOUIIMX WH(HUHHTE3UMATBHBIX
OTIEPaTOPOB.

ToX1eCTBEHHOE MPE/ICTABICHUE p¢= 0)(g) = | sBnsAETCA €MUHCTBECHHBIM OJTHOMEPHBIM
MPEACTABICHUEM TPYIILl BpaunicHUH. Bexmopnoe npedcmaenenue DY — aBToMOp( UM
rpymnbl. KaHoHMuYeckni 6a3uc BEKTOPHOTO MIPE/ICTABICHHS:

L

fl ﬁ(ex+iey)a fOZeZ’ f—lZ%(ex_iey)-

Marpwmiga HIT 115 moBopoTa OKoJIO OCH Z: D,(rf,)n,(OO(p) —e ™8 .. Xapaxmepor HIT
zpynnovl epaujenui:
1 (@) =sin(l + Do/sin L o. (3.15)
HenpuBogMMEIE TIPEACTABICHHS TPYINBI BPAIIEHUH [EIOr0 MOPAIKA MOTYT OBITh
pean30BaHbl Ha cheprueckux (YHKIMIX: THHEHHAas obonodka chepudeckux QyHKIUH [-ro
NOPAZKA,

n 1
12Yp = 10+ DY, Y (0,0) = =270, (6), ©; 1,y = (~1)" Oy,

21
0, = (1" [21+1(I M mod P,(cose)’ P(x) = } d'(x : 1) ’
2 (I+m) d(cos8)™ 2'N dx

MHBAPHAHTHA OTHOCHTENBHO BpAlICHHiA. 34ech |~ — yruosas wacth oneparopa Jlaruaca.

(3.16)

Matpuira moBopoTa Ha yrod € B 6a3uce Yjm:

D(00e)Y,, =Y, (0,0p—¢&)=e ™Y, , D, (00g)=e ™5 .
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Kak BuzaHO, paccmatpuBaemoe npezacrarienne ecte HII Beca /; 1.e., mro6oe HII memoro Beca
tbakTHUeCKH MOXET OBITh pEeaTM30BaHO Ha CoepHYecKuX GYHKIHAX, KOTOPHIE IIPH
BEIOpaHHEIX B (3.16) 3HaKkax u oOpa3yror kaHoHH4YecKu# Oa3uc HII.

31eck MBI BOCIOJIB30BAIUCH CIEAYIOLIMM OIPEACIIEHHEM MpeoOpa3oBanus QyHKITHH

TIPH U3MEHEHHWH apryMeHTa (cp. pazzaen 4):
D(g)f(r)=f(&"').
PaccMOTpHM MOBOPOT HA GECKOHEYHO Manbii yron o = | @|, rie BexkTop @ HanmparmeH B1omb
ocu noBopota. Oynxuus f{r) npereprneBacT 6ECKOHEYHO MAJIOE H3MEHEHHE!
D(@)ftr) = fir — axr) = fr) — (wxr)-VAr) = [1- o-(r<V) ).
Takum o0pa3oM, WHOHHATE3UMAIBHBIE ONEPATOPHI IIPEJICTABICHUS TPYMNbI BpPALICHHHA HA
MIPOCTPAHCTBE GYHKIIMHA UMEIOT BU/L:

0 0
J=-i(rxV), = —il y——z—|,...
i(rxV) z[yaz Z@y]

Ilpu j nomyuenom DU)(O,O,zTE) = —F; HO NOBOPOT Ha YToaA 27 SKBHBAICHTEH
TOXAECTBEHHOMY 3JEMEHTY, M, TaKHM 00pa3oM, Hapymiaercs TpeOOBaHHE OIHO3HAYHOCTH
OTOOpaXKEHH g —> D(’)(g). MOXXHO HECKOJIBKO DPaCHIUPHTh TOHATHE TIPEACTABICHUN H
paccMaTpuBaTh yKa3aHHBIE OTOOpaXXEHMS TIpH TONYLENBIX j Kak  O08y3Hauuble

npeocmasnenus. llpencrasnenue Beca 1/2:

DY (¢,00,) = ex CEE 0 expl =L o fexp <[ © ~
01997 p20—1(p1p2i0 p20—1(p2

P1+P; P1—P2
0 T, .0 (3.17)
cos—e —sin—e
_ 2
0 (01 P2 i<P1+<P2
sin—e 2 cos—e 2
2 2

Marpuua D"?e SU(2), npruem mo6as MaTpHua rpymbsl SU(2) MoxeT ObITh IpeCTaBIeHA
B popme (3.17) u TakuM oOpa3oM COMOCTABICHA ¢ HEKOTOPBIM BpamieHHeM. PaccMoTpum

nompoduee cBia3b rpynn R u SU(2).

3.4. 'omomMop¢pu3M AByMEPHOH YHUTAPHOH YHHMONYJISPHOH IPYIIIbI
Ha rpynny BpameHui
IIpownsBonbHbIi 31ement rpymmnbl SU(2) 3anuckiBaeTcsi B BHJE:

a

g GB*J, jof” +Jp|” =1. (3.18)

u(a,B) :[
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[Tpon3BonbHAsT SPMHTOBA MaTPHIIA C HYJIEBEIM CIEIOM HMEET BUJIL:

P I deth=—(x* + y* + 22) (3.19)

vy -z =X0, + Y0, +20,, deth=—(x"+y , .

X,y,Z BEIIECTBEHHEI, G; — mampuyst Maynu. Matpuma h' = uhu' Taxoke SpMHTOBa, 061a1aET
HynessM crenom, det A’ = -(x*+y?+z7%) = det h, a MaTpHuHEIe SMEMEHTH X'y'z' THHEHHO
3aBUCAT OT X,,z, ¥' = R(uw)r. Ilockoneky marpuma R(u) ocymectsusier npeoOpa3oBaHHE
BEIIECTBEHHBIX BEKTOPOB (X,),Z) C COXpaHEHHEM KBaJApaTHUYHOH (OPMEI, OHA SBIAETCS
oproroHaibHoM Marpuier. det R(u) = +1, Tak xak detR(u) sBisiercs HENPEPHIBHOK (YHKIIHEH
apryMeHTOR o3, moboe 3HaueHue (o,3) MOKET OBITh TOCTHTHYTO HETIPEPEIBHBIM JIBH)KEHHUEM
oT emuHuuHOro onemenTa, a detR(e)=1. R(uiuy) = R(u1)R(uy). MuoxectBo {R(u)}
OXBAaTBIBAET HE 4YaCTh, a BCIO TpyHny BpameHuWW. lIpome BCero 31O YCTAaHOBHTH,
paccmarpuBas MaTpunsl u1(€%0) u uy(cos(0/2),—sin(6/2)). R(ui) = R(0,0,9), R(uy) =
R(0,6,0), a cormacho (3.2) m1060# MOBOPOT MOXKET OBITH CKOMOMHHUPOBAH M3 BPAIICHHH OKOJIO
OCeH z U y.

Ces3p Mexay HII yauraprHo# rpymmnel u rpynnet Bpawmenwuii: 1) sce HII R; sBistrotes
HIT SUQ); 2) D*(—e) = E, D(—e) = AE (nemma Illypa), T.e., D(—e) = +E [“uerHpie” u
“neuvernpie” HIT SU(2)]. Yernwme HII SU(2) oxaswmBatorcs cobctBenHeiMu HIT Rj, a
He4eTHbIC — JABYy3HauHbIMK HIIL

Ecnmm paccmarpuBare oamementel SU(2) u  Rj, cocemHMe ¢ €IMHHUYHBIM
(ungpunumesumanonsvie zpynnel), TO MEKITY HHUMH MOXHO YCTAHOBHTH B3aHMHO-
OJTHO3HAYHOE COOTBETCTBHE (M30MOpPu3M). Ho cBOMCTBa MHPHHHUTEIUMAIBLHEIX ONEPATOPOB
MIPEJCTABIICHUA (3PMHTOBOCTh, COOTHOLICHUS KOMMYTAIlMM) BIOJHE OIPEIEISIOTCS
CBOMCTBaMHM TPYIIEI BOTH3K €MHUYHOTO JIEMEHTa. DTO 03HAYaeT, YTO TMOCTPOCHHS IMyHKTA
3.3 paror nosHEH Habop nHPHHUTEIHMaANEHEIX MaTpul HIT SU(2).

YcranoBuM cBs3b Mexay npocTpanctBamu rpymm SU(2) u Rs. Ilyets o = a; + iay, —B
= by + ib,, TOTHA a + a + b+ bl = 1, t.e., mpoctpanctBo SU(2) — MOBEPXHOCTH
YETBIPEXMEPHO# cepsl paguyca 1, mpuyeM AUaMeTPATLHO TPOTHBOTIOIOKHEBIE TOUKH CEphI
COOTBETCTBYIOT ITPOTHBOIIOIOKHBIM IO 3HAKY MATPHIIAM U, SAMHHYHOMY SJIEMEHTY OTBEYAeT
touka (1000). ITpoctparncTo R3 momyuutcs, eciiu B3saTh osycdepy a; > 0 ¥ OTOKIECTBUTH
JUaMETPAIBHO MTPOTHBOMOJIOKHEIE TOYKH pa3pesa. Kiaccam comnpsikeHHbix anemMenToB SU(2)
OTBEYAIOT B IPOCTPAHCTBE TPYIBI CEYCHHS TMIEPIUIOCKOCTAMH a; = const (3amaua 6).

Bwmecro 3aBrCHMEBIX TapaMeTpoB (a1a2b1b,) ynoOHO BBecTH napaMeTpsl (a0Q):
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o o o o
a; =cos—, a, =sin—cos 6, b; =sin—sin Osin @, b, = sin—sin O cos
170085, B2 =8I 1=y - 22 =505 ? 320
0<a<2m 0<0<m 0<¢p<2m),
B KOTOPHIX JIETKO Y3HAaTh MapaMeTpel TPYIINbl BPALICHWH, TOJLKO PACIIMPEH Mpeaent

M3MEHEHMA o . THBapuaHTHAs IUIOTHOCTE B 3THX MapaMeTpax AaeTcs cooTHomeHueM (3.8).

3.5. Ilpoussenenusi HII rpynnsi Bpamenui (i SU(2)) 1 ux pasiioxenue
Iycto DY DY) — HIT ¢ kanonnueckumu 6asucamu e, fm’; €CTECTBEHHBIH Oa3uC s
MIPOU3BE/ICHUS DYDY — {emfm’}. BBIpazuM HHOHHUTEIUMATBHEBIE ONEPaTOpHI Ji DPxpV
yepe3 HHPHHUTEIUMATIEHBIE ONIEPATOPHI IEPEMHOXKAEMBIX NIPEACTABICHHH, HCNIONB3YA (3.9):
exp(—i Y Ji&r) =exp(=iY_ jr&r)xexp(=iY_ ji'Er).
Paznaras B psa no &; ¥ cpaBHUBAs WICHBI IEPBOTO NOPAAKA MO &, MONY4YHM Ji = jixe'+ exjy,
WM Kopoue J; = ji + ji'. DToT pe3ynbrar cpasy obolmaercs Ha MpoM3BEACHHE OONBIIETO
yucaa (HE 00s3aTeNpHO JIaKe HENPHUBOAWMEIX) IPEJICTABICHHH DYDy DIy D™
(“cnoscenue momenmog™).
Je=jutjout .. T (3.21)
311ech j;x — COKpaIIeHHAasl 3aMTUCh OIIEPATOPA €1X...Xe;1 X[k Xei1X ...
JUisa nByx HIL: J3 ey, frr = (m + m") ey fr. PaccMOTpHM THHEHHYIO 000JI0UYKY BEKTOPOB
efy, Jef, Jlef...
CornacHO MOCTPOEHHMIO MyHKTa 3, Ha 3TOM HoAnpocTpaHcTBe ocyuiectriusercs HIT DY) B
JOTIOTHUTEHHOM — TOJNPOCTPAHCTBE  (OPTOTOHAIBHOM  JIOTIONTHEHHH)  MaKCHMAalbHOE
COOCTBEHHOE 3HaueHWe J3 paBHO j+j—1, K HEMY OTHOCHTCS TOJBKO OJWH COOCTBEHHBIH
BEKTOp, NEPNEHAUKYISApHBIA J_ef, M TOCIEJOBATENbHO JACHCTBYS HAa OTOT BEKTOD
oneparopoM J_, MOKHO BbeiienuTs HII D™D, Okonuarensno
DY) = pi) 4 pot=v 4 4 plih (3.22)
IIpocro#t moncuer yOexaaeT, YTO YHCIO COOCTBEHHHIX BEKTOPOB .J3, OTHOCSIIUXCS K
COGCTBEHHBIM 3HAYCHHMAM | j-Jj |, ..., 0, omuHaxoso, nostroMy B (3.22) psn oOpeiBaeTcs Ha
DYV =D axriueckn mur onmcann MPOLEAYPY NOJYYEHHs KAaHOHMYECKOro Oasmca Jis
MIPEICTaBICHUS DDV, Koad¢uimenTsr pa3ioxeHnss BEKTOPOB KAHOHHYECKOTO 6a3uca Mo
€CTECTBEHHOMY 0a3uCy Ha3BIBAKOTCS K0apPuyuenmanu Knebwa-I'opoona.
Ha TeH3opax B TpPEXMEpPHOM TPOCTPAHCTBE OCYLICCTBISIOTCS MeEH30pHblE

1 (1 1 .
npeocmasienu. DWxDWx. . xDV. Hx panz paBeH uucny ‘“‘mHoxutenci’. bomee
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GbyHIaMEHTANBHYIO pOJIb  WTPAIOT CHUHOPHbIE RPeOCmAsienus DYDx DDy DY),

OXBATHIBAIOILKE KaK OJTHO-, TAK M JIBY3HAYHBIE NIPE/ICTABICHUS TPYIINEI BpAILCHHH.

3.6. CniuHOpBI ¥ CIIMHOPHbIE NPEACTABJICHAS

CornacHo ONpENENEHHUIO, CRUNOP F-20 PAn2a@ — DIIEMEHT F-KPAaTHOTO MPOU3BEICHHS
JBYMEPHOTO YHHTAPHOTO IPOCTPAHCTBA Ha ce0s, IO CymEeCTBY, OOBIYHBIA TEH30p Ha
JBYMEPHOM  KOMIUIEKCHOM  mipocTpaHcTBe. OcoOeHHocTs  cnuHOpa  00yclOBJIEHa
HEOOXOMMOCTEIO CBS3aTh €r0 C PEATBHBIM TPEXMEPHBIM IPOCTPAHCTBOM M BPAICHHIMH.
IMockonbky egunauIe R; orBeuaroT aBe Matpuilsl + e € SU(2), To CIHHOPBI HEYETHOTO PAHTa,
KaKk OOBEKTHl (UIUYECKOr0 IPOCTPAHCTBA, OKA3BIBAIOTCA ONPEACICHHBIMH UMb C
TOYHOCTBIO JIO 3HAKA.

W3 criMHOpOB BTOPOro paHra MOXHO COCTABHTh OJJHO MHBAPHAHTHOE OTHOCHTEIBEHO
SU(2) moampoctpancteo Ly ~er e_— e_ey' (DYPxDY? = DO + DUy nppaem s cimropos
Buga &n, rae &, — COMHOpPEI TEPBOTO paHra, 5TOT HMHBapHaHT (mpoekuus Ha Lp)
nponopionaneH (£ = £5172)

0 1

e e (3.23)

Kosapuanmnusie komnonenmaui cnuHopa & :

R R A
1 0
BBenennbiil TakuM 00pa3oM “MeTpUUEcKHil” TEH30p € MO3BOISAET CBOOOIHO MEPEXOAUTH OT
KOHTPaBapHUAHTHBIX K KOBAPHAHTHHIM M CMENIAHHBEIM KOMIIOHEHTaM CIIHHOPA JII0OOT0 paHra u
TIPOM3BO/IUTE OTIEPAIIMH CBEPTKH CITMHOPOR TI0 THOOBIM IapaM HHIIEKCOR.

@2.0r) = gliZ-Ir P _ m10Gas MepecTaHOBKA HHICKCOB

P
Cummempuynsie cnunopor:. &
i1,iy,...,iy. 13 ONIpeiENECHMUs BEITEKAET, YTO JI000H CHMMETPHYHEIN CIIMHOD BBIPAXKAETCS YEPE3

cnenytonrue »+1 cnuHOp:!

. 1 . .
y=eNe? )y, = (M. e+ +elel? )y,

v2j
; 17— ) . . .
(]+né)2'](_)]' m)! eJ(rl)...eJ(r”m)eE”mJ’l)...e£2]) +.)e

IloampocTpaHCTBO CHMMETPHYHEIX CHHUHOPOB WHBapuaHTHO oTHocutensHo SU(2). basuc

(3.24)

Yo =

(3.24) smnsiercs kanonnueckuM 6azucom HII Beca j :
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J3“’m = (j-;’n - j__nI]“’m =my,.,
(J+m)t(j—m) 2 . _ —
S W = 2))! \/(j+m—1)!(j—m+1)!(j m+ DYy =N+ m)(J—m+ Dy

(3necy ¢akrop j—m~+1 mpeacraBaser COOOH OTHOLICHHE YHCIA CIAraéMbBIX B BBEIPAKECHHH
J Y, K YHCIy cHaraeMelx Y, i). Takum o6pazom, Bce HII SU(2) (m Rj3) daxrmueckn

OCYIIECTBISAIOTCS CHMMETPHYHBIMH CIUHOPAMHU.

3.7. MaTpuubl HENPUBOIUMBIX PEACTABJIECHHI IPYNNBLI BPAMEH M
HpelIBapI/ITeJ'IBHO OTMETHM (DOPMANBHYIO aHAIOTHIO MEXIy CIIHHOPaMH #-I'O paHra
g=g"12-70. Wen®. e, u r-muneitnsiMu Gopmamu Hap (es, e)) (¢ kodddummentamu &2,
CHMMETPHYHEIM CIIHHOPaM COOTBETCTBYIOT CHMMETPHYHBIE (OPMBI HIH TIOJTHHOMBI 7-H

creneHu (hopMasHO OTOPACKIBAIOTCS BEPXHHE HHJIEKCHI e,-(k)):

++. 4.

TAm om (2)! Jtm N Jj-m
éﬁgé (j+m)!(j—m)!(e+) (e-) ™,

(2])' nj+mez—mm

2j
ceoed v o e
Vi GV \/ GrmlG-mt "

ITosToMy nnst Hanucanus kaHoHumdeckux wmartpuny HII rpynner BpamieHwid JOCTaTO4vHO

BBISICHHTB, KaK Ipeo0pa3yloTcs NPH BPaLICHUSX APYT yepes Apyra 2j + 1 moaMHOMOB THIa

Ym:

M . .
D(o,B)v,, :sz'm (o, By = G+ ng)z'.?]:—m)'(aar —B*e_)]+m(l3€+ ++a*e )™

(2j)! z (] + m](] - mJa jtm—x (_B*)K o % /-m—x' BK' (e+ )j+m—K+K' (e_ )j—m—K'+K'

(J+m!(j—mliZ\ x K!'

MoxHO cyHMTaTh, YTO K,K' NPOOErarOT MO BCEM WENBIM YHCIAM C YYETOM TOTrO, YTO
tbaxTopHaEl OTPHIATENRHBIX YHCEN oOpamarorcs B . Jlanee BMeCTO k' BBOAMTCS HOBBIH

WHJIEKC CYMMHPOBaHUS m' = m — K + k', © OKOHYATEIBHO:

« NGAMIG=mIG NG =M o gjom gmming s
k!(j+m—x)(m'—m+ «)I(j — m'—x)!

Dy (@.p) =3 (-1)
(3.25)
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Cootnomenre (3.25) Beipaxkaer marpunel HII uwepe3 napamempwr Krnu-Kneina o,p.
PagenctBa (3.17) m (3.20) mo3BONSIOT BEHIpa3uWTh MX dYepe3 yruel Oinepa (¢01,0,92) u

napameTpsr (a,0,0):

D(] m(P1,0,02) =
S yemin A G =G )G i) (Singjz“*’""’"( e)zf*'""”"z“e_,-mzple_m_

cos—
K!I(j +m—x)(m—m+ )I(j — m'—x)! 2

(3.26)
CoortHolrenus OPTOrOHAJILHOCTH I MATPUYHEBIX OJICMECHTORB!
0 () I ag
J-Dm'in * (g)Dn'rf (g)dg - 11 11128m n' 8mn > (3-27)

IJI€ HMHTETPHPOBAHME BEAETCA MO MpocTpaHcTBYy NapamerpoB rpymnel SU(2). Ecnm
noAbIHTErpasibHas QyHKIMs derHas, fla,B) = fl—a,—B), T.e., ecnu 2j;, 2j, 00a YeTHBIE HITH
HCYCTHBIC, HHTCTPAII pa36I/IBaeTC5[ Ha JBC paBHBIC IIOJJOBHHBI, HWHBIMH CJIOBAMH, OH
MpECTABNSAET COOOW MPOCTO YIBOCHHBIH HMHTETPAN IO NMPOCTPAHCTBY NMAPAMETPOB TPYIIIBI

R3. CooTHOILIEHHST OPTOrOHATBHOCTH JJISl XapaKTEpOB yAOOHEe BCEro 3alMCHIBAIOTCS Yepe3

napameTpsl (a,0,¢), mockosbky ¥(g) = y(a):
2z
j 1, * (@ (g)dg =8n j 1 * (@), (@)1 —coso)da =16m°5 . (3.28)
0

IIpu coBnagennn 4eTHOCTH 2/ 1 2j * mHTErpai MoxHO Oparts B npeaenax (0,m).
Marpuunbie SnemeHTel  (3.26) Ha3eBawOTCA  0000wennvimu  chepuueckumu
dyukyuamu. OObraHBIe chepuueckre (GYHKIUH JIETKO TONYYHTh M3 HHX CIACTYIONIHNM

obpazom:

D(@1,0,02)Y 1, (8,0) =¥, (8,0 = g7 (8,0)) = Y. DY) (91,0,9,)Y 1 (8, 00).

IMomaras ¢; = a, 6 = &, Haxogum (3',a') = (0,—¢p,) U, Mo omnpeaencHUIO CHEPHISCKHX

o
_]+18
4r

bynxuni, Y, (0,-¢,) = YMHOXast 00€ 4YacTH TONYyYEHHOrO PaBEHCTBA Ha

m0 -

Dlgrjn) *(a, 9, (Pz) M CYMMHpPYS IO m, HAXO/JHM:

2j+1
s

Y 5 (9,00) = [ =D * (0, 9,0,). (3.29)
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3.8. Koa¢ppunuentnr Kaedma-I'opaona

CormacHo onpeneneHuto m.3.5:

D) — Z sUi2) U ()

my mymy, jamy T my my

mymy

nin

Jidadzms) = > (jmyjomy | jijyama)| jimy)| jams ), my +my =m;. (3.30)

mm;
HocnenHee COOTHOUICHHUCE ITOJIY4YacTCs U3

| ivindads) = D (imyjamy| jijajsia ) jim)| jams)

mm;
J3—M3-KpaTHBIM TNpPHMEHEHHWEM oleparopa j., a Kod3((HIHEHTEI < Jimjamy | j172J3 j3>
HaxOJMM C YYE€TOM paBEHCTBA | +| JiJ2J3 j3>:O. Otcroa BEBITEKAET PEKYPPEHTHOE

COOTHOLICHHC

0 ={jymyjamy | jrjajajs )G —m)Gy +my +1) +
+(jymy +1jymy =1 jija 3 j3 >\/(jz +my)(jy —my +1)

(1 +m)(Jp +my)!

(J1 —m)I(jp —my)!
1+ J2 = 73!

QN2 + 73— i)

U jama | s dsis) = CCrindsYomm sy (DA™ J

Cliriaj3) =itz = | jrjaiajs >\/
Koadpgwmiment C HaxoguM ©3 YCIOBHS HOPMHPOBAHHOCTH BEKTOpA | JiJ2J3 j3>.

BOSHI/IKaIOH.I}’IO IIpH 3TOM CYMMY JICTKO BbIYHCIIUTh, HCTIOJIb3YyA PaBCHCTBA

[GZBJZE[ZLE&J:%(—D’”["Z _’i_a][nfm} (3.31)

HEPBOE M3 KOTOPBIX TMOJYYAETCA MYTEM CPaBHEHHS KO3(D(HIMEHTOR PH X" B 00EHX YaCTAX
paserctBa (1+x)*(1+x)P =1+ x)*™® (0 1 B He 00s3aTeNHHO MONOXKHUTENLHEE LENEIE

YHCJIa), 2 BTOPOE — CIEAYIOMICH 3aMEHOH OMHOMHUAIBHEBIX KOS OUIIUECHTOR:

[a] _a@=D.(a-n+l) _,(-l-a).(-a)-a) _ (_l)n[n—l— a]
n! n '

n n!

=1

®aza korpdummenta C (a ¢ HUIM H BCEH CHCTEMBl KaHOHMYECKHMX BEKTOPOB | j3m3>)

MPOU3BOJbHA, U MBI ITOJIOKHUM
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jz + DIy + jo — J3)!
v+ 2+ 73 + DI = Jo + 3 + 73 — !

C(j1J2J3) :\/
IIpumensisi, HAaKOHEL, K BEKTOPY | J1J2J3 j3> oreparop
- ) N J3—=m3\ & . iiomak
()P =i + jp )™ :Z[ i Jh—]ﬁ T,
k
MIOJTYYHM TIOCIIE HEKOTOPBIX TIPeoOpa3oBaHMid
(jymyjamy | jririsms) =
J (23 + DG +J2 = )G —m)IGa = m)'(s +m3)! (3 —m3)!
1+ 72 +J3 + DI+ J3 = J2 U + J3 — JNGL +my)i(Jp +mp)!

x Z(_l)jl_ml_k (1 +m + )y + j3 —my —k)!
k k\(j3 —my —k)(jy —my —k)(jy — j3 +my +k)!

- m +m2 ,M3

(3.32)
Bcnencteue oproroHansHOCTH MaTpuipl Koddduuuentos Kiebma-I'oproHa mmeror
MECTO CIIEIYIOIIHE PABEHCTRA!

(imyjamy | jrjajams) = (jrjadsms | imyjamy ), (3.33)

D (imyjamy | juizdzms Y jimjama | jrizds'my') = 8 . i O mymy'>
i (3.34)
D (mjama | frjadzms ) jim' jamy'| 1J2d3m3) = S mm S mom, -

Jams

3.9. 3j-cuMBOJIBI M UX CBOMCTBA

KoMrnekcHo-conpsKeHHbIE HII SKBHUBAJICHTHBI JApyT JIpyTy:

DV *()CP =CWDPW(g), WY, ISt MHOHHUTE3UMATLHBIX OTIEPATOPOB,
j,-(j) *C) :—é’(j)jl-(j). IIpuMeHss 3TO COOTHOLIEHHE CHAYala K IMOBOPOTY OKOJO OCH Z

(i=3), Haxommum C,(,{n) = ¢80, - BBIMMCIAA MATpHuHBIH dNeMeHT (m,—m—1) B paBEHCTRE

J_C=—-CJ,, naxogum: ¢ ., =—c;,. BeiGupas C} =1, nmeem

Ch =18, _n; DY) *(@)=n""DY)_ (9. (3.35)

Ormerum, 4TO C,(,},fz) =€, (cMm. (3.23)). Ilpu umeneix j marpuna C? cummerpnuna, mpu

MOJYLENBIX AHTUCUMMETPHUYHA, COOTBETCTBYIOLIME MPEACTABICHUA, COMJIACHO 1. 2.8,

HNOTCHIIHAJIbBHO-BCHICCTBCHHLBI H IICCBIOBCIHICCTBCHHEI.
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B cooTHOmIEHNN

D(jl)(g)x D(jz)(g) — S—l (ZD(fs') (g))S

BO3BMEM MATPHYHBIN DIEMEHT < Jimyjomy

Jimy' j2m2'> , 34TEM YMHOXHM 00€ 4acTH Ha

2

DU (g) ¥ mpoMHTETPHPYEM IO TPYIIIIE:

mymsy’

. . . dg
() (J2) (3) _ I
[ Dy (@)D (@)D *(g)dg = TNy
[Mone3ysck (3.35) u BBOAS 3/-CHMBOJIBI
h J2 T3 J _ (—l)jl_jz—m3
my my my 2j3+1
TIOJIYYa€M CHMMETPHYHOE OTHOCHTEILHO J1, j2, j3 COOTHOLICHHE

() () Us B h o B4 J2 I3
j D,,,lmlv(g)D,,,Z,,,Z.(g)Dma,,,a,(g)a'g—ja.'g[m1 my o o my' S (3.37)

(jimy joma | jams ) jimy ' jomy'| jamy).

(jimyjamy | jijajs —m3), (3.36)

Ionarast m;' = m;, HaXOAMM OTCIOJIa, YTO MEPECTAHOBKA JIIOOBIX JBYX CTOIOHOB 3j-CHMBOIA
MOXCT JHIIb W3MEHHTb 3HAK 3TOro CHMBOJAa. DaKTHYECKH HMEIOT MECTO CIEAYIOLIUE
CBOMCTBA CHMMETPHH 3/-CHMBOJIOB:

[1'1 J2 jSJ:(_l)j1+j2+j3[j2 J1 1'3]:[1'2 J3 le:(_l)j1+j2+j3[ )2 J'3]

m mp; my my, ny my my, my my - —my —my

(3.38)
Jloka3aTenbCTBO OCYIIECTRISIETCS TIPH MTOMOIIH BEITEKatomux u3 (3.37) paBeHCTB

[]'1 J2 j3][j1 J2 J3 J:[J'z J1 j3][ J2 h 73 J:
m my, my\j1 —jhtJj3 —J3 my m myA\—j+tj3 1 —J3

:[jl J3 sz[jl i )2 J:[jl b2 3 J[jl J2 J'3J
mmy my\j1 —J3 —htjz) \-m —my —mz\—j1 h—J3 J3

MIPOCTBIM TIOJICYCTOM 3HAKOB TpaBEIX 3j-ckMBoNoB To ¢opmynam (3.32), (3.36). Bonee
CIIO)KHBIE CBOMCTBAa CHMMETpHH 3j-CHMBOJIOB mony4ymsn Pemxe (3amawa 15). U3 (3.34)
BBITEKAIOT COOTHOILLIEHUS! OPTOHOPMHUPOBKH. HekoTophie yacTHbIE 3HaUeHHUs 3j-CHMBOJIOB:

[j j OJ:(—I)J"’" [j k j]z 2)! (3.39)
m —m 0) J2j+1° \=j 0 j) J@j—kW2j+k+D '

3.10. 6j- u 9j-cuMBOIBI

6/-cHMBOJIBI ~ BO3HHMKAIOT TPH  pacCMOTpeHHMH  mpousBeneHuss tpex  HIL:

DUD x pU2) x D(j3). ITockonbky DY moxer BXOAHWTH B 3TO IIPOU3BEAECHHE HECKOIBKO Pa3,

54



KaHOHHMYECKMH 0a3uMc onpenensercs HEoAHO3HauHo. Ecmn DY) ¢ plz) xD(f3), rae

DY) e pUD x DU2) | 10 MOXHO 0/HO3HAYHO OIIPEENNTH BEKTOPHI

|Gri2) iz dsim) =Y (imyjomy | jramua X jramig jsms | jm)| jimy )| jama )| jsms).  (3.40)

m;
Ecin DY) e pUD « pUzs) , Tae pU2) ¢ pl2) « pUs) , TO aHAJIOTHYHO
| /1 Gada)igzimy =D (jimy jozmas | jm)(jamsy jams | jozmas )| iy )| joamy )| jams).  (3.41)
m
Bexroper aByx kaHoHHueckux 0azucom (3.40) u (3.41) cesa3anel cooTHOHmEHHEM BHa (2.14)

’

MPH TIOMOIIHA YHHTAPHOW MAaTpPHIIBI b (31ece o0a 0Ga3uca OPTOHOPMHPOBAHBI, POJL I, ¢

UTPAIOT j12 U J»3). 6j-CHMBOI ONIPEACTAETCA YEPE3 MATPHYHEBIC SJIEMEHTBI 3TOH MaTPHIIBL:

, N T2 T2
(Gri)haisd| i Gada)iaad)= G2 (21, + D270 + l){ }

J3 ] Ja

(3.42)
CocraBnas ckanspHoe npousBeieHne BekTopoB (3.40) u (3.41), cyMMupys 1O m ¥ IPOU3BOAS
HEKOTOpBIE peoOpa3oBaHuA(TIEPECTAHOBKH CTONOIOB B 3/-CHMBOJIAX, H3MECHEHHE 3HAKOR /1),

[OJIy4YHMM BbIpaxkeHHue 6Oj-CHUMBoIIa uyepe3 3j/-CHMBOJIBI:

{fl 72 flz}zz(_l)lz-“f""f)[ i ju][]é 2 1'23]x

J3 T Jn) dim —my my M \m3z —my My

AT s J3 J o Jn
mp m —mMmyy \“M3 -m  —m

Jlns Toro droObl 6j-CHMBOJI OTIHMYANICS OT HYJS, COTJacHO JTOW (OpMYyNE JIOJIKHEI

(3.43)

BBINOJIHATLCA COOTHOLIECHHUS TPEYTOJbHHUKA JUIA TPOEK j, yYKa3aHHBIX B
Ka4eCTBE BEPXHHUX PANOB 3j-CHMBOJOB. M3 3TOH XKe HOpMyIBI BBITEKAIOT
CBOMCTBAa CHMMETPHH 0j-CHMBOJIOB: OHHM HE MEHSAIOTCS IIpH JHOOO0H
MEPECTAHOBKE CTOJOILIOB CHMBOJA M IMEPECTAHOBKE BEPXHHUX WM HIKHHX

apryMEeHTOB JIIOOBIX IBYX cTONOIOB. Bece 3T cROMCTBA MOXKHO HArJIsITHO

TpencTaBuTh cebe, n300pa3uB 6/-CHMBOJ B BHjE TeTpadapa (CM. pHC.).
Jpyroe BblpaxxeHHe 6j-CHMBONa uepe3 3j-CHMBOJBI TONY4YaeTCs TMOCHE MOACTAHOBKH B

cooTHomeHue Trna (2.14),

| /1Gad3)iasim) =D {Gria) adsi| iGaia) i) Gija)jadzim), (3.44)

Ji2
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BelpaxkeHuit (3.40), (3.41), cpaBHeHus KOX(PQUIMEHTOB TpHU | jimyjom, j3m3> B o0enx

YaCTSX PABEHCTBA U PA/Ia HECIOXKHBIX TPeoOpa3OBaHUIH:

{Jl Ja j3}(j1 Ja J'3J:
O C XL
— z (_1)j4+j5+j6—m4—m5—m6(.]1 Js J6J(J4 J2 J6 J( Ja Js J3J
mymsmyg m —ms Mg \my my, —Mg A—My M5 My
OT0 BEIpOXKEHUE YAOOHO HCHOIB30BATH JUISl TOJNYyYEeHUS SBHOW ¢GopMylel 6j-cMMBOIA.

Ilonarast m; = ji, my = —j, ¥ IOACTaBISAA BeIpaKEeHHS 3j-cUMBOJIOB (3.33), HaxoauM:

{Jl J2 j3}=z Dz + DA 7273) AU s 76)AJaT276)A(Ja]573)
Ja Js Je > [(Z—J]—jz—j3)!(Z—j1—js—js)!(z—j4—j2—js)!(z—j4—j5—j3)!}
X(1+jatjatjs—2Na+Jjs+is+tje— DNz + 1+ Jja+ Jjs—2)

(3.46)
THE

A(abc) = \/(a+b_c)!(a_b+c)!(b+c—a)!
(@+b+c+1)!

BcneacrBie opToroHaIBHOCTH MATPHUIIEI <( J1J2) 1273 | J1U2J3) )23 j> HMEEM

. . J3 T ||z T Jn2 ..,
D iy + D21 +1){ Do H Do ,} =8(J23,J23")- (3.47)
i Jv J2 Ja)lNh J2 T2

Haxonern, paccMaTpuBasi IMOCIEAOBATENBEHO TPH CXEMBI CBA3M Tpex MomeHToB (Tpex HII),

HB.XO}II/IMZ
z%+1)(_1),-23+ju+j31{1_3 7 f.w}{f.l J 1.23}:{%2 J ’.“}. (3.48)
s Jv J2 J3)U2 I3 U3 J3 N1 Ji2

9/-cHMBONIBI CBSI3aHBI C MAaTPHUIIAMHM TIEPEX0Ja MEXIy KaHOHHYECKUMH OazucaMu
|Gri2) 12 (3 Ja) aadm) v |(G1i3)j13(Jaja)jrajm) CHEAYIOLMM COOTHOEHHEM:

((G1J2)d12Usia) j3ad|Giis) s (ada)Jaad) =

jl j2 j12 (349)
=J@jiy + D@3 +D2jng + D2z + D3 j3  Ja Jay
J13 Jaa J

Bripaxxenue uepe3 3j-CHMBOJIBI TOIYYAETCSA TOUYHO TaK KE, KAK U JUIs 6/-CHMBOJIOB:

Ju iz 113][1'21 J2 123][1'31 J32 J'33J><

Jor J» Jn :Z
myp myp M3 \Mpy My M3 \M3z M3y Maj

allm

Ju Jiz Jiz [
J31 Jxn2 J33

[111 J21 J31j[]12 J22 J32j[]13 J23 J33]' (3.50)

myy mp M3y \Myp My M3y \My3 My3 M3z
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CroiicTBa cuMMeTpuM 9j-cMMBONIa BBITEKAIOT K3 OTOrO pPABEHCTBA: IMPH HEUYETHOH
TIEPECTAHOBKE CTPOK MM CTONOLOB 9j-cuMBoN ymHOXaercs Ha (—1), roe J — cymma Bcex
apryMeHToB cuMmBoOsa. IIpm ueTHONM nNEpecTaHOBKE W TPAHCIIOHUPOBAHHMH CHMBOJ HE

mensercs. Beipaxenue uepes 6/-CHMBOJIBI:

M T g i dn Jnl[ie Jn Jullis n
. . . 2 11 J21 Jsi\jJiz J22 32|13 J23 J33
Jov J2 I3 Z(—l) 2x+ 1){ . . H . . H , . }
. . . x J32 J3z X Uz X Ja) X Ju Ji2

J31 J32 J33

(3.51)

OHo JIerKo MOJTy4aeTcs, €CIM NOCIeI0BaTENBHO MepeiT ot Oa3zuca |( J173)J13(J274) J24 jm>
K Oa3ucy |( J1J2)J12"'(J3Ja) J3a' jm> TIpH TTOMOIIH paBeHCTRA (3.44) W pe3ynbTaT yMHOXKHTH

Ha |(j1j2 Yo (j3j4)j34jm> . OrmerumMm, 4YTO 37€Ch, Kak ¥ B pAAc NPEABIIYIINX
npeoOpa3oBaHKH, CIeIyeT UMETh B BULY COOTHOLICHHE
(fymyjomay | jijajm) = D27 ymy jymy | jojrjm) (3.52)
COOTBETCTRYIOLIEE NMEPECTAHOBKE CTONIOIOB 3/-CHMBONA, TaK YTO, HATIPHMED,
|G273)Jas i) = 1 Uada)ins ) (=157
3.11. IlostHast OPTOrOHAJIBHAS IPYNIA B TPEX H3MEPEHUAX

Honnan opmozonansnan zpynna: O3 = O3 xC; = O3+ O3". TIpocTpaHCcTBO TPYIIE!
— nge cepwr paamyca . HIT O3 — D" u D) — gernwie n Hewernwie npeacrasienus (I —
nenoe!), D'(gl) = D™(g) = DY(g), ge 03*. Moxno Brectn aberpaxTryio rpymmy SU(2)xi,
umeromyo Basoe 6oneme HIT, wem SU(2) — DY DV, Tpymma SU(2)xi romomopdHa Ha
03'%C; ¢ aapom (e,—e). TIoITOMy MMEET MECTO CIEIYIONIEEe COOTBETCTBHME TpE/ICTARICHHIT
SU(2)xi u O3 pu NONYENBIX j:

gl - DV(xgi) = DY (g), gl - DV (zgi) = ¥DV(g).

+
HupiMu cnoBamu, nBy3HauyHbIe TipeacTaBieHus O3 te xe, uro u'y O3 .

3.12. /IBy3naqHbIe MPEACTABJICHUS TOYEIHBIX [Py
Kaxoit moarpymie G < O3" orseuaer noarpymmna G'c SU(2), romomopduas Ha G ¢
sapoM (e, —e = q) — 0eoiinas moueunas zpynna s G. Yacts ee HII cosnamaer ¢ HII G, a

octalbHBIE ABISIOTCS 08y3naunsimu HII G. Jiis o603naueHus sneMeHToB G' BOCNoNb3yeMcs
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MaJILIMM CHMBOJIAMH C,. B Ka4ecTBE HOBBIX HJIEMEHTOB QUrypHpyIOT ¢ (“IIOBOPOT Ha 270°) U
Cng = qCn, pUUEM (Cn, Cnq) — C,. PaccMOTpuM, HanmpHuMep, SIEMEHTHl JBOWHOH TPYIIIIEI

0 ) — x) _

, cz(z)q(= ic,, mampuya Ilaynu), c;”’ = —iG,, ¢, = —icx K

. @_ 71
oktadapa O e, g, &' = 0

.. B obmewm, 6e3pa3nuyHO, KOTOPYIO M3 JIBYX MaTpHul tc, 0003HA4YMTH 4Yepe3 c,. Jus
OTIPEIENICHHOCTH Yepe3 ¢, OyneM 0003HauaTh MaTPHIly, HMEIONIYyI0 B MOAXoAsAIIeM Oa3uce B
exp(—inn) 0 " i

YHHTApHOM TIPOCTPAHCTBE BHJI ) , TaK 410 C;, = ¢, € = Ci q.

0 exp(intn)
_ -1 N
CootHouenune conpsxenHocta C, = C,C,'C,,  mnepenuiiercs B JBOHHON IPyIINE C y4ETOM
-1 <
YKa3aHHOTO COTJNAIIEHUS B BHIE Cp = CmCn'Cm , TAK UYTO KAXKJBIA KJIACC COMNPSKEHHBIX
MOBOPOTOB (IIpH 1 # 2) UMEET ITpooOpa3oM B ABOMHOM rpymne ABa kiacca. Ocraercs penmThb
-1
BOTIPOC O COTPSHKEHHOCTH DJIEMEHTOB ¢; M ¢y (B rpymme SU(2) oHM HE COBNANAIOT, HO
. o -1
MMEIOT OJIMHAKOBBIA HYJIEBOM crlenm). YCIOBHE CONPSIKEHHOCTH, C; = gCxqg , Oymaydw
3allMCAaHO B CUCTEME KOODAUHAT, TAE Cy = —IC;, IPUBOAHUT K CIECAYIOLIEMY BHUAY MaTPULbL g =
0 exp(-iy) y
) . Takast mMaTpuIa COOTBETCTBYET IMIOBOPOTY HA 7T OKOJIO HEKOTOPOH OCH,
—expiy 0
nepneHauKynsipaot z. Takum o00pa3oM, HEOOXOAMMEIM (M JOCTAaTOYHBIM) YCIIOBHEM
-1

CONPAKCHHOCTH OJIEMCHTOB (3, C) B (' sABIfAETCS HAIHYHE OCH BTOpOI'0 IOpPAJKa,
nepnenaukynsspaoi ocu C,. OxoHvarensHO pazbuenue rpymnnel O Ha KJIACCHI CONPSKEHHBIX

SJICMCHTOB BBITTISIJIUT TAK:

0" e q, {8¢c3}, {8c3q}, {3ca’3cs’q}, {6¢s}, {6caq}, {62,602}

@ ( (2)3

¥ ¢4 obpatHBI APYT K APYTY, T.e., ¢ 2 = c? g, mostomy xmacc {6cs}

ONEMEHTEI C4
MOKHO HaIUCaTh U B BHJIE {304,3043 q}; ananoruano {8c3} = {4cs3,4cs”} u .. HIT G’ MOXHO
HaWTH PErYISPHBIMU criocoOamH, M3NoxeHHeIMH B pasgene 2. O' umeer 8§ HII, 5 u3 Hux
cornanatot ¢ o0praHbIME HIT O, ocraneneie 3 (1Ba TBYMEPHBIX W OJHO YETBIPEXMEPHOE) —
HeueTHble (ABy3Ha4HbIe st O), B HUX ¢ oToOpaxaercs Ha —F, cooTBeTcTBeHHO D(Crq) = —
D(cy), %(cnq) = —x(cn), OTKyIa, B 4aCTHOCTH, Cpa3y BEITEKAET, uTo ¥ (c2) = —x(c2) = 0. Onno
n3 neymepHeix HIL, T's — 3to aBTOoMOpdu3M O, u xapaxrepsl ero Haxoasarcs no ¢opmyne
(3.15): (2,-2,1,-1,0, V2 ,—\,/5 ,0). Bropoe nsymepnoe mpencrasnenme, 17 = I'exIy, a
XapaxTep uerslpexmepHoro mpeacrasnenns g: (4,-4,-1,1,0,0,0,0). x®(cs) = 0, unaue mu
MOITH OBl MOMYy4YUTH HEIKBUBawNEHTHOE 7' = IgxI%; x(g)(03) HAXOJHM W3 COOTHOLUEHHH

OPTOTOHANTEHOCTH.
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JBo#nas rpymma must GxC; — G'%i; ecnu rpynna G HE COJAEPXKHUT HMHBEPCHH, HO
COZIEPXKHT JApyTHe 3epKaipHBIE MpeodpazoBanus, C,l, To C,l — (cui, c,qi). 3amernm, 4To

-1 -1. -1
= 0q = €2 1, H YCIIOBHEM CONPSAXKCHHOCTH JJICMCHTOB G U G CIIYXHUT

o’=(cif = ¢, ©
OIATh HATMYME OCH BTOPOrO TOPSAIKA, JEXKALIero B IUIOCKOCTH OTpaxenus. [lpumep —
nsovHas rpymma Tq4" e, q, {8cs}, {8caq}, {3¢2,3¢q}, {654}, {6s4q}, {60,609}, HII Ty4' Te xe,

yrouny O".

3.13. I'pynnsi JIu u anredpsi Jin

Ces3p Mexnay rpynnamu Jlu mnpeobpa3oBanMit M HMX HMHOHMHHUTE3UMATLHBIMU
oneparopamu (oOpasyrommumu anre6pel JIu), pacCMOTpPEHHass B STOHW TJlaBe Ha TNPUMEpE
TPYINBI BpamieHWH, yHuBepcanbHa, Kaxaoi rpymne JIu coorBercTByeT cBosi anrebpa Jlu,
obo3HavaeMas Tak ke, Kak M rpymma, Ho ManeiMu OykBamu [SU(n) — su(n)]. IlpuBenem
3JIECh JTHIIIL HEKOTOPBIE ONIPEACTICHHSI, TEOPEMBI, IPHMEPHI, OTHOCSIIHECSA K ITOMY TIPEAMETY.

Anzebpa JIu — BEKTOPHOE MPOCTPAHCTBO L, HA KOTOpPOM Ui JHO0OH Mapel AJIEMEHTOB
3anano ymuoxcenue Jlu [ X, Y], yioBIeTBOpSIOIIEE aKCHOMaM

(1) munednoctu: [oX + BY, Z] = a[X, Z] + B[Y, Z] (o, P — BeLECTBEHHBIE HIH

KOMILJICKCHEIEC YHCIIA),

(2) anTucummerpuuanoctH: [X, Y] = -7, X],

3) [X, Y, Z]] + Y, [Z, X]] + [Z, [X, Y]] = O (moxscoecmeo Axobu).
Ilycte {e;} — Oasuc L, [e, e] = Cjkiel‘. Umncna cjki Ha3BIBAIOTCA CHPYKMYPHOIMU
koncmanmamu anreOpwi JIn. [Tpumeps anredp Jlu:

IMomaast xommuiekcHas nuHeHHas amrebpa Jlm gl(n,C) — MHOXECTBO Bcex
KOMIUIEKCHBIX nXn MaTpHI] C KOMMYTaTopaMH B KauecTBE yMHOxeHHs JIu, [X, Y] = XY — YX.
IToaMHOMKECTBO MaTpHIL C HYJIEBBIM clie[JoM o0pasyeT noganrebpy sl(n,C) (mnu A, 1)

ITycte ®(x,y) — HeBBIpOXAECHHAs OWiMHEHHas GopMa B m-MEPHOM KOMILIEKCHOM
npoctpancTBe V,. MHOXeCTBO JMHEHHBIX TMpPeoOpa3oBaHUi B V,,, YHIOBIETBOPSIOLINX
YCIIOBHIO

O(Xx, y) + O(x, Xy) =0,
obpazytor amrebpy Jlu L. Ecan ¢opma @ cummerpuueckas, TO L Ha3weBaeTcs
opmozonanvhoi anzebpoii JIu o(m,C) (B, nmpu m = 2n+1, D, ipu m = 2n). Eciu © —
KOCOCUMMeETpHUecKas ¢opma U m = 2n, 10 L — cumnaekmuueckan anzebpa sp(n,C) (wiu

Ch). Ay, By, Gy, Dy — knaccuueckue KOMIUIEKCHEBIE anreOper JIu.
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Komnnexkcnoe pacuiupenue V. BEmECTBEHHOIO BEKTOPHOIO MPOCTpAaHCTBA V-
MHOECTBO BCEX 3JEMEHTOB BHAA z = X + iy, X, y € V. Osewjecmenenue KOMHIEKCHO20
npocmpancmea V., ¢ 6a3ucom ey, ...,e,. BEMECTBEHHOE MMPOCTPAHCTBO C OA3MCOM ey, ..., €y, ey,

o, e, 2 =2, = (Re 2M)er + (Im 25 (iey).

Ilpeocmagnenue anzebper L B nuHeWHOM TpocTpaHcTBe /{ — romomopousm X —

D(X) Ha MHOECTBO JIMHEHHBIX ONEPaTOpOB B [1, Tak, 4To

oX + BY — aD(X) + BD(Y), [X, Y] = DX)D(Y) - D(Y)DX).

Teopema Aoo. Bceskas anre6pa Jlu Hag moneM KOMIUIEKCHBIX YHCENl HM30MOpdHA
HEKOTOpOH MaTpHuyHOH anrebpe. ITO 3HAYUT, UTO BCAKYIO abCTpakTHyro anreOpy JIn MoxHO
paccMaTpuBaTh Kak nmoaanre0py noaHoW auHerHo# anre6psr gl(n, C).

Ionanrebpa N C L Ha3bIBaeTCs udeanom, €ClIM MHOXKECTBO NpPOM3BeACHUH [L, N]
npuHaIe)KHT N. Anrebpa JIm L mpocta, €cid OHA HE MMEET HETPHBHAIBHBIX HJICATIOB
(ormaunbx oT{0} u L) u [L, L] # 0. YUersipe mocnepoBarensHOCTH Ap, n > 1; By, n>2; Cy,n 2
3; Dp, » 2 4 ¥ mate Tak Ha3beIBaEMBIX MCKIIOUMTENBHBEIX anrebp (Gp, Fa, Ee, E7, Eg)

COCTaBJISIOT BCE HEM30MOPGhHBIE TPOCTHIE KOMIUTIEKCHEIE anreGpe! JIn.

C xaxJ0#l mpocTtoi KoMIUIEKCHOM anreOpoi JIu cBS3BIBacTCs IMOCIEIOBATENLHOCTD
MPOCTBIX BELIECTBEHHHIX amre6p JIM. VYkakeM HEKOTOPBIE KIIACCHYECKHE IPOCTHIE
BEIMICCTBEHHEIE anreOpe JIu:

e su(n)— anre6pa Bcex KOCOIPMHUTOBBIX MaTpHII MOPsAKa n co caenom 0.
e so(n)— anre6pa JIu Bcex BELIECTBEHHBIX KOCOCHMMETPHYECKUX MaTpPHIL OPAIKA K.

e so(p,q) — anreOpa JIu BelieCTBEHHBIX MATPHI] MOPSJIKa p+q BUA

X X,
X, X3/
rne Xij, X3 — KOCOCMMMETPHMYECKHME MATpHIBI MOPSAKA p M g COOTBETCTBEHHO, X3 —

POHU3BOJBHO.

Mexny anrebpamu JIu cymecTByroT H30oMOp(dH3MEI (Mepeuucienre cMm. bapyTt u
Ponuxka, 1980). B aroif rmaBe ycranorien uzomopdmsm su(2) o« so(3). Ilpu paccmorpenun

rpymmel JlopeHna mozHakoMuMmes ¢ uzomopdusmowm sl(2,C) « so(3,1).
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I'pymmer mpeoOpazoBanuit G MOXKHO paccMaTpUBaTh Kak IMOBEPXHOCTH B N-MepHOM
MMPOCTPAHCTBE, ITPH 3TOM KACATEIbHEIE POCTPAHCTBA B €AMHUIIEC TPYIIEI OTOXACCTRIAIOTCA

c anreOpamu JIu g. KacatenbHbie TPOCTPAHCTBA COCTARIISIIOTCA M3 BEKTOPOB, KACATENBHBIX K

mo0siM KpuBEIM A(f) € G, mpoxoasmum depes enunniy [A(0) = €], T.e., BEKTOPOB A(t)| im0 >

Ha3bIBAEMBIX €IIE€ BEKTOPAMH CKOPOCTH. PacCMOTpHM HHXKE HEKOTOPHIE IPUMEPEI.

Honuas nuHeiHas rpymma GL(n,R) — 061acTh B #°-MEPHOM IHHEAHOM IPOCTPAHCTRE
M(n,R) BEHIECTBEHHBIX MaTpHI] n-r0 MOpAAKa (00JacTh — OTKPHITOE MHOMXECTBO, BMECTE C
mo00H TOYKOH MPOCTPAHCTBA BKJIFOYAET BCE JOCTATOYHO ONM3KME K HeH Toukw). EBknmnmoBa
MeTpHuka B M(n,R) onipeniensiercs Tak: eciu 4 = (aji), TO

4] =% la/* = Sp(4 4)
(KOMIIEKCHEIM aHanorom smmsiercs Merpuka |A]° = Sp(4*4)). OxpecrHOCT: eQMHHIE
OIpe/IENIUM KaK MHOXKECTBO MaTpHIl A, i KoTopeixX |4 — E| < 1. Ilycte X — mobas maTpHia
u3 M(n,R). Kpusast A(f) = E + tX npu MaJbIX ¢ IPUHAJIEHKHUT OKPECTHOCTH €IMHHUIIBI M JIEKHUT
8 GL(n,R). TIpu stom A(0) = E, A(0)= X, T.e., KacaTelbHOE MPOCTPAHCTBO COBIAJAET C
nojaHou anredpoit M(n,R), ansroweiics anre6poit JIu gl(n,R) OTHOCHTENEHO KOMMYTaTOPOB
MaTpHil.

I'pymma SL(n,R) 3amaercs omuuMm ypaBHeHmeM detd = 1 w mpencraBnser coOoi
TMNepHoBepxHocTs B M(n,R), nenvkom nexamyio B obnactu GL(n,R). B oxpecrHoctn

CIHHHIIBI
d
—det(E +1X)|,.o =SpX =0,
dt
H KaCarCiIbHOC MNPOCTPAHCTBO B CAWHHUIIC COBNAJACT C COBOKYITHOCTBIO BCEX MaTpHIl CO
2
cnegom 0. PasmepHocTh ero paBHa n'—1 ¥ cOBNafaeT C pa3MEPHOCTBIO THIIEPIOBEPXHOCTH.

I'pymma O(n,R) 3amaercs cucremoi n(n+1)/2 ypaBHeHHA Za,’;a k =&Y (nnm AA= E).
k

d ~ ~
KacaTennHbIe BEKTOPHI B €JMHHIIEC YIOBICTBOPSIOT YCIOBHIO z(AA)| 0 =X +X =0, 1e,
t

KacaTelbHOE€ TPOCTPAaHCTBO COBMAAAET C IPOCTPAHCTBOM BCEX KOCOCHMMETPHUYECKHX
MAaTPHII, TAKXKE ABJIIOMUXCS anreOpoH JIu Mo OTHOMEHHIO K KOMMYTHPOBAHHIO.
Ixcnonenyuanvrnoe omobpaxcenue anredp JIn Ha cooTBETCTRYIOLLYIO IpyHLy Jlu:
Ecin X € g [gl(n,R), o(n), u(n) u t.n.], To expX € G [GL(n,R), O(n), U(n) u t.m.]. B
HEKOTOPOH OKPECTHOCTH Hauyala KOOpJAMHAT g (eIMHHMIEI Tpynnel () 310 OTOOpaKEeHHE

B3aMMHO OJHO3Ha4HO. B Hexotopeix cnywasx [Hampumep, GL(n,C)] sKCOHEHIHAIBHOE
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oToOpaKeHHE MOKPBIBAET BCIO Tpyly. B 1enom xe orobpaxenne X — expX MOXKET HE ObITh

B3aMMHO-0/IHO3HAYHBIM H JI2XKE HE MOKPbIBATh BCIO Tpymny [Hampumep, GL(n,R)].

3amauu K pasgenay 3

1. YOenutecs B TOM, UTO cheayromue napsl ¢yHknui npeobpasytores cornacHo HIT Coy -
X, y; X2, yz; X5, Xy,

2. Haitru HII rpynnst D

3. YO6enutecs B TOM, YTO BpalleHHE C yriaamu Jinepa (1—¢p, 0, T—@;) o0paTHO BpaleHHIO
(91, 6 ,92).

4. PaccunTarh MHBapHAaHTHYIO IUIOTHOCTH JUIs R3 uepes yrnier Dnnepa.

5. PaznoxuTh NpOHM3BOJBHYIO GYHKIHIO f{X,),Z) TI0O HEHPHBOAMMEIM (YHKIHUSIM TPYIIIHI
BpAILCHUH.

6. Uro mpencraBaser coOoil cewyenue mpocTpanctBa Tpynnbl SU(2) TpexmepHO#
runeprockocteio by = 0; a1 = xoHcr.? PaccMoTpeTh MOCHEIOBATENBHOCTh CEYECHMH
runepuiockoctTamMu a;=c npu 0 < ¢ < 1, cpaBHUTB PE3yJbTAT C IPOCTPAHCTBOM Ipynsl Rj.

7. OcymecTBUTE (PaKTHYECKOE pa3I0KECHHE IIPEICTABICHUS DD,

8. CocraBuTh TaOIHIIBI PA3JIOKEHUS TEH30PHBIX M CIIMHOPHBIX IIPEJICTABICHHH Pa3IUYHbIX
PaHTOB.

9. Iloxa3arh, 4TO KOBAPHAHTHHIE CIHHOPHEI TNPEOOpPA3yIOTCS COTJIACHO NPEICTABICHHIO
DD

10. Berauciautsb Dmo(l)(a,e,(p) npu / =0,1,2 ¥ npoBepHUTH BHINIONHEHHE COOTHOMIEHUS (3.29).

11. Beruncnurs ko3¢ dunuento Knedma-I'opnona (jm s m'|JM) o obme# popmyne (3.32).
CpaBHUTE C pe3yIbTaTOM PELICHUS 3a/1auH 7.

12. Haitu wmarpuiyy mnepexona ot kanonudeckoro HII D(i)(g) K BELIECTBEHHOMY

MPEJICTABICHUIO IIPH j LEIOM.

13. Ha¥itu cBsa3p mexay napamerpami (£1, &, £3) 1 (a, B).

14. Toxasars, uto Gynxips ¥y = Z Jv J2 T3 W(jl)w(jz)w(ja) MHBAPHAHTHA
o \my my  my m T my Tmg
OTHOCHUTEJIEHO BPALICHUH.

15. PaccmoTpuM clenyrOmMi OJHOPOAHBIA TOJIMHOM:
J

Uy Vi w a b g
_ @, ay @ b by b ¢ ¢ 3
Uy Vo) Wyl = E Kjilay by cp fu'uy’us® vy vyl vy wiw 2wy,
Uy Vi W Za=Ib=Fc=J a. by ¢
3 3 3 3 3 3
al-+bl-+c,-:J
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a) YCTaHOBHTh CBOMCTBAa CHMMETPHHM KO3 ¢HIMEHTOB K; NpH NEpPECTaHOBKE CTPOK,
CTONOIIOB M TPAHCIIOHUPOBAHKH. BrImucaTh B SBHOM BHJIC aHATUTHYECKOE BEIPAKEHHE STHX

KO3 P ULIHEHTOB.
0) Iloxa3artk, uTO
J1—m Ja—my Jz —mg
K, j+m Jo +my Jz+msy WG —mOWGy +m )y —mp))(y +my )l

Jatiz—h htia—J3s htia—J3

. . — h 2 J3
x (s —maN (s +m)I(y + js — jOWGs + 1 — 72 G + Jo — J3)l = f(J)[ j
m my my

B) Bregem o0o3HaueHue

L Ji—m Ja —my J3—m3
i J2 T3 . . .
=| ntm J2 Ty J3 tmg
my mp m3 R
JotJl3—h NhtJ2—J3 NitJ27J3
KakoBbl CBOMCTBa CUMMETpPHH 3j-CHMBOJa B HOBOM 0003Hau€HWH? BhImucarh B CTapoMm
0003HaYeHNH HOBHIE CBOICTBA CHMMETpPHH 3j-CHMBOJIA.
r) Ilone3ysce BeIpaxkeHWEeM s Kod(ouuueHta Kj, Hamucarb HOBYIO pPa3HOBHHOCThb
aHATUTHYECKOH hopMyInbl 3j-cHMBOTIA.

16. Beruucnuts cnenytomue 6j-CHMBOJIHL:

b c| |a b c
c bl % C—% b—f-%
c

a b c| |a b
1 ¢—1 b|'|1 ¢c—1 b+1|

17. Brisectn popmyny (3.47).

[== RN

a b ¢
18. Beruncnute <d e ¢
S 0

19. Jloxa3ate, uro B romomoppmsme G — G* 1) moarpymna [ — G oroOpaxaercs Ha
noarpynny H*c G*, 2) MHOXECTBO Bcex 31€MEHTOB [ — G , KOTOpbIE OTOOpaXaIOTCs Ha
noarpynny H*c G*, ssnsiercs NoATpymIown.

20. Haittu nBy3HauHble npeactaBieHus Ipymi Co, Cooy.

21. Haiitn xapaxrepst ABy3Haunbix HII rpymm Dy, Dy, Dog.
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4. HexoTopsbie pu3nvdecKre NPAI0KEHHS] TEOPHH IPYIIII

4.1. Bausinue cuMMeTpuH Ha Pu3HYeCKHe CBOMCTBA KPUCTAJIOB

MakpockonHueckye CBOMCTBA KPHUCTALIOB OINpPEAESIOTCS TEH30paMH pa3iH4HbIX
PaHroB B TpPEXMEPHOM IMPOCTPAHCTBE: CKamspaMH (TUIOTHOCTh, TEMIIEparypa H T.IL.),
BEKTOpPaMH (HEHWHIYIIMPOBAHHAS SJIEKTPHUYECKas MOJSApH3allKs), TEH30PaMH BTOPOIO paHra
(ImdNeKTpryecKas IMPOHHUIIAEMOCTh, 3JEKTPONPOBOJHOCTD, TEIJIOMPOBOJIHOCT), TPETHETO
panra (be303MEKTPUIECKHAE MOIYIH), YETBEPTOTO paHra (MOIy Iy YIPYTOCTH) H T.JI.

Ecnu nmpoBecTH ¢ KPHCTALIOM JKCIHEPHUMEHT, 3aTEM OCYIIECTBHThH HMOBOPOT (WM
3epKaLHEIA TIOBOPOT) 00pa3na U3 TOYeYHOH rpynnsl kpuctamwia K (T.€., KpUCTALTHYECKOTO
Knacca, CM. pazgen 6) M TOBTOPHTH OKCIIEPHMEHT, TO PE3yAbTaT JKCIEPUMEHTa HE
HU3MEHHTCS. ITO MOKHO cHOpMyIHpOBaTh B BuAE npunyuna Heiimana: Tpynna cHMMeTpHH

11000ro (PU3HYECKOro CBOMCTRA KPHCTAIUIA BKIFOYACT TOYCYHYIO TpymIy K 3TOro KpucTauia,

~

Tenzop 7-ro panra A mox AeicTBHEM dIIEMEHTORB Ipymmel K mpeolpa3zyercs CoraacHo
npuBoguMoMy mnpeactaBiennio [xIyx..xI'y = T}, rme Ty — TpexMeEpHOE BEKTOPHOE
MPEACTABICHUE TPYIILI, U yCcTh paznoxeHue Ha HII umeeT Bua:

Iy =N+ N+ (4.1)
rne I’y — TtoxaecTBeHHOE (MHBAPHMAHTHOE) IpEACTaBlieHUE. VIHBapHaHTHOCTb TEH30pa
OTHOCHUTENIbHO TpeoOpa3oBaHus W3 Tpymnbl K 03HA4aeT, 4Tro OH JEXKHT B Nj-MEpHOM
MOJNPOCTPaHCTBE, Ha KoTopoM ocymecTBagercs HII I'y. MHeiMuM cnoBam#, MHBapHAHTHBIA
TEH30p UMeeT N| TMHEHHO HE3aBUCUMBIX KOMIOHEHT. MaTemMaTHuecKui annapar, pa3BHThIH

B TpPEABAYIIMX pa3jeNiax, MO3BONACT HAWTH Kak 4yucio N;, TaK M CaMM HWHBAPHAHTHBIE

TEH30pBI IyTEM IMPOSKTHPOBAHMSI C TIOMOLIBLIO OIIEPATOPOB pW :é Z Dr’ (g) (cp. (2.18)).
gek Y

Yacro A YCTaHOBJICHUA CBsI3EH MCKAY KOMIIOHCHTAMH TCH30pa SABHO HCIOJB3YHOTCH

YCIOBHA MHBAPHAHTHOCTH TEH30pa:
A=Dp, (9 geKk, “2)

KOTOPBIC paCHUCBIBAKOTCA MO KOMIIOHCHTaAM C HUCHOJB30BaAHUCM Hanbosee y1106HBIX CHCTEM

KOOpJIHHAT.
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PaccmoTrpum s mpumepa kyOouueckuit kpucramn ¢ K= O, Iy, = 'y (tpexmeproe HIT
TPYIIEl OKTadIpa), F42 =I'1+ 13+ T4+ I's, T.€., TEH30p BTOPOr0 paHra MMeeT JIMIIb OJHH
KyOWYEeCKU MHBAPHAHT:

1 ~
Z D i(i"‘) (g )D]S:,) @A = 3 3, SpA.

. ) ~ 1
20 == D@ ()x DD (g)k; A ==
g g gilkY

3/ecs MBI BOCHOJIB30BAIMCE COOTHOIIEHHMEM OPTOTOHAIBLHOCTH MaTpUYHEIX snemeHToB HII
(2.1).

Ecnu teH3op obnamaer TOW WM WHOW CHMMETPHEH OTHOCHTEIIBHO TEPECTAHOBOK
MHJIEKCOB, TO JUIS IOMYYEeHHUS paznoxeHus (4.1) oka3bIBaIOTCS MONE3HEIMH (OPMYITBI BHIIA

[(Ta+ Tp)’] = [Ta] + [Tp°] + TaxTy, (4.3)

BEITEKAIONIHE M3 cooTHomeHu# (2.7). Tak, TeH30p MOAyneH yHmpyroctu A, onpeaensieMbri

— 1 _ _ ~
COOTHOLIEHHEM F' = szijkmuijukm (F — cBoGosHas 3HEPrus, u; — TEH30p JAepopmanuii),
CHMMETPHYEH TI0 MIEPBOM M BTOPOM Mapam MHJEKCOB, a TAK)KE OTHOCHUTEILHO IEPECTAHOBOK
aTHX map. [103TOMy KOMIOHEHTHI 3TOTO TEH30pa MPeoOPa3yIOTCs 1O MPEACTABICHHIO TPYIIIbI
BpaLICHUHI

I D(l)z]x[ D(1)2]] = [(D(Z) + D(O))Z] = D(2)2] + D@D L+ pO=p® 4 2 D@ +2 D(O).
BJIGCB MBI UCITOJIB30BAJIM TAK)KC COOTHOIIICHHUC
[ D(i)2] =p@@ L p@&2) L p@H +...

KOTOPOE MOXHO TIOMYYHTh, HANpHUMEpP, paccMaTpHBas CHMMETPHIO COOTBETCTBYIOLIMX
koap¢uimentoB Knebma-I'opgona. Takum o0pasom, CymiecTByeT JBa HE3aBHCHMEIX
WHBapPHAHTHBIX OTHOCHUTENBHO BCEX BpALICHUH (B TOM YHCIE M HECOOCTBEHHBIX) TEH30pA.
Ba3ucHbIe TEH30PBI YETBEPTOrO PAHTA:

€€ e e=¢€;€y=Chy

CHMMETPHYHEIE TEH30PBI BTOPOrO PAHrd, PaCcIICIUICHHBIE KaK D@ + pO.
€t ey tes;

2e;—ex— eyy)/\/3, €x— €y, €T er, et e e, tey,
H3oTponHbie TEH30DH A:
1) (exx + eyt ex)(exx + €yy +€57) =
€xoxx T €yyyy T €2zzz T €xxyy T €yyxx T €2oxx T €xxzz T €yyzz T €y
2) (173)(2 ez — exx — ey )(2 € — €xx — €y)) T (e — €))(€xx — €y) Hew T epx)(exy T €)x) +... =
(473)(€xx T €y + €222) — (2/3)(€rxyy + €1 T € + €xazz T €y + €213) + (€ryny T €y T €42

+ €yxyx t €inz T €z T€zaz T €4 + €yzyz +ezyyz + €yzzy + ezyzy)-
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C NOHMKXEHHEM CHMMETPHHM YHCJI0 HHBAPHAHTOB (MM HE3aBHCHMBIX KOMIIOHEHT TEH30pA)
Bo3pacTaeT. Hampumep, st KyOHUCCKHX CHCTCM TOSIBISICTCS CIIC OJHH HHBAPHAHT,
MOCKOJBKY DW COJICPXHT CIMHMYHOC MpeAcTaBicHue rpynnsl Oy, MHBapHaHTHBIN TOTHHOM
HCCIIOKHO HAWTH NNPOCKTUPOBAHHUCM:

PO (352% = 30222 + 3r*) = Ygcon D(g) Pao ~ x* 0 +2* — 3/5)*
[IpockTHpyeMBIH OJIMHOM MHBAPHAHTCH OTHOCHTCIBLHO NOArpyNIsl D4y € OCBIO YETBEPTOrO
MOpAJKA BAOAL Z, H yIOOHO NMpPH CYMMHPOBAHHH IO TPYIIC PACHOJOXKHTH DJICMCHTHI B
TOPAJIKE, COOTBCTCTBYIONICM Pa3OMCHUIO HA CMEXKHBIC KJIACCHI IO MTOATPYIITIC:

- 2
Onh = Dgy + C3 Dap + C3” Dypy
HNHBapHaHTHOMY IIOJIMHOMY COOTBETCTBYET IIOJHOCTBIO CHMMETPHYHEIN TCH30D:

2(€xxxx T €y T €2222) — (€xryy T €px T €2z T €xxzz T €322 T €2) — (€ T €y T €4px T €y T
€xoxz + €xzzx +ezxxz + €202 + eyzyz +ezyyz + eyzzy + ezyzy)a
OPTOrOHAJIBHBIH IIOJIYYCHHBIM BBIIIC H30TPOIHBEIM TEH30paM. B kauecTBe TpEX HE3aBHCUMBIX
KyOM4YeCKM-MHBADUAHTHEIX TCH30POB MOXHO TAaKkKE BeIOpaTh cicayrouiue 6osee MpoCThIC:
Coxxx + eyyyy + €222z, exxyy + €xxzz + eyyxx + eyyzz + €:2xx + ezzyya exyxy + eyxxy + exyyx + eyxyx + Cxzxz + €xxz

Rl O S €7z + €z + €22y + €22y, OTHAKO B HUX HEC BBIJICTICHEI H30TPOITHBIC YaCTH.

4.2. HopmaibHbIe KOI1€0aHHS CHMMETPHYHBIX MOJIEKYJT
PaccMoTpuM Manble KocOaHHS MEXaHHYCCKHX CHCTEM (MOJIEKYIT), COCTOSIINX U3 7

yactull (atomMoB). ['coMeTpHsi MOJCKY/IBI B KaXIbIH MOMCHT BPCMEHH XapaKTCPHU3YETCS
BEKTOPOM p B 3n-MCPHOM “IPOCTPAHCTBC CMCLICHHH — COBOKYIMHOCTBIO CMCILCHHMH BCEX
aTOMOB M3 NOJIOKCHUH paBHOBECHS: P = (F1,F2,...,Fy). ECTCCTBCHHBIC KOOPAHUHATEI CHCTEMBI —
COBOKYITHOCTh JICKAPTOBBIX KOMITOHEHT CMEIIICHHH #;, COOTBETCTBYIONIHH O0asuc (X1,Y1,Z1,...),
TaK 4TO

n

p= Z(xiXi +yYi+z,Z;)= inaXia‘

i=1 i
3nece a = 1,2,3 COOTBETCTBYIOT X,y,Zz - KoopauHataM. [Ipu mpeoOpa3oBaHHAX CHMMETPHH
MOJICKYJIBI CMCUICHHC P TICPEXOAMT B HEKOTOPOC JPYroc BO3MOMKHOC CMCHICHHC TOH Ke
monekynel, p° = D(g)p. B (oproronamsHoMm) mpenacraeicHuu I, g — D(g), BBIICIAIOTCS
WHBAPHAHTHEIC YaCTH, COOTBCTCTBYIOIIMC MOCTYNATCABHOMY M BPALIATCIBLHOMY JBHXKCHHIO
MOJIEKYJIBI, TaK UTO I' = I'oer + Iy + Tion.

OHEPrus CHCTEMBI
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— _ 1 -2 _leagena 1o D
H=T+V=+ Z(m,.xia +kio, jpXiaXjp) —E(p,Tp)+5(p,Vp), (4.4)
ia, jp
rme T w V — CHMMCIPDHYHBIC OICPaTOpPhl, COOTBCTCTBYIOIIHMC IOJIOXKHTCIBHO-
ONpCICNCHHEIM  KBajgpatHyHeiM ¢opmMam 7 wu V. HCBBIPOXKICHHBIM  JIHHCHHBIM

npeoOpa3oBaHHEM
q; = ch,iaxia (4.5)
i
H npuBOAHTCS K JUArOHANLHOMY BHIY
2,22
H= 347 +o7q;). (4.6)
I

3necs q; — HOpmaabHble KOOPOUHAmMBbL. [IBUKCHHE CHCTEMBI, IIPH KOTOPOM OTJIHYHA OT HYJIS
TOJILKO KOOPJIHHATA ¢j, HA3bIBACTCS HOPMAAbHBIM KoNlebanuem ¢ COOCTBCHHOHN 4acTOTOH ;.
Ecnu x 9acToTe 0 OTHOCATCS r Pa3HBIX KOJ¢OAHUH, OHA HA3BIBACTCS F-KPAMHOU uacmomoi,
a COOTBCTCTBYIONIUC KOJICOAHHS 8bIPOHCOCHHBIMU.

IIpeoOpasoBanne (4.5) B obmem ciydac (ecaiMm HE BCE MAacChl OJHHAKOBEI)

HCOPTOTOHAJIBLHO, HO TNPCOOPA30BAHUC OT HPUBCOCHHBIX KOOPOUHAM X'i(y = Xig /ml. K q

OpPTOTOHATEHO, OO OHO COXPAHSCT KBAIPATHUYHYIO OopMy Z)'c'iza . Ecniu 3agate ckanspHoe
i

npoM3BeCHUE COOTHOMEHHEM (X', X'jg) = Oiajp, TO 7= 1, a Q; - COOCTBCHHBIH BEKTOP
oreparopa ¥, OTHOCSIIHHCS K COOCTBCHHOMY 3HAYCHHIO o

Tpu BekTOpa, ONMCHIBAIOIIMNC CMCIICHHC MOJICKYJBI KaK IICIOH BJIOJb HAIPABICHUHN
x.z: Qu(moct) ~ Y Xiy. OPTOrOHANBLHOCTE BEKTOPA CMELICHHS P = 2 XioXiq BEKTOPaM Qg
03HAYacT, YTO IPH TAKOM CMCHLICHUH LICHTP TSHKECTH MOJICKYJIBI ocTaeTcsl Ha mecte: (P,Qq) ~
2imxic = 0. Bexktop CcMeEmEHHs, COOTBETCTBYIOIIHH BPANICHHIO MOJIEKYJBI  OKOJIO
Hanpasierns Q Ha (Manetit) yron |Q]: Q ~ YJ[QxR;], rae paguyc-sextop R; onmpegensier
PAaBHOBCCHOC TIOJOXKCHHC [-r0 AarOMa OTHOCHTCIBHO IICHTPA BPAIICHHN, KOTOPBIA
11e71eco00pa3Ho COBMCCTHTE C IICGHTPOM TSDKECTH MOJNCKynbl. OproronansHOCTh (p,Q(QQ)) =
2mi(r[QxR;]) = (Q-2m[r;xR;]) = 0 0o3Hayaer, YTO NPH CMECIICHHH P HE BO3HHKAET MOMEHT

HUMITyJIECa MOJICKYJIBL.

Moutekyny co cMenicHHeM p'=D(g) p MOKHO pacCMAaTpUBATh KaK PE3yJIbTAT TOBOPOTA

g BCEeH MOJICKYNBI C MCXOAHBIM CMCLICHHEM p. OTO JICHCTBUC SKBHBAJIICHTHO H3MCHCHUIO
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CHCTEMEI KOOP/IHHAT W HC BBI3EIBACT H3MCHCHUS DHCPTHH CHCTEMEI, Tak uto (p,Vp) = (p',Vp'),
H
D(g)VD(g") = V. (4.7)

OTcroa BEITEKAeT COOTHOLICHHE

VD(g) Q= o’ D(g) Qs (4.8)
T.C., HOpMAaJIbHBIC KOOPJIUHATEI, CBA3aHHBIC IPYT C JPYrOM NpcoOpa3soBaHMSIMH CHMMETPHH,
OTHOCSTCS K Of(HO#M yacToTe. MOXKHO CKa3aTh ¥ Tak: npeobpasoBanms D(g) CBA3LIBAIOT APYT
C JIPYrOM JIHITE KOOPJHMHATEHI, OTHOCSIIHCCS K OJHOM H TOW K¢ 4acToTe. Takum oOpasom,
IIPOCTPAaHCTBO CMEIICHUH MOJICKYJIbI PACIICIUIICTCS HA HHBAPHAHTHBIC OTHOCUTCIBHO ﬁ(g)
TOJIPOCTPAHCTBA, KAX/I0C M3 KOTOPHIX COOTBCTCTBYCT KOJNCOAHHMSM C OIPCACICHHON
YaCTOTOH ;. DTO O3HAYACT PA3IOKCHHE I kones:

Ikon=To(®1) + FB((Dz) + ... 4.9)
Wnpynuposannsie npeacrasicHus [(m;), Kak MpaBuIio, HCNPHBOJUME]; IPHBOAUMOCTH ['(;)
03Havana Obl BO3MOXXHOCTB JanbHeHIIero pacuiemieHus, ['(o;) = I"(w;) + I''(®;), 1 e¢ MOXHO
ObUI0 OBl TPaxkTOBaTh Kak CIydyalHOC BBIPOKACHHE KoJeOaHwi #3 JABYyX Win Oosee
TIOANIPOCTPAHCTB, HE CBA3AHHEIX IIpcobpasoBanmsamu D(g) .

CootromicHue (4.9) TOBOPHT O TOM, YTO KaX/AYI0 YaCTOTY HOPMAIBHBIX KOJCOaHUH 1
COOTBETCTBYIONIHE D3TOH YacTOTC HOPMAlbHBIC KOOPAHHATHEI MOXHO KIacCH(pHIHPOBATH
uanekcom HIT rpynmel cummerpum Monekynel. [IpoBenst pasmoxenue (4.9), MOXHO
TIPCACKAa3aTh YHCIO PA3THYHEIX (OTBJICKASICH OT BO3MOXXHOCTH CITy4aiHOTO BEIPOMKIICHHS)
yactor, ux Tun (HII) m xparmocts BeIpoxaeHMs (pasmeprocts HII). daxrrueckoe
pasnoxecHue [y, mo3BONSICT yKa3ath popmy konebammii tvma Iy, ecnu [y BxomuT B [kon
TOJIBKO OAWH pa3. B mpoTHBHOM ciydae mpolelypa NPOCKTHPOBaHUS, HCHOJIB3yeMas IpH
TaKOM Pa3JI0KCHHH, ITO3BOJISCT ITOYIHTh JIUIIb TaK HA3EIBACMBIC KOOPOUHAM b CUMMEMPUU
— CMECH OJITHOTHITHBIX KOJIcOaHHI.

JUiss  ycTaHOBIICHHS 4YHCNAa PA3HYHBIX YacCTOT CHCTCMBI (THIIOB HOPMAIBHBIX
KosicOaHuii) BRIYHCINM Xapaktepsel npenacrasicauit I, I'yo;. Ecnm atom ¢ i-ro mecra mon
JCHCTBHCM OIICpallMM CHMMETPHH IIEPEXOJHMT Ha j-oe¢ Mecto, To D(g)pr = pj, rae p; —
CMCIICHUE CHUCTEMBI, IPH KOTOPOM M3 IIOJOKECHHMS PABHOBECHS BEIBEJCH TOJIBKO i-bIH aTOM.
HOBTOMy JAUaroOHaJIbHBIC MATPHYHBIC 3JICMCHTEI B CCTCCTBCHHOM 6a3nce OTJIMYHEI OT HYIIA

TOJNBKO A TE€X Xjq, KOTOPBIC OTBCHAOT aromam, OcTapmuMcs Ha mecte. Otcroga s
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MIOBOPOTa HA Yroll ( OKOJO HCKOTOPOH OCH W 3CPKAJIBLHOTO IOBOpPOTAa IOIY4YHM,
COOTBCTCTBCHHO:

xr(C(0)) = Nc(1+2c0s9), 1r(S(p)) = Ns(—1+2cosp), (4.10)
e N¢ 1 Ng — 4YHCIO aTOMOB, OCTAIONIMXCS HA MECTaX NPH STHUX NpeoOpa3soOBaHUSX.

XapaxTep npeacTaBieHus [ noer

Ymoer(C(P)) = 1+2¢08¢Q, Y nocr(S(P)) =—1+2c0s0. (4.11)
Basuc (HeHOPMHPOBAHHBIH) 3TOro MpeacTaBicHus: Oy = X Xiq. basuc mpencranerms [y,
COCTOHMT H3 TPEX AKCHANBHBIX BEKTOPOB Qg = 2. [QuXR;], Tne Qy — TPH HE3aBHCHMEIX
BEKTOPA NOBOPOTA. XapakTep NPeACTaBICHHS |y
Lep(C(@)) = 1+2c0s0, Yup(S(@)) = 1-2c0s¢. (4.12)
OtMeTHM, UTO JUTS JIMHCHHBIX MOJICKYJI IPSACTaBICHHUE [, IByMEpHO, U B Xapaxrepax (3.12)
cnenyer onyctuth 1. CpaBumBas (4.10) — (4.12), momydacMm Xapaktep KoJeOGaTeIbHOrO
OpCACTaBICHAN .
Xxon(C(@)) = (Nc— 2)(1+2€080), YAxon(S(9)) = Ns(—1+2c0s0). (4.13)
B wactaocTtH, Yxon(l) =—3 Ny, Yxen(0) = N5 (4HCIIO aTOMOB B INTIOCKOCTH OTPAXKCHHMS).

OTMeTI/IM, qT0 BCC MNPCACTABICHHA H BCIWYHHBI B 3TOH 3a/1a4C BCIICCTBCHHEI,
MOJTOMY BCTPCUAIOIIMCCS TIPH pa3ioxeHMsX HeemecTBeHHble HII HeoOxommumo Opare B
nape ¢ conpsokeHHeIMH HII, wacrotel kxomebGanmuii s takux HII coemagator. [lpu
Pa3IOKCHHUU IOJIC3HO Yy4YCCTh, YTO MOJICKYJa TMPCACTABIACTCI B BHAC “‘ClOEB”
OKBHBAJICHTHBEIX aTOMOB, COXPAaHSIONIMXCS NpH MPEOOpPa3OBAHUAX CHMMCTPHH, TAaK 4TO
I'=X. I'4, e MHIEKC kK HyMepyerT CJIOH.

[Tpumep — oxTadapuucckas mosiekyna XY, mx=M, my=m,
CHUCTCMBI KOODPJIHHAT IJi1 BCCX aTOMOB BI:I6epeM HJICHTHYHBIMH
(cMm. puc.). I'pynma cummerpun cuctemsl Op = OxC; (xapaxkTepsl
>y oM. B npunoxceHun). llpoctpancTBo cmemeHuit  21-mepHo,

XapaKTephl MPEACTABACHMH ['noer, 15y M I'kon, BBEIYMCICHHBIC TIO

¢dopmynam (4.10) — (4.12):

E 8C; 3C% 6C, 6Cs I 85 36 665 684
Ynocr | 3 0 -1 -1 1 3 0 1 1 -1
to | 3 0 -1 -1 1 3 0 -1 -1 1
Yeon | 15 0 -1 1 1 3 0 5 3 -
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Orcrona Tnoer = Tau, Tap = Tag, Twon = T'ig + I'sg + I'sg + 24y + T'sy. TlocTynatensHoMy u
BpaLIaTCILHOMY JABIXCHHIO B (3.6) COOTBETCTBYIOT HyJCBbIC 4acTOThl. Kpome Toro,
MMCIOTCS IIECTh THUIIOB HOPMAIBHBIX KoJcOanui. KoopauHartel cuMMeTpuH (KaHOHHYCCKHH
6a3uc), HaxoauM poeKkTHpoBanueM (2.16) wru (2.18), mpuueM MOIC3HO OOPATHTH BHUMAHHKC
Ha caeayromee. Ilycte wMuoiercs  CMEHICHHME, COOTBETCTBYIomiee 4etHomy  HII
Fog=To(O)xI'1(Ci) :

p©®) —lo 305 (98) (gyx Pg)p =" 3y (D (g)*[D(g)+ D(g) D(I)]p =
g ge0y g ge0

= o S @ (g)* D(g)[p+D(D)p].
ge0

(4.14)

Takum o00pa3soMm, Uil HAXOXKACHHSA YETHOrO (HEYETHOTO) OTHOCHTEIBHO WHBEPCHH
HEMPHUBOUMOTO CMEIICHHS JOCTATOYHO MPOCKTHPOBATH MPOH3BOJBHOE YETHOE (HEYETHOE)
CMCHICHHE OTICPATOPOM IPOCKTHPOBAHUS Uit OATpymiisl O.

Hns HIIL, copepxamuxcst B I'gop MO OJHOMY pa3dy, KOODAHHATEI CHMMCTPHH YXKC
SIBIITIOTCSL HOPMAIIBHBIMH KoopAuHatamu. llooToMy B mpuBoguMoM HHXE Habope Bce

KOOpAHHATHI, 34 HCKIIFOUCHHUCM TCX, KOTOPBIC COOTBCTCTBYIOT F4u, SABJISIIOTCA HOPMAJIbHBIMH:

1 1
Tig: Q1 :_6 XX+ Y) Y226y = ——

V6 V6m

! 1
I3 g Or= m (223_2ZG_X 1+)(4—Y2+Y5), 0= Tm

1 1 1
Isg: Q4= Tam (Zr-ZstY3-Ys), Qs :m (X5—Xet+Z1—Z4), Q6= Tam

1

(X —Xat+Y,—Y. 5+Z3—ZG);

(X1—X —Y2+Y5);

(N—Y4+X—-Xs);

1—14u: Q7: m (2X1+2X4_X2_/Y3_X5_X6)5"-;

1
T Oro= (XX Xyt X X+ X (6m/MXo], ..
4t Q1o \/6m(1+6m/M) 11X+ XX+ X5+ X6 M) X

1 1
(Y3+Ye—Y1—Ys), Q15=——
Nam

1
[sy: Q13 =—— (Xo+-X5-X3-X¢), Q14= (Z\+Z4—2Z1-Z5);
m

Vam Vam

T4 (HOCT)Z Q16 :ﬁ (X0+X1+X2+)(3+X4+)(5+X6),...;
m
1 1 1
F4g (Bp)Z Q19 = J4_ (Zz—Z5—Y3+Y6), Q20 = T (X’,_XG_ZI+Z4), Q21 = T (Yl—Y4—X2+X5).
m m m

(4.15)

Hepnocraroniue xoopanHaTe! pecTasieHui [y, nonydatorcs us 07,010,016 3aMCHOM B HHX X

na Y u Z. IIpu onepaumsix g € O xoopaunatsr cummerpun Oq(I'3) mpeobpasyrores kax 3z°—#,
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NE) (xz—yz), 0u(Ts) xax x, y, z 1 Qu(I's) Kax yz, xz, xy. Pa30bucHUC HA CIIOH BRITIISINT 3/1€Ch KaK
I' =Tx + I'y. U3 I'x o« I'yy ¥ moCTymarenpbHOrO0 CMCHICHUS CIOS Y¢ CKOMOHWHHUPOBAHEI
KOOpIHHATHI npencTaBieHui [y, (moct) u [y, B (4.15).

Marpuia ynpyrux NOCTOSHHBIX V' Ha 0a3HCHBIX BEKTOpax (J, JAMaroHalbHa 32
HUCKJTIOYCHHECM OJIOKA, COOTBETCTBYIOMICTO PEACTABICHHAM [ 4. DTOT 610K, cornacHo (2.13)
M CBOMCTBY CHMMETPHYHOCTH, HMEET BUJ]

ME A E
ME ME)]
rae £ — eauHMuHasS marpHna tperkero nopsiaka, A = (Q7,V07) =..., k2 = (Q7,V0o) =...
YacToTel HOPMANBHBIX KOJCOAHMH 0)1,22(I‘4u) HaxoAATCS JUaroHalM3allMeH MaTpHIIbI
AoAy

L W JTa K¢ Tmpoueaypa obecrmeyuBacT KOdQPHIMECHTHI |, V, BBIPAXKAIOIINC
2 A3

HCTHHHBIC HOPMAJIbHEIC KOOpPAMHATEI Yepe3 KOOpAMHATHEI CMMMETpuu: (7 = uQ@; + vQo.
YacTOTBl OCTaIBHBIX HOPMAaJBHBIX KOJICOAHHH 3a7af0TCS HCNMOCPCACTBCHHO DJICMCHTAMH
matpuisl V. Hanpumep, coz(l“lg) = (01,V (1), u, noacTasnss coaa BelpaxeHue (g yepes X, U3
(4.15), HaxoaUM CBA3b coz(l“lg) C YIPYTMMH MOCTOSIHHBIMH kjg jg = (Xia, VXjp).

WHBapraHTHOCT MATpUIBl V¥ M OpPTOTOHANBHOCTH Marpul D(g) NpHBOIAT K
COOTHOILICHHUAM MEXK/1y Pa3siIHYHBIMH MAaTPUUYHBIMH DJICMEHTAMH: Kig 3 = (D()Xia, VD(g)Xjp).
OTMeTHM aHANOTHIO C NPEABIAYIIMM naparpaom: TEH30p BTOPOro paHra ki Ha 3n-MEpHOM
IPOCTPAHCTBE CMCHICHHH mpeoOpa3yeTcsi MO TPECTABICHHIO [[?] = Ni[+... TpyNIIbI
CUMMCTPHH, COACPKHUT N; MHBADHAHTOB TPYINBI, MIM HC3aBUCHUMBIX KOMIIOHCHT TEH30DA.
Hanpumep, okxtradapuueckas Mojckyna XYg umceer 11 HECBA3AaHHBIX NPCOOPA30BAHHUAMH
CHMMCTPHH KOMITOHCHT:

ki = koxox = kOyOy = koxz, ko = koxix = k0y2y = kozz = koxax = k0y5y = kozs: »

k3 = koxax = Koxsx = Koxsx = koxex = koy1y = koyay = ...,

ks = kixix = koyoy = k3, = Kapax = ksysy = Kezs:z

ks = klyly =kiz12= koxox = ooy k6 = Kixax = k2y5y = kazz

k7 = k1y4y = kiz4: = koxsx = ooy k8 = kixox = kixsy = kixsx = Kixex = k2y1y = k2y4y T ey

ko = k1x2y = _kley = kix3; = —kix6z = k2y3z = _k2y62 >

ko = kiysy = koxax = k12 = kizs: = o, ki = ko = ke = —kpse = .
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OcranbHble KOMIIOHCHTHI paBHBI Hym0. Ha ynpyrue nmocTOsSHHBIC HakIa/lbIBarOTCS
enic 4 yClOBHS, CBA3AHHBIC C BBIICIICHHCM MOCTYIATCIBHOTO W BPALIATCIHFHOTO JBHKCHUI:
(Q16,V016) = (Q7,V016) = (Q10,VQ16) = (Q21,VQ21) = 0. Ui, mocsie HEKOTOPHIX YIPOLICHHH:

ks +ks+hy+2ks+2kio = 0, ki +2ky+4ks = 0, kp+hyt+kg+akg =0, ks—kr—2k1; =O.
YacToTsl KoJIc0aHui ¥ apaMeTpEI A:

@’ (T1g) = (ka—ks+4ko)/m, @ (Tsg) = (ky—ks—2ko)/m, @ (Usg) = (ks—ka+2k11)/m = 4ky1/m,
0’ (Tsy) = (ks +h—2kro)/m; M =(2ky+ks+2ks+hr—8ks+2k10)/3m,
A3 = k(6m+MY6mM, Ay = 2(ks—ko)(1+6m/M)"*/3m 2 .

B monekynax ¢ oceBoil cHMMeETpHEl NpencTaBiIcHHE 1, COOTBETCTRYIOMIEE CIIOKO K,
pacmiensercs Ha aBe 9actu: I'y = [y + D'k, 'z OCYyIIECTBISETCH CMEIICHUAMM aTOMOB CJIOS
BJIOJIb OCH CHMMCTPHH Z, @ [’k — CMCIIECHUSIMM B NEPICHAMKYJIAPHOH K Z IIJIOCKOCTH X.
Bbonee Toro, “miockue” CMCIICHUS aATOMOB CJIOS B HATIPABJICHUH JIHHHH, COCTHHSIOMICH aTOM
C OCbIO, IPH NPEOOpPa30BaHUAX CHMMCTPHH TAKXKE NEPCXOAST B AHAIOTHYHEIC CMCIICHUS
JPYrHX aroMOB CJIOSi. B CBSI3H € OTHM MOXKET OKa3arhCsi YAOOHBIM HMCIOJIL30BaTh
WH/IMBHTYAJTLHBIC CHCTEMBI KOOPIWHAT (X)) I aTOMOB, B KOTOPBIX OCh X HANIPABJICHA OT OCH
CHMMETDHH, a OChb ¥ — TEPICHAMKYISIPHO K dToMy HampaBieHHio. Torma Iy, = I + Iy,
[locrynatenpHpIC KOOPAHHATHEI BCEH MOJICKYJIBI KOMOMHHPYIOTCS W3 IOCTYNATCIbHBIX
KOOD/IMHAT CJIOCB, 4 BPALIATCIBHBEIC — W3 IOCTYNATCIBHBIX M BPAMIATCIBHBIX KOODPIAMHAT
CITOCB.

Xapakrepel [, A8 OTACIBHBIX CIOCB BEChbMAa NpOCTBIC. Tak, CIOM aTroOMOB,
3aHHMAIOMIMX OONIUC IOJIOKCHHUS (HE Ha DJICMCHTaX CHMMCTPHH) CO/ICPXKHT g aTOMOB, T/IC g—
MOPAIOK TPYIIBI CHMMETPUH. [ Takoro cimost Kaxaoe NpPEACTaBICHUC %, COBIAacT C
PCTYJISPHBIM.

Paccmotpum monexyny NH; ¢ cummerpuen C;, (xapakxreper HII rpynner Csy
NPUBCACHEI B pasnene 2.9). O6o3Haunm M maccy aroma N, m — maccy H, ock z s Beex
aTOMOB HampaBJiicHa BAOJL ocH C;3, ocH x, y s atomMoB H BeIOpaHBEI B COOTBETCTBHH CO
CKa3aHHEIM BBINIC M YKa3aHBl HAa PHC.; Xg||x1, yo|[y1. Umeem nBa cnos: N (1 arom) u H (3
aroMa). XapakTepsl ¥ pas3IoKCHUS NPSACTABICHAN [, OUCBH/THBI:

FNz = FI(N)(ZO), Fny = F3(N)(Xo, —X0/2 +(\/§ /2) Yo),
Tne = D21t 2o+ 25) + Us@p) (2212023, 220-25-21),
Ty = Fl(Hx)(Xl-i-Xz-i-)(g;) + F3(Hx)(2X1—X —)(3, 2X2—X —Xl),
Iy = Doyy(Y1+HY2+Y3) + D3y (Y- Y3, Y3-11).
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B cxobkax yka3zansl 6asucHbie BekTopsl HII (HeHOpMupOBaHHbIC), mpuueM s kaxaoro HIT
I'; mapa 6a3HCHBIX BEKTOPOB IpeoOpasyercst NoJ0OHO JBYM HCOPTOTOHAIBHEIM BEKTOpaM Ha
IJIOCKOCTH, PACTIONIOXKEHHBIM 10j yriom 120°. U3 'y v '@z, xoMOuEMpyeTCs OXHO
“mocrynarensHoe” mpencrasicHue ['j(moct.) ¢ xoopauHarod Q7 = Zgt+Zi+ZytZ; u onHO
xonebarenvroe I'y ¢ Q1 = Bm/M)Zy—Z1—Z>rZ3. I'1(ux) — XonebarensHOE npeacTasienne I ¢
O = X1+Xo+X3, I'ymy) — BpamarensHoe nmpeacrasienue I'; ¢ Qo =
Y1+Y,+Y; (MOBOPOT MONEKYNBI OKOJIO OcH z). U3 D3aw 1 D3y
KOMOHHHMPYETCSl IOCTYATEIEHOE cMemIeHHE ciost H B TutockocTH
xy:

Ts(mocet.H): 2Xi—Xo—+/3 Yo-Xs++/3 V3, 2X-X5—/3 Yi-X1++/3 V1,

U KosrebarensHOe npeacTaBicHue ['s:

Os(I3) = 2X1-X; ~X5+43 (Yo-Y3), Qa(I'3) = 2X- XX +A3 (Y3-11).
B (3 atom 2 cmemiaeTcsi NEpICHAUKYISIPHO CTOPOHE 12 TpeyronbHHUKa, aTOM 3 — HaBCTpPEUy
eMy NEePICHIUKYISPHO CTOpoHE 13; BeMMuMHBI CMCIICHUH BCcex aTOMOB paBHBI. Jlanee u3 'y
u I'3(moct.H) xoMOMHHMpyeTCs TIPCACTABICHHC, COOTBCTCTBYIOIICE ITOCTYHNATCIBHOMY

CMCIICHUIO BCCH MOJICKYJIBI:
T3(moct.): O = 2Xo+2X—Xo-Xs—/3 (Y2-Y3), Qo =—Xo+/3 Yo+t 2Xo-X5-Xi—+/3 (Y3-17),
¥ OPTOrOHANbHAS KOMOHHAIHS (TPOMCKYTOUYHAS ):
3(mpom.): Q' = Xo—(M/6m)[2X—Xo-X— 3 (Y2-Y3)],
Q" =X+ I3 Yo M6m)[2Xr—Xs—X1—/3 (Y=11)].
Hakonen, u3 I';qr,) 1 I's(mpom.) komGraHpyem I'3(Bpami.) 1 Bropoe koaebatenbHoe I3
Iy(Bpam.) Q11 = (6m/M)YQ' — (a/ho)(2Z1—Zr273), Q12 = (6m/MYQ" — (a/ho)(2Zr-2Z5—71),

I7IC @ — PAacCTOsIHHE OT OCH JI0 atoMa H, Ay — paccTOSHHUC OT IEHTPA TSHKSCTH MOJICKYJIBI JI0
TIOCKOCTH aToMOB H. (J11 COOTBETCTBYET IOBOPOTY OKOJIO OCH, IPOXOISIICH 4Yepe3 ICHTP

TSHKECTH MapAIICALHO V1, Q12 — OKOJIO OCH, TTAPAICALHOH Vy.
Iy Os = (a/ho)Q'+(1+M/3m)(2Zl—Zz—Z3), Os = (a/ho)Q"+(1+M/3m)(222—Z3—Z1).

Marpuna yrnpyrux nNOCTOSSHHBIX B KOOpAUHaTax (J1 — (Js HMEeT BUJ
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by hy 00 00
hy hy 00 00
p_| 00 ks 0 hs 0
00 0 hy 0 hy
0 0 hy 0 hss O
00 0 hys 0 hss

Juaronanuzamnusi €¢ CBOAUTCS K PCLICHHUIO IBYX KB3JIPATHBIX YPABHCHHH, B PE3YJbTATC YCTO
TOJTyYarOTCS 4acTOTHI JBYX IOJHOCHMMCTPHYHBIX HCBBIPOXKJICHHBIX KoncOanuii thma I} u

IBYX ABYKPATHO BBEIPOXKACHHBIX KonacOanui Tvmna I'3.

4.3. Knaccupukanusi ypoBHe#l JHEPIUH H CTALIHOHAPHBIX COCTOSAHHUH
KBaHTOBOMexaHn4yeckoH cucremsl no HII rpynnel cumMmmerpun
[Ipcobpa3oBanue oHO3HAYHBIX (PYHKIIUW NpH MpeoOpa3OBaHHUH apryMCHTOB. IYCTh

X'=gx — B3aMMHO-0/IHO3HAYHOE 0TOOPaXKECHHE, TOT/IA, 10 ONPEACICHHIO

Sy = flx), wm [DY(gx) = fx), wn [DEH(x) =flg"x). (4.16)

Ecmu {g} — rpynma, To coorBercTBHC g — D(g) — NHMHCHHOC TPCACTaBICHHC {g} B
(dyHKITMOHATEHOM MpOCTpaHCTBE (331a4a 5). Ecnu sxobuan (onpeacuTes) npeoOpa3oBaHus

g paseH *1, To nmpeacraBnenne D(g) B THILOSPTOBOM IPOCTPAHCTBE YHUTAPHO:

(D()f-D(2)0) = [ £*(& " )e(g " x)dx = [ £ * o)y = (£.¢)-
[pencranenue, nmopoxaaemoe GyHKImMEH f — peamudyercs Ha MHOXecTBe {D(g)f},

g € G. Pa3noxeHue NpOW3BOJIbHOW (pyHKIIHH B cyMMy (YHKIIHH, NpeoOpasyrolIuXcs Kak

onpeacncHHbie ctpouku HII:

[ @3 @, p@ =”;“ZD,-E°‘>(g>*ﬁ(g>f . (4.17)
ol [0 14

Ecnu Ha ¢yHrumax (p,-(o‘) OCYILCCTBISICTCS NpeACTaBIeHUC [y, TO Ha QYHKIMAX (p,-(“)*

OCYIIICCTBISICTCS MPeACTaBICHHE ['o*.

I'pynna cummempuu cucmemst (rammibToHHaHa): G =

{g}, H(gx) = H(x) (8

MIPCMHTCPOBCKOM  TIPCACTaBICHHH X — KOODAMHATHL, CIHMHOBHIC IICPEMCHHEIC).

NHBapuaHTHOCTE COOCTBCHHBIX MTOANPOCTPAHCTB H OTHOCHTEIBHO TPYIITBI CHMMCTPHH:

Hyyi = EnVn;, H(g_lx)\vm'(g_lx) = En\lfm'(g_IX), HD(g)ni= E,D()Wni.

KomMmyTHpOBaHHE raMuJIbTOHHaHAa C NpeoOpa3oBaHMsIMH CHMMCTpHH D(g) (H — s1eMeHT

(4.18)

KoMmyTaropHo# anreOpsl as [D(g)]): D(g)HW .= E.D(g)W,:; cpaBauBas ¢ (4.18), Haxogum
D(g)H = HD(g) (4.19)
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TIPHMCHUTCIBHO KO BCCM CTAIHOHAPHBIM COCTOSHMSM, a, 3HAYHT, H JUISI BCCTO NPOCTPAHCTBA
cocrosiamit. [IpencraBnenue, kotopoe ocymecteisercs cormacHo (4.18) B coOGCTBCHHOM
TOIIIPOCTPAHCTBE TAMWJIBTOHHAHA F, KaK NMPABHIIO, SBJSACTCS HCTIPHBOIMMEIM, W HHICKCHI
sToro HII MOXHO MCHONB30BaTh /Ui XapaKTCPHUCTHKH YPOBHS M HE3aBHCHMBIX COOCTBECHHBIX
¢yuxuuit: E, u \|J,-(°‘), H\y,-(a) = Ea\y,-(a). Onunaxoseie HIT pasmuuaroTcst JOMOTHMTELHEIM
uHaekcoM 1 Ey.  [IpMBOAMMOCTE  TIPEACTaBICHMS B HEKOTOPOM  COOCTBECHHOM
HOJIPOCTPAaHCTBE H MOXHO PacCMaTpHBaTh KaK CJyuaiiHoe 8blpodcoenue COCTOSTHHUH, HE
CBSI3aHHBIX ITPCOOPA30BAHUIMH CHMMCTPHH.

W3 KBaHTOBOM MEXaHHMKH HM3BCCTHO, YTO TICPECTAHOBOYHOCTh T'aMHMIBTOHHAHA
CHCTEMBI C DPMHTOBBIM OIICPATOPOM CBSi3aHA C COXPAHCHHCM BO BPEMCHHM (HU3HUYCCKOH
BCJIMYMHEI, ONHCHIBACMOM yKa3aHHBIM ONICpaTopoM. Ecnm BeTMYMHA MMENa ONpEACICHHOS
3HAYCHUC B KAKOH-TO MOMCHT BPEMCHH, TO COXPAHSICTCS 3TO 3HAUCHHE, H B JIIOOOM CITydac HE
MCHSICTCS CO BDESMCHEM CPC/IHCE 3HAUCHHUE BCITUYMHEBL. TakuM 00pa3oM, CHMMCTPHS CHCTEMBI,
BEIpaXKaroniascss B cOOTHOHICHUsX (4.19), cBfizaHa ¢ HCKOTOPHIMH 3aKOHAMH COXPaHCHM,
Tak, ecnu cucTeMa HHBApHAHTHA OTHOCHTCIEHO BpPANICHHH (M30TPONHA) B TPCXMCEPHOM
IIPOCTPAHCTBE, TAMIJIBTOHHAH KOMMYTHPYET CO BCEMH OIIEPATOPAMH TIPCICTABICHHS TPYIIITHI
BPALICHUH B IPOCTPAHCTBE COCTOSIHWH, 4, 3HAUUT, U C SPMHUTOBBIMH HHPUHHTCIUMAILHEIMH
oneparopamu J, (pasmen 3.3). ®dusuueckas BCIHYHHA, COXPAHCHHC KOTOPOH CBSI3aHO C
H30TPOITHOCTBI0 CHCTCMBI, €CTh MOMCHT MMITYJIbCa, NOITOMY J, € TOYHOCTBIO JIO
TIOCTOSTHHOTO MHOXHTC/IS CICAYCT OTOXICCTBHTH C OIICPATOPOM MOMCHTA HMITYJIbCA
(Yr10BOro MOMEHTa) CHCTCMEL.

C cHMMeTpHEH OTHOCHTEIBHO TIPOCTPAHCTBCHHBIX TPAHCIANMN CBA3aH 3aKOH
COXPaHCHHS HMIYJIbCA CHCTEMEL, C CHMMETPHCH OTHOCHTEIIBHO CIBHTOB BO BPDEMCHH — 3aKOH
COXpaHCHUS SHCprun. M3 JUCKPCTHBIX CHMMETPHIT OTMETHM IIPOCTPAHCTBCHHYIO HWHBCPCHIO:
CCITH CHCTCMa WHBAPHAHTHA OTHOCHTCIHHO MHBEPCHH, TO MMCCT MCCTO 3aKOH COXPAaHCHHS

YETHOCTH.
4.4. IlpuMeHeHre TEOPHH IPYNN K BHIYHCICHHIO MATPHYHBIX J1EMEHTOB

Onpenenum Henpugooumsie meH30pHblE ONEPAMOPbL 0™, i=1.2,..ny"

D)0 D™ () =0 (g7%) =Y D (g)0\ (x) (4.20)
J
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(3ammuce mpeobpa3oBaHus OnepaTopoB B (opme éézﬁ(g)éﬁ(g_l) YCTAHABIIMBACT CBS3b

A
A

npeacraeneauii ¢ > G u g —> D(g) Ha NPOCTPaHCTBE ONCPATOPOB M HPOCTPAHCTBE
(GYHKIHH, COOTBCTCTBECHHO). Pa3joeHHE NPOHM3BONBHOTIO ONEparopa Ha HCIPHBOJHUMBIC
yacTd aHanoruyHo (4.17). MatpuuHbIe 3ICMCHTEI HSTPHBOAMMEBIX TCH30PHBIX OIICPAaTOPOB HA

CTallTHOHAPHEBIX COCTOAHUAX:

A 1 A
Wi 0w = X 0. D)0 v =
£ (4.21)

1
. ZD(G) *(g)D(B) (g)D(Y) (g)(\V(a) O(B) (Y))
gl jvk'

Ho  DP(e)DR(2)=IDP()x DV (@) s =[5~ > D (@)1 s

vt

rae ZD(W) (g) — mpuBencHHas ¢popma matpull npencrasneHus ['pxI’y. IlosTomy

vt

W 0PV =4 2 XSS, 1o 205 * (@D (@i, 0P W),
i'jkevel'l g

Ilpasuna ombopa: matpuunsii oeMeHT (4.21) OTIIHUYCH OT HYJIS TOJBKO B TOM CITydae, €CITH

o € IpxI'y, umu I' € I'*xIpxI’y. OTiIMuHBIC OT HyJI MAaTPUYHBIC JICMCHTBI MOKHO 3aIIMCaTh

B BHJIC.
Wi?,0Py) = ZSom, i (B, (4.22)
1
(tlBl) =~ 28 i (i, 0Py, (4.23)
a lj'k'

Benmuunst (at|Bly), ¢ = 1,2,...,N, Ha3BIBAIOT npuUedeHHbIMU MAMPUYHBIMU ITEMEHMAMU.
Koygppuyuenmur Kneowa-Iopoona (rpynmel (G) — MaTPHUYHBIC DJIEMCHTHI S, T eopema
Buznepa-dxxapma (4.22) yTBepxkJIaer: 3aBHCHMOCTh MAaTpHUHBIX 3J¢MEHTOB (4.21) ot
unjekcoB crpouek HII momHocTeio onpenensercs koaddunuentamu Kinebma-I'opaoxa, T.c.,
CHMMETPHCH TraMHIIbTOHHAHA. [ [pUBCACHHEIC MATPHYHEIC 3JICMCHTEI MOYKHO HAWTH, BEIYHCIISS
N, OOBIYHBIX MaTpHYHBIX DJICMCHTOB W pemas cucremy (4.22) otHocurenbHo (ou|B|[y)-

Teopema Buruaepa-OkkapTa 4aiie BCEro HCIONbB3YCSTCS JJIsl TPYIITBI BPAICHHH.

4.5. Teopust BO3MYIICHHH
Tunuunas curyauus: H = Hy + V, Gy — rpynna cummerpun Hy, G < Gy — rpymnmna

cummerpun H. Ilycrs I’y (HII Gy) xax npencraenerue noarpynnsl G, pasmaraercs mo HIIT
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cnenyromum obpasom: [y = X Novyyv. Torma yposensr E(I';) HEBO3MYIIEHHOM CHCTEMEI
pacmenuTest Ha ) Noy moxypoBued Ei(y1), ..., Ena1(Y1), Ei1(y2), ... Hus daxrmueckoro
BEIYHCIICHHS SHEPIHHM BO3MYIICHHON CHCTCMBI CIEAYeT AMaroHanu3oarh Marpuiuy (v %,
Hwk(a)). B xanonnueckom Gasuce (Ha pynknusax, npeodpasyromuxcs no HII G), matpuna H,

KaK BCAKOTO DJICMCHTa KOMMYTAaTOPHOH alreOphl, OMpeaesiercst cooTHonmeHueM (2.13).

4.6. Metox MoJIeKyIAPHBIX OpOHTAICH

Monekynapusimu opoéumanamu OOBIMHO HA3bIBAIOT OJHODICKTPOHHEBIC COCTOSIHUS B
MOJCKYJaX M MOJCKYMSpHBIX Kommaekcax. IIIHpoko wCnoam3yercss Ipe/ICTaBICHHC
MOJICKYJISIDHBIX OpOMTancH B BHJAC JIHHCHHBIX KOMOWHAIIMH amomHbix opbumaneii —
OJHOSJICKTPOHHBIX COCTOSIHMH (n/m) aTOMOB, COCTaBIAIOIKX MOaeKyny (Metog MO JIKAO):

W)= D i (r =Ry, (4.24)
k,nlm
rae R — paguyc-BeKTop snpa k-ro aroma. HaGop aTroMHBIX OpOHTalNcii OrpaHHYHBAIOT
KOHCUHBIM uHcioM (N) ¢QyHxouii, HanmpuMmep, BHCIIHHMH O0OIIOYKaMH aTOMOB
(“BasleHTHBIMM™  DJIEKTpOHaMH). Takoe OrpaHHYCHHE CBOMUT DCIICHHC YPaBHCHHUS
[IpeauHrepa U1 MOJICKYJIBI K THATOHATH3AIMA MATPHUIbI TaMHIBTOHHAHA MOpsiAKa V.

Ecnu monekyna obGnagaer TOW WM WHOW CHMMETPHCH, TO ypPOBHH DHCPTHH H
crannonapaele MO knmaccudunupyroress ¢ nomometo uHHaekcoB HII rpynmel cuMMmerpun
Monekynsl G. Hcmonp3oBaHHe B KauecTBe 0asuca NpPH HAMMCAHWM MATPHIIBI DHCPIHH
bynkuui, npeobpasyromuxcs no HII rpynnmel cuMMETpHH, CYIMIECTBCHHO VYIIPOLIACT JTY
MAaTpHlly, B CBSI3H C UM BO3HHKaeT Ipobaema cocrasieHuss MO Buaa (4.24) ¢ onpeacacHHOR
cumMerpued. MHOxecTBO yHkuui (4.24) cBsizaHO TpeoOpa3OBaHUSAMH CHMMETPHH, M Ha
HeM peanmsyercs npencraeieHue [ rpynmer G. Pasnmoxenwe ero Ha HIT, T = > N[,
yKaspIBaecT 4uClIO N, HabopoB MO (kaXIbIH H3 KOTOPHIX COJCPKHT 7, HC3aBHCHMBIX
coctosiHuH), peanusyrowux HII I'y. HaGopsl 3TH MOXHO NMOMY4YHTh, HCHOB3Ys, KaK OOBIYHO,
HIPOLCAYpPY IPOCKTHPOBAHMS.

Pa3zo6peM Monekyy Ha CIIOM M3 DKBHBAJICHTHBIX aTOMOB, IEPCXO/LINX IPYT B ApYyra
IpH TpeoOpa3soOBaHHMAX CHMMCTPHH. ATOMHEBIC OpPOMTAlld C JaHHBIM [/, OTHOCSIIMECS K
BEIJICICHHOMY CJIOK0 (k), CBS3BIBAIOTCS NPeOOpa3sOBaHUSAMH CHMMCTPHH TOJIBKO JpPYr C
Ipyrom, HarsruBas mpeacraeicHue [y rpymnel G. Takum obGpasom, npenacraBieHue I

paclleIUIIeTCss Ha 4acTy, ' = 2Ty u PAa3JIOKECHUE €r0 Ha HCIPUBOJIUMEIC COCTABIISIOLIHE
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CBOJIMTCS K Pa3JIOKCHHUIO TipenacTaBicHui [y, Xapakrep npeacraenenui [y paccunuTeIBacTCst

o popmymnam

sin(/ + 2)(% + ¢)
sin((m+¢)/2) ’

sin(/ + 1)o
C =N~ 277 ;
i (C(9)) c sin(9/2)

1 (S@)=NP 1y (4.25)

rae Ne® u Ng® — uncna aromos k-ro cnos, ocrarompxcs Ha Mecte npe nosopore C(@)
3epKanibHOM ToBopoTe S(¢), cooTBercTBeHHO. OT™MeTHM, uTto Tipu [ = 1 dopmynsr (4.25)
niepexoaat B (4.10).

B kauecTBe mpuUMepa pacCMOTPUM OKTAdAPUYCCKYIO MOJNCKYIYy XY, COCTOSIIYIO U3
aByx cinoeB (X u Yg), © ¢ opOHTalH, KOTOPHIC MOXHO COCTaBHTh M3 (MATH) d-opOuraici
LCHTPAILHOrO atoMa X H §-, p-opburane#i nepudpepuieckux aroMoB (auranaoB) Y. Obmee
yucno He3aBUCHMEIX AO N = 29, 29-mepHoe nipeacraBieHue [ pacuienisercs Ha TPH YacTH:

I' =I'xa t I'ys T I'yp, XapakTephbl KOTOPBIX HMCIOT BHJIL:

On E 8C; | 3Cs | 6Cy | 6Us I 85s | 3on | 65+ | 604
T'xd 5 -1 1 -1 1 5 -1 1 -1 1
Ty, 6 0 2 2 0 0 0 4 0 2
Ty, 18 0 2 2 0 0 0 4 0 2

OTKYyJ4 BHIHO, 4TO FXd = F3g + F5g, FYs = Flg + F3g + F4u, FYp = Flg + F3g + F4g + F5g + F5u+
2T 4,. llpuBenem wexoropeie JIKAO (meropmupoBanHEIC), oTHOCcsumecs: Kk HII, ucmone3ys
o0lLIyI0 CHCTEMY KOOPJHMHAT /ISl BCEX aTOMOB M 0003Hayast JUisi KPaTKOCTH S- H p-OpOuTamu

k-TO MHTaHIA TIOCPEACTBOM Sk M Dig
gt ys(1g) = s1tsats3tsatsstss,  Wo(18) = pry—paxtpry—psy D3 Pez
350 wa(3g) = 253 +256—51—S4—52-55, W(38) = V3 (s1+54-52-55);

Vp1(38) = 2p3:2p6 p1xtpaxr Py tpsy,  Wp2(38) = V3 (P1xPaxD2y1Dsy);
Fan: wa(4u) = 51-84, Weo(4u) = 555, Y3(4u) = 53-56.
Ormerum amanoruio Mexay GyskuuaMu W,(1g), v,1(3g), yx(38) ¥ HOPMaNbLHBIMH
koopauHataMH (1, (o, (5 (4.15). Touno Ttake KOMOMHAIIMM p-OopOWTaNCii THUTaHIOB,
npeobpasyromuecs no apyrum HII, conepxamumes B I'y,, aHaTOrH4HEl COOTBETCTBYIOIIUM
KOOpIHHATaM cummerpuu u3 (4.15).

29-MepHasi MaTpHIla DHCPTHH, OyIydu 3amMcaHa Ha HAWJCHHBIX CHMMCTPH30BAHHBIX
MO, pacuenisiercst Ha IByMepHbIH 610k Tuna I'ig, 1Ba TpexMepHbIX O6i10ka THna I'3e, TpH
ABYMEpHBIX 610ka THHA I's;, TpH TpexMepHBIX Omoka THna I'4y, a opburtanu tuna L', u I'sy

YK€ ABJIAIOTCA COOCTBEHHBIMH (DYHKIIMSIMH TaMHIIbTOHHAHA.
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Paccmotpum emie MO monekynel XYs ¢ cummerpucii Csy. Bocmone3yemcest Toit ke
CHCTCMOH JIOKANBHEIX KOOPJWHAT, YTO M TPH HAXOXJICHHH CHMMETPHYCCKHX KOODJHHAT B
pasuene 4.2. Torga 'y, = I't + 173, I'yp, = I't + 173, 'y = I't + 13, I'yy = I'2 + I's. OueBngno,
TpU (HCHOpMHPOBaHHbIC) opOurtanu tTuna [ ciaenyroniue:

Iz wlI1) = s1+ 82+ 835 WpI'1) = prz+ paz+ paz; Wpn('1) = p1x+ pax+ pax.

Op6utans tuna I'y: v, (I2) = p1y + pay + p3,. Opbutanu tvna '3, npeobpasyromuecs npu
onepauusix u3 rpynnel Cs, JIpyr udepe3 apyra HoJoOHO JABYM BEKTOpPaM Ha IIJIOCKOCTH,
PACTIONIONECHHBIM 1o/1 yriom 120

i wa(3) =281 — 52— 53, Yal'3) =252 — 51— 53;

Vp1(I'3) = 2p1z — Poz — P3zs Wp2(T'3) = 2p2. — p12 — P3z;

Wpx1([3) = 2P1x — Pox — Pax, Wpx2(I'3) = 2Pox — p1x — P3x;

Vpy1(13) = P2y — p3y, Wpyo(['3) = — p1y + p3y.

B merone MO HCT BHAWUMBEIX TPHYHH IS NPCIBAPUTCILHOTO KOMOWHUDPOBAHUS W3
CHMMCTPH30BAHHBEIX OPOHMTANICH “TIOCTYNAaTC/BHBIX” WIM ‘‘BpallaTe/bHBEIX BeIHuMH. Ho,
COOTBETCTBCHHO, HC YMCHBINIAETCA W PAa3MCPHOCTh MATPHUIILI TAMUIIbTOHHAHA, TTOICKAIICH
JMArOHAIIM3AIIAH, TOT/Ia KaK Pa3MEPHOCTh MATPHUIILI YIIPYTHX MOCTOSHHBIX MOJICKYITEI TTOCIIC

OTACICHHA NMOCTYNATCIIBbHBIX H BPAIATCIBHEIX KOOPDAWHAT YMCHBIIACTCA HA IICCTh.

4.7.2/1eMEeHTBI TEOPHH KPHCTALIHYECKOI0 OIS
PaccMOTpEM HOHBI NEPCXOAHBEIX MCTAUIOB B MOJICKYISPHBIX KOMIUICKCaX HIH
KpHUCTAUIaX, TJAC HAa HHX BO3JCHCTBYIOT DJICKTPOCTATHUYCCKHE TOJS, CO3/1aBacMBIC
OKPYXKaloIMIMMH HOHaMH. ByJeM monarars, 4To MOTCHIHAT TOJIS YIOBJIETBOPSAET YPABHCHHIO
Jlannmaca. DTO pPaBHOCHIBHO TPCANONOKCHHIO, YTO HMCTOYHHUKHM TOAS YHAAICHBI OT
paccMaTpHBacMOrO MOHA Ha PACCTOSIHHSA, CYIICCTBCHHO IPEBBINIAIOIIKMC €ro paguyc. Tornaa
TOTCHIIHAT MOKHO Pa3JIOKHTE 10 c(hepHUCCKUM rapMOHHKAM B BHJIC:
V(r) = Yiy BErYi,(0,0) = Xk Vidp). (4.26)
YciioBHE BEIICCTBCHHOCTH NOTCHIMANIa HAKJIAAbIBACT HA napamempuvt KpucmaiiuiecKkozo
nona By orpammucrme: BiY* = (—1)*By? mockonexy cormacko (3.16) Yi* = (—1)%; .
MuoxecrBo ¢yukuui V(r) ¢ pasauuaeiMd koddduuuenramu B! mpeoOpasyercs mpu
OPTOTOHAIBHEIX TPEOOPA30BAHMSAX 10 TOTCHIIHAIEHO-BEIICCTBCHHOMY IIPE/ICTABICHHIO
D=D% + pB) + p@ 4 pB) 4 ptH 4
B 10 e Bpems, eciti o3I HOHA 0071a1aeT CHMMETPHEH, onickIBaeMoin rpynmoit G < Os,

noTeHMan V(r) o/mKeH ObITh HHBADHAHTOM DTOW TPYIIEIL, M OTHICKAHHC HE3aBUCHMBIX (HC
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CBSI3aHHBIX TPEOOPA30BAHMAMH CHMMETPHH) TapaMeTpoB B! CBOAMTCS K BBIICICHHIO
uaBapuantoB (HII I'y) rpynmel G u3 npuBoguMoro npeacrasicHus D.

OHeprusi HOHa B KPHCTAUIMYCCKOM IMOJIC CKJIAJBIBACTCA M3 JHCPIHH OTACIBHBIX

3JICKTPOHOB:

U=—el,;V(r),
M €€ MOXXHO pacCMaTpPHBATh KaK BO3MYILCHHE, ONPEACIIIONIES, HAPSAY € MEXDICKTPOHHBIM
KyTOHOBCKMM (Hyy;) ¥ cHMH-opOMTanbHeIM (Hy,) B3aUMOACHCTBHAMH, CTPYKTYPY
NOJYPOBHCH HC3alOTHCHHOM OCHOBHOH (a TpH HECOOXOAMMOCTH H  ONMKaWIIMX
BO30Y>K/JICHHBIX ) 2JICKTPOHHOW KOH(PHUTYPAILIHH aTOMA.

Kpucrannuaeckoe none cunsnoe, ecnv >Heprus U npeBOCXoauT Hiyy ¥ Hy,; B OTOM
Cllydyac B KaueCTBC IICPBOrO JTala BBEIYHCIACTCS PACHICIUICHHEC YPOBHCH ‘‘BHCIIHHX
opOHTalicii HOHA B KPHCTALTMYCCKOM II0JIC, a 3aTEM YUHTBIBACTCS BIHMSHHC KYJIOHOBCKOTO H
CITHH-OPOHTATEHOTO B3aMMOJCHCTBHH. B CHIBHBIX MONAX MOTYT OBITE BEITHKH J(P(EKTH
KOBAJICHTHOM CBSI3M AaTOMOB; HX Y4YeT IenecooOpasHO NPOBOMUTE B paMKax METOJa
MOJICKYIISIPHBIX OpOuTanch. B mpomescymounspix nonsx, XapakTEpPHBIX A HOHOB TPYIIIEI
wenesa, Hiyn> U > Hyp, 1 KDHCTAIUIMYECKOE T0JIC IPOABIIACTCS B PACLICIIIICHUH TEPMOB A4
koH(Qurypanui (L — momHOe opOHMTaNBbHOE, S — CIMHOBOC KBAaHTOBBIC 4MCla). B cnabeix
KPHCTAJUITMYCCKUX IOMSIX (MOHBI PEIKHMX 3CMENb) BO3HHMKACT IITAPKOBCKAs CTPYKTypa
yporreit 2", cB0GOHEIX HOHOB (J — HOMHEIA MOMEHT).

IIpn BBIMMCICHWHM MATPHYHBIX DJIEMCHTOB omneparopa (4.26) Ha CIDTEPOBCKHX

JCTCPMHUHAHTaX, COCTABJICHHBIX H3 ATOMHBIX OpOHTANCH |[n/mm,), BOSHHKAIOT OJJHOYACTHYHEIC

anementsl tuna (n'l'm’|

rkqu |nlm), OTIIMYHBIC OT HYJSI COTJIACHO mpaBujaMm otbopa (m.4.4)
mumb npHu k < |[+]'|. Tlootomy B (4.26) MOXXHO OTPaHHYHMTECS ClaracMeIMH ¢ k£ < 4, ecin
paccMaTpuBalOTCs KOH(QHTYpallHH HMOHOB, COJACDXKALIUC JIHOIL S,p,d-3JCKTPOHBI; IPH
M3YUCHHH PCIKO3EMEITEHBIX HOHOB JIOCTaTOYHO COXPAHUTE ciaracMele ¢ k < 6. Ciraraemoe ¢ k
= ( DPHBOAUT JIHOIL K OOLICMY CABHTY YPOBHCH DHCPrHM WOHA, W €r0 TaKkKC OOBIYHO
omyckatoT. Cdeprdycckue TrapMOHHKH [0 IISCTOrO IOpsAAKAa Kak (PyHKIIMH JICKapTOBBIX
KOOpAHHAT BEINTHCAHEI B HpI’UIO)KeHI/II/I.

I'aMuneTOHHAH CBOOOTHOIO MOHA WHBAPHAHTCH OTHOCHTCIBHO TPOCTPAHCTBECHHOM
WHBCPCHH, W Kaxaoc coctosiHue KoHburypauuu (/1lp...[,) XapakTepu3yeTcsi OnpeacICHHOM

e 2.+
opbuTansHOR uerHOCTRIO (—1) T2,

ITosToMy, ecnm paccMaTpHBAIOTCS MaTPHUYHBIC
DIICMCHTHI TIOTCHIIMANA JIUIIb MEXAY COCTOSIHMSIMH OJHOHW KOH(HuTypamuu, B (4.26) MOXHO

OTPaHHUYHTECS CIaraMBIMH C YCTHBIMH k. ClaracMele C HCUETHBIMH k, KOTOPEIC MOTYT OBIThH
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OTJIMYHEI OT HYJNS, €CIH Tpynna CHMMCTPHH (G HE COJICPKHUT HHBEPCHIO, NPHBOIAT K
TIEPEMCIIMBAHHUIO KOH(PHUTypaIiii MPOTHBOIIOIIOKHOH YCTHOCTH..

CocraBiicHHe HHBAPHAHTOB IPYNIEl G U3 TEH30POB Yj,, CBOJUTCS K IPOCKTHPOBAHHMIO
NPCACTABICHUH Do rpynnsl Bpameau Ha eaunauunoe HII rpymner G. Ilpu Hanuumu ocu
CHMMeTpHH Tiopsigka n (= 2,3,4,6 B KpHcTaminax) HalpaBHM ¢€¢ BAONb z. MHBapHaHTamu
rpynnel C, sBisirotrcs pyHknuu Yz, ¢ ¢ = 0, tn, +2n, +3n ... JlobaBnerne ocu cumMmeTphH ()
BTOPOT'O TIOPS/IKA, NCPIICHAMKYISPHON Z, YMCHBIIAET YUCIIO MHBAPHAHTOB: OTHOCHTCIHHO
rpynnel D, WHBapHaHTHEI TOJBKO KOMOHHAIIUH qu+(—1)k+qu_q [ OBOpPOTa Ha T OKOJIO
ocu y: D(0,,0)im) = (~1Y™|j-m)] c Temu xe g = 0, +n, +2n... TIpu yeTHEX k 510 Re Y4y, 2
npu k HeyeTHbIX — ImYy,. Jlobasnenue k ocu C, MIOCKOCTH CHMMETPHH (2zx), IPOXOAAIICH
4epes3 OCh z, IPHBOJUT K MHBapHaHTaM ReYy, s mobbIx £, OO COOTBETCTBYIONIAS ONEPaLs
npeacraeisicrcs B Buae ¢ = ICy(y). Takum 00pa3oM, YETHBIH KPHCTAIUTHYCCKUH MOTCHIIHAI
JI0 IeCTOro nopsiaka no r mjs rpynn Csy, D3, D3g umeeT Bua:

Viig? = B P Yag+ B Yag+B' 3 r* (Yas—Yo s +Be r*Yso+B's ' (Yss—Yo3)+B's'r’ (Yss+ Yo o).
OH CcOICpXHUT 6 HC3aBHCHMBIX BCHICCTBCHHBEIX NApaMCTPOB B TIOJTHOM COOTBETCTBHH C
pasnoxernem npeacrasiaennit DY mo HIT stux rpynn [D® = I+205, DY = 20 +T5+3T5,
DO = 31'1+2I5+413]. HeuerHas yacTe noreHumana jis rpynnsl Cs, SIBISCTCS JTHHCHHOM
KOMOHMHAIIMCH HHBAPHAHTOB Y1, Y39, Y33—Y3.3, Yso, Ys3—Y5 3 (5 mapamerpos). J{ns rpynmel Ds
(2 mapamerpa):

V(D) = B ir (Y334 Y3 3)+B's’ir’ (Ys3+Ys.3).
Hnst rpynmet D34, €cTECTBEHHO, V(Dsg) = 0. Tpu oTpaskeHHH B IIOCKOCTH Xy [0 = Ca(2)]]
D(on)Yig = (1),

¥ B KQUCCTBC HHBAPHAHTOB IPyMITsl Cyy BEDKHBAIOT JHINL CHCPHUCCKHUC TAPMOHHKH C YCTHBIM
¢ JUIS YCTHBIX k ¥ HCYCTHEIM ¢ AN HEUCTHRIX k. Tak, uerHele WHBapHaHTHI Csn: Y20, Yao, Yso,
Yoo, Y6, H y COJICPKHT 5 TapaMeTpoB, HCUYCTHHEIC WHBAPHAHTEHL: Y33, Y33, Ys3, Y53 (4
napamerpa).

CymecTByeT Mo OAHOW WHBApHAHTHOW rapMoHuke kybwucckou rpynnsl (O, T4, On)
YCTBEPTOrO M MICCTOTO MOPS/KA, W YCTHBINH KYOMYCCKHH MOTCHIIHAT HMEET CICAYIOLIUN BHJL
(B KyOHUYCCKHX OCAX):

Uy = a(x* +y* +2* 375+ B[ 7(x° +° +20)+210xD %2257
Jns rpynnel Ty uMCCTCA OAMH MHBApHAHT TPCTBCH CTCICHH: X)Z, HCUCTHBIC MHBADHAHTEHI

rpynnbl O HAYMHAOTCS ML C ACBIATOH CTCIICHH.
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4.8. MeTo1 3KBHBAJICHTHBIX OIIEpaTOPOB
IIpy BEIYKMCICHHM MAaTPHYHBIX D3JCMCHTOB HCHOJB3YCTCS meopema Buznepa-

Jxxapma (4.22), IpEMCHHUTENBHO K IPYIIE BPALICHHHA OHA OOBIYHO 3aIIHCBIBACTCS TAK:

))-

. 1 Ja—J3t i
(\V(h) AU (U3) 1)

m aOmZ \Vm3 ) <J2J3J1m1‘]2m2]3m3>ﬁ<J HO(Iz)

)

3necs NpPHUBEACHHBIA MAaTPHYHBEIA 3JCMCHT OIPCACICH HECKOJBKO WHaue, yem B (4.22).

(4.27)

:(_1)1'1—'”1 v 2 <J Ho(h)
—-m mp; m3

Teopema Buraepa-Dxkapra SBISICTCS OCHOBOH Memo0a 3IK6UBAIEHMHBIX ONEPamopos,
YacTO MCIIOJIE3YEMOr0 B TCOPHUH ATOMHBIX CIICKTPOB M TCOPHH MAarHUTHOI'O PE30HAHCA IIPH
BEIYHCIICHHH MATPHUYHBIX JJICMCHTOB MCKAY COCTOAHUAMH C 3a/laHHBIM 3HAYCHHCM MOMCHTA
Jj- B 3TOM MeTO/i¢c MOTHHOMEI OT IPOCTPAHCTBCHHBIX KOOPHHAT 3aMCHSFOTCS MIOJIMHOMAMH OT

KOMIIOHCHT YIVIOBBIX MOMCHTOB, OOJIaJIAlOIIHMHU TEMH KE CBOMCTBAMH MpeoOpa3oBaHus IPH

A

HOCKOJ’IBK}’ TIOJIHHOMBI OT X,y,Z COOTBECTCTBYIOT CHMMCTPHYHBIM TCH30paM (HpelICTaBJ'IeHI/IHM

HOBOPOTAX:

0P )= (Ao G, (il ={sjod?

CHMMMETPUYHBIMHM TEH30pAMH), HOIHMHOMEI OT jx, Jjy, j; TOXKE JOIDKHBI OBITh IOTHOCTBIO
CHMMETPH30BAHEI, TAK YTO, HAIPHUMEP, OJIHHOMY A=t y4 + 24+ 2x2y2 + %2 + 2yzz2
OTBCYACT

Jr gy ie Gy + dyde dedaie+ dydedy ¥ dudyiedy + Jyiviyic)+ -

=7%J 2+ iUy Vo + s ol +Lies dx1iy) = 2(G+1° —3JG+).

B TCOpHH KpHCTAJUTHYCCKOTO TOJS MPHXOJUTCA IICPCXOJUTh K DKBHBAICHTHBIM
OIiepaTopaM, COCTABJICHHBIM M3 KOMIIOHCHT OpOHTALHOTO MOMCHTa DJieKTpoHa [ (TpH
pacucTax OJIHOJJICKTPOHHBIX MATPHYHBIX OJICMCHTOB), M3 KOMIIOHCHT CYMMAapHOTO
OpOHUTATEHOrO MOMCHTA L (IIpH BBIYMCICHHAX, OTPAHHYCHHBIX COCTOSIHUSIMH OJJHOT'O TEpMa),
W U3 KOMIIOHCHT MOJHOro MOMCHTa J (IIPU OTPaHUYCHHH COCTOSSHHSMH ypoBHA SLJ
PCIIKO3CMETBHBIX HOHOB).

YCTaHOBHM CBSI3b MCXKJAY TNPHBCICHHBIMH MAaTpHYHBIMH dineMeHTamMHu (L||Ok||L) u

(JI|OK/|J). B cuny (4.27)
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J kK J
-M; q M;

o fotfn, = Yoo -
> (IM|LMSM g Y(LMSM S‘o,‘g ‘LM‘SM SIIM'SM g’
MMGM'M'

JM,) =

JRI+DRIHDL|o D) D (_1)L—M—MJ+MJ'[
MM M'Mg'

L S J' L k L 5
M Mg -M;'\-M q M MsMs™

L s J
X
M Mg -M,

IMocmeauss cymma MoxkeT OBITH BEIYHCICHA ¢ ydeToM cooTHomieHus (3.45). B pesynsrare

MOy YU M:
: J J'
' N k 1
(O = (1) J2T +1)(2J +1){L L}(L”Ok IL).
3amaum k pa3neny 4
1. HaliTH KOMIIOHEHTBI NBLE303JIEKTPHUECKOTO TEH30pa Yiy AJMA KPHUCTAILUIA C TOUYCUYHOH

rpynnoit Ty, Tenszop y ompenpenserca cooTHomeHuwem P; = yuGwy, rae P; — BexTop
MOJISIPU3ALNH, O — CUMMETPUYHBIN TEH30D HAIPSKCHUH.

Yka3aTb BO3MOXKHBIC YHCJIa ATOMOB B CIIOSIX MOJIEKYIIBI ¢ cumMeTpueit Csy 1 Dig.

Ilycte B3aMMOAEHCTBHE aTOMOB OKTa)pPHYECKOW MOJIEKYNIbl 3aBHCHUT TOJBKO OT
PacCTOSTHHS MEX,Ty HUMH (LleHTpalibHBle CHiIl). Hamucars MaTpHily ynpyrux HOCTOSIHHBIX
¥ BBIYHCIIHTh YaCTOTEI HOPMAIBHBIX KOJIeOaHHH.

Haiit HOpManbHBIE KOODAHHATEL TETPAIPHUUECCKON MOIEKYIHI XY 4.

IIpoBepuTs, uTO COOTBETCTBHE g —> D(g), ompeneneHHoe paBeHCTBOM (4.16), siBisercs
JTUHEHHBIM NTPE/ICTABICHHEM B MPOCTPAHCTBE () YHKITHH.

B TpexMepHOM €BKIMIOBOM IIPOCTPAHCTBE 3aJaHa HEKOTopas [eKapToBa CHCTeMa
xoopzauHar. Kax npeobpasytores GyHKIHE X, X°, f'(x,,Z), SINX TpH MOBOPOTE OKOIO OCH Z
Ha yrou a.?

Pas6bute dyHKkimio x° Ha wacTH, mpeoGpasyrommecs mo HIT rpymmel oktasapa (ocw
KOOP/JMHAT HAIIPaBJICHEI B/IOJIb OCEH YETBEPTOro MOPSAKA).

Osznauaetr i paBeHCTBO (4.17), 4TO B NpeaCTaBICHHH, MopoxaacMoM ¢yHKIue#H fx),

kaxoe HIT cogepxurcs He 6oee, yeM 1o 0JTHOMY pa3y?
Hocrponts Marpuisl Tpex HIT rpynmer okrasapa Ha QyHKUMAX 32°—F 3 ) xy u

Z; Yz, ZX HX).
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10. OnpeneauTts Tpyniy CHMMETPHH HEPEISTHBHCTCKOTO TaMHIBTOHHAHA JJIS HOHA C
3apa/IoM Z | 1 SIIEKTPOHAMHU:
2 2
~ ; Ze e
A=y oy v
T 2m ¥;

2
i i>j i

11. Ilokazate, 94TO MaTpuibl S, OCYHIECTBIMIOIIME PA3JI0KECHHE NPEACTABICHUS D®xpW.

D® x p™ =S_1(ZD(W))S, ONpeAeSIIOTCA ITHM COOTHOILIEHWEM C TOYHOCTBIO JIO

vt
YMHOXKEHHS Ha SIIEMEHTH KOMMYTATOPHO# anreGpsr anre6psr [XDY)].

12. IIpoBepuTh OPTOrOHANBHOCTEL PYHKIIHH, Npeobpasyromuxcs no paznuyaeiM HIT win kax
pasiauyHble CTpOUKH oaHoro HIL

13. Berauciaute ,[(pi(“)(x)alx , ect [y — HEeTOWKIECTBEHHOE NPECTABRICHHUE.

14. Ioka3zats, uto I'g€ I'pxI’y TOraa u Toneko Toraa, korga I'te I'g*xIpxIy.

15. Haiitu paBmia ot6opa /Ui SIEKTPHYECKAX U MATHUTHBIX THITOJBHBIX MTEPEX0/I0B MEXKITY
YPOBHIMH CHCTEMEI, O0najaroniei cummerpueit Op.

16. Ha cucremy, obnmanatontyio cummerpuer rpynmel O, HAIOXEHO BO3MYIIEHHE, KOTOPOE
MOHIKAET CHMMETPHIO 10 rpynnsl a) Dsg, 6) Doy Kak pacmiersroTcss BBIpOXICHHEIC
YPOBHH YHEPTrHH CHCTEMEI N0J1 IeHCTBHEM Bo3MymieHusi? Haltu kaHoOHWYeckne 6a3nucel U
HAIMCATh MATPHUILy BO3MYIIEHHS /IS CHCTEMBI, OOJIafaiomeil TpeMsl YpOBHIMM: E(T4),
E(T4,°), E(T'sy).

17. CocraBute MO JIKAO monexynet XYy, npeobpasyrommuecs no HII rpynmner Ty, u3 s-, p-,
d-opOuraneit atoma X u s-, p-OpOHMTANICH JIMTAH/IOB.

18. Kax pacmierisroTcss ypoBHH atoMa C JaHHBIMH 3HAYEHUSMH IOJHOTO MOMEHTA j = 1/2,
1,...,7/2, 4 B noxne ¢ kybuueckoi cummerpueii O?

19. Onpenenuts BOMHOBHIE (PYHKIIMH PAacIIeIUICHHBIX YPOBHEH B MpeAbIIyIeH 3a1a4e.

20. Tokasate, uto Qyskums v, semsercs cobereHHOM (GyHKImeH omepatopa ;- =
jx2+jy2+j22. BEIYHCITIHTE COOTBETCTRYIOIIEE COOCTBEHHOE 3HAYCHHE.

21. Haiiti moTeHI[Man KPUCTALTHYECKOrO OIS C TETParOHANLHON CHMMETPHEH.

22, Ha¥liTi 5KBUBAIEHTHBIC OMIEPATOPBI JIsI HTOJTHHOMOB

P20 =372 —r2, P22 = x? —y2, P40 =352% —30r%22 +3r4,

P42 = (7z2 —r2)()c2 —y2), P43 = )cz()c2 —3y2), P44 =x* —6)c2y2 +y4.
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5. O0pamienne BpeMeHH

5.1. AHTHYHHTApPHOCTB OllepaTopa o0paleHHs] BpeMeHH
Oobpawenue epemenu O (oOpawjenue HANPAGNEHUA OBUIICEHUA) 3AKITIOUYACTCA B
M3MEHEHHH BCEX CKOPOCTEH (B TOM YHCIE H CKOPOCTEeH “COOCTBEHHBIX BPAILICHHH, CITHHOB)
CHCTEMEI Ha IPOTHBOMOJIOKHEIE. CBSI3b OOpAICHUS BPEMEHH U CMEIICHUS BO BPEMEHH D, :

A

D, = exp(— %I:It), D,0=c0D_;,

d=1. (5.1

Ecmu O sBasiercss 21eMEHTOM CHMMETPHHM CHCTEMBI (HE MEHSET raMHIIBTOHHAHA), TO, Kak

0OBIYHO,

Hy, = E,v, — HOy, = E,0y,, (5.2)

(0, 0| =|(x, )| (5.3)
(coxpaHsieTcsi BEpOSTHOCTh IEpEX0/ia MEXIy MpeoOpa3OBAHHEIMH COCTOSIHHSIMHE). PaBeHCTBO
(5.3) umeer MecTO 11 HODMHPOBAHHKEIX BEKTOPOB, HO PACHPOCTPAHSETCS 10 OIPEIEICHUIO U
Ha BCe Jpyrue BeKTOpHl. M3 HEero BrITEKaeT, YTO €clU {e;} — OPTOHOPMHPOBAHHBIH Ga3uc
ruasbeproBa mpoctpancTea, To {fe;} — Takoit e 6asuc. Ecim x = E'e;, To Ox = £"Oe;,
npuuem &7 = |&]. TIOCKONBKY KaXKIOMY COCTOSHHIO OTBEYAET IENEIH HAGOD BEKTOPOB C
INPOHM3BOJILHBIMH (ha3aMH, MOXKHO BOCIIOJIBL30BATECA 3THM IPOM3BOJIOM TaK, YTOOKI ONEPATOP

0 cTan TuHEHHBIM WIH aHTWIHHEHHEIM. [1ycTh

0f; =0(e; +¢;) = c10¢e; + ¢;0¢;,

cl| = |c,-| =1.
CHabnum Oe; dasoit 1, Oe; — dazo#t ¢; / ¢1, 0f; — dazoi cl_l, TOT/IA JUIS TIEPEOTPeAeIICHHBIX
cocrosimi Of; = Oe;+ Oe;. YMHOKas nanee Ox = &' 'Oe; Ha £'/E' ' (0 Moxymo paesoe 1) u
nononHsas Ox aToi Pazoit, momyunm

Ox =E'0e; + £7Be, + &8s +..., [E" =8 =[¢.
Corxacro (5.3), (/)] = [(Bx,0f)|, T.e., [€' + ] = [€ + &"], mm E1*g + ElEM= e + £le™.
Vmuoxas Ha £ ' i yaureiBas, uro | 7= &%, momyumm mrs £ ' xagpaTHOe ypaBHeHHe:

g ) - €+ EEME +EET =0;

oTKYAa gi=g,  mbo E&"'=g*EE™). (5.4)
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B nepBom citydyae onepatop O oka3mlBaeTCsl JIMHEHHBIM M YHHTapHBIM, @ BO BTOpOM (TIOCIIE
BTOPHYHOTO JIOMONHEHHs 0x (asoi &'*/E' ) — aHTHIMHEHHBIM H AHTHYHHTAPHBIM:

Ox = £*8e; B(ax+By) = o*Ox-+B*6y, (Bx,6y) = XiE™* = (x.)* = (). (5.5)
Ilpumensss  cootHomeHne (5.1) K MPOM3BOIBHOMY COCTOSHMIO, pa3JIOKEHHOMY IO
cranmoHapHbiM coctosiamsM, ¥ = >a,¢,, ¥ npeanonaras JMHEHHOCTH omeparopa 0, MbI
IPUJIEM K TPOTHBOPEYHIO (HEpaBEHCTBY), MOITOMY I Omeparopa OOpaleHus BPeMEHH
MOXET BBIIOJIHATHCA JIMIIb BTOpas M3 Bo3MoxkHOcTed (5.4), T.e., O — aHTHyHHMTapHBIH
omneparop.

Onepamop KOMRNEKCHO20 CORPAXCEHUA MEHICT KOMIIOHEHTHI BekTopa (B robom
6azuce) Ha KOMIUIEKCHO-COMpspKeHHble: Ky = wy* K 2 = 1. Hopmansnan dopma
anmuynumapnozo onepamopa: 0 = UK, rie U — yHUTapHBIH onepaTop.

0’=UKUK = UU*=cE > U=cU - ¢ =11, ®=11. (5.6)

5.2. PaznuuHble NPeACTABICHHA ONepaTopa o0pameHnsi BpeMeHH
CymectByer aBa Kjacca (H3HMUECKHX BEIIMYMH IO OTHOIIEHHIO K OOpAICHHIO
BpPEMEHHM: /I HEepBOro Kiacca (HampuMep, KOOPJAMHATBEI) BEPOSTHOCTh OIPEJEISHHOTO
3HAYCHHS BEIMYHMHBI OJMHAKOBA B COCTOSHMAX W M Oy, a mms BrOoporo (CKOpoctH) —
OJJMHAKOBA BEPOATHOCTh TPOTHBOMOJOXKHBIX 3HaueHHH. Omeparopel COOTBETCTBEHHO
YIOBIIETBOPSIIOT CICIYIOIIHAM ITEPECTAHOBOUHBIM COOTHOIICHUSIM
0g =40, Op =—p0O (5.7
(T-getHple u T-HedeTHble omnepaTtopsl). B mpeaMHrepOBCKOM IIPEACTABIEHHH, B KOTOPOM
ONepaTop KOOPJAMHATHEI COOTBETCTBYET NMPOCTO YMHOXKEHHIO, 4 ONEpaTop HMITYIbCA py = —
ihO/0Ox, yautapHseii onepatop U B 0 = UK KOMMYTHUPYET C X, Py, T.€., OH HE 3aBHCHT HHU OT
KOOp/IMHAT, HA OT UMITYJILCOB, H, €CIIH HE YYUTHIBAThH CITHHA, TO MOXKHO TOJOXHTh
U=1, 6=K, Oy =vy* (5.8)
YrtoOBl yCTAaHOBHTH, Kak AeHcTBYeT U Ha CIIHHOBBIE KOOPAWHATHL, TPHMEHHM COOTHOLICHHE
(5.7) ko BCceM CIIMHOBBIM ONepaTopaM B OOBIYHOM IPEJICTABIEHHUH (Sio = Ojo/2, i — “HOMeEp
anekTpona”). Torna
USix = —Six[], US,’Z = —S,'Z[], USiy = S,'yU (59)
Orcrona ¢ TO4HOCTBIO 10 (a3el nonydaeM U = O1,XGyyX...X0y,,. Da3y BeiOepeM Tak, uTOObI

oneparop U cran BCINCCTBCHHBIM, TOT/1a (OIIYCKaA 3HAK AMOT'O HOXCHHUA
2

0 = (—i)"01,02)...04K, (5.10)
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H 0>=1 (n — uerHoe), 0>=—1 (n — HeuerHOE). (5.11)
ITockonbKy —iCy COOTBETCTBYET MOBOPOTY HAa T OKOJIO OCH ¥ B CIMHOBOM IPOCTPAHCTBE,
(5.10) MOxHO mepemnHcaTh eiie B BU/IC
0 = Ds(0,m,0)K. (5.12)
AHaNIOTHYHOE BEIPAKEHHE:
0 =D(0,n,0)K = exp(-inJ,)K, (5.129)
OKa3bIBaeTCs yIOOHBIM ITPH HCHONB30BaHUH JM -mpencrarnenus. imes B BUILy COOTHOIICHHE

D,(njgn (0,1,0)=38,, _,(~ 1)/™™ (cp.(4.26)), MOXKHO 3amKcaTh:

0> ap|IM)=> an, * ()" ™M|J-M). (5.126)
JM

JM

5.3. Onpenenenne KonmpeacTaBIeHHH

IlepectanoBouHOCTE  omeparopa O ¢ omeparopaMH  NPOCTPaHCTBEHHBIX
npeoOpa3OBaHHM:

0/ =108, 0D(g)=D(g)0, ge SU2)(Rj), (5.13)
TaK KaK D(0,7,0)D*(g) = D(g)D(0,m,0).
Oco6eHHOCTD TOJTHOH TPYNITEI ONEpaTOPOB CHMMETPHH KBAHTOBOMEXAHHYECKOH CHCTEMBI,
BKJIIOYAONIEH oOpaiieHHe BPEMEHH, 3aKII0YacTCs B TOM, YTO 4YacTh (IOJIOBHHA) 3THX
OIepaToOpOB ABJISIFOTCS AHTHYHUTAPHBIMMU:!

Go=G +0G, G={D(g)},

g — TpOCTPaHCTBEHHBIE omepanud. [IpaBuia yMHOXEHHS ONEpaTOPOB B TPYIIE
onpeaeisitorea (5.13) u (5.11), B wactHoctH, 0D(g1)0D(g2) = —-D(g1g2), eciu cucrema
COZICP)KHT HEYETHOE YHCIIO YACTHI] C TOJTYIEIBIM CITHHOM.

BcenmenctBue yka3aHHOH OCOOEHHOCTH MatpMilpl omneparopoB Gy He 00pasyior
NPECTABICHHS YTOH IPyHIbl, KOO 0OBIYHOE MPABUIIO YMHOXXECHHUSI MATPHIL OITIEPATOPOB HMECT
MECTO TOJBKO sl THHEHHBIX onepatopoB. /st rpynmner Gg:

D(uiup) = D(u)D(ur), Dua)=Dw)D(a), D(au)= D(a)D*(u),
D(ai1ay) = D(a1)D*(ay), ue G, ae0G. (5.14)
CootsercrBue g — D(g), mpu KOTOpoM MaTpHIlel D(g) yIOBIETBOPAIOT ypaBHEeHUIM (5.14),

Ha3BIBAIOT Konpeocmaeienuem. JKBUBAIICHTHBIC KOIIPEICTABICHHS:
D(u)=S"'Dw)S, D(a)=S"'D(a)S*. (5.15)

IIpBOIMMOCTH ¥ HEITPUBOUMOCTD OIIPEAEIAIOTCSA KaK JJIsl OOBIYHBIX MpEACTaBICHUH.
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HenpuBonumere xonpencraenenuss (HKII) moryr ObITh Kak NPHBOAMMEIMH, TaK H
HEMPHBOJUMBIMH TPEJICTABICHUSMH YHHUTAPHOM NOArPYNBL. 3[eCh pa3M4aloTCs TPH
CIydJast:

1) Ecim D(u) o« D*(u) = C"'D(u)C, u CC* = D(0?) (= +1), To HKII COLEPXHT TOIBKO OHO
HII D(u) ynutapHO#H HOArpyIIEL.

2) Ecirt D(u) o« D¥(u), u CC* = —D(8%), To HKII copepxut D(u) BaxbL.

3) Ecmu D(u) nesxsuBanentHo D*(u), o HKII copepxur D + D*,

Hoxazamenscmeo. Ilycts A(u) — HII G HaMMmeHbIe# pa3MepHOCTH, COJIEpIKaIeecs B
HKII; 6a3uc A(u) — ey,e,...,er. Torna Oey,...,0e; — 6azuc HII A*(u), a munHelinas o0omouka
{e;0e;} MHBapMaHTHa OTHOCHTENBHO BCeX u,a € (p. Orciofa cpa3y BBITEKaeT, 4TO, BO-
NIEPBBIX, BOBMOXHBI TOJBKO yKa3aHHbI€ Bbille Tpu Tuna pasnoxxenus HKII mo HII G, Bo-
BTODEIX, CIIPABEJIUBO TPEThe yTBepxkaeHHe. DyHkuHU Oe; MO0 BCe BBIPAXKAIOTCS 4Yepes e;,
L{e;,0e;} = L{e;}, mnb0 Bce MHHEHHO HE3aBUCHMEI C {e;}, MOCKOIBKY B MMPOTHBHOM CIIy4ae
UMENoCch OBl MOANPOCTPAHCTBO MeEHbIIeH, uem [, pasmepHoctH (L{e;0e;} — L{e}),
MHBapHaHTHOE OTHOCHTENLHO # € G. Eciu Oe; = 2. Dy(0)e;, To A* (1) = D'(@)Am)D(0), Te., ¢
TouHOCTBIO 10 (azsl C = D(B), u CC* = D(0)D*(0) = D(0?). Eciut Oe; He3aBHCHMBI OT ¢;, TO B

Au) 0

, a B Oa3uce
0 A*(u)]

6azuce {e;0e;} marpuiwr HKII D(G):((l) A((e)z)],D(u):[

{ei,é_leei}u%[A(u) 0 ],6 [0 A@*C*

- P 0 ] Jlonyckasi, uto CC* = A(0?), momnydnm

0 A
0o C
D@O®)=| . , HO Takas MaTpHIa MOXeT OBITb TPHUBEICHA OPTOTOHAIBHBEIM
C
1 g LFE
npeobpa3zoBaHueM S = ‘/51 A ‘/15 . |, He MenstomMM BHaa D(u), 1 MBI BO3Bpamaemcsi K
o

crygaio 1). Ecmn e CC* = —A(0?), 0 D(G):[g _OC], ¥ OHA MOXET OBITH TPHBEIEHA

TOJIBKO TIPY TMOMOIIM KOMIUIEKCHOM MaTpHibl S, U YCIOBHE dKBHBalleHTHOCTH (5.15) mpu
stoMm He Oymer ymomiaetBopsaThecs. Kak Buano, Tenmel HKII moNMHOCTBIO omnpeaensroTcs

CBOMCTBaMH HEIIPHBOJUMBIX YHHTAPHEIX IIPECTABICHUH.
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5.4. Teopema Kpamepca
Teopema Kpamepca yteepnaer, uto, eciu 0 2= —1, HO = OH, T0 Kax/Iblii YPOBEHD
SHEPIHM N0 KpaWHEeH Mepe ABYKPATHO BEIPOXKAEH. TeopeMa BEITEKAeT U3 COOTHOIICHHH
(W W) = (8 i, OW) = (i, O1,) = 0.
Cocrosums i Oy mpu 0 = —1 Ha3HIBAIOTCA KPAMEPCOBO-CONPAICCHIBIMU COCIMORNUAMU.

Jnst T-aetHBIX () 1 T-HEUYSTHEIX (p) OMEPAaTOPOB:

(v, g0y) =0, (v, qv) = (Bw, g0y), (v, pw) =-(Oy, pOy). (5.16)

5.5. IlpaBuia oT00pa MATPHYHBIX 3JIEMEHTOB, CBS3aHHbIE C 00palleHHeM BpeMeHH

PaccMoTpuM “IMaroHaNbHBIA” MATPHYHBIH 37eMeHT (Ha QYHKIMAX, OTHOCSIIHXCS K
OJIHOMY YPOBHIO): Yy ; = (\p,(a),Of-ﬁ)\pg’)), npuuem Iy oc ['y*. Kak Mel Buienu B 1. 3.4, npu
INPOCTPAHCTBEHHBIX ONEPALUAX CHMMETPHH Yj;; MPeoOpasyroTCs COTIAaCHO IPEACTABICHHUIO
Io’xTp. Buecto Yy yRoGHO paccMOTpETh MAaTpHUHEIE MEMEHTH Zy ; = (nga),Of-B )\yg’)),
JMHEHHO CBA3aHHBIE C Yy :

Zy,; = (00P P, 07y(®) = g560 (00, 0Py(™) = g020.2Zy; .,

2
rme € = 1 mpu 6 ° = £1, ¢g = 1 B 3aBHCcHMOCTH OT THHa omnepatopa O OTHOCHTEILHO

obpaiuenus Bpemenn. Takum oOpazom,
1
Zy,j=5(Zy, ;+€gE0Zy ;)
T.€., MATPUYHBIE IEMEHTHI Zj; (GAKTHUECKH 00pasyloT 06a3uC MPEACTaBICHHS [FQZ]XFB WIH
T’} xI'g TIpu €9€q = +1 mnu —1, cooTBeTcTBEHHO. [103TOMY IpaBUiIa 0TOOPa B 3THX CIly4asx
TpeOytoT, uTobhI I'g € [[o] wu I'p e {Faz} BMecTO Oojiee mHMpokoro TpeboBanus 1m.3.4. I'g €

2
I'y". OrMeTnM, utO 318Ch [ — HE 00M3aTEILHO HEMPHBOJUMOE IIPEICTABICHHE, 3TO MOXKCT

OBITh, HAIPUMED, HEIIPHBOAMMOE KOIPEACTABICHHE BTOPOTO H TPETHETO THIIOB.

5.6. ®opmManu3M CIHHOBBIX TAMHJIbTOHHAHOB
CHOHHOBEIE TaMHILTOHHAHLI HCIOJB3YIOTCA I OIHCAaHHA CHCKTPOB CHCTEM C
OrpaHHY€HHBIM yuciIoM ¥ = 25 + 1 (§ — “addexruBHuIN cruH”) cocrosHui. C nogo6GHOTrO
poAa CUCTeMaMH TIPUXOAMTCA MMETh J€M0, HampuMep, B MAarHUTHOM pE30HAHCE,
napaMarHUTHBIC HOHEI B KPHCTALNIMYECKHUX IIOJAX YacCTO 06na11a10T HEBBIPOXKACHHBIM
OCHOBHBIM Op6I/ITaIII:HI:IM YPOBHEM, YIAJICHHBIM OT BO36y)KI[eHHI:IX ypOBHeﬁ HHTCPBAJIIOM

MOps/IKa COTEH cM . MarHuTHBIC CBOWCTBA CHCTEMBI OIPEAEISIOTCS TPYNNONH CIHHOBBIX
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COCTOSHHH HOHa, HX DPACIICIUICHHEM B KPHUHCTAJUIMYCCKOM W MAHUTHOM IIOJIAX. B stom
cnydae S(GGEKTHBHBIH CIMHH CHCTEMBl COBMAJAET C HCTHHHBIM CHOHHOM HOHA, 4TO,
COOCTBEHHO, ¥ OTIPAB/ILIBACT HA3BAHHUE CHUHOBHLI 2AMUILIMOHUAH.

@®opmanbHO J1F0060H 3PMHUTOB OINEpAaTOP B #F-MEPHOM IIPOCTPAHCTBE MOXKET OBITH
MPEACTAaBIEH B BHAE KOHEYHOM CYMMBI ‘‘CIIHHOBBIX OIEpaTopoB” S, M HMX CTENCeHEeH

(cHMMETPH30BaHHBIX) JI0 ¥ — 1 BKIIOYHTENLHO:
H=ay+a,Sy +agpS,Sp +... (5.17)
JlMaronanu3oBaHHBIH OnepaTop onpeaesercs ¥ COOCTBEHHBIMHA 3HAYSHUSIMH HIIH YHCIIAMH a,
B BBIPOKCHHUAX
Hy=ay+as, +a®s?+. . .+al Vs,
OpnHako ompeneneHHBIe KOHCTPYKTHBHBIE 3aKIIOUeHHsS O (OpMe I'aMHIBTOHHAHA MOXHO
clenaTh JIWOIL B Cilydae, KOT/la H3BECTHEI CBOMCTBA NMPeo0pa3oBaHUH “CIHUHOBEBIX” COCTOSHHN
NpH npeoOpa3oBaHMAX B (PH3HUECKOM NPOCTPAHCTBE M OOpPAIICHHH BPEMEHH. | aMHUIIbTOHHAH
CHCTEMBI YIMPOIIACTCS IPH HATWYHH TOH WIH HHOH CHMMETpHH, MO0 OH JOIDKEH OBITh
WHBAPHAHTECH OTHOCUTEILHO COOTBETCTBYIOIIMX IMOBOPOTOB, & TAKXXE OOPAIICHUS BPEMEHH C
M3MEHCHHEM 3HAaKa BHENTHEr0 MarHUTHOro noist. Ecnm S — HCTHHHBINA CNHH, MHOXKECTBO
cocTOsIHEH ero mpeobpasyercs o npexacrapiernio D, i HeueTHEIE CTEITEHH €ro KOMIIOHEHT
MOTYT BXOJHTh B TAMUIBTOHHAH JIMIIL B KOMOWHAIIWK C MATHUTHEIM TToJieM. OrpaHHYHBAsICh
JTUHEHHBIMH 110 MarHUTHOMY MO0 WIEHAMH H HE YYHUTBIBasA OOIIHH CIBHI' YpOBHEH
CIIHHOBOT'O MYJIbTHILICTA, NMPEICTABMM TaMUIIbTOHHAH U1t crmHa S = 1 (1 3/2) B BUIe
H =gugH,Sp+DypSqSp,

TI€ TEH30D gop M CHMMETPHYHBIN Oeccleanbi T€H30p Dyp MOKHBI ObITh MHBAPHAHTAMH
TOYEYHOH TIpyNIbEl CHMMETPHHM TO3HIMHM TMapaMarHUTHOTO IeHTpa. B cmywae S = 2, 5/2
J00aBIISIIOTCS CIaraeMele YSTBEPTOTO MOpsiAKa 1o S,, a npu S = 3, 7/2 — mecrtoro. B HyeBom
MArHATHOM TIOjJ¢ CIHHOBBIH TAMHJIBTOHHAH SBISICTCS OSKBHBAJIICHTHBHIM  CIIHHOBBIM
orneparopoM i MOTEHIHala KPHCTAUITHYECKOro Moiasi. MarpuyHele  3IIEMEHTEI
KPHUCTAJLITMYECKOTO MO He ofpamaioTcs TOYHO B HYJb, NMOCKOIBKY JEHCTBYIOIIEE Kak
BO3MYIICHHE CHHUH-OPOWTANBHOE B3aHMOJCHCTBHE CIIETKA IPHMENINBACT K CHHHOBHEIM
COCTOSTHUSIM OpPOHTAILHBIE COCTOSTHHS C TOH YK€ CHMMETPHEH.

PaccmoTpuM eie CITMHOBBIE TaMWJIBTOHHAHBI LIl KPAMEPCOBBIX JYOJICTOB; B TOM

o 2
ciyyae 3¢ dextuBHEIH cruH S = 1/2, 07 = —1, 1 MOXXHO ITPOU3BOJIEHO BHIOPATh Mapy B3aHMHO-
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OpPTOTOHANBHBIX COCTOSHHH W H Oy B KayecTBe COOCTBEHHBIX BEKTOPOB orepartopa S,
Oneparopsl S, S,, S; MEHSIOT 3HaK Ipu 0OpaIeHHH BPEMEHH,  TAMWJIBTOHHAH UMECT BH/I;
H = apH oSy

IIpousBon B BBIOOpE “OpHEHTAIIMHA” B CIIHHOBOM IPOCTPAHCTBE MOYKHO HCIIOJB30BATEH LIS
JMaroHanu3aluu “TeH3opa” go, OaXe B OTCYTCTBHE IIPOCTPAHCTBEHHOW CHMMETPHHU.
“CrnuHOBBIH” 0azuc , Oy MOXHO MEHATH C MOMOINBIO YHHTApHBIX MpeoOpa3oBaHHH H3
SU(2), ogHAako COMOCTaBIATh HX MOXXHO TOJNBKO C TEMH BpAILECHHSAMH B (DH3HYECKOM
npocrpanctBe (rpynmna Rj), KoTopele mnpuHamiexar rpymne cuMMmetpun G C  Rj
apaMarHUTHOTO HOHA B OTCYTCTBHE MAarHHUTHOTO MHOJISI M OTHOCHTEIBHO KOTOPBIX MO3TOMY
npoctpanctBo {y, Oy} wHBapuantHO. IloBOpoTHI M3 Ri3, He mpuHAIeKAIHE TIPYIIE
cuMMETpHH (G, MEPEBOJIAT COCTOSIHUA Y/, Oy B BO3OYKJIEHHEIE COCTOSIHHUS.

I[lpu Hanmuumu cumMeTpud G TaMWIBTOHHAH JIOJDKEH OBITh HMHBApHAHTEH
OTHOCHTEIIEHO COOTBETCTBYIOIIMX TIOBOPOTOB MAarHMUTHOro mnois H W OJHOBPEMEHHBIX
IOBOPOTOB B JBYMEPHOM IpocTpaHcTBe. IlocieaHMM OTBEYalOT TPEXMEpHBEIE MOBOPOTEHI
“BexkTopa” § M NOABIIETCS BO3MOXHOCTh COINIACOBAaHMUS “KOOpAMHAT B CHUHOBOM
IIPOCTPAHCTBE C CHCTEMOH KOOpAMHAT (u3udecKkoro mpocrpancTea. Ecau Z — riraBHas och

TpyNIbI G HOpsAIKa n, BEIOEpEM GbyHKIHH v, Oy TaK, YTO
D(C,)y=e ™y, D(C,)0y=¢®0y (0 — NONOBMHA yIMa NOBOPOTA), TeM CAMBIM

(GHKCUpyYs OCh Z COMHOBOTO IPOCTPAHCTBA; G3/2 = S;. IIpH TakoM BEIOODE -1 = 82 = &v: = &)z
= 0. Ectit gpyrux mpeoOpa3oBaHuii CHMMETPHH HET, TO OCTACTCSA MPOM3BOI B BEIOOPE OJTHOH
u3 ocet 1,2 (x, y) B CIIHHOBOM TIpOCTpaHCTBe. IIpH HamMYHMH OCH BTOPOTO TOPSIKA,

NEepIeH/THKYISIPHOH K IIIaBHOH, BEIOEpEM ee 3a OCh Y, Tak 4To

D(C3 )y =-D(C3)00y = KBy, D(C3)By =Ky,
T.€., B Gazuce {w,0y} D(C}) =—io,, H, TaKMM o6pasom,
D'(Cy)S, ==S,, D'(C3)S, =—S,. TeM CaMbIM TE€H30D g, ABTOMATHYECKH CTAHOBHTCS

CHMMECTPHYHEIM M JHArOHAIIBHBIM; ECIIH XK€ 71 > 3, TO &y = Ly = |-

3agauu k pa3geny 5
1. KaxoB Buzx omepatopa oOpallieHusi BpeMEHH B HMIIYJIBCHOM NpeJcTaBieHuH (6e3
ydeTa criuHa)?

2. [Tloka3zaTh, YTO MaTpHIIbl AHTHYHUTAPHBIX ONEPaTOPOB YHUTAPHBI.
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3. [Tloxa3zarp, yto marpuna D(0) cuMMeTpryHA WM AHTHCHMMETPHYHA B 3aBHCHMOCTH
OT YETHOCTH YHKCIIA DJIIEKTPOHOB.

4. VYb6enuTbcs B TOM, YTO BCE HEIPHBOJHMMBIC KOTPEJACTABICHHS TPH HATHYHH
BpaIaTeIbHOH CHMMETPHH OTHOCSTCA K TEPBOMY THITy (HMHBIMH CIOBaMH, B 3TOM
Clydae CHMMETpUS OTHOCHTENIBHO OOpalieHMs] BPEeMEHHM HE IPHBOJIUT K
JIOTIOJTHHTEILHOMY BEIPOMKICHHIO).

5. HccnenoBaTe HeNpUBOAUMBIE KONPEICTABICHUS NPU HAIMYUU OCEBOH CHUMMETPUM
(Cooy Caov)-

6. Kakme wu3 ciemylommx oOnNepaTopoB SBIAIOTCA T[-4eTHBIMH W T-HEYETHBIMH:
(s1:52)(@-r), (r-5), (r51)(r-52), (pxr)-5?

7. BoamoxeH nu nuHeiHb# dddext Hlrapka st cucrem, 06Iaa0IMX CUMMETpPHEH

R3, 0, Tq?
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6. IlpocTpaHcTBeHHBbIE TPYNNbI U KX NPEACTABJICHHUS

6.1. Onpenenenne NPOCTPAHCTBEHHOH IPYNIIbI

IIpOM3BONEHEIA ~ 3IIEMEHT  ZPYHnbl  OBUIICEHUU  MPEXMEPHO20  e6KIU008a
HpocMpancmea MOXHO IPSICTABATE B BUAE g = - = (a | r), r1e t, — TpaHcisus Ha BeKTOp
a, r — TPOCTOHW WM 3epKallbHBIH TOBOPOT. lIpeoOpa3oBanue g HA3BIBACTCS GUHMOGHIM
epaujenuem, eCiu r — MPOCTOH MOBOPOT, @ BEKTOP 4 MapaLIeNIeH OCH IIOBOPOTAa, KOTOPYIO B
9TOM CIy4ae Ha3bIBAIOT GUHMOGOU ocblo. CKOnv3aujee ompaxcenue — g = 1,G, KOTIa a
NapaIeNsHO TUIOCKOCTH OTpaXeHUs (naockocmu ckonvicenun). CONpsSHKEHHBIE IIEMEHTHI
(cp. m.1.5):

glg ' =g, 1 R(M,Q)_, =R(,n,0).

Ilpu 3TOM HajO HMETh B BHIYy, 4TO f,a=a (Ha4aio BEKTOpPAa 4 HE 3aKPEIICHO).

IIpon3BeneHmne 3IEMEHTOB:
8182 = (a1|r1)(a2‘r2) = (az +Aazlnn). (6.1)

OTtMeTHM erie, YTo MOBOPOT € MOCIEAYIONIEH TPAHCISIIIHEH Ha BEKTOD, MEPIEeHAUKYISIPHBIN
OCH, SIBJSIETCS TOBOPOTOM OKOJIO NMapalijieIbHOH OCH:
(a|R(n,¢)) = R(n',9), n'= i n, (6.2)
IPHYEM BEKTOP CABHra 4’ MOBEPHYT OTHOCHTEIIEHO @ Ha yrod (7m—@)/2 BOKPYT OCH M, a TO
BeITHYHHE OH paBeH (a/2)sec(¢/2). OTpaxeHue B INIOCKOCTH € MOCIEAYIONIeH TPaHCIAllneH Ha
BEKTOD @, NMEPIEeHIUKYISAPHBIH IIOCKOCTH, SIBISIETCS OTPAXXEHHEM B IUIOCKOCTH, OTCTOSIEH
OT MCXOZHOM HA a/2. DTH 3aMe4yaHus TO3BOJIIOT HCIOJB30BaTh B CTaHIAAPTHOM
IIPEJICTABICHHH 3JIEMEHTOB TPYIIIEI ABMKCHHH g = {7 MHOXKECTBO MOBOPOTHBIX 3JIEMEHTOB 7,
OCTABIIIIONMX HETOJBHXHOHN BBIIENEHHYIO TOUKY (Hadalo KoopAauHar). I'pynmna JaBHKeHHH
OKa3BIBAETCA NONYNPAMBIM TPOHM3BEICHHEM MOAIPYNIEl TPAHCISIIHA M OPTOTOHAIBHOH
MOArPYNIEL
Ilpocmpancmeennsie 2pynnet — TPYNIBI CAMOCOBMEIIEHHH OECKOHEYHBIX
W/ICATBHEIX KPHCTAJIOB; OHH SBIISIFOTCS MOATPYNIAaMH TPYNIEl JIBIOKEHHH €BKIIHIOBA
npoctpaHcTBa. OCHOBHOE CBOWCTBO HPOCTPAHCTBEHHBIX TIPYIIN — HAJIMYUE JIMCKPETHOH
noarpynnsl tpancsnui T = {t,} Ha BekTOpa a = mia; + mya, + mya; (m; — UeJIbIe YACTA).

T — abeneBa rpymma ¢ 00pa3yOIUMH 1,1, I, 1,3, OHA H30MOpdHA BexTopHOH rpynne T = {a}.
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a, a), a3 — Oa3ucHvle 6eKMOpPbl KPHUCTAUITMYECKOW PELIETKH, Mapaieienunen,
NOCTPOSHHBI HAa HHX, HA3BIBACTCS OCHOGHBIM RAPALIEIEnUneoom (Inemenmaphuou
avyeuxou). Pewemxa bpaey — coBokynHocth TOuek 1,0 (yznoe bpaer), rne O —
npou3BosbHast Touka. [IIpocmas Kpucmanauueckas pewemka (OIMH aTOM Ha
JIeMEeHTapHYyI0 sueiiky) mo ¢opMme coBmagaer ¢ pemeTrkod bpaBd;  CioxHYIO
KPHCTAILTHYECKYIO PEHIETKY MOXHO PacCMaTpUBATh KAaK COCTOSIIYIO M3 BJABHHYTHIX OJHA B
Ipyrylo pemerok bpasd.

ITpou3Boa B BEIOOpE OCHOBHOrO MAapajUICICIUIEa: OAHO M3 pedep MOXKeT OBITh
HANpaBJICHO BJOJIb 106010 @ € T, 0fHA rpaHb MOXKCT JIEXKATh B MPOM3BOJBHOM TUIOCKOCTH,
copepxareit a u b # Aa. O6veM ocHOBHOrO mapamienenunena Qo = |ai(axas)| He 3aBUCHT OT

BEIOOPA 0a3MCHBIX BEKTOPOB (3a1a4a 5).

6.2. Tunbl pemerox bpass

Toueunan zpynna cummempuu K pemerkn bpae> (BekropHo# rpynmer 7) —
COBOKYITHOCTH TIOBOPOTOB H 3€pKaIBHBEIX TOBOPOTOB (C IIEHTPOM Ha HEKOTOPOM Y3IIE),
COBMEMIAIONINX penieTky bpaes ¢ coboi. Heobxomumoe U J0CTaTOYHOE YCIOBHE TOTO, YTO
re K (ycnosue coemecmnocmu oBOPOTOB M TPAHCIIAIHH ):

ra;=7>. ryQ; , rij— LEIbIC YHCIA . (6.3)
HNuBepcus /e K. Bozmoxusle ocu cummerpun K: n = 2.3,4,6. (JlefictBurensHo, Sp » =
1+2cos(2n/n), ¢ Apyro# CTOPOHEL, COMIIAcHO (6.3), 3TO AOIKHO OBITH LieT0e yKcio.) Bmecre ¢
OCbi0 cuMMeTpur Tipu 1 = 3,4,6 rpynna K coaepuT u IUI0CKOCTh OTpakeHHs Oy (3a7ada 7).
OTH 3aMedYaHHus OrpaHHYMBAIOT YHCIIO BO3MOXHBEIX rpymn K cembio; Kpucmannuueckue
cunzonuu (CHCTEMBI BEKTOPHBIX rpynmn 7) XapakTepHU3yIOTCS COOTBETCTBYIOIIEeH rpynnol K:
mpurxaunnan T (S,), monoxnunnaa M (Cy,), pombuueckan (wiu opmozonansnasn) O (Day),
pombo3rdpuuecxkan (witu mpuzonanvnan) R (Dig), mempazonanvnas (wu xkeaopamnan) Q
(D4n), 2cexcazonanvnan H (D), kyouueckasn C (Oy).

Oonomunnvie pewemku bpaBd OTHOCATCA K OJHOW CHHTOHHHM W MOTYT OBITh
MOJy4Y€HBI APYT U3 JIpyTra HeNpephIBHOH AedopMaiiueit 6e3 MOHMKEeHH CHMMETpHH. PerreTku
bpaB MOXHO TOJNYYHTh TPSAMBIM TOCTPOSHHEM CHCTEM Y3JIOB B  IUTOCKOCTSX,
NEPIEHINKYISIPHBIX “TJIABHOW OCH M MPOXOAAILINX uYepe3 /ABe Omrxaiiine TOYKH Ha 3TOH
OCH, TTOCJIE YeTr0 HCCIEAYETCS BO3MOKHOCTh Pa3MELIEHHS IPYTHX INIOCKOCTEH MEXy 3THMH
neyms. IlapaniensHele THHHE Y3710B (WIH IUIOCKOCTH Y3JI0B) H30MOP(HBI, MOCKOIBKY MOTYT

OBbITH MOJy4€HBI APYT M3 Jpyra CIBHIOM Ha BEKTOp pemeTKH. CymecTByeT 5 THIOB ILIOCKHX
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permeToK, H300paXeHHBIX HA PHCYHKE, OTHOCSIIMXCS K YETHIPEM TUIOCKMM CHHIOHUAM — C),

Cay, Cay, Coy (IBHIKECHHSIM IIIOCKOCTH).

o / J V4 / /
“ 1 /7
7 7 / : / /
a) C2 b) C2v C) C2V d) C6v e) C4v

B mpocTpaHCTBEHHBIX PEIIETKaX MOHOKIMHHOW CHHTOHHMH IDIOCKOCTH, MEPICHIUKYISPHBIC
ocu Cj, BRIIAAT moio6HO puc. a). [Ipoctas mMoHoknuHHAs pemeTka I, noly4yaercs, eciu
MEXJTy TUIOCKOCTSIMH, TPOBEACHHBIMH depe3 Ommkaimue y3ael Ha ocH C,, HET JIpyrux
mwiockoctel. B 06a30neHTpHPOBAaHHOM peIIeTKE F,,,b MOCEPEIUHE MEXIY OTUMH JBYMs
IUIOCKOCTSIMH pa3Melaercs emie oJHa, npuueM ock Cp MOXKET IIPOXOJUTh Yepe3 TOUYKH ITOH
TPEThEH TIOCKOCTH, JISKAIIUE B ICHTPE SUYCHKH WIIH JIEJSIIIHAE MOnojaM 0a3uCHBIE BEKTOPHI
mrockocth. Beero nveercst 14 tunos pemerox bpaso: Ty, T, Tyl To, T2, T, T I, I T,
r., Fcf; In; Ty, TOe HIOKHUE HHIEKC O3Ha4YaeT CHHroHuio. MHTepHanmoHaIbHAs CHMBOIMKA
pemeTox BKIovaeT obo3nauenue rpynnel K, kxoropomy npeamectByior OykBul P, F, I, A, B,
C. Hanmpumep, I, = P 1, r/= Fm3m,. F,,,b = A2/m. Onrcanue BCeX PEIICTOK, Pa3IHYHEBIC HX
oboznauenns cMm. B kHure Kosamesa (1986) (cm. Taioke bup m Ilmkyc, 1972). JIns Bcex
CHHTOHHI, 3a HCKIIOYEHHWEM TE€KCArOHAIbHOW, BBINIEYKA3aHHOE IOCTPOEHHE IO3BOJISIET
NONyYuTh napannenenuned bpaer, obGnapnarommit cummerpueit cuaronmun K wm pebpa
KOTOPOTO SIBIISTIOTCS BeKTOpamMu pemetku. it npocmelx pewemox bpa> (6e3 BepxHHX
WHJ/ICKCOB, WJIH repBas OykBa P B MeXIYHApOAHBIX 0003HAUYEHHX) mapajuienenunes bpass
COBIIA/IaCT C HJIIEMEHTAPHOH sSUeHKOH. B bazoyenmpuposannvix pewemkax (vHAeKC b, viau
A,B,C) uMeI0TCS Y3IIHl B IIEHTPAX JIByX MPOTHBOMNOJIOXKHBIX IPaHeH napauienenuneaa bpaso,
B zpaneyenmpuposannsix (f, ') — B 1leHTpax Bcex TpaHeH, B 00veMHOUeHmpupoeannsix (v,
) — B nenTpe mapautenenunena. Kaxapli THO PEMIETKH XapaKTEPH3yeTCs MapaMeTpamH,
3a/Ial0IIAMH Pa3MEPhI COOTBETCTRYIONIEro Napaenenunena bpass. Kyouueckue pemerku —
OJTHOITapaMeTpHUYECKUE (BeauurHa pedpa KyOa), TPHTOHAIBHEIC M TETParoOHAIbHEIC PEIICTKH
— JIByXIIapaMEeTPHIYECKHE H T.1.

[Monsitie 0 noduunenuu cucmem: cuctema A moguunser B (A — B), ecmu Ky Ka u
KQXKJIBIA THI PEIICTKH CHCTEMBI A MOXeT OBITh IEPEBE/ICH B OJWH H3 THIIOB B OecKoHEYHO

mano# gedopmanuent. Cxema NOAYHHEHUS CHHTOHHUH:

/D3d\

0, Dyp% Dy >C >S5,

D™

95



6.3. Kpucrainnyeckne kiaceol. HeaneMeHTapHble TPaHCISAIHA

ITpocTpancTBeHHAs IPyIa CIOXKHBIX KPUCTAILIOB MOXET U HE COAEPIKATh HEKOTOPHIE
anemenThl cuaronmnu K. Tak Gyner, ecnu “molexyna”, moMeneHHas B 3IEMEHTAPHYIO STYSHKY
(wnm napamtenenunen bpas), obmagaer cummerpueit nwke K. Kpucmannuueckum xnaccom
Ha3pBaIOT noarpynny F < K, smeMeHTBl KOTOpPOH MEpEeBOJAT KaXJAO€ HAIMPAaBICHHE B
KpUCTalle B OSKBHBAIGHTHOE emy. CymecTByeT 32 KPHCTAJUIMYECKHX KIacca MO YHCITY
noarpynn cemu cuHronnd K. OHEM pacrpenensiorcss mo CHHTOHMSM 1O NpHHOUNY (“To
oJie)kKe TpoTtaruBai HOxKH’): F otHOcures k K, ecnmm F — K, HO He copepxurcad B
MOTYMHEHHONW CHHTOHHH. OTMETHM, YTO KIIACCHI CHHTOHUHU D34 IOIDKHEI OBITH TOBTOPEHEI U B

Dén, mockonbky D3¢ He mogurHeHO Dep.

Cunronnu | Knaccel
T, S, Ci, Sy
M, Cun | Cy Cs, Con
O, Du | Cy, Dy, Dy
Q, Dan | C4, S4, Can, Cay, Dag, Da, Dan
R,
H,
C,

Dig | Cs, Se, Cay, D3, D3g
Dén | Can, Cs, Con, D3n, Cév, Ds, Den
Oy T, Ty, T4, O, Oy

Kpucranmuueckuiét  kjmacc (rpynna CHMMETPHH  HAMpaBICHHWH)  OIpeJetser
MAKPOCKORUUECKYI0 cummempuio Kpuctaiuia. B pesynbrate moBopoTa (MIH 3€pKAIBHOTO
MOBOPOTA) ¥ € F KpHCTAlUl MOXET U HE COBMECTHThCS C coboii: pemerka bpass, koneuHo,
nepeizer B ce0s, HO “MONIEKYNB” B siueiikax (IKBHBAICHTHBIE TOYKH) MOTYT OKa3aThCS

CMEIICHHBIMH OTHOCHTEIBHO HCXOHBIX MO3HIIHH, TaK YTO JIs

a
e COBMEILICHUS KPHCTAJIa TMOBOPOT # HEOOXOJMMO JIOTOIIHHTH
“HE’IEMEHTAPHON ~ TPAHCISALINCH 1 4.
O O Z a2 IIpocron WLTIOCTPALHe CHTYallHH SIBIIIETCS
JIBYMEPHEIH  KpHCTaUI, HM300paX€HHBIH Ha  PHCYHKE.

IIpsmoyronbHas pemieTka OTHOCUTCS K cHUHroHuu C,,, HO
aneMeHThl rpynmsl C, U o (oTpakxeHHEe OTHOCHTEIBHO BEPTHKANBHOH JTHHHH) HE BXOAT B
IIPOCTPAHCTBEHHYIO TIPYNIy, MOCKOJbKY 3/€Ch HANpPaBICHHUS BIPAaBO H  BIEBO
HedKBUBaJIEHTHEI. “‘KpHucTammuieckuit kiacc” COCTaBIsSET MOArPYIIa (e,c(z)), CBSI3BIBAIOILIAS

rnapbl O3KBHBAJICHTHLIX  HAIIPABIIC HHﬁ, CHUMMCTPHYHBIX OTHOCHTCIIBHO OTPAXCHHUA B

96



TOPH30HTAILHON JIHHHK. J[JIsi CAMOCOBMEIEHHS KPUCTAIUIA MOCIE OTPAXKECHHUS HEOOXOIUMO
COBEPIINTH TPAHCIIAIHIO HA TIOJIOBHHY 0a3HCHOTO BEKTOPA ).
BekxTops! o, onpeeneHsl C TOYHOCTRIO JI0 BEKTOPA PEIISTKH, YTO MO3BOJISIET BEIOPATh
HX B BHJIC:
a, = arlal + a,2a2 + a,3a3, 0< a,i<1.

Taxum o00pa3oM, CTpyKTypa MPOCTPAHCTBEHHOHM TPYIMEI OMPEJENISeTCS THIIOM DPEIIEeTKH
(6azmcHbIMH ~ BekTOpamMH, pemetkor — bpamd), kpucramimueckum — kimaccom  F
HCOJICMCHTAPHBIMHA TPAHCIBIITUAMH Q,, OTBEHAIOIITUMH KAXJIOMY U3 3JIEMCHTOB F.

G=T® 2 wlerT, G/TxF. (6.4)
Crpykrypa rpynnsl F HaKJIaIpIBaET ONPEACICHHBIC YCIOBHS HA BEKTOPH O, :

=0, +ro,+a acT (6.5)
OTH YCIOBHS OTpaHHMYHMBAIOT oO0mee YHCIO TMPOCTPaHCTBeHHBIX rpynnm g0 230.
O603HavaloTcsl NMPOCTPAHCTBEHHBIC TPYNINBI CHMBOJOM Kiacca F' ¢ BEepXHHM HHJIEKCOM,
Pa3THYAIONAM THII PEIIETKH W HA0Op HEdJEMEHTAPHBIX TPAHCIANHHA It 00pa3yroIHx
anemeHTOB rpynnel F. Hampumep, oh COOTBETCTBYET KpuCTalLTy kiacca Cg ¢ mpocToi
MOHOK/THHHOH PEIIeTKOH M HyIeBOH TpaHCIsIHeH ag = (000); Cs° — To xe ¢ TpaHCIsIHeit
(400); C; — xpucramn xmacca Cg ¢ 6a30NEHTPHPOBAHHON MOHOKIMHHOW DELIETKOH H
HYJEBOH TPAHCIAIHEH O, ¥ T.J. Fcronb3yloTcs Takke MeXIyHapOAHbIE O003HAYCHHS — B
CHUMBOJIE PELIETKH BpAIllEHHE 71, COIPOBOXKIAEMOE HEIIEMEHTAapHOM TpaHCIAIMeH BIOJb OCH

BpaiieHMs Ha (p/n)a; (BMHTOBOE BpalIeHHE; 4| —

MHWHHMMAJIHBIA BEKTOP PELIETKH, HAIIPABICHHBIH BIOJIb

OCH, p — IIeJI0€ YHCIO0, p<n) CHa0XaeTCd HHACKCOM p.
IInockocte  ckodpxeHHs oOo3Hauaercs  OykBaMHu

a,b,c,n,d BMecTo m B 3aBUCHMOCTH OT HAINPAaBICHHUS

HEDJICMCHTAPHOT'O BCKTOpa CKOJIbXKCHHUA aH 1o
OTHOWEHHIO K peGpam sueitku Bbpass. Tax, Cs'= Pm
(somep 6 u3 230 rpynm), CS= Pb (7), Cy’= P2, (4),
Con'= P2y/m (11).

PaccmorpuM mospobuee mpocrpancreenuyio rpynny Oy (= Fd3m, Ne227); omna
ONKCHIBAET, HAIIPUMEp, CTPYKTYpYy anMasza, H300paXEHHYI0 Ha PHCyHKe: KyOwWueckas
rpaHeleHTPUPOBaHHAs pemeTka (Y37l TMOMEYeHBl TEMHBIMH KpPYXKaMH) C OCHOBHBIMH
BekTopamu a1 = (a/2)(110), a, = (a/2)(101), a3 = (a/2)(011), a — pebpo kyba bpass; o6vem

SIEMEHTAPHON SAYEHKH a’/4. B pEeWeTKy BABHHYTAa TOYHO TaKas >X€ PEIIETKa C y3JIaMH
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(cBeTJIBIC KPYXKKH), OTCTOSALIAMHE OT OJIIKAHIIMX Y3JTI0B UCXOJHOW PEIICTKHA Ha PACCTOSHUU B
4eTBEPTh MPOCTPAHCTBEHHON auaroHam KyOa [mosummu (a/4)(111)]. Ctpykrypa nepexoaur B
cebs mpu Bcex NpeoOpazoBaHUsAX MOArPYNIbl T4 (B KadecTBe IEHTPAIBHBIX TOYEK MOIKHO
BEIOpATh Kak Y3Jbl PEMIEeTKH, TaK W LEHTPBl KyOOB), TOT/a KaK HWHBEPCHS OTHOCHTENBEHO
IEHTpa JOJDKHA CONPOBOKIATHECA HedIeMeHTapHoW Tpaucismuedt oy = (a/4)(111). Beuny
ycioBus (6.5) Ty e TPaHCIAINIO MBI JOKHEI IPUINCATE M OCTAIBHBIM 3JIE€MEHTaM IPYTIIIE]
O, BxXoasmuM B cMexHeli kinace [Ty OrMerHM, 4YTO MOKHO BOCIOJIB30BaTLCH
cootHomenneM (6.2) ans TmepeonpeneNeHHs CHCTEMBl BEKTOPOB — HEIJIEMEHTApHBIX
Tpaucianuid. Eciu, Hanmpumep, MepeHecTH IEHTP Ha CEPeAMHY PACCTOSHHS MEXAY Y3JIaMu

ABYX HOJPEIIETOK, HedJIeMEHTapHast TPAHCIISAIHS JJ11 HHBEPCHH OOPATHTCS B HYIIb.

6.4. Yaurapusie HII rpynnsi Tpancasinu

AbGeneBa rpynma TpaHchsiud obnamaer jumb omHomepueiMu HII: Dyi(a)=exp[—
ifla)]=exp(—ik.a), tne BekTOp k ompenensierca yciosusmu (k.a;)) = fla;)). HeonHo3naqaHoCThb
BEIOOpa k: BexkTOph! kK U k' COOTBETCTBYIOT OJIHOMY M TOMY XK€ IpeacTaBiIeHuio, Dy = Dy,
€CITH OHHU OTIUIAIOTCA Ha BekTop b, k' = k+b, ynosierBopsiomnid ycosusm b.a = 2mm (m—
mentoe) ans Bcex a4 € 1. llpeacraBum b B BHIE pa3jokKeHHS MO TPEeM HEKOMIDIaHAPHBIM
BexkTopaMm: b = mby + nyby + nsbs, tae

b = 2—na2xa3, b, = 2—na3xa1, b = 2—na1xa2. (6.6)
0 Qq Qq
[IpuBeneHHBIC BBINIE YCIOBHS CBOASATCS K TPeOOBAaHUIO I[EIOYHCICHHOCTH KOOpPJIWHAT
(n1,n2,n3) B 3TOM 6a3mce; BeKTOPH! b 00pa3yioT pemeTKy, Ha3bIBaEMYIO 00pamuoil peuiemkoi
(mo otHomenuio Kk ucxonuow pemetke bpars). HesxBuBanentusle apyr apyry HII rpynme
TPAHCJISIUNA OMHUCBIBAIOTCS BEKTOPaMHU Kk, JIEXKAIIUMHU B MPEAENax JJIeMEHTAPHOW SUEHKH
00paTHOH PELIeTKH.

OO6BMHO BMECTO OCHOBHOTO TMapajUIeNIeNUIela B KadecTBe sSUEHKH BBIOMPAIOT T.H.
3ony bBpunnwona (NepByl0) — COBOKYNHOCTh BEKTOPOB Kk, KOTOpBIE HENb3S YKOPOTHTH
nobaBienueM Kakoro JuOo Bektopa oOparHo# pemerku. /st nocrpoenus 3on bpummosna
“HadasbHBINA y3ell 00paTHOH PEeIIeTKH COSAUHSIOT BEKTOPAMH CO BCEMH JIPYTMMH Y3JaMH H
gepe3 CepeauHy KaXAOro BEKTOpa NEPNEHAHKYISIPHO €My IPOBOAAT IUIOCKOCTE.
[Tonygarolmiicas NpU 3TOM BHYTPEHHHMH MHOTOTPAaHHHMK M SIBJIIETCA IEPBOM 30HOM
bpumtiosna. AHaIOrMYHOE NOCTPOEHHUE I MPSAMON PEIMIeTKH JAeT T.H. Auelky Buznepa-

3eiimya. OdeBuaHO, TOUYECUHBEIE CHMMETPHUH OOpaTHOM M NpSAMOH PpEIIETKH COBNAIAIOT:
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Kosp=K. 3ona Bpummosna obnagaer cummerpuer K (Bcs cucteMa BEKTOPOB M IIOCKOCTEH
npeobpazoanusamu u3 K mepeBoautes B cebs1). Oanako THIE MPAMON M 0OpaTHOM pemeToK
HE 00s3aHBl COBMAJAATh; TaK, IPH OOpAILEHHH MPOCTOW KyOHUECKOH PEIIETKH MOIydaeTcs
npocTass KyOMdYecKas peIleTKa, IPaHCIEHTPHPOBAHHAS KyOHdYecKas pemieTKa NepexOJHuT B
00BEMHOIIGHTPHPOBaHHYIO, M HaoOopor. Ha pucyHke m300pakeHa BOChMas 9acTh 30HBI
Bpuutiosna st KyOMJeCKHX rpaHeleHTPHPOBAHHBIX KPHCTAUIOB M OTMEYECHBI HEKOTODBIE
xapakTepHble TOUkH (B o6o3nadenusx boykapra-Burnepa-CMonyXoBCKOro). DiieMeHTapHEIE
BEKTOPBI O0PaTHON PEMIeTKH:

bi=(2n/a)(11-1), b=(2n/a)(1-11), bs=(2n/a)(-111);
pa3mep asreMeHTapHoro kyba 4n/a. Ormernm ele, 4To
BHeImHAA (opma 30HBI BpuiuiosHa HE NOIHOCTEIO
OTpENeNsIeTCs.  THIIOM  PENIeTKH; 30Ha  MOXET
BEIMJISIIETh TO-PA3HOMY B 3aBHCHMOCTH OT CTETEHH

BEITAHYTOCTH TapajurenenunenoB bpaBy obOpaTHoi

PEIIeTKH.

Kaxnas BHyTpeHHss Touka 30HbI bpumtiosna oTBedaer BnosiHe onpeaenennomy HIIT
IPYNIBl  TPAHCHALMH KPHCTALUIMYECKOW pEmeTKH Dy, B YacTHOCTH, IEHTP 30HBI
COOTBETCTBYET TOXASCTBEHHOMY mpenactaBienuio Dy(a)=1. B 3TroM OTHOIICHHH
OTpeNIeIEHHOW OCOOCHHOCTBIO 00IaaloT T'PaHHUIlBl 30HBI, TMOCKOJBKY MPOTHBOIOJIOKHBIE
TPaHH yAAICHBI IPYT OT JIpyra Kak pa3 Ha BEKTOp PEIICTKH (@), ¥ 1Be TOUKH k u k'=k + a Ha
9THX IPaHAX DKBUBWICHTHHI JAPYT IPYry B TOM CMBICIE, YTO OHHM OTBEYAIOT OJHOMY M TOMY
we HII: Dg{a) = Di(a). Moryr oka3arsCcsi SKBHBAJICHTHBIMH H 0o0Jiee 4eM JBE TOYKH,

Jexalue Ha pedpax M BepIIMHAX MHOTOTrpaHHHKA, OrpaHHIMBAIONIETO 30HY bpriutiosHa.

6.5. Teopema baoxa
Teopema bnoxa yTBepx)Jaer, d4YTOo IpeJcTaBieHwe Dy TPYNNBl TPAHCIAIAN

ocymecTBisieTcs QYHKITHEH fi(r) TOTIa ¥ TOJBKO TOT/a, KOTJa OHA UMEeT BUJIL:

fe@)=e*Tug (), ©6.7)
rae ux(r) — IpOU3BOIBHAS NEprOANIecKas QYHKIMS: ug(r + @) = ux(r). JleHCTBUTENEHO, €CIIH
ﬁ(a)ﬁ(r) = fi(r—a) = ¢ **f(p), TO l’j(a)e_”‘ ()= e * D (r-a) = e * (P, 1., DyHKIMSA
¢ fi(r) — nepHogMUecKas; OHA MPEOBPasyeTcs MO TOXKAECTBEHHOMY IPE/ICTABICHHUIO

TPyNIBl  pPEmeTOYHBIX Tpauciasamui. Dymknmio (6.7) HA3BIBAIOT TaKXKe O710X06CKOU

dyuxyuei; ona asnserca QyHKIHeH CHMMETPHH IS TPYNIIEL TpaHCIAIKK. B npexnene, korna
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6a3ucuele Bektopa a; — 0, u(r) = const, n 610X0BCKast PYHKIUS CTAHOBUTCA FapMOHHIECKON
dbyHkmeit — coOcTBeHHOW (YHKIHEH omneparopa HWMIyJIsca (MHOHHATE3HMAILHOTO
ormeparopa casura). lIpencraBneHne TPOM3BONBHOW (GYHKIIMM B BHIE KOMOHWHAIMH
6J0XOBCKHX (YHKIIHH SABISETCA aHAIOTOM pasnoxeHus B psjg Oypee.

Ecnn ramMmneroHMan cucreMel 007aaeT TPAHCISAIMOHHON CHMMETPHEH, TO MOXHO
CTallHOHAPHEIE COCTOSHHUS OnuchiBath wmHAEeKcoM HII rpynmel Tpancnsiuit k£ (naxe eciau
TPAHCIAIMK COCTABISIOT JIMIIb YacTh TIOJHOW TPYNNBl CHMMETPHH) M TPEIACTABHTH
COOTBETCTBYIOUIME (QYHKIMM B BHAe OnoxoBckux ¢yakmuid. Kak o0smHO, mnpH
WCIOJIB30BaHNN (QYHKIMA CHMMETPHH TaMWJIBTOHHMAH OKAa3bIBAETCAd JHArOHAJIBHBIM IO
unaexkcy k (cormacno nemme Illypa), B MaTpuile ero BBICHAIOTCS ONOKH Hj,
COOTBETCTBYIOIIME KAXJIOMY 3HadeHuio k, u nansHenmee pemenue ypasuenus lllpeaumnrepa
CBOAMTCS K IHArOHaIM3aNH 3THX OJNOKOB: Hiuyy = E,(K)u.x. B 0AHO3IEKTPOHHBIX 3aJadax
MHJIEKC 72 COOTBETCTBYET “30HaM” crieKTpa E,(k), B TEOpUM HOPMAIBHBIX KOJeOaHUH permeTKH
— “gerBam” (mum Mojam) Komebanuil. B oTmenpHBIX TOUKax 30HBI BprimionHa BO3MOXKHO
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BEIDOXKJICHHE ‘‘30H”, CBA3aHHOE C Ooyiee BBICOKOH, HEXEIH 4YHCTO TPAHCIAIIMOHHAS,

CUMMETPHEN PEIIETOK.

6.6. IIpeacTaBieHHs NPOCTPAHCTBEHHBIX IPYIII
Jioboe HeogHOMEpHOE mpejacTaBieHue g — [D(g) MPOCTPaHCTBEHHOM TPYHNBI IS
HOArPYNIIbI TPaHCIAIMH  ABISETCS MPUBOJUMBIM. 36e30a  npedocmaenenusn
IIPOCTPAHCTBEHHON TIpynnel [)(g) — COBOKYMHOCTh HEIKBHBAIEHTHBIX MEXAY COOOH

BOJTHOBBEIX BEKTOPOB k (“/yueit” 3Be3/1bl), BXOASILHX B PA3JI0KEHUE
D(fa) = Dkl(a) + Dkz(a) +.. 7+ Dks(a). (68)

Kaxnpit yqa £ B 5TOM pa3iloXeHHH MOXXET BCTPETHTHCS HECKOJBKO pa3; MPOCTPaHCTBO
npeJcTaBleHns pa3buBaeTcd Ha COOCTBEHHBIE NOANpPOCTpaHCTBa Ly omeparopoB D(Z,),

ik.a

OTHOCAIIMECS K COOCTBEHHBIM 3HAYECHUSIM € 3Be3na NpEICTABICHHMS MHBAPHAHTHA

OTHOCHTEJILHO IPOCTPAHCTBEHHOM IPYNIIbIL:

D(t,)D(g)ex = D()D(1 -, ey = exp(=ik - g '@)D(g)e; =

= exp(—igk -a)D(g)e;,

(6.9)

T.€., BMECTE C JIy4oM K 3Be3/1a COepKUT M Ty4 gk, Tie g — nio0oit anemenT rpynns! (yao6HO
CUUTATh, 9TO JIFOOBIE TPAHCIISALMUH HE MEHSIOT BOJHOBBIE BEKTOPA, KAK M BEKTOPA PEIIETKH,

tk=k). 36e30a nenpueooumasn, eciiu Bce JIydn ee MOJYIAIOTCS U3 OJHOTO NMpeoOpa3oBaHHAMH
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NPOCTPAHCTBEHHOW TIpymibl ((PakTHIeCKH, MOBOPOTAMHM W3 KPHCTALTHYECKOrO Kjacca),
MIOSTOMY €€ MOXKHO 0003HAYHTh OAHKUM JIydoM, {k}. IIpueooumupie 36€30b1 pacIETUIAIOTCS Ha
HECKOJIBKO HETPUBOJIMMEIX; COOTBETCTBEHHO, TPOCTPAHCTBO MPEICTABICHUS Pa30HUBacTCa B
CyMMY HOJIPOCTPAHCTB, OTHOCAIIMXCS K 3THM HENMPHBOAMMBIM 3Be3laMm. Kaxmoe u3 3THX
MOJNPOCTPAHCTB, KaK BBITeKaeT M3 (6.9), MHBAapHAHTHO OTHOCHTEIBHO BCEX ONEPaTOpPOB
npeacTaBienns. Takum obOpaszom, 3Be3na HII — nenpuBoamma. 3Be3a MPHBOJUMOTO
IIPEJ/ICTABJICHHS TaKXKe MOXET ObITh HENPHBOAMMOW (HAIPHMEpP, €CIU OHO COCTABICHO W3
oaunakoBeix HIT).

I'pynna eonnoeozo eekmopa k: Gy G, gk = k + b. Gy conepxur Bce Tpanciasinuu T,
¢axrop-rpynna Gy/ T o« Fyc F.

Paccmotpum mpencraBienune D(g) ¢ HenpuBoguMown 3Be3non {k}. [loxmpocTpancTBo
Ly, B cOOTBETCTBUH ¢ (6.9), ”HBapHAHTHO OTHOCHTEILHO BCeX omeparopoB D(gy), gk € Gy,
T.€., Ha 3TOM TOANPOCTPAHCTBE MHAYIIMPYETCS NMPEACTABICHHE IPYIIEI BOJIHOBOTO BEKTOPA
k, HassiBaeMoe manvim npedcmasnenuem, D(gy) — D*(gy). Tpencrasnenne D(g) MoxeT
OBITH BOCCTAHOBJICHO MO MAJIOMY MPEICTABICHHIO CIASIYIOLIMM 00pa3om:

[Iycte eV, e, ..., eu(l) — Gasuc L; (Maoro npejacTaBIcHUS D"), {g;} — Hexotopoe
MHOXXECTBO JJIEMEHTOB, NMOpOXAAtoWInX 3Be3ay {k}: gk = k;, j = 2,.../, | — ducno myden
3Be3bl. OTMETHM, 9TO TPOCTPAHCTBEHHAS IPYNIA MOXET OBIThH TPEACTaBICHA B BHIE
CIIEIYIOIIEH CYMMBI CME)KHBIX KJIACCOB:

G= Gk + ngk +..+ gle.
Wcxons m3 6asuca {e,V} Ly mocTponM crcteMy 6a3HCHBIX BEKTOPOB BCErO NMPOCTPAHCTBA
L=Lk+Lk2 + ... +Lk12
eV = D(g)) e, eu(i) = D(g)) eu(l).
Ecam gk; = kjr, TO gj lggj ceGiug =grg gj_l. Torma matpuma D(g) B BEIOpaHHOM HaMHu

0a3uce HMeeT BUT:

D(g)e) =Y Dk, (gi)el”, [D(@))] = DL, (gx)5(k 1, 6k ; +B). (6.10)
vl

IToctpoennoe Ttakum oOpa3zoM mpejcTaBienne [(g) YHHTApHO, €CIM YHHUTapHO Maloe
npeacrasnenne D¥; D(g) wempmBogumo, ecim mempuBogmmo DF.  Pasmepmocts
npeAcTaBieHuss D paBHa pPa3MEpHOCTH Dk, YMHOXXEHHOHW Ha 4MCIIO JIyueH 3Be3dbl. Takum
obpasoM, nocmpoenue HII npocmpancmeennvix 2pynn c600UMCS K  HOCMPOEHUIO

HEnpUBOOUMBIX MATbIX NPEOCMABIEHU.
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IIpencraBnennss Tpynmnbl BOIHOBOTO BeKTOpa (G CBS3aHBI C NMpeoCcmasneHusmu ee
taxrop-rpynns! F. IIponsBonbueiit a1eMeHT Gy MMeEeT BUA gk = lot, ¥ € I, a0 = o, + a.
Marpuma €*®D¥(gy) = D(r) He 3aBHCHT OT BEKTOpA DELICTKH @ M ONDEACIAETCS JIHIUb
HOBOPOTHBIM 3steMeHTOM . OToOpaxkenue r — D(r) 001agaeT Ce1yroIuM CBOHCTBOM:

D(riry) = exp(ik.a12)D*(g122) = explik.(a12— a1 — a2)]D(r)D(r2)
=expli(r1 "k — k).az]1D(r1)D(r2) 6.11)
(Tak KaK a2 = a; + 710) ¥ B 00IIEM CIydae OTHOCHUTCS K TaK Ha3BIBAEMEIM MPOEKMUGHBIM

npeocmagnenuam. MHOXECTBO MHOXHTENCH ©(r1,r) = expi(k—r_lk)-az, OTIHYAIOLIHX
paccMaTpuBacMoe MAaTpUYIHOE OTOOpaKeHHEe Tpynnbl Fi OT OOBIMHOrO NpeaCTaBICHUS,
Ha3bIBAIOT  paKkmop-cucmemoii  npoeKmuenvix  npeocmaenenui. B Teopum
NPOCTPAHCTBEHHEIX TPYNI OHA OMNpENeNseTcs 3Be3oW mpeacTaBieHMd {k} m Habopom
HEJIEMEHTAPHBIX TPAHC/SI[MA MOBOPOTHEIX 3JIEMEHTOB IPymibl. M3 MOCTPOEHUS BHIHO, 9TO
MaJIoe NpeCTaBICHHE TPYIILI BOJTHOBOrO BeKTOpa Gy M MHAYIIMPOBAHHOE MM MPOSKTHBHOE
NPEeICTABICHUE TPYNIEI Fy COBMECTHO SIBISIOTCS WJIM NPHBOAMMBIMH, WIH HETIPUBOJIMMBIMH.
Takum 00pa3oMm, nOUCK HEAPUBOOUMBIX RPEOCMABIeHUll NPOCMPAHCMBEHHBIX 2PYAN
CB00UMCSL K NOUCKY HENPUBOOUMBIX NPOEKMUBHBLX npedcmasiienui 32 moueynvix epynn Fy.

OtMmernM, 910 MHOXHTETH (akTop-cucTeMsl B (6.11) cBOAATCA K EAMHHIE H,
COOTBETCTBEHHO, IIPOSKTHBHOE MPEJCTABICHHE CBOJUTCS K OOBITHOMY MPECTABICHHIO, SCITH
(a) Bce HEDIIEMEHTAPHBIE TPAHCIAIMK O7x) PABHBI HYIIO; (0) MIMEET MECTO TOYHOE PABEHCTBO
rk = k nnsa Bcex r € Fy. Ilocnennee, B 4aCTHOCTH, CIPaBeAJMBO A BCEX 3BE3[, JTy4H
KOTODHIX SIBJISIOTCA BHYTPSHHUMH TOYKaMH 30HEI Bprinmiosna.

[oxwiTo)kuM  mocnenoBaresHOCTE  HaxoxaeHuss HIT  co  3Besmoit  {k}

IIPOCTPaHCTBEHHOH rpynnsl G:

1) YcranaBnuBaercs TodedHas Ipynmna CAMMETPHH Fy C F TPOM3BOIBHOTO Jryda k 3BE3/IBL
2) Ompenensiercs pakTop-cucrema @(r1,72) MPOSKTHBHOIO NPEACTABICHUS IPYMILI F),

o(r1,72) = expilk — 11 k)-ta. (6.12)
3) Crpositca (i  Oepyrcs w3 TaOIMI)) MaTPHUIEl HEMPUBOJMMBIX TPOSKTHBHBIX

IIpeJICTaBIeHUH TPYNIE! Fy ¢ JaHHOU (aKTOp-CHCTEMOH, D(B)(r).
4) Ctpoutcs Masioe npejcTasienue rpynnel Gy no gopmyse

D*P(gi = (a + a,|r)) = exp[—ik{a + a.)]DP(#) (6.13)
5) Ilo sTOMy MajIOMy NMpPEACTaBICHUIO BOCCTAHABIMBACTCS MOJHOE Mpe/CTaBiIeHue rpynnel G

o dhopmyite (6.10).
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6.7. HekoTOpbie HEMNPUBOAUMBIE MPEACTABICHUS IPYNIIBI Oy’

Paccmotpum B kadectse mpumepoB HIT rpymmsr Oy’. Jlnst mentpa 30mHsI Bpruntioona
(rouka I') k = 0 (ognomyueBas 3Be3na {0}), roueunas rpynna jgyda — O, QakTop-cucrema,
Kak s J1io00# BHyTpeHHEH TOYKH 30HbI Bpuumosna, TpuBHaieha: o(ry,r,) = 1. Marpwuiis!
HII nmosnHOM rpynmel oKTasnpa D oxaspiBaloTes 1 matpuniamu HII rpynmer Oy, co 3Be3m0#
{0}:

D%g = (a+ a,|r)) = D).
Bcero mmeercs gecaTh OHO3HAYHEIX M IeCTh ABY3Ha4uHbIX HII Takoro Buaa (mo guciy HIIT

rpynis! Op).

Touxa A na ocu gerBepToro nopssaka, k = ko(100), nopoxxaaeT mecTHIyIeBYIO 3BE3Y,
todedHas rpymnmna jiyda — Cgy; NATB OJHO3HAYHBIX (M3 HHUX YeTHIPE OJHOMEPHBIX M OJHO
JBYMEpPHOE) M [1Ba JBY3HAYHBIX (IBYMEPHBIX) MPEACTABICHUS 3TOH IpyNNbl BBICTYNAIOT B
KauecTBe “IPOCKTHMBHBIX MPEACTABICHUU IpyNnnsl [, a MOCIE YMHOXKEHHS MX MaTpHIl Ha

—_ike(a+
qucio e F@ten

noxysaeM Manble HII rpynner BoiHoBoro Bekropa Gi. Hamomuum, aro o, =0
mis snementoB e,Cy° M OTPaKEHMII B IUIOCKOCTAX, NPOXOAANIMX depes Och X H
COCTaBIISIOIMX Yo 45° ¢ 0CAMH Y,z — 3TH deMeHTHI BXOIAT B Tg. JIIst OCTAIBHBIX YeTBIPEX
snemenTtoBs rpynmel Cy, a, = (a/4)(111). Hakonern, no ¢popmynam (6.9) Boccranasnusaem HII
rPYTIBI Oy IIprp stomM onnomepnesle Maneie HII mopoxpator mecrumepnsle HII
IIPOCTPaHCTBEHHOM rpyniel, a 1ByMepHble Maisle HIT — 12-mepHsle.

Paccmotpum emre Touky X Ha rpanwmile 30HbI bpummosHa; s nee k = (2m/a)(100),
OHa MOPOXKIAeT TPEXJIydeBYIO 3Be3[ly, TodedHas rpynmna yryda Da,, o, = 0 ais s1eMeHTOB

noarpynnsl Dyg, ¥ 31eMeHTEl PaKTOp-CUCTEMEI M(F1,72) = o 2ikor

= —1, ecH ] OTHOCHTCA K
cMmexuoMy knaccy ICyy, (uist nero rik = —k) u ry € IDyg (04 # 0); JUIS OCTAIBHBIX MAp 71,73
o(r,r) =1.

Bynem uckats ynuraphsle Marpuibl D(r) a1 o6pa3yloliux 3JeMeHTOB rpynnsl Day, —
Sa, Us, I, ynosaeropsitomue ycmoBusMm: (1) D(Sy)D(Ux)D(S:)D(U») = E, (2) D4(S4) =E (3)
D'(Uy) = E, (4) D’(D) = =E, (5) D(S)D() = = D(DD(S), (6) DU)D(I) = ~D(DD(Uy). Kax
BHIHO, HEKOTOPBIE MATPHUILI AHTHKOMMYTHPYIOT, IIODTOMY OHH HE MOryT OBITh

OJTHOMEpHBIMH, M MBI CHadajla PacCMOTPHM JByMepHbIe Marpullel. Mcnonandyem 0Oaswc, B

0) 5) D —(0 a) = —b; m3 ()
5 , Toraa u3 (5) D(I) = 0 ua=-b;n3 (2):

p

a=1,i, (-1, MOXHO MCKIIOYHTb MEpEeHyMeparHeil 6a3UCHBIX BEKTOPOB), u3 (4) Bp=—o ', 1

xotopoM D(S3) nuaronansna: D(Ss) = (g
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BEIOOPOM OTHOCHTENBEHOH (a3pl Ga3UCHBIX BEKTOPOB MOXXHO mnpeobpazoBate D(I) K BUAy

0 1 c d s 2
NE Ycnosue (6) mpusoaut k D(Us) = J ,MB):c+d=1;m():mpuna=1

-1

d=0,c=zxl;mpua=+i ¢=0,d =t1. Takum 06pazom, NOIYJaIOTCS IETHIPE PATHIHBIX
MPOCKTHUBHBIX TMPCACTABICHUA, HCUCPIBIBAIOIINX BCC HCINPHBOJIHWMBIC MPOCKTHBHBIC
NpPEeACTaBICHUS C JaHHOW (QakTop-cucreMor (cp. M. 6.9). OHM TOPOXIAIOT dYeThIpe
oHO3HaYHBIX mmecTuMepHblx HII rpynmer Oh7 co 3Be3gon {X}. Jlng crnuHOpPHBIX
NpeACTaBIeHHH B mpaBbIX dacTax ycnoBui (1) — (3) E 3amenserca nHa —FE, IByMepHBIX
MaTpHIl, YIOBICTBOPAIOLIMX O3THM YCIIOBHMSM, HET; CYIIECTBYeT OJHO HYEThIPEXMEPHOE

HECTIPUBOJAHNMOC IMPOCKTHUBHOC MPEICTABICHHUE HYXKHOI'O THIIA.

6.8. AnnpoxcuManus rpynnel TPAHCISANNH KOHSYHOH IPynnoi
Yacto ObiBaeT ynoOHO 3aMEHHTh OECKOHEUHYIO TpPyHILy TpaHcasauui T KOHEIHOH
rpynmoi BeICOKOro mopsigka N° (N — oOdeHb GONBIIOE LENOe HHCIO), HCIONB3YS
“IeprodecKue rpaHudHBIe YClnoBus . f(Na;) = e. Taxas rpynma mMeer KOHEYHOE HUHCIIO
(N ) HII:

Di(@) = ™ k=Ib; + kb + ksbs, ki=n;/N, n;=0,1,....,N-1. (6.14)
Toukwu k, orBeqarourue HII, paBHoMepHO pacnpesenensl mo 30He bpuiutiosHa ¢ mioTHOCTBIO

N3/Nbi-(baxb3)| = V/2r)®, V =N3Qy.
B xauectBe mpuioxeHHMs ~ BBIBEAEM  Kpumepuii  eeujecmeennocmu  HII

RPOCMpPAancmMeenHbIX 2pynn, NCxos u3 odwwei opmynel, npuBereHHON B 3aaade 2.11:

1 1 j 1 _
—> u(&?)=—>.Di(g*) == Di.(g;'g°g;)8(k. g%k ; +b) =
g g ggiv gg]'v

) )
=§ZD5V(g2)5(k,g2k+b)=— ZD\va(ta+hah2):
44

v,a,hzeGk

L et pk ) = LSk (12N 350k + b,—h k)

g v,a,h? Gy g hzeGk

(6.15)

0, D ne »xsuBanenrno D *

= r z xk (h2 ) =< 1, D noTeHnHaibHO - BEIIECTBEHHO
" he=—k -1, D niceBNIOBEIIECTBEHHO

3neck [ — aucno mydet 3Be3nl {k}, n — YUCIIO HIIEMEHTOB TOUYEYHOM I'DYyNIIbl HaNpaBIeHHH

(KpHCTAIIMYECKOr0 Kjacca), h — TMOBODOTHBIE 3JIEMEHTHl TIPYNNbl CO CBOHMMH

HEOJIEMCHTAPHBIMH TPAHCIISAITASAMHA.
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6.9. Di1eMeHTHI TEOPHH NPOEKTHBHBIX MPEACTABICHHI
Ortobpaxxenue r — D(r) Ha3BIBACTCS HPOEKMUGHBIM NPEOCMABICHUEM,, ECTTU
D(rl)D(rz) = O)(r1,7‘2)D(7‘17‘2), |(D(7‘1,7‘2)| =1.
COBOKYITHOCTh MHOXHTENCH (r1,/2) Ha3bIBAIOT paKmop-cucmemou TNPOCKTHBHOTO
Ipe/ACTaBIeHHUs . B CHIIy acCOIMAaTHBHOCTH TPYNIIOBOTO YMHOXEHHS BBIIOJHSAIOTCA
COOTHOILICHHS:
03(7‘1,7‘27‘3) (D(f‘z,f‘g,) = (D(r1,7‘2) (D(r17‘2,7‘3).
P-IKeueanenmnole npeocmaesieHus v paxmop-cucmemot:
D'(r) = D(r)/u(r), &'(r1,r2) = o(ry,r)u(rir)/u(r)u(r),
rae u(r) — npomsBosbHble umcna ¢ |u(r)) = 1. MHOXecTBO (axKTOp-CHCTEM TpPYIIbI
pa3buBaeTcs Ha KIacChl p-AKBUBAJICHTHEIX CHCTEM; MHOXECTBO KJIACCOB (akTop-cucreM {K}
Ha3BIBAIOT MYJAbMURIUKAMOPOm zpynnpl. Ha MyTbTHIUTHKATOpE OMpEAENSeTCS OIepanuys
ymHoxenuss no mnpasuny: KK, = KK, = K,, ecnn oy(r1,r2) ®g4(r1,r2) = o4r,r) € K
(oueBuaHO, Ky HE 3aBHCHT OT KOHKPETHOIO BBIOOpa My(ri,r2) € K, ™ oy(r,r2) € K;). B
pe3yabTaTte MYIBTHIUTMKATOp {K} OKa3eiBaeTcs abeneBodl TPyHmoW, posib €JUHHUIHOTO
aneMeHTa B He#t urpaetr kiacc Ky (akTop-cHcTeM, p-dKBHBAJICHTHBIX CHCTEME o(r1,r2) = 1
(cooTBeTcTBYIOMEH OOBIMHBIM TPEACTABICHUSIM TPYNIB). MYyIBTHIIIHKATOP KOHEYHBIX
IPYII COACPKUT KOHETHOE UCIIO IJIEMEHTOB.

OKBUBAICHTHBIC, TPHBOJUMEIE M HENPUBOJUMBIC MPOSKTHUBHBIE TPEICTABICHHS
ONPENEeNIAIOTCA 1O AHAJOTHH C COOTBETCTBYIOIIMMHK OOBIYHBIMH  TPEICTABICHHSIMH.
OKBUBAICHTHEIE (B OOBITHOM CMBICIIE) MPOSKTHBHBIE MPEACTABICHHS 00Ja1ai0T OHHAKOBON
daxrop-cucremoin. OJHOMEPHBIE MPOSKTHBHBIC MPEICTABICHUS MOI'YT OTHOCHTBCS TOJBKO K
knaccy K.

EcIM rpymia onpeaeseTcs v cooTHomenusIMr a"b™c"... = e, TO I HPOEKTHBHBIX
NpEICTaBICHUN BO3HUKAET V TUCET :

D(e) = D(a"p™c"..) = D" (@)D™(B)D"(¢)... = E. (6.16)
Ipu nepexoje K p-SKBHBATEHTHBIM NPEACTABICHHAM o' = o™ (@)™ (b)..., X TOIXOAIUIM
BEIOOPOM 4(r) MOXXHO 4acTh (MM Bce) ducenl ;' oOpaTuTh B eJuHHMIYy. M3 cOOTHOMICHMI
(6.16) monmydaiorcs ypaBHEHHS I Ompenenenus o; (s Todednelx rpynn o 2 = 1). C
KaX/JI0M COBOKYMHOCTBIO INOJIYYEHHBIX PEIIEHHH 5THX ypaBHeHHH {o;'(p)} MOXHO CBS3STH
sneMenT  MyneTumimkaropa K,  CTpykTypa  MyJBTHIUIMKATOpa  yCTaHABIHBAETCS

cootHomenmsaMu o;'(p)a;(q) = o;'(s).
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I'pynna npeocmaenenuin G' rpynnel G onpeaensieTcsi COOTHOIICHUSIMHU
ad" b =e ol =e 0y = oy, Ao, = ua.
Bce anementer G’ mmeror Bup g' = hr, r € G. Kaxnoe HII rpymner G, g’ — D(g")
OTIpE/IeIIIET HENPHUBOANMOE IIPOSKTUBHOE Npe/icTaBieHue rpynnsl G, » — D(r):
riry = hrs, D(riry) = D(r1)D(r;) = D(h)D(r3) = ©1,D(r3),

tak kak mo semme lllypa D(h) = opE. h — ®1p — npeacTaBieHne MynbTHIDTHKaTopa {K}.
Jlnst maTpudHbIX 31eMeHTOB poekTuBHBIX HII rMeeT MecTo cOOTHOMIEHHE OPTOTOHAJILHOCTH

> DY * (DY) () = nisw.s,.jsk,.

r u

Jlts HII, otHOCSmEXCs K OHOW (haKTOp-CHCTeMe, CIPaBeIMBO COOTHOMICHHE bephcaiiza

Yola’ = g.

6.10. MarauTHBIC H IIBETHBIC TPYNIIBI
Hemarnuthple KpHCTAJUTBI TOMHMO TPOCTPAaHCTBEHHOW CHMMETpPHH 001anaioT
CHMMETpPHEH OTHOCHTENIEHO 0OpalleHHs BpeMEHH, U TIOJIHAs Ipymnna CUMMeTpHH uX Go=Gx0,
rne G — mnpocTpaHCTBEHHas Tpynma, a 6 — [AByXdJIeMEHTHas TpyNIa, BKIIOYAroIas
obpawenue Bpemenu 0. “llpeacraBnenus” 5TOM TpyNnel IpH ydere OOpalIeHHS BPEMEHH

(0#1), xkak oTMedanoce B pazlene S5, SABISAIOTCS KORMPeOCMAGNeHUAMU  BBHUIY

A

aHTHYHHTapHOCTH oreparopa 0.

Obpaienre BpeMeHH MEHAET HaNpaBIeHHe TOKOB (M HaMarHHYeHHOCTeH), mosToMy 0
HE BXOJIUT B IPYIIY CHMMETPHHA MarHUTHBIX KPUCTALIOB. IIpy BOZHMKHOBEHHH CIIOHTAHHOM
HAMarHMYEHHOCTH MOTYT TEPATHCS W HEKOTOPBIE JEMEHTH! IPOCTPAHCTBEHHON CHMMETPHH
KpUCTaI0B. Tak, €ClIM KpUCTAJUT TETPAaroHabHOW CUMMETPHHU Dysy, HaMarHMIUBaeTCs BIOJb
OCH YE€TBCPTOIO NOPAAKA, TO U3 I'PYNIEI CHMMETPHH BBINAJAIOT DA OIpa)KeHHﬁ, IOBOPOTEL
U, nHa m OKOJIO OCell BTOPOro MOpAJKa, NMEPHCHAMKYISAPHBIX TIaBHONW ocH W T.m. OmHAaKo
IPOM3BEICHUS 3THX JIEMEHTOB Ha O ABIAIOTCS JIEMEHTAMH CHMMETPHH (PeppOMarHUTHOIO
KpHCTAJIIa, T.C., TPYNIIOA CHMMETPHUH OKa3bIBAaeTCA HEKOTOpas moarpynna Gy, coaepixaias
NOArPYNIy TNPOCTPAaHCTBEHHBIX INpeobpazoBanuit G' < G W TPOHM3BEACHHS OCTAIBHBIX
amemenToB w3 G Ha 0. IlogoGuele moarpynmel rpyniel (G, ONMHCHIBAIOIINE CHMMETPHIO
MarHMTHBIX ~ KPHUCTAJUIOB, HA3bIBAIOT MAZHUMHBIMU  cpynnamu (WM zpynnamu
anmucummempuu, yepuo-oenvimu zpynnamu). MarnuTHyIo Tpyriry MOXKHO TIPEJCTaBHTH B

Buae cymmel Gy = G' + {rO}, roe r ¢ G', n, umes B Buay, uro g'rd € {rb}, a rbr0 e G
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ybexaaemcs, aro o6a mMHoxectBa, G' M {rO}, comepxar OJUHAKOBOE YUCJIO AJIeMeHTOB; G’
SABJISICTCS TOArpynmod uHaekca aBa kak B G, Tak 1 B (. B npunmune sto 3amedanue
MO3BOJISAET IOCTPOUTE BCE MATHUTHEIE TPYIIIEL.

JI1st TOCTpOCHUS MOoUeUHbIX MAZHUMHBIX ZPYRA 3aMETUM, 4TO 32 KPUCTALITMYECKHX
KJIACCA MMEIOT 58 pa3muuHBIX MOATPYINI HHACKCA 1Ba. JIOMOMHSAS CMEXHBIE KJIACCH ATHX
NOArpynn oneparues 0 u 106aBnsAsA pe3ynbpTaT K MOArpyInam, rmosydaeM 58 crerupuieckux
TOYEYHBIX MAarHMTHEIX TPYIIIL.

MaruuTtHele TpyNIBl JIOMYCKAIOT JalpHedmue o0o0menus. MoxHo, Hampumep,
paccMOTpeTh CBOWCTBA PEIETKH, MPHUHUMAIOIIME HE JBa, a Oosiee 3HadeHHH (IIBETOB), 4TO
NPUBOJIMUT K TOHATHIO Y6emMHBIX Zpynn. PacCMaTpHBAIOTCS TaKXKe HECKOJIBKO Pa3IUIHBIX

CBOfICTB, KaxxJ10€ U3 KOTOPBIX NPHHUMACT JABa 3HAYCHUA.

3amaum K pasgery 6

1. IMoka3ate, 9T0 KaXAbIA 3aeMeHT THNA £,R(n,p) ¢ ¢ # 0 ABISETCS BUHTOBBIM MOBOPOTOM.
Ha¥TH COOTBETCTBYIOILYIO BUHTOBYIO OCh.

2. Tloka3ark, 9TO 3JIeMEHT THIA 1,5(n,), ¢ # 0 npencTaBnseT coO0H HEKOTOPBIH 3epKATEHEBIH
TIOBOPOT.

3. Kak cBsizanel Mexay coOOH TOdedHble Mpeo0pa3oBaHus Fp MU Fp, OCTAaBISIOIINE
HenmoABMXHEIME TOUKH O 1 O, cootBeTcTBeHHO? UTO mpeacTaBiser cobol sneMenT £,15?

4. Heckonbkumu criocobamu BEIOpaTh DIIEMEHTAPHYIO STIEHKY IBYMEPHOH PEIICTKH.

5. Jloka3zaTs, 9TO 0OBEM DJIEMEHTAPHON AYEHKH HE 3aBUCHUT OT BBIOOpa Ga3UCHBIX BEKTOPOB.

6. IlokasaTe, YTO COBOKYNHOCTH TOYEYHBIX ONEpallMH CHMMETPHHM pemeTku bpass,
HENOJBM)KHAS TOYKA KOTOPBIX HAXOAUTCA B MEXKAOY3IHH, SBISETCS MNOATPYNIION
TOYEHHOH IPYNITEl CHMMETPHH PELICTKH.

7. llpoBepuTh YTBEpXKIACHHE O HAIMYMHM IUJIOCKOCTH CHMMETPHHM Oy, Ui rpynnel K,
conepxaueit ocb C, cn = 3,4,6.

8. KakoBa cxema nojguuMHeHus ABYMEpPHBIX CHHTOHMI? Onucars JedopMaliuy, BeI3bIBAIOIINE
COOTBETCTBYIOILEE MMOHKEHHE CHMMETPHH.

9. [IpocnemuTes 3a HM3MEHEHHEM THIIOB pEHOIETOK NpH AeQopMarusaxX, BBI3BIBAIOIINAX
crenyromee nouvxenue cuMMeTpuu: O —> Day —> Dop

10. Haifty BCeBO3MO>KHBIE CTPYKTYPEI IPOCTPAHCTBEHHLIX IPYII MOHOKIHHHOM CHHTOHHH.

11. [TocTponTts 0O6paTHBIE PEMIETKH AJIS IUIOCKAX KPUCTALIOB.

12. IlocTponTs 30HBI bpHIUTIO3HA U1 IIIOCKHX KPHCTAILIOB.
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13. Tloka3ats, 4TO IpyMIbI BOJHOBBIX BEKTOPOB, BXOASIIMX B OJIHY 3BE3/y, CONPSDKEHBI APYyT
ApYTY.

14. Tloka3arb, 9TO pa3I0XeHHE INPUBOAMMBIX IIPEJICTABICHHH IMPOCTPAHCTBEHHBIX TIPYMI
CBOJHTCA K PA3JIOKEHHIO MATBIX [IPEACTaBICHHH.

15.Ecin {e;} — 6asuc manoro mpeacrasienms DF, 1o {D(g)e;} — Oazuc mayoro
npeacTasaeHus D Y rue ki = gik. Jloxasars.

16.Tlycte D u D' — HII npocrpancrBeHHOW rpynmnel co 3Be3famu {k} u {k'}. Uro
MPEJICTABISIOT COOOM 3Be3/IbI NpeAcTaBIeHUN DxD’, D’ , D*?

17. Iloka3zate, 9TO BCE OJHOMEDHBIE TMPEACTABICHUS  ITPOEKTHBHO-3KBHBAICHTHEI
TOXJICCTBEHHOMY.

18. HaiiTi HenpuBOAMMEIE TIPOSKTHBHEBIE NTpecTaBienus rpynnsl Cun, n = 2,3,4,6.

19. PaccmaTpuBast Tpyniy TpaHCHSAIMH KpHUCTALIa KaKk KOHEYHYKO rpynmny (Tmpu
NEPHOTUYECKHX TPAaHHYHBIX YCIOBHSAX), HAMHCATH COOTHOIICHUS OPTOTOHAIBHOCTH IS
xapakrtepos HII.

20. HaiiTH Bce I1ocKHe ABYXIIBETHbIE TOUYEUHbIE IPYTIMbI.
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7. I'pynna nepecraHOBOK M NOJIHAS JIMHEHHAs rpynna

7.1. Cummerpu3zaropsl FOHra u ux ceoicrea
Knaccel CONPsKEHHBIX 3JIEMEHTOB TIpynmel P, OnNpeaensroTcs IHMKIMYECKOH
CTPYKTYpO#, a MocieiHue CBIA3aHbl ¢ pazduenuem ducia x (1. 1.6). Boamoxxusie pa3zoueHus

n300paxarotTcs cxemamu KOnza, nanpumep, ans n = 4:

M1 Bu[T[] 27 U] 0

Cxemsr IOHra ¢ ompeaereHHBIM 00pa3oM pasMEUICHHBIMM B HHMX ducaamu (“nemkamu’
1,2,..., n Ha3eIBalOT mabnuyamu FOnza. Tabmuy FOHra MOXHO paccMaTpHBaTh Kak crocod
HYMEPAllMH KJIETOK CXEMbl, JTMOO KaK TEpecTaHOBKY “Temex” B KIIETKaX, HCIOIb3Ys

CCTCCTBCHHYIO HYMEPAITUIO KJIICTOK BHIA:

1[2]3]4] 3lals| [3]4]s5]2] [3]4]5]2]1]
5167 211 1
219 Torga TabauILl — HT.J.

12345

. Uucno cxem IOura pasno 4duc
5412 3) P Y

COOTBETCTBYIOT NIEPECTAHOBKE (

HII rpynne! Py, ¥ ecTeCTBEHHO MONBITATLECS UCIOIB30BATH ATH CXeMBI it noctpoenus HII.
Kak ormedanoce B pazmene 2, Bce HII xoHeuHbIX rpynm MOTYT OBITB IOCTPOEHBI
UCXOJSl K3 PEryJsipHOTO NPEACTaBICHHS ITyTeM pacUIeIUIeHHs TrpyNrnoBoi anreOpel Ha

MUHHUMAIIBHEIC HACAIIBI IIPH NOMOINH B3aWMHO HOPMAIBHBIX NPHMHTHBHBIX HJICMIIOTCHTOB.

Ecnn Dlg.a) (g) — marpuner HII rpynmer G, TO poiib yKa3aHHBIX HIEMIIOTEHTOB BBHITTOTHSIIOT
onementel  anrebper  DSM()= ZDI.(I.O‘) *(g)g; ma omementax amreGper D\ (-)}
ocymectsusiercs HII D@ ¢ 6Gasucom mﬁg")(-), J=L..,ng } [Mepexon or
ecrecTBeHHOTO 0azuca ainrebpn [G] — {g} — k 6a3ucy {\/rhi/glﬁ)lg.a) (-)} (o,i,j mpoberaroT Bce

BO3MOXHEIE 3HAYEHWs) OCYILECTBISETCS YHHTAPHBIM IPEOOPa30OBaHMEM, €CIH MAaTPHILkI

Dlg.a) (g) yuurapubl. O6patHOe nmpeoOpa3oBaHue

g=Y |7eDi® (g)D{) (-)\/%. (7.1)

ouf g
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JIBa maemnorenra rpynnsl P, o4eBHIHEL:
Szl[)(l)(.):lzp A=l28 p (7.2)
g n! ’ nt P '
(6, = +1 m1a YeTHBIX MEPEeCTaHOBOK, —1 /Ul HEYETHBIX MEPECTAHOBOK) M MOXKHO CBS3aTh MX
co cxemamu KOHra ¢ OmHON CTPOYKOM M OJHHM CTOJIOIOM, COOTBETCTBEHHO. s mpyrmx

CXE€M MOXXHO COCTABHUTE CUMMempulIamopsl BU1a

c=)8,qp=|D.8,q|2.p} (7.3)
q p

P4
IJie p — BCEBO3MOXHBIC NMEPECTAHOBKH, OCTaBIAIOIIHE OOBEKTHl (MEIIKH) B CBOGH CTPOKE
tabmuiel (T) AnS TaHHOW CXEeMBl, a MEPEeCTAHOBKH ¢ OCTABISIOT MELIKH 3TOH TabiuIlhl B

cBoeM cronbre. Hampumep, st cxeMel

- c=le—(14)][e + (12) + (13) + (23) + (123) + (132)].

[Tpm 3TOM MCTIONB3yeTCS eCTeCTBEeHHAs HyMepaIlis KJIETOK CXeMBI, HO pa3MelleHHe 7 TeneK
IO 71 KJIETKaM CXeMsl (T.€., Tabauna T) moxer OvITh 11006M. ECiin ke HCIOaB30BaTh IpYryio
HyMEpaIio KJIeTOK CXeMbl (ONMHCHIBAaeMYIO, Hampumep, Ttabmuied T), TO HoxyduTes
NMOJOOHBIH CHMMETPH3ATOP C; = t_lct, rJie  — nepecTaHoBKa, orBedatouias tabmure T.
Ceouicmea cummempuzamopoe IOnza: a) ¢ TOUHOCTBIO O MHOXHTENS C SBISIETCA

H/IEMITOTEHTOM:
¢ = uc; (7.4)
6) wupmemnorent (1/u)c mnpumuruBen; B) HII, mnopoxneHHBIE CHMMETPH3aTOPaMH,
COOTBETCTBYIOIIUMH pa3THIHEIM cxemaM FOura [A] u [A'], HEOKBUBAJICHTHEL.
Cxema [A] ebtmue cxemnl [A'] (“mpeamecTByer” ei), ecii nepBast U3 HEPABHBIX HYITIO
pasuocret (A1 — A1', Aa— Ay',...) monoxureneha. Ecau T u T' — mio6sle aBe TabauIlsl 11 CXeM
[A] 1 [A"], COOTBETCTBEHHO, TO MOXHO ONpEAEIUTE NepecTaHoBKy s: T — T, Takyro 4o st=t’,

e ¢ u t' mepecTtaHOBKH, cooTBercTByrouue Tabaumnam T u T'. Hampumep, mepectaHoBka ist

Ta0IHIT

w

W
s
(V)]
|t\)>—lU1
s

12345
24153/

TaKas: § =
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Hmeer MecTo cnienyiomas KOMOURAMOPHAR 1eEMMA:
Myecre T u T'— mo6bie aBe Tabauis! FOura, npudem cxema [A] ne umxe [A']. Toraa 1)
1060 MMeroTes 1Ba HoMepa (MEeIKH), CTOSAIINE B OJHON M TOH xe cTpouke B T M B OHOM H
oM ke cronbue B T'; 2) mubo [A] =[L'], u nepecranoBka s: T — T'umeer Bua gp.
JloKa3aTebCTBO OCYILECTBISIETCS OCIEAOBATEIBHEIM pPAaCCMOTPEHHEM HOMEDOB,
CTOSALIMX B CTPOYKAxX TAOMUIEI T M BO3MOXKHEIM pacIpe/ieIeHHeM X o CToa01naM Tabauils!
T’. Eciu uMeeT mMecTo nepBasi aIbTEPHATHBA JIEMMBI, TO
sus =V, wm su ="', (7.5)
IJIe¢ ¥4 — TPAHCIO3MIIUS JBYX MemieK (MepecTaHOBKAa THIA p), O KOTOPBIX HACT pedb B
tdbopmymupoBke ieMMel, B Tabmure T; v’ (tuna ¢') — Tpancno3uius ux B Tabmume T'. B
BEIIIENIPUBEICHHOM TpuMepe nemku 3,4 mepBod crpouku T (Tpancnosmmms u = (12))
OKa3bIBaIOTCs BO BropoM crobie T' (Tpancnosuius v' = (24)). Ypasuenue (7.5) BepHO Ans
mo0kIX s, ecu [A] Beime [A'], a IpH OJWHAKOBBIX CXEMax — JUIA TEX §, KOTOPBIC HEb3s
3ammcarhb B BUIC gp.
B cymmy (7.3), ompenensiomyio CHMMETPH3aTOp, KOKABIH 3JEMEHT TPYMNIBl BXOIUT
He 6oJjiee OJHOTO pasa, HHEIMH CIIOBAMH, PABEHCTBO ¢1p1 = 2P BO3MOXKHO JIHIIG MPH ¢ = ¢
U p; = py. IlosroMy ¢ sBserca 3aeMeHTOM alredpel ¢ KoddduimeHTaMu c(s) = Oy, €CIH
§=gp, c(s) = 0, ecu s HENB3s MPEJICTABUTE B BUjE gp. O4eBUIHO,
c(sp) = c(s), c(gs) = dyc(s). (7.6)
MoxHO oKa3ark, 9T0 00as BenudnHa d, KO3PPHUITUEHTE KOTOPOH YIOBIECTBOPSIOT TEM XKe
YCIIOBHSIM, KPATHA CHMMETPH3aTOPY:
d=kc, A=d(e). (7.7)
(ITpu poxa3aTenbCTBE OTACIBHO paccMaTpHBaIOTCs K03 dumments d(gp) v d(s) npu s # gp.)
TouHo Tax xe, ecyu [A] BeIe [A'], TO Benu4InHA d, YIOBICTBOPSAIOIIAS COOTHOIMICHUSIM
d(sp) = d(s), d(q's) =38,d(s), (7.8)
paBHa Hymio, u6o, cornacuo (7.5), d(s) = d(su) = d(v's) = —d(s) = 0. Otn 3amedanus
TIO3BOJIAIOT YTBEPXKJATh, 4TO BEJIMYMHA cxc (X — M00OH snemMeHT aiureOpsl), oOnamaroias
cBoiictBamH (7.6), KpaTHa ¢, B 4aCTHOCTH, cc = W ¢. Kpome Toro, B cuiry (7.8), ¢'xc = 0, ecnn
[A] BeImIE [A 7], B 9acTHOCTH, c'c = 0.
PaccMOTpHM MHBapHaHTHOE HOANPOCTPAHCTBO Py (PA3MEPHOCTH Ap]) BEIMUMH BUJA

xc. Berucnsas crnen mpeoGpasoBanms x' = xc B 6a3uce, HEpBBIE 7] BEKTOPOB KOTOPOTO
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ABIAIOTCA 0a3ucoM ppy) (2 OCTAIBHBIE K HMM OPTOTOH&IBHBI), H B €CTECTBEHHOM Oasuce,
HOJIY9aeM COOTHOLICHHE
U= n!/n[x], (7.9)
rae n! — mopsaok rpymmnsl P,. Terneps cpaBHUTEIBHO MPOCTO MPOBEPHUTH, YTO MACMITOTEHT €
= /| HE IOIyCKaeT NabHeHIIero HeTPUBHAIILHOTO PAa3IoKeHus e = e; + e, (3agaqa 3).
OKBUBAICHTHOCTh TPEACTABICHHH, MOPOXKAAEMBIX B Pr M Pr’, O3HAYAET, YTO IPH
nojaxonasueM BeiOope 6a3MCOB B HMX MAaTpPHIIBL, OTBEHAIOUIME JTI0O0MY 3JIeMEHTY anreOpsl,
OKaXyTcsi oguHakoBeIMH. Ho ecnu, ckaxem, [A] Beime [A'], TOo cxc'=0 npu mobom x, T.e.,
BeJIMYMHE C OTBEYaeT HyJieBas MaTpulla B Pr, TOTJAa KaKk B Pr €H HE MOXET OTBEYATh
HyJeBas MaTpHIla, TOCKOJBKY C€ pr M cc # 0. DTO M J0Ka3pIBaeT CBOWCTBO B)

cummMeTpu3aropos fOHra.

7.2. Pa3noxenne peryasipuoro npeacTaBjieHust
Ecin BMecTo ecTecTBEHHOW HyMmepaluu KIeTok cxemel IOwra — 12.n —

MOJB30BATLCA JIPYroi HyMmeparuei: 71#,...r,, TO nepexo ot no3umuu T k T' BMecTo s Oyaer

_ .. N
ONMCEHIBATECS TIEPECTAHOBKOH  FsS¥ ! rme r= . COOTBETCTBEHHO, KaK YyxKe

n .. rn

-1

OTMEYaIOCE B TpeAblaylleM mnaparpade, CHMMETPH3aTOp ¢ 3aMEHHTCS Ha ¢, = rcr ¢
-1

ko3¢ dunmentamu ¢, (s) = c(r sr). CUMMETPU3aTOpPEl ¢ U ¢, NMOPOXKIAIOT HKBHBATICHTHHIC

MHBAPHAHTHbIC MOANPOCTPAHCTBA Pr ={XC} M Pr, ={XC,}, B KOTOPBIX OCYILECTBIAIOTCS

onunakoseie HII (xc <> xer ' = (xr_l)cr).

PaccMOTpHM BETUYIHHEL
1 - 1 -
e = —5 2 rer s Epy(8)=—5 2 crlsr). (7.10)
ooy oy

Onu npuHamIekaT IEHTPY TIPYNIOBOH anreOpel M, KPOME TOro, OINPEENSIOTCS TOJIBKO
cxemo# lOnra [A], a He KOHKpETHOM HyMepallHed KIETOK 3TOH CXeMbl. OTH BEJWIHHEI
ABJISIFOTCS MAEMIIOTEHTaMH (3amada 4), B3aUMHO-HOPMATBHBIMH s pasHeIXx cxeM IOwra.
Ilocnennee cpa3dy BeITEKaeT M3 CBOWCTBAZ B) CHUMMETPHM3ATOpOB. YHCIO HE3aBHCHMEIX
BEJIMYMH € PABHO YHCIY KJIACCOB COMPSDKEHHBIX YJIEMEHTOB, OTOMY OHHM 00pa3yroT 6a3zuc
nentpa. Orciona

e=¢g+e +.. (7.11)
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(e = Ae + A'e’ +...; yMHOXKASA 00€ JACTH HA €, UMEEM € = rel= ke, Te, A = 1). Paznoxenue
PETYJIIPHOTO TPEACTABICHHS Ha HEMPHBOIMMBIC COCTABISIOUINE BBIMJISIHUT CICAYIOUIAM

obpa3zom:

. 1 .1 -
X=XE+XE+..=— E XCp +— E xc,'+... (7.12)
Vi T

OrMmeTHM, 9TO HE BCE HWACMIIOTCHTHI C, JUIS JaHHOW cxembl [A] me3aBHCHMBL (MOXKHO
OTPaHHYHTECS NEPEeCTaHOBKAMH, OTBEYAIOIIMMH CTaHAapTHeIM Tabauiiam FOHra; cMm. pazaen
7.4.) CpasumBas ¢ (2.18), 3akmogaeM, 4dYTO HIEMIOTEHTHl €] OCYLIECTBIAIOT

TPOEKTHPOBAHHE MO06HO omeparopam P, mosromy

eny(s) = ﬁxm (5)- (7.13)

7.3. ®opmyansl Ppodennyca I XapAKTEPOB I'PYN NEPECTAHOBOK
Hoarpynme! rpynme! P, cooTBeTcTBYI0mME pazduenusm ancia n (cxemam fOnra [A]):
By=B,xB, x.xP .
Cornacuo (2.15) (monarast Tam v muHAekcoM ToxaectsenHoro HII moarpymmer), MOHO

3amMcaTh COCTABHBIC XapakTepel P,, (p%]) = ghg/“)] / pI*] g(v)» THe HYHCIO JJIEMEHTOB g(v) B

knacce (v) onpezaensercs Gopmynon

n!

g =
™ v viV2v, Vv,

a 9HCIO 3JMEMEHTOB Tpynmsl Ppj, 0061afaloliMx IMKIMYIECKOH CTpyKTypo# (Vv), paBHO

n Al
A = L . Orciona:
™) v,ﬂ,:% E iy Y2y

Vii +2v2i+...=7\.l~

2] _ Vl! VZ! 714
) ViVl vty (7.19

v,a-zvk
D kv =h;

OTH BETUYHHEI ABIAIOTCS KOYPPHUIIHEHTAMH CHMMETPHYIHBIX TOJTHHOMOB

A A
S(v) =slvls;2...=2(p% px; Xy, (7.15)

[A] p
e s, =x{ +x5 +..+x,, a cymmupoBanue B (7.15) MpOBOAMTCS MO BCEM MEPECTAHOBKAM

HWOXKHHUX HHJICEKCOB, KOTOPBIC MNPHBOJAT K HCCOBNAJAIOUINM MCOXKIY coboit OJJHOYJIICHAM.
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JlunerHass HE3aBHCHMOCTb XapaKTEpOB (p% clenyeT M3 JIMHEHMHOM HE3aBHCHMMOCTH

IIOJIMHOMOB S(v), @ IIOCJIIEAHST BBITCKACT H3 (l)YHKHHOHaJIBHOﬁ HE3aBUCUMOCTH IHOJHHOMOB S;.

JeiictBurensHo, aKo0uan = n!H (x; —x;) # 0. UHCIO MEPEMEHHBIX X; [IPH BBITHCICHHH

i iJ

(p% He 00s3aTeNbHO OpaTh PaBHEBIM A, JOCTATOYHO, YTOOBI 3TO YHCIO OBUIO HE MEHBIIE

qHUC/Ia HEHYJICBBIX ClIAaraeMbIX B pa30ueHum [A].

®pobennyc nokazai, 9ro K03IPPHUIIMEHTE! ¥ MOTHHOMA

A 1 7\. 2 A
D(x1,eees X0)S(v) = D U0 2,85 ey Ry (7.16)
(2] p

SIBJISIOTCS TPOCTBIMM XapaKTepaMH IPYIIbI epecTaHOBOK. 3/1eCh

1 1 1
-1 m-2 0 _|*m FXm-1 - X
D(x)y0eey X)) = H(xi x;)= ZSprlm 2 X, =
i<
xml xmd X!

Ilpumenenne ¢opmynsr (7.16) K BBIMHCIGHHIO Y Exz“a) (pasmepnoctes HII) n
(%]

Y= X(l"‘zz) IIPUBOJUT K pe3y/bTaTam:

n! .
XO —mD(AI,,Am), Am —}\.m +m-—1,
" D(Ay Agss A =2, A

r=m-1!
; A AL -2 A

(7.17)

7.4. I'padnueckne MeToanl Berunciaenns xapakrepos HII rpynn nepecranosok

HocnenoBarensno ymuoxkas D(x;) Ha s§;, MBI OyaeM mosydarh 3HAKOTEPEMEHHBIE

TIOJTIMHOMBI ZSprIHm Lem=2 X0 , 2.8, pxitmlem=2 0 +28 pxtmllim=2 X0y

T.1. (ITokaszarenu nmocnenoBaTeNbHO BO3PACTAIOT HA 1, HO TAKMM 006pa3oM, 9TO 3HAYECHHUS JIBYX
nokasarejaed IMpH 3TOM HHKOrAa He BelpaBHHBaioTca.) llpm stom ko3dduiment xgﬂ)

OKa3bIBaeTCA PABHBIM YUCITY CJIAraeMbIX B BBIPAXKECHUHU D(x,-)sl'"l,

-1 AT AMp+n-l A
DE)s{™ =Yt 28,0 T
A1 p
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Ap+n-1
M3 KOTOPBIX MOXHO IOJIYYHTh 25 p pxl1 n ..xﬁ " IIyT€M YBEIHWYECHHs OJHOIO H3

MOKA3aTeJICH Ha SIMHHUITY, I 9ero, O4EBHIHO, HEOOXOIMMO, 9TOORI A'; = A;—1 1Sl OJHOTO M3

MHJIEKCOB i, a JUI OCTAIBHBIX A’} = A;. OTCI0/1a BRITEKAET PEKYPPEHTHOE COOTHOLICHHE:

A Al
A Y 719
[A1]

rae cxemsl IOura [A'] momywarorcs w3 A “HOpaBWIBHBEIM” BBIYEPKHBAHHEM OJHOHM KJIETKH.
[locnenoBarensHO NpHMEHSAS 3TY MPOIEAypy, HaxoauM, 4ro pasmepnocts HII [A] paBHa
qUCIY CHAHOApPMHBIX mabauy U1 CXeMbl [A], KOTOpBIE MOJydaioTcd “IpaBHJIBHBIM”
pa3MelIeHHeM /1 YUCeNT 10 KJIETKaM CXeMBI (Bo3pacTaHHue HOMEPOB CeBa HaNpaBo B KaXKIOH

CTPOYKE M CBEPXY BHHU3 B KoM cronbie). Crannaprasle Tabiuie! 115 cxeMsl [31]:

112][3] 113]4] 1[2]4]
4 2 3

Co cranjgapTHeEIMM Ta0NHWIIaMH CXe€Mbl [A] OJHO3HAYHO CBSA3aHBl TaKk Ha3bIBAEMBIE

. Ay A A
pewemounsle  nepecmaHo6Ku  BHIDXEHMH X, 'x,?.x,”. Tabmuipel  ykaselBaioT

TIOCIIeIOBATEIEHOCTE TOSBICHHS MHOXHTEICH X B OTOM BBIPAXKECHHH (COOTBETCTBYIOILYIO
IpaBuly, OTMEYEHHOMY B Hadale naparpada). Tak, ykaszanuele Beime Tabnuubl cxemsl [31]
COOTBCTCTBYIOT DPCHICTOYHBIM MNEPECTAHOBKAM X1X1X1X7, X1X2X1X1 H X1X1X2X1. CTaHlIapTHBIe
TabIHIIBI, PEeIeTOYHBIC TTePECTAaHOBKH (MM CB3aHHBIC ¢ HUIMH CHMBOJIEI SIMaHydH, cM. 7.5)
MOHO MCTIOJIB30BaTh ISl HyMepaIuu cTpok (6a3ucHeix @ymkiuit) HII.

Amnanornano (7.18) nomydaercs 1 npaguio eemenenusn:

A Ak —L
Xty = 2oy (7.19)

i
dopMynHupOBKa NPABKII BETBIEHHSA Y1) —> Y@ IPH ¥ = 2,3...:
[A] (A1
Ky = 2 X0 - (7.20)
2]

Cxemsl [A'] monmygarorcs u3 [A] orGpackiBanmeM “‘TIpaBHIBHBIX” TOJOCOK JJMHBI ¥ BHIA

(HOﬂOJICumeanble, uiu uemmnbole pa:memenuﬂ), 3HAK — OTBCYACT HEYEeMHbIM, UJiU

; 3HaK + OTBeYaeT Pa3MCIICHHIO 7 KJIICTOK Ha HEYETHOM HHCIIE CTPOYCK

ompuyamensHouiM, paimeuienuim (Ha YSTHOM JHCIIE CTPOUCK).
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[A] —

(ily) Ha cxemMe [A] moOCIeIOBaTEeILHO

OO6mee mNpaBHUIO BEMYHUCICHHS

pasMelaloTcd NPaBHIBHBEIM 00pa3oM /; Todek ¢ HOMEpoM 1, /; TOYeK ¢ HOMEpOM 2 H T.[.
XapakTep paBeH KOJHMYECTBY AMArpamMM C YETHBIM YMUCIOM OTPHMIATEIBHBIX Pa3MEIIeHHH
MHHYC KOJMYECTBO JHArpaMM C HEYETHBIM UHCIOM OTPHUIATENBHBIX pa3MmeleHui. Ecimu
NPaBUIIBHOE pa3MellleHHe TOYEK HeBO3MOXHO, XapaKkTep paBeH Hya0. O4eBUIHO, XapaKTephl
TOXAECTBEHHOTO M 3HAKONEPEMEHHOTO MTPEACTABICHHH YIOBISTBOPAIOT STOMY YCIOBHIO.

Pazbuenun [A] n [X] Ha3BIBAIOTCS COMPAMNCEHHBIMU, €CIIH CXeMa OJHOr0 M3 HHX
HNOIYy4aeTcsi M3 CXEMBl JpYyroro 3aMeHOM CTpoK Ha croabmsl. COOTBETCTBYIOIIKE
npeocmaenenus TAKXKEC HA3BIBAIOTCA  COMPANCEHHHIMU. XapPAaKTEPHl  COIPSHKEHHBIX
IIPEJICTABICHUH CBA3aHBI COOTHOLICHUEM:

A A"
o) =l 021

Y4auThIBas pe3yeTat 331a4qu 2.7, MOXKHO YTBEPKIATh, YTO 3HAKOTIEPEMEHHOE TIPE/ICTABICHHE

COJICPKHTCS JIMIIEL B ipou3BeaeHusx AByx HII Buma [A]x [X].

7.5. Matpunsi HII rpynn nepecranoBox

IIpencrasnenne [A] rpynner P, ans moarpynnel P, sBisercs MPHBOJUMBEIM H
packnanpBaercs mo HII [A’] cormacno (7.19), mockombky smemMeHTHI (V) moarpynnsl Pp
umeloT B Py, Buj ((v),1). B nogxoasimem 6a3uce

DM(p) =3 D,(p), peP,yy,

rne D,(p) — marpuma HII [A'], npraem [A'] nmomydaercst u3 [A] BeIMEpKHBAaHHEM KJIETKH W3
cTpoukH r. Jlis onpenenennocty OyneM pacronarate MaTpHIlp! D, B MOpsaKe YOBIBaHUS 7.
IIepexoaa mocnenoBarensno K noarpynnam P, ,..., P, B kadectBe nnaexkcos crpouexk HII
nonydaeM cumeonvt Smanyuu (Y-CHMBOIBI), OJHO3HAYHO CBSI3AHHBEIE CO CTaHAAPTHHIMH
tabmmnamu IOHra u pemetounsiMu nepectaHoBkamu. CuMBon SIManydw — NpOYHTaHHAS
CIIpaBa HaJIeBO pemeTodHas nepecraHoBka. Hampumep, ctpouku HII [317] rpynmnsl Ps takue:
32111, 31211, 31121, 13211, 13121, 11321.

[IpousBonpHas nepecranoBka u3 P, MOxeT OBITH NPE/ICTaBICHA B BUIE POM3BEICHUS
9/IeMeHTOB NMoArpynnel Py ; u Tpancnosumuu (n, n—1). IlosroMy st HAXOXIEHHUS MATPHII
HIT P, no u3BectueiM Marpuiiam HII P,_; moctatouno BemucauTe Marpuily U ykazaHHOH
Tpancnosumm. Ho VU=UV, rae V — wMaTpuila, COOTBETCTBYIOLIAS IIPOM3BOJIBHOH

nepectanoBke m3 P, ,. B pasmoxennn V mo HII Py, V=2V, (rs — nepBric HHAEKCH Y-
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CHMBOJIOB) MOT'YT BCTPETHUTBCS TPH TUIA MATPHIL Vis: 1) Vig, 2) Vi = Vg, 3) Vipor TIpH Ay =M.
B cootsetcTBuH ¢ nemmoit 1llypa Uy s = OrsrsErsrsy Urs.sr = Ors.srbors sr» IPAYEM JUTSL YHUTAPHBIX

MaTpull U 9ucna ¢ yJIOBIETBOPAIOT YCIOBUSAM

2
=1, lo =1,

T+ ‘G O-rr—l,rr—l‘z =1 (A, =2,).

‘Grr,rr v, 7§ rs,sr

Cormacuo 1. 2.10:
[7»]

n=2y A N
ZUW( ) = n(n 1) * (2[1” ) f—¢E, (7.22)
(&) X(]")

npudeM BeiduciaeHue & ¢ ucrnonb3oBanueM (7.17) NpUBOAKT K CAEAYIOLIEMY PE3YIIBbTATY:

M =13 h, (g +1-26).
k

Hazee, 4, ZU(ZH) ZU(ZJ) ZU(z]) Z(é & )E,,

i<j i<j
rae & — koaddumuenTs anamoruduoro (7.22) coornomenus gt HII Py, u 4,U — UA,1=E
(U cootBerctByeT Tpancnosuiiuu (n, n—1)). PaccMmarpuBas 070K 7s,7s B 95TOM MaTPUIHOM

paBeHCTBE, HAXOUM MOCHIE MOACTAHOBKH 3HaUeHU &, &, &,

0-rr,rr = 19 Grr—l,rr—l =-1 (}"r—l = }“r)a
- _ — 1 = 1- 2
Grs,rs - Gsr,sr - A=A +s5—F > Grs,sr - Grs,rs
4 S

Bei6op ¢asel G, MPOMU3BOJIEH, H €€ MOXXHO H3MEHHTH YMHOXXCHHEM Oa3HCHBIX (QYHKIIHH
Y, Ha e ia [TocnenoBarenbHBIM NOCTPOSHUEM IO ATOM CXeMe€ MOXKHO HaWTH Marpuiibl HIT
Bcex Pj.

Takum o00pa3oM, Bce MpPEACTABICHHMS TPYNN NEPECTAHOBOK  OKAa3BIBAIOTCS

BCILICCTBCHHBIMH.

7.6. Baemmue npou3BeIeHU s NPEACTABJICHHH CHMMETPHYECKOH I'PYNIIEI

IlpumurBHBIE  waeMmnorent rpymnbl P, xP. C P, o1 ®cpq, Kak  snemeHt

anrebpel  [Pry] Taroke sBISETCS WAEMIIOTEHTOM, HO HE 0053aT€IbHO IPHMHTHBHEIM.

[lopoxmaemMoe wM mpuBOoAMMOe TipeiactaBienue [A]®[A'] u Ha3pIBaeTCS 6GHEWHUM

r+r'

npouseedenuem npeocmaenenuii [A] u [A']. Ero pasmepHOCTE, P>, MOXKHO
r
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MOJIy49HTh, pacCMarpuBas npeacrasienus rpynm P, P,, P,.,'B TeH30pHBIX npocTpancTBax 7,
Tr’I’I Tr+r’= Trx Tr’-

O61ee MpaBHIO Pa3IOKESHUS BHEIIHAX MPOHM3BEACHHH npeacTaBienni [A]®[A'] mo
HIT cnexyromee. KmeTtkm KaxaoW CTpodku [A'] 3aHOIHMM OAMHAKOBBIMH CHMBOJIAMH,
CKaXeM, @ B TIepBO#M CTpodke, b BO BTOpOM u T.J. 3areM OyIeM pacumiMpsTb cxemy [A]
MHJIEKCAMH @ TTPaBHJIBHBEIM 00pa3oM — YTOOBI NOTYYaATIHCh NPABHIBHBIE CXEMBI, HO TPH 3TOM
MHIEKCBl ¢ HE OKa3pIBAIHCH Obl B omHOM crondme. Jlamee momydeHHBIE CXEMBI Tak e
paciupsoTces cuMBonamu b u 1.1, Ha monmydyeHHsle B KOHIIE KOHIIOB CX€MbI HAKJIA/IbIBACTCS
OrpaHHYeHHe: JO0aBIEHHBIE CHMBOJIBI IIPH YTEHWH HMX CIpaBa HAJIEBO B NEPBOH CTPOKE,
3aTeM BO BTOPOH H T.JI. TOJDKHBI OOPAa30BBIBATh PEHIETOYH YIO IEPECTAHOBKY CHMBOJIOB 4,b,....

Hampumep, [A]®[1]= Z[X‘] , Tme cxemel [A'] momywarorcs w3 [A] TpaBHUIBHBEIM
no0aBIeHHEeM OTHOW KIIETKH

AHaJIOrMYHO OCYLIECTBIISETCS PA3JI0XKEHHE HAa HEeNMpUBOAMMBIE oTHOCHTENbHO GL(n)

9acTH KPOHEKEPOBCKOTO MPOU3BEICHHS HEIIPUBOIUMEBIX TEH30PHBIX IIPOCTPAHCTB T3y v Ty .

7.7. Csi3p Meaxay HII rpynn nepecTaHOBOK M I'DYIIN JTHHEHHBIX Ipe00pa3oBaHui

Ipencrasnenne rpynmel Py B mpocTpaHcTBE TEH30POB panra f Hag L,: s — §

s o S ofe o er] 0 (@ 0w 0 (703
a; . Of 1 .. f) "7y R Ty NS '
[Ipm 5TOM 17151 TPOKU3BOJIBLHOTO TEH30pA X:
(§x) 11 =yl (7.24)

Paznoxenne Ha HII ocymecTBiasieTcss MNPOEKTHPOBAHHMEM, MPHYEM  HIAEMIIOTEHTHI

1/we=qQa/ u)z 8,Pq UOPOXIAIOT WHBAPHAHTHBIE M HENPHBOAMMBIC OTHOCHTENIBHO
rq

KOMMYTaTOPHO# anreOpsl moampoctpanctsa. Kommymamopnas ancebpa A ; anre6pur [§]

o i g
COCTOMT K3 MHOXECTBa ‘“OMCHMMETPHYHEIX’ MpeoOpa3oBaHHUK Akl1 ,{f = Ak‘“1 ,‘;ff. Ay
.

apjsiercs (o6epreiBaromeit) aareOpoi npeacrasnenus 11 ((4) = AxAx...xA NONTHOH NTHHEHHON
. n’ + f-1
TPYIIBI B TEH30PHOM IIPOCTpaHCTBE. JleHCTBUTENIBHO, pasMepHOCTh [I1 f(4)], ,

paBHa pa3mepHoCcTH Ay bonee Toro, Bepno u cootnomenue A/® A, = [I1 /(4) @ IT , (4)].
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B3auMocBs3p MeXay TpynmoBoH —anreOpod M KOMMYTaTopHOW — anreOpoi
NPOM3BOJIBHOTO  TIPE/CTABICHUS TPYNIbl, ONMCaHHAs B pa3jene 2, IO3BOJISCT
copMyIHpOBaTh CICAYIOIIEE YTBCPKACHHUE:

Ecmu ¢ — cummerpusarop IOnra, cooTBeTcTBYrOIIMI Pa3OMCHHUIO HA 7 CIIAracMBIX
(HEeKOTOpBIC U3 HUX MOTYT 00palaThes B HyIIb), TO TeH30pbI ¢x ocymectisitot HIT GL(n). B
paslIoKEHHE TEH30PHOTO MPOCTPAHCTBA HA HETIPHBOAMMBIC YaCTH 3TO IPEACTABICHNAC BXOAHUT
nt pa3, rae nr — pasmepHocts HII Py cootBercTByromero cxeme IOnra, mpu momomm
KOTOPOTO onpeaenseTcs cummerpu3arop. CHMMETpH3aTOphl, COOTBETCTRYIOIINC PA3IMIHBIM
cxemaM, mnopoxaart nedkBuBaieHTHhle HII GL(n). Orpanuvuenue pa3buenusmMu Ha n
ciaraeMbIx HeoOxommmo, ubo ecnmm cxema IOnra comepxut OGosbmie 9eM n CTPOK, TO
MHOXECTBO CX IMYCTO (3amaya 5).

U, nakoneu, BepHo yTBepxacume: dob6ple aBa HII GL(n), nmomydarommumecs wu3
TEH30PHBIX MIPOCTPAHCTB PA3IUIHOIO pPaHra, HeOKBUBAJICHTHHL. OHO CBS3aHO C OTCYTCTBHEM
cooTHOmeHHH Mexay odnementamu Mmarpul u3  GL(n) (mepaBenctBa detd # 0
HECYIIECTBCHHB!). BrimumeM ¢opMyny pa3sMEepHOCTH HEIPHBOAMMOIO IIPEACTABICHUS
rpymntbsl GL(7) TeH3opamu ¢ cuMmeTpueH, onuckiBagMoii cxemoii FOura [A] = [A4,...,Ax]:

N D(,,...,1,)
[A] — 1 >
D(n-1,n-2,..,0)

(25)

rae [; = A;j + n—j, a D — onpeaenureins, onuceiBaeMeli hopmyioii (7.17). Io crpykrype ota
tdopmyina cxomana ¢ (7.18).

ITpu orpanwaenun noarpynnod H nexoropsie HIT rpynmsr GL(n) MoryT okazarscs
IPHBOAMMBIMH. BO3MOXHOCTH NPHUBEACHHS TCH30PHOTO IMpEACTaBICHMs paHra 7 (¢ JIoOsM
THIIOM CUMMETpPHH) 03HAYACT, YTO CYILECTBYIOT HAOOPhI OJTHOPOIHBIX MHOTOYICHOB CTCIICHH
r, P{A), or marpuunbix 3meMeHToB Matpull A € GL(n), koropeie obpaiatorcs B HyIb JJIs
Bcex A € H. Orcioga BBITEKacT, YTO IPU OTPAHUYCHUM TNOATPYIION BELICCTBEHHBIX
npeobpasoBanuii GL(n,R) HII nomnoi TUHEHHOHW TPYHIBI OCTAIOTCS HEIPHBOAMMBIMH, OO
ofpamieHue B Hynb NOJMMHOMOB P.A) TpH BCEX BCIICCTBCHHBIX 3HAYCHHUSAX apTryMCHTOB
MPUBOJIUT K OOPAIICHHUIO UX B HYIb M JUISI KOMIUIEKCHBIX apT'yMEHTOB.

JIro6yr0 HEOCOOCHHYIO MATPHUILY MOXKHO 3aITUCATh B BHJIC:

A = (detA)"4", A’e SL(n). (7.26)
IToaromy HII rpymnel GL(#) octatorcs HenpuBoauMmbeiMu U Uit SL(n). Ilpu orpanmucHun
YHUMOAYISIPHONH NOATPyNIoH, oaHako, HekoTopele HII monHod nuHEHHON TpymIibl

OKa3bIBAIOTCA SKBUBAJICHTHBIMHU, 4 HMCHHO!
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Ay Agses Ay 1A =Ry hg = Apsees A1 — Ay 1, (7.27)
T.¢., OTOpaceBas B cxeMax IOHra ¢ n cTpoukamu CTONOLBI, COACPIKAIIUE # IIICMEHTOB, MBI
MoJTy4acM DKBUBAJICHTHBIC TIPEACTaBICHUS ¢ Ooiee MpOoCcToi cXeMOH. OTO CBA3aHO € TEM, 9TO
AHTUCUMMETPH30BAHHOE MPOU3BECHHE BEKTOPOB IPU YHHMOAYJIIPHOM NpeoOpa3oBaHUH HE
MCHSICTCSL.
He Bo3HHMKaeT CyIECTBEHHBIX U3MCHEHUHM M IIPH YHUTAPHOM OTPAaHHUYCHUU: TIOTHHOM
P.(A), obpamaromuiics B Hyldb JUIS BCEX YHHTAPHBIX JJIEMEHTOB A, paBeH HYIIO Ha BCEM
GL(n). DTO MOXHO TNPOBCPUTH, NEPEXOAs K HHOUHUTCIUMAIBHBIM TPEOOPA3OBAHUAM.
Kaxknast ynuTapHas MarTpulla HEKOTOPHIM YHHTApHBIM NPCOOPa30OBAHMEM TPHUBOAMTCS K
JIUAarOHATBHOMY BHUAY (€1,...,€n), & = exp(iQ;); KIacc CONIPSHKCHHBIX JJIEMCHTOB BIIOJIHE
ompenensercss HabopoM 4gmcen €. HenmpuBogumoe TmpencraBichue rpynmsl  U(n),
OITUCBHIBAEMOC CXEMOIH [A1,...,A4], ©MeET pazMepHocTsh (7.25) u xapakrtep

L !

n
yeres &

£

X[)\,](gls"'sgn)z i ol’ (728)
£ seens &

1
rae n crpok onpeaemutens |g,..., €7

MONTy4YalOTCA TOCIICIOBAaTCIBHONM 3aMEHOW € Ha
€1,825..,€p, A 11 = }\.1 +n —1,..., l,,_l = }\.,,_1 + 1, l,, = }\.,,.

ITo moroxmy HII rpymmsr SU(#) MOXHO MOBTOPHTH CKa3anHoe o Tpynmnax SL(n); B
4aCTHOCTH, UMeeT MecTo popmyna (7.27). Ormerum emie, uto ABa HII rpynmer SU(n), cxemsr
IOnra KOTOpHIX JOMONHSIOT APYT APYTa OO0 MPSAMOYTOJBHUKA C 7 CTPOYKAMH, KOMIUICKCHO
conpspkeHbl. [IpocThle IPUMEphI 3TOT'O NMPUBOAATCSA B TIaBe 9, MOCBAIICHHOW YHHTapHBIM

CHMMECTPHSM.

Icesnoyuurapusic Tpynnbsl U(m, n—m) u SU(m, n—m) COXpaHSIOT HEBBIPOXICHHYIO
3pMHTOBY QopMy
X3} = x0T Y m— X1 et = X0 ™Y
DJIeMEHTHI TICEBAOYHHUTAPHOM MATPHIIBI YAOBIECTBOPAIOT COOTHOMIEHHAM

m n

Zul’u; * —Zul’u;* =28y (ramai'<m, —pani'>m). (7.29)
1 m+l

HenpuBonumsie npeacrasnenus rpynn GL(r) npu mepexone K 3TUM MOATPYIINAM OCTAIOTCS

HETIPUBOJUMBIMHU.

7.8. HenpuBoauMble MpeACTABJIEHHS OPTOrOHAJIBHON W CHMILJIEKTHYECKOH Ipynim
Ilcesnooptoronansuass  rpynna  O(m,n—m)  cOXpaHSET  HEBBIPOXKACHHYIO

CUMMETPUIHYIO GopMy B(x,y) (= X1¥1 ... t XpVm — Xm+1Vm+1 —e.— Xn¥n). ONPEACTUTEIIH MATPHII
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detO = £1. Yactuple ciiyyan — OpTOroHalbHas Tpymna B n usMepenwmsx O(n), rpynma
Jlopenna O(1,3). Unorna mpuxOAMTCs pPAacCMaTpuBaTh KOMIUICKCHOE DPACHIMPECHHE DTHX
rpymn O(n,C), 0ObIYHO K€ OPTOTOHAIbHBIE TPYIIbI, KaK W CHMIUIEKTHYeCKHE Sp(n),
paccMaTpUBaIOTCS B 001aCTH BCILICCTBEHHBIX YUCEIT.

HIT rpymner GL(n) npu orpanudeHud OpPTOTOHAIBHOW TPYHIOH NEpECTaioT OBITH
HEIPUBOJUMBIMH. ITO O0YCIOBICHO HAIMIMEM OICPALM CBEPTKH (B3ATHS CIie/a) MO Iapam
HHJICKCOB, KOMMYTHPYIOIIUX C OPTOTOHATBHBIMH TPeoOpa3oBaHUIMH.

[Tycts 6a3uc mpocTpaHcTBa TCH30POB #-I'0 PaHTa

eVe® MN=e, ..
i iy i, Hiy...1,

Caeptka 1o /-My ¥ k-My HHIGKCAM OINpECNIACTCS CICAYIONIMM 00pa3oMm:

=5, le =5, E® (7.30)

llik n ...i,_lmi,+1...ik_lmik+1...— ilik il"'il—lil+l"'ik—lik+l"'ir

S (lk)e,-
1

ok

(cymMmupoBanue 1o m nojpasymenaercs). OueBUIHO,

(S(lk)F)lllr — % SilikFil...il_lmil+1...ik_lmik+1...ir .

Omneparop S SPMHUTOB H SIBISICTCS HAEMIIOTCHTOM (IIPOSKTOPOM), St th = g, IIpsimas

cyMMa Bcex 7(r—1)/2 moAmpocTpancTs, ZS(”‘)F (") | xak u ee OpPTOTrOHAILHOE JONOJIHEHHE
(k)

Fo(r), MHBADHAHTHEI OTHOCHUTENILHO M OPTOTOHANHHBIX IpeoOpa3oBaHMii, M  BCEX
TIICPECTaHOBOK MHJICKCOB. Bce ciepl TEH30pOB Fo(r) obpamaiorcss B Hylb, MOCKOIBKY
(Fo(r),S(lk)F‘(r) )= (S(lk)FO(r),F‘(r) )= 0 s moboro tensopa F'") . Tiponssonsusiii TeH30p

apeaCTaBISICTCA B BUIC

iy Foil...i, . Zsiﬂ'k Gt ik -y (7.31)
(k)
TJIe TCH30pHI (7 — 2)-Tro panra G MOryT ObITh HalWJICHBI U3 YCIOBUSA OOpallcHHUs B HYJIb CIICAOB
TeH3opa Fy.

[IpencrapneHne opTOroHANBHOM TPyHITBI 6eccineJHBIMA TEH30paMH F pa3iaraercs Ha
HCIPHUBOJUMBIC TIOCPEACTBOM pazbuenus F, Ha dactd, 00JaJaOIIUE ONPEACIICHHOM
CUMMETPHEN OTHOCHUTEIBHO NEPECTAHOBOK MHACKCOB. IIpH 3TOM HEIMyCTHIMH OKa3bIBAIOTCS
JTUIIb TOANPOCTPAHCTBA, ONHUCHIBAGMbIC cxeMaMu FOHra, y KOTOpBIX CyMMa JUJIMH HEPBBIX
ABYX CcTONOLIOB He MpeBblmaer n: a + b < n. Jlomyctumble cxeMpl pa3OUBAIOTCS HA
accoyuuposaunsvle napvr T u T', Takue, uTo AMUHA NepBoro cronbdua B T He npeBsimacT #/2,

TOTJAa Kak @' = n — @; JuIHBl ocTadbHbIX CTOJOHOB B T u T’ omgmnakoBsl. IIpu n yetHOM
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JMarpaMMsl € @ = n — @ = n/2 camoaccouupoBaHbl. Kax/10i IOITyCTHMOM CXEME OTBEYACT
onpeaenenHoe HII oproronansHoi rpynmnsr;; HII, oTBedaromue pasHbIM — cxemawm,
HEOKBUBAJICHTHEI.

Ilpu orpanumuenuu COOGCTBEHHOH oproroHaibHOM Tpymmoii  O'(n), HII,
COOTBETCTBYIOIIME ACCOIIMMPOBAHHBIM CXEMaM, CTAHOBATCS OKBHBWICHTHBIMH. JTO

yTBepkACHHE sBIsCTCS o0oOmenuem wu3BectHoro aias O(3) MONOXKEHHS O TOM, 9TO TPH

YUCTBIX BpPALICHHMAX BEKTOPHOE TIPEACTAaBICHHE (CXema I:l) U TICEBJIOBEKTOPHOE

0,

skeuBaIcHTHBI. HII, omuckiBacMoe camM0acCOIMUPOBAHHOM TUATPAaMMOM, PacIICIUIACTC Ha

(mpencraBieHHE  AHTHCHUMMCTPHYHBIMH — TCH30paMH  BTOPOTO  paHra, Ccxema

JIBa KOMILTEKCHO-conpsukeHHbX HIT rpymst O (n). Takum obpazom, Bece HIT rpymmsr O'(n)
OCYILECTRIIIOTCS CKAIAPAMH, BEKTOPAMH M OECCIICAHBIMUA TEH30paMu O0Jice BHICOKMX PAHTOB
C TIEpEeCTaHOBOYHOM CHUMMETPUEH, ONMMChIBaeMOM cxemamu lOHra ¢ 4uCIOM CTPOK, HE
npesbimaomuM #/2. B gactaoctH, mist O3 3TO MONHOCTBIO CHMMETPHYHBIE TEH30DHI, JIIS
O'(4) u O'(5) cxemsi FOnTa myst pasmuunsix HIT comepxart Be CTPOKH H T.1.
Cuminexktuaeckas Tpynna Sp(n) cCOXpaHSeT HEBBIPOKACHHYIO KOCOCHMMETPUIHYIO
dopmy B(x,y) = -B(y,x) (= x1y2— Xo¥1 F... T X2v_1V2v — X2vVav—1) . MaTpHIbl KOCOCHMMETPHIHBIX
dopm B =-B, t.c., detB = (-1)*™2detB, u hopma MoKeT GbITh HEBHIPOKACHHON THLIb TIPH
4eTHOW pasMmepHocTH n = 2v. Onpepenurtens CUMIUIEKTHYICCKHMX TpeoOpa3oBaHHM, Kak
MOKa3bIBACT JICTATBHOE PACCMOTPEHHUE, PaBeH +1.
3anMmeM KaHOHHYECKYIO KOCOCUMMETPHUHYIO QOopMy B BHAC {X,y} = &) &+l =
—€;+1,; = 1 IIpH { HEYETHOM, OCTAITBHBIC KOMIIOHCHTHI € PaBHBI HymIO. Jlaee onpeaenum cies
TEH30pa IO Mape UHACKCOB
F(?k.j.i,_lim...ikik+1...i, g, it g -y (7.32)
[Tpon3BOMBHBIN TCH30P PACIICILIACTCS B CYyMMY TE€H30pa CO BCEMH CIICIAMH, PABHBIMHU HYIIIO,
¥ TCH30pOB BuAa (7.32), ananoruvHo pacuieruieHuto (7.31) B cliydae OpTOrOHAJIBHOM TPYIIIBL
IMoampocTpaHcTBO GeccaeHBIX TEH30POB, HHBAPHMAHTHOEC OTHOCHTEIIBHO CHMILICKTHYCCKUX
npeoOpa3oBaHUd M TICPECTAHOBOK MHICKCOB, pa3bWBacTcs B CyMMY NOIIPOCTPAHCTB,
00aaomuX ONpPEACICHHBIMA THIIAMH CHMMCTPHH OTHOCHTEIBHO IICPECTAHOBOK, Ha

kotopbix ocymectrigiorcs HII rpymmner Sp(z). IIpu 3ToM moampocTpaHcTBa, ONHCHIBACMEIC

cxemamu IOnra ¢ uuciiom ctpok Gosbmie v = /2, 0Ka3bIBAIOTCS ITyCTHIMH.
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7.9. Paznoxenne HIT rpynner U(n) mo HIT rpynmnsr O (n)
MHO0XeCTBO TEH30POB #-T'O PaHTa C CHMMETPHEH THma [A] paciiennsercs, COTJIacHO
(7.31), na Geccneupie TCH30PHI (COOTBETCTRBYIOIIEE MPOCTPAHCTBO MJIM IMYCTO, MW Ha HEM

canzyercs HIT e OF(n) co cxemoii (L)) u TeHzops! panra (—2) G, AOMOTHCHHBIC
p Y rpyn PbL D (k)

(1]

MHOXHUTEIAMH O; ; . DTH MHOXHTEIN 00JIaJal0T CHMMETPHEH
OXKHTE 8, -9 OXHUTENH OONANAIOT C e

, I03TOMY TeH30pbI Girry
MOTYT MMETh JIHIIb CUMMeTpHH [A'] (CXeMBl C 7—2 KIETKaMH) Takhe, 9TO BO BHCHIHEM
npousBeaennn [A']x[2] copepxurcsa cxema [A]. Takum obpaszom, cxemsl [A'] monydaroTcs u3
[A] TIpaBUIIBHBIM yJAICHHEM JBYX KJICTOK (B YAaCTHOCTH, YAAJICHHBIC KIICTKH HE JIOJKHEI
ObITh M3 OJTHOTO CTOJOIA CXeMBI [A]).

IIpencraBneHue OpPTOTOHANBHON Tpymnbel TeH3opamu Ttuna G B o0meM ciydae
NPUBOJIMMO, M MOXKHO BBIJCIATh K3 HETO HENPUBOAMMYIO (WIH IIYCTYHO) 4YaCTh,
OTPaHMYMBASACH CHOBA TCH30PaMH C HyJIEBbIM clieqoM. [locienoBarenbHOe MPOBEACHHE ITOH
TIPOIICTYPBI IPUBOIMT K PA3IIOKCHHUIO BUIA:

[A] &> QW)TZANTEA ...
TJIe CXeMbI [A'], KaK yXe OTMEHaloCh, MOIYYaAIOTCS W3 [A] MpaBUIBHBIM yJAICHHEM JBYX
KIICTOK, cxeMbl [A"] momydarorcs u3 [A'] IpaBHIBHBIM YJAlIGHHEM €IIC ABYX KICTOK H T.J.
[IpuBeacHHBIC TIPOCTBIC PACCYXACHUSA HE [TAIOT BO3MOXKHOCTH YyKa3aThb B 00IIeM BHJE
KpaTHOCTH, ¢ KoTopeiMH HII opTOoronanbHOM rpymIibl BXOAAT B BBITMCAHHOC PAa3I0XKCHHE.
Tabnuup! pazmoxeHud UMEIOTCS B nuteparype (cM., nanpumep, xang u BaiGopu 1973).
BhIMHIIEM HEKOTOPhIE W3 TAKMX pa3IoxkeHui as npuseaenns U(5) —» O (5):
[2] = (20) + (00), [11] = (1), [3] = (30) + (10), [21] = (21) + (10),
[111]=(11), [4] = (40) + (20) + (00), [31] = (31) + (20) + (11),
[22] = (22) + (20) + (00), [211] =21 + (11),[1111] = (10).

Tax xe BeIsAAT U pasnoxenns U(7) — O'(7) ¢ nobapieHneM JONOIHATEIFHOTO HYIS B
unziekcax HIT O™(7). HckmoucHus:

[111]=(111), [1111]=(110).

7.10. HexoTophle NPHI0KEHHS K TEOPHH ATOMHBIX CIIEKTPOB
OnHODIICKTPOHHBIC COCTOSHMS B aroMe¢ B HYJICBOM NPHONMIKCHHH OIUCHIBAIOTCS
KBAaHTOBBIMH 4HCIIaMU (nlm;m;), ypOBHH DHEPTHH €, BBIPOXKJICHBI IO M, Ms; C KPATHOCTHIO
2(2/+1). (Ilpu MoxeTMPOBAHUM OJHOJJICKTPOHHOTO MOTCHIIMANA KYJOHOBCKHM IOJICM HMECT

MecTo W BeIpoxJenue no / = 0,1,..,n—1; 1emoe 49ucio n HyMepyeT YpPOBHH B TOpSIKE
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BO3pacTanus dHepruu.) B cumy npunimna Ilaynm kaxmoe COCTOSHHE MOXET OBITh 3aHSTO
JUIIb OJHWUM DJJIGKTPOHOM. OHEPrHsi aroMa B HYJICBOM NPHOIMIKCHHM ONPEACITSACTCS
KOH(HUrypanued — pacrpeeicHHeM OJJICKTPOHOB IO OJHOJICKTPOHHBIM COCTOSTHHAM.
COOTBETCTBYIOLIME CTAIIMOHAPHBIC COCTOSHHS MOXKHO IIPEJCTABUTH B BHJE CIDTEPOBCKUX
JCTEPMHUHAHTOB U3 COCTOSIHUH OTJICIBHBIX JJICKTPOHOB.

B ocHOBHOW KOH(MI'ypanMu >ICKTPOHBI IOCIEIOBATEIBHO 3aHMMAIOT HIDKHHE IO
sHeprum cocrosums, 3amommas “obomouxn” (1s)), (25)%, (2p)° m T Kondurypamms,
COCTOSILAs M3 MOJTHOCTHIO 3alOJHEHHBIX 000JI0YCK, HE BBIPOXK/ICHA; B HCH PaBHBI HYIIO KaK
OpOUTAIBHEIN, TAK U CIIMHOBBIA MOMEHTHI. Eciu BHenmmsis 06omouka kondurypauuu (nl)” ne

4l +2
3anonHeHa, 1 < 7 < 2(2/+1), To Takoi ypoBeHb -KpaTHO BBIpOXACH. Beneactrue
r

KYJIOHOBCKOTO B3aWMOJICHCTBHS DICKTPOHOB MEXIy coO0l KoH(HTypanus paciieruisieTcs Ha
tepmbl 5L, xapakTepusyemblc BEIMUMHOM IOIHOrO OPGMTAILHOTO L M CIMHOBOTO S
MOMEHTOB (paccel-CayHJepCOBCKOe NpuOIMxKeHnue). TepMbl HCHBITHIBAIOT AalbHEHIICE
pacuieIJiCHHe Ha YPOBHH, ONMCHIBAEMBIC IIOJIHBIM MOMEHTOM J, TOA ACHCTBHEM CIHMH-
OpOUTATFHOTO B3aUMO/ICHCTRUSL.

Paznoxutrs koHGHUTYpanMi0 Ha TEPMbl MOXHO C TOMONIBIO  CIEIYHOIIMX
CHMMETPUHHBIX CcooOpakeHuid. MHOXKECTBO GYHKUUH |mpmp...my) saBiIseTcs O6a3zucom
TEH30pOB 7-TO panra Hajx (2/+1)-MepHBIM YHHTapHEIM mpocTpancTBoM mnpeacrasienms DO
TPynnbl BpalICHHM, TOTJa KaK (QYHKIWH |mgms)...ms) 00pasyior 06a3uc TCH30pOB HAaJ
JBYMEPHBIM IIPOCTPAHCTBOM D (SU(2)). O6a muoxecTra pa3dbuBaioTcsi Ha MOJAMHOXKCCTRA,
obnajnalolue OIpeACICHHOW CHMMETPHEH OTHOCHTEIBHO IIEPECTAHOBOK 4YacTHil Pi.
Ilpouseenenne QyHknmit tHna [A;] u [Ag] mnpeobpa3yioTcs NpH TNEPECTAHOBKAX IIO
npenctaBiaeHuio [A;]x[A;]. TIockoNbKy peanu3yioTCs JUIIb MOJHOCTHIO AHTUCHMMETPUIHBIC
COCTOSIHUSI BCCH CHCTEMBI, TO JOCTATOYHO PAaCCMaTPHUBATh MPOU3BCACHUS THIA [X] x[A], Toe
3HaYOK ~ OTHOCHTCS K COIPSDKCHHOMY pa3buenuio. Bo3MOXHBIE THIBI CHMMETPUH
npeacrasieHnin SU(2) ONHMCHIBAIOTCS CXEMaMH C YHCIOM CTPOK HE Ooliee JBYX, KOTOPHIC

cpady parorT 3HadeHus crnuHa S. COOTBETCTBEHHO, OPOUTANBHBIC (YHKIIMH JIOJIKHBI

OIIUCHIBATHCS COIPSDKCHHBIMH CXEMaMH € 4HCIOM CTonOnoB He Oomee ayx. Ocraercs
“ N +
pasnoxuTh TeH30pbl ¢ cuMmmerpuer Tuna [A] ua HII rpymoer O '(3), 9To0bl MOXY4IHTH

BO3MOJKHBIC 3HAYCHHUA opOuTampHOro MomeHta L. Ilpoire BCero 3To CAEHaTh C MOMOIIBIO

COOTBETCTBYIOLIMX TaOuIl. MBI IPOMILTIOCTPHPYEM METO/I Ha MMPOCTCHIITNX TPUMEpaXx.
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2
Jus  kondurypauu d° BO3MOXHBIC 3HAUYCHHMS IIOJHOTO CIIMHA OIPEACIISIOTCS

H (§=0)

CXeMaMHu 7} L] (S = 1, Tpu cummerpuunsie ¢yHkuuu ¢ Ms = 1,0,-1).

CootBercTByIOIIMEe OpOUTANBbHBIC (QYHKIIMKA OONAJAI0T CHMMETPHIMH L] 7} H Ho
DD = p® + p® 1+ p® 1+ p® + PO Crapumit BexTop mpeacrarnenns DY, 22), (a ¢
HUM W OCTAIbHBIC BEKTOPHI) CHMMETPHYCH OTHOCHUTCIBHO MCPECTAHOBKU OSJICKTPOHOB.

IIpencraBnenue D® narsrusaercs AHTHCUMMCTPHUYHBIMU TCH30paMH (CTapmIui BeKTop [21) —
112)), D® — cummerpuumbiME (cTapmmii  Bektop | 20)+|02)— \/g 111)), DM —

AHTUCUMMETPUYHBIMU U DO — CUMMETPHYHBIMH. TakuM 00pa3oM, KOHQUTYpaIsl BKIIOYACT
TEPMBI;
2. 1~ 1y 1o 3 3
d°: "G, D, S;°F,"P.
MoxHo ObUIO 3/1eCh TPOCTO HOJACYHTATH YHCIO CHMMETPUYHBIX H AHTHCHMMCTPUIHBIX

GyHKIMHA, KOTOPBIC MOXHO COCTaBUTH M3 MCXOMHBIX MPOCTCHIIMX (QYHKIMH, OTHOCSIIUXCS K

JAHHOMY 3Ha4YeHHUIO M.

|
omueii crun B kondurypauun d > S = 3/2 ( L1 YuS=1/2 (= ). llonnocteio

AHTUCUMMETPUYHBIC OpOHTATIBHBIC TEH30PHI CTApIIHM BekTOopoM umeroT {[210)} (M= 3), ak

M; =1 oTHocsTcs yxe nBa Bektopa {|20-1)} u {|21-2)}, Tak 9ro

a _ p®+ pO>

TeH30pbl CHMMETPUWHOTO TUTIA —  MOIKHO MOJYYUTHh HCXOMAS U3 COOTHOLICHHHI
H x[]= a + |
u (D® + DD = p® + p® + 2p® + 2p@ + 2pO,

B mnocnenHeMm pas3inoxeHUHU D® + DU orHOCHTCS K TOMHOCTBIO AHTHCUMMETPUYHBIM
|
TEH30paM, TaK YTO OCTABIIASCA 4YaCTh OTHOCHTCA K — . Takum obpazom,
dr+ by 277 2~ 2pr A2y 2
d*: °F,*P;*H,*G,*F, 2D, *P.
Tepm D BCTPCYACTCS B 3TOM PA3JOKCHUH JIBAXK/IbI, U JJI PA3IMUCHUS JBYX TCPMOB

HOJIE3HO MMETh JIOTIOMTHUTENILHOE KBAHTOBOE YHCIIO. TaKMM YHCIIOM MOT ObI CIIY)KHTh HHJICKC
HIT rpynmsi, npomexyrounoit Mmexay U(2/4+1) m O'(3). B kauectBe Takoi Tpymmsl

eCTECTBEHHO BhICTyMaeT rpymma O (2/+1), sexsromascs moarpymmoii U(2/+1) u coaepxamas
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+ ~ v
B KadecTBe nmoarpynnel O (3). Pazmoxxenne Ha TEpMbI NMPEACTABICHHA YHUTAPHOW TPYIIIBI
MO>KHO OCYILECTBUTH NOCIEAOBATEIBHBIM IIPUBEACHUEM

UQRH1) - O'(21+1) - 07(3),
U KaXJIbIi TEPM ONHUCBHIBACTCS MYJIbTHIUICTHOCTBIO 25+1, cBsA3aHHOW coO cxemou [A],

mnyiekcamu (A') mpencrapnenuit rpymmsr O'(2/4+1), conepxamuxcs B [A], u uamekcom L HIT
rpynnsr O'(3).

Belmie Mbl yKe oTMedalt, 9To st KoHGurypanun d 2. [21 > DY + DP + DO,
Paznoxenue na HIT rpymnsr O'(5) Bemasgur tak: [2] — (20) + (00). Bropoe cnaracmoe
3mech sBusercs uHBapuantoM Tpymmsl O'(5) M COOTBETCTBYET CBEpTKE TeH30pa (B
IUKIUNICCKUX KOOPAMHATAX CBEPTKA OCYIIECTBISCTCS C NOMOIBIO 3j-cuMBOJOB (3.39)).
OmHOBPEeMeHHO OHO — uHBapuant rpymusl O*(3) u mosromy orseuaer mpeacrasnennio DO
(S Tepm). Takum obpasom, (00) »> DO, (20) » D + DP. Ipencrasnenue (00) Brepsbie
HOSIBIIICTCSI B OTCYTCTBHE OJJICKTPOHOB Ha d-00010YKEe, W TOBOPAT, YTO OHO 0OIagaet
cmapwuncmeom v=0, torga kak (20) (m Bmecte ¢ muM G- u D-tepmel) oOmanaior
CTapUIMHCTBOM V = 2.

Ilns kondurypauun d °, [21] — (21) + (10). Oueruano, (10) - DP (D-tepm) u,
TakuM 00pa3om, OJuH D TepM obaamaer ctapmuHCTBOM v = 1 (mpeacrariaenue (10) Breprbie
nosBIseTCA B Konduryparuu d ). Ocraibibie TepMbl KOHGUTYPAUA d > MyThTHILICTHOCTH 2
ob1anaioT crapmmHcTBOM 3, a TepMmsl ‘P, *F — crapmmmcreom 2 (uGo [111] > (11) —
IPEJCTAaBICHHUE, BOSHUKAIOIICE JJIS IBYX DIICKTPOHOB).

B xoudurypanusax f " CTapIIMHCTBA OKa3bIBAETCS HEJOCTATOYHO IS OAHO3HAYHOMN

KJIaccu(UKAIIH TEPMOB.

3axaunm k pasngery 7

1. Tloka3arb, 94TO IEPECTAHOBKA S HE MOXET OBITH IIPE/CTABIICHA B BUC ¢p ABYMS
Pa3IUYIHBIMH CIIOCOOAMH.

2. Beipasuts K0dQOUIHEHT |1 B COOTHOMEHAH ¢* = [Ic Yepe3 KO PHUIIHCHTEI
CHMMETPH3ATOPA U TTOKA3aTh, 9TO Ll — IEIIO¢ YHCIIO.

3. Tlokazats, yTo uaeMnoreHt e = (1/|)c TpUMHUTHBEH.

4. TIpoBEpUTH PABEHCTBO £° = € , T/I¢ € OIPEACICHO paBeHCTBOM (7.10).

5. Jlokasatrh ClIeIyrolIee YTBEpKACHUE: eClii cxema [A] cumMerpu3atopa FOHra ¢ cogepxur
6oree n ctpok, To ¢x =0 mus moboro Ten3opa x Hax L, B mpoTuBHOM cioydae cymecTByer

TEH30p X( TAKOH, 9TO Cxo# 0 .
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6. Haiitu coctaBHble XapakTepbl rpymmsl P3 mo dopmyne (7.15) u npeactaBuTs X B BHIC
JUHCHHBIX KOMOWHAIIWI MTPOCTHIX XaPaKTEPOB.

7. Haiitu mpocTsie xapaktepsl P; no ¢popmyne pobennyca (7.16)

8. Bemmucarb crangaptusie Tabmunp! FOura amus Pa.

[642] [421] [A]
9. BeIpa3uTh XapaxKTepsl X(l,zz) M Y13, 9ePe3 X -

10. Ilokasars, 4TO XEﬁ)lq] =(-1)4, p+q =n, a a1 ocTanbHbIX pa3zbueHui X% =0.

11. Beraucnouts xapakreps! HII [n—1,1], [n—2,12], [n-2,2].

12. Haiitu matpuus! HII rpynms! P; u Matpuis! Tpancno3unuid B HIT Py.

13. PaznoxuTh TEH30PHI TPETHETO paHTa Haj L3 Ha HEIPUBOIUMBIC COCTABIISIOIINE
(otHocutensHO GL(3) 1 P3).

14. PaznoxuTth TCH30PHI TPETHETO paHTa Ha GeccieTHbIe TCH30PhI H TCH30PHI IIEPBOTO paHTa
OTHOCHTEIIFHO OPTOTOHAIBHBIX IIPEOOPa3OBaHHHI.

15. Haiitu TepMs! konburypammu f .

16. Haiitn 6a3ucubie GyHKIHH TCPMOB KOH(DUIYPAIHH p°.
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8. I'pynnsi Jlopenua u Ilyankape

8.1. Onpenenenne rpynn Jlopenna u [lyankape
Ipynna Ilyankape (neoonopoonas cpynna Jlopenya, zpynna oOeudicenuii
npocmpancmea Munkoeckoz0) — MHOXKCCTBO JIMHCHHBIX TIpeoOpazoBanuii L B
YETHIPEXMEPHOM (BEILECTBEHHOM IICEBIOCBKINIOBOM) IPOCTPAHCTBE-BPEMCHH

x=x"e,=x%e+r,x'=Lx+ax"=L"x" +a" (8.1
COXPaHSAIOMMX “HHTEPBAIBI” MEXIY “COOBITHSIMUH’ — TOYKaMH IIPOCTPAHCTBA-BPEMEHH. JTO

TpyIlIa HpOCTPAHCTBEHHO-BPEMCHHONH CHMMETPUH H3OIHPOBAHHBIX (H3UUCCKUX CHUCTEM,
HanmpuMmep, paCCMaTpuBaACMBIX OTACIBHO 2JICMCHTAPHBIX YaCTHII. C‘II/ITaeTCSI, 9TO MHOXKCCTBO
cocrostHui gactull obpaszyer npoctpanctBo HII ee rpynmnel cuMMeTpu#, O3TOMY HHICKCHI
yaurapusix HII rpynms! [lyankape onucsiBaoT QU3nvecKkie Xapak TePUCTHKH TACTHII.

B cnenmanbHON TEOpPUHM OTHOCUTEIBHOCTH KOOPIMHATA x" = ¢t coorserctByer

1.2
BpeMeHH, KOOpAMHaTe! F(x' x*,x°) — mecTy cobsrrus. KBajpar nnrepsana

(x—y) =t - b)Y — (- 1) = gu(*— M) -1, (3.2)
(ew ey) = guv — AMArOHAIbHBIN “METpUYECKUI” TEH30D, goo = 1, g1 = gn =g =-1.

MHOXECTBO OZHOPOAHBIX Mpeobpaszosanuit (Marpun L") obpasyer (o6ugyio) zpynny
Jlopenya. CoxpaHeHHe HHTEPBAIA HAKIIAIbIBACT HA MATPHILY YCIOBHS
gvo=(Ley, Lep) = guol "L wmn g =LgL, L% L0~ 5 L'\ L), = gy, (8.3)
OTKy/Ia

det L==%1,u 1= (L%)*- XL re., L% > 1, mubo L% <—1. (8.4)
CooTBEeTCTBEHHO, IPOCTPAHCTBO Ipymisl JIopeHa pa3duBacTcsl Ha YEThIpE HECBA3HBIC YACTH,

nepBass W3 KOTOPBIX, BKJIIOYAIOUIAS CIMHHYHBIA DIEMCHT, COOTBETCTBYET IIOATPYIIIC,
HAa3bIBACMOU coOCmeeHHOU opmoxponnou (cneyuanvuoii) zpynnou Jlopenya L+T ¢ detl=+1
)5 | LOO > 1. Pazbuenue nomno# rpynms! JIopeHia Ha CMEXKHBIC KIIACCHI T10 L+T BBITJISITAT TaK:
L=LS+PrLt+ L+ 7L, (8.5)

rine 7 — obpamenne (oTpaxkenue) BpeMenu, P (B 3TOMH IMiaBe) — NPOCTPAHCTBEHHAS HHBEPCHSL.
IlepBrie aBa xnacca B (8.5) obpasyroT cobcreennyio rpynmny Jlopenua Ly, nepssiit u TpeTuii—
OPTOXPOHHYIO TPYIITY L', Ananorsunoe (8.5) pasbuenue mmeeT MeECTO M JUIS TPYIIBI
Ilyankape.

ITpousBonbnoe npeobpazopanue Ilyankape (cm.(8.1)) moxmno 3anmcars B BUae (al|l),
a— 4-BeKTOp “TpaHCIALMHK’; TOT/Aa NMpOW3BEACHME NpeoOpa3oBaHuid, Mo aHamoruu c (6.1),
paBHO

21g = (a1|L1)(a2|L2) = (a1 + Liay |L1L2). (8.6)
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O6parnsiii omement: (alL) ' = (-L'alL™") , compsxemtbie HIeMeHTL:

BIL'Y (@L) BIL'Y'=(b +L'a— L'LL''BL'LL' ™),
Tak 4YTO HOATpYyMNNa TPaHCISAIUN OKas3blBaeTcs HHBapuaHTHOW. ['pynma Ilyankape —
MOYTIPSIMOE TIPOM3BE/ICHAEC WHBAPUAHTHOW abencBOW MOATPYNNBl TPAHCISAIMHA W TPYIIIBI

Jlopenua. MMeeTcst NATHMEPHOE MATPHYHOE MPE/ACTABICHHUE TPYIITIbL:
@ -t 8.7)
a —> " .
0 1

Jecsitb yenoui (8.3) cBOAAT YMCIIO MapaMeTPOB TPYIIIIEI L' no mecty; rpynna Ilyankape

P,

— 10-nmapamerpuueckas; obe Tpymmel, OYCBHAHO, HEKOMMakTHbIC. [IpoM3BOIBHBIN
anmeMeHT Tpynnsl JlopeHma L. moxuo NPEJCTaBATh KaK TPOW3BEACHHUE TPEXMEPHOTO
BpAaICHUS MPOCTPaHCTBEHHBIX KoopauHat R(&1&,E3) u “aucro mopennera” mpeobpa3oBaHus
(6ycma) B:
L(&b) = B(BYR(E) = R(E)B(R™'b). (8.8)
Bbycr B(b) onuceiBacT Nepexos K CUCTEME KOOPAWHAT, ABHXKYLICHCS OTHOCHTEIIBHO HCXOAHOH
B Hanpasinennn b = bn (n* = 1) co ckopoctsio v = ¢ tanhb:
B(b)[r — n(n.r)] =r — n(n.r)
Bey = ey coshb + n sinhb, Bn = ¢; sinhb + n coshb
x'% =x%oshb + (n.r)sinhb,
r'=r—n(n.r) + nx’sinhb + n(n.r)coshb. (8.9)

B 6omnee npuBbraHbIX st GU3HKH 0003HaUCHHUAX NIpH #||[x peobpazoanue B(Vv,ey) BHITISIAT

TaK:

2
p thwxlem o, x4Vt (8.10)

v1—v2/c2’ V1-v?/c?
JlokaxxeM BO3MOKXHOCTH Bhipaxkenus (8.8) mas mpeobpazosanus Jlopenna. [Tycts ep=(1,0,0,0)
U Ley = x; u3 (8.9) BhITEKACT, 9TO CYIIECTBYCT CIMHCTBCHHBIM OYCT, IEPCBOIANINN BEKTOD €)
B x = (x%r), a umenno 6ycr ¢ coshd = x°, n = r/sinhd [(x°)> — ¥ = (e, ) = 1]. Takum

obpasom, B(-b)Ley = ey, T.c., B(—b)L — 0bbIuHOC BpaleHHe.

8.2. DyieMeHTBI CIeNHAJIBHON TEOPHH OTHOCHTEIBHOCTH
IIpeobpazopanue Ilyankape (8.1) OyaeM TpakToBarh Kak OIEpalWIo HaJ
Habmo1aeMoi HU3UYCCKOM CHCTEMOM (YCTaHOBKOM, YaCTHIICH), KaK €€ TIOBOPOT U CMELICHHE

(Tak Ha3pIBacMas ‘‘aKTHBHAs TOYKA 3PCHHS, B TPOTHBONONOKHOCTh DKBHBAICHTHOH CH
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“MacCMBHON” TOYKE 3PEHHUS, TPAKTYIOUICH npeoOpa3oBaHUs KaK H3MCHCHHUE CHCTCMBI
KOOp/IMHAT).

Ilyctb ¢ du3uueckoi CHCTEMON, NOKOAILEHCS OTHOCHTEIBHO NaHHOH “naboparopun”
(cuctembl otcuera) npoucxogat Asa cobbitus (0,0,0,0) u (cz,0,0,0) (manpumep, poxaenue u
pacriaj 3a BpEeMsS ! ME30HA); HHTEPBAT MCKAY COOBITHSAMH (BpEMCHUNOJOOHBIN) paBeH cf.
Ecny ke cucreMa JBMXETCS, CKaKEM, CO CKOPOCTBIO v BIOJIb OCH X, TO KOOPJAHUHATHI BTOPOTO
cobpiTus paotcs Gopmynoi (8.10) ¢ x = 0. MarepBan Mexy COOBITHIMH HEH3MEHEH, HO

BPEMSI MEK1Y HUMH:

f=t/N1-v*/c?. (8.11)
3amemicHue BpEMCHH TEM 3aMETHEE, YeM OJIMXKE V K C.
Paccmorpum Temeps naBa coOwitus  (0,0,0,0) uw (0,x,0,0) (u3mepenue aIUHBI

IBMKymiencs auHerku). U3 (8.10) naxomgum:

t=—wx/c?, x'=x\V1-v?/c?, (8.12)

9TO MOXKHO TPAKTOBATH, KAK COKPAIICHHE PACCTOSHHUIH B JBHXKYILEMCS OOBEKTE.
Paccmotpum enie HU3UUECKYIO CUCTEMY, IBHXKYILYIOCS OTHOCHTEIBHO YCTAHOBKH CO
CKOpPOCTHIO ¥ (BIIOJIb OCH X), TaK 9TO €¢ MUPOBAs JHHHS onpeaensercs BektopoM (ct, V', 0,0).

Ecnu Teneps cama ycTaHOBKA JBHIKETCS CO CKOPOCTBIO V, TO

2
_t+vit/c . Mttt (V+v) /. (8.13)

= , X'= =
VI—v?/c? Vi-v2/c2 1+mv/c’

T.C., CHCTCMa JIBHXXCTCA OTHOCHTCIBHO HCXOJHOH CHCTEMBI OTCUETa CO CKOPOCTBIO

t'

V'=(V+v)/(1+Vv/c?), HIKOT ia HE IPEBBIMIAIOLLEH C.
IIpu MalIbIX CKOPOCTAX OBHKEHHH V, v <<
al € MOXHO BOCIIOJI30BaThCS MPHOIMmKCHHEM sinhb
= tanhb = b = v/c, coshb = 1 u 6ycTsl nepexoadr B
npeobpazosanus I'anunen
t=t, r'=r+vt

CootBeTcTBEHHO, Tpynma [IyaHkape nepexoauT B

rpynny lamwies — Tpynny CAMMETPHH 3aKOHOB

HEPEIATHBACTCKOHN MEXaHHKH. Ha
CHMBOJHYCCKOM TpaHKe MpocTpaHCTBa-BPEMCHU

(cM. prc.) u300paxKeH CBETOBOM KOHYC (r = * cf),

o0pasyonme KOTOPOTO SIBISIOTCS MHPOBBIMH
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JUHHMSAMHU JTyda CcBeTd. Bce TOYKM BEpXHEH NOIOBHHBI KOHYCa (U30mponHble 8eKmMOpbL),
UCKJIIOYas Havalo KOOPJMHAT, MOXHO TOIYYHTh JAPYr U3 apyra mnpeoOpasoBanusmu Jlo-
peHiia. BpeMEHHTIOIOOHBIC BEKTOPBI, (ct)2—12>0, cBsi3aHHBIC TpeobOpa3oBanusMu Jlopenua,
nu300paxaroTcs TUIEepOOIONaMu, JICKAIIMMH BHYTPU KOHyca. KOHIBI IPOCTPaHCTBEHHO-
10406HBIX BeKTOpoB [(cf)’—#*<0] pacmonaralorcs Ha THIEPOOIOMAX, OXBATHIBAIOLIMX
CBETOBOU KoHyc. llepexoa K HEPEISATHBHCTCKOMY NMPHOIMXCHHIO MOXKHO TNPCACTAaBHTH KaK
yBEIMYEHHE yIJIa pactBopa komyca 10  90°
HCUE3HOBCHHE OOJIACTH IPOCTPAHCTBEHHOIOIOOHBIX
BEKTOPOB W BBIPOXKJCHHEC  BPEMCHHUIOIO0OHBIX
TUNepOOIOH/IOB B ILIOCKOCTH.

Ha pu TIOKa3aHbl PA3JIUYHBIC CHCTCMBI

KOOpAMHAT Ha| TUIOCKOCTH (f, X) (JIOpCHIIEBBI
npeobpasoBaHus KaK U3MCHCHHUE CHUCTEMBI

KoopAuHaT). HamoMHuUM €me HEKOTOpPhIE 4YacTo

ynorpebasieMple B CHEIHATBHOW TEOPHU OTHOCHUTENb-

HOCTH 4-BEKTOpBI. 4-CKOPOCTb U 4-yCKOPEHHUE YaCTHIIbI:

u* = dxds, a* = dut/ds, u* = 1, u,a'=0,ds = cdt\N1-v? /2 .
(8.14)

4-UMITyTIbC YACTHIIBI:

p=mcu,p = mv'/\N1-v? /c? | P’ =mc/ 1-v2/c? = Efe. (8.15)

8.3. 'omomopdu3m 1ByMEepHOH YHHMOAYJISIPHOH rpynnbl Ha rpynny Jlopenuna
ITpu M3ydeHun Tpymnnsl BpAIIEHHH OKa3aJoCh MOJNE3HBIM BBIBICHHE TOMOMOpGH3Ma
SU(2) — Rj. Ilo oTHOmICHHIO K CICIHANBHOM TpymIe JIopeHIia poids HAKPHIBAOIICH TPYIIIBI
urpaet rpynna SL(2,C). PaccMOTpuM 3pMHUTOBY MaTpHlly BTOPOTO HOPSAAKA, OJAHO3HAYHO

CBSI3aHHYIO C 4-BEKTOPOM X

x0+x3 )Cl—l')c2 0 1 2 3
xeX=" s o0 3 |TX¥etxoptx'o,+x03;
x +ix° x —x (8.16)

det X = (x9)? —(x")? = ()% = (x*).

o}
IMycte A = g e SL(2,C), 1.e., ad — By = 1. Torna marpuunoe npeodpazoBanue
Y

"= AXA", det X'= (x")— (') - D) - (Y’ =det X (8.17)
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COOTBETCTBYCT OJHOPOJHOMY IHHEHHOMY mpeoOpa3zoBanuio L B IPOCTPaHCTBE-BPEMCHH,
COXpaHSIOIIEMY PEISTHBHCTCKYIO “unHy” BekTopoB: A — L, x' = Lx, (Lx, Lx) = (x, X).
ITonarast e = 0p ¥ y9uTHIBaS, 9TO MaTpuUllsl Ilaymu yIOBIETBOPAIOT COOTHOLICHHUSM

0,0; = ig;zor + 0,00, ©i0; + 0;0; = 28y, Spoaop = 2008, (8.18)
HOJTy9aeM

x*=18p(c, X") =1 5p(c AXA") =1 Sp(c, AcpAT)xP = L7pxP. (8.19)

Kak u B paszgenc 4.4, ycranasmasaem, uto det L = +1; kpome Toro, L% = (1/2)Sp(AA™) > 0,
conocrapisis ¢ (8.4), umeem L% > 1. Takum o0pa3oMm, L — DJIEMEHT TPYIIbI L+T, U
orobpaxenune A — L smisiercs romomopduszmom SL(2,C) — L+T C simpoM *e.
Eciu orpannauThes yHHTapHO# noxrpymmoii rpymst SL(2), to AT= A", x'°=x" u
MBI BO3BpalllacMcs K YK€ u3BecTHoMy Ham romomopdusmy SU(2) — R;. Jliobas yaurtaphas
YHHMOIYISIpHAS. MAaTPHIIA BTOPOTO TOPS/IKA HMECT BHJI:
u=e ' = OM2 _ 5. cos(p/2)+i(c-n)sin(p/2), (8.20)
9TO COOTBETCTBYET IIOBOPOTY Ha YTOJ (p OKOJO OCH R [n* =1, (0'-n)2 = 0g = e, OTMCTUM:
0'-n=\/0'o].
Jlro6as spmurora matpuna A€ SL(2,C) MmoxeT ObITh 3amucaHa B BHJIC
* h = exp[—(o-n)b/2] = opcosh(b/2) — (o.n)sinh(b/2), (8.21)
9TO COOTBETCTBYET OYCTY BAOIH OCH M CO CKOPOCThIO v = ¢ tanhb. Ilpencrarnenuro (8.8)
nipeoOpazoBanus JIopeHiia COOTBETCTBYET MPEAICTARICHUE MTPOU3BOIBHON MaTpuilbl AeSL(2)
B BU/JIC IIPOM3BEJICHUA SPMUTOBON U YHUTApHON MAaTpHIL:
A=hu, tae B = AAY, u = (AAYY A, (8.22)
Hcnons3ys KOMIUIEKCHBINA 3-BEKTOP 0L, MOXKHO ITPEACTABUTH dteMeHT rpymmsl SL(2,C)

B hopme

A=cxplo-a/2)= coshiva? +Zsinhlvo?. (8.23)

Jo?

I'omomopdusm SL(2,C) — L. u coornomenus (8.20) — (8.23) obecneunBaroT pa3nuyHBIC

napamMeTpH3aiiy rpynms! JlopeHia u cBa3u Mexy Habopamu napaMeTpos.
Hmes B Buny cBs3s (8.16) Mexay 4-BeKTOPaMHd W 3PMHUTOBBIMH MAaTpPHIIAMH BTOPOTO
HOPSA/IKA, MOXKHO TpPAHCISIIMKM B IPOCTPAHCTBC-BPEMCHH IIPC/CTABUTH KAaK CIOXKCHHC

3PMHUTOBBIX OmeparopoB: x' = x + a <> X' = X + A. CooTBETCTBEHHO, 3JICMCHT TPYTIIIBI
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Ilyankape oroOpaxkaercsl mapoi Marpui] BToporo nopsjaka (romomopdusm (4|A) — (all)) c
3aKOHOM YMHOXCHHS

(A1|AD(A2|A2) = (A1 + A1A2ALT|ALAY). (8.24)
IMapy (A|A) MOXHO CUHTATH ONEPATOPOM Ha MHOYKECTBE SPMHTOBBIX MaTpHII;

(AA)X=AXA"+ A. (8.25)

8.4. CinHOpBI ¥ cCIHHOPHBIE NMpeAcTaBIaeHHS rpynnbl Jlopenna

Crnenuanpias rpymna Jlopenuna [u rpymma SL(2,C)] obmagator  aByms
HEOKBUBAIICHTHBIMU AByMepHBIMH HII, KOMIUIEKCHO-CONPSKEHHBIMH APYT JPYTY: L+T -
SL(2) u L+T — SL(2)*. UupiMu crioBamMH, CYLICCTBYIOT JIBa PaBHOMPABHBIX KOMILICKCHO-
CONPSDKCHHBIX CITHHOPHBIX MPEAICTABICHHUS NIEPBOTO panra, A <> A*, u Mbl Oyz1eM TOBOPHTH O
CIMHOpax TepBoro u Broporo poxa. Crmuopy & = Ele; + E%, COOTBETCTBYET CIIMHOD
Er=tlre* + Ele*( = E;ded,d — HyHKmMupHble WHJACKCH]), TpeobpazoBanuio AE=E’
orBeqaet A*E* = £

CnuHopb! BbICHIETO paHra (CIHH-TEH30PHI) MOMYYaOTCS NPSAMBIM YMHOXCHHEM
CIIMHOPOB NEPBOTO M BTOPOrO POJA; CIHHOP paura (r; + ) ABISICTCA JIEMCHTOM IPSIMOTO
MIPOU3BEACHUS 7| CHHHOPHBIX NPOCTPAHCTB IICPBOTO poja M r; — BTOPOTO poaa |

OCYIUECTBISCT  IIPEACTABICHHUE AXAXAXA*XA*EX A rpynnel  SL(2,C).

" r
HenpuBoguMbIMH SBIISIOTCS MPCICTABICHUS CAMMETPHYHBIMU 10 MHJICKCAM KaXJIOTO Poja
CIIMHOPaMH; 110 aHAJIOTHH ¢ TPYIION BpamieHui OyaeM 0603Ha9aTh 9TH NPEACTaBICHHS (U UX
MAaTpHIIBI) MOCPEACTBOM D(jljZ)(L), rae 2j1 = ri, 2jo = r,. UMu U orpanuduBaoTCs BCE
koHeuHomepHblie HII rpynmer Jlopenna. 3a MCKIIOYEHHEM OJHOMEPHOIO IPEACTABICHHUSA

(71=f»=0), npencrarneHus pU2) HEYHUTapHbl. BasUCHBIMH 3IE€MEHTaMU IPEICTABICHHA

CITY)KaT OJUHOMBI [cp. pazaen 4.7)]:

\If(jljZ) :\/ i) el
i (Jy + m)(Gy —m)L (G +my) (G —mp)!

(ITompa3ymeBaercs, 9TO WHAEKC m,; — TyHKTHpHBIA.) M3 cmocoba mocTpoeHus: Marpuil

/iR #1272 (806)

DY12) (L) Berrexaer cootHomenue:

D(jljz)(L) =D(j10)(L)XD(0j2)(L) - D(jlo)(L)x[D(jZO) (D)]*. (8.27)
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Ipeacrapnenus DY) ofnanaor BemECTBEHHBIM XapPaKTEpPOM M JKBHBAICHTHBI CBOHM

KOMIUICKCHO-CONIPSDKCHHBIM. B 4acTHOCTH, IIpeAcCTaBieHUE D(%) (L) oSKBHBaJICHTHO
MHOJKECTBY (BEIIECTBEHHBIX ) JIOPEHIICBBIX NpeoOpa3oBanumii L. Ilepexon ot “kaHOHUYICCKUX’
KOOPJIMHAT e;e™; K MCEeBJO0EBKINIOBbIM OCYIIECTRIACTCS IIOCPEACTBOM IPeoOpa3oBaHus
€3 =e.e* te e* , e =e,e* +ee*,, ie;=e.e* —e e*,, (8.28)
250 = x** +x7, 253 =5t —x T, 2% =xT 4 x_Jr, 2x% = i(x™ —x " ).
Paznoxenne na HIT npoussenenus apyx HII ocymectrusiercs (kak v Ui YHATAPHOH

noarpynnsl SU(2)) ¢ nomoisio o6baHbIX K03d duiinenToB Kiebma-I"oprona:

A i

DU « pUi'i2) — Z Z pUi/2) ’ (8.29)
S1=h=i1J2= =72
JiJ ;o
Yy, = DGy 'my' | M) (amy o' my |J2M2)\Ilﬂlj,flz f,lllv],flz.. (8.30)

IIpu orpanuveHHMH YHUTAPHBIMH OICPATOPAMH IMPEICTABICHUC DY12)  craposures
MPUBOIUMBIM TIPEACTABICHUEM DVDx DV y OCYILIECTRISAETCS ONECPATOPAMH.
D(jl)(u) x DU2) * (u) = DU « C(jz)D(jz)[C(jz)]—l.
MOXHO ONpEeACTUTh OINCPALXI0 TNOAHATHS W ONYCKAHHWS CIHHOPHBIX HWH/ICKCOB

(KaXxaoro poja) ¢ MOMOIIBIO “METPUYIECKOTr0” (CIMHUYHOTO aHTUCHMMETPHYHOIO) TEH30pa

(cp. (3.23)):
(€qp) =—(e*P) = (Cp™) = ( | (1)J=i0'2 =-D%?(0,7,0)

Eq =Eapt”, £ =870Ep. 8.31)

OTMeTHM CIIEYIOLIYIO CBS3b METPHUYCCKUX TEH30POB g,y M Eqp!

5
EuvX yY _SQYSBSX yB

[IpencraBiacHHEM  MAaTPHIIBI DU)(C) (C B oGosHaueHMIX pazaena  4) MOXHO

BOCHOJIB30BATHCS IS MOHATHS H ONYCKaHMsI CIIMHOPHBIX WHACKCOB m B hopmyiie (8.26).

Crnunopuule npedcmasnenus epynnol Jlopenya ¢ npocmpancmeenHol ungepcuel.
IIpocrpancTBennass unBepcusi P (kak u oOpameHue BpemeHH 1) KOMMYTHPYET C
MIOBOPOTaMH, a 6yCThI IEPEBOTUT B OOpaTHBIC:
PR(E) = RP(E), PB(b) = B(-b)P. (8.32)
HII rpynmel L' IIPY OTPaHUYEHUHU NOATPYIIION L+T HE MOXET CBECTHUChb K JBYMEPHOMY
cnimnoproMy npeacrariaenmio D 29y DY, u6o, ecrn BemMOMHSETCS NIEPBOE U3 YCIOBUH

(8.32): A(P)A(E) = A(E)A(P) mis Bcex Bpaumienwuid, T0 A(P) — ckasipHas mMarpuia (Jiemma
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Illypa) m TOrga OHAa KOMMYTHPYET CO BCEMH MaTpHIIAMH BTOPOTO TOPSJIKA, YTO
MIPOTHBOPEYUT BTOpOoMy M3 ycrmoBui (8.32). Takum obpazom, mpencTaBieHUs OPTOXPOHHON
rpymnisl JIopeHa JOMKHBI BKIIOYAThH B CEOS Taphl COMPSHKCHHBIX JIPYT APYTY JBYMEPHBIX
HII cnenmnansnou rpynimsl JIopenna.

IIpeacrasnenue D20 4 po.v2)

HENPHUBOAUMO TIPH YIETEC HHBEPCHH. B KaHOHHYeCKOM
6azuce MaTpuipl BpalleHuH, OycTOB M MHBepcHHM Ha ocHoBanuu jemmbl 1llypa m (8.32)
uMeroT BUJI [ D(P) ¢ TOYHOCTBIO 10 MHOXKUTEIICH TIPH O3 ]:

pep=[2ED 0 ppy=| O ©2 8.33
&n="0" en) PPo T (833)

OO6mmii pesynbraT 3akirodaercs B caenyromeM. Koneunomepusivu HIT rpymnmesr L'
sesotes DY) + DUD npu j # ', npuuem uHBEpCHs CBA3HIBACT MexkAy coGON GasucHbIe
BEKTODPBI NMOAIPOCTPAHCTB, HHBAPUAHTHBIX OTHOCHTEIBHO BpallcHuid u 6yctoB. TensopHsele

npencrasneaus D% npum  ydere nHBepCHH COXDAHSIOT CBOIO DasMEPHOCTE M MOTYT

JOIIOJIHUTCIIBHO KJ'IaCCI/I(I)I/IIII/IPOBaTBCSI KaK AICTUHHO TCH3O0PHBIC U IICCBJOTCH3OPHEIC.

8.5. MadunuTesumansnbie oneparopsl rpynn Jlopenna u Ilyankape
B pazgene 5 6b1I0 OTMEYEHO, 9TO NMPEOOPA3OBAHUS CUMMETPHH IIPE/ICTARISIOTCS B
MPOCTPAHCTBE COCTOSHUH (U3UICCKOH CHCTEMBl YHHUTAPHBIMH MM aHTHYHUTapHBIMH
oneparopamu. I'pymma Jlopenna (u [Tyankape), kak mro6ast HepepbIBHAS TPyIIIa CHMMETPHH,
MIPE/ICTABISCTCS HENPEPBIBHBIMA YHUTapHbIME oneparopamu U(L). Jleno B ToM, dro oboe
UHQHUHATE3UMATBHOE TIpeobpazoBanue L MOXKHO pacCMaTpuBaTh KakK KBaapaT Jpyroro
npeobpa3oBanus L', a KBapaT KaK YHHTAPHOI'O, TAK M aHTUYHHTAPHOTO OTNIEPATOpa SIBIACTCS
YHHUTApHBIM ONEPATOPOM. YHHUTApHBIC NPEACTABICHUS Tpynmbl JlopeHna, Kak oTMeqaioch,
MOT'YT OBITh TOJNIBKO OCCKOHEYHOMEPHBIMH, U HX H3YYCHHIO lIeTecOo00pa3HO MNpEeANociaTh
aHanm3 HH)UHATE3UMAIIFHBIX ONIEPATOPOB (2eHepamopos PE/ICTARICHUN ).
Paccmorpum npeobpazosanue Jlopenna (8.8) ¢ 6eckoneuno mansiMu napamerpamMu &
U b (1151 *HPUHATE3MMATFHOMN TPYIIIBL, BIpo4eM, b = v/c; taroke b — i§ = a; cm. (8.23)):
1 b»* b b
b* 1 g7 &
L(¢,b) =
by & 1 &
b* &Y & 1

= E +iJ £+ iNb. (8.34)
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B yHuTapHBIX HpeAacTaBiIeHUsX TeHepartopaMm J, N OTBE4alOT J3PMHUTOBBI ONEPATOPBI, B
BCKTOPHOM ¢ mupeacraBicHud (8.34) wuHOUHUTE3MMANBHBIC MAaTPUIBI TOBOPOTOB

3PMHTOBBI, a MaTpPHIIbl OYCTEPOB — AHTHIPMHUTOBBIL:

000 O 0 0 00O 00 0 O
000 O 0 0 0 ¢ 00 — 0
J1= .,J2= ,J3— .
0 0 0 —i 0 0 00O 0i 0O
00 i O 0 i 00 00 0 O
(8.35)
0 i 00 00 i O 00 0 i
i 000 0000 0000
N1: ’N2:- ,N3— N
0 000 i 000 0000
0 000 0000 i 000

COOTHONICHHSI KOMMYTAIlHH TCHEPATOPOB OMPCACISAIOTCS TOJIBKO TIPABHIIOM YMHOMXCHHS
9JIEMECHTOB TPYIIIbl U MOTOMY OJMHAKOBBI JUIS BCEX MPEACTABICHHM Tpynnbl. KoMmyTHpys
matpuubl (8.35), momydaem (g — COMHUYHBIA AHTUCHUMMETPHYHBIA TEH30p B Tpex
U3MEPCHUSX )
[Ji J] = ieuJi [Nio Nj] =-iggpJi [J Nj] = i€ N (8.36)
To e camoe mosydaercsi, KOHCYHO, €CJIM BOCIOJIB30BATHCS MPEACTABICHUEM T'€HCPATOPOB
gyepe3 marpuibl [layau cormacho (8.20) — (8.22),
J;—>0;/2, N; - ioc;/2.
Nndunuresnmansusie Matpusl A; = (J; — iN;)/2, B; = (J; + iN;)/2 ynosaeTBopsitot eme 6omee
POCTHIM COOTHOIICHHSM
[4;, Aj] =iguAr [Bi Bj]=ieju B [4; Bl =0, (8.37)
9TO MOXHO COMNOCTaBUTh C PACCMOTPCHHBIMH BBIIIC CIHHOPHBIMH IPEACTABICHHAMH
rpynnsl. Yepes reneparops!l A, B pasenctso (8.34) nepenuceiBacTcs B BUJIS
L = E—id;j(¢’ - ib’)—iB; (&7 + ib). (8.38)
B BekTopHOM, OOOHX CIIMHOPHBIX IICPBOTO paHra, a, 3HAYAT, X BO BCEX CIHHOPHBIX
NPE/CTABICHUSAX, PACCMOTPEHHBIX B HpeAbIIyINeM naparpade, 4, B — 5pMHTOBBI OnepaTopsbI
(mpu KoMIIeKCHBIX mapamerpax). I'pynma Jlopenma (mo kpaiiHed Mepe, B HEKOTOPOH
OKPECTHOCTH €/IMHUIIbI) PACHaIaeTCsl B IPSIMOE NMPOU3BE/ACHHUE IBYX TPYyIN “BpallleHus’, 9To
1 obycrnaBinmuBacT BO3MOXKHOCTH coctanienus ee HII kak npsmeIx nmpousBeaenui Buaa (8.27).
OtMmeruMm, uro ecmm marpuny Jlopenna namucars B Buge LY = gPLY 10 B
OKPECTHOCTH ¢AMHMYHOTO npeobpasosanus LY = ¢*¥ + o, u 0" = — o™ (cp. (8.3)). Teneps
(8.34) MoxHO nIepenucaTh B KOBapUaHTHOU (opme:

L=E+o" T, =E+o" Ty=E-({2)e" M,, (8.39)
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rae T, — marpuna (npoekmuenas) ¢ SAAHAYHBIM DIICMEHTOM B [1-Oi CTPOKE U V-OM CTOIOIE
IIPX IIPOYMX IEMEHTAX, PaBHBIX HymO, Ty = gvp 7, pp, M,, = i(T. — T,,). OueBuano, o o
S i

b, o’ & g & Mo = Ny My = gy Ji, Ji= & Mjj/2, kpome Toro

[T, T"]1=8"6T\F — 8°,. T . (8.40)
OTcrona:

[Myuv, Mps] = i(gusMvp + gvpMiuc— gupMvo— gvoMyp)- (8.41)
Herpynno Bkmounts B paccMoTpenue rpymmy Ilyankape, BOCHOIB30BaBUIMNCH S-

MEpHBIM peacTaBicHueM (8.7) oTo# rpymmsl npy 6ECKOHEYHO MaTbIX mapamerpax a, &, b:

(alL(,b))=E + iJ.E + iN.b + iPya", (8.42)
rae reaeparopsl Py, (“4-umiyisc”) IpeACTaBIsAIOTCA 5-MEPHBIMH IIPOCKTHBHBIMH MaTpHIIaMU
P, =-iT, ps . HemocpeacTeeHHOE BHIYMCIICHHE IPUBOIMT K CICAYIOIIUM COOTHOIICHUAM

[P Pv] =0, [P Jj] =i Pr [Py Nj]=-i8;Po, [Po, Ji] =0, [N, Po] =iP.. (8.43)
HINn
[Myuys Po] = i(Pyugvp = Prgp). (8.44)

Jlns momydeHus 3THX COOTHOIICHHH ONSATh-TAKH MOXXHO BOCHOJIB30BATHCS MPEACTABICHHEM
rpyrmsl [Tyankape (8.24) ¢ mOMOIIBIO ABYMEPHBIX MATPHIL.

Omnpenenum Teneps onepamopwvr Kazumupa tpynn Jlopenna u Ilyankape. 3to
COCTABJICHHBIC M3 TCHCPATOPOB ONEPATOPHI, KOMMYTHPYIOIIHE CO BCEMH T'eHEpartopamu (a,
3HAYUT, U CO BCEMH ONEPATOPaMH, OCYINCCTRISIIOIIMMH TIPE/CTABICHUE) TPYTIIBI H TIO3TOMY,
cormacio nemme lllypa, sBmsiompecss ckalgpaMH Ha IPOCTPAHCTBaX, Ha KOTOPBIX
ocymectBisitorcsi HII. 3HaueHMs 5TUX CKansipoB HCHodb3yroTcs Ansi uHjaekcanuu HIL
EpuucTrennsIi onepatop Kasumupa rpymmst Bpamenuii [umu SU(2)] — ato J * = J2+J,2+J%,
IPUHUMAOIIUKA Ha mpoctpancTtee HII DY) snauenne j(i+1). Anga nomHOW OpPTOTOHAIBHOU
rpymubel O3 eme oxnuM omneparopoM Kasummpa siBisiercss oneparop NpOCTpPaHCTBECHHOM
WHBEPCHUHU CO 3HauUeHUsAMHU +1 U —1, U UHJIEKCHI +,— UCTIOABL3YIOTCA A Pa3NHYCHUs TSH30POB
u ncesroten3opoB. Kak crnenyer m3 (8.37), omeparopamu Kaszmmupa rpynms! Jlopenna
SIBJIAIOTCA

A 2 =A12 + A22 + A32, B 2= B12 + Bzz + B32. (845)

Ux cobcrBeHnble 3HadeHus Ha (Heynutaphbix) HIT pUi2) PaBHBI, COOTBETCTBEHHO, j1(j1+1)
" jo(j»+1). BMecto A, B BO3MOXHO HCIOJIb30BaHHE WX KOMOMHAIIMN

242 +BYH=J>-N? —i(4*-B*=JN. (7.46)
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Jus obmed rtpymmel JlopeHma cymecTByer eme oauH omnepatop Kasummpa — PT
(koMOMHAaIMs TPOCTPAHCTBECHHOW HMHBEpPCMHM W oOpamieHus Bpemenu). Ha mpocrpaHcTBax
(HU3UYCCKHUX COCTOSTHHIA OH TPEACTABISICTCS AHTHYHHTAPHBIM ONIEPATOPOM.
2 p2
Omnepatopsl A °, B © HE KOMMYTHPYIOT C UMIYJIbCOM P, U MO3TOMy HC SIBISIOTCS
oneparopamu Kasumupa rpynnsl Ilyankape. Omgun oneparop Kasumupa 3tol rpymnmbl
OYEBHUJICH — 3TO JIOPECHII-MHBAPHAHTHAS BEIUYUHA

P =P - P?=Pf - P?-P?- P’ (8.47)
Eme ogun oneparop Kazumupa MOXKHO MOIYyYuTh ciaeayronmm obpazom. U3 KoMroHEHT

AHTHCHMMETPUYIHOTO TeH3opa My, (Mo, = N;, My = €4 J)) 1 Bektopa P © MOXHO COCTABHTB
TICEB/IOBEKTOP
W = (1/2)e™*°M,,Ps (2 =1),
W'=J.P, W=JP"+ [NxP], (8.48)
KOTOPBIH, KaK JICTKO yOeauThes, ucnonb3ys (8.44), KOMMYTHpYeT CO BCEMH KOMIIOHCHTAMH
ummynsca. [loaToMy KBagpar ero, W?=W,W* sesercs MHBapuaHToM rpynnsl Ilyankape.
IIpocTpancTBeHHBIE KOMIIOHCHTHI BEKTOPOB BO BTOpOM crpoke ¢opmyibl (8.48) 3anamsl
CBOMMH KOHTPaBapHAHTHBIMH KOMIIOHCHTaMu. U3 onpenencuust W* Berrekaer: WP=W"P,=0.
IIpn mpeoGpazoBanuu Ilyankape HEM3MEHEH TAKKE 3HAK KOMIIOHEHTHI P % moGoro
BpeMenunogobHoro sekropa P (P * > 0):

0,p0
e=P%P. (8.49)
OTMeTuM emie HEpeNATHBUCTCKHE AaHAIOTH HHOHHATE3MMAIBHBIX OINCPATOPOB H

KOMMYTAIIMOHHBIX COOTHOLICHUH I HuX. Ilepexos k raiuieeBoi Ipymnne OCyIIECTBIACTCS
MIOCPEICTBOM 3aMEHbI b => V/c 1 OCIEAYIONIUM IIEPEeX0/IOM K mpeseny ¢ — «. Bmecto (8.42)
oIyJacm
(a|G(E,v))=E + iJ &+ (i/c)N.v + i(cPo)t— iP.a (8.50)
(J, N, P — xoBapuaHTHBIC BeKTOpHI). I'eHeparopsl, oTBedaiomue ckopoctu v, N' = N/c;
COOTHOMICHUS KoMMyTauu (8.36) coxpaHstoTcs 0€3 U3MCHCHHH, 32 UCKITIOYCHHEM BTOPOTO
u3 HuX, [N, Nj] = '(i/CZ)Sijk Jir = 0. Teneparopy caBura BO BPEMEHH B HEPEIIATHUBHCTCKOMH
¢Hu3uKe COOTBETCTBYCT (HEPEMATHBUCTCKHH) TaMHIIbTOHWAH (dHEprusi) cucremsl H; mph
TIPE/IeIbHOM IIEPEXOE U OT/ACNbHOMN JacTHisl Py — Mc® + Mv/2 (cp. (8.15)). Toatomy u
IUTSL TIPOM3BOJIBHON CHCTEMbI B HEPEIATHBHCTCKOM CIIy4ae CICIyeT COXPAaHHUTh CBA3AHHBIH C
MacCOM TIOKOS BKJIQJI B DHEPTHIO Mc*: cPy > Mc* + H. Takum o0pa3oM, U3MCHCHHUS B
koMMyTaropax (8.43) cienyrommue:
[Py, N =—-idyM, [N’y H]=iP;. (8.51)
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8.6. YHMTApHEBIE HEPHBOAUMEIE TIpeAcTaBJieHus rpynnsl [lyankape

Hanmmame B rpynmne Ilyankape wuBapmantHOM a0eneBOM MNOATPYNNEBL TPAHCISLAN
no3Bossier crpouts HII mo amanormm c HII mpoctpanctBennwix rpynn (pasmen 6). B
(rume0epTOBOM) TIPOCTPAHCTBE TPEACTaBICHHMs BbiOMpaeM 0Oasuc, MTHArOHATH3YIOLIUH
OTIepPaTOPBI TPAHCISIIHH, a 3HAYUT, H HMITYJILCHI; TOOTOMY MOXXHO TOBOPHTH 00 UMMYI6CHOM
npeocmaenenuu.

D(@)|p) = expli(p’a’ - p.a)lpC); P *pQ)=p*p0). (8.52)
3mecs { O3HauaeT BCe JOMONHHTENEHBEIE KBAaHTOBBIE YHCIIA, XapaKTEPU3YIOIIHE Oa3uCHEIC
BekTOphl (cocrostams). Ilo amanormm ¢ (6.9) ybexmaemcs, uro Bexktop D(L)|pl) Ttaxxke
SBJISCTCS COOCTBEHHBIM JUTS MMITYJIBCA H OTHOCHTCS K COOCTBEHHBIM 3HaueHmsIM p’ * = L% PP,
3Hauenue oneparopa Kasumupa P 2 (8.47) na dynkumsx (8.52) paBHO p0 Z_pt=m’ (8
PETSTHBHCTCKON MEXaHHMKE 7 — Macca IMOKOS “JacTHIBI ), TaK YTO BEJIMYMHA 1 UTPAET POJib
WHJCKCA “HEeNPHBOAMMOMW 3Be3lbl’ MHpenacTaBieHus. s (U3MKHM MpeNcTaBIsiOT HHTEPEC
JTHING 3HaYeHHs m” > 0 1 m = ( (BPEeMCHHIIOZOOHBIC ¥ H30TPOIHBIC “HMITYIbCH). JHEPrUs
gacrun p° B npenenax HIT He MEHSET 3HAKA M CIMTAETCS TIOJOXKHTETHHOM.

Ilpn m> > 0 B KayecTBe MCXOZHOrO “Iyda” 1enecooOpa3HO BHIGPATH 4-MMITYIIBC
Pri=(m,0,0,0), MHBapHAHTHBIH OTHOCHTEIBHO BCEX TPEXMEPHBIX BpalleHHMH Rj3. 3ToT Nyd
COOTBETCTBYET COCTOSHHSM 4YacTHlbl B cucteme Nokos. [lome3ysice BelTekaromuM w3 (8.8)
PA3TOKEHHUEM Ha CMEIKHBIE KJIACCHI

L' =3, B®)Rs,

B Ka4eCTBE AJIEMEHTOB, OPOXAAIOIINX OCTANBHEBIE “TydH”’, MOXKHO BBIOPATh YHCTHIE OYCTEL
Ha MHOXecTBe BEKTOPOB |p,, () HHIyIIMpYyeTcs (Matoe) mpecTaBIeHre Tpynnsl R3, koTopoe,
OYEBHJIHO, JIOJDKHO OBITh HEMPHUBOIUMBIM, €CIIH HENPHBOIMMO HCXOJHOE IPE/ICTABICHHE
rpymbl [lyankape. Iloatomy B umcino uMHIEKCOB ( BXOIAT CHMH S (BETHYMHA MOMEHTA
TIOKOSAIIEHCS YaCTHIIBI) M IPOSKIHA €ro Ha oCh Z — ¢. OCTaNbHEIC KBAHTOBEIE YHCIa (' MOTYT
OTHOCHTECSI K BHYTPEHHEH (HE CBSI3aHHOM C NPOCTPAaHCTBOM M BPEMEHEM) CHMMETPHH
YaCTHIIBL.

3uauenue Broporo oneparopa Kasumupa, W 2, B COCTOSHHH |p,,s,0,(’), 4 3HAUHT, H B
ApyrEx cocrosumsx mpocrpancrea HIT, paso m’s(s+1). Cam ncesgosexrop W " ma sTmx
COCTOSHMAX (aKTHUECKH coBmagaer ¢ Bekropom cuna: W ° =0, W' = —mJ; = mJ'. Taxum
o6pasom, HIT rpynner [Tyankape oHO3HaYHO XapaKTepH3yIoTcs Muekcamu m, s, (D™), a

0a3HCHEIC BEKTOPEI IPOCTPAHCTBA MIPEICTABISHHU MOKHO BEIOpaTh B BUE |p,G,L"):

| 2.6.0)=D")(B,)| pp.5.0,).

JHEeprusi COOTBETCTBYIOLIETO COCTOSHHSA paBHA p0 = \/mz + p2.
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3anuiieM pe3ynbTaT JCHCTBHS Ha Oa3MCHBIH BEKTOP INPOM3BONBHOTO ONEpaTopa

OpESaCTaBICHHUA:

D" (a|L(&b))lp,0) = exp(ip"a) LoDV o(RE NP, (8.53)
rae p’ = Lp, a Bpamenue R(€’) naxomurcs u3 cootnomenus L(§,b)B(b,) = B(b,)R(E"). Uepes
B(b,) 0603HaueH OyCT, MOPOXKAAOINUHE Tyd (?°, p); oueBmHO, b, = (p/|p|)asinh(|p|/m) (cm.
(8.9)).

2
ITycte Temeps m” = (. B kadecTBe NpeACTaBISIOIETO (MCXOMHOTO) JIyda BO3bMEM P, =

1

O) 8.16
0 o ©w B.16),

(1,0,0,1). 3Tomy 4-BexTOopy OTBE4YaeT 3PMHTOBAa Marpuua P, = (

WHBApHAHTHAs  OTHOCHTENBHO  mpeoOpasoBanmi  (8.17) ¢  MmaTpumamm  BHIA
ei(l B ei(l O 1 B e—i(l

A = = . , 00pasyloIMMH  TpEXIapaMeTPHYECKYIO
0 ™ 0 e™\0 1

noarpynny SL(2). Ota moarpymma, B CBOIO OYEPEIb, COJEPKHT JBYXNAPAMETPHICCKYIO
1 (v
abeyieBy MOATPYIITY MaTpHI] BHIA (O 1), M30MOP(JHYIO TPyIIE TPAHCIAUHMKA TUIOCKOCTH

(cootBercTBytomue npeobpasoanus Jlopenia o6o3naunM L(J)), ¥ NOATpyINy BpallEHHHA B
wiockoctH. Takum o00pasom, Majas NOATPYyNNAa €CTh TPYyNNa IBIKCHHH EBKIHIOBOM
I0CKOCTH; moctpoenue ee HII manoMuHaeT HadalbHYIO YacTh Hactosimero maparpada. B
[IPOCTPAHCTBE YHUTAPHOI'O MPEACTaBIeHUs (YHHTAPHEIE) ONlepaTopsl NOATPYIIEl L(3) MOKHO

JTHaroHAIM30BATh HA BEKTOPaX |po k,(), OTHOCSINHMXCS K COOCTBEHHBIM 3HAYCHUAM exp(—ik.a),
1 2

Ile @ — JABYMEPHBIH BEKTOP, OTBEYAION[MH KOMIUIEKCHOMY mapaMetpy B = a + ia”.
ei(l O 1 B e—i(l O 1 B eZia

YuuThIBas, 4TO . . |= , HETPYIHO YOETHTBCS, YTO
0 e )\0 1A 0 &%) 0 1

MIPOCTPAHCTBO MAJIOTO TIPEICTABICHHUS BKJIFOUAET BCE BEKTOPH |[po,k’.C) ¢ |kK'| = |k, K —

WHBApHAHT MAIOW Tpymnel) U npu k # 0 oHO GeCKOHEYHOMEPHO. Takue MpeICTaBICHHUS B
¢du3mKe He paccMaTpUBAOTCA (OHH MODIH ObI COOTBETCTBOBATH YACTHIIAM C OCCKOHEYHBIM,
JIa’K€ HETPEPBIBHBIM CIIMHOM), TON0XHM ToaToMy k = 0. Tenmepb BekTOpHI |po,C) MOMKHEI
ocymecTBisite HII ogHOmapaMeTpuueckod TpyImel MOBOPOTOB OKOJIO OCH Z, T.G., 3TO
BEKTOPBl THIA |po, /), TAe A — 1enoe WiIW MOIyLeloe YHCIO — COOCTBEHHOE 3HAYCHUE
KOMIIOHEHTBl MOMEHTa J, JacTHIB! (cnupansrnocmsy). HanoMHuM, 9TO MO OCH z HAIIpaBIIEH

HCXOI[HBIﬁ Y91 — HMIYIbC P, YaCTHIIBI.

140



Jlanee, npOM3BONBLHBIN M30TPONHBIA BEKTOP p = (pO, P) MOXHO TIONY9HTE H3 P, B JIBa
stama: OycT BOONB z € by = In p° 1 moBopor oxono ock n L p, z Ha yron 0 = Z(p,z).
Iomoxum D(R(n,0)B(bpoe.))|poh) = |p,h). Pesynbrar neiicTBHs IPOU3BOILHOIO ONEPATOpA
TIPEICTABICHHS Ha 6A3UCHBIE BEKTOPHI:

D(alL(&b))p, k) = exp(ip"a — ihp)p",h), (8.54)
rne CHoBa p’ = Lp, a yroa ¢ onpeensieTcsi U3 COOTHOICHHS
L(&,b)L(n6,0)L(0,b,0e;) = L(n'0',0)L(0,b,0e,)L(pe, 0)L(P).

O6a oneparopa Kasumupa P> u W 2 npuaumaror 8 HII Do HyJieBble 3HaYeHUs (pH
BEIUHCICHUU Wi,|poh) cnemyer ydecTb, 9TO |po, /) OTHOCHTCS K HYIEBOMY COOCTBEHHOMY
sHaueHuio k = 0 wHPHHHTE3MMATBHBIX omepatropoB N; — J, — Ji — N,, OTBEHarOIIHX
napamerpy B = ai + iaz, cMm. 3agaqay 19). Ormernm eme, uro (W — hP)|po,h) = 0, oTkyna

(0k)

BBITEKACT, YTO B MPEACTABICHHUU D"’ BEKTOPHBIE OnepaTopsl W ¥ P NponOpLHOHATIBHEL IPYT

Apyry ¢ ko3(duumentom h:
W=hP. (8.55)
[IpocTpaHCTBEHHAS MHBEpPCHS P KOMMYTHPYET C BpAIEHHAMH, MEHSET 3HAK
HarpasJieHus OyCTa ¥ MPOCTPAHCTBEHHOW YaCTH BEKTOPA TPAHCIIAIHH:

P(a’,alL(E,b)) = (a’—alL(E, —b))P. (8.56)

Brurouenne ee B rpynmny cummerpun yasamBaer ducio HII tuma D™, xnaccuduuupys ux
IO YETHOCTH:
D™H(Dpot) =+ |-pot). (8.57)
Wusepcus ve Bxoaut B rpymy Bekropa (1 0 0 1), nepesons ero B (1 0 0 —1). ITosromy ona
oopenuuser aea HII DD uDOMenz0s enunoe HII D(O|h|), MpHYEM
D()|ph) = |-p.—h). (8.58)
Brutrouenne obpallleHHst BpEMEHH, KaK YK€ OTMEJalloCh B pasjiene 5, CBSA3aHO C BBEJCHHEM
AQHTHYHUTAPHBIX ONEpaTOpOB M KompeacraBieHui. [logpoOHee BOMPOCHI, CBSI3aHHBIE C

OTPaKEHHUSIMH, OOCYIHM HIKE.

8.7. Cniupansnsii n cnuHopubii 6a3ucel HII rpynnel Ilyankape ¢ m* >0

Kanonwnueckuit 6asuc HII rpymmser Ilyankape onpenemnsuicss mMOCpeACTBOM HOIHOTO
Ha0opa B3aMMHO KOMMYTHPYIOIIUX Ha0I0maeMbiX (B CKOOKaX yKa3aHbl COOTBETCTBYIOIIHE
COOCTBEHHBIE 3HAYCHHSA);

P’ (m®), Pu[p’ p, 0% —p* =m’], W’ [m’s(s+1)], S5 (o). (8.59)
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Bekroprsl kanoHuueckoro 6asmca |m, p, s, ©, ) = |p, o, ) (kBanTOBBIE YHCia C CBA3aHEI C
BO3MOXXHOW BHYTPEHHEH CHMMETPHEH 4acTHll) B3aHMHO OPTOTOHABHEI, © MX HOPMHPOBKA
OIIPEIeTSIETCS] COOTHOIIEHHEM

@'cllpot)=2p"8(p-p") 8o, (8.60)
KOTOPOE €CTECTBEHHBIM 00pa3oM COrNaCyeTcsi C PEIITHBUCTCKM MHBAPHAHTHHIM YCIOBHEM

TTOJIHOTHI Oa3uca;
d3
1= 3 [ po)d*pd(p* —m)B(p")pol= 3 || pc)z—{)’(pc . (8.61)
c c p

C ygerom (8.60) omeparop (8.61) meHCTBHTENBHO HEPEBOIUT 000N OAa3HCHBIN BEKTOp B
cebs, T.e., SIBISICTCA CJMHMYHBIM ONEpaTopoM. I[IpOM3BONBHOE COCTOSHHE YaCTHIIEI

pasnaraercsi 1o Oa3UCHBIM COCTOSIHUSM CIIEAYIOIAM 06pa30M:
%)= Z | |pc) Ly(p.o), (8.62)

y(p,G) — BoNHOBas GYHKIIHMS YACTHIIEI B KAHOHHYECKOM TIpe/IcTaBIeHuH (0asuce).
Cnupanbublit 6a3uc OTIMYACTCs OT KAHOHHYECKOTO TEM, YTO B MOJHOM Habope

HaOmonaeMeIx (8.59) BMecto S purypupyer cnupansrocms — NpoeKins ClivHA (M TTOJHOTO

MOMEHTA B 3TOM CITyJae) Ha HAIPABIICHUE TBHKCHHS YaCTHIIbL:

Sp_Jp

lpl Pl

N
h= (8.63)
Omneparop # KOMMYTHPYET CO BCEMH BpalllCHUAMH H TpaHCIsusaMH. OH, KakK U S;, IpUHUMAaeT
3Ha4YeHHUS OT —s N0 +s. [IOCTPOUTH CIMPATLHEIN 0a3MC MOXHO CIEAyIoIuM oOpa3oM. Bycr
Bronb ock z B(0, 0, p*) mepeBoauT GasucHBIC BEKTOPHI [Py § © = ) MAIOrO HPEeACTABICHHS
JUTSL KCXOIHOTO MMITYIIbCA py, = (m 0 0 0) B GasucHble BexTopsl mist ummyisca (p° 0 0 p°), He
MeHsS /i, a TOCIEeRYIOIHH MOBOPOT 3TOr0 BEKTOpa C p||z mO3BOISET MOIYIHTH BEKTOPHI,
COOTBETCTBYIOIIME BCEM 3HAYSHUSAM MMIYIILCOB p. Takum oOpaszom,
. h.C) = DR(END(B(0, 0, p3))lpm © (=h), ©), (8.64)
e p° = |p|, a BexTOp mOBOpOTA & 1 z, p, N0 BenMUMHE paBeH YTy MEXIy OCbIO z M p (&, =
e;xp/|p|; eCIM p HaNpaBlieH IPOTUB OCH z, TO |§| = ).
OTMETHM, 9TO B OT/IHYHE OT CIydas 6e3MACCOBBIX YACTHII, CIMPATBHOCTS TIPH m° > ()
HE SIBJIICTCS COXPAHSIOMICHCS BEIWIMHOW. JIIs wacTHil ¢ HylneBOW Maccoit (B OTCYTCTBHE
MHBAPHAHTHOCTH  OTHOCHTENILHO  HPOCTPAHCTBEHHBIX  OTPAXEHHH)  CHHPAIBLHOCTH

COXPAHSETCs, 1B 3HAKA CIIHPATEHOCTH COOTBETCTBYIOT IBYM Pa3HBIM YaCTHIIAM.
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OnpeneneHHBIM HEYTOOCTBOM KaHOHHYECKOTO (M CIIMPATBHOT0) 0asuca SBISAETCS TO,
4r0 mnpH mnpeoOpasoBaHum Ilyankape Oa3MCHOr0 BEKTOpa BpalleHHEe B CIHHHOBOM
MPOCTPAHCTBE YACTHILIBI 3aBHCUT OT ee ummynbca (cM. (8.53)). Cnunopuwii 6a3uc cBoOOeH
OT 3TOr0 HEAOCTaTKa, HO JOCTHraeTcs 5TO YCOBEPIIEHCTBOBAHHE 3a CYET YTPAaThl
OPTOrOHAJTBHOCTH 0A3MCHBIX COCTOSIHMH, OnpeenseTcs OH Yyepe3 KaAaHOHHUYECKHH 0asuc |p, o)
CIIEYIOIUM 00pa3oM:

p.1) = DBy ™). Mcanon = EeD V(B p,o), (8.65)
rae B,= B(bp) — OycT, mopoxaaomui 1yd (»°,p) U3 ucxomHOTO P,y (b, = (p/Ip|)Asinh(|p|)/m)

= (p/lp|)Acosh(p®/m)), a D*® — cnsopHoe npencrasnenwe Beca (s0). B cimHopHOM Gasuce:

D™ (a|1)| pry =™y DI (L) | Lp, 1), (8.66)
A'V

Kax BumHO, Teneps HHAEKCH! p, A IpeoOpasyroTcs HE3aBHCHMO JPYT OT Ipyra; HMeeT CMBICI
pe/IcTaBHTh GasMcHBIA Bektop B BHe |p,A) = |p)|A), u cramosurcs scmo, uro D™ =
D™x DY yenosre oproroHambHOCTH M HOPMHPOBKH (8.60) B CIMHOpPHOM Gasuce

3aMCHACTCA Ha CICAYIOLICE:

@'V 1pW)=20"8(p—p") Dy (B, ). (8.67)
OueBHHO,
0_ . A
A(B,) = exp(Lh, o) = w, ABH)=2 S P_P (368
\/2m(p +m) m m
Bwmecro (8.62) B cnuHOpHOM 0a3uce uMeeM:
e ”D(SO) B2) (M| ¥
®)=>fIp )T D BN ) (8.69)

AN
Bemumem eme BHX < HHQHHUTE3UMAIBHBIX — OINEPATOPOB  INPE/CTABICHHH B
paccMOTpeHHBIX HamH Oasucax. B kaHoHmueckoMm 0Oasuce, mcnonb3ys (8.53), (8.60), (8.62),

HUMEECM

3
(p.c| D™ (a| &) | ¥) = (D™ y)(p,0) = Zj@cw("’”w c") pow ,6') =

3

> [ PP pb) (RIE (P EBD(P.0| p'(= Lp').0") pow(pc)= (8.70)
0
Ze”’“foc) (L p.5.bY) - p)O y(L™ p,o").
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Ilepenumem cootnomenue R(E) = BI,_1 LED)By, (p' = L7'p) depes CIMHOBBIE MaTpHIIBI

BTOPOT'O TIOPSIIKA TIpH MabiX &, b

04 .
*tm-o- p[E (S'(E‘,-%-l'b)]p +m+G-p

\2m(p° +m) 2m(p° +m)'

Toxcrasusis p' = p — &p, &p° = bp, &p = p°b + [Exp], coxpanss dneHsl nepBoro 1o b, §

E—%c-§‘=

nopsaaKa U YIUTBIBAsI COOTHOIICH U

(o:A)(op) - (o:p)(c-A) =2i (o-[Axp]), (o:p)(c-A)(oP) =—(0-A) p” + 2(cP)(AP),

HOJTydaeM:

o-&' = o0-& — [pxc]-b/(p° + m).

Cootnomrenue (8.70) npu a = 0, maneix &, b nepenuceBaeTCs B BHIE:

(E-iJ &, —iNb, Jy(p,0) =

s{e-s {22 |

1
J=S—ipxi; N =-ip i+ TPt .
ap ap p p +m

pb (.0 % i '
p ]{1 (p°8+[¢ p])ap}w,c)

Orcrona
Sxp

(8.71)

ITomHBIH MOMEHT, KaK M CIIEAYET, CKIAIbIBACTCS U3 CIMHOBOTO (5) M OpOMTAIEHOrO MOMEHTA
L = R xp, B uMnynscHOM mipencraBieHuu R = i0/0Op. OOpatuM BHHMaHHE Ha TO, YTO
omeparop OycTa BKJIIOYAaeT B ce0sf MMIyJIbC — OINEpaTop COOTBETCTBYIOUIETO OycTy
CMEILeHHS. B HEpeIITHBUCTCKOM TIpeelie 3TO CIIaraéMoe Ucyes3aerT.

B cnuHopHOM 6asuce Bmecro (8.70) nmeem

0
m a 1y (s0) [ p—2 p -1 o
[0 (@l LVI(p 1) = e el )(L_lp)o v pr). 87

MarpHudHBIH 3JIEMEHT B MPABOM YacCTH Ui HHOUHUTE3MMAIBHOTO TIpeoOpa3oBaHus L paBeH
(E — iS.(E-ib))x»> 1 1yt *HPHHUTE3UMATBHBIX OTIEPATOPOB IOTydacM:

J=L+S N=@p)-p’R-iS. (8.73)
B MIOJIHOM COOTBETCTBHH C HEYHHTAPHOCTBIO CIIHHOPHOTO MPE/ICTaBICHHS ¥ TeM (aKTOM, 9TO
CIIMHOPHBIA 0a3uC SBJISETCS €CTECTBEHHBIM ISl MPOU3BEICHHS D™0xpto. Herpynuo
HIPOBEPHTH, UTO i 00oux Habopos (8.71) u (8.73) xommyTanuonHksle cooTHomeHus (8.36),

(8.43) BEIOMHSIOTCSL.
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8.8. J1eMeHTHI KBAHTOBOH TEOPHH IOJIEH

IIpuBenemM HekoTOpblE CBENEHMS M3 KBAaHTOBOM TEOPHMM IHoNeH B CBA3M C
NPUIIOKECHHSIMH B JTOW TEOPHH HENPHBOIMMBIX IpeacraBinenuit rpymnel Ilyankape. B
KBAaHTOBOM TEOPHH IOJEH IIPUXOAUTCSA PACCMATPUBATL OJHOBPEMEHHO COCTOSIHUSA C Pa3HBIMH
YHCIIAMH YaCTHI], C Pa3HBIMH 3apsaaMH (3TO MOTYT OBITE ANIEKTPUIESCKHE 3apsibl, 0apHOHHEIC
¥ JICITOHHBIC YUCIIA W T.IL). 3apsAnsl (J; OOBIMHO MMEIOT CTPOTO ONPEACICHHBIC 3HAUYCHUS B
mo00M (PH3HMIECKOM COCTOSIHHH, T.€., COOTBETCTBYIOIIHE UM ONEpaTophl {J); BXOISAT BO BCE
MOJIHBIE HAOOPBl KOMMYTHPYIOIIMX HA0NI0aeMbIX. JTO OOCTOATENBCTBO HAKIA/IBIBAET
ONPCOCICHHBIC OTPAHUYCHHA Ha IIPHUHIIAII CYTICPIIO3HIIMK U Ha HHGHIOI[HCMBIC; COBOKYIIHOCTH
OTHX OTPaHHMYCHHMH HA3BIBAIOT Mpasunamu cynepomobopa. HemonycTUMBI CyIepHO3HIIMH
COCTOSIHHH ¢ PasHBIMH 3HAYCHHUAMH 3apsaaoB; HE SABIAIOTCA HHGHIOI[HCMBIMI’I 9PMHTOBEL
OTIEpaTOpBI, CBA3BIBAIOIIHE TAKHE COCTOSHHSA. Bce TrMIb0epTOBO HMPOCTPAHCTBO COCTOSTHHH
pacnmamaercs B NPIMYIO CYMMY HENEPEMEIIHBAIOIIUXCS OPTOTOHAIBHBIX IOAIPOCTPAHCTB
(kozepenmmuwlx npocmpancme), B KaXIOM W3 KOTOPBIX “3aps/lbl” MMEIOT OIpeleleHHBIS
3HAYCHUS. DPMHUTOB OIEPATOP, CBA3LIBAIOIIMH J[BA TOAMPOCTPAHCTBA, HE KOMMYTHPOBAI ObI
C COBOKYIIHOCTBIO OTIEpaToOpoB 3apsija M MOTOMY He MOT OBl BXOJUTHh HH B OJTHH M3 TOJHBIX
HaOOPOB KOMMYTHPYIOLIHX HAOII0IaeMBIX.

HempepriBasle npeoOpazoBanus Tpymnel  I[lyankape mepeBOST KaxIbld Iyd
(pusmueckn pean3yeMoe€ COCTOSIHHE) B JIyd TOTO € KOT€PEHTHOrO IPOCTPAaHCTBA.
OTtpaxkeHUs1 MOTYT CBSI3bIBaTh 08a PA3HBIX KOTEPEHTHBIX MPOCTpPAHCTBA. Tak, 3apsaoBoe
COTIPSDKCHHE CBSI3BIBACT MPOCTPAHCTBA YACTHI[ M aHTHYACTHII (€CIM YaCTHIIEI COBIAJAIOT C
AHTHYACTHIIAMH, J3TO, KOHEYHO, OJAHO M TO K€ TMpocTpancTBo). Kanubpoeounsvie
(cpaouenmnvie nepeozo pooa) npeobpazoeanus MEHIIOT (assl COCTOSHHH KaXKIAOTO
KOTePEHTHOTO TIPOCTpaHCTBa, He MeHss Habmomaembix. C HMHBApHAHTHOCTBIO (PH3HIECKOH
KapTHHBI OTHOCHTEIIFHO TaKMX NpeoOpa3oOBaHMH M CBA3BIBAIOT COXpaHeHHe 3apsanoB. Dasbl
YAaCTHI] ¥ aHTHIACTHI] IPH KATMOPOBOYHBIX MPEe0OPA30BaHUAX MEHSAIOTCS IPOTHBOIOIOKHBIM
o0pazom.

MHOXeCTBO B3aMMHO OpPTOTOHAIbBHBIX COCTOSIHAW OJHOW dwacTHiel |[p,c,0) =
D™)B,)|pmG,) YIOGHO MpPEICTABHTH KAK PE3YNLTAT JEHCTBHS HA BAKYYMHOE COCTOSIHHE

+
onepamopog poxcoenus a (p,c):

a'(p,c)|0)=|p.o). (8.74)
Onepamop ynuumosncenus a(p,G) S5PMHTOBO compsikeH K a ' (p,o), ([p,o))" = (Ola(p,c); npn

sTOM monaraercs, 9To a(p,c)|0) = 0. Oneparopsl POXKISHUS ¥ YHHUTOKEHHUS TOAIHHSIOTCS
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KOMMYTAllHOHHBIM MJIM aHTHKOMMYTAIlHOHHBIM I€PECTAaHOBOYHBIM COOTHOILICHUSM B
3aBHCHMOCTH OT CTaTHCTHKH 4YacTHIl. SIBHBIH BHJ KOMMYyTaTOpa (QHTHKOMMYTAaTOpa) MOXXHO

MOJIy9HTh, UCIIOIB3YSI COOTHOIIIEHHE HOPMHUPOBKH OJHOYACTHYHBIX COCTOSIHHH (8.60):
+
[a(p.0), a’ (p’,6)] = 2poSocd(p — P). (8.75)
YacTo MHOXHTEND /2P, BBOIAT B ONPENEJCHHE ONEPATOPOB @, @ ISl YIPOIIEHHS PABHIL

NEePEeCTaHOBKH (MCUE3aET MHOXKHUTENDb 2po). [IpaBuiia mpeoGpa3oBaHus OepaTOPOB BHITEKAIOT

U3 TpaBuI TpeoOpa3oBanus coctosiHuH (8.53):

D(a|Lya* (p,o)D 7 (a| L) = Y™ DE) (B, LB )a* (p,0'),
Gl

. . . (8.76)
D(a|D)a(p,0)D™ (a|L)=Y e 72D (B,' L' B, Ya(p', ).
GV
BcnomuHas, 4To 115 BpanieHUH

D(S)(R) = DG) = (R_l) =Cc®ps) (R—l)c(s)—l ,

MOKHO NEepEOTIPeIeTUTh ONIEPATOPLl POXKISHUS CIEAYIOIIAM 00Pa3oM:
a™ (p,p)=>.D(C)a* (p,0) =(-1)*Pa* (p,—p), (8.77)

(o3

TaK YTO OHM TIpu TpeoOpasoBaHusx JIOpeHIa MEHSIOTCA TaK €, KaK M OIepaTOpHI

ynuaToxeHHs. OnepaTopbl pOXKISHUS B YHHITOXXEHHUS B CIIMHOPHOM TIPEICTABICHHH:

a5 (p)=>. D3V (B,)a" (p,0), a,(p)= ZD&;‘,"RB )a(p,o)

TIPOCTO MPpeoOpasyIoTes Mo ISHCTBHEM 3IIEMEHTOB Tpymnbl [Tyankape:

D(a|L)a; (p)D " (a| L) =Y DS (L Mai (p), p'= L. (8.78)
A-'

HepeCTaHOBO‘IHOC COOTHOUICHHUE JIA OTHX ONI€PaTOpOB:

[ay (P).ag (P = D, D5 (B, )DEY (B )a(ph),a* (p'c)]
Ao (8.79)
=2p%(p- pDZ) (BD),

e YITeHO, 9TO DM.)(B ) — 3pMHTOBA MaTpPHIIA.

Onepamopvl K6AHMOBAHHBIX NONEH CTPOATCS KAK COBOKYITHOCTH (MHBapHAHTHBIC
WHTETPAIb) OTIEPATOPOB POXKJICHUS M YHHUTOXEHHS YacTHI[ (M QHTHYACTHI) ¢ MPOCTHIM
3aKkoHOM (Da30BOrO mpeobpasoBanms ((x) —> € Q(x) (CHMMETPHS OTHOCHTENBHO TAKOTO
npeoOpa3oBaHus CBA3aHA C TEM, YTO HAONIOMaeMbIC BEIIMYUHBI JICHCTBHTEIBHBI W 3aBHCST

JUIIB OT KOMOMHAIMK QYHKIIHI OIS THITA OO*):
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3 .
0= ;3,2 jd” G (PP + b (PP |=

1 S —ip-x §S—C DX
=W1ﬁ§ DEO(B,)a(po)e ™ + (1) °b* (p- c)e? ¥

(8.80)

[TpeoGpa3oBanue ONEpaTOPOB MONS TNpH NpeoOpa3oBaHuax IlyaHkape OCYHISCTBISIETCS

€CTEeCTBEHHBIM 00pa3oM:

_ 0 _
D(a| L)p, (x)D'(a| L) = ZD,E;.) (LY, (Lx+a). (8.81)
PaccuuraeM TOT (aHTH)KOMMYTATOp OTIEPATOPOB TIOJISI, KOTOPEIH MOXET OTINYATECS OT HYJISA:

(04 (9, 050)]s = — I (SO)[p]{e_ip'(x_y )P |

2m)° m
(2m) (8.82)
1 D,{if)[ a) Id {)’{e—ip(x—y) + ()]
eny’ m. ) 2p
rae yarens: pasenctBa (8.74), (8.68), D®O(-1) = (-1)* u BBemeno oGo3HaueHme
o= ai— C- > IMocne mHTETpHUpPOBaHKSA 11O yriiaM, HHTETpatH B (8.82) BeIpaxaroTcs depes
X ¥
nuIHHApHIecKHe GYHKLUHH (CM., Hapumep, boromro6os u llupkos, 1956):
| &e""’""‘” el = y)80) + BN, (i) +
(2m) \/7
#iex = YW ]+ =B (= 1),
(8.83)

OV, (mL) —

1 d p ip-(x— ) 1
(27:)3‘[ e 4mi ( IR )8(7&)+

—ig(x® = y°)Jy (mVn i+

f

F@(—X)Kl CNETY

rae A = (x — y)°, € — 3uakosas ¢ynkums, 0 — cTymenyaras dynkuma Xesucaiina (0 mpu
OTPHLATENBHEIX 3HAYEHUAX apIyYMEHTa U +1 IpH MOJI0XKHTETBHEIX ).

B cootBercTBMM ¢ npunyunom npuuunnocmu Beipaxenue (8.82) gomkHO
0GPaTHTBCS B HYNIb IS IPOCTPAHCTBEHHONOLOOHOrO HHTepBana A = (x — y)* < 0. Coracuo
(8.83), 9TO BO3MOXKHO JIMIITL €CITH TIOJIOKHTENBHO- M OTPHLATEIHHO-YaCTOTHBIE HHTETPAIHI B
(8.82) BeIUMTAROTCA ApYTr M3 Apyra — TOorma McuesaroT ciaaraemeie ¢ O(—A). Takum oOpasom,
BHIOOp KOMMYTaTOpa MM aHTHKOMMYTATOpa Ui TEepeCTaHOBOYHBIX COOTHOIICHHH, T.C.,
BHIGOp CTATHCTHKM YACTHII, OGYCIOBIGH CITHHOM YacTHI[ IIPH momyrenom crmae (—1)% = —1,

¥ CIIeIyeT BHIOHPATh AHTHKOMMYTATOp, cTaticTiKy Mdepmu, mpu uenom ciure (—1)° = 1, u
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JaCTHIIbl SABJIAKOTCSA 6036-‘{3CTHHHMH. ITO H3BeCTHAA meopema o0 C6A3U CHRUHA U
cmamucmuKu wacmuy. HepeCTaHOBO‘{HHe COOTHOIICHUA TIPONU3BOJIBHBIX TOJICH BIIOJIHE

OIpENIENAIOTCS COOTBETCTBYIOIICH (YHKIUEH s ckaiuspHoro nonsi (gynxyuei Ilaynu-

Hopoana):
D)= - 6ta 1) 0 - 2oy A 850
[0 (%), 95 M1 = DS (L-H)D(x - y). (8.85)

[Ipocreiimme u3 nojaek — ckanapusie (s = 0) — mpeoOPa3yIOTCS MO TPESACTABICHHIO
D™ rpymne ITyaHkape, eciiM COOTBETCTBYIOIME YACTHIB COBNANAIOT ¢ AHTHYACTHLAMH

(meHCTBHTENBHOE CKAMSPHOE TI0JIE, 3apsiibl PaBHBI HYIIO) H 2D

B TIPOTHBHOM CIIydae.
Gynkuum nonsa (MoNeBblie ONepaTopel) O(x), ¢*(x) nmomuwmusoTcs ypaenenuro Kneiina-

Topoona:
-——=+Alp=m"0. (8.86)
c

(DaKTHYECKH 9TO HEpelHCAHHOE B KOOPIMHATAX YTBEPXKICHHE O TOM, uto P’ sBisercs
oneparopoM Kasumupa, paBHbIM m” Ha MIPOCTPAHCTBE BCEX COCTOSIHUHM 4aCTHUIIbI C MACCOH m.
IToatomy ypaBHenmio KieHHa-I'opmoHa MOMUMHSAIOTCS TIONSA YacTHI (M aHTHYACTHI) C
mo0eiM crnmHOM. IIpm m = (0 3TO0 OOBIYHBIE BOIHOBBIE YPAaBHEHUWS, HAIpPHMEp, I
HNOTEHIIHATIOB CBOOOIHOTO IEKTPOMArHUTHOTO MOJIS.

JIist IByXKOMITIOHEHTHBIX Oe3maccoBeix moner (s = 1/2, m = 0) ypaBuenne Kieiina-
TOpIOHA IPOCTO JTHHEAPH3YETCS, TTOCKOIBKY B 9TOM CIIyIae BO3MOXKHO IPEACTABICHHE po —
P> = (po+ 6.p)(Po— G.p), ¥ MBI IPHXOIUM K ypasrenuio Beiinn:

Lo, Fo-Viy=0. (8.87)

JlBa 3Haka B 5TOM YypaBHEHHH COOTBETCTBYIOT 4YacTHIE (HEHTpDHHO) M aHTHYACTHIIE.
YpaBHeHnue Beins HeMHBapHaHTHO OTHOCHTENBHO MPOCTPAHCTBEHHOW HHBEPCHH.
B coygae m # 0, s = 1/2 MOXHO TOJYIUTh JTHHEHHOE IO TPOU3BOJHBLIM YPAGHEHUE

12
Jupaxa, oO0venMHAS 1Ba TPENCTABICHHS Dy

, COOTBETCTBYIOIMX YaCTHIE H
antruacrune, 2D = D('"’O)x(D(l/Z’O) + D(O’l/z)). Cummerpuunas ¢opma ypasaeHnus /{upaka

TS 4-KOMITOHEHTHOH CTMHOPHOH (QYHKIINH :

148



. 0 . 0 0 1 0 -o
-p—mwy=0,v-p=i 0 = _j -V, = , Y= 8.88
(y-p—my v-p=iy iV y Lol ls o (8.88)

OrMmeTHM, YTO BbINI€ MBI (PAKTUYECKH HAILIM PEHICHHS YIIOMSHYTHIX (M HEYIOMSHYTHIX)
3/leCh ypaBHEHMH mois npsMbiM noctpoeHueM mnpocrpaHctB HII rpymnel Ilyankape,
OTHOCHTEIIBHO KOTOPOH YPaBHEHHs MOl MHBAPHAHTHEI.

IIpakTHuecku Bce 3KCIEPHUMEHTHI C IEMEHTapHBIMHM YacTHLIAMH MOXXHO OMNHUCATh B
TEPMHHAX PACCEsIHMS YacTHIl WIM BOIH. HavanpHble COCTOSIHMS (Iafaroliue BOJIHEL, in-
COCMOARUA) U KOHCYHBIC COCTOSHHUS (PACXOMSIIHAECS BOJHBI, OUI-COCMOAHUA) HATITHBAIOT
runs0epToBel npoctpaHcTBa Hj, M H,,, COOTBETCTBEHHO; OHH OIHMCHIBAIOT COBOKYITHOCTH
CBOOOIHBIX (HEB3aMMOJICHCTBYIONMX) YaCTHII H MOTYT OBITH IIOCTPOEHBI KaK MPOCTPAaHCTBA
npencrasieHuil rpymnsl IlyaHkape. B cOOTBETCTBUM ¢ aKcuomoii acumnmomuyeckoil
noanomel 11000€ COCTOSIHHE CHCTEMBI SIBIIAETCS JJIEMEHTOM 3TOTO HMPOCTPAHCTBA, T.€., 3TH
MIPOCTPAHCTBA TOJNHBL M coBnazawt: H;, = H,, = H. Onepamop paccesnusn S BbI3bIBAaeT
mepexos Mexay (HOPMHPOBAaHHBIMH) in- M out COCTOSHHAMH: |Wou) = S|Qin).
COOTBETCTBYIOIAS YHUTAPHAS MATpHIa S HaswIBAaCTCH Mampuineii pacceanus;, SS =S S=E.
Marpuia paccesHUS TOTYHMHSICTCS TpaBHIaM CBepxoTOopa, OHa pacmamaercs Ha OJIOKH B
COOTBETCTBHH C PA3loKeHHMEeM /[ Ha KOTePEeHTHBIE IPOCTPAHCTBA, HE BBI3BIBAs IEPEXOI0B
Mex Ty HMMH. Kpome TOro, oHa pensTMBHCTCKM MHBapuantHa, D(a|lL)SD '(all) = S, T.e.,
KOMMYTHpYeT C MHOUHHUTE3UMAILHEIMU onepatopamH Tpymnsl ITyankape. OTo mpHBOAHMT, B
YACTHOCTH, K COXPaHEHHIO MMITylbCca B pesynsTare paccesuus, [p''(i) — p"(f)1Sy = 0. Yno6uo

BBECTH T-Mampuyy CIeayromuM o0pa3om:
Sp =84 +i2n)*8W (B - Py (8.89)

BeposTHOCTE HeTHATOHATBLHOTO TIEpexo/1a [ — f B SUHHUIY BPEMEHH B SHHHIIC 00beMa!

1
Wy = lim =S, ’=2m)* s (B - P | T, . (8.90)

V,t>w©

8.9. [IpocTrpancTBeHHO-BpemMenHbIe oTpaxenns. CPT-Teopema
Ob6mas rpynna JlopeHma, kKak OTMEYalloCh, BKJIIOYAaeT IPOCTpaHCTBEHHBIE (P),
BpemeHHbie (7) M xoMmOmHHMpoBaHHBEIC oTpaxenus (PT). 4-unBepcus [ = PT obGnamaer
onpenmenuTeneM +1 M OTHOCHTCS K COOCTBEHHBIM IpeoOpa3oBaHmsM JlopeHuma, HO TpH
OTPaHHUYEHHH BEIECTBEHHBIMHM NIPEO0OPa30BaHUSMHM OHA HE CBSI3aHa HEIIPEPBIBHEIM 00Pa3oM C
€MHHUYHBIM JJIEMEHTOM. B komnnexcnoit zpynne Jlopenya Kk 4-MHBEpCHHM MOXHO

HENPEPBIBHBIM 00pa3oM TMEpPEHTH OT SIUHUYHOTO 3JIEMEHTA, HAPHMEp, IMyTeM H3MCHCHHUS
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coshit sinhit cost —sint
napamerpa ¢ or 0 1o m B 4-maTpuue | | el . . JTa HEeCKOJbKO
sinhit coshit sint cost

ocobast poiib 4-MHBEpPCHMM B MPUIOKEHUSIX B KBAHTOBOH TEOPHMM BBIpaXaeTcs B Tak
HazeiBaeMOoil CPT-meopeme. CornacHo 3TOH TeopeMe BCAKas PelITHBUCTCKHM-MHBAPHAHTHAS
JTOKaJpHas TeopHus (YpaBHEHHS TONs, S-MaTpHIAa, BEPOSTHOCTH TEPEXOM0B) WHBAapHAHTHA
OTHOCHTEIIBHO KOMOWHHpOBaHHOTO TpeoOpa3oBaHus 3apsmoBoro conpstkenus (),
npoctpancTBeHHOTO (P) 1 BpemenHoro (7)) orpaxenus, 6 = CPT.

ITockonbky
-1
I(a|L)” =(-a|l), (8.91)
JJIA KBAHTOBOMEXAHUYCCKHX HpeI[CTaBHeHHﬁ HMECIOT MECTO AHAJIOTHYHBIC COOTHOIIICHHUSA

0D(a| L0~ = D(~a| L), win (8.92)
Oexp(iP,a" )0~ | = exp(—iP,a"), 0exp(iM 0" )0 | = exp(iM ™).
Jlns agTHyHHTApHOro omeparopa 0 moiaydaeM ClieIyIolHe MpaBHia MEPECTAHOBKH C
HH(l)I’IHHTe?’HMaJ'[BHBIMH onepaTopaMH I’IMHy.]'H)CH H MOMCHTOB:

0R0™ =P, OM, 07 =-M (8.93)

pve
Hanomuum, 4to 31ech 6 — KOMOMHHpOBAaHHAS MHBEPCHS, BKJIIOYAs M MMPOCTPAHCTBEHHYIO, a
HE TOJBKO OOpaleHHe BPEeMEHH, Kak B pasjene 5. 3HaKHM MPaBbIX 4acTeH COOTHOINCHHI
(8.93) m3menmiHuch OBl IS YHHUTApHOTO omeparopa 0; 3TO, B 4aCTHOCTH, O3HAYAIO OB
nepexo K COCTOSHHSAM C OTPHIATENbHOW DHEpPruei, MpPUBOIAINIAM K 3HAYUTEIBHBIM
TPYIHOCTSM B MX HCTONKOBaHMHM. Kak M Ui BCeX aHTHMYHHTapHBIX OTPaXCHUH, 0> = £1
[= (1™, cp. (5.6)].

4-yHBepCHs HE 3aTParuBaeT BHYTPSHHEH CHMMETPHH 3JIeMEHTAPHBIX YaCcTHI, T.€., KaK
u npeoOpaszoBanus [lyankape, KOMMYTHpPYeT C 3JE€MEHTaMH BHYTpEHHEH cummerpHH. Jlis
YHHUTApHBIX NPEACTABICHUH 3THX TPy (C mapaMeTpamMH o, ) IMeeM:

Oexp(iF,a, )0 = exp(iF,a,), OF.07 = —F.. (8.94)

Hanpuwmep, 3apsaasl Q; mpH 4-HHBEPCHH MEHSIOT 3HAKH, YACTHIIBI IEPEXOIAT B aHTHYACTHILBL.
Taxum 06pa3om, oneparop 4-MHBEPCHH BKIIIOYAET B ceOs 3apAI0BOC COMPSIKEHUE, a YACTHUIIBI
H aHTHYACTHIBI OTTUCBIBAKOTCA OJHUM KONPCACTABICHHUEM pacmnpeHHoﬁ 34 CYCT BKIIIOYCHUSA
4-nnsepcuu rpynnsl [Iyankape.

Teneps MBI MOXKEM ONKCATh H3MEHEHUE OJTHOYACTUYHBIX COCTOSHUMH (a TeM caMmbiM, U

OIIepaTOpPOB POXJIEHUSA-YHUITOXKEHH) B pesynbTare 4-unBepcuu (CPT-npeoGpa3zoBaHus).
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JUIst OTIpeeNeHHOCTH MOJIb3YeMCSl CITUPATBEHBIM 0a3HCOM, JIJIs KOTOPOT'O CIPAaBEIUBEI TE JKE
cBo¥icTBa TipeoOpasoBanust (8.53), 9TO W IS KaHOHHWYECKOro 0aswca, HO TPH JIPYroM
onpeneneHnu noBopota R(E') , BeiTekatoinem u3 cootHomenus (8.64). 3anuceiBas (8.53) mis

JOpEeHIeBa MpeoOpa3oBaHus W HCTIONB3ys (8.92), nomydaem:

0D ™) (L)| p,A,0;) = > DY) *(R(ENO| p', 1, 0;) =
A‘V
=> D DE) L (RENS| PAQ)).
A‘l

Orciona, ¢ yaerom (8.94) nus 3apsioB, CleayeT:
0 p. 2.0y = (-1)° 7 | p.-A—0)), (8.95)
WitH 0a* (p,1)07" = (=1 *b" (p,-A).
4-yHBepcus, Kak W oOpalleHHe BpeMeHH T, MepeBOAMT in-CcOCTOSHHA B out- M oOparHO;
COOTBETCTBEHHO, MHBAPHAHTHOCTH S-MaTpPHIIbl OTHOCUTENIBHO TAKOW HMHBEPCHUM O3HA4YaeT:
(@, Sy) = (Oy, S 0¢), w1 6 S0 =S.
3anmmem CPT-npeoOpa3oBaHue 11 MHOTOYaCTHYHBIX COCTOSIHHM:

0 | plsxlsQi(l);szsz Q,(z),ln) =
= (_1)S1—7»1+S2 kg +... |p1’_x1’_Qi(1);p2’_x2’_ ~(2);...0ut)

1

(8.96)

B ormmume ot 0, mpeobpasoBanuss C, P, T 1O OTHENBHOCTH HE SBISIOTCH
YHHUBEPCAIBHBIMH  MPEOOPa30BAHMAMH CHMMETPHH; OHH MOTYT [aXe MEpPEBOAUTH
¢du3nueckue cOCTOsSHUA B Heu3mueckue (Hampumep, P MO OTHOIIEHHIO K HEHTPHUHHBIM
cocrosiHuAM). [IpuBenem 3neck 6e3 oOcyxaenui Gopmyisl IpeoOpa3oBaHUH OHOYACTHIHBIX

COCTOSSHMH IIPH 3THX OTNEPALVIX:
P|p,c,Q)=np(@)|-p,c,0), C| p,0,0) =nc(Q)| p,c,-0),
T| p,0,Q,in) =m7(Q)-1D°"° | -p,—0,0, out).

cI)EISOBI:;IC MHOXHTEIIN YIOBICTBOPAIOT COOTHOIILICHUAM

MeMpNz =1 Mp(Q) =M, (-0, M3(Q) = (=D, nc (@M (-Q) =1.

BenudauHy Mp CBA3BIBAIOT C 6HYMPEHHEH Yemuocmyio JacThil (WK ap YacTHII).

(8.97)

3apaun k pa3ngeray 8
1. Toxasars, uro R(E)B(B)R ~(€) = B(R(E)b).
2. Yo6enuthes, uTo O0ycT B(h) KOMMYTHPYET C BPAaLLICHHSAMH OKOJIO OCH b.

X X
3. Tlokasars, uto det & = 5%,
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4.
3.
6.

Jokasate: (o.n)(o.n’) = ic.[nxn'] +(n.n").
Tokasats, ato (L), = S g*LY, e, (L = Ly

Kakne ycrnoBmst HawiageBatorcs Ha mapamerpel 4" (4 = AY%,) TpebGoBannem

KOCOIPMHUTOBOCTH MaTpull 4?7 yHUTApHOCTH?

7.

ITokasars, uro npousBonbHyI0 MaTpully A € SL(2,C) MoxHO 3anHcaTh B BHIIS

d 0
A =uhgu, e uy, uy € SUR), hy= [O d_l} d>0.

8.

9.

Ilokasate, uro mnpomsBoimbHyi0o Matpuiy A € SI[(2) MOXHO 3amucaTb B BHIE

A = hangu v A = uhgng, ny = {O 1] B — NpOM3BOIBLHOE KOMILIEKCHOE YHCIIO.

PaccmorpuMm cnenyiomme nBa npencrasieHus rpymmnbl GL(2,C) Ha MHOMECTBE MaTpHII

BTOpPOro mopszka: a) A —> ;13;1_1, b)A—> ABAT. Hanmcate Marpuusl 9THX

TpecTaBIcHui B 0asuce u3 Marpuil [laymn

10.

TTokasate, uto det(4AxB) = (detd) ™5(detB)* ™,

11. BelpasuTe Marpuiy JOpeHIEBa IIpeoOpa3oBaHMs 4epe3 Mmapamerpsl o, B, 7, 6 TPYIIH
SL(2,C).
12. Hantucate matpuny A € SI(2,C) uepes napametpsl & = n'p, b = nb.

13.
14.
15.
16.
17.
18.
19.

Hamucats B sBHOM Buze marpuisl R(§ = n'p) u B(b = nb).

HaiiTi HenogBIXHYIO TOUKY npeoGpasosanms ((a’, a')|B(b)) na mnockoctH (x°, x1).
Hanucars B siBrom Buze marpuuy HIT DY/2(A).

ITomyauts coorHomenus (8.41) u (8.44).

Hatirn Bu mHQUHUTE3HMANBEHEIX oniepaTopoB 4, B (8.31) B CHHHOPHBIX NPEICTaBICHUAX.
Hamnucars B sBHOM BHJIE KBajpar ncesnosexropa Ilaynu-JIroGanckun WY,

Haiitn mHpUHHTE3NMATIBHEIE ONIEPATOPHI IIPE/ICTABICHHH TPYIINEI BOTHOBOTO BEKTOPA p,

=(1001) (pazmen 8.6) U COOTHOIICHHUS KOMMYTAIMU I HUX. OMPEICINTh 3HAYCHHS

Bextopa [aynu-JTioGanckr W* u ero keagpata W2 Ha COCTOSHMSIX [po, C); HA COCTOSHHSIX

|Po, k, C'), nmaronanmusyiommx neymepHsie “tpancisunn’ L(B) mpu k= 0 u k= 0.
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9.YHUTapHBIE CHMMETPHH

9.1.BHyTpeHHAs CHMMETPHA dJIeMeHTapHbIX yacTun. M3ocnnH

I[MoMuMO TPOCTPAHCTBEHHO-BPEMEHHBIX, B3aUMOJICHCTBHS YAaCTHI] XapaKTEPH3YIOTCS
T.H. GHYMPEHHUMU CUMMEMPUAMU, KOTOPBIM, KaK TIPaBHIIO, OTBEYAIOT HEKOTOPHIC
yYHHTapHble Tpymmbl. [IpeamonmaraeTcs, YTO HPOCTPAaHCTBEHHO-BPEMEHHAs M BHYTPEHHSS
CHMMETPHH HE3aBUCHMBI; TIOHAS TPYIIIIa CHMMETPHH SBIIETCS IPOHU3BEICHHEM JBYX TPYIII,
BEKTOpa COCTOSIHMM YaCTHLl — NPOMU3BEICHUSIMH BEKTOPOB M3 IIPOCTPAHCTB IIPEACTaBICHHH
oTux rpymn.  [lomapHO KOMMYTHPYIOT —3JIEMEHTHl JBYX TPYII, 4, 3HAYWT, |
MH(PHHHTE3UMATLHBIC OTIEPAaTOPHI M oniepaTopsl Kasumupa.

K guciy BHyTpEeHHHX CHMMETPHH OTHOCSATCS YIIOMHHABIITHECS BBILIE KATHOPOBOYHBIE
cumMerpun [rpymnsl U(1)], cBoasmiecs k YMHOXEHUIO Ha ¢asy %> (o— BeIecTBEeHHBIN
napamertp,  — “3apsaa’) COCTOSHHUN 9acTHII ¢ 3apsaaoM (. 3apsIbl SBISIOTCS A IHTHBHBIMH
KBaHTOBBIMH YHCIIAMH: 3aps/l B MHOTOYACTHYHOM COCTOSIHHH PaBHSETCS CyMME 3apsioB
YACTHIl, YTO Ha SI3bIKC TEOPHH IIPEICTABICHUI COOTBETCTBYET YTBEPXKICHHIO O TOM, 4TO
TeHEpaTop, OTBEYAIONIHH MapaMeTpy O B MIPOM3BEICHHH TIPEICTABICHHH, PaBHACTCS CyMMe
TeHEepaTOPOB MEePEMHOXKACMBIX NpeAcTaBIeHWH. K ducIy TOYHBIX BHYTPEHHHX CHMMETPHH,
HMEIONIUX MECTO [UIsI BCEX B3aMMOJACHCTBHH, OTHOCSTCS KAIHOPOBOYHEBIE CHMMETPHH,
CBSI3aHHBIE C COXPAaHEGHHEM 3apsnia, OapHOHHOTO M JICITOHHOTO YHCeNl. BOoNBIIMHCTBO XKe
BHYTPEHHHX CHMMETPHH SIBIISIOTCS TIPHOIMXEHHBIMA M HMEIOT MECTO JIHIID JUISI HEKOTOPBIX
B3aMMOJICHCTBHH.

H30cnunoean (uzomonuueckan) cummempusn CBsi3aHa C 3apsiI0BOH HE3aBUCHMOCTEIO
SIEPHBIX CHI (CHIIBHBIX B3aUMOeHCTBHH). OHa MPOSBIAETCS B CYIISCTBOBAHHH 3APAOOGHIX
(u30cnuno6blX) Mynbmuniemog CWIBHO B3aMMOJICHCTBYIOIIMX YacTHI] THIA TPOTOH-
ueiTpon (p, 1), t-Me30us (1',n’,m) ¥ ap. YacTHIEI MyIGTHIUIETa HMEIOT OIHHAKOBBIH CITHH
M OueHb OJIM3KM TI0 Macce; OHM OJIMHAKOBO YJACTBYIOT B CHIBHBIX B3aMMOJICHCTBHSX.
MaremaTHueckn W30CIHHOBas CHUMMETpHUs ONuceIBaeTcs rpymnod SU(2) (BpamieHuil B
M30CTIHHOBOM TNPOCTPAHCTBE); M30CIHMHOBBIE MYNBTHIUIETH oOpasyior Oasucel HII aToH
TPYIIIBI ¥ MOT'YT OBITH OXapakTepu3oBaHbl u3ocmHoM [ =0, 1/2, 1, 3/2, ... OtnenpHbie 4ieHs!
MYJIBTHILIETa SBISIOTCS COOCTBEHHBIMH COCTOSHUSIMH KOMITOHEHTH! /3 M30CIIHHA, UM MOTYT

OBITh NPHIIACAaHBl COOTBETCTBYIOIIHE COOCTBEHHBIC 3HAY€HHUS (AJIUTHBHEIE KBAaHTOBBIC
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yucnat) B mpexenax or —/ g0 +/, KOTOpbIE, OYEBHIHO, MO/DKHBI OBITH CBSI3aHBI C
sIeKTpHIecKHM 3apsaoM Q. Tak, B HyKJIOHHOM IyOere mojaararor,

I p) = (112)lp), I |n) =—(1/2)In).
B tpumiere nuonos jn’) = 1 |n') n T.1. B atrx npumepax ¢t = Q — (Q), tae (Q) — cpemuuit
OIEKTPHIECKHH 3apsim MynbrHIUiera. OkasbiBaeTcs, 9YTO M B 00meM ciydae MOXHO Tak
UICHTH(QHUIIMPOBATL OTAENbHBIE KOMIOHEHTBI 3apSAI0BBIX MYIBTHILUICTOB, YTO BBITIOIHIETCS
COOTHOILICHHE:

t=Q- Y2, Y=20) 9.1)

7€ BBE/IeHAa BeJIUYUHA Y — 2unep3apad MynbTHILIETA.

IIpn orpaHrYeHHH CHILHBIMH B3aUMOJICHCTBUSMH (B MPHUOIHKCHHH H30CHHHOBOH
CHMMETPHH) M30MYIBTHILIET MOXKHO PacCMaTPHBATh KaK OJHY YaCTHIY C JOTOJHHTEIBHOH
BHYTPEHHEH CTENeHBI0 CBOOOAB (f), 00ONamarolmryio ONpedelIeHHBIM H30CIHHHOM [ H

runep3apsaaoM Y. MHOxeCTBO COCTOSHUH “‘gacTullbl” HaTAruBaeT npocrpancTso HII rpynmnm

i’f xSUQ)I)xUA)Y), e f’f — HakpeiBatomas rpymnsl [Tyankape. IIpu BriIodeHHH
DIIEKTPOMAarHUTHOTO M CIa0Oro B3aMMOJEHCTBHHA M30CITMHOBAS CHMMETPHS YTPAuHBACTCS, H
MYJNBTHILIETHI PACIIEIUISIOTCS HA KOMIIOHEHTHI, OTIMYAOIHECS TT0 MacCe U ANEKTPUIECKOMY
3apsy.

N30MyNnbTHIINIETE 3JIEMEHTAPHBIX YacTHIl €CTECTBEHHBIM 00pa3oM OOBEIWHSIOTCS B
pacCLIMpEHHBIE YHUmMApHble Myabmuniemsl. BMecTe ¢ psioM IPYrHX SKCIEPUMEHTAIbHBIX
¢baxToOB, 3TO CBHIETENBCTBYET O HAJHUYHMH y YaCTHI] BHYTPEHHEH CHMMeTpHH, Ooiee mmpo-
KOH, 4eM M30CNHHOBas. B KauecTBe COOTBETCTBYIOIIECH TPYIIIBI CHMMETPHH C YCIIeXOM Oblla
ucnonp3oBana rpymma SU(3). Psg npumoxkenuit Haxonat Taxoke rpymms SU(4), SU(S),SU(6).

OcTaHOBHMCS KpaTKO Ha TPYIHOCTSX, CBA3aHHBIX C PACUIMPEHHSAMH TPYIIIEI
[Tyankape 3a c4eT BHYTPEHHHX CHMMETPHH, OMHCHIBAEMBIX KOMIIAKTHBIMH YHHUTApHBIMH
rpynnamu. MoxHo Obuto Ob1 HagesTecs, uTo pasnoxeHue HII “cymeprpymner” G [Tuna
ncesroynutapHod rpynnel SU(6,6), Brmowaromed kak rpynny IlyaHkape, Tak u Trpymmy
BHyTpeHHHX cumMerpuii] mo HII ee momrpymn mno3BOAMT YHHQHIIMPOBaTH ONHCAHHE
onmeMeHTapHbIX JacThi. OmHako OBIT JOKa3aH pSAJl TEOpEeM, KECTKO PeriaMeHTHPYIONIHX
YKa3aHHOE PAacIIUpPeHHe PEeNISTHBHUCTCKOW TPYINBL, CIEACTBHEM KOTOPBIX SIBISETCS
YTBEpXKJIEHHE O HEBO3MOXHOCTH pactierieHus Macc B HII rpymme G. TlpemmoxeHn psin
Croco0OB OOOWTH 3Ty TPYAHOCTB — HCIONB30BAHHE TPHBOJAMMEIX IIPEICTABICHHH,
UCTIONIB30BAHHE B TpPYNIax B KadecTBe IapaMeTpoB He OOBIYHBIX C-9HCel, a

AHTUKOMMYTHPYIOIUIMX BelIW4YMH. B mociemHeM cioydae BO3HHMKAeT BO3MOXHOCTH
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OoOBETMHEHHS B OJHOM MyJbTHILIETE ¢epMHOHOB M 6030HOB (cM. Bapyr m Ponuka, 1980;
Kaku, 1996).

Mgl paccMOTpHM HIKE TpuMeHeHue yHuTapHeix rpymn SU(n) k kmaccudukammm
aIpOHOB M KBapKOBBIM MOJEIAM B OTpbiBe OT Tpymmel IlyaHkape, mo CymecTBy, Ha

IMITUPUIECKOM YPOBHE.
9.2.I'pynnsi SU(n). UHpnHATEIAMAIBLHEIE OIIePaTOPHI TPy
[TpousBoNbHAs YHHTapHAas MaTpHIA MOPAIKA 7 MOXET ObITh IMPEACTaBlIEHa B BUJIE
i=exp(~iH), rome H — opmuroBa MarpHia; (AKTHYECKH TaKoe TPEICTABICHHE

OCYIIIECTBIISICTCSA, HAIPHUMEp, MyTeM Nepexoia K 0a3ucy, B KOTOPOM Marpula u Oyaer

muaroHaneHol. 3anmmem H B Buge H = (1/n) SpH + H' (t.e., SpH' = 0); 3T0 COOTBETCTBYET

1 y
"w' rme u' € SU(n). TakuMm oGpa3soM, MPOHM3BONBHBIA

HanucaHuio u B Buae u = (det u)
anemeHT Tpynnsl SU(n) 3anuceiBaetcst B Buae u = exp(—iH), rne H — OecclieiHas 3pMHTOBA
marpuiia. BeiGupas 6asuc H, B mpocTpancTBe Geccienubix oneparopos, H = H, p“, monydaem
BO3MOXHOCTH TapamerpusoBath rpymnmy SU(n) mabopom koopaunar {p°}. YmnobHo (HO He
o0s3aTennbHO) BHIOpaTh 0a3uC M3 OPMHUTOBBIX MarpHl H,; COOTBETCTBYIOILHE |
napametpoB p° GyayT BEIECTBEHHBIMH, a H, SBIsSercs WHQMHHTE3UMATBLHOW MAaTpHIIEH,
OTBeUaOILeH TapamMerpy p- B dynoamenmansnom npedcmagnenuu — asromopdmsme SU(n)
— SU(n). B npunoxxeHnssx 0OBMHO HCTIONB3YIOTCS MaTpHUbl H,, HATOMHHAIOIINE MaTpPHUIIBI
[Maynu nnst AByMEpHBIX “IUIOCKOCTEH B n-MEpHOM NpocTpaHcTBe. Hampumep, uist Tpymmbt

SU(3) ucrons3yercs napamerpusaius u(p”) = exp(—ilp®) ¢ MaTpuamu:

01 0 0 —i 0 1 0 0 00 1
A =[1 0 O A,=|i 0 O A;=|0 -1 O As=[0 0 O},
0 0 0 0 0 0 0 0 0 1 00 9.2)
0 0 —i 00 0 00 0 10 0
As=|0 0 0 Ag=]0 0 1 LA, =0 0 —i|Ag=—|0 1 0|
i 0 0 01 0 0 i 0 ‘/500—2

OtH Marpuibl B3aMMHO OpPTOTOHAJIBHBI H OIWMHAKOBO HOPMHPOBAHBI OTHOCHTECIBHO

CKISIPHOTO TTPOU3BENECHHUS

(4,B)= SpA™B: SpAshs = 284 (9.3)
[MTockonbKy JF00YIO MATPHILy MOXKHO Pa3JIOKHUTh 1O Oa3UCHBIM, TO

xaxb = ifabcxc + dabcxc + %Sab’ (9-4)
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rIe CTpYKTypHble kodddmuiuentsl f u d BemecTBeHHH. IIoCKOMBKY AsA,=(AAs),
K03} HHIHEHTB! f,5, AHTHCHMMETPHYHBI MO0 MHAEKCaM a,b; a d,p. CHMMETPHYHEI [0 3THM
uaaekcaM. OyeBHIHO,

[AasAp]l = 2ifapches {Aa o} = 2dapche + (4/3)84p. (9.5)
C yuerom (9.4),

Jabe = (1/41) Sp([haAslhe), dave = (1/4)Sp({ha, Ao} he), (9.6)

OTKY/Ia BBITEKa€T CHMMETPHIHOCTE dyp. © AHTHCHMMETPHIHOCTB [, IO BCEM HHJIEKCAM.
Cka3zaHHOEe O4YEBHIHBIM O0pPa30M PpaclpoCTpaHseTcs Ha IIPOHM3BOIBHBIC MOPSAKH
SU(n). Jlns wanucanus WHQUHUTE3MMANBHBIX MaTpHll B oO0IneM BHAE Ienecoo0pa3Ho

HECKOJIBKO YCOBEPIIEHCTBOBATh HX 0003HAYCHUS:

. o . 9 ko
xlk — Tk + Tl’ xlk — _l-Tk + l-Tl , xk R T~l _ka+1 , 9.7
1 =T + T, Ay A S A ) ; i —kTga 9.7

rmue T,-k — IMPOEKTHBHBLIC MATPHIIE C OJHHUM €IHHUYIHBIM JJIEMEHTOM B i-OH CTpOKE W k-M
cronoue, i < k, 1 < k < n — 1. CoorHomenus (9.3) — (9.6) npu strom He MeHstoTcs. U3
BEJIMYMH ng MOHO CKOMOMHHPOBATH aHAJIOTH MaTpHIe! [laynu o3 :

M =TE- T (9.8)

OdeBHIHO,

M2 Zal, A2 e =33, A2+ B 4 gkl = (KETD (k; Dy,

Te., AgFH = ‘/ﬂx’g - ‘/ﬂx’g‘l.
2k 2k

Kpome Toro, A =514 aftt2 Ak uro  oBecneumsaer mommyio  cmcremy

COOTHOIIICHHH, MO3BOJSAIOINUX BBIPa3HTh #(n—1)/2 TUHEHHO-3aBHCHMBIX BEIHIUH As™ uepes

HE3aBUCHUMBIE MAaTPHIIBI 7&3". Tpoiiku matpwuiy 7&1,2,3”‘ 00JIaal0T CBOMCTBAMH yMHOMKEHHS,

KOMMYTHPOBAaHHs M aHTHKOMMYTHPOBAHWS, IPHCYIIMMH MaTpuuaM Ilaymu 61 3.
[IpencraBneHne WHOUHATE3UMAILHBIX ONEPATOPOB 4Yepe3 NMPOSKTHBHBIC ITO3BOJISIET

€IMHOO0OPa3HO BBEIYHCIHTEL CTPYKTYPHBIE KOG (PHIIHEHTHI, HOCKOIBKY
k k ik | ik j ko iky
T, =6,,T", T; =%(x1 +iNy), T :%(x’l —iN%),i <k,

- ~ 1 -
TE = e =By ——

A I Y Uy NS Y SR e SRV <)
2n—-1)(n-2) 2(k + )k 2k(k —1)
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B HOBBIX 0003HaveHusIX MaTpuubl (9.2) mus rpynnel SU(3) BEINIAIAT Tak:
M=M R =R A= At M= M As = Ra Y, he= ™, Ay = Ra™, Ag= A,
Crpykrypabie ko3¢pdumuents s rpynnel SU(3) Beramcnstorcs B 3amave 9.1; npuBenem

31ech KOAPHUITUCHTH! £y,

fi3= 1, fir=iss = foas = fos1= fras = 1= 112, fass = fors = N3 /2. 9.9
OcranbHabie KOG HUITHCHTEI f45, PABHBI HYIIIO.

B kagectBe 6asmca /s HanucaHus Marpul H (M IpYrHX Marpull TOXE) €CTeCTBEHHO
UCIONB30BaTh Takke HA0Op MarpHll, BKJIIOYAIOIMWH HEIHAroHAIbHBIE TPOCKTHBHEIC
MaTpHIILL:

k _ ok 1 2 I_
B =T} —18,E, ) B;=0. (9.10)
OueBHIHO, COOTHOIICHUSA KOMMYTAIlHH Bik Takue ke, Kak U Matpul 7, ,~k. W3 aTHx BeauuuH
MOHO COCTaBHTH JBa oneparopa Kasumupa:
kpi kpl pi
Cy=) BiBi, C3= ) B BB, 9.11)

ik ikl
KOTOPEIE, KaK HETPYIHO MPOBEPHUTHh, KOMMYTHPYIOT CO BCEMH B,-k.

CymiecTByeT Takxe 0a3uc u3 “HeMPUBOAMMEIX CHEPUISCKHX ONEepaTopoB”;

E; S,,S,; S2,8.8,+8,8,,8(S+1)-352%;

10 0 0 V2 0 ©.12)
S,=|{0 0 0]S,=0 0 ~2|
00 -1 0 0 0

basuc (9.12) nenopmupoBaHHblH. OH OUEBHIHBIM OO0pPa3OM PacCHIpOCTPAHSETCS Ha CiIydan
MPOU3BOJIBHBIX A.
9.3. HenmpuBoanmsle npeacraBienns rpynnst SU(3)

I'pymmma SU(3) — HempepwiBHAsS KOMIIAKTHAs 8-lapamMeTpuyecKkas TpYIna, BCe ee
IPEJCTaBICHHU JKBHBAJICHTHH YHHTapHHIM. HempuBOIMMBIE YHHTapHBIE KOHEYHOMEPHBIE
TIPEICTABICHHS MOTYT OBITh TIOCTPOCHBI KaK TPEICTABICHHS TCH30PaMH (Ha TPEXMEPHOM
YHHTApHOM TIPOCTPAHCTBE) C ONPEICICHHBIMH CBOHCTBAMH CHMMETPHH OTHOCHTEIIEHO
NIepeCcTaHOBKA HMHJICKCOB. [lojpoOHEe O CBS3M TPEICTABICHHH TPYII IEPECTAHOBOK H
MIpe/ICTaBICHUI TPYIN JHHEHHBIX MpeoOpa3oBaHUil FOBOPHIIOCH B CEIBMOM pasfiesie, 37eCh
MBI [IPHBEIEM HECKOIIBKO ITPOCTBIX IPHUMEPOB.

dyHgaMeHTATBHOE TIPEICTaBICHHE OCYIIECTBISETCS Ha BEKTOpax (HEe3aBHCHUMBIX

D .

COCTOSIHMSIX) €], €, €3, © C HMM MOXHO CBfi3aTh OFHOKJIETOUHYIO0 “cxemy’ IOnra
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[IpencraBneHne TEeH30paMH BTOPOrO paHra pachnagaeTcs Ha CHMMETPHUIHYIO (D:') U

J

anTucummerpuuHyo ( — ) uactu. [lepBoe m3 astmx HII ocymiecTBisieTcs Ha IIECTH

KOMOMHaLUX nap ee;'”:

-1 1
1] =eiel, exey, eses’, erex’ + ezer’, erey’ + eser’, exes’ + ezer),
4 BTOpOE — Ha TPEX AHTHCHMMETPHUYHEIX KOMOMHAIIMSAX:
_ _ Bl ,_ _ (3] _ _ 2
f1 —6263'—6362’— ,f2—6361'—ele3’— ,ﬁ—elez’—ezel’— . (913)

Iycts u € SUB) 1 D(u)e; = 2 uj:¢; ; HETPYITHO IPOBEPHUTH, YTO

- ~=—1 - *

D(u)fs =2 jfi = L™y
T.6., TPEXMEpPHOE NPEICTABICHHUE H OCYLIECTBIISIETCS  KOMILIEKCHO-COIIPSKCHHBIMHU
marpuiamu, u# —> u* @DakTHYecKd, 3TO TPEACTABICHHE TOXE MOXKHO CUYHMTATh

byHIaMEeHTATbHBIM.

27-mMepHOE TEH30pHOE IpeAcTaBieHue pacumemsiercas Ha 10-mepHoe HII [

(pynxumm 111 = ejer'er”, 112 = ejei’er”” + ered’e)”” + ezer’e”’, 113, 122, 123, 133, 222, 223,

233 u 333), omHOMEpHOE M nBa SKBHBaeHTHBIX 8-mepHbix HII — . JIBa okrera
GYHKIIHMH MOXHO MOTY9IHTh, JIMOO MPOM3BO/A BHAYalle CHMMETPH3ALIMIO 110 TIape HHIEKCOB,
CKaXXeM, IBYM TIEPBBIM, a 3aTEéM aHTHCHMMETPHU3YS N0 NIEPBOMY M TPETbEMY HHJIEKCY, JTHOO
MEHSISL TIOPAZIOK CHMMETPH3AIIMH K aHTHCHMMETpH3alliK (€CTECTBEHHO paclioiaraTb HHACKCH
B CTPOKAaX M CTOJIOIaX B OPSIKE BO3PACTAHHUS CIICBAa HAITPABO M CBEPXY BHH3):

[epseiit HabOP:

111] 111 [1]2] 1] 2]
2 3
— Teele’"-eele”, — 2l - erer'er” —erer'er”, =ee'es” + exer'e;’" -
1]3] 1]3]
1) n 1) 144 l p— 1) n 1} n 1} n r n _3_ — 1} n 1) n
eer el —eze e, =eezer’ teserer —epezel —exeres, =eeze; —eszeze),
2[2] 2[3]
3
- = €26y '63" — €36 'eg", _3' = €2€3 '63 " €3e3 '62". (9 14)

Bropoit HaGop (Te xe TaGauibl, BHAYale aHTHCHMMETPH3ALHs [0 ByM HEPBBIM HHEKCaM,

Pa3sMeIICHHEBIM B IEPBOM CTOJIOIE):
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26162 'el" — 6261'61" — 6161'62", 26163'61" — 6361'61" — 6161'63", 6162'62" — 26261'62" + 6261'62”,
6163'62" — 6361'62" + 6263'61" — 6261'63", 6162'63" — 6261'63" + 6362'61" — 6361'62", 6163'63" -
2ezei’es” + eses’er”, 2exe3'ey’ — eser’'er” — ener'es’’, eres'es”’ — 2ezen’'ey”’ + ezez’er”. (9.15)
Ot Ha60pH HATATHBAIOT JBa B3aMMHO-OPTOrOHAJIBHBEIX 8-MepHBIX IIpOCTPAHCTBA, OJHAKO

BHYTpH Habopa 4YeTBEpPTHIH M TATBIH BEKTOpa HEOPTOroHaNBHEL. WX  MOXHO

1/3]
OpPTOrOHAJTN30BaTh, BLIOWMpas, HANpPUMEpP, BMECTO 2] BEKTOp 2eies'er’ — 2eres'e” +
eier'es” — eerel” + exer'es” — ezei’ey” (B mepBom Habope). OTMETHM, 4YTO TapH

COOTBETCTBYIOLUX BEKTOPOB H3 JIByX HA0OPOB OCymeCTBIAOT AByMepHoe HII rpynn Ps.
IMepexonst K TEH30PHBIM IIPEJICTABICHUSIM 0OJee BHICOKOTO PaHTa, 3aMETHM, YTO HE

cymectByer HII, onmmcrIBaeMEIX CXe€MamH, COACpXallMMH OoJiee TpeX CTpOK (Hampumep,

), IIOCKOJIBKY B HAIlIeM PacloOpsKEHHH TONBKO TPH MHAEKca 1,2,3, 1 aHTHCHMMETpH3aIHs
IO YETHIPEM HMHJEKCAaM IPHBOJAMT K HYJIEBOMY pe3yipTary. AHAJIOTHUYHBIA JOBOJ

CBHICTENIECTBYET O BO3MOXKHOCTH OTOPACHIBAHHMS B CXEMaX C TPEMsI CTPOYKAMH CTOJOIIOB,

coJiepkamux TpH Kierku. Hanpumep, npeacraBneHue —  DKBHBAJICHTHO IPEICTABIICHHIO

D. Taxum oOpa3om, CymecTBEHHO pasHeIMH siBisgrorcs HII, onmcriBaeMmble cxemamu €

JIByMsl CTPOYKAMH, H MX MOXHO MHJEKCHPOBAThH JABYMS HHJIEKCAMH, KaK D*M*2) ,TIe A1 2 A
— JAJHMHBEI TIEPBOW M BTOPOH CTPOYKH CXeM. TE€H30pHOE Ipe]CTaBIEHHE YEeTBEPTOro paHra

pacuierisiercs Ha cneayrowmue HIT:

[ |
péo LT pon O pexy y, 0o Ly

Kparnocts, ¢ xotopoit atu HII BXOasT B TEH30pHOE MPEACTABICHHE, OIpPEACIICTCS
Pa3MEPHOCTBIO COOTBETCTBYIOIIMX cxemaMm HOHra HEenpHBOJMMBIX IPEACTABICHHH CaMOM
rpynnel nepectaHoBok Py. Tak,

(DU = pU9 + 3pBD 4+ 2p@ 4 3p10),
JIByCTpOUHBIE CXEMBI, AOTIONHSIOIHUE APYT APYra 0 TPEXMEPHBIX CXEM C PABHBIMM JJTHHAMH
CTPOK, COOTBETCTBYIOT KOMILICKCHO-CONPSHKEHHBIM  IPEACTaBICHHMAM. Brime  yxe

3o

OTMEYANIOCh, 4YTO I (GYyHAaMEHTAIBHBIX IIPEJICTABICHUI Eme npumepsr:
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[ * *

— , — — . Boobmie, CaMOCOIIPSKEHBI HII, KOTOPBIM
COOTBETCTBYIOT CXEMBI, BTOPas CTPOKA KOTOPBIX HATIOJIOBHHY KOPOYE TIEPBOH.

Tenepp MBI paccMOTpHM anbTepHaTHBHBIN criocod noctpoenus HIT rpymmer SU(3),
AHAJIOTHYHBIA HMCIONB30BaHHOMY ansi Tpymmsel Bpamenuid (SU(2); cm. pasmen 4.3). On
obecrieurBaeT HaATJIHOE BBEACHWE NOHATHH 00 /- (Mm3oTommueckom), U- u V- cnunax. B
3TOM CIIOCO0€ MBI HCXOJMM M3 6a3uca B MPOCTPAHCTBE MPEACTABIICHHS, JHATOHAIU3YIOIIETO
KOMMYTHPYIOLIHE JpYr C JpYroM HWHOHUHHUTE3UMAIBHBIE ONeparopel (OTBEYAIOLIHE,
HalpuMep, omneparopaMm As W Ag W3 HabGopa (9.2)), a 3areM yCTaHaBIMBAEeM CBSI3H MEXIy
0a3UCHBEIMK BEKTOPAaMH, BHITEKAIOIIHE W3 COOTHOLICHHH KOMMYTAIlMH WH)HHUTE3MMAIBHBIX
oreparopoB. IIpeaBapHTENBEHO CTPYNIUPyeM HHPHHHTE3MMAIBHBEIC oneparopbl F (A,/2 —
F,) B Tpm TpoWKH ‘‘CIIMHOBEIX’ ONEpaTopoB, TaK 4YTOOB BHYTPH TPOHWKH OIEPATOPHI
HNOJUUHSTUCh OOBIYHBIM COOTHOLICHUSM KOMMYTAIIMH JUISI KOMIOHEHT MOMEHTA KOJTHYECTBA
JIBYOKCHUS:

I(F\,F>,F5), V(F4,Fs,Fg'), UF,F7,F3"),

5 5

F8'=%F3+7F8, F8”=_%F3+7F8, (916)

B nmanbueimem OynaeM ucnone3oBarh obo3Havenus [, I, I3 njas KOMIOHEHT “CHHMHOB”, a

2
Takke obo3navuenune ¥ = — Fg (TAmiep3aps), TaK 9To

3
Fy=1Iy=Fy'-Fy"=V;~Us, V3Fy =V3+U3 =3Y. (9.17)

BBozas enie omneparopel MNOBBINICHHS-NOHWXEHuUS Vi = Vi * iV, m pap., Belnumem
COOTHOUIICHHUS KOMMYTAIlHH HH)HHATE3MMATBHBIX ONEPATOPOB, MCIOJB3YS y)KE HaWJCHHBIC
CTpyKTypHEIe K0dpummentsi (9.9):

(5, Ll=* L, [I, L] =2L. (9.18a)

AHanoTHYHBIC COOTHOIIECHHS UMEIOT MeCTO 11 komrmoneHt U-, V-crimHOB. Jlamnee,
[1,U]=F1U,, [,V ]=21V., V3, L]=%1 1,
V3,U.]1= i% o [Us, L1=F1 1, [Us,Va]=%1V4, (9.18b)
(¥, 1.1=0, [Y,U.]=2U., [, V+] =

Haxkoner,
[V+,I+]=[V+,I+]=O, [V+:I—]:_U+: [V—al+]:U—a
W1 1=-V,,[U,I_1=[U_,1,]1=0,[U_,I_]1=V_, (9.18¢)
.,V 1=[U_V_1=0,[U,,V 1=1_, [U_V, 1=-1,
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Oneparopsi (9.12) cBszansl ¢ /-, V-, U-oneparopaMu COOTHONICHHSIMH:

S.=2V,, S, =2(I, +U.), S} =2V, S.S,+8,8, = ©.19)
=V2(I. ~U,), S(S+1)=382 = 2(~I; + Us). '
Bribepem nanee B xauecTBe 0a3UCHBIX COOCTBEHHEIC BEKTOPEI SPMHUTOBEIX ONIEPATOPOB

L w Y(Fy), |t, v); 0OIHOBpEMEHHO 3TH BEKTOPHI BJISAIOTCS cOOCTBEHHBIMHA 1 i Us, V3, Tak uto

uHOTAa MBI OyeM o603Ha4ats uX |f,u,v) = |t,y). B cuny (9.17) u (9.16):
t+u—v=0,u+v=%y,u:%y—%t,v:%y+%t. (9.20)

W3 cooTHomeHwnit koMMyTallum BeITekaet, uro I3{L |ty)} = (¢t £ 1){L |ty)}, u, xak ¥ npu
MOCTPOCHHH TPEJICTABIICHHNA TPYIIEI BPAlICHWH, MBI NPUXOAHM K BHEIBOAY O TOM, 4YTO
BO3MOYXHBIE 3HAYEHHS ! — LIENBIE U MIONYIIEIIBIE YHCIAa. B CHly IIOJTHOM CHMMETPHH CIIMHOB /,
U, V 10 e, OYEBHAHO, MOXXHO CKa3aTh M O 3HAYEHHUAX 4 M V; TOTJAa BEIIMYMHA ¥ MOXKET
MPHHUMATh JIIIL 3Ha4YeHus, KparHele 1/3. Takum o6Gpa3omM, BO3MOXHEIE HAOOpHI (7, V)
00pa3yloT IUIOCKYIO PEHIETKY, MPHYEM IMOAXOMSIIAM BBEIOOpOM MacmTaba pPemeTKy MOXKHO
cenaTh NPaBUJILHOW TeKCaroHaNbHOH (CM. PHCYHKH Hinke). M3 COOTHOIEHHH KOMMYTAaIIHH

BBITCKACT TAKKEC!

Ve

Ly)ecltxd,y1)=|vEL,y),

9.21)
t,y>oc |t$%,yil>=‘uil,y">, I,

U,

t,y)oc|t£1,y),
T.€., OTIEPATOPEI MOBLIIEHUA-TTOHIKEHHUS JTHOO TIEPEBOAAT Oa3MCHEIE BEKTOPLI B HYIIb, THOO B

npyrue Ga3uCHBIE BEKTOpA, CMellast HX COOCTBEHHBIE 3HAUEHMS B IUNTOCKOCTH £, Y KaK YKa3aHO

Ha puc. 9.1. B (9.21) y', y" — cobcTBeHHBIE 3HaUYEHUS “THIIEP3aps 0B~

Y'=2(I;-Us)=I3-1Y, Y'=3(-I;-V3)=-I3-1Y, Y+Y+Y"=0.

u\ y T / v Bcero COBOKYITHOCTB COOCTBEHHBIX

3Ha4eHui (¥, £), a C HEM M COOTBETCTBYIOLIMX UM
y\ COOCTBEHHBIX BEKTOPOB, O0pasyroIux 0a3uc

mpocrpadctBa  HII, wMoxHO mocTpouts ¢
—»t

HCIIOJIE30BAHHEM ONEPATOPOB CABHra, HCXOMAS H3
/ “cTapmiero” BEKTOpPa |tm, Vm), OTHOCSIIETOCS K
y MakCHMAaJIbHOMY  COOCTBEHHOMY  3HAYEHHIO

Vma=Ym H K MaKCHMAIEHO BO3MOXHOMY IIPH Vp,

Puc. 9.1
3HAYEHHIO #,,. OUEBHIHO,

Viltws Ym) = Li|tm> Y ) = Us|tm> ym ) = 0.
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TMocnenoBarensuoe npumenenue I_ ‘tm,ym> NPUBOJUT K [-CIIMHOBOMY MYJBTHILIETY C

1=t

‘tm:ym>’ I _I:ym>ocl—‘tm:ym>’ ery _tm:ym>'

HeiictBuem oneparopa U_- Ha ‘tm,ym> noiryyaeM U-CIMHOBHIM MyIBTHILUIET €

U=tt=(3/8) i (1/2)t,s :

‘tm,ym>5‘um,ym":—tm—%ym>, ‘um_l’ym”>: ey _um:ym”>'

OTH JBa MYJNBTHIUIETA H300pPaXEHBI Ha

puc. 9.2 orpe3kaMH, HAYMHAIOLIUMHCS B

(tms Ym)

TOUYKE ‘tm, Vm > Hcxona U3 Kaxa0H TOUKH

BTOPOI'0 MYJBTHILIETA, MOXHO IIOCTPOHUTH

t- MYJIBTHILICTEI, CUMMECTPHYHEIC

OTHOCHTEJIEHO OCH ¥ (M V-MYJIbTHILIETHL,
CUMMETPHYHbIE OTHOCHTEIBHO OCH )').
HCXO)IS[ H3 TOYCK IEPBOr0 MYJIBTHILICTA
CTpPOATCI  4-, V-MyJIbTHIUIETEL.  Bce

MHOXeCTBO TosrydaeMbix Touek (SU(3)-

MYJBTHILIET) OKAa3EIBAETCSA O0O0Jaar0IMM
Puc. 9.2.

cummerpued Ci;, C IEHTPOM B Hauanue

KOOpAHHAT U OCSIMM CHMMETpHH y, ', ' IIpuMep KOHTYpa, OTpaHMUYUBAIOLIETO MHOXKECTBO
COOCTBEHHBIX 3HAYCHHH (7, ¥), TaKXKe H300paxkeH Ha puc.9.2. JITHHBI CTOPOH MOTYYarOIIeroCs
IECTH- (MU Tpe-) YrOodbHUKA, A = 2y, W = (3/2)Ym — tm, MOTYT CHyXuTh MHAeKcamMu HII
rpymmel [Ha puc. 9.2 m300paxkeHa cXeMa, COOTBETCTByIOmas mnpeiacrasieHuio (3,5)]. B

cly4dae, eCiiM “JJUHBL” f- ¥ U-MyJIbTHIIJICTOB, HAYHHAIONINXCS B TOUKE ‘tm, ym>, OTJIHYHEI OT

HYJIS, TOUKE

1
t Y ¥, —1) OTBE4alOT yxe JBa HE3aBMCHMBIX BEKTOpa, Hanpumep, U_L

‘tm, Vm > R I_U_‘ tysVm > Hcxoas u3 3TOH TOUKH MOXKHO MOCTPOUTS €11 OJIMH LIECTUYTOJIbHHUK

cocropoHaMH A'=A— 1, mpu'=pu—1.
B HenpmBoAMMOM mpeAcTaBieHHH (A, L) KaXIOH TOYKE IO MEPHMETPY BHEIIHErO
LIECTHYTOJNBHHUKA OTBEYAET IO OJTHOMY COCTOSIHHIO, TOUYKAM IO IIEPHMETPY LIECTUYTOJIbHUKA

co cropoHamMu (A — 1, @ — 1) oTBevaer Mo /ABa HE3aBUCHUMBIX COCTOSIHUS. MOXHO CTPOHTH
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BHYTPEHHHME LIECTHYTOJbHHKH BIUIOTH JIO BBIPOXKJICHHS MX B TPEYTOJbHHUK [HIIH B TOUKY —
HAYall0 KOOPAMHAT — €CJIH MCXOJHBIA MECTHYTOJBHUK OBl MpaBHAsHBIM — (A, A)]. Ilpu
9TOM TOYKaM Ha CTOPOHAaX KaXJIOTO HMIECTHYTOJIbHHMKA OTBEYAeT Ha OJHO COCTOSIHHE OOIbIIE,
YeM TOYKaM Ha CTOpPOHax mpenapiaymero. Bce ToukM mnepBoro (HamOoONbIIETO) U3
MOJIyYEHHOTO TaKMM OO0pa3oM TpeyroipHHWKa (BKIIOYAas TOYKH IepuMerpa) oO6naaarT
OJIMHAKOBOM KpPaTHOCTHIO BHIpOXKJAEHUA. OnMCaHHAsA BBINIE CHCTEMA MHOTOYTOJBHHMKOB JUIS
HIT (3,5) BocnmpomsBenena Ha puc. 9.3. Mcxoms M3 HeEro, HETPYAHO IOACUYMTATE YHCIO
Pa3IMYHBIX COCTOSHHMH (pa3MepHOCTh TpenctaBieHus), pasHyo d(3,5) = 120. B obmem

crydae:
d(,m) =L+ D+ DA+ p+2). (9.22)

Jloka3arensCTBO  NMPHUBENCHHBIX  YTBEPXKJICHHH
JOBOJIBHO TPOMO3JIKO; HEKOTOPBIE DJIEMEHTBI €ro
BOCIIPOM3BOJATCSA B 3a/la4yax K JaHHOMY pa3Jierry
(cm. Taxxe xuury I'asmopoBuua 1969). OtmMeTnm
emle, uro compsokeHsl HII, cxeMbl KOTOpBIX
HOJIy4aroTCs JAPYr u3 jApyra nosoporom Ha 180°

oxono ocH £ (A, 1) = (U, A)*.

CBs3b IByX BBEJICHHBIX B 9TOM Taparpade

Puc.9.3. oboznauennit HIT: A = A1 — Ay, u = Ay, T.€,

(A, p) = D*** ¥ Unorga HII oGosunauarorcs

IPOCTO CBOEH pasMepHOCTBI0 (KMpHBIMH 1Hppamu). Tak, HENpUBOAUMEIA OKTET
oGoznauaercs D@V = (1,1)=8.

JlnarpaMmMHasi TeXHHKa MOXET OBITh MCIOJB30BAaHA JUIS Pa3lIOKEHHS IIPOH3BEACHHS
asyx HIT rpymmer SU(3). Bcsi COBOKYIMHOCTBH BEKTOPOB IPOCTPAHCTBA IPEACTABICHHS
(A1, n1)x(Ay, Wp) M300pakaeTcs TOMKaMH, MOJyJaIOIMIUMHUCS B PE3YJIETATE HANOKEHUS OJHON
W3 JuarpamMM, ckKaxem, (A, L), CBOMM IIGHTPOM Ha Ka)XAyK) TOYKY BTOPOH JHArpaMMEL
3areM, Ha4YMHas C COCTOSHHS ‘tm =UmttmsYm =Vim T+ y2m> H3 IOJYYCHHOTO MHOXXESCTBA
TOYEK TIOCIIEJIOBATENILHO BBIJENAIOTCA TOJMHOXECTBa, orBevamomue HII, ¢ yuerom

M3JIOKEHHBIX BBIIIE MPABHJI O KPATHOCTH BBIPOXKACHHUS KXKAOW TOUYKU. OT €CTEeCTBEHHOTO

Oa3uca ‘t(l),y(l)>‘t(2),y(2)> K KaHOHHYCCKOMY MOXXHO MNEPEXOJHTE MNOCJISA0BATSILHBIM

JCHCTBHEM ONEPATOPOB MOBBINICHUSI-TIOHWKCHUST — TPOINEAYypa, ©CTECTBEHHO, B 00meM
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ciryyae 3HAYMTEIBHO Oollee TPOMO3JKas, YeM B Cily4ae TPYNNBl BpPalIeHHH, HO IIpH
HeOOJNBIINX Pa3MEPHOCTAX IIEPEMHOXKAEMBIX MTPEJICTABIICHHH BIOJTHE 0003pHMasi.
Ha pmc. 9.4 npencraBnensl Trpaduueckme wu300paxeHuss (GyHIaMEHTANIbBHbIX

npejcraBiaeHud 3, 3* (kBapku) 1 6aPHOHHOTO OKTETA.

yA Yy

d g— u
[i ﬁbt >t

w|

Puc. 9.4.

9.4. Knaccupukanns agponoB mo SU(3)-myabTumiieram. Hapymenne
SU(3)-cammeTpunA

AOponbl — YaCTUIIBl, YY4ACTBYIONIHAE B CHJIbHBIX B3aUMO/ICHCTBUAX — IMOAPA3/ICIISIOTCS
Ha 6apuonsl u me3onsl. baprons! 0671aJa10T MOIYIENBIM CIIMHOM, K HUM OTHOCSITCSI TIPOTOH
M HEHTpOH M OOJNBOIOE YHCIO YAaCTHIl, CUHTAIOMIMXCS MX BO30YXKICHHBIMH COCTOSTHHMSMH.
Me3oHbI 0071a1a10T IETTEIMH CIIMHAMH H, B OCHOBHOM, MEHBIIMMH MacCaMH.

AJpOHBI TPYNIUPYIOTCS B OJH3KHE MO Macce M3OMYJIbTHILIETHL, a JOBOJIBHO OJIH3KHE
0 Macce HM3OMYJbTHIUIETHl TpynnupyroTcss B SU(3)-MyJnbTHILIETEl, YTO, KaK OTMEYalIoCh
BEIIIIE, CBUJCTENECTBYET O HAIWYMKM TNpuHOMMmKeHHOW BHyTpeHHed SU(3)-cmMMmeTpun
CHJIBHBIX B3aMMOJICHCTBHM M YaCTHIl, B HUX ydyacTByromux. Ha puc. 9.4 npuBeaeHa cxema
6apuonnoro SU(3)-oxtera, cocrosiero u3 (p,n)-m3oaydiaera (IpubamKkeHHas Macca JYacTHI,
cooTBeTcTBEHHO, 938.3 M 939.6 MoB; mpoTOH cTabHIIeH, BpeMs XH3HH HelTpoHa T ~ 10° ¢),
Y-m3orprrutera (Macca 1193 Mo, 1 ~ 1070 ¢, s 2° 1 < 107 ¢), m3ocunrnera A® (1115.6
Mog, 2.5 107 ¢) u msoxy6nera Z° (1318 Mog, 107 ¢). Crimeer Beex wacThi paBHbl 1/2,
BHYTPEHHSIS Y€THOCTh NOJI0KHTENbHAA. Kak BHIHO, 0 6JIM30CTH MacC MOHO TOBOPHTD JIHIIIb
BECbMa YCJIOBHO, CHJIBI, HApyIIalONIie CHMMETPHIO, BelukH (“yMEpPEeHHO CHIIbHbIC”
B3aumoJieiictBus). IlpuBeneM eme cxeMbl OapPHOHHOTO JEKYIJIETa M ME30HHOTO OKTETa
(puc. 9.5). Maccel 4YeTeIpex H30MYJIBTHILIETOB, Ha KOTOPHIE pacHICIUIAETCS OapHOHHBIH
JIEKYTUIeT, COCTABJISAIOT, COOTBETCTBEHHO, HaunHas ¢ A-wactmi, ~ 1232, 1385, 1533, 1672
MbB, cnuH 4yactwil 3/2, BHYTPEHHSS YETHOCTH — TIOJIOKHTENbHAs. ME30HHBIH OKTET

BKJTIOYACT TPHIUIET MHOHOB (m ~ 138MbdB), msocuurmer n° (549 Mbs), asa ay6iera K-
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Puc. 9.5

Me30HOB (~ 495 MbB). Cnunel Bcex Me30HOB M300paxeHHOTo okrteTa paBHbl (. Me3oHHas
CxeMa COACPKHUT HaCTHIlbl H aHTHYACTHIIbI, 3aHUMAIOIIHEC JHAMETPATIBHO-ITPOTHBOITOJIOKHEIC
IIO3HUIIHH.

Takum o6pa3oM, HpH yd4eTe UMb ‘“‘CHIIBHOW 4YacTH CHJIBHOTO B3aMMOJICHCTBHS

CHMMETPHsI aJJpOHOB ONHCHIBAETCS TPYMIIOH Bt xSU(3) ¢ HII (ms;(Ap)). Iloxg neiicTBuem
“yMmepenHoM uactn”’ cuiapHOro B3amMozewncTBus SU(3)-MydsTHILUIET pacuUienseTcs Ha
M30MYJIbTHIUTETEI, XapaKTEpH3yeMble BEIMYMHOW HM30CIHHA W THIIep3apsja, HarJSIHO
BHJIHBIC Ha CXeMaX MyIbTHIUIETOB. JlanbHeiiniee paciieniieHHe H30MyJIbTHIUIETOB [0 Macce

MPOMCXOIMT 3a CHET ANEKTPOMArHUTHOTO B3aUMOJICHCTBHSI.

PaccMOTprM MaccOBBIH oneparop M Taxoi, uTO (vilM |vi), THe v — WHACKC
npeacTaBieHus (Hanpumep, ms;(Ay)), a { — HHIEKC OTHeNbHOTO cocrosuus. (Yacro
paccMaTpUBAIOT M omepaTop Keajapata Maccel) IIpu ydere “CHIBHOM YacTH’ CHIIBHOTO
B3aMMOJIEHCTBHUS OIepaTop M SU(3)-cummerpuuen. Hapymienue 3ToH cHMMeTpuH (IIpH

BKJIIOYCHHH YMEPEHHO-CHIIEHOTO B3aUMOJICHCTBHS) IPUBOJIUT K MTOSIBIICHHUIO B M cnaraemeix
¢ 6onee mm3koit cummerpueit [SU(2)xU(1)], koTopele MOXHO MPEACTABHTH B BHAE psja IO
HENPHUBOAMMBEIM  TEH30pHBIM  omepartopam  Tpymmsl  SU(3), cocTaBieHHBIM U3
WHOUHUTE3UMANBHEIX ONEparopoB W Ppa3IMYHBIX MX crenened. Cpeaw IHHEHHBIX H
KBaJ[PaTHYHBIX TEH30PHEIX ONEPATOPOB CYLIECTBYET BCErO JBa HE3ABUCHMBIX HEEJAWHHUYHBIX

oleparopa, o61aJamlInx cuMMeTpren moronudeckoro cnuna [SU(2)xU(1)], a umenHo,

V3 I 2 1y2 1
F8=7Y, Dng(T —3Y =1D F,F).

Oneparops! D, onpeaensroTcs KaK

D, =2 dypFyF., (9.23)
b,c
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IJIe CTPYKTYpPHBEIE KOHCTAHTH d orpeneneHs B yp. (9.6). OTH onepaTopsl MOJYHHSAIOTCS TEM
e NepeCTaHOBOYHBIM COOTHOWISHHUM, 4TO M F,, T.e., OHM 00pa3yroT NoJo0HEIH F, OKTeT
oneparopoB, Ha kotopeix peanmsyercs HII (11) rpymner SU(3). Ilonaras, 4ro ykasaHHbIE

OKTETHBIE BKIAaAbl B M SBISIOTCS OCHOBHBIMH, MOJY4aEM HM3BECTHYIO MACCO8YIO hopmyny
T'enn-Manna - Okybo, onuceBatonlyto pacnierieaue SU(3)-MynbTHIIETOB  Ha

H30MYJIBTHILICTHI:

<XH,IY‘A:[‘ML,IY> = mg +myY +m |1+ 1) —%YZ] . (9.24)
B TperneM cmaraecMoM MOXXHO HCKIIOYHTE OOLIMH CABHI H30MYJIBTHIUIETOB, J00ABIISS
clraraeMoe —%ZFaFa , e omeparop Kasummpa ZFaFa =A+u +%(X2 + Hz +An). Jdns

“rpeyronbHbIX” nipeacraBnennd [(A0) wmm (Op)] Tperbe cnaraemoe CBOJUTCS K JTHHEHHOMY
qlieHy, ¥ TI09TOMY MOHO OXHJIaTh JIHHEHHOTO 1O Y paciuieruieHus OapHOHHOTO JEKyIjeTa
(puc. 9.5). Jle#cTBHTENEHO, HMHTEPBANE MEXAYy cocemHUMH (1O Y) M30MyIbTHILIETaM
coctaBisioT ~150 Mbas. bonee Ttoro, () -uactuia Obl1a OOHApy)XEHA JTUMIb MOCE CO3JaHUS
M3J1araeéMoi 3/1eCk TEOPHH, W IPEICKa3aHNe €€ CBOMCTB SBUIIOCH BAXXHBIM TOATBEPKIACHHEM
SU(3)-ckMMeTpHH M TONYKOM K JanbHEHIIeMy ee pa3BHUTHIO. MaccoBas Qopmyna (9.24)
XOPOLIO ONHKCHIBAET OAPHOHHBIA OKTET (pUC. 9.4) M 3aMETHO XYK€ OKTET ICEBJIOCKAISIPHBIX

Me30HOB (pHc. 9.5).
Bemnunna %(1 3+ V3) =15+ %Y =Q=-Y" (onexTpH4eCKMH 3apsj]) HIPaer poJb

“rumnep3apsaa’ mo oTHomeHuIo K U-mysbpTHILIeTaM. OTOT (aKkT WUTIOCTPUPYETCs Ha pHC. 9.4,
9.5 TeMm, uTo U-MyNbTHIIETH COCTOAT M3 YaCTHI[ C OJMHAKOBBIM 3apsijoM. Ecim cuibHbIe
B3aWMOJICHCTBHST MHBAPHMAHTHEI OTHOCHTENBEHO /-ciMHOBOH moarpymmel SU(2), TO MOXHO
NPEANONOKUTh, YTO DIEKTPOMAarHMTHOE B3aUMOJIEHCTBHE MHBApUAHTHO OTHOCHTEIBHO
U-CIMHOBOM NOATPYTIIEL.
9.5. KBapkoBbIe MOae/H

KBapkoBeie Mojenu OBITH TIPEANIONKEHBI KaK OTBET Ha BOINPOC, ECTECTBEHHO
BO3HHMKAIOMIMK B pesyibrare ycraHoBineHUs SU(3)-CHMMETpHH CHIIBHBIX B3aUMOJICHCTBHH, a
MMEHHO, HE COCTOST JH aJpoHbl K3 Oojiee MPOCThIX OOBEKTOB, NMOJOOHO aroMaM H
MojexkyaaM. HampammBaercsi MBICHIB O TOM, 9TO TakHe 00beKThl (“kBapku”, o I'enn-Manny)
JOJDKHEI TIpeoOpa3oBBIBATECA MO (QyHAaMeHTansHOMY mnpexacTaBnenuio rpymmer SU(3). B
TepBOHAYATBHOW MOJIeNTH OBUTH BBEACHEI TPH KBapKa (QyHIaMEHTAIBHEIC COCTOSHUS) U, d, §

(up, down, strange), oOpasyrowmmx wu3oayoner (4, d) m wm3ocuHrIer s (puc. 9.4).
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ONeKTpuUYecKHe 3apsasl M THIEp3apsibl KBapKOB, KaK BHIHO H3 PHCYHKa, IPOOHBIE:
Yu,d)=1/3, Y(s) = -2/3; Od,s) = -1/3, Q(u) = 2/3. AHTHKBApKH OCYIICCTBIISIOT
conpsbkeHHOe (yHIaMeHTanbpHOe IpeActaBienune 3* (puc. 9.4). [Noaxoasmmum Bei6opoM ¢a3
MOJXXHO JOOHMTECS BHIITOTHEHUS COOTHOLICHHUH
L]d)=[u), V_[u)=[s), U.|s)=|d),
- - (9.25)
Lluy=-d), v,|u)=-3), U,|d)=]3).
IIpeanonaraercsi, 9To0 KBapku g ABNsAOTCS epMuoHamu ¢ S = 1/2, GaproHBl 00pa30BaHKI
TpeMsi KBapKaMH (gqq), 9TO TO3BOJIIET MPUIUCATh KBapKy OaproHHOE umcio B = 1/3 (s
aHTUKBapKka g , B = —1/3). Me3onsl 00nanaoT cTpykTypo# g q , s uux B = 0; napa qgq
MOIKET aHHHUTHJIHPOBATh, YTO OOBACHAET OTCYTCTBHE a0COTIOTHO CTaOMIBHBIX ME30HOB.
B rpy0oM npHONMKEHHH OTHOCHTEIBHOE NBHMIKCHHE CBS3aHHOH ME30HHOW ITaphl
KBAPK-aHTHKBAPK CYMTACTCS HEPEIATHBHUCTCKHAM, M ME30OHHBIE OKTETHI MOXXHO TIPEICTABHUTH B
BHJIC TIOCJICJIOBATEIBLHOCTH TEPMOB sy 7 (ISO, 3So, 1P1, 3Po,l,g,...). CnouH Me30HOB — JTO

., - 1
NOJHBIA MoMeHT J mapel gg. Me3oHbl Ha pHC. 9.5 COOTBETCTBYIOT COCTOSIHHMIO .Sp.

KBapkoBeI# cCOCTaB ME30HOB MOXHO HOJTYYUTh HCXOd U3 pasnoxenus 3x3* = 8+1. Tax,

K*)=[us), |[KO)=|ds), | =|ud), [°) = ( dd)|uz) (9.26)

M TaK JaJiee.

JlexymreT 6apHOHOB MOXKHO IMTOCTPOUTH, HCXO/ISA U3 TOTO, YTO

)=

uTuTuT>, (9.27)
I7le CTpPEeNKaMH OTMEYEHHl CIIMHOBHIE COCTOSHHMS KBapKoB. JleWcTBuem omepatopos [, V.
MOXXHO TIONYYHTH OCTAJBHEIC YacTHIBI MYJbTHIUIETa (S IO3BONSET INOJYYHTH JpPYTHE
++ v v
CITMHOBEIE COCTOSHUA vacTHIBl A ). KBapkoBeIi cocTaB mpoToHa p = uud, HelTpoHa udd,
+
Kak H y A" -, A°- YaCTHUII, COOTBETCTBEHHO. boiee JeTansHO, C y4eTOM OpPTOTOHAILHOCTH

+
IIPOTOHHOT'O COCTOSTHUS cOCTOSIHHIO A™ (Mg = 1/2),

|p,MS=%>=\/%‘d¢uTuT>—\/%‘dTuTui«>. (9.28)

Jlis onmcanmst kBapkoBOTO cocraBa OapuoHOB (dopmynsl (9.27), (9.28)) Beime

HpI’IBJ’IeKaIII’ICI: CITHHOBLIC COCTOSIHHA I(BapI(OB. KBapI(OBBIe COCTOSIHHUS U UX CITUHHEI,
uTu i«,a’ T.d i«,s T.s i«,

00pa3yoT 0a3uc LIECTHMEPHOTO MPOCTPAHCTBA, HA KOTOPOM OCYIIECTBISETCS MPOCTEHIIee

npeacraeiaenue rpynnsl SU(2)(S)xSU(3). Paznuunele npon3BeeHHs 5TOTO NIPOCTPAHCTBA HA
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ce0s pacIIeIUIIIOTCS Ha MyIbTHIUIETB — KoMOMHanmuu SU(3)-MynbTHIUIETOB M OOBIMHBIX
CIIMHOBBIX MYNBTHIUIETOB. EcCnM cuMTarh, YTO B3aMMOJCHCTBHE MEXKAYy KBapKaMH B
nonosnaenne K SU(3)-HHBApHAHTHOCTH HE 3aBHUCHUT TAKXKE OT CIIMHA, TO B KAYECTBE TPYIIIEI
CHMMCTPHH CHCTEM M3 KBapKOB MOXHO paccMmarpuBaTh Trpynny SU(6), ¥ COCTOSHHS 3THX
cucrem pasouBarorcs o HIT rpymmer SU(6). CoorBercrBenHo, Mynbrainiersl (HIT) rpymmer
SU2)(S)xSU@B3) obbeaunsrorcs B cynepmynsmunaemsr [HII SU(6)]. B saepHont msuxe
paccMaTpUBAIOTCS TAKXKE CYNMEPMYJBTHIUIETHI, CBs3aHHBIE ¢ Tpynmnoi SU(4), sBnstomiercs
pacumpenuem rpymnbl  SU2)(S)xSU(2)(/) m oTpaxaromieil 3apsioByl0 M CIHHOBYIO
HE3aBUCHUMOCTb SJIEPHBIX CHIL.

I'pymmer SU(4) n SU(6) Bomutn B (PM3MKYy YacTHIl M HECKOJNBKO MO-Apyromy. B
MOMEHT CO3/IaHUS TIEPBOHAYANEHOH KBapkoBod Monenu (1964 ron) yxe OBITH M3BECTHHI
“cTpaHHBIE” YACTHIIEI M BBEJIEHO KBAHTOBOE YHCIIO “CTpaHHOCTh” (S) Ans mx onucanus. Jls
BKITIOUEHUS B MOJIETb 3TOTO NOHATHS M OB BBEJIEH CTPAHHKIH s-KBapk ¢ S = —1. CtpaHHOCTH
u- 1 d-xBapkoB paBHBI (. Takum 00pa3om, B KBapKOBOH MOJEITH CTPaHHBEIC YACTHIIBI — 3TO
YaCTHIBI, CoOJepXxamme s-KBapku. OTKpBITHE “OYapOBAaHHBIX YACTHI] TPHBEIO K
He0OXOAMMOCTH BBEJICHHS c-KBapka (charm) m pacmmpenuro rpymnmsl cummerpuun ¢ SU(3) go
SU(4). 3atem ObLTH BBeneHH b- (bottom) u 7- (tOp) KBapKH, ¥ B HACTOSIIIEE BPEMS TOBOPAT 00
SU(6)-apomamocummempuu. B xauectBe apomamog BEICTYNAIOT KBaHTOBEIE uncna I3, S, C,
B, T, coxpaHsOnIMecs IPH CHIIBHBIX (M 3JIEKTPOMArHUTHBIX) B3aUMOJACHCTBHAX; HOCHTEIISIMA
apoOMaToB SBIIIOTCS COOTBETCTBytomme KBapku. Cummerpus SU(6), omHaKo, 3HAYHTENHHO

MeHee crporasi, yeM HadansHas SU(3)-cuMMeTpus, O 4eM CBUAETENBCTBYIOT, CPEAM JIPYTHUX

($haKTOB, M OIEHOYHBIC MACCHI KBAPKOB: My m,~0.35 I'aB, m=0.5 '8, m.~1.5 198, mp=S I8,

m;>91 I'aB.

Psan TeopeTrHuecKMX M OKCIIEPHMEHTANBHBIX (DAaKTOB yKa3biBal Ha HEOOXOAUMOCTH
BBCJICHUA lIOHOJ'IHI’ITGJ'H:HOfI CTCIICHHU CB060)IBI KBAapKOB, IIOMHMO IIPOCTPAHCTBECHHBIX
KOOpJHWHAT, CMHA W apoMara. HamGosnee BaXHBRIM M3 9THX (DAKTOB SIBISETCS TO, YTO BCE
M3BECTHHIE OApPHOHHEIE COCTOSHHS IONMHOCTBIO CHMMCTPHUHBEI IO YKa3aHHEIM CTENEHSIM
cBOOOIBI, M ISl COXpaHEeHHs1 npHHIMNa [laynu ciemyer yMHOXHTE COCTOSIHUS Ha (yHKIIHH,
AHTHCHMMETPHYHBEIC OTHOCHTEIIEHO TEPECTAHOBOK KBapKOB, COCTABISIOMIMX OapHoHEI. Tax
OblLIa BBEJIEHA XapaKTePHCTHKA KBAPKOB, HA3KIBAGMAs! YEemoM ¥ IPHHUMAIOIIAS TPH Pa3HBIX
3Hayenus (¥, KPacHHIH, y, ®eNTell ¥ b, cuuuit). [[BeroBas BoiHOBas (yHKIMS OAPHOHOB
BKIIIOYA€T BCE TPH IBETA H SABIACTCA aHTHCHMMeTquHOﬁ (bYHKHHGﬁ TpEX MBCTOBBIX

COCTOSTHMH, WHBAapHAHTHOH OTHOCHTENEHO YHHMTApHBIX IIpeoOpa3oBaHHH B TPEXMEPHOM
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I[BETOBOM IIPOCTPAHCTBE. ['OBOPAT, YTO MOJHBIM IIBET TAKOTO COCTOSIHUS PAaBEH HYIIIO
(cocrostare “OeciBeTHO”). JlanpHelniee pa3sBUTHE TEOPHH IIPHBENO K BBIBOJY O TOM, YTO
IIBET SBJISETCA UCTOYHHKOM CHIIBHOTO IOJIS, MTOCPEACTBOM KOTOPOTO OCYLIECTBISIETCS OY€Hb
CHJIBHOE B3aMMO/ICHCTBHE KBapKOB. Ha OCHOBe 3TOro monoxeHus Obula CO37aHa KBAHTOBAs

XpOMOJHHAMHKaA, BO MHOT'OM HAallOMHWHAKONIAA KBAHTOBYIO 3JICKTPOJAWHAMHKY.

3apaun K pa3gery 9
1. BerucmuTh CTpyKTYypHBIE KOHCTaHTHI aist Tpynnel SU(3) B Gasuce A, OIpeneneHHOM
bopmynamu (9.2).
2. TIpoBepHTH BHITIONHEHHE CICAYIOIIMX COOTHOLICHHH SIKOOM Iis CTPYKTYPHBIX KOHCTAHT

TpyHIibl SU3: fabcfcel + fcebfacl + faecfbcl = O’ dabcfcel + fcebdacl - dcblface =0.

3. VY6eaurecs, 4YTO  ONEPATOPEI ZFaz U ZdachanFc KOMMYTHDPYIOT ~ C

WHOHUHUTE3UMAIBHEIMH OIlepaTopaMu F,.

4. Haitru ctpykTypHbele koHcTaHTH rpyrmbl SU(N) B 6a3uce HEIPHBOAMMEIX CHEPHISCKHX
onepaTopoB O (), Imax=N— 1.

5. Joka3arp, 4TO KPAaTHOCTH COCTOSHHM, COIOCTABJISICMBIX TOYKaM CIEAYIOUICTO IOCIe
rpanunel cnos Ha auarpamme HII rpymmer SU(3), paBHa aAByM, eciu TpaHHIa He
TPEyroJIbHas.

6. Tloctpowts guarpammy HII (22) rpymmer SU(3). Onpenenuts BO3MOXHEBIC 3HaUeHus [ 1 Y
JUIs OTOTO TIpeACTaBlIeHUsT M ero pasMepHocTb. Kakas cxema IOHra orsewaer 3TOMY
IIPEJICTaBICHHIO?

7. Pasnoxutre ¢ mnomomnpio guarpamMHoro Mmetoga mo HIT mpomssemenust (11)x(11),

(11)x(10), (11)x(30).
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MHNPUJIOKEHUSA

4r
1. Cdepuueckne rapmonnka P, (x,y,z) = ﬁ rlY}m (0, ) nopsaxos 1 —6
+

I=1 Pg=z, Py =% xziy)

[=2 Py =132 =r?), Py =F 2(xtiy), Poyy = [2(xtiy)’

[=3 Py=1z(52 %), Py =F 252 —rP)xtiy),
Pyyy =[Szt iy) = [Bof(x* - y*) £ 2ixy],
Py =TSk iy)’ = F[2[(° - 307) £i(Gxy - y)]
l=4 Py, = %(3524 —302%7% +3r%), P =7F 1—562(722 —3r)(x +iy),
Py =22 =)t iy, Py = F\[Ez(x i),
s =2 (rtiy) = [B 0" - 6% + y) £ diny(? - 7))
=5 PRy=12(63z*-7027" +15%),
By = 1\/%(2124 — 14242 + ¥ (x +iy), By, = \/131252(322 —r)(x +iy)?,
Py =F[2.927 ") 2iy)’, Py =2 B2(x £iy)",
Bis= 1\/%(36 +iy)’ = 1\/%[@5 —10x°y? +5xp*) £i(5x*y - 10x°y* + )]
=6 PBy=71(2312°-3152% +1052°r* - 5r°,
P=F %2(3324 —302%7% + 57 %) (x 2 iy),
FH = \/110%(3324 — 18227 +rH(x £ iy)z, F,=7F é—ggz(l 122 - 3r?)(x £ iy)3
By =[S (112 =) (x £i9)*, Bys = 7/ Ba(x 21y),

Pos = 1ims (£ 10)° = {2 ~ 152y + 1527y — )
+ Sixy(x* —4x%y* + )]
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2. CnipaBoYHbBI€C JaHHBIE 110 TPYIIIE OKTA3/APA H I'€KCATOHAJILHOH rpyne

I'pymoet On, m D, BMecTe €O CBOMMHM NOATPYNIIAMH OXBaThIBAIOT Bce 32
KPHCTAITHYECKHX Kiacca. B Tabmune 1 IpuBOIUTCS CIIMCOK dIIeMeHTOB rpynmbl Oy, IpHYeM
DIIEMEHTHl B CMEXHBIX KJIACCax MO WHBAPHAHTHBIM MOATPYIIAM PAacCTaBJICHHI B TOPSJIKE,
COOTBETCTBYIOLIEM TIEPEYNCIICHUIO IEMEHTOB B 3THX noAarpymmnax (cp. Kosanes, 1984). Ilo
MIPUHATON HyMEPAllMH NEPBBIE YETHIPE DJIEMEHTA COCTABIIAIOT HHBAPHAHTIHYIO NOATpyNHy Do,
nepBeie 12 snemeHTOB - noArpynny T; pe3ynbTaTy yMHOMXEHHS i-IO 3JIeMeHTa Ha MHBEPCHIO
pHIMCEIBaeTes HoMep [ + 24, Taxum ob6pasom, nmoarpymy Tg o0pa3ytoT anemeHTs 1—12 u
37—48. Jlns o6o3Ha4YeHHs MOBOPOTOB OKOJIO OCeH #-TO mopsjaka BMecTo C, MCIOIB30BAHO
yIOpoLieHHOe 00O3Ha4YeHHe #; , I/ie HIKHMH MHJEKC j pa3lIvyaeT OAHOTHIIHBIE OCH; OCh
MIOBOPOTA yKa3aHa B TPETheH KOJIOHKE KOOPJMHATAMH IIPOCTEHIIero BeKTOpa, HalpaBJIeHHOTO
BJIOJIb 3TOW OCH. B "eTBepTo#t KOJOHKE yKa3aHsl KOOpAHHATE BekTopa C,r. B MATOM KONOHKE
NIPUBEACHE yINIBl  OJWliepa MOBOpOTa (KMCHOJB3YeTCs OIMpeAeNeHHe YIrioB OJiepa,
npuBegeHHoe B §3.2). B miecTol KOJOHKE yKa3aHHI NEPBEIC CTPOYKH ‘‘MaTpPHII-TOBOPOTOB”

a B
DY(¢1,0,9,): (0,B) (mapamerpsr Konu-Kireiina); BCsi MATPHIA BBITISIAT KaK B+ .
- v}
IIpxr 5TOM MBI M3MEHWJIM 3HaKH MaTpwil Ajs d1emeHtoB 2,7,10,11,12 u 19 (orMeveHnl B
TabJIMIlE TOYKAMH), YTO IO3BOJIIET COXPAHHTH B OJIHOM KJAcC€ COMPSIKEHHBIX DJIEMEHTOB
2
MATPHIIEL, 0003HAYEHHEIE KaK TOBOPOTH Ha oMHaKoBbie yris ({3},{3°},{4},{4°}), u, xpome

TOTO, COXPaHHTh CMEICT CTENeHeH B JTHX o0o3HaueHHsx. MHBepcus oOo3HaueHa Kak I,

OTPaXEHHUS B ILNTOCKOCTSAX — M, 3€PKANBHBIC TOBOPOTH S, S4 KAK HHBEPCHOHHBIE TTOBOPOTHI

32 ,43 543, COOTBETCTBEHHO. IIIOCKOCTH  OTpa)X€HMsi HHBEPCHOHHOTO  IOBOPOTA
NEPIICHAMKYJISIPHA OCH BPAILLICHHs, YKa3aHHOH B TPEThEH KOJOHKE.

JlBoitHas  rpymma  okTadApa  moiydaercs  go0aBIeHWEM K MaTpHUIaMm
D"(q, B) m3 wmecroit xomonkn cmucka marpur —DP(a, B), xoropsie HYMEpYIOTCS
uHAekcamMu 1* — 24% purypupyronmmu B TaONMIle YMHOXEHHsS. OJTa JBOWHas Tpyrnmna
ABJISIETCS IpocTeimuM ABy3HauHeIM HII rpynmnel noBopoToB oxTasapa.

Tabnuupr 2 1 6 QaxTHyecKH SBISAIOTCS TaOIHUIIAMH YMHOXXEHHMS COOTBETCTBYIOIIHX

nBoiHEIX Tpyrn. Eciu ab = ¢, 1o, oueBuAHO, ab* = a*b = ¢, a*b* = c*.
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Tadamna 1. Ciacok 3/1eMenTOB IPYIIbI OKTA3Apa

NeNe | € och Cr (©1 0 ¢) (a B) cl
1 e (xy2) (00 0) (1 0) I
2 4,2 [100] (x —y —2) (n m0) (0 —i)e m
3 4, [010] (xy—2) (0 7 0) 0 -1) m>
4 45° [001] (—x—y2) (1 00) (—i 0) my
5 3,2 [111] (» z x) (%n%m) \g(_c_c) g
6 32 [F1-11] (-—z—) (%n%no) I (-0 0) g
7 3.7 [1-1-1] (5z—x) (Lnlro) \/g(_c* G*)e 32
8 32 [F11-1] (3-—=z%) ( % . % ) \/g(_c* —o¥) g
9 3 [111] Ex»)  ©inlp J(c* o) 3,
10 3¢ [FL1-11 @E=x) (o 1n 2 \g (G —G*)e 34
11 3  [F1-111  (=zxy) (nlndn) \/g(c* G)e 3,
12 33  [1-1-11 (z—xY) (nlnln) \/g(c G*)e 3,
13 2, [1-101  (y=x-2  (lrro) (0 —c*) ms
14 45 [00 1] (vx2) (%noo) (c* 0) 4,
15 | 45 [001] (v —x2) (3r00) (-5 0) 44
16 21 [110] (v x—2) Or Lm (0 —o) my
17 26 01-11  x=z9) (glzdp \E(" 1) my
18 25 [011] (x2))  (lrlnln \E(—i—l) mg
19 4 [100] =2y (Gnlrlp \E(l —i)e 4,
20 4,3 [100] (xz-y) (%n%n%n) \E(‘l ) 4,3
21 24 [10-11 (99  (zlro \E (i ) my
22 | 4 [010]  (=zyx) (ng7 ™) D 47
23 23 [101] (z— x) 0 Llnm i mg
24 | 4 (0101 @y (0lro) 1(1-1) 4,
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2. Tabauua yMHOKeHHS TOBOPOTOB IPYNIBI OKTAYIpa

1 2 3 4 5 6 7 8 9 10 11 12

2 1* 4 3* 6 5* 8 T* 10* 9 12 11*

3 4* 1* 2 7 8* 5* 6 11*  12* 9 10

4 3 2% 1* 8 7 6* 5* 12* 11 10* 9

5 8 6 7 9* 12 10 11 1* 4 2 3

6 7* 5% 8 10 11* 9 12 2% 3* 1* 4

7 6 8* 5* 11 10 12%* 9 3* 2 4* 1*

8 5* 7 6* 12 9 11 10* 4% 1* 3 2%

9 |11* 12* 10* 1* 3* 4* 2% 5 T* 8* 6*

10 | 12 11* 9 2 4 3* 1* 6* 8 7* 5*

11 9 10 12%* 3 1* 2 4* T* 5* 6 8*

12 [ 10* 9 11 4 2% 1* 3 8* 6* 5* 7

13 | 15% 14%* 16  21* 23 22*% 24%* 17 19* 18  20*

14 | 16 13 15 22 24*%  21*  23%* 18 20* 17* 19

15 | 13 16* 14* 23* 21* 24 22* 19% 17* 20 18

16 | 14* 15 13*  24% 22% 23 21 20 18 19 17

17 | 18*% 20 19 13* 14  16* s 21 22 24 23%*

18 | 17  19% 20 14*  13* 15% 16* 22 21 23 24

19 | 20 18 17* 15 16*  14* 13 23 24 22%  21%*

20 | 19 17 18* 16* 15* 13 14 24 23 21* 22

21 | 24 23* 22 17 20 19 18* 13 16* 15 14

22 | 23*% 24*% 21*  18%* 19 20 17 14* 15 16 13

23 | 22 21 24* 19* 18* 17 20* 15 14 13* 16

24 | 21* 22 23 20 17 18*  19* 16 13 14  15*

1 13 14 15 16 17 18 19 20 21 22 23 24
2 14 13* 16* 15% 18 17* 20 19*  22* 21 24% 23
3 15 16 13*  14%  19* 20 17*  18% 23  24* 21* 22
4 | 16* 15 14* 13 20* 19* 18 17 24% 23* 22 21

5 | 17* 20 18 19* 21  24% 22 23*% 13* 16* 14* 15
6 | 18% 19* 17 20% 22*% 23* 21 24 14*  15%* 13 16*
7 19 18% 20 17* 23 22*% 24*% 21 15* 14 16*  13*
8 20 17 19 18* 24* 21*% 23*% 20% 16 13*  15%  14%*
9 21 23 24 22 13 15 16 14* 17  19% 20 18
10 | 22 24 23 21*  14%* 16 15  13* 18 20 19 17
11 | 23* 21 22 24 15% 13 14 16 19* 17 18  20*
12 | 24 22*% 21 23 16 14 13* 15 20* 18 17* 19
13 | 1* 3 2 4* 9* 11* 10 12 5 7 6* 8

14 | 2* 4 1* 3 10 12%* 9 11* 6 8 5 7*
15 | 3* 1* 4* 2% 11 9* 12* 10 7 5* 8 6

16 4 2 3* 1* 12* 10 11*  9* 8* 6 7 5

17 5 6* 8* 7 1* 2 4* 3* 9 10* 12 11*
18 6 5 7 8 2% 1* 3 4* 10 9% 11*  12%*
19 | 7* 8* 6 5 3 4 2 1* 11 12*  10* 9

20 | 8* 7 5* 6 4 3* 1* 2% 12 11 9* 10*
21 | 9*  12*%  11%* 10 5* 8 7* 6* 1* 4* 3 2%
22 | 10* 11* 12 9* 6 7 8 5* 2 3* 4* 1*
23 | 11 10* 9% 12* 7% 6 5 8 3* 2% 1* 4

24 |12 9 10  11* 8 5 6* 7 4 1* 2 3
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Tabanusl 3. Xapaxrepst HII rpynnel okTasapa

19) E 8 C; 3Cy 6 Cs 6 U,
T 1 1 1 1 1
I, 1 1 1 -1 -1
Ty 2 -1 2 0 0
Ts 3 0 -1 1 -1
Ts 3 0 -1 -1 1

Heysnaunvie HII (neuemnsie HII 0gotinou zpynnel oxmasopa)

0 e e¥  3,3%* 3°,3% 45 4% 4 4% 4, 4% 2,2%
Ts 2 2 1 ~1 0 V2 2 0
I, 2 2 1 ~1 0 2 V2 0
I's 4 —-4 -1 1 0 0 0 0

Martpuusl HII rpynnst okrasapa
Jlsymeproe HIT T3 moxHO mocTpoutsh Ha (ymkumsx 3z° — r, \/g(x2 - @®

KyOudeckux ocsix). COOTBETCTBYIOIIME MATPHUIIEL:

10 1{ -1 3
e, 41°4,2.4%) > , (314322332345 > — ,
(e, 41°,42°,457) (Olj (317,32°,35°,34) 2B 1

1(-1 -3 ; 1 0
31, 35,33,34) > — , (22,43, 417, 21) > ,
(1 2 3 4) 2(\/5 —lj (2 3 3 1) (O —1)

1 -1 -3 1(-1 3
(26, 25, 41, 41%) %5(_\/5 : ], (24,47, 23, 4) —)5(\/5 : ]

OTMeTyM, 9YTO OSTM MAaTPHIBI OCYIICCTBIIIOT TOYHOC MPEACTABICHHE TIpymmbl Ds,
uzomopduoit pakrop-rpymnme O/D,.

Bemumiem eme BerntectBeHHble Marpuilel HII I'y; MX MOXHO ITONTYYHUTH IOJCTAHOBKOM
yrioB Ounepa u3 tabmuue 1 B dopmyny (4.3), T.e., 3TO MaTpHLBl, IOCTPOCHHEBIC Ha
bynknusax x, y, z. Marpunel HII I's momyudarorcs yMHOXEHHEM TIOCICIHUX JBEHAAIATH

matpui HIT 'y Ha (—-1).
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Tabauua 4. MaTpuusl HII I'y rpynnsi okTasapa

— — —
o T o o o — <<
| | 00_
—
s T e @ oo 7 N |- o o N _
co c —~ o oo
| o — O N |
N— N— \ J
7 N
Ve N RN
S -3
—
N _ + [© O en —_ 0 O e _ —
= |l—= oo = _ i T |lo o
—
oo —~ 01_0 o o e o
N— N—
N—
7 N\
— S o = — — o 3
_ — o 3 o o - -
o o - — _ —
<+ | n |© S~ | ee YT |lo o —~ <
—
1_00 N o~ o = S <
N— N— N—
N—
— Y oo P — I~
SECH o | © _ = — o o
—
o 2 ~ oo w | © O — o —
+ @ — @ @ |7 oo S N S e
—
— — o O
oo o o — o T o _ ==
N— N— N J
VY
—
e s =3 =22 o T o SR
| | _00
o o — n
e e o o |lo o
401_0 | ! n |@ <@ — N _ + |lo —~ o
oo c T o ~ = e o o —
— O O _ _ _ N v
N— N— N— N J

Kommuekcueie mMatpuner HII T'y (a Bmecte ¢ Humu u Mmarpuner HIT T's) moxHO

Komu-Kneitna B cremyronryto

IIOJYYUTh IIOJCTAHOBKOH COOTBETCTBYIOLIMX I1apaMETPOB

MaTpuILy:
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a’ V20p B2
DD (o,B)=| -v20B* [a|* -[> ~2a*B].
B*2 —\/EOL*B* o *2

Matpunsl ABY3HAYHOTO TPEACTABICHUS ['g — 93TO “MaTpHUILI-IOBOPOTHI”, TIPUBCICHHEIC B
IICCTOM KOJOHKE TabmuIEl 1 CBOGH IICPBOM CTPOYKOH; (PaKTHUCCKU 3TO JBOWHAS TpyMIa
oktasapa. IlpencraBnenue I'; momyvaercs oTcoa yMHO)KEHHEM dIeMeHTOB 13 — 24 Ha (-1).

Hakonen, marpunel HII I's MOKHO TOMy4YUTh IIOACTAHOBKOM COOTBETCTBYIOLIUX IIapaMETPOB
(a, B) B Marpuny:
o \/&125 \/50432 Bs
~Ba?B* al-3p°) -BA-3a’) 3a*p?
V3aB*? Br(1-3a’) a*(1-3p") V3o*p
_B*3 ﬁa*B*2 _\/50‘*25* o *3

D (a,B) =

Ilepexoa OT TETPArOHAJIBHBIX K TPUTOHATBHBIM OCSIM
ITepexom OoT cUCTEMBI KOOPAMHAT, B KOTOPOW OCH X, ), Z OPUCHTHPOBAHEI BJIONIb OCCH
YETBEPTOro MOps/IKa Ky0a K TPUrOHAIBHON CHCTEME, B KOTOPOM OCh Z HalpaBIICHa BJIOJb OCH

Tperbero mopsmka [111] (cM. puc.), ocyllecTBAsSETCS IIOBOPOTOM € yriiamu Oiinepa

1 2
(% 7, arctan v 2,0). OrMerum, dro arctan\/E = arccosﬁ = arcsin\/; . Marpuma niepexosa

(S) cnemyromas:
A A”
; RIS I
: , v o W2 43
i /;7 ~ 1 1 1
. €x, €y, €2) = (€x, €y, €7)| — N
LT Cosned=lensned T T T3
xa L\ L 2 1
/”/ B 3 O 3
3 NE!

COOTBCTCTBYOMIAS ‘“MaTpULIa-IOBOPOT :

1 1 —in/8 1 1 —in/8
>t —=e — .5 —==€
A~ | V2 243 2 23
§= 1 1 _in/8 1 1 _in/8
5= =€ 5+ =€
2 243 2 23
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Marpuiibl 0onepaTopoB B TPUTOHAIBHBIX OCAX, D', CBA3aHBI C MaTPUIIAMU B TETParoHaIbHbBIX

ocsax, D, cooTHolenueM D' =

SDs.

Tabmuua 5. Cnucoxk 3j1eMeHTOB rpynnsi Dgp

NoNe C och (91, 6, 92) (o, B) I
1 e [00 1] (00 0) (10) I
2 6 [001] (Lx00) (v* 0) 6
3 6> [001] (2700) (v** 0) 3
4 6° [001] (1 00) (i 0) 2=m
5 6' [001] (4700) (v’ 0) 2
6 6’ [001] (3m00) (—v 0) 6°
7 23 [010] (0 0) 0 -1) m;
8 2, [-1 /3 0] (3n 7 0) (0 -v¥) my
9 2 [/3 -10] (2nm0) 0 —v*%) my
10 26 [100] (r 7 0) (0 ) ms
1 25 (V3 10] (4nm0) 0 v ms
12 24 [1 V3 0] (Enn0) (URY) ma

»
y

Ha pucynke yka3aHo pacHoONOKCHHE OCECH BTOPOrO

nopsaaka. B Tabnumax 1 ¥ 5 ucnonb30BaHbl 0003HAYCHHS:

V=

o=

m’/6

e

in/4

1(W3+i), v?
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Tabauua (6) yMHOkeHHsI TOBOPOTOB rpynnsi Dg

1 2 3 4 5 6 7 8 9 10 11 12
2 3 4 5 6 1* 8 9 10 11 12 7*
3 4 5 6 1* 2% 9 10 11 12 7* 8*
4 5 6 1* 2% 3* 10 11 12 7* 8* 9*
5 6 1* 2% 3* 4* 11 12 7* 8* 9* 10*
6 1* 2% 3* 4* 5* 12 7* 8* 9* 10*  11*
7 12* 11* 10* 9* 8* 1* 6 5 4 3 2
8 7 12* 11*  10* 9* 2% 1* 6 5 4 3
9 8 7 12*  11* 10* 3* 2% 1* 6 5 4
10 9 8 7 12* 11* 4* 3* 2% 1* 6 5
11 10 9 8 7 12* 5* 4* 3* 2% 1* 6
12 11 10 9 8 7 6* 5* 4* 3* 2% 1*
Tabmmust 7. Xapakrepsl HII rpynmner Dg
Ds E 2Cs 2Cs” Ce 3U, 30,
Iy 1 1 1 1 1
I, 1 1 1 1 -1 -1
I's 1 -1 1 -1 1 -1
Iy 1 -1 1 -1 -1 1
I's 2 1 -1 -2 0 0
I's 2 -1 -1 2 0 0
Heysnaunvie HII (neuemnvie HII 06otinoil epynnut D)
ds et 66  6%6° 33 3*3°  66*%  22% 20
Iy -2 3 _J3 1 -1 0 0 0
I's -2 _3 3 1 -1 0 0 0
Iy -2 0 0 -2 2 0 0 0
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Marpuust HII rpynner Dg

ol 10) . 1[—1 @j 2 g5 l[—l“@j
Te: (6’6)_)(0 1,(6,6)—)2 3 -1 ,(6,6)—>2 N

1 0 1 -1 -3 1(-1 \/gj
(23,26)_)(0 _l),(22,25)—)5[_\/§ 1 j;(21,24)—)5[\/§ 1 .

3HAaKU MaTPUI], OTBCHAIOMIUX JJIEMEHTaM 21 — 2, MOXHO U3MCHUTE, 100 I'¢xI", = T,
Martpuner HII I's momyyaioTcs oTCIOMa U3MCHCHHEM 3HAaKa MaTPHI] JICMCHTOB 63, 6, 65, 23,
21, 2s.

Marpune HII I'; — 3to mBoitHas rpymma jisi Dg; OHM yKa3aHBl B MATOH KOJIOHKE
ciucka rpymel. Marpunsr HII I's moxno monyuuts u3 marpun HII I';, ecniu ydects, uto
Ig=I"7xI"3 (wmm ['7xIy).

Marpuns HII Ty:

. (10 -1 0 S i 0) , (-i 0
(e3)—> , 3> ,(6,6°) > 1,60 1,
0 1 0 -1 0 —i 0 i
.29 (0 —1) 2220 (0 —i)z (o 1)2 (o i)
,25) —> 5 (22,24) — , 21> , 26— .
3 1 0) —i 07" \=1 077G o

Hexkoropsie noarpynnel rpynn Oy u Dy

On: Dun(z)—1,2,3,4,13,14,15,16 u Homepa (i + 24)

Dya(z) —1,2,3,4,37,38,39,40 Don— 1,2,3,4,25,26,27,28

D3g(111)—1,5,9,13,17,21 u (i + 24)

Ci(z)—1,5,9,37,41,45
Den: D3g—1,3,5,7,9,11 u (i +12)

Csy,—1,3,5,19,21,23

Do —1,4,7,10,13,16,19,22.
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OTBeThI M YKa3aHMS K PEHICHUIO 32124

Pazpgen 1.

1. a,0 —ma, c —HeET.

5. (ab)*= abab = e. YMHOXUTB CIIPaBa Ha g, TIOTOM Ha b.

6. e.

7. PaccMOTpeTh N1BC BO3MOXKHOCTH: HUMEIOTCS 3JIEMCHTHI OCCKOHCYHOTO TIOPAIKA; TaKHX
JJICMCHTOB HCT.

9.xy =y ().

10. Pa3noxxuTe IpyNIly Ha CMEXHBIE KIACCHl II0 HOPMaIM3ATOPY. YUECTb, YTO DIEMEHTHI
bab™! onuHaKoBEI LI Beex b, mpuHa IeKAIINX OJTHOMY KJIaccy.

13. /la, nanpumep, Cs.

15. Tlopsimox rpymmel n = ky+ky+...+k,, Toe k; — gucimo ameMeHToB i-ro kmacca. Cobupas
cmaraemeic ¢ k; = 1, umeeM n = c+ki+... +k,, T ¢ — NOpAIOK eHTpa. Eciau ¢ menurtes Ha p,
TO DJICMEHT TIOPSA/IKA P COMCPIKUTCA B I[CHTPE; €CIU HET, TO HA P HE JCITUTCA U KaKOC-TO U3
k; # 1, HO TOr/Ia Ha p ACTUTCS TMOPSAAOK HOPMATHU3ATOPa SJIEMEHTOB i-I'0 K1acca, T.€., OPSI0K
noArpymmnel. Jlaiee — 1o uHAYKIIUY.

16. Hanpumep, Cs <> Cs> B rpymme Cs.

20. IIporuBHoe o3Haqamno Ob1: G = Z+aZ+azZ+..., T.€., Mo00# 21emeHT G umen 0wl Buj a''z,
U rpyla oKa3agachk ObI KOMMYTaTUBHOM.

21. Her.

22. Topsnok anemenTa (a,b), rne a u b — obpaszyroniue rpymn Z; u Z,, OKa3bIBaCTCI PABHEIM
HOPAKY TpyHIbl Z1xZ;.

23. 5 crpykryp: 1) umkaudeckas (tuma Cg), 2) abeneBa, Bce JICMEHTH BTOPOTO IIOPSAIKA
(Dan), 3) abeneBa, ecTs aneMenT detBeproro mopsuka (Can), 4) neabenesa, G={a}+b{a}, a*=
e, b’= e (Dy), 5) Heabenesa, G = {a}+b{a}, a*= e, vo b>= o (kBaTcpHHOHE).

24. JlTocTato4Ho 3aMETUTh, 4To Mo0ou muka (12...p) = (1p)(1,p-1)...(13)(12).

25. Bce creneny yka3aHHOro 1MKJIA.

27. Kaxnaeii nukn auueel [ pacmiamactes Ha /-1 Tpancmo3umuio, a o0mee 4Yucio
tpaucnozunui (H—1)+({-1)+..+(,—1) = (L1 +h+... tl,)-m=n—m.

28. M3 yKka3aHHBIX TPAHCIO3MIUMH MOXHO TOMYYUTH JIOOYIO0 JpYryl, HalpuMep,
(24)=(34)(23)(34); BooOWIE, (a,ct1)=(c,c+1)(a,c)(c,ct]).
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29. (12..n)(m,m+1)(12...n) '=(m+1,m+2), u 3aa9a CBOXUTCS K IPEIBLIYILIEH.

31. ¢; (123),(142),(134),(243); (132),(124),(143),(234); (12)(34),(13)(24),(14)(23).

32. ConpsiykeHBI IOATPYIIIE IEPECTAHOBOK TPEX 3JIEMEHTOB (Mckmiodas 4,3,2 unm 1).

33. Eciu rory = rirs, TO P = ¥3, T.C., BPALLICHHUE #1 HE MEHSCT OCH F7; OTCIOA JIMOO OCh 7|
COBIIA/IaCT C OCBIO 3, MO0 OCh r1L ocu 1, U r; IpeAcTaBIseT coO0d MOBOpPOT Ha T. Bo
BTOPOM CIIy4ae 7‘17‘27‘1_1 = rz_l, HO 7y = rz_l TOJBKO €CIIM 7 TAKXe SABIIETCA IIOBOPOTOM Ha Tt.
34. Knacc cOCTaBISIIOT YHHUTApHEIE MaTPUIIBl C OJMHAKOBBIMH COOCTBCHHBIMHU 3HAYCHUSIMHU
(expigi, ... eXpi@y).

37. Cuy.

38. MHOXECTBO TpaHCIALMHA HA @ = me; + ney, Mu — IEIBIE, © UX KOMOMHAIMM C
noeopotamu Cy, Cys?, C4* OTHOCHTENBEHO Havama (OHOTO U3 y31I0B). B KauecTBe MOBOPOTHBIX
IIEHTPOB YCTBEPTOTO MOPAIKA CIYXKAT y3JIBI U IIEHTPHI KBAJPATOB (AIECK).

39. (Co, Uin).

40. CLCF = G975 CPCiCy = O,

41. cU, = S(¢), tne ¢ = 2/U>AG; HO MUHUMATIBHBIA YTOJI MEXAY IIOCKOCTRIO U Uy B Dy

paBeH T/2n, TaK YTO Qpin = T/A.

Pazpgen 2.

1. Her.

3. a" = e, umeerca n HII ¢ a — exp(2rim/n), m=0,1,2,...n—1.

5. Df (g)=(47)"'D;(g)4", ¢ npyroit cropomm, Di(g™') = AD,(g ) A", orxyna
AAT=M\E.

7. Bee xparnoctu pasus (1/2)%, x V(@)1 2(2)x ().

8. B npoTUBHOM CIy4ac BO3HUKIIO OBl IPOTUBOPCUHE C TCOPEMOH 3a1a49u 7.

9. IIpy BBIIOJHCHHMH YCIOBHMSA 33/1a4M XapaKTepsl JIOOBIX IIPE/ICTABICHUHM OKa3bIBAIOTCS
BCHICCTBCHHBIMH.

11. Pacniucarp xapakTep U BOCHONB30BATHECA COOTHOIICHHUEM OPTOTOHATBHOCTH MAaTPUYHBIX
3JICMCHTOB.

13.0qma 'y #14.

14. T u I oqunakoBo paznaratorcs no HII.

15. [x2 (@)1= L1 (@) + 3ur € )xr (8) + 2xr (8°)], » {1’ ()} — 3ha () mepex

BTOPBIM CJIaracMBbIM.
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16. [I7] = [["HTxToHT2’], [1] = [T IXCAT X [T T2 ]
17. locTatodHO 3aMETHUTh, 4TO JIIOOYI0 MaTpHUILy, CONCPKALLYI0 OJWH CIUHHUYHBIA JICMCHT

npyU OCTAIBHEIX JJICMCHTAX, pPABHEIX HYIIIO, MOXHO BBIDA3UTE 4YCPEC3 MaTPUIIEI HITI:

LY DY * D (g) = By
g ¢

18. Ucnombsosars semmy Ilypa. 2) A=A E, © A,Ep 6) , Tie By —
MiEy Ay Eg
€IMHUYHAS MaTPHILA PA3MEPHOCTH .
ankE  apE
19. a X e [Fa], a—> A, Ax = ax, B Oazuce u3 MaTpuIl P11,P12,P21,P22 (A)Z( 1 12 j
a21E a22E

20. [I'per] coBmamaetr ¢ peryisipHBIM IPECTaBICHUEM IPYIIIIOBOH aIreOpsl.
21. Tlycte B'e=b; u3 B'Ae = AB'e caenyer B'a = ab.

by b,y 0 0
22. b12 b22 0 0 B TOM ¢ 0a3zuce, 9To U B 3a1a4e 19.

0 0 by by

23. g g_l.

25. Toneko s KOMMyTaTUBHEIX rpynn (Z = [G]).

26. Y6eauThesi, 9TO PaBEHCTBO CBOJIUTCS K COOTHOLICHUIO (2.5).

27.(220), ucxonauz 'y w1 C3; 2-10) uz T u T,

28. Enunugnoe HII camocompsikeHo W camMo sBIsieTCSl OpOMTON IIEpBOTrO TOpSIKa; JBA
xommiexcHeix HIT (1, g, €%) u (1, €%, €) COCTaBIsIOT OPBUTY BTOPOTO TOPSUIKA, € KPATHOCTHIO

enuHUIA cocTapsionyro pasnoxeHue HII I's rpymmer Cs,,.

Pazngen 3.

2. Do = DooxCy; HIT— D™, ,, %, .

4. VI3 cpasucnms matpui g(@1'0'02") = g(@1°0°02")g(010¢:) crienyer 86;'/8¢2 = 1, u sxobuan
|0(01'0'p2")/ 0(010¢)| = |0(91'0")/O(10)|. [ToaToMy mJis YIPOLICHHS 3aITUCH MOXKHO TIOJIOKHUTE
01°= 02"= @2= 0, a B KOHCUHOM BHIPAKCHUH SKOOHAHA, CCITH TOHATOOHUTCS, 3AMCHUTh (] HA
P1+92°, @1’ Ha @11,

5.1 = Zinf" ()Y in(8,0).
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6. Ceuenue a; = ¢ — cepa paauyca v1— c?, COOTBETCTBYET COIIPSKCHHBIM, C OJJMHAKOBBIM

CIIeIoM, MaTpuiam (M BpalICHUsIM Ha YTIIbI o, cos(o/2) = V11— c? ).

9. Eciu nk = Dy E,l, TO M; = siknk = sikalsl'"c‘?,,,, = Dim*Em. (3HAKK CYMMHUPOBAHHUS OIIYILICHEI.)

Co1 1 - _ JFm
11.(]m2i2]+2,m+ -

i;]_;,mi;)_+2j+l.

N [—

£1)- jtm+l (jm

C2j+1
12. Marpuna DY BewiecrBenHa Ha Gyaxumax (P,...,Pumy..., Y10, Q... Qnr), THEC MaTpHIA
nepexo/a S onpenessieTcs COOTHOIICHUSIMU

(P> Qi) = (Y2 Y1) 5[ . _im]; e R

2\(-D) i(-1)

$,8, =(-1)'e?.
13. &= Ab,, & =Aby, &= Aay, tne A = 2arccosai/N(1-a:?) (cp.(4.20)).
15 .a) [Ipu HedYETHBIX MEPECTAHOBKAaX CTPOK M CTON6IOB K, ymuoxaercs ma (—1)', mpu
TPAHCIIOHUPOBAaHUM HE MeHsierca. 0) Paccmorpers cmuHopel (ui,uz), (vi,vz), (Wiwa)
MOJIOKUTE u3 = v3 = wiy = 1. B) B HOBEIX 0003HadcHusX 3j-CHMBOI 001ajacT BCEMH
CBOMCcTBaMM cUMMeTpuM cuMBosia Kj. YacTh U3 HUX NPUBOAUT K cooTHoucHusM (4.38);
TpaHCIoHUpoBaHue K; nacr:

. . . 1/ . 1/ . .

(]1 J2 J3j_( , U1+ J2 +m3) , U1 +J2 —m3) J3 J

my mp my %(jz—j1+m1—m2) %(J'z—jl—m1+m2) J1=J2

16. 17 b e (D ( b Tudurmu, 1963)
. = u T.1. (cM., Hanipumep, Jlanpay u JIuduwmi, .
0 ¢ b @b+1)2c+))

. (_1)b+c+d+f {a b C}
Qe+ Df+D) e d £

20. C(¢)—> ¢™®, m — nomyuenoe; gBoHHast rpymna Du(ocCop) cocTouT 3 Marpui c(@), ¢,
g v vx pousBeneHui, “neacrnre” HIT — nymeprsic D™ ¢ momyuensim m.

21. D, umeer oxno aBy3nadnoe nsymepuoe HII ¢ x(e) = —x(g) = 2, octanbhsie y(c) = 0. Dyg u
D4 u3omopduel, umeroT o nBa aByMepHbix aBy3Hauneix HII ¢ y(e) = —x(q) = 2, x(cq) = —

v(cs’) = 1(ca’q) = —x(cag) = V2, ocraibHBIC XapaKTepbl — HYITH.
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Paznen 4.

1. Tensop y;x npeobpaszyercs MO MPEACTABICHUIO OPTOTOHAJIBHON T'PYIIIBI D(l_)x[D(l_)Z] =
D+p*)+2p1. p*) COZICP)KUT OAMH MHBapuaHT Tpymisl Tyg. B kyOuueckux ocsx
VHBApPUAHTHBIA TEH30p MPOIMOPIHOHAICH CICIYIOLICMY: eee,teee,teee, T eeeteee,
tese ey

2. Csy: BO3MOXHBI 3 Tuna caoeB — 1 atom Ha ocu C;, 3 aTromMa Ha IIOCKOCTAX CUMMETpPHH, 6
aTOMOB, 3aHUMAIOIUX o0ImIee momoxeHue. Dig: 5 TumoB — 1 aToM B IIGHTpE CUMMETpHUH, 2
atomMa Ha ocu C;, paBHOYN@ICHHBIX OT LIEHTpa, 6 aTOMOB Ha IUIOCKOCTSX CUMMETpHUH, 6
aTOMOB Ha OCSIX BTOPOT0 HOpsIKa, 12 aTOMOB B 0OIIUX ITOMOKCHHUSAX.

3. Ilycte G — 3HEprus B3auMOJICUCTBHS [ICHTPAIBHOro atomMa X ¢ aroMoM Y, G, — dHeprus

B3auMoehCcTBH cocemHux atoMoB Y, G3(Y1,Y4) = 0. Torna k, = —G1"'(R) (R — paBHOBECHOE

paccrosue X — Y), ks = —G1'/R, ki = —2ky — 4ks, ks =k = 0, ks = —G2"/2 — G'2R2, ky =

—ky — 4ks, ko = k11 = -Gy"22 + G22RN2, ko = -Gy /RN2, ks = —ks —2kg —2kyo, Tax uro,
2 — " ’ ' " —

Hanpumep, © (I'ig) = Gi"(R) + 4G, (R\/E )/R\/E . IIpu srom G +22 Gy’ = 0 u3 YCIIOBHS

MHHMMYMa SHEPTHH B PABHOBCCHOW KOH(HUTypaIIHH.

4. KonecbareapHoe TIpeACTaBICHUE MONCKYlIsl XY4 (CM. puHC.) pacmeIuiseTcs Ha

HermpuBoguMele Tak: ['won = I'iHI3+2T, tme I'y —

Az

BEKTOpHOE IpeacTaBicHUue rpymisl Tyg. O603HauMM Ry

= XitY1+Z,, Ry = Xo-Yo+7Z,, Ry = X5-Y3-23, Ry = —

X4+Ys~7Z4 (cMemeHus atoMoB Y OT 1eHTpa). Torma

HCHOPMHMPOBAHHEIC ~ CUMMCTPHUYCCKHUC  KOOPAHHATEI

MOJICKYIIBI CIICAYIONINE:
I'i: Q1 =Ri+Ry+R3+R,,
T3 Qs =3(Z1+Z—Zs~Zs)-Ri—Rr—Rs—Rs,

O3 = X1t X3-Xo-X4—Y1-Y4t Yo +Ys,

4
I'y: Q4= X1+XZ+X3+X4—ﬁm Xo, QOs, Og omyyatoTcst 3amMeHON X Ha Y u Z,

T4 Q7 = Y1+ZI+Y2—ZZ—Y3—Z3—Y4+Z4,
Qg = Xi1+Z 1+X2—Zg—1Y3+Z3—X4—Z4,
Qo = X1+Y1-Xo- Yo X3+ Y3+ X4 Vs

5. [D(g122)f |) = £ (g3 &1 '%) =[D(g,)f |(er'x) = [ Dig1)D(g2 ) f | ).

6. xcosotysino, x*cos”or+y’sin‘atxysin2a; sinx — sin(xcoso-tysina),
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F(r) = % f(@), (DF)(x) = cosa % flg7'r)+ sina% f(g7'r).

7. x? =%(x2 +y? +22)[1"1]+%(2x2 —y? —22)[1"3].

8. Her; nampumep, f(r) = x*+y* moposxmaer matumepuoe npencrasinenne O, paciafaromeecs B
I'1+2T5.

9. CM. IpUITOXKCHHUE.

10. O3xP,.

13. 0.

15. T o Ty, I & Ts, I3 © Tyl's, Iy © TyI's; 15 2ICKTPUIECKUX TICPEXOI0B — MEXKIY
COCTOSIHUSIMH Pa3HOM YETHOCTH, JIJII MATHUTHBIX — OJIMHAKOBOH.

16. a) T'y = T'ytlyp; I's = Tty (derHocTH ypoBHeH HEe MeHstoTes). 0) 3=+,
I'y,I's=I' 3+ 4 (MCKaKeHUE BIOIB KYOUIECKHX OCEH X,,2).

17. T'ys = T'1#Ty, T'yp = I'1+5+204+Ts. Hexotopeie u3 MO: w1 (I's) = s1+s3-52-54, We1(I's) =
s1+sa—so—s3, W) = s1tsr—s3-s4. MO Tumos T'y, T3, 'y ¥u3 aromubIx p-opOuTaich
COCTaBJSIOTCS IOJO0HO CUMMETPHUYECCKMM KoopAuHaram 3amadu 4, tuma I's — momo6HO
BPALIATEIBLHBIM KOOPIMHATAM MOJICKYJIBL.

18. D®P=T34Ts, D =)+ y#+Ts, DY = [+ 3+ 45, D2 =415, D72 = Tg+I'7+T5.

19. TabGauier GyHKIUI IPUBEICHBI, HAIPUMED, B KHUre AGparama u biunu (1973).

20. j(j+1).

21. VHBapuaHThl TETPAarOHAJIBHBIX TPYHII COCTaBISIIOTCS U3 QyHKIUN Yio, Yirs, Ysia, Yera.
YeTHBIM KpUCTAIMYECCKUN TOTCHIMAI it TPyl Dog, Cay, Da, Dap:

BoY20+ BaoYao+ Baa(Yas+ Yau) + BeoYeo+ Bea(Yea+ You).

Heuerneiit motennman aist rpynisl Cay: B1oYi0 + B3gYa0 + BsoYso + Bsa(Ysa—Ys 4), 1as Tpymmet
Dy: Bsy/'(Ys4+Ys4).

22. 040 = 35J,*-30J(J+1)J,2 425,26 J(J+1 34 J+1),

0 = ) [(W2-JIHD)-5) D), 05 = ) [P+ ), O = L (44T

(3Hak + mpu ckOOKax 03HAYaET AHTUKOMMYTATOP ).
Paznen 5.

1. 6 = UK, tne Uy(p) = y(-p).
3. D(6%) = +1 = D(6)D*(0) = D(0) D (8) .
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5. HKII rpymmsr 6C, comepxut x ™+ (m # 0; tperuit un HKIT). HKIT rpymmer 6D,
OTHOCATCA K IICPBOMY THILY.
6. JIea mocnequux — T-yeTHble.

7. Her; Her; ga (cm. AGparam u baunu, 1973).

Paznen 6.
1. TIpencTaBUTh #; B BUIE f4)fs1 ¥ yuecTh (6.2).
2. 1,5(n,p) = S'(n',¢), n' onpenensercs kak B (6.2), 6’ = t,)20.
3. t,lp = Iy, Tne O' mony4daercs casurom O Ha a/2.
5. Q' = |ai'(ay'xa3")| = |Xhdoyiseai(@ixay)| = Qo|Dethy] > Qo (A4 - uensie qucina)
6. Cormacno pesynbratam 1—3, mo6oc TodeyHoe mpeoOpa3oBaHUE C IICHTPOM Ha
Mexa0y3auu O’ MOXKHO 3aIIUCaTh B BUIC Fo= to'0, T O — y3€1 U, OYCBUIHO, 0. — BEKTOP
peuretky. Torma rp — npeoOpa3oBaHre CUMMETPHUH U SIBISICTCS DJIEMEHTOM CHUHTOHHHU.
7. Puc. d) u e) Ha cTp.98 maloT KapTUHY Yy3/IOB B ILIOCKOCTH, ICPICHIUKYISIPHOM OCH
C,cn=3,4,6. Uepe3 Tpoekiuio 0a3uCHOrO BEKTOPAa @3 HA ATy ILUIOCKOCTH OMSTH JOJDKHA
MPOXOIUTE 0Ch C,, TIOATOMY 3Ta TPOCKIUA MomNazact aubo Ha y3e¢l B IUIOCKOCTH, JUOO B
HEHTp TpaBwibHOro Tpeyrombuuka (d) unm kBagpara (¢). Bo Bcex cimyyasx OoTpakeHHE B
IUTOCKOCTH, TIpoxoasmied uepe3 ai(a;) u ocb C,, ABISETCS NpeoOpa3oBaHHUEM CHUMMETPUHU
PCLISTKH.
8. Cgv > Coy > Gy, Cyy > Coy > Co.
10. CymectByer Tpu rpynns knacca Cy: P2, P2, B2; uwernipe — Cs: Pm, Pb, Bm, Bb; u miectb
— Con: P2/m, P21/m, B2/m, P2/b, P2,/b, B2/b.
11. 5, = 2Tca2x(a1xa2)/|a1xa2|2, b= 2na1x(a2xa1)/|a1xa2|2, THITEL TIPAMOU ¥ 0OpaTHOU PEIICTKH
COBIIJIAIOT.
12. JIns peurerok cuuronnu C, MMEIOTCSA JBa BUAa 30H bpuiniiosna (mapauienorpam u
IICCTUYTONBHHUK).
16. MuoxectBa ki+k;"; kitk;; {—k}.
18. I'pynna C;, umeer Tonbko onuH knacc axrop-cucrtem, rpymmbl Con, Can, Cen — IBa.
CymectByer ogHo neymepHoe HII Broporo knacca rpynisl Cop, 1Ba — Cyp ¥ TpH — Ceh.
19. 3 0 _ N38k,k'+b’ 3 k@) N3

a k

20. Bceero umeercs 21 aByxiiBeTHas rpyIma.
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Paznen 7.

Lgpi=@p—>q ¢ =pip) =e

2. u = cXe) = Yuc(a He(a).

3. Eciu e = ejtep, TO eeje=e;=Ae B cuily eje; = 0 u cxc ~c. Otcioga Ae = e; = e12 = Xze,
T.€., A= A, A=0,1, Tak ut0 ¢ = e+0 = 0+e ¢TUHCTBCHHO BO3MOXKHEIC PA3IOKCHUA €.

4.cc = ¢, T.K. c,c = ror = =rhe, A = (cr c)e) = Sac(a)c(ra™) = () = pe(r), T.e., cc =

uc(ryre. CyMmmupys 10 ¥ ¥ pa3/iciivB Ha u?, monyyaem ec = c/p = c. OrcIo1a €¢,= ¢,, U - = .

) 12 3
[3] 1 1 1 I'y
‘211 3 1 0 I +T3
1’7 6 o0 o Tp+T,+2T3

6

7. 2X[422]+2X[44]+2X[62]_X[332]_X[611]; -1 11. X[n—l,n](lvl) =v_1

14. Ba3zucHrie BeKTOpa:

0 _, .. _ n . (12) _ p(13) _ (23)
Ciiy ~ s T 2 {81112 (n+ DE; " — 7 - E77 |+

. (13) _ p(2) _ (23) . (23) _ p(12) _ p(13)
81y |1+ DELD ~EI?D — EP |18, [(n+ DEPD — B2 — E ]}
rac Sp(lk)ei1i2i3 = Silik rllEl(]lk) ,j * l,k

15. 4S,D,F,G.Iy (v=73),’F (v=1), X(P,2D,F,2G,2H,IJ K) (v=13)

16. *5,0,3/2) = |170"=17| ~ [(10-1)~(01-1)~(~101)~(1-10)+(0-11)}+(110)]-(+++), [’'D,2,1/2)
= [1"1707 ~ [(110)~(01 D]2(+H)~(+H-)~(-+H)] - [2(101)~(110)~(01 DI[(++)~(—+H)],
’P,1,1/2) = (1T 1=17|-17070" D2 ~ [(11-1)~(=111)+(001)~(100)][2(+—H)~(++)~(—+H)]-
[2(1-11)~(11-1)~(=111) +2(010)~(100)—(001)] [(++-)~(—++)].

Paznen 8.

X _ xm\" _ 1. X" Z 1 &
3. dete —nli)ngo(dete ) —hm[det(1+ n)] —11m(1+nSpX) :

6. A" — qucro muummie; A°= A%\, 4= -4, A =detd = ™.

8. B = ay*+B&*, d > =y* + |5~
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a) ((1) (;,)] Al = A{[(AO)2+A2]8’ _oAi 4 4 2t kAk}

0.5) 40 =49 + AA*, 40 = 404T %4 40 % 4T 1 e gy aF x4,
= A0 e A T iy AR ale, Al = (|40 -AA Y
+ (A ¥ AT + 4T % AT vig gy (A0 4% *— 40 % 4%)

Lal +BP+HPHB%)  Re(apr+y8%)  Im(ap*+y8%) 1(of +y”—BF -6
Re(ay*+p6*) Re(ad*+By*) Im(ad*—Py*) Re(ay *—poé*)
—Im(ay*+B8*)  —Im(a8*+By*) Re(as*-Pr¥)  —Im(oy*—B5%)

a8 Re(ap—ys*) Im(apt—ys*) Lol +or B )

11.

b o . ..b .0
A=h( = h — i(nn' h +
(b)u(&) {cos 5 CcoS 5 i(nn') sin 5 sin 2}00
12. b b b
G- (n sinh ~ cos ? — in' cosh ~ sin » — i[n x n']sinh— sin (P)
2 2 2 2 2 2

n'2+(1—n'2)coscp n'yn' (1 coscp) n',sing n', 'Z(l—coscp)+n'ysin(p
13.| o'\ 1’ (1 cosQ)+n',sing +(1—n )coscp y n',(1-cos@)—n', sing
Z(l—coscp)—nysm(p ”y ', (1—cos@)+n', sing n‘§+(1—n'§)coscp
coshb n, sinhb n, sinhb n, sinhb

n, sinhb 1+ n2(coshb —1) nen,(coshb—1)  n.n,(coshb—1)
n,sinhb n.n,(coshb-1) 1+ ny2 (coshb—1) n,n,(coshb—1)
n,smhb n.n, (coshb-1) nyn,(coshb-1) 1+ n2(coshb —1)

0 l 0 1 b 1 l 1 1,0 b
14. b 5a Ha coth2 ,b ya —5a cothz.

15. pU2) (A= D(Jl) (A)D(’2) *(A), DY) nacren popmynoit (4.25),

my 'my " ,mymy my 'my
e cuemyer 3aMmeHuTh o* Ha O, (—f*) na y.
17.4;=6/2,B;=0 115 CHMHOPOB IIEPBOTO Poja
A;=0, B;=-0;*/2 nas IyHKTUPHBIX CIIMHOPOB
19. J5, N1—J5, =J1 — Ny;
[/11tN2, Jo-N1] = 0, [J3, JitN2] = i(Jo-Nh), [J3, Jo-N1] = — i(J11N2)
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W = - A5, W= - A5, wi=_J - Ns, W = N; — J» Ha COCTOSHMSAX [Po,C)
Wo=—Js, W=—Jy, W =hy, W =ki; W'=—k".

Paznen 9.

1
1. fopc ipuBeneHsl B (9.9); d118 = d228 = d338 = —dggg = 73,

di46 = d157 = —doy7 = dpsg = d3ag = d3ss = —d3es = —d377 = 3 ;
dayg = dssg = deeg = d778 =~ .
2.3
2. Yka3zaHnue: IpUMECHUTH TOXKACCTBA
[[4B]C] +[[BC]A4] +[[CA]B] = 0, [4{BC}] - {[4B]C} - {[AC]B} = 0.
K OIIepaTopam A, ¥ BOCIOJIB30BATLCS COOTHOLICHHAMH (9.3) — (9.6).
4. ]I HOPMHUPOBAHHEIX corjacHo (9.3) omepaTropos :
Oy Oy, = 3 (-)iims m{ L I j Oy, -
B<l a3 m m; —mj

6. Y=121=1,Y==1,1=3/2,%;, Y=0,1=0,1,2; pasmepHocts 27, cxema IOura [42].
7. (11)x(11) = (22) + (30) + (03) + 2(11) + (00), (11)x(10) = (21) + (02) + (10), (11)x(30)=
=(41)+ (22) + (30) + (11)
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