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Ot aBTOpOB

WMeeTcss MHOTO ypaBHEHHMH M HEPaBEeHCTB, NI DEIIEHUs KO-
TOpHIX NpPUMEHMMbl HeoObI4HBlE AN INKOJBHUKA paccyXAeHMs.
B naHHOI KHUre NpHUBEIeHbl HEKOTOPLle HeCTaHIAapTHBEIE METONBI
pellleHns ypaBHEeHU{l U HEPaBeHCTB.

B KkHHre CUUTAIOTCS W3BECTHBHIMY OCHOBHBIE ONpeNejieHus
B dakThl U3 TeOpUM YDPABHEHUHA M HEPABEHCTB: DPaBHOCUIIb-
HOCTb ypaBHEHHH, ypaBHeHUe-CJelICTBUe, COBOKYITHOCTh ypaBHe-
Huil 1 T. 1. 2KelaomuM OCBEXUTEL 3THU CBeNeHNA DPEKOMeHIyeM
clieAyIOUINe KHUTH, TIe 3TH NOHATHSA CONepXaTcs:

1. Hectepenko IO. B., Onexuunk C. H., loranoe M. K. 3anaun
BCTYNUTeBLHEIX 3K3aMeHoB 1o MaTeMaTHke. M.: Hayka, 1986.

2. Tloranos M. K., Anexcaanpos B. B., acuuenxo II. K. An-
rebpa u aHadu3 >neMeHTapHbIX pynkumid. M.: Hayxa, 1980.

3. Basmios B. B., Mensauxos M. ., Onexuux C. H., [lacu-

yenxo IJ. M. 3anaum no maTeMaTuke. Y paBHEHNS U HepaBeHCTBaA.
M.: Hayka, 1987.



I'maBa |
Anrebpanueckue ypaBHEeHNSA U
HepaBeHCTBa

B sTolt rinaBe paccMaTpHuBaloTcs ajlrebpanyecKkue ypaBHEHHUS
CTENeHN N, T. e. ypaBHEHUS BHIA

P.(z})=0 (0

" anre6panqecxne HepaBEeHCTBa CTelleHU N, T. €. HEpaBCHCTBa BU-
na
Pa(z) >0 (11)

Pa(z) <0, (I11)

riie P,(z) — MHOTOU/IEH CTENEHH T, T. €.
P.(z) = apz™ + az” '+ 4 a1z +a,, ag#0. (IV)

IIpu pemenun anrebpamdyecKux ypaBHEHUA U HepaBeHCTB 4a-
CTO MPUMXONUTCS Pa3aaraTh MHOrowWIieH P, () Ha MHOXHTENH, To-
sToMy § 1.1 nocBsillleH 3TOMY BONPOCY.

§ 1.1. PasyioxkeHne MHoOroudsieHa Ha MHOXUTeJH

PaznoXuThL MHOTOYJIEH Ha MHOXHTEIM — 3TO 3HAYNT Npen-
CTaBUTL €r0 B BHIE IIPOM3BEHEeHMsS NBYX MM HECKOIBLKAX MHO-
rouseHoB. B sToMm maparpade NpHBOAATCA HEKOTOpPHIE METOMBI
pa3jIokKeHNs] MHOTOY/IEHOB B NPOU3BENeHHE MHOXHTeNell NepBOit
1 BTOPOH CTENEHH, [MOCKOILKY 3HAHHS TaKOro pasjioXeHUs HOoCTa-
TOYHO IJIs pellleHus alrebpanyecKuX ypaBHEHHUH U HEPaBeHCTB.

1.1.1. Brimecenune ofmiero MHoOXMTeNA. Ecin Bce die-
Hbl MHOIOYJIEHA MMEIT OOMINE MHOXHTENL, TO, BHIHOCH €ro 3a
cKOOKH, MOIYYUM Pa3ilokeHne MHOTOU/IEHA Ha MHOXHUTENH.
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TIPUMEP 1. Pa3jioXuTh Ha MHOXHTEIN MHOLOUIIEH
23~ 3z% + 4z.

PEUIEHUE. Bce 4neHBl IaHHOTO MHOTrOYJIEHA CONepXaT oOIMu
MHOXUTeNb £. BEIHOCA ero 3a cKobKN, MOMy4YlM pa3jioXeHHe NaH-
HOTO MHOT'OY/IeHa Ha MHOXHTEIN

e® — 32?7 + 4z = z(2® — 3z + 4).
1.1.2. IIpmmenerne dopMysa COKpPAIIIEHHOIO yMHOXEe-

ans. Wuorna muorounen P,(z) MOXHO pa3snoXHTh Ha MHOXHTe-
JIM, NCIIONBE3Ys HOPMYJITHI COKPAHIEHHOT'O YMHOXKEHNA

a?—b = (a—b)a+b),

a®+b = (a+b)(a?—ab+ b?),

a® -0 = (a-—b)(a®+ab+b?),

at —bt = (a® —b?)(a? +b2) = (a — b)(a + b)(a® + b?),
a® - = (a b)(a* + a®b + a?b? + ab® + b*?),

a — bt = (a—b)(a”'l+a"‘2b+a""3b2+--~+

+a?" 34 ab" 2+ 4" 1), neN.
IIPUMEP 2. PaznoxuTh Ha MHOXHTEIN MHOTOYJIEH
(2% +22)? — (z +1)%.

PEmEHKE. [Ipumenss gopmyny a?—b% = (a b)(a+b), nMeem
(22 4+20) (e +1) = (22 + 2z -2 - 1)(z* + 2z + 2+ 1) =
=(z24+z-1)(z2+3z +1).

TIPUMEP 3. Pa3noXnTh Ha MHOXUTEIN MHOTOUYIEH

(4z — 3)% — (2z — 1)°.

PEWEHKE. IIpumenss gopmyny a®—b® = (a —b)(a*+ab+b?),
umeem (4z — 3)3 — (22 — 1)® = ((42 - 3) — (2= — 1))((4z - 3)* +
+(4z —-3)(22 — 1)+ (22 — 1)%) = (22 — 2)(162% — 242 + 9 +8z% —
6z — 4z +3+4z2 — 4z + 1) = (2z — 2)(2827 — 38z + 13).
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1.1.3. BrimesteHme moiaHoro xsazpata. AHorga MHOro-
4JleH MOXHO Pa3jIoKMTh Ha MHOXMTENH, €CJIM BOCIONbL30BaTHCS
cHayajla METOIOM BblAelleHUd IIOJHOIO KBajJpaTa, a 3aTeM, Kak
npaBwio, GopMylofi pa3sHOCTH KBaAPATOB.

IIPUMEP 4. Pa3mnoxuTh Ha MHOXHTEIN MHOTOYJICH

zt + 622 — 10.

PEUWIEHUE. Brinends nonHblit KBajpaT, a 3aTeM NPUMEHsS
¢dopMyily pa3’HOCTH KBaIpaTOB, HMEEM 2t + 622 — 10 = (:1:2)2 +

2
+2322432-32-10= (2 +3)?—19 = (22 +3)* - (\/1_9) =
= (a:2+3—\/19) («® + 3+ V19).

1.1.4. Ppynmuposka. OToT cnocob NpHMeHseTcs Yallie
BCEro B COYETAHHUU CO CHOcOBOM BLIHECEHHS 3a cKobkm obmero
MHOXHTeNd. CyThb ero COCTOUT B IleperpyNUPOBKe ciaraeMbIX
B MHOrodjeHe W OalbHeimeM obbeAWHEHNHM B TPYNIbl TaKuM
0bpa3oM, YTO6BI TOCie BBIHECeHHs (ecim 3TO MOXKHO) 06I1ero
MHOXHUTENIS U3 KaXHOro ciaraeMoro B IAaHHOH Tpymie B CKO6-
Ke IONYYMIIOCH BLIpaXeHHUe, ABKIOMeecs B CBOK 0depelb ObILIuM
MHOXHUTEJIEM YXe I KaXIOoi TPyMNILL.

TIPUMEP 5. Pa3noxuTh Ha MHOXHTEIN MHOTOWIEH

zt - 522 4+ 23 — 5z,

PEmEHME. O6betMHMM B OMHY I'PYINy [I€PBOE M BTOpOeE Cila-
raeMble, a B Jpyrylo — TpeThe U 4eTBepToe citaraeMble. Torna
ameem z* — 5z% + 23 — 5z = (2* — 52?) + (2® — 5z). Brinocs n3
HegBoﬁ CKOBKH MHOXHTENb £2, a U3 BTOPOH CKOOKH T, IOTydaeM
(e* —522) 4 (z3 — 5z) = 2%(z* = 5) + z(z? —5). HakoHel, BEIHOCS
3a CKOOKY o6l MHOXUTENb 2’ — 5, momydaeM, 4TO :c2(x2 -5)+
+ z(2? — 5) = (2% — 5)(2® + z), u, HaKORel, BHIHOCA 32 CKOOKH
MHOXHTEIb &, NOMYYHM, 4TO

gt — 522 + 23 — 5z = (22 — 5)(z + 1)z.

1.1.5. MeToa HeonpeneireHHEX kKo3dpdummentos. CyThb
5TOr0 MeTOa COCTOMT B TOM, UTO 3apaHee NPEANONaraeTcs BHI
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MHOXHTesell — MHOTOWIEHOB, Ha KOTOpble pa3fiaraeTcs IaHHbIH
MHOTOYJIeH. DTOT METON OUMPAETCS Ha ClIefyIolMe YTBEPXKACHHA:

1) nBa MHOrOWIeHa TOXJIECTBEHHC PaBHbI TOTA2 M TONBKO TO-
ria, Korga paBHbI MX K03pdHMIHMEATH OPM ONMHAKOBLIX CTelle-
HAX T

2) m060fi MHOTOUNIER TpPeThell CTeNleHH pa3flaraercs B MPONs-
BelleHMe JIMHERHOTO M KBAJPaTHOrO MHOXHTEJIEH;

3) o060l MHOrOYJIEH YeTBEPTOR CTENEHN pa3siaraeTcs B Ipo-
H3BelleHHe JABYX MHOIOUYJIEHOB BTOPOH CTeENeHH.

[IPUMEP 6. Pa3j10XXUTh Ha MHOXNTEIN MHOIOWIEH

23 — 527 + 7z — 3.

PEMEHKE. Bynem nckaTh MHOTOYNIEHBl T — ¢ | Biz2+Bax+ P
TakKye, 4YTO COPaBeNIMBO TOXKAECTBEHHOE PaBEeHCTBO

2 =522 + Tz — 3 = (z — &)(B12% + B2z + Bs). (1)
IlpaByio 9acTh 3TOF0 PaBEHCTBA MOXHO 3alMCaTh B BUIE
Brz® + (B2 — afr)z? + (Bs — af2)z — afs.
MpupapHuBas K03bOUINEHTH 1P OANHAKOBBIX CTENEHSX T B Jie-

BOil U IPaBOil YacTAaX paBeHcTBa (1), Noy4aeM CHCTeMY PABEHCTB
N1 Haxoxnenus «, 31, Bz, fa:

B =1,

B2 — afy = =5,
Bz —afy =T,
aﬂg =3.

Jlerxo BumeTb, 4TO STHM pPaBEHCTBAM YOOBIETBODAKT YHCIIA
Bi =1, 3 = =2, f3 =1, o = 3, a 3To o3Ha4aeT, YTO MHO-
rowieH z° — 5z + Tz — 3 pasnaraeTcd Ha MHOXHTETH T — 3 H
2? — 2z +1.

1.1.6. IToaGop XOpHA MHOrOWIEHa IO €ro crapIiae-
My m cBo6omHoMy Koad¢dmumenram. WHorna npu pasioxe-
HIT MHOTOYJIeHA Ha MHOXHTeJIN ObIBAIOT MOJIe3HBIMM ClleNYyIOIIHe
VTBEPXKIEHUS:
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1) ecoit MHOTOUIIEH Gp +An_1Z + - - -+ agz”, ag # 0, ¢ IenbIMu
K03 hUIMeNTaMi UMeeT KopeHb zo = p/q (rae p/q — Hecokpa-
TuMas 1pobb), TO p — HelUTelb CBOGOLHOTO YieHa dn, & § —
IeNMTeNb cTapliero KkoxbdnuuedTa ag;

2) ecin KaKuM-n60 ob6pasoM monobpaH KOpeHb & = & MHOTO-
uiena Py (x) cTenenu n, To MHOoro4wsieR Py, () MOXHO IPENCTaBUTh
B Buge P,(z) = (z — a)Py_1(z), roe P,_i(2)— MHorounes cre-
meHu n — 1.

Muorowien P,_;(z) MoxHo HaiTu nubo IeneHreM MHOTOYIle-
Ha P,(z) na mByuneH (z — a) “cTonbuxom”, 6o COOTBETCTBY-
jolllell TPYNNUPOBKON CIAraeMBIX MHOIOYIEHA WM BBHLAEJIEHUEM U3
HUX MHOXWTeNs® T — ¢ , K60 MEeTOIOM HeolpellelleHHBIX Koadhdu-
I[UEHTOB.

I[IPUMEP 7. Pa3noxuTh Ha MHOXWTEIN MHOTOUYJIEH

2t — 523 + 722 — 52 4 6.

PEWEHKE. [lockonbky kosddunuent npu z* pased 1, To pa-
IHOHANbHbIE KOPHM [AHHOTO MHOrOY/IeHa, e OHM CYIeCTBY-
0T, ABTAIOTCA ASINTENAME 9UCia 6, T. €. MOryT GBIThH LENLIMH
ypcnamu +1, +2, +3 u +6. O6o3HAYNM NaHHBIA MHOTOUJIEH de-
pes Py(z). Tak kak Py(1) =4 1 Py(—1) = 23, Touncna 1 u —1 me
ABNgIOTCcA KopHamu MHorouneHa Py(z). ockonbky Py(2) = 0, To
r = 2 sBnsgeTcs KOpHeM MHoroduneHa Py(z), M, 3HAYNT, JaHHBIA
MHOTO4JIeH JeNuTCca Ha ABy4ieH ¢ — 2. [ostomy

5234+ 722 -5+ 6 z—2
Tzt -2 3 - 3z2+2-3
=32+ T722 -5z +6
— 323 + 622
_z?-5z+6
z? -2z
_—3:r+6
—3z+6
0

Crenoatenso, Py = (¢ —2)(z3—3z242—3). Tax xax z°—3z? +
+z-3=2%(z-3)+(z—3) = (z-3)(2? + 1), To z* - 52° +
+ 722 =524 6= (zx—2)(z — 3)(z? +1).
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1.1.7. Meton BBeneans napamerpa. MHorna npu pasio-
YKEHIU MHOTOYJIeHa Ha MHOXMTENH NOMOraeT MeTO/ BBeICHU Na-
pameTpa. CyTh 3TOro MeTOla MOACHUM Ha CIIEAYIOMUEM pUMepe.

[IPUMEP 8. Pa310XKHUTh Ha MHOXKUTEIN MHOIOUYJIEH

3~ (\/3—’{—1) 2+ 3.
PEHIEHME. PaccMoTpuM MHOrOU/IeH ¢ IapaMeTpoM a
23— (a4 Dz? 4+ a?,

KoTopbiit pH @ = /3 IpeBpamaeTcs B 3aiaHHBI MHOTOWIEH.
3anuieM TOT MHOTOWIEH KaK KBaIPAaTHBIA TPeXwieH OTHOCH-
TENBHO a:

a? —ax? + (23 - 1%).

Tak Kak KOpHM 3TOr0 KBaApPaTHOTO OTHOCHTENLHO a TPeXW/IeHa
ecThb @] = Z M as = &° — &, TO CIIpaBellllilBO PaBEHCTBO a? —
—az® + (2 = 2?) = (a — z)(a — 2° + ). CacnoBaTENLHO, MHOTO-
aiten ¢ — (\/§+ 1) 2% + 3 pasnaraeTcs Ha MHOXUTENN V3 -1

H 3——12+1?,T.e.
1‘3—(\/§+1>r2+3:(z—\/§) (1‘2—35—\/5).

1.1.8. MeTton BBeleHMsa HOBOI HeM3BecTHOM. B Heko-
TOpBIX cliydasX MyTeM 3aMeHbl Bblpaxenus f(z), Bxomsimero B
MHOTousleH P, (z), 4epe3 y MOXHO MOJY4YATh MHOTOW/IEH OTHOCH-
TEIBbHO Y, KOTOPBIR yXKe JIeTKO pa3ioXUTh Ha MHOXHUTeNH. 3aTeM
nocie 3aMeHbl ¥ Ha f(&) nonyvaeM pasiioxeHHe Ha MHOXHTEIH
mHorowsteHa Pp(z).

IIPMMEP 9. Pa3ioXuTh Ha MHOXUTEIN MHOTOUJIEH

z(zx + 1)(z + 2)(x +3) — 15.

PEmEHUE. Ilpeobpasyem HaHHBIM MHOTOYWIEH CJedyIONINAM
obpa3zoMm:

s+ Dz +2)(z+3)—15=[z(z+3)[(z+ 1)(z+2)] - 15=
= (22 + 3z)(z* + 3z + 2) — 15.



14 Aazebpaunecxue ypasHernus u Hepasencmsa

O6o3naunm z° + 3z yepes y. Torna nmeem

yy+2)-15=y"+2y-15=y* +2y+1-16=
=(y+1)2-16=(y+1+4)(y+1-4)=(y+5)(y-3).

TloaTomy
c(z+1)(z+2)(z+3)-15=(2"+3z+ 5)(z% + 3z — 3).
ITPMMEP 10. Pa3noXuTh Ha MHOXUTENTU MHOTOYJIEH
(z —4)* +(z +2)%

-4 2
PEmEHUE. O6o3HauuMm rodtrt? = z — 1 uepes y.

2

Torma (z — 4)* + (z + 2)* = (v - 3)* + (y + 3)*
= y* — 124° + 54y® — 108y + 81 + y* + 124° + 5437
+ 108y + 81 = 2y* + 108y + 162 = 2(y* + 54y* + 81)

2[(y? +27)% — 648) = 2 <y2 +27 - \/6_4—§> (y2 iy \/ﬁg)
2((z—1)2+27—\/671§) ((a:—1)'~’+27+\/&1§) - 2(12
—2z+28—18\/§) <x2—2x+28+18ﬁ).

I+

i
Il

1.1.9. KomM6uaNpoBadMe pa3jIMIHBIX MeTOoNoB. YacTo
OpY pa3lioXeHUH MHOIOY/IEHA Ha MHOXWUTEIM NPUXONMTCs MpHU-
MEHSTH MOCIeIOBaTEbHO HECKOJIBLKO M3 PacCMOTPEHHBIX BHlllle
MeTOHOB.

[TPUMEP 11. Pa3oXuTh Ha MHOXHTEIN MHOTOYJIEH

24— 32?7 + 4z - 3.

PEmEHUE. [IpuMeHsis rpynnupoBKY, NepenuilleM MHOTOYJIEH
B BUIle

2t =322 +4r - 3= (2* - 22%) - (27 — 42 + 3).

HpHMeHﬂﬂ K nepBoﬁ cKoOKe MeToJ BbilleJIEeHUA MOJIHOTO KBalpaTa,
nMeeM

et -3z 442 -3 =(z* - 2122+ 1) — (2 — 4z + 4).



§1.2. Ilpocmetwue cnocobol 15

Ipumenss ¢dopMyiy NOIHOTO KBaJpaTa, MOXHO TeNephb 3ali-
caThb, 4YTO

et =32t v 4ar -3 = (22 -1~ (z - 2)%

Hakonen, npumeHsas (Gopmysly Pa3sHOCTH KBaJpaToB, HOMYydUM,
4TO
2t =32l 4+4r-3=(22-14+z-2)(z* - 1-2+2)=

= (2242 -3)(z* -z +1).

§ 1.2. IIpocTenne crioco6ul pelleHusn
anre6panyeckKnx ypaBHeHUM

B cnyuae n = 1 ypastenue (I) o6bi4HO 3amuchiBaeTcs B BUIE
az+b=0, a#0, (1)

¥ Ha3bIBAETCS ypaBHeHMeM NepBO cTemeHu. YpapHenue (1) ume-
eT eNMHCTBEHHLI KOpeHb To = —b/a.
B cayuae n = 2 ypasHenue (1) oBGbIYHO 3aIMCBIBAETCA B BUIE

ar’ +br+c, a#0, (2)

1 Ha3blBaeTCs KBaJPATHBIM ypaBHEHHEM.

Xopollo M3BECTHO, YTO eC/id AUCKpUMUHAHT D = b? — 4ac
KBaApaTHOro TpexuieHa az’ + bz + c:

a) oTpHIAaTelleH, TO ypaBHeHHe (2) He UMeeT KOpHeH;

6) MOJOXMTelleH, TO ypaBHeHHe (2) MMeeT IBa Pa3IMYHBIX
KOpH#A

—b+ b2 —4ac . —b— /b2 —4dac
= —, 73 = —;

o 2a 2a '

(3)

B) paBeH HYJIO, TO ypaBHeHHe (2) MMeeT eNMHCTBEHHBIA KO-

peHb To = — . Huorma B 3TOM cilydae roBopsAT, YTO ypaBHe-
a

—b
aue (2) uMeeT ABa COBNANAIOIINX KOPHAX Ti = &3 = 70 Jlerko

a
BUJETH, UTO OHN TaK¥kKe OTBLICKUBAIOTCA Mo dopmyitam (3).
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Ipu n = 3 u n = 4 cymecTBYIOT GOPMYIBl A4 HaXOXIle-
HUS KOpHeill anrebGpavyecKUX YPaBHEHHI TpeTbell M 4eTBepTOMN
cTenedell, ONHAKO B CHJIYy MX I'POMO3JKOCTH OHU NPHUMeEHdIOTCH
penko.

B obmeM ciydae He cyllecTByeT HoOpMys O/ HaXOXKIOEHHA
KOpHell mo6oro anrebpanyeckoro ypaBHeHUs Oojlee BLICOKOR cTe-
neHu, yeM deTwipe. TeM He MeHee [OCTATOYHO YacTO NPUXONUTCH
peitaTh ainrebpauyeckie ypaBHeHUS cTeleHu 6onbliei, 4eM IBa.

Ecin muorounen P,(z) 3anucad B Bufle Ipou3BeleHUs MHOTO-
YJTEHOB NMepBOil M BTOPOM cTeleHM, TO ypaBHeHue (1) paBHOCHIIBL-
HO COBOKYITHOCTM COOTBETCTBYIONIMX YPaBHEHUI IePBO# M BTOPOH
cTenedn, GopMyJIEl pelileHUs KOTOPBIX NpPHBeleHb! BhIIIe.

IIPUMEP 1. PewiuTh ypaBHeHUe

(x —2)(z* + 3z +2) = 0.

PEWEHHKE. anHoe YpaBHEHUE DABHOCHMJILHO COBOKYITHOCTH

ypaBHeHu#l £ — 2 = 0 n 2?2 4+ 3z + 2 = 0. Pemenne nepporo
U3 >TUX ypaBHeHU# ecTb r) = 2. PellleHus BTOporo ypaBHeHHA
ecTb £ = —2, x3 = —1. CnenoBaTe/lbHO, pellleHUs UCXONHOILO
ypaBHEHHs ecTb £] = —2, 3 = —1 u r3 = 2.

OTBET: ¢1 = —2, 29 = —1, z3 = 2.

Ecnu muorounied P,(z) uMeeT crenesb Gosbluylo, 4eM 2,
He pa3ioXeH Ha MHOXHTeNH NMePBOfl U BTOPOH CTelleHH, TO ero
cHayaJla Hallo KaKUM-JIM0O crocobOM pa3iioHMTh Ha TakMe MHO-
AHUTeNH, a 3aTeM 3aMeHATH ypaBHeHue (I) paBHOCHIBHONM eMy co-
BOKYIIHOCTBIO Yy PAaBHEHHM.

[IpuBeneM peleHMs HEKOTOpBIX ajrebpanvecKuX ypaBHeHHH
P,(z) = 0, ocHOBaHHble Ha Da3/IOXEHHHM €ro JIeBOH YacTW —
MmuorowteHa P,(z) — Ha MHOXWTeJIH MeTONaMH, M3J/I0OXEHHBIMH
B npenpiayiieM naparpade.

I[TPUMEP 2. Pemnth ypaBHeHHe

*-227 - 122 -8=0. (4)
PEMEHHUE. Hockonbky

2t —222 - 122 —8=2*4+22241-42>-12¢ -9 =
=(z?4+1)? - (224+3)2=(2?+1-22-3)(2* + 1 + 22 + 3),
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TO HaHHOe ypaBHEHUE PABHOCUIILHO COBOKYITHOCTH ABYX ypaBHe-
HUR

22-22-2=0 u z’+2x+4=0.

BTopoe ypaBHeHHe 5TOH COBOKYNHOCTH peIlleHWA He MMeeT, pe-

IIeHHS [IEPBOTO eCTh 1 = 1 + V3unz,=1- V3. OTH uncna u
ABJAIOTCA pellleHUAMM ypaBHeHus (4).

OTBET: 2, =1 + V3, 2o = 1 — V3.
ITPUMEP 3. Pemnth ypaBHeHHe

x3+3:c+5\/§:0.

PEMEHME. Bynem uckaTh MHOTOUTIEHBl T + 0 # Brz?+ By +Ps
TakHe, 4TO CHPaBeJIUBO TOXAECTBEHHOEe PaBEHCTBO

(24 a)(Biz? + Poz + B3) = 2% + 3z + 5v/2.

Torna, npupaBuuBas ko3dGUINEHTH IPU ONHHAKOBBIX CTele-
HAX HEM3BECTHOIO & B JIEBOH U NpPaBo#l 4acTdX 3TOr0 PaBEeHCTBA,
HMeeM CUCTEMY PaBeHCTB

B =1,

B2 +af =0,
Boax + B3 = 3,
a 3:5\/—2-

DToit cucTeMe paBeHCTB yNOBIETBOPSAIOT YMcia B = 1, By =

= — V2, 33 =5, a = V2. llosToMy CIpaBeIIMBO pa3jioXKeHUe
MHOTOYJIeHa Ha MHOXHUTEIH:

22+ 3z +5V2 = (z+\/§> (x2—\/§:c+5),

OTKyAa CieAyeT, YTO HCXONHOe ypaBHeHNe PABHOCUIILHO COBOKYII-
HOCTH ypaBHeHHN

z+\/§:0 K zz—\/iz+5:0.

BTa COBOKyHHOCTL nMeeT eANHCTBEHHOE pCLICHNE T = —\/5.
OTBET: z = —V2.
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IIPUMEP 4. Peuinte ypaBHeHUE
2 +322 -2 -2=0.

PEWEHUE. [Tockonbky koadduimeHTH MHOTOUIEHA — LEJIbIe
Yucila U cTapluuil KoaddullueHT paBeH 1, TO palUoHaJIbHEIE KOP-
HU MHOTOWJIEHA, eC/IM OHU eCcThb, MOTYT OBITH TOJIBKO CpelH Yu-
ceq £1 u £2. Jlerko npoBepuTh, 4T0 £ = | ecTh KOpeHb MHOLOYJTE-
Ha. HAYNT, JaHHBIA MHOTOUY/IEH meauTcs Ha ¢ — 1. Ilpousseqem
IeseHne MHOrodneHa z° + 322 — 2z — 2 Ha AByWieH © — 1 “cToi-
6uKoM” :

23 + 322 — 22— 2 z -1
2 — 2 22+ 4z + 2
_41‘2——2:6—2
422 — 4g
_21‘—2
2x — 2
0

CrenoBaTensno, 2° + 327 — 2z — 2 = (z — 1)(z® 4 4z + 2),
U KCXONHOe yDaBHEHNMe PAaBHOCWIBLHO COBOKYIHOCTHM YpaBHEHHI
r—1=0nz’+4c+2=0, OTKYyAa nofiydaeM, 4TO pelIeHHs
UCXONHOTO ypaBHEHUS eCTh £1 = 1, 29 = —2+\/2_, z3=—2-2.

OTBET: 21 =1, 25 = ~2 +\/§, T3 =—-2— V2.

IIPUMEP 5. PenuTh ypaBHeHHE

2t —2V3e? —z +3-V3=0. (5)
PEWEHKE. O6osnaunm V3 = a u paccMOTPHUM ypaBHEHUE ¢
napamerpom: ! — 2az? —z4+a’ -~ a = 0.
PaccmaTpuBas 3To ypaBHeHHe Kak KBaAp=THOE OTHOCHTEb-
HO a, pa3/IoXkyuM ero JIeBYIO 4acTh Ha MHOXUTEIN
gt~ 20z’ -z +ad’—a=(a-z¥42)a-2* -z - 1)

3uaunT, ypaBHeHue (5) PABHOCHABHO COBOKYNHOCTH ypaBHeHHI

1'2—.7:—\/5:0 u x2+z+1—\/§:0.
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MHoOXecTBO pellleHUl IEPBOIO YpaBHEHUS €CTh

_ 1+ Vitas 1-V1+4v3
_'———2 .

Iy oy = 2

MHOXeCTBO pelileHU#l BTOPOro ypaBHEHUS eCThb

-1+ V4/3-3 —1—vV4V3-3
T

CHelIOBaTeJ‘IbHO, NCXONHOe YypaBHEHUe HMeeT 4YeThipe KOpHA.

1, o, 3 U T4.
1+ V1443 i 1-V144/3
T T s 2 i
2 2
_Cl4VaVs-3 o -1- V43 -3
= - , ,

4= 2

OTBET: z; =

L3

§ 1.3. CuMmMeTpHYeckue U BO3BpPaTHLIE
ypaBHeHUs

1.3.1. CummMeTpuYeckne ypaBHeHMS TpeTheM cremne-
HH. YpaBHEeHHs BHAA

az® 4+ bz +br+a=0, a#0, (1)

Ha3BIBAIOTCA CUMMEMPUNECKUMY YPASHENUIMU mPembeli cene-
nu. Hockoneky az® + bz? + bz 4+ a = a(z® + 1) + bz(z + 1) =
=a(z+1)(z? -z + 1) +bz(z+1) = (z + 1)(az® + (b — a)z + a),
TO ypaBHeHHe (1) pPaBHOCHIILHO COBOKYMHOCTH ypaBHEHHI

z+1=0 u az’*+(b-a)z+a=0,

peliNTh KOTOPYIO He MPEACTaBiAeT TPyLa.
ITPUMEP 1. PemuTh ypaBHeHue

323 + 42 + 4z +3=0. (2)

PEIIEHUE. YpaBHeHne (2) apnsercs cAMMeTpHUYECKAM ypaB-
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HeHMeM TpeTbell cTeneHu. Ilockonbky 33 + 472 +4r + 3 =
=3(c?+ 1) +4z(z+1) = (z+1)(322 =3z +3+4z) = (z+1)(3z*+
+z+3), To ypaBHeHUe (2) PaBHOCHIILHO COBOKYTHOCTH Y PaBHEHMUi

24+1=0 u 3z24+z+3=0.

Peutenue nepsoro U3 THX ypaBHeHHH ecThb T = —1, BTOpOe ypaB-
HEHHE peIlIEHHﬁ He uMeeT.
OTBET: ¢ = —1.

1.3.2. CumMeTpuvyecKkue ypaBHEHHA 4eTBEPTON CTe-
neHu. Y paBHeHHUS BUAA

az® + bz’ +cx’ +br+a=0, a#0, (3)

HA3LIBAIOTCA CUMMETMPUNECKUMY YPAGHEHUAMY YemEepMOU cme-
nenu.

MMockonbky ¢ = 0 He sBisdeTcs KopHeM ypaBHeHus (3), To,
pasmenuB obe 4acTu ypaBHeHus (3) Ha z?, MonyunM ypaBHeHHe,

paBHOCHIILHOe HcxonHoMy (3):
5 @ b
ar®+ — +br+ - +c=0 (4)
x z

llepenumem ypabtenue (4) B BAIe

2
1 1
(:c+—> —2]+b(z+—>+c:0.
z z

1

B 5ToM ypaBHeHuH cenaeM 3aMeHy T + — = Y, TOr[a NOJYyYUM
z

KBalpaTHOe ypaBHeHUe

a

ay? +by+c—2a=0. (5)

Ecnu ypasHenue (5) uMmeeT nBa KODHS Y M Y2, TO HCXOMHOE
ypaBHeHHe PABHOCHIILHO COBOKYIHOCTH ypaBHEHUH

e?—zy+1=0 u 2 —zya+1=0.

Ecnu xe ypasHenue (5) MMeeT OAMH KOPeHb Yo, TO MCXOHHOE
ypaBHeHUMe PaBHOCHIILHO ypaBHeHUIO £ — yor + 1 = 0.
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Hakonen, ecnu ypaBHeHue (5) He IMeeT KOpHeil, TO il HCXOIHOE
ypaBHeHMe TaKXe He UMeeT KODHeH.
TIPUMEP 2. Pemuth ypaBHeHHe

¢t — 523 + 82z — 52 +1=0. (6)
PEWEHHE. HaHHOE YpaBHeEHUE HABJIAE€TCA CUMMETPpHUYECKNM
ypaBHeHueM 4eTBepToil cTeneHu. Tax xak ¢ = 0 He aBAsAeTCA

ero KopHeM, To, pa3flenuB ypaBHenue (6) Ha z?, mony4um paBHO-
CUIIBLHOE €My YpaBHeHHe

5 1
2 -5z4+8—- -+ = =0. (7)
T x

CrpyInupoBaB cilaraeMble, NepenuiieM ypabHeHne (7) B Bune

s 1 1
“+—=-5{z+ - 4+8=0
T T

1\? 1
(x+—) —5(x+—>+6:0.
x I

1
Monoxus z + — = y, NOJNy4YUM ypaBHeHUE
T

WX B BHIE

y? —5y+6=0,

nMemolllee 1Ba KOopHA y1 = 2 U Yy = 3. CllenoBaTe/lbHO, NCXOIHOE
ypaBHEHHe PaBHOCHIILHO COBOKYITHOCTH ypaBHEHUH

1 1
r+~-=2 unu z+-=3.
z z

Pemelme nepBOTroO YpaBHeHUA 3TON COBOKyrIHOCTPI ecTb 1 = 1,
3+5 3—v5
—_— U 3= .
2 2
CnenoaaTeano, HNCXOOHOe YpaBHEHUE nMeET TpPpH KOpHA:

ry, o N T3.
3+V5 3-V5
OTBET: 21 =1, 22 = o L3 = 7"

a pellleHUdA BTOPOTO €CThb T3 =
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1.3.3. BoappaTHble YpaBHeHHUsA. Y paBHEHUS BUIA

a0z2n+1 +a1z2n +a2x2n—1 + _”+anzn+l + (8)
+ /\anl'n + ABan-lxn—1 +---+ a0A2n+1 - 0,

ag:r2" _+_alx2n-—1 +a2£2n—2+'”+an_lrn+1 +anl‘n + (9)
+Aan_12" P+ X202 4 -+ Aag = O,

rae A — QUKCHPOBaHHOE YHCIO M ap # 0 Ha3bIBAOTCA 6036pam-
NbIMU YPABHENUAMY.

[ipu A = 1 ypaBrenust (8) u (9) ABALIOTCA CHMMETPUIECKH-
MR ypaBHEHHSIMH COOTBETCTBEHHO HEYETHON N YETHOM CcTemeHeH.
BosBpaTHOe ypaBHeHMe HeueTHON cTenmeHu (8) Bcerjla UMeeT Ko-
peHb T = —A, NOCKOJBLKY TO YpaBHeHHE MOXHO TepenucaThb B
BUIE

(10(1’2n+1 +/\2n+1)+(111'(1'2n_1 +/\2n—1)+ . -+an1‘"(z+/\) =0

U [IpH £ = — A BhIpaXeHHs B KaX 0l cKobKe 0o6palialoTcs B HYIb.
Brigenus MHOXUTENE Z + A U3 KaXAOH CKOBKH, MOXHO IOKa3aTh,
4TO ypaBHeHHMe (8) PABHOCHIIBHO COBOKYIIHOCTH YpaBHEHRH: ypas-
HeHUs £ + A = 0 ¥ HEKOTOPOro BO3BPATHOrO ypaBHEHHs UeTHOM
CTeNeHH.

s pellieHMs BO3BPATHOIO ypaBHeHHs 4YETHOW CTeNeHH MO-
CTYNAIOT CeAyIoIMM 00pa3oM.

Hockonapky ¢ = 0 He ecTb KopeHb ypaBHeHms (9), To, pas-
nenuB ypasHene (9) Ha z" M CrpYNIAPOBAB YJEHBLI, MOTYyYHM
ypaBHeHHe

ao (z" + (%)n) +a;{z"7 + (%)n_l +- 4 10

A
+an-1 <z+;) +a, =0.

= Uu, TOorga NMeem

A
z
2
) = u? — 2,
3 3
) :<:c+i) ~3/\<z+i>:u3—3)\u,
z T
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A 4 A 4 /\2
1‘4+<~> — (J;+_> —4) <r2+—2> —6)\2:u4—4/\u2+2/\2
X x xz

u T. 0., 1 ypasuenue (10) cTeneHnm 2n OTHOCHUTENBHO & 3alli-

ieM B Bifie anrebpauyeckoro ypaBHEHHMs CTENEHH N OTHOCUTENb-

Ho u. Takum o6pa3oM, MBI OT YpaBHEHUs CTelleHd 2n NepelIn K

ypaBHEHU©O cTeneHi n. Ecan Teneppb yaacTcs pellMTh MOJY4eH-

HOe ypaBHEHUE CTEeNeHN n, TO Hally Tcs Bce KOPHHU ypaBHEHUS (9).
[IPMMEP 3. PemuTh ypaBHEHHE

2z% + 323 — 322 - 3z +2=0. (11)
PEIIEHKUE. Y paBHeHHe (11) SIBJIeTCA RO3BpATHLIM ypaBHEHU-

eM ueTBepToil cTenenn (A = — 1). [lockonbky z = 0 He ABIAeTCA
KOPHEM 3TOrO ypaBHeHHs, TO OHO PABHOCH/IBHO YPaBHEHHIO

3 2
202 +3z-3—- -+ ==0.
z z2

[locnenuee YpaBHEHHUE MepenuiueM B Buie

1 1
2(1‘2+—2)+3(z—-—)—3:0
T xz
WJH B BUIOe

2[@_;)12

1

+3<1‘—%)—3:0. (12)

Honoxms ¢ — — = y, 3amumem ypasHeHue (12) B BHIe
z

2y + 3y + 1 = 0. KopHn >Toro ypaBHeHHMs eCTb Y; = —1lu

y2 = —1/2. CrnenoBaTelbHO, UCXONHOE ypaBHEHHUE (11) paBHO-

CHUJILHO COBOKYINHOCTU ypaBHeHHﬁ

1 1 1 1
r——-=- r——-=—--.
z T 2

PemieHus nepBoro ypaBHEHHS D3TOM COBOKYMHOCTH €CTh

-1+v6 -1-5
r; = — U x, = — a pelleHuss BTOPOro
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-1 +17 -1 =17
—_— 1

, ry = ————. CnenoBaTenbHO, 3TH ue-
THIpe KOPHS U ABISIOTCS pellleHUsIMU MCXONHOIO ypaBHEeHUs.

—-1+V5 -1-5 -1+ V17
3 , L2 = 9 , L3 = 4 )

r3 =

OTBET: 21 =
~1-V17

g4 = .
4
ITPUMEP 4. PemuuTh ypaBHeHHe
2%+ 32% — 23 + 22 — 242 - 32 = 0. (13)

PEWEHUE. YpasHenue (13) sBnseTcs BO3BpPaTHBIM ypaBHe-
HueM cTeneHn 5 (A = — 2), Tak Kak ero MOXHO 3alMCaTh B
BHJIE

2® +3z% — 2% — 24(-2) + 32(-2)° + (-2)° = 0.

Tak kak mo CKa3aHHOMY BbIIIE T — 2 ABNgeTCA ero KOpHeM, TO,
CrpyHNIHpoOBaB 4YJjleHbl ypaBHeHUA, [IepennileM €ro B BAIeE

(2° — 32) + 3z(z° — 8) — z*(z — 2) = 0. (14)

Tpumenss GopMybl pa3HOCTH NSATHIX X TPETHUX CTeNeHed U Bbl-
IeNuB MHOXUTeNL (2 — 2), nepenuiem ypasHeHne (14) B Bune

(z —2)(=z* + 22% + 42 + 82 + 16) + (15)
+32(z - 2)(z? 4+ 22 +4) — 2}z —2) = 0.
Ypabuenne (15) paBHOCHIBHO COBOKYITHOCTH ypaBHEHUH

z—2=0,
z* 4 22% + 427 4 8¢ + 16 + 32(z2+2z+4) — 22 =0. (16)

YpaBuenue (16) sanuiem B Bume

et 4+ 52% + 922 + 20z + 16 = 0. (17)
Ypasuenue (17) sABAsieTcs BO3BPATHBIM ypaBHEHMEM UeTBEpPTOH
crenenn (A = 4). B caMom zenie, ypaBHenue (17) MoXHO 3amucaTh

TaK: .
et + 523+ 922+ 524442 =0. (18)
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Taxk xak ¢ = 0 He aBageTcs KopHeM ypaBaenus {18), To, paznesns

ero Ha 2 1 crpyNIUpOBaB YMEHbI, MOJYYHAM ypaBHeHHe

, 42 4
'+ 5 | +5le+-)+9=0, (19)
T z

paBHOCHIIbHOe ypaBHeHmio (18).

Honoxum ¢ + — = y, Torda ypaBHeHue (19) nepenuinercs B
z
Buge y> — 8 +5y+9=0.

Pemenns nocaemsero YpPaBHEHNA €CTb Yy =

-5 —-+/21
V2 = —— CnenosaTenbHo, ypasHenue (16) B cBoio ode-

pellb pABHOCHIIBHO COBOKYNHOCTH ypaBHEHMMA

4 -5+ 21 4 -5 —+/21
t+-—-=—"" u T4+-—= ———.
z 2 z 2

-5+ V21 "
2

[TepBoe W3 THX ypaBHeHUH pelieHnit He UMeeT. Pemerus BToporo
ypaBHEHHS eCThb

—5—+/21+ /1021 — 18
4 )

To =

. -5 — 21 —1/10v21 - 18

3= .
4

HUrak, ncxonuoe ypapaenue (13) uMeeT TpH KOPHS: &y, T2 U T3.

—5—+214+ V1021 — 18
OTBET: 21 =2, 22 = + 1 ! ,
 —5-/21-V10v/21 - 18
= 2 )

I3

1.3.4. YpaBHeHUs dYeTBEpTOM CTEIEHM C [OONOJIHHU-
TeJILHEIMH yCJIOBMAMM Ha KoaddmnueHTH. PaceMoTpum
ypaBHeHUE YeTBepPTON CTeleHU

az® + bz 4 ez’ +dz+ f =0, {20)
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d%a

rnea#O,b#O,d;éOnf:—b;—.
Tak kak Kak ¢ = 0 He ecThb KOpeHb TOT0O ypaBHEHHUsd, TO,

pa3nejiuB €0 Ha 1‘2, MoJy4YUM YpaBHEHUE

d
ax2+£2+bx+—+c:0.
T T

O603Ha4uB bz + — = y ¥ y4uThIBas, 4TO
T

f a ,  d? a d\?’
aa:2+?:ﬁ bzl‘ +‘x—2 :b—2 bl‘-*'; —2bd =

a
= 55 (v = 2bd),
NepenuilleM ypaBHeHHUE B BHIe
a 4 d
Egy +y+c—2a3 =0.

[ocne HaXoX/IeHUs pellleHuit 3TOro ypaBHeHUs Mbl HalileM pellle-
HUS UCXONHOTO ypaBHEHNS.
IIPUMEP 5. PemntTh ypaBHeHHE

et 422 - 1122 + 4z +4=0. (21)
PEMEHME. B nmanHoMm ypaBmenun a = 1, b = 2, d = 4,

d2
f = 4. Hockonmbky a # 0,6 # 0,d # 0, f = %2—,
ypaBHenue paccMaTpuBaemoro Tumna. Ilockoneky z = 0 He sABnS-
eTcsa KOpHeM ypasHeHHs (21), To, pa3niesiuB 5TO ypaBHEHHE Ha z?

TO 3TO

2
M CTPYMIUPOBAB €ro WieHbl, NOIYYNM ypaBHEHHE (z+ —) +
z

2
+2 (z + —> — 15 = 0, papHocunbHOoe ypasHeHHoO (21). Tak xak
z

pellleHUs ypaBHeHUs V¥ 4+2y—15=0ecTbyy = -5 uy; =3, TO
McxonHoe ypaBHeHue (21) paBHOCHILHO COBOKYHOCTH YPaBHEHUH

2 2
T+ —-—=3 n z+4+-— = -5,
z T
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pellleHUs KOTOpo#l ecTb Z; = 2, Tz = 1, 3 = 2
-5 — /17
Tg=

-5+ V17 -5 V17

OTBET: 21 =2,29=1,43 = = , Ty =
4

§ 1.4. HekoTopble MCKYCCTBEHHBIE CIIOCOOHI
peilleHus anrebpandeckux ypaBHeHUN

B sTom naparpade 6yayT NpuBeleHE HEKOTOPHIE HeCTAHAAPT-
Hble cTOcobHI perleHus ajrebpanyecknx ypaBHEHMH.

1.4.1. YMmHOXeHMe ypapHeHHMs Ha ¢yHknmo. Huoraa
pellleHye anre6panyecKoro ypaBHeHUs CyIIeCTBEHHO obieryaeT-
s, eClTM YMHOXHMTL oBe €ro 4acTH Ha HEKOTOpYIo GYHKUHIO —
MHOTOW/IeH oT Hen3BecTHoH. Ilpn 5TOM Halo MOMHUTH, YTO BO3-
MOXHO TOSIB/IeHHe JHMINHUX KOpHell — KOpHEW MHOroY/eHa, Ha
KOTOpBINl yMHOXanu ypasHeHue. [loaTomy Hamo aubo yMHOXATDb
Ha MHOIOY/IeH, He UMelolnil KOopHefl, ¥ Mojy4aThb PaBHOCHIIBHOE
ypaBHeHHe, 1M60 yMHOXATh HAa MHOTOWIEH, UMEIOINA KOPHH, U
TOorna KaxXIblil U3 TaKuX KOpHel Hajo obsf3aTelIbHO NOACTAaBUTH
B NCXOJHOe ypaBHEHHE U YCTAHOBUTH, ABIAETCS JIM 3TO YUCIIO €T0
KOpHEM.

I[IPUMEP 1. PemnTh ypaBHeHUE

-S4t -+ 1=0. 1

PEWEHNE. YMHOXNB 0be 4YacTu ypaBHEHHS Ha MHOTrOYJIeH

2? + 1, He UMelOIMIl KODHEM, IOJy4UM yPaBHEHHE

(®+1)(z® -2+ - 2®+1) =0, (2)

paBHOCHIIbHOe ypaBHeHuio (1). YpaBHeHue (2) MoXHO 3anucaThb
B BUJE

"+1=0. (3)

SlcHo, 4To ypaBHeHUe (3) He MMeeT AeHCTBUTENbHBIX KOPHei, Io-
3ToMy ¥ ypasHenue (1) UX He HMeeT.
OTBET: HET pelUleHHH.
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ITPUMEP 2. PemmiuTh ypaBHeHUe
6z> — z? — 20z + 12 = 0. (4)

PEIIEHUE. YMHOXUB 0be 4acTH 3TOr0 ypaBHEHUs Ha MHOTO-
wied £ + 1/2 | nosyuynM ypaBHEHHE

1
6x4+2173—4—2-:c2+2x+6:0, (5)

ABISIOIleecs CIeNCTBHEM ypaBHeHus (4), Tak Kak ypaeHeHue (5)
¥MeeT KOpeHb £ = —1/2, He aBnsOlWInKiics KOpHeM ypaBHeHud (4).

YpasHeHne (5) ecTh CHMMeTpHYECKOe ypaBHEHHE YeTBEPTOR
crenenn. Ilockoneky ¢ = 0 He sBAseTcs KOpHeM ypaBHeHHA (5),
TO, pa3fieuB ofe ero YacTH Ha 2z’ U MeperpyNIUpOBAB €ro Hile-
HbI, TIONY4YUM ypaBHEHUE

- 1 1 41
3224 = ) I
(:c + x2> + <x+ :r) T 0, (6)

1
paBHocHIIbHOe ypaBHeHuo (5). O60o3Ha4uB y = z+ ~, Nepenuiiem
z

ypaBHeHue (6) B Buze

65

3y2—+-y—?:0. (7)
Ypasrenue (7) nMmeeT ABa KopHs: Y1 = —5/2 u y, = 13/6. Ilo-
>TOMy ypaBHeHue (6) paBHOCH/IBHO COBOKYIHOCTH ypaBHEHUH
+ 1 13 n 1 5
r+-=— " T+ - =-—-.
z 6 z 2

Pemus KaXxnoe 13 3TUX ypaBHeHUN, HailieM 4eThIpe KOpHS ypaB-
HeHus (6), a TeM caMbIM M ypaBHeHud (5):

2 3 9 1
Iy = -, g = —, 3 = — Ty = ——.
3’ 2’ ' 2
Tak kak KODEHb T4 = —1/2 ABJIteTCA NMOCTOPOHHUM IJIA ypaB-

HeHus (4), To oTclona Holly4aeM, 4TO ypaBHeHHe (4) UMeeT TpH
KOpHSH: T1, To, 3.
OTBET: 1 = 2/3, 2, = 3/2, 23 = -2.
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3AMEYAHHE. IIpueM, paccMOTpeHHBIH B IpHMepe 2, MOXHO
IPEMEHSTH K ypaBHEHUSAM, KOTODbIE IIOCTe YMHOXEHHUS Ha HEKO-
TOpPBI MHOTOUY/IEH IPEBPallaloTCs B BO3BPAaTHBIE WIIA CHMMETPH-
yecKne ypaBHEeHUS.

Hanpumep, Takum 06pa3oM MOXHO pellaTh ypaBHeHHMs BUIA

ar® + bz’ +cx+d=0, (8)

raea # 0,d # 0, ¢c # a, a(c —a) = d(b — d). B camom nene,
a

yMHOXMB 3TO ypaBHeHHe Ha MHOTOWIEH Z + rk HOMYYUM CHMMe-

TpHYecKOe ypaBHEHUe YeTBEPTON CTelleHH, cpeln KOpHedl KOTo-
a

POTO CONEPXKUTCS M KOPEHb T = — . OTMeTHM, YTO TOT KOpeHb

MOXeT GLITh MOCTOPOHHMM KOpHeM 1uid ypasHeHUd (8).

1.4.2. Yraneipanue KopHA ypaBHeHms. Wnorna sem-
HUIt BII y paBHEHNUS IOACKA3bIBaeT, KaKoe YACIIO ABJISeTCsS KOPHEM
ypaBHEHHUH.

MPUMEP 3. Pemuth ypaBHeHue
243z -122-312=0.

PEmIEHWE. W3 BHelHero BuUAa 3TOTO ypaBHEHHsS OYEBHIHO,
qT0 £ = 12 ecThb ero KopeHb. Jli11 HaxoXAeHUT OCTaIbHbIX KOpHE#
npeobpasyeM MHOTOYJIEH

2 43— (1224312) = (£ - 12%) +3(z - 12) =
= (z — 12)(z® + 12z + 122 4 3) = (z — 12)(z? + 12z + 147).

Tak kak MHOrOY/IeH &2+ 12 + 147 He UMeeT KOpHEH, TO NCXOLHOE
ypaBHEHME MMeeT eMHCTBeHHBI Kopedb T = 12.

OTBET: z = 12.

IIPUMEP 4. PemmuTh ypaBHeHHe

1
3 _ 3
> -3r=a +a—3, (9)

rige a — OTJIMYHOE OT HYJIA 4YNCJO.
PEmWEHUE. Tak kak

5 1 N o, 1 1\° 1
a+—=={a+-] —3a —=3a—=la+-] -3lat -],
a a a a a a
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1

TO OTCHOONA 3aK/IlouaeM, 4YTo Ty = a + — ecTh OOUH U3 KOpHeI;I
a
3 3 1
HNCXOOHOTO ypaBHeHUA. Pasnenus muorounen z° — 3z —a” — -3 Ha
a

1
IBYYJleH T — @ — —, [OJY4YUM, YTO
a

1
13—3x—<a3+a—3):
2
=le—a—-—-)J|z*4+zla+~)+{a+-] -3,
a a a

T. €. ocTallbHble KOPHU ypaBHeHUsd (9) cOBNagaloT co BCEMHU KOD-
HSMH ypaBHeHUS

1 1\
x2+z<a+5)+<a+2) -3=0. (10)

IinckpuMuHaHT KBagpaTHoro ypasHenus (10) ecThb
2 2
1 1
a a
1\2
=3 [4 - (a + —>
a

a) D > 0 6bITL He MOXeET.

:_g(a_g)".

6) D =0 auws npu a = 1 n npn a = —1.

Wrax, ypaBHenne (10) He uMeeT KopHeil Ipu a’ # 1, umeer
eNMHCTBEHHBIX KOpeHb £ = —1 mpu a = 1 ¥ eAMHCTBEHHBIA KO-
peib ¢ = 1 mpu a = —1. JlobaBnss eule KopeHb ¢ = a + 1/a,
HaXO[MM Bce KOPHHM MCXOQHOTO ypaBHeHMA.

OTBET: npu a = 1 ABa KOpH# T} = 2, £y = —1;

npu a = —1 1Ba KopHs ¢ = —2, zo = 1

npu a® # 1 u a # 0 onun Kopenb z; = a + 1/a.
NPUMEP 5. Pewwurs ypaBHeHue

z(z? — a) = m(z® + 2mz + a), (11)

roe a ¥ m -—— OdaHHbIE 4UAC/Ia.
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PEMEHME. W3 BhewHero Buna ypaBHeHUs OYEBMIHO, 9TO
T = —m SBIAETCA KOPHEM.

s HaxoXAeHNUS OCTANbLHBIX KOPHEN ypaBHeHUs MepeHeceM
BCe €ro 4YjIeHbl B ONHY CTOPOHY M Pa3iioXKUM MOJYy4YeHHBI MHOIO~
4ied Ha MHOXNTenn. Torna nonmy4um, yro ypaBserne (11) mMox-
HO 3allicaTh B BUfe

(x +m)(z? - 2mz —a) = 0. (12)
YpaBHenne (12) paBHOCHIILHO COBOKYMHOCTH ypaBHEHH
z+m=0 u z°-2mz-a=0. (13)

HepBoe ypaBHeHue coBokynHocTH (13) UMeeT eNMHCTBEHHBINA
KOpeHb T'1 = —Imn, a BTOpOe ypaBHeHNe UMeeT pelleHUs B 3aBUCH-
MOCTH OT JUCKPUMUHAHTA!

a) ecnit m? 4+ a > 0, To GymeT aABa KOpH,
6) ecnn m?+a=0, 10 OyneT onMH KOpPEHb,
B) ecnu m? + a < 0, To KopHeil HeT.
Orciofia nerko HaxonsTcs KOpHU ypaBHeHud (11).
OTBET: mpu m? +a < 0 z, = —m;
npu m* +a=0 z;=-m, 2, =m;

npu m*+a>0 z,=-m, £o =m—Vm? +a,
r3=m+vm?+a.
IIPUMEP 6. Pelunts ypaBHeHUE

ez+ 1)+ (z+1)(z+2)+(z+2)(z+3)+ (z+3) (e +4) +
+(z+4)(z+5)+(z+5)(z+6)+ (¢ +6)(z+T)+
+(z+7)(z+8)+(z+8)(z+9)+ (z+9)(z + 10) =

=12+4+234+344+454+56+67+78+89+9:10.

PEMEHME. Jlerko 3ameTnTs, yTo 1 = 0 1 9 = —10 aBasoT-
¢Sl pelleHUsMH 3Toro ypasHeHHus. [locne packphiTus ckoGoK 3TO
ypaBHeHHe NepenulleTcs Kak KBajipaTHoe. A 5TO 03Ha4YaeT, YTO
OHO MOXET MMeTb He Gojtee nByx KopHefl. Tak Kak IBa KOpHs
3TOrO ypaBHEeRUsl HalifileHbl, TO TEM CAMBIM OHO U pelUIeHO.

OTBET: z; =0, zo = ~10.
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1.4.3. Ncnonk3oBakne CMMMETPUYHOCTH ypaBHEHH.
WHorna BHeIIHME BUI ypaBHeHMs — HEKOTOpas ero CUMMeTpHU-
HOCTb ~— MOACKa3blBaeT crocob pellleHNs ypaBHEHMA.

ITpUMEP 7. Pemnth ypaBHeHue

(22 —z+1) 2z - 1)

(5-v5+1)° 5(v5-1)"

(14)

PEWEHUE. O4eBUIHO, UTO BHelIHNA BUI ypaBHeHUd MOLACKa-
3bIBaeT, YTO ONMH U3 KOpHell ypaBHeHus (14) ecTb 21 = V5. On-
HAKO IJ11 HaXOXIEeHUs OCTallbHbIX KOpHeil 2TOro ypaBHeHUs NpU-
eM, IDEMVIOKEHHBI B IPEABIAYIIEM MYyHKTe (pa3iiokKeHHe MHOTO-
4JleHa Ha MHOXHTENN), 3fech Majo nomoxeT. [lepenuiem ypas-
Herne (14) B HeCKOJIBKO MHOM BHIE.

[Tockonbky crnpaBelyIMBbl TOXIeCTBeHHbIe PaBeHCTBa

2
9 1
1'—1‘+1:<I——) +

z(z —1)

[l
TN
8
|
B | ==
~—
N
|

To ypaBHenue (14) MoxHO MepenucaTh Tak:

ORI G
G-v5+1)°  5(/5-1)

Tenepb OYeBHAHO, YTO €CIM Ty — KOpeHs ypabHeHus (15), To
r; = 1 — g TakXe KopeHb ypaBHeHus (15), HOCKONIBKY

(o) (o)

ITokaxeMm, 4yTo ecoim 1, 1 # 0, 1 # 1, ecTh KOpeHb ypaB-

nenus (14), To £ = — TaKxke eCTh KOPeHb 3TOTO ypaBHEHHA.
I
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IleficTBUTENLHO, TAK KaK

! 1+13
(23 —zo+1) \z? o

2z —- 1) 1 (1 2
i\ -1
_ -zt (gf-zi +1)°

¥(zy - 1)2

6 1 2
]~ (1~ 2z
1 x?( )
TO OTCIONa U BHITEKAET TO yTBEPXKACHHUE.
Utak, ecnu z1, 1 # 0, £; # 1, — kopeub ypasHenus (14), To
OHO MMeeT ellle KOpHH

1 1 1
’I_III ’ - : )
T 11—z, z; 1- =

T. e. ypaBHeHHe (14) uMeeT KOpHU

1
1'1:\/5, 2 = —F=, 1‘3:1—\/57 T4 =
. V5 | 1-
5 =1—- —, 26 = —.
1
5 —_
V5 -7
ITockonbky ypasuenue (14) ecTs anreGpanyeckoe ypaBHeHUe Iie-
CTOM CTeMeHH, TO OHO UMeeT He Bodee miecTH KopHei. TaknuM obpa-
30M, MBI HAlUIM Bce KOpHM ypaBHenus (14).

1
OTBET:.’I,'l:\/g,l'Q: —,I3:1—\/5,1J4:

V5 1—
1 N 1
=, e = —T71-
V5 1—71g

B

a

1'5:1—

1.4.4. Vicnoneiopanue cyunepnosmunu bynxumin. Hro-
riia MOXHO HallTH KOpeHb YpaBHEHHs, eCIM 3aMETUTh, YTO QYyHK-
LN, HAXOAAAACA B ONHON M3 YacTell YpaBHEHHUd, ABJIAETCA Cy-
NepHo3MuNel HEKOTOPBIX GoJlee MPOCTHIX PYHKINH.

IIpuMEP 8. Pemitte ypaBHenUe

(22 +22 -5+ 2(2* + 2z —-5) -5 =1=. {16)
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PEWEHNE. O6o3naunm f(z) = z? + 2z — 5, Torna ypasHe-
Hue (16) moxHo nepenucath B Bume f (f(z)) = z. Tenepn oue-
BUIHO, 4TO e€clM Lo — KOpeHb ypaBHenus f(z) = z, To zo u
Kopenb ypasuenus f (f(z)) = z. Kopuu ypabsenus z° 4+ 2z — 5 =

-1+V21 -1-v21
2

nry=
2

ypaBHetne (16) umeet stu kophiu. [leperncas ypabuenne (16) B
BHJE

=z ecTb &) = . CnenoBatenbHo, 1

2t 4+42° ~ 427 - 172 4+ 10 =0 (17)
M pasmesuB MHoroune z* + 423 — 4z% — 17z + 10 Ha MHorouseH
(z—z1)(z—23), nonmy4nm, yTo ypasHenue (17) MOXHO 3anucaTh B

Buge (22 +2—5)(z2+32~2) = 0. CnenoBaTenbHO, KOPHAMH ypaB-
HeHHus (16) HapsAny ¢ 21 U £ ABAAIOTCS TaKXe KOPHHM yPaBHEHHS

-3+ V17 -3 - V17
—————nz4 = —
-3+ V17
y L3 = ——5—,

2 2

:132+3:1:—-2=0,T.e. 4yucaa s =

2
“14VeT -1 VI

2 2=

OTBET: z; =

-3 VTT

g =
4 2

1.4.5. HccnenoBarue ypaBHEeHHMA Ha NOPOMEXYTKax
ReHcTBUTENBLHOM ocu. WHorna pelleHus ypaBHEHHS MOXCHO
HaliTH, Hccllefys eTO Ha Pa3HBIX YUCIOBLIX MPOMEXYTKaXx.

IIpuMEP 9. Pemiuth ypasHenne

20— 25z -2=0. (18)

PEmEHKME. Ilepennmem ypasnenme B Bupe 2(z° — 1) -
- x(z4 — 1) = 0 nam, uctons3ys GopMysly pasHOCTH

a” ~b" = (a—b)(a" T +a" "4 ..+ ab" 470,
B BHIIE
(-2 + 22" + 225+ 285 + 2 4+ 22 + 22 424+ 2) = 0.

Orciona BUAHO, 9TO ONMH U3 KOPHell NaHHOIO YpaBHEHUS eCTh
z = 1. JlokaxeM, 4To ypaBHeHHE

208 4207+ 225+ 2% 42t 4 2P 42l 42+ 2=0 (19)
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pellleHNil He uMeeT.

Pa3obbeM YHCIIOBYIO OCh Ha NpoMexyTKn (—oo; —1], (—=1;0] u
(0; +00).

Ilns moboro z u3 npomexyTka (0;+00) uMeeM, 4TO JeBas
qacTh ypaBHeHHd (19) mosoxuTenbHa, HOYTOMY Ha 5TOM MPOMe-
XyTKe ypaBHEHHe pellleHUil He MMeeT.

[Tockonbky

223+ 20 "+ 228+ 228+t 4+ 3+ 224 2=
=223 4+ 225z 4+ 1)+ 22z + 1) +
+2(z+ )+ (z+ 1)+ (12",

To Mg mo6oro r u3 npoMexyTka (—1;0] sToT MHOroY/IeH mo-
NoXuTedeH. DTo 03Ha4YaeT, 9TO Ha npoMexyTke (—1;0] ypaBHe-
uie (19) TakXe He UMeeT pellleHHi.

Mockonbky

208 + 22"+ 205 4228 42t 22 42t 24 2=
=2z + 1) +22%z+ 1)+ 2=+ 1) +z(z+1)+2,

TO AN I06OTO T U3 MpoMexyTKa (—oo; —1] 9TOT MHOrou/IeH no-
noxutenen. CienoBaTenbHO, ¥ Ha IpoMexyTke (—oo; —1] ypas-
HeHue (19) He UMeeT pelleHMIA.

Urak, nannoe ypasHeHue (19) UMeeT eIMHCTBEHHOE peIIeHMe
z=1

OTBET: z = 1.

§ 1.5. Pemrenne anre6panyecknx HepaBeHCTB

1.5.1. IIpocrenmmue cmocobul pemreHusa ajareGpanye-
cKMX HepaBeHcTB. Tax kak, ymHoxas HepaseHcTso (III)
na (—1), ero Moxso npusecti k Buny (II), a yMHOXas HepaBeH-
cro (II) Ha (—1), ero moxuo npusectr k puny (III), To nanbme
6ynem cumtaThb, uTo B HepaBercTBax (II) u (III) monmoxuTenen
K03)PUIUEHT NPH CTAPIIEM YileHe, T. e. 94To ag > 0.

TakuM o6pa3oM, B 5TOM OYHKTE PacCMaTPHBAIOTCA TOJBKO
HepaBeHCTBa BALA

aoz” +a1z" 4 +ap >0 (1)
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apz™ + a;z" 4 - 4a, <0, (2)

rae ag > 0.
B cnyuae n = 1 HepaBeHcTBa (1) ¥ (2) 06BIYHO 3aMUCHIBAIOT
B BHIE
ar+b>0a>0, (3)

ar+b<0, a>0, (4)

U Ha3bIBAKOT HEPABEHCMEAMU NEPEOY CMenenu.
MHoxecTBO pellleHnii HepaBeHCTBA (3) eCThb MPOMEXYTOK

b
(——; +0C |, MHOXeCTBO pellleHMil HepaBeHcTBaA (4) ecTh npoMe-
a

(~-3)
KyToK | —o0; ——}.
a

B cnyyae n = 2 HepaBeHcTBa {1) 1 (2) 0GBIYHO 3aMMCHIBAIOT
B BUIE
ar’ +br+c¢>0, a>0, (5)

az’ +bz+c<0, a>0, (6)

U Ha3bIBAIOT K6AJPAMMHLIMYU NEPABENCTNEAMY.

Pewuennsi nHepaBeHcTs (5) 1 (6) 3aBHCAT OT 3HaKa AMCKPUMM-
nanta D = b% — 4ac kBampaTHOro TpexwieHa az’ + br + ¢ u
npHUBeleHbl B Tabiule.

B cayyae n > 3 muorouned (IV) Hamo cHayana pasnoXuThb
Ha MHOXHTeEJN M 3aTeM JIub0 3aMEeHUTh HEPABEHCTBO PABHOCHIIb-
HOW €My COBOKYIIHOCTBIO CHCTEeM HEPaBeHCTB, 160 NPUMEHUTH
M3/I0XKEHHBIA HUXe MeTOI MHTePBAaoB.

OTMeTHM, Y4TO NpH pa3oXKeHNM Ha MHOXKHTENH, KOHEUHO,
MOXHO MO/Ib30BATbCA BCEMM TEMH XK€ METORaMH, KOTopble Obl-
7K N3710XKeHB! IPH PelleHNH YPaBHEHUM.

ITIPUMEP 1. PemunTh HepaBeHCTBO

- 322 +32-2>0. (7)

PEWEHKE. Pa3noxum MeTOIOM rpyNNUpPOBKY Ha MHOXKHUTENH
MHOTOYJIEH, HAXONAUINIACA B JIeBOH YacTH HepaBeHCTBA
3_ g2 _ .2 . o _
°=-32°4+3z-2=z(z-2)—z(e —=2)+ (2 - 2) =
=(z-2)(z*—z+1).
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Tabauya
NuckpumuBanT MuoxecTBo pemenuit n rpaduk
Hepanmencrso 2
D u xopHm KBaIpaTHOIc TpexdieHa ar” + bxr + ¢
{—oo<z<z}U
xD Z 22 U{z2<a<+o0}
1
2
2 D=0, {—oco<z<ro}U
az® +br+¢>0,] zo=z = U{zo<z<+oo}
a>0 =y = —— )
2a o z
Yy
D<o \] {—oco<r< 40}
KOpHEHR HeT
10 T
D >0,
T < x2
— Yy
2 D=0, pelleHmi HeT
ar® + br +¢<0,| xo =1z :b
a>0 =y = >
== 2a rolo z
Y -
pellieRmit HeT
D<o \}I
lo c

Torna HepasencTBo (7) MOXHO HepenucaTh B BHIE

(z—2)(z*—z+1)>0. {8)
Tax kak z° — z + 1 > 0 mna moboro z, To HepabeHCcTBO (8)
PaBHOCHJILHO HepaBeHCTBY = — 2 > 0.
Peurenus sToro HepaBeHCTBa, a 3HAYUT, MU UCXOOHOTO, €CTh
Bce T > 2.
OTBET: 2 < z < 400.
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1.5.2. MeToa uaTepBajioB. B 0CHOBE 3TOTO MeTOAA JIEXKUT
CyreflyIoliee CBONCTBO NBYYIeHa £ — (¢! TOYKA ¢ JAeJMT YUCIIOBYIO
Och Ha JIB€ 4aCTH — clOpaBa OT TOYKH ¢ ABYWIEH T — & TIOJIOXHK-
TelleH, a CJIeBa OT TOYKHM o — OTPHIaTeJeH.

IlycTe TpebyeTcs pelluTh HEPABEHCTBO

(z—ay)(z—az)...(¢—an) >0, (9)

rae ai, Qg,..., &n—1, O&np — (PUKCHPOBaHHBIE YHUCJIA, CPENN KOTO~
pPBIX HET paBHBIX, IpHYeM TaKHe, 4To a1 < <. .. < p-1 < Qp.
PaccMoTpuUM MHOTOUIIEH

P(z)=(z—a1)(z —a2)...(x — an). (10)

Ins moboro 4Mcaa &g Takoro, 4To g > Qrn, COOTBETCTBY-
olee 4HCIOBOE 3HadeHME JIOBOro COMHOXMTENd B [IPOM3Beie-
unu (10) nonoxmrenvHo, a sHauut, P(zo) > 0. O moboro
4m|csia &), B3ATOTO U3 MHTepBaila (@n-1,Qyn), COOTBETCTBYIOIEE
YnCcsIoBOe 3HadYeHHe JIO6Oro U3 MHOXNTeseH, KpOMe MHOXHTENs
(z — an), nonoxnTenbHO, nosroMy wucio P(z1) <0 u T. 1.

Ha »ToM paccyXIeHIH ¥ OCHOBaH METOJl MHTEPBAJIOB, COCTOA-
muil B cllefyiomeM: Ha YNCIOBYIO OCh HAHOCAT 4UCIA O1, A2,. ..,
Qpn; B MPOMEXYTKe clpaBa OT HambOJBbIIEro M3 HUX, T. €. M-
ca o, CTaBST 3HaK MAIOC, B CleAyIOMIEM 32 HEM CIPaBa HaJIeBO
MHTepBajle CTaBAT 3HAK MUHYC, 3aTEM — 3HaK IUIIOC, 3aTeM —
3HaK MHHYC M T. A. Torna MHOXeCTBOM BCeX pellleHHHl HepaBeH-
cTBa (9) 6yaeT obbenMHEHHE BCEX IPOMEXYTKOB, B KOTOPHIX CTO-
WT 3HaK IUIIOC, 3 MHOXECTBOM PeLi€HHl HepaBeHCTBa

(z~a1)(z—a2)...(¢—as) <0, (11)
rae o) < az < ... < oy, 6yneT o6bvennHeHUe BceX MPOMEXYTKOB,
B KOTOPBIX CTOHT 3HaK MUHYC.

ITPUMEP 2. PeminTh HepaBeHCTBO
(z + 3)(z —4)(2z +5) < 0. (12)

PELMIEHME. TlepenuiiieM HepaBeHCTBO B BHUIE

2z ~ (-3))(z - (=5/2))(z — 4) < 0.
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Puc. 1

OTMeTHM Ha KoopOuHaTHOM ocu wuciaa (—3), (—5/2) u 4 u pac-
CTABNM 3HAKM TUIIOC M MHHYC TaK, KaK yKa3aHo Ha puc. 1.

Penrenusmn mepabeHcTsa (12) 6ynyT Bce & 3 o6benuHeHHs
npoMexyTKoB (—oo; —3) n (—5/2;4).

OTBET: —oc < z < —3; =5/2< x < 4.

IIPUMEP 3. PemuTh HepaBeHCTBO

27+ 821 — 23— 8> 0. (13)
PEmEHUE. Ilepenumem vepasencTso (13) B BiIe
(' -1)(=*+8)>0

- (- D)(z+DE2+D(=+2)(z?—22+4)>0. (14)

Mockonbky z2 4+ 1 > 0 u 22 — 2z +4 > 0 gna moboro meil-
CTBUTEILHOTO Z, TO HepaBeHCTBO (14) paBHOCHIILHO HepaBeHCTBY
(z—1)(z+1)(z+2) > 0. [IpuMendst METOA MHTEPBAJIOB, HAXONUM
pellleHMs NOCNEIHETO, & 3HAYNAT M MCXONHOIO, HEPABEHCTBA: 3TO
6yAyT Bce T U3 ABYX MpoMeXyTkoB —2 < z < —1,1 <z < 40
(puc. 2).
OTBET: —2< < —-1; 1 <z < 4o00.
MeTon MHTepBAJIOB MOXHO IIPUMEHATH U IIPH PElIeHAN Hepa-
BEHCTB BHIa
Ple) > 0, (15)
Q(=)
rae P(z) u Q(x) — MHOrOYJIeHB, €CIA 3aMETUTh, YTO Ha MHOXe-
¢TBe Bcex AefiCTBUTENbHBIX YMCeN HepaBeHCTBO (15) paBHOCHIIBHO
nepapencTBy P(z)-Q(z) > 0.
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Puc. 2

[IPUMEP 4. PetttuTe HepaBeHCTBO

2.5 6)(4 —
("-5z+6)(-2) (16)
24 3zx+4+2
PEWEHNE. Hepasenctso (16) paBHOCHIBHO HEPABEHCTBY

(22 —524+6)(4—z)(z* + 3z +2) < 0.

HepermmeM 3TO HEPABEHCTBO B BHUIE

(z-2)(z-3)(z—4)(z+1)(z+2)>0. (17)
TN\ N +
/ TN T
Puc. 3

IIpuMenss MeTol MHTepBasioB (pHC. 3), MOIYYNM, YTO pelle-
HUAMM HepaBeHCTBa (17), a 3HAYUT, ¥ pellleHUAMU MCXOAHOTO He-
paBeHCTBa, ABISIOTCS BCe & U3 TpeX NPOMEXYTKOB ~2 < ¢ < —1,
2<r<3 4<z< +o0.

OTBET: —-2<z< —-1;2<2<3;4< < +00.
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1.5.3. O6006uiennniii MeTon uHTeppanos. WHorna anre-
bpanyeckue HepaBeHCTBa cTeneHelt Hojlee BHICOKNX, YeM ABa, IIy-
TeM PaBHOCHILHBIX MPeoOpa3oBaHUM NPUBOASATCA K BHIY

(17 - al)kl(z‘ - a2)k2 .. .(:L‘ - an_l)k"_l(z — an)kn > 0)

roe ky, ko,..., k, — Uesble NOJOXKHMTENbHbIE YUCTIA; a7, O7,. ..,
0, — HeHCTBUTENbHbIE YNCIIA, CPENH KOTOPBHIX HET PaBHBIX, Ta-
KHe, yTo &) < a2 < ... < p_1 < Qp.

Takne HepaBeHcTBa MOT'YT GBITH pellieHBl ¢ OMOLILIO TaK Ha-
3bIBAEMOTO 0BOBIEHHOTO MeTOla HHTEepPBaJloB.

B ocHOBe ero nexuT cienyiollee cBORCTBO ABYYNeHa (z —a)™:
TOYKA ( JeJUT YHCIOBYIO OCh Ha JIB€ YacCTH, IpUYeM:

a) eclIM N YeTHOe, TO BhlpaXeHHe (T — )" cripaBa ¥ cileBa OT
TOYKH £ = ¢ COXPaHSeT MONOKHUTEILHLIA 3HaK,

6) ecniu n HedeTHOe, TO BhlpaxeHHe (2 —a)" cIpaBa OT TOYKH
T = o MOJNIOXKATENBHO, & CJIEBa OT TOUYKH £ = ¢ OTPHULATEIbHO.

PaccMoTpuM MHOrOUNIEH

P(z)=(z - al)k‘(r - 02)k2 oz - an_l)k"“(.’r - an)k", (18)

e a; < az < ... < ap.

Ins moboro 4ucsta g TaKoOro, 4To g > G, COOTBETCTBYIO-
Ilee 3HaYeHHMe JTOGOTo COMHOXUTeNs B (18) monoxuTensHo, mo-
3TOMY 4YMCIIOBOE 3HaueHHe P(rg) Takke MONOXATENLHO.

Insg moboro x;, B3ATOro U3 HHTepBana (Qn_1, @p), COOTBET-
cTBYyIOIllee 3HaYeHMe J1I060ro coMHOXNTens B (18), KpoMe mocnen-
HETO, MOJIOKHTENLHO, & COOTBETCTBYIOLIeEe 3HAUEHUE TIOCIENHETO
COMHOXHTENS TOJIOKNTENBHO, ecin k, — YeTHOE 9HUCIO, U OT-
puLATeNLHO, ecln k, — HedeTHoe uncio. IlosTomy uncio P(z1)
TIOJIOXKUTENBHO, ecli k, — 4YeTHoe uucio, u P(x;) oTpuuaTens-
Ho, ecniu k, — HeYeTHOe YHCJIO,

AHaJIOrM4HO MOKa3BIBAETCH, YTO £CIIM M3BeCTeH 3HaK P(z) Ha
uHTepBatte (aj, @it1), TO Ha npoMexyTke (a;_1,a;) 3HaK P(z)
ompenesiseTcs 10 ciledylolleMy npaBuay. Muorownes P(z) npu
nepexoze 4epe3 TOUKY «;:

a) MeHfeT 3HaK Ha IPOTHBONONOXHBIA 3Haky P(r) Ha
(a4, ai41), eciu k; — HedeTHOe YMCIIO;

6) He MeHseT 3Haka (TOT Xe 3Hak, 4To y P(z) Ha (ay, ai41)),
ecsn k; — 4YeTHoe YHCIO.
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Ha >ToM paccyxIeHHH M OCHOBaH 0GODIIEHHBIN MeTOI UHTep-
BajOB: Ha YUCJAOBYIO OCh HaHOCAT YHUCIAa Oy, (3,...Qn; B MpO-
MeXyTKe cipaBa OT HambOJbIIero u3 KOpHe#l MHOroW/ieHa cTa-
BAT 3HaK ILTIOC, a 3aTeM, IBUTA’Ch CIIpaBa Hal/leBO, IIPU Mepexoje
Yepes ouepelHON KOPeHb (; MEHSIOT 3HaK, eciy k; — HedeTHOE
YHUCIIO, M COXPAHSAIOT 3HAK, eciid k; — 4YeTHOe YHCIIO.

[IPUMEP 5. PeluuTh HEpABEHCTRO

(z 4+ 7)(2z — 5)%(6 — z)*(3z + 10)* < 0. (19)
PEMEBYE. IlepenuiieM HepaBeHCTBO B PaBHOCHJIBLHOM BHIE
(2~ (=7))(z = (-10/3))*(z - 5/2)°(z - 6)° > 0. (20)

Ilns peuieHus 3TOro HepaBeHCTBA NPUMeHUM OGODIIEHHBIN METOL
nHTepBaioB. Ha unciosoil ocu oTMeTnM uuciaa —7, —10/3,5/2, 6
(puc. 4). Cnpasa or HanGosbulero yucia (dncia 6) cTaBUM 3HaK

/:\/4\ +

- -7 10 5 b

3 2

Puc. 4

nmoc. IIpn nepexone 4epe3 Touky ¢ = 6 MHoro4jeH
P(z) = (z — (-7)(z ~ (-10/3))*(z - 5/2)*(z - 6)° . (21)

MeHseT 3HaK, TaK KakK ABYWIeH (£ — 6) colepXKUTCH B HeYeTHOM
CTENEHH, [0ToMy B mpoMexyTke (5/2;6) cTaBUM 3HaK MHHYC.
Ilpu mepexonme 4epes Touky ¢ = 5/2 mHorownen P(z) menser
3HAK, TaK Kak ABy4ieH (z~5/2) conepxutcs B npousseneHny (21)
B He4YeTHON CTEeNeHH, NOITOMy B npomexyTke {—~10/3;5/2) cra-
BuM 3Hax mmoc. Ilpu mepexome uepes Touky z = —10/3 MHo-
rowied P(z) He MeHseT 3HaKa, Tak Kak ABy4ieH (z — (—10/3))
CONEPXHUTCS B IpodsBeneHUM (21) B 4eTHOM CTeneHH, [OITOMY B
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npoMexyTke (—7; —10/3) ctapum 3nak mioc. Hakoren, mpu me-
pexozie Yepe3s TOYKY & = —7 MHOrowieH P(z) MeHseT 3HaK, Tak
KakK nByuieH {z + 7) conepxurcs B npousseneHun (21) B nepsoit
CTeMeHN, [OITOMY B NPOMEXYTKe (—00;7) cTaBUM 3HaK MMHYC.
Pemenvem HepaBencTsa (20), a 3HAYUT, U PABHOCHILHOTO €My
UCXOHOTO HepaBeHCTBa GYNeT COBOKYNMHOCTHL MPOMEXYTKOB, FAe
CTOUT 3HAK MIIOC, T. e. ObbeNlNHEHHE MHOXeCTB —7 < ¢ < —10/3,
-10/3<z<5/2n6 <z < +00.

OTBET: -7 <z < —10/3; —-10/3 < 2 < 5/2;6 < z < +00.

3AMEYAHHUE 1. O606uleHHBI MeTOI HHTEPBAJIOB MOXHO MPH-
MEHSATH M NPH pellleHUH HEPABEHCTB

P(z)
Q(z)
rne P(z) u Q(z) — MHOTOUJIEHB], €CIH 3aMETHTE, YTO Ha MHOXE-

CTBe BCexX JENCTBUTENbHBIX YNCelI HEpaBeHCTBO (22) paBHOCHIALHO
HepaBeHCTRY

>0, (22)

P(z)Q(z) > 0.

[TPMMEP 6. PemiuTe HepaBeHCTBO

(22 + 1)(2? - 1)*(z — 3)*
(z +2)2(2z — 3)°

<0. (23)

PEWIEHUE. HepaBencTBo (23) PaBHOCHJIBHO HEpABEHCTBY
(22 4+ 1)(z? = 1) (z - 3)* (= + 2)?(2z - 3)° < 0.

Hockonbky 2 + 1 > 0 npn moboM z, To MOCIENHEe HePABEHCTBO
PABHOCHIILHO HEPABEHCTBY

(z - D%z + 1%z - 3)* =+ 2)%z - 3/2)° < 0.

IIpumennm oGobmenHblt MeTOn WHTepBadoB. Ha umciioBoit ocu
oTMeTuM Toukdn —2; —1, 1, 3/2 u 3 u paccTaBUM 3HaKH, Kak
yKa3aHo Ha pHuc. 5. Te HpoMeXyTkH, rlie CTONT 3HAK MHHYC, H
DanyT Bce pellleHHs HepaBeHCTBa (23).

OTBET: —2<z< -1, -1<eze<]; 1<z <3/2.
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Puc. 5

3AMEYAHHUE 2. O6061eHHBIA MeETON HHTEPBAJIIOB MOXHO MpU-
MeHATb M TaK:

1) HafiTu Bce pasnuyHble KOPHU aj, aa,. .., Ok; o1 < ay <
< ...< ap (k € n) muorounera P,(z);

2) BBIACHMTL 3HaK MHorounena P,(z) Ha kaXZaoM M3 HHTep-
BaloB (@i, ai41), ¢ = 1, 2,..., k — 1, (—o0,a1) u (ak,+00),
nonctasass B Py (z) BMecTo £ moGoe YHCIO H3 3TOrO HHTEPBAJIa.

IMTPUMEP 7. PemiuTh HepaBeHCTBO

(1+2)(1-32)4-2232+52)(1~2)* > 0. (24)

PEMEHNE. Muorounen P(z) = (1 — 3z)(4 — z2)(2 + 5z) x
x(1+4 z)(1 — z)? obpamaetcs B Hylb B TouKax ¢ = 1/3, z = 2,
z = -2, 2= —5/2, 2z = -1, z = 1. OTH TOYKH Pa3leJIOT
4HCIIOBYIO OCH Ha ceMb MpoMexyTKoB (puc. 6). Tak xak npu z = 3

.

/Jf‘\ /‘:\ I
/_E R NE
: 1
3

Puc. 6

umeem 1 — 3z < 0, (4 —2%)° < 0,245z >0, 1+z > 0,
(1 —z)? > 0, o P(3) > 0, no3ToMy cnpapa OT TOYKH T = 2,
T. €. B IPOMeXyTKe 2 < & < 400, CTABUM 3HaK INTIOC. 3aTeM
paccMOTpHMM, HanpuMep, £ = 3/2 us npomexyTka 1 < z < 2. Tak
kak npu z = 3/2 umeem 1 — 3z < 0, (4 — 2%)® > 0, 2+ 5z > 0,
14z >0,(1—2)? > 0, To P(3/2) < 0, no3TOMY CIpaBa OT TOYKH
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r = 2 B npoMexyTke 1 < & < 2 ctaBuMm 3Hak MuHyc. [locTynas
aHaJIOT UYHO, PACCTaBUM 3HAKM IJIIOC UM MUHYC, KaK YKa3aHoO Ha
puc. 6.

Peutennem HepaBencTBa (24) OymeT obObeNMHEHME BCEX TeX
MPOMEXYTKOB, B KOTOpPBIX MOCTaBlleH 3HaK ILIOC, T. e. 3TO Oy-
neT obbelNHeHMe MPOMEXYTKoB 2 < z < 400, —1 < z < 1/3,
—-5/2<z< -2

OTBET: 2< z < 4o0; -1 << 1/3;-5/2< < -2.

3amaum

Pemute ypaBHeHHE

1. 23 -222 -9 =0.
2. 623 - 2?2 - 20z +12=0.
3. 23— 622 +52+12=0.
4. (z -1+ (2 4+ 3)* = 2725 + 8.
5.1'3—<\/§+1)x2+2:0.
6. 923 - 132 -6=0.
27 1
7.08 - =4z
I 8 21‘
8. 4v/2z% — 2222 + 17V2z — 6 = 0.
1
9.x3—31t:64-+—.

10. z(z + 1)+ (z + )( +2)+(r+2)( H+(+3)(z+4)+
+(z+4)(:r+5) 12423+ 34445

11 25+1 £24+1=0
i 5 =0.

12. 24+ 228 -z = 2.

13. 2 + 323 + 42 + 62+ 4 = 0.
14. 10z* + 323 + 522 + 50+ 8 = 0.
15. 4zt + 42 + 32> -z -1 =0.
16. z* — 2% - 222+ 32 -3 =0.
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17.
18.
19.
20.
21.
22.
23.
24.
25.
26.

27.
28.
29.
30.
31.

32.
33.
34.
35.

36.

37.
38.
39.
40.
41.
42,
43.
44.

et 623+ 722 + 62— 8 =0.

2t —223 — 22— 224 1=0.

2?4+ 2% — 152% — 10z + 50 = 0.

et =222 -5z 4+2=0.

22 -3z~ 23 +52242-1=0.
rs—2x4—613+12x2+x—2:0.
f(1l-z)-23(1-2)+z-2?=0.
28 ~62% + 822 = 3.
(z+1)* = 2(1 + z).

6(1+ %)% = 25(1 — z?).
x4—2\/§x2—x+2—\/§:0.
(222 — 3z + 1)(22°% + 5z + 1) = 9z2.
(z+3)*+ (z +5)* = 186.
t+4r-1=0.

-4 —1=0.

Pemnts HepaBeHcTBO

3 — 622 + 122 — 10> 0.

(2® +z+1)(z2+z+2) < 12.
23—z > 336.

223 +24+v2> 0.
xs—(\/g—l)zz—3<0.

et — 222 —82-3>0.

et —z22 422 -1>0.

et —4c+3>0.
z*+1-32> 43z >0.
(5-—z)+(2-z)*>17.

(z — 1)(2 — 3)(z — 4)(x — 6) > 17.
(6z +5)(3z + 2)(= + 1) < 29.
(22— 2)? +3(z2~z)+2>0.
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45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.

56.

57.

58.

59.

60.

22—+ zt—2+1>0.

et — 2% - 102 + 22+ 4 < 0.
(z 4+ 1)* > 2(1 + 2%).
3z2(z — 4)? <32 - 5(z - 2)%.

(z+2)(2-2)*<0.

(z—1(z+2)(z-3)<0.
(22 - 3)(z+4)(2-=z) > 0.
(z+3)(3z-2)%(z—-4)<0
(z - 1)*(z +2)%z > 0.

(3 —D)(z* —1)(=z° - 1) <0.
(22 =324 2)(z* — z) < 0.

2?2 -1)(4 - z?
ey
(2z - 3)*(3z + 1)3(2? + 2)?

(22 +z + 1)(z? — 25)
(z 4+ 3)*(z+2)2

0.

> 0.

0.
@+57
(2% = 1)(=° + 1)*
e > 0.

24z -4t 42241

> 0.
-S4 -z+1




['nasa II

YpaBHeHNsA U HepaBeHCTBA,
colepXKallime paguKalikl, CTENeHM,
JjorapudmMsl 1 MORYyJIN

§ 2.1. YpaBHeHUs U HepaBeHCTBa, colepiKaline
HEN3BECTHYIO II0Jl 3HAKOM KOPH:

2.1.1. Bo3spenenue B crenedb. OCHOBHBIM MeTONIOM pelile-
HUS YpaBHeHUH ¥ HEPABEHCTB, COePXAIlNX PAaANKalbl, ABIAETCS
BO3BeAIeHHE, BO3MOXHO JJaXe HeOXHOKpaTHOe, 0benx YacTell ypas-
HeHNS NIIM HEPABEHCTBA B COOTBETCTBYIOLYIO CTENCHb.

IIpu BoaBemenuu obemx vacTeldl ypaBHEHMA WM HepaBeHCTBA
B CTeNeHb HAJIO CIAEAUTh 33 PABHOCHIILHOCTHIO Npeobpa3oBaHnb.

Jl1s ypaBHEHHE MOXHO He ClleJINTH 33 paBHOCHIIBHOCTHIO, TO-
ra B KOHIe pellleHns HANO AeflaTh [IPOBEPKY HafileHHBIX KOpHeW.

ITPUMEP 1. PemtuTe HepaBeHCTBO

V8 +T—Ve+2<Ve+3. (1)

PeEwWEHUE. OJI3! HepaBeHCTBAa COCTOMT M3 BCeX ¥, yHOBIIe-
TBOPSIOIIMUX OJHOBPEMEHHO YCIIOBHAM

8c+7>20, 24220, 24320,

T. e. QI3 ecTh Bce T U3 poMexyTKa [—7/8;+00). [lepemnmem
nepaBeHcTBo (1) B BUIe

V82 + 7 <V +2+Vz+3. (2)

Ha OII3 ofe 9acTH HepaBeHCTBa (2) HEOTPULATENLHE!, IOITOMY,
BO3BOAS 06e YacTH 3TOro HepaBeHCTBAa B KBAJpaT, NOJNYyYHMM Ha
O/13 ucxomHOro HepaBeHCTBA PABHOCHIIBHOE €My HepaBeHCTBO

6r+2< 2v/(z+2)(z+3). (3)

Mon 3maxom O3 (061acTh momycTMMBIX 3HauYeHmii) ypaBHenus f(r) = 0
(mepaBencTsa f(z) > 0) 6ymeM MOHAMATE MHOXKECTBO BCEX 3HAUEHMH Tg, A4
KAXIOro M3 KOTOPHIX BHpaxeHue f(zo) uMeeT cMmbIc.
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Ha OIl3 uepaBeHcTBa BhipaxeHue 6z + 2 IpUHMMaeT KakK INoJo-
XHTelbHble, TAK W OTPALATENLHLIE 3HAUCHUS, TO3TOMY pa3obbeM
OII3 na nBa npomexyTka [—7/8; —1/3] u (—1/3; +o0). L mobo-
o T, NPHHALJIEKAIIEr0 TPOMeXYTKY (—7/8;~1/3], nesas uacTs
HepaBeHCTBa (3) HENONOXKUTENbHAs, & IpaBasd — MOJIOKUTEILHAS.
3To0 03HAYEET, YTO [ KaXKIOr0 U3 TAKUX T HEPaBeHCTEO (3) BLI-
NOJNHSETCA.

Ecnu x npunamiexuT npoMexyTky (—1/3;400), To obe 4a-
CTH HepaBeHCTBa (3) MOTOKUTENLELL U OHO Ha >TOM oBIacTy pas-
HOCHIILHO HEePAaBEHCTBY

(3z+1)? < (z+2)(z +3),

T. €. HEPaBEHCTBY
8z + 2 —5<0. (4)

PeitennsiMu HepaBeHCTBa (4) SBAKIOTCA BCe T M3 HPOMEXYTKa
-1 —-+161 <z < -1+ 161
——— e x —_—

16
Y CJIOBHIO —1/3 < xr < 400 yHOOBIETBOPSAIOT TOJBKO T U3 IIpOMe-
KYTKa

. IIns & u3 3Toro mpoMexyTka

L, =1+ Vi6l
—s < < ———.
3 16

O6'belII’[Hﬂﬂ NMOoNy4JYeHHEBIe pellleHHd B KaXKIoM M3 OABYyX clly4a-
€B, [I0JYYaeM, 4TO pellIeHUAMU UCXOOHOI'O HEpABEeHCTBA ABJIAIOTCA

< -1++/161

7
BCe T U3 IPOMEeXYTKa —— L &
ce T U3 NPOMexy g S 6

-1+ V161

16
[IpuMEP 2. PeminTh ypaBHeHHe

Ve+2+vz4+1=17. (5)

PemEHUE. O3 ypasHenns (5) ects Bce > —1. Ha OII3 obe
4acTH ypaBHeHHS (5) MONOXATELHEL, [IOYTOMY TI0C/e BO3BENEHHUS
B KBaJpaT [OIY4YUM ypaBHeHUE

c+2+2/(z+2)(z+1)+z+1=49, (6)

7
OTBET: -3 <z <
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paBHOCWIBHOe 1A z > —1 ypaBrenuio (5). Ilepenniiem ypabge-
Hue (6) B BHOe

(z+2)xz+1)=23—=z. (M)

Ilns moboro > 23 neBas YacTh ypaBHeHHs (7) MOMOXHUTellb-
Ha, a npaBas oTpullaTessHa. CrenoBaTesbHO, cpein & > 23 HeT
peleHnid ypasHeHus (7).

Inst —1 € ¢ € 23 obe yacTu ypaBHeHus (7) HeOTpHLATENbHEI,
NO3TOMY [i0CiIe BO3BelleHUs B KBa/JpaT NOJYYUM ypaBHeHHUE

(z+2)(z+1) = (23 -2)", (8)

paBHOCHIBHOE s 3TUX T ypaBHeHuio (7). YpaBHenue (8) umeer

eTNHCTBEHHBIA KOpeHb Xy = ——. Tak Kak 3TO 4uciIo Xg yaoo-

BileTBOpsAeT yciaoBuiw —1 < r < 23, To zo ABAAETCS KOPHEM
ypaBHeHus (5), paBHOCMJILHOTO ypaBHeHUIO (8) IS 3THX .
OTBET: z = 527/49.
[TPUMEP 3. Pemiuth ypaBHeHne

VBr+1+V3z—-5=VTz+4+2x -2 9)

PeimiEHUE. lepenniiem ypaBHeHue (9) B Buze

V8z+1—vV2r —2=Te+4— /32 -5. (10)

Bossons obe wacTu ypaBHenus (10) B KBagpaT, MOJIyUMM
ypaBHeHHe

8z+1+2r—-2-2vV82+1V2x -2 =
=Te+44+3x—-5—-2V7z +4vV3z -5,

ABJIAIOHIeeCd cCJeACTBHEM HMCXOOHOI'0 ypaBHCHUA (9) Hocnenﬂee
YPaBHeHME MOXHO NepenrcaTs B BUAE

V8r + 12z — 2 = VTz + 43z — 5.

CrnefcTBREM 3TOTO YPaBHEeHUs SABJACTCA YpaBHEHUE

(8z + 1)(2z — 2) = (Tz + 4)(3z — 5). (11)
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Perenus ypapuenus (11) ecte z; = 3 n 23 = —6/5. Tak Kak
ypaBHetne (11) — ciencrTBue ypasHenus (9), To Hafio NPOBEPUTE,
SABISAIOTCS JIM T) U Iy ero KOpHAMU. [loacTarads >TH 3HaYeHUd
B WCXONHOE ypaBHEHME, MONyYaeM, YTO £ = J ABIAETCA €ro pe-
weHueM, a £ = —6/5 He ABiIsAeTCA.

OTBET: £ = 3.

3AMEYAHUE. Ecnn ypasuenne (5) pemwraTh NepexonoM K ciel-
CTBHIO, TO POBEPKa HalIeHHOTO KOPHA 6bll1a 6Bl 32 TPYAHUTEIb-
na. Ecau ypaBHenne (9) pemaTs ¢ NOMOIIBIO paBHOCUIIBHBIX TIpe-
0Opa3oBaHUM, TO €r0 pellleHUe ByneT HAMHOIO CJIOXKHee, YeM MpU-
Be[leHHOE BBhIIIIE.

HosTomy npu pelueHUN ypaBHEHUI ¢ pafuKajaMi Halo YMeTh
HOJB30BATHCH MTIOOBIM U3 3TUX CHOCOGOB.

2.1.2. ¥Ypasueuns suaa +/f(z) £ /g(z) = . YpaBHe-

VI(z) £/g(z) = h(z) (12)

MOXHO PEIaTh MPY MOMOIIN OIMMCABHOro B NyHKTe 2.1.1 ocHOBHO-
ro MeTola, Ho MHOTLa NX MOXHO pellUTh ClleAYoIKUM obpa3oM.
PaccmoTprM peiedue ypaBHeHus Tuna (12) Ha MHOXecTBe
M — Tex 3nadenuit ¢, 1% KoTopbix h(z) £ 0.
Ilycre 29 — KOpeHb ypaBHEHHS

Vi) +Vg(z) = h(z) (13)

u h(zo) # 0. Torna copaBenyIMBO YHCIOBOE PABEHCTBO

VT@o) +/a(ze) = hizo). (14

HaiineM pasHocTb wMcedn

f(zo) — 9(z0) = a(20) (15)

H 3anuiueM paBeHcTso (15) B Buze

(VFGo) - Vizo)) (VFo) + Va(ea)) = a(zo).  (16)

Wcnonbays paBeHcTBo (14), 3anuiueM paBeHcTBO (16) B BUIe

V(o) = vVl xo) (17)
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PapencTro (17) o3HavaeT, 4TO YNUCIO Tg €CTh KOPeHb ypaBHEeHUS

7 - o) = L@ s f(z) = 9(z) (18)

Taknm obpasom, ypasHerue (18) sBiaseTcs c/eNcTBHeM ypaBHe-
uus (13) Ha MHOXecTBe M.

CknanpiBas ypasterus (13) u (18) u yMHoXas moiydeHHoe
ypaBHerHe Ha h(z), NONy4YUM ypaBHeHHUE

2V f(z)h(x) = f(z) ~ g(z) + h*(2), (19)

Takxe SBIAOLIeeCs CIeACTBUEM ypaBHenus (13) Ha MHOXe-
ctBe M. Bossens ypasuenme (19) B KBaApaT U peiiuB MoJlydeH-
HOe ypaBHeHUe, Halo CAeMNaTh NPOBEPKY HailleHHBIX KODHel, T. e.
NpOBEPUTD, ABIAIOTCS /1M €r0 KOPHN KOPHAMMN MCXOIHOTO ypaBHe-
aus (13).

3AMEYAHUE. Ecau z; — kopens ypasuenus (13) n h(z;) = 0,
TO T; TakXe ecTh KopeHb ypaBHenus (19). CnenoBatentvHo, ypas-
nenne (19) ecth cnencrsue ypaprenns (13).

OTMeTHM, 4YTO TOYHO TaK Xe MOKa3blBaeTCs, YTO ypaBHe-
Hue (19) ecTb clleACTBHE ypaBHEHNS

V(=) —Vg(z) = h(z)

ITPUMEP 4. Peminth ypaBHeHHe

V322 — 5z + 7+ /322 — Tz + 2 = 3. (20)

PEmWEHUE. IockonbKy pa3sHOCTL MNOAKOPEHHBIX BhIPaXEeHHH
yp p p
322 -5z 4+ 73z —Tr+2ect 224+ 51

2

2
( 3x2—5z—+—7> -—(\/31‘2—7z+2) =
:<\/31:2—5z+7—\/3172—7r+2)x
><<\/3x2—5x+7+\/3x2—7x+2),

TO ypaBHeHUE

2 +5
V32— be 47— \322 Tz t2= 2%

(21)
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ABJigeTCS Cliefilc TBMEeM NCXONHOTO ypaBHeHus. Torna, ckiaanisas
ypasHenust (20) u (21), nony4uM ypaBHeHHe

2z + 14

2V3z2 -5z 4+ 7= T

(22)

Takxe ABJfAOLIEecs ClelcTBUeM ypaBHeHns (20). Bospons obe va-
¢TH ypaBHeHus (22) B KBaJApaT, MOJyYNM ypaBHeHHe

22 4+ 14z + 49

322 -5 7= ,
T T+ 9

(23)

ABNAOIIeecs C/EACTBHEM MCXONHOTO ypaBHeHMA. PellleHus ypas-

HeHus (23) ectb 2y = 2 u 22 = 7/26. lIpoBepkoil y6exmnaemct,

4T0 06a ITU YUC/IA ABNAOTCS KOPHAMHA HCXOAHOTO ypaBHEHHUS.
OTBET: 21 = 2, 2, = 7/26.

2.1.3. YpasHenus suna v/ f(z)+ v/g(z) = ¢(z). Ypasse-

HUe
Vi) + Ve(z) = o(x) (24)

MOXHO pelllaTh CJENYIOIHUM METOLOM.
Mycts 29 — Kopenb ypaBHenus (24). Toraa cnpasensiueo uu-
CII0BOE PABEHCTBO

flzo) + & p(zo). (25)
[locne Bo3BeneHus paBeHcTBa (25) B Ky6 MOMYyYHM PAaBEHCTBO
F(z0) +3/F(20) ¥/(z0) (/F(z0) + /9(z0)) +9(x0) = ¥°(0),
oTkyna B cuity (25) umeeM paBeHCTBO

3%/ f(z0) ¥/ 9(z0)p(z0) = ¢*(x0) ~ f(z0) — 9(x0)- (26)

PapencTBo (26) 03HauaeT, 4TO £ €CTh KOpeHb yDaBHEHHUS

3V f(x) V9(2)e(z) = ¢°(z) - f(z) - 9(2). (27)

Taknm obpasom, ypastieHue (27) ecTh ClleACTBHe ypasHerus (24).
BosBensi ypasnenue (27) B Ky6 ¥ pelllMB IOy YeHHOE ypaBHEHUE,
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Hallo NPOBEPUTH, ABIAIOTCA JIH Hal[eHHbIE KOPHM KOPHAMH HKC-
XOIHOT'O ypaBHEHHUS.
ITPUMEP 5. PemiuTh ypaBHeHMe

V2z-14+Vz-1=1 (28)

PEMIEHNE. Bo3pens obe 4yacTu ypaBHeHHMs B Ky6, NMONyduM
ypaBHeHHe

32 -2+ /(2c—1)(z - 1) (V2Zz -1+ Vz 1) =1,

paBHOCHIIbHOe mMcxonHoMy. IlomcTaBnds BMecTo BblpaXeHHd
V2x — 14 vz — 1 ennruny, Hnojiy4yaeM ypaBHEHHeE

3t —2+4+3y(2z-1)(z-1)=1, (29)

ABJAOIeecs CIeNCTBUEM UCXONHOIO ypaBHEHHS.
YpaBHenne (29) nepenuiem Tak:

vV2z -1z -1)=1-1z. (30)

Bossons obe wacTu ypaBHenus (30) B ky6, nonydyaeM ypaBHeHHe

2z - 1)z —1) = (1 -2z)3, (31)

paBHocuibHOe ypasHeHnio (30). Pemenns ypasuenns (31) ects
2y = 0 u z3 = 1. IIpoBepka nokaswiBaeT, 4To z; = 0 He ABATETCH
KODHEM HMCXOINHOTO ypaBHEeHHs, a T3 = 1 ABJIS€TCA ero KOpHeM.
OTBET: z = 1.
YacTHbIM cityyaeM ypaBHeHus (24) ABiseTcs ypaBHeHMe BUAA

Vi) + Vg(z) = Vh(z) + Vr(2). (32)

Ypasrenne (32) nmocine Bo3BeneHus obeMX ero yacTedl B TPETHIO

cCTeneHb ¥ 3aMeHbl BhIpaxeHus v/ f(z 1+ g(z) na /h(z)+/r(z)

NPpUBOANTCA K YPABHEHHIO

£(2) + (z) - h(z) - r(x) =
(h(zr - VT@e@) (Vi@ + @), &Y
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KOTOpOe €CTh CIe[CTBHE UCXOAHOTO ypaBHeHMs. B HekoTopbIX
cllydasx ypaBHeHHe (33) MOXHO pElIMTb M TeM caMbIM HafTH
4MCIia, CPEnN KOTOPBIX CONePXaTcs KOPHU MCXOMHOTO yPaBHEHHUS.
NoncTasnss ux B ucxXofHoe ypaBHerue (32) n orbupast cpeny HUX
Te, KOTOpBIE SBJIAIOTCS €ro KOPHAMM, [OMyYMM pellleHne ypaBHe-
uus (32).

[IPUMEP 6. Pemuth ypaBHeHue

Yy SR oy R T

PEMEHME . Bo3Bonsa o6e yacTn ypasrenus (34) B TpeThIO CTe-
NeHb, UMeeM ypaBHeHHe

r+:c3—1'+1+3\3/:;\3/:c3——x+1(\3/;+ \3/33——r+1) =
:.r+1+:c3—:c+3\3/1:+1\3/x3—:c(\3/a:+1+ \3/1'3-—1‘) ,
(35)
PaBHOCUIILHOE MCXONHOMY. 3aMeHsis BhipajXKeHue \”/;—i-\’/ z8—z+1

BuIpaXeHHeM Yz + 1+ /23 — z, nosy4um ypaBHenne, Apislonte-
ecs cieNcTBHEM MCXOTHOTO

(\3/;\3/;'3~—x+1 - {’/z+1\3/z3—x) (\’/:H-l + \3/1'3—-.@) =0
(36)
Vpasuense (36) paBHOCMIILHO COBOKYNHOCTH ABYX ypaBHEeHMI
Vo3 —z 41— Y+ 1y/z8 -z =0
u (37)

\3/2:+1+\3/173——x:0.

Pewlenus nepsoro ypaBHeHEs coBokynHocTd (37) ecTh z = 0,

¢ = V2 n z = —V/2. Pemenne BTOporo ypaBHEHHs COBOKYIHO-
cri (37) ecTs 2 = —1.

IIpoBepka moka3eiBaeT, 4t0o ¢ = 0, ¢ = —V2, z = V2 n
T = —1 ABAAIOTCA KOPHAMH MCXONHOTO yPaBHEHHA.

OTBET: z=-V2,2=~1 2=0,z =2

3AMEYAHME. YpaBHeHUE BUMIA

V1z) - Vf)g(z) + V¥ (2) = o(x) (38)

MOXHO pellaThb CefYIOIIUM ob6pa3oM.
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YMHoXas obe yacTn ypasHenus Ha v f(z)+ v/ g(z), nepeitnem
K YPABHEHHUIO

$(@) + g(2) = (V@) + o)) ol2), (39)

ABJIAIOWEMYcs  cilencTBUeM ypapHenus (38). IHamee ypabhe-
Hue (39) MOXHO pelaTh TaK, KaK 3TO NpeNIaraioch B 3TOM MyHK-
Te. Tonbko Hamo MOMHUTE, 4TO ypaBHenne (39) ecThb ciencTsue
ypasHenus (38).

2.1.4. YMHOXeEHHE ypaBHEHUS MJITM HEpPAaBEHCTBA Ha
byuxknuio. B HeKOTODHIX clydasx N0JE3HO YMHOXeHHe 06Genx
qacTell ypaBHEeHUS WM HePaBeHCTBA, COLEPKAIIUX PALUKalbl, Ha
HekoTopyio dyukunio f(z), umeouryio cMmuica Ha ux O3,

[Ipu peurerun ypaBHeHUd >THM cnocoboM Hano nubo crenuTh
3a paBHOCHIBHOCTHIO Mpeobpasoannit Ha O3 ucxogHOrO ypas-
HeHus, 06O B KOHile PeHIeHUs HANO NeNaTh MPOBEPKY, TaK Kak
MOI'yT HOSBHTbLCS HOCTOPOHHME KOPHH.

[Ipu peleHUN HepaBeHCTBA HALO CIEAUTH 33 PABHOCHIIBLHO-
cThiO npeobpasosanufl HepaBeHcTBa Ha ero O3, w mosromy
MOXHO YMHOXAaTb 0De 4acTH HepaBeHCTBA Ha QYHKIINIO, IPUHH-
Maiontyo Ha OJII3 HepaBeHCTBA TONLKO 3HAUeHUs ONHOTO 3HAKa
mu6o pasbuBaTh QI3 Ha DPOMEXYTKH, Ha KOTOPBIX GyHKIAs 3HA~
KONOCTOSIHHA, ¥ [e/IaTh PABHOCH/IbHBIE 1Ipeobpa3oBaHus HA STUX
HPOMEXYTKax.

ITPUMEP 7. PemnTh ypaBHeHHe

e=(V1it+z+1)(Vitz+224+2-7). (40)

PEIIEHUE. YMHOXMB obe 4acTH ypaBHeHHMS Ha (QYHKIHIO
V14— 1, nonyynm ypaBHeHUE

s(M1+e-1)=z{(Vi+z+zi4+2-7), (41)

aBnglomeecs ciencTBreM ypasHeHus (40). Ilepenuiem ypaBHe-
Hue (41) B BUIe

z(-V1i+z+1+Vi+z+2’+z-7)=0. (42)
CuencrBueM ypaBHEHUS (42) SIBIIAETCs ypaBHEHHe

z(z? 4z ~6)=0. (43)
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PemennsiMu ypaBHerus (43) spasiores £ = 0, 2o = 2u 23 = —3.
[IpoBepka NOKa3bIBaeT, YTO Tp = 2 SBJISETCH KOPHEM MCXONHOTO
ypaBHenus, a ¢ = 0 1 £ = —3 He ABJIFIOTCSA €O KOPHAMHU.

OTBET: ¢ = 2.
IIPUMEP 8. PemiuThb ypasHeHue

VE+2)(2z-1)-3Vz+6=

:4-\[x+6)(2z—1)+3\/x+2. (44)

PemEHuE. O13 ypaBHeHMS COCTOUT U3 BCEX &, YOOBJIETBO-
PAIONIAX ONHOBpeMeHHO ycioBuaM = + 2 2 0, = + 6 > 0,
(+6)2x-1)20,(z+2)(2z2-1) > 0, 7. e O3 ecTp Bee
x> 1/2. Ha OII3 ypasrenue (44) MOXHO mepenucarsb B Bule

Vit o2z —1-3Vz+6=4—Ve+6/22—1+3Vz +2

WK B BLIOE

(Vz+2+Vr+6)(V2r—1-3) =4 (45)

[ocne ymHoXeHHsI o6eUX dacTed ypaBHEHHUS (45) Ha GyHKINIO
Vz + 6 -V + 2, npurrmaiomyio Ha O3 ypasHenns (44) Tonb-

KO TMOJIOXKUTeAbHblEe 3HAYEHN S, NOJIYYUM ypaBHEHHE

V2r—-1-3=vVe+6—-vz+2 (46)

paBHOCUIbHOEe HcxonHoMy Ha ero OII3. Ilockosbky BeIpaxenue
2z — 1 — 3 obpamaeTcs B Hylb IpH £ = 5, TO pa30bbeM MHO-
XecTBO ¢ > 1/2 Ha mBa MHoxecTBa: 1/2 < z { bmz > 5.
Ilng moboro z € [1/2;5) neBad 9acThb ypaBHeHHd (46) HEMONOKH-
TesIbHA, a NpaBasd HOJNOXUTE/bHA. JHAYMT, HU OHO U3 3THX ¥ He
MOXeT GbITh pellleHHeM ypaBHeHHs (46), a 3HAUMT, M MCXOLHOTO
yDaBHeHUs.

15 noboro z € (5;400) obe yacTn ypapHeHus (46) nomoxmu-
TeJIbHBI, ¥ OHO Ha 5TOM MHOXecTBe PaBHOCWIILHO YpPaBHEHHIO

22 —149-6V2z—-1=z+6+2+2-2Vz+6Vz+2,

T. €. YpaBHEHUIO

3V2e —1=Vz +6Vr +2. (47)
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Ypapuenue (47) Ha MHOXeCTBe £ > 5 PABHOCHIILHO yDPaBHEHHIO
9(2z — 1) = 2% + 8z + 12,

T. €. YPABHEHMIO
z? - 10z +21=0. (48)

Pemenus ypasuenuns (48) ecTb 7 = 7 u £z = 3. W3 5Tux 31a-
YeHUH & YCIOBHMIO & > 5 YNOBIETBOPAET TOJIBKO & = 7, OHO U
ABJIsIeTCs PEIlEHNeM MCXOLHOTO ypaBHeHN .

OTBET: ¢ = T.

[IPUMEP 9. PemuThL HepaBeHCTBO

Vd~z2—-z—lz|-1>0. (49)

PEWEHKE. OJ3 HepaBencTBa (49) COCTOMT U3 BCeX T, N4
koTopeix —2 € = < 2. Hockonpky na ON3 V4—22 +z +
+ |z] + 1 > 0, To, ymHOXHB HepaBeHcTBO (49) Ha (yHKIHIO
V4—z?2+c+ |z|+ 1> 0, noayynM HepaBeHCTBO

(4—2z?) = (z+|z|+1)* >0, (50)

paBHOCHIILHOE NCXONHOMY Ha MHOXecTBe —2 £ r £ 2.
Mpu 0 < z < 2 umeeM |z| = z u HepaBeHcTBO (50) nepenu-
meTcs B BUIE
4—2?—427 —42-1>0. (51)

Pemenns  HepaBeHcTBa  (5l)  COCTaBifIOT — IPOMEXYTOK

-2 -+/19 -2+ V19
— < T < —-5—

3 . MlosToMy 118 9TUX T pelleHHd

—2+/19
S

Ipu —2 € = < 0 HepasencTBo (50) mepenuineTcs B Bule

nepasencTBa (50) cocTaBnsioT npoMexyTok 0 < & <

4—z?-1>0. (52)

Pemrenns  HepaBeHcTBa  (52)  COCTaBIAAIOT  IIPOMEXYTOK
—V3 < & < /3. llosToMy ma1st 5TUX T pelteHus HepaBeHcTBa (50)
COCTaBAAIOT MPOMEXYToK —V3 < z < 0. CrtemoBaTenbHo, MHO-
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XKeCTBOM pellleHdl HepaBeHcTBa {49) aBisdeTca obbeNNHEHNE NIPO-
MEeXYTKOB

—\/§<x<0,

-2+ V19
0<:L’<——-—5———

T. €. UHTepBaJ

19 —

OTBET: —V3 < z <

V19 -2
=

§ 2.2. YpaBHeHUs U HepaBeHCTBa, cojepxXKalllue
HEN3BECTHYIO B OCHOBAHUHM JIOTapu(MOB

B sTom maparpade paccMaTpuBalOTCs YpABHEHUS W HEpaBeH-
cTBa BUIA

lo&p(x) f(z) = logw(x)g(x), (1)

l0g,(z) flz) > 108y (z) g(z). (2)

[Ipn penienny TakuX ypaBHeHHN M HEPABEHCTB HANO YUYUTHI-
BaTh, yro ux OJ13 onpenengeTcsa U3 ycaopuit:

1) na O3 Bce ¢pynkunu f(z), g(z), ¢(z) n Y(z) umeor
CMBICIT; .

2) Ha O3 ocHoBanus norapudMos, T. e. pyHKUHH @(T) B
¥(z), DOMXKHEI yHOBNETBOPATH ycioBusM p(z) > 0, ¥(z) > 0,
p(z) # 1, ¥(z) # 1

3) va OJI3 dyukumu, HaxoAsdIIMecs O 3HAKOM JorapddMa,
JNOTXHBI GbITH MOMOXHUTENbHE, T. e. Ha O3 momKHBI BHIIO-
HATBbCA HepaBeHcTBa f(z) > 0, g(z) > 0.

2.2.1. Ilepexom kx 4UucI0OBOMY oOcHOoBaHMIO. OnHuUM H3
OCHOBHBIX CHOCODOB pellleHHs ypaBHeHM U HepaBeHCTs BuAa (1)
u (2) ABAsAeTCA cNeNyIOLINi.

1. Hairtu O3 ypaBHeHUs WM HEPABEHCTBA.
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2. llepefiTn B sorapudMax K HEKOTOPOMY OCHOBAHMIO @, THe
@ — dUKCMpOBaHHOe Yucio, a > 0 v a # 1, T. e. 3aMeHUTH ypaB-
nenue (1) paBHocu/bHBIM eMy Ha OII3 ypaBuenuem

log, f(z) _ log, g(z)
logg ¢(z)  log, ¥(z)’

a HepaBeHCTBO {2) — paBHocUABLHBIM eMy Ha OJI3 HepaBeHCTBOM

3)

log, f(z) _ log, ¢(z)
log, ¢()  log, v(z)’ *)

3. PemuTh nojydeHHoe CTAaHAAPTHOe NO BHELIHEMY BHIY
ypasuenue (3) (nan mepaBenctro (4)) na OI3 ncxoasoro ypas-
HeHus (MaM HepaBeHcTBa). Ero peteHns u GyayT pellleHUsAMH Hc-
XONHOTO ypaBHeHHs (MM HEPABEeHCTBA).

3ametuM, yto QI3 ypasuenuin (1) u (3) u HepaBeHcTB (2)
1 (4) coBNaLaOT, MOYTOMY MOXHO Cpasy MepeXOfuThb OT ypaBHe-
uus (1) k ypasuenuo (3) n oT HepaBeHcTBa (2) kK HepaBeHCTBY (4)
u pemwaTh ux Ha csoent OI13.

[TpuMEP 1. Peuntt ypaBHeHue

log, (22 + 1) = logy,sy,2(42° + 42° + 7). (5)

PEWEHUE. OII3 ypaBuenus {5) COCTOMT m3 BCex ¥, OHOBpe-
MeHHO yIOBJeTBOpsAOWMX yciaoBusiM = > 0, ¢ # 1, 2z +1 > 0,
222422 >0, 202+ 22 £ 1,423+ 42’ + 2 > 0, 7. e. O3 cocTout
u3 AByx npomexyTkoB 0 <z < 1u 1< z < +oo. Ilepexons B (5)
K JIorapnugmam 1o OCHOBaHUIO, HAlpUMep, 2, MoJy4UM ypaBHeHUe

logy(2z + 1) _ logy(4z® + 42 + z)
log,z  logy(223 + z2)

, (6)

paBHOCHABHOe ypasHenuio (5) Ha OJI3. Hockonbky nas sTHX &
umeeM log, (42> + 422 + ) = logyz + 2logy(2z + 1) m
log,(2z® + 2%) = 2log, z +1og, (22 + 1), To ypaBHenue (6) MoxHO
3aMuCaTh B BALE

logy(2x + 1)  log, z + 2logy(22 + 1)
log,z  2log, z 4 log,(2z + 1)
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nid, Tak kKak Ha QI3 log, r # 0, B Buze

2log, (22 + 1)

log, (22 + 1) log, «
= . (7)
log, = log,(2z + 1)
24—
log, z
log,(2 1
O6o3naunm gzl( z+1) yepes f, Toraa ypaBueHHe (7) MOXHO
ng x
142t
HepenucaTh B BuAe § = T Pelnenus mociensero ypaBHeHUs
ecTb 11 = 1 u ty = —1. CnenosaTensro, ypasHeHue (7) paBHo-

cunbHO Ha OJ13 McxXonHOro ypaBHeHMsS COBOKYIHOCTH ypaBHEeHHH

log,(22 +1) - log,(2x +1) 4

log, = _ log, z
Mlepsoe u3 ypaBHEeHUH 3TOM COBOKYIHOCTH He HMeeT DelleHHi, a
pellleHre BTOPOTO ypaBHeHHs ecTb £ = 1/2. DTo uncno npuHaa-
nexuT OJII3 ucxonnoro ypasHeHHs M, cileOBaTelIbHO, ABJISeTCS
eIMHCTBEHHBIM €ro pelieHUeM.

OTBET: z = 1/2.
[TPUMEP 2. PemunTh HepaBeHCTBO

log (2 4 z) > log,.(z? + 2z). (8)

PEWEHWE. O3 nepaseHcTBa (8) cOCTOMT u3 Bcex T, ONHO-
BpEMEHHO ynoaneTBopmoumx ycinoBusm 2 + ¢ > 0, 242z >0,
>0,z #£1,z2>0 22 #£1, 1. e OHBCOCTonTnanByx
npoMexyTkoB: 0 < z < 1m 1<z < +o00.

Ilepeiinem B norapudmax HepaBeHCcTBa (8) K Jorapudmam 1o
OCHOBAHMIO, HalpuMep, 2. B pesynpTaTe moily4uM HepaBEHCTBO

log(2 +7) _ logy(x? + 22)
log, z log, z2

, (9)

paBHOCHIILHOE HCXOZHOMY Ha ero OH3 TTockonbky na O3 uc-
XOMHOTO HepaBeHCTBa MMeeM log, (x? +2z) = log, = +log, (2 + z)
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u log, % = 2log, z, To HepaBeHCTBO (9) A1 YTUX T MOXHO fe-
penucaTh B BUIE

log,(2 + ) S log, = + log,(2 + z)

log, = 2logy x
WK B BUIe
] -1
oga(2 +2) —logyz
log, =
MIIM, HaKOHell, B BRJe
log., %%
082 > 0. (10)
log, «

24z 2
Taxk kak = — + 1, To na OII3 ucxonHoro HepaBeHCTBa
z

2+z 2+z
> 1, cnemoBatenbHo, log,

> 0. IlosToMy HepaBeH-

z

crBo (10) paBHOCHIIBLHO HepaBeHcTBY log,z > 0. Peurenus ro-
cllefiHero HepaBeHCTBa ecTb Bce z > 1. [lockonbky Bce z > 1
BxonaT 8 OJI3 ucXonHOro HEpaBEHCTBA, TO BCe OHM ABJIAIOTCSH €ro
pelieHAIMY.

OTBET: 1 < z < 400.

OTMeTnM, YTO MHOIA NpHU pellleHNH YPaBHEHHHA M Hepa-
BeHCTB BuAa (1) u (2) Heuenecoobpa3HO NepeXONHTH K HEKOTOPO-
My HOCTOSHHOMY OCHOBaHHIO, TaK KaK 3TO MOXeT clleJlaTb Golnlee
I'POMO3KOil 3aNMCh ypaBHEHUs (MJIM HePaBEHCTBA) M He ODJIErYuT
MpOLIECC €ro penleHus .

IIPUMEP 3. PemnTh ypaBHeHHe

log, _», (622 — 5z + 1) — log, _5,(4z% — 4z + 1) = 2. (11)

PEMEHKUE. Mockonbky 42° — 4z + 1= (22 — 1)* = (1 - 2z)?,
6z° — 5z + 1 = (1 — 3z)(1 — 2z), To OII3 ucxomHOro ypapHeHuA
COCTOUT M3 BCeX &, OHOBPEMEHHO YIOBIIETBOPAIOIMX YCIOBUAM

1-2¢>0,1-2z#1,1-32>0, 1 -3z #1,

T. e. O3 cocToUT M3 ABYX NpOMexXyTKoB: —oo < & < 0 m
0 < z < 1/3. Jlerko BAZeTH, YTO Nepexol B fAorapudmax X He-
KOTOPOMY OCHOBAHMIO @ MpPUBENeT K DOMO3NKAM BBIDaXeHHUSIM.



§ 2.2. Heussecmnad 6 ocnosanuu aozapudma 63

[losTomy mocTynum nnave: npeobpasyem ypaBHeHue Ha ero OI13.
Wcxonnoe ypaprenne Ha ceoeit Ol13 paBHOCUIBEHO ypaBHEHUIO

log; _5,(1 — 3z) + log, _y,(1 — 2z) — 2log; _3,(1 — 27) = 2,
T. e. YPaBHEHHIO
log; _o.(1 —3z) — 2log,_3,(1 —22) = 1. (12)
O6osaaunm log; _,.(1 — 3z) yepes 2. Toraa nockonsky Ha OII3

1

log; _3.(1 ~2z) = m,

To ypaBHeHHe (12) MOXKHO mMepemucaTh B BUAE

2
z——=1.
z
JTo ypaBHEHHE MMeeT KOpHH z1 = —1 u z9 = 2. CilenoBaTenbHO,

ucxonHoe ypaBHen#e Ha cboell OJI3 paBHOCHIBHO COBOKYIHOCTH
IBYX YpaBHEHHUI:

log)_,,(1—32)=-1 u log,_,,(1-32)=2 = (13)

[lepBoe u3 3TUX ypaBHeHMHA PABHOCHILHO HAa pacCMaTpHUBaeMOMN
obnactu £ < 1/3, z # 0, ypaBHeHHIO

1
log; _y;(1 — 3z) = log; _», 1_9z

T. e. YPABHEHHIO
1—-3z=

1-2z
3To ypaBHeHne nMeeT IBa KOpHA: 1 = 0 M 2 = 5/6, u3 KoTOpHIX
HU OIMH He BXONWUT B PACCMaTpHUBaeMylo 06/acThb, 1 TOYTOMY He
ABJIAETCA pellleHHeM HMCXONHOIro ypaBHeHHs. BTopoe ypaBHeHHe
coBokynHocTH (13) paBHOcHibHO Ha obnacTu ¢ < 1/3, z # 0,
ypaBrennio 1 — 3z = (1 — 2z)?, pelrenns KOTOpPoro ecTh 3 = 0 1
r4 = 1/4. U3 5TuX 3Ha4eHURt TONLKO £4 = 1/4 BXOOUT B paccMa-
TPHUBaEMyIo 06J1aCTh M MIOTOMY SBJISAETCH eNUHCTBEHHBIM KOpHEM

HCXOAHOrO ypaBHEHHUA.
OTBET: ¢ = 1/4.
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2.2.2. Tlepexoa k OCHOBABMIO, coOlJepXKalleMy Heu3-
pecTHyIO. WHorna npu peuleHNH ypaBHeHNH ¥ HEPaBEeHCTB BH-
na (1) u (2) nepexomaT K jorapudmam Mo ApyroMy OCHOBaHMIO,
conepxaliemy z. [Ipy 5TOM Hafo MOMHHTE, YTO MOXeT IIPOU30M-
Tu cyxenne O3, a caemoBaTenbHo, 1 noteps KopHA. IfosTomy
NpH nepexofie B ypABHEHUN (MM HepaBeHCTBe) K Jorapudmam
o HEKOTOpPOMY OCHOBaHMIO h(z), comepxauieMy &, BHadajle Ha-
10 npoBepuTh, 4yTo h(z) > 0 L% paccMaTpHUBaeMBIX Z, a TakxXe
IIpOBepHTH, He ABJIAIOTCS 1M 3HAYEHKs T, IpH KOTOpLIX h(x) = 1,
pelIeHUSAMY MCXOJHOIO YpaBHEHHS, NOC/IE Yero yxXe MepeXodUTh
K ocHOBaHHIO h(z), HO yXe i Tex x, A KOTOpHIX h{z) > 0 n
h(z) # 1.

ITpuMEP 4. Pemunth ypaBHeHuUe
log = x? —logg, ° = 0. (14)

PEmEHKUE. OI3 3Toro ypaBHeHUs COCTOUT U3 BCEX T, YIOBJIe-
TBOPAIOMINX ycjloBUAM ¢ > 0, # 4, z # 1/8.

Bynem pemaThk 3To ypaBHeHMe, NMepexofid K Jorapudmam no
ocHoBaHuio z. Ilpexje deMm crenaTh TOT Mepexoi, NPOBEPHM,
ABJIseTcA M £ = 1 KopHeM ucxonHoro ypaBHenus. Honcrasnas 1
BMecTo r B ypabHeHue (14), nonydaem, uyro £ = 1 ecTh ero ko-
petib. epeiins Tenept B ypaBHenuu (14) x sorapudmam no ocHo-
BaHMO Z (yuuThiBag, uTo T > 0,z £ 1, ¢ # 4, ¢ # 1/8), nonyuum
ypaBHeHHe

2 log, z3

log, 2 log, 8z

log, z

=0, (15)

PaBHOCH/ILHOE HMCXONHOMY YPAaBHEHMIO Ha MHOXecTBe & > O,
r#4,z#1/8uzx # 1. Ypaereune (15) n1s 5THX T MOXKHO
NepenucaTh TaK:

2 3 _
1-log,4 log 841

(16)

Hockonbky 1 —log, 4 # 0 n 1 + log, 8 # 0 nns paccMaTpuBae-
MBIX &, TO ypaBHeHMe (16) paBHOCHILHO ypaBHEHUIO

2(1+log,8) —3(1 —log,4) =0
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WIN YpaBHEHUIO
12log, 2 =1,

MMeolleMy eNMHCTBeHHbIA KopeHb £ = 212, Tak Kak >ToT KopeHb
BXONUT B paccMaTpUBaeMoe MHOXecTBo z > 0, z # 1, z #£ 4,
z # 1/8, TO OH 1 ABIAETCS pellleHNeM MCXOAHOIO YpaBHEHHS HA
3TOM MHOXECTBE.

OTBET: £ =2'% 2 = 1.

2.2.3. Ypaenenus Buna log, . h(z) = log,(,) 9(z),
log () ¢(z) = logy(s) p(x). Ypabuenus

log,(z) hz) = logw(z)g(z), (17)

logy(z) ¢(z) = logy(,) ¥(z) (18)
MOXHO pe1aTbe 1 TaKUM crnocobom:

1. IlepeliTy OT 3THX ypaBHEHMH K MX CAeNCTBUAM, T. €. OT
ypaBHenus (17) K ypaBHeHuIO

h(z) = g(z), (19)
a oT ypaBHeHus (18) K coBokymHOCTH ypaBHeHnii (20)
f@)=g(z) m plz)=1.

2. Pemuts ypabHenue (19) MM COBOKYMHOCTL ypaBHe-
aui (20).

3. UpoBepurh, KakNe u3 HaliIeHHBIX KOpHel ByoyT KOpHAMH
HUCXONHOTO ypaBHEHHUS.

IIPUMEP 5. PeruuTh ypaBHeHne

lOg1+::+sin z:(xz +z- 1) = log1+x+sinz(3x + 2)' (21)
PEIIEHME. YpaBHeHMe
?+2-1=3z+2 (22)

aBiseTcs ciefcTBUeM ypasrenns (21). llepenncaB ypasHenue (22)
B Buae £2—2z—3 = 0, HAXONUM €ro KOpHH £, = 3 M x5 = —1. llpu
T9 = —1 GyHKUHSA, HAXOAALUAACA B OCHOBAHHH JIorapudmMoB, NIpy-
HUMaeT OTPHUATENILHOE 3HaueHne 1 + 29 + sinzg = —sinl < 0,
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T. e. T3 He yloBjeTBopseT ypaskeHuio (21). Ilpu r; = 3 dynk-
s, Haxonsllasgcd B OCHOBaHMM JiorapudMoB, IpHHAMaeT 3Haye-
HHe, 6onbinee HyNs M He paBHoe 1, Tak kak 1 + z; + sinz; =
=4+sin3 > 4, T. e. T; YIOBNETBOPAET ypaBHeHUIO (21).
OTBET: z = 3.
ITPUMEP 6. PetunTh ypaBHeHHe

logsin:c+ces2 z4+/cosz (1 - z2 — I) =

~—— (23)
= 10gsinx+1+\/m (1 - Vz? - 1,') .

PEMEHUE. CoBOKYNHOCTH ypaBHEeHMIA

sinz + cos?z + \/cosz = sinz + 1 + \/cos 7, (24)
1—Vz2—-z=1,

ABJIAETCA CleNcTBHeM ypaBHeHus (23). SlcHo, uTo Bce pemeHus
IepBOTO ypaBHEHHS COBOKYNHOCTH (24) ecThb peleRus ypaBHEHUS
cosz =1, T. e. :z:k_27rk k € Z. llpn awobom z; = 27k, k € Z,
¢yHKIMA sin z + cos? z ++/cosx paBHa 2, T. €. IPU 3TUX T} OCHO-
BaHMA JlorapudmoB B ypasHeHun (23) pasum 2. IlosTomy peme-
HUSMH ypaBHenns (23) 6ynyT Te zx = 27k, k € Z, nns KOTOPBIX

1- \/xk —zx > 0. Jlerko BumeTh, 4TO TONBLKO To = 0 yaoRme-
TBOpsA€ET TOMY YCJOBHIO, a CJIeHOBAaTENBHO, ABIAETCS pelleHHeM
ypaBHeHHA (23).

Pemenns ypaBuenns 1 —\/z?2 —z =lectb 2’ =0u 2"’ = 1.
Tak kak sinl > sinm/4 = V/2/2, cos1 > cosw/3 = 1/2, To
. . 2 1
sinl 4+ 14 Vvcosl > 1, sinl + cos?1 + Veos1 > —\g—_— + 1 +

V2

+ -5 > 1. Bnaunt, £ = 1 ynosnersopsier ypasHenmio (23).

CaenmoarensbHo, pemennsimMu ypasrenns (23) ssasiores ' =0 n
// — 1
OTBET: 2 =0,z =1.

2.2.4. YpaBHenusa Buna log;(;y9(2z) = a. Ecamn B ypaphe-
HHH

logs(;)9(z) = a (25)
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a = n, TIe n — HaTypajlbHOe 4YHCIO, TO CIeNCTBHEM YpaBHe-
Hud (25) ABAseTCA ypaBHeHHe

g(z) = [f(@)]"- (26)

Ecnu xe a = 0, To ciencTBueM ypaBHeHus (25) sBIfgeTCs ypas-
HeHMe
g(z) = 1. (27)

Ypasuenue Buna (25) MOXHO pelllaTh, C1eIOBATENBHO, TaK:

1. [lepeitTt OT 3TOro ypaBHEeHHS PN HATYPAJbLHOM N K ypaB-
Henuo (26), a npu n = 0 k ypaBHeruio (27).

2. Pewunts ypaBrenue (26) unn ypasHenue (27).

3. llpoBepuTh, Kakue U3 HalJAEHHEIX KOpHe# OYyAYT KOpHAMM
HCXONHOTO ypaBHEHMS.

3AMEYAHUE. KoHeuHO, MOXHO CYMTATh, YTO NpH JI060M
HecTBHTENLHOM YHCNle a cliedcTBHEM ypaBHeHHs (25) sBaseT-

¢ ypaBHeHHe
9(z) = [f(@)*,

HO TOTZAa Hao YTOIHATD, YTO NOHUMaeTcs non dhyuxuuei [f(z)]°.
ITPUMEP 7. Pemunth ypaBHeHHe

log,,_ (222 + 4z + 1) = 2. (28)
PEIIEHUE. YpaBHeHue
2e? + 4z + 1= (2z — 1)? (29)

ABNAeTCA clefcTBUeM ypaBHenus (28). [lepenucas ypaBuenue (29)
a Buzie 222 — 82 = 0, HaXonuUM ero KopHH r; = 4 1 £ = 0. Jlerxo
BHIETH, 4TO T| = 4 SBIAeTcH KOpHeM ypaBHeHHA (28), a 22 =0
He ABIIAETCA ero KOpHEM.

OTBET: z = 4.

[TPuMEP 8. Peminth ypaBHeHHe

log, cosz = 0. (30)

PEMEHKUE. CnencreueM ypapHeHus (30) ABiiseTcA ypaBHEHHE
cosr = 1, peitenuss KoToporo ectb ¢ = 2wk, k € Z. SIcHo, 4To
13 >THX T ypaBHeHuio (30) 6yayT yIOBNeTBOPATE ML T = 27k,
k eN.

OTBET: z = 27k, k € N.
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2.2.5. Hepasencrsa Buna log,, f(z) > log,,) 9(z). Co-
riacHo oblileMy MeTOny pellleHNA HepaBeHCTB, CONEPKaNuX He-
W3BECTHYIO B OCHOBAHUM JIOTapHMOB, HEPABEHCTBO

log,(z) f(z) > log, ;) 9(x) (31)
PaBHOCWIILHO NIPH a > 1 HepaBeHCTBY
log, f(x) _ log, g(x)
log, (z) = log, p(z)’

KOTOpPO€ MOXHO NEpenucaTh B BANEC

log, f(z) — log, g(z) >0
log, ¢(z) '

TNocnensiee HepaBEeHCTBO PABHOCHIILHO COBOKYNHOCTHU CHCTeM He-
paBeHCTB

log, f(z) —log, g(z) >0, [ log, f(2) —log, g(z) <0,
log, ¢(z) > 0 log, ¢(z) < 0

UJIA COBOKYNHOCTH CUCTEM HEPABEHCTB

f(z) > g(z) >0, 0 < f(z) < g(2),
{ <p(a:)>§ 1 { 0<go(:r)<si.x (32)

ToaToMy HepaBeHcTBO BuAa (31) MOXKHO pemiaTh CleAyIOUIUM
obpa3soM:

1. HepeitTu ot HepaBercTBa (31) K PaBHOCHIILHOM COBOKYTHO-
cTn HepaBeHCTB (32).

2. PemnTsb cOBOKYNHOCTD HepaBeHCTB (32), ee pelueHus u Oy-
IyT pelleHuAMHE HepaseHCTBa (31).

[TpuMEP 9. PemuTh HepaBeHCTBO

log,2(z? — 4z + 3) > log, z2. (33)

PEmiEHHE. HepasenctBo (33) paBHOCHILHO COBOKYIIHOCTH
IBYX CHCTEM HEPABEHCTB!

{ 2 >1, (34)

2 —4x4+3>2°>0,
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2
{0<:c <1, (35)

0<z?2—4z+43 < 2.

Cucrema (34) paBHOCHIIBHA COBOKYNIHOCTH ABYX CHCTEM:

z > 1, " r< -1

~4r+3>0 —4z +3 > 0,
M3 KOTOPBIX MepBas He MMeeT pelleHnil, a pellleHHs BTOPOH co-
CTABASIOT MPOMEXYTOK —00 < £ < —1.

Cucrema (35) paBHOCH/IBHA COBOKYNHOCTH CHCTEM Hepa-
BEHCTB

0<z <, -1<z<0,
22 —42+4+3>0, u 2?2 — 4z + 3> 0,
—4r+3<0 —4z+4+3<0.

Penrenns nepBoﬁ CHCTEeMBI 3TON COBOKYITHOCTH €CTh MHOXECTBO

1 < z < 1, a BTOpas CUCTEMa DelleHUN He UMeeT.

CrenoBaTenbHO, peHIeHUAMHI MCXOAIHOTO HepaBeHCTBAa HABJIA-
J0TCcs Bce & 3 oObeNUHEHUS ABYX NMPOMEXYTKOB —00 < ¢ < —1

n3< <1
=<z .
4

3
OTBET: —oo<x<—1;z<:c<1.

Nponecc perlenns HepaBeHcTBa BuAa (31) nHorna oGopMIAIOT
caenyomuM obpa3oM:

1. Haxonst O3 HepaBencTsa (31).

2. PasbuBaior OII3 mHepaBencTBa (31) Ha IBa MHOXeCTBa
M, u My: My — ta vacts O3, rme o(z) > 1, My — Ta 4acTh
OI3, rue 0 < (z) < 1.

3. Ha M, pemaioT HepagenctBo f(z) > ¢(z), paBHOCHIBHOE
Ha M) MCXONHOMY HEPABEHCTRY. ’

4. Ha M, pemaior HepaBencTBo f(z) < g(z), paBHOCHIbHOE
Ha My NCXOHOMY HepaBEHCTBRY.

O6venunds pemenus, Halinenusle Ha M u My, mony4aioT Bee
pellieHNs UCXOMHOTO HEPABEHCTBA.

ITpuMEP 10. PemnTh HepaBeHCTBO

3z +2
+2

> 1. (36)

08



70 Paduxaabi, cmenenu, sozapudmbl u modyau

PEmIEHUE. O]I3 HepaBeHcTBa (36) onpezenseTcs U3 ycnoBui
3z +2

+ 2
XyTkoB: z > 10 <z <1.

a) Hycts z > 1. Jlag 3THX T MCXOXHOe HEPABEHCTBO PAaBHO-
CHIIBHO HEpaBEHCTBY

r >0,

>0,z #1, . e. O3 cOCTOUT 43 ABYX HpOMe-

3z + 2
z+2

>z, (37)

Tak kax £+2 > 0 1711 paccMaTpUBaeMBIX T, TO HepaBeHCTBO (37)
PaBHOCHJIBHO HepaBeHCTBY 3 + 2 > z(r + 2), KOTOpPOoe MOXCHO
3amucaTh B Buae

P-r-2<0. (38)

Pewenusmu HepaseHcTBa (38) ABAAIOTCA BCe T U3 MPOMEXKYTKA
-1 < z < 2. U3 »Tux z ycnoBuio £ > 1 y#OBIeTBOPSAIOT T M3
npoMexyTtka 1 < z < 2.

CrnenoBaTesIbHO, B Clydae a) pellleHUs HCXOXHOrO HepaBeHCTBa
COCTABAAIOT NPOMeXYTOK 1 < z < 2.

6) Mycte 0 < ¢ < 1. lag 5TNX 2 MCXONHOE HepPaBeHCTBO
pPaBHOCHJILHO HepaBeHCTBY

3z +2
x4+ 2

<z (39)

Tak xak £+2 > 0 I/ paccMaTPHBaeMbIX T, TO HepaBeHCTBO (39)
PaBHOCHIILHO HepaBeHCTBY 3z + 2 < z(z + 2), KOTOpoe MOXHO
nepenucaTh B BULE

2-z-2>0. (40)

Pewennsamu HepaBeHcTBa (40) ABIAIOTCA Bce T M3 ABYX MpoMe-
XyTKOB —00 < z < —1 u 2 < z < +o0o. Hu onno u3 3Tux z He
ynosnieTBopsieT ycioeuio 0 < z < 1. CrenoBaTeNbHO, B Cliyyae 6)
HCXOAHOe HEepaBEHCTBO He HMeeT pellleHU.

OTBET: 1<z < 2.
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§ 2.3. YpaBHeHMs U HepaBeHCTBa, coaepKallue
HeU3BeCTHYIO0 B OCHOBAaHUM M Ioka3saTeJe
cTeneHn

B >ToMm naparpage paccMaTpHBAIOTCA ypaBHEHMS M HepaBeH-

cTBa BANA
f(z)?@) = (=)=, (1)
F(2)?) > g(2)"®), (2)

B TOM ciydae, Korza ofe ¢dynkuuu f(z) m g(z) nonoxmrens-
HBl Ha obmell dacTu (mepecedeHmu) obnacTell CyIIeCTBOBAaHMA
oyukuuit f(x), g(z), ¢(z) 1 h(z) 1 xors 661 onHa U3 ABYX dyHK-
unit o(z) uam h(z) He sABNAETCS YHCIOM.

O61uum cnocoboM pellleHUs TaKMX YPaBHEHHH M HEpaBEHCTB
ABNAETCA CIENYIOUIN.

1. OTeicknBaeTcs MHOXecTBO M — obmas 4acTh (nepecede-
HHe) obnacTeil cymecTBoBanus dynkuuit f(z), g(z), ¢(z) n h(z).

2. llpoBepseTcs, uTo Ha MHOoXecTBe M ¢dyukuun f(z) u g(z)
HONIOXMTENbHB.

3. 3aTeM nyreMm mnorapudMHUpOBaHMS JIeBOM W MpaBoOdl 4a-
cTedl ypaBHEHUS WI/IA HEPABEHCTBA NO HEKOTOPOMY OCHOBAHHUIO G
(@ > 0, a # 1) ypaBuenne (1) 3aMeHsieTcs paBHOCHIBLHEIM €My
Ha M ypaBHeHMeM

¢(z)log, f(z) = h(z)log, 9(z), (3)
a HepaBeHCTBO (2) — paBHOCWJILHEIM eMy Ha M HepaBeHCTBOM
¢(z) log, f(z) > h(z)log, g(z), a> 1. (4)

4. Ha MHOXecTBe M pellaeTcs cTaHZapTHOE IO BHeIIHEMY
BHLY ypaBHeHHe (3) uiu HepaBeHcTBO (4).
IIPMMEP 1. Pemunts ypaBHeHne

1 log 3 (2+5z—z2)
— = (3z-5) °% .
V3z -5 ( )
PEIEHHE. MuoxectBo M — ofwas uvacTh (mepecede-

1

HHMe) obsnacTell cymecTBoBaHus oyHKumi f(x) T
z—

bl
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g(z) = 3z — 5, h(x) = log; ;25(2 + 5z — 2?) — cocTONT U3 Beex £,
OIHOBPEMEHHO YIOBIETBOPSAIOIINX Y CIIOBUSAM

3z -5>0,
245z —12%>0.
Pemad 5Ty cHcTeMy HepaBeHCTB, HAXOIAMM, YTO MHOXecTBO M
5 5+ 33
ecTh UHTepBall o << —i2—~ Nonesysack dopmynamu
log z:—l]og z " —-1—2(31‘—5)_1/2
st = Tg kst N T |

nepenuiieM HCXONHOE ypaBHEHUE B BU e
(3z — 5)_1/2 = (3z - 5)-1/210g5('2+5r—17).

Jlorapudmupys 3TO ypaBHeHMe, HallpUMep, N0 OCHOBaHHIO 2, 10~
Jy4UM ypaBHeHHe

1 1
-3 log,(3z — 5) = -3 logs(2 + 5z — z2)-logy(3z — 5),  (5)

paBHOCHJIBHOE MCXONHOMY YpaBHeHMIO Ha M.
YpabHenue (5) MOXHO NepenucaTh B BHAeE

logy(3z — 5)-(logs(2 + 5z — z?) = 1) = 0,

OTKyJla cileflyeT, YTO OHO PABHOCHALHO Ha M COBOKYMHOCTH OBYX
ypaBHeHHH

log,(3z —5) =0 u logg(2+5z—z%) =1

llepBoe ypaBHeHHe HMeeT eIMHCTBEHHBIM KOpPeHb £1 = 2, KO-
Topblil BXORUT B MHOXecTBO M. BTropoe ypaBHeHHe paBHOCHIILHO
Ha M xBaIpaTHOMY ypaBHEHHIO 2 + 5z — z? = 5, KOTOpoe hMe-

5+\/1_3H 5-—V13

z3 = ———. M3 sTux uncen
5+ 13
2

ypaBHeHHe KMeeT [Ba KODHA T1 M T3.

eT IBa KOpHA Ly =

B M JIeXUT TOJNBKO To = . CJ’Ie,lIOBaTeJ'IbHO, HCXOIHOE
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5+13

OTBET: ¢1 =2, 24 = 3
IIPUMEP 2. PeminTh ypaBHeHue

(2 + 2 4 1)775V7H0 = (g 4 3)7-5VF+6,

PEWEHKE. MuoxecTBo M— obmas dvacTs (mepeceuenue)
obnacteit cymecTBoBanus oymkmmit f(z) = 22 + z + 1,
g(z) = ¢+ 3, p(z) = z — 5/ 4+ 6 ecTb Bce ¢ > 0. Ha Muo-
xectee M dyukumn f(z) u g(z) nonoxurtensusl. [losTomy no-
rapugmupys obe yacTH ypaBHeHHs, HATIDUMEp, 110 OCHOBAHHIO 2,

HOJIyYUM ypaBHEHHe
(z -5z +6)logy(z® + = + 1) = (z — 5v/z + 6) log,(x + 3),

paBHOCHIILHOE HCXONHOMY Ha M.
[lony4eHHOe ypaBHeH#He MOXHO MepenucaTh B BULE

(2 ~ 5VZ + 6)(logy(a” + 2 + 1) ~ log,(z + 3)) = 0,

OTKYJa ClleflyeT, YTO OHO PaBHOCUIILHO Ha M COBOKYNMHOCTH ABYX
YpaBHeHHI

£-5/2+6=0 n logy(z*+z+1)—log(z+3)=0.

Ilepsoe ypaBHeHHe MMeeT NBa KOPHA Z; = 4 M £ = 9, BXOAA-
mue B M. Bropoe ypaBHeHue paBHOCHABbHO Ha M ypaBHeHMIO

4+ +1=2+3, HMeolieMy Ba KODHA £3 = V2 u x4 = —V?2,
U3 KoTophix B M BxonuT Tombko £3 = V2. HTak, pellleHuIMH
HCXONHOTO yPaBHeHHUA SBIAIOTCA £ = 4, 2, = 9 €3 = V2.
OTBET: 2, =4, £2 = 9, z3 = V2.
I[IPUMEP 3. PemnTh HepaBeHCTBO

rlogzﬁ < 22+}log§r. (6)

PEHIEHKE. MuoxecrBo M— obmas 4YacTh (TepecedeHue
obnacteit cymecTsopanua dynkuui f(z) = z, ¢(z) = log, Vz,
h(z) = 2 + Zlogg:c — COCTOMT M3 BCEX I M3 NPOMEXYTKa

0 < ¢ < +00. Ha 3ToM MHOXecTBe M NOIOXHUTENLHB GyHKINA
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f(z) = z u g(z) = 2. NosTomy, slorapudmupys HepaBeHcTBO (6)
N0 OCHOBaHHMIO 2, Oy YNM PAaBHOCHIIbHOE eMy Ha M HepaBeHCTBO

log, Vzlog,z < 2+ - log2 z.

Ilepenniem >To HepasencTso B Buze (log, z)? < 8 nnu B Buge

—V8 < log, ¢ < V8. (7

Petuenusmu HepaBercTBa (7) ABIAIOTCA BCe I M3 MPOMeXYTKa
2-Y8 < 2 < 23 Bce sru « Bxomar B M ® f03TOMY ABIAIOTCA
pemex-msmn MCXOIHOTO HEpABEHCTBa.

OtBET: 27V8 < 2 < 2V3.
[IPUMEP 4. PelunTp HepaBeHCTBO

r+2 = =VE+2 S z \7 TVEH? (8)
z+1 r+2 '

PEMEHHME. MHOXecTBO M — o6masl qacrb obnacTeil cyue-

crBoBatMs dyHkumi f(z) = TIT g( ) = Pt olz) = 2% -

— T+ 2 — ecTb Bce z U3 npomex(yrxa 0 z < oo. Ha aTom
MmHoxecTBe dyHkuun f(z) u g(z) HOHO)KHTeHbeI, [HO03TOMY, /10~
rapuMupys HepaBeHCTBO (8) NO OCHOBAaHHMIO 2, NOJYYUM PAaBHO-
CHNbHOe eMy Ha M HepaBeHCTBO

2 r+2 2 _ T
(z? — Vz + 2)log, (z+1> > (z \/E+2)log2x+2. (9)

HepapeHcTBO (9) paBHOCH/IBHO Ha M COBOKYNHOCTH

2 — /T +2>0,
z+2 = (10)
z+17 =42 !
et -z +2<0,
z T+2 (11)

>0

>
z+2 z4+1
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Hokaxem, uTo nns moboro r > 0 BLHINONHAETCS HEPaBEHCTBO
22—/ +2 > 0. B camom neine, npu mobom =, 0 < z < 1,
mmeeM 0 < vz < 11 0 < 22 < 1, nosTomy

2P —Vr4+2=224+14+(1-7)>0.
Ipu mobom z > 1 umeem z2 > /z, nostomy 22 — /z + 2 > 0.

CnenoBatenbHo, Ha MHOXecTBe = > 0 cuctema (11) pewennit He
umeeT, a cucTeMma (10) paBHOCHIIbHA CHCTeMe HEPABEHCTB

z >0,

z+2 z (12)
> — .

z+1 T +2

IMockonbky mpu £ > 0 umeem 2 +1 > 0 n z + 2 > 0, To BTOpPOE
HepaBeHCTBO cucTeMbl (12) nas £ > 0 paBHOCHIILHO HEpaBEHCTBY
(z+2)* > z(z+1), KOTOPOE MOXHO nepenucaTh B Buze 3z+4 > 0.
Mlocnennee HepaBeHCTBO cnpaBeaanBo Ang awboro z > 0. Cneno-
BaTeNlbHO, CHCTeMa HepaBeHCTB (12) cnpasennuea ans moboro
z > 0. [TosToMy MHOXeCTBO pelleHHI MCXONHOTO HepaBeHCTBA
ecThb Bce r > 0.
OTBET: 0 < = < +00.

§ 2.4. YpaBHeHNs M HepaBeHCTBa, cojepxallune
HEU3BEeCTHYIO NoJ 3HAKOM a6GCoJIIOTHOM
BE€JINYUHEI

2.4.1. PackpsiTHe 3HaxoB MoxmyJsen. OcHOBHOM MeToX
peuleRns ypaBHEHMA M HEPABEHCTB, CONEPXKAIIMX MOMYIH, COCTO-
uT B cienyiomeM: Hajo pa3burs O3 ypaBHeHNs WM HepaBeH-
CTBa Ha MHOXeCTBa, Ha KaXIIOM 13 KOTOPBIX KaXJ0e U3 BHIpaxe-
HUH, CTOAIINX N0 3HAKOM MOIYJd, cOXpaHseT 3Hak. Ha kaxaoM
TaKOM MHOX€CTBe ypaBHeHHe NJIH HEpaBeHCTBO 3anuckiBaeTcs 6e3
3HaKa MONYJIS ¥ 3aTeM pelllaeTcd Ha 3TOM MHoXecTBe. Ob6benuHe-
HHe pellleHHM, HafleHHBIX Ha BceX 3THX MHOXECTBaX — 4acTaX
OII3 ypaBHeHHMs WIM HepaBEHCTBA, COCTABIAET MHOXECTBO BCEX
€ro peleHui.
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[IpuMEP 1. PemmuT: ypaBHeHHE
x221‘+1 +211‘—3|+2 = 12211‘—3l+4 +21‘—1' (1)

PEmEHKE. OII3 ypaBHEHHS COCTOMT M3 BCeX NedCTBUTENb-
ueix z. Paszobbem OJII3 Ha nBa npoMexyTka:

a)z—32>0;
6) z—3<0.
a) Mycts = > 3, Torma |z — 3| = z — 3 u ypaBHenue (1)

3allnIeTCs Ha 9TOM MHOXECTBE TakK:
x221‘+1 +21‘-—1 - z221‘+1 +21:—l.

DTo ypaBHEHHeE NpeBpalllaeTcs B BEPHOE YHCIIOBOE PaBEHCTBO AJIS
mo60ro NeACTBUTENBLHOLO X, T. €. €r0 PEellleHASIME SABIAIOTCSA BCe
HeficTBUTeNbHBIe . M3 HUX YCIIOBHIO £ > 3 yHAOBIETBOPAIOT BCe
13 npoMeXxyTKa [3; 4+00). OHM ¥ ABJIAIOTCS pelleHHS MU ypaBHe-
uns (1) B cayuae a).

6) Mycts = < 3, Toraa |z — 3| = —z + 3 u ypabhenue (1)
3allMiIeTCA Ha TOM MHOXeCTBe TakK:

1221'4-1 + 2—r+5 - 322—1‘+7 + 2.1:—1

HITH

(2% —6427%)(4z2 -~ 1) = 0. (2)
PelileEys 5TOro ypapHeHUs ecTh 21 = 1/2, 2 = —1/2, 23 = 3. U3
5THX 3HaYeHUH YCIOBHIO £ < 3 YOOBJETBOPAIOT TONLKO T = 1/2
u zo = —1/2. Wrak, pemenus ypasrenns (1) ects £; = 1/2,
Ty = —1/2 1 Bce U3 npoMexyTKa [3;+00).

OTBET: 1 = —1/2; 2, =1/2; 3 < ¢ < o0.
ITPUMEP 2. PemuTs HepaBeHCTBO

22 — 2| + |1 - Viogy(1 +2)| > Vigy(L+ ) —a* +2. (3)

PEmwEHUE. O[3 HepaBeHCTBa COCTOMT U3 BceX I, YIOBIle-
TBopsiiomux yenoBuw z 2 0. Tak kak ¢pysxknuun y = z“° —z n
y = 1 — /logy(1 + z) Mers10T 3HaK Ha obmactu r > 0, mpoxo-
a5 depes Touky ¢ = 1, To pasobrem O3 Ha nBa mpoMexyTKa:
0€zglinl<e < +oo.
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a) Eem 0<z< 1,022 ~2<0ul— /logy(l+2)3>0.

HosToMy HepaBeHCTBO (3) 3amuumeTcs A STHX & B BHIE

—z? 4z +1— Vlog,(1+z) > /log,(1 + z) — 2% + z,

T. €. B BUIE
1
Viog, (1 +z) < 3

1 :

Pemenns 3Toro HepapeHcTBa ecTh 0 < 2 < 2% — 1. Bece st 2
yaoBieTBOpAIoT ycnoBuo 0 € z £ 1, a 3HaUuT, ABAAIOTCH pellie-
HUAMM MCXOIHOTO HepaBeHCTBa (3).

6) Ean 1 <z < 400, Toz? —2 > 0m 1 — /log,(1 + z) < 0.

HosTomy HepaseHCcTBO (3) Hepenuuercs B BHIE

2 —z 4+ log,(1 + z) — 1 > \/log,(1 + z) ~ 2% + z,
T. e. B Buge 22 — 2z — 1 > 0. Pemenus sroro HepaBeH-
1-V3 .

CTBa COCTaBJLIOT JABa IIpoMeXyTKa: —o0 < T < 2

14+3
2

< z < 4oo. U3 sTtux 2 ycioBmio ¢ > 1 ymoBneTBo-

pAI0T BCe T N3 IMPOMeXYTKa

< z < 400, IO3TOMY Bce

OHH SBJIAIOTCS pellleHHAME HepaBeHCTBa (3). MHOXecTBOM Bcex
pelleHHi KCXONHOTO HepaBeHcTBa (3) GyneT ofbennHeHMe pele-
HOf, HAfIeHHBIX B CIy4Yasx a) u 6).

1+V3

OTBET:0<x<2%—1; 5

<z < +4oo.

2.4.2. Ypasuenns suaa |f(z)| = g(z). Yparenue

1f(2)] = g(=) (4)

MOXHO pelaTh OCHOBHBIM MeTofioM. ONHAKO B HEKOTOPBIX CIly-
Jagx TOJIE3HO ypaBHeHHe (4) pewaTh cieAyoIuM obpa3oM:

1. Haiitu Ty wacte O3 ypaBuenus (4), roe g(z) > 0.

2. Ha sToit obnacTu ypaBHeHue (4) paBHOCUILHO COBOKYIHO-
CTH ABYX YpaBHEHMI

flz) =g(z) w - f(z) =g(z).
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Pemenus »Tofl COBOKyNMHOCTHM, MpUHANNEXAIIe pacCMaTpUBae-
Mol 0b71acTH, ¥ JanyT pellieHde ypaBHeHus (4).
MpuMEP 3. Peminth ypaBHeHHe

|2° — cosz — 5| = 2° + 2 4 cosx. (5)

PEmIEHME. OII3 sToro ypaeHeHHs ecTh Bce HNEeCTBUTENb-
wele . OueBunno, yro Ha OJlI3, T. e. nas MO60TO NERCTBATENB-
HOTO T,

2% + 2+ cosz > 0.

MosToMy ypasHense (5) paBHOCHILHO COBOKYNHOCTH ypaBHEHUN
2" —~cosz—-5=2"4+2+cosz,

—(2° —cosz —5)=2"+ 2+ cosz.

Ileproe ypaBHeHHMe pellleHUi He WMeeT, a BTOpOe PaBHOCHIIb-
HO ypaBHeHuo 2° = 3/2, uMeiolleMy eRMHCTBEHHBLIH KOpeHb

z = log, —-.

OTBET: = = log, 3/2.

2.4.3. Heparencrsa Buna |f(z)| < g(z). Hepapenctso

|f()} < g(2) (6)

MOXHO pellaTh OCHOBHBIM MeTonoM. OfHako MHOrna 6biBaeT mo-
JIe3HO 3aMeHHTH HepaBEeHCTBO (6) PaBHOCHIIBHONH eMy CHCTeMO

HEPABEHCTB
{ f(=z) < g(=),
—f(z) < g(z).

I[IPUMEP 4. PetinTh HepaBeHCTBO
|£7 +42° + 22 + 22 ~ 3| < 2" +42° —2? - 2243, (7)

Pemenne. [lanHOe HepaBeHCTBO PaBHOCHIBLHO CHCTEME Hepa-
BEHCTB
e +4z%+ 2+ 2 -3 <’ + 42— 2% — 22 + 3,
~(z" 4+ 425+ 22+ 22 - 3) < 2" 4+ 425 - 2% — 22 + 3,
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KOTOpPYIO MOXHO IiepenycaTh B BRIE

£2+2c-3<0, 8)
z%(z? +4) > 0.

PeuteHns NepBOTO HepaBeHCTBa cHCTeMbl (8) COCTABIAIOT HpO-
MeXyTok —3 < = < 1, pellleHUs BTOPOro COCTAaBIAIOT IpoOMe-
XyTok 0 < ¢ < +o0o. CrnenoBaTenbHO, pellieHMs CHCTEMBI Hepa-
BeHCTB (8), a 3HAYMT, N UCXONHOTO HepaBeHCTBa (7) COCTABIAIOT
npomexyTok 0 < z < 1.

OTBET: 0 <z < 1.

2.4.4. Hepapenctra Buaa |f(z)| > g(z). HepapencTro

|7(2)] > g(=) (9)

MOXHO pelllaTh OCHOBHBHIM criocoboM. OnHako uHOrAa GLIBaeT Mo-
nesHo pasbuth OII3 mepaseHcTBA (9) Ha IBe YacTH HHadYe, a
UMEHHO:

1. Haittu obnacts, roe g(z) < 0. Bee z u3 sToil obnacTu naiot
pellieHne HepaBeHCTBa (9).

2. Hafitu obnacTh, rae g(z) > 0 u Ha Heif paccMOTpeTh Hepa-

BEHCTBO
(z) > ¢*(z).

O6benuHeHNe HaiileHHBIX pelleHWA W NaeT Bce pellleHWd Hepa-
BeHCTBa (9).
IIPUMEP 5. PelunTh HepaBeHCTBO

‘\/1:2—1:+1—2z+1‘>\/xi—:c+1+2:c. (10)

PEmEHKE. OII3 mepaBercTBa (10) cOCTONT M3 BCeX NEACTBU-
TeNbHBIX .

a) HaitneM Te z, 13 KOTOpBIX

Ve2—z+1+4+2z<0. (11)

IlepennimeM HepaseHcTBO (11) B BUIe

Vzi—z+1< -2z (12)
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SlcHo, 4To HMKakoe r U3 npoMexyTka 0 < ¢ < 400 He ABIA-
eTcs peineHneM HepaBeHcTBa (12). Hyeth ¢ < 0, ang stux ¢
HepaBeHCTBO (12) PaBHOCHIILHO HEPABEHCTBY

-z 4 1< 422 (13)

Peutenus HepaBeHcTBa (13) cOCTaBIAIOT [Ba NPOMEXYTKA:

-1 —~+13 —1 413
—o00o < ¢ < 5 n -2 <z < 400. U3 stux
ycoBuio z < 0 yIOOBIAeTBOPAIOT JIMIIOL Z U3 MPOMexyTKa
—-1-+13

—00 < z < —————. CnenoBaTenbHO, pelICHUSIMH HEPABEH-

6
1+v13

crBa (11) aBisf0TcA Bee U3 IPOMEXYTKa ~00 < T < ~ 5

BCe 3TH I ABJIAIOTCA pellleHUIMHI HCXOMHOro HepaBeHcTBa (10).

1413
6

6) Teneps Ha MHOXecTBe T > —
BEHCTBO

( x2—1'+1——21+1>2>(\/1’2—1'_-}»T+2r)2. (14)

HepaBencTso (14) MOXHO mepenucaTh B BULe

201 —4z)Vz? -z + 1> —(1—4z). (15)

AcHo, uyTo ¢ = 1/4 He ecTb peluenne nepaserctsa (15). s
mo6oro > 1/4 nesas 4acTb HepaBeHcTBa (15) oTpuuaTesbHa, a
npaBas MOJNIOXNTENbHA, CJIeIOBATENLHO, cpenin £ > 1/4 Her pelue-
Hnit HepasencTBa (15). Ins moboro ¢ < 1/4 nesas 4acTh Hepa-
BeHCTBa (15) mosoxuTenbHa, a NpaBas OTPULATENBHA, CilefoBa-
TeJIbHO, J1I060e U3 3THX T ABjiseTcs pellleHneM HepaBeHcTBa (15).

-1-+v13
M3 >Tux £ B MHOXeCTBO £ > —————— BXOAST BCE T U3 HPO-

1++v13
— "<z

paccMOTpPHUM Hepa-

MeEXyTKa — < . Bce oun aBnsioTcs pelmieHNAMHA

1
4
MCXOHOTO HepaBeHcTBa (10).

O6bennuss peleHus, HafileHHble B NYHKTAaX a) 4 6), nony4a-
€M pellleHHs MCXOAHOTO HepaBEHCTBA.

OTBET: —o0 < z < 1/4.
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2.4.5. YpasHenns u HepasencTBa puza |f(z)| = |g(z)],
lf(2)] < |g(z)]. YpaBuenue
()] = la(=)] (16)

¥ HEPABEHCTBO

If(z)] < lg(2)] (17)
MOXHO pelllaTh corilacHo obueMy Merony. OnHako uHOrAa GhiBa-
eT MoJIe3HO 3aMeKuTh ypasHenne (16) ypabHennem f2(z) = gz(z),
T. e. ypamHeHueMm (f(z) + g(z))(f(z) — g(z)) = 0, pasHo-
cunbHbIM eMy Ha ero OJI3, a mepasenctBo (17) HepaBeHcTBOM
f(z) < ¢*(z), T. e. nepaBencTroM (f(z)+g(2))(f(z)—g(z)) < 0,
paBHOCHIBHBIM eMy Ha ero OII3.

I[TPUMEP 6. PemuuTh HepaBeHCTBO

|23 — sinz| < |22 + sin z}. (18)

PEmEHUE. OII3 >Toro HepaBeHCTBa ecTh Bce NEeACTBHTENb-
uble z. HepaBercTBo (18) paBHOCHIILHO HepaBeHCTBY

(z® — sinz + 223 + sinz)(2® — sinz — 22 —sinz) < 0,

KOTOpOe MOXHO Nepenucarh B une z°(z> +2sinz) > 0. Pemenn-
€M 3TOro HEPABEHCTBA ABJSETCA MI0Goe fefic TBUTENbHOE T, KpOMe
r = 0. B caMom zente, fiis moboro ¢, nprHALIEXKAIIETO TPOMe-
KYTKY (—00; —7], uMeeM 3 <0ned+ 2sine < - +2< 0,
NO3TOMY 133(1:3 + 2sinz) > 0 mns nmoboro Takoro z. s moGo-
ro Z, MPMHANLJIEKAIIErO NPOMEXYTKY (—7;0), uMeeM z° < 0 u
sinz < 0, nostomy z° +sinz < 0 u 23(z® +sinz) > 0. B cm-
ay yeTHocTH bynknmu z°(z3 + 2sin z) nonyyaem, yro Bee z > 0
TaKXe ABIAIOTCA PeIlleHUsIMHU HepaBeHcTBa. O4eBUAHO, 4TO £ = 0
HEPAaBEHCTBY He YIOBIETBOPSET.

OTBET: —00 <2< 0; 0 < 2 < 400.

HPUMEP 7. PeminTh ypaBHeHHE

22+ 241 = |22+ 32 - 1]. (19)

PEWEHKE. OII3 ypasuenus (19) ecThb Bce nefCTBUTENbHbIE T.
Bospens ofe 4acTH ypaBHeHHS B KBaIPaT, NOJyYMM ypaBHEHHE

(P +z+1-2>-3z+1)(z>+z+1+22+32-1) =0,
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PABHOCHIILHOE HCXONHOMY . O1o  YPaBHEHHE MOXHO MepENHcaTh B
pune (z3 — 22 — 22 + 2)(z3 + 2 + 4z) = 0, oTkyna cnenyer, 4To
OHO PaBHOCHJILHO COBOKYMHOCTH ypaBHEHUH

22+ 22442 =0, (20)

2 -z2-2242=0. (21)

Tak kak z3 + z? + 4z = ;L'(:z:2 + = + 4) ¥ OIMCKPHUMHUHAHT KBa-
APATHOrO TPexuliena z° + z + 4 OTPHLATeNEH, TO ypaBHeH#e (20)

MMeeT eNMHCTBeHHBI KopeHb z; = 0. Ilockomeky z® — z? —

-2 42 =2z -1)-2z-1) = (¢ - 1)=x?-2) =
=(x—-1) (x—\/_) (x+\/_), TO pellleHus ypasHeHus (21) ecTn
12:1,1‘32\/5141‘4:-—\/5.

HTak, ucxonHoe ypaBHEHHe UMeeT 4YeThipe KOpHA: T; = 0,

1‘2:1,1‘3:\/5“1‘4:-\/5.
OTBET: z; = 0, 1:2:1,1'3:\/5, z4=_\/2—‘

2.4.6. Ucnonb3oBaHue CBOMCTB aGCONIIOTHOM BeJIMYH-
nei. [Ipyn pemenun ypasHeHuil 1 HEpaBeHCTB ¢ MOAYJIEM MHOTIA
6blBaeT MOJNE3HO PeMIaTh UX He NO OCHOBHOMY MeTONY, a IpHMe-
HATb CBOACTBA MONYJs, B OCHOBHOM HeoTpHuaTeabHocTh Ha OII3
BbIPaXKeHUs, HAXONAIIETroCs MOA 3HAKOM MONYJIS.

ITPUMEP 8. PeminTh ypaBHeHUe

'\/m-x|+lz+\/5|=\/z2—z+\/2_:. (22)

PEWEHKE. O603HauuM /22 — z—z yepes a u £++/z depes b.
Torna ypaBHeHue (22) MOXHO 3allMcaThb B BUIE

la|+ 6] = a +b. (23)

A3 cpoiicTB abcomOTHON BeNMYMHBl BhITeKaeT, YTO paBeH-
¢TBO (23) BO3MOXHO TOTIa M TOJILKO TOTMA, KOr/1a ONHOBPEMEHHO
a>0mub> 0. IosTomy mcxonHoe ypasHeHue (22) paBHOCHIBHO
CHCTeMe HEPAaBEHCTB

{ Vel—-z—-z 20,
z++z20.
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Pemenne 3Toit cMcTeMBl HEpPaBEHCTB, a 3HAYMT, ¥ WNCXOLHOTrO
ypaBHeHus ecTh T = 0.

OTBET: z = 0.

[IPUMEP 9. Peminte ypaBHeHue

log%x
logyz — 11

log, z

+ llog, =] = (24)

1—logyz

PEWERKE. O3 ypaBHerus (24) ects Bce z > 0, kpome 2 = 2.
Mockonbky ans moboro z u3 O3

log? z log, =
= 1
log, z — 1 log2z—1+ 82 %,
log? = _ log2 =
|log,z — 1| |log,z — 1}’

TO ypaBHeHue (24) MOXHO mepenucaTh TakK:

log, = log, =
—_— ] = | ——— 41 . 25
g,z — 1 + |log, z| Tog,z -1 T 9827 (25)
1
O6o3naunm —22% _ yepe3 a u log, ¢ 4yepes b, Torna ypapHe-
log, z ~ 1

Hie (25) MOXHO NepenucaTh TakK:
lal + 18] = {a +&]. (26)

M3 ceolicTe abcomoTHOM BeNMYMHEI BHITEKAeT, YTO paBeH-
cTBO (26) MMeeT MecTO TOTAA M TOMLKO TOTAa, KOrla

ab> 0.

3T0 03HaYaeT, 4YTO pelileHAs ypaBHeHNUs (24) cOBIARAIOT ¢ pellle-
HUSIMH HEPABEHCTBA
log? =
2827 5. (27)
10g2 r — 1
PeiieHusMu HepaBeHcTBa (27), a 3HAYMT, B MCXOHHOTO YpaBHe-
HUd, ABAAIOTCA £ = 1 ¥ BCe T U3 IPOMEXYTKa 2 < T < +00.
OTBET: 2= 1,2 < z < 400.
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[IpuMEP 10. Pemnuthk HepaBeHCTBO
le| + |7 — x|+ 2|z - 2| < 4. (28)

PEmMEHUE. Ins mdoboro ¢ < 2 umeeM 7 — & > 5, Ho3TOMY
|#|+ |7 — 2|+ 2|z — 2] > 5, a >To 03HaYAET, YTO HE OXHO U3 £ K 2
HE SBIAETCS pelleHWeM HepaBeHcTBa (28).

Ias moboro ¢ > 4 umeeM |z| > 4, n nostomy |z| + |7 — | +
+ 2|z — 2| > 4, a 5T0 03HavaeT, YTO HH ONHO T > 4 TaKxe He
SBI€TCs PellleHneM HepaBeHCTBa (28).

I s aoboro & u3 npoMexyTka2 < r < 4 umeeM 3 < T~z < 5,
nosromy |7 — z| > 3 u 2| > 2. Caenosatensno, ||+ |7 — z| +
+ 2|z — 2| > 5, a >To o3HaYaeT, YTO HU ONHO & U3 MPOMEXYTKA
2 < & < 4 He ABJIeTCcA pellleHUeM HepaBeHCTBa (28).

Hrak, HepaBeHcTBO (28) He MMeeT pellleHUIA.

OTBET: pelieHU# HeT.

axauu

Pewiutt ypaBHEHUE

ANTF3I+VEH2=T.

V32 + 1943z -2 =Tz + 11 + V2z.
V21—V =Ve -3

ANz +3-V2—-2=V9%+T7—-Vz -2
V22—t -V 10—zt = 2.
.m-f-m:l
\/:L'T—;L‘+5:\/z3+zz—1.

Nl + V2 —z=+v3-2z.

N +59-Vr+22=1.

10. Y2z + 1+ Vz = 1.

11. V22 + 1+ vz = /222 + 42 — 23.
12. 2+ Vz + VT + 24+ V22 + 22 =7/2.
13. V222 +52 -2 - /222 +52 -9 = 1.

© WO G AW
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14.
15.
16.

17.
18.

19.
20.

21.

22.

23.

24.
25.

26.

27.
28.

29.
30.

31.
32.

33.

34.

35.
36.

Ve—-14+ Ve —2=+v2z-3.

Ve =Yz —1=1.

VAz2 + 92 +5- V222 +2—1=Vz2 - 1.

V322452 +8—1322+5c+1=1.

Yz + Yz —16 = ¥z - 8.

m-vzz— =322 -5z ~1-\/22 - 3z + 4.
Ve+1l+Vz+2+vVz+3=0.

Y+ -Y1-z2+ Y -2 =1

\/——I—( +7) z+1

-1
:c+1:(\/2+1:+1)(\/2+r+1‘2+r—7).

\/x+3—4m+ 1%8—6\/13——_1:1.
Ve-1+lz-1P —zc+2=Vz+Y(a-1P -z + L
V2tz+V2-z 2

V2+z-vV2-z
Vel+e+1-Vz2—32+7= 22—z + 222 - 5z +8.
e=(Ve+4+2)(V2z+6-1).

|3 — 22 — 3| = |2® — 2z + 5.
logg(:v4—\/z—4——4+a:2+2):
:logQ(rs——\/:c“_———ﬁl-}—r?—lO).

(log,. 2)(logy, 2)(log, 4x) = 1.

logs (VZ + [vz — 1]) = logg (4vz — 3+ 4 |Vz - 1))

132302 2142l pHla—z| = Sal4—z| 1 14
xr— — | = Z|— .

V-1 Vz- Vz -1
2log, 3 + logs, 3 + 3log,, 3 =0.

2
(log3  + 2) log; 6, 4 = log, 4-log, %

log /z(z + |& — 2[) = log, (52 — 6 + 5]z — 2|).
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Paduxaan, cmenenu, aozapudmol u modyau

37.
38.
39.
40.

41.
42.
43.

44.

45.

46.
47.
48.
49,
50.

51.
52.
53.

54.
55.

56.

57.

58.
59.

60.

logyyz_ yz42(d4z — 49/7 — 4V/25 4 84) = 2.
log(,_2)2(4 —4z 4z =2+ log(x_z);(x +5)2.

log, _s-(622 = 5z + 1) — log, _3,(42% — 4z + 1) = 2.
logy, 2% — 14log, ¢, 3 + 40log,, VZ = 0.

Izllog3(1~2+31~) — (12

1
V1—z2?

(14 2%+ cosz)V1="" = (1 + 2* + sinz)V 7"

PeminTh HepaBeHCTBO

+ 3z)log3(l—r).
(2 + sin 3:)’2"’ = (24 cos x)’z".

1+ 22+ 2zt +sin?2)? ' = (1 4+ 22 4+ z* +sin’ z)*%.

—sin?z

= (1 - 22)ThiE,

V2r —3+Vazr+1> 4.

Ve—-14++v/2z4+2>4.
Ve+3>vVer—-9+Vd—=z.

V8 —1—-Vr+1<Vr+2.

V2r -1+ V32 -2 < Vdzr - 3+ 5z - 4.

Vri+2z2 —1 -2t + 22+ 1 < Vz2 + .

‘\/xz—x+1—2:r+1l>\/:cz—z+1+2:c.

Ve +2—-+Vbzx >4r ~ 2.
V+1+1<4z?+/3z.

log(2° + 1 —2%) >

log: (log; V6 — z)

log,(2° "1+ 1~1z)+ 1.

> 0.

log, 2z < Vlog, (223).

(:L‘2 +z4 1)22—51'+6 > (1,2 4+ 2)1‘2-—51‘-{-6.

(12 + 1)2+z: > (1,2 + 1)5::—3.

2-logZz42log; =
z 2 S% >

1

T



['napa III
Cnoco6 3aMeHbl HEM3BECTHBIX NPH
pellIeHnn YpaBHEeHUN

Ecnn naHo ypaBHeHUe

F(f(z)) =0, M

TO 3aMeHol HensBecTHoH y = f() oHO cHayana CBOAMTCS K ypaB-
HEHUIO

F(y) =0, (Im

a IOTOM IOC/Ie HaXOoXleHus Bcex pemeHmit ypasHenus (II)

Yi, Y2,--«s Yn,- -

CBOAMTCSA K pelieHHIO COBOKYNHOCTH ypaBHEHUH

f@y=w, f@)=y2,..., f(&)=Un,..- (11D)

DTOT npueM HOCTATOYHO XOPOUIO M3BECTEH, M IO3TOMY B 3TOR
rilaBe eMy yhenseTcs Majlo BHUMaHusA. B 0CHOBHOM B 3To#l rnaBe
paccMaTPHBAIOTCA 3aMeHbl HEM3BECTHBIX A7 Pa3jNuHBIX JacT-
HBIX C/IyYaeB ypaBHeHHMi, He 3anucanHbix B Buze (I).

§ 3.1. Anre6panueckue ypaBHeHMA

3.1.1. IMoamxenne crenenn ypaBHeHus. HekoTopuie ai-
rebpanueckue ypaBHEHUs 3aMeHOR B HUX HEKOTOPOrO MHOTOY/IeHA
onHoil 6ykBo#l MOTYT GHITH CBeileHB! K alirebpaMdecKnM ypaBHe-
HUSAM, CTelleHb KOTOPhIX MeHBIIE CTeleHH NCXONHOIO ypaBHEHHA
U pellleHHe KOTOPHIX Ipollie.

[TPUMEP 1. PeminTh ypaBHERHE

(22 +z+2)(z* +z2+3)=6. (1)



88 Cnocob 3amendbl HEUZEECTNHBIT NPU PEWENUU YPABHEHUT

PEWEHAE. O6o3nauum z? + & + 2 uepes ¢, Torxa ypaBHe-
Hne (1) MoxHo nNepemucars B Buze (¢ + 1) = 6. Iocnennee
ypaBHeHUe uMeeT KOpHM 17 = 2 1 t; = —3. CnenoBaresnbHo, ypas-
Henne (1) paBHOCWJIBHO COBOKYIHOCTH YpaBHeHUH 22+ 7 +2 = 2
Uz’ + r+2 = —3. PeweHns nepBoro ypapHeHns 3Toft COBOKYH-
HOCTH ecTh 21 = 0, 9 = —1. Pellenus BTOporo ypaBHeHUs ecThb

~1+v21  -1-71
2 T T
ABISIOTCH T1, T2, L3 U Z4.

I3 = . PemiennsiMmn ypaBuenus (1)

—1+V21  -1-V21

T4

OTBET: 2, =0, 29 = =1, 23 = =
I I2 L3 2 2

I[IPUMEP 2. Pemiuth ypaBHeHUE
(6z +7)*(3z +4)(z + 1) = 1. (2)

PEWEHUE. YMHOXUB 06e 4acTu ypaBHeHUs Ha 12 u obosna-
unB 6z + 6 4epes z, monyuum ypasHenue (z + 1)%(z + 2)z = 12.
[lepenucas sTo ypaBHeHue B Bule

(2242 + 1)(22 +22) =12 (3)

u 0603HauMB 22 + 22z Yepe3 u, MepemuiieM ypaBHerue (3) B Buze

(v + 1)u = 12. HocienHee ypaBHeHHe MMeeT KOPHH Uy = 3 W

up = —4. llosTomy nonyvaeM, 4To ypasHenne (3) paBHOCHIIBHO

COBOKYMHOCTH OBYX YpPaBHEHMI 2242 =3u2° 422 = -4,

Pemmenns >Toit coBoKynHocTH ypaBHEeHM# ecTh 2; = —3 M 29 = 1,
T. e. ypaBHeHHe (2) PaBHOCHILHO COBOKYMHOCTH ypaBHEHHIl

6x+6=-3 u 6z+6=1. 4)

3 5

Pemrennsmu coBokynuocTn (4) spnsiorca £, = —3 uzy = —5

OHHU ¥ ABIAIOTCA pellieHUAMH ypaBHeHus (2).
OTBET: z; = —3/2, 25 = —5/6.

3.1.2. Ypapuenusa suza (z+a)*+(z+8)* = c. Ypabnenne
(z+a)'+(z+8)" =¢, (5)

rme o, ﬁ U ¢ — NaHHBIE YHCJIa, MOXHO CBECTH K 6HKBaIIpaTHOMy
YPaBHEHHIO ¢ IIOMOUILIO 3aMeHbl HEM3BECTHOMR

(z+0)+ (2 +)
2 )
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T. €. 3aMeHBI np
a
y=z+ —2——
ITruMEP 3. Pemiute ypaBHeHME
(z —1)*+ (z+3)* = 82. (6)

(z-1)+(z+3)
2

JlaeM 3aMeHy TepeMeHHLIX y = ¢ + 1 war ¢ = y — 1. Torna

ypaBHeHne (6) MoxHO nepenncats B Bufe (y—2)* + (y+2)* = 82

unn, npumenss dopmyay (a+b)* = a* + 4a3b +6ab? + 4ab® + b*,

B BUAE

PEmWEHUE. O6031auum

depes Yy, T. e. clie-

2y* 4 48y + 2-16 = 82. (7
Mockonbky KOpHN KBAAPATHOrO YpaBHEHUS 2?24242—25 =0 ecThb
zy = 1 ¥ 29 = =25, To pewieHns ypasHenus (7) ecThb peleHUs
COBOKYMHOCTH ypaBHenuit y° = 1 1 y° = —25. DTa COBOKYNHOCTD
ypaBHeHHI UMeeT Ba peitlenus y; = 1 u ¥y = —1. Cnenoatens-
HO, pellieHNs ypaBHeHHs (6) ecTb 21 = 0 u zp = —2.
OTBET: ¢ =0, 5 = -2.

y 3.1.3. Ypapuenus Buaa (z —a)(z — 3)(z —v)(z — §) = A.
paBHeHHe

(g —a)(z - B)z —7)(z - 6) = 4, (8)
rge yucna o, B, v, 6 1 A TakoBH, 4To o < B < ¥ < 6 nm
B —a = § —+, 3aMeHOi HEM3BECTHRIX

_r—at+z—-f+r—v+zr-46
- 4

CBOOMTCS K GUKBAPATHOMY YPaBHEHHIO.
ITPUMEP 4. PeuiuTh ypaBHeHHe

(z+ 1){z+2)(z+4)(z +5) = 10. (9)
PEmIEHUE. CnenaeM 3aMeHy HEeM3BECTHBIX

_r+l+z+2+4+z4+4+2+5
= 1 ,
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T.e.y =2+ 3w z = y— 3. Torna ypasuenue (9) MOXHO
nepenucaTs B Buze (y — 2)(y — 1){y +1)(y+ 2) = 10, 7. e. B BURE

(y* - 4)(y* — 1) = 10. (10)

BukBanpatHoe ypaBHeHue (10) mMeeT IBa KOpHA: ¥ = —V6 U
y2 = V6. CitenoBaTenbHO, ypaBHeH e (9) Taxxe uMeeT nBa KoOp-

Hx:zlz—\/g—anQ:\/——&
OTBET: z; = —V6 — 3, 25 = V6 — 3.

3.1.4. Ypapuenns suna (az’+bz+c)(az’+byz+c)= Az’
YpaBaenue

(az? 4 b1z + c)(az? 4 byz + ¢) = Az?, (11)
roe ¢ 7 0 m A # 0, He nMeeT KopHs £ = 0, NI0O3TOMY, pasleiuB
ypasuerne (11) Ha z2, HoNyYnM paBHOCHIILHOE eMy ypaBHeHHe

(am+§+b1) (ax+%+b2)—A:0,

. Cc
KOTOpOe I1ocJIe 3aMeHbl HEU3BECTHOM Y = ar + - NepEeNnnuieTCs B

z
BHOe KBaJpaTHOrO ypaBHEHMs, pellleHHe KOTOPOIO He NMpencTaB-
JeT TPYHAHOCTEM.

I[IPUMEP 5. PeminTe ypaBHeHME

(2 + 2+ 2)(z? + 2z + 2) = 222 (12)

PEMEHKUE. Tak kak z = 0 He gBNsgeTcI KOpHEM YypaBHe-
uns (12), To, passenuB ero Ha 2, MONYyYUM PABHOCHIIBHOE eMy

ypaBHEHHE
2
(z+l+—> (z‘+2+z) = 2.
T T

2
Hlenas 3aMeHy HeM3BecTHOM y = z + —, NOJYYHAM ypaBHEHHe
z

(y+ 1)(y + 2) = 2, xoTopoe uMeeT nBa KopHS: ¥ = 0 u y; = —3.
CrenoaTensHo, ncxonHoe ypasHeHde (12) paBHOCHIILHO COBOKYTI-
HOCTH ypaBHEHHUM

2 2
z+—-—=0 u 4+ -=-3.
T z
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OTa cOBOKYNMHOCTHL MMeeT [Ba KOpHA: 3 = —1 u 9 = —2.
OTBET: z, = —1, 25 = —2.
3AMEYAHUE. YpaBHeHUe BHIA

art+ B2 +y2? + 6z + A =0,

B8 a
y KOTOpOro 5 =V 1 a) > 0, Bcerfa MOXHO TPHUBECTH K

suny (11) u, 6onee Toro, cuntas a > 0 u A > 0, kK BUAY
(\/E:c2 + \/X) Vor? + i:l: +V) = (—'y + ZVaA) z?.
Va

3.1.5. Ypasuenus una (z—a)(z—-B)(z—7)(z—6) = Az%.
YpaBHeHue :

(z - a)(z = B)(z = 7)(z — §) = Az?, (13)

roe 4ncia a, 3, v, 6 u A TakoBel, uTO aff = 8 # 0, MOXHO
nepenucaTh, IEpeMHOXUB NMEPBYIO CKOOKY €O BTOPOIl, a TPETHIO ¢
4eTBepTOi, B BUIE

(22 — z(a + B) + aB)(2? — z(y + 8) + 78) = Az?,

T. e. ypaBHenue (13) Teneps 3anucano B Buze (11), u ero pemenue
MOXHO MPOBONMTH TaK Xe, KaK pelteHue ypasaerns (11).
[IPUMEP 6. Pemiuth ypaBHeHHe

(z - 2)(z — 1)(z — 8)(z — 4) = 722 (14)

PEIIEHUE. YpaBHenue (14) umeeT B (13), mosTomy nepe-
OHLIEM ero B BAAE

[(z — 2)(z - 4)}[(z ~ 1)(z — 8)) = 72*
WK B BHIE
(z? — 6z + 8)(z? ~ 9z + 8) = Tz%.

Tak kak 2 = 0 He ecThb pellleHHe >TOTO ypaBHeHHs, TO, pa3liesIuB
ero obe YacTd Ha 2, MOJNYYMM PaBHOCHIILHOE HCXOLHOMY YDaBHe-

8 8
HHUe (a: -6+ ;) (x -9+ ;) = 7. Ilenas 3aMeHy nepeMeHHBIX
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8 )
z + — = y, noflyyaeM KpalnpaTHoe ypaBHeHue (y — 6)(y — 9) = 7,
z

pellleHu s KOTOPOTO €CTh ¥ =

15 4+ /37 "
2

15 — /37
9 = —

5 . Cneno-

BAaTEJBbHO, HCXOMHOE ypaBHEHNE (14) PaBHOCHUIBHO COBOKYITHOCTH

ypaBHeHu#

8 15+/37
T2

8 15—+/37
TR

Pemenus IIEpBOT'O ypaBHEeHHUd 3TOMH COBOKYINHOCTHU €CTb

2
15 + /37 15+ /37
—— =T ) —-32
2 \ 2
= 9 )
2
15 + /37 15 + /37 29
2 \ 2
g = )

Bropoe ypaBHenne >Toil ¢COBOKyTHOCTY peleHuit He uMeet. UTak,
HCXOMHOE ypaBHeHHe NMeeT KODHU &) B 2.

OTBET:
15 + V37 + /3037 + 134
r1 = -
1 4 3
. 15 4+ 4/37 — /3037 + 134
2 - .
4

3.1.6. Ypapuenus suma a(cz’ + piz + ¢)® + b(cx® +
+ paz + q)% = Az?. Ypapuenue

a(cr2 +piz+q)°+ b(6162 +pz+q)= Az?, (15)

rae umcia a, b, ¢, ¢, A rakoBbl, uTo ¢ #0, A # 0, c #0,a #0,

b # 0, He uMeeT KopHs z = 0, mo3ToMY, paszienus ypasHenue (15)

Ha &2, MONyYNM PaBHOCHILHOE €My ypaBHEHHE

2 2
a(c:c-i—g—kpl) +b(cx+2+p2) =A
T T
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. q
KOTOpOe NMocjle 3aMeHbl HEM3BECTHON Y = CT + — nepenunuieTcs B
z

BUIe XBAJIpPaTHOIO yPaBHEHHUS, PelleHNe KOTOPOro He IMpPencTaB-
JiseT TPYIHOCTEM.
I[TPUMEP 7. Pemuth ypaBHeHRne

3z +20— 1) —2(z? +3z - 1)* + 527 = 0. (16)

PEmEHUE. Tak kxak ¢ = 0 He 4BIfeTCd KODHEM ypaBHe-
uus (16), To, pasnenus obe ero YacTH Ha 2?2, mony4um ypaBHEHRHe

1\? 1\?
3(z+2——> —2<z+3———> +5=0, (17)
xr F i

paBHOCHIbHOe ypasHenmio (16). CnenaB 3aMeHy HeW3BeCTHOM

1
T-— =0 ypasHenne (17) nepenuinemM B BAAE

3(y+2)° -2y +3)?2+5=0. (18)

KsanpatHoe yparHenne (18) umeer npa kopus: y; = luyy = —1.
MosToMy ypasrenne (17) paBHOCRIILHO COBOKYNTHOCTH yPaBHEHUA

1 1
- —-=1 - —=-1. 19
z -~ nor- (19)

CoBokynHocTh  ypaBHenmit  (19) muMeeT deThipe KOPHI:

“1-VvE o -14vE o 1-VE 14V

ry = —5——, T2 = 3 3 = 2 y T4 = O
Onu 6ynyT kopHamH ypaBaenus (16).

-1-v8 _ -i+Vs o 1-V6

OTBET: ¢y = —————, &y = =
1 s 2 9 3 9 )

2
145

T4 = 2 .

3.1.7. Ypapuenns suga P(z) = 0, rae P(z) = P(a —z).
IlycTh MHorounen P{z) obnagaeT cBoiicTBOM: I HEKOTOPOrO
GUKCHPOBAHHOTO 4MC/Ia @ CHPABEIJIMBO TOXIECTBEHHOE DPaBeH-
ctBo P(z) = P(a—z). Toria MoXHO NMOKa3aTh, YTO CyILECTBYeT
storousien Q(y) Taxoil, 4TO CIPABEMINBO TOXJIECTBEHHOE PaBeH-
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2
crso P(z) = Q [(r - g—) ], Ipy 3TOM MHOToujeH P{x) moixkeH

OLITh YeTHOM CTEIEHH.
MoaTomy ypaBHeHwe P(z) = 0 MOXHO NepemucaTh B 3TOM

a 2
ciydae B Buge ypaBHeHud Q(y) = 0, rae y = (x - -2—) , CTeNeHb

KOTOpOro MeHbllle cTeneHH ypaBHenus P(z) = 0.
Ilns peiieHuss TAKUX ypaBHEHHH MOXHO NOCTYNHTH CleAyio-
a
muM ob6pa3oM: cHavalla clellaTh 3aMeHy HeH3BeCTHOH Z = Y+ -,
Torza moay4uM anrebpauueckoe ypaBHeHUe TOM Xe cTemewu 2k,
uyTo u ypasHenue P(z) = 0, Ho yXe conepxalliee TOJbKO YETHbIE
cTeneny y. Henas 3aTeMm 3aMeHy HeM3BecTHOW t = ¥, monyuuM

anrebpanueckoe ypaBHeHHe yxXe CTeleHH k.
[IPUMEP 8. Pemuth ypaBHeHHE

22+ (2—z)® - 48(z — 1)} (2? — 2z +2)? — 32(z — 1)* = 32. (20)
PEMIEHKME. PaccMoTpuM MHOrodseH
P(z) =28+ (2-2)% —48(z — 1)*(2? -2z +2)* - 32(z — 1)* - 32.

IMockobKy Jerko mposepuTh, 4yto P(2 — z) = P(z), To ypas-
nerue (20) ecTb ypaBHeHMe paccMaTpuBaemoro Buia. Cuenaem
3aMeHy HeM3BecTHOH y = ¢ — 1 wnu z = y + 1, Toraa ypasHe-
nue (20) mepenumieTcs B BUAE

[(v+ 1)) + [(y— D?* - 48y°(y° + 1) - 32y" - 32=10. (21)
Tax kak (y+ 1)? = y* + 1 + 2y, a(y—1)2=y*+1-2y,
TO, MOACTABIAA STH BHIPAXKEHUs B JIeBYIO YacThb ypaBHeHHs (21)
M pacKpbiBas YeTBepThie CTENeHH Mo dopmyie
(a +b)* = a* + 4a%b + 6a%b% + 4ab® + b*,
MONYYHM, 4TO ypasHeHde (21) mepenuiercs B Buie
(¥ +1)* =16. (22)

Ypabuenue (22) umeer aBa KopHa: y; = —1 n y» = 1. Cienosa-
TebHO, UCXONHOE yYpaBHEHME MMeeT TaKXe ABa KopHA: 1 = 0 u
Io = 2.

OTBET: 1 =0, 25 = 2.



§ 3.2. Payuonaavudvie ypasrnenus 95

§ 3.2. PaunoHanbHble ypaBHEHUsA

YpaBHeHUS BUOA
H(z) _
Q@) “)

rae H(z) u Q(z) — MHOrou/IeHBI, Ha3bIBAIOTCH PAYUOHGALHOIMY.

Haiins kopuu ypaseenus H(z) = 0, 3aTeM Halo NpOBEpUTD,
KaKue U3 HUX He ABAAIOTCA KOpHAMH ypaBHenus Q(z) = 0. Orn
KODHH M TONLKO OHM 6yAyT perteHusmn ypasuenus (I).

B »ToM naparpade npuBoOATCS HEKOTOPHIE CHELMAJIbHbBIE Me-
TOAH pellieHus ypabHenui Buna (I).

3.2.1. Ynpouienue ypaBHeHud. [Ipu nomomu 3aMeHb! He-
M3BECTHHIX pallMOHAJIbHOE ypaBHEHNe 4acTO CBOOUTCS K ajrebpa-
n4ecKoMy uin Gojlee MPOCTOMY PAlMOHAIILHOMY YPaBHEHUIO.

IIPUMEP 1. PemiuTs ypaBHeHue

241 2a:+3_29

Tl M 1
2z+3 + z24+1 10 (1)
22
PEMEHUE. O603Ha4uB 2%+ 3 depes y, AaHHOE ypaBHEHHe Ile-
1 29
penuileM B Bule Y + — = o Iockonbky y = 0 He ecThb pellieHne
vy

3TOro ypaBHEHHs, TO TO YpaBHEHME DABHOCHIILHO YPaBHEHHIO
10y? — 29y + 10 = 0. Peltenns 3Toro ypaBHeHHs eCThb Y = 5/2mn
y2 = 2/5. Cnenosarentho, ypasHenue (1) paBHOCHIIBHO COBOKYI-
HOCTH ypaBHEeHHi

z2+1 5 22+1 2

- == 2
2+3 2 " 2%z+3 5 )

IlepBoe M3 >THX ypaBHEHMIl Ha MHOXeCTBe Bcex £ # —3/2 pas-
HOCHJILHO yDaBHEHHIO

2z2 — 10z - 13 =0, (3)
a BTOpOe — ypaBHeHHIO

502 — 4z —1=0. (4)
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5++/51 5~ /51

Peiuenns ypapneuus (3) ectb £y = nry; = ———. Pe-

menus ypaBHenus (4) ecth 23 = 1 n 24 = —1/5. CilenoBaTenbHo,
pelueHnsMn ypabheuns (1) 6yayT uucia z;, 22, 3, I4.

5+ V51 5 — /51 1
OTBETZIII—-Q—nyZ—T—1x3:1’z4:~g.
MpUuMEP 2. Petiuts ypaBHeHHe

2
z 48 xr 4
—+==10{---]. 5
3 T2 <3 1‘) (5)

z 4
PEmIEHUE. Ob6o3nayum 3”7 qepes u, Torna ypasHenue (5)
NepenuileTcs B BAfe z

3u? —10u+8 =0. (6)

YpaBHenue (6) umeer nBa xopHs: u; = 2 u uy = 4/3. [losTomy
ypaBHeHHne (5) paBHOCWIBHO COBOKYIHOCTH ypaBHeHUH

x 4_ M:c 4_4
3

3 =z zr 3

PemieHns mepBoro ypaBHeHMS 3TOW COBOKYIHOCTH  €CThb

34+ +v21 3—+v21
£y = ———— N &9 = ———— . Peluenns BTOpPOro ypaBHeHHS
ecTb £3 = —2 U ¢4 = 6. CrieloBaTeNbHO, peuleHUIMHA MCXONHOTO
ypaBHeHus (5) ABAKIOTCS 4dCaA Ly, T2, T3, L4.

3+/21 . _3-Vel

OTBET: T, = 2 2 2 , L3 = —2, x4 = 6.
[s31 (s3] Um

3.2.2. YpaBHeHMA BHUAA + 44— —A.

P z+p z+0Be z4+0m

Y paBHeHUe
s3] (s3] Qm

+ + -+ = A 7
t+ 0 T+ B T+ Bm @

OpHM HEeKOTOPHIX YCJIOBMSX Ha 4uciaa «;, A, ; MOXeT OBITH pe-
MIEHO caeNylomuM obpasoM. [pynnupysi unedn ypasuenus (7)
no [IBa N CyMMHUDPYs KaXIylo Napy, Hallo NOIYYAThH B YHUCIATe-
JI1X MHOFOYJIeHBl NepBOH WM HYJEBOH CTEeNeHH, OTIIMYaIOnecs
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TOJILKO YKCJIOBLIMH MHOXWTEJIIMM, a B 3HaMeHaTelsdX — TpeX-
4ileHsl ¢ OJIMHAKOBBIMU NBYMS YeHaMU, CONEpXalIUMHU I, Tornaa
[ociie 3aMeHBbl [lepeMeHHBIX MOJIYYeHHOe ypaBHeHHe Oyner nmnbo
uMeThb Takxe BuA (7), HO C MEHBIIMM YHC/IOM CIATaeMbIX, JIN-
60 6yneT PaBHOCHILHO COBOKYNHOCTH ABYX YDaBHEHMH, ONHO W3
KOTOpBIX OylleT NepBOf CTeNneHH, a BTopoe DylleT ypaBHEHMEM BU-
na (7), HO ¢ MEHBILIMM YHCJIOM CIaTaeMBbIX.
[TPUMEP 3. PeminTh ypaBHeHHe

+1+1+1+1—
r z+1 z+2 z+3 r+4

(8)

PEWEHUE. CrpynnupoBaB B JieBoil 4acTH ypaBHeHus (8) nep-
BBIl 4/leH C TIOCTeHUM, a BTOPOil ¢ IpeANocIeNHUM, Tlepenuuiem
ypaBHenue (8) B Buge

1 1 1 1 1
hl =0. 9
(z+z+4>+<z+l+x+3>+z+2 (9)

CyMMupYys B KaxJoil ckoOke ciaraeMble, IepeluilieM ypaBHe-
aue (9) B Buze

2 2 2 2 1

(z+2) (z+2) _o (10)
244 r2+4zx+3 c+2

Tak KaK £ = —2 He ecTb peleHme ypasHeHus (10), To, pas-

IeJINB 3TO ypaBHeHHe Ha 2(x + 2), HOIYy4NM ypaBHeHuMe

1 1 1
=0 11
22+4z+z2+4z+3+2(1'2+4z+4) ’ (1)

pasHocunbHoe ypasrenuio (10). Coenaem 3aMeHy HeH3BECTHOIO
z? + 4z = u, Torna ypasrenne (11) nepennuiercs B Bulie

11 1
=+

=0. 12
u u+3+2(u+4) (12)

TaknM obpa3oM, pellieHe ypaBHeHE (8) ¢ MATHIO CAAraeMBIMY B
JIeBOIl YaCTH CBelEHO K pelleHMIo ypasHeHus (12) Toro xe Buna.
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HO ¢ TpeMsd cllaraeMbiMH B JieBoll yacTH. CyMMUpys BCe 4YileHEBl B
neBOl yacTn ypaBheHus (12), nepenuimeM ero B BuLle

5u? + 25u + 24
2u(u+ 3)(u+4)

=0. (13)

—25 4 /145
Pemenns ypasrenus 5u’ + 25u+ 24 = 0 ecTb u; = ot VIt

10
—25 — /145

Huz = — 10 Hu onno m3 sTux yMcen He obpamjaeT B
HYJ/Ib 3HaMeHaTellb palluoHallbHON QYHKIINN B JIEBOH YacTH ypaB-

Hernns (13). CnenoBaTenbHo, ypaBHerue (13) nMeeT >Tu nBa KOp-
Hf, U IO3TOMY HCXONHOe ypaBHeHUe (8) paBHOCHIIBHO COBOKYIHO-
CTH ypaBHeHUN

—25+ /145 2 —-25— \/14
_— ¢ +4z =

2
4r =
ztar 10 10

Peinenus NepBOro ypaBHEHHA 3TOR COBOKYITHOCTH €CThb

15 145 15 145
10 10

Permtenns BToporo ypaBHeHHs U3 9TOH COBOKYHHOCTH €CTh

HosToMy McxonHOe ypaBHEHME UMeeT KOPHH Xy, Ty, T3, L4.
OTBET:

15 4+ /145 15 + /145
= -2 —_— - 9 _
Ty + 10 , X2 2 10 3
pye g BV 15 — /145
3= 10 0 T 10
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3.2.3. YpaBHeHusa BuUAa a;x-:-b?l + aiz-:—bjz 4+
e T dn = D. ¥YpaBuenue
z+ by,
aiz +a; asZ + as anz+an:D (14)
T+ b z+ by z+b,

IPH HEKOTOPHIX YCIOBHAX Ha YMCIa «;, by, a; u [) MOXHO pe-
IINTh TaK: HalO BBIAEJNTH LEAYIO0 4acTh B KaXIoil U3 npobeit
yPaBHeHHs, T. e. 3aMeHHTb ypaBHeHue (14) ypaBHeHneM

B Ba Bn
=D
- b1+a2+z+b2+ +a"+:c+bn )

o) +

CBeCTH ero K BUAY (7) ¥ 3aTeM pellIUTh €ro cNocoGoM, OMMCAHHBIM
B NpeNbIAYIIEM IYyHKTE.
I[TPUMEP 4. Peminth ypaBHeHHE

z+4 z-4 r+8 z-8 8 (15)
r—1 41 z-2 z+2 3
PEWMEHME. 3anumem ypasHeHue (15) B Buae
QUL QU A S LS § LR
r—1 41" z—2 z+2 3
UM B BuIe

5 5 10 10 8
- = - -2 (16)
z—1 z+1 z—2 z+2 3

Cymmupys cnaraemele B ckoGKax, epenuinleM ypasHeHue (16) B
BHIE

10 40 8
F_—l—z—z_—4+§:0. (17)

Ierast 3aMeHy HeW3BeCTHOro £ = u, NepenuINeM ypaBHeHHe (17)
B BHIe

10 40 8
-=0 18
u—1 u—4+3 (18)
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CyMMupys 4ileHBl B NIeBoil 9acTH ypaBHenus (18), mepeuniuem
€ro B BUle

4u® ~ 65u+ 16
(v—1)(u—4) N

Jlerxo BuneTs, 4TO ypaBHeHHe (19) MMeeT nBa KOpHs: u; = 16

n u; = 1/4. CienoBaTearHo, HCXONHOE ypaBHeHMe (15) umeer

4YeThipe KOPHS: £; =4, 29 = —4,r3=1/2n 24 = ~1/2.
OTBET: 21 =4, 3= -4, 23 =1/2, 24 = —1/2.

0. (19)

3.2.4. YpaBuennsa suga
a1z + b; azz + by anz + b,

e
Pzt qr+ry prz?4 g4y Pzl + quz + 1y
YpaBHeHue BHIIa

a1z + by asr + by n " anx + by,
pizi+qr+rr peidqer4r Pnz? 4+ gur + 1y
(20)
IOpHU HEKOTOPBIX YCIOBUAX Ha 4YMcia a;, b;, pi, ¢;, 7; 1 A MOXHO
pellaTh TaK: Pa3jIoKUB (eCIH 5TO, KOHEYHO, BO3MONKHO) KAXKAYIO
u3 apobeil B feBoit yacTn ypaBHeHud (20) B CyMMY mpOCTERIINX
npobeit

a;x +b; _ A; 4 B;
pigt gzt 48 T+

cBecTu ypaBHeHue (20) x Bumy (7), 3aTeM, npoBens ynobHYIO me-
PErpYNIMPOBKY Y/IEHOB NOINYYEHHOTO ypaBHeHNs, PeliaTh ero Me-
TOIOM, HM3JIOXKEeHHbIM B NNyHKTe 3.2.2.

ITPUMEP 5. PeminTh ypaBHeHne

z+1 z+6 _ z+2 z+5
22422 24122435 2244243 224 10x+4 24

(21)

/

PemEHKE. Hockonbky z° + 2z = 2(z+2), 22 + 122+ 35 =
=(@+5)0e+7), 22 +42+3 =(e+1)(zc+3)u 2>+ 10z +
+ 24 = (z+ 4)(z + 6), To, yMHOXUB YHCIUTENDb Kaxaoh 1pobu B
ypaBrenu#t (21) Ha 2 u 3aMeTHB, 4T0 2(z+1) = z+z+2, 2(z46) =
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=c+74+24+5 2x+2)=c+1+2+3,2(z+5)=z+4+2+6,
ypaBHeHHe (21) MOXHO 3alMcaTh B BHIe

1+ 1 + 1 + I
2 5 7T
r T+ T+ r+ | ! ] 1 (22)

z+1+x+3+r+4+x+6'

Ypasuenue (22) umeer Bun (7). lleperpynnupoap ciaraeMsie B
3TOM YPaBHEHHH, NepelMLieM ero B BUIE

1+1 4 1+1 B
r z+7 t+2 z+4+5/)

o 1 + 1 + 1 + 1
T \z+1 z+6 z+3 z+4

20+ 7 204+ 7 20+ 7 20+ 7

Hjam B BUIe

217z O Te510 s i B
Ypasserue (23) paBHOCHIILHO COBOKYNHOCTH YpaBHeHHUi
20 +7=0
u (24)
1 1 1 1

1'2+71‘+:L'2+7:c+10: 32+7z+6+x2+7r+12'

Ilns pemeHus BTOPOro ypaBHeHHMs COBOKYIHOCTH (24) chenaem

3aMeHy HeW3BecTHOro z” 4 7z + 6 = z. Torna oHo NMepenumeTcs

B BUIe
1 1 1 1

z—6+z+4—z z+ 6

NJIN B BUOe
2z -2 2 6
‘ S S (25)
(z—6)(z+4) 2(z+6)
CyMmupys Bce 4ileHBI B /IeBOI YacTH ypaBHeHus (25), nepenuriem
€ro B Bune

22+ 62+ 18 _
2(z +4)(z+6)(z—6)

0. (26)
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Tak Kax ypaBHenue 22+ 6z + 18 = 0 He UMeeT KopHeil, To ypas-
HeHMe (26) uX TakXe He MMeeT.

[lepBoe ypaBHeHHe coBoKymHocTH {24) MMeeT elMHCTBEHHBIH
xopeb z = ~7/2. IlockonbKy 3ToT KopeHs BxonuT B OII3 BTOpO-
rO ypaBHEHUS COBOKYIHOCTH (24), To OH ABIAETCA eMUHCTBEHHBIM
KOPHEM COBOKYIHOCTH (24), a 3HAYMT, M UCXOLHOTO ypaBHEHUS.

OTBET: z = —7/2.

3.2,5. YpaBHeHns BANa

a2+ bz +cy  azz?+ bz + o anz? + bz + e, -4
o1z + By asx + B2 anz+ B
YpasHeHMe
a1z 4+ bz +er asz?4 bz + ¢ a,z2 + bz +cp ~a
a1z + Py asz + B ant+ B,
(27)

IpH HEKOTOPBLIX YCIOBMAX Ha 4Ucha a;, b;, ¢;, oy, 5 4 A mocne
MpeACTaBIeHAA KaXIOTO ¢JIaraeMorc B JIEBOJ YaCTH B BHAE

2
a;z’ 4+ bix + ¢ B;
T TN o ip b ——
oz + B; v oz + G

MoxeT GBITh cBeneHo X Buny (7).
[IPUMEP 6. Peminth ypaBHeHue

g2 +z+1 2242042 2243243 2 +4r+4

z+1 z+2 r+3 r+4 0. (28)
PEmMEHKE. [lepenumem ypashenue (28) B Buze
T+ ! +z+ 2 —r— 3 —r— 4 =0
z+1 42 r+3 z+4
WK B BUIe
1 2 3 4
x+1+z+2—x+3——x+4:0' (29)

Taxum obpasom, ypasuenue (28) cemeno x Buay (7). Teneps,
I'PYINKDPYs IepBLIi YileH ¢ HOCIeNHNM, a BTOPOil ¢ TpeThUM, Ile-
penuieM ypaBHeHue (29) B BuIe
—3r z -0
245244 z245x46
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OTo ypaBHeHHe PAaBHOCHILHO COBOKYNHOCTH ypaBHeHWH

3 1

=0 =
* 1'2+5:c+4+1'2+5z‘+6

0. (30)

lMocnennee ypaBHenue coBokynmHocTH (30) MOXHO NEpenucaThb B
BUAEC .
222 4+ 10z + 11
(z+1)(z+4)(z+2)(z+3)

—5+v8 _-5-V3

S
Tak Kak ¢ = 0 BxonuT B OII3 BTOpOro ypaBHEHHUs COBOKYIHO-

—5++/3

2

=0.
Perenns sToro ypaBHeHud ecTh &1 =

¢t (30), TO cOBOKYNHOCTE (30) ¥MeeT TPH KOpHS: 1 =
-5-3
£y = ————, 3 = 0. Bce oHU ecTh pelneHHs HCXOXHOTFO ypaB-

HeHHS.
—54+3 -5-3
, Ty = , 3 = 0.

OTBET: = =
Z 2 2 2 3

3.2.6. YpasHenusa suaa
Az Axz

i tbate T hete +---+ m = B. ¥YpaBHeHus BuIa

All' AkZ

4.4k B 31
ar?+ bz +c +a:c2+bkz+c (31)

IpH HEKOTOPHIX YCIIOBUSX Ha 4YUcha a, ¢, b; u A 3aMeHOH Hens-
c .

BECTHOIO A& + — = Y MOXHO CBECTH K ypaBHEHHUIO BUIA
T

ITPUMEP 7. PeminTh ypaBHeHNe

4z n 3z —1
472 ~ 8z +7  4z2— 102+ 7
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PEMEHHME. Tak kak £ = 0 He ABIdgeTcd pelleHNeM ypaBHe-
Hnst (32), To, pasnenuB YNCANTENL X 3HAMEHATeNIb KaXI0# Jpodu
B JIEBOW YACTU Ha I, NepelulleM ero B Buje

4 4 3
7 7
4z -8+ — 4r—-10+4 -
T T

= 1. (33)

7
CuenaB 3aMeHy mepeMeHHBIX 4r + — = y, NepenuilieM ypaBHe-
T

Hue (33) B BiOe
4 3

y—8+y—10

=1. (34)

Pemenns ypasuenus (34) ectb yy = 16 u y; = 9. [losromy ypas-
HeHHe (33) paBHOCHIIBHO COBOKYIIHOCTY ypaBHEHHUH

7 7
4r+ - =16 u 4z 4+ - =9. (35)
T r

N 1
Kopuu nepBoro ypaBHeHHs 3TO#l COBOKYHMHOCTHU €CTh I = 3 n

7
Iy = —2- BTopoe YpaBHE€HUE peELIeHUN He NMeeT. CHE}IOBaTeHbHO,

COBOKYNHOCTb (35), a 3HAUMT, M HCXONHOe ypaBHEHHE MMEIOT ABA
KOPHSI: &1 U Zo.
OTBET: ) = 1/2, 2, = 7/2.

§ 3.3. UppannoHasibHbEIe YpaBHEeHUSA

3.3.1. Ypapnenus sugna Vazr + b++vczx +d = f(z). Ypas-
HeHMe

Vaz + b+ Vexr +d= f(z) (1)

Opd HEKOTOPBIX YCIOBHMSX La 4yMcia g, b, ¢, d U dyHkunio f(zx)
MOXHO pellaTh TakK: Bo3Bend ypapHeHHe {1) B KBaApaT, Oy YU Th
ypaBHEHHE

2/ (az + b)(cx + d) = f2(z) — (az + b+ cz + d), (2)
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ABAKOlleecs cieAcTBreM ypaBHeHns (1). Ecnm okaxercs, 49To
fi(x)~(az+b+cz+d) = (az+b)(cz+d)+ A, rne A — BekoTOpoOE

9UCIO, TO, Heslas 3aMeHy HeusBecTHoro y = +/{(az + b)(cz + d),

nepennileM ypaBHeHue (2) B BHIe
v —2y+ A=0. (3)

Ecau ypaBuenne (3) uMeer peilienus y; ¥ yp (Bkmouas ciydvaii
Y1 = Y2), TO COBOKYHHOCTDH ypaBHEHUH

(az +b)(cz +d) = 47, (az+b)(cz+d)=y3

ABJseTCS ClleNCTBAeM ypaBHeHHs (1) M, Halns ee KOpHH, Hamo
NpOBEPUTH, KaKHe N3 HHUX SBASIOTCS KOPHAMHU ypasHeHus (1).
Ecnn xe ypaBHeHne (3) He mMeeT pellleHHMH, TO He UMeeT pe-
weHuit 1 ypasaerue (1).

OTMeTuM, 4TO NpH pellleHHH ypaBHeHUs (1) MOXHO He nepe-
XONMThL K CHAENCTBHSAM, a H3a KaXIOM ITalle CJIeUTh 33 PaBHO-
CHIBHOCTbIO TlepexofoB. OTMeTHM ellle, YTO WHOTIA TAKUM Xe
cnocoboM MoxeT OLITH pellleHO ypaBHeHHE BUIa

Vaz +b— ez +d= f(z). (4)

Mpusenem npuMepsl petienus ypasHenud suna (1) u (4) mepexo-
IIOM K CJIEICTBHMIO ¥ PABHOCUIIBHBIMM [I€PEXOHaMH.
[TPUMEP 1. PemnTs ypaBHeHUe

Ve+1-VI2=z=+/-z2+ 11z - 23. (5)

PEWEHME. Boasons ofe yacTn ypaBeenns (5) B KBajpaT, Io-
Jly4yaeM ypaBHeHHE

13-2V-22+1le+12= —z? 4+ 11z — 23, (6)

ABJdIolIeecd clieACTBHeM HCXOOHOI'C ypaBHeHUS. CIICJIa.B 3aMEHY

neusBecTHoro v/ —z2 + 11z + 12 = y, ypasHenue (6) MOXHO Ie-

penmcaThb B Bule 13 — 2y = y? — 35. Pemmennus 5Toro KBaapaTHOTO
ypaBHeHHs ecThb ¥ = 6 n y2 = —8. [loaTomy coBokynHOCTE ypas-
HEHU

V-zl+1lz+12=6 n /-z2+41lz+12= -8
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ecTh cliencTBue ypasrenus (5). Ypasuerue \/ —22+112412= -8

peliennit He uMeeT. Peinenns ypabHenus \/—z? + 11z +12 =6
ecTb T1 = 3 n zo = 8. [IpoBepka mokasbiBaeT, 4To T = 8 ecTh
pellieH#e HCXOMHOrO YpaBHEeHMs, a £ = 3 He eCThb €ro pelleHHe.
CrnenoBaTeNlbHO, HCXOHOE ypaBHeHME MMeeT ONUH KOpeHb T = 8.
OTBET: z = 8.
[TPUMEP 2. PemiuTh ypaBHeHne

Ve+T7-V9—z=+vV-22+2z+63 (7)

PemeHnE. O3 ypaBHeHHA COCTOUT U3 T, YAOBIETBOPAIOMUX
OINHOBpeMeHHO ycnoBusaM £+ 7 2 0,9 —x > 0, 2242246320,
T.e. ON13 ecTh npoMexyTok —7 & z < 9. s z us O3, ynosae-
TBOPAIOLIMX YCIOBHIO £ + 7 < 9 — z, T. €. V11 T ¥3 IPOMeXYyTKa
—7 € r < 1 neBas 4acTh ypasHeuus (7) oTpuuaTesabHa, a NpaBad
HeoTpHIATENbHA, 3HAYHT, HA OIHO U3 3TUX T PellleHUEM YpaBHe-
HUA OBITH He MOXeET.

llycts z € [1;9]. lna Takux r obe yacTu ypasuenns (7) He-
OTPHMUATENbHBI, 1 IO3TOMY OHO PABHOCHIILHO Ha 3TOM MHOXeCTBe
YPpaBHEHHIO

2
16— 2 —22+2x+63:(\/—x2+21+63) . (8

CnenaB 3aMeny HeusbecTHol \/—2? + 2z + 63 = u, nepenumem
ypaBHenue (8) B BUIE u? + 2u — 16 = 0. Pemenns 3Toro ypas-

HeHHs ecThb 4] = —1 + V17 1 uy = —1 — V17. CnenoBaTennHoO,
ypaBHenie (8) paBHOCH/ILHO COBOKYIHOCTH ypaBHEHHUH

V-z242x+63=-1-V17
1 9)

V=22 +22+63=-1+V1T.
MlepBoe ypaBHeHue coBoKyHOCTH (9) peltleHnit He uMmeeT. Bropoe
ypaBHeRue 1iis z € [1;9] paBHOCHIILHO ypaBHEHHIO —z242z463 =

= 18 — 2V/17, umeloeMy kopau z; = 1 + /46 +2V17 n z2 =

=1—1/46 + 2/17. U3 5Tux 4yucea TONLKO Z; NONajfaeT B IpoOMe-
xyTok 1 < z < 9. CnenoBaTelibHO, TOMIBKO T ABIAETCS KOPHEM
HCXOMHOIO ypaBHEHHUS.

OTBET: z = 1 + /46 + 2V17.
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3.3.2. Ypabuenus suna va — r+vr — b= d. Ypapuenue
Va—z+Vz-b=d, (10)

rae a, b, d — naudble yucna, ¢ > b, d > 0, MoXHO pelaTh
caenyiomuM obpazom.
1. BosBens obe uacTn ypaBHeHMS B KBaApaT, NOAYYUM ypaB-

Va-z+Vr—-b=d>-2y(a—-z)(z-b), (11)

ABIIAIOLIeeCs CllefcTBUeM ypaBHenus (10).

2. Bo3pens obe yacTu ypaBHenus (11) B kBanpar, noayvum
ypaBHeHHe

a-b+2/a- Dz - = -2/ a-E-D] . (12

ABJIFIONIeecs ClefcTBUEM ypaBHenus (11).

3. Cnenas 3ameHy HensBecTHol y = v/(a — z)(z — b), nepenu-

wem ypapHenue (12) B Bane
a—b+2y° = (d? — 2y)%. (13)

Ypasuenue (13) ecTb KBazpaTHoe ypaBHEHHE OTHOCHTENLHO Y.
Ecnu oHo uMeeT nBa KOpHS Y3 M Y2, TO NOJYYHM COBOKYNHOCTH
YPpaBHEHHI

(@a-2)z-b) =y} u (a—z)(z-b =0y,

ABJIAIOMYIOCHA CIIENCTBHEM ypaBHeHud (10). Pemns 5Tu xsagpar-
Hble OTHOCHTENILHO & YDaBHEHWs, HANO NPOBEPHTD, SBIAIOTCH
JM HafileHHBle KOPHU KopHAMM ypaBmedus (10). Ecim ypap-
Herve (13) MMeeT ONHO pellleHHe Yg, TO MOJNYYaeM YDaBHEHHe
(a — z)(z — b) = ya, aBngomeecs ciencTsueM ypasHenns (10).
Pems 3T0 ypapHeHmne, Hal0 NPOBEPUTH, ABIAIOTCS M HaiifeH-
Hble €ro KOpHH KopHsamu ypasHenns (10). Hakomnen, ecan ypaBHe-
uue (13) He uMeeT KopHeit, TO K ypaBHeHue (10) He uMeeT KOpHeN.
3aMeTHM, 4TO aHaJOTUYHO PEIIAOTCA ¥ yPABHEHUs BHMA

Va—-z—vVz-b=d. (14)
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TPUMEP 3. PeminTh ypaBHeHHE

VIT—z+ Ve +15=4. (15)

PEMEHUE. Bo3pens obe uactu ypaBHenus (15) B xBanparT,
IOJIyYHM ypaBHEHUe

VIT—z+ Ve +15=16-2y/(17—z)(z + 15),  (16)

aBasoIeecd cieficTeuem ypabHenus (15). Ecan BosseneM ypas-
nenne (16) B kBaIpaT, TO TMIONYYUM ypaBHEHHE

112 - 323/(17 = z)(z + 15) + /(17 - z)(z + 15) =0,  (17)

ABnAoOeecs clencrsueM ypasrenus (16). Cnenas 3ameny Heus-
BectHoit /(17 — z)(z + 15) = u, ypaBHenue (17) nepennmem B

sune u® — 32u+ 112 = 0. Pemenus >3Toro ypaBHeHds ecTh u; = 4
1 up = 28. CllenoBaTe/IbHO, MMEEM COBOKYNHOCTH ypaBHEHHH

VAT =)z +15)=4 n (17-z)(z+15) =28, (18)

ABIAIOMYIOCH CleNCTBUeM HcxonHoro ypaBHenus (15). Ilepmoe
ypaBHeHHe M3 COBOKYMHOCTH (18) MMeeT elMHCTBEHHOe pelleHHe
z; = 1. Bropoe ypaBHeHHe 3TO/ COBOKYITHOCTHM pellleHHH He uMe-
eT. CleoBaTeNbHO, COBOKYNHOCTD (18) HMeeT enMHCTBeHHOE pe-
menne £ = 1. llpoBepka moka3ssiBaeT, YTo T = 1 ecTh pelIeHHe
MCXOMHOTO ypaBHEHHUS.

OTBET: ¢ = 1.

B HeKOTOpHIX cilydasx NpoBepKa HallleHHBIX KOpDHe#d ypaBHe-
HUSA-CIeICTBUA 3aTPYOHATENbHA, IO3TOMY IIpHBeleM elle cnocob
pellerns ypaBHeHuit Tuna (10), OCHOBaHHBIR Ha €ro paBHOCHIIL-
HBIX npeobpa3oBaHMX.

1. Haitnem OII3 ypasreuus (10). O3 ecTb npomexyTok
b<z<a

2. Ha OII3 o6e yacTu ypasHenus (10) HeoTpunaTenbHsl, Io-
3TOMY TOC/e BO3BeNeHMs B KBaapaT ypasHenus (10) monyuum
ypaBHeHHe

Va—z+Vr—b=d?-2(a-1z)(z-b), (19)

paBHocHIbHOe ypasHeHuio (10) Ha ero O3.
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3. Ha obnactu b < z < a ypasuenne (19) paBHOCHIBHO ypaB-
HeHMIO

(\/5_——1:+ \/a?—*b)2 = [d2—2‘ (a-x)(z—b)r. (20)

HeficTBuTenbHO, M0G0 pettenne ypasHenns (19) ecTs pemenue
ypaBHenus (20), Tak Kax 0pu BO3BeIEeHMM B KBaAPaT KOPHY ypaB-
HeHus He Tepsiorcs. Jlo6oe peinenne ypasHenus (20) ecTs nubo
peleHue ypasuenns {19), mubo peuleHue ypaBHeHUs

ﬁ——z+J?——:—[d2—2‘(a—z)(z—6)]. (21)

[lepenuiuem ypassenne (21) B Buge

(vVa==- mf = —d2. (22)

Tak kak d # 0, To ypaBnenue (22) He umeeT pemweHnil, ubo
#a OI13 neBasg 4acTh HEOTPHIATENLHA, a PaBas OTPUHATENIBLHA.
Caenosatensro, moboe pemenne ypasHeBus (20) ecTh pewenne
ypasrenus (19).

Hrak, ypasHenne (20) paBHocHiIbHO ypaBHennuio (10) Ha ero

OL3.
4. Obosnauus y = +/{a — z)(x —b), nepenuiuem ypaBHe-
Hue (20) B Buge

a—b+2y? = (d? - 2y)%. (23)

Ypaprenne (23) kBanpaTHoe OTHOCHTeNbHO y. Ecam oHo umeer
LBa PEIUeHNs Y 1 Y2 (He UCKIOYad cliydasd §; = Yz), TO MOJIydaeM
COBOKYIHOCTH ypPaBHEHHH

Ve-2)z=t)=u n So-2)z-b=1w (29

paBHOCHIIBHYIO McxXonHOMY ypabHeHnmwo (10) ma ero O3. Ecan
ypaBHenne (23) He nMeeT pemteHui, TO n ypasHeHue (10) He umeeT
pemeHni.

I[TPUMEP 4. PemuTh ypaBHeHHE

V1T—z+ Ve +15=3. (25)
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PemeHME. OI13 ypaBHeHns ecTh npoMexyTok —16 < z < 17.
Ha OII3 obe yacTu ypaBHeHus (25) HeOTpHUATENLHEI, IIO3TOMY
Hocile BO3BEIeHNs B KBANPAT, OJIyUdM ypaBHeHHE

VIT—z+Ve+156=9-2/(17 - z)(z +15),  (26)

paBHOCHJIbHOe HcxonHoMy Ha ero OI13. ¥YpasHenne

(V1T -2+ Vz + 15)2 = (9 -2/(17 - z)(z + 15))2 (27)

paBHocHIbHO ypaBHeHuo (26) Ha ero OII3. Ilepenumem ypasHe-
uue (27) B BHAe

32+ 2V/(1T- o)z + 15) = (9 — 2/ - 2)(z + 15)) (28)
Cnenap 3aMeny HemsBecTHOH v/ (17 — z)(z + 15) = z, nepenuieMm

ypaBHeHue (28) B Buze
222 - 362+49=0.

184+/226 18—+/226

Pemrennsg sToro YPaBHEHUA €CTb 2] = ————— U 22 = 2

CJIeI[OBaTeJIbHO, HMeeM COBOKYIIHOCTDH ypaBHeHHﬁ
18 + /226
YT - 2)(z + 15) = Lz———
u (29)
18 — /226
V(T —z)(z +15) = —

PaBHOCWIILHYIO MCXONHOMY ypaBHeHHI0 Ha ero OJII3.
Ilepsoe ypaBHeHmMe COBOKYMHOCTH (29) pellleHHil He HMMeer,
BTOpOE ypaBHeHNE MMeeT IBa KOPHA:

)

4
8 — /226

1‘2:1—

4
256 - (g—_é__ vm) |

L



§ 3.3. HAppayuonaabuble ypasrenud 111

O6a >Tu kopHa BxoAAT B OJI3 ucxomHoro ypaBHeHHs M HO3TOMY
ABNAIOTCH €r0 KOPHAMHU.

OTBET:
18 — /226
18 — /226
z9=1-— \ 256 — —

3AMEYAHUE. Ypasuenue Buna va— f(z) £ +/f(z)-b=4d
3aMeHOH Hem3BecTHOR y = f(z) cBomMTCcsa K ypaBHeHno Buna (10)
win suna (14).

3.3.3. Cpenenmne pellieHNs UPPAlMOHAJIBHOTO ypaBHE-
HHS K PEeNIeHMIO TPHMTOHOMETPHYECKOro ypaBHEHMA. 3a-
MeHON HeH3BeCTHOW pellieHMe MPpPalMOHAJIbHLIX yPaBHEHHH MHO-
TIa MOXHO CBECTH K PellleHHIO TPUTOHOMeTpUYeCKUX ypaBHEHHUH.
IIpu 3TOM nose3HBIME MOTYT OKa3aThCd Ciedylollye 3aMeHbl He-
N3BECTHOM.

1. Ecnu B ypaBHeHNe BXONMT pamukail \/a? — r2, TO MOXHO
clenaTh 3aMeHy ¢ = asint uaM ¢ = acost.

2. Ecin B ypaBHeHMe BXOLMT pamukai /a? + £2, TO MOXHO
cHenaThb 3aMeHy T = atgt.

3. Eciin B ypaBHeHMe BXOOMT palukan \/z? — a2, To MOXHO
a
chesaTh 3aMeHy & = —.
sint
I[TPUMEP 5. Pemnuth ypaBHeHHe

\/2:2—{-1—1':—3—. (30)

2Vz? +1

PEmWEHKE. OII3 ypasHenus (30) ecTs Bce nelicTBUTENBHEIE L.
Cnenaem 3aMeHy HeM3BECTHOH ¥ = tgt, Il MOXHO CUHTATh, YTO
—m/2 <t < m/2. Torna ypabHenue (30) 3anumercs B Bule

1

cost

5
—tgt = Ecost. (31)
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Hockoinbky cost # 0 nist paccMaTpuBaeMbix t, To ypaBHenue (31)
s 3TUX { paBHOCUIIBHO yPaBHEHUIO

2 — 2sint = 5(1 —sin?¢). (32)
Ypasrenue (32) paBHOCHIIBHO COBOKYIHOCTH ypPaBHEHHR
. . 3
sint=1 = smt:——g. (33)
W3 peinennit 5TuX ypaBHeHUR NpoMexyTKy —7/2 < t < 7/2 npu-

HAaNeXuT Toabko t = arcsin(—3/5). IloaToMy cooTBeTCTBYyIO-
1ee & eCTh

. sin(arcsin(—3/5)) -3/5
=1 -3/5) = - = = —3/4.
z = tgarcsin(~3/5) cos(arcsin(—3/5)) V1-9/25 /
OTBET: ¢ = —3/4.
MTPUMEP 6. PemiuTh ypaBHeHHE
x 35
—_—— = . ‘ 34
r+ penn AT (34)

PEWEHKE. O3 ypaBHenns (34) cocToMT M3 BCex &, ynmo-
BIeTBOpsoUX yciosuo |z > 1. YcHo, yTo HMKakoe oTpuua-
TenbHoe z n3 OII3 He MoxeT 6bITH pelreHueM ypabHeHus (34).
CrenoBaTensuo, Bce pemieHns ypaBHeHns (34) sexar B o6nacTu

1 < £ < 400. Cnenaem 3aMeHy HeW3BECTHOH £ = Sy [Ae Mox-
sin

HO c4MTaTh, 4To 0 < t < /2 Torma ypaBaenne (34) MoxHO
MepenucaTh B BAIE

11 3 (35)
sint  cost 12’

OTo ypaBHEHHMe LA PAcCMATPHBAEeMBIX { PABHOCHILHO ypaBHe-
HHEIO
12(sint + cost) = 35sint cost, (36)

KOTOpOE A 3THUX t PaBHOCHUIILHO ypaBHEHHIO

24(sint + cost) = 35[(sint + cost)? — 1]. (37)
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Ilenas 3aMeHy HeM3BeCTHOI sint+cost = z, ypasrenue (37) MOX-
HO IepenucaTh B BUAE

3522 — 242 - 35=0. (38)

5 7
Ypauenne (38) uMeeT KopH# z; = —3 " zy = 5 IlosTomy ypaB-

Henue (37) PaBHOCWIILHO COBOKYIMHOCTU ypaBHEHMI
cost+sint = —5/7 u cost+sint =7/5. (39)

[lepBoe ypaBHeHNe COBOKYMHOCTH (39) He UMeeT pellleHnil U3 npo-
MexyTka 0 < t < 7/2, Tak Kak 171 mo6oro tp U3 TOro MpoMe-
XKYTKa costo +sintg > 0. CaenoBaTenbHo, Bce pellleHHs ypaBHe-
nus (35), ynosnersopsomue ycosuio 0 < t < 7/2, comepxarcs
cpeln pelleHHii BTOPOro ypaBHeHus coBokynHocTH (39). O6osna-
yasg y = sini, 3T0 ypaBHeHMe I pacCMaTpUBaeMbIX { MOXHO

3anucaTh B BUIe
y+/1-1y2=17/5. (40)

Ypauenue (40) uMeeT nBa KopHs: y1 = 3/5 u y2 = 4/5. [losToMy
ypaBHeHne (35) Ha npoMexyTke 0 < t < 7/2 UMeeT NBa PelIeHHS:

t; = arcsin 5 ut, = arcsin 5 a TO O3HAYAET, YTO ypaBHeHue (34)

MMeeT ABa KOpHs: 1 = 5/3 1 x9 = 5/4.
OTBET: z; = 5/3, zo = 5/4.
ITPUMEP 7. Ckoabko KopHeii Ha oTpeske [0; 1] umeeT ypaBHe-
HHe
8z(2z2 —1)(8z* - 822 + 1) = 17 (41)

PEMEHME. Tax Kak McKOMBle KOPHH YIOBJIETBOPSAIOT yCJIO-
o 0 € z < 1, To menaeM 3aMeHy HemsBecTHoO# z = cost. Torna
KaxJIoMy KOpHIO Zo € [0;1] mcxomHoro ypaBHeHHs 6yneT cooT-
BeTCTBOBaTh POBHO ONMH KopeHb to € [0;7/2], rme xo = costy,
ypaBHEeHus ‘

8cost(2cos’t — 1)(8cos*t —8cos®t +1) =1, (42)

1, Hao60pOT, KaxaoMy KopHio ¢; € [0; /2] ypaBHenns (42) coot-
BeTCTBYeT POBHO ONlMH Kopenb r1 € [0; 1] ypaBnenus (41). Taxum
obpa3oM, 3ajla4a MOXeT 6bITh NepedOopMYIHPOBaHa Tak: CKOIBKO
KopHeii Ha nmpoMexyTke 0 € ¢ < 7/2 umeeT ypaBHenne (42)7
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IMockonbky 2 cos’t—1 = cos 2t, 8 cos*t —8cos?t+1 = cosdt,
TO MepenuileM ypaBHeHHe (42) B BuIe

8 costcos 2t cos 4t = 1. (43)

Tak xak { = 0 He ecTb KOpeHb ypaBHeHHUs (43), TO OHO paBHO-
cMIIbHO Ha npoMexyTke t € (0; /2] ypasrennio

8sint costcos 2t cos 4t = sint,

UM ypaBHeHHIO sin 8t = sint, Wi, HAKOHell, ypaBHEHUIO

. Tt 9t
sin — cos — = 0. (44)
2 2 _

Pemenns ypasHeHus (44) ecTb

2 2
t:;wn,nGZ, " t:§(g+7rm),mel.

W3 >Tux yncen ycaosuio 0 < t < 7/2 yIOBAETBOPSIOT TONBKO TPH
2
4ypeaa t; = 77r, ty = 7/9 u t3 = n/3. CrenoBaTenbHO, WCXOLHOE

ypaBHenue (41) uMeet Ha oTpeske [0; 1] Tpu KopHS.
OTBET: TPH KODHS.

§ 3.4. YpaBHeHUs BuUOaA
a0 f"(z) +a f"H(z)g(2) + -+ an-1 f(2)g" " (2) + ang" () = 0

YpaBHeHUS BHIa

aof™(z) +ai f* N (z)g(z) + -+

T a1 f(2)g" (2) + ang"(2) =0, V)

rie ag # 0 u xord 661 onMH M3 KOdhOUINEHTOB a1, d2,..., Gy
OTJIMYEH OT HYJS, MOXHO PElIaTh CJAeNYIOIIMM obpa3oM.
1. PemuuTh ypaBHeHMe

g9(z) = 0. (2)
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HaitTu Te petlenus ypaBHeHus (2), KOTOpBIE ABISIOTCH pelleHMs-
mu ypabHeRus f(z) = 0. Bce 9TH pelneHus SBIAIOTCA PEIICHUAMH
ypastenns (1).

2. Ha MHOXecTBe Bcex NeHCTBHTEIBHBIX 4MCeNl, UCKIOYas
HalileHHble KOpHY ypaBHeRus (1), €ro Hallo 3aMeHAThL PaBHOCHIIL-
HbIM €My Ha 3TOM MHOX€CTBe ypaBHEeHHeM

f@\" (@ AV
(1) (f5) e (55) v =0 @
Crenas 3aMeRy HemssecTHolt y = f(z)/g(x), nepenucatk ypasHe-
uue (3) B BuIE

aoy” +a1y" 7+t an1y+a, =0. (4)
Anre6paudeckoe ypaBHeHHe (4) MMeeT He Gollee 4eM n KOpHed
Y1, Y2, -, Ym, Cle m < 7N, HallAd UX, ypaBHeHHe (3) 3aMeHUTH
COBOKYITHOCTBIO ypaBHEHHI

f(=) f=)
=Y, -, = Ym- (5)
g(z) g(z) — "

Bce pemennsa copokynHocTH (5), IpHHa/eXaline paccCMaTpUBa-
€MOMY MHOXECTBY, SBJIAIOTCA pelleHMAMHU ypaBHeHus (1).

3. O6benvHeHne pellleHnil, HAMIEHHBIX B . 1 ¥ . 2, U ecThb
MHOXECTBO BCeX pellleHMit ypaBHeHus (1).

IIpuBeneM HeCKONLKO NPHUMEPOB pellleHNs YPaBHEHUH BU-
na (1).

IIPUMEP 1. PetuuTh ypaBHeHNe

(2% + 4z + 8)2 + 32% + 1422 + 24z = 0. (6)

PEWEHNE. [lepenuninem ypasuenue (6) B BuIe
(z? + 4z + 8)? + 3z(2? + 42 + 8) + 22 = 0. (7)
Tenepb oueBuAHO, uTO ypaBHeHme (7) — ypabHeHme Buna (1).

Tlockonbky £ = 0 He ABAsSeTCS KOpHEM YpaBHEHUS z?+4z+8 =0,
To, pa3fienuB ypasHenue (7) Ha z?, noNyYuM paBHOCHIILHOE eMy
ypaBHeHHe

2 2 2
4 8
(:c +4z+8) +3(m +4z + >+2:0' (8)
T z
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_z? 44z +8
Cnesnap 3aMeHy HeU3BeCTHOM —————— = y, NlepelHllleM ypaB-
T
Henue (8) B Buze
V¥ +3y+2=0. (9)
Tax kak ypaBHeHHe (9) uMeeT ABa KOPHA: ¥} = —1 M Y3 = —2, TO

ypaBHeHue (8) paBHOCHIILHO COBOKYIIHOCTH yDaBHEHUH

e’ +4z+8 2’ +4rx+8
X B z N

-2

[lepBoe ypaBHeHMe 3TOH COBOKYNHOCTH He NMeeT pelleHnit. Bro-
poe ypaBHeHHMe TOM COBOKYMNHOCTH MMeeT JIBa KOpHsA: Tp = —4
u ry = —2. llosToMy ypasHenue (8), a cienoBaTelbHO, M PaBHO-
CHIIbHOE eMy ypaBHeHHe (6) NMEIOT ABa KOPHA: Ty U To.

OTBET: 1 = —4, z9 = —2.

IIPUMEP 2. Peumnts ypaBHeHUe

r?-1 2} 21

4x%4241 4 J6xT42+1 = 4.93 4541 (10)

21

PEWEHKUE. Pasnenns obe yacTu ypasHenus (10) Ha 9=7+s+1,
IOJIyYMM ypaBHEHHUE

3 +3- 3 =4, (11)

paBHOCUIIbHOe ypaBHenuto (10). CmenaB 3aMeHy HeM3BeCTHOH
2

9\ Frait
3 = y, nepenuimeM ypaBHenue (11) B BHIe

¥ +3y—4=0. (12)
Ypabrenue (12) umeer nBa kopHa: y1 = 1 n y» = —4. Crenosa-

TenbHO, ypaBHeHue (11), a 3HAYHT, ¥ PaBHOCHIILHOE €My yDaBHe-
Hue (10) paBHOCHIILHEI COBOKYNTHOCTH ypaBHeHUH

2:2—1 :2—
2 2441 2 :§+zil
5 =1 n g = —4.
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Pemenust nepBoro ypaBHeHUs >TOW COBOKYMHOCTH €CTb T1 = 1 #
9 = —1. BTopoe ypaBHenune pelieHu#t He UMeeT.

OTBET: 21 =1, 29 = —1.

ITPUMEP 3. PemiuTh ypaBHEHHE

logg(:c2 +z)+ logg(:c2 + z)log, 4z +
+ 2log,(z? + z)log3 4z — 4logl 4z = 0.

(13)

PEMEHHKE. [lockoneky z = 1/4 (kopens ypaBuerns log 4z =0)
He sBiAeTCS KopHeM ypaBHenus log,(z? + z) = 0, To ypaBHe-
He (13) paBHOCUIBLHO YPABHEHMIO

log‘;'(:c2 + ) log%(ar:2 +z) 2log2(:c2 + )

—4=0. 14
logs 4z log2 4z log, 4z (14)

log,(z* + )

CrenaB 3aMeHY Hen3BecTHOM
log, 4z

= y, nepeluiieM ypas-
Henue (14) B BuIe
P4y +2y—4=0. (15)

Ypastenue (15) uMeeT enuHCTBeHHBbIR KopeHb y = 1. CnenoBa-
TeJIbHO, HCXONHOe ypaBHeHne (13) paBHOCH/IBLHO ypaBHEHHUIO

log, (2% + z) = log, 4. (18)

OI3 ypasuenus (16) ectb ¢ > 0, 10>ToOMy Ha >TOM MHOXeCTBe
OHO PaBHOCHJIBHO YpaBHEHHUIO (1‘2 + z)2 = 4z, T. e. ypaBHEHUIO
¢! + 223 + £? = 4z, nnn, HakoHel, NOCKONLKY = # 0, ypaBHEHHIO

2420?42 -4=0. 17

Ypasuerue (17) mMeeT eAMHCTBeHHBIA KopeHb £ = 1. OTOT KO-
peHb conepXuTcs B MHOXecTBe & > 0. CrenosaTenbHO, HCXOIHOE
ypaBHenue (13) TakXe uMeeT >TOT XKe eNMHCTBEHHBIA KOpPeHb.
OTBET: ¢ = 1.
[IPuMEP 4. PetiuTh ypaBHeHue

\3/(21'+\/1+x2)2—53312—1+
+6\3/(2x—\/1+1'2)2:0.

(18)



118 Cnoco6 3amendl HEUBECTIHBIZ NPU PEULERUYU YPAEHEHUU

PEWEHHME. Mockonbky 3% —1=(2z+4++/1+22)(2z -/ 1+22),
To ypaBHeHHe (18) MoXHO mepenucaTh B Bulle
\3/(21:+ V14 z?)? —5\3/(21'—}- V1i+z?)(22 — 1+ 22)+
+6\3ﬂ2x -V1+z2)2=0.

Tak xak ¢ = 1/\/5 — KOpeHb ypaBHeHHs 2r — 1+ 22 =0 —

He sBIsAeTcd KOpHeM ypaBHeHHUsS 2z + /1 + 22 = 0, To ucxonHoe
ypaBHeHue (18) paBHOCHIBHO ypaBHEHHIO

+6=0. (19)

2
ol [ 22+ V14 22 _5321'-{-\/1-}-1'2
2z — V14 2 2z — 1+ z?

o2z + /1 + 22
2z — V1 + 22

CrnenaB 3aMeHy HeW3BeCTHOMN = Yy, HepenuiIeM

ypasuenre (19) B Buze
v —5y+6=0. (20)

Ypasuenue (20) umeeT nBa KOpHA ¥ = 2 1 yp = 3. CnenoBaTesnn-
HO, HCXOMHOe ypaBHEHME PABHOCUIILHO COBOKYNHOCTHM YpaBHEHNU

32z+\/1+::2_ 321:+\/1+a:2_

sl =92 u 21
2r — /1 + 22 2z — 1+ z? (21)

IlepBoe ypaBHeHHe cOBOKYNMHOCTH (21) paBHOCHIBHO ypaBHEHHIO

2z +v/1+22=8 (21‘ V14 x2), T. €. ypaBHEHHIO

14z = 9/1 + 22 (22)
YpaBuenue (22) MMeeT eNMHCTBEHHBIA KopeHb z1 = 9/V/115.

BTopoe ypaBuenune coBokynHOCTH (21) paBHOCHIBHO ypaBHEHHIO

2z +1+4+22 =27 (21: -V1+ 1:2), T. €. yPABHEHHUIO

13z = 7/1 + 2. (23)
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7
Ypasuenne (23) uMeeT elMHCTBEHHBIN KopeHb z3 = ——. Cie-

V120

J0BaTeNbLHO, COBOKYIHOCTE (21), a 3HAYMT, U UCXONHOe ypaBHeHUe
MMEIOT IBa KOPHS: ] U To.

OTBET: z; = 9/V 115, 2, = 7/V/120.

K ypaBuenuo Buzna (1) npuBoasiTca rpaBHeHHS BHIa

Acos?az + Bsinar cosaz + Ccos’ az +
+ Esin2az + Fcos2az+ D =10

nocie npuMeHeHMs GOPMYN CHHYca W KOCHHYca IBOMHOro yria:
sin 2az = 2sinaz cos az, cos2az = cos’ ar — sin® az u Toxae-
ctBa D = D(sin? az + cos® az).

ITPUMEP 5. Pemnts ypaBHeHHe

3cos? 5z — 7sin 10z + 4sin® 5z = 6. (24)

PEIIEHHKE. HpuMeHsm (popmyny CHHYyCa IBOWHOIO yrila U TO-
xnecTBo 6 = 6sin? 5z + 6 cos? 5z, ypasHenue (24) MoXHO mepe-
nucaTh B BULe

2sin? 5z + 14sin 5z cos 5z + 3 cos? 5z = 0. (25)

HOCKOHbe Te I, IJIst KOTOPbIX cos 5z = 0 He ecTh pemennx ypas-
HEeHHd Sin 5z = 0 To, pa3fieninB ypasHenue (25) Ha cos? 5z, nomy-
YUM ypaBHeHHe

2tg?5z + 14tg5z +3 = 0, (26)

paBHOCHABHOe ypaBHeHHI0 (24). CrenaB 3aMeHy HeM3BeCTHOM
tg 5z = z, nepenmmieM ypaBHeHue (26) B BuIe

222+ 142 +3=0. (27)
-7+ /43
Tak kax ypaBHenue (27) uMeeT ABa KOpHA: 2 = — "
-7 —+v43
23 = ————, TO ypaBHeHHe (24) paBHOCHIILHO COBOKYNHOCTH
YpaBHEHHUN

-7+ /43 ~7- /43

tghr = ————, tgbr =
g 0% 2 y 1goT )
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Perienns »Toil cOBOKYNIHOCTY ypaBHEHUI eCTh

1 —~7 4+ /43 k
== VRN ez
T=z arctg( 3 ) + 5 € 4,
1 -7 —43
r:garctg (——5——)4-7;—”, nelZ.

OTH peleHns U eCTh pelleHUs] UCXONHOTO ypaBHEHHUS.

OTBET:
-7 +4
r= %arctg ( + > , keZ,

1 -7 — /43
T = garctg (———) —+—IE-, n € Z.

2 5

§ 3.5. PemieHne HeKOTOPBLIX ypaBHeHM
CBeleHNeM UX K pPelleHUIO CUCTEM ypaBHEHUII
OTHOCHUTEJIbHO HOBLIX HEM3BECTHBIX

B HekoTOpHIX cilydasx peilieHHe ypaBHeHHS MOXHO CBECTH K
PelIeHNIo CHCTEMBl yPaBHEHHN OTHOCHTENHLHO BBOAMMEIX HOBBLIX
HEeU3BECTHBIX. DTOT NPMEM MBI IPOMIIVIIOCTPUPYEM Ha NpHMepax.

IIPUMEP 1. Pemnth ypaBHeHue

(2-2)°+(z-3°+1=0. (1)
PEMEHUE. IlycTh 2o — pewenne ypasnenns (1). Beoanm Ho-
Bble HEM3BECTHBIE U = 2 — Zg, ¥ = Zo — 3. SIcHO, 9TO u W v

YHOBJIETBOPAIOT CHCTEMe ypaBHEHUI

u+tv=-1,
{ u® 4+ 0% = —1. (2)

Hockonexy, Kak serko npoBepuTs,

u® + 0% = (u+ v)(((u + v)? - 2uv)? — uv(u + v)? + u?v?),
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TO cucTeMy (2) MOXHO NepenmcaTh B BHIe

ut+v=—1, ‘
{ (u+v)(((u +v)? = 2uv)? — uv(u + v)? + u??) = 1. ()

Noncrasnss Bo BTopoe ypaBHeHHe cucTeMbl (3) yncio —1 BMecTO
u + v, nosiyyaeM ypasHende (1 — 2uv)2 — uv + u?v? = 1, koro-
poe MOXHO nepenucaTh B Bule 5(uv)2 —5(uv) = 0, oTkyna aubo
uv = 0, aubo uv = 1.

Takum obpaszoM, 115 HAXOKAECHAS U ¥ U UMeeM JIBe CHCTEMBI

ypaBHeHHM:
u+v=-1, utv=-—1,
uv = 0, uv = 1.

Bropas cuctema pemenuil He umeeT. PelieHus nepBoit cHCTeMbl
ectb 4y = 0, v; = ~1 ¥ uy = -1, vo = 0, oTKyna cienyer,
YTO pellleHMs ypaBHeHMs (1) comepxaTcs cpelm 4ducesn T, = 2
u zj = 3. llpoBepxa nokasbiBaeT, 4To 0ba 3TH YMCIA ABAAIOTCS
peinieHussMu ypapHenus (1).

OTBET: 21 = 2, 3 = 3.

I[MTPUMEP 2. Pettnth ypaBHenue

2
9 9z

z +(3+1’)2

= 40. (4)

PemiEHUE. IycTh o — pettenne ypaBuenns (4). Beeaem no-

BYIO HEM3BECTHYIO Yo = . Torna nas HaXoXNeHUS Lo U Yo

o]
3+ xp
UMeeM CHCTeMYy ypaBHEHHI

3(zo — yo) — zoyo = 0, (5)
23+ yg = 40.

Hockonbky z3 + y2 = (zo ~ yo)* + 220yo, TO, BBOAA HOBbIE HEM3-
BECTHBIE Uy = To— Yo, Vo = LoYo, CUCTeMy (5) MOXHO nmepenncaThb
B BHAe

3u0 — Vyp = 0,
ug + 2vg = 40.
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Pemenust >Tofl cucTeMBl ecTh Maphl 4ucen ug = 4, vo = 12 n
ug = —10, vo = —30, OTKyna NN HAXOXKIEHUS Tg U Yo MOTYUaAEM
CHCTEMBI ypaBHeHUM

{zo_y0:4) {zo_yoz_loa

Toyo = 12, Zoyo = —30.
Pemenns mepBoit m3 >THX cHCTeM ecTh zg = =2, 50 = -6 u
zo = 6, yo = 2. BTopas cucTema pellleHNit He MMeeT. Hrak, Bce
pellleHus ypaBHeHus (4) colepXkaTcs Cpenu 4Uucen o = —2 U
o = 6.

IIpoBepka nokaseIBaeT, 9TO STH YHC/Ia ABIAAIOTCS pELleHAIMHE
ypaBHeHus (4).

OTBET: 2, = =2, £ = 6.
IIPUMEP 3. PemnThk ypaBHeHue
30

=z + /35— 3. (6)

/35 — 3
PEMEHKE. IlycThb 2o — peinenne ypasnenns (6). Beenem mo-

BYIO HEM3BECTHYIO /35 — 28 = yo, Torma o u yo sBAAIOTCA pe-
LIEHHEM CUCTEMBI ypaBHEeHU

30 n
= Iy Yo,
ZoYo (7
23+ y3 = 35.

BBons noBEle HemsBecTHBIE u = o + Yo, v = Zoyy, NepenmiIeM
cucreMy (7) B BHIe

uv = 30, 8)
u3 — 3uv = 35.
Pemenns cucremer (8) ecte u = 5, v = 6. CrnegoBaTensHo, aas
HaXOXIEHUA To M Yo MONYYAEM CHCTEMY YpaBHEHMI

o + Yo = 5,
Toyo = 6.

OTa cHcTeMa UMeeT NiBe Naphl pellleHnit: z) = 2, Yo =3maz) =3,
Yo = 2. WTak, Bce pemueHns ypaBHeHHS (6) comepxaTcs cpenm
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yucen z = 2 u ¢ = 3. [IpoBepKa nokasbiBaeT, 4To 0b6a 3THU YKCIIa
ABJAIOTCA KOpHSIMH ypaBHeHHs (6).

OTBET: z, = 2, 3 = 3.

IIPUMEP 4. Peruuts ypaBHeHue

Vz+45—Vz—16=1. (9)

PEMEHUE. IlycTh ro — pemenne ypabueHns (9). Beexem Ho-

Bble HEM3BeCTHBle &g + 45 = u, Vzo— 16 = v. Torna u w v

ABAAIOTCS pellleHNsIMM CHCTEMB! ypaBHEHUM

u—v =1,
ud —v® = 61.

DTa cucTeMa PABHOCUJILHA CUCTEME

u—v=1,
(v — v)(u? + uv +v?) = 61

HIIN CHUCTeMe

u=v+1,
{ (v + 12 +v(v+1)+ 02 =61 (10)

Peutennst cuctemsl (10) ecTb vy = 4, u; = 5; v = =5, up = —4, a
3TO O3HAYAET, YTO PelleHHAMN ypaBHeHus (9) MOTyT GBITH TONB-
Ko uncna ry = 80 1 gy = —109. [IpoBepka MoKa3sbIBaeT, YTO 3TH
qnciia ABNAIOTCS pellleHUsMU ypaBHeHus (9).

OTBET: z1 = 80, zo = —109.

[TPUMEP 5. PemuTs ypaBHeHHE

Vi+vVr+4=4. (11)

PEWEHKUE. MlycTh 2y — pellenue ypapHenus (11). Beemem
HOBble HEW3BEeCTHBIE Lo = u’ U £o + 4 = v°, Torma u u v ynoBIe-

TBOPAIOT CHCTEMe YpaBHEHUMH

{Iu|+v:4,

113 _ uZ = 4. (12)

U3 nepporo ypashenus [u| = 4 — v. llogcTasiss BMecTO |u| BBI-
paxenue 4 — v Bo BTopoe ypaBHenue cucTeMbl (12), nmeem ypap-
nerme v> — (4 —v)? — 4 = 0. DTo ypaBHeBHe UMeeT eAMHCTBEHHOE
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pemleHMe v = 2, HO Torna xo = 4. ATak, BO3MOXHOe 3HadeHHe
KopHA ypaBHeHud (11) ects ¢ = 4. lloncTaBisst >To 3HAYEHUE Zg
B ypaBHeHHMe (11), moay4aeM, 9To OHO eCThb €ro peilleHHe.
OTBET: z = 4.
ITPUMEP 6. PemtuTh ypaBHeHue

V10+22 424+ YT—22 -z =3. (13)

PEWEHKME. [lycTh zo — pemmenne ypaBuenus (13). Beemem

HoBble HemsBecTHble \/10+ 22+ 20 = uu /T—2}—-29 = v,
TOTJa U ¥ v ABIAAIOTCS PEIIeHUSIMU CHCTeMBbI YpaBHEHHH

u+v =3,
ut 40t = 17,

PemrenusiMu 3Toll cHcTeMBbl aBAAIOTCS u; = 1, v; = 2 10 Uy = 2,
vz = 1, OTKyNa clieniyeT, 4TO T YNOBIETBOPSET U60 ypaBHEHUIO
/10 + 2% + 2o = 1, 1460 ypapuerno /10 + 22 + xo = 2. [leppoe
M3 5THX YPaBHEHUM pellleHMit He HMeeT. Pewenus sToporo ypas-

HeHUs ecTh £y = 2 u 2y = —3. UTak, pemenus ypasnenus (13)

ConepXaTcs Cpeld 4uced Ty = 2 N zy = —3. lloncraBnss >tu
4ncaa B ypaBHeHHe (13), BUOMM, UTO OHH SBISIOTCS €ro pelleHn-
AMHU.

OTBET: 2, = 2, 23 = —3.

IIPUMEP 7. Pemunth ypaBHeHue

V/87 + [log,(42% — 3-47 4 6)]2 — 5log,(42% — 347 + 6) +
+ /7 + [logy(47% — 347 + 6)]2 — 5log,(4%F — 347 + 6) = 4.
(14)

PEWEHUE. O6o3Hayum
f(z) = [logy(4** — 347 4 6)]% — 5log,(4*° — 3-47 + 6).

Torna ypassenne (14) nepenumetcs B Bune

V8T + f(x) + YT+ f(z) = 4. (15)
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MycTs g — pemenne ypasHerus (15). BeeneM HoBble Hem3BecT-

uble +/87 + f(zo) = u, v/7+ f(xo) = v. Torna u u v ABAAOTCA

pelIeHNsIMH CHCTeMbl ypaBHeHUN

u+v =4,
{ ut — vt = 80. (16)
U3 neproro ypasHenns sToil cuctemsl u = 4 — v. [logcTaBaas
BMeCTO U BO BTOpOe ypaBHeHHe 4 — v, mojiyyaeM ypaBHeHUe v —
—6v24+16v—11 = 0. D10 ypaBHEHNe MMeeT eNMHCTBEHHbIR KOpeHb
v = 1, OTKylla clieflyeT, 4TO Lo YAOBIETBOpAeT ypaBHEHUIO

log,(4% — 3-4% 4+ 6))2 — 5log,(4?* — 3.4 +6)+ 6 =0. (17)
2 2

Tak Kak ypaBHeHne y> — 5y + 6 = 0 uMeeT IBa KOPHSA y; = 2 K
Y2 = 3, To ypaBHeHue {17) paBHOCHJIBHO COBOKYTHOCTH ypaBHe-
HIA

log,(4%F =34 +6) =2 n log,(4* — 34" +6) = 3,
KOTOpasd B CBOIO o4epellb paBHOCUIIbHA COBOKYIHOCTH ypaBHeHHﬁ
427 347 +6=4 u 4 -34 +6=28.

IlepenuinieM moclefHIO COBOKYMHOCTDH ypaBHeHUM B BUle
4% - 347 42=0 u 4* ~-34°-2=0. (18)

Tak kak ypaBHeHme z2 — 3z + 2 = 0 nMeeT IBa KopHa: z; = 1
M z3 = 2, TO NepBoe ypaBHeHMe cOoBoKynHocTH (18) paBHOCHIBHO
COBOKYTHOCTH ABYX ypaBHeHui: 4° = 1 u 4° = 2, pelienus KoTo-
poit ecth 21 = 0 1 25 = 1/2. Tak kak ypaBuenue 2°> —3z -2 =0

3+ V17 3—-V17

2
ypaBHeHHe coBOKYNHOCTH (18) paBHOCHILHO COBOKYITHOCTH ABYX

YPaBHEHUH:

HMeeT N1Ba KODHA: 21 = , TO BTOpOe

_3VIT L 3- VT

& =,
2 a 2
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3+V17

HMeolllell elMHCTBEHHoe pelleHHe T3 = log, 2 Hrak,
Bce KopHM ypaBHenus (14) comepxarcd cpemm ymcen r; = 0,
3+ V17

1’2:1/2,1‘3:10&; 2
Noncrasnas >Tu 4ncia B ypasveHue (14), ybexnaeMcs B TOM,

4TO OHM €CThb €0 pellleHUd.

3+ V17
OTBET: £, =0, 5 = 1/2, 3 = log, +T
I[TPUMEP 8. PemunTh ypaBHeHHe

v2sinz — 1+ V3sinz —2=2. (19)

PEMEHHUE. [lycTh x9 — peutenue ypaBHeuus (19). Beenem sHo-

Bble HEU3BeCTHBIE U = v/2sinzg — 1 n v = +/3sinzg — 2. Torna

U 1V ABIAIOTCA pelIeHNAMHU CHCTEMBbI ypaBHeHnﬁ

u+v=2,
3ut— vt =1.

W3 mepsoro ypaBHeHus >Toil cucTeMbl u = 2 — v. lloacTaBnas
2 — v BMeCTO ¥ BO BTOpOe ypaBHeHHe, NOJIy4aeM ypaBHeHUe

vt — 2403 4+ 7207 — 960 + 47 = 0. (20)

Jlerxo BuneTh, 4To ypasHenue (20) umeer kopers v = 1. Pasne-
JIMB MHOTrOY/IeH, HaXOAAIMMACA B eBoit YyacTn ypasHeHus (20), Ha
v—1, nonyunm ToxaecTso v — 2413+ 720 —96v4+47 = (v—1)(v* -
—23v2 4+ 49y — 47), oTKyZa cilelyeT, 4T0O KpoMe v = 1 ocTajlbHEIE
KopHHN ypaBHeHus (20) ecTb KOPHH ypaBHEHUS

v3 — 2302 + 490 — 47 = 0. (21)

ScHO, YTO Hallo MCKATH JMINL Te KOpHH ypabHeHus (20), koTo-
pbie ynoBirerBopsIoT ycaoBuio 0 < v < 2. Ilockonbky v3 — 2302 +
+ 49v — 47 = (v® — 8) — (23v? — 49v + 39), To o4eBMHHO, YTO
npu 0 < v < 2 umeem v — 8 < 0w 23v% — 49v + 39 > 0. Io-
3TOMYy v° — 23v? + 49v — 47 < 0 npu mMoO6oM v U3 NPOMEXYTKa
0 < v < 2. CnenoBaTenbHo, ypaBHeHHe (21) He MMeeT KOpHel Ha
otpeske 0 < v < 2.
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TakuM o6pa3oM, Bce KOpHH ypasHeHus (19) conepxatcs cpeln
KOpHell ypaBHEHHA
3sinz —2=1. (22)

llepenuiuem ypaBHenue (22) B BUIe
sinz = 1. (23)

Ypapuenne (23) umeer pemenus ¢ = 7/2 + 27k, k € Z. Urax,
™
BCe KOpHHU ypaBHeHUs (19) comepxaTcs cpend Yucen T = §+27rk,

keZ.
MoncTapass >TH YKciIa B ypassenue (19), ybexcnaemca B ToM,
4YTO BCe OHM ABIAIOTCS €ro pellleHusIMH.

OTBET: ¢ = % + 27k, ke Z.

3AMEYAHME. KoHeuno, ypaprenne (19) MOXHO pelinTh Ipo-
we. JleficTBuTeNBHO, TOCKONBKY 2sinz — 1 < 1 m 3sinz — 2 < 1,
To ypaBHenne (19) paBHOCHIBLHO ypaBHeHHIO sinz = 1.

3anaum
Pemuth ypaBHeHUE

(®+z+ 1) (= +z+2)=12.
.8z 4+ 7) 4z + 3)(z + 1) = 9/2.

(6z +5)%(3z + 2)(z + 1) = 35.
(@242 4 7) = (4+ 2z +27)(? + 22+ 3).
.1+ +22)(6—z—=z%) =10.

Sz = D(z+2)(z - 3)(z+4) = 144.

z(z —1)(z - 2)(x - 3) = 24.

(¢ —4)* +2* = 82.

(= 1)+ (z + 3)* = 626.

10. (z? + 3z + 4)(z2 + 4z +5) = 2(z + 1)%.
11. (z — 1)(z — 2)(z — 4)(z - 5) = 7(z — 3)°.
12. (2% - 16)(z — 3)® + 92 = 0.

© B NOO R W N
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13. 28 +(1-2)* = (z ~1/2)* - 25/8 = 0.
14. (2% = 3z + 1)(2? + 3z + 2)(2? — 9z + 20) = —30.
15. (22° — 3z + 1)(22% + 5z + 1) = 9z°.
16. (z + 2)(z + 3)(z + 8)(z + 12) = 42°.
17. 2t —223 — 22 -2z +1=0.
18. 2% — 823 —4x? 4+ 16z +4=0.
19. (z? — 62— 9)? = 23 — 42” — 9z.
20. (22 + 22 +1)2 4 (23 - 22 +1)* = 22*.
21. 9z% — 623 — 182 — 2z + 1= 0.
22. 2% — 62 + 23 + 922 -3z - 1=0.
23. (1+2)°+ (1 +22)* = 22
24. 14 2% =2(1 + z)°.
25. (22 —z+ 1)* —82%(z? —z + 1) + 162* = 0.
26. 23+ 1/23+ 2?4 1/z  + 2+ 1/z =6.
27. 23+ 1/2% = 6(z + 1/z).

4z 3z
PP P A BT

1 3 10
2x2—z+1+212—x+3:222—x+7'
z—1 z4+2 =45 z+3
r+2 -1 z43 z45
x(:c+1)(:c+4)(a:+3)+1_3
(z+2)2(z+5)(z—-1)+2
32 x22+1'+1 +x2+3x+l:§‘
242z 41 z2+4x+1 6
242242 22+8x+420 z'+4x+46  z?4+62+12

28.

29.

30.

31.

33. =
z+1 z+4 z+2 x+3
z? — 85z + 15 3z
34. —— = .
2 -9z 4+ 15 z?2 -8z + 15
e’ +2r+3 z—1 1
35. —r4
z—1 +1‘2+21‘+3 I+z
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R
2
36.22+<2z =5
r—2
252
37. ¢+ ——— =11.
T ey
z+6\ (z+4\2 [z-6\[z+9\° £2+ 36
38. + =9 1
z—6 r—4 r+6 r-—9 z2 - 36
39 5+4+21_5+4+21
"r—-1 z42 -3 z41 z-2 z4+3
2
I
40. 22+ ——— =1.
Tt ver
1,‘2 I
41. —— =2
2—12+2-z
42 (z+1)° 81
Torb 41 11
43 et +1327+36 1
Tzt 436) 2
44 1:2+1'+1_7:c+1
“r2-241 9z-1
45 24+V2z+2? 2
.2—\/52-{-1'2-1‘2'
2 3
46. + z

24222 2—2z43 2
47. sin 2z(sinz + cosz) = V2.
48. sin®z —cos®z = 1 +sinzcosz.

49. sin®z + cos®z = sinz + cosz.
50.3cosz+sinx:tgg.

51. 5cos3z + 3cos = Jsindzr.
52. 4z — 7\/z2 — 2z = 8z - 3.

53. vz —VI3—z = v/—2? + 13z — 35.
54. Vz 56— V10— 2 = \/~2? + 4z + 62.

55. Y18 —z + vz + 14 = 4.
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56. V7742 + V20 —z = 5.
57. V100 —z + vz ~ 18 = 4.

1 1
58. \s/—+x+ {/j—zzl.

59. V/(B8+z)2— Y (z+8)8—2)+Y/(8-12)*=4.
60. {/(z-2)2— /2-2)(T+a)+ V(T +z)2=
61. 8z2(1 — 22) + 82\/1— 22 = <z+\/l+x2> .

62. Vz -1+ vz —2= 2z -3.
63. V13 —z+ 22+ z = 5.

64. Vz+yz—V1-z=1.

65. V2—z=1-+vVz -1
66. V33 -+ J/z = 3.

67. \/;—2-{—\/21'—-54-\/;F2+3\/2r—5:7\/§.

522 — 10z + 16
68. Ve - 2= ——————.
‘ 1‘2+6£L'+4

3+2\/x2+3a:~— 2z +5
54+3Vz2+3z-4 3z+8

70.




['naa IV

Penlenne ypaBHeHNI 1 HepaBeHCTB C
JCMOJIb30BAHUEM CBOMCTB BXOAALIMX B
HUX GyHKOUNA

§ 4.1. IIpuMeHeHMe OCHOBHBIX CBOMCTB PYyHKUIUMN

4.1.1. Ucnons3osarne OJ13. NUuoraa snanne OJ13 nospo-
€T NOKa3aTh, YTO ypaBHEHMe (MM HepaBeHCTBO) He MMeeT pe-
IIeHNH, a MHOrNA TO3BOJISAET HAMTH pelleHHs ypaBHeHUs (MiIH
HepaBeHCTBa) HENOCPeNCTBEHHON MoncTaHoBKoM yncen us OI3.

ITPUMEP 1. Pemnth ypaBHeHHe

V3 —z =logg(z — 3).

PEmEHKME. OII3 3Toro ypaBHeHUs COCTOMT M3 BCEX T, OMHO-
BPe€MEeHHO yIOBJleTBOpAlOMuX ycnopusasM 3—z 2> 0unz—3 > 0, 1. e.
OII3 ecTh mycTOe MHOXECTBO. DTHM pellleHHe YpABHEHHS M 3a-
BepUIAETCS, TAK KaK YCTAHOBIIEHO, YTO HU OHO YHMCIIO HE MOXET
ABJISATHCS PElIeHNEM, T. €. YTO YpAaBHEHUE HE MUMeeT KOpDHEH.

OTBET: peuieHnit HeT.

IIPUMEP 2. PemuTh ypaBHeHue

Vsinz| = /—|sinz|+tgz. (1)

PEMEHUE. OII3 3Toro ypaBHEeHMS COCTOUT W3 BCeX T, ONHO-
BPEMEHHO YOBIETBOPAIOLINX yciIoBUsM |sinz| > 0, —|sinz| > 0,

z # g+ wn, n € Z, T. e. O3 ectb # = 7k, k € Z. lloncras-

JIsist 5T 3Ha4YeHUs ¢ B ypaBHeHue (1), momydaeM, 9To ero iesas u
npaBsas 4yacTu paBHb 0, a 3TO 03HavaeT, 4yTo Bce £ = 7k, k € Z,
SBISIOTCH €r0 PeUIeHNAMH.

OTBET: z =7k, k € Z.

[TPUMEP 3. Pemure HepaBeHcTBO

V1—2? + 2t — 1< 2° — logy(1 + z%). (2)
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PEmEHUE. OII3 vepaBencTra (2) COCTOMT N3 BCeX &, ONHO-
BpEMEHHO YIOBIeTBOPAIOMAX ycioBusam 1 — z2 > 0, -1 0,
T. e. OII3 cocTouT U3 ABYX ducenr £y = 1 u £9 = —1. [oacTas-
ass £; = 1 B HepaBeHCTBO (2), MOJyYaeM, 4TO ero jepas YacTh
paBHa 0, npaBag paBHa 2 — log, 2 = 1, T. e. #; = | ecTh peille-
une HepabeHcTBa (2). HloncTaBnss zo = —1 B HepaBencTBO (2),
NONIy4aeM, 4YTo Tz = —1 He SABIAETCA e€ro pelieHueM, MOCKOIb-
Ky JeBas 4acThb HepaBeHcTBa (2) paBHa 0, a npaBas 4acTh PaBHA
27! ~log,2 = —1/2.

OTBET: ¢ = 1.

[TPUMEP 4. PemunTs HepaBeHcTBO

logsz < V1 —z4. (3)

PEmEHUE. OII3 HepaBencTBa (3) ecTh Bce ¥, YAOBNETBOPAIO-
mue ycnosuio 0 < z < 1. SlcHo, 4To z = 1 He sBAseTcA pellle-
uueM HepaseHcTBa (3). I z u3 npomexyTka 0 < £ < 1 nmeem

logsz < 0,a /1~ z% > 0. CnenoBaTenbHo, BCe T U3 NPOMEXYTKaA
0 < z < 1 aBAsOTCA pelleHUsiMHM HepaBeHcTBa (3).

OTBET: 0 < z < 1.

[IPUMEP 5. PemunTpb HepaBeHCTBO

Vr+3+V9-z<V3. (4)

PEmEHHKE. O3 HepaBeHcTBa (4) ecTh Bce £ U3 MPOMEXYT-
ka —3 < z < 9. Pa3obbeM 3TO MHOXeCTBO Ha NBa MPOMEXYTKa
-3<eg0n0<crg9.

HOnsa z u3 npomexyrka —3 € ¢ < 0 umeeM vz +3 > 0,
V9—z > V9 = /3. Caenosarenvno, Vz+3+vVo—z > V3
Ha 3TOM NpPOMEXYTKe, H HOSTOMY HepaBeHCTBO (4) He MMeeT pe-
IIEHUI Ha 3TOM NpPOMeXYTKe.

ycTh ¢ npunaanexnT npoMexyTky 0 <z <9, rorna vVr+3 >
> V3 u V9 -z > 0. Cnenosatensho, Vz + 3+ V9 — z > V3 nus
TaKHUX Z, B, 3Ha4UT, Ha 5TOM NIPOMEXYTKe HepaBeHCTBO (4) TaKXe
He MMeeT pelleHu#.

Urak, HepaBeHcTBO (4) pellleHHit He HMeET.

OTBET: peuleHU#l HeT.

3AMEYAHMS. 1. [Tpn periennn ypaBHeHU# HeoGs13aTeNnbHO Ha-
xonuts OI3. MHorna npoine nepefiTi K CAENCTBUIO U NIPOBEPUTDH
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HalileHHbIe KODHH (COOTBETCTBYIOLINE IPUMEPHI YXKe 6bLIM B NIpe-
LBILYIIAX TJIaBax).

2. Tlpu pellleHMHM HepaBeHCTB WHOrAAa MOXHO He HaXOONTh
OII3, a pellaTbh HEPABEHCTBO MEPEXONOM K DPaBHOCHMJILHOM eMy
CHCTeMe HepaBeHCTB, B KOTODPOH JHMOO ONHO M3 HEpaBEeHCTB He
UMeeT pellleHmil, 160 3HaHKE €TO peLIeHHs NOMOTaeT pelluTh
CUCTEMY HEPaBEHCTB.

IIPUMEP 6. PeminTh HepaBeHCTBO

logy (2% +1—2%) > log,(2° ' +1—-z) + 1. (5)

PEWEHKME. Otbickarue O3 HepaBeHCTBa eCTh HENPOCTas 3a-
[lada, TIO3TOMY NOCTynuMm mHade. HepaBercTso (5) paBHOCHIBLHO
CHCTeMe HEPABEHCTB

2" +1-27>0,
2214 1-2>0, (6)
27 41-22>2(2°" 1 +1-12).

TpeTbe HepaBeHCTBO 3TOH CHCTEMBI PABHOCHIILHO HepaBeH-
ctBy 2 — 2z + 1 < 0, He uMeiomeMy pewennii. CiieloBaTeNbHO,
cucTeMa HepaBeHCTB (6) He NUMeeT pelHeHHi, 3HAYNT, U HepaBeH-
cTBO (5) He UMeeT pellleHUH.

OTBET: HeT pellleHNH.

TIIPUMEP 7. PemuuTh HepaBeHCTBO

sinz < \/1— |z} +sinz. (7

PEmEHUE. Haxoxnenne O3 nepaBeHcTBa (7) ecTh TpyldHas
3anava. [losTomy noctynum unade. HepaBencTpo (7) paBHOCHIB-
HO CHCTeMe HepaBeHCTB

sinz > 0,
1—|z|+sinz 20, (8)
sinz < 1 - l{z|+sinz.

TpeTbe HEPABEHCTBO 3TON CHCTEMEl MMEET pellleHUIMM Bce T
n3 npoMexyTka —1 < z < 1. IlepBoe HepaBeHCTBO CHCTEMBI (8)
CIIpaBellINBO He AN BCeX I M3 3TOro MPOMEXYTKa, a IMWb IJ1d T
u3 mpomexyTka 0 < ¢ < 1. [lns Bcex ¢ 13 npoMexyTka 0 < z <1
BTOpOe HepaBeHCTBO crpaBeAnuBo. ClieloBaTelIbHO, MHOXECTBOM
peinennit cucTeMmbl (8) aBaseTca nmpomexyTok 0 < z < 1.
OTBET: 0 < 2 < 1.
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4.1.2.Ucnions3oBaune orpaandesdHocTn pyakuun. [Ipu
pellleHNH ypaBHEHHMMl M HEPABEHCTB CBOMCTBO OrPAHHYEHHOCTH
CHM3Y WJIH cBepXy GYHKLUME Ha HEKOTOPOM MHOXeCTBE 4YacTo
UrpaeT ONpeleNioUyIo Polb.

Hanpumep, ecnmu nns Bcex & M3 HEKOTOPOro MHoxecTsa M
crnpaBensiuBbl HepapeHcTBa f(z) > A u g(z) < A, rne A — He-
KOTOpOe 4YHciIo, TO Ha MHOXecTBe M ypaBmenue f(z) = g(z) u
HepaBeHcTBO f(z) < g(x) pelleHuil He MMEIOT.

3aMeTHM, 4TO pojib YUcia A 4YacTo MrpaeT Hyib, B 3TOM
cilydae TOBOPST O COXpaHeHMM 3Haka dyHkumir f(z) u g(z) Ha
MHOXecTBe M.

IIPUMEP 8. Peminth ypaBHeHNe

sin(z® +2¢2 4 1) = 22 + 22 + 3.

PEMEHKE. Ilng moboro AedCTBHTENBHOTO 4HCIa T HMMEEM
sin(z® 4+ 222 +1) <1, 224+ 2z +3 = (¢ + 1)* + 2 > 2. lockonbky
1A TI0GOTO 3HAYeHUs T JieBas 4acTh yPABHEHHs He IIPeBOCXONUT
eNMHHUIBI, a TpaBad 4acTb BCerla He MeHbIlle JIBYX, TO JAHHOE
ypaBHeHUe He MMeeT pelleHnH.

OTBET: HeT pelUeHMil.

MMPUMEP 9. PeminTe ypaBHeHHe

23—z —sinmz = 0. (9)

PEmEHKE. OueBuano, uto z = 0, z = 1, z = —1 gBadioT-
¢s pelrennsaMu ypasHerus (9). ILns HaXoxieHus APYTHX pelleHui
ypapHenus (9) B cuny HedeTHocTH QyHKUMH f(z) = 3—zr—sinnz
[OCTaTOYHO HAlTH ero pemeHus B obnacte ¢ > 0, z # 1, no-
CKOJIbKY ey Zo > 0 SABJIfeTCS ero pellleHneM, TO ¥ (—Zg) Takxe
ABJISETCSA €r0 pellleHHEM.

Pazobbem MHOXecTBo £ > 0, ¢ # 1, Ha IBa INPOMEXYTKa!
(0;1) u (1; +00).

Hepenniuem ypasrenue (9) B sune x> —z = sinwz. Ha npome-
KyTke (0; 1) dynknus g(z) = 3 — z NpUHAMaET TONBKO OTPHLA-
TenbHblE 3HAYEHNS, IOCKOMBKY Z° < z, a dynkuus h(z) = sinmz
TOJIBKO NoNOXATeNbHBIe. ClleoBaTe/bHO, Ha 3TOM NPOMEXYTKe
ypaBHeHue (9) He MMeeT pelleHuUH.

MycTs = npuHamiexuT npomexyTky (1;400). Has xaxno-

ro U3 TaKNX 3HaueHMil z yHknus g(z) = z® — r npuEEMaeT
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NOJIOXKUTeNbHble 3HaueHus, GyHKuus h(z) = sin 7z NpuHMUMAaeT
3HaYeHNs Pa3HbIX 3HAKOB, NpUUYeM Ha npoMexyTke (1;2] dynKuns
h{z) = sin 7z HenonoxuTenbHa. ClleNOBATENLHO, Ha IPOMEXYTKe
(1;2] ypaBHense (9) pelueHuil He UMeeT.

Eciu xe z > 2, 1o |sinwz| < 1, 28— 2 = z(2* - 1) > 2.3 = 6,
a 9TO O3HadYaeT, YTO M Ha npoMexyTke (2; +0o) ypasnenne (9)
TakXe He MMeeT DellleHUH.

Hrak, 2 =0,z =1nx = —1 n TOMLKO OHY ABIAIOTCS pellle-
HUAMH NCXONHOTO ypaBHEHMS.
OTBET: 21 =0,z =1, z3 = —1.
ITeuMEP 10. PemiuTh HepaBeHcTBO
11—z
<27, (10)
14+«z
PEWEHUE. O3 HepaBencTBa (10) ecTh Bce mefcTBHTEND-
Hele r, Kpome ¢ = —1. Pasobbem OIl3 Ha Tpu MHOXecTBa:

—o << -1,-1<z<0,0<z < 400 1 paccMOTPUM
HepaBeHcTBO (10) Ha KaXIOM M3 3THUX MPOMEXYTKOB.
Mycts —00 < # < —1. JInd Kaxaoro u3 3TUX z uMeeM g(z) =
l1—-z
=17z < 0,a f(z) = 2° > 0. CnenoBaTenbHO, BCe 3TN T ABIIA-
z
I0TCA pelleHHsIMHI HepaBeHcTBa (10).

IMycts —1 < z < 0. Ing kaxaoro U3 >Tux ¢ umeeM g(r) =

2z
=1- Ttz > 1, a f(z) = 2° < 1. CregoBaTenbHO, HE ORHO M3

3THUX & He sB/feTcA pellieHHeM HepaBeHcTBa (10).
[Iycts 0 < & < +oo. s Kaxnoro us >TUX z uMeeM g(r) =
x
=1-——<1,a f(z) = 2 > 1. CiepoBaTenbHO, BCe 3TU T

14z
ABJIAIOTCS pellleHusiMM HepaBeHcTBa (10).

OTBET: —c0o <z < —-1;0 < ¢ < +00.
ITpuMEP 11. Pemmnts ypaBHeHuE

2rsinz = |z —w/2| — |z + 7/2|. (11)

PeWEHKE. Obosnaunm |z — 7/2| — |z + 7/2| uepe3 f(z). U3
onpeneneHus abcoMOTHON BelMYRHBL cilenyet, uto f(¢) = 7 mpu
z < -n/2, f(g) = —2¢ npu —7/2 <z < 7/2 n f(z) = —7 npn
¢ > =/2. NosTomy, ecim ¢ < —7/2, To ypasuenne (11) mMox-
HO NlepenncaTh B BAOe 2WsinZ = m, T. e. B Buie sinz = 1/2.
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DTo ypaBHeHMe uMeeT pemleHus r = (—1)"#/6 + 7n, n € Z.
W3 >Tux 3HaueHu# T yCloBMIO & < —7/2 YIOB/I€TBOPSAIOT TOMb-
ko z = (=1)*'7/6+mn, n = -1, =2,.... Eam ¢ > 7/2,
TO YpaBHeHHe (11) MOXHO MepelncaTb B BHIe 27sinx = —m,
T. e. B Bule sinz = —1/2. OTo ypaBHeHMe HMeeT peIleHMs
r = (-1)"*'7/6 + 7m, m € Z. U3 >Tux sHadvenmii z yciio-
BHIO T > 7/2 ynoBieTBopsioT Tombko = (—1)™*'7/6 + mm,
m=1, 2,....

PaccmoTpum z u3 npomexyTka (—m/2; 7/2). Ha 3ToM mpome-
XKyTKe ypaBHenue (11) MoXHO nepenucaTsb B BUsle 27 sin ¢ = —27,
T. e. B BALE

. z
sinz = ——. (12)
T
dcno, 4yTo £ = 0 ecTh pemtenme ypaBHeHHs (12), a 3Ha4MT, M
HcXofHOro ypaBHeHus. IlokaxeM, 4To ApYruUX pelieHUHl ypaBHe-
une (12) Ha npoMexyTke (—7/2;7/2) He uMeeT.
Ins z # 0 ypaBHeHue (12) paBHOCHABHO ypaBHEHHIO

sin 1

x us

Ilns moboro 3nadenus ¢ € (—n/2;0) U (0;7/2), dyHkmusa
sinz
flz) = NpHHEMAeT TONBKO MOJOXHTelbHble 3HAUEHHH,

nos3ToMy ypaBHeHme (12) He MMeeT pelleHHH Ha MHOXeCTBe
(=m/2;0)U(0; 7/2).

OmBET: = 0, 2 = (-1)'x/6+mn, n = -1, =2,..
z=(-1)"r/6+mm m=1,2, . ..

IIPUMEP 12. PewnTs ypaBHeHue

sin®z +

1 . 1
= . 13
o7z o ® + sin’ ¢ (13)

PEWEHUE. lycTs 29 ecTh petuenne ypasenus (13), Toraa
CMpaBelJINBBl PAaBEHCTBO

1 1 .
— - cos® 2o = —— —sin® zg (14)
cOs’ To sSin To

M HepaBeHCTBa |coszo| < 1w |sinazg| < 1. U3 cupaBemnuBocTH
HEPABEHCTB MOJydYaeM, YTO JieBas 4acThb paBeHcTBa (14) mmeer
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TOT XK€ 3HaK, YTO H , T. €. TOT Xe 3HaK, 4YTO U COS Zp, a

cos? zg

npaBas 4acTh — TOT Xe 3HaK, 4To ¥ sin &o. Ho Tak Kak sinzo n
€08 To YIOBJIETBOPAIOT paBeHCTBY (14), TO OHM MMEIOT OAMHAKO-
Bble 3HaKH.

MlepennmeM paseHcTBO (14) B BHIE

7

cos’ zgsin’ :co(sin5

zg — cos® zo) = cos’ zg — sin’ zo. (15)
Mpumensas GopMyily COKpALIeHHOTO YMHOXEHUs
a2 B2+ — (g _b)(a? 4 a®lb 4 -+ b2,
nepenuiueM paseHcTBO (15) B BUOE
(sinzg — coszg) f(xo) =0, (16)
rae

f(zo) = (sinzpcos 1'0)7(sin4 zo + sin® zgcoszg + - - - + cos? zo) +
+ (sin6 zo +sin® zgcoszg + - - - + cos® zo).

Tak Kak sin Tg U COS Ty MMEIOT OOMHAKOBble 3HakH, To f(zg) > 0.
MMo>ToMy u3 paBencTsa (16) cnexyer, 4To O M0GOro peleHus
ypaBHenns (13) cnpaBelINBO paBeHCTBO SIN Lo = COS To.
Taxum obpasoM, do6oe pellieHne ypaBHeHns (13) ynoBneTso-
pAeT ypaBHEHHIO
sinz = cos . 1n

OuepnnHo, uTo M06oe pemieHue ypaBHeHus (17) ecTh pelreHue
ypasrenus (13). CnemoBaTennso, ypaBHenue (13) paBHOCHIIBHO
ypaBHenmio (17). Pemenus ypasuenus (17) ects ¢ = 7/4 + k,
k € Z, oHM ¥ TONLKO OHHM eCThb pellieHHs ypaBHeHns (13).
OTBET: 2 = /4 + 7wk, k€ Z.
3AMEYAHME. TouHo Tak Xe, kak B npumMepe 12, MoXHO Ho-
Ka3aTh, YTO ypaBHEHHE

. om— 1 - 1
sin?" 17;+——2——1—=c052" 117+-2T
cos<mM—1lr sin z

)

roe n, m — mobble HATYpaJibHble YHCIa, PaBHOCW/ILHO ypaBHe-
HUIO SIN & = COS £, 1 3aTeM pelIaTh 3To Hojlee IpoCcTOe ypaBHEHHE.
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4.1.3. Mcnonb3oBaHne MOHOTOHHOCTH. PemeHue ypas-
HEeHU 1 HepaBeHCTB C MUCIONL30BaHHeM CBOMCTBa MOHOTOHHOCTH
OCHOBBIBAaeTCA Ha CJIENYIOMMX yTBEPKACHUAX.

1. ycte f(z) — HenpepslBHAs W CTPOro MOHOTOHHAA QYHK-
nus Ha npoMexyTke 7 , Torma ypaBHeHUe f(z) = C, roe C —
IaHHAs KOHCTAHTa, MOXeT MMeTh He 0ollee ONHOTO pelleHHs Ha
npomexyTke Z.

2. lyers f(x) u g(z) — HenpephIBHBIE Ha MpOMeXyTkKe I
dyukumu, f(z) cTporo BospacTaeT, a g(r) cTporo ybeIBaeT Ha
3ToM NpoMeXyTKe, Torna ypasaenue f(z) = g(z) MOXeT uMeTh
e Gollee OIHOTO pellieHMs Ha npoMmexyTke I.

OTMernM, 4TO B KadecTBe npoMexyTka I moryT OBITBH
HecKoHEUHbIl NPOMEXYTOK (—00;+00) , NPOMEXYTKH (a;+00),
(—o0;a), [a;400), (—o0;b], OTpeskn, MHTEpBaJIbl W MOIYUHTED-
Badlbl.

[IPUMEP 13. PemnTh ypaBHeHHe

p25 T3 = 4. (18)

PEmEHKME. Ouesunso, uto ¢ < 0 He MOXeT SABIATHLCA pe-
2
meHweMm ypabHenus (18), Tax kak Torga z-2° 2543 £ 0. Has

z > 0 GyHKIug y = g.9% +2w+3 HelpepbIBHA ¥ CTPOTO BO3pacTa-
€T, KaK IPON3BelleHNe IBYX HellpePLIBHBIX MOJIOXHKTeNAbHBIX CTPO-
[0 BO3PACTAIOMIAX 1A 9TUX & GyHKIuA f =z u g = 9z 42043,
3gaunT, B obnactu z > 0 GyHKOHA ¥y = .97 +2543 NpHUHUMAET
KaXJoe CBOe 3HaUeHNe POBHO B ONHOH Touke. Jlerko BMAETH, UTO
z = 1 aBnseTcs pellleHmeM ypapHeHus (18), cieloBaTesbHO, 3TO
€ro e[UHCTBEHHOE pelleHNe.

OTBET: ¢ = 1.

IIPUMEP 14. PemuTh HepaBeHCTBO

2% +37 +47 < 3. (19)

PEWEHUE. Kaxnas u3 ¢yukumit y = 27, y = 3%, y = 47
HellpephIBHAS M CTPOrO BO3pacTalollas Ha Bcelt ocu. 3Ha4MT, Ta-
Kol e ABNseTCcs ¥ UcxonHasd bynkmus y = 27 + 3° + 47 Jlerxo
BUIETH, 4To Ipu = 0 dynkuus y = 2° +3% +4” npuAEMacT 3Ha-
venne 3. B cuiy HenmpepHIBHOCTH U CTPOTOH MOHOTOHHOCTHU 3TOMH
¢yHKIMM npu £ > 0 umeem 2° + 3% + 4% > 3, mpu = < 0 uMeeM
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9% 4+ 3% + 4% < 3. CrenoBaTelbHO, pellleHusIMA HepaBeHcTBa (19)
sBigoTCca Bee T < 0.

OTBET: —o0 < z < 0.

[TPUMEP 15. PemiuTs ypaBHEHHE

VI8 —z—Vz-2=2 (20)

PEIWEHUE. O61acTh JIONyCTUMEIX 3HadYeHHi ypaBHenus (20)
8

ecTb mpoMexyTok 2 < z < 18. Ha OI3 ¢pynknmn f(z) = —Vz—2
u g(z) = V18 — z HempepbIBHEI K CTPOroO yOLIBAIOT, ClIEIOBATE/b-
HO, HenpepbiBHA ¥ Y6bIBaeT QyHKUMA h(x) = V18 —z — vz - 2.
[losToMy Kasxaoe cBoe 3HadeHne PYHKIUA h(z) npuHAMaeT TOMb-
ko B onHoil Touke. Tak xak h(2) = 2, To £ = 2 ABIdeTCH eAUH-
CTBEHHBIM KOpHEM MCXONHOTO yPaBHEHHS.

OTBET: ¢ = 2. '

IIPUMEP 16. PemnTh HepaBeHCTBO

¥z + 223 +logs(z +2)—V1—z < 4 (21)

PemeHUE. OJI3 mepaBeHcTBa (21) ecTh IPOMEXYTOK
0 < z < 1. Ha O3 ¢yukuma f(z) = ¥z + 223 + logs(z + 2) —
— /1 — z sBAseTCA HelpephbIBHOM M cTporo BospacTalomeii. Tax
kak f(1) = 4, To Bce 3HaUEHKs T U3 MHOXECTBA [0;1) ynoBneTBo-
PAIOT UCXONHOMY HepaBEHCTBY.

OTBET: 0 <z < 1.

[IPUMEP 17. Pemnrs ypaBHeHue

log,(Jz — 1]+ 1)+ V(& - 1) = 2. (22)

PEMEHME. [lepenmmem ypaBHerue (22) B Buze

logo(Je — 1|+ 1) =2 — /(¢ — 1)%.

Paccvorpum dynkmmn f(z) = logy(jz — 1| + 1) u g(z) =
= — 3/(x—1)* + 2. Pysxums f(r) ybbiBaeT Ha NPOMEXYTKE
(—00; 1] n Bo3pacTaeT Ha mpomexyTke [1;+00). Pynkuns g(z)
ybbIBaeT Ha npoMmexyTKe [1;+00) i BO3pacTaeT Ha NPOMEXYT-
ke (—o0;1]. Tak kax Ha npomexyrke [1;+00) dynkuus f(z)
Bo3spacTaeT, a ¢ynkuus g(z) yObiBaeT, TO Ha 3TOM NPOMEXYT-
ke ypapHenue f(z) = g(z) MOXeT UMeTh He Goliee OXHOIO KOPHS.
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Jlerko npoBepuTh, YTO TAKUM KOpHeM sBNdeTcs uucio £ = 2. Tak
KakK Ha npomexyTke (—o0; 1] pyukuns f(x) ybuiBaeT, a dyHKIUS
g(z) BospacTaeT, TO Ha 3TOM mpoMeXyTke ypaBHeHue f(z) = g(z)
TaKXe MOXeT UMeTh He 6olee OHOTO KOpHs. Jlerko BUieTh, YTO
TaKuM 9ucioM sBadgeTcs umcio * = 0. MTak, nanHoe ypaBHe-
Hue (22) uMeeT nBa KopHs 1 = 0, 3 = 2.

OTBET: 21 =0, 29 = 2.

[IPUMEP 18. Peuuth HepaBeHCTBO

V2-z2>2+z-1. (23)

PemEeHUE. O3 HepaseHcTBa (23) ecTh Bce & U3 IPOMEXYTKA
-2 <z < \/5 Bce ¢ U3 mpoMexyTKa -2 < z £ 0 apasgioTcd
pelLleHNsMI UCXOMHOTO HepaBeHCTBa (23), Tak Kak I KaxIOro
TaKOro  NMeeM, 4To GyHKuMs f(z) = v/2 — z2 HeoTpHUaTelbHa,
a ¢pyukuus g(z) = z° + ¢ — 1 oTpunaTensHa.

PaccMoTpum HepaBeHcTBO (23) Ha IPOMeXyTKe (0;v/2]. To-
cKobKy QyHKIMA g(z) HepephIBHA H CTPOro BO3PAcTaeT Ha TOM
poMexyTKe, a GyHKIus f(£) HEIpepBIBHA U CTpOro yobIBaeT, To,
eciin ypasHenue f(2) = g(z) HMeeT KOPEHb Ha 3TOM NPOMEXYTKE,
TO OH elUHCTBEHHBIA. JIerko BUIeTh, YT0 TaKUM KOpHEM SBJIdeTcs
qucao ¢ = 1.

Ins kaxgoro r us npoMexyTka (0;1) nmeem, uto f(z) =
=v2—-22>1,ag(z) =2°+z—1 < 1. [losTOMy Bce z U3 >TOrO
MPOMeXYTKa ABJIAIOTCS pellleHIMH NCXOILHOTO HepaBeHCTBa (23).

Ilns kaxmoro z u3 mpomexyTka (1;v2] umeem f(z) =
= 2-22 <1,ag(x)=2z>+z—1> 1. Iostomy Takue z
He YIOBJIeTBOPSIOT JaHHOMY HepaBeHCTBY (23).

HTak, pellleHMsMM HMCXORHOro HepaBeHcTBa (23) ABIAOTCH
BCe T U3 IPOMEXYTKa [—\/5; 1).

OTBET: —~V2< z < 1.

IIPuMEP 19. CkonbKo neficTBUTEeIbHBIX KOPDHEH UMeeT ypas-
HeHME

az® 4+ bz +c=0, (24)

ecyId Yucia a u b ogHoro 3Haka?
PeEmEHNE. Tak kak uucsia a 1 b ogHoro 3Haka, To b/a > 0
ais moboro ¢ u 2+ bja # 0. llpu ¢ = 0 u ab > 0 oyesunHoO,
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4TO ypaBHenue (24) uMeeT enuHCTBeHHBIA Kopenb z = 0. llycTe
¢ # 0. Tlepenuniem nanHoe ypaBHeHUE B BHJE

1
[of 1:2 + -
a
1
Pyukuus f(z) = 1 b/a A8 Kaxjaoro ¢ € (—oo;+00) npu-

HUMaeT NOJIOXKHUTebHble 3HaYeHNs M ABigeTCd HelpepbIBHOH M
cTporo Bo3pacTalollell Ha mpoMexyTke (—oo; 0] ¥ HempephIBHOM
1 cTporo ybeiBaoomen Ha npomexyTke [0; +00). Ecin afc > 0, To

a o
¢yHkuus g(z) = ——& HempepblBHA M CTPOro y6biBaeT Ha Beell
c

ocl —00 < ¥ < +00 U NPUHUMAET BCe NOJIOXHUTeNbHble 3HaYEeHUs
onsa x € (*oo;O) M OTpHUaTesbHble 3HaYeHus WLid ¢ € (0;+00).
MosToMy ypaBHeHHe (25) UMeeT eIMHCTBEHHBIN KOPeHb Ha IPO-
a
mexyTke (—00;0). Eci a/c < 0, To dynkuns g(z) = ——=z He-
c
npepuBHAa M CTPOro BO3pacTaeT Ha Bcel ocm —oo0 < T < +00
! IPMHEMAET BCe TIOIIOKUTENbHbIE 3HadeHus Ans ¢ € (0;+00) n
oTpHuaTebHble 3HaveHus mid ¢ € (—o00;0). [losTomMy ypaBHe-

Hue (25) MMeeT elMHCTBEHHBIA KOpeHb Ha mpoMexyTke (0; +00).
OTBET: eRUHCTBEHHBIA KOPEHb.

4.1.4. Vcnonb3oBanue rpadukoB. [Ipu perienuu ypabHe-
HUYl WM HepaBeHCTB MHOINA NOJIE3HO PaccMOTpeTh 3CKH3 rpa-
¢UKOB MX NpaBoil u Jyepofl yacTefl. Torma >ToT 3ckn3 rpaduKkoB
NOMOXeT BBISCHUTH, Ha KaKie MHOXeCTBa Halo pa3buTp uncio-
BYIO OChb, YTOOBI Ha KaXJOM M3 HHX pellleHHe ypaBHeHUs (MM
HEPaBEHCTBa) ObIJIO OUEBUIHO.

O6paTum BHUMaHHKe, YTO 3CKM3 IpaduKa JHIIL TOMOT aeT Hall-
TH pellleHNe, HO MUCATh, YTO U3 rpaduka cilefyeT OTBeT, HeJIb34,
OTBeT ellle Hallo 000CHOBATS.

[TpuMEP 20. PemiuTh HEPABEHCTBO

Vi—-z2< V5 -z (26)

PemEHUME. OII3 uepaBencTBa (26) ecTh Bce T W3 mpoOMe-
®yTka [—1;1]. Dckusel rpadukor dyukmuit f(z) = V1 —22 n
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Puc. 7

g(z) = V/5 — z npencrasnens Ha puc. 7. U3 pucynka caenyer,
uto nng Beex r w3 OII3 HepaBencTBo (26) cmpapennuso. lo-
kaxeM 3To. Ilna kaxmoro z € [—1;1] umeem 0 £ f(z) < 1, a
715 KaXIOro Takoro z uMeeM, 4to v/5 — z > V/4 > 1. 3naunt,
nns kaxaoro r € [—1; 1] umeem f(z) < 1 < g(x). CnenosaTesns-
HO, pellleHHAMM HepaBeHCTBa (26) 6yAyT Bce T M3 NPOMEXYTKa
[~1;1].

OTBET: -1 <z < 1.

IIPUMEP 21. Pemiuths ypaBHeHUe

2420 +3=4-22 (27)

PemEHKE. OJI3 ypaBHeHus (27) ecTb Bce £ U3 NPOMEXyTKa
—2 < z € 2. Ockusnl rpadukoB dyskuui f(z) = 2+ 2z +3

u g(z) = V4 — z? npencrasnensl Ha puc. 8. [Ipoenem npsmyio
y = 2. U3 pucynka caenyer, yto rpadguk gyHkumu f(z) nexmt
He HIXe 3TOH npsMoi, a rpaduk ¢pyukuun g(z) He Boime. [lpn
3TOM 3TH TpadMKKM KacaloTCs MpSAMOM Yy = 2 B Pa3HBIX TOYKaX.
CnenoBaTellbHO, ypaBHeHMe He uMeeT pertenuit. JlokaxeM 3To.
Ilns kaxgoro z € [—2;2] nveem V4 —22 < 2, a2’ + 2243 =
= (z+1)2+2 > 2. Ilpu sTom f(z) = 2 TonbKo Wit £ = —1, a
g(z) = 2 Tonbko mas ¢ = 0. DTo o3HavaeT, 4TO ypabHeHue (27)
He MMeeT pelleHUH.
OTBET: HeT pelleHHH.
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Y A
y=:c2+2a:+3
3
A(~1,2)
2 y=2
~-
|
|
| y=V4—-2x2
|
' >
~z -1 0 2 z
Puc. 8

[IPUMEP 22. PeminTs ypaBHeHUE
P4r=vr-T. (28)

PEMIEHME. Dckuspl rpadukop dynkumit f(z) = 2° +z u
g(z) = v/ — 7 npencrasnenst Ha puc. 9. Jlerko npopepseTcs, 9TO
Todka (—1; —2) ABasgeTcs TOYKOH MepeceveHns rpabukoB byHK-
unit f(z) u g(z), T. e. ¢ = —1 ecThb pemenne ypapHenus (28).
IIposenem npsamylo y = ¢ — 1. M3 pucyHka cilenyer, 4TO OHa pac-
HoJloXeHa Mexny rpabmkamu ¢yHkuuin y = f(z) m y = g(z).
Oro Habmofenne M NoMoraeT NOKa3aTh, YTO HPYLHUX peIIEHU
ypaBHenue (28) He UMeeT.

Ilns storo moxaxeM, 4To AAsA T M3 MpoMexyTka (—1;+00)
CpaBelINBLl HepaBeHCTBA &° +2 > ¢ —luz—1> V-7,
a o1 T U3 OpoMexyTka (—oo;—1) cnpaBelMBEI HepaBeHCTBA
Ve-T>z—1nuz’+z<z—1.

O4eBHAHO, YTO HEPABEHCTBO L° + 2 > 2 — 1 CIpaBel/IMBO I
£ > —1, a HepaBeHCTBO +zr<z—1n1szr < —1. Pemum
HepaBeHCTBO VT — 7 > & — 1. OTo HepaBeHCTBO PaBHOCHIILHO He-
paBeHcTBY  — 7 > (¢ — 1), X0oTOpoe MOXHO mepenucaTh B BHIE
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A(-1,-2)

Puc. 9

(z + 1)[(z ~ 2)* 4+ 2] < 0. Pemennsamn 5TOro HepaBeHcTBa ABIS-
1oTcst Bee £ < —1. To4HO Tak Xe MOKa3bIBaeTCA, YTO peleHUAMN

HepaBeHCTBa vz — 7 < ¢ — 1 sBnsioTcs Bee > —1.

CnenoBaTeinbHo, TpebGyeMoe yTBepxIeHUe NOKa3aHO, U ypaB-
HeHMe (28) MMeeT eMHCTBEHHLIA KODeHb T = —1.

OTBET: ¢ = —1.
ITPUMEP 23. PelunTh HepaBeHCTBO

6 14 log,(2+2)
2r+1 T

. (29)

PEMEHUE. O6nacTh HONMYCTHMMBIX 3HAYEHUt NAHHOTO Hepa-
BEHCTBA COCTOUT M3 BCeX ¥, YAOBIETBOPSIOLUMX YCIOBUAM T > —2,
r # —1/2, 2 # 0, T. e. OlI3 cocTOMT M3 Tpex NMPOMEXYTKOB
—2<z<~-1/2,-1/2< 2 <0,0< z < +00. PaccMoTpnM He-
paBeHCTBO (29) Ha KaXIOM U3 3TUX MpoMexyTkoB. OTMeTHM, 4TO
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BobracTy —2 < z < 0,z # —1/2, OHO pAaBHOCHIILHO HEPABEHCTRY

4 — 1

1 2
oga(2+3) > 5

(30)

a B obnacTu r > 0 OHO PaBHOCWIBLHO HEPABEHCTBY

4 — 1
1 2 < . 31
o8, (2 +2) < 3 (31)
y 4r — 1
Ocknspl rpadukoB oyHkunit f(z) = log,(2 + z) u g(z) = Gy

upusefieEs! Ha puc. 10. W3 pucyska BunHo, uto g(z) > f(z) na

|
f

y= 1052(2+T)

- - -7

2

Puc. 10

npoMmexxyTke (—2; —1/2) u f(z) > g(z) Ha Kax1OM U3 IPOMEXYT-
koB (—1/2;0) u (0;400). llostomy HepaseHcTBo (31) He mMeeT
pelennii, a HepaBeHcTBO (30) GymeT UMeThb pelICHHIMH Bee 2 H3
npomexyTka (—1/2,0).

HokaxeM 3To.
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a) Mlyers —2 < ¢ < —1/2. HepaBencTeo (29) paBHOCMILHO
Ha TOM NpoMexyTke HepasencTBy (30). Jlerko Bumers, 4To mas
KaXJIOro £ U3 3TOro MHTepBaja clpaBeliiuBLl HEpaBEHCTBa

3
log2(2+1‘)<log2§ <1,
4-1_, 3
2041 2z +1

> 2.

CrnenoBarenbho, HepaBeHcTBO (30), a BMecTe ¢ HMM M HC-
XONHOe HepaBeHcTBO (29) He MMeIOT pelueHUll HA HHTepBale
-2<z<-1/2

6) MycTe —1/2 < ¢ < 0. Torna HepaBencTBo (29) TakXe pas-
HOCHIIbHO HepaBeHcTBy (30). Il KaXoro z U3 >TOro UHTepBaia

1 3
logy(2 + ) > log, (2 - 5) = log, 3> 0,
4r — 1
0.
2z + 1 <

CrenoBatenbHo, mo6oe Takoe & SBIAETCS peLICHUEM HEPABEH-
cTBa (30), a MO3TOMY M MCXOOHOTO HepaBeHcTBa (29).

B) Ilycts 2 > 0. Ha 3ToM MHOXecTBe HCXOMHOE HepaBeHCTBO
paBHOCUNILHO HepaBeHCTBY (31). OueBunHo, 9T0 Mst MOBOro T U3
3TOr0 MHOXeCTBa CIOpaBe/l/INBbl HepaBeHCTBA

2:1:+1: 2z +1
1 < logy(2 + z).

4z -1 3
z 2 <2,

Orcona cnenyer: 1) HepaBeHcTBO (31) He MMeeT peleHui Ha TOM
MHOXecTBe, rlie log,(z +2) > 2, T. e. HepaBeHcTBO (31) He uMeeT
peueHunit Ha MHOXecTBe 2 € ¢ < +00; 2) HepaseHcTBO (31) He

+1
YTO B pacCMaTpUBaeMoM ciiydae T > 0, mojgydaeM, 4To HepaBeH-
cTBo (31) He nMeeT perteHnit Ha MHOXecTBe 0 < z < 1. OcraeTcs
HalTW pellleHUs HepaBeHCTBa (31), mpuHaneXalMe HHTepBaATY
l<z <2

uMeeT peme}mﬁ Ha TOM MHOXeECTBE, rne

< 1. YuntbiBag,
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Ha »Tom HHTEpBaJE

log,(2 + ) > log, 3,

4z — 1 3
Sy B
2r+1 2z + 1

3 7
2-2=_.
5 5

[lokaxeM Tenmepb, 9TO CIPABEIMBO YNCIOBOE HEPABEHCTBO
log, 3 > 7/5. (32)

IelicTBUTeNbHO, MOCKOIBKY 3° > 27, 10 3 > 27/5, OTKylla U OYe-
BUIHA CTpaBEANMBOCThL HepaBeHcTBa (32). Urak, Ha uHTepBane
1 < = < 2 umeem

4 —1

1 2 logy3 > 7/5 > ———.
0g2(2+ 2) > logy 3 > 7/5 > T

3uaunT, HepaBeHCTBO (31) He HMMeeT pelleHHA Ha WHTepBale

1 < z < 2. IlonBons uTor, mojiyvyaeM, 4YTO MHOXECTBO pellle-

HU UCXONHOTO HepaBeHCTBa ecTh UHTepBal —1/2 < z < 0.
OTBET: —1/2 < ¢ < 0.

4.1.5. MeTon MHTEepBaJIOB OJIS HENPEPHIBHHIX (byHK-
nui. IlycTs Hago peminTh HepaBeHcTBO f(z) > 0 (MnuM HepaBeH-
ctBO f(z) < 0). IlycTs OII3 sTOr0 HepaBeHCTBA COCTOMT U3 OOB-
eMHEHUs KOHEYHOTO 4YHMcila NpoMexyTkoB Ip, k = 1, 2,..., n,
3aHYMepOBaHHHIX B IOpANKe CIeNOBAHNA cileBa HamnpaBo. llpu
sToM, eciiu > 1, To Iy u I, MOryT 6HITH COOTBETCTBEH-
HO GecKoHeYHBIMM mpoMexyTkamu (—oo;a) ((—oo;al]) u (b; +00)

([b; +00)). NpomexyTtku Ig,..., T,_1 COOTBETCTBEHHO MOLYT
6bITE oTpeskamu [c; d], unTepBaiamu (c;d) U noayuHTepBana-
Mu [¢;d), (¢c;d]. B cnyqae xe n = 1 T moxeT 6HITH JIio-

6LIM U3 NepedncieHHBIX NPOMEXYTKOB, a TaKXke IPOMEXYTKOM
(—o00; +00). Ipeanonoxnm Takke, YTO Ha KaXIOM K3 HpOMe-
KyTKoB I dyHkuas f(z) HenmpepblBHa M MMeeT KOHEYHOE Y-
cino Hyneil. OTMeTnM Ha YHciOBol OpAMol Hynu ¢yukuny f(z)
u soibpocum u3 OII3 HepaBeHcTBa 3TH ToukM. IIpm 3ToM He-
KOTOpEIE M3 NMPOMEXYTKOB Ir MOTYT pa3bUThCA Ha HEKOTOpoOe
qucio mpoMexyTkoB. Ha KaXmoM M3 HONyYeHHBIX NPOMEXYT-
koB QpyHkuws f(z) HenpeprlBHA M He obpaillaeTcs B HyJb. 3Ha-
9UT, Ha KaXIOM M3 HHMX OHa COXpaHfeT MNOCTOSHHBLINA 3HAK,
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T. e. JJd KaXJOTo T M3 3TOro INPOMEXYTKAa OHa NpPHHMMa-
eT TOJIbKO JMBO MNOJIOKHTENbHbe, Jub0 OTPUUATENbHBE 3HA-
yeHHs. Boibupasd B KaX[IOM M3 [POMEXYTKOB HEKOTOPYIO TOY-
Ky Lo W BHIUMCIIAA 3HaK f(zg), 3TOT 3HaK CTaBAT Hal >TUM
npomexyTkoM. Torna peiueHnem HepaBedcTsa f(z) > 0 6y-
neT obbenMHeHne TeX MPOMEXYTKOB, Hall KOTOPBIME NOCTABIEH
3HAaK [UIIOC, a pellleHMeM HepaBeHcTBa f(z) < 0 Gymer obnemm-
HeHHMe TeX MNPOMEXYTKOB, Hall KOTOPBIMH MOCTAaBileH 3HAK M-
HYyC.
IMTPUMEP 24. PetinTh HepaBEHCTBO

vz2—-1(4 —z)logz(3+z) > 0. (33)

PEmMEHKE. OII3 HepaBeHcTBa (33) cOCTOMT U3 BCEX &, OMHO-
BPEMEHHO YIOBJIETBOPAIOMNX ycsioBusM £2 —1 2 0u 3+ 2z > 0,
1. e. OlI3 ecth obbvenuuenue nBYX mnpomexyTkos: (—3;-—1] u
[1;400). Hynu dyukumn f(z) = V2?2 — 1(4 — z) logs(3 + =) ecTn
zy=1,29=-1, 23 =4, £4 = ~2. Buibpocus ux u3 O3, noay-
gnM npoMexyTKH (—3; —2), (—2; 1), (1;4) u (4; +o0) (puc. 11).
OnpenenuM 3HaKU PYyHKIHMHA HAa KAXKIOM U3 STHX NPOMEXYTKOB.

Puc. 11

Nockoneky f(—2,5) < 0, f(—~1,5) >0, f(2) >0, f(5) < 0, To
Ha NpoMexyTke (4;+0c) GyHKINs f NpURMMAaeT OTpULATENbHbLE
3HaueHMd, Ha mpomexyTkax (—2;—1), (1;4) — nonoxuTenbHble
3HaYeHMd, a Ha NpoMexyTke (—3; —2) — oTpunaTenbHbie 3HAYE-
HUS.

CrenoBaTenbHO, MHOXeCTBOM pellleHMA HepaBeHcTBa (33)
ABIseTCH obbeqHeHne npoMexyTkos (—2; —1), (1;4).

OTBET: —2<z< —-1;1<z< 4.
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ITPUMEP 25. PeminThb HepaBeHCTBO

(Jz + 3] - (4 —22"H(z* + V=)
oe 5 D) <0. (34)

PemEHKE. OJI3 HepaBeHcTBa (34) COCTOUT U3 BCeX I, yIOBIIe-
TBopsWHUX ycioBuaM 1 —z +22 > 0 u logy(1—z+22) #£0, T. e.
OII3 cocTonT M3 Tpex NpoMexyTKoBs: (—oo;0), (0;1) 1 (1;+00).
Hynn ¢pyuaknnu

(lz + 3] - 1)(4 = 22~ 1)(=* + V=)

f=z) = logy(—z + 224+ 1)

ecTb £; = —1, z2 = 3/2, 23 = —2, 24 = —4. Bribpocus ux us
O3, nmonyunm npomexyTku I; = (—oc;—4), Io = (—4;-2),
Iy = (=2,-1), In = (=1;0), Is = (0;1), Zs = (1;3/2),
I7 = (3/2;+00) (puc. 12). Jlerko BHIeTh, 9TO

N N
_4\:/—'2 —INC AN :;\

2

Puc. 12

f(—-5) >0, -5 €1 f(—3) <0, -3 €1y
f(=3/2) >0, —3/2€Ts; f(-1/2) <0, —1/2 € Ty;
£(5/4) >0, 5/4 € Ts; £(1/2) <0, 1/2 € I5; £(2) < 0, 2 € Tr.

CrenoBaTenbHO, MHOXECTBOM pellleHHil HepaBeHCTBa (34) ABns-
eTcs obbelMHeHHe 4YeThlpeX MPOMeXYyTKoB: —4 < z < =2,

3
—1<x<0,0<x<1,§<x<+oo.

3
OTBET:—4<:c<—2;——1<1‘<0;0<x<1;§<x<+oo.
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§ 4.2. PellleHne HEKOTOPLIX ypPaBHEHUN M
HepaBeHCTB CBelieHMeM UX K pellleHUI0 cucTeM
YpaBHeHM# UJIM HepaBEHCTB OTHOCUTEJIbHO TON
JKe HeN3BeCTHOM

4.2.1. Ypapuenus sunma fi(z) + f2(z)+ -+ fi(z) = 0,
1f1(2)| + |f2(2)] + - + | fe(z)| = 0. YpaBHenus Buna

fi) + fF(2)+ -+ fi(z) = 0, (1)
Ifi(@)] + [f2(z)]+ -+ [fe(2)] =0 (2)
PaBHOCH/ILHBL CHCTEME YpaBHEHUH
fi(z) =0,
: (3)
fr(x) = 0.

IIpuMEP 1. Pemintes ypaBHeHue
2 454 + 42225 - 22° +1=0. (4)
PEMEHME. [lepenuinem ypaBuenue (4) B Bilie
(22 +22°) + (2 -1)* =0, (5)

OTKyNa OYEBANHO, YTO YypaBHeHme (5) DaBHOCHILHO CHCTeEME

YpaBHEHUMI
2 - 1=0,
{ 22422 =0. (6)

llepBoe ypaBHeHMe 5>TOM CHCTEMEl MMeeT eMHCTBEHHOE pellleHHe
z = 0, KOTOpoe He YHOBJIETBOPSAET BTOPOMY YPAaBHEHHIO CHCTe-
MHul (6). CrnenoBatenbHo, cucTeMa (6) He HMeeT pelIeHHH.
OTBET: HeT pelleHuil.
[IPUMEP 2. PeminTs ypaBHeHHe

:L‘2~6:c+9+\/log:f/7(x2—4x+4):0. (7)
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PruEHME. [lepenuimem ypaBrenue (7) B Bule
|z — 3|+ llogl/-,-(x2 -4z 4+ 4)| = 0.

OTo0 ypaBHeHHe PABHOCHILHO CHCTeMe ypaBHEHUI

r—3=0, 8
log1/7(:c2 —4r+4)=0. (8)

Pemterne nepBoro m3 »Tux ypaBHeHmit ectb x = 3. IlpoBepka
HOKa3bIBaeT, YTO >TO YHUCIO TAaKXe SBIAAETCH M pellleHUeM BTO-
poro ypabHeHus cucTeMsl (8). CienopaTenbHO, £ = 3 ABIdeTC
pelrenueM ucxonHoro ypasteHns (7).

OTBET: z = 3.

OTMeTnM, 9TO K cucTeme (3) CBOAMTCS M Psl IPYTHX ypaB-
Henuit. [lpuBenem npumep.

[IPUMEP 3. PemuTh ypaBHeHHE

log, (1 +Vazt+ :1:2) + log,(1 4 %) = 0. (9)
PEMEHHKE. Ins mobbiX  cIpaBed/IABE HEDABEHCTBA
log,, (1 + Vi 4+ 1:2) >0,
log,(1 4+ 2%) > 0.
IlosTomy ypasHenie (9) paBHOCHILHO CHCTEMe YPaBHEHHH
log, (1 +Vezt+ 1.2) =0,
log,(1 + z?) = 0,

HMelolliefl eNUHCTBeHHOe peliieHue ¢ = 0.
OTBET: z = 0.

4.2.2. Hepapenctsa puna fi(z)+ f2(z)+---+ fi(z) > 0,
|f1(@)|+|f2(z)|+ - -+|fn(2)| > 0. Pemennsimu HepaBeHCTB BUAA

fi(z) + fi(@)+ -+ fa(2) > 0, (10)
LA+ 1f2(2)] + -+ [ fal2)] > 0 (11)
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spasiores Bce ¢ w3 ux QI3 3a uckimodenneM Tex &, KOTOphle
SIBIFIOTCH pelIeHHIMU CUCTEeMbl YpaBHEHUN

fl(x) = 0?
; (12)
fa(z)=0

NPUMEP 4. PeurnTh HepaBeHCTBO
(log,z — 1)2 4 (2 —2)* > 0. (13)

PewEHME. OII3 uepapenctsa (13) ecTb Bce ¢ > 0. dns Ha-
XOXIeHUs peliieHu#t HepaBeHcTBa (13) Hamo uckmounts u3 O3
BCe pellleHns CHCTeMbl ypaBHEHNi

log,z —1=0,
z—-2=0.

OTa cucTeMa MMeeT eIMHCTBEHHOE PellleHne & = 2, CllefoBaTelb-
HO, pellieHUAMM HepaBeHcTBa (13) sBnsiorcs Bce z > 0, KpoMe
= 2.
OTBET: 0 <2< 2;2< z < 400.
[TPUMEP 5. PemiuTr HepaBeHCTBO

r2 — g2

<_1_+_17)2 > 0. (14)

PEIIEHME. [lepeunmem uepaBeHcTBO (14) B Buze

[sin®z —sin® z| +

2

. . -7
|sin? z — sin* z| + — | >0.
14z
Ias moboro x clipaBenNBbLI HEPABEHCTBA
2 2
. . 2 -7
|sin? z —sin* 2| > 0, — |2
14z

TlosTromy HepaBeHcTBO (14) He BHINONHSAETCS MUINL IUIS TAKAX T,
YTO OXHOBPEMEHHO
L

1+ z2

sin?z — sin*z =0, =0,
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T.e. AMAT=THNZT = —T.
CrenoBaTelbHO, PEIIEHUSIMU NCXOAHOTO HepaBeHCTBa (14) sB-
JAIOTCH BCe &, KpOMe T =T U T = —7.

OTBET: — 0 <z < —7, -7 << mn1<<zx<+00.

OTMeTHM, 4TO K cucTeMe (12) cBomATCA HHOTIA M Npyrue He-
paBeHCTBA.

TIPUMEP 6. Pemuntt HepaBeHCTBO

2
41 — cost (-’%&r) +oVT=T 10, (15)

PemEHKE. OJI3 HepaBencTBa (15) ABafloTcs BCe T, YIOBIIe-
TBOpAOIINE YCIOBHIO 1 — %> 0, 1. e. ONI3 ecTb BCe z € [—1;1].
Ha O3 cnpaBeniuBbl HEpaBEHCTBA

2
/1 — cos* (i%r—w> >0, ovVi-st _1>0.

MosToMmy HepaBencTBo (15) Bhmosnsercs mis seex = u3 O3,
KPOMe TeX, KOTopble yIOBIeTBOPAIOT CHCTeMe ypaBHEHNH

2
/1 — cos? (#ﬂ') =0,

oVi-zt _ 1 =0.

PeleHHsAMHA BTOPOTO ypaBHEHHs 3TON CHCTEMBI ABAAIOTCA T3 = 1
u 25 = —1. U3 aux nepBOMY ypaBHEHMIO YLOBJIETBOPSET TOIBKO
z = —1. iTak, pelueHNIMU JaHHOTO HepaBeHCTBa (15) ABasiOTCA
Bce T u3 npoMexyTtka —1 <z < 1.

OTBET: -1 <z £ 1.

4.2.3. McnonbioBaHNe OrpaHMYIEHHOCTH PyHKIIHH.
Ecnu npu perieHun ypaBHEHHS

f(z) = g(z) (16)

yAaeTcs NOKa3aTh, YTO A4 BCEX T M3 HEKOTOPOro MHOXecTBa M
cipaBeiuBLl HepaBencTBa f(z) < A n g(x) > A, To Ha MHOXe-
ctBe M ypasHenue (16) paBHOCHIIBHO CHCTeMe ypaBHeHIHA

o= (7
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IIpuMEP 7. Petuuth ypaBHeHUe

12
42 442+ 17T = ———o.
2 -z +1
PEMEHUE. IlepenniiieM 3To ypaBHeHHe B Bhle

(H;) +4:(_3__

. 18
112+3 (1)
2 4

O‘ICBPII[HO, yTO AAM TI06BIX NEACTBUTENLHBIX T UMeeM

g(r)=<x+%>2+424, f(z) = 3

—_— <4
L) 2+3
2 4

CreposaTenbho, ypasaenne (18) paBHOCH/IBHO CHCTeMe ypaBHe-
-
HU#

1 2
- 4 =4,

(:c+2> +
1 2+3_3
73 11

OTa cUcTeMa ypaBHEHUI He UMeeT DelleHMH, MOITOMY HCXOMHOe

ypaBHEeHHe TaKXe He MMeeT pellleHMH.
OTBET: HeT pellleHHi.

I[TpUMEP 8. PemnTh ypaBHeHHe

cos?(zsinz) = 1+ log2 Vz2 + 2 + 1. (19)
PewEeHUE. O3 ypasrenns (19) sBasioTcd Bce OeAcTBUTEND-
Hele z. JIng mobeix © uMeeM
cos*(zsinz) <1, 1+ logg Vzi+z+121.

CnenoBaTenbHo, ypabHenne (19) paBHOCHJIBHO CHCTeMe ypaBHe-
HU#

{ cos’(zsinz) = 1

20
logZVzZ+z+1=0. (20)
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Petenns Broporo ypabHenus cucteMbi (20} ectez =0mz = —1.
U3 5>THX 3Ha4YeHMH OEPBOMY YpPaBHEHMIO YAOBJIETBOPSET TOJIBLKO
z = 0, KoTopoe, ClleOBATENLHO, ABIdeTCS eIUHCTBEHHBIM pellle-
HHUEM HCXOIHOTO ypaBHEHHS.

OTBET: = 0.

IIPUMEP 9. PemuTh ypaBHeHuUe

cos’ z +sin’z = 1. (21)

PemERKE. Hockoabky cos® z +sin’ z = 1, To ypasHerne (21)
MOXHO TepernncaThb B BUIe cos’ & +sin®z = cos? z +sin® ¢ nnn B
BHIe

cos? z(cos® ¢ — 1) = sin® z(1 — sin® z). (22)
HOCKOJ‘[be 171 moboro HeMCTBHTeIIbHOI‘O z uMeeM sin’z > 0,
cos’z > 0,cos’z—1<0,1—sin®z > 0, To ypaBnenue (22)

PaBHOCHJIBHO CUCTEME ypaBHemm

cos? z(cos® z — 1) = 0, (23)
sin?z(1 —sin®z) = 0.

CucTrema (23) paBHOCH/IbHA COBOKYNTHOCTY CHCTEM ypaBHEHHUN

cosz =0, sinz =0,
{ sinz = 1, { cosz = 1. (24)

. 1
Pelenus mepBoil M3 3TUX CUCTEM eCTh T = ) + 27k, k € Z,

BTOpOll £ = 2m, m € Z. Bce >Tu pemenus u OyAyT pellleHHIMU
HUCXONHOTO ypaBHEHHS.

OTBET: ¢ = 2mm, z = g+27rk; m, k €Z.

4.2.4. cnonb3oBaHME CBOMCTB CHHYCa M KOCHMHYcA.
Pentenne GONBIIOTO KONMHMYECTBa TPUTOHOMETPHYECKMX YypaBHe-
HH@l MOXeT 6bITh CBefeHO K pellleHuIo cucTeM ypapHeHmil. Ilpu-
MepaMi TAKMX ypaBHEHUMH MOTYT CllyXATh CllefyIolne:

sin az-sin Br = %1,
sin az- cos Br = %1,
A(sin az)™ + B(cos Bz)" = £(|A| + |B]),
A(sin az)™ + B(sin fz)" = x(|A| + |B),
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rne o, 3, A m B — naHHble neficTBUTENLHLIE YHCJIA, 7 1 M —
IaHHEble HaTypaJbHble YHuchia. Ilpm pelleHum Takux ypaBHEHMi
UCMONIBb3YeTCs cilefylolllee CBOMCTBO CHHYCA: €CJIU AN HEKOTOPO-
ro YMCila To COPaBeIMBO CTPOroe HepaBEHCTRBO |sin axrg| < 1, To
TaKoe YHCJI0O Tg He MOXeT OBITh KOpHEM HHM OIHOTO U3 ypaBHe-
Huit (25). AHAJIOTMYHO, DU pellleHny ypaBHEeHMI

cos az-cos fr = F1,
A(cos az)™ + B(cos Bz)" = £(|A| + |B|)

UCIOB3YeTcs CBORCTBO KOCHHYCA: €CJIH JIJIS HEKOTOPOTro YMcia I

CHpaBelJINBO CTPOroe HEPAaBeHCTBO |cos azg| < 1, To Takoe 4m-

CII0 T He MOXeT ObITb KOpHEM HN OOHOTO M3 3THUX ypaBHEHMIA.
ITpuMEP 10. Pemnth ypaBHenne

sinz-cos4z = 1. (26)

PEWEHME. Ecim 2y — pemenne ypasuenus (26), To aubo
sin zp=1, 6o sin £o=—1. [leficTBuTeNBHO, ecin 681 |sinzg| < 1,
TO U3 ypaBHeHMs (26) cienosaiio 6bl, 4ToO | cos4zo| > 1, uTo, ecTe-
CTBEHHO, HeBO3MOXHO. Ho ecnm sin zy = 1, To u3 ypaBHenns (26)
caenyetT, 94To cos4xg = 1, ecim Xe sinzg = —1, To cosdxg = —1.
CrnenoBaTensHo, moboe pelieHne ypaBHeHus (26) sBiseTcs pellle-
HHEM ONHOW 3 CAeAYIOHINX NBYX CHCTEM YpaBHEHHIA:

{ sinzg =1, (27)

cosdzy =1,
sinzg = —1,
{ cos 4xy = —1. (28)

Jlerxo BuneTs, 9TO J060E perterne cucrems (27) 1 mo6oe petrie-
HHe cHcTeMBbl (28) ecTh pelnenne ypasHeHus (26). CnenosaTenn-
HO, ypaBHeHUe (26) paBHOCHIILHO COBOKYITHOCTH CHCTEM ypaBHe-
Huit (27) n (28). PemuM >Tu cucTeMsl.

IlepBoe ypapnenue cucreMsbl (27) uMeeT pemnenus

z=n/2+27k, k€EZ.

Bce oHn ynoBneTBOPSIOT BTOPOMY ypaBHEHMIO 3TOM CUCTEMBI, T. €.
ABIIAIOTCS PellleHNAMH cHcTeMbl (27).
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[lepBoe ypaBHeHue cucTembl (28) UMeeT pelneHus

z= i’r-—+-27rl, leZ.
2

Hu onHo 3 3TUX 4YMceNn He yNOBIIETBODPSET BTOPOMY ypPaBHEHHIO
3Toit cucTeMsl. [losToMy cuctema (28) He UMeeT pelueHud.

Wrak, pelieHns McXONHOro ypaBHeHus (26) coBmagaioT ¢ pe-
IIeHNIMH cucTeMbl (27).

OTBET: ¢ = 7/2 + 27k, k € Z.

I[IPuMEP 11. Peuinte ypaBHeHue

3cos? 2z — 2sin®z = 5. (29)

PEWEHME. Ecnm zo ecTh peuenne ypasHeHus (29), To
| cos 2zg| = 1, u60 B IPOTHBHOM Ciydae 6bLII0 BBl CIpaBENTUBO He-
paBeHCTBO |sinzg| > 1, uTo HeBosmoxHo. Ho ecan |cos2z¢| = 1,
To u3 ypaBHeHus (29) caenyet, 4To sinzg = —1. IloaTomy moboe
pellleHne ypaBHeHHs (29) aBisgeTcs pelleHNEM CHCTeMBbl ypaBHe-

HUM
sinz = —1,
{ [cos 2z = 1. (30)

Jlerxo BuneTh, 4TO M0GOe pelienne cdcTembl (30) ecTh pewmenue
ypaBHerns (29). CnemoBatenbHo, ypasHenHe (29) paBHOCH/IBHO
cucTeMe ypaBHeHnit (30).

IlepBoe ypaenenne cucteMbl {30) umeeT perieHus

x:377r+27r1, lez.

Bce oHuM ymoBeTBOPSIOT BTOPOMY ypaBHeHHIO cucTeMsi (30), T. €.
SBJIAIOTCS pelleHusMH ypaBHeHus (29).

3
OTBET: z = 7” +27l, 1€ Z.

IIPUMEP 12. Pemnthb ypaBHeHue
cos® 3z + cos!! Tz = —2. (31)

PEmEHME. Ecan zg — pemnenne ypapaenns (31), To cos 3z¢ =
= — 1 (B OpoTUBHOM ciIydae cos 7o < —1, 9TO HEBO3MOKHO).
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Ho Torna cos Tzg = —1. CnenoBaTenbHo, N1060€e peilieHUE ypaB-
Heuus (31) ecThb pellleHne cHCTeMBbl YPABHEHHI

cosTz = —1. (32)

{ cosdxr = —1,
Jlerxo BugeTs, uTo Moboe pelneHne cucTeMsl (32) ecTh pelleHue
ypaBHerns (31). IlosToMy ypaBHenue (31) paBHOCHJIBHO cHCTe-
Me (32).
MlepBoe ypaBHeHMe cucTeMEl (32) UMeeT pellleHUs
T 2wk

T = —

st 3 keZ

Haiinem Te M3 >Tux pemenuil, KoTopble 6ynyT yIOBIeTBOPATH
BTOPOMY YpaBHEHMIO cHCTeMHl (32). OTo 6ynyT Te ri, Mis Ka-
JKJIOTO M3 KOTOpHIX HalleTcs 4Mcio m € Z Takoe, YTo Gyner
CHpaBelJIMBO PaBeHCTBO

7 l4rwk
3 3

=7+ 2mrm. (33)

IlepenuieM paBencTBo (33) B BULE

3m—2
k= —. 34
- (34)
Hockonpky k m m nenble 4ncia, To paBeHCTBO (34) cnpaBennBo
aumb Torpaa, kornam = Tt+3,t € Z, wo rorna k = 3t+1,t € Z.
Hrak, pemierusmu cuctemsl (32) aBasiores 2, rie k = 3t+1,

2
tEZ,T.e.x:%+27rt+?7r,t€Z.
OTBET: z = 7 + 27t, t € Z.

4.2.5. Mcnonn3oBanue YMcaOBHIX HepaBeHcTB. HHorza,
IpUMEHSs] TO UJIN UHOE YNCIIOBOE HepaBEHCTBO K OJHOM M3 dacTel
ypaBHeHNS (HEPAaBEHCTBAa), €T0 MOXHO 3aMEHHUTL PaBHOCHJIBLHOM
eMy cucTemoil ypaBHeHuii. [IpuMepoM Takoro HepaBeHCTBa ABJIS-
€TCsl HEDABEHCTBO MeXNY CPeJHNM apubMETHYECKUM U CPENHHM

a+b
reoMeTpUYECKHM — > Vab, rne a 1 b — nonoXxuTenbHbIE

quciia, NpuieM paBeHCTBO 3I€Ch BO3MOXHO ML IIPH @ = b.



§ 4.2. Csedenue x cucmemanm ¢ moi xHe Heuzsecmuot 159

YacTo 6biBaeT MOMIE3HO TMOIBL30BATHCS CIEeACTBAAMHE N3 3THX

1 1
HepaBeHCTB, HAllpUMep, a + — 2> 2 npu a > 0, npudyeM a + — = 2
a a
1
TOTAa M TONBKO Toria, korfaa = 1, a+ — < -2 mpu a < 0,
a

1
npuyeM a + — = —2 Torga “ TOJbKO TOTHA, Korga a = —1.
a

ITPUMEP 13. PemuTs ypaBHeHHe

PR 4

PEmEHME. OI13 »Torc ypaBHeHHs €CTh BCe NelCTBUTeNbHbIE
uncina. [lepenucap neByio 4acTh ypaBHenus (35) B Buge

V24 2z +4 2
+
2 V2 + 2z + 4

3aMevaeM, YTO OHa He MeHblUe YeThlpeX, Kak CyMMa IBYX B3aMM-
HO OBpaTHBIX IOJIOXKUTENbHBIX BEJIMYMH, U TONLKO pH £ = 0 oHa
paBHa 4eThipeM. B To Xe Bpems mpaBad dacTh npu ¢ = 0 Takxe
paBHa YeTHIpeM, a 1Js Bcex ¢ # 0 MeHblle deThipex. Cnenosa-
TesbHO, T = (0 ecTh eNMHCTBEHHOE pelleHUe ypaBHeHus (35).
OTBET: z = 0.
ITPUMEP 14. Pemuth ypaBHeHMe

1 1 . 8 2oy 2 (T2,
(m+ o2 22) (sin® z + cos? 2z) = 4 cos 7 & (36)

PEmERUE. JokaxeM, 4To NI MI06BIX OIOXKUTENBHBIX YHCel]
a n b cipaBeAnuMBO HepaBeHCTBO

(2 + %) (a+b)>4 (37)

B caMoM mene, npuMeHsAs HEPABEHCTBO O CpefiHeM apHpMeTHYe-
CKOM M CpellHeM FeoMeTPHYecKOM CHadala K 4nciaaM 1/au 1/, a
3aTeM K 4HciiaM a u b, nmeeM

1
a b; 11 - a__*'bzm,
ab 2
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OTKYyIa

1/1 1 a+b 1 1
- - - > .e. - - > 4.
2<a+b>< 5 >/1,Te (a+b>(a+b)/4

Hockonpky Ha OI13 ypaBHeHus (36) uMeeM sin® 2>0, cos?2z > 0,
TO, IpMMeHss HepaBeHcTBo (37), moayyaem, uTo Ans Joboro Ta-
KOTO & JleBas 4acTh ypasHeHus (36) He MeHbIe 4. B To ke BpeMs

[r2
na OJI3 ypapuenns (36) 4 cos® T z2 < 4. CnenosaTelnbHO,

ypaBsenne {36) paBHOCMIILHO cHCTeMe ypaBHEHH

sin®z cos?2z

2
2 /7 2 _
co — —z‘=1.
*V3

W3 nociensero ypaBHeHus cucTeMbl (38) HaXOOUM eToO pelleHHs
£y = 7/2 u 2o = —n/2. lloncraBuad >Tu 3HaYeHHd B MepBoe
ypaBHeHHe cucTeMbl (38), moiyuaeM, YTO OHYU ABISIOTCH €r0 pe-
menuamu. CrenoBaTenbHo, £, = 7/2 u T3 = —7%/2 ABNAOTCA
pellIeHRAMI MCXONHOTO ypaBHeHus (36).

OTBET: z, = 7/2, 22 = —7/2.

1 1
('—s" + ——> (sin® & 4 cos? 2z) = 4,
(38)

§ 4.3. [IpuMeHeHNe NMPON3BOAHON

B npenbinymux naparpadax 6u1u paccMOTpeHbl TpUMeHeH N
HEeKOTOpHLIX CBOWCTB GYHKUMMH, BXOAAILIUX B ypaBHEHMe, HaIpH-
Mep, CBOCTBAa MOHOTOHHOCTH, OT PAHUYEHHOCTH, CyUleCTBOBaHUE
HanbONbIIEro U HalMeHbIIero 3Hadenuid u T. 1. MrHorma Bompoc
0 MOHOTOHHOCTH, 06 OrpaHHYEHHOCTH M B OCODEHHOCTH O HAXO-
XKOEHUN HanboNbIlero N HaMMeHbINEro 3HavyeHHA GyHKINH sile-
MeHTapHBIMU MeTofaMn TpebyeT TPYNOeMKMX U TOHKUX HCClle-
JOBaHMIl, OMHAKO OH CYIIECTBEHHO yNpoulaeTcss NpU NPpUMEHEHNH
npom3BonHoii. B 3ToM naparpade OyneT NoKasaHO NpHMeHeHUE
NpPOM3BONHOMA MpHU pellleHNN YPaBHEHUH M HEPABEHCTB.

4.3.1. Ucnonp3opaHue MOHOTOHHOCTH. B panbHelnieMm
6yneM MOJIb30BATHCS CNENYIOM MU Y TBEPXKIEHUAMU.
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1. Ecnm ¢pyuxuus f(z) uMeeT HOMOKUTENBHYIO NIPOM3BOLHYIO
na npomexyTke Z ((a;b), (a;+00), (—o0;a), (—o0; +00)), TO 5Ta
dbyHKIOUA BO3pPaAcTaeT Ha DTOM IMPOMEXYTKE.

2. Ecnu ¢pynkuns f(z),HenpepeiBaa Ha nmpomexytke Z ([a; b},
la; b), (a; b] [a; +0), (—o0; a]) 1 MMeeT BHYTPH MpOMeXyTKa IOJI0-
XKHUTENLHYIO NPOU3BOJHYIO, TO 3Ta (PYHKINA BO3pAcTaeT Ha MpPO-
MeXxyTke T.

3. Ecam ¢ynkuus f(x) uMmeer Ha nuTepsaie (a;b) Toxne-
CTBEHHO PaBHYIO HYJIIO NPOM3BOAKYW, To »Ta GyHKRHA f() ecTh
HOCTOSHHAS Ha >TOM MHTEpBaJe.

I[MpuMEP 1. Pemuth ypaBHeHUe

24— V/1-3z+4=0. (1)

PEIEHUE. PaceMoTpumM dyrKIuIO

f(z)=2"4+2°>-V1-3z+4.

O6nacTe ompelelleHUs 5Toi QYHKUMM €CTh NMPOMEXYTOK 1 =

—o0; 51 Ha sToM npomexyTke f(r) HenpephiBHa, BHYTpPH

€ro uMeeT MPOUu3BOAHYIO

3
1N _or 4 2

fl(z) =5z" + 3z +2m.
JTa npousBonHas NOJIOKMUTeIbHa BHyTpU npoMexcyTka I . [loaTo-
My byukuus f(z) BospactaeT Ha npoMexyTke Z. CenoBaTenbHO,
OHa NpUHMMaeT Kaxioe CBoe 3HaueHHe POBHO B ONHOW Touke. A
3TO O3HadaeT, uTo ypasHenue (1) nMeeT He Goflee OAHOTO KOPHA.
Jlerko BuzeTh, 4To £ = —1 ABAsSeTCs KOPHEM ypaBHeHus (1) u mo
CKa3aHHOMY BBIIlIE IPYT'UX KOpHell He MMeeT.

OTBET: ¢ = —1.

I[MPUMEP 2. PeuiuTh HepaBeHCTBO

2027 + 2825 + 210z — 35sin 22 > 0. (2)

PEWEHME. PaccvorpuM dyskmmio f(z) = 20z’ + 28z° +
+ 210z — 35sin2z. [lockonbky 3Ta ¢GyHKIUS Ha IpPOMeEXYyTKe
7 = (—o0;+00) nmeeT mpomsponnyio f'(z) = 140z° + 140z* +
+ 210 — 70 cos 2, KoTOpas NOJIOXKNTEIbHA Ha 3TOM IIPOMEXYTKe,



162 Hcnosvzosanue ceolicme 6roddwur 6 ypasuenue Gynxyud

To pynkums f(z) BospacTaer Ha npomexyTke I ¥ NOTOMY IIpHHH-
MaeT KaxJoe cBOe 3HaueHHe POBHO B ONHOM Touke. ClieoBaTeb-
Ho, ypaBHenue f(z) = 0 MoxeT umeThb He Gomee ONHOrO KOpHS.
Jlerko BRIETH, YTO TakuM KopHeM ypaBHeHus f(z) = 0 sBaseTcs
r = 0. Ilockoneky ¢pynkums f(z) onpenenena ma Bceit mpsMoil
¥ HerlpepblBHa Ha Heil, To And z < 0 umeeM f(z) < 0, a mpn
z > 0 nmeem f(z) > 0. [losToMy pelennsmu HepaBeHcTBa (2)
ABJIAIOTCA BCe T M3 MpoMmexyTKa (0; +00).

OTBET: 0 < z < +00.

ITPUMEP 3. PemiuTh HepaBencTBO

e >1+z. (3)

PEmWEHME. OII3 HepaBenctBa (3) ecTh mpoMexyTok I =
= (—00; +00). PaccMoTpum ¢$yHKIHMIO f(z) = e -1 —-1z. Ora
$ynkuns Ha npomexyrtke I umeer mpomssontyio f'(z) = e — 1.
Jlerko Buners, uto f'(z) > 0 nas MOBBIX T U3 MpOMeXyTKa
0 < & < t+oo. Tak kak Ha nmpoMexyTke 0 < z < 400 byHk-
uus f(z) HempephlBHa, TO 3TO O3HAYaeT, YTO HAa MPOMEKYTKE
0 < z < oo pyukuus f(r) pospacraet. [lockoneky f(0) = 0, To
f(z) > 0 nns moboro z € (0; 400). MosTomy moboe z € (0; +oo)
ABJIAETCS pellleHMeM HepaBeHCTBa (3).

Tak kak f'(z) < 0 nas moboro z € (—o0;0) u f(z) Henpe-
PbIBHA Ha MpoMexXyTKe ~o0 < £ < 0, To pynkuus f(z) ybuiBaeT
Ha npoMexyTke —o0 < z < 0. Ilockomeky f(0) = 0, To f(z) > 0
nas moboro z € (—o0;0). CrenoaTensHo, moboe z € (—o0;0)
ABJdeTCs pelleHueM HepapeHcTBa (3). Ilockonrky f(0) = 0, To
= = 0 He ecTb peleHHe HepaBeHCTBa (3).

Takum 0bpasoM, Bce pemeHMs HepaBeHCTBa (3) COCTAaBIAOT
aBa npomexyTka (0; +00) u (—oo; 0).

OTBET: 0 < £ < 400; —o0 < z < 0.

4.3.2. Ncnonp3obanne HamGoabuUIero M HaWMEHbILE-
ro sHayenmi ¢pysxnun. CopasemIuBLI CIeAyIOLKE yTBepxnhe-
HUA.

1. YTobbl HallTH Haubolbllee W HaMMeHbIUee 3HAYEHHUS He-
npepbiBHOH Ha oTpeske [a;b] byHKIMM, HMeloweidl Ha UHTepBa-
ne (a;b) KoHeuHOe 4MCIO KPUTHYE KHX TOYeK, NOCTATOYHO BBI-
YMCAUTE 3HaYeHHs GYHKUMHU BO BCeX KPHTHUYECKMX TOYKaX, NpH-
HajlUleXallnx UHTepBany (a;b), a TakxXe B KoHOax OTpe3Ka U M3
NOJIyYeHHBIX YHcell BHIOpATh Haubolbllee U HAMMEHDIIIEE.
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2. Hanbonbimee (HauMenbllee) 3HaYeHne QYHKIMM, IPUHUMA-
emoe elo Ha unTepBaie I: (a;b) ((—oo; +00), (a; +00), (—o0;a)),
MOXeET NOCTHTAThCA B TeX TOYKaX MHTepBaia I, B KOTOPBIX NIPO-
M3BOAHAs QYHKIMS paBHA HYJIO WM He CYLIECTBYeT (KaXnas Ta-
Kaf TOYKa Ha3bIBaeTCs KPUTHYECKOH TOYKOM).

3. Ecnn B xpuTUUecKoil Touke o GYHKIHUS HelpephIBHA, a ee
IPOU3BONHASA, POXONA Yepe3 Ty TOUKY, MEHSeT 3HAaK ¢ MHHyCa
Ha IUTIOC, TO TOYKA o — TOYKa MUHAMYMA, a €clli ee POM3BOI-
Has MeHsdeT 3HaK ¢ IUII0Ca Ha MUHYC, TO £o — TOYKa MAKCHMYMa.

4. Ecnn dynkuusa f(z) nenpepbiBHa Ha npomexyTxe I, rme 7
mubo [a; b], ambo [a;b), nuGo [a; +00), u umeeT BHYTPH I nmpoM3-
poruyo u f'(z) > 0 (f(z) < 0) suyrpn I, To dynkuns f(z)
Bo3pacTaeT (ybbiBaer) Ha I.

IMpUMEP 4. PemiuTh ypaBHeHHE

22 +2c+3=(z2+z+1)(z* + 22 +4). (4)

PEmEHUE. OJI3 ypabHenus (4) ecTh mpoMexyTok I =

= (—o0;400). Tak kak z? + z + 1 > 0 maa moboro z, To
ypapHeHue (4) MOXHO NepenucaThb B BUIe

2 +2zr+43 4 9
- et 4
P tat
WIN B BUje
z+2 4 5
—_= 3. 5
P 4zt + (5)
Hanmenpimnee 3navenve yskumn f(z) = z* + z° + 3 Ha npo-
MexyTke (—o0;+00) ecTh 3. Haitnem Hanboibliee 3HaueHHE Ha
( +00) dpyuxuun g(z) z+2 Tak kKak
e (—oo; KIIH z) = ——. Ta
NpPOMEXYTK o0; 4+00) QyHKINHN ¢ 1z 41

Ha TpoMexyTke (—oo;—2) ¢yHKUMS ¢(Z) OoTpMuaTelbHa, a Ha
npoMexyTke (—2;+00) MOMOXHTeNbHA, To Hauboblllee 3Ha4e-
Hue bynkuns g(z) MoxeT NPUHMMATL JHIIbL Ha NPOMEXYTKe
(—2; +00).

DTa GyHKINS Ha OPOMEXYTKe (—00;+00) WMeeT NpPOU3BOL-
HYIO

2?4+z+1—(z2+2)(2x+1) zf+4z+1

! —
g(z)= (z2+z+1)2 (z2 4+ +1)%’
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KOTOpast obpaliaeTcs B Hy/b B TOUKaX T = —24+V3 1 2= —2—V/3.
[MockonbKy Ha HpoMexyTKe (—2+\/§; +00) umeeM g'(z) < 0, a Ha
npomexyTke (—2; —2 + V/3) nmeem g'(z) > 0, To B cuity Hempe-
PHIBHOCTH dyHKUNM g(z) 3aKIlO4aeM, YTO OHAa Ha MPOMEXYTKe
[—2 + V/3; +00) ybhiBaeT, a Ha mpoMexyTke [—2; —2 + \/§] BO3-
pacTaeT. CllefoBaTeNbHO, B TOUKe Ty = —2 + V3 dbysxuns g(z)
2V3+3

npuHUMaeT Hambousbliee 3HauyeHue, npudem g(z;) = 3

2v3 +3

Ilockonbky 3

BEHCTBa

< 3, To Ana moboro r cOpaBelUBLl Hepa-

fa) 23> 22535 o),

13 KOTOPBIX CIEAYeT, 4TO ypaBHeHHe (5) pelleHHH He MMeeT.
CrencBaTellbHO, He MMeeT pellleHU M PAaBHOCHILHOE eMy
ypaBHenue (4).
OTBET: pelueHuil HeT.
I[TPUMEP 5. Pemunth ypaBHeHMe

Ve -2+ vVd4—z=2. (6)

PEWEHKUE. O3 ypaBaenns (6) ecThb npome)xy"rox 2<z< 4
PaccMoTpuMm HenpepbiBHylo dynkumio f(z) = vz — 2+ \/ -z
Ha oTpeske [2;4). Pyukuns f(z) Ha nHTepBane (2;4) umeeT npo-
U3BOAHYIO

fl(z) = %(:c —2)73/4_ 2(4 A

obpamaiolnyiocs B Hyldb Todabko npu £ = 3. Tak kKak ¢yHK-
uus f(z) HempepbiBHa Ha oTpeske {2;4], To ee Hambounblee u
HanMeHblllee 3HaYeHUs HaxonsTcs cpenu yucen f(3), f(2) n f(4).

Tak xak f(3) = 2, f(2) = f(4) = V2 < 2, To HanbonbImee 3Ha-
uenne f(z) ects f(3) = 2. CnenoBaresnvho, ypastenue (6) umeer
e€/IMHCTBEHHEBIR KOpeHb T = 3.

OTBET: z = 3.

ITPuMEP 6. PelunTh HepaBeHCTBO

2 [27

3/2(1 — Ny Bl
/41 :lc)<5 95 (7)
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PEmEHUE. OJI3 nepasencTBa (7) ecTb mpoMexyTok I =
= [0;400). PaccMoTpum HempepeiBHy!o OyHkmuio f(z) =

= Vz3(1 — z) Ba npomexyTke [0;+00). OTa PyHKUUS HMeeT
BHYTpH npoMexyTKa (0; +00) IpoM3BoAHYIO

f(z) = gxl/2(1 —z)— %% = g1/? (g(l —-z)— 1:) .

OTa mpoM3BofiHad BHYTpHM mpoMexyTka I ofpamaercs B HYJb

TOJNLKO B TOUKe Zg = 5 Tockonbky and mobolt TOYKH Z, Ha-

. 3
XOAsIIedcs cjieBa OT TOYKHM Zo = 5 umeem, uto f'(z) > 0, a

nas 1060f TOYKM cnpaBa oT 2o uMeeM f'(z) < 0, To B cuay
nenpepbiBHocTH yHkuuu, f(x) Ha orpeske [0;3/5) BospacTa-

eT, Ha NpoMexyTke [3/5;400) yOriBaeT W Touka &y = 5 ecTh

Touka MakcumyMa dynxkuuu f(z). Do 03HadaeT, 4TO A MIOGO-
ro z us Z, kpome g, cnpaBedsiuBo HepabeHcTBO f(z) < f(3/5),

2
f(3/5) = g\/27/125. CrnenoBaTesIbHO, PELIEHUSMH HCXOMHOTO He-

3
paBeHcTBa (7) ABIAIOTCA BCe T U3 IBYX IPOMeEXYTKOB [0; 5) u

()

OTBET: 0 < £ < 3/5; 3/5 < ¢ < +00.
IIPUMEP 7. PeltuTr HepaBeHCTBO

2

ln(1+:c)>x——%. (8)

PemEHUE. O3 HepaBeHcTBa (8) ecTh mpoMexyTok I =
= (—1;4o0). PaceMorpum dyHKIuMO

f(z)zln(1+x)—z+f-2—2-.

OTa pyHkuus Ha npoMexyTke I MMeeT NpPOU3BONHYIO

x?

1+2’

fl(z) =
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KoTopas obpaliaeTcs B HYJb B To4ke g = 0.

Pacemorpum dyukuuo f(z) cHavana Ha npomexytke I; =
= (—1;0]. Tak kak f(z) HenpepbiBHA Ha npoMexyTke 1) u mis
mo6oil TOUKK & BHYTpu npomexyTka I; umeem f'(z) > 0, To
f(z) Bospacraer Ha I;. llockoneky f(0) = 0, To f(z) < 0 nas
moboro ¢ BHyTpn I, T. €. HA OAHO T W3 MpoMexyTKa I He ecTh
pellieHNe HepaBeHCTBA (8).

Ha npomexytke I, = [0;+00) dbyukuns f(r) HenpepbiBHa,
nyis mo6oi TOYKM & BHYTpH mpoMexyTka I, umeem f'(z) > 0,
nostoMy f(z) BospactaeT Ha Z3. Ilockomeky f(0) = 0, To
f(z) > 0 mns moboro r BuyTpu Ip, T. e. moboe r M3 IpoMe-
KyTKa 0 < £ < 400 ecTh pellleHHe HepaBeHcTBa (8).

OTBET: 0 < z < +00.

4.3.3. IIpumenenue Teopemsul Jlarpauxa.

TEOPEMA (Jlarpanxa). Fcau @ynxyug f(z) nenpepvina
Ka ompesxe [a;b] u umeem npoussodnylo na unmepsase (a;b),
mo watidemcd maxag mouxa ¢ enympu unmepsaaa {a;b), wmo
f(6) = f(a) = f'(c)(b — a).

ITPUMEP 8. PewidTs ypaBHeHUe
3272 7z = 17. (9)

PEIMEHUE. 3aMeTuM, 4T0 £ = —2 ¥ = = 1 ABAAIOTCA KOPHS-
mu ypaBHerus (9). IlokaxeM, 4To APYruX KopHel ypasHenue (9)
He mMeeT. IIpenmonoxum, 4to ypaBHeHue (9) mMeeT TpHu KOpHS
Ty < o < z3. PaceMotrpum dynkumio f(z) = 3-2°%2 — 7z — 17,
IlanHad QYHKUMA HenmpepbIBHA Ha Bced MpPSIMON M MMeEET BCIOMY
npoussonHyo. Ilo Teopeme Jlarpanxa umeem

f(z2) — f(z1) = fl(e1)(z2 —21) =0, 2y <1 < o,
f(z3) = f(z2) = fi(e2)(z3 —22) =0, z2<ca<za

CrnemoBaTenbHO, CyLIECTBYIOT XOTs Obl IBE TOYKH €1 ¥ Cz, B KOTO-
pbIX mpousBofHas dyunkuuu f(z) paBHa Hymo. OnHako yHKIHSA
f/(z) = 3:2°*?In 2 — 7 umeeT ToNBLKO ONMUE KOpeHb. DTUM LOKa3a-
HO, YTO HaHHOe ypaBHeHHUe (9) UMeeT TOJ/ILKO [Ba KOPHS: T = —2
=1

OTBET: ¢; = =2, 2o = 1.
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Bamaum

HokasaTh, 4To cllenyioliiee ypaBHeHHe He UMeeT pellleHHM

Nl—z+Vr—-1=1.

. V2 -z =logg(z - 2).

e 2]+ 22 -3|=0.
et 14 )2t 442 -5 = 1.
A2+ 54V +2=0.
ANA—r -V -T=2.
Nr—4-+/-1-z=0.

. +Vr+5=2.

1
;:\‘/—r——l.
10. 277t =1 — 28,

11. Vz+2 -V +3=2.
12.sinz =z2+z+ 1.
-3
2z ~1°
14. V/z = —2? 4+ 8z — 15.

15.\/104+3Vz2 -1+ 2*/5-z = 3.

16. Vo -z 4+Vz—4=(z—1)*(z-8).

17. (22 +z+ 1)(2? + 2z + 3) = 1.

18. logs(z + 1) + 2logg(z — 1) = logg(1 — z?) + 1.
19. 2logz(4 + 2?) = log,(1 — (z + 3)?).

) = logy(2 — V +5).

21. sin*z —sin? 3z + sinz = 3.
22. (sinz + V3 cosz)sin4z = 2.
23. z3(log, = — 2%) + logd (2% — z) + 8"(z — log, z) = 0.

24. V22 — 7 — 2 = logy(1 — z%).

W 3O b W=

3.'t+

©

13. logzz =1+

4
20. log4(z +1+x4+1
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25. (22422 +2)(2* -~z + 1) = 1.

26. /9 — 22 — logy(|z| — 3) = 0.

27. cos(sinz) = 1/2.

28. sin’z +sin? V2z + (14 )2 = 0.
29. (z+8)d4—z)(Ve-8+2)=1.

30. Vo —z+Vz—2=(z— 1)}z —6).

Pemutes ypaBHeHue

31. cosz = 1 + z%.
32. 2% = 8.

33. log, cos’z = z*.

34, 2lel=-2m% | cosz|.
35. logg(z + 1) = z.
36. logoz =3 -=z.

1 T

38. logyjzz =z —4.
39. 127 4+ 5% = 13°.
40. 3" +4° =17.
41. z* = 27.
1
42, = +2vz =3z(1-Inz).

43. Yz -9=(z-3)*+6.

44. logs(1 + 2°) = 22% — 3z,
T

45. sin — = z2 — 2/3z + 4.
2V3

46. 3" —1— (3" — 1| = 2log; |6 — z|.
47. Vz+ 7+ V1l —z = 6.
w

2\ 4
48. |z—1|+|1’—3]:2—(x——4—) :
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SL’2 9 2
49, —/—— = —-— 9(==V5)?,
x4+ 25 10 +

50. 4sin 7z = 422 — 4z + 5.
1

51. 2718 = —(le + 1]+ |z - 1]).
(e 1]+ 2= 1)

3. /e (5 (221) o (= (152)).

53. sin*z — cos?z = ~1 - z*.

. . 1 .
54. sin’z - sin® z = Z(l +sin'%z).

55. sin®z + cos®z = 1.
56. sinzcosdr = 1.
57. 2cos'! 4z — sin'® 9z = 3.

58. (cos 4z — cos 2z)? = sin 3z + 5.

1
59. cos?9z + 1 cos?z = cos 3z cos* z.

60. zlogy(z + 1) = log, 3z + 7.

61. (3 — 2v/2)* + (3 + 2V2)* = 6°.
62. sin’4z + cos’ z = 2sindz cos* z.
63. log2z + (z — 1) log, z = 6 — 2z.

64. Vz -2+ +1=3.
65. Vz+V2—z+Vz? -3z =2

2’4z 1
66. 2 cos’ =1 5 —_—.
% % ogs(5+2) + logs(5 + z)

9 2
67. 4jz| + |—7r{ — |sinz| =127 — 1.

z

68. log,h/m(:c2 -2z -2)= log2+\/§(rz -2z - 3).
69. 2717 jog,(4z —2? - 2) = 1.

70. (42 — 2% — 3)log,(1 4 cos® 7z) = 1.
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ﬂOKa3aTI>, 4yTo cienyiolliee HEPABEHCTBO HE UMEET peme}mﬁ

71 Vb + 24+ 1 < -1,
72. Ve +2-Vr+4x2
73. Vi—-z2+ vz —1>0.
74. |22 — 2% 4+ 5sinz| < —1.
75. |z — 1|+ |22 + 3] < 0.
76. V2—z+Vz-4<1.

7. |e2— 1|+ jz? — 4z + 7| < L.

78. <2

1
?2+r+14 —————=
Vel+z+1
79. \‘/a?+1+\/\/x+1+3<\/2\/z+1+2.
80. ;>1+\/x2—2z+3.

z2—2z+3
1

81,05 %49 o
<17 |z — 3]

82. YT+ Vr+5<22

[
83. JJz+ - >V—-2c—1.
r

84. /222 — 4z + 3+ Vz? — 4z + 5 < 3/2.
85. (z24+z+4)(z?+2zx+5)< 1.

86. 2logs(4 + %) < log,(1 — (z + 5)?).
87. logy(2 4+ V) + log,(1 + 2% + 2*) < 0.
88. 2V% 4 3V% 4 41+VF < 5,

89. Vi-z+Vr-3<(z~1)*z-5).
90. Vz+3+V9—z< V3.

91. Vitz+ VI6—z<2.

92. Vz+ V3 —z+ Vz? - 5z > V3.

93. ’\/5|z| - l‘log2(2 ~22) > 1.
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94.
95.

96.
97.
98.
99.
100
101

102.

103.

104.

105.
106.
107.

108.
109.

110.
111.

112.

113.

114.

115.

371e- 2 og, (42 — 22 — 2) > 1.
2VF 4 3VT 4 4VEHOL < 3,

Pemmnts HepaBCHCTBO

z-4° > 4.

5% +2% > 7.

V=24 Va-—z> V2
Vr—1+Vr+14>3.
V2-z—-22<2"+1.
.In(1 —2%) < =z +1/4.

S1-%
COS T _—
Z17 3

2

z T
€ >1+-’L'+7-

1.2
ln(1+x)—:c+—é—>0.

e —1-In(l+=2)>0.

r  z2
m—l—§+?>0.
logoz <3 —x.
zlogy z < 18.
2VE 4 3VEHL 4 4VEH2 5 90,
(z+5)3—2z)(Vz—4+2)<0.
V3—z+Vz—1>(z-D*z-1).
6 — 37+1 S 10

z 2z + 1
2+ loggz 6
z—1 2z — 1

Vr—-Vr—-1<1.

Ve—1+z-322(z-3)2+2z-2.



OTBeThI

I'nasa 1.

1. 3.2. —2; 2/3;3/2. 3. —1; 3; 4. 4. —1/2; -2/3; 3. 5. V2;
1442 V10 3 5
u, 6. —2/3; 1£V10 o ~3/2; iw—. 8.

2 3 4 22

3

V2; 7 9. 17/4. 10. 0; —5. 11. +5; £1/5. 12. 1; —2. 13. —1;

—2. 14. Her pewmenuit. 15. +1/2. 16. +V3. 17. 4; 1, —-1; 2.

3 -1+V21 5 -5+ 17

ﬂ:2\/— 10. +VT0: li o. iz\/ﬁ; :t2 '
1 3

12\/'; i;/—. 22. 2, V241 —V2+1. 23. 0; +1.

/3
24. +V3; + +‘/_ .25, 1+V3+1/3+2V3.26. —3; —2;

li\/ 241 -1£vV4/2-3 -3+ V7
2 bl

28, i

18.

21. -1,

1/2; 1/3. 27,

2 ' 2
Zi‘/ﬁ. 29. —3; —5. 30. M 31. ——‘/—2——--;
2 s V2 V2vV2-1-1
V2

— L .32.24+V2 <2< 4+ .33 -2<z<1
1+vV2v2 -1
34. T <z < +00.35 ~-1/V2 <z < 400 36. —0 <
<z < V33 14+4V2<z< 400;-0<z<1-V2

-1-v5 -1+V56

38. —0o <z < 3 ; 7 <r < 400.39. -0 <

1-5
<z<l;1<z< +0.40. ~c0< z < 2\/';1—\/§<:c<

1+v5
<

1+V2<2< +00.41. —c0<2<3;4< 2 < + 0.

7—V13+4V26 7+ V134426

42, —c0o <z < ; <z < +oc.
oo x 7 3 +
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43. —c0 < Tz < 1/3.44. —0 < z < 4+ 00.45. —00 < z <
3— V17 34+ V17
< + co. 48, —1—x/§<z<—2~;x/§—1<z<—+2——.

4
47. 14+V3-\/3+2V3 <z < 14+V3+1/3 +2V3. 48, 2—% <

4
<r<l;3<r<24—=.49. —c0 <2< =-2.50. —0 < 2z < -2
V3

1<z<3.51. —co<z< —4;3/2<z2<2.52. -3<z<2/3
2/3<12<4.583. —~0o<r< —-2;0<r<];1<zr< +o00.
54. -1 <r<1.585.0<z<];1<2<2.586. —co<z< —3;
2<z< -1 1<e<2;3<z2< +00.57T. -6 <z< ~1;
—1<r< -1/3;5<z< 4+00. 58, —c0o<r < =5 —-h<zr<
< =3 -3<r< —-2,-2<r< 400.59. —-0vo< < -1
—-l<z<ljl<ae< 400.60. —co<z< - ;) -1 <z <]
1<z < +o00.

LCmasa II.

1. 478/49. 2. 2. 3. 4. 4. 2. 5. +v6.6.1.7.2.8.1.9. 5, —86.
10. 0. 11. 4. 12. 25/28.13. 2; —9/2. 14. 1.15. 0; 1. 16. —1; 5.

iy

17.1;,-8/3.18. 8;4 (2:t 7—) .19. 2. 20. —2. 21. 0. 22. —1;

—3.23.2.24. 5 <z <10.25. 1; +V2 +1; 0. 26. 2. 27. 1/2;
3/2.28. ~3.29. 1. 30. +v2.31. 2¥%;27V2.32. 0 <z < 1;
4.33. 1 < z < 4. 34. 37%3, 1/V/3. 35. 4; 1/4; 16. 36. 5/2;

31\/’_ —31\/‘

0<z<1 1<z <2 37 64. 38. 5

1 —
3+vid 3w §420
2 T3 7 3

1; Z +7mn,n€Z. 43.0; 1. 44. 0; —7w/6. 45. +1; n/4. 46. 2 <
<z < 400 4T.45-16V7 < 2 < + co. 48. Her pemenni.

1 15+ V161

49.§<x<-—1—6———.50.1<x<+oo.51 —co<z < -1,

VVZ-1<a2< +00 52 —c0o<z<1/4.53.0< <
54. 1/2 <z < +00.55.1.56. 2<2<5 57.0<z<

39. 1/44014f/241

1

%I”B
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2€2< 4+00.58. —1<2<2;3<2< +00.59. —co< <0
5
0<x<Z.60.0<z<1/8;1<x<2.

I'napa III.
—54 /21 -1 7
1. —=2; 1. 2. —~5/4; —1/2. 3. iT‘/_. 4. —1. 5. ——iz—‘/]_;

“1+5
———i—\/_. 6. 4; =5. 7. 4, —1. 8. 3; 1. 9. 2. —4. 10. -2

b

7 —
-3.11. 3+ /2(3+2v2). 12. -1 + V7. 13 % ‘/_2 L

14, 3:&:\/_5 3:t\/25+4\/_0 3+ 25— 4V/30 —3:}:\/7.

2 2
2 -15 \/2 3
i2‘/-. 16. —4; -6, —— Y i 129 47, :;‘/_. 18. +V/2;
V61 3+6
4+ V18 19. -1; 9; Si2 20. —1. 21. —1; —1/3; in
" —1++v5 1+V56£./6(5-5) 1—\/5:t 6(5 + v5)
‘ 2 4 ’ 4 '
5 3+ 5
23. Het pemwenni. 24. —1. 25. 3i2\/—. 26. 1. 27, i2\/_;
—3+5
—-:;—\/-. 28. 1/2; 7/2. 29. —1/2; 1. 30. -—13/5;
3 L3
—~11. 31. -2 + {/4+ +2 11
—(15+ V8 ):t\/114+30

32.

> 33 0; —5/2. 34. 2; 7;
1421
5+ v10. 35. —1. 36. 1; ~2. 37. i2 . 38. 0; 6 + V27

8 + /504 VZI-1+£V2v2 -
%. 39. +v/2; +/3. 40. £ V2 L a1

2
1+/33 —V2+ /10
—-i4—. 42. 1/2; 2. 43. +2. 44. 2. 45. -—‘/—_;t—* 46. 0;

+V5.47. /4 + 27n, n € Z. 48. (—1)"n/4+ n/d+mn, n € Z.
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49. —7/4+ 7w, n € Z; mm/2, m € Z. 50. n/2 + 27k, k € Z;
—7/2+ 27,1 € Z; 2arctg3 + 27p, p € Z. 51. 7/2+ 7wk, k € Z;

.2
(-1)*n/6+7n,n € Z; (—1)"* ! arcsin §+7rm, m € Z.52. 1+V5;

6/4; —1/4.53. 9. 54. 241/50 + 2V/15. 55. 2. 56. 4; —61. 57. 99;

6+ /2
19. 58. +£1/2. 59. 0. 60. —6; 1. 61. \/_—j‘/:. 62. 1; 2; 3/2.

63. —14; 5. 64. 16/25. 65. 1; 2; 10. 66. 1; 32. 67. 15. 68. 3.
69. —1. 70. 5.

I'nasa IV.

31. 0. 32. 2. 33. 0. 34. 0; 27. 35. 0. 36. 2. 37. —1. 38. 3. 39. 2.
40. 1. 41. 3. 42. 1. 43. 1. 44. 0; 2. 45. V3. 46. 1; 11. 47. 2.
48. 72/4.49. V/5. 50. 1/2. 51. £1/2. 52. 1/2. 53. 0. 54. HeT pe-
menuit. 55. 7/2+ 2wk, 27m, k € Z,m € Z. 56. 7/2+ 27k, k € Z.
57. n/2(4m +3), m € Z. 58. /2 + 27k, k € Z. 59. 7/2 + 7k,
ke€Z. 60.3.61. 1.62. 7/2+7n, n € Z. 63. 2. 64. 3. 65. 0.

66. 0. 67. +37/2. 68. 1:t\/11+4\/§. 69.2.70.2.96. 1<z <
< 400 97T.1<z2< +0.98.2<12<4.99.2<z< +o0.
100. -2 << 1.101. -1 <2 <1 102. —00o <z < + 00.
103.0<z2< 4+00.104. 0< 2z < +00.105. £ =5.106. -1 <
<2< 400.107.0<z2< 4+00.108.0< < 2.109.0< 2 < 9.
110.0< < +00. 111.4 <2< +00.112. 1 € 2<£3.113. 0 <
<r<1/2.114.1/2<z<1.115. 1 <z < + oo.



Homnonuenune 1

HexoTophle 3amaun u3 BapmaHTOB
BCTYIIMTEJIBHBIX 3K3aMEHOB ITO
MaTeMaTuke 8 MI'Y

nMm. M. B. JlomonocoBa

1. PeminTs ypaBHeHue

1 I 2
a) ——— = (22 — 1 og1/4(1+7r—22 )
v ki '
7+ 41
OrBer: 2, =1, 2z, = —

6) ‘:r +/1< z?' =v2(2z% - 1).
OTeer: z; = —\/5_/2; Ty = (\/€+ \/5) /4.
B) logy(2? + 3) + log, /55 = 2log; j4(z — 1) — log,y(z + 1).
OTBer: z, = V2.
r)vVz (9“”‘3 - 3‘/”-3) = 33VET-341_3Vai-3+1 46 o 18

OTBer: z; =2, 2, = 9.

n) V4 - z%(sin2rz — 3cos7z) = 0.
Orpet: 21 = -2, z,=-3/2, z3=-1/2,
T4 =1/2, z5=3/2, T = 2.

e) logzm(:r2 — 2z - 2) =log,, s5(z? — 2z - 3).

OtBet: 2; = 1+ \/11+4V3, 2, =1 - /11 + 4/3.

z—1
3 + logg [z — 3.
OTmert: 2, = 5/3.

x) logg(z? — 52 +6)2 =27 1o
9 £./3

NV +2-vVe—-1=v2z-3.

OTBer: £, = 2.
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n) (2 + DV16x + 17 = (z + 1)(8z — 23).

OTrBer: ¢y = —1, 9 = 4.
) (z — 4)? logy(z — 1) — 2logy(x — 1)? =
=(z—4)%log,_,4—2log,_, 16.

OtBer: ) = 5/4, £ =5, z3 = 6.
2. PeliuThL HepaBeHCTBO

Vi2+z—-22 12+ 2 — 22
a) > .
z—-11 2z — 9

6) (x —3)Vet+z—-220.

OrBer: z = -3, -2< <4

OrBer:z2=-2,z=1,z > 3.
V2 - 4z — 3
B)_______r+x > 2.
z
OrBeT: —00 <2< 0; 1<z <2
3(4z2 -9
r)—Li————)—<2:r+3.
3z2 -3

OtBer: -3/2< 2 < -1; 1<z 2

) (VB +2)71 > (VB —2)5H

OTBeT -1l<zg<2, 223
) (\/:2—4z+3+1) log5 (\/87;—21‘2 +1) <0

OTper: z; = 1.

2
) (V14z =202 = 24+ 2) log, >
P (2+\/:c2—7:c+12> (2—1).
i

OTeer: z; = 4.
3) 84+ 6|3 —Vz +5| > z.
OTeer: -5 < ¢ < 20.

) logg(z? — 4z — 11)? — log;, (2? — 4z — 11)3
2 — 5z — 3z2
OTteer: —2<:L'<2—\/5; —0o<z< —2;,6<z< +o00.

>0.
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3. IokazaThb, 4TO Wi JIOOBIX NedCTBATENbHBIX YHcel p ¥ {
CIpaBelJINBO HepaBeHCTBO

4p-3+2+(2-4(p-3)*)cost 20,

1 HaliTd Bce naphl yuced (p, t), Iiis KOTOPBIX 3TO HEPaBEHCTBO
IpeBpAIlaeTCs B paBEHCTBO.
Ortset: (3;7 4 27n), rae n € Z.
4. HaiiTn Bce 3HaYeHNs napaMeTpa b, IpH KaXI0M M3 KOTOPHIX
HepaBeHCTBO
cos®z 4 2bsinz — 2b < b% — 4

BBINOJIHAETCS [71s JIOBBIX YHCEN Z.
Otser: b< —2(1+V2), b> 2.
5. HailTu Bce 3HaueHHMsA mapaMeTpa a, NPH KaXOOM M3 KOTO-
DHIX ypaBHeHHe
log;(9% + 9a®) = z
HMeeT IBa peIleHus.
Oteer: 0 < a < 1/V/36.
6. HafiTn Bce 3HaueHHs MapaMeTpa a, NPU KaXJOM M3 KOTO-

PBIX ypaBHeHHe
z—a:2|2|z’|—a2|

MMeeT TPH PasindHLIX KopHs. HaiTu 5Tu KopHH.
OtBeT: ¢ = -2, a = —-1/2;
npu a= —2: T = -2 z2 = 6/5; 3 = 10/3;
mpn a=-1/2: 1 =-1/2; z,=-1/5; z3=1/3.
7. HaiiTn Bce 3HaUeHHs MapaMeTpa @, PN KaXJOM M3 KOTO-
PBIX HEPABEHCTBO
3—|z—a|>z?

HMeeT XOTH OBl ONHO OTPHUUATENBHOE perieHue,
OtBetr: ~13/4<a < 3.
8. HafiTu Bce 3Ha4YeHUs TapaMeTpa ¢, IIpH KaXJIOM M3 KOTO-
PHIX ypaBHeHHe

2z n 1
Vsina cosa

HUMeeT eAWHCTBEHHOE pelleHHe. ‘
Otreer: o = 37/4+ 27n, n€Z; a =n/12+ 27k, k€ Z.

z? + +2vV2=0
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9. HOCTpOHTb Ha KOOplIPIHaTHOﬁ MJIOCKOCTH MHOXECTBO TOYEK,
KOOpJIHWHATHI KaXIoil us KOTODBIX YOOBJIETBOPAIOT yCJIOBHIO

’ 1
v+ -
x

+|=l=1-

)

2
T

T

U Cpelll TOYEK 3TOrO MHOXeCTBa HAaWTH BCe TaKue, B KaXXIOH U3
KOTODBIX KOODIMHATA ¥ NPUHUMaeT HauMeHblllee 3HaYeHHe.
OTBeT: ynjn = —1 npu z < 0.
10. HallTu Bce HeoTpuHUATeNbHBIE YUCHIA T, MPU KAXKIOM M3
KOTOPBIX N3 HEPABEeHCTB

abz > 4a+7b+:r a>20,b>0

cllelyeT HepaBeHCTBoO ab > 5

OteeT: 0 < z < V35.
11. HaiiTn Bce 3HaUeHHs napaMeTpa d, IPHM KaX[IOM M3 KOTO-
prIx oba HepaBeHCTBa

2a(a + 1)sin(z + y)—4(a + 1) cos’(z + y) + (a + 1)*>13(a + 1),
¥+ (a®+1)y? > 22y +a+1

BBINOJIHAIOTCA MDY JIIOOLIX T M ¥.

OtBer: —2v3<a< —1.
12. HaiiTn napsl yucen ¢ 1 y, YAOBIETBOPAIOIIUX YCIOBHAM

(\/§+ 1) (1 + cos(zy) sin(zy)) = (\/§+ 1) sin?(zy) + cos(2zy),
202 _ 2 41 =0,

1 2
:L‘_2+y

Oreer: (~7/vV16 + 72,116 + 12/4) ;
(r/V16 + 7%, —V/16 + 72/4) ;
(=7/V9+ 72;V/9+ 72/3);
(

T/V9 + 72, —/9+ 72/3).
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13. HaiiTi Bce 3HaueHUd napaMeTpa s, Ipd KaXXIOM U3 KOTO-
. 92 3z 9 12«

pBIX KOpHU ypaBHeHHNl 2° + — +2s =0 uz°4+ — — s = 0 He

HepeMeXaloTcs, T. e. oba ypaBsHean UMEIOT 110 lIBasKOpHﬂ U MeX-

Iy O1BYMs KODHSMH OJHOrO U3 ypaBHEHMH HeT HU ONHOIO KODHs
IpYroro ypaBHeHUs .

Oreer: — V36 <5< —3; 0<s< V9/2.

14. HaiiTu Bce 3Ha4YeHNs NapaMeTpa a, HJIS KaXIOrO U3 KO-

TOPLIX CYILIECTBYET POBHO IBa 3HAYEHHUS I, YAOBIeTBOPAIONINX
cUcTeMe ypaBHEHMH

|£? — Tz + 6|+ 22 + 52 + 6 — 12|x| = 0,
2?2~ 2(a—2)z+a(a—4)=0.
OrBer:a=1;,a=2,5<ax<6.
15. HaiiTu Bce 3HaueHNd napaMeTpa @, IPH KaXJOM U3 KOTO-
pBIX ypaBHeHHe

11
(a—zz—cos Ix>\/8—aa::0'

MMeeT Ha OTpe3sKe [—2; 3] HeYeTHOE UMCIIO PA3IMYHBIX KOPHEH.
OrBer: a < ~4;a=1, 8/3<a<4; a>4
16. HafiTn Bce napsi uncen (z, ), yIOBJIETBOPSIOLIME YCIOBHIO

z?2~9 (7sin21' +4sinzcosz — 3cos’z — 3V 15) =
773 .
=" (arcsin y)® — (arccos y)°.
Oreer: (3;-1), (-3;-1).
17. HaiiTu Bce 3HaYeHMs NMapameTpa a, IPU Kax[oM U3 KOTO-
PBIX MMeeT XOTs 6bl OMHO pellleHHe CHCTeMa yDaBHEHUi

12 coszr—y-~5 - 12‘/cosH—7
2 2
+|24,/cos%+13‘:11—\/sinw

3 bl
20z +(y—a)?) — 1 = 2\/z%2 + (y — a)? - 3/4.

+

OrBer:a=6n—-1,a=6n, a=6n+2, a=6n+3, n€Z.
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18. HaitTu Bce 3HauYeHUs T, N KaXJOro U3 KOTOPBIX BHIpa-

KeHue
Vdzt — 3 — 28 (1 - cos(27(2z + 21z%)))
¥MeeT CMBICH U He obpamaeTcs B HYIIb.

1414 21n

OTBeT:1<x<\7§nx¢—§—1————,
roe n = 24, 25, 26,..., 38, 39;

—~1-+1+21
-V3<z< —1nx#—————}~f——m,

21
roe m = 20, 21, 22,..., 32, 33.
19. HaliTu Bce mesibie 3HaueHUS n, NPU KaXIOM U3 KOTOPBIX
cucTeMa ypaBHEHUH

622 + 24y(z + y) + 2(3n - 2)z +4(3n — 2)y+ 3 =0,
4(2® + y*) + (4n + 2)y + 2n? = Bzy + (4n + 2)x + 5/2

uMeeT peHieHNd. Hp]d HalIeHHbIX 3Ha4YeHUsIX pPEeHMINTDb 3TY CUcCTe-

My.
Otreer: n = —1;

opun = —1 umeeTcsa YeThblpe pellleHUd!:

(ffl?»f\/")
9+

18 6 36 + 18 12

1 V7 fls VT V3
9o 8T 6% 18 12
VT fls VT V3
9+18 6’36 ' 18 ' 1
1 VT V313 VT V3
s I8 6'3% W1

20. HaiiTn Bce 3HaYeHHUS MapaMeTpa p, IPH KaXIOM U3 KOTO-
pHIX ypaBHeHUe

(z=p) (p(z —p)> —p—1) = -1

nMeeT GOMbIIE MOJIOKUTEILHBIX KOPHER, YeM OTpUUATelbHbIX.
OTrBer: p 2> 1.
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21. HaiiTu Bce 3Ha4YeHUs napaMeTpa a, MPU KaXIOM K3 KOTO-
PBIX HEPABEHCTBO

(a3+(1-ﬁ)a2—(3+ﬁ)a+3ﬁ) 2% 4
+2e*-2z+a> —V2

BBHITIOJIHAETCS i1 Kaxnaoro = > 0.

Oteer: —V2<a<1; V2<a< +oo.
22. HaitTu Bce 3HadYeHUs apaMmeTpa a, IPU KaXJIOM M3 KOTO-
PBIX 4MCIIO PellleHNA ypaBHEHUS

324+ a?) =1—-(9a® - 2)z

He NPEBOCXOANT YHCJIa pellleHUA ypaBHEHUS
T+ (3a — 2)%3% = (8% — 4) log,(3% — 1/2) — 325
OTeer: ¢ = 2/3.
23. HaiiTu BCe pelieHUs cCUCTEMBI YpaBHeHUI
ysinz

I
(6y2 +2y)(4sm .‘r+4cos z) - 25y2+6y+ 1’

ysinz = log,

bl

YIOBJIETBOpAOLIME YCIOBHIO [y = 1.
OTBeT: cucTeMa UMeeT GECKOHEYHO MHOIO

petenuit (z;—1), rne z = #/2+ 27n, n € Z.
24. OnpenennTh, CKONBKO TOYEK ¢ LeJIOYHCACHHBIMA KOOPAH-
HaTaMH HaXOAMTCs BHYTPM KPHMBOJHMHEWHON Tpaneuuu, o6pa3o-
BaHHOM ocblo abcuuce, npsaMeiMu ¢ = 3/2, # = 129 u rpadukom
dyuxuun y = log, z. Touku, aexaline Ha rpaHmile yKa3aHHOM

KPUBOJIMHEHHON Tpaneluuy, He YYHTHIBATh.
OTrBeT: 642.

m

25. lycTb m m n — HaTypaibHBE 4Hucaa, NMpUYeM — —
n

npaBuiibHasg HecokpaTumasg npobs. Ha kakue HaTypanbHble 4H-
3n—m

cla MOXHO COKpPaTHThb AIpobb ————— eCJIM U3BECTHO, YTO OHA
5n + 2m

cokpaTuma’
OTBer: 11.
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26. Yucao b momobpaHo Tak, 4TO ypaBHeHHe

\/x—\/§+b222+2bx(f—\/§> =6vV2-9

uMeeT pemtenne. HaliTu sT0 pemienue.
OTeer: z = V3.
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O6pa3nbl BapMaHTOB MACbMEHHBIX
paboT, npensaraBIINXCsA Ha
BCTYINUTEJBHBIX 3K3aMeHaX IIo

MaTreMmaTtuke 8 MI'Y
uM. M. B. JlomonocoBa B 1992-1994 rr.

§ 1. MexaHMKO-MaTeMaTH4YecKuit paKkyIbTeT

1992
BapmanT 1
1. Peunth ypasuenue

reos (5 ) + s = 3) =
cos .’L‘+3 ‘cosx g = 1.

2. ImaroHanm uyeTwipexyronsHuka PQRS, BnucaHHOro B
OKPYXHOCTb, NepecekaloTcd B Touke D). Ha mpsmoit PR BasTa
Touka A, npudyeM LSAD = 50°, LPQS = 70°, LRQS = 60°. I'ne
pacrnonoxeHa Touka A: Ha quarosann PR uiu Ha ee npomomxe-
Huu? OTBeT 060CHOBATS.

3. Ilanel uyncna p u g Takue, yto p = log, y, ¢ = log, y.

Haiirn log(" ) [Tyz.
3

v
4. Onny pabouuil Ha HOBOM CTaHKe NPOU3BOMAT 3a 1 ac Iesioe

4YHcIo JeTadell, 6onblee 8, a Ha cTapoM cTaHKe — Ha 3 meTany
Menbile. Ha HOBOM cTaHke onuH pabouMil BLINOJIHAET NHEBHYIO
HOPMY 3a IieJloe YHC/I0 YacoB, a ABa PaboYyUX BMecTe BBLINOJIHSIOT
HOpMY Ha ¢TaphbIX cTaHKax Ha 1 yac 6eicTpee. U3 kakoro xonu-
YecTBa JleTallell COCTONT NHEBHAad HOPMa, €CJIM IPOU3BOLUTEL-
HocTh pabounx ogmHakoBa?

5. Ha npsmoil p B npocTpaHCTBe MNOC/IEAOBATENLHO PacHoo-
*keHbl Touku A, B u C rtaxue, yto AB = 27 u BC = 18. Haiitn
paccTOAHME MEXAY NMPSIMBIMHU P U ¢, €CJIM PACCTOAHUSA OT TOYeK A,
B n C no npsmoit q pasubl 17, 10 ¥ 8 cooTBeTCTBEHHO.
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6. HaliTn Bce 3HaYeHHs Z, YOOBIETBOPSIOLINE HEPABEHCTBY
(2-a)e® + (1 -2a)z? =62+ (5+4a—a?) <0

XoTs 6bl NpHM ONHOM 3HaYeHHH a, NpPHHAIJIEXAINEM OTPe3Ky
[-1;2].

1993

Bapmnaut 2
1. PemtuThs HEpaBeHCTBO

V1 > log,7(z — 1)
log(r_l) 17 i 10g291 17 '

2. HaiiTu Bce 3HaYeHNs nmapaMeTpa b, IpM KaXIOM U3 KOTOPBIX
ypaBHeHUe
9% + (b2 +6)3" —b*4+16=0

He UMeeT pellleHHd.
3. PeminTh cHcTeMY ypaBHeHUH

. 2
(siny — cosz + 1) (tg2 (z—f— %) +tg? (y+ %)) =0,
(cos z + sin y)(2 + sin 2y + cos y) = 0.

4. B Tpeyronbuuke PQR MenmaHa, npoBeleHHas M3 BepIIN-

3v21
Hel Q, uMeeT AaMHY ——— . OKPYXHOCTH ¢ LIEHTpaM#l B BepIIH-

Hax P u R n panuycamn 5 1 1 cooTBeTCTBEHHO KacaloTcs APYT
Ipyra, a BepIINHA () MeXUT Ha [PIMOM, Kacalomedcs Kaxiou
13 okpyxHocTell. HailTw miomane S Tpeyronbiuka PQR, ecnn
H3BECTHO, YTO S < 7.

5. Toukn P, @Q, R u S pacnonoxeHbl B NMPOCTPAHCTBe TaK,
4YTOo cepenHbl oTpe3koB SQ u PR nexart Ha cdepe panuyca a,
orpesku PS, PQ, QR u SR peasrcs cdepoit Ha TpH 4YacTH B
oTHomenun 1 : 2 : 1 kaxnwii. HaiiTu paccrosnme or Touku P jo
npsamoit QR.

6. U3 nyuxra A B nyHKT B ¢ NOCTOSHHBIMH CKOPOCTSIMHU BHI-
eXaJl¥ IIBa MOTOIMKIINCTA, a U3 B B A 0OlHOBpeMeHHO ¢ HUMU BBI-
eXaJi TPeTHil MOTOLMKIMCT ¢ IIOCTOSHHOM cKOpocThIo 80 KM/ 4ac.
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Yepes 40 MUHYT paccTOsSHHe MeXIy NepBbIM M BTOPHIM OblJIO B
NiBa pa3a MeHbllle, Y4eM MeXIy NMepBhIM 1 TpeThuM. Yepes 1 gac
nociie CTapTa PacCTOAHUE MEXAY NMePBLIM U BTOPBIM 6blJI0 pABHO
PACCTOAHUIO MeX]y IEPBBIM M TPEeTbUM, a TakXke Obl/I0 paBHO N0-
JIOBUHE PacCTOSHMUS, KOTOPOE OCTANIOCHh MPOeXaTh TPeTheMy JIo A.
Yepes 1 yac 20 MUHYT r210cne CTapTa pacCTOSHHe MeXIy NepBbIM

U BTOpPBIM ObLJIO PaBHO 3 pPacCTOAHMA MeXAY NepPBBIM H TPETLUM.

HaiiTu paccTosHne Mexny NyHKTaMu A u B.

1994
BapuanT 3
1. Petunth ypaBHeHuUe
4sine — 2cos2zx — 1
=0.
cos 2z + V/3cosz — 2

2. PemuTh cHcTeMy ypaBHeHUM

27T + 2y =1,

3y —6y? =271,
3. PemidTh HepaBeHCTBO

1 1
< .
log,(2 — 5z) ~ logg(6z2 — 6z + 1)

103(2—51) 3+

4. B Ttpaneuun ABCD ¢ ocsHoBannamn AD u BC nmnarona-
ma AC u BD nepecexaorcs B Touke E. Bokpyr TpeyronbHm-
ka ECB onncana oKpyXHOCTb, a KacaTellbHasA K 3TOH OKPYXHO-
cTH, MpoBelleHHas B Touke E| mepecekaeT npsamyio AD B Touxe F'
TakuM ob6pasoM, uyTo Toukd A, D u F nexaT nocienoBaTefNbHO
Ha >Toi npamoil. MssecTHo, yto AF = a, AD = b. Haiitu EF.

5. an xy6 ABCDA; B,C1D,. Cdepa kacaeTcs pebep AD,
DDy, CD u npamoit BCy. Haittn panuyc chephl, eciin AJIUHBI
pebep kyba paBHBI 1.

6. [Ipn KaXXoM 3HaYeHHUH NAapaMeTpa d PeUINTh ypaBHeHUe

222 + 2az — a® = 4z + 2a + 3a2.
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§ 2. ®akynpTeT BHIUUCINTEILHOM MaTeMaTUKH
n kubepHeTUKM

1992

BapmuanT 1

/1990 1991
1. Kakoe u3 nByx uncen {/ —— unu y 6ombiie?
1991 1992

2. Pemmure ypaBHeHue
V14 cosdzsinz = 2sin Z—

3. PemruTh HepaBeHCTBO

log,(11 — z) + log,(x + 1) < logy[(z + 1)(z? + 5z — 5)).

4. U3 ropona A B ropon B Bblexan aBroMobunb. Cnycrs He-
KOTOpoe BpeMs u3 B B A Bblexan MOTONUKI. ABTOMOGHIIL M MO-
TOIMKJ JBHXYTCS O OLHOMY IIOCCE, UX CKOPOCTH HAa BCEM MYTH
HOCTOAHHBIE. ABTOMOOUIIL IO BCTPEYM ¢ MOTOIMKJIIOM HAXOMMIICH
B NyTHU 7 yacoB 30 MUHYT, a MOTOLMKJI IO BCTpeuH exal 3 yaca.
Morounka npubein B A B 23 4aca, a aBToMoOmib npubein B B
B 16 yacos 30 MmunyT. HaiiTu BpeMsa oTTIIpaBineHMs MOTOHUKIIA U3
ropona B.

5. IIBe okpyxHOocTH mepecekaloTces B Toukax A u K. Mx nen-
TPbI PACHOJIOXKEHBI [0 Pa3Hbie CTOPOHBI OT NPAMOM, cofiepXKallel
orpesok AK. Touku B u C nexaT Ha pa3sHBIX OKPYXHOCTAX.
IIpsimast, comepxkamas orpe3ok AB, KacaeTcs OIHOM OKPYKHOCTH
B Touke A. Ilpamas, comepxamas orpezok AC, KacaeTcs OpYy-
FOll OKPYKHOCTH TaKXke B Touke A. [InnHa orpeska BK papHa 1,

1
V15
Haiitu nnomans Tpeyronwuuka ABC.
6. HailTu Bce 3HaYeHNd mapaMeTpa a, OPH KaXOOM U3 KOTO-
PHIX HepaBeHCTBO

nnnaa orpe3ka C'K paBra 4, a Tanrenc yrina CAB paBen

4
_(rw2

(=" = az) ~ g < sin(z? — az) + cos (21‘2 — 2ar + %)

BBILONIHAETCS 111 BCEX T U3 OTpe3kKa [m; 27].
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1993
Bapuanr 2
1. PemiuTh HEPaBEHCTBO

2
10gm+1_\/§(41’ —z°-2)>20.

2. Ha oTpeske 0 < ¢ < 7 HaliTH Bce 3HAYEHUS &, YAOBIETBO-
pAIOLINe YpaBHEHUIO

\/gcos:c——sinx: \ﬂ+2coszx—\/§sin2x.

3. PemuTh HEepaBeHCTBO
37 — 4|+ |22 — 42 + 3| < 3" +4zx -2 - 7.

4. B paBnobenpennom Tpeyroibhuke ABC ¢ ocHoparmem AC
Touka D menuT cropony BC B oTHoweHnu 2 : 1, cunTasd OT Bep-
muHb B, a Touka E — cepenuna ctoponbl AB. H3BecTHO, 4TO Me-

V23

V23
nuana CQ Tpeyronsiauka C ED paBHa - u DE = —— . Haifitn

palliyc OKPYXHOCTH, ONMCAHHOH 0K0JIo Tpeyronennka ABC.
5. Touka M(z;y), AeKapTOBbl KOOPIANHATHI KOTOPOH yIOBJIe-
TBOPAIOT yCIOBHAM

ale —y=2a>-2b, z—by=2-2d°

JeXuT Ha npsamoi y = 2—xz. IIpu kakux a u b 3Ta Touka Haubonee
67M3K0 pacliosioxkeHa K Touke N (3;—1)7

6. HaiiTu Bce 3HaueHHs a, NPH KaXJOM 43 KOTOPHIX 06/1acTh
onpeneneHus GyHKIUN

1
v= 3cosr — 2cos z — \/2a

COBIaNaeT ¢ 06nacThio onpenelleHuss GyHKIUN

1 V2

T3 - .
sinz+cosdz—a 3cosz—2cosdz —2a
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1994
Bapmnaut 3
1. PeminTh ypaBHEHUe

8sinbr +cos 10z +1=0.

2. PeminTL HepaBeHCTBO
lz -7 <3—-Vz—4.

3. HajiTtn Bce oTpHIaTelbHble 3HAYeHHUS v, IIPU KaXKAOM K3
KOTOPBIX BBHINIOJIHEHO HEPABEHCTBO

1 1
- >
lOgS (‘Coss v ) 1085 cosv (%) ~

4. B Tpeyronbuuke ABC nnuna cTopoHsl AB paBha 18, nimnna
6uccekTpuckl AE paBHa 4\/6, a nauba orpeska E'C papHa 5.
Onpenenuthb nepumeTp TpeyronbHuka ABC.

5. B HauanbHBIA MOMEHT JedYeHUs NallMeHTY Oblia NpoHM3Be-
leHa NepBas MHBbeKUMS: 8 eIHMHHMIl HEKOTOPOrO JIEKapcTBa, a BO
BpeMs KaXJIoi Mocjenyiolleidl HHBeKIUN eMy BBOAUTCH 5 eNNHUIL
TOro Xe JeKapcTBa. 3a BpeMs MeXAy UHBEKUUAMH KOINHYeCTBO
JeKapcTBa B OpraHu3Me yMmeHblnaeTcs B 6 pas. Kakoe konmue-
CTBO NleKapcTBa 6yNeT cONepXKAThCA B OPraHW3Me NalieHTa ocie
25-0i1 HHBeKIUU?

6. Bce BricoThl nupamunsl EFGH, rpadn KoTopoil BASIOT-
¢S OCTPOYTOJIBLHBIME TPEYTOIbHUKAMHY, PABHBI Mex1y coboit. Uz-
BecTHO, uTo FG =17, HG = 14, a ZEHG = 60°. HailTu nauny
pebpa HF.

§ 3. dusuyecknit pakyabTeT

1992
BapmnanT 1
1. PemuTh HepaBeHCTBO

8z — 1 < 4z2.
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2. PettnTh ypaBHeHUe

8cosz —3cos2z = 5.
3. Peunth ypaBHeHHe

3logs 2° = 6 + logs z.

4. B Tpeyroneaunke ABC LBAC = o, {BCA =%, AB = c.
Haiiru mnontant Tpeyronsanka ABC.

5. B apudMeTn4ecKoil mporpeccuu OeBATHIA 4ieH B 2 pasa
BoJIbIIIE AECATOrO, 3 CYMMa IECTOrO U IBeHaAllaTOro YIIeHOB PaB-
Ha 8. HafdTH mepBBIi 4ieH M Pa3HOCTH NIPOTPECCHH.

6. Pammyc OKpYXHOCTH, ONHCAHHOW OKOJIO TPeyroibHHKa
KLM, pasen R. Yepes Bepminny L nmpoBelleHa mpsiMasi, eplieH-
IuKyaspHas cTopore K M. 3Ty npsMylo nepecekaioT B TOYKax A
u B cepenunHble nepneHAuKyIspbl K ctoposam KL u LM. W3-
BecTHO, yTo AL = a. Haittu BL.

7. lIpo HekoTOpylo HedeTHYIO GYHKUHMIO H3BECTHO, 4TO NPH

z > 0 oHa 3anaercs dpopmymnon f(z) =1 — T Haiitu, kakoi
T

¢bopMyioit 3agaercs dyuxkuus f(z) npn z < 0. PeminTb ypaBHe-

une f(z) = —;—

8. B xoHyce yrom mMexny BrICOTOR U obpa3syoulell paBeH @.
BokoBoit moBepxHOCTH KOHyca KacaloTCs TpPH IIapa paguyca T,
KaXIBIA M3 KOTOpBIX KacaeTcs nByXx Apyrnx. Hlapel maxomsr-
cs BHe KoHyca. [[nmockocTh 3, npoxonsiias yepes HeHTPHI IAPOB,
nepleHUKYAspHa BeicoTe KOHYca. HallTu paccTosHMe OT Bepmu-
HBI KOHYCa JI0 MIIocKocTH 3.

1993
Bapunaur 2
1. Pemiurte HepaBencTBO

(1-4%)(4-2)>0.
2. Pemiuth ypaBHeHne

sin 3z = sin(3 + ).
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3. Petnrtes ypaBHeHne

logsz + 3 = Tlogg V/z.

4. B paBuoGenpernom tpeyronsiuke KLM (KL = LM) yron
KLM papen . HaiiTu oTHOIIeHWe paAnycOB BIUCAHHOW M ONH-
CaHHON OKpYXHocTell nnis TpeyroiabHuka KL M.

5. Peminth HepaBencTBO

|z — 1]

< 1.
z+2

6. Yepes Touky O mnpoBeneHbl [Be NpSMBIE, KacalolIWecs
OKpyXHOoCTH B Toukax M u N. Ha okpyxHocTHu B3aTa Touka K
(Toukn O u K — no pa3sHbie ¢TopoHH oT npamoit M N). Paccros-
HUg OT Toukd K mo npsaMblXx OM u M N paBHBI COOTBETCTBEHHO P
7 q. HaiiTu paccroduue oT Toukn K no npsamoit ON.

7. Yneno ¢ = 5 aBaseTcs OAHAM M3 KOpHell ypaBHEHHS
322+ pr 4+ ¢ = 0, rme ¢ < 0. HafiTu neficTBUTeNbHEIE KOPHH
ypaBHenus 3z% + pr’+q=0.

8. llBa mwapa paamyca r 1 uunuHAp paauyca R.(R > r) nexat
Ha naockocTH. llapst kacatoTes 1pyr apyra u 60KOBO# NOBEPXHO-
cTH uuAnHApa. uamuap kacaeTcs NIOCKOCTH 1O ¢Boell 06pasyio-
nteii. HafiTu pagnyc mapa, MeHbIIIEro, 4eM NaHHbIE, Kacaforerocs
060oMX JaHHBIX APOB, UNIMHADPA U MIOCKOCTH.

1994
Bapmant 3
1. Pemnte HepaBeHCTBO
2z —1
<o
log, «

2. Pemutt ypaBHeHue
5cosz 4+ 2sinz = 3.
3. PeminTe ypaBHeHHe

5771 4+ 5.(0,2)" % = 26.
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4. B paBHOGepeHHOM TpeyTONBHUKE BLICOTHI, ONYIIEHHbIE HA
OCHOBaHHUe U Ha HOKOBYIO CTOPOHY, paBHBI COOTBETCTBEHHO M U 7.
HaiiTu cTOpoHBI TPEYrolbLHUKA.

5. PeiunTs ypapHeHue

2 z?
Iog%(élra:)-f—log2 5 =8.

6. B oxpyxHocTH nepecekaomuecs xopabl AB u C D nepnen-
nukyasipasl, AD = m, BC = n. HaitTu nuamMeTp OKpyXHOCTH.
7. Ilns Kakux 3HaYeHH a cUCTeMa HepaBEHCTB
22412 —a >0,
r<2
BBLIMONHAETCA XOTS Obl IPU ONHOM 3HavYeHUU &7
8. B npaBmibHOM TpeyroisHoh nupamuie SABC (S — Bep-
IINHA) Yrosi Mexny GOKOBBIM peGpoM M MIIOCKOCTHIO OCHOBAaHHS
paBeH «, CTOPOHA OCHOBAHHMA paBHa a, SH — BbIcOTa nNUpaMm-

abl. HailTu miowanb ceyeHus NUPaAMHUIbI MIIOCKOCTBIO, MPOXOAS-
uieil yepes Toyky H napasensHo pebpam SA n BC.

§ 4. Xumuueckunit pakyiabTeT

1992
Bapuanr 1
1. PemiuTh ypaBHeHne

x+l+log%(—2+3_’) = 0.

2. Peminth HepaBeHCTBO

/2sinz < 1.

3. B napannenorpamme ABCD yroa BCD pasen 150°; a
ocHoBalne A[J paBHo 8. HaifiTu pammyc oKpyXHOCTH, Kacalo-
uieiica npsamoit C'D u npoxonsiliell 4epe3 BepLIMHY A, a Takxke
nepecexkawoueit ocHosanue AD na paccrosuuu 2 ot D.
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4. Jlanbl Tpu cnnaBa. CocTaB nepBoro cniasa: 55% xpoma u
45% uukens. Coctas BToporo criiasa: 60% nuxens, 25% xpoMma u
15% kobannra. CocTas TpeTnero cnnasa: 70% xpoma n 30% ko-
banbTa. U3 HUX Hy)XXHO HPUTOTOBHTBH HOBBIM CIIJIAB, COepXKalliui
20% xobanbra. Kakne 3HadeHHs MoXeT OIPHHAMATh TPOLEHTHOE
cofiepXkaHye HUKeJIS B 5TOM HOBOM CHJjlaBe?

5. HafiTu Bce 3HaveHus napameTpa k, Op¥u KaxXAOM U3 KOTO-
pPBIX ypaBHeHHe

2z — |o — k?| = 11k — 3-|z + 4k|

1) He uMeeT pellieHUH, 2) UMeeT KOHEYHOE HEMYCTOE MHOKECTBO
pellleHnH.

1993
Bapmaut 2
1. PemtuTh HepaBeHCTBO

4
(z - 1)?

2. PeminTh ypaBHeHHE

> 1.

(log, z)? + 3logrz+2=0.
3. Petuute ypaBHeHue

cosx =1+ cos2zx.

4. B kpaapaT naomanbio 18 cM? BmmMcaE DpAMOYIOILHHK

TaK, YTO Ha KaXIOHW CTOpOHe KBaApaTa JeXHUT ONHa BepllMHA
NPAMOYTOJNbHMKA. [[JIMHBI CTOPOH OPAMOYTLOJbHHKA OTHOCATCH,
‘kak 1: 2. HaitTu nnotank HpAMOyrosibEHKA.

5. HaitTu yncno peuieBnii ypaBHeHUsS

27 4217 = 1 — 4z — 2?
U A3Th 060CHOBaHUE OTBETA.
1994

BapmanT 3
1. PeminTs ypaBHeHHE

log (z + 1)+ logy(z +4) = 1.
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2. PemuTe HepaBeHCTBO
4z — 1 > 3lz|.

3. Pemruthk ypaBHeHUE

Vsin2z = V1 —sinz — cos z.

4. TlpaMoyronbHBIE TPEYTrONLHUKHE UMEIOT OOUIYIO TUIOTEHY-
3y KL = 5. Bepuunbl ux OpsMmbix yrioB M u N JexaT no
pasHble CTOPOHB!I OT HpPAMOM, Npoxoasieit depes Toukun K u [,
LM = LN = 3. Otpesok KP comepxut Touky M, u MP = 1.
Otpesok KQ comepxut Touky N, u NQ = 6. HaiiTu pasHocTb
MeXNy NACIIalbio TpeyrodbHuka K PQ v cyMMapHOH NA0MAABIO
TpeyronbHukoB K LM n KLN.

5. Pemure cucremy ypaBHeHuUil

y2 +4ycosz+4=0,
zly|(z? + 3y°) = 273 + 247,

§ 5. Buosornueckuit paKyiabTeT

1992
Bapuaur 1
1. Pemunte ypaBHeHune

4 cos? (6z+ %) = 1.

2. PemnTh ypaBHeHHe

-9
log, (:c 4) +10g2( — 142 4+ 40) = 2+ log, 3

3. Hana okpyxHocThb, nuaMeTp M N koTopoit paen 16 cm. Ha
KacaTeNbHOM K 5TON OKPYXHOCTH B TOUKe M OTIIOXeH OTpe30K
M P, nnuna koroporo 6oabiile YeM 15 cm. U3 Touku P npoene-
Ha BTOpas KacaTejbHas K OKPYXHOCTH, TlepeceKalolas NpsiMyio
M N B Touke Q. HaiiTy miomans tpeyronsauka M PQ), eciu ero
MepuUMeTp paBeH 72 cM.
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4. HafiTu Bce maphl HefbIX 9Hcen p, ¢, YIOBIeTBOPAIOIINE Ol-
HOBPEMEHHO [BYM HEpaBEHCTBaM

P’ + ¢° < 18p— 20q — 166,
32p — ¢ > p? 4 12¢ +271.

5. HallTu HauMeHbIllee 3HaY2HUE BeIUYNHBI

1 (4p L1

r\u  JS1—v2/)"
rae p, ¢, v, u, v — TMOJOXWUTelbHble YHCiIa, YAOBIETBOPSIOIINE
yCITOBHAM

pv+gv/1—u? <
PP +2qrV1-u? > ¢* + 12,
2 2

1—02 —
2qr/ 1 — u2+q2__})—u > r2.

v2 —1

1993
Bapuant 2
1. Pemuts ypaBHeHune

cos2x —2cosx —3=0.
2. PemiuTh ypaBHeHHe
log,(9% 4 2:3% — 5) = 1 + 2log, (31! — 4).
3. PemmuTh HepaBeHCTBO

z

4. J1aHbl 1Be pa3audHble TeOMeTpUYeCKUe IPOrPeCcCUH, EPBbIe
YNeHbl KOTOPHIX paBHB! ennuuiie. M3pecTHO, 94TO cyMMa BTOPHIX
4YIeHOB MPOrpeccuil paBHa 3, a cyMMa IATHIX paBHa 161. Hafitu
CYMMY HIeCTBHIX YIeHOB IPOTpeccHil.

5. B Brimykiom deTbipexyronbHuke ABCD nauHa oTpeska,
COEMUHAIONIErO CEPE/INHEI IMATOHANER, PaBHA IUIMHE OTpPe3Ka, Co-
eJldHgIoIero cepenuib ctopon AD u BC. HafiTu Beauunuy yria,
olpa3oBaHHOTO IIponoaKeHneM ctopod AB n C'D.
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2

6. HaiiT Bce pelieHUsA CHCTEMBI
y+2=(3~-12)
(22 —y)ly+2) =9+ 4y,
% 4 2?2 = 4z,

YIOBIIeTBOpAIONINe yciIoBHIO z 2 0.

1994

Bapuant 3
1. PemuTes cucTeMy ypaBHEHHH

2z —y =86,
422 + ry + 3y® = 48.

2. Kakoe n3 nByx uncen 6omabie
V14 unaum 42 log, 6 (1 - %) + §10g4 8 7

OTBeT 060CHOBATS.
3. HaiiTu Bce pellleHHS ypaBHeHHA

9 T
3tg (7r1'+§> =1,

5
VIOBIIETBOPAIONINE YCIOBHIO 3 <z <3

4. B tpaneuvn ABCD naHu anuubl ocHoBaHuil AD = 3,
BC =2 u yrast A u D 0pHu ocHOBaHWH, paBHbBIE COOTBETCTBEH-
mo arctg 2 u arctg(1/3). HafiTu pannyc okpyXHoCcTH, BIMCaHHOM
B Tpeyroneeuk C'BE | rie E — Touka mepecedeHus nuaroHalei

Tpanenuu.

5. HailTu Bce Takue 3HaueHUS BEIHYKBHBI X, IIpN KaXJIOM U3

KOTODbIX HEPABEHCTBO

(4 - 2a)z% + (9a — 19)z + (10 — 2a) > 0

BBINOJIHAETCA JIJId BCeX @, YNOBIETBOPSAIOMUX Y CIIOBUIO

1<a<3.
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§ 6. PakybTeT NMoYBOBedeHUs

1992
Bapunaur 1
1. PemnThb ypaBHeHHe

2(cos 6z + sin 2z cos 4z ) = sin 6z + sin 2z.

2. CamoreT, ocyIecTBIAsA MOJeT [0 33a]aHHOMY MaplIpPyTy,
MOXET JIeTeTh B MeTeoyciioBusIX A, b wnu B ¢ onHoil U Toii xe
CKOPOCTbIO, HO MO-pa3HOMy pacxolys ropiodee. B nepsniil pas ca-
MOJIeT HAXOAWIICA B MeTEeOyCIOBMAX A MONOBHHY MOIIETHOIO Bpe-
MeHH, B MeTeOycJIOBUAX b — TpeTh BpeMeHH, B MeTeOyCIOBH-
ax B — 1/6 nonetHoro Bpemenn. Bo BTOpoii pas oH Haxonmmics
4eTBEPTh BpEMeHN B MeTeoycioBUsSX A m 3/4 — B MeTeoycio-
Busix B. B TpeTmii pa3 — mo 4eTBepTH NONETHOro BpeMeHN B
MeTeoyclioBusax A u b, a NOJIOBMHY BPEMEHM — B MeTeOyCJIOBH-
ax B. Ha ckonbKO mpOLEHTOB U3pacXomyeT caMoJeT MOJETHHIN
HOPMATHB TOPIOYEro, JIBUrasich BeChb NYTh B METEOYCIOBHIX B,
€CJIM B NIepBBIA pa3 OH M3PAacXoIOBaJl ero Ha 101%%, BO BTOPOH —
Ha 92,5, a B TpeTuil — Ha 97,5%.

3. Pemunts ypaBHenune

9% — 82.3% 4 162 — 37/2+2
3/2_9

4. IIBe okpyxHocTH ¢ ueHTpaMu O u O, TeXaITUMU Ha CTO-
poie M N tpeyroneanka M PN, KacaloTca ApYT ApPYra M mepe-
cexaior cropodsl M P u PN B Toukax M, D u N, C cooTBet-
C¢TBeHHO, npudeM MO, = 01D = 3 u NOy = CO, = 6. Haii-
THU IUIOIaAb Tpeyroabanka M N P, ecin M3BeCTHO, YTO OTHOLIE-
HUe Tomanu Tpeyroibarka M CQO; K niomanm TpeyrolbHUKaA

8
O.DN pa.BHOg 3u PN=MP\/2-3.

5. [lpu Kakux 3HaYeHHUSX NapaMeTpa @ BCe YMCIIa H3 OTpe3Ka
1 € £ £ 5 yIoBeTBOPAIOT HEPABEHCTBY

daxr +2v3z+1—-6x4+a—-5<07?
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1993
Bapuaur 2
1. Prusnennts uncio 128 Ha YeThIpe yacTH Tak, YToDB! lepBag
4acTh OTHOCH/Ach BO BTODOH KakK 2 @ 3, BTOpas K TpeTbed —-
Kak 3 : 5, TpeThbs K 4eTBepPTOit — KakK d : 6.
2. Pemunts ypaBHeHHe

sin®z — cos®z + sinz — cosz = 0.
3. Pemiuth HepaBeHCTBO
loggp2yy 37 > 1.

4. Yepes TOuKy mepecedeHUs nuaroHajlell TpalelUy nposefe-
Ha mpsMad, napajseilbHad OCHOBAHHUIO M IepeceKalonias OOKOBbIe
cTOpoHEl B TodKax £ u F. [launa orpeska E'F paBHa 2. Onpene-
JUTH [AJMHBI OCHOBaHUI Tpamenuu, eCJIM X OTHOUIEHHEe paBHO 4.

5. HaiiTu Bce meficTBUTeNbHBbIE YNCiAa @, IPA KaXIOM N3 KO-

TOPBIX HepaBeHCTBO

Ta?+a—2

<Ta-1
c+a+1

He NMeeT MOJIOXKUTEIBHBIX peme}mﬁ x.

1994
Bapnaut 3
1. Peminth ypaBHeHue

2(cos? ¢ —sin® z) = (cosz — sinz)-(2sinz + cos z — cos® z).
2. PemuTh cucTeMy ypaBHERUN

32‘—-1 _+_y —_ 27
32714 9y = 5.

3. PemuuTh HEpaBEHCTBO

1
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4. Tlpn kakuxX 3HaAYeHHUSX MapaMeTpoB a M b cucTeMa Hepa-
BEHCTB
b+ cosar < 2,
2?2+ 26 +9<0

MMeeT eIMHCTBEHHOE pellleHne”

5. B uernipexyronsuuke ABC D, BnucaHHOM B OKPYXHOCTb,
nuarodanu AC n BD nepneHAuKyJspHBI U EPECEKAIOTCS B TOY-
ke Q. Inuna oTpeska, coequHsollero Bepminny C' ¢ cepequHOR
orpeska AD, pasua 3. PaccTosuue ot Touku () no orpeska BC
paBuo 1, mnuHa ctoponsl AD pasua 2. Hafitu nnuHy oTpeska

AQ.

§ 7. 'eorpadmuyecknit pakynbTeT

1992
Bapnaur 1
1. Petints ypaBHeHMe

cos2z +4cosxz+3=0.

2. Hatn Tpu uncna a, b ¥ ¢, ecim U3BeCTHO, YTO UX CyMMa
paBHa 2, a KBaJpaTHOe ypaBHeHHe

az’l+bz+c=0

UMeeT eNHCTECHHOEe pellleHHe T = 2.
3. Pemrnth HepaBeHCTRO

(log, 9 — 1) logz(9x) < 3.

4. B tpeyronvuuke ABC menuana AD u Ouccektpuca BE
NeprneHANKYyIApHbBl U NepecekaloTcs B Todke F'. M3BecTHO, 4TO
niomans TpeyrontHuka DEF pasna 5. Haiitn nnomanbs Tpe-
yronbHuka ABC.

5. HaliTu Bce 3HaYeHN NapasieTPa ¢, TPU KaXIOM U3 KOTOPBIX
ypaBHeHMe

|22 — 22|+ |22 =3z 4+ 2| =2® — 4z + ¢

NMeeT DOBHO TPH Da3INYBBIX PEUICHUA.
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1993

Bapuant 2
1. PemuTs ypaBHeHme

Vid—-2x=5—-=«.

2. Pemnth ypaBHeHue

sinx—c052z+llo !
- 9 %&v2 sinf )

3. HaiiTu obnacThk onpeneneHns GyHKIUH

4z — 2 — 4
y=4/ .
2tz -2
4. B TpeyroavHuk co cropoHamu AB = 4, BC = 2, AC =3
BIUCaHA OKpYXHOCTh. HafiTu nimoinans Tpeyronsuuka AM N | rue
M, N — Touyku KacaHusi 3TOH OKPYXHOCTH cO cTopoHamu AB u
AC coOTBETCTBEHHO.
5. Ilpu kakux 3HaYeHHAX [apaMeTpa a 4YeThIpe KOpHS ypas-
HEHUS

e+ (a=52?+(@+2)2=0

SABJISAIOTCS MOCTENOBATENbHBIMA WIeHAMH apUPMeTUIECKOH TPo-
rpeccun’?

1994

BapuaeT 3
1. Pemnuts ypaBHeHuUe

sin 2z = \/isin z.

2. CyMMa nepBBIX ABAALATH YJIEHOB apUDMETUUECKOH MpO-
rpeccint (@¢n) B IATH Pa3 MeHbIlle CyMMbI IEPBLIX ABallaTH M-
TH WieHOB apudmeTndeckoit nporpeccnu (by,). HafiT oTHOWEHNE
pa3sHoCTH nporpeccut (a, ) K pasHocTu nporpeccun (b, ), ecnu us-
BECTHO, 9TO

4aiz = byg.
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3. PemiuTh HepaBeHCTBO
log, (2 — z — z%) > 0.

4. Bue npsamoyronbuoro Tpeyroisanka A BC Ha ero xkarterax
AC u BC mnoctpoeun! kBaapatsl ACDE u BCFG. Ilponomxke-
Hite Meguaiel C'M Tpeyronvuuka ABC nepecekaet npamyo DF
B Touke N. HaiiTu mimHy orpeska CN, ecin NJIMHBI KaTeTOB
paBHEL 1 u 4.

5. HaitTn Bce 3Ha4YeH”s mapaMeTpa @, MPU KaXAOM M3 KOTO-
PHEIX YpaBHeHHe

a+V6zx —z2—8=3+/1+2az — a? — z2

MMeeT POBHO ONHO pelIeHHNE.

§ 8. 'eosmornueckuil pakyibTeT

1992
Bapuanr 1
1. YerBepThiit wieH apudMeTHIECKOUH TPOTPECCHU paBeH 16,
a CyMMa celbMOro U AecAToro paBHa 5. HalTu cyMmy mnepBbIx
BOCEMH3IaTH 4JIeHOB 3TOoil apndMeTHYeCKON NpOTpecCuu.
2. PemunTh HepaBeHCTBO

V5 -8z +2z < 1.
3. Pewunth ypaBHeHUE
|log, 3-logs z* — Tlog, z?| = 4log, 49.

4. PeminTs ypaBHeHHe

4cosz cos3x — 10cos’ z — 16sinz-sin 3z = 4sin’ ¢ + 3.

5. B okpyxHocts ¢ nenTpoMm O Bnucana rpaneuus ABCD, B
koropoit AB || DC, AB = 5, DC = 1, yron ABC pasen 60°.
Touxka K nexut Ha oTpeske AB, npuyeM AK = 2. lIpsmas CK

nepeceKaeT OKPYXHOCTB B Touke F', orauynoit ot C. HaitTn nmimo-
fiafb Tpeyroibuuka OFC.
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6. HafiTm Bce Tpo#ku umncesn (z,y, z), yHOBIeTBOPAIONIME
ypaBHEHUIO

V64—322—z2+14+y* 42y sin(wz):(iz—73)(cos(7r:r) —cos(27z2))%.
1993

BapmanaT 2
1. HaiiTn uncieHHoe 3HauyeHUe BHIpAXEHHUS

2
a\/E+27b\/5_\/EI; 3v/a + 9vb
3\/54.9\/5 a—9b '

2. Pemiuts ypaBHeHUe

15(cos 2z)V/1 + tgZz = 7.

3. Ha 6epery o3epa pacnonoxennl nyskTsl A u B. U3 nyHk-
Ta A B nyHKT B ornpasuncs kaTep, a 4epes 1 yac mocsie 3TOro u3
nyHkTa B B HyHKT A BhiINa MoTOpHas jonka. Eme yepe3 1 yac
OHM BCTPETHIINCH M, He OCTAHABINBAACh, TPONOIKHIIN ABUXKEHHE.
Kartep npubbii B nyHKT B uepe3 2 waca 20 MuUHYT mocie Toro,
KaK B NyHKT A npubbliia MoTOpHad ofka. Uepes kakoe BpeMs 1o-
cjle HadaJla JIBMXKEHUs [pou3oilia Obl UX BcTpeya, ecyin Obl OHH
OIHOBPEMEHHO OTHPABNIMCH HABCTpedy APYr apyry?

4. PeiuTh HepaBeHCTBO

1 4
i logs sin ;(732) > logy sin ;(\/31‘ + 4).

5. Touka M, nexalnas BHe Kpyra ¢ 1uameTpoM A B, coeanHe-
Ha ¢ Toukami A u B. Otpeskn M A u M B nepecexaioT oKpyXx-
HocTh B Toukax C um D coorsercTBerHo. [lmountans kpyra, BOu-
caHHoro B TpeyroibHuk AM B, B 4 pa3a Gosblile, 4eM IJIOMalb
Kpyra, BoucaHHoro B TpeyroabHuk CM D. HaitTn Mepsl yrios
TpeyroibHuka AM B, ecnu M3BeCTHO, YTO ONMH U3 HUX B 2 pasa
6onblue Apyroro.

6. HaiiTu Bce HeoTpHMUATeNbHLIE AeHCTBUTENbHBIe 3HAaYEHUA
napaMeTpa d, Ip¥ KaXXOM I3 KOTOPHIX B 0biiacTH (y+2)2—4::: <0
Jle)KaT POBHO TpHM TOYKH rpadnka GyHKUNR

y = 22(\/cos(2anz) — cost(anz) ~ 1) + 2.
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1994

Bapmnaur 3
1. Kakoe u3 uncen Gonbuwe 2v/7 uiu 5,(29)7
2. YHUpOCTHTD [0 HeJIOro 4YMcila BhIpaskeHHne

,V6+2V8 VAR
\/6—2f V-5

3. Peintb ypaBHeHUMe

y+8Vyl+y—6—6+y> =0.

4. PemuTh ypaBHeHHE

cos 3z + cos 9z + cos 15z = 0.

5. PeminTh HepaBEeHCTBO

V1lz — 22 — 28 # 0.
6. PemiuTe HepaBEeHCTBO
6cosz +sin2z < 0.

7. Teonoruveckas mHpOpMalnMOHHAA CHCTeMa MOCTaBlsdeTCs
Ha deTblpeXx AuckeTax. [Ipn ycTaHOBKe NX Ha KOMIBIOTep KaXas
U3 AUCKeT YBeJMYMBaeT 00beM 3TOM CHCTEeMB! Ha OIpeAelieHHOe
Konu4yecTBO % Mo OTHOIIEHMIO K HpeNbIAylIeMy obbeMy: mepBas
nuckera — Ha 10%, Bropas muckera — Ha 12%, TpeThs AuCKe-
Ta — Ha 25%, yeTBepTas muckera — Ha 30%. Ha ckonbko % B
pe3yabTaTe yBeAMYUTCA 06beM 3TOM CHCTEMBI?

8. Yernipexyronsink ABC D TakoB, 9TO B HETO MOXHO BIIH-
caThb M OKOJIO HETO MOXHO ONMCAaTh OKpYXHocTH. JlmameTp onu-
CaHHOR OKPYXHOCTH coBnajaeT ¢ nuaroHaawio BD. llokasaTs,
4TO MOMY/IH Pa3HOCTEN IJIMH €r0 NPOTHBOIONIOKHBIX CTOPOH paB-
HbL.

9. Yerhipe bpuraasl paspabaThBaidl MeCTOpPOXJeHHe HedTH
B TedeHHe Tpex JeT, paboTas ¢ MOCTOSHHOMA IJIS Kaxloll 6pura-
Ilbl TIPOM3BOAUTENBHOCTBIO. B TedyeHHe NMATH NOC/IeNHUX MeCAUeB
BTOpOTO rofia M NEePBHIX TPeX MecsleB TpeThero roga paboTa He
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IpOBOANJACE, & Bce OCTallbHOe BpeMs paboTadia TONbLKO ONHA M3
6puray. OrHowedus BpeMeH paBoOTH NepBoi, BTOPOH, TPEThEH
M 4deTBepToll 6puran ¥ KojumuyecTBa BbHIpabOTAHHOW NPOAYKUWH
COOTBETCTBEHHO PaBHbI:

B nepBull Ton 4 :
BO BTOpOH rof  2:
B TpeTuii rom 1:

1 wm 17 MaH. T
1w 10 mMaH. T,
4 m 11 MaH. T..

I\DOQU‘
NHK\J

CxonbKo MJIH. T. HepTH BripaGoTanu 6Bl 3a 2 Mecslla 4YeTbipe
6puranbl, paboTas Bce BMecTe?

10. Han xy6 ABCDA'B'C’'D’, B sem uepes Bepiuuny C npo-
BelleHa AMaroHadb. HallTu OTHOIIEHMe MIIOUIAAN CEYeHUs 3TOrO
Kyb6a MJI0CKOCTBIO, NepPIeHANKYAAPHOR 3TOHl AUATrOHAIM U MPOXO-
Islleil yepe3 ee cepeANHy, K MJIOIMAAN ero GOKOBOM NOBEPXHOCTH.

§ 9. OkoHOMUUYeCcKUl PaKyIbLTeT

1992
BapunasaT 1
1. Beraucante logus {sin(y + 7/4)| + logus | cos(3y + m/4)],
1

ecil¥ U3BECTHO, YTO COS <y + siny = — 3

2. Pemure HepaBeHCcTBO

(4= 14T ) (22— 5r +4)VT -2 < 0.

3. ®abpuka nonayunsna 3akas Ha usrorosiaeHue 1005 meTasen
nepBoro Tuna u 2010 neraneft Toporo Tuna. Kaxnwii uz 192 pa-
Bounx pabpuKH 3aTpauMBaeT Ha U3rOTOBJIEHUe 2 NeTalled IepBOTG
THIa BPeMs, 33 KOTOpOe OH MOXeT M3TOTOBHTL 1 JeTailb BTOpPO-
ro Tuna. Kakum obpasom cienyer pasfenuTh pabouux ¢abpuku
Ha Be 6pUranbl, YTOGH BHIIOIHATH 33Ka3 33 HaMMeHblllee BpeMs,
HIpH yCIIOBUH, 4TO 06e Gpuraabl NpUCTY AT K paboTe ofHOBpeMeR-
HO, ¥ KaxXnas u3 Opuran OyneT 3aHATa M3TOTOBIECHUEM AeTaleit
TOJILKO ONHOTO THHA?

4. B Tpeyroabnoii mupamuise ABCD ninockue yrinsl BAC,
BAD w CAD upu BepmiuHe A papHul 7/3, 37/4 u 7/2 coor-
BeTcTBeHHO. OnpenenntTsb yron mexny rpausmu BAD u CAD.
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5. Ipomomxkenus cropod AD m BC BeINYKJIOro YeTHIpex-
yroasHuka ABCD mnepecekaiorcs B Todke M, a HPONOIKEHUS
ctopo AB u CD — B Touke O. Otpesok MO nepneHAUKyIIs-
peH 6uccextpuce yriaa AOD. HaiiTu oTHomenue niomadei Tpe-
yronsauka AOD u veTwipexyronbiuka ABCD, ecin OA = 12,
OD=8 CD=2.

6. HailTn Bce 3HaYeHUs NapaMeTpa ¢, TP KaXJOM K3 KOTOPBIX
YHCJIO HEIOYHCIIEHHBIX pellleHnd HepaBeHCTBa 2?2 —5(x — 1) +
+ 3jz — q| — ¢ € 0 MakcUMaJIBHO.

1993

BapunanT 2
1. PemnThb HepaBeHCTBO

10g71_6 25 < 2.
2. Peuinth ypaBHeHHne

sin 3z

cos (.’L’ - %) -

3. PelunTh HEpaBeHCTBO
IWr+2<6—|z-2|

4. HaitTn nepuMeTp miockoil GHUryphl, 3alaHHOM Ha KOOPIHU-
HATHOW NJIOCKOCTH yCAOBUSMHA

2|z + 2| arcsin((y — 1)*) < 7(z + 2),
2ly—1 -z 2 0.

5. 3a BpeMs XpaHeHUs BKjana B GaHke MpPOUEHTHl NO HEMY
npubaB/IAAUCL K BK/IaLy eXeMecsyHO CHavasla B pasMmepe 5% B

1
MecsI, 2aTeMm 11— %, noToMm 7= % u, Hakonen, 12% B mecan. W3-

BECTHO, YTO O HeHCTBMeM Kaxmon HOBOW IPOLEHTHON CTaBKH
BKJIajl HAXONMJICA Ie/Ioe YHCIO MecsAleB, a IO UCTeUeHNN CPOKa
XpaHeHMs HepBOHavYalbHad CyMMa BKJaja yBeINIUach Ha 180%.
OnpenenuTh CPOK XpaHEeHUs BKIazla.

6. OTpeskn, coefnHAIOUINE OCHOBAHUS BBICOT OCTPOYTOJIBHOTO
TpeyroJibHUKa, paBHH 5, 12 1 13. HaitTn miomane TpeyrolbHHKa.
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1994
BapuanTr 3
1. HajiTu Bce Henble YUCiIa T ¥ Y, YAOBIETBOPAIOIINE YCIOBAAM

{ 362523 = 99473,
lyl < 6.

2. HaiiTu obnacTh 3Ha4eHUN HYyHKIUMH

y= V30~ 12z - 62

3. PemuThk ypaBHeHMe

log, <:c_:i1) = log4((z — 14)-sin z).

sinz

4. CocTaBuTh ypaBHEHHE OKPYXHOCTH HAMMEHDLIIIETC paauy-
ca, BHYTpPU KOTODOH NOMeIaeTCd MHOXECTBO, 3allaHHOe Ha KOOp-
OMHATHOR MJIOCKOCTH yCJIOBHEM

2y +z ~ 1} + |2y + 4] < 4.

5. llpennpusgTie Npon3BOANT AETCKYIO 00YBE U gpnsieTcs yObi-
TOYHBIM. 3BeCTHO, YTO IPU M3TOTOBJEHHH ™ nap o6yBH B Mecsll
pacxXonbl NPeANpUATHA Ha BBIIYCK ONHOHN mnapnl o6yBH COCTaBIg-
126000 54000
—+9

IOT He MeHee Thic. py6., a UeHa peayn3a-

UMM KaXno# napel oO6yBM NIPH 3TOM He NpeBocxonuT 18 — mm
ThIC. py6. OnpenennTh eXeMeca4Hbl 06bEM NPOU3BONACTBA, NIPH
KOTOPOM eXeMecsuHble YORITKN MOTYT OBIThH CHHXEHBI O Hau-
MEHBIIEr0 U3 BO3MOXHLIX B JAaHHLIX yCIOBHSX ypoBHA. Bapuant
[IOJTHOM OCTAHOBKM MPOM3BOACTBA MUCKIIOYEH.

6. B Beinykaom yeTsipexyronsuuke K LM N otpesok M S, co-
eINHAIMA BepiinHy M ¢ Touko# S, pacno/IOXeHHOHM Ha CTo-
pone KN, nepecekaeT nuarorais LN B Touke O. U3BecTHO, 4TO
KL:MN=6:7TKM:ON=2:1u/KLN+/.KMN =180°.
HaiiTn orHomenue ninuH orpeskoe MO u OS.
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§ 10. PakysbTET MCUXOJIOTUN

1992

Bapuanr 1
1. Petints HepaBeHCTBO

3sin 27z > V2sin4rz + 3 cos 27z + V32.

2. PeminTh cucTeMy ypaBHeHH#

27 39671V .97 = 144,
108022 4014) (2779 + 471¥)-log5 (0,22 4 0,1y) = 2.

3. Toukn K, L, M, N, P pacnosoxeHbl MOCIeNOBaTeLHO
Ha OKPYXHOCTU paauyca 2v/2. HaiTH mioManb TpeyrojbHUKa
KLM, ecnu LM || KN, KM | NP, MN || LP, a yron LOM
paBeH 45°, rme O — Touxa nepecedenus xopa LN n M P.

4. HaiiTu Bce 3HaYeHUs MapaMeTIpoB a U b, pu KOTOPHIX Hal-
LyTCS ABa Pa3iinyHbIX KOPHA ypaBHEHUS

13—5x2+7z:a,
KoTopble 6yNyT TaKXXe KOPHAMM YpaBHEHHUS
22— 8r+b=0.

5. B terpasape ABCD Ha pebpe AB B3sta Touka K, Ha
pebpe AC — Touka L, Ha pebpe BD — Ttouka N, Ha pebpe
CD — Ttouka M. Toukn E u G — cepenunnl pebep AD u BC
coorBeTcTBeHHO. [Ipsambie FG, KM, LM nepecexaioTcs B on-
Hoit Touke. HaiiTu mnomane derwipexyronbiuka K LM N ecan
AK : KB =5 AD =9, BC = 8, a yron MexIy CKpeUIBaOIln-
mucs npaMmeiMu AD n BC pasen 45°.

1993

Bapunanr 2
1. Pemrutes ypaBHeHUe

42 5r—10
33z-4 7 =292.3 3z—-4 |
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2. PeinTe HepaBeHCTBO

1
V-2 -z > —.
V3
3. Haittn Bce peurtenus ypaBHERUs

1 . .
—\_/55"12 (z + 1712) +smn3x = cosdr — \/5,

pUHaIeXKAalIne OTpe3Ky [—27; 27].

4. B octpoyrosnsHoM TpeyronbHuke A BC' npoBelieHbl BbICOTHI
CCy n AAy. N3BectHo, yto AC = 1 n LCCA; = «a. Haittu
oAb KPyra, OMMCaHHoOro OKoJlo TpeyroabHuka C1BA;.

5. Ypasnrenue (a — 1)z — (2a + 1)z + 2 + 5a = 0 umeeT neit-
CTBUTEJIBHBIE KOPHH 21, T3.

1) HaiiTu Bce 3HaYeHMs napaMeTpa @, IPU KaxXIOM U3 Ko-
TOpPBIX 06a KopHs GoJblile efHHMIIbI.

2) HaiiTu Bce 3HaYenus napaMeTpa b, mpH KaXIoM U3 KO-
TOPHIX BbIpaXKeHHe

(27 —b)(z2 — b)
He 3aBHCHT OT NAapaMeTpa a.
1994

BapnanaT 3
1. BepHo 11 HepaBeHCTBO

log, 27 > \/6log, 9 + 5.

(TabanuaMy U KaJbKysisTOPOM He NOJIB30BATHCA).
2. U3pecTHO, 4TO y = 1, 2 = 1 ONHO U3 pelIeHUN CUCTEMBI

ay — bz +2a =0,
(b~ l)yz—az2+200s<

10007r)
=0

HajiTu Bce pellleHUs NaHHON CUCTEMB! ypaBHEHUH.
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3. 3 sepmunnt C kBanpata ABCD nposenena npsamasd, fe-
pecexaronias n1y4 AD B Touke K. Touka L Ha mpamoit AK pasHo-
ynadesa oT npamoit C K u npsmoit AC, npudem AL Ha 1 M nauH-
mee yem LK. W3BecTHo, uTo Tpeyronbink AC K TynoyroibHBIN,
a AK = 9 m. HaiiTu kocunyc yraa ACK.

4. Yepes pepmunbnl A u B TpeyroabHoi nupamnael SABC
npoBefeHa cdepa, nepecekaoias pebpa AS u BS B Toukax M
n N coorBercTBenHo. Yepes Touku B u N 1poBeneHa BTOpas
chepa, mepecekaomas pebpo SC B Toukax P u @, npudem

PQ = ESC. Haititn, kakylo 4acte pebpa SC cocTaBafeT OT-

3
pezok QC (QC < PC), ecnim M — cepennsa SA u SC = —2—SA.

5. [lapTus geraneid Obila U3TOTOBJICHA LIEXOM B TedeHHUe He-
CKONBKUX AHEH, TpUYeM KaXXAbIA JeHb N3TOTOBIIAIOCH OIHO U TO
ke umciao xeraneil. Korna TpeTh mpomyknmu ofHoro AHs Oblia
yllaKOBaHa B SIUKH, TO B KaX/IOM ALIMKE OKA3aJloCh CTOJIBKO fe-
TaJjlell, CKOJAbKO SIINKOB [OHAMOOWIOCH Nl YMAKOBKH, MpUYeM
YHCIIO SIIMKOB 6BIJI0 paBHO uncily Aueit paborsl uexa. Ilocie oT-
CHIJIKH IIOJIOBHHBI BCeX feTallell 3aKa34MKaM BhISCHHAOCH, YTO Kyb
Ypcsa 3aKa3unKoB GBI paBeH YNCy JeTallell, BRICAaHHbBIX KaXIo-
My M3 3aka3unkoB. Kaxoe MHHIMa/bHOE 9HCIIO feTallell MO 1pH
3TUX yCTOBHAX H3FOTOBHTH LeX’

§ 11. MacTtuTyT cTpad Asuu n Adpuku

1992
Bapmnaur 1
1. PemnTh ypaBHeHHe

9T+5 4 93,971 _ 92 _ g
2. PeminTh ypaBHeHHUe

3sinz — 3cos2z — 12sinz + 7= 0.
3. PeminTh HepaBeHCTBO

|z —5]—1
il SRS )
2z — 6] —4
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4. Jlan TpeyrosibHEK co cTopoHami 4; 8; 9. HasiTu nnuny buc-
CeKTPHUCHI, IPOBefleHHON K Doiibllieil cTOpoHe.
5. PemiuTh HepaBeHCTBO

log, /5| cos z|-logs(z® — 9) < 0.

6. IIpu xakux 3HaYeHH#X MapameTpa a cymMMma S KBaapaToB
KOpHe#l ypaBHEHUA

22+ 2z +2a>+4a+3=0

ABnseTca Haubonblueit? Yemy paBHa sTa cymMMa?

1993

Bapnant 2
1. PemunTh HepaBeHCTBO

\/T:‘,—S
T o + S

3—z i

1.

2. CyMMa TpPeThero M NATOFO YiIeHOB apudMeTHUYecKOH Ipo-
rpeccur pasHa 8. HafiTu cyMMy HepBBIX ceMH 4JIeHOB 3TOW NpoO-
rpeccus.

3. Ha 6okoBoii ctopode BC' paBHOGeIPEHHOTO TPEYroOJbHUKA
ABC xak Ha IuaMeTpe NOCTpOeHa OKPYXKHOCTb, IepeceKalouas
OCHOBaHHe >Toro Tpeyroisauka B Touke D. HaiTu paccrosnue

OT BepHIMHBEI A 0 LIEHTpa OKPYXHOCTH, ecnin AD = \/g, a yroun
ABC pasen 120°.
4. PemuTh ypaBHeHue

log,(3z — 2) — 2 = y/logZ(3z — 2) + 4log, <§{—5>

5. PemuuTs ypaBHeHUe
sinz + 3z%cosz + 322 = 0.

6. HaiiTi Bce 3HadYeHMs MapaMeTpa @, IPH KaxXJOM M3 KOTO-
PBIX HEPABEHCTBO
2 2
r‘+2z—a|l>2a

CpaBenJJinBoO IJisl BCEX HNeNCTBUTENBHBIX T.
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1994

BapnanT 3

1. CymmapHbBIil NOXOA ABYX NPEANPUIATHH BO3pacTeT BTPOE,
€ciIM [oXol NMEPBOTo NpeANpUATUS OcTaHeTCss HEU3MEHHBIM, a J0-
X0l BTOPOTO yBEIMYMTCS B YyeThipe pasa. HaliTu oTHomenne nep-
BOHAYAJbHBIX JOXOAOB >TUX [IPEANPUATUN U BLIACHUTD, BO CKOJb-
KO pa3 Halo yBeJAMYUTh LHOXON NNePBOTO MpPeANPHATHSA, OCTaBIAs
NepBOHAYAJILHEIA JOXOA BTOPOro, YTODH MX CYyMMAapHBIA JIOXON
BO3pOC B UeTHIPe pa3a.

2. Pemiuts ypaBHeHMe

3% logs 5.51'2—31 =1.

3. B Tpeyronsuuke ABC nposenena 6uccekrpuca CD npaMo-
ro yrana ACB; DM u DN 4BnsfioTcs COOTBETCTBEHHO BbICOTAMMU
TpeyronburkoB ADC u BDC. Haittn AC, eciim U3BECTHO, 4YTO
AM =4, BN =9.

4. Peminth HEpaBEHCTBO

2cosz —1< V/8cos?z — Bcosz — 16.

5. PemuTh HepaBeHCTBO

. =
le — 7HHVE=7| 32— 77 6=z,

6. HailTu Bce 3Ha4YeHUd MapaMeTpa a, NPH KaXJOM M3 KOTO-
pHIX ypaBHeHMe

a222+2a(\/§—1)x+\/:c—4:2\/§—-4

HMeeT peuHieHne.
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§ 1. MexaHunKo-MaTeMaTHUYeCKN paKyIbTeT

Bapuanr 1
1. 1 +km keZ.

1 1
2. Ha nponosmxeunu. 3. — Mg_ npu p # 0; — npu p = 0.
6 p+q-2pg 6

4.36. 5.8. 6. (—00;—2)U(0;1)U (1;+00).
Bapuant 2
1.(1;2). 2.[-4;4].
3. (—=7/34 27k, =57/6 +2rm); (-7 /6 + 7n; —27/3 + w(n+2));

35
k,m, nl€Z. 4. —2£ 5.9v3a. 6.120 km.

Bapuanr 3
5T

1 ﬁ

5 2
1— \/1 32
4. 22 — /5. etv_.+da

5.2 € {0;1}upu a =0; z =

) ( 2) 1—a+\/1+3a2
0 U 0—]; =z = .
: V3 2

a’ -3 e< 2]u[2 +oo>
T = np" a —00; — —= —; .
2 P 3l 13

§ 2. ®aKyIbTeT BLIUYMCINTEIbHON MaTeMaTHUKH
n kubepHeTUKN

1 1
2.z = log,2/3, y = 1/6. 3.—§<x<0 <zr<

BapuanT 1
5/ 1991
1992°

1. 2.
1
4. 11 4acos. Z (5+ V15). 6.a€ (21— 1/8;00).

:zr—+27rn,n€Z. 3.z €[2;11).
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Bapuant 2
1.2-V2<z<1:3<e<24V2. 2.0$z$%.
12
3. logg4 <z < 3. 4.? 5.a=b=0,b=—-a’=1,a

Bapmuanut 3
(=1 _ ™
1. s arc31n(2—\/g)+—5—,nel‘ 2.z=4,5<z <8
3.v=2mn;n=—1,-2 -3,.... 4.44. 5 6+ 2:(1/6)*.

6. vV 247.

€R.

§ 3. ®usuuecknit paxyabTeT

Bapmnasat 1

2—-+v3 2 3
l.z < 2\/_, z> +2\/—.

1
2. 2mk, +arccos 3+ ok, keZ. 3.3%7.

1 ,si i R? 4
g Lpsnletsine o g d= o 6 B 74t
2 sin 7y a 9
T lgcosgo—l
8§ —
sin
Bapuart 2
mT—~3 = 3
l.e>4,z<0. 2 y) +§n;§+7rn,n€Z.
V13 +7 : - 1 2
3. 5——;—_—. 4. sinptg 14—('0 5. < -2,z > —3 6. q;
2
2R\/r - rVv3R B
7. -5, V5. 8. iaALEEA
2(R—-r)
Bapunaut 3
3 5
1.1/2 <z < 1. 2. tarccos — + arccos —= + 27k, k € Z.
/ V29 V29
2mn 2m?

3.z=1,c=3. 4

’ VaAm? = n?’ /4m? — nZ

22
5.2=2,z=2"7. 6.vV/m?+n?2 7.a<20. 8 ¢

' 9\/§cosa'
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§ 4. XuMuueckunin pakyabTeT

Bapuanr 1

5
1. -1. 2.2mm Lz < %+27rn; %+27rn<:c<7r+27rn;

ne€Z 3.10+4V3. 4.[15;40] B nponenrax. 5. (1) (—23;0),
(2) (—o0; —23) U (0; +00).

BapuanT 2
1.[-1;1)u(1;3]. 2.2;4. 3. ig— + 2mm; g+1rlc; m, k€.
4. 8. 5. PemeHuil HeT.

BapuanT 3

1.z=0. 2. 1<z <400 3.27rn,%+21rk,n€Z,k€Z.
4.12. 5. z=7,y=2.

§ 5. Buoslornyeckuit pakynbTeT

BapuranT 1

.1 * wk 2
1.—ﬁ:t—1§+?,kel. 2.13. 3.216 cMm®. 4. (12;-8).
5. 5.
Bapnaut 2
1 1 o
1.2rn;neZ. 2.1. 3. ——5;—5 . 4.573. 5.90°

6. (4;,-3;0); (2, -1;2).
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§ 8. 'eosrornyeckunii pakyabTeT
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§ 10. PakyIbTeT MCUXOJIOr U
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