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NMPEAUCJIOBUE

B 0OCHOBY JaHHON KHHUTH TIOJIOXXEHbI JEKIUH, MPOYHTAHHKIE aB-
TOPOM B YPajlbCKOM rocy1apCcTBeHHOM yHuBepcutrere uM. A. M.T'opb-
KOT0 VISl CTYAEHTOB-MAaTEMAaTUKOB CTapIIMX KypCOB. ITH JEKLUH
nocemany TaKXe HayuHble paGOTHUKH M HHXEHEepH, WHTepecylo-
Hpecs NPUAOKEHNEM METOLOB TEOpUH YCTOHUMBOCTH., YKasaHHOe
06CTOATENbCTBO ABUIOCH NPUYUHOA psla crennduueckux ocobeH-
HocTell npensaraemoro Kypca. C oqHOH CTOPOHBI, aBTOPOM PYKO-
BOAMJO CTPEMJIEHHE JaTh CJYyLLaTeJsM-MaTeMaTHKaM NpeACTaB-
JIEHHE O COBPEMEHHOM YDOBHE pa3BUTHSi TEOPUW yCTOHYMBOCTH,
MOKa3aTh CBsA3b 3TOH# TEOpUM C APYrUMH O6JACTAMH MaTEMAaTHKH,
MOSHAKOMHTb C HOBEHIUNMH METOJAMH WCC/IENOBaHMsA, HaKOHEI,
M3J0XKATh PE3yJbTATH CaMOTO aBTOpa W ero yuehukos. C apyroi
CTOpOHBI, aBTOpP NOHHMaJ, YTO CJAyWAaTead He IOJIKHH Obliu
YXOAUTb C JEKILMH, YHOCH B TOJOBE TOJbKO TFOJbI€ MaTeEMaTh-
yeckue KOHCTpyKuuu., I03TOMY Ha JeKLHMAX Kaxu/blifi MaTeMaTH-
veckuit (akT O6CYXKAAICS € TOUKM 3PEHHs €ro NPHMEHUMOCTH
M 1EHHOCTH B MNPHKJIAAHBIX .Bompocax. K coxanenmio, Mbl HE
HalllJIi BO3MOXHHIM BKJIOUHUTH BCE Takne 0OCYKAEHUsS B 3TY KHHIY,
onHako cneunduka nonbopa MaTepvasna OTPaXKaer B AOCTATOUHOH
CTEMEH! YKa3aHHYIO BBILE CUTYaLHIo,

B mepBo# riaBe paccCMaTpPMBAIOTCA BOMPOCH MeTOAa (yHKUUH
Jlanynosa. dror Merox G passur B Kuure A, M. JlanyHosa
«O6mas 3amavya 06 yCcTOHYMBOCTH IBIDKEHHS», BHILCRIEH U3
neuaru B 1892 r, [anpHetinieMy passuruio MeTOAa (YHKIHH
JisnmyHoBa Oblan mOCBSAEHE U3BecTHhie MOHorpadun A. Y. Jlypee
[22], H. T. Yeraesa [26], . T. Maakuna 8], A. M. Jlerosa [23],
H. H. Kpacosckoro [7], B. WU. 3y6osa [138] y nac 8 CCCP u
XK. Jla-Canas, C. Jleduiena [11], B, Tana [137] sa py6GexoMm.

B Haiue# KHure, nanexko He INpereHaywoiuled Ha MOJAHOTY, He
M3JI0XEHB AaXe B MOJHOM OGBbEME Te TEOPEMbi, KOTODHE BOIIH
B 3HaMmenuTyw moHorpaduio A, M, Jlamynosa. 3pech HaMu pac-
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CMOTPEHH TOJIbKO aBTOHOMHBIE CHCTEMBI. B snHe#HoM cayuae Ml
orpaHuunanch 063opom Qynkuu#t Jlanynosa T0AbKO B BHIE KBaA-
patuuHbix opM. B Heaunenom cayyae He o6CyxaaeTcs Bonpoc 06
0o6paTuMOCTH TeopeM 00 YCTOHUMBOCTH M HEYCTOHUMBOCTHM,

C npyro#i CTOpOHBI, B nepso# raase noapobHO oBcyxaaloTcs
BONPOCH YCTOHUMBOCTH IIpU JOOBIX HayaJbHbIX BO3MYLIEHHSX.
Kak wmssecTHO, ata Teopus BosHuKJaa B 1950—1955 rr. Ilepssie
CyLLeCTBEHHbIE pe3yabTaTH B 3To# 06aactu npunaanexar H.T1. Epy-
rudy [133—135,16]. A. W. Jlypre u W. I'. Mankuny npunan-
JIEXHUT 3acjayra TNPHUBJEUEHUS K YKa3aHHBIM BOMpPOCaM MeToaa
¢dyHKuuH JismyHoBa. 3HauuTeNbHYIO POJIb B PA3BUTAM TEOPUH YCTOH-
YMBOCTM B LIEJOM ChITpalyd TeopeMbl Tuma TeopeMm 5.2, 6.3, 12.2,
NPUBENEHHBIX B NepBoH riase. B 3Tux Teopemax CBOHCTBO yCTOH-
YuBOCTH OOYC/IOBJUBAETCA HajuuueMm QyHKuun Jlanynosa, umero-
Hiel 3HAKOMOCTOSIHHYI0, a He 3HAKOOINpPEeNe/eHHY, Kak 3TO Tpe-
OyeTcs B HEKOTOPHX Teopemax JlanyHoBa, NpOU3BORHYI0 11O
spemenn. Ocobas poab 3THX TeopeM OODBACHACTCA TeM, YTO
moyTH J06as NMONBITKAa TIOCTPOEHMs NPOCTHIX (PyHKUuH Jlanmynosa
sl HEJUHEHHBIX CHUCTEM HOPUBOAUT K (YHKUHMSAM C YKa3aHHBIM
CBOHCTBOM.

Ipu wsnoxeHnu marepuana nepsodl raasel B Mo60M yIOOGHOM
C/Iy4ae II0Ka3bIBaeTCsl METOAMKa NocTpoeHus GyHkuuit JlanyHosa.
B KoHue raaBbl QaHbl [MPUMEPHI, KaX b W3 KOTOPHIX NMPEACTaB-
JS€T CaMOCTOSiITE/IbHBI# HHTEpEC.

BTopas raasa mocBsil€Ha BONPOCAM YCTOHYMBOCTH CHCTEM
C nepeMeHHOH CTPYyKTypoR. C MaTeMaTHuUeCKOM TOUKH 3peHus
TAKME CHCTEMbl NPEACTABJAAIOT BeCbMa Y3Ku# Kaacc cuctem aud-
(depeHUNanbHBIX YPABHEHUH C DPAa3PHIBHBIMM MPABBIMM  UYaCTAMU.
OpHako wumeHHo Oaaromaps 3ToMy (PakTy aBTOpYy BMeCTe C ero
COTPYAHWKAMKM Y1aJs0Ch MNOCTPOHUTh OoJee WM MeHee MOJHYIo
M CTPOHHYIO TCODHIO IJi pPacCMaTpUBAEMOro KJacca CHUCTEM.
Caefyer OTMETHTh BAaXKHOCTb UCCAEAOBAHMA YCTOHYMBOCTH CHC-
TEM C NepeMeHHOH CTPYKTYpoO#, TaK KaK TaKue CHCTEMBI M03BO-
AAI0T OCYIUECTBJIATh CTabuAN3aluio OOBEKTOB C CYUIECTBEHHO
NepeMeHHHME MapaMeTpaMu. YacTb pesy/anTaTOB BTOPOH FJiaBbl
MOJyueHa COBMECTHO C WHXEHEDaMi, KOTODHE OCYILeCTBJsJIA
KaK paspaboTKy OTAEe/bHBIX HalpaB/eHu#l TEOpHH, TaK M MOIe-
JUPOBAHUE HCCACHYEMBIX CUCTEM.

Merton ¢ynkuuit JlanyHosa Takwke Haumies 30eCh CBOE NpuMe-
HEHHUE, OJHAKO 3aUHTEPECOBAHHBIA UATATEAb MOXKET O3HAKOMHTHCS
C COaepXaHWeM 3STOH rJ/IdaBhl HE3ABUCHMO OT MpeAbAyUIeH.
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B tperbeft rnaBe oGCcyxaal0TCs BOMPOCH YCTOHYHBOCTH peile-
HAll  auddepenunanbHEX  ypaBHeHulh B 0aHaXOBBIX TIPOCTpaH-
crBax. Hamepende BK/IOUMTBD 3Ty TIJIaBy B KHATY [OSBHIOCH
B cuay caedyownx obcrosTenncTs. Ilpexae Bcero, K MOMEHTY
Hauana paboTH Haj 3TOH raaBo# He Oblo MOHOrpadui u QyH-
JaMeHTalbHBIX paboT, MNOCBAIEHHBIX YKasaHHbBIM BOMPOCaM, 3a
ncKIoyeHnem cratet J1. Maccepa n 1. Weddepa [94, 95, 139, 140].
ABTOPOM PYKOBOIMJO TaK¥kKe e/daHue NPOJEeMOHCTPHPOBATL POJb
METOAOB ()YHKUHOHANbHOTO aHAalAH3da B TEOPMM YCTOHUMBOCTH.
IMepBhi#t pesyabTaT B 5TOM HampasjieHun npuHamaexut M. I Kpefi-
Hy [99]. B manpnesimem JI. Maccepa u JI. Lleddep, onmpasncs,
B yacTHOCTH, Ha MeToA M. I'. Kpetina, sHauuteabHO pasBuiu TEO-
pHI0 YCTOMUMBOCTH B ()YHKUHOHAJBHBIX NMpOCTpancTBax. K Momes-
Ty 3aBepuleHHs paGOTh Hal 3TO# I'1aBOH BBIIJIA U3 NEYaTH KHM-
ra M. T. Kpeiina [75]. OnHako pasinuyue HayuUHHIX HHTEPECOB
aBTOpa YKa3aHHOH BhHIIUE KHUFHM W aBTOpPa HGHHON KHUTH MPHBEJIO
K TOMYy, 4TO IepeceuycHHe pesyJbTaTOB HMEET MECTO TOJBKO
B OOLIAX BOMPOCAX.

OTMeTuM OCOGEHHOCTH H3JIOXKEHHs MaTepHasia B TpeTbe#l ria-
Be Hawe# paGore. Hamu naHa TpakToBKa 3aJaud O HAaKOMJIEHWH
BO3MYLIEHHH KakK 3alaya OTHICKaHH# HODMBI OMNEpaTopa, npeod-
pasylolero BXOMHOH curhan B BuXomHOH. [lanee, sHaunTesbHoe
mecTo yaeneHo teopemam JI. Maccepa n Il Llleddepa, npuuem
CHOBAa 3TH TEOPEMbl PACCMATPHBAIOTCA € TOUKH 3PEHUS HaKoIae-
HUSA BO3MYLEHHH, HO yaKe Ha M0JyOeCKOHEUHOM HHTEPBAJIE BPEMEHH.

B Hacrosiiee BpeMs CTaja OY€Hb pPacnpOCTPAHEHHOH TOuKa
3peHHsl Ha YCTOMYMBOCTb, KaK Ha yCTOHYMBOCTb [O OTHOLIEHHIO
K BO3MYLIEHUIO BXOJHOro curHaza. [Ipeanosoxunm, yro HEKOTOpOE
3BEHO CHCTEMBI aBBTOMAaTHYECKOTr O PeryJ/InpoBaHus npeoGpasyer BXO/L-
HOW CHFHaJ B HEKOTOPBIH CUrHa/. 3aKOH NpeoOpa3oBaHus STUX Cur-
HAaJ/IOB 333€TCs1 HEKOTODHIM ONEPATOPOM. Y CTOHYHBOCTH COCTOHT B
TOM, YTO Ma/IO€ BO3MYLILEHUE BXOHOIO CHIHA/Ia BHI3BIBAET MaJOE BO3-
MyHIeHHe BBHIXOZHOTO cHrHaza. C MaTeMaTHUeCKOM TOUKH 3peHust
yKa3aHHOE CBOMCTBO COOTBETCTBYET CBOHCIBY HENPEPLIBHOCTH pac-
cmatpuBaeMoro oneparopa. [Ipeacrasnser uHTEpeC XaTh BHYTPEH-
HIOI0 XapaKTepHUCTHKY TakuX oneparopos. Kak npasuso, aTa xapak-
TEPUCTHKA CBOAMTCH K ONUCAHWIO aCHMUTOTHYECKOTO MOBEAEHHs
matpuubl Kown (nepexoassix ¢yHkuwit). FiMenHo B TakoM naaHe
MH K paccMmarpuBaeM pe3ysbTathl § & u 6.

Curenyer 3aMeTuTh, UTO ACUMNTOTHYECKOE MOBEAEHHE MATPHILHI
Kownwu aunHefiHOH cHCTeMH NOJHOCTBIO XapaKTepH3yeTCsl MoBeAe-
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HUEM DeaKIW¥ 3BEeHAa Ha WMNyJbCHoe Bosmeficrue., Takum obpa-
80M, TeopeMel § 5 m 6 MOXHO pacCMaTpuBaTh KaK TeOQpEMbI,
ONUCHIBAIOIME MOBEIEHHE PEeaKHiH CUCTEMB Ha MMIYJbCHBIM CHr-
HaJl B 33aBUCUMOCTH OT MOBENEHUS CHUCTEMBl Npu AeHCTBUM BO3-
MyuleHu#t apyrux tunos. Ilostomy OGoJbluoe BHHMaHue yIENEHO
BOmpocam npeo6pasoBaHus MMNYJAbCHHIX BOBAEHCTBMH. 3aech Ha
6ase NOHATHS (PYHKUHH OrpaHA4EHHOH BAPUALWK WM TIOHATHS HHTE-
rpaia CTuaTbeca CTPOUTCS DJIEMEHTapHas TEOPHUs YCTORUMBOCTH 1O
OTHOIIEHMIO K HMNYJbCHHIM BO3JEHCTBHAM. YKa3aHHHH MOAXOA
TI03BOJIIET PAaCCMAaTPUBATL BOMPOCH YCTOHUMBOCTH B CMbicae Jlamy-
HoBa (T. €. BOMNPOCH YCTOHYMBOCTH MO OTHOIUEHHIO K HAYaJbHbIM
BOSMYILEHHsIM) U BONPOCH YCTOHYMBOCTH IO OTHOIUEHHMIO K I10CTO-
IHHO JAEHCTBYIOLIUM BO3MYIICHHAM C €AMHOH TOUKH 3peHus.

IMocaeannii naparpacg TpeTbed raaBsl NOCBALUIEH BOMIPOCAM NPo-
rpaMMHOro peryauposanus. Matepnan § 6 u 7 nsnoxeH Tak, yTo-
OB MPUMEHEHHE ero JUIsi PEMIEHHs 3a4a4¥ OCYLIECTBJIEHHS ABUNKE-
HUs TI0 3aJaHHOM TPAaeKTOpPHH He MpPEACTaBJAJIO 3aTPYAHEHuH.
EnuncTBEHHOE, YTO 34eCh MOTPE6OBaNOCh I/ Da3BHTHA TEOPUH, —
5TO TpPHUBJAEUYEHHE METONOB M Pe3y/bTaTOB TEODHH CPEeIHeKBai-
paTuyeckux npubanmxeHui.

Caemyer OTMETHTH, UTO TpPeTbsi rnaBa TpeOyer OT uuTarteas
HECKOAbKO OGosblIEH MaTeMaTHUECKOH NOAroToBKH. B 3TOH riase
MBl HCMOJB3YEM OCHOBHBIE MOHATYA (DYHKUNOHANBHOTO AHAAU3a,
C KOTOPHIMH . MOXHO TNO3HAKOMUTHCH, Hanmpmmep, no kHure [71].
Oanako Aas YROOCTBA UHTAareas BCE OCHOBHBLIE OINpEAE/eHUs
M MOJOWEHHS (PYHKUUOHANBHOIO aHa/nu3a, KOTOPBIMU Mbl [0Jb3Y-
eMcs B TpeTbed riaBe, mpusedeHsl B § | 3Tol raasel

B KoHue KHUrM npuBeneHa noipoOHas Oubauorpadus pabor,
MMEIOILUX OTHOILIEHHE K BONPOCAaM, DAaCCMaTPUBAEMBIM B KHHrE.

Astop Gaaromapen H. H. KpacoBckomy 3a ueHHbie 3amMedaHus
U COBETHL ’

B. A. Ta6yesa, E. W. I'epamenko, B. JL. acuios, C. T. 3asa-
aumiaH, A, ®. Kaetimenos, J1. B. Kncenes ykasanu MHe pad Henxo-
yeToB, AonylieHHnx npu odopmaeHun padoru. 0. K. Ceprees
NpPOBEJ MOAEJMPOBAHHE HEKOTODHIX PE3y/AbTaTOB BTOPOH IJIaBHL
BceM ykasaHHbIM TOBapWILaM aBTOP MPHHOCHT CBOW rayGokywo
6/1ar0JapHOCT.



T'JTABA ]
METOJ ®YHKL Ui JSNMYHOBA

A. M. JlanyHOB YCTaHOBUJ PsA OOMMX AOCTATOYHBIX YCJIOBUH
YCTOHYMBOCTH M HEYCTOHYABOCTH HEBOSMYIUIEHHOrO ABUKEHHS, ONK-
CBIBAEMOTO CHUCTEMOH OOBIKHOBEHHHX AnddepeHuralbHEX ypas-
nenuii. CBOAA BONPOC YCTOHYMBOCTH HEBOSMYLIEHHOrO IBUMXEHUs
K BOMPOCY YCTOHUMBOCTH MOJNOXeHus pasHoBecHs, A. M. Jlamy-
HOB CBS3bIBaJ (PAaKT YCTOHUMBOCTH WJIH HEYCTOHYMBOCTH C Hamu-
yneM QYHKUHH U(Xy, ..., X,), TPOU3BOJAHAS KOTODOH MO BpeMe-
HH, B39Tad COrNACHO cucTeMe IAnpepeHUHaNbHHIX YpaBHEHUH,
ob6aanaeT onpenesieHHBIMU CBOKCTBAMU. ‘

Onnako sHaueHue ¢yHkuuil JianmyHoBa Aaseko He MCUEpPIIBIBa-
eTcs npoGaeMoll yCTaHOBIEHHS (PaKTa yCTOHUMBOCTH, KaK ¥ HEYCTOM-
yupocTy. 3Hanue ¢yHKuun JIAMyHOBa AN KOHKPETHOH CHCTEMbI
ABTOMATHYECKOrO PEry/aHPOBaHUS MO3BOJSAET JAaTh OLEHKY M3MeHe-
HUsl PEryaupyeMol BeauyMHBH, OLEHKY BPEMEHH NPOTEKaHus Inepe-
XOMHOrO INpolecca (BPEMEHH pPEryJupoBaHHs), OLEHKY Kayecrsa
peryaupoBaHus.

C nomowsto ¢yHKuuH JIAmyHOBa MOMXHO OLEHHTh 00.1aCTb
MPUTSKEHUS, T. € MHOrooGpasue BCEX HayaqbHBIX BO3MYLLIEHUH,
MCYE3A0IUNX BO BPEMEHH, MOXHO OIEHWTb BJHAHUE MOCTOSHHO
neHcTByomux BosMylueHuHl. 3Hanme ¢yHxumu JlanyHosa nosso-
ASeT PEUlNTh BONPOC O HAJMMYUK WIM OTCYTCTBMM NEPEPEeryaupo-
* BaHMsl, C MOMOUIBIO 3TUX (YHKIMH MOXHO DeulaTh 3a1aud yCTOH-
YHBOCTH «B GOJBLIOMY», T. €. OLIEHMBAaTb 00/1aCTb HAaYaJbHBIX BO3-
MYUlEHnH, He BHIXOASUINX C TEYEHHEM BPEMEHH 32 NpEAennl 3alaH-
Ho#t 3apanee 006aacTH. B HEKOTOPHIX C/y4yasx 3HAHNE QYHKLUH
JlsnyHoBa 1no3BOJSET TaKKE PEIUUTh BONPOC O HANMYAH TMEPUOMIH-
YECKOro pemieHwus.

Onnum u3 HanbGosee TPYIOHHIX W HHTEPECHHIX BOIDOCOB TEO-
pun ycroHumBoctu Onia Bompoc 06 oOpameHnn Teopem JlanmyHo-
Ba.. HeoGxoaumo OblI0 BHISCHUTb, SBJASIOTCA AW JOCTAaTOYHBIE
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yCJI0BUs YCTOHYMBOCTY M HEYCTOHUNBOCTH, yKazauupe A. M. Jlany-
HOBHIM, HEOOXOIWMMBIMU YCJAOBHSMU. DTOT BOINPOC OKa3aJcsd Bax-
HBHIM HE TOJBKO B CHJY CTPEMJEHMA K JIOMMYECKOH 3aBepuLIEHHO-
cra  Teopuu. OOpautenne Teopem JlanyHoBa, OCyILECTBJIECHHOE
B pa6orax K. I Ilepcuackoro [141], J/I. Maccepa [4], E. A. Bap-
6awuna [25], V. T. Masaknna [142], H. H. Kpacosckoro [7], o6e-
CTEUNJIO YBEPEHHOCTb B CcuJae MeTola ¢yHkuu#l JlamyHoBa, kax
YHUBEDCAJbHOrO METOAA JJS DEellieHHs 3aj1aud yCTOHUYMBOCTH.

Onuako Merodsl mnocrpoenus ¢yHkuu# JlsnyHosa, xopowo
pa3paboTaHHBE YKA3aHHBIMH aBTOPaMy, XOTA M MO3BOJMIW YCTa-
HOBATb (PAKT CYHIECTBOBaHUS 3THX (DYHKUUH, HO HE OBIN HACTOJIb-
KO 3(h@EKTUBHBHIMHU, YTOOH WMU MOXKHO OBIIO IONL3OBATHCS MPH
UCCAEAOBAHNU KOHKDETHBHIX CHCTEM.

Cnenyer 3aMeTHThb, YTO I/ aBTOHOMHOH Juue#HOB cucTeMn
cnioco® mocTpoeHns (yHxuuft JismyHoBa Obl/I yKasaH elle camuM
A. M, JlanyHoBoIM. DTOT cnoco® naeT BO3MOMXHOCTb MOJYUMTh
takxke @yukuuio JIAnyHOBa B JOCTATOUHO Maao# OKPEeCTHOCTH
TI0JI0XEHHS PABHOBECHS HeanHeHHOH cucteMsl. 3HauuTebHO GoJsee
TPYZHOH sBJjgeTcs npo6JeMa NOCTPOeHNS (QYHKIMK B 3adaHHOH
o6aacT (Pa3oBOro MPOCTPAHCTBA HeAUHEHHOH cucTeMsl. B Hampas-
JEeHHH pelieHus 3To# npobieMsl paboTany MHOIHE MaTeMaTHKH
¥ MEXaHUKHW; WMH CO3IaH AOCTaTOYHO OOraThif 3amac KOHKPETHHIX
dysxuut JlsnyHoBa A8 HENWHEHHBHIX CHCTEM CMENMANbHOTO BHIA,
HO /IO HACTOSAILEro BPEMEHH HE CYIECTBYeT HAAeXHOro, NpPOCTOro
n Xopowo paspaGoTaHHOIO aAropuTMa, TO3BOJSIOUIErO MOCTPO-
uTb GyHkuuio Jlanynosa aas moGoli  HemuHeRHOM cucTeMsl.

B sTof riaase, Hapsdy C U3N0XKEHUWEM TeopeM 06 ycToHuu-
BOCTU ¥ HEYCTOHUMBOCTH, Mbl Ia€M NPHMEPH UCMOJIb30BAHUS (DYHK-
uv# JlamyHoBa Aas pellieHust 3a4ay OUEHKHM BPEMEHM peryaupoBa-
HAg, OlIEHKH 06JacTu JONYCTUMBIX BO3MYlleHUH, OLEHKK obaactu
NpUTSKEHUS U T. M.

Kpome TOro, Hamu ykasaHo HauGonee paclpOCTPaHEHHBIE
npueMb nocTpoenns ¢ynkuu#t JlanyHoBa Ang HequHeHHBIX CHc-
TEM W MPUBEAEHbH COOTBETCTBYIOUIME NPHUMEDH MPUMEHEHHs 3TUX
NPHUEMOB.

§ 1. OueHka u3MeHeHud pemeHuii

Paccmotpum cuctemy AuddepeHunalbHpX YPaBHEHu#H

dxi

-d-tr=X,-'(xl, cre xn) t); l:l, 2: ceey I (1-1)
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‘TIpeanonoxum, uto npassie yacty cucremsl (1.1), T. e. PyHKUMM
X;(Xy ..., X, 1), HENPEPBIBHE B HEKOTOPOH OTKPHITOR 06/1aCTH
D, xoropas MOXET COBNalaTk CO BceM mpocrpaxcTsom. Ilpenmno-
JOXKHUM, KpoMe Toro, uyto OyHkuun X; (X, ..., X, ) yHosjie-
TBOPAIOT B /MoOOK 3amkuyro# obaactu G, aexawedt 8 D, yciao-
Busim JIumunna 1o nepeMeHHmM Xy, ..., X, KssecTHas Teopema
rapaHTAPYET B 3TOM CJAyuae CYLECTBOBAaHNE E€IMHCTBEHHOrO pelue-
U x;=x;(t, X3, ..., xXn), i=1,2, ..., n, yLOBAETBODAIOILErO
HauyaJbHBIM YCJAOBHAM X; (fy, X1, ... X5)=x}.

3ametuM, uTO peleHne x =x;({, X, ..., X) MOXeT Cyule-
CTBOBaThb HE I BCeX 3HayeHni f, — co << oo, a TOJAbKO Ha
HEKOTOPOM KOHEeuHOM npomexyTke. Ecam ke perieHne omnpenene-
Ho Aas mo6oro sHadeHds f, TO HA30BEM HT0 peEllEHHE npodos-
oicaemsim. Ecin peuleHne He BHXOIUT 3a Npelessl HEKOTOPOH
orpaHuyeHHOH o6aacty, To ouo Oyder mponomxaemsm [3]. Cymie-
CTBYIOT W Apyrue, 6ojiee oOLLME KPUTEPHUK NPOLONKAEMOCTH; Mbl
UX TPUBOLNM B TDETbell rJaBe.

IMpasbie yactu cucremsl (1.1) Mpr OyziemM TpakroBath B Aa/bHeli-
1LEM KaK MPOEKWHHN NIepEMEHHOr0 BeKTopa ckopocTd X (X, Xy ...,
X,), a BenunHy ¢ OyJeM UCTOJKOBBIBaTh Kak Bpems. Toraa cucre-
ma (1.1) safaer 8aKOH /[BHXEHHS HauaqbHOH Toukum M, (xy,...,
Xpn, t) n-}- 1-mepHoro ¢a3oBOro MpOCTPaHCTBA [0 TPAEKTOPHH

X;j=x;({t, X3 ..., xp), i=1,2, ..., n

B naabuetimiem cucremy (1.1) MBI 4yacTo Oyaem B3aluCHIBATh
B BEKTOpHOH dopme, T. €. B BUIE

dx

'E:X(x, t). (1.2)
Peitennem »ToH cucteMpl OyAeM CuMTath BEKTOPHYIO (YHKUHIO
X (t) c npoekuusmu Xy (t), ..., X,(f). Yepes || x || oGosnaumm
HOPMY BekTOopa Xx. B mpocrefilieM cilyuae HOpMa BEKTOPA MOXET
COBNaAaTh € €EBKJUIOBOM [JIMHON BEKTODPA, T. €. OMNPEAENATHCH

no ¢gopmyae
n
ol =Y )"

i=

HopMa moxer Ouith oOnpeae/eHa M ADYTruM CIocoOOM; yKaxem
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ABa ApYrux 4acro BCTpEUHaloUIUXCa cnocoba 3amaHus HODMBI!

¢ | =max | 5 |

|Ix||=2|xi|~
=1

OueBnano, BBeIeHHe HODMbl B ()aBOBOM NMPOCTPAHCTBE HaeT BO3-
MOXHOCTb BBECTH MOHATHE OJM30CTH TOYEK NPOCTPAHCTBA H,
CJe0BaTeNbHO, MOHATHE NPEAEJbHOr0 Nepexona. JIerko BHAETS,
YTO €CaM MOC/IENOBATEJIbHOCT BEKTODOB X™ CXOAMTCH K BEK-
TOPY X B CMBICJIE OJHOH U3 yKa3aHHBIX HODM, TO OHa CXOXHUTCS
n B cMpicsie ao0ofi U3 HBYX Apyrux HopM. IIpuHsTO rosopurs
B 9TOM CJyuae, uTO YKa3aHHLIE HODMHB #0N0AOUYECKU 3KBUBQ-
AEHMHbL.

B nanbuefimem Ham Oyner HyxHa caedylomas JeMMa.

Jlemma L.1. [lycme u(t) — nenpepoignan yrKyus, yoos-
nemeopswouan npu t >t, HepageHcmsy

t
0uty<3+{ (n+Lu@)at, (1.3)

t

20e 3, m, L—nocmosnnse u 8=0, 7=0, L>>0. Tozda
uMeem Mecmo Hepagercmeo

n(@®)<FE T — 1yt 0, (1.4)

B camom nene, npu =1, HepaBeHCTBO (1.4) BHINOJHSIETCS.
B cuiy HenpephlBHOCTH (yHKUMM u () HepaseHctBo (1.4) Oyaer
CHpaBeluBLIM © TpH f >f;, €ClAH TOJNbKO pasHocTb f — £, 10~
craTouHo Maia. Ilycrs £ =t — Oamxaiiinli MOMEHT BPEMeHH, NpH
KOTOpPOM HepaBeHCTBO (1.4) HapymwuTcs, T. €. IpeBpaTHICH B pa-
BEHCTBO.

PaccmarpuBas HepaseHCTBO (1.3) mpu ==t ¥ MOMHS, YTO Ha
noayvHrepsane ¢,<<f< <t HepaseHcTBo (1.3) wuMeer MecTo,
HOJYYUM

u('c)<8—§—§ (n+L[—2 (¢t — 1)+8e“‘"°’]>dt.
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HpOBelIﬂ UHTErpupoBaHue U MOACTaBMB npeaeinl, HoJaAyYUM He-
PaBEHCTBO
L(t— tg)

u(r)< (" TV— 1)+ 3 .

nporusopevamiee BHOOPY <.

Wcroapb3ys NOKasaHHylo cefiuac neMMy, AaiuM OUEHKY H3Me-
Heuns peweHudt cucrembl (1.2), COOTBETCTBYIOLIETO W3MEHEHHUIO
HavaJbHHX YCJOBHH M NpPABBIX 4YacTel CUCTEMBL

Hapsiay ¢ cuctemo#t (1.2) paccMOTpUM CUCTEMY:

Y_ X RO, B, (15)

Mycte B obnactu D npu f<<t<<fy—+ T BuNOAHAETCA Hepa-

BEHCTBO
IRy O < (1.6)

PaccmoTpum pemenne x =x (f, x") cucremm (1.2) u pemeHne
y=y(t y°) cucremn (1.5). IIpeanonoxum, uTQ HauaJIbHHE yC-
JI0BUS, ONpeAensioline pacCMaTPUBAEMbIE pPELIEHUs, YROBJIETBO-

pAIOT YCIOBHAM
Iy = <3 (1.7)

3anuuem Temepb ycaosus Jlummuua mia cucrems (1.2) B
BUJE HEpaBeHCTBa

| X0 =X HI<Lly—x]|, (1.8)

rae L — HEeKOoTOopas MOCTOAHHas.

Teopema 1.1 (06 oueHKe OTKJAOHEHHs pelie-
uuh). [Tycms 8einoanens ycaosus (1.6) —(1.8), mozda npu
ty<<t<<ty-+ T umeem mecmo oyexka

Iy@—x®|<FE =D 9

[lns DoKasaTeabCTBA OLEHKH mpeicTaBuM ypasHenus (1.2) u
(1.5) B BUAE HHTErpanbHLIX ypPaBHEHHH

xO=x"+ { X(x, t)dt,

o

t
y(t)=y°+§ (X (3 B+ R Dldt.
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Hmeem
t

ly@—x@®<y'—=1+§{II X0 H—X(x O +

to

+ IR, | }dt.  (1.10)
Wcenoabsya nepaseHcrea (1.6) — (1.8), noayunm

t

ly@®—x@® | <3+ fa+Lily®—x@ |} at.

t

HyxHas Ham OueHKa HEMOCPEACTBEHHO BHITEKAET TENepbL w3
aemmer 1.1,

OrMeruM uactHee cayyad, Eciau 8BO3MyweHH TOMbKO Ha-
YaJbHBIE YCJAOBHSl, a MPAaBHIE YaCTH HEU3MEHHH (Cayval He#cT-
BMsl MIHOBEHHBIX BO3MyllleHu#l), 10 umeem. =0 n ouenxa (1.9)
uMeeT BHA

ly®—x() || <de" 7.

Ortcion3, B Y4aCTHOCTH, BHAHO, 4TO, BLIGHPas § ZOCTAaTOUHO MAJHIM
Ha oTpeske t, <<t =<fy-} 7, MOXHO YAOBJETBODHTb HEPABEHCTBY
Ily (&) — x (t) || <e,rae ¢ — npoON3BONLHOE NONOKUTENLHOE YHCAO.
D10 O03HauyaeT, 4TO pelleHue ypasHeHus (1.2) sBaserca Henpe-
pHBHOH QyHKuveR HauanbHBX AaHHbIX. OTMeueHHBbI celiuac dakr
MOXHO TPaKTOBaTb KaK CBOHCTBO yCTOWUMBOCTH PELIEHHH CHCTEMH
(1.2) Ha KoHeuHOM uHTepBajne BpeMeHH. Takum o0pasom, cBO#-
CTBO YCTOHUMBOCTH pellleHWH HA KOHEYHOM HHTEpBaJie BPEMEHH
npucyute Jmobo#t cucreMe OOHKHOBREHHBIX AnddepeHunanbHbx
ypaBHeHuH.

Ecin we 83=0, a 20, To MH KMeeM Cayyall MOCTOAHHO
JefiCTBYIOIIMX BO3MyuleHuH, W oueHka (1.9) npuHumaer Buz

lyO—x®OI<FE " =1

OueBUIHO, A/ 33IaHHOTO & MOXHO MOA0OpaTh TaKoe 3HaueHue T,
uTQ Ha OTpesKe fy<<fi=Ct,—+ T Oyldem uMers

Iy @—x@® [ <

Artor nocaeqHui GakT eCTb BhpaxeHue CBOWCTBA HENMPEPHBHOCTH
peliieAns B HEKOTOPOM (P YHKUHOHAMLHOM NPOCTPAaHCTBE MpPaBHIX
sactelt. B wactnocTy, ecam npasbie yactH cuctemsl (1.2) wenpe-
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DHIBHO 3aBHCAT OT HEKOTODOro mapaMerpa A, TO U3 MOJYUYEHHHX
OLIEHOK CJelyeT HENMpPEPHBHOCTb PelleHHs CUCTEMb 110 JIaHHOMY
napameTpy.

" Ecau npasele yactu cuctemut (1.1) He 3aBUCAT OT BpeMeHH ¢,
TO Mbl Ha3oBeM 3Ty cucTemMy asgmoromHuod. Tlycrs Tenepb cu-
crema (1.1) aBTOHOMHA M TPEANIONOKUM, KPOME TOro, UTO BCe
pewtenus cucreMsl (1.1) mpodo/mkaeMmsl, T. €. ONpeleseHb Ais
mo60ro MOMeHTa BpeMeHHW f.

PaccmMoTpuM B (pa30BOM MPOCTPAHCTBE aBTOHOMHOH CHCTEMbl
TOUYKY p (X}, ..., Xp) U 0003HaUUM TOUKY

gl (t x5 ooy X0 oaey Xu (G X, ooe, x0)

yepes f(p, ). Takum o6pasom, ueped f(p, t) o6osHavaercs noJo-
XEHWEe TOYKHM p, KOTOPOE OHa 3aliMeT uepe3 NPOMEKYTOK Bpe-
MeHu f, nBurascb Mo Ttpaekropuu cucrembl (1.1). Ecam ¢ dux-
cupoBano, To QyHkuua f(p, t) ocywecrsaser orobpaxenue ¢aso-
BOTO NMPOCTPaHCTBa HAa cebf. ITO OTOGpaKeHne, KaK CJelyer W3
TEOpEMH CYLIECTBOBAHUS M €AMHCTBEHHOCTH pelleHu# W u3 1o-
AYYEHHBIX HAaMH OLEHOK OTKJOHeHusi peLieHuil, " 6yaeT B3aWMHO
OIHO3HAUHHIM M B3aWMHO HeENpephBHbLIM. KpoMe TOrO, JETKO BU-
aetb, uto dynkuus f(p, t) oGaasaer cBOHCTBOM

fU P ), )=f(p, i+ t3). (1.11)

Ms ceoiictea (1.11) (kotopoe Mbl OyldeM Ha3blBaTb 2pyHNOBbLM
c8olicmgom NMHAMHUYECKOH CHCTEMBI) CJIEAYET, YTO COBOKYNHOCTb
otobpaxeHul oOpasyer ozmonapameTpnqecxyro rpynny otobpa-
KeHuH (Ha3oBOro npocTpaHcTBa [3].

§ 2. Onpenenenue ycroitunBoctd. BoiBox ypaBHeHHH
BO3MYIIEHHOTO ABHKEHUS

Paccmorpum cuctemy auddepeHuuantbHbX ypaBHEeHHR

=Y, t). (2.1)

Boinenum HekoTopoe asuxeHue y=—f(f) cucrems (2.1) u
Ha30BEM €r0 HE803MYUeHNbIM NBUKEHUEM.

Jlpmxenne y—f(f) nasoseM ycmoduusum 8 cmsicae Jlg-
nyrosa, ecau s Beakoro € >0 moxHO ykasatb 8 >0 Takoe,
y10 M3 HepasencTBa ||y (fo) — f (fy) || <3 caenyer mepasencto
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ly@®—f@® || <e npu t=t, 3mecb uepes y(f) 06osHaueHo
mo6oe znpyroe peiuenue cucremsl (2.1), omnpeneasemoe Hauasb-
HBIME ycnoBusmu y (f,). IBmienne y ==f () uasmBaerca acumn-
momuuecku ycmoiusum 8 cmoicae JIgnyHosa, ecaum OHO
yCTOHuMBO B cMbIcae JlamyHOBa M €C/M  CyWECTBYeT TaKoe Io-
noXHuTEAbHOE uynca0 h, uto npu ||y (t) — f(ty) || <h OGyaem
HMETb

lim |y (O —£ @) || =0. 22)

Ecnn pewenne y (f) crpemurca k f(f) npu f— co pasHo-
MEPHO MO OTHOIUEHHIO K fy, TO ACHMITOTHUECKas YCTOHYMBOCTb
Ha3BIBAETCA pasHoMepHOL omHocumesro ty. Ecau pasHoMepHOCTD
CTPEMJIEHNS K IPENENY HMEET MECTO MO OTHOIIEHHI0 K Hauajb-
HEIM YCI0BUSIM ¥ ({p), TO roBOPAT, 4TO pelienue y=f(f) paswo-
MEPHO ACUMNMOMULECKI YCMOUHIBO NO OMHOUEHIIO K HAYAA-
noem ycaosusm. Ecmm cucrema (2.1) aBTOHOMHA, T. e. mpasbie
YaCTH HE 3aBUCAT OT f, TO aCHMNTOTHYECKAd YCTOHYMBOCTL Oyaer
BCErJa pasHOMEPHOH OTHOCHTEJBHO HAaYaAbHBIX NAHHBIX. ITOT
¢akt Owlan ycraHoBieH B pabore Maccepa [4].

Ecmu msuxenne y =f(f) ycro#iuuso no JlsnyHoBy u cooOT-
Homenue (2.2) cnpaseaanso Ajs peiieHnH y (f), onpenenseMbx
MoOLIMH  HauaJbHBIMM JaHHBIMH, TO TrOBOPST, YTO IBHXKEHHE
y =7/ (t) acumnmomuunecku ycmod4uso npu A1066.X HAYANLHELX
0aHHbLX (AU QCUMRIMOMUMECKU YCMOL4UBO 8 Heaom).

IlpoBenem B cucreme (2.1) 3aMeHy nepeMeHHHX X =y — f (f).
Hosas cucrema Oyzer umerb Bul

B=Yw+rO H— YO, By
BRoas 0003HaueHue
XX, =Y+, =Y (@), ),
MOJYYHM CHCTEMY
=X ), @2.3)

raie X(0, £)=0 npu t=+¢,

Cuacrema (2.3) onpeneaser InddepeHUHaNbHEE YDaBHEHAS.
BOSMYIIEHHOIO 1BUNKeHHMS. [lBmkenue y=f(f) nepewno npu
paccMaTpuUBaeMOH 3aMeHE TepEMEHHBIX B IOJOKEHHE PaBHOBECHS
x == 0 HoBo# cucTeMl. 3alaya yCTOHYMBOCTY JABHNKEHUA y == f (£)
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NepexoluT, TaKUM 0GpasoM, B 3a4auyy YCTOHUYMBOCTH HYJEBOrQ
pemenus x =0 cucremn (2.3).

Cdopmyaupyem Tenepp onpenesieHue yCTOHUMBOCTH HYJIEBOrO
pewenns x =0 cucremn (2.3).

Pemtenne x =0 cucremn (2.3) HasbiBaeTCa ycmoiiusum 8
cueicae Jlanynosa, ecau aas moGOro MONOKHUTENBHOrO YHCHR €
MOXHO YKa3aThb [OJIOXKHMTEJbHOE YHCJAO § TaKoe, YTO M3 Hepa-
Beucta || x (%) || <3 caenyer npm £ >>f, HepaBeHCTBO
[x@®]|<e Ecam xe, KpoMe TOro, BCKOe penieHue X (f), Ha-
Ya/bHble JaHHBIE KOTOPOTO onpenensiorcs ycaosueM || x (¢y) || <A,
obananaer csoitcteoM lim || x(f) || =0, To Hynesoe pelienue

t— oo

HasBIBAETCA ACUMNMOMUYLecKu ycmoiiusom 8 cuvicae Jlany-
HoB8a. AHA/NOrMYHO BBOJATCSA NOHATUS PAsHOMEPHOH aCHMOTOTH-
YECKOH YCTOHUMBOCTH M YCTOHYMBOCTH B LEJOM.

§ 3. ynkuuu Jlanynora

PaccMorpuM (yHKUMIO U (Xy, ..., X,), ONpeaeaeHHyo B (a-
30BOM IPOCTPAHCTBE MEPEMEHHMIX X3, ..., X, HENPEPHIBHYIO B
HekoTopoi obaactu D, BKmoyawomed B ceGs HauaJo KOOPIMHAT.
[Ipeanonoxum Takke, uTo QYHKUUA V(X4 ..., X,) obaamaer
B oOsnacty [ HenpepuiBHHIMH YaCTHBIMH MPOM3BOJHBIMA,

dynakuno v(Xy, ..., X,) HA30BEM ONPeO0CAEHHO NOAONHCI-
measHoil 8 obaacmu D, ecan Bcoay B obaactu D, Kpome
touku O (0, ..., 0), umeer mecto HepaseHctBO v > 0. Ecan xe
BLINIOJ/HAETCA HepaseHcTBO ©<_0, To ¢QyHKUMS © HasbiBaerca
onpedenenno ompugamensroi. B Tom u ApyroM cayuae dyHKIus
MOXET Ha3bBaTbCA TAKKE 3HAKOONPeOeAeHHO.

Ecan 8 obaactu D nMeer MeCTo BCIOAy HepaBeHCTBO v =0
iy HepaBeHCTBO v << 0, TO QyHKUMS U HA3hIBAETCA 3HAKONO-
CMOAHKOM, TIPUYEM B MEPBOM CAydae (yHKUUS T MOKET ObITh
TaKKe HasBaHa 3HAKONOAONHCUMEAbHOW, 3 BO BTOPOM — 3HAKO-
ompuyamensHol. )

Ecan ¢ynkuus v npunuMaer B o6aactd [ 3HayeHus Kak
NOJNOXUTENLHOIO 3HAKa, TaK W OTPUIlAaTENbHOrO, TO B 3TOM Cly-
uae v Ha3bBAT 3Harxonepesmenrol Pyuxyuel. Hanpumep, dyHk-
uus v==X{ - x; — x3 Oyder 3HaKonepeMeHHOH (yHKuueH B
MPOCTPAHCTBE MNEPEMEHHBIX Xy, Xy X3 a4 QYHKUMA V==X]-}
~ X3 -+ X3 — OnpeNeJeHHO MOJOKUTENbHOR B 5TOM [IPOCTPaH-
cree. QyHKUMA v==X] - x; OyIeT, ONHAKO, 3HAKOMOCIOSHHOH B
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NPOCTPAHCTBE MEPEMEHHBX X, X3, X3 (TaK Kak OHa oOpauiaercs
B HyJab Ha ocu Ox;) ¥ 3HaKoONpedeJeHHOR B NMpOCTpaHCTBe fe-
PEMEHHHX Xy, Xq.

Yame Bcero Mbl Oyaem uMeThb €40 TOJABKO C KBaapaTHu-
HHIMH  (OpMaMK NEPEMEHHHX Xy, ..., X, Ouesnano, mobyo
KBaIpaTHUHY0O (GOPMY MOXHO 3anucaTth B BHAE

n
V= Z QipXiXp TAE Qjp == Q.
k=1

CoctaBuM Matpully Ko3QduitMeHToB 3TOH HOPMBL

A=l|. . . ..

Auy o.. Auy

aqy ... Qqp
Ap=i| . . . k=1, 2, , N
akl . akk ’
Ecan umelor Mecto HepaseHctsa A, >O0npu k=1, 2,...,n,

To thopMa v OydeT ONpPeNeNeHHO MOJ0XKUTEeNbHOH.

CnpaseanuBa u ob6paTHass TteopeMa, T. e. ycaosus A, >0,
HasniBaeMbie Kputepuem Cuibsecrpa [B], ssasiotcs HeoGxomu-
MBIMH ¥ JOCTaTOYHBIME [JIfi  ONPEAENEHHOW MOJOKUTENbHOCTH
¢dopmy v. U3 kpurepus CuabBectpa Jerko BbIBOAUTCA HeoOXo-
JUMOE ¥ [OCTAaTOYHOE YCJOBHE OINPENeNeHHOH OTPHLATENbHOCTH
¢opMBl v. DTO YCJIOBWE 3aNKCHIBAETCA B BHUAE HEPABEHCTB

A0, A0, A0, ..,

T. €. onpeaeauTean A, NOMKHB HROCJENOBaTENIbHO UepeloBaTh
8HAK, NpHYeM 3HaK A; HOMKeH ObiTb OTPHULATENBHBIM.

B nanpHeliliem M OyaeM u3yuaTb noseleHue GYHKUMH
v(Xy, ..., X,) BAOMb TPaeKTOpu# wu3yuaemoli cucremsl Audie-
PEHIHATbHBX YDaBHEHUH, ¥ HA OCHOBAHMN 3TOro UayuyeHus Oylem
Jles1aTb BHIBOJX O TMOBEIEHUH TPAaeKTOPWH paccMarpuBaeMo#t cu-
crembl. Pyuxmun v(xy, ..., X,), UMEOIINE YyKadaHHoe cefivac
HasHaueHWe, NMPUHATO Telepb HaswlBaTh ymrxyuamu Jlanyuosa.

Cdopmyanupyem Teopemy O CTPYKTYPE MOBEPXHOCTH YPOBHS
3HaKOONpeAeneHHON  PyHKuuy JlanyHosa,
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Teopema 3.1. Ecau dynxgun v(xy ..., X,) 3Haxoon-
pedenenna, mo cywecmsyem maxoe nosoxcumensHoe wucao h,
4mo 8ce noBepxHocmu yposHa v=c, 20¢ |c|<_h, asanawomcs
3amrnymomu omuocumensno mouku O nosepxHocmamu.

3ameTuM, YTO MH Ha3biBa€M MOBEPXHOCTb U==C 3aMKHYymol
omuocumeasno mouxu O, ecan Ha JOGOH HENpPepsIBHOH JIUHUH,
coenunsomel Touky O ¢ ToukoH rpaHuubl obaactu D, umeercs
Mo KpalHeH Mepe OJHa TOYKa, B KOTOpPOR v=c,

e
Y
ol

Puc. 1.

Ilns DOKa3atenbCTBA TEOPEMbI NMPEANOAOKUM LIS ONpeseseH-
Hocth v _>0 u paccmoTpum map J, € UEHTPOM B Hauale KOOp-
I¥Hat W paaumycom, pasHeiM R. Ilpeanonoxum, uto (pyHKuus v
onpesiefieHa Ha STOM iwape (BkJiiouas ero rpanuuy Sp). Takum
06pasom, B KauecTse obnacti D Mbl BosbMeM wap Jpo=Jp|J Sp.
Tak Kak (yHKUHS U HENMPEphIBHA, TO Ha 3aMKHYTOM OrpaHHuYeH-
HOM - MHOXeCTBE Sy, rpaHuue apa, 3Ta (QYHKUMA [OCTAraeT
CBOEro MHHHMAJbHOrO 3HaueHus, KOTopoe o00603HauuM uepes h.

CoeannuM Temepb Touky O C Kako#-an6o TOYKOH p, Jexa-
e Ha rpaHuaue SR, HEKOTOpOH HernpepbiBHOW JHHUEH x ==X (S).
Tax kak B Touke O ¢yHKUMS © paBHa Hymo, a v(p)=h, u
TAK KaK (PYHKLHS U MEHSIeTCs HeNpephiBHO BAOJb HENpEPHIBHOH
KpuBoH x==x(8), TO QyHKuM v HEoOXOAMMO B HEKOTOpPO#H
TOUKE 3TOH KPWBOH MpPUMET 3HAYEHWE V=C.

Takum oOpasoM, BHYTpH wapa Jp JA€XHT B3aMKHYyTas 4acTh
MOBEPXHOCTH U==(¢; HE WCKJIOYaeTCS BO3MOXKHOCTb, 4TO ApYrue
yacT 3TO#f INOBEPXHOCTH PpAaCMONONKEHB 3a MpefieaMu 3TOro
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wapa. Takas BO3MOXHOCTb Peaausyercd, Hanpumep, Aaa (QYHKLAH

_ xﬂ y2
U=t T
C mpyro# CTOPOHH, (QYyHKIHS v=—1—_—lx_—g-xT -}y naer uam npu-

2
Mep (yHKUME, JHHAM YPOBHA KOTOPOMH —Trx_x—2+y‘3xc npu

c¢==1 Heorpauuuens, a npy 0< ¢ <1 3aMKHYTH ¥ OrpaHUYEHHI
(puc. 1).

OfHAaKo 3aMeTuM, 4TO €CJHM OMNpPEIeNeHHO MOJOKHUTEAbHAN
(yHKUMS T 9dBJASETCS HEOrPAaHMUEHHO pactymlel npu X —» oo,
T. €. Aas awGoro uncna A>>0 MowHO ykasate cdepy Sp, BHeE
KoTOpoH Oymem umers U > A, TO HOBEPXHOCTH YDOBHA 3TOH
(yHxuun OYAYT OrpaHUYEHHBLIMH TOBEPXHOCTAMH.

§ 4. Teopemn JlamyrHoBa 06 ycToiuMBOCTH

Hanum Tenepb psA AOCTATOYHHIX MPH3HAKOB YCTOHYHBOCTH,
B OCHOBE KOTOPBIX JE€XKHUT MOHATHE PyHKuuM JlanyHosa.
Paccmotpum cuctemy AnddepeHunansbHuX ypaBHEHUH

W Xi(op s ) 1=1,2 0, 1 (4.1)
npasele uact¥ Kortopo# X;(Xy, ..., X,) HENPEpLBHH H yIOB-
JETBOPSIOT ycaoBusiM Jlnmiuua B HexoTopo#t obaactu D daso-
BOrO NpOCTpaHctBa, BKmouawwel touky O(0, ..., 0) Bmecre
C ee HEKOTOPOH OKpPecTHOCTbIO. IIPeAno/oKHM BHINOJHEHHBIMHU
yeaosus X; (0, ..., 0)==0, torma rouka O Gyzer ocobo#i ToU-

Kofi cucrembi (4.1) uam, 4TQ TO Ke, MONONKEHHEM PABHOBECHS
sroll cucrempl. Ilpassie yactu cuctemnl (4.1) B paccmatpuBaemMom
Cl1yuae Mbl NOJaraeM He 3aBHCAULUMH ABHO OT f, T. €. CYHTaeM
CHCTEMY aBTOHOMHOR, '

Teopema 4.1 (teopema JianyHnoBa 006 yctofhuu-
8ocTH). Ecau oan cucmene (4.1) cymecmeyem 8 o6racmu D
3HaroonpedeseHras PyHKGUA U, npou3gooHas Komopod no
spemenu v, 83aman 8 cuay cucmems (4.1), sg6sanemcsa 3ua-
KONOCMORHKON PyHKYued 3HAKA, NPOMIEONONONCHO20 3HAKY
PYHKYUN T, MO NOAOJHCEHUE PABHOBECUSA YCMOU4UBO 8 CMbicae
JianyHosa.
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Jloxaxem teopemy. Bynem o6osHauaTe yepes J, BHyTPEHHOCTb
wapa paauyca ¢ ¢ uewtpom B Touke O, uepes §, — cdepuue-
CKYI0 TOBEPXHOCTb 3TOrO 1apa.

[Tycte ans onpeneneHHocTd v OYAET ONPEAEAEHHO NOJOXKHU-
teabHol (ynkuued. IIpeanosoxum e Takum, 4to J, JeXuT B 00-
asactd D, n nycts /-— MUHUMaJbHOE 3HaueHWe QYHKUMM U Ha
chepe S,. BribepeM MONOXKHTEJNbHOE HYHCIO O TaKAM, 4ToOb B
TOYKAX 11apa J; BHIOJHAIOCH HepaBeHCTBO U</ W MyCTb p—
npousBOJbHas Touka u3 J, Paccmorpum Ttpaexropuio f(p, f),
BHIXOJSIIYIO 43 TOUKH p, U JOMYCTHM, YTO OHa nepeceuer cdepy

n
S. B Hexoropo#t Touke ¢. Tak kak U= Z g;-_ X;=<0, TO
=
GyHKuMs v He BO3DPACTaeT BAOJAb TPAEKTOPHH U MO3TOMY Oyaem
umets v(q) << v(p)<, C Apyro# CcTOPOHB, TaK Kak /— mu-
HUMYM YHKIUY ¥ Ha S,, TO NO/MKHO BHINOJHATLC HEPaBEHCTBO
v(g) ==/ [IlonyueHHoe TPOTUBOPEYHE [OKa3bIBAET, YTO TOYKa
f(p, t) He BHifiZeT C pOCTOM BpeMeHH 3a npeaeisl chepn S,
Teopema noxasaHa.

[Mokaxem Tenepb, KAK MOXHO HCMOJb30BATb CXEMY HOKa3a-
TENbCTBA TEOPEMBI A8 OLEHKM OO0JacTH [ONYCTHMbiX BO3SMYLIe-
uni. O6aacmeio Oonycmumbix 603myuenuid Nannoi obaactu G
HaspiBaeTcs Takas o6sactb E, uTO BCe TPAaeKTOPHH, BHIXOAAUIHE
43 ee TOYeK, He BHIXONAT 3a npedensl obaactu G B ndanHoM
ciayyae, oueBumHO, o6aacte J; Oyder 004acTbio  JOMYCTUMBIX
BosMyuieHuti aas obaacru J,. Takum oOpasom, Aas onpenenaeHus
06/1aCTH  IOMYCTUMBIX BO3MYLIeHU# HEOOXOAMMO HAHTH MHHH-
mym / dyHkuuu v Ha rpanuue obasactu G, n B KauecTBe 00-
nactn E B3dTb 006/aCTb, B KOTODOH BBINOJHAETCS HEPABEHCTBO
o<\

Teopema 4.2 (teopema Jlanynosa o6 acuMnroTu-
yecko# ycrohuusoctu) Ecau dan cucmenss Ouggepen-
yuasrsnbtx ypasnexui (4.1) cywecmsyem 3HaxoonpedeseHnas
PYHKYUS U, NOAHAS NPOU3BOOHAST KOMOPOL No @pemeru, Hail-
dennasn 8 cuay cucmenmst (4.1), 6ydem maKroice 3Haxoonpede-
ACHHOL, 3HAKA NPOMIUBONOAOICHO20 € U, MO NOAONHCEHUE pag-
Hogecusi Oydem acuMnmomuiecyxu Ycmoi4usbm.

Ioxaxem teopemy. IlycTb Ana onpelde/eHHOCTH (QYHKINS T
GyzeT -onpeneseHHo MoaoXuTebHol QyHkumel. ITycts yucao R

T4KOBO, 4IO JR aexur B obaacru D.
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Taxk kak u3 npegplaylied TeopeMbl CJAELYeT, YTO MNOJONKEHHE
paBHoBecust Oymer ycrouuseM, TO cyuwectsyer Takoe r >0,
YTO ecau TOuKa p Jexut B J, To Touka f(p, ) He BuiiieT u3
wapa Jp. IlycThb &-— NOJAOKATENbHOE KAK YrOAHO Majoe YHCJIO.
CornacHo npenniynuiefl TeopeMe CHOBAa MOXEM YKas3aTb 4YUCIO
8 >0, rakoe, uro us pC J; Oyaer caenosatb f(p, t)C J, npH
t >0. IMycte Touka p sexut B J,. IIpeanonoxum, 4To TOUKA
f(p, t) He monaner npu t >0 B wap J,, Torma noayrpaexro-

pua f(p, t) npu t >0 Oyner Jsexarb B waposoM cioe Jp\ Ji
Tak kak B 3TOM IapoBoM caoe umeem ©<_0 Bciogy, To Cy-
ulecTByerT nocrosiHHas m >0, taxas, uro Oylem umerb 9<— m
BO BCEX TOUKaX yKkasaHHoro ciod. Vs pasencrsa

t
v(f (o )=v(p)+{0at

0
MH HEMEIJEHHO BHIBOAWUM HEPABEHCTBO

v(f (. )<v(p)—mt (4.2)

Ecam ¢ pacreT HeorpaHWueHHO, TO NpasBas 4YacTb HEPaBEHCTBA
CTAHOBHTCS OTPHUATEJNbHOH, YTO M NMPHUBOANT HAac K MNPOTHBOpE-
umM, TaK KaK B JIEBOH YacTH 3TOr0 HEPaBEHCTBA CTOMT 3HaueHue
(dyHxkuun JIamyHoBa, KOTOPOE HE MOXKET CTaTh OTPHUUATENbHHIM.
Takum 06pa3oM, YTOOBI YHHUTOXUTb MPOTUBOPEUHE, MBI AOJKHHI
NONYCTUTb, YTO TOYka f(p, f) rmomager B HEKOTOPHIH MOMEHT
B 1Iap J; HO uucao O BHOpPaHO Tak, uTo, nonas B J; TOUKa
f(p t) He cmoxer yxe BuiiTd 3a mpenean J,. Tak kak & Gwu10
B34TO MPOMU3BOJBHLIM CKOJb YrOAHO MaJjbiM YHCJIOM, TO OTCI0Ad
caeayer, yto lim f(p, £)==0.
t—>

Teopema poxasaHa.

[Tokaxem Tenepb, KaK MOXHO HCNOJMb30BATb CXEMY J[OKa3a-
TeAbCTBA TMOCAENHER TEOPEMbl /IS OLEHKH BPEMEHH MNEepexol-
Horo nmnpouecca. BpemeneM TNepexoAHOro MpOLECCa HA30BEM
spems f(p, ), HeoOXOAUMOE AAS TOrO, uTOOB TOYKA p, ABUrascCh
no Tpaektopuu f(p, f), momala B B33aJaHHYD OKPECTHOCTb J,
touku O u npu ¢t >£(p, &) Tam OCTaBanach.

IMycts uucao / Gyaer muuuMyMoM ¢yHKuum v Ha cdepe S
Ecau f(p, t))CJ;, 10 npn t==tf, Gynem nmets f(p, ) J,.
Ho, oueBnaHO, 4uca0 ¢y MOXHO HaliTu M3 PaBeHCTBA U (p) — miyg=

v(p)—!
m

=/, TaK Kak npu fy= JAeBas 4acTh HepaBeHCTBa (4.2)
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sapenoMo Oyner MeHbille /. Takum 00pasoM, NOJy4YaeM OUEHKY
v —1!
tp o< O (43)

B Teopuu perynupoBaHMs BpeMs MEePEXOAHOro Mnpoiiecca
YacTo HA3bIBAIOT BPEMEHEM PeryJaupoBaHms,
Kak mepsasi, Tak ¥ BTOpas TeopeMbl JlanyHoBa HMeEIOT Mpo-
n
. ov
croff reomerpuueckuil cmbica. Hepasenctso o= 2 ge X <0
. i
1=
03HauaeT, YTO TPAEKTOpWH cucteMsl (4.1) HanpaBjeHb B CTOPOHY
y6biBaHus (QyHKUWM T, T. € TMepeceKkarnT TMOBEPXHOCTH YPOBHS
.3TOR (YHKUHM B HANpaBJeHHH, NPOTHBOMOJOXKHOM HaNpaBJEHHIO
sekTopa gradv.

§ 5. Teopema 06 acuMNTOTHUYeCKOH YCTOWYUMBOCTH

PaccMOTpUM CHauana HEKOTODHEe npelesbHbie CBOMCTBAa Tpa-
exTopuit.

Onpenenenune 5.1. Touka ¢ a3oBOro NpocTpaHcTBa Ha-
3BIBAETCS W-7pedensbHOd MOUKOIL TOUKM p, €Cad CYLLeCTBYer
NOCAEI0BaTeIbHOCTh MOMEHTOB
Bpemenn {¢,}, t,—oco 1pu
n-—oo, Takas, uT0 ¢==
=lim f(p, t,). Eciu xe ¢, —

n—oo

-—— 00, ToTouKa g=lim f(p,?,)
n—0o

Ha3bIBAETCH a-ngeéeﬂbuo@mo%-
rxolfi Toukn p. Tak, HAanpu-
MEp, acCUMIITOTHYECKH YCTOH-
YnBOE MOJIOKEHNE PaBHOBECUR
ABJASETCA w-TIpelebHO# TOu-
“KO# An9 BCEX TOYEK, Jexa-
IKMX B JOCTaTOYHO Majoi
OKDECTHOCTH 3TOr0 IOJOXKE-
Hust. TOuKy MpeaebHOr o LHKa,
Ha KOTOpHH HaBUBAKTCH CITH-
paseBuiHbIe KpnBHE (pHC. 2), Puc. 2.

TaKXKe SBJFIOTCH O-NPEeJeb-

HHMH [J8 TOYEK, TpUHAMJIeKAMUX STHM KpuBeiM. B oGonx
NpuUMepax w-NpeAe/bHbE TOUYKH COCTABJAOT UEAHE TPACKTOPUH

/ z

f@}
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(B nepsoM cayuae — ocofas TOUKa, BO BTOPOM — NpeneabHbIll
nuka). dror ¢akr He cayyaeH. Vimeer mecrto cienyioouee yT-
BEPXKIECHHE,

Teopema 5.1. Mrosxcecmeo w-npedessroix (a-npedessHsx)
moHex OaHHOUL MOYKU eCmb 3AMKHYMOE MHONCECHmB0, COCMO-
Auee U3 yesnx mpaexmopui.

[Ipexae Bcero samMeTuM, YTO 3AMKHYTOCTb MHOXECTBA w-Mpe-
JEAbHHIX TOYEK €CTh CJAECACTBHE ONHOW U3BECTHOR Teopemul U3
TEOPUX MHOXECTB. DTa TeopemMa YTBEPWAJeT, UTO MNpejenbHas
TOUKa AJMA TNpeleNbHBIX TOUYEK MHOXKECTBA CHOBA SBJSETCH Mpe-
JlesbHOM TOYKOH 3TOro MHOXecTBa. JomycCTum Teneps, UTO TOukKa
g 9BASETCS -NPEAeJbHOH TOUKOH IJs TOUKH p, U IMOKAXKEM,
uyTo TOUKa f(g; ©) (UHCAO T MONKET HMMEThb KaK MOJOKHUTEJIbHBIH, .
TaK W OTPHUATENbHHIH 3HAK) TAKKE ABARETCS o-NPEAeabHOH Ans
Toukd p. B camom nene, ecam ¢==lmf(p, ¢,), TO M3 rpynmno-

n—00
BOTO CBOHCTBa muHamuueckux cucreM (cMm. § 1) u cBoiicrBa He-
npepwiBHocTH  f(p, £) kak dyHkuun p, noayunm f(g, )=
=Ilimf(p, t, -} <), a 370 n oO3Hauaer, uTO TOYKa f(g, t) ABAA-

n—oo
€TCs O-TIpEfeIbHOH TOYKOH TOUKH p, T. €. BCE TOUKM TDAaeKTopud,
BHIXOJSILEH U3 ¢, ABAAIOTCA ©-MPeNeAbHBIMH TOYKAMH 444 p.

MHOXECTBO, COCTOAIEE K3 LENABX TPACKTOPUH, 4acTo Haswl-
BAIOT UHBAPUAHMHbLM MHOJNCECMBoM. VIHBaDNAHTHOE MHOXKECTBO A
obnanaer Tem cBoHcTBOM, uto f(A, )= A npn mobom t. Eciu
we f(A )C A npu t >0, To MHOXeCTBO A Ha30BeM MOAL0JKCIL-
MeAbHO UHBAPUAKMHBLM.

3amerum, uTo ecau Tpaektopus f(p, f) He BHIXOAMT npu
t™>t, U3 OrpaHWYeHHO# 4YaCTH NMPOCTPAHCTBA, TO MHOMXECTRO ee
®-NpefeibHBIX TOYEK He MyCTO.

Jemma 8.1. Ecau cywecmsyem yuxyun Jlanynosa v,
O2PaHUYERHAsE CHU3Y (CB8epXY) 8 NOAOIHCUMEALHO UHBAPUAHIN-
Holi obaacmu D, u ecan npou3sodHas no spemeru v 3moil
PYHKGUI 3HAKOOMPULAMENHA (3HAKOROAOHCUNMEALHA) 8 SMOL
o6iacmu, mo 8ce W-npedeavHsie MOUKU OAHHOU MOYKU p ae-
ocam Ha 00HOHL u moll jice nosepxrHocmu YposHS PyHKyuu v.

B camoM mdese, NMycTb TOYKa p Jexur B obmacth D u nycrs

tTouka ¢==lim f(p, t,) ABaseTcs wo-npeaeabHolt nas p. Ilpewne
n—oo

BCero 3ameTuM, uto QyHxuwms v(f(p, t)) npn t— oo He BO3pac-
TAET W OrPaHMYEHa CHU3Y, CJIEJOBATENAbHO, CYUIECTBYET lipele
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vo==limov (f(p, ¥)). B cuay HenpepsBHOCTH (YHKUNH T HUMEEM
¢

00
takke v(g)=Ilimv (f(p, t,)), HO Tak Kak v (f(p, f)) MOHOTOHHO
n

—C0
MEHSeTCS, TO HMEEM, OUEBUIHO, V(g)==7, UTO W NOKa3bBaeT
aeMMY. :

Teopema 5.2. Ecau cywecmsyem onpedesesno HOAONHCU-
meavHas @gyHryus v maras, umo 9<_0 sve M u 9=<<0 na
M, 20e M — mruoocecmso, He codepicaujee UeabxX mMpaexmo-
puii, xpome mouxu O, mo noarosxcenue pasnosecus O acumn-
momuuecku ycmoiusgo.

Hokaxem Tteopemy. OueBHIHO, MOJOXKEHHE PpABHOBECHS —
touka O yCTOHYMBO B CMBIC/IE JISMYHOBA3, TaK KaK BHIIOJHAIOTCS
ycnosust Teopemsi 4.1. B cuiy yCTORYMBOCTH CyMIECTBYET AJIs
3aJaHHOTO TMOJNOXUTEIBHOIO UKCAA €& MOJNOKHTENbHOE YHCJI0 O
takoe, uto ecamn pC J;, 10 f(p, ) J, mpu ¢t >0.

Tak xax tpaekropus f(p, t) He Buxoiut mpu £ >0 3a mpe-
neawl wapa J, TO MHOKECTBO & o-NpelefbHBHX TOYEK TOYKH p
ue nycro. Ecau @ cosnamaer ¢ Touko# O; To Teopema IOKasaHa,
Tak Kak Oyzem umers lim f(p, £)=0.

{—»0
HonyctuM, uTO MHOXECTBO & COJEDXHT MO KpailHelt Mmepe
ONHY TOUKY ¢, oTauudyio ot Toukdn O. M3 gemmm 5.1 caenyer,
uTO

v(@)=v(f(4 t))zl,if;f (f(p, 1)) # 0.

TakuM 00pa3oM, BCe w-NPEAETbHBIE TOUKH p JIEKAT HA OOHOH u
TOM K€ MOBEPXHOCTH yposBHs v=v(q). W3 Teopemn 5.1 cue-
IYET, YTO MHOXECTBO Q B3aMKHYTO W COCTOHT U3 LEJBIX TpPaeK-
topu#. Taxum oOpasoM, 7TaK KaK v BAOJb 3STHX TpaeKkTopu
ocTaercs NocTosHHOH, To umeem ¥==0 Ha BceM MHOXecTBe Q.
ITo ycnoBHIO TEOpEMb MHOXECTBO £ JOMKHO COAEPKAaThCH
B MHOXecTBE M, HO MHOXECTBO M He CONEPXHT UEIBX TPaeK-
tTopuil. IlosyueHHOe NPOTHBOpEUHE AOKA3HIBAET TEOPEMY.
3ameruM, 4TO U3 TEOpeMHl 5.2 cleayeT CnpaBeluBOCTb TEO-
pempl 4.2, TakuM 06pasoM, TeopeMa 5.2 ABJSETCA YCHJICHUEM
Teopemst JlsnyHoBa 06 acuMnrotuueckodl ycrofiuusoctu. Teopema
5.2 nossoJser pewuth BONPOC 00 aCHMNOTOTHYECKOH ycToiuu-
BOCTH C MOMOIIBI0 (YHKUNM JIANYHOBa, uMelolled 3HAKOMOCTOSMH-
HYI0 npou3BOJHYi0. B KOHKperTHHX HpHMEpax HMEHHO Taxue
¢yHkuun JlanyHoBa  yAaeTcs vaule BCEro IOCTPOMTL  AJiS
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HequHeHHnX cacteM. CJaenyer 3aMeTuTh, 4ro TpeGoBaHHWE Teo-
peMbl 06 OTCYTCTBUM Ha MHOXecTBe M uensix tpaexropuit
Jerko nposepsiercs. B camom nene, ecaw, Hanpumep, ypaBHeHHE
®(Xy ..., X,)=0 saBaserca ypaBHEHHWeM nosBepxHocTH M, TO

ycaosue
2 Z X; #0

ABJSETCH, OUEBMAHO, HOCTATOUHBIM YC/JIOBHEM OTCYTCTBHUS MEJNHX
TPAEKTOPHUH Ha MHOXeCTBe A, TaK Kak NpH BHNOJHEHUH 3TOTO
YCIOBUS MHTErpaJjbHble KPHBHIE <«MPOILKBAIOT» MOBEPXHOCTH M.

§ 6. Teopemnl o HeycTo#uHMBOCTH

PaccvoTpum Temepn TeopeMsl O HEYCTORUMBOCTH.

Teopemn 6.1 un 6.2 npunaanexar A. M. JlanyHosy, Teopema
6.3 nokasana H. H. Kpacosckum [7].

Teopewma 6.1. Ecau cywecmsyem @YHKUUSL U, uMEOWA
3HAKOONPeOeNeHHY 0 NPOU3BOOHYI0 NO BpeMeHtl, U maxKas, 4mo
8 awboii oxpecmrocmu mouxu O @dynxyus v He sA8AAEMCH
3HAKONOCMOAHHON, 3HAKA NPOMUBONOAOICHO20 ¢ U, MO HyAe-
soe pewenue cucmenms (4.1) neycmoinusgo.

[Tycte B wape J, BmNoJHeHH ycaosus Teopemsl. [losaras
A% ONPeNeNeHHOCTH (YHKILMI0 U OMpPEAEeNeHHO MOJOKUTENbHOH,
paccMOTpHM KK YroZHO Majaylo okpectHocTb Jy Toukn O. Ilo-
KaXeM, 4YTO CyliecTByeT TOYKa p, Tpaexropus Kotopo# mpm £ >0
soifiaer 3a npeaeasn J,. Ilo ycaoBuio Teopembl B J, nmeercs
TO4Ka p, B Kotopo#h v (p)=wvu, >0. B cuny HenpepsBHOCTH
$YHKUAM D CYUIECTBYET TaKOe uucao 7, uro B J, OyleMm uMeTb
|v|< vy Tax xak ¢yHKuus 9 OnpeneseHHo nonommenbﬂa TO
v(f(p, t)) pacter ¢ pocrom t, u moatoMy Touka f(p, ) He cMmoO-
ket nomacts B J,. JlomycruM, uto TOYKa ]‘(p, t) He BHIfZET 32
npezeast J,. Tak Kax ¥ umeeT B 06JacTH J\J NOJIOKUTENBHBIH
MHHHUMYM #, TO OyZxeT Cl'lpaBellJIlABblM HepaBeHcrao

v(f (s t))=v(p)+§ﬂdt>v(p)+mt. 6.1)
0

Orciona BuiuM, 4to ¢ pocrom ¢ (yHxuus v (f(p, t)) pacrer He-
OrpaHUYEHHO, HO, C APYrod CTOPOHHI, PyHKIMA U KaK HenpephiBHas
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dyHKuMs DOMmKHa ObiTb OrpaHHYEHHOH B IIAPOBOM CJjo€ J,\Jn‘
[MoayueHHoe npoTHBOpEYHE NOKA3LIBAET TEOpeMYy.

Teopema 6.2. Ecau cywecmsyem @gynxyus v maxas,
4mo ee npou3o0Has no 6pemexu umeem 8ud

& =n+w, (6.2)
20e N\ — noAoKCUMEAbHAS NOCMOSHHAR, @ W usd moxycoecm-
8eHHO O0paIaemCcs 8 HYAb UAL SBASLENCS 3HAKONOCMOSAHHOIL,
U ecau 8 nocaedHem cayiae EYHKGUSA U He ABAREMCSE 8 AN0-
Goii oxpecmruocmu mouxu O 3HAKONOCHMOSHKOW, 3HAKQ Npo-
MUBONOAONHCHO20 € W, Mo Hyaegoe pewerue cucmenms (4.1)
#eycmoiiwusgo.

[Monaras aas onpeneneHHoctd w =0, B NPOK3BOJBHO ManOH
OKPEeCTHOCTH J; BhOGepeM TOUKY p, B KoTopo# v(p)=v, >0,
¥ nokaweMm, uto TOuKa f(p,f) ¢ pocToM f BBIAZET 33 npenenn
MoGOH OKpeCTHOCTH J,, B KOTODOM BBIMOJHEHH YCJOBUS TEO-
pemul. Paccmatpusas dyukuun v (f(p, £)) v w (f (p, £)) kak dyHk-
uud BpeMeHd, u3 AudepeHunasbHoro ypasHeHus (6.2) moxem
onpeaeauts v (f(p, t)) no ussectHo#t dopmyne Kowu:

t

v(F(p, ) =€ [feMwdt v,
0
U3 ycaosus w =0 nmeem
v(f(p, 1) =v,eM.

Tax kak A >0, 10 ¢ pocrom t dynkuua v(f(p, £)) pacrer He-
OrpaHUMUEHHO, a ITO 3HAUWT, 4TO TOuka f(p, t) Bufizer 3a npe-
neast obaactu J..

Teopema 6.3. Ecau cymecmgyem @yHKyus v, He 1845~
owasca 3HAKOOMpUyamenbHoll 8 NPoU3BOAbHOE OKpecmHocmu
mourku O, u maxas, imo

do do
37>0 sne M, —dt—>O ra M,

20e M — MHod)cecmso, He codepjcauiee Ueablx mpaexmopuii
(xposme mouxu O), mo noaoxHCEHUE PABHOBECUS HEYCMOUHUSO.

Tak xe Kak U B JOKasareabcrse Teopems 6.1, B IPOU3BOJIL-
HO Ma/o#i okpectHOoCcT# J; BhibepeM TOUKY p, B KOTOpo# v (p)==
=w, >0, u Bubepem 3ateMm wap J,, BO BCEX TOYKAX KOTOPOro
HMEET MECTC HEePaBEHCTBO U < Uy JLOMYCTHM Ienepb, YTO TOuKa
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f(p,t) He BHIAZET 32 NpEXeab HEKOTOPOro Iapa J.. Tak kax
f(p, t) ne moxer nonacte u B J;, TO TOuKa f(p, t) 6yaer npu
Bcex ¢ >0 sexarb B WapoBoM Coe J,\J,, CICIOBATE/NbHO, He-
MycTOe MHOXeCTBO £ -NpeAe]bHHX TOYEK TOYKM p  TaKie
Oyaer Jexarb B 5ToM waposom caoe. Ho mo nemme 5.1 mHo-
KECTBO R JeXUT Ha TMOBEPXHOCTH ¥=¢, a no Teopeme 5.1
MHOXKECTBO Q ABJAETCS 3aMKHYTHIM W COCTOUT M3 LEJbIX TPAaeK-
topuii. Takum oOGpasoM, Ha & umeem ¥==0, OTKyna CJedyerT,
yro QC M, a 3TO NPOTHBOPEYUT TPEANOJNOKEHHIO TEOPEMBDI,
TAK KakK MHOXeCcTBO M He COJEep¥HUT LEeJbX TPAeKTOPHH.

B 3ax/oueHHe OTMETHM, YTO BO3MOXHBI padnuuHbie 0Gobie-
HAS PACCMOTPEHHBIX TeopeM. Tak, Hanpumep, MOXHO OTKa3aThCs
or TpeGoBaHusi BHINOJHEHWs YycaoBuih Jlumunna s MpaBuX
yactelt cucremp (4.1) uaum naxe oT TPeOOBAHMSA HENPEPHIBHOCTH
npassix uactell. Bce teopembt § 4—6, GesycaosHo, OynyT cnpa-
BeNJMBH, €CAA TNpaBee uactn cucteMbl (4.1) KycouHo-Hempe-
phiBHEL. MOXHO TaKxe CHTb Tpe6OBaHUs HEMPEPHIBHOCTA H ANG-
depenunpyemocTn  QyHkuun JianyHoBa, SaMEHMB X APYTUMH
TpeGoBaHuAMY, OUEBMAHHM O00pasoM BHITEKAOUWINMH W3 NOKa3a-
TeJbCTB TNpPUBEAEHHHX TeopeM. DBosee moapoGHO 3TR BONMPOCH
pasobpauni B moHorpapuu H. H. Kpacosckoro [7]. B aroit xe
MOHOrpaduu nposefeHo PyHAaMEHTANbHOE: NCCAEN0BaHIe YCA0BUM
obpaTumocti Teopem JlanyHosa, Tteopem 5.2 u 6.3, a Taike
MHOFUX APYTrUX TEOPEM pPAacCMaTpPUBAEMOrO METOHA.

§ 7. Mpumepsnt

ITpumep 1. PaccMorpum cucTeMy ypaBHEHuH
ft=a by, j=—cx-+dy a.n

W TIONBITaeMCH HalTH Ajs Hee QyHKumo JlanyHoBa B BuIe
v=F; (x) - F;(Y). Byaem umeTb B 3TOM Caydae @ ==F;(x) X
X (ax® - by) — F3(¥) (cx —dy®). TlotpeGyem cHoBa, uTOOHI
(GyHKUMS O ¥MeJa TaKylo Xe (PYHKUHOHAIbHYIO CTPYKTYpY, UTO
v QyHKuus v, T. e. norpedyeM, uyTOOH TOKAECTBEHHO BHITIOJHSA-
a0cy bFy(x)y — ¢Fy(y) x=0. Jlens nepeMeHHbIe, NOJIYYHM

cx by
Fi(x) 7 Fi()’
¥, CNeNOBAaTE]BHO, Kakaas W3 3THX Apobeft Ao/KHA OblTh NMOCTO-
AHHOH BeNWUMHON, Hanpumep, pasHOH 1/2,
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Takum o6pasom, noayunm Fy(x)=cx? u Fo(y)=05y? 1. e.
v=cx?-} by’ [laa npousBOAHOR 7 NOAYYHM BHpPAXKEHHE V==
= 2acx*-}2bdy*. Ecan a <0, d<C0, bc>0, 10 Mn Haxo-
IMMCS B YCJIOBWSX NDHMEHEHWs Teopemsl 4.2 W TOJOKEHHE DPaB-
HoBecusi OyAeT acuMNTOTHYeCKn ycroiunspM. Ecan a=0, b >0,
d <0, ¢>0, To Hynesoe peuienre OyneT YCTOHUMBHIM B CMBICIE
HanyHoBa, Kak 3TO caenyeT u3 Teopemu 4.1. OIHako B HaHHOM
cayuae u3 Teopemb 5.2 cAeAyeT W acHMMNTOTHYECKas YycToHuu-
BOCTb. B camoM Oeje, MHOKECTBOM M B NaHHOM Ciyuae CIAYXHUT
muoxectso y =0, 1. e. ocb Ox. Ho serko Buaeth, 4TO Ha OCH
Ox wuer ueamx Tpaekropmit cuctems (7.1). B camom gese, ecau
66l Takas TpaekTopus Jaexasna Ha ocn Ox, TO MB uMeau OH
TOWNECTBEHHO BAOJb Hee y =0, §==0 u u3 BTOpOro ypasHe-
nus cucremn (7.1) BmBeau 6w, uto x==0. Taxum oOpasom,
Ha ocn OX HAaxXOAWTCH TOJABKO OIHA LleJast TpaekTopus — ocobas
touka 0(0, 0). Ecam be <0, ad <0 wim 2>0, 6$>0, c >0,
d >0, T0 Mb HaXOAMMCS B YCJIOBHSX NpPUMEHEHHs TeopeMs 6.1
¥ HyaeBoe pelteHne Oyaer HeycTofiumsbiM. Heycroituusocts Oy-
JNeT TaKXKe WUMeTb MecTo B cuay teopemn (6.3) m B Tom cay-
yae, koraa a =0, bc <0, d # 0.

3ameTuM, uTO MEeTOJ mMocTpoeHusa QyHkumu JlanyHosa, npo-
JNEeMOHCTPHPOBAHHBIH Cefuac, HOCHT Ha3BAaHHE METOAA JENeHus
nepemeHHsx [18]. :

Mpumep 2. PaccMorpum Teneps ypasHeHue KoneGaHn#
MasTHUKA

1% 4 nd - Mgl sin o=1L, (7.2)

rae | — MOMEHT WHEDLWH, ng — MOMEHT CUJIB TpeHus, Mglsing —
MOMEHT Cwilbl TshKecTH, L — Bpawaowuit momeHt, M — macca,
& — YCKOPEHHUE CHJIB THKECTH, [ — pacCTOSHHE OT LEeHTPa MAacChl
MasiTHUKa /10 OCH BpAlLEHWs, ¢ — YroJ OTKJIOHEHHS MasTHHUKA
QT BEPTUKAJIH.

n
Pasgenis Ha | u BBeds HOBbE 0003HAaueHUst a=-, b=

_—:A—/llg——l, N= %' 3anuuieM ypaBHEHUE B BUIE
&+ ap+bsin =N, (7.3)
WIn B BHJE CHCTEME

=0, O=—>bsiny—aw- N (7.4)
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OueBunno, cucrema (7.4) 6ylder uMeTb MOJOXKEHWE DABHOBECUS,
onpeleaseMoe W3 ypaBHeHu#

0o=0, —bsineg—aw-+ N=0,

OTKYAa CJEAYET, YTO MOJNOKEHHE pAaBHOBECHS CYUIECTBYET, €C/H
ypasHenne sin ¢ == N/b umeeT pemwenne ¢,. Takum o6pasom,
AJS CYUIECTBOBAHMS 10JIOXKEHUS PaBHOBECHS HEOOXOLMMO BHINOJ-
HeHue HepapeHCTBA | N|<Cb. BBoid HOBYWO mNepeMEHHY X ==
== ¢ — ¢, cBegeM ypasHeuue (7.3) K ypaBHEHHIO

£+ ax -+ b(sin (x -+ ¢p) — sin gy) =0, (7.5)

J1S KOTOPOro PaBHOBECHHIM COCTOsiHMEM Oyaer cocrosHue x ==0,
% =0. Cucrema, skBuBajeHTHas ypasHeHnwo (7.5), umeer Bul

t=y, J=—>b(sin(x+ ¢y) — singy) —ay. (7.6)

3aMeTuM, YTO B CJyyae OTCYTCTBMA TpeHHs ypasHeHue (7.2)
06/131aeT NEPBLIM MHTErPAJAOM (MHTErpajnOM 3SHEPrHH)

E="" 1 Mgl(1 —cosg)— Ly =c. an

DTOT nepBbi uWHTErpan HaxoauTcs npu n==0 u3 ypasHeuus
(7.3) noacraHoBkO# w=—¢. Pusnueckn#t CMpICA NEPBOrO HHTEr-
pana COCTOMT B TOM, YTO OH JA€T IOJHYI0 SHEPruio MasTHHKa,
npuyeM 3Ta SHEPrUs OCTAeTCH B Mpouecce KojeGaHult MasTHHKA
MOCTOSHHOM, TaK KaK pacCeMBaHms SHEPruM He MPOUCXOMMT.
Ecan ke B paccMaTpuBaeMoM CHCTEME WMeeTcsl TpeHHe (B TOuKe
noJBeca MasTHWKA, COMPOTUBJEHHE CPelb W T. 1), TO MPOUCXO-
AUT pacceuBaHue 3Heprud, W BeauunHa E yxe He OyleT nocro-
HHOH BHOMb TpaekTopuu, a Oyder yOwuBath, T. €. Oyder Becru
ce6s xax @yuxkuwa Jlsnynosa cuctembl (7.6). Ilposems B (7.7)
3aMeHY MEepEMEHHBIX X =@ — ¢y, J ==, PacCMOTPHM HOBYIO

2
bysKuuo: v=%’—+1b(cos 9o — COS(X -+ g) — X sin ¢g). Oue-
BUAHO, U OTauuaerca OT E Ha nNocTosHHylo Beauunny. B cuny
cucremsl (7.6) noayunm 9= — lay’. Ecam cos¢, >0, 10 npu
IOCTaTOYHO MaabX X (PyHKUMA v OyAeT ONpeleseHHO NOJ0KH-
TeJNbHOMH.
B camom nene, u3s ¢dopmyan Te#sopa creayer, uTO

F (%) == €08 ¢ — COS (X - ¢g) — X sin %=%*2+—%)x3,



§ 8) NUHEAHBIE CUCTEMB 31

roe |x*|<<|x|, oueBMAHO, NpuW X MOCTATOYHO MaNOM BHaK
¢ynkuun F (x) coBnapaer co 3HaKOM COS @,.

3amertuM fanee, 4TOo U oOpauiaercsd B HyJb TOJbBKO Ha OCH
Ox, takum 00pa3oM, MHOXecTBOM M, ¢urypupyrouinM B Gopmy-
Aupoeke Teopemul 5.1, Oymer anmnHug y =0 uau OTPE3OK 3TOH
AWHUA. JIerko BHAETb, YTO Ha JHHHKM y==0 HeT UEe/JBX TpPaeK-
TOpUH, KPOMe OCOGRX TOYEK, aOCHMCCH KOTOPHX YAOBJETBOPSAIOT
YpaBHEHHIO

sin (x <4 ¢¢) — sin ¢y==0.

Yro6s MNpUMEHHTb Teopemy .1, ciaedyeT B KauyecTBe MHO-
XecTBa B3sThb uHTEpBaJs ocn Ox, 3aK/JIOUEHHBIH Mexay Oawixai-
IHMMU K HAauyaJdy KOOPHMHAT OCOOBIMH TOoukamu. O6/acTh, 3aKJI0-
yeHHas BHYTPHM JIMHHM U=—¢, NpOXoAsile#t uepes Oanmxahwyio
TOuKy, OyaeT, oueBuIHO, 00JanaTb TEM CBOHCTBOM, YTO BCE €€
tTouku npuraresaiorcs Kk touke (0, 0).

Ouesunno, 8 ciyyae coOS ¢,< 0 Ttouka (0, 0) sBnserca He-
YCTOHUNBBLIM NOJIOXKEHNHEM DaBHOBECHSA.

§ 8. Jlunelinbie cuctembl

PaccmMoTpuM  cucTeMy JHMHeHHBIX And@epeHnnanbHelX ypas-
HEeHHH € MOCTOSHHBIMU Ko3(duLHEeHTAMHU

n
d
—d’g—f=2aikxk, i=1,2 ..,n (8.1)
k=1
ITyctb XAy, ..., A, — KODHH X3apaKTePHCTHYECKOrO YPaBHEHHS
cucrembt (8.1), T. €. KODHH ypaBHEHuUS
ay—A ... a,
oo s s =0, (8.2)
Qpy ovv App— A

Cnpasenaussl caenyiomue yreepxaeHus [8]:

I. Ecii Bce KOpHH YpaBHeHHR (8.2) WMEIOT OTpPHUATENLHDBIC
BELIECTBEHHBIE 4aCTH, TO Hy/JeBoe peuieHue cucrems (8.1) acumn-
TOTHYECKH YCTOHYHBO.

2. Ecau cpenu kopHe#t ypaBHeHus (8.2) ects xoTs Ol OfuH
¢ MOJMOXHTENbHON BEIECTBEHHOH 4aCTbio, TO HYJEBOE pelleHue
cuctemn (8.1) Beycrofiuuso.
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3. Ecau ypasHuenue (8.2) He uMeeT KOpHeH ¢ MONOXWTENbHOH
BELIECTBEHHOH YaCTbio, HO WMeeTcd 4YaCTb KOpHeH ¢ HyJ/eBoH
BEUECTBEHHOH YaCThiO, TO MOXET HMETb MeCTO KaK YCTOHUYHBOCTb
(He acUMNTOTHYECKas), TaK M HEYCTOHUMBOCTb.

Taknum ofGpasom, Bonpoc o0 YCTOHYUBOCTH HYJEBOro peuie-
Hua cucreMbl (8.1) CBOAMTCA X WCCIENOBAHUIO XapaKTepa KOpPHEH
ypapHenus (8.2). PackpmBas ompeieautess (8.2), moayuum
ypaBHeRHe

F)=\ a1 L., .| a,?=0. 8.3)
13 kos¢dduumnentos moauHoMa f(X) COCTaBUM MaTpULy
a, 1 0 0 0 0 ...
a; aaa, 1 0 0 ...
ay a; az a3 a; 1

B sanmcn sToH Marpuum nosaraeM a,=0, ecin m_>n.
PaccmoTpum onpenenutenun

a 1 0
. a 1 1
A=a, A= , M=]a3 @ a | ...,
as Qg
ay a; a3
An=anAn—1-

Jas mozo0 umobs. 6ce KopHu ypasrenus (8.3) umesu ompu-
yameabHbie BewecmBernse Hacmu, Heo0xo0umo u dJocma-
MOUHO BBHLNONHEHUE HEPABEHCM B

A, >0 mpn k=1,2,..., n (8.4)

DTO yTBEpkIeHWEe HOCUT HasBaHue Teopemu [ypsuua; noxa-
3aTeabCTBO TeopeMst [ypBula uMeeTcs, HanpuMmep, B MOHOrpa-
dun [26). Vcaoeus (8.4) uacto HasmBawT ycaosusmn Paysa—
[ypsuua.

Ilns ypaBHeHus BTOpOH cTeneHu

ML ak4a,=0

ycaosus Paysa—Tlypsuma umewT Bui ay >0,

g 1}

>0,

0 a
BaW, 4TO TO e camoe, @ >0, a3 > 0.
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Ilasi ypaBHeHns TpeTbell CTeneHu
Bt artar+-a;=0
ycaous Paysa—I[ypBuua sanauiytcs B Bue

a a

a >0, >0, a
O4YeBUIAHO, 3TH YCIIOBMH SKBUBAJIEHTHBI yCJIOBI/]ﬂM

a; >0, a; >0, aey >a;

B nanbHelfilleM Ham TMOHagoOATCA HEKOTOpBIE MpocTefinine
cBeleHns u3 JIMHeHHOH anreGphl.

1
>0
as Qg as Qg

. n
PaccMoTpuM KBazpaTnuhylo OPMY U= D) b;uX;Xp TIle
i k=1
b;, = b,;. O6o3nauas uepes B MaTpuily, COCTAaBJICHHYIO 43 KO3(-
OULNEHTOB b, ¥ YEpe3 X BEKTOP C TPOCKUHAMH Xy, ..., Xp,
MOXEeM 3anucath

v=(x, Bx),

rie (x, Bx) o3HauaeT CKajJAipHOE TMPOU3BENEHHE BEKTOPOB X
n Bx.

Ecan Bektop X sBasercs yHKineH Bpemenu £, 10 u Popma v
TaKxe OyaeT QyHkume# £ ¥ UMEET MECTO C/EAYIOliee MPaBUIO
I depeHuupoBaHus:

do dx dx

Ecau marpuia B He CAMMETPUUHE, TO IR BEKTOPOB X U ¥

UMEEeT MeCTO COOTHOLUEHUe

(%, By)=(B*x, y), (8.6)

rae B* — TpaHCMOHUPOBaHHAsS MaTpuuA.

3aMeTuM eme CAeAyOHWU# XOpOIIO WU3BECTHBH (akT: ecan
Matpuila T — Heoco6ast MaTpuua, T. €. MaTpuia, ONpPENeIUTENDb
KOTOpO# oTaMueH oT Hyas, TO marpuusl B n TBT! (nonoGHbe
MaTPUIB) MMEIOT OJMHAKOBHIE COOCTBEHHBIE UKCJIA.

3anmuuiem cucremy (8.1) B marpuuHo#t dopme

X — Ax, (8.7)

2 E. A. Bapbaums
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¥ HalileM NpOUSBOIHYIO KBaapaTuuHo#t dQopmp v=(Xx, BX)
B cuay sT10H cucremsl. Mimeem coraacHo (8.5) ‘

90 —(Ax, Bx)+ (x, BAX).

Wcnoawsya cootHowenne (8.6), moayyum

dv

% =(x, [A*B+ BA] x). (8.8)

Motpe6yem Teneps, 4toOH OpMa U YAOBAETBOPSIA YPABHEHUIO

dv

-(_17 = w, (8.9)

rae w==(x, Cx) —3ananHas xsaaparuuHas c¢opma. CpasHnBas
(8.8) u (8.9), nonyuuM MarpuyHOe ypaBHEHMe IS OnpeaeneHus
Matpuus 5B

A*B-+BA=C. (8.10)

Vpasnenne (8.10) nossoaser HaHTH Marpuily GOpMbl U N0 3aAaH-
HoH Mmatpuue ¢opmsl w. Hccnenosanue ypasuenus (8.10) mpen-
cTapafeT OOJbLIOK MHTEPEC, TaK KAK 3TO ypPABHEHHE MNO3BOJSET
Halitu  QyHKumioo JlanyHoBa B BHAE KBAaADaTHUHOH  (OPMH
noc 3azaHHOH npoussolHo#. YpasHenue (8.10) craBuT B COOTBET-
ctBue BCAKOH matpuue B marpuuy C, npuueMm 3TO COOTBETCTBUE
auHetino. Takum o0pasoM, B MPOCTPAHCTBE KBAAPATUUHHIX MATPULL
n-ro nopsixka MoxeT OwThb onpedeseH JUHEHHBH omeparop
F(B)=A*B- BA. 3apaua o paspemiuMoct ypasHenus (8.10)
CBOAMTCA K 3afaye ONpENENeHds onepatopa, 00paTHOro onepa-
Topy F, tax kak B=F7'C. Tak xak oneparop F ne#ictsyer
B KOHEYHOMEepHOM npocrpaHcrse (n? usmepeuit), TO Aas cyme-
CTBOBaHMs OOpaTHOro oneparopa HeoOXOZWMO ® JOCTaTOMHO,
yroGsl Cpeau COOCTBEHHHIX unces oneparopa F He GwJO Hy-
JIEBOTO.,

Teopema 8.1. Ecau wopuu xapaxmepucmuueckoz2o ypas-
Henust cucmemsl (8.7) marose, wmo cymma \;-}-X, ne obpa-
waemca 8 HyAb Hu npu raxux i, kR, mo, Kaxosa 6s Hu Ouaa
Haneped 3a0eHHaA KBaOpamuiHdAs GopmMa W, cywecmsyem
eQUHCmBenHAR KBadpamutnas (opua v, YJ08AeMEOPANUAS
ypasreruw (8.9).

Hoxaxem Tteopemy. ITo onpesenenuto, COGCTBEHHHIM YHCJAOM
oneparopa F Ha3plBaeTCs YUCAO p, TAKOE, YTO ypasHerne F (B) =
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=pB uMeeT B KauecTBe pellieHus HeHyjesylo MaTpuny B. 9T10
ypaBHeHue Moxer ObiTh mnepenucaHo B suge A*B-{- BA=pB;
orciona caeayert, uro {(A* — pE) B=— BA.

[MoxaxeM, uto Mmartpuusl A* —uwE n1 — A umenoT no kpafi-
nell mepe ozno ofuee coGcrBeHHoe uucno. Ecam 91O He Tak,
TO XapakTepucTuueckue moguHoMbl g(A) m f(A) 21X MaTpul
He uMmeT o0wux AeauteneH, NOSTOMY MOXHO yKasaTh NOJHHOMEI
g1 A\, fi (M), Takue, uto mmMeer MecTo coorHomenue g (A)gQ) -
+ AWM O =1. Iycrs h(\)= g (}) g(A). Tlo Teopeme Kaan—
IamuabTona ([5], ctp. 74) umeem h (A* — pE)=0u h(— A)=E.
C apyro#f CTODOHH, JErKO BUAETH, YTO MMEET MECTO COOTHOLIE-
Hue h(A* —pE)B=Bh(— A), KoTOpOE ¥ UPUBOAMT HAC
K NpOTMBODEYrBOMY BhiBOLY, 4T0 B=0.

WUrak, cpean coGCTBEHHBIX umcen A; — p marpuusl A — pE
CYWECTBYET O KpaliHe#i Mepe OIHO, pasHOe — A, (34eCb uepes
A;, A, o6osHauenn coOcTBeHHbie uncaa Marpunn  A). Takum
obpasoM, p.=»X; -} X, u B cuay ycaosus Teopemn p. % 0. Orcrona
IeJaeM BHBOMA, uTo omepatop F oOpatuM, u ypasHenue (8.10)
HMeET pelleHHe,

§ 9. llocTtpoenne dynkunit Jsnynosa B Bune
KBaApaTHYHbIX (OpM A JHHEHHbIX CHCTEM
auddepeHnnanpHbIX YpaBHEHHH

IokaxeM Tenepb pai TEOPEM O CYUIECTBOBAaHMM (YyHKUUH
JlanyHoBa Aas JuHeHHbIX cucteM. [lpuBoaumbie HUXeE peaysb-
TaTei Obiau moayyeHsr A, M. JlamyHOBBIM, KOTODHI# CTpOMJ
(GyHKUME B BHAE OMHOPOAHHX (opm m-ro nopsaxa. OoHaKoO M,
OrpaHuyuBasch JJAS NPOCTOTH KBaAPaTUUHBIME  (dopMaMu, He-
. CKOJIbKO ycuiauBaem gopmyanposkn A. M. Jlanysosa. 3rto ycm-
JeHue COCTOMT B TOM, UTO, paccMmarpuBas ypasHeHus (8.9), Mui
OTKaspBaeMcs OT TpeOOBaHWS 3HAKOOMPENENCHHOCTH (YHKUUN W
(10. Y. Aaumos [9]).

Teopema 9.1. Ecau 8ce KopHu xapaxkmepucmu4ecKozo
YPQBHEHUST UMEIOMm Ompuyamensshoie BeuecmeeHtbe 1acmu,
mo, Kaxosa Obl Hu Gbira Haneped 3a0aHHASA 3HAKOOMpuLAmens-
Haa Keadpamu4Has dopma W, OOPAUANWASCA 6 HYAb Ha
MHoocecmee M, He colepacawem yeablx mpaexmopui, Kpome
mourxu O, cywecmgyem 00HA U MOAbKO O0HA KBaAOpamMu4iHas
Popma v, yoosaemgopsowan ypasrenuw (8.9), u sma gopmua
ob6sn3amensHo Oy0em OnpedeAeHHO ROAONKUMENbHOR,

2a
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B camom gmene, mo Teopeme 8.1, Tak Kak BeauumHa A; A,
He oOpamiaercs B HyJb, CYWECTBYeT GOpMa v, yAOBJAETBOPAIOILLAs
ypassenuio (8.9). Ocraercs mnokasatb, uTO U SBJSETCS onpene-
JEHHO TOJOXKUTEIbHOH. JlomycTHM, B HEKOTOPOH Touke p(xj, ...,
X%) BHIIOJHEHO HEpaBeHCTBO U (X}, ..., X,)< 0. B cuny omHo-
ponHocTy (yHKUMM U Mp OyleM WMEeTb HepaBeHCTBO v (kXj,...,
kxh)< 0 mpu mo6GOM NOJOKHTENLHOM £; 3TO O3HAyaer, uTo
B moGOH okpecTHOCTM TOUKH O HUMEITCS TOUKH, B KOTOPHX U
orpuuarenbHa, MHoxectBo M, rie w =0, He COAEPKHUT HEJIBIX
tpaektopuii. W3 Teopembi 6.3 (npm 3ameHe v HA — TV U W Ha
— W) CJaelyeT HEeyCTOWYHBOCTb [OJIOXKEHHS PaBHOBECHS, UTO
NPOTUBOPEUNT MPEANOJIONKEHHNIO, TaK KaK IPH YCJIOBUAX TEOPEMBI
ofecneunBaeTcs aCUMIITOTHYECKas YCTORUMBOCTD, [lonycTum Teneps,
yTo B HeKotopo# Touke umeem v(p)=0. Tak kak v<<O0, u
BIOAL Tpaektopuu f(p, f) HE MOXKET BHINOJHITLCH TOXIECTBEH-
noe paseHcrso 0=0, 10 Halimercs Touka ¢==Ff(p, t), B KOTO-
pott ©(g)<0, uTO cHOBa NpPHBOAUT K mnporusopeunio. Takum
oGpasom, Bcioldy, Kpome Toukn O, umeeM v (p) >0, yto U HOKa-
3LIBAET TEOPEMY.

Teopema 9.2. Ecau cpedu Koprell xapaxmepicmu4eciozo
ypasnenus cucmemts (8.1) umeemcss xoms 6v. 00uUH ¢ noao-
HCUMENBHOU BEUWECMBERHOL 4ACMbI0, U €CAll HU Npu KaAKux
i, k seaununa A\, N, we o6pawaemcs 8 HYab, MO KaKo8a
6v. HU 0blaa 3HAKONOAONHCUMEALHASA (PopMa W, OOpUQIOULAACS
8 Hyab Ha MHoscecmBe M, ne coldepoicauiem yeavlx mpaex-
mopuil, cywecmeyem o00HaA U MOALKO OOHQ KBadpamuiras
gopma v, ydosiemgopsawuas ypasweruio (8.9), npunem ama
gpopmua He Oydem 3naxoompuyamensHol.

B camom nene, no Tteopeme 8.1 dopma v CyWeECTBYeT.
QOcraercs aullb XOKa3aTb, 410 GOPMA U NPUHUMAET ITOJIOKUTE/b-
upie 3HaueHuns. onmycrum, uyro BCloay, Kpome Touku O, BHIOJ-
HEHO HepaseHCTBO v< 0, HO B TAKOM Cjyyae Mbl HaXOAMMCH
B YCJOBHSAX NPUMEHEHHS! TeopeMbl 5.2 (CHOBAa 3aMeHsAs U HA — ¥
M @ Ha -— W), U3 KOTODOH CJELyEeT, uTO HYJEBOE pelleHne
cucremsl (8.1) acmmnroTmyecku ycroHumso. OAHAKO U3 mpeano-
JOKEHUSt TEOPEMB O KODHSX XapaKTEPHCTHYECKOrO YpaBHEHUs
cucremnl (8.1) MH umeeM HeycToHumBOCTb, Ecam xe B Kakoii-
au6o Touxke v(p)=0, TO, TaK KaKk ¥ HE MOMKET PABHATHCA HY/IO
BAOJb BCEH TPAaEKTOPUM TOUKH p, MPUXOANM K 3aKJIOUYEHUIO, 4TO
Ha 9TOH TpaeKTOpWH HalIercs TouKa ¢, B Kotopoh v(g) >0,
yTo coraacyercs ¢ yrsepxaenuneM Teopemb. Teopema mokxasaua,
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TaK KaK MOC/IENHSs BO3MOMXHOCTb CYLLECTBOBAaHHS TOYEK, B KOTO~
pex v(g) >0, u ABASeTCS YTBEDKACHHEM HaLIEH TEOPEMbI.

ITpumeuanue IlokaxeMm, uyro Teopema 9.2 craHoBuTCS
HEBEDHOMH, eC/u He BBHIMOJNHEHO ycaoBue A; - A, # 0. PaccmoTpuym
cayualh, Korla cpeaud KopHeH ypasHeHna (8.2) ecTb HyJeBOH
Kopesb. B aTom cayuae ompemenntenn | A|, COCTaBAE€HHHA 3
Ko3(hduunenrtoB cuctemsl (8.1), paBeH Hy/a0, M CUCTEMA Ypas-
HEeHuH

n
3 ayx, =0, i=1,2 ..., n ©.1)
k=1
6yZeT uMEeTb HEHyJeBoe pelleHne Xp,=—xh k=1, 2, ..., n.
KakoBa 6n Hu Gblia PYHKLUA U, NIOAYUHM B TOuke Q (X, ..., Xn)

n

n
dv __ ov 0
= 2 ax, D anck =0,
i=1

k=1

N0o3TOMy ¥ He OyHeT 3HaKooNpese/eHHoOH; GoJee TOro, MHOMXe-
ctBO, rne =0, COHepKUT LeJbe TPAEKTOPHH, TAK Kak TOuka Q
aBaseTcs 0co60H. '

Teopema 9.3."Ecau cpedu xopreil xaparxmepucmuiecko2o
ypasuenun cucmenmdvs (8.1) cywecmgyem xoma Ob o0Oun
€ NOAOKHCUMEALHOU BewecmeeHHoll 4acmeo, mo, KaxKosa Oot
HU Oblaa 3HAKONOAQXHCUMEAbHAS Kéadpamuiras (opma w,
obpawarowasncs 8 KYAb Ha mroxcecmBe M, wne colepocauje
yesvx mpaexmopuli, 8cez0a raidemes Keadpamuinas opma v
U NOAOJHCUMEALHOE HUCAO & MaKue, 4mo 0ydem 8uiNOAHAMbC S
CoOMmHouLerE

d
d—z; == av -+ @, 9.2)

nputem Gyuxyus v He Gy0em 3HAKOOMPULAMENbHOILL.
Ilns noxasateabcTBa paccMOTpuM Hapsay c cuctemo#t (8.7
cucreMy :

g=<A—%E>x. (9.3)

XapakTepUCTHYECKOE YpaBHEHME 3TOH cucteMsl OyIEeT HMETh
BUl

1A—(%—|—-p>El=0. (9.4)
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OueBnIHO, KOPHA XapaKTEPUCTHYECKOro ypaBHeHus cucTeMb (8.7)
a
U cucremsbl (9.3) cBs3aHml Mexy CO60H COOTHOLIeHNEM A; == p,-—|—7.

BrpibepeM o HAaCTONLKO MaJbiM, YTOOB BBIMOJHAMUCH YCAOBUSL:

1) Ua Rek; >0 caenyer Rep; >0,

2) p; -+ pr # 0 Hu npu kakux ueanx I u k.

OueBuIHO, NEPBOMY YCJAOBHUIO JIETKO Y/IOBJAETBOPHTb, BHIOH-
pas o DOCTaTOUHO Ma/lmM. 3aMedas, HIO p; 4 pp=A; 4+ A, — o
MBl MOXeM BbIOpaTh o HE COBHNANAOUIAM HHB C OJHHM M3 KOHEY-
HOFO MHOXECTBA YHCEA A; ~ A,, C/IEROBATEIHHO, MOXEM YLOBJET-
BOpHTbL M BTOPOMY YCJOBHIO.

ITo Teopeme 9.2 cywecrsyeT (QyHKUMR v, HpUBRHMAOLLas
MOJIOKATE/IbHRIE 3HAUEHHUs, U Taxkas, 4YTO B Cuay cucremm (9.3)

dv
-——=—w. Tak Kak
dz

d?:(\A_ %»E>xgrad'v=Axgradv—%xgrad v,

U TaK Kak Mo teopeMe Iiiepa 00 OXHOPOAHBIX (PYHKUAX

n

xgradv= . g%ix,- = 27,
=
TO UMeeM
__dv __ dv
=5~ g %%

do
riae uepes at o00o3HaueHa MNPOW3BOAHAA (YHKUUM T, B3ATas

B caay cucremn (8.7). Takum o6pasom, coornowenne (9.2) Aoka-
3aHO.

§ 10. Ouenka pemenuit AUHeHHBLIX CHCTEM

Beenem cHauana OMHO BaXHOE HEPABEHCTBO W3 TEOPHH KBal-
parnuHpx dopMm. PaccMOTpHM KBaApaTHuHylo GopMy v=(x, BxX)

¥ MOCTaBuM 3aladyy OTHICKaHUd HaWMCHbIICro o HanboJbluero
n

sHaueHuH 5TOH KBaIpaTHuHOH Gopmu Ha chepe X' = Y| x} = r*,

i=1
CorsacHO WSBECTHHIM MpPaBUiaM pELIEHHs 33aflau HA OTHOCHTE/b-
HEIll SKCTpEMYM CJEAYeT KCKAaTb IKCTPEMYM KBaADaTUUHON PopMHE
W=7 — }\(.J(,"l —_ fi).
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B Toukax sKcTpeMyMa HO/KHO BHIOJHATHCA YCJAOBHE
grad w=gradv — 2Ax=0.

Tak xak gradv=—2Bx, TO HEOOXOAUMHE YC/IOBHA IKCTPEMyMa
NPUBOASAT HAC K YPaBHEHMIO

Bx=\x. (10.1)

DTO ypaBHEHWE WMEET HEHYJEeBOE pelleHne TOJbKO B TOM
Cayuae, KOraa A sIBASETCS KOPHEM YpaBHEHUs

| B— AE|=0. (10.2)

Taxk .Kak Matpuua B 9BJAS€TCs CHMMETPHUHOH, TO ee COOCTBEH-
Hble sHaueHus BemectBenHbl. OGoO3HauuM uepe3 A, HanMeHbliee
COOCTBCHHOE unca0 MaTpuusl -~ B, a uepe3 A, — HauboJbluee
COOCTBEHHOE H4HCJIO.

Ymuoxkas ypaHeHue (10.1) caeBa m cmpasa Ha X, MOAY4nM
v=(Bx, x)=Ax® 1. e. v=MAr’. Takum oGpasom, Geps B Ka-
yecTBe A HauOoJbliiee ¥ HapMeHbllee COOCTBEHHbIE YHC/A, BBIBOANM
HEPaABEHCTBO

PR TR W L.k (10.3)

CNpaBelanBOE I/ BCEX TOUeK NpOCTPaHCTBA,
lpunumas r®=1, NpuxoIWM K BHIBOAY, UTO A; €CTb MWHHU-
MaJbHOE 3HaueHWe (YHKUMM T Ha eAuHuuHOH cdepe, a A, —
MaKCHMMaJIbHOE SHaueHue.
[lepetizem Tenepp K 3aaauye OLEHKH PEIIEHUH CHCTEMHI JUHEH-
HHX JuddepeHunatbHux ypasHerud |10).
Paccmorpum cucremy auddepeHunalbHbX ypaBHEHNH
dx
7=
¥ TPEIoJIokuM, YTO BCe COOCTBEHHBIE UMC/A MAaTPULH A UMEOT
OTpuLATEIbHBIE BeuleciBeHHsle uncaa. Ilo Teopeme 9.1 cyme-
CTBYET ONpENEeJEeHHO [OJ0XNTE/AbHAA  KBalAparvuHasd (opma
v={X, BX), 1aKas, uto B cuay cucremn (10.4) Oyzem umern

Ax, (10.4)

n
‘Z =—r% rae r‘= 2 xi. (10.5)
i=1
C apyro# cropohnl, #3 Hepasencrsa (10.3) cieayer HepaBeHCTBO
g 14
—T"Zr—flﬁ—}:;, (10.6)
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rie Ay, A,— COOTBETCTBEHHO HauWMeHpLiee 1 Hanboabluee coO-
cTBenduie uncaa ¢opmel v. TakuM 0OpasoM, U3 COOTHOLIEHUH
(10.5) n (10.6) caenyer HepaBeHCTBO

v do ]
— e T e D —— e
NS at STy
KOTOPOE MOXHO Banucarb B BUIE
dt dvu dt
- g;‘é—n (]A0.7)
Wurerpupys (10.7) or nyns mo t n obosHauas uepes v, 3Haue-
HUE (QYHKIMM T B HAYaJIbHOH TOUKE TPAEKTODPHY P, MOJYUHM
— i "\
e M < v < v e
Ucnoavays  uepasenctso (10.6), mnoayuyaeM OKOHYATENbHYIO
oueHky 7% Bnoan pemwenusi cucrems (10.4):

Rt <P e P, (10.8)
n 1
Hepasencrsa (10.8) mMoryr ObiTh HCNOABb30OBaHB AJs OLIEHKW Bpe-
MEHN MEPeXOJHOro mnpouecca. B camom nene, paspemas OTHOCH-
t Age?
o
Taxnm ob6pasom, Bpema MEpeXoaHoro npouecca f(p, €), T. e.
BpeMs, HeoOXOoAuMoe s TOro, 4ToObl BeJAWYNHA 7 CTala U OCTa-
Balach B JajbHEHLIEM MEHbLIE &, YIOBJIETBOPSET HEDAaBEHCTBY

Ae
tp, e)<<— A, In 1‘}0 .

n=2¢! noayunm f=-—A,In

Uy —
TeJbHO ! YpaBHEHHE 3 €
1

§ 11. Teopembs 006 ycTOWYHBOCTH MO mepBOMY
npuoIHKeHH 0

Hapany ¢ cucremoit
n
dx;
}3?’: Z aikxk+X,-(x1, asey x"), i=1, 2, cesy N, ) (11_1)

k=1

pPaccMOTPUM CHCTEMY
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Ipeanoaoxum, uro X;(0, ,,., 0)=0 u

n n
PP HE . x,,)sA*(Z %)t (11.3)
i=1 i=1
rae & >0, A— nonoxurenpnas mnocrosuuas. Cncremy (11.2)
OyneM HaswBaTb CUCHIEMOU nep8o20 NPUCAUNCEHUS.

IlocTaBuM 3a1auy BHISICHEHHsT YCAOBHUH, NMPH BHINOJIHEHHH KO-
TOPHX U3 YCTOHYMBOCTH WJIH HEYCTOHUMBOCTH CHUCTEMBI NEPBOro
NprOGIMIKEHN BHITEKAET COOTBETCTBEHHO YCTOHYMBOCTb KW He-
yCTOHYMBOCTb HYJEBOro pelenus cucrems (11.1).

JJemma 11.1. [ycme w— 3naxoonpedesennass Kéaodpa-
muwnasn ¢0pﬂa, U — Npou3soAbHAs KseadpamuuHas Qopua.

Dyuryun w - 2 - X; 6ydem 3HaxoonpedeaenHoldl, cosna-
i=1
darweli no 3HaKY ¢ W 8 HEKOMOPOl OKPecmHOCHU HA4aia
Koopouram.
CoraacHo (10.3) umeem

pri<sw<<p,ry

rie p; — HauMeHbluee, p, — HauGoJbllee COOCTBEHHHIE uHCIA

n n
2
popmsl @, r=<2 x?)”g. Tak kax Z <§%> — TONE KBal-
i=| ¢

patuuHas ¢GopMa, TO MMeeM

2,2 \ (A% 2 .2
Airt << 2 <0x,~> < Aur?,

i==1

L=

rae A}, A} — coGcTBeHHble uncaa ykasanHo#t dopme. s nepa-
BeHcTBa Bynsxosckoro—LUlsapua u (11.3) caemyer

n

" o0v oo \2\/2 2\/e ata

] &Xffg(ﬂax,)) (‘lel) = AR
i=1 ==

t
TIpeanonoxuM, Y4TO @ — ONpENEJNEHHO OTpuLATeNbHAs QopMa.
Hmeem

ihag

n
du «
W 2 0}}Xi<(Pn‘{‘AAn’ )i

i=l
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Ecay BHIOpaTh Takyio OKPECTHOCTb, B KOTOPOH
Abyr® < | pals

TO MoayyuM TpeGyeMoe HepaBeHCTBO

w+2 X1<0 npu r#0.

i=1

Ecmu @ >0, 10 moayunm

w+2 X>(91~AAr°‘)r“>0 npy  r #0,

i=1

ecam Toabko AAr* <pg.

Teopema 11.1 (treopema 06 ycTtoHuuBoCTH mo
nepsoMy npubGauxeHnnio). Ecau wopuu xapaxmepiicmu-
HeCK020 YPABHEHUST CUCHMIEMb NEPBO20 NPUOAUNCEHUS UMEM
OMmpuyamenbHble BEULECMBERNbLE HACILU, MO HYAEB80€ pellenile
cucmemst (11.1) acumnmomuuecxu ycmolinuso.

B camom mene, cornacHo teopeme 9.1 cyuiecTByer omnpene-
NEHHO TOJOXHUTeNbHAd KBaApaTuuHas ¢opmMa o, NPOM3BOAHAS
Kkotopo#t B cuny cuctemsl (11.2) pasHa —r) IIpowssoanas

dv N
¢yHkuvu v B caay cucremst (11.1) umeer Bua a=—1T -+

-+ EBQ,T:-X’ u coraacHo Jaemme 11.1 Oyzer Takxke onpene-
R i

JIEHHO OTpHIaTeJbHON. ACHMATOTHYECKad YCTOHUMBOCTH Temeps
cneayer w3 teopembl 4.2.

Teopema 11.2 (TeopemMa O HEYCTOHYHUBOCTH MO
nmepsomy npubanxennw). Ecau cpedu ropuei xapak-
mepucmuiecKo20 YPasHEeHUS CUCMEMbl Nep8o20 NpuGAUNCeHUS
umeemcss xoms 06 OOUH ¢ NOAOICUMENHOL 8eu,ecmBenHol
wacmer, mo Hyaresoe pewenue cucmenms (11.1) neycmoduuso.

Mo reopeme 9.3 cymecrsyer ksaigparuuHas ¢opma v, npu-
HUMAOUasn NOJOXKUTEIbHBIEC 3HAUEHHS U YAOBJAETBOPAWOLLAA COOT-
HOLLEHUIO

dou
E:r"—]—a’o, G.>0,
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du
rae ;- O3HaYaeT MPOH3BOLHYIO (pyHKUMH U, B3ATYIO B CHAY CH-

cremn (11.2). Beps npousBoaHyio (QYHKUHM U, B CHAY CHCTEMHI
(11.1) moayuam

r“~|-om-|—zaxi

i=1

HO w3 aemmu 11.1 caexyer, uro r?-4- 2 ox; - X; Oyner ompe-
=
JeneHHo moJoxuTenbHolt dyHkume#i. HeycToliumBocts Tenepn
BHITEKAeT u3 Teopemn 6.2,
PaccMOTpuUM HECKOJBKO MPUMEpPOB.
1. Paccmorpum ypaBHeHue KoJseOGaHuft MasTHHKa

X+ax-+ bsinx=0.
Emy COOTBETCTBYET CHCTEMA
X=y, y=—bsinx—ay. (1149
Ocobrie TOUKA STOH CHCTEMBI HMMEIOT KOODAMHATH X =k~
(B — moboe nenoe uucao), y=~0. Wcnoabsya pasioxenue
sinx=x—§—{— ceey
3anyileM CUCTEMY MEepBOro MPUO/INKEHHA
X=y, p=—bx—ay (11.5)
XapaKTepPUCTUUECKOE YDaBHEHHWE KOTODOH MMEeT BUA

2 ah 4 b=0,

Eciw a>0, 5$>>0, TO KOpHH HMEIOT OTpULATeJIbHBIE BeLie-
CTBEHHHIE 4aCTH, W HYJAEBOE NOJOMKEHHe PaBHOBeCHS OYyIET YCTOM-
YUBHIM 110 NMEPBOMY NPHOJIHKEHHIO.

Uccaenyem tenepp Ha yCroHumBoCThs TOYKy (%, 0). Hcnosab-
3ys pasJoxneHne

x———n)

smx-———(x—n)—{—(

3amMLLEM CHCTEMY MEPBOro NpuGJnKeHus:

X=Y, j;:b(x—n)-ay.
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Ilepenocs Hauano KoopauHar B TOUKY x ==, y=—0, noayunm
cucTeMy
X=y, P=bx—ay.

XapakTepuCcTHUeCKOe ypaBHEHNE WUMEeT B JAHHOM ClyYae BHI
M4 al—b=0.

Ipn a>0, >0 kopun 9TOro ypaBHeHns GyLyT BEILLECTBEH-
HHIMH Da3JHYHBIX 3HAKOB, CJAENOBATE/IbHO, Touka (wm, 0) aBasercs
HEYCTOHYMBOH TOUKOI.

2. PaccMoTpuM Temepb ypasHEHHE MaATHUKA, K KOTOPOMY
NpuJoXeH Bpamiaomuid mMoMedt (cm. § 7):

X-+aX-4bsinx=L. (11.6)

Paccmorpum ciayuatt, xorma |L|<(b. B atoM cayyae MOXHO
nosoxuth L==5 sin x,, u ypasHeune (11.6) npumer B#L CUCTEMBI
X=y, p=—>b(sin x— sin x,;) — ay. (1L.7)

Oco6rie TOukH onpenenstcs ypasHeHuamn y =0, sin x== sin x,,
CAefoBaTebHO, KoopAuHatel X, Y, ocobuix TOuek Oyayr
UMEeTb BUL

Xo=(— 1) %o kr, Yo=0, k=0, 1, 2, ...

Wcnonb3ys pasnoxenue sin x B psag Te#siopa B OKpPeCTHOCTH
TOUKH X,, 3amulleM CHCTEMY MNepBOro MNpHOJINKEHHs:

L=y, p=-—0>bcos X,(x—X,) —ay. (11.8)

Tlocne mepenoca Hayala KOODAMHAT B TOUKy x =X, y=0
MOJYYHM CHCTEMY

X=1Y, )"=——bcosX(,X—aY.

Xapaxtepuctayeckoe ypasseune A?-fal--bcos Xy,=0 3Toii

CHCTEMBI IMEET KOPHH C OTPHULATENbHBIMY BEILECTBEHHBIMY YaCTAMH,

ecn @ >0, bcos Xy >0. Ecan obycaosneno, uro a >0 u

5>0, To ycnoBue ycroftuusoctd Oyier umers Bmid cos X, > 0.
3. Paccmorpum cucremy

X=y—x)} Jp=—x (11.9)

Cucrema nepsoro npubamxenus umeer Bua X =y, p =20, oTKyna
caenyer y =y, X==Jy,t- x, Taxum obpasoM, Hysesoe pelie-
HWE CUCTeMbl HepBOro mNpubamkeHus Heycro#uuso. OJHAKO Tak
Kak o6a KOpHs XapaKTepPUCTMYECKOTO YPaBHEHUs DPaBHBI HYJIO,
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TO Mbl He MOXEM Ha OCHOBaHWH Teopemnl 11.2 cnenaTb BHIBOX
0 HeyCTOHUMBOCTM HyaeBoro petueHus cucremsl (11.9). bouee
TOro, HyJIEBOE peEllleHHe MOJHOH CHUCTeMBl OyHeT Jaxe acUMITO-
THYECKH YyCTOHuuBHIM. B camom nene, npoussoldHas (yHKUHH

JlsmyHoBa ’0=—l~x’ +%yi B cuay cucremst (11.9) umeer Bun

9= —x%* u, caexosateabHO, OyZET 3HAKOOTPHIATENbHOMH.
Jlerko yGemuTbcs, uTO KoopamHatHele och x =0, y =0, Ha Ko-
TOPHX (yHKuns ¥ o6pamaercsi B HyJb, HE COJZEPHKAT LEABIX
TPAaeKTOPNH, 3a UCKJIOUEHHEM HYJEBOrO TOJOXKEHUs PaBHOBECHS
Takum 06pasoM, 37€Ch MOXHO TPHUMEHHTH TeopeMy 5.2, U3 KOTO-
pOR cCaelyeT acHUMIITOTHYECKasi YCTOHYMBOCTb.

§ 12. YcTOHYUBOCTE B 1EJIOM

PaccmoTpum cuctemy

B X (12.1)

npu ycaosun X (0)=0,

Ounpeneaenne 12.1. Hynesoe pewenue cucremn (12.1)
Ha3BIBaETCHA ycmoudusoim 8 uyeiom (WIR Yycmoduusvim npu
AIO0OBLX HAYAABHOLX  B03MYUEHUSX), €CAW OHO YCTOHYMBO
B cmbicie JIamyHOBa "M ecaw BCAKOe JApyroe pelenve x (f)
cucrempl obsanaer csoHicteoM || x(f) || = 0 npu £ —> co.

dynxuuio JlsnyHoBa v Ha3oBeM OecKOHE4HO 60AbuloOl, €CNY
aas  mo0oro MOJOXKHUTENbHOTO uucna A CymecTByeT MOJMOXKH-

n

TeJbHOE WACAO R TaKoe, uTo BHE Chepm Y, xj= R umeer Me-
i=1
CTO HEpaBeHCTBO v > A.
Tak, Hanpumep, OMpENENEHHO MOJNOXKUTEIbHAA KBaApaTUYHAA
dopma Oyzner GeckoHeuHo GoabuioH, Tak kak G6yzem B cuay (10.3)
nverh Mrl<<ov <<, r , rie A >0, a r — pagnyc-BeKTOD TOUKHA.

DyHKILYS v_1+x2—i—y ONpENENeHHO MOJOKUTENbHAS, HO

He sBaseTcs GeckoHeyHO G0ablLOH, Tak Kak npu y=0 n x - o0
$YHKUMS U HE CTPEMUTCH K GECKOHEUHOCTH.

[ToBepxHOCTH YpOBHS GECKOHEUHO GOMbLIOH QPYHKIMH ABIAIOTCA
Or paHUYEHHBIMH.

B’ camoM nese, pPaccMOTPMM  Kakywo-n1uG0 MOBEPXHOCTb
ypoBust v==c¢, a8 DaHHOro ¢ MOXHO yKasaTb WIap paauyca R,
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BHE KOTOpOro GyIeM HMeTb U >¢ H, CJAEXOBaTeNbHO, MOBEPX-
HOCTh w==c¢ OyAeT J/IeXKarb BHYTPW 3ITOr0 LIapa.

Teopema 121 (06 acumMnToTvyeckol ycToHuu-
BOCTHU B nenAoM). Ecau cywecmsyem onpedeseHHO NOAOINCU-
measHas OGeckoHeuHo 6GoAbwasi PYHKYUSL U, UMEOUAs onpe-
Oenenno ompuyamessHy0 npou3sodHyi0 80 8CEM NPOCMPaH-
cmse, mo HyaeBoe peweHue CUcCmemb QCUMRMOMULECKU
ycmoduugo npu A100bX HALAALHELX BO3MYULEHUAX.

DTa Teopema pmomyckaer oOpaiieHVe M SIBJIAETCS UYaCTHHM
cnyyaem caenyioumel Oosnee ofulelt Teopems |[6].

Teopema 12.2. [Iycms cywmecmsyem OeckoHeuHo Gons-
waﬂ onpedesenro nonomumeﬂbuaﬂ dyHKRYuR v maxas, 4mo

<O e M u }it\

:»cum yesslx mpaexmopuil (Kpome HYAEB020 NOAONCEHUS
pasHosecus). Hyaesoe pewenue cucmenmss (12.1) 6yaem ycmoi-
Y1BO 8 YEAOM.

Iokaxem Tteopemy. Ilycth p — nponssosbHas Touka (asoBoro
npocrpancTBa. M3 Toukm p Bmmyctum moaytpaexropuio f(p, t)

<< 0 na M, 20e unoscecmso M He codep-

dou
(t>0). Tak Kak dt<0 M0 YCJAOBHIO TEODEMH, TO HUMEEM

v(f(p, £))<<v, Tax Kak MHOXECTBO U (p) << v, ABJISIETCA Orpa-
HUYEHHBIM, TO moayTtpaexkropus f(p, ) Jewxur B OrpaHHUYEHHOH
06/aCTH ¥, CJAENOBATENbHO, HMeeT ®-pefeabHble TOukd. Vs
nAemmbl D.1 cremyer, urto Bce ®-Mpefie/ibHOE MHOXKECTBO JEXKHUT Ha
OLHO# IMOBEPXHOCTH YPOBHH U==17,.

Paccmorpum mBa ciyyas. Ecan v, ==0, To 10OBEpXHOCTb YPOBHS
v=0 aBaserca HauasoM Koopawnar. C/e10BaTeJbHO, BCE W-Tpe-
IenbHOE MHOXECTBO Tpaektopuu f(p, f) coBNajaer ¢ HayanoM
KoopauHaT U Mbl umeeM lim x (f)==0. Tak kak H3 HepaseH-

t -0

CTB2 <0 crenyer oOsiuHas yCTOHUABOCTb B CMbICAE J]smy-

dov
7S
HoBa (cM. Teopemy 4.1), TO ¥ NOJAyuaeM aCUMNTOTHYECKYIO YCTOH-
YUBOCTh B LEJIOM.

Ilpeanonoxum tenepsn, uro v, 7% 0. Ha nosepxnoctn v=1,
JEXKUT W-TIpEeJebHOe MHOKECTBO & TOYKH p, COCTOALIEE H3 LEAHX
TpaexTopuii. Broap sTMX TpaekTcpuH, OYEBMAHO, OyAEM HMETb
9 =0, noatomy mHOowecTBO @ nexur B M. Ho no yciaosuio teo-
peMsl M He CONEPHKUT LieABIX TPACKTOPUH, CaedoBaTe/IbHO, Npea-
No/IOKEHNE, YTO v, 7% 0, NPUBOAMT K IMPOTHBOPEUHIO.

Teopema mokasaHa.
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3aMeTnM Temepb, 4TOo €CaM On MHOXeCTBO M coxepkasno
HeNble TPAeKTOPHH, TO W3 JOKAa3aTeNbCTBA TEOPEMBI CAEAYET, YTO
BCe TpaexkTopuk cuctemsl (12.1) MPUTArUBAIOTCS HEKOTOPHIM MHO-
HECTBOM, JexamuM B M. IDTO MHOXKECTBO SIBAAETCA WHBApHUAHT-
HBIM, T. €. COCTOHT U3 LEAHX TPACKTOpuH.

IMocnennee yrtBepwaeHue npuHagnexur XK. Jla-Cammo [11].

Teopema 123 (06 yCcTOHUYHBOCTH B LEJTOM HYyTe-
BOro pemeHunsa JuHelino#t cucremu) Ecau nysresoe
pelieniie AUHeRHOL cucmems. acumnmomudecku ycmouiugo
8 cabicne Jlsanynosa, mo oHo ycmoliugo 8 yeAOM.

B camom nmene, HyaeBoe peuieHue OydeT aCHMOTOTHYECKU
YCTOHUMBBIM B CMBIC/IE JIAMyHOBA TOMBKO TOraa, KOria BCE KOPHHM
XaPaKTEePUCTHUCCKOrO0 YPAaBHEHUSA CUCTEMBl HUMEIOT OTPULATE/bHBIE
BeillecTBeHHsle uacth. ITo teopeme 9.1 ans moGoili onpeneseHHO
OTPUIATENbHON KBaApaTHUHOH (POPMBI % MOXHO YyKa3aTh OIpe-
NENEHHO TOJOXHTENBHYIO (OPMY U TaKylo, YTO HMEET MECTO
9=w. Tax Kak ¢opma v sBasercd 6eCKOHeYHO GOJBIIOH, TO MHI
HaxXQIMMC B YCJIOBHSX INpUMeHeHus: Teopemsl 12.1,

§ 13. MpoGaema Afisepmana

Hapsiny ¢ nuHe#HBIM ypaBHEHMEM BTOpOro MHOpsAKa

ftaxt+bx=0 (13.1)
paccMOTPUM HeJuHEHHOE ypaBHEHHE
Z4ax4+f(x)=0, f(O)=0. (13.2)

Ecan a >0 u 5> 0, T0 Hy/eBOe pelleHne YPAaBHEHHs aCUMIITO-
THYECKH YCTOHYMBO B UeiOM. YcioBue b >0 MOXHO TPaKTOBATbH
KaK YC/I0BHE PACHOJOXeHUs NpiaMoit y=—bx B 1EPBOM U TpeTheM
KBaJpaHTe KOODAMHAaTHOH m1ockocTH. BosHukaer craeayomuit
BOMPOC: ecay rpaduk OIHO3HAYHOH (yHKUuKM y==f(x) Oyner
‘TaKXe PAacroJ/IoxXeH B MEPBOM H TPETbeM KBaApaHTe, TO OyIer Ju
HyJIeBOe pelneHue ypasHeHus (13.2) acUMNTOTHYECKH YCTOHUMBHIM
B uenom? MumMu caosamu, ofecneuuBaoT au ycaoeus a >0,
f (%) x >> 0 acUMNTOTHYECKYIO YCTOHUMBOCTD B LENOM, MHOO HYXKHbE
KaKue-1100 [IOMOJHHTENbHBIE YC/IOBUS?

YTo6s pewuTs 3TOT BOMPOC, paccMOTpuM GyHKuuo Jlany-

x

HoBa v=y?|-2 Sf(x) dx. Ilpoussomnas QyHKUMM T B CHIY
0
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CHCTEMBI

i=y, J=—/S(x)—ay
nMeeT BuA ¥ = — 2ay® UroOb ¢QyHKuus v Oblaa ONpeneneHHo
N0JIOXUTENLHOH, HEOOXOANMMO MOTPEOOBATh BHINOJHEHHS YCJA0BYS
f(x)x>0. Eciu @ >0, 10 9 6yaer sHakooTpuuareapHoi. Oue-
BHAHO, ¥ ofpamiaeTcs B Hyab Ha Jaudnd y —0, He colepikaiieh
LeJbIX TPAEKTOPUHl, KpOMEe TMOMOKEHHUs paBHOBECHS.

Takum o6pasom, aas npumeHeHus TeopeMn 12.2 ocraercs
NPOCAEANTb, Y4TOOb GyHKHHA v Onia GeckoHeuHo Gosbuiot. [Las
3TOr0 AOCTAaTOYHO MOTPeGOBATH BHIMOJHEHHs YCJAOBUS

X
S J(x)dx -
0

mpu | x|—>co, aub0 BHNOJHEHHs Oojee NPOCTOrO  YCAOBHUS
-]%V)>e>0 npn x # 0.

Mbl BuauM, uTO, BOOOLIE rOBOPS, BHIMIOAHEHUS OOOGIIEHHBIX
ycaosui Paysa—TIypsuna a >0, f(x)x >0 Hemoctarouso aas
BBIBOJA 33AK/II0YEHHUSI O HAJAHWYUHM CBOHCTBa YCTOHYMBOCTH B LEJIOM.

PaccmoTtpum Temeps Bompoc ¢ Gojee obimie#t TOYKH 3peHnsl.
Hapsany c aunetino#t cucremoit

n

dx
7ii‘ = Z ayp Xy, + by,
k=l (13.3)
n
dx; ,
_‘;?= 2 Q;pXpy l=2, veey Ny
k=1
pPacCMOTPUM HEJUHEHHYIO CHCTEMY
n
dx \
‘dtl: Z Xy, + (),
k=1 (13.4)
n
%":: Z X i=2 ..., n [f(0)=0.

k=1

IMycte Ham u3BECTHO, YTO HyJeBOe peuieHne cucremsl (13.3)
acUMIITOTHUECKH YCTOHUYNBO /IS BCEX b, YAOBJETBOPSIOWIKX YCJIO-

BUIO a<b<;3.
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Bynet an nynesoe peruenue cuctems (13.4) yctoHuuBeiM B ne-
7I0M, €CJIH BBINOJHEHO YCJOBUE

a<%’f‘) <p? (13.5)

WusiMu  croBamy, ecau rpaduk KpuBoH y=—f(x) pacnosoxen
Mexay npampiMa y=—=ox u y=0x (puc. 3), 10 AOCTATOMHO JiH
310r0 AJ 00ecneyeHuss yCTOHYMBOCTH B LEJIOM HYJEBOro pelie-

@

Puc. 3.

Hua cucrems (13.4)? drta npobiema Obina chopMyaupoBaHa suep-
soie M. A. Atisepmanonm [12] u iBHIACH UCTOYHUKOM MHOrOYWCJIEH-
HBIX MCCNEJOBaHNH MaTEMAaTUKOB M MEXaHUKOB,

IMepeuili npuMep, MOKa3HBAOUIKH, YTO BHIIOJHEHUs 0600meH-
Horo ycaosus (13.5) HeZOCTaTOYHO s HaJUyus YCTOWYMBOCTH
‘B LIEJIOM, B C/Iyuae CHCTeMBl IBYX ypasHeHu#t mocrpoua H. H. Kpa-
cosckuft [13].

B. A. Tlimcc [14] nposea ray6okue HCCAEAOBAHUS CUCTEMBI
TPETBETrO NOpAAKA W I0KasajJ, YTO BHIIOJHeHue ycaosusi (13.5)
Haxe B GOsee XecTKOH (opMe, T. €. B ¢dopme

o <TE B rae o> e 5<Ch,

MOXeT He ofecneunTb YCTOHYMBOCTH B LEIOM,
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Huxe Mpl npyBOANM NPUMEPH HA HUCC/AEIOBaHUE YCTOHUMBOCTA
B 1I€JIOM HEJUHEHRHBIX CHUCTEM. DTU MPUMEPH TaK WM MHAye CBA3AHbI
¢ npobaemo#i Atizepmana. OpHako orMeTuM, 4TO HanboJee uHTe-
PECHBIM MOMEHTOM MpDH H3JIOXEHHH INPUMEPOB SABJAETCH AEMOH-
crpauus ¢yHkuu# JlanyHoBa mas HeJWHEHHBIX CHCTEM.

§ 14. Hpumepn

Mpumep 1 (W . Maakuu [15], H. Il. Epyrun [16]). Ha-
psay ¢ cucTeMol

F=ax+-by, } (14.1)
y=cx-}-dy,

paccMoTpuUM CUCTeMy
y=cx-}+dy.

Ucnoabsya pesyabrarnl § 9, noctpoum pas cuctemn (14.1)
¢yHxunio JlanyHoBa B Buie KBaipaTuuHO# (opmbl, ucXoad 43 yc-
JI0BUS

9=—2(a-+d)(bc — ad) x".

TMonaras v=ax? - 28xy - 1y?% nerxo Halinem HeompeneneHHsIE
K03hduuuenTs a, B, 7. B pesyabrare BHK/IaZOK MOIY UMM QYHKIHIO

v=(dx — by)* + adx? — bex* (14.3)

Veaosus Paysa—Dypsuna mas cuctemst (14.1) nmelor Buzx
a-+d <0, ad— bc >0, oueBuaHO, 4TO 3TH ycaoBus obecneyn-
BAlOT 3HAKOOMpPENENEHHOCTh (YHKUMM T W 3HAKOOTPULATENb-
HOCTb 9. :

Beps 3a ocHoBy ¢ynxumio (14.3), mocTpouM Tenepb HyHKUUIO
JlanysoBa mas cuctemn (14.2). Cucrema (14.2) oraumuaercs ot
cucrembl (14.1) Tem, yTO BMECTO QYHKUUM QX CTONT HeJMHEHHas
¢ynxuns f(x). B Bupaxenun (14.3) kosdduunentr a komOunu-
pyerca ¢ x* Ecau paccmaTpuBaTh BHpaxeHne ax® Kak yIBOeH-

X

HBEI HMHTErpan Sax dx, TO eCTECTBEHHO# KaXeTCsl MBICJb NPUHATD
0
no aHaaoruM B KauecTBe Qynkumu JlanyHosa pas cucrembl (14.2)
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(pyHKLUIO

u::(dx——by?—k?dgf(x)dx—-bcxi (14.4)
0

Bepsi MPOU3BOAHYIO (YHKIMK &, B cuay cuctemsl (14.2) moayuum

i —2 (K g ) (5 —£80.0) 0

X

Taxk kak u=—(dx — by)*+ 2 S (d f(x) —bex)dx, TO ycaoBue
0

3HAKOONPENENEHHOCTH (DYHKUHM 4 HUMEeT BUJI

a) di—(;—)—bc>0 npu x £ 0.
Ycaosue (3) BMecTe C yc/J0OBHEM
b) £ 4 40 npn x#0

obecrieynBaeT 3HAKOOTPHUILATENBHOCTh & OUueBHIHO, MHOXECTBO
x =0, roe =0, He colepkuT 1eABX TpaeKTOPHH. YToOH DyHK-
uus 1 Ona GeckoHeuHO GoOJMbuIOH, MOCTaTOUHO MOTPeGOBATH BHI-
TIOJHEHHS YCIOBHS
X
c) S[df(x)—bcx]dx—»oo npu | x| — oo.
0
Ycaosust a), b), c¢) obecrneunBalOT Ha OCHOBaHUM TeopeMul 12.2
yCTOHUNWBOCTb B 1IEJOM HYJICBOrO pelleHus cuctems (14.2).
Kpacoscku#i H. H. [13] nokasan, uTo HEBHITOJHEHHE YCJIO-
Bus (C) MOXET MOBECTH K MOTepe CBOHCTBA YCTOHUMBOCTH NpH
JIOObIX HaYaMbHBIX BO3MYIIEHHAX.
Hapsiny ¢ cucremot (14.1) paccMoTpum jJajzee CcUCTeMY
(H. H. Kpacosckuii [17])

t=f(x)+ by, }
y=1¢(x)+dy.
Beps ¢yHkuumio JlamyHosa B Buie

X

v==(dx — by)*+ 2 {14/ (¥)—bo ()] dv
0

(14.5)

¥ YuWTHIBafl, uTO B Culy cucrems (14.5) Oyaem umets

s=—2(E +d) e (9 — df (o) 5,
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MOJYUYdM HOCTATOUHBIE YCJAOBUS YCTOHUMBOCTH B LEJOM B BHIE
a) (be (x) —df(x))x >0 npn x #0,
b) TO) 4 a0 npn x 0,

) {[df(x) — bo (x)}dx — 0o npn | x| — co.
0

ITpumep 2 (E. A. bap6amun [6]). Paccmorpum ypasHenue
X+ (X)+g(£)f (%)=0, (14.6)
SKBUBAJEHTHOE CHCTEME
X =y,
J=—gWf(xX)—e () }

Vicnoasayem n1e nocrpoenus ¢yHKkumu JISnyHoBa MeTon Ine-
JeHus nepemeHHnx [18]. DByaem unckate ¢pyHkumio v B BHIAE
v=F(x)4P(y). Umeem B cuay cucremn (14.7)

1=F(x)y — ¥y} g f(x)+¢ ]

[MorpeGyem Tenepp, yToOH ¢ HMEAAa TAKYIO KE€ CTPYKTYDY,
uyto ¥ (QYHKUMA U, T. €. NOTpe6yeM TOXIECTBEHHOTO BHIOJHEHHS
ycaoBus

(147)

F(x)y—¥(») g /f(x)=0.
Jlens nepemeHHbie, TMOJY4UM
Fx)y (e
f (%) y ’

4TO MOXET HMETb MECTO, €CJN KaxuJI0oe U3 BhIpaxeHu# B oboux
CTODPOHAX DABEHCTBA SBJIAETCA [OCTOSHHBIM, HANpUMep, paBHbIM 1.
Orciofa cpasy CJIeayer, YTo

¥ y
F(x)‘—‘gf(x)dx, @(_y):SA’i-V_
0 g
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YcnoBus yCTORUMBOCTH HYJIEBOIO DELIEHHS 3aNHIMYTCS B BHAE

a) f(x)x >0 npn x#£0,
b) g(y)>0 mpu y #0,
<) ¢(¥)y>0 npn y #0,
d) Sf(x)dx»oo npu | x| — oo,
0
e) Sym»oo npu |y |—> co.
gy

¢
[Ipumep 3. B ypasHeHun
&9 (%) £+ f(x)=0,

TpoBe/s 3aMeHy nepemeHHo# (3ameHy JlusHapa)
X
y=x+SCP(x)dx’
0
IOJYYNM CHCTEMY
X
t=y—{¢x)dx
0

y=—F ).

Hcnonpays dyHkuunio JlanyHosa

vyt 2 F(r)dx

[}

¥ MpuHMMas BO BHUMAHHE, UTO
X

v==—2f(x) {9 (x)dx,
0

noayuum caepymomue  A0CTATOYHBIE  YCJAOBHUA
B LEJAOM:

a) f(x)x >0 npu x #0,
b) (%) >0 mpu x£0,

c) §f(x)dx—>oo npu | x| - co.
0

(14.8)

YCTOHYMBOCTH
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Mpumep 4 (H H. Kpacoecku#i |9]). PaccmoTrpum ypas-
HeHue
E=f(x, X),
DKBHBAJIEHTHOE CHCTEME
xX=y,
y=r(x y).

bepsa ¢yHkuuo JlanyHoBa B Buje

X
=y —2 Sf(x, 0)dx,
0

nonyuuM
1=2[f(x, y) —f(x, 0)]y.

YcnoBus yCTORUHMBOCTH B LEJOM UMEIOT BUX
a) f(x, 0)x <70 npu x #£0,
b) [f (% ) —f(x, 0)]y <0 mpu y 70,
X
c) Sf(x, 0)dx — co npn | x| co.
0
IMTpumep 5 (E. A. Bap6awun [20]). PaccMoTpuM ypaBHeHue
X4 ax -+ (£) 4 () =0, (14.9)

rae ¢ (0)=/(0)=0, a>0, oynkumns f(x) HenpepuiBHO HHNQD-
¢depenuupyeMa, a QyHKuus ¢ (x) HempepniBHA NpPH BCEX 3HAue-
HuAX aprymedta. B nanbHelilieM BBEJEM B PacCMOTpeHHe
yHkunio '

w(x, y)=aF (x)+f(x)y +2 ()

rie
x

Fx)={/(x)dx,

0

y
o(y={e(ndy.

0

Beoas oGosnauenns y=—24x, z=3 -} ay, ypasneune (14.9)
TIpUBEJEM K CHCTEME

X=y, §=z—ay, 2=—290)—/f(x) (14.10)
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Paccmotpum ¢yHkumio
v_—_aF(x)+f(x)y+<D(y)+%2’=w(x’ N+ ; 2
Hmeem

= F () — a 2O
[F0—at

ITycth BHIMOJMHEHB! YCJIOBHUS

a) F(x) x>0 npn x #£0,
b) “P(y) —f'(%)>0 npn y #0,
c) lim @ (x, y)=o0, rae r==(x*+ y?"".

WUs ycaosus (b) caenyer, uto 9< 0 mnpn y%20 n 9=0 nupn
y =0. ITokaxeM, 4TO Ha MIOCKOCTH y==0 HET UEIHX TPAEKTO-
puli, KpoMe HYJEBOrO MOJOXeHWs paBHOBecus. B camom nene,
€CJIM TaKas TPAeKTOpHs HMenach Obl, TO BHOJb HEe MbI JOJ/IKHH
umers y=p==0. VI3 Broporo ypasHeHns cuctems (14.10) cxe-
nosano 6t 2=0 u 2=0, w3 Tperbero ypaBHEHUs CJeAyeT
Toraa (Tak kKak ¢ (y)==0) rtoxmecrso f(x)==0. Ycaosue (a)
¢ yuetoM HenpepsiBHOCTH f (X) MpuBOAMT Hac K ToxaecTBy x =0.
Taxkum o6pasom, pacCMaTpUBaeMoOe ABHIKEHHE MOMKET OBITb TONbKO
HYJ/IEBHIM.

IToxaxeM Tenepp, yTo GYHKUUS W 9BJISETCS ONpPEIEJEHHO
noJoxuteabHoll. KMmeem

@)@ | 4aF ()P () —yF )
v =g T 70 (3) :

3amerum, uto @ () >0 npu y£0. B camom nerne, Tak Kak
f(x) mensier 3Hak B Touke x=0, To f’(x) npuHumaer nono-
KUTEbHBIE SHAYEHHMs [JIs HEKOTOPHX 3HAUEHUH X; STH 3HaueHus,
Kak BUIHO u3 ycaoBus (b), He NPEBHILAIOT HUKHEH TpaHu BHa-

YeHuit 2 'f—(—yl
y y

WIrV 4TO TO XKe camoe, mosnoxureasHocts P ().
IToxaxem, nanee, yto yHKUMA

U (%, y)=4aF (x) © (y) — y*/* ()

4TO ¥ 00eCneunBaeT HaAM MOJOKHUTEAbHOCTD

’
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nonoxntensHa npu x % 0, y £ 0. B camom nene, umeem

u(x, y)=4§ 0Syf(;c:)[a'L;’)—f’(x)y]dydx.

Ycaosue (b) obecneunBaeT IM0JOKHATENbHOCTb BHYTPEHHErO
VHTErpana, a ycnosue (a) — MONOKHTENBHOCTL QYHKUME & (X, V).
WUrak, w(x, y) SIBJISETCS ONPENLJCHHO NONOXHUTENbHON PyHKuUMEH
apryMeHToB X M J W, CJAENOBAaTENbHO, GyHKuMA v(x, y, 2)==

. 22 .
=w(x, y)—]—7 ABASIETCA ONpPEIEIEHHO IMOJOXKHTENAbHON (YHK-

nue apryMeHToB X, J, 2.

Taxum 0GpasoM, Mbl HAXONWMCA B YCJOBHSX [PUMEHEHUs Teo-
peme 12.2, u3 KOTOpOH ciedyeT, 4To ycaosms a), b), c) obe-
CMEYnBalOT YCTOMUMBOCTb B LIEJIOM HYJAEBOTO DEIIEHus CUCTEMBI
(14.10).

Mpumep 6. (E. W XKenesnos [21]). Paccmorpum ypasHenue

x4-ag+f(x) %+ cx=0 (14.11)

BBoxs HOBble NEPEMEHHBIE
X

y=3&—t—a1&—{—§f(x)dx,

0
z=2x-+ax,
TOJIYURM CHCTEMY
X==z—ax, y=—cx, 2=y—F(x), (14.12)

rae
x

F(x)={f(x)dx.
0
PaccMoTpuM (yHKLMIO

X
o=\ Fds—xy+ 5 ¥ +5,
]
BHIUMC/AS NPOW3BOAHYIO (yHKUEE ¥ B cuay cucremn (14.12),
MOJyuYuM .
t=—[a T —c|x
X

Veaosus a) a >0, ¢ >0, b) af(x) >c+e rae ¢ >0,
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obecneyar HaM YCTOHUMBOCTD B ULEJIOM HYJEBOrO pellieHus
cuctemn (14.12).

B camom mene, us ycaosus (b) mo teopeMe O cpedHeM 3Ha-
UEHUU CJENyeT, 4TO

af%—c>e>0;

OTCIOla NOJYYUM 3HAKOOTPUHATENbHOCTh NPOU3BOAHOH 7.
Yro6nl MOKa3aTh 3HAKOOMPENEJIEHHOCTh (PYHKUMH U, MpeAcTa-

BUM €€ B CJCAYIOULEM BRIE!
d F
S (a ﬂ — c) xdx
X
0

__ (ay—cx)? 22
v= 2ac + a + 2

Venosue (b) oueBusiHO ofecneunBaeT NOJNOWKHUTETLHOCTh WH-
Terpana, BXOAALIEro B 3amucbh QyHKUMM v, a ycaosue (a) obec-
neunBaeT MOJOXHTENbHOCTD 000MX cJaraeMbiXx. Jlerko Takxe
IOKa3hBaeTcs, YTO Ha IIOCKOCTH X = 0 HeT LeJHX TPaeKTOpui.

Npunmep 7. (E. A. BapGawnn |18]). Tlocrponm o¢yuxumo
JlanysoBa 18 CHCTEMH '

n
-’ei:Zpi!sz(Gk), i=1’ Qr---’ n,
fymey’
n
rae [ (9x) 0, >0 mpn 0, £ 0, o= D GymXpm k=1,2,...,n,
m=1

Qpm — TMOCTOSHHBIE, P;, MOTYT OHTb (QYHKUHAMH KOODAMHAT,
napaMeTpoB M BpeMeHu. PaccMOTpHM (yHKuuIO

n
V= Z
i=

OueBuaHO, uTo 3Ta PyHKUNA OydeT ONpeaeseHHO NOJIOKNTEIbHOH
u, KpOMe TOro,

Ji(6) ds.

|

(=L Y

V=2 Z Ibkmfk(ck)fm(cm)r
m, k=

rae

n
1
brm= 5 (@kiPim + miPir)-
2
i=1
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Takum o6pasoM, @ OyAeT ONPERENEHHO OTPHILATENbHOH, niau
3HAKOOTPHLATEAbHOH, €CIn 3TUM Ke CBOHCTBOM o0.sanaer ¢opma

n
> bemltpliy
1

m, k=

Kak wusBectHo, kputepnit CusibBecTpa m Kputepufl 3HaKOOTpH-
IaTEeNbHOCTH JIETKO NMEPEHOCATCs Ha Cayuah KBalpaTHUHBIX QopMm
C nepeMeHHBIMY KO3(@ULNEHTaMH, U T03TOMY 3TH KPUTEpUA C yC-
NeXoM MOryT GHITb 31€Cb HCMOAb30BaHEL

3aMeTaM, YTO NEpeyYeHb YKa3aHHBIX HHTEPECHHX MPHMEPOB
Moxer OuiThb 3HaunTeabHO npomomkeH. Iloapobubie OGubGamorpa-
(uuecKkne yKasanus MOXHO HallTu B pokjaze [18]. Cymecten-
HBIM KpUTEPHEM LEHHOCTH NOCTPOEHHOH (yHKuuu Jlanysosa Mo-
KeT CayxuTh TpeOOBaHuWe, YTOOB JOCTAaTOUHBIE YCJAOBAA YCTOH-
YMBOCTH, BHITEKAIOLIRE ©3 DPAaCCMOTPEHUR MOJYUYEHHOH QyHKLuH
JlanyHoBa, Oplii O B JAMHEHHOM cJydyae W HeoOXOAMMBIMHM YC-
JIOBUSIMY. :

Mbl He OCTaHaBAMBAaEMCH 3[eCb TaKKe HA HMHTEPECHHX npol-
seMax aGCoMIOTHOH yCTOHUMBOCTH HeJMHEHAHX cucTem. HMcuepus-
BalOLIlee M3JOXEHHWE STUX BOMPOCOB UUTaTeNb HakAET B MOHOTpa-
dusx A, W. Jlypve [22], A. M. Jlerora [23], M. A. Alisepmana
n @, P. I'antmaxepa |24].



FJTABAI

YCTOUYUBOCTb CUCTEM PETI'YJUPOBAHMS
C NIEPEMEHHOI CTPYKTYPOIi

§ 1. IlpenrapurtenvHoie 3ameuyanns. [loctaHoBka 3anaum

B srto#f raaBe OyAyT pacCMOTpPeHH BONDPOCH YCTOHUMBOCTH
CHCTEM aBTOMATHYECKOTO PEry/IMpPOBAaHMA C NEPEMEHHOH CTPYKTY-
poli. B cucremax ¢ nepemeHHOM CTPYyKTypoH yCTOHUMBOCTb 10-
CTHraeTCsl NyTeM CKauKOo0GPasHOro U3MEHEHUS HEKOTOPHIX MapaMer-
pos cucteMbl. XapaKTepHOR OCOOEHHOCTBIO NMPOTEKaHHs NEPEXo-
HOrO MNpoLecca B TaKWX CHCTEMaxX fBJSETCH BXOXIEHHE CHCTEMBI,
HauuHas € HEKOTODOro MOMEHTA BPEMEHH, B CKOJb3SUIMH DEXuM.

1. Ilpexne yem nepedTH K CHCTEMATHYECKOMY H3JIOKEHHUIO
MaTepuana, OCTaHOBHMCS KPAaTKO Ha HEKOTODHIX OCHOBHHIX MOHS-
THX TEOPHH aBTOMAaTUUYECKOro peryauposanus. B mo6Go#t asro-
MaTu4ecKoll cucteme BBIAEAAIOT OOBIUHO yHpaBiseMblf O0GBbEKT u
ynpasJsttoliee yCTpoHcTBo uau peryastop. Hasnauesnem peryas-
TOpa ABASETCA BHPaGOTKa YNpaBAsIOUIEro CUrHaja, BO3AEHCTBYIO-
uiero Ha o0LEeKT ¢ uesablo obecneueHus TpeGyeMuix 3HayeHu# no-
KasaTesielt peryaupyemoro mpoilecca. Tak, Hanpumep, Ha puc. 4
HZEMOHCTPUPYETCS MpOCTeHwas CucTeMa pery/JupoBaHusl YpPOBHS
WKNAKOCTY B Oake.

3aecy peryavpyemMolt BeJnYMHON §BJAETCA YpOBEHb F wua-
KocTH B Oake, B 3aBHCHMOCTH OT 3HAYeHUs BEJAUYWHH A B AaH-
HHIH MOMEHT PEryJnaTop MyTEM H3MEHEHUs NJOIALN CEUEHUs NOAAI0-
el KUAKOCTb TPyOBl YCTaHaBAMBAET KOJNYECTBO KUIAKOCTH X,
nonanaoume B eannuly spemeHn B Oak. Ilo oTHowenno kK 06b-
eKTy, T. € K 0aky, curfaj X sBJsS€TCs BXOIHHEIM, a CWrHaa h—
BHIXOJHHKIM CurHasioM. B 1aHHOM cayuae BHIXOAHOH curuan h no-
CTYnaeT B yNpasJsiolLee YCTPOHCTBO C LE/bIO ONpEAE/IEHUs BEJu-
YRHBI yTiDaBJAAIOUIErO CUTHAJA X, TaKuM 0OpasoM, paccMaTpuBaemas
asToMaTnyeckas cucrema o0iamaer oOparHol CBA3LIO,
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B npunuune asToMaTnyeckas CHCTeMa MOXET pellaTb CAedyio-
e 3a1av:

1. TloanepxuBaTb BHIXOAHOH CHrHa/l OOBEKTa HAa OJHOM H
TOM € NOCTOSHHOM YpOBHe (CTabuJausnpyioulas aBTOMaTHuecKas
CUCTEMA).

2. ViamensaTh ynpaBisieMBIi CHTHan B COOTBETCTBUM C 3apaHee
3a1aHHOl ¢yHKLMeH BpeMeHu (MPOrpaMMHas aBToMaradyecKas Cuc-
TEMa).

3. UsmensaTh ynpaBiseMbli CWrHaJd B 3aBHCHMOCTH OT HeEWs-
BECTHOrO 3apaHee MNEPEMEHHOro B8aJaIlNero BodaeicTBus (caels-
11as aBromMaTUuecKas Cucrema).

e

Puc. 4.

ABTOMaTnyecKas cucTeMa Moxer ObITh NOApa3AeNeHa Ha 3BEHbA
(06beKT, peryasTop @ T. I.), Ka¥Ioe u3 KOTOPHX mnpeoOpasyer
BXOAHOH (10 OTHOINEHHIO K 3TOMY 3BEHY) CHIHaJl X B BBHIXOAHOH .
MareMaTyecK# COOTHOLIEHHE MEXAY BXOAHOR W BBHIXOJAHOH Bean-
upHOM MoxeT ObiTb 3alaHO ypaBsHeHueM y (f)==Ax(¢), rie A —
HEKOTOPHIH omneparop, onpejeseHHs#d B NMPOCTPAHCTBE BXOAHBIX
CUTHAJOB X.

Yaute Bcero BHA onepartopa A onpenensercs HEKOTOPHIM Qud-
(epeHuyanbHeM ypaBHenueM. Hanpumep, B auHeiiHoM ciyyae co-
oTHowenne Mexay y(f) u x(f) mMoxer OHTb 3alaHO JKWHEHHBIM
Jud@epeHtaNbHbIM YPABHEHHEM

P(D)y (ty=Q(D) x (t),
rae P (D), Q (D) — nommnovuansusie dynxunn D, a D — oneparop
nuddepenunposanus, 1. € D= % )
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Ecau ucxoAnTb U3 HyJeBHX HauaabHHIX yciaoBuft aas y (f),
TO A u3obpaxenu#i mo Jlamnacy dynkunit x (%), y (¢), 1. e. Aas
$yHxuui

[o o]

X(p)={ e x@)dt, Y(p) -_~°§° e Py (t)dt
0

0
CripaBeaavBO COOTHOLUCHHE

Y=L x ().

dynkuns L (p)= ?’g; OOLIYHO HA3LIBACTCH nepedamounol gyrr-
yuei 3seHa. OueBnIHO, MepenaToyHas (YHKUHS MOJHOCTBIO Olpe-
nensier Bun AuddepeHnnanbHOro YpaBHEHHUS, ONUCHIBAIOUIErO NaH-
Hoe 3BeHo. (CuenoBaTesbHO,

ecam JOIOJHUTENBHO yuecth & AN . & [l
Haya/bHbIE YCIOBHS HJs BHI- L)
XoaHoro curHaiza y(f), ToO
MOXHO, 3Hasg NEePEIaTOUHYIO
(YHKUHIO 3BEHA, IOJNHOCTBIO
ONnpeienuTb onepaTop A.

OO6bIYHO aBTOMATHYECKYIO
CUCTEMY 3aJal0T C MOMOLLBIO Puc. 5.
CTPYKTYpHOH cxeMBl (670K~
CXeMbl), TNpHYEM HA OTHENbHHX OJOKaX TaKoH CXeMh OTMe-
YaloTCAd COOTBETCTBYIOUIME IMepeaaTouHnie (yHkuun. Tak, Hanpu-
Mep, Ha puc. 8§ wu30o0paxceHa CTPYKTYpHas cxeMa npocTeiiuen
caensuledl CucTeMsl.

Uepes ¢ Ha 3TOH cxXeme 0003HAueH 3aJaioUMil CUrHaM, yepes
¢ — BHIXOJHOH curHa/l1. BbIXOZHOH CHrHa/n ¢ NOCTYMAer 10 JUHUK
oOpaTHO#l CBSI3W Ha BXOHA CHCTEMBl, I'le BBIUHTAETCS M3 CHUrHaja q).
CurHan x=¢ — ¢ mocrynaer Ha OOBEKT, NepefaTouHas QYHK-

uns KOTOPOro paBHa L. Hasnauenuvem caemsiuedd cucremsl

L (p)

B JaHHOM CJyuae fBJSETCS OTCJeXKHUBAHHE 3aJAIOUIErO CHrHAJAA ¢,
T. € CHTHaJ Ha BBIXOZE ¢ AOJKEH B Pe3y/abTaTe PabOTB CUCTEMBI
KaK MOXHO MeHee oTauuarhcd OT curHana ¢. Takum oGpasowm,
BEJMUMHA X JO/KHAa GHITH BOSMOMXHO MEHbIIE,

PaccmartpuBas nepeaaTouHyio (yHKUMIO KaK ONeparop, moJy-

4aeM COQTHOUICHHE K X = ¢; 0TCl01a CJeAYET, UTO

L{p)
L(p)x=L(p)y— Kx. (L.1)
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YpaBrenue (1.1) MOXHO paccMaTpuBaTh Kak AnddepeHunanb-
HOE ypaBHeHWe, eC/lu CUMBOJ p TOHMMaTb Kak onepatop Audde-
pPEHUUPOBAHAS.

L (p)
Lp)+K
TUBHBIH BBEIBOL, YTO JJI1 YMEHbIUEHuUs a0COMIOTHOR BEAHYMHE
CHTHa/ma X, T. €. MUl YBEJHYEHUS TOUHOCTH CJeXeHus, HeoOxo-
OUMO yBeJHuYMBAaTb napameTp K, KOTOpbifi OOHIYHO Ha3bIBAIOT
K09 PUUUEHTOM YCHIEHHS CHCTEMBI.

2. OtMeruM Tenepb chaenyiouee obcrosreabcrso. Caemsuias
CHCTEMA, O KOTOPOH 1uia peub, NOCTOSHHO MOJBEPKEHA AeHCTBHIO
BO3MYUIEHHH; 3T BO3MYIIEHH OTPAXAIOTCH HA BEJAHUMHE CHTHAJIA X.
IonycTuM, HOBOE 3Hau€HHE X MOCJe JeHCTBUS BOBMYIILEHHS PaBHO
Xy ==x -}~ Ax. BeauunHa x, TaKxe yA0BIeTBOPAET ypaBHeHuio (1.1),
M MBI HMEEM

3anucas (1.1) B Buae x— $, MOXKEM CRE/IATh UHTYH-

L@P)xi=L{p)y— Kxy,

TaK Kak 3ajaiouee BO3LCACTBHE { OCTAHETCA OAHUM U TeM Ke.
Jlerko BHMIETb, YTO /S BEJIUYHHBI OTKJIOHEHHS X, T. €. I/ BEJH-
yyHel Ax, HOJY4uM. ypaBHEHHE

Lp)Ax=—KAx. (1.2)

Ecan Hynesoe peuwienue ypasHeHus (1.2) acuMnTopmyecku
ycrofiunso no Jlanynosy, TO caeAdmias cucremMa Oyzer paGorats
H3EXHO, T. €. OTKJOHeHue Ax ¢ pocToM BpemeHu GYAET acumii-
TOTHYECKH CTpeMuTbcs K kymo. Takum - oGpasoM, wuccienoBaHue
caedsiedl CHCTEMbl CBOAMTCA K MCCJEMOBAHHMIO CTabuausupyioulei
cucteMu, 3agaHHod ypasHehuem (1.2). Ias toro urobu ypashe-
nue (1.2) 06121370 CBOHCTBOM aCHMNTOTHYECKOH YCTOHYMBOCTH,
Heo6X04MMO U O0CTAaTOUHO, YTOOH KOPHA ypasHeHust L(A) + K =0
¥Me/i OTPULATENbHBIE BEULECTBEHHBIE YaCTH.

- Takum oOpasom, obecmeuyeHHE TOUHOCTH CJexeHus Tpebyer
BeiOOpa A0CTaTOYHO OGoJblioro kosdouuueHta K, a obecneuexue
TIOMEXOYCTOHUHBOCTH CHCTEMBI BEJIET K TPeGOBaHHMIO BHITOJHEHUS
ycaou#t Paysa — I'ypsuua aas noanHoma L (A) -+ K. TTokawmem,
YTO yKe A/ CHCTEMbI TPEThEro Nopsiaxa 3T TpeGOBaHUS MPOTU-
BopeuuBel. B camom nmene, myctb L (A)=M\ - ak?}bh-c.
Ycaosus Paysa — I'ypeuna ans noamdoma L () -+ K umeor Bug
¢c+K>0,6>0, ab>c—+ K. Mm BuaumM, uTO0 yxe Tperbe
YC/IOBHE MOXET HapDYWHTbCA A/ 4OCTaTOYHO GOIbIIOrQ 3HaueHus K,
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BosHukaer BOmpoc: He caeldyeT Ju LA YHUYTOXEHHS YKa3aH-
HOI0 MPOTHBOpEuMs CAEJIaTh BeanuuHy K A0CTaTOuHO O6oJbliuof,
HO mnepemeHHo# mno 3sHaky? Heap3s Jm BHOGpaTh TakoH 3aKOH
M3MEHEHUs 3HaKa BeauuuHbl o (ja|=< 1), uToObl ypaBHeHue

L@p)x=—aKx

o6nagano cBolcTBOM YycrToHunBocTH. B manbHeHineM Mhl 3TOT
BONPOC pENIUM MOJOXHTeabHO, (KashlBaeTcs, uTO CJAefsuine
CHCTEMBl CO 3HAKOMepeMeHHHM o 00J3aJZalT TeM CBOHCTBOM, YTO
NEPEXOIHHHN Tpouecc, HaunHas ¢ HEKOTOPOrO0 MOMEHTAa BpEMeEHH,
BXOAHT B CKOJB3AILUH DEXHM, He B3aBUCALIME OT MapaMeTpoB
cucreMsl B OT BeauunHsl K. 3TO ILeHHOE CBOHCTBO CHCTEMBI,
OOBIYHO HA3HIBAEMOE CBOHCTBOM rpy0oCTH, BBI3BIBaeT O0JbLLIOH
MHTEpEC K CHCTEMaM YKa3aHHOrO THNa CO CTODOHB HMHXKEHEDOB.

B nambuefimiem Bce cucTemsl, pabora KOTODHX OCHOBaHa Ha
MPHHUANE CKaYKOOOPA3HOTO H3MEHEHWs MapaMeTpoB, OyaeM Hashl-
BaTh CHCTEMaMH C MEPEeMEeHHOH CTPYKTypofi.

dyHnaMeHTalbHBEIE PE3Y/bTAaThl 10 TEOPHH CKOJIb3AMINX PEMH-
mos npunamaexat 0. B. Loaronenko [27], F0. U. Heitmapky (28]
n V. ®morre-Jlotn [29]. Ha psa npeumymects, xotopsiMi 06aa-
JAlT CUCTEMBl C U3MEHSeMBIM K09(pduuueHTOM ycuaeHus, obpaTui
BHuMaHue B 1957 r. A. M. Jletos [30].

WccnenoBanus no teopuu yCTOHUHBOCTH CHCTEM C MepeMeH-
HOH CTPYKTypo#i mpoBoAuanCh MOX pykosoactBoM E. A. BapO6a-
muna B Ceepanoscke [31—48] u noa pyxosoacrsom C. B. Emesnbs-
HoBa B Mockse [49—61]. Heckonbko wHOR moaxonx x ykasaH-
HeM cuctemam umeerca B pabore C. IDxk. I'appera [62].

3. PaccmoTpum Tenepsb cucTeMy AudpepeHiinaibHbX ypaBHEHHH

=Xy (W s %), 1=1,2 . n (1.3)
ITpeanooxuM, 4TO Ha HEKOTOPOH moBepxHocTH S, 3aNaHHOH ypas-
HenneM § (X3, ..., X,) =0, npaenie yacru cucrems (1.3) momy-
CKalOT Da3phiBH MEPBOr0 poja. IJTO 3HAYUT, 4TO B JM0OOH TOuKe
(x$ ..., x») nosepxsoctu S ns mobo# dyHkunn X; (X, ..., X,)
CYLIECTBYIOT KOHEUHBIE IIpEeAe/bl limOXi, lim 0X,-, W 3TH IIpe-

s— S—>—
Jeabsl MOTYT He coBmamaTb. ITycthb Hg_BerHOCTb S nenut dazosoe
npocrpaHcteo E cuctems (1.3) Ha nse uyactu, E; u E, Paccmor-
puM Bektop F ¢ npoekumamn X,, ..., X, u BBedeM oGo3Haue-

Hus Ft=— lim F, F" = lim F. OueBnaHo, Bekropn F* un F~
s—>40- s—»—0
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onpeacJeHsl B TOYKAX TMOBEPXHOCTH S, KpOME€ TOro, HuHMeeMm

lim §=F'N u lim §=F N, rae uepes N 0GO3HauyeH BeK-
S—>+0 s—>—0

TOpP-TpafneHT GYHKUUN S (Xy, ..., X,) B COOTBETCTBYOLIEH TOUKe
nopepxHoctu S. .

Touxu nosepxHocTH S MOXKHO DasienuTh Ha CJAELYIOULNe TPu
rpynnet [63].

K nepsofi rpynne otHeceM Te TOYKM INMOBEPXHOCTH S, B KOTO-

pux lim §. lim §>0. B atux toukax Bekropn F~ u FF
s—>+40 §—>—0

HamnpaBJeHsl B OJHY CTOpPOHY oT nosepxHoctn S. Ecam Touka
(ha30BOro MpoCTPaHCTBa, ABUraich MO Tpaekropuu cucremsl (1.3),
nonager B TOYKY pac-
CMAaTPHBAEMOrO THIMA, TO
OHa HeMeHJIEHHO COoHaeT
¢ nmoBepxHocTd S u me-
pefiaer B APYryi 4acTb
npocrpaHctea E. 3nech
UMEET MeCTO  cayuait
«IPOIUNBAHUS» IIOBEPX-
Hocru (puc. 6, yyacrox
BC).
6 Bropas rpymnma TO-
) uex noBepxHocTH S om-
pelensieTcs HepaBeHCT-

pamu lim § >0, lim § <0. Toukun BTOpOH rpymmel HOMK-
§ 40 s—»—0

HBl HEMEIJIEHHO COHTH C ToBepxHocTH S Mo OJHOH H3 Tpaek-
topuit cucreMnl (1.3), BhIXOAAmEH w3 HaHHOH TOukm (cM. puc. 6,
yuactok CD). Bompoc o TOM, MO Kako#f HMEHHO TPaeKTOPHM
GyZeT COBepIIEH YXOA4 C TMOBEPXHOCTH S, IOMKEH peliaTbes
JIOMOJHUTENBHO, TaK KaKk B JAHHOM CJyYae UMEET MeCTO CBOMCTBO
HeelNHCTBEHHOCTY. YacTo CUMTAOT, YTO yX0[1 OYIET COBEPIIAThHCH
B HalpaBjieHWM TOro U3 BEKTOPOB F' m F~, KOTOpHH umeer
HanGombuiylo 1o aGCOMOTHOH BeaMUUHE NPOEKINIo Ha HOpMaib .

HakoHel, TOYKM TPETHErO THINA — 3TO TOYKHM MOBEPXHOCTH S,

B xotopux lim §<<0 w lim $=0. B srom cayuae tpaekto-
s—-+0 s—>—0

pun cucremsl (1.3) nuG0 BTHIKAIOTCA B MOBEPXHOCTH S, MUGO MAYT
BIOJAL 3TOH moBepxHocTH. B ciyuyae monafaHus wu306paxaole
TOUKHM Ha NOBEPXHOCTb S B KOHEUHHIH MOMEHT BpEeMEHH ABHKe-
HUE 9TOH TOYKM HE 3aKaHUMBAETCA, HAUUHAETCH NMPOUECC CKOJbiKe-

Puc.
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HUs n300paxaolel TOUKKW MO MOBEPXHOCTH N0 TeX Mop, MOKa
TOYKA He BBHIAET 33 mpedesns 00aacTu CKoJbxkeHus (yyacTok AB
Ha puc. 6).

IlepeuncneHHne TpPH rpynnsl TOYEK HA MOBEPXHOCTH NEPEKJIo-
YeHHUA OTAENEHH APYr OT Apyra B ofuleM CJayyae HEeKOTOpHMU
n — 2-MepHeMH  MHOrooGpa- F
SHSAMH, B TOYKAX KOTOPHX

an6o lim §==0, ambo
s—++0
lim §=0, 1160 BHIMOJHAIOT-
s——0

cs o6a paBeHCTBA BMecCTe.
OcraHosumca 6oJiee moj-
pOOHO Ha TOUKaxX TpPETbero
tana. Ilycte Touka M Jnexwur
B 006/1aCTH CKOJIBXEHHS Ha M0-
BepxHocty  S. Paccmotpum
BekTOopnl F~ u F*, Bwixoas-
uige U3 3To#  TOuKM. KoHums
3TUX BEKTOPOB COEAUHAM MpH-
MOH JMHWEH W HalAEM TOUKY
nepeceueHns P noayyeHHOH
npsAMOH C KacaTenbHOH MNJo- F*
CKOCTbIO, NMPOBENEHHOR K HoO- Puc. 7.
BepxHocTH S B TOyke M
(puc. 7). Bcioay B manbHeffileM Mul GydeM HCXOQAMTH M3 CAELyiO-
wei runortessl [63]. Bekrop CKOPOCTH CKOJbKeHHMsi B Touke M
COBMAfAaeT C BEKTOPOM MP.
YKasauHoe pabouee NpPaBWJIO, MOATBEPKAEHHOE HA MPAKTHKe,
JacT HaM B JajbHe#lueM BO3MOXHOCTb BHBOAUTH AU dEepeHInaib-
Hbie YPABHEHHS CKOJIbXEHHS.

§ 2. Cra6uausanns CHCTeMB! BTOPOrO MOPSAKA

PaccmotpuM ypaBHeHHe BTOPOro mopsaxa
X+ axX+bx=—aKx. 2.0

3necy a, b — nNpoU3BOJbHHE NOCTORHHKE, K — IOJOKHTENb Has
MOCTOAHHASA, BENUUHH2 & YAOBIETBOPSET ycaosuio |a | << 1. Hatnem
3aKOH U3MEHEHHs BEAUUYUHB o, O6EecneunBaINKK  aCUMIOTOTH-
YECKYI0 YCTOHUMBOCTb HYJ/IeBOTO pelleHus ypasHerus (2.1).

3 E. A. Bap6amuu
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[TpenctaBus ypasseune (2.1) B BUAE CHCTEMH
X=y, P=—0bx—ay—aKx, 2.2)
NOMBITAEMCS OTHICKATh ¢, HCXOAS W3 CJACAYIOIHX COOOpaxeHut.
Mycte v (X, y) — Kxaxas-1m60 PyHKUuA NepeMeHHHX X, y. Takoh
GyHKIEEH MOXET CJAYXHuTb, HalpuMep, NOTEHLMal HEKOTOPOro
BEKTOPHOTO MoJisi B (asoBOM NPOCTPAHCTBE MEPEMEHHHX X U .
TMonGepeM BenuumHy o Tak, 4ToOH ob6ecrneynTb HanbGoJBLLYIO
CKOpOCTb YObiBaHus (PYHKIUKM U BAOJb TPAEKTOPMH cnctemsl (2.2)
[66,79]. Tak kak
. 0Ov du ov
V= y — +— (bx -+ ay) — aK =
52— gy (bx--ay) —aK P x,
¥ TaK KaK OT o 3aBHUCHT TOJBKO TNOCJe[HEE CJaraeMoe, T0 mind
J0CTUraercd, e€cau MNoJOXuTb

a=signg§x. (2.3)

Ecau, Hanpumep, v=— % Bx*+4 Axy -1 %ya, TO TOJY4UM
. a=sign(Ax +y)x. (2.4)

Urak, paccmorpum cucremy (2.2), cuwTas, 4TO BEINUMHA 0 Olpe-
neasiercst cootHoweHueM (2.4)., Cuctema (2.2) moxer OwiTh 3anm-
caHa Tenepb B BHIE ABYX CHCTEM:

X=y, Pp=—0bx—ay—Kx, (2.5)
npn x (Ax+y) >0, u
)Z‘:y, }‘;:-—bx—- ay—}—Kx, (26)

mpn x (Ax +y) < 0.

dazoBas NIOCKOCTb ALAUTCA NPAMBIMU X == 0 u s=Ax | y=0
Ha uersipe uactu, Gy, Gy, G, (;, 3aZaHHBIE COOTBETCTBEHHO
nepasencrsamu (Gy): x >0, s> 0; (Gy): x< 0, s>>0; (Gy) : x <0,

s<0 m (G): x>0, s<

Jlunnn x=0 n Ax-{-y =0 9BJIOTCA ANHUSMH TIePEKJIoYe-
HUSl, Ha HHUX COBEpIUAeTCs MEepPeXOA C TPAEKTOPUH OJHOH CHCTEMbI
Ha TPAaeKTOpUW APYro# CHCTEMBHL.

Tak xak nmpn x=0 umeem X >0, ecan y >0, n x<0
ecyn y <0, B cuny obeux cuctem (2.5) u (2.6), To smHusg x =20
nepeceKkaeTcs TPAeKTOPUsIMHE B HAIIPABJIEHAN X0/1a 4aCOBOH CTPEKH,
T. € BCe TOYKH annud x =0 (kpome Toukn, rae y = 0) aABAsOTCS
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TOYKAMH «npoulnBaHusi». Mccaeayem Ttemeps TOUKH NpaMOM
s=Ax -+ y=0, xoropyio B ZajapHeHlleM GyleMm Ha3HBaTh MNpA-
Mo# S. Uto6bl HallTi yCJOBHS, MPH BHIMOJHEHNH KOTOPHIX NpsAMas S
Oynet npamMoi CKOJbxeHus, Haaem § B cuay cucteMs (2.2) Ha
3TOH npamoi:

§=—(A'—aA+ b+ oK) x.
Wmeem mpn x>0
lim §=—(A'—ad--b+K)x,

§—>+0

|

lim &
s——0

a mpn x<0
lim §=—(A*—ad--b—K)x,
s—+40

lim §=— (A —aA}b-+K)x.

s——0

—(A'—aAd+b—K)x,

Tak Kax ycaosud CywleCTBOBaHUA CKOJbXEHUA WMEIT BHI

lim §=<<0 wu lim §=0,
s—-+0 s——0

TO OHU B PAacCMaTPUBAEMOM CJY4ae SKBUBAJEHTHBl YCAOBUSAM
A'—aA+4-b+4K=0, A'—aA-+b—K<0, (27

KOTOPEIE MOXHO 3amucatbh B GoJee KOMIaKTHOH (opme:
[A*—aA+-b <K 2.8)

Takum oOpasom, yciosue (2.8) sBiasercs HeOOXOAUMBIM U
JIOCTAaTOYHLIM YCJOBUEM CYLIECTBORAHUSI CKOJDb3SUIEFO pexuMa
y cuctempt (2.2). OueBUIHO, BHINOJHEHWE 3TOrO YCJAOBUS BCEraa
MOXHO ofeciieunTh 3a cueT BeIGOPA HOCTATOYUHO GOJBLIONO 3Haue-
HUA Kos(duilenra ycuienus K.

IMepeiinem renepb K WCCISNOBAHAIO CHCTEMB (2.2) B Kaxao#
n3 obaacredt G;, i=1, 2, 3, 4. B obaactax G; u G, umeem
a==1, 3aecs AefcTByeT cucrema (2.5). XapakrepucTuueCcKoe ypas-
HeHue 3TOH CUCTEMBI MMEeT BuMI

Bah b+ K=0. (2.9)

Ilpu nocratouHo Goabmiom 3HaueHun K KOPHM ITOrO ypas-
HeHus OyyT KOMIIEKCHBIMHE, C/1€40BaTe/IbHO, HHTErPaNbHAE KPUBHIE

3*
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6yaAyT CNHpa’eBUIHBIMH KPUBBIMHM, a Haualo KoopaunaTt Oyaer
ocobolt Touko# THna <«goxyc». Ecau a >0, to usobpaxaromas
TOoyKka Oyder mpubaMKaTbCs MO TPAEKTOPUH K Hayany KOOPAHMHAT,
KoTopoe OyZeT B 3TOM CJyuae aCUMNTOTHYECKH YCTOHYUBBHIM
nosoxenuem pasHosecuss (puc. 8). Ecam xe a< 0, TO TOUKM
($a30BOro mpocTpaHcTBa OyAyT YXOAMTh OT Haua/la KOOpIMHAT.

B o6aactax G, m G; zeiictByer cucrema (2.6); ee xapakre-
PUCTHYECKOE ypaBHEHHE WUMeeT BHJ

pitap 46— K=0. (2.10)
IMpu mocratouno GosbloM 3HaueHnH K KOPHH 5TOrO ypaBHEHus

Vi ey S S VS

6yIyT BEECTBEHHBHIMU MPOTHBONOJOXHHX 3Hakos. Havano xoop-
/4 IWHAT B JlaHHOM cJayuae Oy-
net ocobofi  TOuKOH TUNa

«cemno». Cucrema (2.6) Gyner

T MMETb CPEH CBONX HWHTETPaib-
HBIX KPWUBBIX [BE WHTETPaJib-
HBIE TNPAMBIE, Y=p, X Uy =
=uyx. ITO 0OCTOATEIBCTBO
MOXeT OBTb  YCTaHOBJIEHO
NyTeM MpOCTO# MOACTAHOBKH

z 2 QyHkuMd y=p,X, y=pyX B
day _ X
ypasHenne -~ = — b}— —

X
—a- K:v- » 3KBUBAJEHTHOE

Puc. 8. cucreMe (2.6). YxasaHHble HH-

TerpaJibHbIC TIDAMBIE BbINOJ-

HAIOT POJb ACHUMNTOT, K KOTOPHIM NPHOJIMKAIOTCA OCTaJbHblE

WHTErpaJbHbiE KPUBHIEC CHCTEMBI, UMEIOULUE TUNepOOMHYECKHR TUI
(puc. 9).

OtMerum Teneps caenywoimit ¢axr. ['padukom dyHkuun
f(p)=p*+ap -+ b — K 6yner napaGona, nepecekaioias ocb p
B TOUKaX p=up; U p=ypy (puc. 10).

Ecan BHINOJHEHO HEPaBEHCTBO Pg=Cp <<y, 10 f(pn)<<O.
ITyctb A>0; nonaras p=-—A==p,, noaywm f(— A)=
= A*—aA+b-— K=0. Takum 06pa3oM, BTOPOE HEPABEHCTBO
ycaosuit (2.7) Gyazer yAOBJETBOPEHO, €CaM — A= g, T. €. ecau
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yroa MexIy JuHWeH nepexaoueHus S M OCbI0 X MeHble yraa
MEKAY MNPIMOH y ==X U TOH XKE OChIO.

4

S

N—

a

2

44z Q\

Puc. 9.

g

Zz

Stz

TlepBoe w3 HepaBeHCTB (2.7) Bceraa MOxker OwlTh yAOBAETBO-
peHo 3a cuet BHGOpa MOCTaTouHO Go0/biuoro sxauenus K. Takum

o6pa3om, BHOMpas AOCTa-
TOYHO GoJibiloe 3HaueHue K
u BoiOupas A corsacHo yc-
a0su10 0 <A << —p,, 06e-
CMeYnM Ha/THYKeE CKOJIb KEHNUS
BO BCEX TOuKax npsmoi S.

Ws puc. 11, roe mnpu-
BeleH (pasoBpll  MOPTpET
cucreMbl (2.2), BHIHO, YTO
a06ast Touka ¢a3oBoro npo-
CTpaHCTBa, [ABUrasch IO
TPAEKTOPHSM CUCTEMBI (2.2),
nonaper Ha S. Ilonas Ha
S, wusobpaxaromias TOYKa
HaYMHAET COBEPLIATh CKOJb-
KeHue 1o 3TOH JIMHUH
K Haualy KOODAWHAT.

Fie)

/-zz\\/ﬂ v u

Puc. 0.

B: camoM 1ese, HETPYOHO TNOKasaTb, MOJAbL3YSACh MPAaBUIOM
onpeje/neHHss BEKTOPA CKOPOCTH CKOJbKEHUA, HJAHHHIM B KOHLE
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npeasiaymero naparpada, uro anddepeHuranbHoe ypasHeHue
CKOJIbXKeHUs uMeeT BUA X —- Ax =0. JlelcTBUTEIbHO, H3 3TOrO
npasusa CJeAyeT, YTO BeK-
Y Topel F~u F*, Beixonduiue
JHZ us Toukn M (cm. puc. 7),
UMEIOT OJMHAKOBBIE MPOEK-
uuu Ha ocb Ox, paBHbE
A opaunare y touku M. Or-
\\. Clojla CJedyer, YTo MpPOeK-
{tusg  BEKTOpa  CKOPOCTH
cKoMbKeHus  MP  Toxe
7 paBHa y, TakuMm o06pa3om,
\\\\ & LémeeM ypaBHeHne .?5'-'——:)}:
N apyro#i cropoHs  abc
\ uMcca X ¥ OpAMHATA Y
TOYKH M (¢BSI3aHB COOT-
HOLLEHUEM Ax-}+y=0.
Orciona v moJjyuvaercs Tpe-
G6yemoe auddepenunansHoe
ypaBuenue X -+ Ax=10,u3
KoTOpOro cuaexyer, uro npun A >0 ckoabkeHune OyEeT co-
BEPLIATbCH 10 HANMPABJEHHIO K HayaJly KOOPAMHAT MO 3aKOHY
x= xoe_“W —fo),
CTpyKkTypHas cxemMa CHUCTEMBl, COOTBETCTBYIOUleH ypaBHe-
Huto (2.1), usoOpaxeHa Ha
puc. 12. ¢ z| 2z i
3mech, Tak Kak pac- L)
CMAaTpPHUBAETCA CHCTEMA CTa-
6uansanmy, COOTBETCTBYIO-

Puc. 1.

@

ulas HEKOTOPOH chedsiiei F
cucreme, nonaraem ¢=0 u

¢=—x. [Ilepenarounasn #
tynkuus L (p) nMeer Bua

Lp=p*+a + b B Puc. 12.

6aoke F Qopmupyerca mo
3HAUEHHSM BEJMUMHBL X W €€ MPOU3BOJAHBIX BEJINYMHA a, B OJO-
ke N BeINuMHAa X YMHOXAeTCsl Ha .

B sax/ioueHue MOKaxeM, KaK B caydae a >0 MOKHO 1pu-
MEHHTb K MCC/IENOBAHHIO YCTOHUMBOCTH PACCMOTPEHHOH CHCTEMHI
meton ysxumg JlanyHosa. Chavaza paccMOTpUM (YHKUHMIO U=
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= (b -+ K) x? 4 y* npoussomHas KOTOpOH, B3dTa B CuAy Cu-

crembl (2.2), umeer Bum ¥=— 2ay® -} 2K (1 — a) xy.
B obnactax Gy u Gy umeeM a==1 n, CJIENOBATE/bLHO, V==
= — 2ay%. B obnacrix Gy u G; umeeM a==— 1, OTCi0Aa noay-

unM 9= — 2ay* - 4Kxy, Ho Tak Kax B 3THX 0GaacTax xy <0,
TO noayuyaem 9=<0 BCloay Ha paccMaTpuBaeMod (pasoBOH miIO-
ckoctu. Ilycts |b| < K. MuoxectBo Touex y==0, B KOTOpHIX
9=0 oueBWIHO HE COIEPNKUT UEJHX TPaeKTOpuH, NOITOMY
MOXEM NPUMEHUTHL Teopemy 12.2 nepBoit rJaBbl, H3 KOTOPOH
CIeAYeT aCMMNOTOTHUYECKAd YCTOMUYMBOCTH B LEAOM HYJIEBOrO MOJO-
KEHUS PABHOBECHA. AHanu3 JOKa3aTesbCTBAa YKAa3aHHOH TeopeMel
MO3BOJSET WrHOPUPOBAaTh (PAKT pPa3pLIBHOCTH MPOUSBOJHOH Ha
npamo# nepexmoueHns S u (PaKT HeeJMHCTBEHHOCTH B OTpHLA-
TCJbHOM HAlNPABJCHUA OCH BPEMEHM.

Teneps paccmorpum  dynkuno v=bx? -} y¥ 4 aKx%: 3ra
(yHKuns ameer paspeiBe Ha npsmoi S; ecain 0= K<bh, 10 0
OyneT ONpeleNCHHO MOJOKUTENbHOH ©# GecKoHeuHo O60JbIIOof,
ecau we KZ=b, TO HETPYAHO BUMETb, UTO I/ COXPAaHEHHS B3THX
CBOHCTB  HEOGXOAHMO MOTPeGOBATH  BHIONHERHBIM  YCJAOBHE

A> V' K—b. Jlerko Bugets, uto B cuay cuctemnt (2.2) noxyuum,
BHE JMHUW nepekmoueHuns S, 9= —2ay®. C apyro# CcTOpOHBI,
npu fepexoae JMHKUK MepeK/JIOUeHust TPAeKTOpHel CUCTeMbl (PYHK-
uua v yOwiBaer ckaukoM Ha Beanunny 2Kx? CuoBa mnposoxs
PacCyX/IEHHR, WCIOJb30BAHHBIE MPH JOKA3aTEALCTBE TEOopeMbl 12.2
NepBoO# raaBhl, NPUIEM K BHIBOAY, uTO /ioGas TOuKa (asoBoro
npocTpancTsa 00 MONagaeT HEMmOCPEACTBEHHO B HA4alo KOOp-
aunar, sn6o nomnazaer Ha JAuHMIO S B COBEpIUAeT MO HeH CKOMb-
XKEHNE K Hauyaly KOOpHHMHAT.

BoamoxHbie 0000LLEHNHS YKa3aHHOH BeilLe TeopeMsl 12.2 Ha
CHCTEMbl € PaspLIBHBIMU MpaBbIMM uacTamu noayuua FO. V. Aun-
MoB [64].

§ 3. Cra6uansanus cACTeMbl TPeTLETO MOpAAKA.
YcnoBusl CymecTBOBAHHSA CKOJbKEHHS

PaccMOTpUM ypaBHEHHE TpPETbero mopsiaka
X +4ax 4+ bxX 4 cx= - aKx, 3.1)

rie a,’b, ¢ — NpOu3BOJIbHEE MOCTOSHHBE, K — MOJOKHTENAbHAS
MOCTOsIHHA W BEJIMYMHA & YIOBJETBOPSET yCaAOBMIO |o|=<T 1.
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Pacemotpum dynkunio v=_Cx¥} Ey?+-2'4-2Dxy +2Axz+
- 2Byz, u BHOepeM 3aKOH H3MEHEHHSl BENWUMHB & TaK, 4TOOLI
00ecneynTb MaKCUMaAbHYIO CKOPOCTh yObBaHUS QYHKUME U BAOJb
TPaeKTOpuit CHCTEMHI

X=y, P==2, i==—cx—by—az—aKx, (3.2)

SKBHBAJEHTHOH ypaBHeHuio (3.1).
Tak xak

. Ov dv ov ov
v=a—;y—{—5}z——B—z-(cx+by+az)———a1('5;x,

¥ TAK K3aK OT & 3aBHCUT TOJbKO MOCJEAHEE CJAaraeMoe, TO, oue-

. _Ovu
BHAHQ, BEAWYKHA @ A0JDKHA onpenensTbes dopmyaon a==signs- X,
Had, 4yTO TO Xe, QopMy. o

a==sign (Ax 4+ By |- 2) x. (3.3)

CTpyKTypHas cXeMa paccMatpmBaeMofl cTabunmsupyowes cu-
cremsl u3oOpaxeHa Ha puc. 12. [Tonaraem B paccmarpuBaeMoM
cayuae sajaiomudl curHaa ¢ pasHsiM Hymo u L (p)==p* - ap--
~ bp -+ ¢. Viccnenosanue cregsiueli CHCTEMB C TePEMEHHOH CTPYK-
1ypo#t B cayuae, KOTAa CHIHAJ ¢§ OTIHYEH OT HYJs, NPOBEXEHO
AN CHCTEMBI BTOPOro nopsaka B paGore [31] m aas cHCTeMbl
TpeTbero nopsaaka B paborax [33, 34].

Buisenem tenepn ycaosus, ofecneuuBamollie CyNIECTBOBaHHE
CKOJIbXEHA B JnoOo# TOuke nuockocTH S, 3a1aHHOH ypaBHEHHEM

s=Ax -+ By 4 z=0. (3.4)

Teopema 3.1. Zas mozo wmobs naockocms S Gsiaa
NAOCKOCILEI0 CKOABAHCEHUSL, HCOOXO00UMO Ul 0OCMAMOYHO, 4Mo0bL
8LINOAHANUCE YCAOBUS

A=B'—aB b,
|(B—af+a(B—af+b(B—a)+c|<K.

Ecan nonoxuts r=P8 —a, 1o ycnosus (3.5) moryr OuTb
MepenucaHsl B IPYroM BHIE:

B=atr, A=Br+b |f(N|<K

rae BeegeHo oGosHauenne f(r)=r®-4-ar?-}-br 4+ c. Ilepeiinem
K HOOKasaTenpCTBY Teopemsl. B cucteme (3.2) mnpoBenem 3ameHy
NepeMeHHNX, BBOAA KoopawHaty §==Ax - By |z Hosas

(3.5)
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cucrema 6yaer uMETb BHA

=y,
=—Ax—By-}s,
§=—(AB—a)+c+aK)x+ -
+(A—B*4+aB—b)y+(B—a)s.

Ha naockocte s=0 noayunm aBe JuHHAM:

(AB—a)-c+K)x—(A—B*+aB—b)y=0, (3.7)
(AB—a)+c—K)x —(A— B*+aB —b)y=0, (3.8)

paszensiomue Ty MJIOCKOCTb Ha 06./1aCTH 3HAKOMOCTOSHCTBA ABYX
BeanunH: Ry=3§ npu a=1, u Ry==§ npn a=—1. Urobu
MIOCKOCTh 8§ OblIa IJI0CKOCTbIO CKOJBXKEHHS, HEOOXOAUMO
JOCTaTOUHO, KaK 31O chaenyer u3 § 1 OaHHOH TInaBel, BBHIUTOJHE-
Hus ycaosuf sign Ry= —sign x u sign Ry==signx. Tak kax
3HakM R, m R, 3aBucCaT T04bKO OT X, TO HeOGX0mMMO, 4TOOLI
kosdduunent npn y B ypashedusx (3.7) u (3.8) Gula pasen
nymo. Takum o0pasoM, Heo0XOAMMOCTb NEPBOTO 3 ycaosud (3.5)
nokasana. Ecau ycaosue (3.5) BHIOAHEHO, TO Ha MJIOCKOCTH § =10
NOJYuUM

e K

(3.6)

s=—[f(B—a)+aK]x. (3.9)

Otciona CJenyer, 4yto l']pH HaJMUUUM CKOJIbXKEHUS JOOMKHbBI ObITh
BBINIOJHEHB HEPABEHCTBA

fB—a)+K=0 u f(B—a)—K=<0,

3KBHBAJEHTHHE OAHOMY HepaseHcTBY |f(B —a)|<< K.

Jlerko Buaerb, 4TO ycaoBHA (3.D), KOTOphIE Mbl J0Ka3aau KaK
HeOOXOMMBIE YCJAOBUA CYULIECTBOBAHMS CKOJIbXKEHUS, NBJAAIOTCA W
AOCTAaTOYHBIMUA YCJIOBUSIMU.

3ameTum ciaefyloulee: ecau nepepoe m3 ycaosu#h (3.5), T. e
ycnosue A==B*—aB -} b, He BHINOJHEHO, TO Ha MIOCKOCTH S
oKos0 suHun x =0 o6pasyercs CeKTOpP, OrPaHUYEHHHH JTMHUAMH
(3.7) u (3.8). Jlerko BuaeTh, UTO B TOYKAX 3TOrO CEKTOPa TpPaeK-
Topun cucremn (3.2) Oyayt npoumsath nosepXHocts S. Oanako,
npu noctatouHo GoablioM 3HaueHnn K paccMaTpuBaeMblil CEKTOp
CTaHOBHUTCH KaK yrofiHO yskuM. M3oOpaxaioulas TO4YKa CHCTEMBI,
COBEpIIAs CKOJIbXKEHHE MO IMMIOCKOCTH 8, AOXOOMT 10 rpaHuibl
CEKTOpa U 33aT€M OTXOAMT HECKOJBKO OT ITOH MJIOCKOCTH, C TeM,
yro0n yYepes Maabf NPOMENKYTOK BPEMEHH CHOBA NOMAcTh Ha S
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U TPONOMKATL B JajbHERIIeM CKOJbXEHHEe 10 HOBOTO NonajaHus
Ha rpaHuny cektopa. MoxHo noxasatb [34], uro cBOHCTBO yCTOH-
YUBOCTH NPU YKa3aHHOM HapYLIEHHN YCJIOBUH CKOJIbXKEHHS B HEKO-
TOPOM CMBIC/IE COXPaHHTCS, OJHAKO MOAPOOHOE paccMOTpeHne
3TUX BONPOCOB Mbl OTHeceM B § 7, riae Gyaer pacCMOTpEH Helu-
HelHBI cayuait.

BuiBenem tenepp anddepeHuuanbHble YPaBHEHHS CKOJbXKEHNUS.
[Monb3yscey mpaBmiaoM, AaHHBIM B § 1 Aas onpeneneHus BeKTopa
CKOPOCTH CKOJMbXKEHHs, W 3aMeuad, uto BeKtopel F'(y, 2,
—ecx—Kx—by—az) u F (y, 2, —cx+Kx—by—az)
MMEIOT OAMHAKOBHE mpoekuuu Ha ock Ox u Ha ocb Oy, npuxo-
UM K BBEIBOAY, Y4TO MDPOEKLHs BEKTOpPa CKOPOCTH CKOJMbXKEHUS Ha
ocb Ox pasHa y, a Ha ocb Oy pasna 2. Takum o6pa3sow, npoex-
LiMA BEKTOpPa CKOPOCTU OMPENeISIOTCs YPaBHEHUAME X =y, = 2.
Ho Tak kak Ha miockoctan S umeeMm 2= — Ax — By, T0 UCKa0-
yad 2, NOJY4YUM COOTBETCTBYIOLLYI0 CHCTeMY AudepeHinatbHpx
ypaBHeHuH

=y, 9=-—Ax— By, (3.10)

ONMUCHIBAIOILYI0 NPOLECC CKOJbKEHHs.

OueBnaHo, uto cucrema (3.10) 6yzer Torma m TOABKO Toria
aCUMITOTHYECKN YCTOHWNBON, KOria BHITTOJHEHH ycaoBus A >0,
B>0. Bciooy B naiabHeiuleM 3TH yc/a0BuA OyAeM CuuTaTh
BBITTOJIHEHHBIMH.

Cnenyer, KoHeuHO, 3aMeTuTb, 4t0 cucrema (3.10) omnucwiBaer
nIeaJbHbIH TPOLECC CKOJDBKEHMA: PEaJbHBIH NMPOLECC CKOJMbKEHHUS
HOJXEH ONHUCHIBATLCA BHAUUTENBHO CJAOXHEE, TaK Kak B CUIy
3anasibiBaHUH MEPEK/IIOYEHuH, HaMUuusd UHEPLUUOHHOCTEH U T. .
n3oOpaxaionias TOYKa HEMPEPHIBHO KOJEOAETCS OKOJIO MIOCKOCTH S
npu CBOEM [ABMXKEHMM K Havaxy KoopauHat [65].

§ 4. Cra6uausanua cucTembl TpeThero Mopsika.
YcTo#4YUBOCTE CHCTEMbBI
YuureiBasg ycaosus (3.5), nepenuwem cucremy (3.6) B Bmie
X=y
y=—Ax—By-}s, (4.1)
s=—[f(B—a)+aKlx+ (B—a)s,

¥ TIPOBEEM 3aMeHy NepeMeHHBX { ==pt, X=X, Y==py, R=7p",
rae p=— K11,
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Hosas cucrema Oyner umerh BUA

aX
w="
ar _ Ap®X — BpY -+ R 4.2
s — Ap — Bp + . ( . )
dR
dt

—

=—aX—pPfB—a)X-+p(B—a)R ]

ycts K — 10CTaTOYHO OOJBLIOE TMOJOKMTEILHOE YHCJIO,
TOrJa BEJWYMHY p MOXHO CUUTaTb MaJbM MapaMeTpoM.

Hapsny c cucremoft (4.2) paccMOTpuM YHIpPOLIEHHYIO CUCTEMY
[10.¢ dY dR
=Y =R o= eX. (4.3)

Wiccnenyem nBmxenus cuctemnt (4.3) B obnactu R > 0.
Tak kak B ato#l obnactn a=sign X, 10 cucrema (4.3) npumer
BUI

X dy

=1 =R

dR

=X (4.4)

Uccnenyem cpoiictBa apnxenudt cucremnl (4.4), paccmatpuBas
ee BO BCeM (Pa30BOM MpOCTPAaHCTBE NepeMeHHHX X, Y,
Jlemma 4.1. Ecau Hanwaassnan moura (X, Y, Ry), 20e
Ry >0, ne aexmcum wna npamoit X=—Y=R, mo pewenue
cucmenms. (4.4), onpedeasemoe amoi mo4ukoi, obaradaem c8oii-
cHmBoM
lim X (7)== 11m Y(r)=lim R(t)=— 0.
T—00 T - 00
Ecau oce sotnoaneno ycaosue Xy=— — Yy=R,, mo pewenue
cucmenms. (4.4) o6aradaem csolicmson
lim X ()== lim Y(t)=lim R (x) =0.
T—00 T=>00 T—>C0
B camom jnene, w3 Tperbero ypasHeHus cucteMsl (4.4) cae-
Ayet, uro BeauyMHa R yGHBaeT ¢ poCTOM BpemeHu. IIpeano-
noxuM, uto lim R(t)==L, u mycte L>>—co. Ecaiu L or-

T—>CO
JUYHO OT HYyJs, TO U3 NEPBOrO M BTOPOr0 YPaBHEHUH CHUCTEMBI
caenyer, yto | Y(s)|—>o00 u | X(t)]—>co npu t—>00, HO
TOrAa ¥3 MOCJAEAHEr0 YPaBHeHna BBIBOAUM, 4TO lim R (t)=— o0,
T=—>00

YTO NpuBOAAT K nporusopeunio, Ecan L =0, 10 Oyzem umers
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R(x) >0, orkyaa caenyer, yro Y (c) Bospacraer. IIpeanonoxum,
yto lim Y(t)=L,. Ecan L, He paBHO HyJ/I0, TO W3 NEPBOro
T—00

ypaeHeHus cuctemul (4.4) cpasy caeayer, 4ro lim | X (t)|=o00,

a u3 TPETbero ypasHeHuss mnoayuyaem lim R (v)=— oo, uT0
T— 00

CHOBa NPUBOAMT K NpoTuBopeynto. Takum oOpasom, umeeM L —
=1,=0. Ho ecau L, =0, 10 BeanunmHa Y(t) Gyumer orpuua-
TeJbHOK u, caeposaresibHO, X (1) yOwmBaer. Ecan lim X (t)=

T->00

=Ly # 0, T0 cHOBa MosyyaeM NPOTHBOPEUHE C MPEATIOIOKEHHEM,
uro lim R(x) 2 — 0.

T—> 00

Takum ofpasom, uMeioT MecTo ABa caydas: au6o lim R (t)=

T—> O
= —co, /b0 lim X ()= lim Y(t)= lim R(t)==0. B nep-

T—>00 T—00 T=>» Q0
BOM cjyuyae uMeem Takke -lim X(1)== lim Y(t)==—co. Bo
T— 00 T—C0

BTOPOM CJyuae peuwleHue cucteMsl (4.4) HOMXKHO YIOBJAETBODSTH

HepaBeHCTBaM
X () >0, Y(x)<0, R(z)>0.

Herpyano mnokasaTte, 4TO mnonasaHue usoOpaxawouel TOuKu
B H3ayaJ0 KOOPAMHAT B STOM CJydae MOXET MPOM30HTH TOJbKO
BAO/b MHTErPaJbHOH NpsMOH

X=—Y=R (4.5)

cucremnt (4.3) npn a==1. Jlpyrux Tpaektopu#, N0 KOTOPHIM
u3obpaxatoulas TOYKa Morja Obl NONACTh HENMOCPEACTBEHHO B Ha-
4aJ0 KOOPAMHAT, He MOMafas NpeJBapuTEJbHO Ha IIOCKOCTDb
R==0, cucrema (4.3) He umeer. B camom gene, npu a=1 pe-
weHve cucteMsl (4.3) nMeer BuA

X=coe" 41(x)y Y=—coe "+ o(x)y, R==coe "+ ¢3(),

rae o; (t) — HeorpanuueHHwie ¢yHkuuu. [lonbopoM HauaabHBIX
JaHHBIX 5TH HeorpaHuueHHnle (PYHKIUHMM MOXHO HCKJIIOYHTbL H3
pelleHus; B 3TOM Cjydae U INOJy4uM eAHHCTBEHHOE YacTHoOe pe-

weHne X==cge™", Y=—cye™™, R==cee™", COOTBETCTBYWOIEE
MHTErpanbHo#t npsimo#t (4.5). ’
Jlerko npoeeputs, yro cucrema (4.3) npn a== — 1 Tpaek-

TODHH, NPUXOASUIMX B HAYald0 KOODAMHAT C COXPaHEHHEeM
3Haka X, He uMeeT. JleMMa JoKasaHa.
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Jlemma 4.2. Ecau mouxa M(t) dsudcemcs u3 nosodce-
nus My (Xo, Yoo Ro) no mpaexmopuu cucmenmso. (4.4), mo ona
He mookem naxodumscs 8 obracmu | X |>8, R™>0 Goree Ry[d
eduruy 8pemenu.

B camom pene, w3 nocneiHero ypaBHeHus cucteMn (4.4)
nveem R<Ry— 8t rme t OTCUMTHIBaeTCs OT TOrO0 MOMeEHTa
BpEMEHH, HAUNHas C KOTOPOro BHMOJHAETC HepaBeHCTBO | X | ==3.
Ecan > Ry/3, 10 R(%;) yxe 6yner oTpuiarenbHOH BeJHUMHON
¥ Touka M (t;) OKaxercs BHe paccmarpuBaeMod oOsactu. Takum
o6pasoMm, 3a npoMexyTok BpemeHd 0 <Ct<It,; Touka M (t) no-
nager aun6o B obsacts | X | <3, mmbo Ha naockocts R=0.

3ameTuM, uTo ecau HauaibHas Touka My(Xy Yo Ry) ynos-
aeTBopser ycaosusm Xy >8, Y, >0, 1o TOouka M (t) Moxer
MOHACTh TOJAbKO Ha mIockocth R=0.

Otciona caenyer, uto mobas Touka (a30BOro HPOCTPAHCTBA
MOXKeT 3axoauTbh B o6iactb | X |<8 ne Gosee 1ByX pas.

Jlemma 4.3. Ecau sunoanens yeaosun | Xo| <3, | Yy | <3,
0<Ry< 3, mo pewenue cucmemn (44), onpedensnenoe Ha-
yaasHoli mouxoli My(Xy Yy Ry), ydosaemsoprem 8 obaacmu
R™>0 nepasencmsam — 28<X(t)<83, —d<Y(x)<43,
0K R()< B

OueBuiHo, NOC/AEHEE M3 [OKA3BIBAEMBHIX HEPABEHCTB HENo-
CPEACTBEHHO BBITEKAET M3 TPEThEro YpaBHEHUs CHCTEMH (4.4).
[Tokaxkem Tenepb, YTO WMEET MECTO HEPABEHCTBO

—IL Y (<. (4.6)

Mpennonoxum, uro Y, >0. Tak kak X (tr) u Y(r) moryr
TOJBKO pacTd, TO OGO3HAUMM Yepe3 T, MOMEHT BpPEMEHH, KOria
X(tg)==3, u uepes ty— MOMEHT BpEMeHH, KoOrma Y (to)==3.
Yepes t; 00603HaunM MOMEHT BCTpeuM Toukn AM(t) ¢ mnJo-
ckoctbio R=0.

B cuny nemmn 4.2, ecn ty=o00, 10 | X ()| <3 ans Bcex
MOJIOXUTENbHHX B8HAUEHUH T, €CIM NpU 3ITOM Ty=00, TO He-
paBeHcTBO (4.6) Oyaer umern MecTo. Bo3MOWHH [Ba cayuas,
B nepeoM cayuae NDELMONONKHM, 4YTO Ty<T,. W83 BTOpOroO
ypaeHenus cucteMsl (4.4) caeayer npu 1 =1 Y () — Y () <
< Ry(x—r). Ho tak kak B cuay gemmn 4.2 t— tu< 1 —
— <1, T0 noayuum Y (t)< 28 npu BCeX T U3 NPOMENKYTKA
1&<T<11.

Bo BTOpOM CilydYae MpeanonokuM, 410 to< T, W Olle-
HEM pasHOCTb tg ~— T, CHOBA NPUHUMas BO BHUMAHUE BTOPOS
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vpaBHenue cucremsl (4.4), moayuum

8 Y ()< Ry(x—rp) 3 npn t > “.7)

JleBast yactb 3TOrO HEPABEHCTBA [1aCT OUCHKY

8 (o — 79) + X (%0) < X (o)

OTKYAa CJAEAYeT, 4TO Ty — To<_ 2. [lpaBas 4acTb TOro e He-
pasedctBa (4.7) nmaer oueHky Y (1)< 3(t— 1o+ 19— 19+
+-8< 43, tak xak T —1y< 1 coruacHo Jemme 4.2.

Teneps paccmorpum ciayualt, xoraa Y,< 0. Ecin Y (1) se
MeHsIeT 3HaK, TO HepaBeHCTBO (4.6) BuimosiHeHo. Ecim YV (t) MeHsieT
8HaK B MOMEHT BDEMEHH T3, TO BO3MOXHBI CHOBAa ABa CJayuas.
B cayuae | X (t3)| <8, mpu t >ty Touka M (t) nomamaer B yciao-
BUS, KOTOphlE paccMoTpeHnl Boiie. Ecmm we X (t3)<—3, 10
TouKa M (t) He MoOWer, corjacHo Jemme 4.2, HaXOAUTBCS BHE
nonocel | X| <3 Gosee onHOH eNUHHLLI BPEMEHM, HO 33 3TO
Bpemss Y (t) MOxeT BmpacTy He ©onee ueM Ha O, MO3ITOMY
TOuKa M (<) cHoBa monamaer B oGuaacte | X | <3, | Y| <39, npu-
deM BesuynHa Y(t) Oyaer npu >3TOM yxke TMOJOKUTENbHOH U,
c/enoBaTebHO, OYAET YIOBJETBOPATh oueHke (4.6).

[Toxaxem tenmepp, uyro A0 TeX MOpP, loOKa Touka M (t) He
MONafeT Ha MIOCKOCTh R =0, umeer MeCTO HEpaBeHCTBO

— 23 < X () < 58 (4.8)

B camom naene, ecin Touka M (<) Beitzer B o6aacte X >3,
70 OHa He BepHerca B mojocy | X|<3 u Ho/kHa NonacTb Ha
miockocth R=0. Ho B 3TOM ciyuyae u3 mepBoro ypaBHeHus
cuctemn (4.4) crenyer

X(®)—X(r) V() (r—1)

npu ty<<t<irt. M3 gemmn 4.2 creayer, uto T —1y<1, a u3
nepaserctsa (4.6) umeem O0< V(r)<(48. Taxum o6pasom,
—3< X (t) <53 nmpu >,

Ecan xe Touka M (t) Bhitaer B o6aactb X < — 8 B MOMEHT
BpEMEHM T, TO aubo oHa momagel Ha miockocte R=0, ne
posspamascs B nosocy | X|<(3, au6o sepuerca B 5Ty mHOJOCY.
B nepeom cayuae noayunm — 8 (v — t3) < X (t) — X (1), oTKyna
caepyer X () > — 23. Bo Bropom cayuae Touxka M (1) BO3Bpa-
tarca B o6aacts | X | <3, | Y|<(3, u Gyner uMmerb Mecro ywe
paccMOTpeHHas CATyauus. 3aMeTuM, YTO MUHMMa/JbHOE SHaueHue
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X (t3) BO BTOPOM c/yyae yHOBAETBOpsieT HepaseHCTBY X (T3) >
> — 23. Jlemma nOKasaHa.

B npaapHeillieM Ham nonanoOutca caeaywomnti  obuwmi  pe-
syabrat. Hapany ¢ ypasHeHnem

=X (x, t) (4.9)
paccMOTPUM YpaBHeHne
y=X» H+Ry 1) (4.10)

rae x, y n-mepHsie BekTopl X (x, f) u R(y, f)— BEeKTOpHBHIE
dynxkuuy. [Ipeanosoxum, 4To B HekoTopo#t obaactu D dasosoro
NPOCTPAHCTBA Ha MHTEpBaje f)<Ct <<ty -}~ T BRINOAHEHH yCAOBUA

[ X0 =X Dl<L]ly—x] (411

IRy, M|yl (4.12)

[Tpennonoxum, ajee, YTO Ha PacCMaTPUBAEMOM MPOMEWYTKE
spemeHn peutenne X (f) cucremp (4.9) yaosiaetsopseT Hepa-
BEHCTBY

el <e

JNemma 4.4 [Tycmes sunosnens ycaosus (4.11), (4.12);
mozda na unmepgase 8pemeru ty<<t<<ty-+-T umeem mecmo
oyenKa

Me
ly®)—x®O | <33y (eM+Dbi—tl — 1), (4.13)
20e x(f) u y(t)— coomsemcmsenHo peuleHus Ypasreruil
(4.9) u (4.10), onpedersiembie OOUHAKOBHLMU HALAALHBLMU YCAO-

susaMu.
B camom aene, ucxoaa u3 HEpaBeHCTBA

ly®—xO 1< X0 =X 0+ | RO, O] 1at
1

NOAYYUM

|y (t) — x (t) n<S LIly®—x®OI-+My@® ] ]dt

Tak kak [y O <[yO—x@O 1+ 12Ol » [x®) | <o
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TO MOJY4UM
t
ly®—x®O<§ Me+M+L) | y@&) — x| 1dt.

to

Hepasenctso (4.13) HenocpeaCTBEHHO CJaeAyeT Tenepb U3
aemMMsl 1.1 mepBo#i riassl.
Hapsany ¢ cucremoif (4.4) paccMOTpuM Telepb CHCTEMY

==
Y =Rt (X 1),
IR — —|X|4-pFA (X ¥, R ). (4.14)

Mycrs dyukuun ¢ (X, V) n Fi (X, Y, R, <) B obaactu
[ X|<oo, | Y]|<{oo, R>0, t=0 ynos1eTBopsOT yCa0BHAM

ler (X, NI<Li(| XY }
[Fi(X, Y, RI<Li(1X|+1Y|+R),

rae Ly, Ly — HEKOTOpHIE MOJOXHUTENbHBIE MNOCTOSHHLIE.

Jlemma 4.5. Bcesaroe pewenue cucmems (4.14), onpede-
AeHHoe HadaasHoll mourxoidl My (X, Yo Ry), aeoxcawei 8 o6-
aacmu | X|<3, | Y|<3, 0<T RS, ydosaemsopsem 8 no-
aynpocmpancmee R Hepasencmsanm

X[ <83+ Agpd, | V<43 Agpd, RT3 Ay,

20e A, Aq A3 — nocmosnusie, 3as8ucauue om Ly u L,

CnpasenauBoctb JeMMi 4.5 BBHITEKAeT HENOCPENCTBEHHO n3
npeasiaymel JeMMbl. B caMoM nese, u3 0Ka3arenbCTBa JeMMbl 4.3
crenyer, uto Touka M (%), mBHraacb MO TPAEKTOPUM CHUCTEMb
(4.4), uaxonutcs sue obaactu | X | <38, | Y| <8, R> 0 He Gonee
TpeX €IWHUL BPEMEHH, Npu 3TOM TOuka M (T) He BBIXOAMT 3a
npelgensn 00aacTu

| X|<B8 | Y] <4, 0 RB.

Otciona crenyert, uro Hopma Bektopa P (0, po,, pFy), xapaxre-
pusylomero otkiaoHeHue cucrem (4.4) u (4.14), mMoxer ObTh
¢ yuetom (4.15) ouenena caenywomuM obpasom:

[Pl=<Nwe|F|,

(4.15)
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rae uepes F o6osHauen BeKTOp ¢ npoexkuusmu X, Y, R Kpome
TOro, cornacHo aemme 4.3, umeem ||[F|<CN;3. Takum o6pa-
30M, nonaras M=DNpp u e== N;J, MOXKEM NPUMEHUTb OUEHKY
AeMMu (4.4) ¥ MOAYYHM OUEHKY OTK/JOHEHWs pelleHui cuctem
(4.4) u(4.14). i3 sToit ouenku u GOymer caenoBath TpeGyeMmsiit
pesy/bTar.
3ameuanue 4.1. 3amerum TEnepb, YTO JErKo CHOPMYIH-
pOBaTb pe3y/]bTarhl, AHAJOTHYHLIE pPE3YJbTATaM, IPUBEICHHBIM
B Jgemmax 4.1, 4.2, 4.3 u 4.5 a3 cucremn
d. d
Ky, =R B x, (4.16)
skBuBaJeHTHOH cucteme (4.3) B obnactn R< 0.
Tak, Hanpumep, cooOpaweHUs O CHMMETDHH paclONOKEHUs
tpaekTopu#t cucreM (4.4) u (4.16) npuBOAsT K BHBOLY, UTO €CJH

HauaJbHaf TOYKA He JeXUT Ha npsmod X=-— Y=R, 10 pe-
weHue cucrembl (4.16) obaagaer cBokctBoM lim X ()=
T— 00
= lim Y(t)==lim R(t)==00. AHaJOornuHbiM o5pPasoM MOryt
T —> 00 T— 0

OBITe NEpPedpPasnpoBaHbl U OCTA/IbHBIE JEMMBL

Teopewma 4.1. [Tyecmse A>0, B>0 u, wpome moeo,
guinoarens. ycaosusn (3.5). MoocHo ykaszame marxoe noroxcu-
measnoe qucro K, umo npu K> K, Hyasesoe pewenue cu-
cmems (3.2) 6y0em acumnmomuyecku YCmMoOULLUBHM Npu A0-
0blX HAHALbHOLX BO3MYUEHUSX. :

Ilycte nans oOnpeseneHHOCTH HauvaabHAs TOUKa M, JEKWUT
8 obnacty R™>0 (ecim Touka M, aexur B obaactu R<0, To
BCIOAY B JanbHeHIUUX DacCyXAEHHUX CAedyeT YUWTHIBATb 3aMe-
yanue 4.1). M3 nemmnl 4.1 caeayer, uto uzobpaxcaiounlas TOUKa
M (z), mBmxymascs no tpaekropun cucremn (4.3), 1160 nomanaer
Ha naockocTh R =0 3a KoHeuHbli NPOMENKYTOK BpeMeHH, Au6O
6yzeT acUMNTOTUYECKM NPUOAMKATBCA K Hayaly KOOPAMHAT [0
npsamo#t (4.5).

OxpyxuM teneps npsmyio (4.5) nocTaTouHo ysKo# TpyOGKoi.
Ecan usobpaxawomas touka M (t) aexur BHe 3ToR TpybGKu, TO
IJ1s 3alaHHOH OrpaHuWyeHHO# 00.1aCTH HawaabHBIX yCa0Bu#t ¢aso-
BOrO NPOCTPAHCTBA BpeMs Momajanus Ha miockoerb R =10 6yner
orpanuueHo. CrenoBarenbHo, 10 Teopeme 1.1 nepsoH raasm
MOXHO YKa3aTb HacTO/IbKO Majloe 3HAUEHWE p, YTO OTKJOHeHHe
TpaekTOpHil cucteM (4.2) u (4.3) 8a yKazsaHHB# NPOMEKYTOK
Bpemenu Oyner MeHblUe Hanepea 3a4aHHOrQ MOJOKHTEIBHOrQ



82 YCTOMWYNBOCTb CUCTEM PETV/IMPOBAHUSA irn.

ycia. Takum 0o6pasoM, NPUXOJAMM K BBIBOAY, YTO BCE€ TOUKHW, HE
JEXKaue BHYTPU paccMaTpuBaeMo#t TpyOku, MOMamyT, MABHrasch
no TpaekropusiM cuctemnl (4.2), Ha naockocts R=0.

Ecau ke HayaabHas TOUKA JEXKUT BHYTPH TPyOKH, TO OHA
MOXET NIPH CBOEM ABMKEHHH JUOO BHHTH U3 TpyOkm u OOJblle
HUKOTAa B Hee He nonajaare, Jubo nomnaiarb B TPyOKy B Kak
yrogHo OGosbline MOMEHTH BpeMeHw. B mepsom cayyae npume-
HUMH TOJMbKO YTO MpUBEJIEHHBIE paccyxiaenus. Bo Bropom cay-
yae MNPUXOAMM K BBIBOLY, uTO H300paxaiollas TOYKa monaiaer
Hen36eHO Ha MIOCKOCTh R =0 wunJamu, 4TO TO K€ CaMmoe, Ha
niaockocts s =0.

[TonaB Ha nuockocth s=0, nzobpaxawmas TOUKa Oyuer
COBEpIATL CBOE JBUKEHHe B cuiy cucremsl (3.10), omuceiBao-
uieit ckoapxedne. Ycnosus A >0, B>>0 obecneunBaioT ABH-
MEHNe TOUKHM 10 TJIOCKOCTH S K Haualy KOOpAWHAT.

Uro6ul 3aBEpIIATh JOKa3aTe/bCTBO TEOPEMBl, OCTAETCs MOKa-
3aTh, uTO HMeeT MecTOo ycroHumsocts 1o Jlanynosy. Taxum
00pa3oM, HYWKHO J0Kasars CYIECTBOBaHWe M5 MmoOoro sanaH-
Horo ¢ >0, Takoro umcaa 8, yro u3 HepaseHcTB | X, | <3,
| Yo|<®, |Ry|<3 cnemosanu On Ang pewenuii cactems (4.2)
HepaBeHCTBa

I X[ <e [ YE[<e& [RE@[<e npa =>>0.

OmHako Takoe uuca0 O Mbl MOXeM BHIOpaTb COrJIacHO
gemme 4.5. HexoTopoe ocC/10kHEHHE HOCTABAAIOT TOUKH, Jexallue
Ha maockocty R=—0, 1ak Kak o Hux B Jemme 4.5 Huuyero He
ropopurcs. Ho Tak Kak 9Tu TOUKM CKOJAB3AT MO MJIOCKOCTH
R=0 B cuny acummroTauecku ycroiunso# cucremst (3.10), TO
U aas Hux Tpebyemoe CBOHCTBO HMEET MECTO.

Caenaem caenywinee sameuaHue. XapakTepUCTHYECKOE Ypas-
nenve (3.10), omuchiBamoliee NPOLECC CKOJbXKEHWS, WUMEET BUL

A - BA - A=0. (4.17)

KopHu 3TOro ypaBHEHMs, C Y4YeTOM NepBoro us ycaosuh (3.5)
CYIeCTBOBaHMS CKOJbXEHWs, ONpeneasiorcs (opMyton Ay =
B

=—5 ]/ — % B*+aB — b Orcioga BuAHO, 4TO M/

o6ecreyeHusi BHICOKOH CKOPOCTH CKOJbXEeHHs HeoOXOHHMMO 3Ha-
yenue B BHOGUpPATh HACTOJbKO OO/MBLIIUM, HACKOJLKO TMO3BOJSET
BTopoe u3 ycaosu#t (3.5). Ilpu sTOM KOpDHM XapaKTepuCTHYe-
CKOro ypasHenns (4.17) MOryT CTarTb KOMIJIEKCHBIMH, B PEXHUM
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CKOAbXeHus OyaeT npeacTaBasTh CcoGoH 3aTyxawomwuil xoJaeGa-
TEAbHBIA TpoLLecC.

Ecau koneGaTenbHn#l XapakTep CKOJIbXeHHS MO KakoH-1n6o
NPHYMHE He ABJAKETCA MNPUEMJEMBIM, TO CJCAYET HapyLuTh
(3a cuer yseauuenus B) ycnosue A=B'—aB-4-b, c Tew,
utoOnl KODHH XapaKTEpUCTHYECKOFro ~ypaBHenus (4.17) cramn
AeHCcTBUTENbHBIMA. MOXHO nOKa3aTh [34], uTo CBOHCTBO YyCTOH-
YUMBOCTH B 3TOM Cayuae He HcuyesHeT. Bosee noapoGHO 3TH BO-
npocH AJg HeJwmHeHHOro cayuvas Oyayr paccMorpedsl B § 7.

§ 5. Cra6uan3annsi CUCTEMbl n-ro MOpAAKA

PaccmoTpum ypaBHenue

x4 axx™ D 4 a,x = — aKx, (5.1)
rie BeJIWYHHA ¢ OIPENeNseTcs COOTHOLIEHHEM
a=sign (c,1 X1+ ... + coX,) Xy, 5.2)

F0€ Cgy .evy Cp.y — NMOCTOSHHEIE.
¥paBreHue (5.1) 3KBUBAJEHTHO, OUEBHIHO, CHUCTEME

o

x,-=xi+1, i_'——l,...,n—l,

} (5.3)

Xp=— Xy — Qp_1Xg — ... — Q1 X, — KX}

PaccmoTpuM runepn/aockocts

s=¢p1Xi+ ... + X, =0, (5-4)

rae co==1.
Teopema 5.1 (Emeanbanos C. B, Tapaun B. A.[50]).
Lan mozo0 uwmobs 2unepnaockocms s=0 oOwsa 2unep-

NAOCKOCMbI0 CKOAbICEHUA, Heobxo0umo u GocmamouHo 8bi-
noAHeHus ycaosuii:

C,-+1=rci—|—ai+1, l=0, 1,..., n’—2, (5.5)
lan+reay | < K (56

20e r — Hexomopuil 8ewecmeernbll napamemp.
Ilokaxem HeoOXOAMMOCTb ycJaobui. BeeleM BMecTO Koop-
AuHATH X, HOBYK KOODAMHATY S=C, 1X1+ ...} Xy
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Cucrema (5.3) sanuwercs caenywouiuM 06pasoM:

xi=xi+l’ i=1!"-) ﬂ——?,
n—1
X, 1=— CpiX;i—+ 8,
n-1 gl n-i t+ (57)
§=— [(ap + rea1)+oK] X1+ (cpy — @p1+
- rene) XaH - - (co—ag-freg) X g +rs,

rie BBeleHO 00O3HaueHue r—c; — ay.

Has toro uro6n nNpouM3BOAHAs § MeHsJa BHAK Ha rUNep-
naoCKOoCcTH $ =0 TOJbKO TOrZa, KOra MeHseT 3HAK BEJHUMHA X,
KaK 370 TpeOyeTcs A8 BHIOJHEHWS YCJIOBMHt CKOJIbXKEHHS

(em. § 1)

X8le=1<<0,  X8[=—1=0, (5.8)

He00x0AuMO, uTOOb BCe KOSMDMUUHEHTH MPH Xg ..., X, 4 B NO-
cnefHeM ypaBHeHnn cucreMm (5.7) oOpauiaauce 8 Hyab. Takum
ob6pasom, noJyuaem ycioeus (5.5). Kpome Toro, utobn yzoBJer-
BOPHUTh ycJ0BuAM (5.8), Heo6X0AMMO, OUEBHAHO, CUATATL BHIIOJ-
HEeHHHIM HepaBeHCTBO (5.6), Tak KaK NOCJAeAHEe ypaBHEHHE CH-
cremnl (5.7) npeBpamaerca npu BHNOJHEHWH ycaosuil  (5.5)
B ypaBHeHue

§=— e, +re,_ +2K] xs.

JIlocTaTouHOCTL yCAOBMH TeOpeMB AOKa3hHBAETCHA aHaJOTHYHO.
Paccmorpum Tteneps ¢yHKILHIO

fry=r"+ar**+...+a,

s ycaosnit (5.5) caenyer
f(ry=a,+rc,y. (5.9)

Takum o6pasom, HepaBeHCTBO (5.6) MoxeT OHITb SalHCaHO
B ¢opme
[F(NI<K.

Ilepetinem Tenepb K HCCAENOBAaHHIO BONPOCOB YCTONUMBOCTH
pPaccMaTpuBaEMO# CHCTEMBL

Te xe paccyxaeHns, Kotopne OHIH NpoBeleHW Hamu B § 3
npu BwuBoge cucremn (3.10), NpMBOAAT HAac K BHIBOAY, u4TO
1IPONECC CKOJbXEHHA OMNUCHBAETCA B PacCMaTPUBAEMOM Cayuae
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cucremon
x-izxi+b l=1:--~v ’l—?,

ity 5.10
Xpg=— Z CniXi- ( )
i=1
Ouesnano, cucrema (5.10) Moxer OGbiTb NMOJMyYyeHa W3 CHCTEMH
(5.7), ecnm B39Th W3 Hee TOJbKO NEpBHE 71— | ypaBHeHd#t u
noaoxuth §=0.
Ecau BHIOMHEHH YCJOBHS CYLIECTBOBAaHUA CKOJbkeHus (5.5)
n (5.6), cucrema (5.7) Gyaer vMeTb BHA

X=X i=1,..., n—2,
n—1

Apa=— D cpiX;+s, (6.11)

i=—1
§=—[f (1) +-aK] x, +rs.

Paccmorpum Tenepes ycnoBus, oOecneyHBAOUIRE aCHMIITOTH-
YeCKYyl0 YCTOHUMBOCTb HyJeBOro peluenus cucrems (5.10), onu-
CBIBAIOLIEH NPOHECC CKOJbKEHHU.

Teopema 52 (E. U. M'epamenko [37]). [Tycms senos-
Hensl ycaosus (5.5) u (5.6) npu dawHom GuUKCUPOBAHHOM 3HQ-
yenuu r. [lan mo20 4wmobGu Hysesoe pewenue cucmenvt (5.10)
OblN0 ACUMNMOMUYECKU YCMOI4uBuM, Heo6x00umo u docma-
MOYHO, Hmobs. 8ce KOPHU YPQBHEHUS

N g\ e, =£(r), (5.12)

ROMUMO O4eBUOHO20 N==T, A€NHCAIU 6 ACBOL NOAYNAOCKOCMU
KOMRAEKCHO20 NéEPemMeHnHHO20.

B camom pene, HETpyAHO BHMAETb, 4TO ypaBHehue (5.12) ss-
AS€TC XapaKTEPHCTUYECKHM YPaBHEHHEM CHCTEMB

)Ei=xi+1, l=l, cee n'—2,

n—1

.’Z‘n_; _ - Z Cp_iXi + S (5.13)
i=1
§=rs.
D.EH_CTBHTEJIBHO, npu a= — | XapaKkTEePUCTHUYECKOE YpasHe-

Hue cucteMw (5.11), 5KBuBaJAE€HTHOH ypasHeHuio (5.1), wumeer
BUA A" 4-a A" 14, .+ a,=K. C apyro#l CTOPOHH, CHCTEMa
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(5.13) nomyuaerca us cucremn (5.11), ecaw B mocienHed noao-
#uTh a=—1u f(r)=K.

Tak kak Bce KopHm ypaeHeHus (5.12), HOMUMO OUYEBHAHOIrO
A=r, nexaT B JIEBOK MOJAYNJIOCKOCTH, W TaK KaK 3TH KOPHH
ABJSIOTCS TaKKe KODHAMH XapaKTEPHCTHUECKOrO YPaBHEHHs CH-
cremnl (5.10), TO oTCI0Oa M CaedyeT HCTHWHHOCTb YTBEPKIEHHS
TEOPEMBI.

B uactiocty, ecan ypasueHme \*1 g A4 -q, ;=0
MMEET TOJBKO KOPHH C OTPHILATENbHOH BEIeCTBEHHOH uacTbio,
10 ppn r=0 (wm paxe npu |r|< e, rie &— JOCTATOYHO
Majas BEJWYMHA), YCJIOBUS TEOPEMBl D.2 BBINOJHEHH U HYJIEBOE
pewenue’ cuctemsl (5.10) OyzeT acHMNTOTHYECKH YCTOHUMBBHIM.

[lepeimem Ttemeps K (GOPMYJIUPOBKE © BHIBOAY YCJOBUH
YCTOHYUBOCTY HYJEBOrO pEIUEeHHs OCHOBHOH cucTeMst (95.11).

Teopema 53 (E. U. Tepamenxo [39]). Ecau sunoas-
Hensl ycaosus cxoasocenus (5.0) u (5.6), u npu smom sce
rwopuu ypagrenus (5.12) umerom ompuygamensHsie 8ewecm-
BeHHblE Yacmu, mo HyaseBoe pewexue cucmenms (5.11) Oydem
acuMnmomuseckKu YCmouiussm npu A1006X HALAALHLX 803-
MYUERUSX,

Hokaxem teopemy. M3 ycaoBusi 1éopeMml CAEIyeT acCHUMMTO-
THYECKaf YCTOHYMBOCTL HyJesoro pelueHus cucrems (5.10).
Kpome Toro, B paccmMarpuBaeMoM CJayuae OUYEBHIHBIH KOpeHb
A=r ypashenus (5.12) gomKkeH OniTh OTPHLATEJIbHBIM.

B cuny Tteopemn 9.1 nepBoif riaBbl CyLIECTBYET ONpeNeNeHHO
NOJNIOKUTENbHAS KBaapaTuuHas dopma v (xy, ..., X,), Takas,
YTO ee NpOM3BOAHasA, B3ATas B culy cucrems (5.10), Gyzmer
paBHa QYHKUMH W= — X]—...— Xp_;. PaccMoTpum ¢yHK-

o v="1 (Xy, ..., x,,___1)—{—;—As*, rae A>0. Ipoussonuas

no BpeMeHH 3TOH (yHKuuu, B3stas B cuay cucremn (5.11), Gy-
AeT UMETb BUI

v:w—{-oiill s+ Ars* — A f(r)+aK]x3s.  (B.14)

OueBnaHo, Bepaxenune A[f(r)-4-aK]x;s B cuiy ycaosumit
(5.2) n (5.6) Bceraa OyAeT MOJOXKUTENbHBIM, TaK Kak

ALf () +aK) s = Al xis] [0 4 K]

U BHIPaXEHHE B KBaApaTHOH CKOOKE MHOJNOXUTENbLHO,
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C ampyro#t CTOpOHH, KBaZparuuHas (opma w© -+

0v,
dxn~xs+
-} Ars?, kak 3T0 caeayer u3 Kputepus CuibBecTpa, Npu A0CTa-
TOYHO O60JblIOM 3HaueHun A OyleT onpeleleHHO OTPHLATE/Ib-
Ho#i QopMOH NepeMeHHHXx Xy, ..., X, §. Takum oOpasom,
aCUMITOTHYECKAs YCTOMYMBOCTL B 1€JOM HYJIEBOrO pPeLIeHHs
cuctemnt (5.11) caenyer u3 Teopems 12,1 nepso#i ruasbl

Mpi yke Bmaesad, uTo TpeOoBaHHE OTPHULATENbHOCTH BEIEeCT-
BEHHBIX vacTell BCeX KopHeH ypasHeHus (5.12) 9KBHUBAJEHTHO
TpeGOBAHNIO ACUMOTOTUYECKON YCTOHUMBOCTH HYJIEBOTO pEILEHHUS
cucremsl (5.10) npu r < 0. Takum obpasom, Teopema 5.3 Moxer
6biTh CPOPMYIUPOBAHA CJIEAYIOIUM 0OPA3OM.

[lycme sbnosneno ycaosue r<_0. Hyaegoe peweénue
cucmenst (5.11) 6ydem acumnmomusecku ycmoisusoim 8 ye-
AOM, €CAu 3HUM Jice cBolicmBom obaadaem Hyaresoe peuie-
nue cucmens. (5.10).

§ 6. Crabunu3anus CHCTeMbl ¢ OrpaHHYHTeleM
B KPUTHYECKOM Cjyuae OJHOTO HYJEBOr0 KOpHA

1. Paccmorpum ypasHeHue

XM Lgx™D L g, k= —ap(X), 6.1)
rae
@ (x) 7 0 npn x#0, ja]<1.
IIpennonoxum, 4TO ypasHeHue
Mg g, =0 (6.2)

UMEET TOJbKO KODHHM C OTPHLATEJIbHBIMH BEUIECTBEHHBIMM YACTAMHA.
Ypasuenue (6.1) 5KBUBAJEHTHO CHUCTEME

)5,-=x,-+1, i=1,...,n~1, x1————-“x,} (63)
.in=—an_1x.z~...—alxn~—aip (xl). ’
PaccmoTpum cucremy
)Z'i:xi+l, 12—‘2, ceey fl—l,
. (6.4)
xn=——an_1x2——...—a1xn.

B cunay Teopemsl 9.1 1nepBofi riaBm CYUIECTBYET OfNpeleeH-
HO  HOJIONUTEAbHAR KBadparduHas dopMa vy (Xg ..., X,)



88 YCTORUUBOCTE CUCTEM PETYIUPOBAHUN L. 1

NpoussonHas KOTOpoH, B3stas B cuay cuctemu (6.4), 6yaeT pasHa
W= — X;—...— Xa
PaccMoTpuM (YHKIMIO

: 1
V(K voe s Xp) =T (Xg ««« x,,)—f-é—y*,
rae
Y =0 1%+ Qp Xyt QX+ X
Brluucass npousBoiHyr (QYHKUMH v, B cuay cuctemn (6.3)
HOJYUUM
. [0v, ) 6.5
t=w— |5ty (x), (6.5)
n /
TAK KaK NPOW3BOAHAA BEJIHUMHB Y, B3ATas B cuay cucrems (6.3,
TOXKAECTBEHHO paBHa — ap (Xy).
Mp BuANMM, Y4TO €CAR TOMOXKHTDH

signa=sign (g% -}—_y) 9 (%), (6.6)

TO OyLYT BHIMOJHEHH BCE YCJIOBUA Teopemun 12.1 mepsolt riassi;
3TH yCAa0Bus O0ECIEeUnBAOT ACUMIITOTHUECKYIO YCTOHUYMBOCTD
B LIEJOM HYJEBOTO pelueHuss cucremsl (6.3).

Ecan Beauunny o wcKaTh ucxoas u3 tpefoBaHus, 4ToOH CKO-
poctb yObiBauus yHKUMM v BIOJIb Tpaekropui#h cucremn (6.3)
Obizia Hanboablieli [66, 67], 10 nmoayuum

a= sign (%%; 4+ y> o (%). 6.7)

HanGonee TunnuHeiM sBaseTcs cayualh, xoraa ¢yHkuns ¢ (x)
yaosneTBopsieT ycaoBuio ¢ (x)x >0 npu x # 0; dopmyay (6.7)
MOXHO NEpeNnucarb TOr4a B BUAE

a==sign (g% +y> X.

D710 mocjelHee ycaoBHE OOECneuYMBaST YCTOHYMBOCTL HpPHU JO-
ObiX HauyaJbHBHIX BO3MYWIEHWAX Anas Jmoboi dynkuun ¢ (x), yaos-
netopsiowelt npu X 7= 0 Hepasenctsy ¢ (x)x > 0. O6siuno
YCTOHUYNBOCTb YKa3aHHOTO THNA Ha3bBalOT aGCOJIOTHOH yCTOfH-
YUBOCTBIO.

3anaguM teneps PYHKUHIO @ (X) caeaywoiuum obpasom:

¢(¥)=Kx npu |Kx|<<H,
¢(x)=Hsignx npu |Kx|>H,
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rie K u H— nonoxwurejbHsle M0CTOAHHHE. YpasHenue (6.1)
ONHCHIBAET B 3TOM CJyyae CHCTEMY DEryaupoBaHMs C OrpaHu-
yuTeNeM Ha Bxode peryaupyemoro oOnekra. [Ipu K== oo noay-
yaeM 4UCTO peJsedHylo cuctemy, npu H=—co u K KOHEUHOM
noJiyyaeM KJacC CHCTeM, M3YYEHHHX B NpeAbAyuleM mnaparpade.

BaxxHO OTMETHTb, UTO 3aKOH BHOODA BEJHYMHBI &, YKa3aH-
Hbfi 3/ech, 00eCrneunBaeT acHMNTOTHYECKYIO YCTORYMBOCTb NpH
MOOOM MOJI0XKUTENbHOM 3HaueHun K, B TO BpeMS Kak paHee
Tpe6oBanoch, uToOn BeauunHa K Onina AOCTATOYHO GObLIOH.

2. Usyuum Teneps paccmarpusaemuit Bonpoc ¢ GoJee obuiei
TOUKH 3DEHHs.

[Tycrs cucteMa peryanpoBaHus OMWCHIBAETCH cucteMol aud-
(pepeHUaNbHEIX  YPABHEHRH C IMOCTOSHHHWIMU KO3(duuveHTaMu

.)Z}:a,-lxl—{—-...«-l—a,-nxn, i=1, ..., n (6.8)

[Tpeanosnoxum, YTO XapakTepUCTHYECKOe ypaBHeHue cucremnr (6.8)
UMeeT OAUH HyJEBOH KOpPEHb U M — 1 KOpDHEH C OTpHLATENdB-
HHIMH BEIIECTBEHHBIMH HacTAMH,

ITocTaBiM 3aJayy OIHCAHHS BOSMOXHBLIX METOAOB KODDEKLuH
CHCTEMHl peryaupoBaHud, 00€CleuuBaOUINX  ACHMATOTHYECKYIO
yCTOHUMBOCTL NpU JAI00BIX HayaqbHHX BO3MYLLIEHMsX. DTa 3ajaua
NPEeACTaB/isieT MHTEpeC, TaK KAaK B MPHJIOKEHWSX 4YacTO BCTpe-
YalOTCS CUCTEMB, Y KOTOPBIX INepeaaTtoyHas ¢yHKuUus oOBbeKTa
pPery/aupoBaHus MMEeT HYyJb B KauecTB€ HNPOCTOro MOJI0Ca.
C mareMaruuyecKOH TOUKH 3PEHUS METON PACCYKAEHUs, [pPHBO-
NUMBIH HaMmy, aHaJOrMYEH pacCy’kKACHUAM, MNPOBOAUMBIM NDH WHC-
CNeI0OBAHUN BOMPOCOB YCTOHYMBOCTM B KDUTHYECKOM CJyuae
OJHOro Hynesoro KopHs [1].

Ilns onpeseneHHOCTH NPENOAONKUM B AaJAbHEHILEM, UTO CPeau
HEepPaBHBIX HYJAI0 MHHOPOB 1 — 1-ro nopsaka Marpuusi A, COCTaB-
JeHHOH u3 K03(DP(UUUEHTOB CHCTEMBl, UMEETCs No KpahHel mepe
OIWH, COCTABJEHHHH M3 KO3(PPUUUEHTOB, BXOAAUUX B [EPBHE
n — | ypasHeHu# cucreMn (6.8).

Hapsany c¢ cucremott (6.8) paccmorpuMm cncremy

xi=ailx1+~-~+ainxn_a(xb “eey xn)‘?i(xli cee xn)’
i=1, ..., n (6.9)

roe QyHKuHH @; (Xy, ..., X,) 3axaHbl, a QyHKUUA @ (X ..., X,)
NOAJIEXKHUT ONpeeleHuo,
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Kak usBecTtHO, cymectByer HeocoGoe JuHefinoe mnpeoGpaso-
BaHHe

y=bxi ...+ b,x,
Yim=bpXr .. oAby =1, ..., n—1, b, # 0,

nepepoismee cucreMy (6.8) B cucremy auddepeHnuanbHHX
ypaBHeHu#H

y=0,
j’i:piwl_}—"'—%_pi.n—lyn_b i=1, ..., n— 1L (610)

Vkasannoe npeoGpasopaHue nepeseier cucremy (6.9) B cuctemy

y=—abio1 ...+ 0,%5),
Vi=paui+--FPina Va1 — o (buer ... bige,), | (6.11)

i=—1, ..., n—1.

Tak Kak KOPHUM XapaKTepUCTHYECKOrO YpaBHEHus MaTpuun P,
COCTaBNEHHOH M3 KOI(PPUUHUEHTOB pip, i=1, ..., n—1, k=
=1, ..., n— 1, UMEIOT OTpPHUATENbHBIE BEILECTBEHHLIE YaCTH,
to no teopeme 9.1 mnepsoit raasel Aas moOoit  ONpenesieHHO
OTPULATEABHONH KBaApaTuuHo# dopmbl @ (Y1, ... » VY,o1) TEpE-
MEHHBIX Yy, .. , Yy 1 CYUECTBYET ONPEAEJNEHHO TOJOKUTE/Nb-
Has KsaaparuuHas ¢opma vy (¥y, ..., Yp_y) 9THX IKE NEPEMEH-
HHX Takas, uYrT0 B CWIy IHepBHX ypasHeHu# cucrems (6.10)
10AyunM

n—1
du, _ \) 0v,

71;‘-—’ av; i+ Py ) =W (Y s Yao)

=

PaccMOTpUM KBazpaTHuHyl (opMy
1
lv(J'h oo s Ynows J/)-—:’Ul(lhy ey ,Vn_l)_!—iy2

¥ HafineM ee npousBOAHYW B cumay cucrtemn (6.11)

n  n—1
do Ov
@ (e yu) =% D (D Pyt biy)
=1

k=1 i

HanoxwM Temnepb OONMOJHUTESbHOE OTpaHHyeHne Ha GYHKLHIO ¢,
a uMeHHO nortpebyeMm, 4TOOB MNpU Y =yg=—...=y, =0,
y # 0 BHINOJHSIOCH HEPABEHCTBO &3¢y ...+ 0,9, 7 0. B atom
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c/yuae ycaoBue
n n—1 9
. . (4
sign 2 = sign Z (\ 557; bik+bky) P

Resl i==1

SIBISIETCS, OUEBHIHO, NOCTAaTOYHHIM YCJIOBMEM aCHMITOTAYECKOH
yCTOHUNBOCTH B LIEJIOM HYJIEBOro petieHusi cucremnl (6.9). Tax
KaK B NpaBOH uacTH B CKOOKax CTOUT JuHeHHas copma nepe-
MEHHBIX ¥y, ..., VY,_1, ¥» TO 3TO YCJOBUE, BO3Bpallasch K CTa-
pbIM TMEPEMEHHBIM, MOXKHO NEpenuncarb B BUIC

n
signa==sign 3, (cp1%1 ...+ CpuX,) 9p
E=1

Wurtepecno paccmorpers cayuwal, korza ¢yHkums a(xy, ...
., X,), NpeacTasjsomas co0OH yhpaBjieHWe CUCTEMB pery-
JAWPOBAHKS, NMPUHALIEKUT 3apaHee 3aJaHHOMY Kaaccy (QyHKUmH.
[lycrs, Hanpumep, ¢YHKLUA & YIOBJIETBOPSET  YCJIOBHIO
lel|l=<1, u nycrs, KpoMme TOro, @ =@y=...=¢, =0,
¢,==¢9. Ecam Oyzem wuckarb ¢yHKuuo @, 00ecreunBaoLLyio
HaunboJ/ee ObicTpoe yOniBanue Qynkuuu JlanmyHoBa v BAOJb Tpa-
ekTopu#i cuctemst (6.9), TO moay4HM

a==sign (c, X, ..., X)) ¢ (X1, o'y Xp)-

Takum obpasoM, a Oyaer KyCOUHO-TOCTOSHHON (yHKuUMEH U npu
@==1 MBl NOJYUUM UHUCTO DENEHHYIO CUCTEMY.

Ecin nonoxum ¢=Kx, upu |Kx,|=<H, ¢=Hsignx,
npu |Kx,|>H, roe K u H— nojoxdre/nbHpie TMOCTOSIHHbIE,
TO mpH & ==S8ign (¢;X; —. ..~ ¢,X%,) X, NOJAYYHM YCTOHUHBYIO
CUCTEMY C OFPaHUYUTENEM HA BXOIE.

3. Cnenys A. M. Jlanysosy [1], yxawxem cefiuac cnoco6
IOCTPOEHNs JIMHEHHOro npeoOpa3oBanus, MEPEBOJALEr0 CUCTEMY
(6.8) B cucremy (6.10). Omnpenmesnm cHauajza BEAUUHHY Y=
=bx;+...+ b,x, (b,=1) Taxum o0OpasoM, yToOn B CuIy
cucrtemsl (6.8) umesno MeCcTo PaBeHCTBO

J=2 D) biayx,=0. (6.12)
i=1k=1

:nosue (6.12) npuBOAMT K CHCTEME ypPaBHEHui
al,ebl—}~...—l—a,,kbn=0, k=1, vea y I, (6.13)
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KOTOpas, OuyeBuAHO, oOnanaeT TpeOyeMsIM peLieHHeM, TaK Kak
paur matpuusl A pased n— 1. [lanee noaaraem y; =x; —d;y,
i=1, ..., n— 1, u HaxoauM KoO3(PQPHUKEHTH d; U3 YCAOBUA
HE3aBUCUMOCTH J; OT nepemeHHo# y. HecsioxHbe BhKAadKHU
NpUBOIAT HAacC K CHCTEMe

n—1 n—1
9i= Z (@ip — Qinbp) i 1+ [ Z (@ip — ainby) dp + ain] s
Py A=

i=1 ..., n—1

IMpupaBHuBas HyMO Ko3(EUUWEHTH 1IPH y, NOJYYaeEM LIS Ompe-
aeneHust d, CHCTEMY

n—1

> @ — @b dp+a;, =0, i=1, ..., n, (6.19)
k=l

KOTOpas uMeeT pelleHHe, TaK Kak ee OonpelenuTe]b OTTHYeH
oT HyJ . B camom Jene, nepexol OT KOOPAMHAT Xy, ..., X,
K KOOpAMHATAM Yy, ..., V,1, Y HE MeEHfeT paHra MaTpHullsl,
COCTaBJEHHOH M3 KO3 HUIIMEHTOB CHUCTeMB. Panr maTtpuus, co-
cTaBjieHHoOH w3 koddduuueHto ypasHeHus Py=—0 u cucremn
(6.13) pasen n— 1, npuuem det(a;, — a;,0,) # 0, TaK Kax
B NMPOTHBHOM CJyuyae XapaKTEePUCTHYECKOe YpaBHEHHE 3TOR cu-
cTeMsl uMen0 On Mo KpaliHelt Mepe eile OAUH HYJAE€BOH KOpEHb,
Takum 06pasoM, uckomoe npeoGpaszoBaHHE UMEET BUI

y=bx,+...+b,x,
Yi=%; — di (byxr ...+ b, %),
rae d; u b, onpeneasiorcs u3 cuctem (6.13) n (6.14).

§ 7. Heauneiinbie CHCTEMBl C MEPEeMEHHO# CTPYKTYpOil.
PeryaupoBaHue MmO KOOpPAMHATE X

1. 3necb ¥ B crenywuieM naparpage Mel pacCMOTPHM BOII-
POCH  YCTOHUYMBOCTH HEJHHEHHBIX CUCTEM TpeTbero MopslKa.
Teopema 7.1, mpuBeseHHad Huxke, 0606LLAET B HEKOTOPOM CMHIC/IE
peayabraTel  paboth [34], B. KOTOPOH pAaccMOTpeH JHHEHHBIH
cayyadl. OCHOBHbIE DPe3yabTaThi N0 HEJINHEHHBIM  CHCTEMaM
onybaukoBans B paGorax (35, 36]. XapakTepHbniM MOMEHTOM
UCCAeIOBaHMH, MpPOBENEHHBIX B 3THX paboTax, sBJASETCS OTKa3
OT TpeGOBaHUs BHINOJHEHUs YCn0BHH cxouabxenus, Ha nosepx-
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HOCTH MNepeK/JiIoYeHHs B 3ITOM CJAyuae MOJAYYAETCS HEKOTopas
no/J0oca NPOLIMBAEMOCTY, OAHAKO 3TY [0JOCY MOXKHO CHAe/aTh
KaK YroiHo y3ko#f 3a CueT yBeaHueHus KodpduuveHra ycuie-
Hust K.

Paccmotpum auddepeHurasbHoe ypaBHEHHe

X4 F(x, %, 2 )} Kxsign[x(£—e(x, X)]=0, (7.1)

rie K — NOJOWHTENbHAs  HOCTOSIHHAs  BeJUYMHA,  (PYHKUKA
F(x, X, X, t) HerpepbiBHa MO BCeM CBOMM aprymMeHTam B 006-
nactu | x| <loo, | £]|<oo, | £]|< o0, 0<t< oo, orpannuena
no t npu (GUKCUPOBAHHBIX 3HAYeHUAX x, X, X M UMeeT Hempe-
PbIBHBIE UYACTHBIE NMPOW3BOAHHIE NMEPBOrO MOPAIKA 110 apryMmeH-
Tam X, X, X, t; QyHkuus ¢ (x, X) HenpepsBHa U HMEET Ky-
COUHO-HENPEPHIBHEE YACTHHE NPOU3BOIHBIE TNMEPBOrO ¥ BTOPOro
nopsakos mo x, X B obaactn | x| < oo, | £]< oo,

Ypasuenve (7.1) 3KBHBa/EHTHO cucTeMe JAuPdepeHLnaNbHBIX
ypaBHeHu#

X=y, =2,

2= —F(x,y, 2 t) — Kxsign[x (2 — ¢ (x, )] } (7.2)

Hanoxum caepyoniue orpaHnueHus Ha QyHKuuu @ (X, y) #
F(x, v, 2, t)
a) [P F (% 7'y p7% pt| < A(x, 3, 2)

lpe (¢, P <B(x »)

AN 1OCTaTOUHO ManbiX 3HaueHuH napamerpa p; 3nece A(x,y, 2)
u B(x, y) NpeanojaraioTcs HENPEPHIBHHIMU (YHKUHUAMH CBOMX
apryMeHToB /9 BCeX 3HaueHu#h x, y, 2;

b) 90, 0)==0, o(x, 0)x< 0 mpu x#£0,

le(x, ) —e(x Oly<O0 mpu y*0,

0

S ¢ (x, 0)dx=oc0.

F00 :

3aMeTuM, uTO YCJOBME @) YAOBJAETBOPAETCH B C/ayuae, KOria

byukuus F(x, y, 2, f) iuHeiHa OTHOCHTEJBHO X, Yy, Z U Orpa-
nuuena 1o ¢ aas 0 << ¢ < 00. JhoGan nune#Has GyHKumua ¢ (x, y) =
=cx-dy, rie ¢ u d— NOCTOAHHKE, TaK}Ke YHOBJIETBOPSAET
YCAOBHIO a); KpOME TOro, OHa OyaeT yAOBAETBOPATH M YCJAO-
Buio b), ecan noaoxuts ¢ < 0 u d <0,
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B obumem cayuae ypasHeHue (7.1) omuchiBaeT CHCTEMY pery-
JUPOBaHMS HeAuHEHHOro o00beKTa, OTpabaThBAOIEr0 BXOAHOE
BO3AEHCTBHE NPOU3BOJBHONO BUIA.

K cucremam Tuma (7.2) nmpusoisT HeKOTopele 3amauu 06
OTHICKAHHM ONTHMAAbHOrO ympasjeHus. B camom nene, paccmor-
puM cucremy AndgepeHiUnanbHbIX YPABHEHUR

X=y, y=2 2=—F(x y 2 t)—Ku()x,

¥ noneiTaeMcs Ha#itn QyHkumio u (f) TakuMm o6GpasoM, 4TOGH
npy ju(f)|<<1 Hexoropas ¢yHKUMa v(X, y, 2) uMena Ol
B CHJY 3TOH cHCTeMbl HaunboJbLIYIO CKOpPOCTb yOmiBanus. He-
TPYAHO BHIETh, 4TO (QyHKUuA u(f) NOMKHA B 3TOM Cayyae
UMETb BHI U (t)=signxg—§, a 3TO IPU HEKOTOPHIX AONOJIHHK-
TEJbHBIX MPEATNONOKEHUAX O CTPYKTYpe (YHKUUH U NPUBOAMT
K cucreme (7.2).

Teopema 7.1. [Iycms sotnosnenst ycaosus a) u b) u
nycms 3a0anHo nosoxcumensroe 4ucao s. To2da 0das 3adax-
Holl ozpanutennod obracmu G (Ha3o8020 npocmparcmea
MOJCHO YKA3ame maxoe noproxcumensroe viucro Ky, wmo npu
K=K, nwboe pewenue cucmenmst (1.2), onpedersemoe wa-
LANbHBIMU YcAoBuaMU u3 ofracmu (G, O6ydem ydosaemeo-
pAms ¢ HeKomopozo momenma spemenu ycaosuar |x(t)| <
s y@O1<le |20 <]

2, Jlokaxem reopemy. ITokaxem cHauasna, uto Jmo6as TOuka
u3 00sacT (G — 00/13CTH BO3MOMKHBIX HAuaablbIX TOJOMKEHNH,
ABUrasiCb B CHAY ypaBHeHu#t cuctemmt (7.2), monajgaer B HEKOTO-
pHIl MOMEHT BPEMEHM Ha MOBEPXHOCTb §, 3alaHHYIO ypaBHe-
HueM s=2z — ¢ (x, y)=0.

Ias storo B cucteme (7.2) npoBEdEeM 3aMeHY [EPEMEHHBIX

t=pt, X=x, Y=0py, Z=7p%2. (7.3)
HoBas cuctema sanumercss B BUle
ax }
& ="
34
e = @ (7.4)
dzZ

d—‘: = — U.X —_— p3F (X) P—l Y’ p»ﬂZ, pT)’

rae
a==sign [X(Z — g% (X, p7'V))].



§7 HEJWHEMAHBIE CUCTEMH C NMEPEMEHHOM CTPYKTYPOI, 1 95

Hapsany ¢ cucremott (7.4), skBuBa/ieHTHOH cucteme (7.2),
PacCMOTPUM YNPOLLEHHYIO CHCTEMY

dX_
="

dy
= Z, (7.5)

dZ .
dT=——IXlSIgnR’ )
rae

R=Z— % (X, p'1).

Ilycts B HauanbHbifh momeHT Bpemenn R >0, Cucrema (7.4)
VMeeT TOI'3 CJEAYIINR Bul:

dX

& ="

dyYy

dz

7 =—1Xl }

Vi3 nemmu 4.1 crenyer, uro peweue cucremsr (7.5) obaa-
paer ceofictBOM X —> — 00, Y= — 00, Z — — 00, €CAU TOJIbKO
Haya/bHas TOYK2 He JEXHT Ha mpamolt X = — Y==7Z. U3 ycJo-
sus b) caeayer, uto npu X <0 umeem ¢ (X, 0) >0. Tak kax

Yo (X, N Yo (X, 0), .
10 pu X <0, Y<O0 umeem ¢ (X, ¥)>0; orciona mnoayuum
R=Z—p% (X, p'N<Z

Tax kak Z—>-—0o0, TO BeadunHa R [OMKHA CTaTb OTpHUA-
TEJbHOH, CJAeN0BATENBHO, Mobas Touka M (ha3oBoro MpocTpaHcIBa
nomxHa nomacte u3 obaactu R >0 na nosepxHocts R=0.
AHanoruyHB# BHBOA NejaeM u AaA Touex obnactn R < 0.
Taxum o6pasom, Hamu HOKasaHo, uTo Touka M (t), Texauias
B oOaactu @, [BUraschb B CWJy YpasHeHWH YOpOLIEHHOH cH-
cTemsl (7.5), 60 nomajgaer Ha MOBEPXHOCT S B KOHEUHHH
MOMEHT BpeMeHH T, JuGO acUMITOTHYEeCKHW npubiankaercs K Ha-
yaJy KOOpAHHAT B cJayuae, korfa touka M (0) npuHagiexurt
npsamo#' X—= — ¥Y=17. B cuay teopemsl 0 HenpepuiBHOH 3aBH-
CHUMOCTH DpelieHMH OT NapaMerpa, AaHaJOrMYHBIA BBIBOJ HENaeM



96 YCTOWUYUBOCTS CHCTEM PEFYJIMPOBAHUS [ra. i

anst cucteMmsl (7.4), a. 3Haunt, ¥ Ags usyuvaemofi cuctems (7.2);
WHAaue roBOpS, [OKAa3aHO, 4YTO TNpH 3HayeHnn K MAOCTATOYHO
6oabiiiom TOouka M (f), sexamas B obaactd (G BO3MOXKHHIX Ha-
YaibHBIX YCJAOBHH, ABHrasch 04 ~AeHCTBYEM YypaBHEHMH Cu-
ctemst (7.2), mnonagaer Ha TOBEPXHOCTb nepexjoyeHns S
¢ poctoMm f.

3. lanee mnepeftaeM Ko BTOPOH 4aCTH J[OKa3aTesqbCTBa TEO-
peMsl — H3yunM NoBeAeHne u3obGpaxwatomiedt Touku M (f), nonas-
weH nod nedcTsueM ypasHeHu# cucteMbl (7.2) Ha NMOBEPXHOCTb
nepexmouerus S. [as storo mepefiieM K HOBOH cHCTEME KOOp-
OUHAT, TI€ X U Y OCTAOTCA NPEXHUMH M BBONWTCA KOOPAHHATA
s=z—¢(x, y). Torna cucrema (7.2) npeoGpasyercs B 3KBU-
BAJEHTHYIO CUCTEMY JAHPPEPEHLNaIbHEX YpaBHEHHH

xX=y, J"=S+CF(x’ Y
§=—gy (5, )s—F (% 3 s+9(x 3 t)—
— ¢x (%5 9) Y — oy (£, P2 (X, ¥) —aKx,
(a=sign xs).

(7.7)

ITpu TakoM npeoOpa3oBaHUM KOOPAHMHAT MOBEPXHOCTbL MEPEKJIO-
yeHusi 2=—¢ (X, y) NEPeXoAuT B MJOCKOCTb MNEPEKTIOUEHHS
s==0. ITostomy, wuccrenoBas cyan0y wusobpaxaiwomel TOUKH,
nonasiel nox mefcreueM ypasHeHn#t (7.7) Ha miockocts §=0,
CMOXEM CAeNaTh COOTBETCTBYIOLLME BHIBOAbI O MOBEACHHH H30-
6paxatoulelt ToukH cucremsl (7.2) Ha nosepxHoctu S.

Ha naockocrn s =0 peanunHa § sanuercs B BUAE

§= —aKx—D(x, y, 1), (7.8)
rie BBeaeHo o6o3HaueHpe

(x, y, )=F (% 3 2(% y) D+9x(x y)y+
+ ¢ (x5 Mo (x ).
O6o03Hauum yepes D obaracTh niaockoctn § =0, NOPOKIAEHHYIO
KOHUAMU Ayr TPaeKTOpHH, BrIXoAfuux u3 obaactu G. Us npe-
ABAyuiell 4acty  AOKa3arenbCTBa  CAeAyer, uro obaacte D
ABAseTCe Npu K —> OO DPAaBHOMEPHO OrpPaHU4EHHOH 006sacTblio.
B camom nmene, npeobpasosanne (7.3) nepesoautr obaacts QG
B o6aactb U, mnpHYeM JErKo BHAETh, YTO TpPU py >>p; OyneM
umets G, O G,,. Toukn obaacreit G,, u G,,, ABUFasch MO Tpaek-
TopusM cucremn (7.5), mepefixyt B Touku oGxacreit D, wu D,
nexaniie Ha naockoctn s =0, npuvem D, O D,,. [IpuHumas Bo
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BHUMaHWEe TEOPEMY .0 HENpepHBHOH 3aBHCHMOCTH DEIUEHuH OT
napamerpa, Mbl MOXEM CAenaTh BHBOJA 00 OrpPaHHYEHHOCTH
obsiacTy, COCTOdAIlEH U3 TOYEK MOBEPXHOCTH S, MpHINEAINUX W3
o6nactu G, no tpaekropusim cucremsl (7.4). Bosspamtasch K cTa-
phIM KOOplIldHaTaM, noayyaeM orpaHudeHHocts o6aactd D npu
p—0.

B cuny chopMyaMpOBAaHHBIX BbIllE MPEANONOKEHHH OTHOCH-
TeabHO PyHKuui F (X, ¥, 2, t) u ¢ (x, y) 6yaem umeTh B obaactu D
COOTHOILEHUE

[®(x, 3, < m. (7.9
WUs pasenctBa (7.8) J€rko BHIETb, YTO MOpaMbe x=Ax #u
x=—Ax, rae Ax:%, BHLAEASIIOT Ha maockoctd s =0 1o-
nocy |x|<<Ax, BHe KOTODOH BHaK NpomsBOAHOR § 1i4 cu-
cremnl (7.7) onpefejseH COOTHOIIEHWEM sign § == — asignx.

AHanus 3To#t QOPMYJB MOKas3LIBAET, YTO TOUKHM ITockocTH § =0,
pacrmoJIOXKEHHbHE BHE YKa3aHHOH TOJIOCH, SIBJIAIOTCA TOYKAMH
ckoapxenns cucremsl (7.7). Hsuxenue wuzoOpawamoumeli TOUKH
M (t) w3 310l uyactn nuockoctd s =0 (BHe mosocH |X|<< Ax)
onpeneasercs  NpeaeabHeM  AnddepeHiralbHeM - ypaBHEHHEM
X==1¢(x, X), KOTOPOE 3SKBUBAJIEHTHO cHUCTeME AuddepeHuuas-
HBIX YpaBHEHHH

X=y, J=¢(x, ) (7.10)

Buytpu momocw |x|<<Ax mnockoctn s=0 83HaKk npowus-
BoxHo# § He ompegsened. ITonmoca comepxuT 004aCTH  «IPOLIK-
BAEMOCTH», OFPaHMYCHHBIE KPUBBIMH

D (x, y, )+ aKx=0, (7.11)

rae tpaekropuu cuctems (7.7) ¢ POCTOM BPEMEHH NEPECEKaroT
naockocts §=0. _

Taxkum ofpasom, uzoOpaxawomas touka M (f) cucremn (7.7),
nonas Ha mA0CKOCTb § =0, ZBUKETCs 110 Hell B CHJY ypaBHeHHH
cucremnl (7.10) 1o Tex mnop, NOKa He NOMaZeT B MOMEHT Bpe-
MeHn t=1*, >0 Ha rpaHuuy o0nacTH MNPOIUBAEMOCTH, T. €. HA
oaHy u3 xpushx (7.11), B HekoTopo# Touke M, (Xg ¥o). Cam
daxkT nonazanus oOYCHOBJMBAETCH YCTOHUMBOCTBIO B 1EJOM HY-
nesoro peueHns cucremsl (7.10). Dta yCTOHUMBOCTL BHITEKAET
U3 BBINOJIHEHHS ycaoBuit b) mas QyHkuun ¢ (x, y) (cm. npumep 4
B § 14 nepsol raaBm). 3atem ¢ pocroM f u3obGpaxamias

4 E. A. Bap6awun
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TouKa M (¢) cofimer ¢ mrockocTd § =0 ¥ HauHeT ABUraTbCA MOA
neficteuem ypasHeHu#l cuctemsl (7.7) aubo B MOJyRpOCTPaHCTBE
$s>0 (npu a=— 1), au-
60 B TOJYINPOCTPAHCTBE
§< 0 (npu a==1). Iloka-
" 3eM, 4TO NpU JOCTAaTOYHO
6oJabuioM 3HaueHud K TOY-
ka M(?) cucremn (7.7),
no6GhIBaB HEKOTOPOE A0CTa-
TOYHO MaJoe BpeMs BHe
maockocty §==0, BHOBb
BEPHETCSl B HEE B TOUKe,
pacmoJ/JIOKEHHOR JHOCTATOU-
Ho Oausko K ocu Oy.

Ilycte #s1 onpeneneH-
HOCTH TOukKa M, pacnono-
®eHa BO BTOPOM KBaIpaH-
te miaockocts s=20, T. e.
1S ee KOODAMHAT BHI-
MOJHAIOTCA  COOTHOLIEHHs
— Ax << x,<0, y,>0 (puc. 13). Kpome TOro, npeanoaoxum,
YTO BHITOJHAETCS TaKXKE COOTHOILEHHE

o> Ax. (7.12)

Puc. 13.

IToab3ysiCcb ypaBHEHHUSIMU

d
yir=s+09x )

d ’ |
Ve =—08—F(x 3, s+o(x ) )—

— oKX — 9y — ¢y,

noayueHHsiMu u3 AuddepeHunansbHuX ypaBHenufi cucremns (7.7),
Ha#iiem npuGamikeHHoe pewenne y(x) u s(x) cucremn (7.13),
COOTBETCTBYIOIlEE TpaeKTopuu usobpawaromell Toukn M (f) ¢ nHa-
yanpHo# TOuKOH M, (X yo) = M (¢;). Tax kak A Touxku M,,
no TNpPEANONOKEHNIo, HMeeM yo >0, TO C pOCTOM BPEMEHU
t >, usobpaxaoumas TOYKa, colina ¢ maockoctu §=0, nsu-
KETCA B CTOPOHY BO3pACTaHus X, T. €. IO HalpaBJeHUIO K IJO-
ckoctn x==0. C npyro#l CTOpOHB, MOCKOJBKY |Xo|<<Ax, a

(7.13)

m
BCJANYMHA AJC::R MOxeT OBlThb CAeJaHa 3a cuyeT yBe€/n4eHUud
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sHaueHns K CKOJb YroAHO MajloH, TO MCKOMOe pelieHue Gyaem
paccMaTpuBaTh Ha mHTepBane [x,, 0], a mas HaXxOxAEHHs COOT-
BETCTBYIOLIEI'0 DEINEHUS OrpPaHUYHMCS €ro NepebrM npubanne-
HHEM

y(x)=y,-+ (P—(;V;;LO) (x — xo),
0

s(x)—_-:aKx0~———q) Xor Yo Fo) (x — xp).
Yo
ITonyuenHsie ¢GOpMyJbl TNO3BONAIOT HalTH NpuUOIHKEHHOE 3Ha-
yeHue KOOpAMHAT TOuKH M, (X;, ¥y, ;) — TOUKH, B KOTOpPOH
TPAEKTOPHS TepeceKkaeT IMpu HEKOTOPOM 3HaueHwn f==*t; >t
maockocth x =0, a uMEHHO, HOJYyYMM paBeHCTBa

X o
x=0, y =)’0—3(—0L0)‘ X2 Y S =0,

Yo
crnpase//IuBbIE NpPU JOCTaTOYHO OoJbinX 3HaueHusX K, Koraa
MOXHO TpeHeOpeub CJIaraeMbiMi OJHOrO MOPSAKA MaJOCTH C Be-
anupHOH Ax.

* W3 Toukn M, usobpaxawomas touka M (f) ABUKETCA C POCTOM
BpeMeHn ¢ >t B ToaympocTpaHcTBe x >0 10 Tex mop, mokxa
OpAMHATa TOYKM OCTaeTcs mnosoxurenpHolt. Tak Kak opauHaTa
TOYKM M,; BCIeACTBHE BHINOJHEeHHs cooTHoweHns (7.12) cHosa
10JIOXKHUTENIbHA, TO C POCTOM BpemeHu ! u3oOpaxawouias TOUYKa
M (t) u3 Touku M; nBHXKETCS BHOBb B CTOPOHY Bo3pacranua x (f),
Mo KpakliHe#h mepe A 3HaueHMH X IOJOXKUTENbHEIX, HOCTAaTOYHO
MajbX, CPaBHMMBIX MO BeauunHe ¢ uncaoMm Ax. Haktmem pewe-
nue s(x) cucrems (7.13), cooTBercTBYyiOllee BHIXOAAMEH U3
TOYKH M; TpaeKkTopuu, B BHAE CTEIEHHOro pala MO CTENEeHAM X,
npenebperasi creneHsmu X, Hauudas ¢ x® [Ipu sTOM TpumeMm BO
BHUMaHue OrpaHuYeHHOCTb QYHKuM# F(x, y, 2, ), ¢ (x, y) n ux
NpPOU3BOAHBIX, a TaKKe CuuTaeM 3HauyeHue K HOCTaTOYHO GOJMb-
iuum."Toraa Gynem umetb

@ (0, yy &) X2 '
s(X)=— —=2 VY x oK 7.14
€ -2 o (7.14)
OTKYyNa HafiieM 3HaueHUe X, MpU KOTOPOM PyHKuua s(x) obpa-
waercs B Hysab. Tem cambiM HaifiieM 3HauyeHne aOCLUCCH TOYKH
My = M (t3) — Touxu BO3BpaweHus npu t=*r, > £, nuzobpaxaiwo-
wel toukm Ha maockocth s=0. OueBuaHe, a1 aGcuucce

20 (0, v,

t . N
TOYKH M, NOJNYYHM PaBEHCTBO Xg == K '). ITpunumasn

4+
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BO BHuMaHme ycsosme (7.9), noayuuM cooTHoOLIEHHE | X, | << 2Ax.
IMpuuem #as paccMaTpuBaeMOd TPAEKTODHH, OUYEBHIHO, Xy >0,
TaK KaK 3HaueHHe OpPAVHATH TOYKH M, OT/IMYAETCAd OT OPAMHATH
HayaabHOH TOUKM M, TPaCKTOPHM Ha BEJHYMHY OJHOrO NOPAAKA
ManocTy ¢ BenuumHo# Ax, T. e. Ha uHTepBate [— Ax, 2Ax]
SHaK OpPAMHATH TOYKHM B HalIEM CJAYYae OCTAeTCd MOJIOXKH-
TEeJAbHBIM.

Takum oOpasoMm, Mul TOKa3ajd, YTO NPW HOCTATOYHO 6OJIb-
wom 3sHaueHnn K wusobpaxawomwas Ttouka M(f) cucremm (7.7),
coltms ¢ mnockoctn s=0 B TOuke M, (Xg, Vo) A9 KOODAMHAT
KOTOPOH CMpaBeaNMBE COOTHOWIEHUS | X, |<< Ax, yo > Ax, BHOBb
BO3BpamaeTcs Ha MIOcKocTb S=0 B Touke M, (X3 ¥,), OpIu-
HaTa KOTODO#H MO-NIpeKHEMY IIOJNOXKHUTENbHa M CPaBHAMA IO Be-
JUYNHE C YUCJAOM Y, a abcuucca He NMPEBOCXOAUT uyucaa 2Ax
(cm. puc. 13). TTockoabky pasHocTh abcumcc ToUeK My, n M,
He Ooapume umcra 3Ax, TO Bpems nepexojsa us3obpaxarwome
TOYKM ©3 TOuku My B TOuKy My NIpH JHOCTaTOUHO GOMBIIOM
sHaveHnn K OyZAET ManibiM.

AHanornuHsle paccysmieHHs MOryT OHTb [DOBEACHH  AJIst
TpaekTopun cucremu (7.7), cxoasame#i ¢ miockoctu s=0 B He-
koTopok Touke My (x5, ¥5), rae y§<0 n 0<xf<<Ax, ecn
TOJILKO BBINOJHAETCS COOTHOLUEHHE |yg |>>AX, T. e u B 3TOM
cayuyae MoxerT OwbITh IIOKasaHo, YTo u3oOpawaromas touka M (f),
NOKHHYB mIocKocTh §=0 B TOuke M}, nepeceuer MmioCcKocThb
x =0, 3arem, nMoGbHBAB HEKOTOPOE MAJOE BPEMS BHE NAOCKOCTH,
BHOBb BEPHETCA B Hee B 00/1aCTH CKOMbkeHNd B Touke My (xd, vi),
At KOOPAMHAT KOTOPOH UMEIOT MecTo CooTHomeHus xj < 0,
| x5 | << 2Ax.

Wrax, wamuume mnosocw |x|<<Ax, comepxauwel BHyTpH
cebs obaactu npoiuBaeMoctu cucteMsl (7.7), BHISHIBAET OTKJIO-
HEHHe DAaCCMOTPEHHHX TPAaeKTOPHUH CUCTEMBI OT MAOCKOCTH §==0.
DT0 OTKJOHEHHE NPOUCXOMUT HA TNOJOCE, HE BHIXOUsMEH u3

m
nonock |x|<<2Ax. Tak Kak Ax:l?, riae m — NOCTOSIHHAs

n3 cooTHoweHus (7.9), TO Bcerma MOXHO BHOpPaTh 3HaueHue K
HaCTOAbKO OGOJbIINM, YTO 3HaueHne Ax CTaHET CKOJb YrOZHO
mansiM. ORHOBpEMEHHO ¢ AXx CTaHYT CKOJb YrOOHO MalblMM Kak
MAKCHMaJAbHOE OTKJOHEeHMe (QYHKUUH S(X) OT HYJ®, TaK U Bpemsd
HaxOxAeHHs u3o0pawamoiell TOYKM pacCMarpuBaeMBIX TpPaekK-
Topuli BHe maockoct §=0.
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4. B nepBo#f yacTH [AOKa3aTe/NbCTBA TEOPEMBI HAMM J0Ka3aHO,
yTOo ¥3 MOOOH TOuKM (pa3oBOro MPOCTpaHCTBAa U300paxawinas
TOuKa cuctemsl (7.2) nomazaer ¢ pocTOM BpPEMEHH Ha NoBepx-
Hocte s§=0. JaabHeliinee mnoBeleHue wu300PaKaOIMEH TOUKH
OMpPENENsAeTCs ee ABMMXEHWEM Ha caMOi moBepxHocTH S # OTKJO-
HEHWEM OT 3TOH TNOBEPXHOCTH, OINPEIECNIEMHIM CYUIECTBOBAHHEM
o6aacTelt NMPOINYBAEMOCTU CHCTEMBI.

Paccmotpum temeps Ha mnuockoctw §=0 Hapany ¢ cucre-
moii (7.10) cucremy

k=y =9 y)+s®) (7.15)

o0pa3oBaHHyl0 JABYMs TEDBBIMH ypaBHeHusMn cucteMs (7.7).
3nech ueped s(f) 0003HAUEHO 3HAUCHME BEINUYMHEI S B NPOLECCE
M3yuyaeMoro Hamu Buille aBixenus Touku M (f). ITostomy § (£) =0,
ecam Touka M (f) ckoab3uT mo maockoctm $=0, u s(f) £ 0,
ecin Touka M(f) cxomuT c 3TOoH miockoctH. CiemnoBaTenbHO,
cucrema (7.15) omuchiBaeT ABUKEHWE nNpoekunu Toukn M (f) Ha
mockocTH § == 0.

Briie nokasaHo, 4To npu AOCTaTOuHO 6OAbINOM 3HaueHuH K
dyukums s (f) moxer OwnTh CRENAaHA K3k YrOIHO Majsoi 1o
abcomoTHol BeauwunHe. Kpome TOro, BCAENCTBHE BBINOJHEHHUS
ycaosnit (b) Hy/neBOe MOJNOXKEHHE PpaBHOBECHS SIBJAAETCA A% CH-
cremsl (7.10) acumMnToTHYeCKH YCTOHUMBHIM 1npH JMOOHX Hauaab-

HBIX BO3MyIleHusX. PaccMoTpuM Ttemepp  (yHkumo v=j? —
X

—_ .?Scp(x, 0)dx. Ilpowssoanas sto#f QyHxuuw, B3dTad B CAJY
0

cucremsl (7.15), umeer BuI
b=2y(p (% 3)— (% 0)] — 25 () y=
=299 (0, M)+ 2 [9(x, ) —2 0 N]— e (x, 0)—2ys(H).

Ho us (7.14) nerxo caemyer, uro |ys (t)|<%, rae m — mo-

NOXKHUTENbHAA TOCTOsHHAas. C Apyro# CTOPOHEL, ecau y, — mpo-
U3BONLHO Majoe TOJOXKHTENBHOE WYHCIO, TO, YUUTHIBAd, YTO W3
ycaosuti (b) caemyer Hepasexctso yo (0, y) <0, a Takxe, uro
ans aexawer B obnacth D TOYKM BelMYMHA €€ ODIAMHATH y
SIBJSIETC  OrpaHuyeHHoH, OylneM wumers npu |y| >y, crporoe

HepaseHcTBo  yo (0, y)<— re, TAE Iy — HEKOTOpasd MOJAOKH-
Te/IbHas NOCTOSHHas.
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Ianee, Brbupas sHaueHne K NOCTaTOUHO OOJBIUMM, MOKEM
I06uThCA B CHJY HEMPEPHLIBHOCTH (YHKUME ¢ (X, y) AJIi TOueK
nosocel |x!<C2Ax (B npenmerax obsactu D) BHIOJHEHUs He-

pasescts |yo(x, ) —¢ (0 NI<D u |yex 0]
‘Haxonen, mpu K >2;ﬁi OyaeM HMEThb TaKxke COOTHOLIEHHE
]

}ys(t)|<%°. Takum o6pasoM, B nosaoce |x|<<2Ax npu

.

|¥1>y, Oymem wuMers 1ns nNpOM3BOAHOH U HEPABEHCTBO

9 — 51,0,

Kpome Toro, #=<0 Bcioay B o6aactn D BHe nosocH |x| <<
<<2Ax. Otcioma caenyer, uro, BuGupas sHauenne K mocTa-
-TOYHO OOJNBIIMM, MB MOXeM XOOUTBCS TOrO, 4YTO IPOUSBOAHAES T
CTaHET OTpHUAaTeNbHONH BCcloay B obaacté D, 3a HCKJAIOUEHHEM
‘KaK YrOJAHO MaJoH OKDeCTHOCTH Hauala KOODAMHAT M TOYEK
mpamo#t- y=0. Tak xak Ha npsmo#t y=—0 HET UENHX TPAEKTO-
_pufi cacremn (7.10), TO mMPUXOIMM K BHIBOALY, 4TO MmoGas Tpaek-
‘Topust cucteMs (7.15) momamaer B e-OKPECTHOCTh HauaJa KOOp-
IMHAT, €Cc/N TOJbKO BeanuuHa K sIBJASeTCs JOCTaTouHO G0abLicH,

§ 8. HeauneliHbie CHCTeMBI ¢ mepeMeHHOll CTPYKTYpOil.
“'PeryaupoBanne mo KOOpAWHATE X W €€ MPOU3BONHBIM

‘1-Kax n B npenwmaymem naparpade, saech GYAyT paccMoT-
pEHbl HEJIWHEHHHIE CUCTEMBl TDPEThEro Mmopsiaka. Tak ke Kak u
paHee, TOYKM (Pa3oBOr0 MPOCTPAHCTBA MEPEBOMSTCA CHAuana Ha
HEKOTOPYIO TMOBEPXHOCTb, 2 3aTeM B CKOJB3SILEM pPEXUME CO-
BEpPIIAIOT JBUKEHHE MO STOH MOBEPXHOCTH K Hauady KOODAMHAT.
Onnako,. . B~ oTamune 0T cnoco6a . GOPMUPOBAHUS  YHPaBACHUS,
PaCCMOTPEHHOr0 paHee, BBEAEHHE MOMOJHHTENbHBIX HM3MEHSEeMBIX
napaMeTpPoB  YNPaBJAIOILErO YCTPOUCTBA MO3BOJAET 06GECneunTs
s mo60oro MBMXKEHHS CKOMBSAIAH PEXUM HAa BCEM NPOTANEHHH
BPEMEHY, HAYUHag ¢ - HEKOTOPOro MoOMeHTa. JITO MOCAeAHee
00CTOATEABCTBO U MO3BOJSET IMOJAYYHTh CBOHCTBO aCHMITOTHuE-
CKOH YCTOMUYMBOCTH HYJIEBOrO DELICHHS CUCTEMBI.

PaccmoTtpum auddepennnaisioe ypasHenue

E4+Fx, % %, )+
~+ (K| x| K| X ])sign (X — ¢ (%, %) =0. 3.1
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3necs K, K;—nonoxurtenbHele napametps, F(x, X, X ©)
¢ (x, X)— HenpepbiBHbIE (YHKUHAY CBOMX APryMEHTOB HpPH BCEX
8HaueHusxX x, X, X u t=0.

Ypasnenue (8.1) 5KBHBaNEHTHO CHCTEME

.x'c'=y,
V=2,
¢=—F(xy 2 )—[K|x|+Ki|y|]sign(z— ¢ (x, ) (8.2)

[TpeanonoxuM, YTO BBHINOJHEHH CAEAYIOIHE YCIOBHS:

a) |F(x, 9, 2, )|<<a|x|+0b|y|+c|z| nia nobux suHa-
ueHuit X, ¥, 2, t==0. 3necp a, b, ¢ — HEOTpPULATEJbHHE IIO-
CTOSIHHHIE.

b) ®ynkums ¢ (x, y) BClOLy onpeleseHa U HENMPEPHBHO Hud-
depeHuUnpyeMa MO X K J, NPUYEM CYLIECTBYIOT TaKHEe MOJOXKH-
TelbHBe " uucaa M ® N, 4YTO BRINOJHAIOTCA COOTHOLUEHHS
o2 |<<M, |9y|<<N a1 BCEX X B y.

) %9 (% 0<O0 mpu x#0, ylo(x, N—olx 0]O

npu y# 0, S p(x, 0)dx=o0
F oo

3ametuM, uTO ycaoBHE a) oOecneynBaer INPOXONIKAEMOCTh
nemxennit cucremn (8.2), no kpalHeit Mepe N0 TOrO MOMEHTa
BPEMEHHU, NOKa TOUKA He MOMaleT Ha MOBEPXHOCTb S, 3aJaHHYIO
ypaBHeHneM z=¢ (x, y). Ecau Bce Toukn Hekoropo# obnracru G
($a3080r0 NPOCTPAHCTBA MOMAAYT INPH CBOEM [ABMKEHHH Ha 1mO-
BEPXHOCTb §, a moToM ¢ pocrom { Oyayr ABHrathcs mo S K Ha-
4any KOOPAMHAT B CHJAY CHCTEMBI

)&:y, y=¢(x, 51 (8‘3)
TO MBl W NOJyuuM TpeOyeMmoe CBOHCTBO aCHMITOTHYECKOH YCTOMH-
YUBOCTH HYJEBOTO pPELIEHHs.
Teopewma 8.1. [lycms gyuxyuu F(x, y, 2, £) u ¢(x, ¥)
ydosaemeopawm ycrosusx a), b), c), a napamemp K, gurcu-
pogar U 8u0paAH CO2AACHO HEPABEHCMBY

Ki=b-+ M~ cN-+ N, (8.4)

u nycms 3adaxa oz2panuiennass obaracms (@ Haszosozo npo-
cmparcmsea. Mojicro yKasams maxoe nonoxcumensioe wucao K,
wmo npu K> K, Hyaesoe pewenue cucmems. (8.2) Gydem
acumnmomuuecKu ycmoudustnm, npuiesm obéaacms G Oydem
aeycams 8 00AACMU NPUMANCEHUS HA1AAA KOOpOUHAm,
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ITokaxem cHavaza, uTO YyBeanuuBas K, MOXHO HNOJYUHTb
CKOMB3AUIMA pexnM Ha Bcelt nosepxHoctu S. B camom nene,
6eps Npou3BOAHYIO (QYHKUHM §(X, ¥, 2)==2— ¢ (X, ¥) B cuay
cucrTemnl (8.2), momyuum

-‘;—;=®(x, B s H—Klx|+ Kily|)signs,  (85)

rie (x, 3, 5 H)=—F(x ¥ S+9(x y) H—oy—
Py (sS4 (x, ¥)). Hockonexy mns ¢dyuxkumit F(x, ¥, 2, t) u
@ (X, V) BHITIOJHEHH COOTHOmIeHUs @), b), To ¢pyukuusa D (x, y, s, £)
TaKKE YIOBJETBOPSIET aHAJOTMYHOMY a) HEPaBEHCIBY:

|P(x, y, 8 OI<A|x|+Bly|+Cls], (8.6)

rie A=a+cM-+NM, B=b+ M-+ cN-+NY, C=c-}N.
BrlunciuM npeneabHele 3HAYEHHA MPOM3BOAHOH § mpu mpubiu-
weHun usoOpaxaoumed Toukn cucremsl (8.2) k nosepxHoctd S:

s}irgos":fb(x, » 0 +Klx|+Kily|>
>K—=A)|x|+ K —B)|y|

]
lim §=0(x, 5 0, H —K|x|— K| y]|<T

s—»-40
<A—K)|x|4+B—K)|yl
Ipy BCEX 3HAYEHUSIX X U Y.

IO Toro urtoObl obecrneuuTh PEXHM CKOJDBKEHHS Ha BCel
MOBEPXHOCTH 2 ==¢ (X, y) MOCTATOYHO, OUEBUIAHO, NOTPeGOBATH
BBIIOJIHEHUs] HepaBeHCTB K=A u K; =B.

[TokaxeM Tenepn, uTo Aas JMoGoi orpaHuyeHHod obaactn G
(a3oBOro MpOCTPAHCTBA MOXHO N0A0OpaTs Takoe 3sHaueHue K,
yro npn K > K, moGas Touka M (¢) obnactu G, asurasch
C pocToM ¢ Mo TpaeKTopuM cucremb (8.2), nmomazer Ha noBepx-
Hocts S. Tak e kak M paHee, nposefeM B cucreme (8.2) sa-
MEHY NepeMeHHmX f==pt, X==X, Y=py, Z=p%, p=K s,
Hosas cucrema GyZeTr uMeTb BHX

d dy B
T}f—:Y, -t-ij:——_-Z (R:Z—.p‘lcp(X, p71Y)),
d?z’Z{=—lesignR—p*K1|Y\signR_ (8.7)

— pF(X, p71Y, p7Z, pr).
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ITpn GosnbmwioM 3HaueHnu K BeAMYWHA p HrPaeT pOJb Majaoro
napameTpa, MO3TOMY ynpouleHHas cucreMma npu p=—=0 sanuuercs
B BUIE

¥z, Z—_|XsigmR (89

ax dy
=0

Cucremy (8.8) MB yxe wsydanm npH JOKa3aTeNbCTBE TEO-
pemn (7.1). Jho6as Touka ¢a3oBOro NMPOCTPAHCTBA, ABUrasiCh 1O
TpaekTopuu cuctembl (8.8), momazer Ha nmosepxHocTh S 32 KO-
HeuHBI NPOMEXKYTOK BpeMeHH. VICK/oueHne COCTaBJIAOT JAHLIB
TOYKn (Pa30BOro MPOCTPAHCTBA, JIEKAUIKE HA HHTErPaJbHOH mps-
Mol X=— Y=/Z7, oHu nprOauKaIOTCA K HayaJy KOOPAHMHAT
aCHMIITOTHYECKH.

W3 ycaosua (a) caexyeT orpaHnueHHoCcTs B ofiactu G Bemu-
uunnt p*F (X, p1Y, p7%Z, pt) npu Manmx sHaueuwsx p. Bubnpas p
JIOCTaTOYHO MaJIbIM M HCIOMb3Yd HM3BECTHHIE COOOpaXeHus, BHTE-
KalolMe W3 CBOHCTBA HENMPEPHIBHOCTU pelIeHHH, 110 mapamerpy,
OpuXOJAUM K BEIBOAY, 4YTO BCe TOouku obaacti G, 3a uckJIO4e-
HMeM J[OCTaTOYHO Y3KoH TpYOKH, OMHCAaHHOH OKOJIO npsiMOoH
X=— Y=2Z, nmsurasce B cunay cucremsl (8.7), momaayr Ha
MOBEPXHOCTb § 3a KOHEUHbI NPOMEXKYTOK BPEMEHH, a TOUKH
ykasanHo# TpyOxm auG0 BHEAYT C POCTOM BPEMEHH M3 3TOH
TpyOkn u nonmamytr Ha S, yubo ocraHyrci B HeH W, ClenoBa-
TENbHO, TOXE nNomaayT Ha § 3a KOHeuHb# win GeCKOHEUHbIH
NPOMEXKYTOK BPEMEHH.

ITonas Ha moBepXHOCTH S, nsoépamaromaﬂ Touka Oyaer ABu-
ratbcst no He#h B cuay cucremn (8.3). U3 paccmorpenus mpu-
Mepa 4 B § 14 nepBo#f riaBm caeayer, yto ycropus (c) obecre-
YUBAIOT aCUMNTOTHYECKYIO YCTORUMBOCTb HYJIEBOTO PEIEHHs 3TOH
cuctempl. Takum 06pasoM, NOKa3aHoO, uTo J06as Touxa obaactn G
O6yJeT acHMNTOTHYECKM mpPUO/MKATBCA K HAayady KOOPIMHAT.
YroO6s 3aBepiiNTb JAOKa3aTeqbCTBO TEODEMBI, OCTAETCA MU,
ccoiasice Ha Jemmy 4.5, yCcTaHOBHTH (PaKT YCTOHUHBOCTH 110
JlanyHopy. OueBUIHO, PacCyXIEHHs, aHAJTOTMYHBIE MPOBEACHHBIM
npu JNOKasareabCTBE TeopeMmbl 4.1, Jerko nmpuBOIAT Hac K Tpe-
6yeMOMy B3aKJIOUEHHIO.

Mpumevanune 8.1. Ilycte x5 >0, y3==0, 2= ¢ (X4 Vo)
[oawsyace pesyabTatom Jjemm 4.1, 42 u 4.3, HETpyIHO moay-
unte Aas cucremnl (8.2) ouneHKy BpeMeHy nonamanus T Toukn
M(xy yp 2) Ha TNOBEPXHOCTH CKOJAbMeHHT S. DTa OlleHKa
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UMEET BUlA
T< Zo“‘?k'(xxoov Yo) (l—f—O(p)),

rae yepes O(p) o603HaueHa BeAWUYMHA MOPAAKA Manaocth p. Ecan
Xg» Yo Zp— UKC/JIA NPOM3BONBLHOrO 3HAKa, TO obuiee BpeMs npe-
OniBanns usobpaxamouie Toukn B obnactu | x| >3, 2 # ¢ (X, ¥)
He NPEBOCXOAUT BEJUYHHHI

T1= 3 | 2, ”“?KS-;M )’o) ' (1 + O(p))

2. Paccmotpum audpepenivansHoe ypaBHeHue
X+F(x, % B+
+ (K| x|+ Ki| 2|+ K| £])sign (X — ¢ (x, £))=0,  (8.9)

rae ¢yukunu F(x, X, X), ¢(x, X) yIOBIETBOPSIOT CHOBA ycJao-

BusiM a), b), ¢). B oriuune or npeAwlAyuiero cayuas, noJaraem,

onHako, gpyHkumo F(x, X, X) He 3aBucamel ABHO OT f.
Ypasuenue (8.9) 5KBUBANEHTHO CHUCTEME

Xx=y,
y=z2,
¢=—F(x 5 —K|x|+ Kyl + Kz X
Xsign(z—o(x, y)). (8.10)

Teopema 82. Ecau goynrgun F(x, y, 2) u ¢(x, y) ydo-
saemsopsiom ycrosuss a), b), ¢), a napamemps K, K, K,
8bLOPAHBL CO2NACHO HEPABEHCMBAM

K=a K=b+4+14M Ky=c+N, 8.11)

mo wuysesoe pewenune cucmems (8.10) 6Oydem acumnmomu-
4eCcKU YCMoidusoimM 8 UEAOM.

Itokaxem Teopemy. PaccMOTPHM HOBYIO KOODAMHATY §==
=2z —o¢(x, y), v nepenuuem cucremy (8.10) B HOBHX Koopmu-
HaTax x, y, S

X=y,
=s+¢(x ),
§=—F(x y, s+9(x y)— (8.12)
— ey — oy (sto(x ¥)—
— (KX [+ K|y |+ K| s+ 9 (% »)|)signs.



§ 8 HEJWHENHBIE CUCTEMBI C NEPEMEHHOM CTPYKTYPOH, 2 107

Paccmorpum ¢yskuuio JlsmyHosa

v=s*+y*—2§<;>(x, 0)dx. (8.13)
0

W3 ycnoBus €) caedyer, uTO ¢yHKUMS U SBJISETCS ONpene-
JIEHHO TOJIOXUTENbHOH ¥ GeCKOHEYHO O60JIbIIOH.
BoiuncauB MpousBOAHYI0 ¥ B CHAy cucTeMul (8.12), moayunm

1=2y[¢(% y)—o(x, 0]—2]s|[K|x|+Ki|ly|+
+Kels+o(x, MI+2s[—F(x 3 s+o(x ¥)— ¢xy —
— o s+ y)+yk

ITpuauMaa BO BHHMaHHE yCJOBHS a), b), moayumm

P<<2y[e (% y)—e(x, O] =2 |s{[(K—a)| x|+ (Ki—
—b—M—D|y|+(Ks—c—N1s+o(x »)|}

Taxk kak, MO yc/JOBHAM TEOPEMbl, BBHITIONHSAIOTCS COOTHOLUEHHS
c) u (8.11), T0 U3 MNOCJAENHEr0 HEPABEHCTBA CJEAYET, YTO INpO-
u3BOMHaA (yHKUMM U, B3aTas B cuay cuctemsl (8.12), Gyner
3HaKOOTPUIlATEMbHOH ~ QyHKUMeH, oOpamawuelica B HyJb Ha
ocn Ox. OueBnaHo, Ha oct Ox HET LEJHIX TPAEKTOPUH CHCTEMBI
(8.2), 3a uckmouennem oco6o#t toukn O (0, 0, 0); xpome TOrO,
¢yukuua v saBasercs OeckoHeuHo OGosbwo#. Taxkum o06pasow,
MOXHO TpUMEHUTb Tenepb TeopeMy (12.2) nepBo# raaebl, 4TO
U 33aKaHUMBAET JOKa3aTeJbCTBO Hallel TeopeMhl.
~ Yro kacaercs coo6paxeHW# OTHOCHTENbHO KaueCTBEHHOrO
pacnosioxeHuss Tpaekrtoputi cucreMsl (8.9), TO JErKo BUIETH,
YTO MOBEPXHOCTb Z== ¢ (X, y) ABAAETCA MOBEPXHOCTHIO CKOJIb-
KEHUs BO BCEX €€ TOYKAX. IJTO MPOBEPSETCH BBIYMCJICHUSAMH,
nonOOHEIMM TE€M, KOTOPBIE MPOBEJEHB B IOKAa3aTeJbCTBE Teope-
mbl 8.1. Ilostomy wusoOpaxaiomas Touka cuctems (8.9) npu
t — oo qu6o HenocpesCTBEHHO NpPUOANIKAETCS ACHMITOTHYECKH
K Hauany KOOpIHMHAT, aub0 MNoMazaeT MNpEIBAPUTENbHO uepes
KOHEYHOE BpEMs Ha MTOBEPXHOCTb CKOJbXKEHHSA, a 3aTEM, ABUrascCh
MO HeH, TaKkke aCUMITOTHYECKH MpubJAMKaeTcs K Haualay Koop-
JAnHAT,
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§ 9. HccaenoBanne cucTeMbl TpeTbero nopsiaKa
C paspbiBHOH NOBEPXHOCTBIO MepeKJIo4YeHus

PaccmoTpuM ypaBHeHHe TpETbero Inopsiika

X+4aX+bx—+4cx= —aKx, .0
SKBUBAJICHTHOE CHCTEME
L=y, J=2 ¢= —cx—by—az—aKx. (9.2)

ITpeanonoxum, uto mapameTpu a, b, ¢, K SBAAOTCA NPOUSBOJb-
HBIMA TIOCTOIHHBIMH, TOpuYeM KoahguuneHT K — NOJONKUTENEH.
Paccmorpum cHavana 3a-
Jayy OTHICKaHWS 3aKOHA
W3MEHeHus o NpPH yCJao-
Bun |a|=<< 1, obecneun-
BAIOLIEr0 MaKCHMaJbHOE
OTHOCHTENbHOE OHICTPO-
HEHCTBUE CUCTEMBI, T. €.
nomaaaHue Toyek ¢aso-
BOrO [MpPOCTPAHCTBA B
JAOCTaTOUHO Myl OK-
PECTHOCTh HauaNa Koop-
OVHAT 332 MHUHHMAJbHOE

BpeMS.
Anamus sTo#i 3ana-
Puc. 14. 4n NpPUBOAMT K HEOG-

XOAUMOCTY BBOAUTH CJIO-
AHBIH 33aKOH NEPEKJIOYEHUs BEJUUHHHM @; 3TOT 3aKOH Heol-
XOAUMO HOMKeH ObTb HENMHEHHBIM, TaK KaK OJHA M3 TMOBEPXHO-
cTet mnepexsmoyeHus J0MKHA ObITh He0OXOOUMO HeJuHeHHOH,
XOTA ¥ COAepxauledi B KaueCTBE CBOeH YaCTH IIJIOCKHE MHOro-
o0pasusi. YuuThIBas, YTO HEJMHEHHbIH 8aKOH NEPEKMIOYEHMS siB-
JSETCH TPYAHO DPEAaNU3YEMBIM, MOMNHO HCKAaTh peEleHUe Ha myTu
MOCTPOEHNS KyCOYHO JINHEHHOH MOBEPXHOCTH NEPEKMIOYEHHS, Ta-
KOH, uTOOR TpH MABMNEHMH TOUKM (a30BOrO NPOCTPAHCTBA MO
He#l MPOHUCXOANIO USMEHEHHE DEXHUMAa CKOJbKEHUS C LEAbI MO-
BriLleHns ObICTpoAecTBHS.

Hetanptpit aHAIM3 ONTHUMAJBHHIX 3a4day MPUBOANT K MBICAH
NOCTPOEHUS TOBEPXHOCTH INEPEKMIOUEHHS ©3 ABYX ILIOCKOCTeH.
Takas nosepxsoctb (puc. 14), B OT/HUME OT NOBEPXHOCTH, pac-
CMOTDEHHOH HaM¥ paH€e, UMEeT pas3pHB Ha MIOCKOCTH xX==0 u
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obecneurBaeT, B HEKOTOPOM CMEICJAe, NepBoe npubimxeHue pe-
[IeHHUsl YKa3aHHOH BBIILIE ONTHMAAbHON 3amaum.

3mech CTaBUTCH, OJHAKO, 3ajJaya He ONTUMH3ALMK CHCTe-
Mbl (9.2), a 3samava cTabuiaumsanMu CUCTEMB. IDTO BHAUHT, UTO
33 CYET YNPOULIEHUs CTPYKTYpPbl MOBEPXHOCTH IEPEKTIOUEHHs
nepexoaHnil mpouecc, omuchiBaeMuil cucremo# (9.2), Gyner He-
CKOJABKO OTJWYaThCA OT ontuManbHoro. HeoGxoammo Takxe
yKa3aTb TaKkOH 3aKOH NEPEKJIOYEHNs, KOTOPHH OCYIeCTBAsa Obl
He TOJbKO Ccrabuausanumio (BooOlie roBOps, HeycToHuuBoO#) cu-
creMu, HO W ofecneumBan Obl JOCTAaTOYHO BHICOKOE KauyeCTBO
peryaupoBanusd. C 3TOH uenbio ONpele]uM 3aKOH WU3MEHEHus
BEJWUMHB a CjenywoomuM o6pa3oM. PaccmMoTpum JABE MJIOCKOCTH:

Ri(x y, 2)=Ax-+By-+2z2=0,
Ry(x, v, 2)=Ax—+By-+z—0(x+Ty)=0,

roe A, B, 8, T — NOJOXKATEALHBIE IOCTOSIHHLIE, A1 pa3o0beM
TpexMepHoe (a3oBoe TPOCTPAHCTBO Ha uereipe obnactu. OG-
nactb G, OmpenesMM Kak 00/acTb, B KOTOpOH BHIOJHEHO X >0
¥ OHAa U3 NMap HEPAaBEHCTB

a) R1>0, R2>0, b) R1>0, Ry=<<0, ¢) Ri<0, R2>0-
OGnacts @, onmpeneanm HepaseHcTBaMu x <0, R; >0, Ry >0.
O6nacty, B KoTopoit X <0 u BhNMOAHAETCS OAHAa U3 Map Hepa-
BEHCTB '

a) R1<Ov Rg<0, b) Rl;o) R‘)<Oy C) Rl <0) R%;O)
0603HaunM uepes ;. Yepes Gy HakoHel, 0003HayuM 006JacTs,
rie x >0, Ri<{0, Rg<C0. Ha puc. 14 obamactu G u G
pacno/IONEHB Hal MOBEPXHOCTHIO MepekJioueHns, a obaactu Gy
n Gy — nox nosepxHocTbio. [lonaraem manree a== — 1 B oOxa-
c19X Gy v G, w a=1 B obmacru G, sBasometicas oO6benHHe-
HueM obaactedt G; u Gy ¢ To# uacThi0 MiaockocTH x =0, B KoTO-
poit Ry Ry< 0. OueBuzHO, 3aKOH M3MEHEHNs BEJWUMHH 0. TIPH
x # 0 moxer OwiTh 3aman GopMynoH

a=sign [(R, 4 Ry) signx - [R, — Ry} (9.4)

Takum oOpa3om, paccMaTpuBaeMas CHCTEMA $BJMETCS CHCTeMOMH
C IBOHHBIM HEPEKJIOUYEHUEM.

IMpu nepexoze uepe3 maockoCTh X ==0 peiauuuHa «, OYEBUI-
HO, MeHseT cBOH 3Hak, eciu RRy >0, u He wmeHseT cBoero
sHauéHus, ecan R;Ry < 0. ITosepxHOCTh mepexmoueHas, uaos-
paxeHHylo Ha puc. 14, cocraBjeHHylo u3 uvacteh S; uw S

} (9.3)
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naockectTn Ry=0 n uacteit S, §; miaockoctu Ry, =0, Oynem
Ha3biBaTh B JaJjbHefillleM NOBEPXHOCThIO S.

Ha mnosepxsoctu 8§ oxono JaunHuél NN;, NoN; BBIEISIOTCS
cextopn L;ON; i=1, 2, 3, 4, B KOTOPHX TpPaeKTOpUH CHUCTE-
Mpl (9.2) «mpowMBalOT» MOBEPXHOCTb &, HO JErko I0KasaTh,
YTO Yrabl 3THX CEKTOPOB NyTeM BhOOpa HOCTaTOYHO GOJbIIO-
ro K MOXHO cienath KaK YroJAHO MajmMd. BO BCEX OCTaJbHBIX
TOYKAX TMOBEPXHOCTb § SBJSETCS INOBEPXHOCTBIO CKOJIbXEHHUS.
Inockoct x =0, KaK chenyer u3 NMEPBOrO YpaBHEHUH CHCTe-
Mbl (9.2), 9BISETCS <NPOLINBAEMOH» IMIOCKOCTHIO.

ITycte BeawuuHnl A u B OyayT 3ajgaHbl TaK, YTO BBHITOJHSA-
10TCH  yCaA0BUst

0< A< BY4. (9.5)
Onpeaenum Benmuudel 8 u T us (9.3) HepaBeHCTBaMu
A —pB, p<<—T"1<py (9.6)
rae py, pg-— KODHU YDaBHEHuUs
p!+ Bp -+ A=0. 9.7

Hue Oymer mokasaHo, uto HepasencrBa (9.6) Bcerma MOyt
OBITH YZAOBJIETBOPEHHL.

Teopema 9.1. Ecau swnoanens. ycaosus (9.5) u (9.6),
mo MOJNCHO 8v.0pamy maxoe uucao Ky >0, wmo npu K> K,
u npu sunoaxexuu 3axona nepexnvenus (9.4) scaxoe pewe-
nue cucmems (9.2) 6ydem oGaadams csoiicmson

lim x (f)=limy (f) = lim z () =0.
t>o t—o0 f—> o0

JloxasarenbCTBO TOH TeOpeMbl CKJANBIBAETCA M3 CAEAYIOUIAX
oranos. CHayana MOKa3mBaeTcs, uTo Jmobas Touka M (asoBoro
NpOCTpaHcTBa MNonagaeT Ha mosepxHocTs S. JlaibHeHee mnose-
JgHue STOH TOUKM 3aBUCUT OT TOrO, Ha KaKyl0 4acTb [OBEpX-
HOCTH OHAa MOMAaAeT, T. €. Ha MIOCKOCTb Ry==0 wuau Ha naoc-
koctb Ry=—0. Ecam Touka M mnonazmer Ha IJIOCKOCTb Ri=0
(uactm 8§y w83 nosepxuoctn S; M. puc. 14) B o6aacts
CKOJIbIKEHHS, TO €€ JaJbHeluee ABHXKEeHue OYAeT ONpesensThCs
cucremMoi

X=y, y= — Ax— By, (9.8)

B CHJIy KOTOPOH 5Ta TOuxka OyaeT NpuOMMKAThCA K Hayaly Ko-
OpAvHAaT BJOJb HEKOTOPOH NpPAMOH y=pax, Ry(%, y, 2)=0
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Ecan touka M momazer Ha maockocTh Ry =0 (& wm Sj),
TO OHa OyHET ABUraThCsl MO HEH B CUAY CUCTEMBI

i=y, = —Ax—By+0(x-+Ty,  (99)

n au6o TpUAET MO CemapaTpuce B HA4aJ0 KOOpPAMHAT, Jub0 1O
kpuBo#l runmepGomuueckoro Tuma joiner mo JuHun Ry ==0,
x-Ty=0 u nepetiner Ha naockoctb R;=0, mbo nokner
no cextopa npowuBaemocty NRyOLy, unmm Ny,OL; B nocreanem
cnyyae Touka M, cofias ¢ mosepxHocTd §, 0043aTeNbHO CHOBa
fonageT Ha Hee, HO yxe Ha yactb S; uaum S3 miaockoctn Ry =0
M VMEHHO Ha Ty YacTb, IJe CYLIeCTBYET CKOJbXEHHE, CAe0Ba-
TeqbHO, TOuKa M Oymer mBMraTbCcs K Hadasy KoopjauHaT. Jloka-
3aTENbCTBO BCEX 3THUX MOJOXKEHHH HaeTcs Huxe.

1. Tloxaxem cuauana, uyro napamerpsl A, B, 6, T MoxHO
BHIGpaTh Tak, uTOGH BHIMOMHSAUCH HepaBeHcTBa (9.5) u (9.6).
JleHCTBUTENLHO, BO3bMEM TNPOM3BONBHYIO MNMapy MOJOXHTEAbHbIX
yucen A v B, ynosaetsopsiomux HepaseHcrsy (9.5). Ilpn atom
nMeeM

(B/2— A/|B? >BY4— A>0.
Ortcrona
|B/2 — A/B| > (B4 — A)'s. (9.10)

Ho B/2—A/B>A/B>0, a motomy coorHoweHue (9.10)
MOXHO INepenucaTbh B BHIE

Bj2 — A|B>(B*/4 — A)'/2, otkyma A< — pyB.
3HauyuT, MOXHO BHOpaTh O TaK, uTO
A< — BB, 9.11)
HO TaK Kak pg<pe< 0, TO HepaBeHCTBO
m—T <p - (9.12)

TOMe€ BHIOJAHEHO, mpuyeMm 7 > 0.

IMockoabky HepaBedcTBa (9.5) u (9.6) ocyuiecTBUMH, TO B a/b-
HeMLIEM. OHM BCIONY CUUTAIOTCH BHIMOJHEHHBIMH.

2. TlepefizeM K NOKasaTe/bCTBY MOMajaHus n306pakaromen
Toukn cucremn (9.2) na omuy us vacret S;({=1, 2, 3, 4) no-
BEPXHOCTH IEPER/IOUEHNS,
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OGo3Hauenus S; u S; NPUMEHSIOTCA IJd 4acTed MaOCKOCTH
R, =0, npunaajiexaumux NMOBEPXHOCTH Nepekaouvenus S u pac-
MOJIOKEHHHX COOTBETCTBEHHO B MmoaynpocrpaHcteax x >0 u
x < 0.

Yactu naockoctu Ry =0, npuHaajexamue NOBEPXHOCTH TMie-
pexmouenuss § ¥ Jexamume B nosynpocrpanctsax x<_0 u
x>0, o603HaueHbl COOTBETCTBEHHO Yeped Sy u S

Kawpas us obunacteft @, n (; pasbuBaeTcd Ha JABE 4YacTH
MJOCKOCTBIO, COCTABJEHHOH W3 WHTErpalbHBIX KPUBBIX CHCTe-
M (9.2) npn a=1.

Ypasuenne 3To#f MHTErpabHON NIOCKOCTH WUMEET BUI

(@48 x—2ay -+ 2=0, (9.13)

rre o u B — BEIECTBEHHAad ¥ MHMMas YaCTU KOMIIEKCHBIX KOp-
HEll XapaKTepUCTHYECKOro YPaBHEHUS:

Bt al-L b+ c -+ K=0. (9.14)

Haanuue mnapsl KOMIEKCHHX KopHeH a=iB(a >0, $>>0) u
BENECTBEHHOrO OTpHULATeNbHOTO KOpHa — A (A > 0) mns ypas-
nenust (9.14) npn nocratouno Goasuinx K caeayer us Qopmyi
Kapnana. Ws »stux xe dopmya crenyer, yto npu K, crpema-
memMcss K GECKOHEYHOCTH, BEIWUYUHH &, B ¥ A TOXE CTpeMsTcs
K OGECKOHEYHOCTH.

O6aacty G, u (; pacceKaoTcs WHTErpajbHOH NJAOCKOCTHIO

cucreMn (9.2) mpu a= — 1.
YpaBHeHue 3TOH MIOCKOCTA MMEeT BUI
G+ x—27y+2=0, (9.15)
roe y u 6 — BeIleCTBEHHasds M MHUMaa 4YacTH KOPHeR ypaBHeHus
Btartbh4-c—K=0 - (9.16)

Hanuume mnapsl KOMIIEKCHBIX KopHe# 71 i3(y<(0, 3>>0) u
BELIECTBEHHOTO MOJOXHUTEABHOTO KOPHA P 15 ypasHenus (9.16)
npu NOCTaToOyHO Ooabpmnx K rakike caeayetr us d¢opmya Kap-
pana. OueBugno, npu K, crpeMamemMcs K OECKOHEYHOCTH, BeJH-
YyHBl Y, O, M P TaKke CTpeMATcs K GecKOHeYHOCTH.

Paccmotpum B o6aactu Gy Touky M,y (xg, y¢ 2) pacroso-
EHHYI0 BHILE MHTErPaJbHON macckoctu (9.15).
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Peluenue, COOTBETCTBYWOILEE B35STOH HauaabHOH TOYKe, MMe-
er caeaywoiuid BHIA

x=c,e" |- ¢i(t), y =cpe” +0yft), 2 =cyplet’ -+ 95(8), (9.17)

rie
ey =[(1* -+ 3xy — 2yyo + 20 ((r — 7+ 37,
xo=x(0), y,=y(0), 2zy=20),

;(H)—>0 npu t—>o00, I=1, 2, 3.

Tak xak ¢; >0 mas paccmarpuaemolt Toukm M, TO npu
t— oo Oynem umerb x(f)— oo. Takum oOpasom, Touxka M (¢),
JBUCaACh C POCTOM f MO TpaekTopuu, JAuGO MONager Ha yacth S
IIOBEPXHOCTH Nepek/IodeHns, anbo Bhfizer Ha maockocts x==0
B TOH ee wacty, rae y==0.

Ecimn ke Touka My(Xy, Vo 2p) A€XnT B oOaactm (@, Huxe
uHTErpambHoit maockoctn (9.13), To ana Hee mmeeMm ¢y < 0.
B srom cayyae wusoOpawarouias 1ouka M(f) He MomeT BoiiiTH
u3 obnactu G, uepes mIOckocTh x =0,

HefictBurensHo, TOuka AM(f) moxer Buiith u3 obaactu G
yepe3 MAOCKOCTh x==0 auilib B TO# ee uyacTw, KOTOpas 3aKJIO-
yeHa MexAy caemsamu mnaockocred R;==0 wu (9.15);, ypasHeHns
3TUX NPAMBIX 3anumyTcs B BuAe 2--By=0 n z=2yy, rae
B < —2¢ npu mocratouyHo 6OAbMIMX 3HauyeHnAX K.

Jlerko BHAETb, YTO B YyKasaHHOH uacTm mjaockoctw x==0
nmeem X =y <0 u, cregoBaTeJpHO, X HE MOXKET nepedTn u3
ob6nactu x<_0 B obaacte x >0.

IMoncuutaem Temeph usMeHeHue (YHKUuu Ry(x, y, 2)=
= Ax -+ By +2z Bmoab Tpaekropun Toukm M (f). CoraacHo
popmynam (9.17) MOXHO 3amucath

Ry ()= cqe" (A+ Bp—+p) ¢ (9),

rae ¢ (f)— 0 npu t—oco. Tak kak ¢3<0, p >0 n A4 Bp

u2>>0, To 3Hayenne R;(f) u3 06nacTu NONOKHTENbHBIX 3HA-
vennit (Ry(0)>>0) c pocrom ¢ nepelizer B o6aacTb oOTpHua-
TeJMbHBIX 3HAUEHuH, a 5TO O3Hauaer, uTo Touka M (f) mpu Hexo-
TOPOM KOHEYHOM 3HaueHuu f, He Beixoast u3 obnactu (G, HMoOnager
an6o Ha uacte S3 maockoctd Ry=0, aubGo Ha uwacte S; mio-
cxkoctu Ry =0.

Ecap, Hakonen, HauanbHas TOuKa Mgy (Xy, Vo 2,) TpUHALIE-
KUT vHTErpanbHOH miaockocty (9.15), To wusobpaxawolias TOYKa
M (1), nsurasce mno cnupanu B Tockoctd (9.15), monagzer npu
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HEKOTOPOM KOHEUHOM 3HaueHud ! Ha uacTh S; HOBEPXHOCTH Iie-
PEK/IoUeHH s,

Wtak, mas HavadbHHX TOuek M, nexamux B obnactu G,
HEKe MHTErpadbHod miockoctd (9.15), usoOpaxawomas ToyKa
M(f) nmpm HEKOTOPOM KOHEUHOM 3HAaueHWHu f, He BHIXOUA u3
obaactu @, nonafzaeT Ha OAHy u3 vacre# S, mim S; nosepx-
HOCTH TepPeKIoUenns.

Ias navaabHBIX TOueK M, aewamux B oOnactm Gy Ha uHTe-
rpaspHol  maockoctu (9.15), msobpawaiomias Touka AM(f) npu
HEKOTOPOM KOHEYHOM 3HaueHun ¢ MONajaeT Ha YacTh TNMOBEpPX-
HOCTH mepekmoveHus S,

Ecay ke wHavanpHas Touka M, Jaexut B obaacrn G, Bhille
nHTerpambHoOli maockocru (9.15), To usobpaxaromas Touka M (t)
¢ pocroM t au60 momaaaer Ha yactb Sy, J160 BHIXOAUT Ha IJIO-
ckocte x=0 B To#t ee wacth, rae y=0.

3. Iycts Temepn HayaibHas TOYKA My (Xg, Vo, 2o) NPHHALIE-
wut obaactn G Ecam msobpaxawomas touka M (f) ¢ poctom ¢
He mokmaaer o6aactb Gy, TO COOTBETCTBYIOLIEe 3TOH HavalbHOH
TOYKE pellieHHe MOoxeT OHTh 3alHuCaHO B BHAE

x () = a;e™ - ™ (ay cos Bt - ay sin B). (9.18)
Jlerxo BHIETh, uto mpH a3 # 0, T. €. Korma Touka M, He mnpu-
HaIIeUT MHTErpa’dbHOM mpamot x=— y/A=2/A* cucrems,

ne#ictyomeft B obnactu Gy; TOYKM 9TOH NpAMOK mpu f-> 00
CTPeMATCS K Hauaay KoopauHar, wusoOpaxaiomas Touka M (7)
nonajer NMPH HEKOTOpPOM 3HayeHun f Ha maockoctb x =20, ecan
OHa [0 3TOr0 He Momaja HU Ha oJHy H3 vacteh S u §; no-
BEPXHOCTH MNePEKJIIoueHus.

Takum o6pa3oMm, OCTaeTcs pacCMOTPETb TOJABKO Te TOUKM M,
I KOTOpHX wu3obpaxatomas touka M (f) ¢ pocToM f MOXeT
noKkuHyTh obsactb @, mepecekas miaockoctb x =0.

Ionyctum, uto touka M (f) noxnmamaer obJacts Gy, mnepece-
kag maockocrs x =0 wmexay npameimp 2z (B—0T)y =0 n
2z-+By=0, 1. e. nomamaer B obaacte G Toraa oHa 3a Ko-
HEYHOE BpEMsi TMOMAaJeT Ha uYacTh S3 TOBEPXHOCTH INEPEKJIo-
yeHus.

Ie#ctBuTenbHo, nycts Touka M (f) nomamaer B obaacth G
BHIIE WHTErpatbHoi maockoctu (9.13). Torama B corsacuu ¢ ¢op-
mysnoft (9.18), Touxka M (f) 3a KOHEUHBI NPOMEKYTOK BpEMEHH
AomkHa NOKuMHYTb 06aacTe i ITOCKOMBKY TPaeKTOpPHA TOUYKH
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M(t) npu Bmxole u3 oGaactu (3 He MONET Nepecedyb HH IUIO-
ckoctb x==0, Hu unTerpaabHylo miockocrb (9.13), TO OHa He-
u30eKHO MPM KOHEUHOM 3HAYEHHH ! MepeceKaer yacTb Sy NOBEPX-
HOCTH MIEPEKIIOUEHHUS.

B cayuae, xorma touka M(f) moxkmpaer obaacte @;, nepece-
Kas I10CKOCTb X == 0 mexay npambiMu 2 |+ By =0 u 2 — 27y =0,
no MOKa3aHHOMY paHee, OHa, He BHIXOAS M3 o6sact G, nonaier
Ha oaHy u3 uacre# Sy mam S; nosepxuoctn S.

Ecau xe usoOpaxawomias touka M (t), noxkunaa obaacte Gy,
nonajaeT Ha naockocte x =0 wmexay npsmodl z—2yy=0
M OChbIO 2, TO OHa MOXET BEPHYTbCs B obaacrts @, mepecekas
naockocte X =0 npu y=0. TlostomMy paccmoTpuM Aanee IBH-
deHue OCH 2 BIOJb TpaekTopum cuctemnl (9.2) npn a==1,
nettictytomeit 8 obaacra. Gy [lockoabky 3Ta cucrema JuHefHa,
TO A9 J000ro MoMeHTa ¢ 00pas OCH 2 BAAETCS OPSIMOH JMHHEH.
Ecau sTa npamas He nonajgaeT Hu Ha oAy u3 dacred S; u S
MOBEPXHOCTH NEPEKAIOUCHHS, TO OHA B HEKOTOPHH MOMEHT f CHOBa
OKaXeTca B Maockoctd x =0 u 3akiMeT nosowenue z==4Aky, rie
k<0,

IToxkaxeM, YTO npPUW AOCTATOUHO OoablioM K HMEET MECTO
HEpaBeHCTBO & _>27, T. e. moaynpamas z=~ky npu y<_0 nexut
HuKe noaynpamo# 2z =21y. Orciona 6yner caenosatsb, 4To mobas
TouKa maockoctn x =0, y kotopoti y =0, nepexons c poctom ¢
¢ maockocty x=0 B ‘06amactb G, 6o mMomager Ha OAHY u3
vacte S; wam S; NMOBEPXHOCTH HEpeKaioYeHus, aubo BHHLET u3
obaacty Gy, nepecekas mAOCKOCTb x==0 wmexny npamMbiMu
2+(B—0T)y=0u z—2yy=0, a TOraa, COraacHO mpuse-
HNEHHBIM BhILIE DACCYXIEHHSAM, OHa 33 KOHEUHOe BpEMS Iomamer
Ha OHYy u3 vactefl S, miau S; MOBEPXHOCTH NEPEKAIOYEHHUS.

Hnsi nonyyenus ouenku nia k Haigem B uipaxennd (9.18)
3HAYEHHA NPOUBBOJBHBIX TMOCTOSHHBIX @y, Ay, 3, YYHTHIBAA HAUaJb-
upie ycaosus x (0)=0, y (0)=0, 2z (0) = 2;. OueBuano, noayuum

z z a-+A
a=3, a=-—, aazﬁ——izo, (9.19)

rae A = (a-}-A)*-- 8% 3nauenwe momeHTa T — Bpemenu BCTpeun
o6pasa ocu 2 ¢ NOCKOCTbIO X =0, ABJSETCA KOPHEM ypaBHEHUs

a

e—e+N 7—cospT+ 8 *smw:o. (9.20)
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WUcnombays paseHcTsa (9.19), Hallnem 3Havehus y =X u 2= X,
Kak (QYHKUHH BpPEMEHH

yO=2[— 1 e (1 cos ot +- _ﬁ;}ﬂ sin pt)],

2(t)="2 { e e [a“—|—24)\—|-p’)cos@t—l—
. +a9(a—[—-)\)_g_a2(a——)\) Sinpt]},

Hcnoabsys ypasuenue (9.20), noayunm y (T)=-§—‘l ¢ sin BT n

z(T)—— Z0¢*T(8 cos 8T 4 (& — ) sin BT,
OTKyZa Caeayer

k—_-;§g=pctgpr+a_x. (9.21)

a2
Beenem oGosHauenve BT =r, o= + 7 U3y4YaM GYHKILKIO

F()y=fi(r)—fa(r), rae fi(r)=¢e¢"" u fy(r)=cosr —asinr.
Hysp ¢ynxunu F(r) cOOTBETCTBYeT 3HAUYEHHIO I TOYKH Mepece-
yeHus rpadukos yuxkun# fi(r) u  fy(r). OueBunHo, umeem
f1(0)=/;(0)=1. 3HaueHus NPOUSBOAHHLIX 5THX (YHKUuH npu

=0 coenagaiot, T.e. rpapuxu ¢yukuud fi(r) u f3(r) umewt
B 9TOR TOuKe 00wy KacareabHywo. Kpome TOro, MOCKOJBKY
fi(r)=q% " >0 Bcony, 1o rpadux ¢yHkuun f;(r) BOTHYT
¥ PAcHo/OKeH [Js BCEX 3HAUEHUH r BpllIe KAacaTeJbHOH K rpa-
¢uxy B Touke npu r =="0. C apyro# cropousi, umeem sign f; (r)=
= — sign f4(r) aaa Bcex r.

[lostomy pas sHauenut r us unrepsana (0, ry), rae ry — Hymab
dbyuxuun  fy(r), rpadux QyHKumH fy(r) SBASETCS  BHITYKJBIM
M PAacloJIOKEH HUXKE YKa3aHHOH KacatenbHOH. JIerko MpoBepHTD,
yto CaeAywuluit Hyab ¢yskuud fy(r), r==r, YHOBIETBOpSET
HEDABEHCTBY ry >, T. €. Ha uHTepBane (r,, ry) 5Ta QyHKUMSA
NpHHAMAET OTPULATEJbHBIE SHAYEHUs, d €e rpaduK pPacroJOKeH
umxe ocu r. [Tostomy, no kpaiinelt mepe Ha unrepsane (0, ry), nMeeM
Fi(r) > f3(r). Tlepecexkyres xe rpa(pmm 3THX (pyﬂxuma JWllb

Ha uHTEpBajde (ry %/4™), MOCKOMBKY }‘;,( 1:>>f1< 1'c>_ Urak,
nepBbifi MOJOKHUTENbHBIH HyJab GyHKUUW F(r) jexur Ha nHTEp-

3
BaJje <TC, b3 ﬂ), a 9TO O03HAYAET, YTO HaMMEHbLIMH MMOJIOXKUTENb
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Heii  Kopenb ypasHeHus (9.20) pacmosoxkeH B HHTEpBaje
w/B < T <3r/28. Ho u3 (9.21) HemMeNIEHHO ClieAyeT HEPABEHCTBO
=0 ctgBT+a—Ar>>a—A B cuny cdopmyn Kapnmasa mo-

JAyYnM
2

a, 2y=—=—1uq—v —~3a
3 y T-'—' 0] 3 y

3
rae

m=(—gq+V @+ v=(—qa—Vag-iImn),

”2—(—"‘]2"1—1/%—}‘%)1/3 "’=A=(_%‘*VQ§‘|‘P;)1/”,
1 [2a3 ab 1 [2a®
q1=7[77*“-—3+c—|—1(], ‘1%=7[ +C— ]
QueBuznHo, npy K—> oo wumeem u;—>0, v;—>—o00, uy—> 00,
Uy —> 0, TpUYEM 1y ¥ Uy MMEIT OAMHAKOBHIH MOPSIOK pPOCTa.

Orclona ciaenyeT, YTO NpH AOCTaTOYHO OGOJblLOM 3HaueHHR K
OyJeT BHIIOJHEHO HEPaBEHCTBO:

El-;}_—vl+”%+va>0,

KoTopoe u obecneunT Ham Tpebyemoe coOTHOLIeHHe & > 27.
3ameTuM Tenepb, 4YTO €CJAM HavambHas Touka My (xg Vo 2p)
pacrmoaoxena B obaactu G HIxke UHTerpaibHO# naockoctu (9.13),
TO ee u3obpaxamouias TOUKA 32 KOHEUHOE BpEMS, HE BHIXOIS W3
obaactu @y, MOMAZaeT Ha yactb S; MOBEPXHOCTH TEPEKJIOYEHHS.
HetictBuTeabHO, B 3TOM cayuae Touka M (t), B cornacuu ¢ ¢op-
mynolt (9.18), momxna BoifiTy m3 obaactw Gy Ho, Bhixozs us
obsactn Gy, OHa He MOXeT mepeceus HM miIockoctn x =—0 (TaK
KdK B MOMEHT TMoNalaHms Ha miockocTh x==0 #j4 Hee oOKkasa-
n0Cb Obl, uto X ==y > 0), HH (B CHAY TEOPEMH E€AUHCTBEHHOCTH)
uHTErpaabHoil maockocty (9.13). ITosTomy BuitTn u3 obaactu Gy
Touka M (f) MOXKET TOJbKO uepe3 yacth S; nosepxHocta S.

MoxHo mokasaTe, uTo Ha wactax S;(i=1, 2, 3, 4) nosepx-
HOCTH MEPEKJIOYEHHs UMEIOTCA CEKTOPHl INPOLINBAEMOCTH.

Ecau touka M (f) nonager B CEKTOD MNPOIIMBAEMOCTH, HpHU-
Haljexawnii yactd Sz TO OHAa NPOIILET MOBEPXHOCTb MEPEKJIO-
ueHnss S u okawercs B obGaactu (g Hibke MHTErpajbHOH MIO-
ckoctu (9.15), a MOITOMY 33 KOHEUHOE BPEMS TNOMALET Ha OMHY
w3 uactet S mam S, NpHuEM B CAyude MONAJaHHA HA 4aCTh Sy
TOYKA OKa3bBAECTCA B OOJACTH CKOJMbXKEHHSA,
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4. Vccnenya 3Hak MOJHOR  TNPOM3BOAHOH  OT  (PyHKumu
Ry (x, y, 2), B3aTo#t B cuay kaxao# u3 cucrem (9.2), ybexwnaemcs
B ToM, uro mpu A—B*-LaB—b#0 (B cayvae paBseHciBa
HyJIO YKa33aHHOI'O BBIDAXEHMs IIOCKOCTh R;=0 sBaserca s
cuctembl (9.2) IVIOCKOCTBIO CKOJbKEHHST) Ha vacTax Sy u S
IIOBEPXHOCTH MEPEKMIOYEHUs HMMEIOTCS CEKTOPHl NMPOLINBAEMOCTH,
3aK/MIOYEHHBIE MEXAY MJIOCKOCTbIO X ==0 u onHOM U3 mIocKOCTEH

(AB—aA+c*+K)x=(A—B'*+aB—b)y. (9.22)

[Tocrynus ananoruuseim obpasom c dyHkumedr Ry (x, y, 2),
y6eanmcs B ToM, yto npu A — 0—(B — 0T} (B —0T)a—b#£0
(t. e. xorna nmas naockoctw Ry % 0 He BHINOJIHEHO YCaOBHE
cKogbxeHus; cM. § 3) Ha uvactax Sy ¥ S; NOBEPXHOCTH NepeK.o-
YEeHU$ MMEIOTCS CEKTOPH TNpPOLINBAEMOCTH, S33K/IOUEHHHIE MEXIY
naockocteio Xx =0 u oxHOH M3 MIOCKOCTEH

[(A—6)(B—0T)—a(A—0)+c+K]x=
' =[A—0—(B—OTP 4 (B—0T)a—bly. (9.23)

Bu6op snaka K B ypasHeHus miockocret (9.22) u (9.23)
3aBHCHT OT 3HaKOB KOI((UINEHTOB NPH Y B 3THX YPaBHEHHSAX.

Yrael ceKTOpoB MPOLIMBAEMOCTH INPU AOCTaTOYHOM yBe/uue-
HUHA MOXHO CHEeNaTh KaK YroZHO MaJbiMu.

Ionas Ha kakywo-1u60 u3 yacred S; wim S; nosepxHocTH
nepeK/oyeHus B 001acTh CKO/bKeRNs, ndobpaxaromas Touka M (f)
JBHAKETCA IO MOBEPXHOCTH MNEpPeK/aIoueHns S B Culy ypaBHeHus

B+ Ax=0 (9.24)

IO TeX Nop, NMOKa He MOMajer B CeKTOP mnpolnsaeMocTtH. ITose-
JeHHe UHTerpadbHbBIX KpuBBIX YypaBHeHus (9.24) Ha ¢asosoit
MJIOCKOCTH ONpelenseTcst KOPHAMHU Py U Py XapPaKTEPUCTHYECKOrO
ypapHenus (9.7). B cuny nepasencts <0, po <0 Hauano
KOODAMHAT Aas ypasHeHus (9.24) cyTb ocoban Touxa ysea B cuay
TeX Xe HepaBeHCTB J06as TOYKA (Pa30BOH MJIOCKOCTH, IBHrasiCh
no cBOeH TPaeKkTOpWH, NpPU {— 0O CTPEMHUTCS MONACTb B HAYAI0
koopauHat. IIpn 3TOM BCE TPAEKTODHH, 33 MCKJIIOUEHUEM WHTE-
rpajbHOft mpsamolt y==p.X, B HayajJe KOODAWHAT KacaloTCH HHTe-
rPanbHOH MPAMOH Yy == poX.

[Tonmas Ha kakyw-i1uGo us uacteh S, unm Sy nosepxHOCTH
nepekaouenus B 001acTh CKO/bXEHHS, n300paxcaionias Touka M (f)
IBUKETCA 1O MOBEPXHOCTH IEPEK/oYenuss S B CHAY ypaBHeHus

FH(B—=N L+ (A—0x=0 (9.25)
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o0 Tex mop, NOoKa He MonajaeT B Cektop mpoiumsaeMocTu. [Tose-
AeHne HWHTErpasbHBLIX KpuBHX YypasHedus (9.25) Ha dasosott
TJIOCKOCTH ONPEAEAeTCA KOPHAMU XaPaKTEPUCTHUECKOrO YpaBHe-
Hus

N (B—BT)A -+ A —0=0. (9.26)
B cany ycaosuft (9.5) u (9.6) umeem
B—0T [(B—OT) e
n=—2= ~<< . )—|—6——A>/<0, 9.27)
B—0T , [(B—0T) s
=—2= +(( D) +e—A>/ 0. (9.28)

ITostomy nHauano xoopauHaT aad ypasHeHus (9.25) sasasercs
oco60i TOuKO# Tuma CcenJo.

Ecau Touka M (f) mBukercs Mo MHTErPaabHOM MpsMolt y == A,x,
TO 1pH ¢ —> OO OHa CTPEMHTCA MOMACTh B Hayano xoopanHat. Ecan
Ke TouKa M (f) HZBHMKETCS N0 WHTErpabHOM NPAMOH y—)\gx, TO
npu ¢ —> 0O OHa YXOAWT B OGECKOHEYHOCTb.

s ycaosui (9.5) u (9.6) caenyer, uto

— 7=, (9-29)

npuyeM 3HaK paBeHcTBa B cooTHomeHun (9.29) nocruraerca Tor-
2 ¥ TOJbKO TOTA3, KOrAa OH JIOCTHUraercs CNpaBa WJM C/l€Ba B
CHCTEME HEPaBEHCTB

<< —T7<<p, (9-30)

OnumieM ABMXEHWE TOYKH, MOMaBILed B 06JaCThb CKOJbKEHUSA
Ha TNOBEPXHOCTH MEPEeKJIOYEeHV. _

Us pasencts (9.28) u (9.29) cnemyer, utO WHTErpaabHas
npsMas y==>Ayx ypaBHeHus (9.25) He UPUHAANEKHT NOBEPXHO-
¢t nepexkmoueHus. B cmay Hepasencts (9.30) muTerpasibHas
npamas y=p,x ypaBHeHns (9.24) iu6o He NPHUHALAEKHUT MO-
BEPXHOCTH NepekJioueHns, 1n6o cosnanaer ¢ npsimod x - Ty =0,
npuHaanexauiel 310 NOBEPXHOCTH.

HMa toro xe nepasenctBa (9.30) caemyer, 4To mHTErpanbHas
npaMas y==p,X YypaBHeuus (9.24) npuHamIEKUT NOBEPXHOCTH
TEPEKTIOUEHH ¥ MOXET COBNAacTh € mpamoli x -+ Ty==0, npn-
‘Halaexamell 5TOR NOBEPXHOCTH.

Ecau touka M (f) nomnana Ha Kaxyio-1160 u3 uactelt Sy uam S
NOBEPXHOCTH NEPEKMIOUEHUs B 00/3CTs CKOJAbKEHAS MEXAY Nps-
MuMy ¥ =0 1 y = AyX, T0 OHa 32 KC.IUHOE BpeMs NONAJAET B
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CeKTOp npomuBaeMocTH. EC/n e OHa nomajsa Ha Kakyio-aubo us
yacteit S uma S; mexay opamuiMe y=»MAx n Ty-t+x=0
(mpu — T71>>X), TO OHa 3a KOHEWHOE BpeMs MOMajaeT Ha nps-
myto Ty-+ x==0, npounBaer ee M NPONOJKAET NBHIaTbCA YikKe
no vacth S; wim §;, CTpeMach npu f-—> 0O MOMACTh B Hayaxo
KOOpAMHAT.

Ipu nomaganuy B 06GIACTb CKOMbXEHHS HA KaKy-1u00 n3
yacte#t §; uan S; nosepxHOCTH nepekaoueHns, Touka M (f), ne
cXols € STOH uacTh, ABMKETCS Mo S W npu f->CcoO CTpPeMHUTCs
NoNacTb B HAyal0 KOOPAHMHAT.

5. lng uccirenosauns nowefeHns Toukn M (f), nonasiiefi Ha
CEKTOp NMPOLIMBAEMOCTH KakoH-1u6o u3 uacre#t Sy unm S, nosepx-
HOCTH nepekJioueHns, B cucteme (9.2) mpomsseleM 3aMeHy mepe-
MEHHBIX

t=p1, X=x, Y=0py, Z=p, 9.31)
roe p==K—"/s. Toraa noayunmm cHCTeMy
dX dy dz
==Y =% E;;:—aX—{—p(——aZ~—pbY—p"cX);
(9.32)

3MeCh p MrPaeT poJb MajOro MapaMerpa, €C/JAM CUNTaTb 3HAUECHHE
K nocratoyno OGoabmum. Ilpn Takoft 3aMeHe NEPEMEHHBIX IJIO-
ckoctt Ry —0 n Ry==0 nepefiayT COOTBETCTBEHHO B MJIOCKOCTH

ri= Ap*X+ BpY + Z=0

ro=—(0— A)p*X +(B—0T)pY -+ Z=0.

ITpu srom obaactn G n Q; nepeftayT COOTBETCTBEHHO B 06s1acTd Q
1 Q (i=1,2, 3, 4), npnueM B HOBHX 00JaCTAX BEMUUUHH X, Iy
¥ ry VIOBJETBODPSIOT TAKMM e HEPaBeHCTBAM, 4TO B X, Ry #
R, B npexHux o6aacTax.

[Tycte navaabHas Touxa Mg (X, Vo, 29) NPHHALIEKUT CEKTOPY
npoiineaeMoctu cuctemsl (9.2), pacmo/soxeHHOMy Ha uvactd S,
noBepxHOCTH nepekmouenns. Ilpn 3amene nepemenHnx (9.31)
touka M, nepettaer B Touky. Lo(X, VYo Z,), npuuem X,<0,
Yo>0u

Zy=(A—10) p’X,—(B—0T)pY, 0. (9.33)

Vpapdenne (9.23) B HOBHX KOODAMHATaX HMEET BHI
(A—8B—0MpP—a(A—0)p* P 1] X=
=plA—0—(B—0TP(B—0T)a—>b]Y. (9:34)
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M3 cdopmyan (9.34) Buano, uro X,/Y, ecTb manaa BenuunHa
nopsaznka p®. Ma coornomenns (9.33) caenyer, uro Zy/Y, ects Masas
BEJHMYMHA NOpAAKA p.

Ilns B34TOM HavyaiabHOW TOUKH L, vMmeem:

gX ()= re " - e | [ - 20v) Xo 4 20 ¥y — Zy] cos § -
F ¢V —ov — ) X - (P — v — oY) Y+
(v 4 0) Zy] sin ¢ }’
gY () =—vre™" + e {[v(a*+ ¢} X, +
(@ 8 ¥9) Yot vZy] cos e - 47 [— ¥ (0 4 9) (P -
F 0 Xy +o(— PP v —a?) Yo+ (o - T4 av) Zy] sin gt },
gZ(D)=vre 4 & {[— Vi (c® + 9?) Xy - 20¥? Y, +
(P 209) Zg] cos e+ 47 [— 9 (0 99 @ - 41
+ ) Xo4-[— (@ + ¢ v (@ — )] Vo -
1@ — )y v (- 49)] Z] sin e
3nech g=(a+ VP +4-¢%, r=( 4 ¢H Xy —2Y,+2Z, u npu

p—0 nmeem v— 1, s — 0,5, <p—->'|/§/2. :
VYpapHenue (9.22) B HOBBHIX KOOpHHMHATaX MMEET BUX

pimY — (147 X =0,

rae m >0 u 4— nocrosiuiuie. BeeneM B paccMOTpeHHE BCIOMO-
raTenbHyo (QyHKUHO:

p@=pmY (x)— (1 47p°) X (x).
YpaBHeHns
X (©)==0,
r@@=ri (X, Y(x), Z()=0,
ra(x)=ry(X(x), Y(x), Z(z))=0,
p(x) =0,
COOTBETCTBEHHO MNPEACTAaBHM B BHlE
e~ v+ = p; cos ($t — ), (9.35)
e 0+ =p, cos (¢ -+ ) (9:36)
e~ "1 9% =p, cos ({1 + @), (9.37)
e~ U+t =p; cos (Yt — pg). (9:38)
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3nmece p;—>2, a ¢; > =/3 npu p—>0 (i==0, 1, 2, 3).

O0603HauNM COOTBETCTBEHHO, YEPE3 Ty, Ty, T, T3 HAUMEHbLINE
NOJMI0XHUTE/IbHbE HyJd ypasHeHn# (9.35) — (9.38).

Jlerxo npoBeputb, uT0 1 — pycos gy >0 u 1 — pcos g3 >0
CYTb Manble BeJAMunHbl nopsaaxa p?, a 1 — py cos ¢; < 0 cyTh Manasn
BEJNYMHA NOpsaKa p. OTcroa ceayer, 4To BeanunHs t; (i==0, 1,2, 3)
YIAOBJIETBOPSIOT HEPABEHCTBAM

0 <ty <lm<lm < g (9.39)

Bosepamasch K CTapbiM MEepPeMEHHBIM, B COrJIACAN C HEPaBEH-
creamu (9.39) 3akmouyaeM, 4YTO Tpaekropus TOuku M, nNpHHAL-
JAexapied CeKTOpy MpOolUMBaeMOCTH Ha dacth S, NOBEPXHOCTH
nepek/moyenns, npu x,< 0, He BbixoAs u3 obaactun C, B HEKOTO-
pHift KOHEUHBI# MOMEHT f momajgaer B 00/4acTb CKOJABMEHH Ha
yacta S; nmoBepxHOCTH S.

Ecmn xe Xy,=0, 1o p(t) o6paturca B HyJAb paHblle, YeM
ri(t), a ry(t) obparuica B Hyab paHblue, yeM X (t) u ry(7)
IToaromy u B cayuae x,—0 rtpaexropus TOukH M, 32 KOHeu-
Hoe BpeMs, He Bhixold M3 oOxactn G, nepeceuyer wactb S mo-
BEPXHOCTH NepeK/IoueHns B 06JaCTH CKOJbXEHHs.

Orciofa ciedyer, 4TO TPAEKTODUW HAYaJbHBIX Touek M, 00O-
-nactn (s, BeIXOAAWME U3 obsactu G, B obaactb (§; HUXKE HMHTeE-
rpasbHOf maockoct (9.13),” 3a KOHeuHoe BpeMst {, He BHIXOAd
u3 obaactn G, nonagalT Ha vacTh S; mosepxHoctu § B 06aacThb
CKOJIbXEHHUSA.

Wrak, m0Ka3aHo, yto MJs Kauao# HayaabHOH TOuku Mg, npu-
HajJexauell sambiKaHusM oOJsacreit Gy u (G, wusoOpaxaromas
touka M(t), meurasicb B cuay ypasueHu#t cucremn (9.2), npm
t — O CTPEMHTCS MOMACTh B HAYAJA0 KOOPAKHAT.

HOns obaacreft Q3 u (s MOXKHO MPOBECTU aHAaJOrMYHBIE pac+
CYXJEHns, a IMOTOMY JAJjd JoOOH HauaapHOH TOuku. My, B34TOR 8
TPEXMEPHOM NPOCTPaHCTBe, usoOpawarwowmas Touka M(t), nBurasachb
B cuay ypasHeHmit cuctemn (9.2), npuf-—> CO CTPEMHICA K Ha-
yasy xoopauHar. Teopema moxasaHa.

[Ipoeepka sazauyn Ha mogeau MH-14 nmoxasana, yro npn ¢=0
¥ [OJOXHTENbHBIX BHAueHHAX b 3HaueHWe BeauunHbl § Hecyuie-
CTBEHHO BJIMSIET Ha KaueCTBO NePexoJHOro npouecca. [lostomy oka-
3aJI0Ch KENATeJAbHHM MCKaTh Apyrue MyTH yJayuyuleHus AnHamuuec-
KAX CBOHCTB paccMarpuBaeMux cucteM. Oanum 43 Takux myrefd
oKasaics npueM (QOPCUPOBaHUA CKOJDB3AIAX PEXUMOB B CUCTEMAX
C nepeMEHHOH CIPpYKTYpO#.
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§ 10. Cuctema ¢ $opcUpPOBAHHBIM CKOJb3AMMUM PEKHUMOM

JloCTaTOYHO BHICOKAs CKOPOCTb [MPOTEKaHHs TIePEXOAHOr0
npolecca B CHCTEMax C MepeMeHHOH CTPYKTypoH obecneunBaeTcs
OTYAaCTH 32 CYET MOHIKEHHS PasMEPHOCTH (Ha30BOro NPOCTPAHCTBA
CUCTEMB, TaK KaK NMEPEXoAy B CKOJb3SMIUH PEXUM COOTBETCTBYET
nepexo] ABMKEHNs TOYKU (Pa30BOro MPOCTPAHCTBA B JBHKEHHE I10
HEKOTOPON TIOBEDXHOCTH CKOJBXEHUS, HMEILIeH HH3INYI pas-
‘MEPHOCTb.

EcrectBeHHO#t Ka}eTCs MBICAb YCKOPHUTH NPOTEKaHHE MpoLEC-
Ca CKOJIbXKEHUS MYTeM OpPraHM3allil HOBOTO CKOJBKEHHS BIOJb
MOBEPXHOCTH elle 6osee HM3KOH pasmepHocTu. Takum oGpasow,
TIOHNKast MOC/AEN0BATEIbHO PA3MEPHOCTb TNMOBEPXHOCTH CKOJbKeE-
HOsl, MBl JDO/DKHB Ha. KOHEYHOM 3Tale NOJYUYHTh ABHKEHUE BLOJb
HekoTopo# onHoMepHo# anHuu. K ykasaHHeIM Coo6GpaKkeHusM npu-
BOOWT TAKKE PACCMOTPEHHE ONTHMAJbHBIX CHCTEM, TAaK KaK Xa-
DPAaKTEPHHIM /I NPOTEKaHWs ONTHMAaJbHOTO IPOIECCa ABJSETCS
TAKKe TOC/AEN0BATENbHOE NOHMKEHHE Pa3MEPHOCTH MHOrooGpasn#,
N0 KOTOPHIM JABUKETCS TOUKa (Pa3soBOro MPOCTPaHCTBa.

OueBHIHO, MPOLECC CKOJIbKEHHSI ONICHIBACTCA CHCTeMOH Aud-
(pepeHUNaIBHEIX YPABHEHNH C Pa3PHIBHHIMU NpaBbiMM yacTamu. Tak
K3K ypaBHEHUE MOBEPXHOCTH CKOJbXEHHs Nocje OOBUHOrO mnepe-
XOJa OT KOOPAUHAT K MPOU3BOLHBIM NepexodnT B auddepeHuu-
a/lbHOE YPaBHEHMUE, OMUCHIBAIOLIEE MPOLECC CKOMbKEHHS, TO OTCIOAA
CAELYET, YTO A HAJMYAS CKOJBXKEHHH GoJjee BHICOKHX NOpsl-
KOB, OCHOBHas (72— 1)-Me€pHas IOBEPXHOCTb CKOJbXKEHUS HIOMK-
Ha OHTb pPa3pbIBHOMH.

Takum 06pa3oM, OpraHu3auus YNCTOro (WAEaNLHOI0) CKOJbKE-
HAs 00/iee BBHICOKOTO NOPSIKA OKa3hlBAETCsl HEBO3MOXKHOH. MoxkHO
HOJYUYUTh TOJNbKO HENEANbHOE CKOJIbKEHUE, XapaKTeEpUsyemoe Ha-
avyneM OBLICTDHIX ABMKEHHH TOUKM (PAa3oBOro MpoOCTPAHCTBA B OK-
pPECTHOCTH MOBEPXHOCTH pasphiBa. [IpeneGperast atumu OBICTPHI-
MH KosieGaHusiMu ¥ (PUKCHDYSA BHUMAHUE HA MENJIECHHOM JBUXE-
HUM TOYKH (Pa30BOr0 NMPOCTPAHCTBA, MOWKEM CBECTH DACCMOTPEHUE
NPOLECCa HEHACANbHOrO CKOJMbKEHUA K DACCMOTPEHMIO mpouecca
MIEaJAbHOrO CKOJIBKEHHS, ONUCLIBAEMOro ypaBHeHueM Gosiee Hu3-
KOTO MOpsAAKa. '

Takum 0OpasoM, BCAKHH DPEXUM HEHICANbHOIO CKOJbKEHUS
paccMaTpuBaeTCAd HAaM¥ KaK PeXUM WAEaJbHOFO CKOJbXEHHs ¢
- TOUHOCTBIO 110 GuicTpaix AsmkeHud. C 3TOR TOUKHM 3DEHHS OCHOB-
HYI0O HCCAeAyeMylo cucteMmy JudepeHUuansHuix  ypasHeHut
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GyzeM paccMaTpuBaTh KaK CHCTEMY, OTHMCHIBAIOILYI0 HEUAEaIbHOE
ckoubxenue. [TpeHeOperass GHICTPHIMU ABHKEHUAMH, MOJNY4YUM CH-
CTEMY, ONMHCHIBAIOLLYIO CKOJbXKeHue MNepsoro mnopsaka. Pasmenss
B HOBOH cucreMe OBICTPHIE W MENNCHHBIE [BHKEHHS, MOJYYUM
cucremy (n—2)-ro nopsiaKa, ONuCHBAILYIO0 CKOJbXKEHHE BTOPOro
mopsaaxa u T. I

PasgeneHve ORICTPBIX M MEIEHHBIX ABHAKEHUH MOXHO oCy-
[LEeCTBUTh IIyTeM BBEIEHHA MaJOro Iapamerpa.

Ecau nocne opraHusandd CKOJIbKeHHs NMEPBOro MOpsAxa cie-
nsias cucreMa paboTaeT yZOBJETBODHTENBHO, TO HeT HeoOXondu-
MOCTH BBEMIEHHS B CHUCTEME CKOJbXKEHHH Broporo nopsaka. Ecin
He MepPexXoJHbie NMPOUECCH B CHCTEME COBEPUIAIOTCS HEJ0CTaTou-
HO OBICTPO, TO CJAENyeT OpPraHW30BaTbh CKOJbXEHHE BTOPOro Mo-
paaka. Takum o6pasoM, OpraHusanus B CUCTEME PETyJINPOBAaHMS
CKOJIBXEHNH [NOCTAaTOUHO BHICOKMX TNOPSAKOB (ObITh MONKET, OO
(n— 1)-ro mopsiKa BKJIOUYNTENBHO) MOXeT obecneyntb Tpedyemoe
y/ayulmieHne ANHAMUYECKHX CBOHCTB CHCTEMBI

1. Ilepefinzem K onpeneseHmIo CKOJbXKEHHR M-TO TOPAAKa.

PaccmorpuM cucremy muddepeHiUanbHBX ypaBHeHuH

X=Xy =1 ..., n—1,
2 (10.1)
KXp=— Z CorXn
k=l
roe  Ko3(UUUEHTB €y — MPON3BOJBLHEIE  MOCTOSHHBIE IpH
k=2, ..., n, a BeJINUUMHA Cy; ONpPENENNETCH COOTHOLUEHUAMH
n
Cor== by (K) sign Xyo1,  0y== Y CipXp
k=1
Cmt =bp (K) SIgN X101, Omyy = L (10.2)
n—m
= Z Copt, 2 Xy M=1, ..., n—1,
B=1

=1, o,=Xx.
3necb K — noctatoyHo OoJbllas MNOJOXKHUTEALHasd MOCTOsSHHAA
seanunna, by (K), ..., b,_4 (K)—nonoxutenbHsie ¢yHkuny K,
npuyem

Jim %O@—_—o, b; (K) > 00, i=0,1, ..., n—1,
-+
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npn K — co. Kosbdunmentn c¢;, npu k£ 1 npeanoaraworcs
NOCTOIHHBIMHA, NPHUYEM Cp , pg==1, npu k=1, ..., n. B Heko-
TOPBIX CHyuYasXx 3aKOH W3MEHEHHs g MOXKeT ObTb YMpOLILEH,
a ueroyka cootHowenut (10.2) yxopouena. 310 Aenaercs nyTeM
BHINOAHEHNS TPeOOBaHuA o, =x; A1 Hekoroporo r, 1<<r<n.
IMonaraem B sTOM cCayuyae ¢q=0b,(K)=1 u ¢, =0 npu

=r+ ], R (N

[lpousenem B cucreme (10.1) sameny BpemeHu f==yr, rae
p=[be (K)]! wrpaer posb wmanoro napamerpa. Hosas cucrema
OydeT MMEeTb BHA

dx; .
E’-:}in_l_l, i=1, ey n—1,
n (10.3)
dx, : \
71'5=“|x1|51gn°1—?* 2 CopXp:
E=2
[Tpn p.=0 nonyuum ypasHeHue
dx ;
=% |signa, (10.4)

OonucChBawulce 6HCTp06 JBWXEHNE CHUCTEMBL ITO YpaBHEHUE
B COBOKYIIHOCTH C YCJOBUSIMU

X;=x!=const, [=1, ..., n—1 (10.5)

BHIE/NSIET B CHCTEME KOOPAMHATY X, uMewowmywo OGosee GrCTpoe
U3MEHEHHE [0 CPaBHEHMIO C OCTAJAbHBIMU KOOpanHaTamu. [lpen-
MOJIOKHUM CHauata, uto x) 7% 0. B cuay ypasnenws (10.4) touxa
¢$a30BOro MpOCTPAHCTBA COBEpIIaET OBICTPOE ABHXNEHHE NO Mps-
moit (10.5) k Touke, onpenesnsiemod ypaBHeHueM o, =0 wau, uro
TO Xe CaMOe, YpaBHEHHEM

Xp==—CyX] — oo — €y, p1Xn—1. (10.6)

3aMeTuM, 4TO 34€Ch BENUUMHA Cyy, 3ABHCSLLAS OT Xj, ..., X5 __1,
ABSIETCA NOCTOAHHOM, Mostomy ypasHedne (10.6) nas maHHmX
Haua/JbHBEIX 3HAYEHWH TOYHO ONPENETAET NPEACTABHYIO BENMYBHY
nepeMeHHon x,.

He npomsBoas noka nonHoro aHaausa ABHeHus u300paxaio-
me# Touku B cuay (10.1), MoxeM cHenaTh BHIBOL, UYTO MEMJIEHHOE
IBYXEHNE TOuK# (Da30BOrO MPOCTPAHCTBA 3TOH cuctemnl Gyzer
coBepmiatbCa BOaM3d uam Ha  nosepxHoctn (10.6). Orcioza
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C/elyeT, YTO ypaBHEHHe
VAo g PP L o =0, (10.7)

2KBHBAJICHTHOE CUCTEME
Xi=Xp I=1, ..., n—2

nl 10.8
Koy = — E C1pXp (108)
E=1
npuOIMKEHHO OMACHIBAET MEIJIeHHoe ApikeHue cucrems (10.1).

Takum o6pasom, npu [OCTaTOYHO OOJbLIOM 3HaueHud K
cuctemy (10.8) MOXHO paccMaTpMBaThb KaK CHCTEMY, ONUCHIBAIO-
ILYI0 CKOJIbXXEHHE TEPBOro NOpsIKa.

PaccmatpuBas tenepn cucremy (10.8) xaxk ucxomsylo, u npu-
MEHAS K Hed aHaJOrHuHbple pACCYXACHUS, B YACTHOCTH, 3aMEHss
Bpems t=yp,t, tae p;'=>~,(K), noayunm cucremy, noxoGHywo
cucreme (10.8): '

Xi=xpy, i=1, ..., n—3
n—2
i (10.9)
Xpg=— Z CapXp

k=1

OMUACBHIBAOILILYIO CKOJbXEHHE BTOPOro IMOpadKa.
CKOJIb}KEHHe m-ro nopsiixa OMUCHIBAETCA CHCTEMOH

.?f?i:x‘-“, izl, ceay n_'m—l, 3

" l (10.10)
Xnm=— Z Cm, kP ¥k
k=1
B YaCTHOCTH, CKOJbXEHHE n — 1-ro nopaaKa onpenensercs
ypaBHeHHEM

= — %y (10.11)

3ameTuM emle pas, yTO NEPeXOA OT CUCTeMH (7 — m - 1)-ro
NopsiKa K CucTeMe (n-— m)-ro NOpsAAKa, OIMHUCHBAOIEH CKOJb-
XEHHe -0 TOpsIKa, MNPOHCXOANT B PE3YJbTaTe HEKOTOPOH
WA€aNU3aluy JABUKEHUS, COCTOAIleH B PAaCCMOTPEHUHM ABHKEHUSA
C TOYHOCTBIO 10 OBICTPO MEHSIOLIUXCH KOMIIOHEHT.

2. Yro6n mpeamiayinue paccyxAeHus He ObM QOpManbHBIMY,
HeoGxoanMo paccMoTperh 6osee noapobuo ase npobaemul. HyxHo
NOKa3aTb, YTO CKOJB3SLIMH PEKUM CYUIECTBYET, W I10Kasarh, 4TO
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CUCTeMa HAuWHas C HEKOTOPOro MOMEHTA BPEMEHH BXOJUT B CKOMb-
3suluii peuM. OCTaHOBMMCA CHauasa Ha BOMPOCE CYIIECTBOBAHMUS
CKOJIbIKEHYS.

Yro6m nosepxHocTh o;==0 (B TOukax, riae oy 7 0) Gbuia
NOBEPXHOCTbIO CKOJbXeHus cuctemn (10.1), neo6xomumo Bmnoa-
HEHWE B TOYKAX MOBEPXHOCTH COOTHOIIEHUH

lim & <0, lim & >0 (10.12)
oy —+0 6y —>—0

Vs ypasuennit (10.1) u (10.2) nonyuum
8y = — €%y + (€11 — Cog) Xa = - -+ ~- (€1, not — Con) X

Yro6u ycaosus (10.12) BHUIOJAHSAUCH, AOCTATOUHO HOTPeGOBATH
BHIIOJIHEHHST HEPaBEHCTBA

by (K) | x1| >[(c11 — €og) X3+ -+« (€1, not — Con) X5 |-

TakuMm 0o0pasoM, CKOJBXKEHHE OTCYTCTBYET B TOM 4acTH MOBEpX-
Hocth oy =0, rie BHINOJHEHO HEPABEHCTBO: ‘

bo (K) | x4 | <\ (e — o)) Xa = -+ (€1, n1 — Con) Xn |-

IMpu nocratoudo Gompmiom K 3T0 Oymer yskuft cexrtop, colep-
kamu BHyTpu ceGs MHorooOpasue o, =0, x;==0, HasoBeM ero
CeKTOPOM mnpowuBaeMocTH. JloAs A0 rpaHdulBl CEKTopa Npo-
IIMBAEMOCTH, TOUKA (Pa30BOr0 HPOCTPAHCTBA CXOAUT € MOBEPXHOCTH
0;=0 ¢ TeM, uToOH ObICTPO BepHyTbCA Ha Hee. Takum o6pasoM,
MBI T0JIy4aeM 3JeCb OBICTPOE ABHIKEHHE W, CAedys Haied meTo-
IuKe, MOxeM uM npeHeGpeus. Ho#ias mo nosepxHoctn o;==0,
TOYKa (a30BOr0 NMPOCTPAHCTBA CHOBA HAYMHAET COBeplATh ObICT-
phle ABUXEHns OT OAHOH yacTh nosepxHoctu oy =="0 (pu ¢y >0)
K Apyro#t (npu ¢;;< 0). dro OyAer CKOJbXKEHHE BTOPOro Mo-
pSAKa, KOTOPOE AETAJbHO PACCMOTPEHO HIUXKE.

PaccyxzeHne O CYIMECTBOBAHHU CKOJB3AILErO PEXHUMa, Mpo-
penenHoe s cucremsl (10.1), pasymeercs, CnpaBelJHBO W AJAs
cucteMbl (10.10). Takum 0Opa3oM, LOKA3LIBAETCA CYUIECTBOBAHUE
y cucremsl (10.1) cko/bxeHud Bcex MNOPSIAKOB OT NEPBOro 1o
(7 — 1)-T0 BKJIIOUUTEJBHO.

3. 3amava n0Ka3are/abCTBA MOMafZaHUA TOUYKK (Pa3oBOro Mpo-
CTP2HCTBA Ha MOBEPXHOCTb 6; = 0 OCJIOKHACTCH TEM OOCTOATE/D-
CTBOM, YTO KO3O®PUUUEHTH, BXOAALUIWE B YPABHEHUS 3STUX MO-
BepXHOCTeH, MoOryr ObiTb HENOJOXHUTeAbHEIMU. Dosee Toro,
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Kosdppuunents c¢; opu i==1, ..., n— 2, SBJAIOTCA 3HAKOME-
pPEMEHHBIMA.

WUz ypasuenus (10.4) creayer, uro ecan x]# 0 u oy >0,
TO BeJUUYMHA X, YObBaeT 10 TeX IOp, NMOKAa BEJWYHHA o) HE
craner paBHoi Hymo. Ecan xe o, <0, 10 BennuuHa x, Oyaer
BO3PaCcTaTh CHOBA A0 Te€X IOP, TOKAa HE NOJYYHM PaBEHCTBO
0, = 0. Tak kak nonaganue u3006paxawiuefl TOUKN Ha TOBEPXHOCTh
6;==0 mpouCXOAUT 32 KOHEYHBEIH MPOMEXYTOK BPEMEHH, TO aHa-
JOTMUHBIH BHIBOX MOKHO CHeMath u Aas mnoauo#t cucrems (10.3),
€CJAM TOJBKO B TIPOLECCe ABMMKEHHUS BHINOJHEHO HEPABEHCTBO
| )| >>e. Ecanm xe BHIONHEHO HepaBeHCTBO |xj|<e, rae e —
JOCTaTOYHO MaJoe UUCA0, TO LeJb IPOIECCa Pery/aupoBaHus
CAeAyeT CYuTaTh MOCTUTHYTOMH.

AHa/NOrMYHOE PpaCCyKAEHUE MOXHO TPOBECTH U AJsa Jmobok
u3 cucreM (10.10).

Bonee neraibHoe obcyxaeHne npobiaemel monalaHus n3obpa-
Kaoleld TOUKW Ha MOBEPXHOCTh MEpek/oyeHns OyIeT mpoBEAeHO
IJIsl CUCTEMBI TPeThero Hopsika B C/eAyiomeM mnaparpade.

4, PaccmorpuM Teneps Oosee NOAPOOHO JABWXKEHHS CUCTE-
mpl (10.1), comyrcTByMOLIME CKOJMBXEHHMIO TNEepBoro nopsiaxa. Pa-
Hee OBIIO TOKA3aHO, YTO S5TH ABHKEHUA OMHCHIBAIOTCA YPaBHEHHEM
(10.4) B COBOKYMHOCTH C YCAOBHAMM X;=x}==const npu i=
=1,..., n— 1. Ha ocu nepemenHoll X, paccCMOTPHUM TOUYKH

of = X, by (K) X} - cyoxg - o . - €4 pa¥n—1=0,
c;:::x,,~b1 (K)x?—}—cigxg-‘}—- ..—i—cl‘n_'ix?,_] =0,

OueBnIHO, YTO MNpU AOCTaTOYHO GosbuioM K ToukM oj=0 n
g, = 0 HaxoIATCs MO pasHble CTOPOHH OT TOUKH X,==0.
Beauunna og(Xj, ..., Xp—1) NPH PaccMOTpeHnu OBICTPHIX
JBWKEHHH BASETCS NOCTOAHHOK Beamynuol. [laa ompelenenHocTH
GyneMm cuutath, uto X >0 u o9(x], ..., xp_1) >0. B Toukax
ocu X, TAe BHIOJHEHO HepaBeHCTBO of >0, umeeM Takxke
o >0 u mosromy o; >0. B obnactn of <O coorsercTBeHHO
noayunM oy<_0. Ecau e BBHIIONHEHB OJHOBPEMEHHO HEPABEH-
crBa of >0 n of <0, 1o, yunthBas, uro oy >0, us cooTnome-
nuit (10.2) monyuum o, ==c; ¥, CJENIOBaTe/IbHO, B 3TOH obGaacTH
o, >0. Takum oBpasom, B oGaactu of >0 AefictsyeT ypasuenune

dx, o
T
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a B obaactn of <0 gelicTByer ypaBHeHue

dx, __ o
d= — v

HMs moGoro mnosoxenns Ha npamod Ox, Touka M HBUKETCS
8 cuay ypasuenns (10.4) go mosoxenns of = 0, KoTopoe fABAsETCA
B JaHHOM CJyuyae MOJOXKEHUEM DPaBHOBECHS.

Ecay BHINOJHEHO HEPAaBEHCTBO oy (X}, ..., Xp_1)<0, 1O
nosoxexnem pasHosecus Gyder Touxa of = 0. Ecau xe x; <0,
TO TOUKHM 6] M o) IIOMEHSIOT CBOE MOJOKEHHE OTHOCUTEAbHO
HayajJa KOODAMHAT W KAapTWHA OCTAHETCs IMPekHeH.

Tak Kak xi, ..., Xp_1 B AeHCTBUTEJIbHOCTH MENJICHHO Me-
HAIOTCA, TO MEMJIEHHO [BUXKETCS U INOJOXEHHE DPaBHOBECHS,
OJHAaKO B MOMEHT, KOria oy (Xy, ..., X%_|) WIH X; MEHAET 3HAK,
NOJIOKEHUE DaBHOBECHA MrHOBEHHO MEHSIET CBOIO KOODIUHATY,
T. €. Nepexoaut us Touku of =0 B TOuKy of == 0 nau HaoGopor.
M3obpaxaioniag TOuKa MPU 3TOM MEHSIET CBOE HAMpasJeHue
OBHKEHHS OT TPEXHEr0 NOJNONEHHS pPABHOBECHS K HOBOMY.
Takum 06pa3zom, B 3aKMOYMTEJIbHOM CTaauM ABukKEHUs U300pa-
KaAILas TouKa CoBeplaeT KoJeOaHHs MeXIY NOJOXEHUsIMA
6f=0 un of=0. 3amerum, yTO aAMIIMTYIa DPacCMATPHBAEMBIX
KoseOanu#i OyJeT yMeHbLIaThCs.

B camom nesne, KOOpAMHaTa X, MOJOXEHHA DABHOBECHS JH-
HEHHO 3aBMCHT OT OCTa/bHBIX MEIJEHHO MEHSIOUIMXCA KOODAMHAT
X% ..., Xn—1 VI3MEHeHue 3TUX KOODAMHAT OMNHCHIBAETCS TNPU-
Gamxenno cucremoti (10.8). Ecam cucrema (10.8) ycrotumsa, to
n Touku of =0, o7 =0 Oyayr MelJeHHO COBEpWIaTb ABMKEHHE
K Hyneso#t Touke. Takum o00pa3oM, u3 YCTOHUUBOCTH CHCTEMBI
(10.8) caenyer ycro#iuusocts cucremsl (10.1).

Bce nposenenspie 31ech  pacCyXA€HUS CIPaBedNUBBL  AJIsl
moGoil cucremnl Buda (10.10), Tak xak upouecc,  onuceBaeMeiit
ypasHenuem (10.11), ycToHuus, TO, paccMaTpuBas MNOCJAEN0BA-
TENbHO CUCTEMBl BO3PACTAIOILEr0 MNOpsaixa, ybedumcs B yCTOH-
ypsocTH cucremn (10.1).

6. Panee Mbl onpenennid CKOJMbXKEHHE BTOPOrO MOPSAKA Kak
apuxenue, onuchisaemoe cucremo#i (10.9). Cucrema (10.9) Guuia
NoJyueHa B Pe3yAbTaTe€ UrHOPUPOBAHUA OBLICTPHIX ABUKEHUH
cuctemsl (10.8), onuchiBaromelt CKoJAbXKEHWE NEPBOro MOPAAKA.
ITpeacrasaseT uHTEPEC HM3YuyeHUE CKOJIBXKEHHs BTOPOrO MOPSLKA
HE KOCHEHHHIM 00pasoM, a HENOCPeICTBEHHO B (DasOBOM MPOCT-
paucrse cucremsl (10.1) ¢ yuerom Onictpeix aswxenut. C sroft

b E. A. BapGawuH
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. ueqplo nposefem B cucreme (10.1) sameHy KoopauHaT y;= X

i=1"..., n— 1), y,=vx, t=yt, v =15, (K). HoBas cucre-
Ma npuMeT cJaeAyulnd BulL
dy; ,
-gé-zvyi+l, l=1, vy n-?,
ayn_y __ )
. w (10.13)
n—2
d .
% = vconyn — 2 CorVe — Iyl [ sign a,.
k=2

IMpeanoaoxum nazee, uro lim b3 (K) by '(K) =0. ITpn v=0 noaxy-
k—o0

yaeM CHCTEMY BTOPOrO MOPSAKA:

Y-
gn =Y |
%’?":_|y2|signdpy,-=y;?—_—const npui=1,...,n—2, t
(10.14)

onuckBaouy Obictpre ABmxeHus. [loBepxHocTs oy==0 u3o-
6pasntcs ‘Ha naockoct (Y, .y, ¥,) JAWHUEH, COCTaBJAEHHOH H3
noJNyNnpPAMbIX

n—2

o =Yn Vo1 n¥n1 4 D) cuvh b1 (K) yi) =0,

- (10.15)
O =Yn+ V1 nYna 1V (Z iyt — by (K)yi’) =0.

k=2

IMpn K nocratouno Goabwmom npsambele of =0 u of =0 aewxar
MO pasHbie CTOPOHBI OT Havaja KoopAnHaT. IToBepxHOCTH gy =0
OyaeT COOTBETCTBOBATH JIUHUS, COCTABJIEHHAS U3 OTPE3KOB MPAMBIX

n—2
o3 =Yn1+ b (K)y}+ D) cayi =0,
=2

n—2

7= Y1 — ba (K)yi = D} copyb=0.
—2

(10.16)

Ouesuano, npn K nocratoyno 60/bumioM audnm 63 ==0 u o5 =0
A€XaT N0 pasHble CTOPOHH OF HAaua/la KOODAMHAT.
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Iycts nas onpenenensoctn yy >0. Beawuuna o3 (yf, ...

> Yn—2) TOCTOSIHHA W IO3TOMY HWMEET ONpEUEJEeHHbH 3HaK
Wi pasHa uymo. Ilyctb o3(yy, ..., yp—2) >0. U3 coorHoue-
Hu# (10 2) caenyer, 410 B 3TOM caydae o (¥} ..., Ynuoq) ==
=05 (Y1 «» Yno1)

Takum obpasom, umeem oy >0 B obaacrd oy >0 u B 00-
nactu of >0, o5 >>0. CuenoBarenbHo, B 3Tux 0GaacTAX HeH-
CTBYET CHCTEMA

dy,._ d
Dy, Fr=—yi (10.17)

B obaactn oi <0 u B obnactu of <0, of <O neifcrayer cu-
crema

dynl =)y D =i
=Y go=

Takum oOpasoM, JauHng nepekmoueHus cucremp (10.4) spasercs
somano#t  ABCEF (puc. 15). Ecmu  oy(y, ...,y“n_z)<0, TO
JUHHEH  TNEPeKIYEHUst .

6yner nomanas ABDEF. 4
Ha puc. 15 mnokasau
BUI HMHTErpaJbHOH KpH-
Bo#i cucremp (10.14) B
cayuae oz >0, yi >0,
€1ey3—i—---—l—61,n,w?l_2<
< 0.

Touka M, mBurasce
no mnapabose B cuay
cucrems (10.16), nona-
paer Ha npsmyio CF u
CKOJNB3UT N0 HeR 1o
toukn C. U3 touku C
ABMXEHWE Jaazee MNpo-
HCXOAMT Mo mapaboJe
B cuny cucremsl (10.17) a0 Touku r,, JMekame#h Ha [pAMOM
o3 =0. B Touke P; NPOWCXOAMT NEpeKMIOueHHe U B Ja/bHek-
HIEM JBUXKEHHE NPOUCXOAMT MO NPEAEeAbHOMY LMKy P;PyCPs.

Mbr omucanan ceituac Gucrpoe ABueHue cuctems. Jluamerp
paccMaTpUBaEMOro. MpPenembHOro LWKJ3, OYEBUAHO, SABJIAETCA
BEIHUMHOH ONMHAKOBOrO MOpAAKa Maaoctw C v. Kpome toro,
€ (meaneHubiv) yOBIBAHMEM BEAMYUH VY, ..., Yn—2 BAOJb Tpaek-

5t

Puc. 135.
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TOpUM [MAMETP NPENAEJBLHOrO HUKJAa Takxke yOsBaer. Otcioaa
crenyer, uro ecan cucrema (10.9), onuceBawoLas CKOJMbXKEHHE
BTOPOTO MOPAAKA, yCTOHUNBA, TO OyaeT ycTodunBof u cucrema (10.1).

§ 11. Ilpamep cuctemMsl TpeTbEro NOPARKA
¢ (OpPCUPOBAHHEIM CKOJB3SHIAM pPEeXUMOM

1. PaccMOTpuUM ypaBHEHHE TPEThEro NOPSAKA

X+ ak+bX + cx = —aKx, (1L.1)
SKBHBAJEHTHOE CHCTEME
X=y, y=2, d=-—cx—by—az—oeKx. '(11.2)

IMycts napamerpel a, b, ¢, K OyAyT NpousBOJbHHIMH NOCTOSH-
HBIMH, OpuueM KosdduuueHT K NOJOKUTEIEH.
Beanuuny o onpenenum no gopmyie

a=sign[xAsignx(y 4+ Dx) -+ By + 2] x, (11.3)

rie A, B, D — noJoxuTe/NbHbIE MOCTOSHHBIE.
Takum oOpa3om, BeauumHa o MOXET W3MEHUTb 3HAK HA Of-
HOW U3 IJIOCKOCTEil:

x=0, T(x, y)=y -+ Dx=0,
Ri(x, y, 2)=Ax+ By +2=0,
Ry(x, ¥, 2)=— Ax 4 By +2z=0. (11.4)

[ToBEPXHOCTb MEPEKJIIOUEHHs] COCTABJIEHA W3 MAOCKOCTH X =0,
noBepxHoctu §, KOTOpas cOCTOMT u3 uyacred §;, S; miaockoctu
R, =0, uacreii Sy u S; mnockoctn Ry;=0, u uacredt T, u T,
niaockoctd T (x, y)=y -+ Dx =0 (puc. 16). Toukn nosepxHo-
ctin S, am KOTOpeIX ¥ -+ Dx 7 0, yROBAETBOPAIOT, OUEBUAHO,
VP aBHEHUIO

R(x, 9, 2)==Axsignx (y -+ Dx)+ By +2=0. (11.5)
IToepxHoCTb S ¥ maockocTh X =0 xesstT asoBoe NMPOCTpaH-

cTBO Ha ueThHipe o6sactn, G, G, G, G;, onpegmensemole COOT-
BETCTBEHHO HEPaBEHCTBaMu

obaactb Gj: x>0, R>0
obaacte Gy x<0, R>0,
ob6aacte Gy x<0, R <0,
- ob6aacth Gy x>0, RLO.
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OueBunHo, umeeM a=—1 B obaactax G u Gy 1 a==—1
B obaactax Gy u G

Ha nosepxnoctn § BOausu npsmo#t N,ON,;, 10 KoTOpOH
nepecekatorcs mrockoctTn Ry=0, Ry=0 u x =0, Buigensorcs
cektopnl L;OL, u L3OL,, B KOTOPHIX Tpaekropun cuctemst (11.2)
«TIPOLIMBAIOT» MNOBEpPXHOCTh §. MoXHO mOKasaTh, uYTO MyTEM
BeIOOpa OOCTaTOYHO

[ iy

Gosbwioro K yrim 3TuX 2__ &
CEKTOPOB MOXHO CHe-
AaTh KaK YrogHO Ma-
asiMu. Bo Bcex ocrajb-
HBIX TOYKax MOBepX-
HOCTh S sIBJASIETCSH  1O-
BEPXHOCTBIO  CKOJbKe-
nust. Ilnockocte x =20
ABAIETCA «Tpouivsae-
MOM» MJIOCKOCTHIO.

2. Teopema 11.1.
Ecau  napamempor A,
B, D noaomcumensro
u K=K, 20¢ K,—
docmamouHo GoasuLloe
wucao, mo 8ce pewenusn cucmenms (11.2) o6aadaom csolicmeon
limx (t)=limy (t)= lim z (fy=0.

{— 0 =0 t—c0

HanGospmult uHTEpEC NpEeACTaBAsieT MOBeNEHHE TPAaeKTOPHit

B CJyuyae, KOrJa BBINOJHEHB HEpPaBEHCTBA

B'—4A<0, DLO05(B+VBF44).  (11.6)
AroT caydah, ssasoulnics HauboJee TPYAHLIM, MBI U PAacCMOT-
puM noapo6uo B AaibHefiiemM. TUNMUUHOE NMOBENEHHE TPAEKTOPHH
npu BHNOJHeHNWH HepaBeHCTB (11.6) onuchBaercs caenyoUuM
obpasom. IlponsBosbsas Touxka (pasosBoro mnpocTpaHcrea au6o
MONaJaeT uepe3 KOHEUHHH MPOMEXYTOK BpEeMEHU Ha YOBepX-
HocTh S, inGo 33 GeCKOHEuHBlit IPOMEKYTOK BPEMEHM Henocpen-
CTBEHHO B Hauaao koopiuHar. Ecau Touka M nonalzer Ha uyac-
™ S; wau S nosepxnoctu S, TO B HajbHeRieM oxa GyHer ABH-
FaTbCs B CHJIYy CUCTEMBI

X=y, y=—Ax—By L7

MO cnupajsesuIHOd KpuUBOH, MOKa He no#aer no maockoctu T ==0.
Hpoitas naockocrs 7 =0, Touka M JZo/KHa MOIACTh, HAPUMED,




134 YCTOUYUBOCTL CUCTEM PEIY/HPOBAHUS e

c vactn §3 Ha wacTe Sy, a ¢ uwactn S Ha uvactb S;. Ha wacrax
Sy v §; nmrockocty Ry =0 neiictByer cucrema

%=y, y=Ax — By, (11.8)

¥ ecan K [OCTaTOYHO BEAMKO, TO TOuKa M moHaer no KpuBO#
runep6oMYeckoro THna cHoBa K miaockoctn 7T ==0. Oauaxo,
NpOHAA 3Ty MJIOCKOCTb, TOYKA CHOBA MOMaZeT B 081acTb NPUTSH-
weHnst naockocth Ry =0. Takum oO6pasoM, nepexoias ¢ OAHOH
CTOpOHB IIOCKOCTH T =0 Ha apyrylo n xone6ascb Mexiy
naockoctamu  Ry=0 n Ry=0, touka M npumer B Hauano
KOODAMHAT, T. € Mbl INONYYaeM HEWACalbHBIH CKOJb3AWMH pexum
ABukenuss Toukn M mno nosepxHocté S. B maockoctu T=0
CYILECTBYET npsiMasl JHHUs

y -+ Dx=0, z-+ Dy==0, (11.9)

KOTOpast, B HEKOTOPOM CMBLICJ€, HANpaB/sfer ABHXKEHue H306pa-
WaAOLIeH TOUKM K HayaJy KOOpIMHAT.

B HeKOTOpBIX C/yuyasX npu BHIOAHEeHuH HepasencTs (11.6)
ABMXeHHe u300paxalomel TOUKM B 3aKJOUUTENLHOH CTaguu
MOXET MPOMCXOAWTh mo-uHoMy. [lo#iast mo moBepxHocTH S 10
maockoctn 7 =0, Touka M colIer ¢ Hee, HO MOXeT He AOHTU
10 uactu Sy, a moBepHyTh BOKPYr JuHum (11.9) oGpaTHO K S
B srom cayyae Touka M, OHCTPO Bpaulasicb BOKPYr JHHHH
(11.9), 6yner acumMnTOTHYECKH NPUBIMKATLCA K HaYaJly KOODIAMHAT.

Huxe naercs nompoGHoe 0OOCHOBaHME BHICKa3aHHBIX ceHuac
MOJIOKEHUH.

3. IlepeitmeM K 10Ka3aTeqbCTBY TEOPEMBL

ITycrs ans omnpeneneHHOCTH Touka M B HauyaabHBIH MOMEHT
BpeMeHn siexur B oGaactu (. TlokaxeM cHauala, yTo ¢ pocToM
t Touka M mnomameT Ha IOBEPXHOCTh S.

W3 noxasareapcTBa Teopemb 9.1 BTOpO# riaBm caedyer,
YTO C POCTOM BPEMEHM TOYKa M anbO M[ONafer Ha IIOCKOCTb
Ry=0, a cxenosarensho, va vacrts Sy wau S; mosepxmoctu S,
6o Ha maockocts x==0. B rnocaeanem cayuae Touka M
Boliiaer B o6nactb (. O6aacts (G paccexaercs MHTErpaabHOMH

MA0CKOCThIO cucremsl (11.2) npn a==-—1 Ha ABe yacTu. Ypas-
HEHHE 3TOH NJIOCKOCTH HUMEET BU[
P+ x—2y 4 2=0, (11.10)

rae y u 3 — BENIECTBEHHas M MHUMAs 4YacTH KOpHeH ypaBHeHus

W ah? - b ¢ — K==0, (11.11)
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Tlpn K nmoctatouHo Ooabwom ypasHenne (11.11) umeer napy
KoMNaeKcHHX KopHe#t 7= id (1< 0, 8°>0) n BewecTBeHHHH
NONOKUTENbHBIR KOPeHb p. (QueBHAHO, ¢ pocToM K HEOrpaHu-
YeHHO pacTyT W BeauwunHs |7, 8, p. Ecam rtouka M aexur
Beile uHTerpaabHofi maockoctu (10.10), 10 ¢ pocrom ¢ oHa
Bhiiier Ha maockocTh x=0 (nprn y < 0) winm nonazer Ha
naockoctb Ry=0, T. e. Ha wuvactu & wau §; nosepxuoctu S.

Ecan xe Touka M (xy, ¥, 29) N€XUT Huxke miockoctd (11.10),
TO HETPYHAHO MOKasaTb, 4TO M He MOxeT BblATH M3 o6sactu G,
uepes naockocth x =0. CnpaBeauBOCTb 3THX YTBEPXIACHHH
BBITEK@ET M3 J0KasaTeabcTBa Teopemn 9.1.

C apyro#i cTOpOHH, J€rKO BHAETb, YTO BAOJb TPAEKTOPHH
TOukn M umeeM

Ry(%, 3, 2)==coe® (w3 -+ Bp— Ao (®),  (1112)
rae ¢()—0 npu f —co n
co=(1* - 3%) 2ty — 21 -+ 2] [(s — 7 -39

Tak kak BeanunHa p?~-Bp-— A npu K Z0CTatouHo GOJbLIOM
ABJAETCH MOJOKUTEAbHOH, TO BequunHa Ry (x, y, z) Heo6X0oauMO
JdoaxHa  mepedTd M3 o0/acTH  MOJOKUTENbHRIX ~ 3HAUEHUH
(Ra (%0, Yo 20) >0) B 06aacth OTpUIATENbHEX 3HaueHnH. Takum
oOpasom, Touka M aubGo nonamer Ha uacte S, wiaum Sy NoBepx-
HocTu 8, snmGo Bhifimer Ha miockocth x==0 npu y=0. Ho
B nocaenHeM cayyae B § 9 gokasaHo, uro Touka M, nonas
B o0aacte (J;, HeoOXOAMMO [OJKHA MNONacTb Ha TMJIOCKOCTb
R, =0, 1. e. imb6o Ha uactu S,, S§; nosepxuoctd S, 6o Ha
vacte 7, njaockoctu 7 =0.

Wrak, moGas Touka ¢asoBOro NpOCTpaHCTBZ HeOOXOAUMO
NnonajgaeT Ha NOBEPXHOCTL S.

4. PaccmotpuM nasiee ABMXKEHHe TOYKH M MO noBepxXHOCTH S,
npeanoJaras BHIOJAHEHHbIMU Hepasedcisa (11.6).

Tak kak B*—4A<0, T0 Ttouka O pas cucremm (11.7)
ABASETC 0COBOR TOuKOH THMA «(hOKyC», a ans cucrembl (11.8) —
0co00# TOUKOH THMA «CEAN0».

M3 Broporo nepasencrsa (11.6) caeayer, uro oaHa U3 cenapar-
puc cucremsi (11.8) sexut Ha wacrsix S u §; nosepxuoctu S.

TakuM 00pasoM, JIErKO yCTaHABAWBAETCA XapaKTep ABUKEHHH
TOYKM NO noBepxHOCTd S 10 TeX MNOp, NMOKAa TOYKa He [0#-
Aer 40 maockoct =y - Dx=0 wuay 10 CEKTOPOB npo-
musaemoctn L,OLy, LyOL,. B nocaennem ciyuae Touka M,
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OTOPBABUIMCH OT IIOBEPXHOCTH S, CHOBA 11011aJaeT HA HEE [0 APYTyIo
CTOPOHY CEKTOP3, IPUYEM BEJIMYUHA OTKJIOHEHHS TOUKH OT S ¢ poc-
TOoM K CT2aHOBHUTCS KaK yroiaHo Maaoit (cM. § 7 BTOpOH r.iasbi).

Ocraercs pacCMOTpeTh MOBEIEHME TOUEK, MONABIUUX Ha ILI10-
ckoctb 7'==0, 1.e. Ha oaHy u3 yuHn#t 0Q; (i = 1,2,3,4; puc. 16).
JonyctuM, Aas Onpeae eHHOCTH, YTo Touka M aexut Ha audnn 0Q,.

Herpyano suners, 4to npu BhinojHenuu ycaosui (11.6) caexn
na0ckocTn 2 -+ Dy =0 Ha naockoctd 7 ==0 JEKUT B CEKTOpE,
00pa3osaHHOM caenamu Iockocreit Ry ==0 u R,==0. IToatomy

BAOJb TPAEKTOPWA ABUKEHHs TOuKku M BesmuuHa 7 MeHseT 3HaK
U JBUXKEHHE SBJSETCS CYLIECTBCHHO KPHUBOJMHEHHBIM,

Onupasicb Ha METOA MaJoOro IapaMerpa, MOMHO MOKa3aTh
nyTeM paccyxaeHud, npusegeHHbix B § 10, uto asmxeHne wn3o--
Opaxatouielf TOUKY B 3aKJ/IOUUTENLHON cTagun Oyrer NpOMCXOaUThb
MO0 HEKOTOpO# CNMUpPa’eBUAHON KPHBOH, OXBAaThIBAIOUIEH NPAMYIO
(11.9); sro asuwxeHue u OygeT CKOJbXKENHHEM BTOPOro nopsika.
Takum 06pasoM, CKOJIbXKEHHE BTOPOrO HOPAAKA OCJIOKHEHO Obl-
CTpHIMH ABMXEHusMH BOKpyr mnpsamofi (11.9). Wrnopuposauue
GHICTPHIX ABVXKEHHH MPHUBENET K WACANU3ALMHU CKOJbXEHUS BTO-
poro nopsaxa, u Mbl' noayuuM ypasHenne X - Dx==0, onuch-
BAIOIEE HJEATLHOE CKOJIbIKEHUE BTOPOro MOpalKa.

5.. OcTaHOBUMCS KPATKO Ha ONUCAHWUKM OCTa/bHHIX CJAYyuaes,
Koria xorsi Obl OZHO wu3 HepaseHcTB (11.6) He BhimoaHsETCA.
Ecay BBINOJIHEHO HEPaBEHCTBO ‘

B —4A4A=0, (11.13)

TO Hauano koopaunat asas cucreMsl (11.7) 6yaer ocoboi Touko#
Tuna «yseda». Ecan Hapsgy ¢ (11.13) BhINOJHEHO HEPaBEHCTBO

DL 05B-FVBF44), (11.14)

TO 4YaCTb TOueK S; W S OyeT BXOAMTb B Hauajio KOODAMHAT
BJOJIb MPSMOH

y=—05B—V B —4A)x, R =0, (11.15)

a OCTa/lbHblE TOYKM CHOBa OydyT MoOnagaTh Ha NJIOCKOCTb y -
-+ Dx==0 n cosepmarb B AaabHelieM Kk Touke O CKOJb3AILEE
IBUKEHME TOYHO TAKOrO KE THNA, KaKOe MHl PAaCCMaTpUBAJIA
paHee.

Ecan napsgy c (11.13) BHIIOAHEHO YC/IOBUE

D=05(B-+ VB T44), (11.16)
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TO BCE TOUKH MOBepXHOCTH S OyIyT 3aBepuiaTh CBOE IABUXEHHE
K Haualy KoopauHar Brosb npsamo#t (11.15).

Ecan Hapsaay ¢ (11.16) Buinoaneno nepasenctso B? — 44 <0,
TO «BTOpDOE€ CKOJIbXeHue» ne OyaeT wumers mecra. B 3ToM
cayuae wu3o6paxaiomas TOYKa, [ONaB, HanpuMep, Ha 4acTb Sy,
poxoant o auuna OQ,. Ecim K — pocratouHo Gosbuias seau-
upHa, TO JunHus OQ, neaukom jaazee nepexoaut B JmHuIO O0Q),
AGWAMYI Kak yroaHo Oausko K Jaunnn 0Q, B camom nene,
caen niockoctd Dy 2z ==0 na naockoctu 7 =0 nexut B 3TOM
c/yuae BHE CeKrTopa, 06pasoBaHHOro cienamu miockocred Ry =0,
Ry=0. B obaactn Ty;==0, Ry >0, x< 0 aeficTsyer HEyCTOH-
yMBas CHCTeMa, TaK Kak a==— 1, Beawunna 7 BROAb TpaeKTOpHU
ABUKEHUA He MeHseT sHak. [lostomy nmpu K nocratouyHo 60Jb-
wom nepexon Toukw M ¢ Jqunun OQy Ha aunmio OQ; MOXHO
CUMTaTh COBEPLIAIOHLUMCS MO HEKOTOPOH MpPAMOH,

[Monas na /uuno OQ,, nsobpaxatouras Touka M OYAET CKOMb-
3UTb MO uvacTh S A0 Tex Mop, MoKa He JOHAET A0 CEKTOpa mpo-
wusaemoctn L,OL,. Tlonmas na auHmo OL;, wnsoOpaxawouias
TOUKa COHWAET ¢ NOBEPXHOCTH S M 4epes Majnii HPOMEKYTOK
BpeMeHu (cpaBmuTb ¢ § 7) CHOBA IOMANeT Ha NOBEPXHOCTH S,
HO yxXe Ha vacth Sy ‘

3ameTuM, uTO ecau Ob MpOeKuus TOUKM M Ha MJIOCKOCTH
(x,y) asuranach B cnay cuctems (11.7), 10 3a Bpems Af ona
nonasa Ows Ha JuHnmo Dyx - y==0 (C TOYUHOCTHIO 1O MaIHX
o (K'')). 10T (haKT nOACKAa3HBAET CAECAYIOULYIO NHTEPIPETALUIO
aBMkenns no nosepxuoctn S: nosepxuocts KR =/0 HenpepeiBHa,
R=R;(x,y,2) u 3Hak A Meusercs He Ha IIOCKOCTH T=—=0, ana
naockoctn T"=Dyx-}+y==0.

Ecau npenebpeub B 9TOM CJyyae OLIMOKOH OAMHAKOBOro mo-
panka ¢ K%, TO IBHMXEHHE TOYKW MO MOBEPXHOCTH S MOXHO
OMuCaTh CUCTEMOH

X =y, y=— By —oAx, ay=signx(y-+Dyx). (11.17)
IIpoussonuas no spemenn (yuxuun v= Ax?-{-y? B3sras B cuay
cucremnr (11.17), umeer BuA
D=—2By"+24(1 — o)) xy=

—2By? npu (Dyx - y)x =0,
= { —2By*—4A| xy| npu (Dyx - y)x<0.

CaefoBatenbHo, GYHKUMA O (X,y) YAOBJETBOPAET  yCJOBHAM
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TeopemMsl 12.2 nepBo#t riiaBbl, U3 KOTOPOH CJELYET aCUMNTOTH-
yeCKass yCTOHYMBOCTb B LEJOM HYJEBOrO pEUIeHHS CUCTEMB
(11.17). BnpoueM, cnpaBemJMBOCTb HalIei TEOpeMsl B JHaHHOM
C/lyuae BBHITEKAET W3 HENOCPEACTBEHHOrO KaueCTBEHHOTO uccJe-
IOBaHWsS TOBENEHUs TpaeKTOpUH Ha mnoBepxHocTd S. 3ameTuw,
UTO B 3TOM Cjyuae u3o0paxaiouias TOUKa JABMKETCA K Touke O
MO ChnupajesuaHOH KPUBOH, OTKJOHALIEHCS HE3HAUMTENLHO
or § 8 cexropax L,OL, L,OL,

3aMeTHM, HAaKOHel, YTO JOKA3aAHHYIO TEOPEMY MOXHO Obia0 Gbl
TPAaKTOBAaTh KaK TEOPEMY OO0 acUMMTOTUYECKON yCTOHUMBOCTH Hy-
JIEBOTO MOJIONEHUS paBHOBecus. Pagyn mMatemaruyeckoll crporocry

z

T 5 Zcer) ‘

Puc. 17,

MOXHO ObIO 6B B 3TOM CJyuYae MOKa3aTh, uTO /s MOGOro
e >0 MOXHO yKasaTb UMC/IO  TAKOE, UTO 3 Xo} - yol-4-2,? < 3%
crenosano 6w npu ¢ >0 X3 (f) -+ y2(f) - 2%(t) << &, rae x (), y(t),
z(f) — pewenue cucrembl (11.2), onpenesiseMoe HauaJ bHBIMH yCIO-
susMu x (0) = x,, ¥y (0) =y, z2(0)= 2,.

OmHako 10Ka3aTeabCTBO 3TOFO (hakTa Mhbl ONyCKaeM, 3aMe-
TUM TOJILKO, YTO 3TO /0Ka3aTeNbCTBO MOXHO ObLIO O MpOBecTH
TOUHO TaK Xe€, KaKk 3TO cAesaHO B § 8 BTOpPOH ruashl.

Ha puc. 17 npusomsrcs rpaduKi NEPEXOAHHIX MPOLECCOB,
nojyueHHwe Ha moaead MH-14, npu cieaywmmux 3svaueHusx na-
pametpoB: a=0, =0, c=1, K=100. Kpusaa (1) coorser-
cTByeT 3Hauenuam napamerpos A==12, B=2, D =234, Oue-
BUAHO, B 3TOM CJayuae Bhinoandiorcs oba Hepasencrtsa (11.6).
Kpusas (2) coorserctsyer cayuaio, KOria BHINOJHSIOTCS HEpa-
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Benctea (11.13) u (11.14); smecs npuusro A=10, B=10,
D=25. Kpusas (4) coBnagaer ¢ KpuBo# (2), TaK Kak OHa NO-
ayuena npu A=10, B==10, D==20. Uamenenne D obecneunno
B 9TOM CJyuyae BhiMoJHeHue HepaseHcTB (11.13) u (11 16), onna-
KO HE OTPa3uJO0Ch Ha NPOTEKaHWH MEepPeXxOoJHOr0 Npouecca, uto
BMOJIHE COOTBETCTBYET BBIBOAAM, NpPHUBEIEHHBIM BBILIE, TaK Kak
B 000UX PaCCMOTPEHHBIX CJyuYasX [BWKEHHUE 3aBEPILAETCS BHOJb
npsmo#t (11.15).

Haxoneu, xpusas (3) coorBercTByer 3HaueHusm A=—10,
B=2, D=10. B 3TOM cuayuae BhINOJHEeHb HepaBeHcTBa B?—
— 4A <0 u (11.16), cnenoBaTENBHO, CKOJbXKEHUE BTOPOrO MO-
PAAKa OTCYTCTBYET.

Takum 00pa3oM, TOJILKO NEpexojHbiit Tmpoilecc, U306paxen-
HpIt KpUBOH (1), COOTBETCTBYET NPOUECCY C HAJMUHEM CKOJbXe-
HAS BTOPOro nopsaaka. V3 cpaBHeHHA yKasaHHRIX KPUBBIX CAEAyeT
BBIBOA O 3HAUMTE/NbHBIX MPEUMYIIECTBAX CHCTEM MEPEMEHHOH CTPYK-
TYPB C (POPCUPOBAHHBIM CKOJB3AUIUM PEKHUMOM.



raTABA I

YCTOUUUBOCTb PELUEHUN NUSSEPEHIMANLHBIX
YPABHEHUI! B BAHAXOBOM MNPOCTPAHCTBE

§ 1. BanaxoBo mpocTpaHcTBO

1. PaccmoTpum HekoTopoe MHO¥ecTBo FE, B KOTOpPOM BBe-
NeHsi [BE OMNEPILHK: CIOXEHAE 3/EMEHTOB © YMHOXEHWE Ha
ypcao. [lycTe 5Tu onepamun yAOBJAETBOPSIOT CHEAYIOLLAM  YCJIO-
BUSIM:

D) x+ty=y-+x (KOMMYTATHBHOCTb CJOXEHHS),

2) (x+y)+z=x-+(y-+ 2) (accounaTnBHOCTb CJAOXKeHNs),
3) A(x+y)=re-4-ry } (ZncTpubyTHBHOCTL  YMHOXE-

4) A+p)x=>:ix+px HUSt OTHOCUTEJIBHO CJIOXKEHNS),
5) A(px)=(0Aw)x (accounaTuBHOCTbL  yMHOXE-
HU), »

6) cywmecrsyer B E Ttakofl (HyneBoit) snemenr 0, uro Ox =0,

7 1l.x=x.

IMpeanonoxum ganee, 4To IS KAMAOrO 3MeMEHTa X us F
OnpeneseHo HeoTpuuatenbHoe uncao || x ||, HassiBaemoe wop-
Mol saeMeHTa x. Ilyctb HOpma X yHOB/AETBOPHET CJELYIOILUM
YCJIOBHSIM:

a) || x| =0 sxsuBarentno x=20,

b) [|Ax | = |A||| x| (oanopoanocts HOPMBEL),

o |[x+yll<|lx|| + ||yl (nepasencrso Tpeyroabunka).

Ecan 8 mHoxecTse E BBeaeHbl ONEDALUH CIONKEHAS W YMHO-
HEHHA HA UHCAO, YAOBJAETBOpsOWME YycaoBuaM 1—7 u ecan,
KpOME TOTO, ONpefe/NEHO B COOTBETCTBHM C YCJAOBUAMH 3, b, ¢
MOHATHE HODMB, TO MHOXeCTBO E HAs0BeM AUHEIHbIM HOpMU-
POBAHHBLM TIPOCTPAHCTBOM,

[Tpoctefiluum  UpUMEPOM JAHHEHHOrO HOPMHDPOBAHHOFO  MPO-
CTPAHCTBA MOXET CHAYXHTb NIDUMED KOHEUHOMEPHOrO BEKTOp-
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HOro mnpoctpaHcTBa. IIpuMepsl BBeleHHA HOPMH B 3TOM IpoO-
crpaHcTBe Obliin npuBefeHsl B § 1 nepBo#t riassl.

HopmuposaHnHoe /nHelHOe npoCcTpaHcTBo E Ha30BEM n0AHbLHM,
e w3 || x, — X, || =0, (m, n—co) crexyer CXOAUMOCTH
Mo HOPME IOCJeNOBATEJbHOCTH {X,] K HEKOTOPOMY 3JIEMEHTY
Xy 3TOr0 mpocTpancTsa. [loanoe JuHeliHOE HODMHUPOBaHHOE NPO-
CTPAHCTBO OyZeM Ha3blBaTh O0QHAX08bLM TIPOCTPAHCTBOM WJIH
B-npoctpancrsom.

PaccMoTpuM 1Ba JMHEHHHIX HOPMHUPOB2HHHX NPOCTPAHCTBA
E, n E, Ilycte Ha HEKOTOPOM IOAMHOMXECTBE X HPOCTPAHCTBA
E, onpenenena nexoropas ¢yuxuus F(x) co 3HaueHnsaMu B npo-
crpanctse E; wHaue roBops, MyCcTh 3afaHO HEKOTOpPOe oTobpa-
wenne F(x) mHoxectsa X B npoctpanctBo E, Otobpaxenue
F(x) Oynem uasmiBaTe B AajbHelileM onepamopos. B uactiiom
cnyuae npocrpanctea E; m E, moryr cosnasate. Orneparop,
otoOpaxawmuil £; Ha YHCAOBYWO OCb, HA3HIBAETCS (DYHKLLUOHA-
AOM.

Onepatop F(x) Ha3niBaeTC JHHEHHBIM, €CJIH OH SBJSETCS
AJIUTHBHBIM ¥ OJHOPOAHBIM, T. €. €C/AH BHIMOIHAETCS COOTHO-
HIeHne

F (o ~ Boxg) == aF (x1) - BF (xy),

rie o, B — CKaJgpHBIE BEIHUYHHBI.

Onepatop F(Xx) Ha3bBAETC HENpeps 8HbLM, €CIN OH KaXKIYIO
cxoasutyroca (no Hopme B E;) NOC/AEN0BaTENbHOCTb 3JEMEHTOB
NIEPEBOANT TaKke B cxodauwywocs (mo Hopme B Ey) mociaeno-
BaTE/ILHOCTb 3JaeMentoB. Ouepatop F(X) HasbiBa€TCd O2PAHUYEH-
HbLAM, €©CJM OH TNEPEBOAMT KaxJoe OrpaHnueHHoe (Mo HOpPME)
MHOXECTBO B OI'DAaHHUEHHOE MHOKECTBO.

JluHelHBR oneparop HENnpephiBEH  TOrJZa © TOJNBKO TOrAa,
Koraa oH orpaHuues ([71]). I8 auHeHHOro HENpPEpPLIBHOrO Ofe-
paropa F MOXHO yKa3aThb Takoe MOJOXUTEJIbHOE uuca0 K, 4ro
s scex agementos x (C E), Ha xoropeix omepatrop F onpene-
JIeH, HMEET MECTO HEPaBEHCTBO

[F@ <K x]. (L1

Hanmenbmee u3 uucen K, NPH KOTOPHX BHITONHSETCS HEPaBEH-
crBo (1.1), nasmBaerca wopamoi oneparopa F u 0603Hauaercs
yepes' || F||. B nanbneimem mis Jauseinoro omepatopa Gyser
4acTO HCNOJAb30BaThCH Bamuch F (x) = Fx.
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Jlerko suzetb, uTo HOpMa JIMHEHHOrO OFPaHUUYEHHOro onepa-
TOPa MOXKET ObITb ONpede/eHa COOTHOLUEHUEM

I F 1l =sup || Fcl (12)

2. VisBecTHO, uTO JMHEHHBIH oneparop, AelcTBywwMH B
KOHEGHOMEPHOM BEKTOPHOM npocrpanctse E,, Moxer ObTb 3aaaH
marpuief. Takum o0pasom, coorHouwenue (1.2) MOXET CAYKHTD
onpejie/leHHeM HODMbl MaTPHIBL, 9Ta HOPMa COIJIACOBAHA C HEKO-
TOPBIM 3aJaHHBIM CIOCOOOM BBEAEHHS HODMBl B TIPOCTPAHCTBE
E,. Paccmorpum npuMepsl onpelefeHus HOPMB Marpumsl A,
npeoGpasyiolet BekTopHOe NpocTpaHcTBo E, B CBOK yacTe.

I[Tpumep 1. Ilyctb HOpPMa BEKTOpA B N-MEDHOM BEKTOPHOM
npocrpanctee E, onpenensercs Qopmynaoi

I ll=( X =)™, (1.3)

i=

u nycts A — KkBaapatHas £ X 71 -—MaTpHIA C S/MEMEHTaMH  ap.
Jlerko Buaerth, uto

n n
| AP =sup || Ax|F==sup 3} (3] asuxs ) = sup(A*Ax,x).
tef=<t h—l =l =<1

lxl=152y

B cnay nepasencrsa (10.3) nepso#t raaswt sesnumna || A || ?
paBHa B 3TOM Cayuyae HauGosbliemy COOCTBEHHOMY YMC/Y KBal-
parnuHoft popmbl (A¥*Ax, x). 3ameruM TaKKe, UTO MM HOPMH
MaTpuilll A HMMEET MECTO B PacCMAaTPHBAEMOM Cayuae IpocTas
OLIEHKa

n

TAll<( Y a)" (1.4)

ik=1
Ipumep 2. Tlycre Hopma BexTopa 3anaercs Qopmy.aof
[ | =max | | (1.5)

Wmeewm, ouesnano,

n n
| Ax ”=SL:p l Z]a,-kxk ’<|lx” sup Dllagl=L|x]|.
i s

n
Taxum ofpasom, || A <<sup Y |a;]=L.
i p=1
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IToxaxem Tenepsb, urto || A || = L. Paccmorpum takoe iy, nas
n

KOTOpPOro Z |aie|=1L, u paccmoTpum BektOp X°(xX},..., x7),
k=1

rae xj=signa;, Jlerko suaers, uto [ X°|| =1 n ||A| =
n
= || Ax® || = Y] | aie|=L. Taxum 06pasom, umeeM B 3TOM
k=1
cayuae
” A ” -—Sllp Z {alk{ (16)
E=1

[Tpumep 3. 3anaaum Hopmy Bexropa OpMYJOH

x| = Z | x; . (1.7)

i=1

[TokaxeM, uYTO JMAJsS HOPMBI Marpuisl A CHApPaBeAJuBO COOT-
HOLUEHHE:

A fl=sup Z | @ | (1.8)

i=1

B camoM nene JIeFKO BHIETb, YTO

“Ax“_z‘zathk‘ ”x“ supZ|a1kl

i=] i=1

Taxkum obpasom, || A || =< <sup Z lag| =M

i==1

Ilycty ky— TO 3HAaueHHe wHHIAEKC3, AJM1 KOTOporo M=—

= ) | aix, | Paccmorpum Bektop X ¢ mpoexumsmn x;==0 mpu
i=1

i kyun xp,==1. OueBnano, umeem || X || =1 u, kpome Toro,

n
IAll=1Axll= 3 law,i=M

i=1

8. PaccmoTpuM Temepn cayuadl, koraa E — nunetinoe -HOp-
MUpOBaHHOE MPOCTPAaHCTBO M B — 6anaxoBo npocTpancTso. Pac-
CMOTPHUM COBOKYNHOCTb BCEX JMHEHHHX ONEPATOPOB, NEPeBolsi-
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mwhx npocrpanctBo £ B mpocTpaHcTtBo B; 3Ty COBOKYIHOCTDH
Oynem oOosnauate cumosoMm [E — B} Ilycts F; w Fy — one-
paropst us [E— B]. ITo onpenenenuno, F—=F, -} F;, ecau nas
mo6oro x (C E umeeM Fx = F,x -} Fox. Jluxelinsie onepaTopsl
MOXHO Takxe yMHO¥atb. Ilycts E;,, E, E;— nuuefinsie
HOpMUDOBaHHble mnpocTpaucTBa #  nycte F & [E, > E)] u
® € [Ey— E;3). Tlon npowussenenuem omepauni F n @ Gynem
noHuMats omnepatop PF, nepesoasimnit E, 8 E; no mnpasuiy
OF (x)= (F (x)), rae x € E,.
Jlerko BuAEeTb, YTO CNPABEMJIMBO HEPABEHCTBO

NeF( <[ IFI

Ecau B npocrpancrse [E — B] Bsectu Hopmy coryacho (1.2),
TO MOXHO IMOKa3aTh, 4TO NMPOCTPaHCTBO |{E — B] Oyxer mojaHmM
JINHEHHBIM HOPMUDOBAHHBIM NPOCTPAHCTBOM, T. €. 6aHAXOBBIM IPO-
CTPaHCTBOM.

B nanbuefimiem Ham MOHaZoGATCSt CAEAYIOUIME TEOPEMBI:

Teopema 1.1 (banaxa—llresiuxayca) ([71]). Ecau
ROCAE00B8AMENbHOCE  AUHEHHBX — O2PAHUYEHHBLX — onepayui
{F,}, nepesodawux Ganaxogo npocmpancmso E;, 8 auneinoe
Hopmuposannoe npocmparcmgo E,, oz2panutena 8 raoscdol
mouke, m. e. ecau

sup | Frx || oo,

mo HOpMbL Smux Onepayuil 02paHuteHs. 8 COBOKYNHOCHU
WPl <=M <o (n=1, 2, ...).

Teopema 1.2 (mpuHuun cXaTex oToO6paxeHnh
({72)). [Tycme onepamop F nepegodum wap T Garnaxosa npo-
cmpancmea 8 ceGs U NYCMb BHHOAHEHO YCAO8UE

| F(x) — F(xg) || <ol 60— xal,

20e 0<a <L

Ypasnenue F(x)=x umeem 8 wape T eduncmsennoe
pewenue x*, xomopoe moacem Goime Haideno Memodom noc-
aedosamensuolx npubAuNceruil.

4. ITycts Ha uucnoso#t ocw 3amana yukiuns x (f) co 3Ha-
yeHuaM# B GaHaxopoM mpoctpaHcree E.

Caenys oOGBIUHBIM MPABAJA2M, MOXKHO [aTh ONpeNe/eHHUe npo-
U3BOJHOK M HHTerpana oT QyHkuuu x (f).
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Tak, wanpumep, npowmssonnas (mo Opeute) dynkuun X (f)

B TOuKe f, MOXET ObITb ONpeAeNeHa MO NpPaBUIY

. X (f)—x (¢

i (t) = 1im T O —* )

£ty —

€C/IN  yKasaHHbI mnpesen (B CMbICAE CXOAMMOCTH NO HOpMeE)
cyulectByer. Onpenenennsift nuterpan (mo Boxuepy) or dyHk-
unn x () onpeaenuM Kak Ipejes MHTErpajibHBIX CYMM BnIa

n—1

Sp= Z X () (tesa — o)

k=0

rune a=t0<t1<f.2<...<tn=§, tké_rkgfk+1,k=0, 1,...
ver, n—1, NpU yCAOBHM, 4TO R-—>00 W Sup |ty —*t,] >0,
k

Ecay ykasaHHpIH mpedes CYWIECTBYET W HE 33@BHCUT HU OT CHO-
coba neneHus oTpeska [o, B] Ha YacTHUHBIE OTPE3KH, HU OT
croco6a BHOOpPAa TOUEK T, HA YAaCTHUHBIX OTPE3KAX, TO OyIeM
rOBOPATb, 4YTO MHTErpan oT ¢yukuun x(f) no orpesky |e, B]
cyuiecTtByeT, ¥ OyldeM 0003HauaTb STOT MHTErPaj CUMBOJIOM
g

{x(t)at.
a

IMepefinem Temepp K MOHATHIO MOJHOH Bapuauuu abCTPakTHOH
dynkuun g(¢), npuHuMarowel 3Hauenuss B E.

PaccmoTpum cHoBa mnpomexyTok [a, B] ocu £ m BCEBO3MOX-
HBle Das0ueHus 3TOro mpoMexyTka a==t,<t;<...<t,=8
Ha KOHEYHOE YMCJIO YAaCTHYHBIX MHTepBasoB. ITo onpeneneHnio,
BEJHUHHA

n—~—1 g

sup kZO | gt) —g(te) || =V g0,

Fe BEPXHAR rpaHb Oepercs MO BCEBO3MOXHHM pasOueHusM
orpeska [a, B], HasnBaeTcs noaxol sapuayuei @Gywryuu g (f)
Ha otpeske [a, B|. B naHHOM oOnpeleNeHUH MOKHO, KOHEUHO,
nosarath $==co. B atom cayuae Gyzem cyuTaTh, uTO QyHKUMA
g(f) wMeeT OrpaHuueHHOE W3MEHEHHE Ha MHOXecTBe & < ¢ < 0o,
ecan g(f) wMeeT OrpaHUUEHHOE W3MEHeHHe B JOGOH KOHEUHOH

t
vactn [0, t], W moaHmE Bapnaunnv g(f) orpaHuueHn B ©X
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COBOKYMHOCTH. B 3TOM cayuae noJaraem
fos) t
V g(t)=§ypVg(s>.

Wssectno ([73], crp. 73), uro ecan E ssssiercs GaHaXxoBbIM
NPOCTPaHCTBOM, TO Gynkuus g(f) ¢ orpaHuueHHOH BapualneH
MOeT uMeTh He O6oJsiee CYETHOrO 4KMC/JAa TOUYEK pasphiBa, U B
moboit Touke mpomexyTtka [a,8] cyulecTByior ee OIHOCTOPOH-
HUe Tpenedsl.

Janum Tteneps onpengeneHne unterpana Cruarbeca. Ilyctb
U(t) — HenpepsiBHbI 110 ¢ JAuHelHHH oneparop, NnepeBOISILHH
saementst E B E, m nycrb g(f) — QPyHKUMs C OrpaHWueHHOH
Bapualeil Ha orpeske [a, B}

CoctaBuM HHTErpajbHyl0 CyMMy Bula

n—1

Sp= D, U (gtrs) — ) tp<<7p <<ty
F—0

rie Toukd t ({y=—a, t,—23) ocywecTBasior pasbueHne oOTpe3Ka
[a, B} Ecau cywecrsyer npenein S, npu 72— 00, Sup|t,, —
k

—t,|— 0, He s3aBucaumi or crnocoGa pasbuenus orpeska [a, 8]

Ha YaCTHYHBIE OTPE3KH, TO OyieM TOBOPUTb, YTO 3TOT Npenen

apasiercs 0006ueHHHM unTerpaitom Cruateeca OT omeparopa

U(t) no ¢ynkunu g(f). Beeaem o6osnauenne ans TakuM obpa-
[

30M BBEINEHHOTO MHTErpaja SU(t) dg.

HerpyaHo npoBepuTb, YTO UMEET MECTO HEPABEHCTBO

b .
ISumdell<mV g, (1.9)

a

.

rae M=sup || U(¥)

(B S ¢

PaccMoTpuM  CKalspHYIO  (YHKLHIO v(t):V g(®). Jlerxo

-3

BUAETh, YTO MMEET MECTO TaKXE HEPABEHCTBO
B p
ISvtde|<Slv®l (1.10)

rae uyHTerpan B npasofl 4acT ecTe OObIYHHH MHTerpan Crua-
TheCa C uHTErpupyoued Qynxuueit v (f).
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§ 2. JnddepenunanbHbie ypaBHeHHS
B 6aHaXOBOM NpPOCTpPaHCTRE

1. TlycTe KaxaOMy BeUIECTBEHHOMY B3HAYEHMI0 ¢ MOCTABJAEH
B COOTBETCTBUE onepatop X (Xx,!), NepeBOAAUIMA NPOCTPAHCTBO
E B ceba. B srom ciyuae MoxHO paccmarpuBarth AuddepeH-
IHa/lbHOE yDaBHEHHUE

2=X(x, t), (2.1)

roe yepes X 0003HauyeHa, Kak OOGHIYHO, NPOM3BOAHAA abCTpagT-
Ho#t dyHKuMU X (f) no L

OueBuano, uTO pellenne ypasHedns (2.1), yaoBaeTBopsio-
1E€ HAUAMBHOMY YCAOBHIO X (fy) == X, AOMKHO ObTh TAKXKE pelle-
HHEM HHTErpajbHOr0 ypaBHeHHs

t
xO=x,+{ X(x @ Hat. (2.2)
to
O6osnauum uepes D obaacts || x —xp || <<7r, [#—1,|<<T, u
NPEANOJIOKUM, YTO B 3TOH 00aacTn onepaTopHas (yHKuus X (X, f)
HENpephIBHA ¥ YAOBJETBOPSET ycaoBuio Jlunmuna

[ X)) =X l<L|x—yil 23)

B cuay HenpepoiBHOCTH X (X, £) QyHKums || X (x,, f) || Gyaer orpa-
HIYEHHON Ha oTpesKe | £ —fy | << T unycrs My==sup || X (xo?) ||
Ha 3TOM oTpe3ke. M3 ycaosusa Jlumumuna umeem

| X0 | <<|| X(xo O +L || x—x, || <M,~rL
Takum o6pasom, nonaras M=M,—-rL, noryunm B obaacti D
| Xl <M 24

[Tpusenem Ttenepn, ONUpasch Ha NMPUHIMI CXKATHX OTOGpa)eHud,
npocTefllunll BapuaHT TEOPEMBl CYILECTBOBAHHS M €IMHCTBEHHO-
CTH pelueHus ypaBHenus (2.1).

Teopema 2.1. Ypasnenue (2.1) npu yxa3awnblx 8biue
Yyeaosusax umeem- eduncmeennoe peuwenue x(t), ydosnremso-
pawwee ycaosuio x(ty)=Xx; 3mo pewexue onpedeicHo Ha
unmepsane |t —ty| < rM.

Ias n0oxas3aTenbCTBa TEOpEMbl PaCCMOTDPHM ONEPATOP

!
AxO)=x,+{ Xx@®,t)dt,

)
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NepeBOSIINE HelpephBHYIO (DYHKUUIO X (f) TakKe B HENpepsiB-
Hylo ¢yukuuio. [Ipocrpancreo € HenpepuiBHbX Gynkuu x ()
C HOpMO#H

lx@le = suw_[|x®l,

Oyaet, oueBuaHO, GaHAXOBLIM MPOCTPAHCTBOM.
Ws ycnosus (2.3) cnemyer

[AC@O)—AGO<L|t—1t]| | xO—y Dl
a ¥3 HepaBeHCTBa (2.4) moayuum
| ACe @) — %o llp << M(E—1,).

Eciu nonoxnrs |t —1£,|<rM™, 10 noayunm | A(x(f)—
— X, |lc <<r u, xpoume TOrO,

A=AV D=2l xO—yDOlle

rae a=rIM?'=rL(M,-}-rL)*< 1. Takum oGpasom, onepa-
top A mepesoawnt wap || x (f) — x, || <<r OGanaxosa mpocrpan-
cTBa B cebst U YIOBJIETBOPAET YCAOBUSM TeopeMs 1.2

JloKa3aHHas TeOpeMa YTBEPWAAET CYLIECTBOBAHHE DelleHus
aamb Ha uHTepsane |f—t,|<d, rae d=rM™" Geps Kouel
WHTEPBAJa 338 MCXOZHYI0 TOUKY, MOKEM MPOLONIKNTb pEIieHne
¥ Jajnee, ONHAKO, HET TapaHTUH, YTO TAKOE IPOJOJIKEHHE BO3-
MOXHO Ha BeCb OECKOHEUHBIH NPOMEXYTOK BpemeHu. QOueBHIHO,
YTO B C/yyae HENMPOJOJ/IKAEMOCTH TPAEKTOPHSi BBHIXOAUT MPH
OrpaHNyeHHBIX 3HaueHusix f 3a mpedeist JHOOOH OrpaHHueHHOH
obnactu npocrpaHcrea E.

Yrounum nocaenHee yrtBepxaenne. Ilyctb pewenue x (f)
npu f==t, He BHXOAMT U3 HeKoTopo# obaactu G, 3amaHHOH
HepaseHcTBoM || x — x, || <ry, rae ry < r. ITycrs B o6aactn G,
3amaHHOH HepaseHcTBOM || x — x, || <[r, BeimosHexo npu £ =1,
ycaosue (2.3) #, KpOME TOro, yCJOBHE

| X@xpd) | < Noo. (2:5)

Ws ycaopuit - (2.3) n (2.5) caenyer, uro || X(x, )| <<M npu
t=ty, rne M=N-rL. .
OueBunHo, B MmoOOfi MOMEHT BpeMeHH, II0Ka TPaeKTOpHs
HaxoauTcs B obaactu (G, €e MOXHO NPOAOJKATL CHOBA Ha INpO-
MEeXYTOK BpeMmeHd d==rM"!, uHe sapucamuil OT MOMEHTa Bpe-
MEHY, B KOTODBIA Mbl OCYLLECTBJAeM Nporo/kenne. Takum oOpa-
30M, B JAHHOM CJyuae pelueHHe MOXeT ObniTb NMPOLO/DKEHO Ha
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NpOMEXYTOK Bpemenn f,=<<t< oo, Wrak, cefiuac Mbl JIoKasaiau
caelywllee yTBepxaeHue:

Teopema 2.2. Ecau 8 obracmu || x—x, || <<r <oo,
t=t, 8vnoanensr ycaosus (2.3) u (2.5), mo 8caxas
mpaexmopust, He 8bxo0auwas u3 Hexomopoik nodobracmu

| x —x, || <<r,<r, npodossxuma na Oeckoneunsiii unmep-
san spemenu t, <t < oo,

[Ipusenem u apyrue nNpusHAaKK MPOMONKAEMOCTH pelieHui

Teopema 23. lIlycme npu || x || < co, t =¢, ssnosneno
yeaogue

| X l<Ldx (2.6)

20e L (r) — Henpepotsnas @Gynryus, obaadanuas c8oicmeom
¢ d
.
SL—(B_) ©O npu t — Co. 2.7
To
Besikoe pewenue ypasuenusn (2.1) moxcem Goime, npo@oxzo/ceﬂo

Ha OecKOHewHbll unmepgan spemenu t, «t<oo
B camom gnene, Tak Kak

Hx(tgt)—«:(t1)\\>l "x(%)H““Lx(t | l,
27T i
TO HMMEEM ’%- ”2‘(1%1:l‘ Orcioga caenyer, uto ‘ dl‘ljf” =

<< L({|x|). Bepa wunrerpas Bmoab KpuoH x=x(f) OT TOYKH
x,==Xx({,) 10 TOYUKH X B CTODOHY BO3pacTaHus f, MOJyuuMm

Il
dr
t.——t(]; S m 2.8)

fixofl

Taxkum obpasom, ecau || x || > co, T0 u f— oo, 4TO O3Hauaer
npoao/kaeMocTh pewedns. Ecanm ke Beauuuna || x || ocraercs
OrpaHNveHHON, TO pelleHne OyAeT NPOAONKAEMHIM B CUIY Teo-
pemn 2.2,

Teopema 24 (M. A.Kpacuoceasckuil, CI'. Kpetin
[74)). {Iycme cywecmeyem ynxguonas O (x), obaadarnuui
cgolicmeonm
) dd

lim @ (x)=00, =

tx)] -

< L(Qx)
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do
npu t=t, 20e uepe3 4 O0osnauena  npoussodxas D (x)

80ons mpaexmopuil ypaswenun (2.1), a @ywxyus L (r) yoos-
aemeopsem ycaosurw (2.7);, mo20a 6caxoe pewerue ypasue-
Hus (2.1) Gydem npodoascaembir Ha urnmepsaie t,<<t < co.

"B camom nene, us ycaoBua (2.7) cHosa nmoayuaem (2.8). Ecan
[x] =00, 10 u ®(x)—> 00, CrenoBaTEAbHO, MMeeM t—» CO,
YTO O3HAuaeT MPOJOJKAEMOCTb HEOrPAHUYEHHOrO DPELIeHHS.

U3 Tteopemb 2.3, B yacTHOCTH, ClIeAyer, 4To ecid B E BH-
noJsHens ycaosus (2.3) u (2.5) npu t>==f, TO BCIKOE peuleHHe
ypaHenus (2.1) npoxomkaeMo Ha MOJNYOECKOHEUHbIH WHTEpBaJ
Bpemenn. OueBHAHO, JAJad MPUMEHEHus TeopeMbl 2.3 B IaHHOM
ciayuyae caeayer noaoxwurs L (r)=Lr-|+ N.

B sak/ouenue npHBEAEM TEOPEMY, KOTOPas B3HAaUWTEJbHO
000011aeT ycJI0BUA CYIECTBOBaHUA, JaHHsle B Teopeme 2.1.

Teopema 25 (M.A . KpacHocenbckuit, C.T. Kpettn
[74]). [lyems X(x, t)=X,(x, )4 Xy(x, t), 20e onepamop
Xi(x, t) snoane Henpepsigen, m. e. nepegodum BcsaKoe o2pa-
Hu4ewHoe MHodxcecmso u3 D 8 Komnaxmuoe MHONCECHEO
npocmpancmsa E, a onepamop X,(x, t) Henpepssen 8 D u
yoosaemsopsiem ycao8uio

| Xa(w ) =X O <KO || x—y

I
to+d
[Iyems d >0, maxoe, wmo S K@®ydt]1u

fo—d

dsup || Xi(x, O} +-sup | Xa(x O] 1 <r.

To20a cywecmsyem pewenue x(t) ypaswenus (2.1), onpede-
Aennoe Ha ompe3ke t,—d<<t<<t,-}+d, u makoe, umo
X (1) = x,.

Bcrony B panbueiiieM Msl He GyldeM CheunaibHO OFOBAPHBATH
ycaosust, obecneunsaionive CylmecTBOBaHWE pelUeHull paccmarpu-
BaeMblX duddepeHunansHblX ypaBHeHuH, a GyleM BCeria CuuTath
9TU YCROBUS BHINOJHEHHBIMH.

2. Crenmyiomas JeMMa SBJASETCS SHAYHTENbHWM 0606LIEHHEeM
JemMbl 1.1 mepBo# rJiaBhi.

Jlemma 2.1. [Tycmes u(t) u f(t) — cwaanpuse, neompuya-
menstoie, unmezpupyemoie na ompesre ty=<t=sty-+T ynr-
yuu. [lycmes, Kpome moz20, CKAAAPHAS HEOMPUUAMENbHAS
pynxgus K (¢, s) oepanutena npu ty<<s=<<t<cty—- T.
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Ecau umeem mecmo HepaseHcmeo
¢

u)<f)+§ K¢, u(s)ds, (2.9)
to
mo cnpasedauso nepagencmeo u (t) << ¢ (f) npu ty <<t <<t, -+ T,
20e §(t) — pewenue uHmMe2PANbHO20 YPABHEHUS

er»(t)=f(t)+§tf<(t, $) 9 (s) ds. (2.10)
[}

Jlemmy 2.1 noxawmewm, caenys ([75), crp. 64), rae pacemorpen
ciayuait HenpepuiBHmMX (yHkuud u (f), f(f), K(¢, s). O6o3nauus
Ku= St K(t s)yu(s)ds,

t
noayuuMm u3z (2.9) 0

u<<f+4+Kf-+...--K"'f KM (2.11)

Iyers |K (¢, s)|<<M npu ty<<s=<Ct=<t,+ 7. Jlerko mo-
kassiBaercs ([76], crp. 23), uro
. MnTIl"l 10+ T
EK"ulé(?_—m S lu(s)|ds.

ty

Caenosareasro, |K"u|— 0 npu n—>co n pan I'f =f -} Kf -
. .= K" f ... CXORMUTCA K pEIEHNIO WHTErPajJbHOrO ypas-
Henust (2.10).

Taxnm oOpasoM, us (2.11) umeem u () << ¢ (2).

Jemma 22 (0. M. Penun |77)). ITycme u(t), f(t) — ne-
ompuyamensnsie unmezpupyemsie Ha ompesxe ty=<t="ty,--T
gyuryuu, L — noroxcumensnas nocmosannas. Ecau 8uinon-
HEHO HepaseHcmeo

t
uy<fO)+ L\ u()ds, ty<<t<<ty+T, (2.12)

to
mo umeem Mecmo HEPABEHCHBO
¢

u®)y</O+L§ " f () ds. (2.13)

Ly
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CnpaBenuBOCTb  JIEMMBl  HEMOCPEACTBEHHO BBITEKaeT w3
aemmsl 2.1. HemocpeactseHHORt NpPOBEpKOH MOXKHO B AaHHOM
cayyae y6enurscs, uro GyHKIus

¢
Lit—s)
bO=fO+ L] T fo) ds
to
YAOBJIETBOPSET HHTErpalbHOMY YDPaBHEHUIO

!
b@O=/t)+LS ¢(s)ds.
123

Jlemma 2.3. Ecau npu sunoanenun ycaoguil npedsioyueid
nemmer f(t) snsasemcs Gynxyueid oz2panutenHod 8apuayuu
Ha ompesre ty<<t<<t,-— T, mo u3 nepasencmsga (2.12) cae-
oyem

t
u(t)<<fte) e 70§ T (o), (2.14)
to
20e uxmezpanr 8 npagoi wacmu ecms unme2pas Cmuameeca.
Ecau gynrgua f(t) duddepenyupyema, mo cnpasediuso He-
pasercmso

¢
u(ty<<f(ty) e"" 0§ O f (5) ds. (2.15)
ty
HepaBenctBo (2.14) BBITEKAET HENOCPENCTBEHHO M3 HepaBeH-
ctBa (2.13), ecau BOCMOJAB30BATLCR [/ WHTErpasna, CTOANLErO
B IpaBOH YAaCTW 3TOr0 HEPAaBEHCTBa, (QPOPMYJIOH HHTErpUpOBaHUA
O 4YacTsM, YCJAOBHS MNPUMEHMMOCTH KOTOPOH B IAHHOM CJyuae
BBIOJIHEHHI,
3. Paccmotpum Tenepn Hapsiay C ypaBHEHHEM

2=X(x, 1) (2.16)

y=X, )R ). (2.17)

Ipexnonoxum, uro 8 obnactn D: || x || <<r, fy<<t<<t, T
BHITNIOJIHEHH  YCIOBUS!

IX@ =X Dl <Llx—y], (@18

ypaBHeHuUe

R O <n@) (2.19)
rae 7 (f) — nenpepriBHas (yHKuus Ha orpeske fy<<t=<<fy+ T,
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Ilycto OyAyT BBUIOAHEHB YCJAOBHS, KOTOPbIE OOECHEUNBAIOT
B COBOKynHOCTA C ycaosusmu (2.18) u (2.19) cyuiecrBosanue
peluenn#t ypasHennd (2.16) u (2.17) B paccmarpuBaeMoii o6J/acTu.
Takamn ycaosusmu Moryr OwTb B cuay Tteopemn (2.1) uempe-
pHIBHOCTb omnepaTopoB X (x, f), R(x, f)}B obaactu D u BwINOJ-
Henue ycaosus Jlunuua aas R (x, ¢), uin, B Cua1y Teopems 2.5,
HENPEPLIBHOCTL X (X, f) ¥ MOJHas HempepuiBHOCT R (X, ?).

ITycts X (£) — pewenue ypasHenus (2.16), yrosaerBopsiomee
yeaoBuio x (fy) = x, u y (f) — pewenve ypasuenus (2.17), Takoe,
u10 Y (ty) = Yo

Teopema 2.6. Cnpasedausa oyenxa: npu ty<<t<<ty--T

¢
lx®—yO | <l xo— |l L] n(s)as.
to
(2.20)
JefiCTBUTE/NBLHO, M3 WHTErpPaJbHBIX YypaBHEHuH

t

xO)=ux+{ X(x t)dt,
12
t

yO=yo+{ (X DR, O]dt,
4}
COOTBETCTBYIOINMX YypaBHeHusM (2.16) n (2.17), umeem
¢

fx@®—y®l<lxo—yl+§ | X@ H—X0 O] +

to
+ R B }at.
Wcnoambays (2.18) u (2.19), noayuum

t
Ix@®—y@Ol<ll%—yll +§n@at+
t
’ t
+Ly lx®—y@ | at
[2)
IlokaseiBaeMoe HEPABEHCTBO CAELYeT Tenepb K3 HepasBeHcrsa (2.15).
Paccmorpum vacTHele cayuau:
a). Eciu v (t)=0, To noayuaem oueHky

lx®—y@® || < x0—y0 || -,
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13 KOTOPOH cJaeayeT (AaKT HENPEpHBHOCTH pELUeHud ypasHe-
Hug (2.16) no HauaJbHBIM J3HHBIM.

b) Ecmu xo=yy u n(f)<<my npu t,<<t=<<f,--7, 10 NO-
JY4aEeM OLEHKY

[x®)—y® | <" —.

c¢) Honaras

to+T

{ w@)ydt=mn,

ty
MONYYaeM TPH Xy==y,

i 1 _
[x®—y® | < (1 i et m).
d) Iycp
to+T .
(§roa) =

L

ITomb3ysace HepaeeHcTBOM Byusakosckoro—Illlsapua, noayumm
g?L(t—to)_;l 1/
lxO—yO <= (—p—)".

2L
ITonyyeHHRIE OLEHKH TOBOPAT O HENPEPHIBHOCTY PELIeHNs
MO OTHOLIEHHMIO K M3MEHEHHI0 MNpasBofl uacTd ypasHeHHs (COOT-
BETCTBEHHO B MmeTpuke npoctpaHcts C, L, Ly cm. § 4  nanHo#
CJIaBhl).
4. PaccmoTpuM Temepb JaMHEHHOE ypaBHEHWe

£=A(t) x. 2.21)

[Tpennonoxum, uro omepatop A(f) npu KaxaoM Quxcu-
POBaHHOM 3HAYEHHM ! ABASETCH JVHCHHBIM OrpaHHUEHHBIM One-
patopoM, u oneparopHas ¢yHkuus A(f) HenpepmwBHa no ¢
npu t==0. i

W3 reopemn 2.1 Gyaer cJedoBaTb B 3TOM CJYuae CYULECTBO-
BaHWE M €IMHCTBEHHOCTb pellieHu# ypasHeHus (2.1), a u3 Teo-
peMsl 2.3 c/aefyeT HeorpaHuueHHas MPONO/IKAEMOCTb BCEX petile-
HUH 32TOro ypaBHeHUs Ha f0AYOEeCKOHEUHbIH HHTEpBaJ BpeMeHu.

OG6o3HauuM uepes E NPOCTPAHCTBO JWHEHHBIX OrPAHHYEHHHIX
oneparopos, otobpaxatumux E B E. WUssectHo (|71}, crp. 146),

yro E Oyaer Taxkxe 0GaHaxoBbIM NPOCTPAHCTBOM.
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Paccmotpum B E ypasuenne
U=A@®U, (2.22)

rae U(f) — oneparopHas ¢yHkuus co 3HaueHunamu B E. Tlycro

U (t) — peulenue ypasHenus (2.22), yAOBJETBODSIOUIEE YCIOBHIO

U (0)==1. Tlokaxem, uto cymecrByer obparuwi oneparop ! (f).
OGosHauum uepes V(f) peureHne ypaBHEHus

V=— VA(®), (2.23)

takxe ynosaerBopsioutee ycaosuio V(0)==I Ilonaras W, (f)=
== V(¢) U(t), naxonnm

W,()= V(O U{)+ V(@) Ut)y= VAU — VAU=0.

CaenoBatenbHo, W, (f) — nocrosHHp onepatop M pasen 1.
IMycte WL (£)=U () V(t); umeem

W, () =AUV — UVA =AW, — W,A.

Tak Kak 3TOMy MOCJAEIHEMY YDPaBHEHWIO YIOBJETBODAET pelie-
Hue W=/, TO BCsiKO€ [pYroe pelleHHe, OMNpele/seMoe YCao-
Buem W,(0)==/, nomkHO B cuay CBOHCTBA EIMHCTBEHHOCTH
COBNAJgaTh C 3THM pelueHueM. Takum ob6pasom, Wo(f)=/ wu
UV==VU=1, uro u .1peboBajoCh N0OKa3arh.

Bsexem oGostauenne W (¢, ty)==U(¢) U ! ({). OneparopHyio
pynxkunio W(f, ¢,) Oyaem HaspiBatTh onepatopom Komu. Ormernm
ONHO BaXHOE CBOHCTBO oneparopa Kowuu:

W(t, 1) W(t, )= W(, t). (2:24)
HenocpeacrsenHo#t nposepkolt MOWHO YOEAWTbCA, YTO peuie-

Hue ypasHeHus (2.21), yaosaerBopsiowmee yciaosuio X (£,) ==X,
MoxeT OblTb 3amucaHo B Gopme

x ()= W(, ty) x, (2.25)
PaccMoTpUM TENeps HEOMHOPOIHOE YpaBHEHHE
i=A@{) x+u), (2.26)

rae u(tf) — ¢yHkuusa co 3HaueHusmy B E.
* Pemenue 3TOro ypaBHEHHS MOXHO IOJAYUYATH 1O (opMyne
Kowmn:
¢
x(O)=W(, t) xo--§ W(t, s)u(s)ds. (2:27)

()t
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CnpasemnnBocts  (opMyas  Kowm Takke yCTaHaB/IMBaeTCs
HeNnoCpeACTBEHHOH NpPOBEPKOH.

3amerum, uto pyHxuus u (£), KaK IPaBUJIO, B MPUIOKEHHUIX SBS-
€TCA paspeiBHOH uau aaxe oboOuieHHo# PyHknmed. B atux Goaee
CHOKHBIX cayuasix dopmyna Kowm Oyier cnpaBenauBoH, ecaw
TOJIbKO JaTh 00J/ee IHPOKOE TOJKOBAHUE HHTErpaly, CTOAeMy
B npaBo#t uactu dopmyan (2.27).

OTmetvM eumEe OOHO BAXHOE HEPABEHCTBO, KOTODHIM MBI
BOCIIOJIB3YEMCS B JaJbHeRuiem:

| W, to) || < expS | A(s) || ds. (2.28)

to
CnpaBesIMBOCTh 5TOTO HEPABEHCTBA YCTAHABIMBAETCH CJIELYIO-
inM obpasom. Tak kax umeem W ({, f))=A () W(¢, £,), u Tax

d d
ka | | Wt ) ||| <] 7, Wt ]+ 10 nonyuae

dt W i< AON Il W W) ]l

Peluas nocsiennee nepaBeHCTBO, noayuum (2.28).

HepasexctBo (2.28) noxaswiBaer, uro JmHeHHHH omepatop
W (t, t;) sBasiercst Orp2HUYEHHBIM OMEPATOPOM.

3ameTnM, uTO BCE MPEABAYHIHE PAaCcCYXKIAEHUS OCTAIOTCA Crpa-
BEINBBIMY, €CJHU BMECTO HEMPEPBIBHOCTH MO { ONepaTopHOH ¢yHK-
una A (f) norpeboparh mHrerpupyemocts || A(f) || na moGom
KOHEYHOM HHTepBaJe.

OTMmernM Takxe, 4to HaunboJsee NMONHOE ONHCAHHE JVHEHHBIX
CHCTEM B KOHEUHOMEPHOM CJayuyae AaHo B MoHorpadusx H.IL. Epy-
runa [78,79].

§ 3. Ilpumeps auddepeHHaAMLHbIX YPABHEHUI
B 0aHaXOBBIX MPOCTPAHCTBAX

1. Cuctemsl OObIKHOBEeHHbIX AHddepeHUHAaNLHBIX YpaBHe-
HA# B eBKIMAOBOM mnpocTpaHcTBe. [lycth mnpocrpancrso E
AB/JSETCA KOHEUHOMEDHLIM BEKTOPHHM mpocrpaHcrsoM. Hopwma
B STOM IIPOCTPAHCTBE MOXEeT OKITb BBEAEHa, HAlPUMEP, OLHUM
us crocobos (1.3), (1.9), (1.7). B § 1 ykasmBasocs, Kaxk cJje-
Ayer onpenensTh HOPMY MAarpuilll B COOTBETCTBHH C BBEAEHHOMH
HODMOH BEKTOpa.
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YpaBuenunio (2.26) COOTBETCIBYET B HaLleM CJAy4yae JuHEHHas
cucrema

n
=Y @O X+ (), i=1, 2, ..., n (3.1)
k=1

Marpuunoe ypasuenue (2.22) onpenensier (QpyHIAMEHTAIbHYIO
marpuny U (%), 3HaHne KOTOPOH M NO3BOJSET HaTH pelleHHe 10
tdopmyse Koumwm (2.27).

Jlerko BUAETb, YTO €CAH KOIPPUUUEHTH a;p (f), BXOmsILHE
B cucremy (3.1), He 3asucar orf, 1o U(f —t,) TaKkxke sBaserca
pewrennem ypasueuus (2.22). Ho T1ak xak U (f —f)u W (¢, t))=
= U(t) U (t,) sBasiorcs pemenusimn ypasuenus (2.22) u o6pauia-
I0TCA B EIMHUYHYK MaTpuly npu ft==f;, TO B CHJIYy CBOHCTBa
ennHCTBeHnOCTH umeem W (L, {))= U ({t — ;).

2. CuerHbie cucTembl AH(depeHUHATLHHIX YpaBHEHHUIA.
PaccmorpuM npoctpadcTBo P, 3JeMEHTaMH KOTOPOro ABJSIOTCA

BCE TAKHE UYWC/AOBHE MOCASAOBATRABHOCTH (X1 Ko +vvy Xpp .o )
oC

uTO P D) X2 cxomutcs. B IP MOXKHO paccMaTpuBaTh CueTHYHO
Py’

cucteMy auddepeHnnanbHbX ypaBHEHuH
oo
= D aup ) x, )+ u (®), i=12 ... (3.2)
k=1

Peutennem cucremsl (3.2) 6yaer aBasTbca GeCKOHeuyHas mnociae-
00BaTeJAbHOCTb yHKimH (Xxy (£), Xa(f), ...). PyHnaamenraabHomy
onepatopy Kouwm coorsercTByer GecKOHeuHas MaTpuia.

Cuetnyo cucTemy (3.2) MOXHO paccMaTpuBaTb TaKKe B MpoO-
cTpaHcTBe m ¢ HopMmo# || x || =sup | X, | . Muorounciennme

ACCAENOBaHUST BOIPOCOB ycmﬁqwsocru pelueHKHt CUETHHIX CHCTEM
MuddepeHnnanbHblX YDaBHEHUH, a Taxkke YpaBHeHUH, 3aJaHHBIX
B GaHaxoBoM npoctpancrse, nposenedn K. IT Ilepcuackum u ero
yuenukamn [80, 81}

3. Unrerpo-guddepenunanstbie ypasHeHus. Paccmorpum
umerpo-nudxpepenunanbuoe ypasHeHue BuIa

a(p(x, ) SK(x’ s, Do(s, Hds+ e (x, HHFu(x, 1), (3.3)

rae pynkunn K(x, s, £), u(x, f) nonaraeM HenpepbIBHHMA
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B obnactu D: {a<<x=<Cbh, a=<s=b, 0 =<t <co}. [pemrono-
UM, 4TO B 5TOH 06/1aCTH BHINOJIHEH bl HepaBeHCTBa | K (X, S, f) |<< M,
|u(x, )| << m.

HccnenoBanuio  ypaBhenu#t tuma (3.3) nocssiued psa pa6or
[82—91]. HanGosee TouHble pe3yabTaThl, KacalOUIMECS BOMPOCOB -
YCTOHUMBOCTH pEWIEHUH 3TOro YpaBHEHuNl, NpuseleHs B pabore
[85], rie WUPOKO HCMONBL30BAJIOCH IPEACTABACHUE DEILEHUS ypaB-
nerus (3.3) ¢ nomouibto opmysas Kowu. B sro#t pabore Gwiio
10KasaHo, uto Jwoboe pelleHue ¢ (X, f) ypaBHeHus (3.3), yaos.e-
TBOPAIOILEE YCIOBUIO ¢ (X, y) == ¢y (X), MOxer Oblth IpeacTaB-
aeHo dopmyaoi

t
o (x, t)=e =gy (x) +§ [ R(x, s £, )0y (s)ds dx] -
H

¢

t
+ § ¢=u(x, o+

to

R(x, s, ¢, r)u(s, t)dsdrldr,
(3.4)

R T R >

rie R(x, s, ¢, ©) — pesoabBeHTa sapa K(x, s, f), T. e. (QyHK-
I, onpeneaseMas COOTHOLUEHUEM

R, 8 t, )= Kyu(x s t, 1),
n=0
rae

K(x, 81, 1) Ky (81, 8 7, 1)ds;dry,

R

¢
Kua(x s, t, 5=

(n=1,2 ..), Ki(x, s, t, )=K(x, s, 7).

MoxHo 11okasarb, uto R (X, S, t, T) YAOBIETBOPAET YPAaBHEHHIO

b
Reb LD = [ Knsu ORGw o 6 9ds  (35)

a
KOTOPOE COOTBETCTBYET ypasHeHuio (2.22).

EctecTBeHHO paccMaTpuBats (yskunio ¢ (x, £) npu duxcupo-
BAaHHOM [ =={, KaK 3/eMeHT npocTpaHcTBa C HenpepHBHHIX (yHK-
uni ¢ meTpukoft || ¢ (x, fy) || == sup l;f(x, t)|. Pewenuio ¢ (x, £)

AT
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ypasHenus (3.3) Torma Oyxer cooTBeTcTBOBaTh B € HeKoTOpas
Tpaektopus. Ec/in Hac uHTepecyer BjusHNe HAa 3TY TPAEKTOPUIO
«BHEUIHEro BO3MYyILleHHd» u (X, f), TO CJaelyeT APH PpeLIeHNH
BOMpPOCA M0/1b30BaTbCst GopMynot (3.4); ipu 3T0M He 06513aTENbLHO,
KOHEUHO, CUMTaTh u (X, t;) s/MeMeHToM npocrpancrsa C, 310 npen-
M0/I0KEHNE 3HAYNTEIbHO YMEHbUINAO0 Obl LEHHOCTb HCCAENOBAHUA.
MoxHo cuurtarth, Hampumep, u(x, t) npuHaanexauiell npocTpaH-
cBy L, 1<<p=Cco. B 3TOM cilyyae MOXHO CTaBuTb BONPOC
O BANSIHHK Ha pewieHue ¢ (X, £) BO3MYLIEHHH, OrPaHUYEHHHX B CPEX-
HEM B TOM HJH MHOM CMBICJE.

4. CucteMnl ¢ HenodHod uHdopmauueil. B rn-mepHoM
BEKTOPHOM MApOCTpaHcTBe R paccmorpuMm  auddepeHiinaibHoe
ypaBHeHue

x=f(x, 1), (3:6)

rie A8 NaHHOro 3HaueHWs { W (PUKCHPOBAHHOIO BEKTOPa X BeK-
TopHas dyHkuus f(x, f) npeiacrasaser coOoH He OAWH BEKTOp,
a uenoe MHOKecTBO Bektopos u3 R. Takum o6pazom, (yuxuns
f (x, t) npeanosaraeTcs MHOrosHauHol GyHkumnei. K cuctemam Buia
(3.6) 00biYHO NPUXOAAT, KOrAa HET MOAHOH MHPOPMALMK O 3Ha-
YEHUAX HEKOTOPBIX MapaMeTPOB CHCTEMhI; M3BECTHO TOJBKO, HTO
3TH MapaMeTprl MOTYT MpuHuUMarb JJo6oe 3HaueHUe W3 HEKOTO-
poro 3afaHHoOro MHoxectBa. HasoBem nmoaoOHme cuCTeMH CUCTe-
MaMU C HEMOJHOH uHOpMauuel.

Cuctemsl ¢ HemosHo# uHpoOpMaLked MOryT, Hanpumep, Mpu-
BJIEKATbCA Ul ONUCAHUA PEryNHpyeMulX CHCTeM, Colepxa-
KX 3BEHbS C TUCTEPE3UCHBIMU M PENEHHBIMU  XapaKTePHUCTUKAMU
{92,93].

O6o03HaunM uepe3 S HEKOTOPOE OrPAHUYEHHOE 3AMKHYTOE MHO-
xecTBo, Jexaniee B R. TTyctb 7 — HEKOTOpOE OXHOBHAUHOE Hempe-
puiBHOE oToOpaxenne MHoxectBa S B R O6pas muowecTtBa S,
T. e 7(S), Hasosem S-mHonmcecmsoM.

PaccMortpum npoctpanctso E (R) Bcex HenpepoiBHHX oTO0pa-
KEHuH 7§, onpeneass HOpMy CileAylmuM oOpasom:

Il = sup Jy) [l &
xcS$
Jlerko suiets, 4T0 mpocrpanciBo E (R) sBasercs 6aHaxoBmim

NPOCTPAHCTBOM ¥ M3OMETPUYHO MPOCTPAHCTBY COOTBETCTBYIOULUX
S-muoxects  1(S), ¢ wmerpukoit || 1(S) || = sup || y(x)|r-
x=$
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ITostoMy B naapHefilneM OyAeM OTOXAECTBAATL JEMEHT | IpO-
crpauctea E(R) ¢ S-muoxectsom 7(S)- nexamum B R. Onna-
KO ITOJuepKHEM, 4TO S-MHOXKECTBO He claelyer paccMaTtpHuBaTth Kak
NPOCTOE MOAMHOXECTBO NPOCTpaHcTBa R, a HeoOXOAMMO NpHIH-
CHIBAaThb K S-MHOXECTBY COOTBETCTBYlollee oToGpaxenue |. Toub-
KO B 3TOM Cayuyae B NPOCTPAHCTBE S- MHOMXECTB BBOAMTCS ecTe-
CTBEHHBIM 00pa3oM JuHeHiHas onepauuss. OueBUIHO, CJlERYyeT
noxararb 1y (S) -+ 72 (§) =17 (S), ecam nas Besikoro sekropa x C S
UMEET MeCTO T (X) - Ta (X¥) =7 (X).

ITycre Temepe R, — HEKOTOpOE #-MEpPHOE EBKJIWAOBO MpPO-
CTPAHCTBO, a f(p) — MHOro3Haunas (yHKUWS, OFNpele/eHHas Ha
9TOM NpPOCTPAHCTBE, 3HAYEHHs KOTOPOH MNpelcTaBisiioT co6oI0
HekoTopele S-MHOxecTBa npocrpancTBa R. C MHOro3HauHO# QyHK-
uuett f(p) cBkeM omHO3Haunyw ¢yHkuuo F (p), 3naueHus Koro-
poit nexar B E(R) u ompeneasiorcs no npasuay F(p)==1, ecau
1(8)=7(p). Tako#l noxxox NMO3BOJIIET HAM MEPEHECTH Ha MHO-
rosHauHble (DYHKLMM BCE MOHATHS RECKPHUNTUBHOH Teopuu (yHK-
uni. Tak, Hampumep, MHOrosHaunylo ¢yHKuuio f(p) HasoBeM
HENPEPHIBHOM, €C/K COOTBETCTBYWOAs il OZHO3HAuHas (PYyHKUUS
F (p) nenpepriBHa. AHAJOrMYHO MONKHO OMNPEAEINTb KJACC MHO-
rO3HAYHHIX (DYHKUUH, MHOXECTBO TOYEK HENPEPHIBHOCTH KOTOPHIX
ecTb (; BTOpOH Karteropuu. ITHUM (PYHKIHSAM COOTBETCTBYIOT
TOYEUHO pasphiBHble (yHKUMH F(p), SBJIAIOIKECS TPENELIOM
NOC/ACAOBATENBHOCTH HENPEPBIBHBIX (DYHKIMH.

Tak, Hanpumep, peielHas xapakrtepucruka f(x)=sigunx,
C IONOJNHUTENbHBIM ycaoBueM, uto f(0) ectb MHOXECTBO uucen
u3 orpeska [— 1,1}, oxasmiBaercs Kak pas OZHOM U3 TaKuX
GyHKIUH.

Bepunemcst temepp K ypasHenuio (3.6) u norpefyem BhimosHe-
HUsl C/EAYIOLIETO YC/I0BHA.

ITycte X ects S-muHoxectBOo u nyctb f(X, £)= |J f(x, ©);

xcX

torja f(X, ) aasercs npu Mo6oM ¢ Toxe S-MHOMKECTBOM.

B uwactHocTH, Tak Kak BCcAKkud Bektop X u3 R ecrtb S-MHO-
KECTBO, TO, OUEBUAHO, f(X, f) HOMKHO OWTb TOXKE S-MHO-
WECTBOM.

Hapsany ¢ ypashenuem (3.6) paccmoTpum ypaBsHeHue

X=f(X, 1), (3.7)

pelIEHUAMY KOTOPOrO CUMTAIOTCA MHOrosHausmie OyHkuun X (f)
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CKasMapHOro apryMenTa f co 3HaueHHAMH, TPENCTABASIOMAMHA COB0H
S-muoxecrtsa npocrpanctea R. Tpaekropun cuctemn (3.7), B 0T/u-
une ot TpaekTopuil cuctemsl (3.6), 3a4a10TCS1 B HAYAAbHBIH MOMEHT
He TOouKamu, 4, BOOOWE TroBOPA, HEKOTOPHIMH S-MHOXECTBaMu
npocrpancrsa R, u nOpeacTaBasior coO00H TpyOKM, pacioo-
XKEHHble B 3TOM TpocTpaHcTBe. TpaekTopun — BOPOHKH YypaB-
HeHus (3.6) — BK/IOUAIOTCS B UNCIO TpaeKTopul ypasuenns (3.7),
MOCKOJbKY TOYKHM MPOCTPAHCTBA R SABJSIOTCHA, OYEBHIAHO, S-MHO-
KECTBAMU.

Ecau cuntate X n f(X, f) e S-mHO)ecTBaMu IpocTpancTBa R,
a snementamu npocrpanctsa E (R), 1o AugdpepeHunanbHoe ypas-
nenue (3.7) Oyzer nuddepeHinalpHbIM YpaBHEHUEM C OQHO3HAU-
HOH npaBoi yacTblo B GaHaXOBOM NPOCTPAHCTBE, U K 3TOMY ypas-
HEHVIO MOXKET OBITh IPHMEHEHA OJHOCTLIO BCA TEOPHS, PA3SBUBaEMas
B Ja”HHOH riase.

5. Cucrtemnl co cayuaiiHbimu napamerpamu. PaccMoTpum
B KOHEYHOMEDHOM €BKJIMIOBOM IpocrpaHctee R nuddepenin-
anTbHOE YpaBHEHHE

=1t 1) (3-8)

r/Ie MpaBas 4aCTb 3aBHCHT OT cayualHol dyukumnu v (f). OueBngHo,
pemleHne ypasHeHus (3.8) rtaioke Oyner cayuahHoO# (yHKiueH
BpemMeHu. Kak n3BecTHO, cnyuaiiHas BeJuuMHa MoOxeT GbiTh Onpe-
IesieHa Kak u3Mepumas (yHKLUUA, OINMpPele/eHHas Ha HEKOTOPOM
npocTpaHcree BboOOpok £ (WM NPOCTPAHCTBE  3JEMEHTaPHBIX
coOsbitu#t). Eciu B JIMHEHHOM TPOCTPAHCTBE CIYYaHHBIX BEJUYHH
onpejieneHa KakuM-au6o oOGpasom Hopma, TO MudipepeHumnabHoe
ypashenue (3.8) npespauiaercs B AudepeHunasbHoe ypasHeHue,
3a/laHHOE B JIMHEHHOM HOPMHMPOBAHHOM NpoctpaHciBe E, siemeHTH
KOTOPOro fBJAIOTCH CAyyaHHBIMU BEKTOPHBIMH BeauunHamu. [Ipu
9TOM B KayeCTBE HAualbHBIX BEKTOPOB TMpPH pELIeHHH 3anayn
Komwu csnenyer Oparb He TOJAbKO [JETEPMUHUADOBAHHBIE BEKTODSI,
HO ® moOwle napyrue cayuadiHee Bextopsl w3 E. WHrerpan
¥ NPOM3BOAHYIO OT CayualHOH (yHKUHA CKaJAPHOrO aprymes-
Ta { CJA€AyeT NOHuUMath, Kak Obljo noxazawo B § 1 gaHHo#
TJI3BHI.

B wactHocty, ecam B KauectBe KBaApaTa HOPMB CAy4aiiHOro
BEKTOpa OpaTh MaTeMaTHYECKOE OXUAAHUE KBAAPATa IJIHHB BEK-
TOpa, TO NOHATHAE NPOU3BOAHOH W UHTErpaja caydalHon Beau-
YiIHK COBMAAaeT C OOULENPHHSTHIM.

6 E. A. BapGaumu
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§ 4. 3anaya 0 HaKOMJEHWH BO3MYMEHHH
Ha KOHEYHOM MHTepBaJje BpeMEHH

Panee OmJIO NOKa3aHo, uro pewlexue 3anaun Koww
=AM x+u() x(t)=0 4.1)

MOXeT OblTb NpeicTasBaeHo (HopMyJoh
t
)= W, Yu()ds, t,=0, (4.2)
to

rae W(t, v)=U(¢) U (r) — oneparop Koumn,

dynknuio u (f) 6yleM paccMarpuBaTh Kak 3JEMEHT HEKOTO-
poro OaHaxoBa mpocTpaHcrBa B. PaccMoTpuM TunnuHple cno-
coOnl 3alaHus HOPMbI B 9TOM InpocrtpaHcTse. O6o3HauuM uyepes J
mHO)ecTBO uncea 0<<f<oo.

1. IMpoctpancteo C onpeaeinM Kak NMPOCTPAHCTBO OrpaHu-
YEHHBIX HEeNpepuBHEIX Ha J QYHKIHE ¢ HOpMmoOH

lale=sup u®]. (43)

2. Ilpocrpanctso L, —3T0 MpOCTPaHCTBO (namepnmux no
Boxuepy ([73], crp. 85) byHkunit u (f) ¢ HopMmo#

flu p=(S [l @) || 7 dt)le<co. (4.4)
0
B nepsyio ouepear Hac OyAyT HMHTEPECOBaTb 34eCb CJAYdaH
p=1p=2
3. Mpocrpanctso M, ONpeNEe/ M KAaK MPOCTPAHCTBO (YHK-

{1
Unl, 479 KOTOPHIX KHTErpa S | u(z)|| ?dx cymecrByer u pas-

t
HOMEPHO orpaHuyeH npu mobom ¢t=0. Hopmy B M, sazanum

caenywomum obpasom:
£

el m,=sup(§ Jue | 2ae). (45)

Hanbosee wuHTEpecHHt cayuall 3To cHOBa cayuaft p—1 u
p=2. B pa6orax JI. Maccepa u Jl. llledpdepa [94, 95| noxz-
uepkHyTa oco00 BaxHad poJb TpocTpancTsa M= M,, xotopyio
OHO WFrpaeT fPH W3YYEHUH BOMPOCOB YCTOWUMBOCTH B OaHaxo-
BHIX MPOCTPAHCTBaX.
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4. Tlpocrpancreo C, Oylem paccMaTpuBaTh KakK IOANMPOCT-
pancTso dyskuné u3z C, ob6aanaomux coitcteoM lim || u (£)[j==0.
f~ oo

3. Yepes L, 0003HauuM NPOCTPAHCTBO (M3MepuMBX no Box-
Hepy) ¢yukunit u (f), cyuiecTBeHHO orpaHuueHHnXx Ha J. Hopmy
onpeaeauM no npasuiay ¥)

F (@) floo = vrai sup | u () ] (4.6)
3aMeTuM, 4TO Npu 1 < p << 0O UMEET MECTO COOTHOLIEHWE

@) lm<<lju@llm, <\ ull, (47)
Ilns p==co HepaBeHcTBO (4.7} Ou€BMIHO, TaK KakK

£

§ le@ldr<]u@® o

i
ITpn p<T oo cnpasennusocTe HepaseHcrsa (4.7) caenyer us He-
pasenctBa I'éapaepa ({71}, crp. 64)

41 t4 ! " ¢
V le@lide<( § lu@Pd)"<llu@ll,
I3 H

Ecan smecto moayocu J B3iTh OTpe3OK fy<<t<I{;, riae
ty =0, 10, onpenenss aHaNOrMYHBLIM OOGPa3oM HOPMY, MOJY4HM
npoctpaHcTeo B (¢, t,) (nanpumep, C(¢y, t,), Lp(ty t)m 1. 1)

B nanbuetiinem Oyaem cuurath, uto GyHKuMs X (f), onpene-
JIEHHast COOTHOWIEHUEM (4.2), Bceraa npuHaanexuT npocrpanctsy C.
B stom cayuae ¢opmyna (4.2) samaer aunednmit onepartop O,
nepesonsuinit npocrpancrso B B mpoctpanctso C. Ecan smecto
noayocu J paccmarpusath OTpe3oK fy<<t <<, TO oneparop @
npespaimaercs B JuHeBHuH onepatop @ (¢, ¢,), AeHcTBYIOWNK
Ha noanpocrpaHcree B (L, t).

OueBuaHo, 4TO CHOPABELIUBO COOTHOILIEHUE

sup t“ O <[P t)llullgu e (4.8)
1

fost<

Takum oOpasoMm, 3Hasn BeauunHy Hopmet olieparopa D (¢, t,)
WM, B KpalHeM cayude, 3Has OLEHKY 3TOH HODMB, MBI MOXEM

*) ®ygkuua u (f) Ha3bIBAETCA CYWECTBEHHO OrpaHUueHHOH wHa J,
€CIM MOXHO YyKa3aTb MOCTOSAHHYIO BEIHYHHY ¢>0 TakKyl, 4YTO MHO-
HECTBO TOUEK, [N1€ BLINOAHACTCA HepaseHcTso |ju (¢) || > ¢, umeer mepy
Hyab; vrai su% lu(£) |l ects TOYHAs HMWHAA TPAaHUNA TaKUX YHCET C.

t=

6;
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OLUEHHTb MaKcumyM ovkJoHeHua || x (f) || or Hyna npu deidcrsum
¢yHkuun u (f), KOTOPYI0 MOXHO TPAaKTOBaTb KaK BHEIIHee BO3-
MYILEHHWE, BBI3BIBAIOLIEE BO3MYUICHHE BBHIXOAHOIO CHUTHada X (f).

CdopmyamposanHasn ceHuyac 3adauya O HAKONJIEHUU BO3MYylLe-
Hufi Obpl1a MOCTaBJE€HAa M pewasach B KOHEYHOMEDHOM cayuae
B. B. Byarakossim [96]. Ml BUAEM, YTO C TOYKHM 3peHust (PYHK-
LMOHAAbHOro aHaausa 3asava b. B. Bysarakosa cBOANTCS K OTHI-
CKaHMIO TOUHOT'O 3HaueHusi Hopmel cneparopa @ (¢, ¢)). OnHako
BHIYMCJAEHNE TOYHOrO 3HAuYeHHs HOPMBI YKa3aHHOro omneparopa
ABAAETCA 0ObiuHO TpPYAHO# 3amavell. MWckmouenuwe cocrasasier
TOT CJayya#, Koria (yHKUMH IpOCTpaHcTBa B saBasiorcs QyHK-
LUAMH C YUCJOBBIMH 3HAYEHHAMH, YTO COOTBETCIBYET B Haulem
cay4ae oaHoMepHoctd (pazoBoro mnpocrpaHcrsa E.

Herpyzano, onHako, mnoayyurs OLEHKH omeparopa (I)()‘O, ty)
B HEKOTODPHX KOHKDETHHIX MPOCTPAHCTBAX. ODTH OLUEHKH HMEIOT,
HanpuMmep, cAedywowuii BUI:

1. B npocrpauctee C (¢, t,)

t

sup {[W(t, v d= (4.9)

I 14y

1 8] <

2. B npocrpanctee L (fg, y)
lot i< s [WE D). (410
1

0 =rv =

3. B npoctpanctee L, (¢, )

t 'y
1ot ll< sup (JIWE 9Pds)™. @11
0o=IiT

o

§ 6. 3agaua o0 HakomJIeHWH BO3MYUEHUHl Ha GeCKOHEYHOM
HHTepBaJe BpeMeHH. Teopemnl 06 ycTOWYMBOCTH HYJAEBOro
peumieHUss ONHOPOAHOTrO JHHEHHOro ypaBHEHHS

1. PaccmoTpum Teneph 3agayy O HAKOIVIEHHH BO3MYLIEHUH
Ha OSCKOHEYHOM HHTepBajde BpeMeHH J, T. e. Ha mnoayocn 0<C
<< { < co. [Ipennoaoxum, 4T0 BHellHee BoaMyluenne u (f) npuHal-
Aexurt rpoctpanctsy C, Toraa cornacio (4.9) uMeeM HEpaBEHCTBO

1ol=sup YW e, (5.1)
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rae oneparop @ 3amaerca cooTHolieHueM
t
Pu={ W, 9)u(z)d
0

TakuM o0pasoM, €canM BeJAWYUHA

t
DOy = tsu;[)) g | W(t, )| de (5.2)
=09

SIBJISETCS KOHEYHOH BEMMUMHON, TO 3alaua O HAKOMJIEHHAH BO3MY-
LIEHMH WMEET pemeHne. ITO O03HAYaeT, YT0 BCIKOH OrpaHuyeH-
HoH 1o HopMe C yHkuun u(f) COOTBETCTBYET OFpPaHUYEHHOE
pewenue x (f) 3amaun (4.1).

OKa3sIBaercsi, HUMEET MeCcTo caedywowmutt  6ojee my60Kuﬁ
pesyJbrar.

¢
Jlemma 5.1. Ecau onepamop <Du=S W (t, <)u(z)d~ nepe-
]
godum OanaxoBo npocmparcmeo B gyuwyui i (t) 8 npocm-
pancmeo C gynrxyuii x (t), mo on oepanuten. Smo 3Havum,
YUMo CYWecmesyem NOCMOAHKASL NOAOHCUMEAbHAS Beruyuna K
makas, wmo
| xlle<K|ulls
B camom mene, ompeaeaum oneparop @D, nepesomsmuit B
te
B npocTpanctso E, cootHowenuem D, u— S W (t,r) u(x) dr,
0

rae {t,} — NOCJEeA0BATELHOCTD HOMOKHTENLHBIX PallMOHAIbHBIX
uuces], NMePeHYyMEPOBAHHBIX B KakoM-nubo nopsiake. Ecau u C B,
10 nocsaeaosarensHocts ®,u orpanuuena 1o NPeLIIONOKEHUIO H,
C/eNoBaTeNbHO, 1Mo Teopeme 1.1 cymecrsyer rakoe K >0, uro
| Dy} < K || ]|

Tax xaxk mas mo6oro BeuleCcTBeHHOro uucaa #==0 cymect-
BYET IOJNOCAEAOBATENbHOCT DaUHOHANbHHIX uncea f,, cxols-
ulasca K f, TO B CUJAY TOCAEIHEr0 HEPaBEHCTBA MOJYYUM

¢
HS W(t, ©)u(x)de “ < K lulla,
0
4yto U rpedoBanoCh IOKa3aTh.

Jlemma 5.2. Ecau E-— gexmoproe KoneuwHoMepHoe npo-
CMPAHCIMBO U BCAKOMY O2PAHUMEHHOMY B03Myueruio U (t)
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coomeemcmsyem ozpanudentHoe Ha J pewenue 3adaqu (4.1),
mo seaununa Dy, 3adannas coomuomenuem (5.2), rxoueuna.

HeficteuTenbHo, B 3TOM cayuae onepatop Koumn W ({, <)
NPEBPALLAETCS B MaTpUIY C 3JeMeHTaMu @, i onpenese-
HOCTH OyleM CudTaTh, UYTO HOPMA BEKTOPa M HOPMa MarTpPHULLBI
onpesneneHsl B coorsercTeuu ¢ (1.5) u (1 6).

PaccMoTpum BekTOpHYi0 GyHkuno u‘(t), onpenenss ee cjae-
pyomuM obpasom:

n (z) =signw;, (¢, ),

rie uepes u‘k (t) oGosHaueHa k-7 npoekuus BekTopa u' (t).
B cuny nemmmi 8.1 cymectByer Takas mnocrosiHas K, uro

¢
[§we, vd () as)|<k
0

npu mobom £ =0, rae u’(x) paccMarpuBaercs Kak 3JeMeHT Ga-
HaxoBa mpocrpaHcTBa L,
Takum o6pa3oM, aas Jaw6oro i nMeem

n
X wutlnd

k=1

§ 3 jwn, 9ld<k.

k=1

Q) my
oe/au

Ho orciona ciaepyer, uto CymiecTByer mnocrosHHas M (pasHas,
Hanpumep, nK, TAe n— pasMepHOCTh mnpocrpaHcrea E), Takas,
uTo -

t
(W, vlldt<M npu mobom t.
0

Jlemma 5.3. Ecan seaununa @ konewna u || A@t) || < 4, <
< ©o Ha noayocu J, mo cywecmsyem maxas NnoAOHCUMENb-
Hass nocmosnnas W, He 3asucaman om t u t, 4mo
W, D|<sWy npu 0=<<<<t<oo.

B camoM jaene, u3 COOTHOILEHHS

LU U O=U@T 0L Y0 o
NMEEM

dU ! (= _ dU(z) , .
d-:( )=——U '(’C) dt()Ul(T)'
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Tak kak W(t, ©y=U @) U (z), rae U({) — Pyunamenrann-
HBH oneparop, 1o
aw (t, - du
L) — v U ) YO 1 ),
dU(x)

ITo onpemenenuio GyHIaMEHTAILHONO ONEPaToOpa HMeeM T

= A(z) U(r), orciona caenyer
aw (¢, v
dr T

— W, ) A®).

WUnterpupys no t nocneaHee COOTHOLIEHWE B NOpeAenax ot £,

10 ¢, moayumuM
t

W, ) —I=—{ W, 1) A@)de
14}
CaenosatenbHo,

¢t
W 5 —1=|f Wt HA@d | < 4@,

Orciona cnenyer, uro || W (¢, 1)|| << 4@y -1 1 n, cnenosatenso,
MOXHO mon0KATe Wo= 4,®, 4 1.

Nlemma 5.4. (Jl. Maccepa, . Weddep [94]). lycms
$ (8) — nonoscumensnan gynxyus, p(tf) — HenpepsigHas noio-
scumensnas @ynxgus npu t =0. Ecau inf0 p()<]1 u dan

t=

scex t==1t,=0 nmeeT MeCTO HEPaBEHCTBO
b =<<p(t—t) Y (to), (5.3)

mo cyuecmsyrom noAoocumessHble 4ucaa o, B, e 3agucs-
wyue om t,, maxue, umo npu t=t,=0 cnpagedauso Hepa-

8eHCMmB8o
POy <<Bem =1 ¢(ty). (5.4)
B camom gene, CYIECTBYET NOJOXHTEJIbHOE YHCIO T TakKoe,
4To P (T)=T< 1. HOJIO)KHM o= — ':" In T n B= max e’ltp(t).

0=<i{=<-~t
OueBnaHO, 4TO uuCHO B C yKa3aHHBIM CBOHCTBOM CYINECTBYET B
cuiy HenpepuiBHOCTH p (). Tlpu n=0, 1, ... umeem B cuay (5.3)

b o+ 1) <7"9 (f0). (3-5)

Has moGoro t==1,==0 uMeer mMecro npu HEKOTOPOM LEIOM M
TIOJIOKHUTENLHOM 11 HEPABEHCTBO fy f-nt<<t<Cly+4 (n+ D=
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Takum oGpasom, moayumm coraacHo (5.3) u (5.0)
Y()sp(t —to—n3) P (b 4 n) << p (t —th — nt) 179 (o)
CnpaBeI nBO TaKKe HEPABEHCTBO
() S en =0 mnp (t —ty — n7) Y™ = * =10 g ().

Tak xak e ==7y', TO cornacHo BHOOpY uuciaa B nOJyuaEeM
Tpedyemoe HepaBeHCTBO (5.4).

Jemma 08.5. Ecau cywecm8yiom HOAONCUMENbHbLE [1O-
cmosauuse Oy u W, marxue, umo

t

W )lde<®y [|WE t) ]| < W

ty
npu awbex 0 <<ty <<t< 00, MO MONCHO YKA3QMb NOAOHKU-
menvHble NOCMOSHHbE o. U B maxue, 4¥mo

| Wt ty) || << Be—=2¢—t 6)

npu awoex 0=ty <<t < co.
Ileiicteutenbto, Tak kak W (¢, t)=W (¢ ©)W(r, t,), TO
umeem
t

IS W, )W, tyds||=[| Wt t)|| (t —to) < DW,.
to

WUcnonbsys nonoanutensHo Hepasenctso || W (¢, £,) || << Wy, no-
Jy4uM

W, (14 @,
W, to )| < Bl ES —p— 1.

B ofuiem cayuae umeeMm, OUEBHAHO,
W, t) | <<| W& )| 1| Wt t)ll=spE— )| Wy, £o) |

U MBI MOXEM MNDUMEHHTb JemMy 5.4.
Onpenenenne Hyaesoe peuerue ypasHerus

y=A@®)y “(5.7)

Ha308eM IKCHOHEHUUANbHO YCHIOUMUBLLAM, ECAU CYUEeCHEYIOm
NOAONCUMENbHBIE NOCMOAHHbE o U B, He 3agucsAwue om t,
u maxue, 4mo alo6oe pewenue ypasuenus (5.7) ydosaemso-
paem HepaseHcmsay

ly®Of <8e == |yt |- (5-8)
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OueBuIHO, YTO 3KCHOHEHLMAJbHO YCTOHUMBOE HYJEBOE pe-
mwenue OyaeT DPaBHOMEPHO aCUMITOTHUYECKH YCTOHUYMBHIM pelue-
HUeM npu JMOOBX HAuaAbHRIX BO3MYLIEHHAX. IDTO BHAUUT, UTO
HyJesoe pelleHue OyAeT yCTOHUMBBIM, M UYTO M JOOBIX M0JO-
KUTEJAbHBIX YUCEM € W § MONKHO YyKasaTe Takoe uucio 7T >0,
uro ua ||y (ty) || <'e caenyer ||y () || <® mpu t=t,4T.

Ecan oneparopnas ¢yHxuus A (f) He 3aBUCUT OT £, TO 3K-
CTIOHEHIHMabHAs YCTOWUMBOCTbL HMMEET MeCTO TOrda H TOJbKO
TOTJa, KOrja CMeKTp oneparopa A JIEXWT BHYTPU JEBOH mnoay-
maockoctu ([75)).

Teopema 5.1. [lycms E — gexmoproe roHewroMmeproe
npocmparcmeo u nycmes || A(t) || oepanusena na J. Jas mozo0
4mobbl 8cAKOl ozpanuvenHodt Ha J dynxyuu u(t) coomeem-
cmeogano ozparutexHoe (pagromepHo no t,) peuwexue 3adadu
(4.1), HeoOxo00umo u docmamouro, 4mobe. HYyAEBOE peuwieHue
ypagHerus (5.7) GblA0 SKCHOHEHUUAABHO YCMOLHUBHIM.

Heo6xoaumocTs ycioBuit Teopemsl BbITEKaeT u3 JeMM 5.1 —
5.3 u 8.5. .

JocratouHocth ycaoui caenyer n3 dopmyan (4.2).

Tak kak u3 HepaseHcTBa (5.8) u dopmyas (4.2) caenyer
nepaseHctBo || W(t, ty) | << Be—+¢—%), 10 nmeem npu || u (£)|| <<
=< c< oo

¢
fx® ) <§ [ we ol luE )<,

to

yto u naeT TpeOyeMmbift pesyJbTart.

Heo6xoaumocte yciaoeu#i TeopeMsl 9.1 Obila ycraHoBieHa
W. T. Manxuspim ([8], crp. 367) ¢ mNOMOIBIO IPUMEHEHHs
¢ynxuud  JlsnynoBa. Kpurepnit (5.8) Obi1  Bnepshie BBeldeH
K. I1. Tlepcuackum. B npanbHeRuiem H3JOKEHUU 3TOT Kputepuit
OGyZeT urpatb CYULECTBEHHYIO POJIb.

Hapsizy c samauesi (4.1) paccmorpum Tenepb Gosee obuLyo
3anauy

=AM x-t+ul), x(t)=ux (5.9)

Teopema 5.2 (T. ®. Bpuaxasua [97). {lycms E—
gexmopHoe KoweyHoMmepHoe npocmparncmeo u || A(t) || uwmee-
pupyemMa Ha A0OOM KOHEHHOM uHmMepsare noiyocu J. Ecau
8csxoll oepanuvennol wa J pynxguu u(t) coomeemcmeyem
npu A0COM Xy 02PAHIMEHHOE (PABHOMEPHO 1o 1) peuwenue x (t)
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3ada4u (5.9), mo wyaesoe pewernue cucmemsv (5.7) 6ydem ax-
CNOHEHIUANBHO YCMOUHUBLM.
B camom nene, nonaras x,==0, moayuaem 3amauy (4.1) u,
CJIEN0BATEAbHO, B culy aeMmbl (5.2) Oyser cnpasBednuBo Hepa-
t

BEHCTBO S | W(t, <) || dv << ®, Tonaras u(t)=0, noayunm or-
to

paHnueHnyio dyskuuo y (f)=x ()= W({¢, t;)x, 4, crenosa-

TeAbHO, MonyuuM HepaseHcTBo || W(E, &) || << W, TpeGyemun

pesy/bTaT BBITEKAET TeNepL u3 JeMMbl 5.D.

Pasymeercs, cnpasegauBa u oGparHas

Teopema. Ecau 6carwoe pewenne cucmemss (5.7) ydos-
aemgopsem HepaserHcmgy (5.8), mo 8caKol oz2paru4eHHOl
dyuxgun u(t) u awboi Havarsnol moure Oydem coomeenm-
cmgogams o2panudernoe pewernue 3adaqu (5.9).

ITposepka sTOro akTa OCyn1€CTBISETCS TOYHO TAK Ke, Kak
NPy AOKa3aTebCTBE IIPEABLAYUIEH TEOPEMBbi.

Teopema 5.2 untepecHa TteM, 4TO B ee (DOPMYJMPOBKE HE
HaKJaA6BaeTCsl AONOJHHTENbHBIX OrpaHuueHuii Ha marpuuy A (f),
KpOME TeX, KOTOphE O0OECNeunBanT CYILeCTBOBAHHE DELICHHS
3anauu 4.1. Teopema 5.1 cmpasesauBa B cayuae, koraa E — Ga-
HaxoBo npoctpaHcTBo. Teopema 5.6, npuBoAMMas Huxe, 3Hayw-
TEALHO YCHJUBAeT PE3y/abTaT, NpUBEIEHHHR B rteopeMe 5.1. Ox-
HaKO METOA [OKa3aTeJAbCTBa TeopeMmbl 5.1, a Tak ke ¥ pe3yiib-
TAThl U MPOCTBIE METOAH HOKA3aTe/bCTBA NPEABAPUTE/bHKIX JIEMM,
NPEACTABJAIOT CaMOCTOATEIbHBIH HWHTEPEC ¢ TOUKM 3PeHus 3aaayu
O HaKOIJIEHHH BO3MYILUEHHH.

2. O6o3Hauum uepes Lg npocrpancTso Gyuxkuui u (f), onpe-
AeNEHHHX Ha J co 3HaueHusMu B E W Takux, 410

o8]
§ 1 a)||P e® dt < co.
0

Yepes L2 o06o3HauuM NPOCTPAHCTBO (YHKUUH, 048 KOTOPBIX
vrai sup || u (f) || e* < co.
£20
BseneM COOTBETCTBEHHO HOPMBI B NPOCTPAHCTBAX Lg, La
[0
p
alle, o=(§ a7 e )" 1<p<loo,
0

[t 17 |lio0, 4, = vrai sup || u (¥) || e*.
(=0
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Jlerko Buaetb, 4ro coorBeTcTBHe Lu=—=e% 1 () aBAtETCH
AMHEHHBIM B3aNMHO OIHO3HAYHHIM COOTBETCTBMEM Mex1y L§ #
Lp, coxpausiownm Hopmy. Tak kak npocrpancrso Lp==L, sB-
Jasercs npu moboMm p, 1 =Ip< o0 GaHAXOBHIM NPOCTPAHCTBOM,
TO TaKUMH ke OYAyT U NPOCTPAHCTBA Le.

¢
B cuny nemmm 5.1 omeparop <Ilu=s W (¢, t)u(z)dr, nepe-
0
b
Boasutuih mpoctpancrso L% B mpocrpancrso L7, Gyzer orpa-
HHUEHHBIM ONEpPaTopoM. DTO 3HAYHT, YTO CYUIECTBYET TaKas ToO-
JOXHTEIbHAs MOCTOsHHAA K, 4TO

: ¢
| @it ||ico, or == vrai tsu%e"’ ”S W (¢t <)u(z)dr H < K| u|p, ay
= 0

: (5.10)
Teopema 5.3 (M. Peruc [98]). [lycms 8unosnexso ycao-
sue
! t41
§ 1@<

t

npu t==0. Ecau soaxcro. yrazams p, 1 <cp< oo maroe, 4mo
0451 8csakoll dyrryuu u(t)CLg pewenne 3adawu (4.1) npu-

nadaexum LY, 20e a>>0, b™>0, mo soscno yrazame ma-

Ko€ noaAox}dcumensbHoe 4licao N, 4YMmo BblNOAHAEMCS HEpPaser-
cmso

| Wt to) || << Neato g7, (6.11)
(4
Hokawem Teopemy. IMyctn sup { 1A@ | dv=A,B cary
. =0 ;

(3.12) nmeeT MeCTO HepaBeHCTBO mpu |f— | 1t

I Wt =) |<e™
Onpegenanm nanee ¢yHkumo aas ueioro m=0. u, ()=
_ W mx, p
=@ TwE m] PP m<t<m-+1, | x| =1, u,H)=0
BCIOAY B  OCTaJbHHX TOuKax. QOuesnano, u, C Lg, TaK Kak

“ Uy “(p, a) = L.
Cornacho (5.10) nmeem

!
e H S W, u,(t)de ” =K. (5.12)
0
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C apyro#f CTopoHH,
t

m 41
| . W (t, m) x, _
| § W(t, %) a, () de _H §, Wt ) g e ds | =
m 1 d
ﬁ” W(t, m) ” m‘;e—}he* (m—f-l)a” W(t, I?l)“.

CoraacHo (5.12) noayuum
” W(t, m) ” <K€A1 e(m-{— hae-— bf-
Ecmn m<<t<—=m -1, 10
24 t — bt
Wt D<) W, m) ||| Wem, =) || ke Tee e,
C/IelOBATEABHO, MOXKHO TON0KHTh N == Ke At T2,
3ameTuM, YTO MBI JOKa3zanM 34ech reopemy M. Permca, me-
CKOJIBKO YCHJWB €€, TaK KaK, B OoTauuue 0T (PopMyadpoBKH,

n2HHOH B [98], Mbl 3ameHusnM CBOHCTBO orpaHuueHHocTH || A (f) ||
Ha Bcelt moayocu J TpeGoBaHneM

t41
sup § 14A@ | dr= A4, < oo (5.13)
=0 ¢

3. B 1948 r. teopema 5.1 6nina nepenecena M. I. Kpe#inom
[99] na cayua#t, koraa ¢asosoe npocrpaHctso E asagerca GaHa-
xoBeiM npoctpancTeom. [, JI. Kyuep [100] moayunn anamoruu-
Hbl pesyabraT B cayuae, korna u(f) C L, B pabore II. JI. Mac-
cepa u [l. [Heddepa [94] coorsercrsywomue Teopems Oblau
PacCMOTDPEHB! 119 CJyuas YCJIOBHOH ycrofumsoctu. B atux pabo-
Tax CHUMaercs oObuyHOe TpeboBaHue orpaHuyeHHocTH || A (£)]|
u TpelyeTcs JMINb WHTErPUPYEMOCTb 3TOH (YHKUMA HA M00OM
KOHeyHOM uHTepBate. OfHako 4To0bl MOJAYYHTb PE3YJAbTAT, aHa-
JOTHUHBIAL pe3yabTaty Teopemsl 5.1, aBTOpH NOTPe6OBaAW BHIMIOJ-
Henus ycaosus (8.13). 3to ycnosue 00ecneynBaeT PaBHOMEPHOCTD
ACHMNTOTHYECKON YCTONUUBOCTH HYJEBOrO pPELIEHHS YDaBHEHHUS
(5.7), 41O COOTBETCTBYET HE3aBHCHMOCTH BEMUYMHH B, Grrypu-
pywoumeid B ycaosuu (5.8), OT BEAWUUHH fy.

dopmyaupoBkM Teopem, NPUBEIEHHBIX HIKE, TAK KE KaK R
JOKa3aTe/NbCTBA 3TUX TEOpEM, NPHBEIACHH HAMNU B COOTBETCTBUM
¢ paGotoit [94].



§ 5] 3AAAUA O HAKOIJIEHWUY BO3MYUIEHMH, ¢ 173

Teopema 5.4 Ecau 0asn awboll gynxyuu u(t)y C L,
1<p<oo, 3adaua (4.1) umeem ozpaHudeHHOe peueHue,
mo cyuwecmegyen HOAOHUMENbHOE HUCAO 0. U CKAASPHAS NO-
aoxcumensHas @ynxyus N(I) makxue, wmo awboe pewenue
ypasnenus (5.7) ydogaremsgopsaem repcsencmsy npu t==1t,

Iy <NEye == yty],  (5.14)

20e %—*—%: 1.

Hokaxem Teopemy. IlycTe y (f) — nHeHy/eBoe pellleHHe ypas-
Henns (5.7). Bribepem npousBobHbEe uncaa t==t, >0 u onpe-
Aennm dynkumio 7y (f), nonaras y(f)==1 npu fH=<t=C"fy-t+tn
1(#)==0 BHe yKa3aHHOro NpPOMEXYTKa.

OueBnaHo, QyHKIHS

t

x@®=y® 1@ |y @[ d=

[

sBjseTcs pemennem sagaun (4.1) npu u (O)=7(E)y ) |y @ |
Tak xak u()C L, n |Jul,=<"», 10 no ycnosuio Teopemu
Xx (t) 6yaeT orpaHnueHHBIM pelieHueM 3aaaud (4.1). B cuny semmnl
5.1 cyulecTByer NOJIOKHMTE/IbHas MOCTOsHHAA K, TaKas, 4TO
“ x(t)_ “ éKp ” u Hp::Kptl/p‘
[Tonaras
¢

o ={1y()"ds, (5.15)

o

nonyunm npu = >0
Iyt Il o ttat-v) < Kya'. (5.16)
Tak kak ||y (to-F7) || 1=2%(t,+ =), 10 u3 (5.16) caenyer
$(ts ) = K12 g (fy ).

HUurterpupys noc/ejHee BbIpaXeHWe B Npeletax OT T, A0 T,
[0Jy4nM

@ (o + ) = 9 (fo £ ~o) exp [gKp" (x1/9 — <}/9)].

B cuy (2.28) umeem ||y () || <<A(fy ) ||y @), rae
to+~
Aty y==exp | ||A(s)] ds.

i
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Coraacno (5.15) umeem

to+To to-- 7o d
elota= | ly@ds=lyw I | 5=
{

to o
=5 (|| y () || At )™ (5.17)
Taxum oGpasom, us (5.16) u (5.17) crenyer
|y (o) [| = KA (fo, 7o) w5 'exp (9K, 1)/9) 2177 X
X exp (— gKp's"9) [y (ta) |
TIycTs & — MPOUSBONBHOE MNOJOXKHTENLHOE 4WCAO U3 HHTEp-
Bana 0<a<gKy'. Herpynro yGenutbes, uTo
max /7 exp (2 — ¢K,') t'/4 = epg ™! (9Kp' — 0)| =P =1 ().
Ilycts
N(t) = N(a, by, 1) ==A(ty, ) €xp (‘IKEI"A/Q) max (1, KA (a) 75"
Ouesunxo, npu =0 noayunm
Iyt | <N e =" ||yt

4TO 3KBMBaJEHTHO (5.14).

Teopema 5.5. Ecau 0an scavoii gyuryuu u(t) C C, 3a-
dava (4.1) umeem ozpanudenHoe pewenue, Mo cyuecmsyem
NOCMORHHAA O U CKAAApHAS nosoxcumensras dyuxyus N (t)
makue, 4mo awboe pewenue y(t) ypasuenus (5.7) ydosaem-
gopsem npu t=1,=0 nepagencmasy

|y @ | < Nt e= ¢~ || y (1) | (5.18)

Hokaxem Tteopemy. Omnpenenum dynxunio 7 (f) caeayoumum
obpasom:

1 npu t=<ty—+r,
T =1 —({—ty—r) npu tyfc<<t<<ty-fr-}1,
0 npu fH-Lt4+ 1<t

Pacemorpum dynxumio u () =7y @O |y )|, rae y (H—
HeHy.1eBoe pewenne ypasHenns (5.7). Ouesnano, nmeem ||u(t)lic, =
== 1. dyuxuus

=y O ||y (5)1] "ds

4
to
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ABASETCA pewenunem 3agaun (4.1) npu BrOPaHHOM BO3SMYLIEHUU
u(t), cirenosarenbHO, B CHAy JeMMbl 5.1 umeem npu ¢ =t
| x(¢) || << K, rae K — HEKOTOpOE MNOJIOKUTENLHOE UUCIIO.

Chosa onpeaenas ¢yukumio ¢ (f) coortHoumeHuem (5.15),
NOJy4uM

Iytetolletto=
=llyt+91 § ly©ltds <K, (5.19)

to

& (ty %) = K (ty -+ ).

WnrerpupoBanue mocienHero HepaseHcTBa B mpelenax oT T,
A0 T, T _>7y Jaer HaM

¢+ )= (fo 1) exp K' (1 — 7). (5.20)
Takum obpasom, u3 (5.19), (5.17) u (5.20) seiBOAUM
|y o+ ) || << Kexp (K '=0) 5" A (£, w) exp (— K7'7) ||y (to) ||
¥ BBOJAS (PYHKIKIO
N (t) = A (ty, 7) €K%0 max (1, K<;"),
nonyunmM TpeGyeMHil pesyabTar
ly o+ | <Ny " ||yt -

Y106 noayuutb (5.18), gocrarouHo nonoxuts o== KL

Tak kak mobyio ¢yHkunio u3 Cy MOXKHO CUMTATH MPHHAL-
aexauelt mo6omy w3 npocrpancrs C, Lo, M, 10 Teopema 5.5
Oyzer cnpaBenauBa ¥ B TOM C/yuae, eC/in B ee (OPMYAUPOBKE
3aMeHuTb NMpocTpaHcTBO Cy MOGBLIM U3 YKAa3aHHBIX MPOCTPAHCTB.

Canencreue. Ecau npu u(t)C Cy 3adava (4.1) umeem
o2parutennoe peuenue x(t), mo amo pewenue obradaem
cgoiicmaon lim x ()y=0.

t—o00

B camom nene, tak kak u(f)C €y TO Anst moboro ¢ >0
CYWECTBYeT < Takoe, uto || u (¢) || <<eK™ npu t =+, rae nocro-
aHHas K B34Ta U3 1OKA3aTeabCTBA TPEALAYILEH TeOpeMbl.

Onpenemvim nanee Qyuxumio f(t), nonaras f(f)==u(x) npu
t<<tm f(Q)=u(t) npu t==< OueBnino, CNpaBeiInBO Hepa-
BenctBo || f(f) || <<eK™' n, cienosarenvho, sagaua §=A (¢)y --
—+f(t), y(t)=0 umeer orpaunuentoe pewense. B cuay aemmu
5.1 umeem 1axkwe [[y@|<K|[f(@) ] <=

OTKyAa cJenyer
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Ilycts 2z (f) — pewenne 3amaun 2=A{)z+u(), z2(x)=
=y (7). Tak kak npu t=rt y()==z(f), To limsup ||z ()| <=
{—co

Ecan x (t) — pewenne 3anauu (4.1), To x (f) — 2 (t) Gyner orpa-

HHUEHHBIM peuleHueM ypasHeHus (5.7) u 10 teopeme 5.5 Gyaem

umets lim || x (f) — 2 (f) || =0. ChrenoateabHo, uMeeM Takxe
¢

—>C0
limsup || x () || <<e, © TaKk Kak & — NPOMSBOJILHOE YHCIO, TO
{00

nonydyaem tpeOyeMmbiii pesyabTaT.

Teopema 5.6. [Iycms A(t) ydosaemsopsiem ycaoguio
(8.13). Ecan oasn scarwoi ynryuun u(t)yC B (20¢e B — odno
u3 npocmpancme C,, C, M, 1<<p<lco, L, 1< p=<co)
3adata (4.1) umeem ozpanuienHoe pewerue, mo Hyiesoe pe-
wenue ypaguenusn (5.7) SKCNOHEHYUAABHO YCMOUYUBO.

PaccwoTpum cHavana cayuaih B=—C,.

Ilycts

PN
stp S A || ds= A, <.
(=0 f

ITposoasa Te Ke paccyxIeHus, UTO W NHPU AOKA3aTEJIbCTBE TEO-
pembl 8.5, npumem t,==1. IToayuum rtorna

N(tg) << exp (4 -+ K Y max (1, K).

Takum oOpasom, HepaseHcTBO (5.8) Gyaer cnpaseaanso. Que-
BUUHO, TOYHO TAK XK€ yCTaHaBJMBAETCA CIIPABEAJIHBOCTb TEOPEMbI
upn B=C, B=1L,, B=Mp, l<<p<oo.

Iycrs tenepp B=L, 1< p< oo. TloBropss nokasareib-
crBo Teopemnl 5.4, mpumem ty=1. B cuay (5.13) noayuum

N (ta) = exp (A, + ¢Kp') max (1, KA (@) =N,
orkyaa coraacHo (5.14) caeayer

ly@Olfset—1t) ||yt
rae

p(t)==Nexp(—atV/?) u limp($)=0.
t—0

Tpebyemblii pe3yabTaT cjaedyer Tenepb U3 JeMMH 5.4.
Paccworpum Ttenepb cayuah, korana u (f) C L.
Teopema 5.7. Ecau dasn scaroii gynxyguu u(t)C L 3a-
dava (4.1) usmeem ozpanuyenHoe pewenue, mo arodoe pewenue
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Y () ypasnenus (5.7) ydosaemeopsem nepasercmsy
ly® <Ny, (5:21)

20e N He 3asucum om t,.

B camom nese, nycrb BoiGpanbl yucaa 0 <<f,<<t, n 0<3 <<
<ty —t, THonowum §(t)=1 mnpu ty<<t<<t,--3, 71(#)=0
BHE yKasaHHOro npomexytka. Ilycte u(t)=v() ||y ()| 'y ().
Ouesunano, ¢yHkuua u (¢f) npunaanexur L u || u || y=3. Caeno-
BATEJAbHO, MO YCJOBUIO TEOPEMBI

¢

xO=y® 1) |y(s)["ds

ty

SIB/ISIETCA OrpaHUueHHON yHKIueH.
B cuay snemmu 5.1 umeem

fx® | <<N| uj,=Nd.
Tak kax
¢t
fx®Ol=IlyON§1@ Iy tds=
ty
ty+3
=ly&1 § 1@ Iy© | ds
npu ¢ >>1,-1-3, 10 ’
to-l-3
Ix@) =Nyl § 1) | y© | ds< Na.
£y

Ilpu 8 — 0 noayuum
ly@ [y ™ <=n,

OTKYNa B CHJIY MNPOU3BOJBHOCTU £, U ciaeayer TpeGyemutt pe-
3YJIbTAT.

OueBnnno, teopema 5.7 nonyckaer obpamenue. Eciu BHIO-
Heno ycaosue (5.21), To npn u (£) C L 3anaua (4.1) 6yaer umers
OrpaHHuYeHHOE penIeHHUe.

4. TlpuBeneM HEKOTOpBIE NPUMEPHL.

ITpumep 1 (Jl. Maccepa, I. UWepdep [94]). Paccmorpum
pal OTpesKoB J,==[n—e ", n-}e "), n=1, 2, ... u onpe-
neaum  dyukumo A(f), moaaras A(f)=1 Bue J, A(n)=e"
Ha xawnom ws ortpeskos J, onpereinm ¢ynxkumio A(£) Tak,
YT0Ob  BBIMOMHANOCH HEPABEHCTBO | << A (f) << e Ouesuano,
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¢yukuus A (f) Moxer ObTh MNOCTPOEHA TaK, YTO OHa OydeT He-
npepuiBHO# u auddepeniupyemot npu £ > 0.

PaccmoTpuM JMHEHHOE OMHOPOAHOE YypaBHEHWE, pElIeHHEM
KoToporo asaserca Qyukumust y (f)=e* (A (¢))™". Tak kax

y(n—+e=) (v () =exp (2n — ) — co,

TO peweHue y(f) He MOXKeT YIOBJAETBOPATb HEPaBEHCTBY THIIA
ly@®|<<N|y(ty)|, rae N ue sasucur ot t, Tem Oouaee y (f)
He MOxer ObTb CBA3aHHBIM HepaBeHcTBoM Tuma (5.8).
Ecmm u () C Ly, 1 <p=<00, T0 pelieHue COOTBETCTBYIOULEro
HEONHOPOJHOTO YpaBHEHHs
¢
et

*O=1g §e8x(s)u(s)ds

O6yneT OrpaHNuYeHHBIM.
B camom gene, ucnoabsys HepaBeHCTBO [&apaepa, noayuum

|x(t)|<e—f§e5|u(s)[dere-ti {ens)u(s)|ds<

0 n==1 .In

gV, et [ ull, 3o exp (n e~ Qe-r)e <
n=1

<l u ”p{ g~ Vate i exp (2n - e— ") (Qe—nz)l/q}.

n=1

Ouesnano, |x (f)| Oyaer orpanuyeHHoRt (yHKUMEH, TAK Kak I0-
caeHU# pAR CXOZUTCA 1npu moboM q. :

Takum o6pasoM, B dopmyaupoBke TeopeM 5.4 u 5.5 HeBo3-
MOXCHO noJaraTb BeauuuHy N (f,) He 3asucsamed ot £, Yrobw
MOAYYHTb 3TO LEHHOE CBOHCTBO HE3aBUCHMOCTH, HEOGXOXMMO
au60 HajgoWUTh OorpaHuueHue tuna (5.13) Ha A (f) (reopema 5.6),
anGo OrpaHMuUMTLCA CJyuyaeM p==1, KaK 3TO CAEJIaHO B TeO-
peme 9.7.

Mpumep 2 (JI. Maccepa, L. Lledpep [94], O. Ileppon [101]).
Paccmotpum ypasHeHue

x+@—sinin(t-+1)—coshn{t4 1) x=u(t), (5.22)

rre 1 <a<l- ; e ™. QuesBuHO, umeeM | @ — sin ln(f - 1) —
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—cosln(t+1)|<<a-}- 2, crenosarenbno, A(f) npuHasieut
C. Pellenne O/HOPONHOFO YpaBlEHHS HMEET BHL

y (t) =y (0) ele—a=—sinln(¢4-1)(¢+1)
M ABJASETCH OrpPaHHYEHHBIM.
Tax kak |y(0) e%e—@+DU+D < |y (1) <| y (0)] e%e—(a—Die+D),
TO npu £ =1t,=0 nmeem

IJ’ (t) l < e2(to+p—(a—=1){t—1) I x(to) l,

MO3TOMY BHINOJHSAETCA HepaBeHCTBO (5.18) u Tem Gosee (5.14)
npu mobux g < oo.

PaccmMoTpuM namee COOTBETCTBYIOIIEE HEONHOPOIHOE YpPaB-
Henue (5.22), nonaras u(t)==e—2¢+1, QueBuano, u OCL,
npu 1 <<p<coo u u(t)CC, Pemenue 3agaun (4.1) umeer Bujg

¢
x (f) = e—fe —sinln¢+H)E+1) S e—(s+Dsinln(s+ b gg
0

MMonownm t,==e®n+¥s% p—=1, 2, .... Eum te"<<s<C
2

2. ]
<t,e 3,170 —1<Csinlns<c—1/, u Mn umeeM
2

—_—

ty—~1 the 3
s e—(s+l)sinln(s+l)ds> S e—ssinlnsds>
o e
L
t,,e_ 3 ____2_1‘:
> (| elds=2exp(fitse) {exp (fetsle 3 —eT)—1}
the™ ™

C mpyro# ctoponmn, (@ — sin Int,)t,==(a — 1)%,. [Tostomy, Tak
Kak t,—o0 n a<l-4 —;- €™, noayunm '

X (ty— 1)> 2 exp ((1 g — a) t,,>><
1, —2=
x{exp <»2—t,l(e 3 e"‘))——l}
M, CrenoBarenpHo, x(f, — 1) —oo. Takum oGpasom, dyHkuns

X (t) ABJAETCA HEOTDAHMYEHHOH, CJENOBATENbHO, 3TOT TpPHMEp
NOKa3HBAET, YTO TeopeMul 5.4 u 5.5 B obuieM c/iydyae HEOGPATUMEL
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5. PaccmorpuM Tenmepb I10JyUYEHHBIE pE3YJbTaTB C TOYKH
3pEHUs TeOpUu aBTOMATHUECKOro peryJaupoBaHus. B § 1 BTopo#
TaBbl YK€ OTMEYAJOCh, YTO BCAKYIO aBTOMATHUECKYIO CHCTEMY
MOHO PaCCMaTPUBATE KAK COBOKYITHOCTD 3BEHbEB, KaX/0€ U3 KOTO-
PHIX XapaKTepusyeTcs ONMepaTopoM, ePeBOASUINM BXOMHON CUrHal
B BBIXOAHOH curHad. BplLio orTMeueHo, 4To B OOJBIUMHCTBE CaY-
YyaeB OnepaTop 3BeHa MOxeT OblTh ONHUCaH C ITOMOILBLIO Nepeaa-
TOuHOH (yHKIMK. [lycTh 7 — BXOAHOR CHrHal W X — BHIXOZHOH
CHrHaJ, Toraa MoxHo sanucath X =®(x), rze ® — Hexoropmi
orneparop, MOXer ObiTb, W HeJMHeHHHH. [lonycTHM, B cuny He-
KOTOPBIX TIPHYMH CUTHAA X WM3MEHW/ICH W MPEBPATU/ICS B HOBHIH
curHan u - 3u; B 3TOM cCayuyae CHFHAI X TOXKE HM3MEHHUTCH U
nepefier B x -+ dx. Ouesuano, OyaeM umers x -+ dx==0 (u-|-3u),
orkyaa caeayer dx=® (u -} du) — @ (u).

OnHuM u3 KedaTeNbHBIX CBOHCTB PacCMaTpPUBAEMOrO 3BeHA
yacto ObiBaeT CBOHCTBO HEUYyBCTBUTEJBHOCTU [0 OTHOINEHHIO
K BXOIHOMY CHIHaJY; 3TO 3HauHT, YTO /15 0OOr0 MOJNOMUTE b=
Horo uncia ¢ >0 Moxuo ykasars Ttakoe 7 >0, uro M3 Hepa-
BencrBa || 3u || <% cnenyer wepasenctso || dx || <le.

Takum o0Gpasom, CBOHCTBO HEUYBCTBHUTEbHOCTH (MM, KaK
YacTO TOBOPAT, CBOHCTBO WHBAPMAHTHOCTH C TOYHOCTBIO XO €)
COCTOHMT B TOM, uTO onepatop 3seHa @ qBisercs HenmpepsiBHLIM.

Ecau oneparop @ orpaHiueH, TO B ITOM CJyyae BCAKOMY
OFPaHHYEHHOMY BO3MYLIEHHIO BXOAHOIO CHIHala U COOTBETCT-
ByeT OrDAaHHUEHHOE BO3MYILEHHE BBIXOJHOIO CHTHaJda X. IT0
CBOMCTBO PacCMaTPMBAEMOro 3BEHa TaKKe NPEeACTaBAfdeT MHTepec.

s JUMHEHHBIX ~ OMEPaTOpPOB, KAaK W3BECTHO, CBOKCTBO
OrPpaHUYEHHOCTH W CBONCTBO HEMPEPBIBHOCTH  SKBUBAJEHTHHI
Ecm K=| @ | — nopma nuHEHHOrO OrPAaHMYEHHOIrO OMNepaTopa,
10 umeeM || x || << K || du ||

OueBnaHo, HEYYBCTBUTEILHOCTb 3B€HA PacTeT C YOBIBAHUEM Be-
JuuuHel K, KOTOPYIO KHOrJZAa HAa3hlBAalOT KO3(DMHUIHEHTOM Yycuae-
Hus 3Bena [102].

Ecan oneparop @ 3azan CooTHOLIEHHEM

t
x(t)::(I)u:S W, <) u(=)dr,
0
TO CMHCJ [OKAa33HHBIX TEOPEM CBOAMTCH K caenymiouemy. Pac-
CMOTPUM B KauyeCTBE BXOAHOIO CHrHana (QyHkuuio uy(f)=—
=xd(t — 1), rae O(t—t)— dyukuua Jdupaka. Toraa noay-
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unm Py = W(f, t)) x,. CielosatensHo, peakuus Ha UMy IbCHOE
Bo3ldeHcTBME OyA€T B AaHHOM Cayuae QYHKHueH, aBisiouieics
pemiennem 3anaun X = A (t) x, x(t))=x, CMbIC1 YyCTaHOBJIEH-
HbIX TEODEM COCTOMT B TOM, uTO K3 (aKTa OrpaHMYEHHOCTH
ofnepaTopa 3BeHa MNPW HEKOTOPHIX HOMOJHUTE/IbHHIX OrpaHuye-
HUAX, HAKJIANBIBaEMBIX Ha omnepatopHyio dyHkunio A(f), BhBO-
OUTCs Cy)aeHue 00 aCUMNTOTHUYECKOM MOBENEHHY PeaKuuy 3BeHa
Ha UMIYyJbCHOE BO3JEeHCTBHE.

C T10YKM 3peHHs AOrUYEcKOH CTpOHHOCTU Teopuu Hauboaee
NPUATHBHIMA  pe3y/JbTarTaMy  BBINISAST DEBYJbTATH  JEMMB 5.5,
teopem 5.2, 5.4, 5.5 (Bkmwouas caeacrsue), 5.7, Tak KaK B 3THX
TEOPEMaX HE HaK/Aa[blBAIOTCA /IOMOJHUTE/IbHBIE OrPAHUYEHHS Ha
oneparopuyto dyHkumio A(f) ¥ aCHMOTOTHYECKOE MOBEACHUE
PEaKUMN HAa WUMMYJIbCHOE BO3ACHCTBUE LEAHKOM ONpPEAETALTCS
peakuneil 3BeHa Ha BO3LEHCTBUA, NDUHALIEKAULUE TOMY WK
MHOMY [DOCTDAaHCTBY, T. €. HEJIMKOM OMNDENEaseTcs CBOHCTBaMu
oneparopa Kommu. K coxanenuio, KaKk mnokasain MPUMEpbHl, MpH-
BeleHHbIe BeiLe Teopembl 9.4 u 5.5 HeoOpaThMbl.

Teopemn 5.1, 5.2, 5.6 mawT ycnoBus, NpH BHIIOJHEHUH KO-
TOPHIX OrpaHuueHHocts omeparopa P siever 3a coboft sKcno-
HEHUMANBHYIO  YCTOMYMBOCTD CBOOOAHOM CHCTEMH. DKCIOHEH-
UHaMbHAs YCTOHUMBOCTD JIUHERHOrO 3BE€HA OYEBMAHO SKBHUBAJIEHTHA
paBHOMEPHOH acumMnTOTHUECKOH ycroHumsocTu [8].

B reopemax 5.3 — 5.5 u3 cBOHCIBA OFpPaHMYEHHOCTH omepa-
TOPA BBIBOANTCA CBOMCTBO aCHMNTOTHUECKOH YCTOHUMBOCTH, KO-
TOpass MOXET OhTb M HEPaBHOMEPHOH.

Briepshie BaxHOCTL cBOHCTBa orpaHuueHHoctd onepatopa @
ykasaia B mouorpapuu [103]. B aTo# KHure ycToHumBOCTH
(PUILTPA HEMOCPEACTBEHHO OTOXKAECTBJANACH C OFPAHHYEHHOCTBIO
COOTBETCTBYIOLULEIO ONEPaTtopa. PasjMuHpie acleKkTs 5TOH HOBOH
Teopuu obcyxaaauch B padotax JI A. 3ame [104], P. Ksamana
[105], T. Bpumxasuna [97].

Ha naw ssrasn, onpemenenwe TOro niw muoro poma ycro#f-
UMBOCTH 3BEHA CJENYET CBA3BIBATL C ACHMNTOTHYECKHM = IOBeje-
HMEM peakuud 3BEHa Ha UMIYJbCHOE BO3dedcTBHE. DTa TOUKA
SPEHHs COOTBETCTBYET KJACCHHECKOMY MpeIcTaBjeHnio o6 ycTo#-
UHBOCTH KaK O BHYTDEHHEM CBOHCTBE CHCTeMH, XapaKTepusyio-
ILEM NOBEAEHHE CHCTEMHM NpU HEHCTBHM MTHOBEHHBIX BO3MYLIEHUH.
Hpu sTOM noOBedeHWe CHCTEMBI NPH MOCTOSHHO AEHCTBYIONIHK
BOBMYIIEHUAX, KOHEUHO, OMpPEAEAsLTCsl XapaKTEPOM YCTORUMBOCTH
STOH CHCTEMb, a NOBEACHUE CHCTEMbl NPH MPHOBEHHBIX BO3MY-
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IEHHAX ONpesensercds XapakTepoMm [OBENEHUS CHCTEMBl [IpH
NOCTOAHHO AEHCTBYIOUIUX BO3MYILEHHAX.

OrmeTuM eme cuaenyiomul ¢axr. Boilue wMu npeunosaranu
BCIOAY, uYTO JnHe#Hu oneparop A(f) saBasercs OrpaHUYEHHBIM
oneparopoM. 3IJT0 TpeOoBaHWe, MO CYUECTBY, HYXHO OblJO
TOJAbKO AJ% TOro, 4TO6K OGECHEUNTh Or PAHMYEHHOCTb OMEpaTopa,
3aganioro ¢opmyaoft (4.2). B Hacrosiuee BpeMs I1105BHAOCH
MHOro paloT, B KOTOPHIX CHUMaercd TpeGOBaHHE OFPaHHUYEHHOCTH
oneparopa A(f). IloayueHnsle TakuM 00pasoM pe3y/bTaThl MOIYT
ObITh HEMOCPEACTBEHHO IPUMEHEHB K HCC/IENOBAHMIO BONPOCOB

YCTOHUHBOCTH pEIUEHHH YpaBHEHWH B YaCTHHIX [POW3BOLHBIX
{106, 107].

§ 6. Teopembl 06 ycTOHYMBOCTH pemeHui
HeJIUHeHHBIX YpABHEHHH

1. PaccMoTpuM ypaBHeHue
X=A{x+ R(x, 1), 6.1)

rae A(f) — auHeHHBIH Or paHUYEHHHIH OnepaTop, HENPEPHIBHLEIR NO
t, dyukuns R(x, f) yaosxersopser B obaactn D: || x || << H,
0 << t < oo yenosnio

R O <L x|. (6.2)
O06o3Haunum uepes W(¢, ) onépaTop Kown ypasHeHus
X=A()x, (6.3)
U TPEANoJOXKUM, YTO UMEET MeCTO HEPaBEHCTBO
| W(t, t) || << Be—ett—t), (6.4)

rae a, B -— NOJOXATENbHBIE NOCTOSHHHE, He SaBHCAINE OT f,.
Hanoumnunm, yto ycrosue (6.4) eCThb ycn0BHE 5KCMOHEHIMATbHOH
YCTOHYMBOCTH HYJIEBOrO peleHus ypasHeHus (6.3).

Teopema 6.1 (06 ycroHunsocT 0o nepsoMy mnpubauxe-
wuio). Ecau sonosnens: ycaosus (6.2) u (6.4) u ecau, xpone
11020, NOCMOAHKbE o, B, L yoosaemeopsom HepaseHcmsy

h==a— BL >0, (6.5)

mo Hyaesoe pewenue ypagrenun (6.1) 6ydem sxcnonenyguassto
yemoiug s,
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B camom nene, ucnoapsys ¢opmysny Kowmm, moxeM sanucars
MHTErpajbHOE ypaBHEHUE
t
x()= W(t, t)x,+{ W(t ©)R(x, v)dx, (6.6)
2

9KBUBaJEHTHOE ypasHeHuo (6.1).
W3 ycaosuit (6.2) u (6.4) noayuum oueHky:

I3
| x| << Be—*¢—t || x| +S Ble= == || x(s)| ds. (6.7)
o

Ecan Bectn oGosuauenue o (f)==e™ || x(¢)||, 10 u3 (6.7)
clenyer
14

9 (t)<< Bero || xo ||+ BL {9 (s)ds,
fo

oTkyaa no jaemme 1.1 nepso#l raassl NOJAy4uM
¢ (t) << eBLU— 1)) Beato “ X0 “ .
Takum o6pasom, umeem
| (@) | < BeBL-wit—to) || x, 1. (6.8)

Tak kak BL —a<{0, 10 n nonyuaem T1peGyeMoe CBOHCTBO
SKCIIOHEHLHAMBHOH YCTOHUHBOCTH.

QuesuaHo, HepaBeHCTBO (6.8) UMEET MecTO TOALKO HAS Tex
X KOTOphie Jexat B obsactu || x || << H, T e. B obaactu,
B KOTOPOH BHIOJHEHO HepaBeHCTBO (6.2). Ymenbiias /, MOXHO
YMEHBIUUTh BEJIMYHHY L, BXOMANLYI0 B YKa3aHHOE HEPAaBEHCTBO,
M TEM CaMbiM MOXHO 0O0ecneyuTb BHINOJHEHHE YciaoBus (6.5).
Taxkum 06pa3oM, Benwunna 00JaCTM NPHTAKEHUS HYAEBOTO pe-
weHus ypasuenus (6.1) 3aBUCHT B KOHEUHOM CueTe OT BeJH-
yuH @ ¥ B, Bxogsuwux B ycaosue (6.4) 3KCINOHEHUMAILHOH
ycroHuuBocTu ypasHeuus (6.3).

Hapany ¢ anseitumm onepatopom A(f) paccMorpum Tenepn
apyro#t aunefnmi oneparop, F (f).

Cneacreue. Ecau ssnoaneno ycaosue (6.4) u mepa-
8eHCM B0

IFOll<L O<t<oo)

u ecau, Kpome moz0, seiuduns. %, B, L ydogiremgopsiom
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yeaosuw (6.5), mo Hysresoe peuweHite ypaBHeHUs
=A@+ F{)x (6.9)

SKCHOHERUYUAABHO YCMOLHIUBO.

2, PaccMoTpuM Temepb BOMPOCH YCTOHYMBOCTH HY.JAEBOrO
pelieHrs ypaBHeHus (6.1) npu MOCTOAHHO NEHCTBYIOIUX BO3MY-
wenusix. Hapsny ¢ ypasHeHueM (6.1) paccMoTpuM ypaBHEHue

£=Al)x+ R(x, )+ u(x, O (6.10)

[Ipennoaowum, MO-NpexXHEMY, uTO B 004acTH [ BHINOJHEHB
ycaosus (6.2), (6.4) u (6.5). Kpome TOro, npeinonoxumM, 4YTO
B obaactu D ¢dynkuus u(x, f) yIOBIECTBOPSIET HEPABEHCTBY

luCe, O <r@®) (6.11)

rae r(f) — bysKuns, HHTErpupyemas Ha Jo00M KOHEYHOM UHTEp-
Banre BpemeHn. Pynkumwo wu(x, f) Oymzem paccmarpuBaTh Kak
MOCTOSIHHO JIEHCTBYIOIEE BO3MYILEHHE.
BBenem o6Go3HaueHus
(41
ho=supr(t), hy=sup S r (z)dr,
£=0 £z0
£41
h,:sup( S r"(w)dr)l“.
620"

Onpenenenue. [Iycms dan awbo2o ¢ >0 MoxucHo no-
dobpams noasoxcumensweie wucaa h u 3 maxue, wmo 045 pe-
wenuli  ypaguenuss (6.10) umeem Mecmo HepaseHcmso
Hx @) || <e npu t=0, ecau moasko || x(0) || <3 u sonos-
HEeHO O00HO U3 YCcA08ULL

a) hogh'

b

b) hy<<h; ¢} hy<<h.

B sToM cayuae OyieM TOBODUTb, 4TO HYJEBOE pelleHue
ypasHenus (6.1) ycmoifidauso npu nocmosanHo Oelicimn ey vuux 603-
MYWeHI X OTPaHUYEHHBIX (B CJAyuae a)), OTPaHHYEHHBIX B Cpel-
ueM (B cayuae b)), OrpaHUUYEHHBIX B CPEAHEKBAAPATHUHOM (B Cay-
yae ¢)).

OueBu/IHO, TepeyucAeHHHIe BHILE cayuaw a), b) B ¢) otBe-
YAIOT OLEHKaM IMOCTOSHHO AEHCTBYIONINX BO3MYULEHUHH 1i10 HOpMe
COOTBETCTBEHHO NPOCTPaHCTs Lo, M u M, ‘
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Jlemwma 6.1. Beakxoe pewenue ypasuenusn (6.10) ydogaem-
sopsem ouyerke

220 @ [l <B(@: (&) Dy (1)), (6.12)
O ()= || xoll, x9=ux(0), (6.13)
D, () =eM § eMr (s) ds, (6.14)

A=a —0_ BL.

B camom nene, ucnoansys dopmyay Kouwn, noayuum
¢

x@O=W({t 0 x+{ W (R, 9)+u(x, 9)ds,

0
OTKYZa CJELyeT

IO ) =B x| -8 {511 w5y +r9)ds,
Beozns oGosnauenue ¢ (f)==¢" || x (£) ||, noayunm
M0<Bnmn+8§uw@+f%®w&
oTKyma cornacHo Jaemme 2.3 (uepasenctBy (2.15)) craexmyer He-

' PaBEHCTBO
t

o ()<< BeBLT (|| xy || + (el =BDs 1 (s) ds).
0

Taxum 00pa3oM, MOJNyYaeM OLEHKY
t

@ || < Be™ (]| x| -+ (X7 (s) ds),

SKBUBAJNEHTHYIO omleHke (6.12).
Nemma 6.2. Huewom mecmo npu t=0 caedyowue
OYeHKU:

o, <", (6.15)

het
| —e=?

@, () < (6.16)

(6.17)

2\
(I)‘Z(t) <,72(1 — e )‘)"1 <L’ 2.;:1 )1/2'
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B camom nmese, ouenka (6.15) HenocpeAcTBEHHO CJAeAyeT u3
) ¢

v’
) e
nepasencts @, (f) << hpe ™ ge)‘s ds un S eMds < i
i i
Yro6n noayunth ouenky (6.16), snugenum us uucaa t uenyo
yactb k, T. e. nmpeacrtaBuM ¢ B Bule f==k =y, rme 0<< 1< 1.
Torma Oyaer cnpaBeAjnBa OLEHKA
k+1 m
Oty<e™[d | emr(ods], (6.18)
m=1lm-—1
OTKyla caeayer
Bl N
B <me[ ¥ ™| <h =
m=1 i
Hokaxem Temepb cmpaBedmuBocTh oueHkn (6.17). Quesnano,
UMEeT MECTO HepaBeHCTBO

R+l m
CDg(t)ée'“Z S eMr(s)ds <
m=1m-1
N 4 1y
<ty ( { e ds) ( { r“(s)ds) 2
m=1 m-—1 m~—1

TakuM oOpasom, umeem

k1
Dy (£) << hy Q) 2™ 3] (&P — P (MmN,

m=1 )

OTKyla Caeiayer

Dy () << hy (20 V2 (& — 1)/2(1 — e,
YTO ¥ JIOKA3hIBAET OIEHKY.
Teopema 6.2 (06 ycroHumBOCTM NpPH MOCTOSHHO Hei-
CTBYIOUIUX BO3MYWeHMSX). [lycme 8 ec-oxpecmuocmu mo4ki

x=0 sonosnenss ycaosus (6.2), (6.4), (6.5), (6.11) u odno
13 HepaseHcms

A) he < b

B) <o e (1 —e™),

\1l/9

Q) hy < o5, { e.,x mior) (=€)
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Toz20a 6cakxoe pewenue ypaguenus (6.10), onpedesennoe
yeaosuem || x| <e/2B, Gydem ydosaemsopams npu t==0
nepagencmsy || x (f) || <e.

Hokaxem teopemy. M3 semmbt 6.1 cuaedayer, uto peumenue
X (t) ynosaerBopser HepaeHCTBY (6.12). OueBumHO, uTo (yHK-
uns @, (f)==e || x, || ynoBaetsopser ycaosuo @, (f)<</2B,
a dyuxuns Dy (f), cornacHo nemme 6.2, CBSI3aHa NPH BBHINOJHEHUH
xotd Oun omsoro u3 ycaosu#t A), B), C) asanornussiM Hepa-
BeHcTBOM D@y (f) <e/2B. Ws (6.12) cpasy caenyer, wuro
x| <=

3. PaccMoTpuM Tenepb elle OJHY TEOPEMY, KOTOPYIO MOXHO
6b OBIO Ha3BaTh - TEOPEMOH O NUCCHIIATHBHOH YCTOMYMBOCTH.

Teopema 63. [ycmes 8 e-oxpecmnocmu mouxu x =20
soinoanens: ycaosus (6.2), (6.4), (6.5), (6.11) u ooxo u3 ne-
pagerHcms

3
a) h0<P‘B“)"
L -
b) h<pget(l—e?),
B/ 2\l
©) hh<eg <;ﬁ) (1 —e™),

20e 0<p<{1 u 0B ng . Cywecmgyem noaroscumensroe

wucao T maroe, umo npu t >T u || x, || <8 pemenue x(t)
Ypasrerun (6.10) yoosaemeopaem nepasencmsy || x (t) || <8.
Hokaxem Tteopemy. Ilycts T — 1e/10€ MOJOKHTENLHOE UNUCIO

TAaKOE, 4YTO T>%lnl—3_b—. [Ipy ¢>>T mnoayyum  ouenxy

D O)=c™M| x| <<(1—p) B—a Ecau BBIOJIHEHO XOTA 6Bl OAHO

M3 ycaosuit a), b), €), TO moayuuM, COrJaacHo Jemme 6.2,

@, (1) <pd/B. Orcioma caepyer, uto peienue X (f) ypaHenus

(6.10) Gyzer ynosaersopsits npu t > T nepasencrsy || x (¢) || <3.
4. PaccMoTpum Tenepn, ypasHeHue

X=A{)x+ R(x, t)--u(®), (6.19)

rae oneparopuas ¢yuxuus A(f) u dynkuus R(x, £) n u(f)
ABJSIOTCA HENPEPHBHBIMU ¥ NepHoauueckumu 1o £ Ecau nepuon
TUX (QYHKUMH OIMH ¥ TOT K€ W PaBeH w, TO, OYEBWIHO, 3aMeHa
=t® NPUBOAWT K CJyualo, Koriaa nepuod Oyner pasen 1.
[lostoMy Gyaem cuuTath B AanbHeies, 410 o == 1. [Iycre, Kak
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u pauee, oneparop Komw W (f, t) ypaBteuus (6.3) ymOBJETBO-
pser ycaosuto (6.4). Ilycts, najiee, dyuxuns R(x, f) yzosaer-
Bopsier B obsaactu D yciaosuio Jlunmuua

R =R, H| <L x—yl. (6.20)

IMpeanonaras BeimoaxeHHbM ycaosue R (0, £)==0 npun =0,
MOXEeM CuuTaTh, uTO Yycjaoue (6.2) Takke YIOBJETBOPEHO.
[Tycrs, nanee, uncaa a, B, L ynoBaerBopsior ycaosuio (6.5),
a (yukuusa 1 (f) ycaosuio (6.11). OueBunHo, uT0 B ycaosuu (6.11)
MOXHO 10M0KuTh r (f)==||u (f){|; orcrona creayer, 4yro (PyHK-
uuio 1 (f) MOXHO CuMTaTb NEPUOANYECKOH (yHKIneH L.

Teopewma 6.4. ITycms 0an ypasnenus (6.19) sonosnenst
nepeducAeHHble Bble ycro8un u xoms Ob 00HO U3 YCAOBUL
a), b), ¢) meopems. 6.3. Cymecmseyem g odracmu || x || <<H/2B
eduncmeenroe nepuoduieckoe pewenue 2 (t) ypasuenus (6.19).
Ecau x (t) — awooe dpyeoe pewenue 3mo20 ypasrerus, ma-
koe, umo | x(0)||<<H/2B, mo |x{t)—z®)| =0 npu
t—00; smo 3Hatum, wmo nepuodnieckoe pewenue z(t)
acumnmomuiecku ycmoiuuso 8 cauwicie Jlunynosa.

Iloxkaxem Teopemy. M3 teopemnt 6.3 credyer, urto ecau
[| x(0) || << 3==H/2B, T0O MOWHO YKa3aTh TaKOE MOJOKHTENbHOE
uncao 7, uro Gynem umerh || x(7) || == 3. Dro snauur, uto wap
Il || =<3 3a npomexyrox Bpemenn 7 nepefier 110 TPaeKTOpHAM
ypaBHeHUs B CBOW uacTh. Ilokaxem, uro oToOpaxeHue x (0)—
—> x (T) yZOBJETBOPSET YCJOBMAM NPHHLHUIA CHATBIX OTOOpa-
eHul, T. € ycaosuam Teopemsl 1.2, 3ameruM CHauaaa, uyTO
uncao T Obisio BRIOpaHO Tak, 4TOOBl BBIMOJHAIOCL HEPABEHCTBO

1 B 1
T>5-In 1_p>T1nB. (6.21)

Ecmu Xy m yy— IBa KAKHX-TO 3/EMEHTA M3 8-OKPECTHOCTH
HyJAeBOH Touky, 10 nmo dopmyse Kowu nmosyuum

T

.x(T)=W(T, 0 xo+ § W(T, 9)[R(x, 8)Fu(s)]ds,

0

T
y(M=W(T, 03+ § W(T, 5)[R(, 8)-4u(s)]ds,
] .
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OTKYZAa Cpasy CJAEedyeT OLeHKa
Iy M) —x M| < || WT, 0) |} llyo— X || +
T

+ W 9 | R, ) —R(x, 8) | ds.

0
[puxnmas Bo BHuMaHue ycaosus (6.4) u (6.20), moayuum
[y —x (D) [| < Be=*T || yo—x0 || +
T

+ [ BLe=«T=9 || y(s) — x (s) || ds.

0

Bsoas obosuauenne ¢ (f)=e* ||y (f) — x (t)||, noayuum
T

¢O<B|lyo— x|l +BL o (s)ds,
0

OTKYZAa COr/aacHo Jjemme 1.1 1nepBo# riasel, NOJAYyYuUM
(N <BeP T yo—x s

|y (D) — % (D) || < Be™ || yo — %, . (6:21)

B cuny ycnosus (6.21) umeem Be—*T< 1, yT0 m ZOKa3bi-
BaeT BO3MOXHOCTb INPUMEHEHHS NPHHUMIIA CKATHIX OTOODaKEeHUH.

Takum obpasom, B mape || x| << cywecTByer eInHCTBeH-
Has touka 2(0) taxas, wro 2(7)==2z(0). DToit TOUKE COOTBET-
CTBYeT TNEPHOAMYECKOE [BHXEHHE, TMOKAXKEM, UYTO MEPUOL 3TOro
IBUXEHUA B TOYHOCTH paseH 1. B camom neie, paccMoTpum
TOouKy 2 (1); OuEeBMAHO, B CUJIY MNEPHONMUHOCTH MPAaBOH uacT
(6.19) umeem 2z(1)==2z(T 1), cregosareabHo, 2z (1) Taxxe
ABJISETCS HEMOABUKHOA TOUKON pPacCMOTPEHHOro Bhile OTOOGpa-
xedust. Ho Tak Kak HenoisuxkHas TOuKka JOJMkHA ObiTb €IHH-
CTBEHHOH, TO JO/KHO BBINOJHATLCA paBeHCTBO 2 (0) =2z (1).

Vi3 HepasencTtBa (6.21') cienyer Tenepb CHPaBEIIMBOCTb 3a-
KJIOUYNUTENbHON 4YacTH JOKa3biBAEMOH TEOPEMBI.

B. Ilepetizem Temepb K pacCMOTPEHHIO TeopeM 00 ycroiuw-
BOCTH 1IpY NOCTOSAHHO AEHCTBYIOULUX BO3MYILEHHSX ¥ 00 YyCTOH-
YUBOCTH MO MNEPBOMY OPHOAMKEHNIO, [JOKa3aTeabCTBA KOTODPHIX
He YKJI3IbIBAOTCA B CXEMY, IPUBEAEHHYIO paHee.

Hapany ¢ ypasHenuem

X=X, 1), ree X(0, )==0, (6.22)
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PaccMOTPUM YDaBHEHHE

y=X0, )+ Ry, O (6.23)

IIpeanosiokum, 4TO BHINOJHEHH YCJAOBHS, obecreyuBaiomue cy-
IL(eCTBOBAHNE W NPOAONIKAEMOCTb pelieHnHd O0OO0UX ypaBHeHUMH
B obaactn D: || x||<<M, 0<<t<co.

ITpusenem onpenesneHus, HeoOXoauMble /s (POPMYIUPOBKU
JlaJIbHeRIUX pe3y/bTaToB:

a) [Moaoxenue paBHoBecus x==0 ypasHeHus (6.22) HasoBeM
paskomepro ycmolivussim 8 cMbicae Jlanyrosa, ecnd I
mo6oro e >0 u f,==0 MOXHO YKa3aTb TaKoe NOJOKHTEIbHOE
YuCa0 B, 3aBUCAIlEe TOJBKO OT e, uto M3 || X (f,) || <3 caeayer
fx® | <e npu t=t,

~ b) ITonoxenne papHosecuss x==0 ypasnenns (6.22) nHa3wl-
BAETCHd PABHOMEPHO QCUMAMOMUMECKU YCMOUHUBHM, €CH OHO
paBHOMEpPHO YcTOHuMBO B cMbicie JIsiMyHOBa W, KpPOME TOro,
cymectsyer ¢ >0 rakoe, uro Aas moduix 8 >0, £, =0 moxHo
ykazatb uucao 7 >0, 3aBuciulee TOMBKO OT € M 8, H TaKoe,
uto u3 || x (%) || <e caenyer || x(ty+ T) | <3 B crenyiomem
ONpeNeseHld He TNpearnosaraerca, 4ro Touka x=0 sBasercs
TI0JIOXKEHHEM DaBHOBECHSI. .

¢) Touka x =0 HasbiBaeTCa e-ycmol4ugol, ecin MOXKHO
ykasatb 8 >0 rakoe, uro w3 || x (ty) || <8 caeayer || x(¢) || <e
npu t=t,.

Bciony B nasibneftinem uepes x (f) Oyaem ob6osHauarb peuie-
Hue ypasheHus (6.22), a uepes y(f) peweHue ypasHenus (6.23).

Jemma 6.3. [Iycms pewenue x =0 ypasnenun (6.22)
pasromepro acumnmomudecku ycmoiwuso. Onpedesurm co-
2aacno a) u b) uwucaa ¥3<e u T >0 marue, wmo u3
1% () || <3 eaeayem

fx® || <e/2 npu t=t, (6.24)
) =
[xt+NDlI<s5. (6.25)
[Tycme x(ty))=y (ty). Ecau cnpasedsuso wepageHncmso

Iy —x®| <32 npu ty<<t<t,+T, (6.26)

20e ty— a1000e noaoscumensHoe 4ucao, mo moika x=—>0
oydem e-ycmoiitusod no omuowenuio & cucmese (6.23).
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B camom nere, us ycaosu#t semmul (6.24) u (6.26) noayuaem
Iy || <e/2-1-8/2<c npu ty<<t=<ty-+T. Ianee u3z (6.24)
n (6.25) crenyer || y(t, - T7)| <3

Takum oGpasoM, 3a npomexyTox Bpemexn [t f,— T
Touka y(f) He BHilAer 3a npenean obaactu ||y || <e u B Mo-
MeHT Bpemenn f==1f,~-T GOyaer sexarb B obaactu ||y || < 8.

Bepa Ttenepn MoMeHT BpemeHH f=—={,~ T 32 HauaAbHHH H
[POBOAS aHAJOTHUHBIE PACCYKAEHUS, T. €. paccmalpusan peme-
Hue x(f), onpenensemoe ycaosueM x (ly-FT)=y (- T),
yGeaumcs, uto Touka y(f) He BHiiner 3a npenenm o0JactH
(yll<le mpu fo--T<<t<<ty—-2T, u, KpoMe TOro, noOAyunuM
Ly @+ 27) | <3

[ponomxas nanee aHanOrWYyHBlE PacCyXIeHus, yGeauMcsd, 4TO
|y O <enputot(n— 1) T <t <ty-+nTu ||y (ts+nT) || <
<9, uTO M [OKA3HBAET JEMMY.

[Monoxenne pasHoBecus x==0 Ha30BEM JKCNOHEHUUAABHO
YCmoiiuss M 8 MAAOM, €CIM MOXHO yKa3aTbh Takoe & >0, uro
moboe pewenve x (f) ypasuenus (6.22) mpu. || x () || <e,
t =1, yIOBJACTBOPAET HEPABEHCTBY

| x(® || << Be==t~ || x (t)]], (6.27)

rae a >0, B>>0 ne saBucar or f,

Jdemma 6.4. Ecan npu x(t)=y(ly) v ty<<t<<ty-+7

uMeem Mecmo Hepagexncmso

[*@O—y®OI<1/4] xt), (6-28)
20e ty— awboe nosogcumensroe Hucao u mouyxa x=20
SKCNOHEHGUAN6HO Yycmoiiusa 8 Maroxm 045 ypasHuerusn (6.22),
mo ama mouxa Gyoem KCNOHEHYNANBHO YCIMOULIBOT 8 MANOM
u 0asn ypasuenus (6.23).

Hokaxem semmy. ITycts T==1/2In4B u 8=¢/2B, rne
¢ — MpPOU3BOJBLHOE [MOJOKUTETBHOE UHCAO, [JA9 KOTOPOro crpa-
BEMJINBO HepaBeHCTBO (6.27).

Ecan || x (¢o) || <0, 1o umeem || x(#) || <e¢/2 npn t, <t <<
<ty,+ T, w, kpome 1oro, || x (¢t T7) ] <3/4 U3 ycaosus
(6.28) cnenyer, uro || y (f) — x (t) " <3/4 npn ty,<t<<ty-+T,
orkyna noaywnm ||y () || <e npun fo<t<<t;{+T n

Ly o+ 1) || <3/2.

[lpeanosoxumM Ttenepb, YTO MOKA3aHO

Ny®fl <<e/2®' nmpa th+(—1D)T<<t<<ty-}nT
noly a7y | <320
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nOKa)-KeM, YTO MMET MECTO HEPAaBCHCTBA
Iy @] <e/2" npn tonT<t=t, = (--1)T (6.29)

|yt (n--1)T) || < 3j2m L (6.30)

B camom nexne, us (6.27) caenyer, uto ecan || x (ty) || <8/2"%,
1o || x(@®) || <e/2" mpn ty<<t=<ty4-T un [[x(l—+1)| <
< 8/2™% Vcaosue (6.28) maer || x(£)—y ()| <3/2™?* npu
ty=<t<<t,+ 7, orkyma caeayer, uro || y(@) || <e/2"™" |
- 3/2"2 /2" mpu ty<<t<<ty+T n ||y T) [} < 3/2™

[Tpunumasi Temepb B KauyecTse f, uncio ty— nT, ybexnaemcs
B cnpaseaausocti HepaseHcts (6.29) m (6.30). W3 stux Hepa-
BEHCTB JIEFKO BBIBOXMTCS HEPaBEHCTBO

ly@® || < 4B3exp(—aln2/ln 4B (t —1,)),

JOKA3bIBAIOLIEE YTBEPKACHHUE Haulel JAeMMBL
[lycts reneps B oOsactn D dynxuns X (x, ) yaosaerso-
pgeT ycaosui Jinmuuiia

| X =X O <Lx—y],  (631)
a ¢yHkuws R (x, t)— ycaosuio
| R(x, O[] <m, (6.32)

rie 1 — NONOKUTENbHAs NOCTOAHHAS.

Teopema 6.5 (06 ycroHuuBOCTH NPKU MOCTOSHHO AeHCTBYIO-
X Bo3MmyiueHnsx). Ecau wyasegoe peusernue ypasuenus (6.22)
PABHOMEPHO QCUMAMOMUHECKN YCMou1uso, mo 04% 1106020
e >0 wmoscno ykazams marue wucaa 3 >0 u v >0, umo oan
awbozo pewenus y(t) ypasnenus (6.23) u3 nepaserncms (6.32)
u ||yt || <3 caedyem npu t =1, nepasencmeso

ly®l <

B camom jene, corjacHo Jemme 6.3 BnOepem ass 3anaH-
noro € >0 uucaa 7 >0 u 8 >0 Tak, uro6s BHINOJHSIHCD He-
paseHcTBa (6.24) n (6.25). W3 reopemn 2.6 BnBOAUM Hepa-
BEHCTBO

LT
lxO—yOll< | etv—9Imds=n/L(e!T—1).
o
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Ouesunno, ecau v BHOpaTh HCXOAS u3 HepaBeHCTBa 7/L X
X (etT—1)<(3/2, 10 BCe ycnoBust Jemmbl 6.3 OymyT BHIIOJ-
HEeHBl ¥ MBl NOJyuynM TpeOyeMbli pe3y/bTaT.

Teopema 6.5 Moxer ObiTh ycuieHa B TOM CMBICAE, 4TO
BMeCTO HepaBeHcrBa (6.32) MOXHO nOTpeGOBaTL BHIMOMHEHHE
nepaBenctBa || R(x, ) || <<n(f) ¢ ouenko#r n(f) mo Hopwme
B npocTtpaHcTBax M, M, Kak 5TO AenaaoCh NMpu ROKA3aTENbCTBE
aemMmbl 6.2.

Teopema 6.6. Ilycms sunoaneno 8 obracmu D ycao-
sue (6.31) u ycaosue

| Rx | < M| x| (6.33)

Ecau Hynsegoe pewenue ypasnenus (6.22) sxcnonenyuassno
yemoiiwugo 8 Marom, mo npu 00CMAmMOUHO MAAOM 3Hate-
Huu M wysegoe pewenue ypasnenus (6.23) maroce Gydem
K CHOHEHUUANBHO YCIMOUHUBHM 8 MALOM.

Hokaxem teopemy. ITycTs T=%]n 4B, rme o ¥ B B35TH

u3 ycaosus (6.27). Tlpunumas BOo BuHumanme ycaoBus (6.31),
(6.33) u nepasencrso || x (f) || << 3B, surexaouee us (6.27),
MOXHO TOAYuMTb IpH fy <<t <<ty T HepaBeHCTBO

lx®—yO || < grpEnroe=m—_1, (6349
KOTOPOE MEl YCTaHOBWJH NpH NOKaszaTeqabCTBe JeMMbl 4.4 BTO-
pott raase. BriGupas M AOCTATOUHO MaibIM, MH MOXEM [O-
Outbes, utoOn mpaBas yacTh (6.34) crana menbwe 8/4. [lasnee
npuMensem Jemmy 6.4.

6. OTmerum Tenepnr paGoTH, B KOTOPHX B CAy4ae KOHEUHO-
MEPHOro (hazoBOro MPOCTPAHCTBA PAaCCMATPHUBAIHCL 3aTPOHYTHIE
BHILIE BONPOCHL.

HanGonee pansue paGoTh, MOCBAILEHHHE BOMPOCAM HCCJeE-
IDOBaHUsl YCTOHUMBOCTH NPH OFPAHUUEHHHIX MOCTOSHHO AEHCTBYIO-
wHxX BosMyuwleHusx, mnpunamaexar C. W, Topuimny [108] n
W. I'. Maakuny ([8], ctp. 308). Ycro#umsocts aBuwxenu# npu
BO3MYIILEHHSAX, OFDAaHMYEHHHLIX B CPEOHEM, WCCAeNoBatach B pa-
6ore B. E. I'epmanmse n H. H. Kpacosckoro [109]. Wccaeno-
BaHHE YCTOHUMBOCTM NEPUOANYECKOrO ABUKEHHS MPU OrpPaHUYEH-
HBIX MOCTOSHHO AEHCTBYIOWIMX BO3MYILEHHSX OBJIO MpPOBEAEHO
H. A. Aprembesnim [110]. Bompocs CymieCTBOBaHHS, COXpaHe-
HUS U YCTOMYMBOCTH MNEPUOAMYECKOrO ABHIKEHMS TNpPU OrpaHu-
YEHHHX [0 MOAYMO BHEIUHUX BO3ACHCTBUSIX DACCMOTPEHH B

7 E. A Bap6awun
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paborax H. H. Kpacosckoro [111] n A. Antocesnua [112] Ha ocHoBe
merola ¢yHxiu# JlsnyHosa.

Wccnenosanue BANSHUS BO3MYLIEHUH, OrpaHHYEHHBIX B CpEeAHe-
KBaIpaTHYHOM, HCCIEAOBAHHE [IEPUOIMUECKUX IBIKEHMH Ipy
BO3MYIIEHUSX, OrPAaHHYEHHBIX B CPEIHEM U CPEeJHEKBaAPATHYHOM,
npoBefieHo B pabore [113]. Wmen sToft pabGoTH MOCAYKHIA OC-
HOBOW s wuccaenoBanus AEHCTBUS CAyYalHBIX BO3MYILEHUH
[114] u mas wccoemoBaHus BONPOCOB YCTOHUMBOCTH pelIeHHH
nHTerpo-anddepeHuransHeix ypasHenust [85, 91].

Jlemmn 6.3 u 6.4 manm B paGore [115], rme paccmarpu-
pajica Gosee oOwmii cayuai, a uMeHHo, He TPeGOBaJIOCh CBOKCTBO
€IMHCTBEHHOCTN pENIeHNH U HCCae]0Banach yCTOHUHUBOCTH MHO-
wecrpa. Teopema 6.6 onyGaukosana B cratbe [116].

Wnen nemm 6.3 u 6.4 mocayxmim OCHOBOH uemoro psna
paoT Mo TeopwH pasHOCTHHIX ypasuenu# [117, 118], ypaBHeHut
¢ sanasaniBaHusMB [77], uHTerpo-auddepeHirasbHEX ypaBHeHAN
[84] u ypaBHenuii B GaHaxosom mnpoctpanctse [119].

§ 7. YcTolluMBOCTE MO OTHOMEHHIO
K UMOYJbCHBIM BO31eiCTBHUIM

1. Boapmio#t wuHTEpEC mNpEACTaBJIAET HCCAENOBAHHE Cayuad,
KOrJia BO3MyLIEHHs, DEHCTBYIOIINE Ha CHCTEMY, MMEIOT HMIY.bC-
HH# xapakrep. IIpumMepoM UMNYJbCHOrO BO3MYLIEHHS MOXET
CIYyXHWTb, B yacTHOCTH, PyHKuus u (f)=x¢ (f —¢y), roe x, —
HEKOTOpHH @uKcupoBaHHHH 37eMeHT npocTpaHctBa E, {,=0,
a 8 (t —t,) — m3BectHas ¢yukumns upaxa.

Ecim seinonseHo ycnosue x (f)==0 mnpu £<#, TO mnocae
JefCTBYS YKa3aHHOTO BO3MYLLEHWS, KAaK HETPYIHO BUAETH, pelie-
Hpe 3aaaun :

X=A{l)x+u®) x0)=0 (7.1)
Gyner nipn { >1, nmerb BuJI
C x(O)= W t) %, (7.2)

DTO 3HAYWT, YTO BO3MyUIeHME « (f) BHIBLIBAET MTHOBEHHEIH mepe-
X0l B MOMEHT BpEMeHH {==1, HyJeBOH TOUKH B TOUKY X.

Paccmorpum dyHkumio e (f) (QyHKUMIO €IMHHYHOIO CKauka),
onpellefeH Yo CAeayou M obpasom:

e(®)=0 mnpu t<t,
e(t)=1 npu t=¢,.
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Jlerko Buaetb, uro pemeHne (7.2) Moxer OHTb NpPeACTaB-
J€HO (popmya0i

t
x@)={ Wt s)x,de(s), (7.3)
0

rie MHTErpan CJAeAyeT paccMaTpuBaTb Kak OOOOLIEHHBIA wuHTEr-
pan Cruatbeca.

Ecan paccmarpusaTte QyHkumio e (f) Kak HEKOTOpPOE BXOA-
HOE paclpene/eHue, TO CcOoTHoweHue (7.3) HOKaseBaeT, Kak
npeoBpasyeTcs 3TO paclpele/]eHue B HOBOE pacrpenenenue X (1)
nNpy NPOXOXACHHH 4YEPE3 HEKOTOPOE 3BEHO aBTOMATHYECKOH
cucTeMsl, onucniBaemoe ypasHeHuem (7.1). Taxum oOpasom, ecin
BCTaThb Ha Ty TOYKY 3peHusl, 4uro ypaBHeHue (7.1) omuceiBaer
3aKOH NpeoOpa3soBaHUs BXOMHOIO pAacnpeleseHus B BEIXOJHOE,
TO MBI TOJIy4uM HOBYIO MHTEPECHYIO 33[auy, OTHOCSMIYIOCH K TEO-
pun 0000uieHHBIX (QyHKuMA. OJHAKO paMKAd HacTOAmled KHHUru
HE I103BOJIAIOT NPOBECTH IOJHOE ONKUCAHHE M[EPEeX0Ha BXOMHBIX
0000LIEHHBIX CUFHAJMOB B BHXOHZHBIE. [10/1B3YSICH HECHOKHHIM
annapatom unrerpasa Cruarbeca, KOTOpPHI MB KOPGTKO pac-
CMOTpeaH B § 1, HETPYNHO M3YUHTb BAXHLIH KJIACC UMITYJbC-
HBIX BO3AEHCTBUH BHIA

u(B)=u )+ D) ad(t —1) (7.4)

i==}

rae Qyukums uo(f) uHTerpupyema Ha JMoGOM KOHEUHOM HHTEp-
Bajle, a; — SJEMeHTH NpocTpancrBa E.
2. PaccmoTpuM CHava/la ypaBHEHUe

x(O)={ Wt s)dg(s), (7.5)
0

cootBeTcTBytomee 3anave (7.1).

Teopema 7.1. Jas mozo uwmoGe scaxoii ghynxyuu g(f)
O2PAHUYEHHON 8apuayuu Ha MHONCECMBE 0<t<oo coom-
semcmsosara 8 cuay (7.5) ozpanusennan (no wopme Ly)
dyuyusa x (L), Heobxodumo u 00CMAMOUHO BBNOAHEHUS He-
pasencmea

I} Wz, t) “ < W, <o
npu awobx 0<<ty<<t< oo
7t
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B camom nmene, urobm mnokasath HeOOGXOAMMOCTb YCJIOBHS,
IOCTaTOYHO B3ATh (YHKUMIO g(f) B CJEIYIOUIEM BHAE
t
g®=\u)at,
0
rae u(f) npunamiexur npocrpaHctsy L. Takum o6pasom, Beau-
yuHa
0
{ae ) ae
0
KOHeuHa u (yunxkumsa g(t) Oyaer dyHKune#l orpaHuyeHHOH Bapma-
uun Ha mHoxecrse ¢==0. I[To ycaoBuo teopemsl (ynxuus x (£)
HOMKHA ObiTh OTFPAHHYEHHOH; MCMOJBL3Ys TeopeMy B.7, moayumm
HyxHOe HaM HepaeHCTBO || W (L, ) || << Wy<loo mnpn 0<
<ty =<t
HocTaTouHoCTs YCOBHA TEOpEMbl BHITEKAET U3 HEPABEHCTBA
(1.9). Us sTOro HepaBeHCTBa CaeAyeT, uTO

lx®|<wVeg®,
0

OTKYZ2 ¥ TIOJyYaeM OrpaHMYeHHOCTb X (f).
Paccmorpnm Tenepb npoctpanctso U, saeMeHTaMH KOTOPOro
apasoTcd QyHxunu g(f), takue, uto
£41
lg@ilv=supV gt)<oco.
t

Teopema 7.2. [Tycmes gunoaneno ycaosue
t41
sup § || At || dt < oo
>0 ;

Hasn moz0 umober scanoi gynkyuu g(t) & U coomsem-
cmgosara 8 cuay (1.5) oepanunennas @yuxgusa x(t), Heol-
X00umo U 00CMANMOUHO BLINOAHEHUS HEPABEHCMBA

[| Wt t) || << Be—2¢—t), (7.6)

20e o >0, B=1 ne 3asucam om t,
B camom sene, uroOm n0KasaTh HEOGXOAMMOCTb yCJOBHS,
pPacCcMOTpUM MOANPOCTPAHCTBO MNpocTpancTBa U, cocTosulee us
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t .
BCex (YHKUuH BHAA g(t)=Su (H)dt, rne u(f) npuHamJAEKAT
0
NPOCTPaHCTBY M, UTO COOTBETCTBYET YCJOBHIO
£41
sup S | u () || dt < co.

(41 i1
Tak xak V g < S [l u(t) || dt, To g(¢) npunagaexur U.
¢ ¢
OueBuaHO, YTO B JAHHOM C/AyuYae HMeeM

x ()= St Wt s)u(s)ds.
0

Ho tax kak u($) &M un x(f) — orpannueHnas HempepuBHas
¢yuxuus, T0 3 Teopems 5.6 cremyer cnpaseanuBocts (7.6).

Hokaxem nocratouHocts ycaopus. Corsaacso (7.6) u (1.10)
HMEEM

[4

| x® || <Be™ | e¥dv (s), (1.7
0

rae v(s)= v g,
0

OleHuM BeTHYUHY
¢
D (t)=e" { e“dv (s).
0

Hns 31oro sbuaeauM u3 uncaa f ueayio uacTb, T. € MpeacTa-

BuM ¢ B Bute f=Fk-+1, 0<<t< 1. Caeays ugee AoKasaTesb-
cTBa Jemmbl 6.2, nmeem

k+t m
(D(t)ge”“‘[z { emdv (s)].
m=1m-—1
Ecau
41 f41
su f)= dv(s)=~h A
lapo\t/g() tsaugts v(s)=h<oo
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TO NOJMyYuM
RN
D (t) < he** 2 e <

m == |

he*
| —e -

(1.8)

Takum o6pasom, ouenxa (7.7) npuUHUMaeT BUA

Bhe*
@) <ioes

l—e™%?

uTO ¥ Haer TpebyeMblfl pe3ysbTar.

3. PaccmoTpuM temephb HesmMHeHHYIO 3anmavy.

Hyctb sakon mpeoGpa3oBaHus BXOAHONO BO3IEHCTBHS 3adaH
dopmy.ott

¢ t

x@)={ Wt ) R(x, s)ds + fwe s)dgs). (7.9

0 0

Jlerko BuAeTb, uTO AAs cayuas auddepeHunpyemot (pyHk-
uun g(s) 3amaua (7.9) sKBUBAJEHTHA 3ajaue

X=A{l)x+R(x, )+ u(t), x(0)=0, (7.10)
rae u(t)=g(®).
Ilpeanonoxum BHIIOJAHEHHHMH YCaoBus (7.6) u
RO <L x| (7.11)
B obnacty D: || x || <<H, 0=<t<co.
ITpeanonoxum TaKxke, UTO CHPaBENTMBO HEPABEHCTBO
’ =a—LB>0. {7.12)
Teopema 7.3. Ilycmes

1
supV g(®)=nh.
=0 ¢

Ecau guinoanens ycaosus (1.6), (7.11) u (7.12), mo cnpased-
AUBQ OUEHKQ

het
lx® || <B8="=.

B camom nene, nmeem
4 r
x@® | <BLe “ e~ || x(s) | ds 4+ Be ™ { e=dv (s),
0 0
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rae

v(s)=V g(s).
0

s dyuxunn ¢ ()= x (f) || €” cupaseasnso HepaBeHcTBO

t t
()<< BL S p(8)ds-+ B S e*dv (s).

0 0

B cuny nemmn 2.3 (HepaBencteo (2.14)) umeem

1
¢ (1) < BePH { Mdu (),
0
OTKYZa MoJayunM
t
| @ || < Be ™ {etdv(s).
0

[Tomb3ysacs Temepn oueHko# 7.8, noayunm TtpeGyemnii pe-
3yabTaT.

Teopema 7.3 sBasiercd teopeMoH 06 YCTOHUMBOCTH 10 OTHO-
IUEHMIO K BOSMYIIEHHSM, KOTOPhIE MOIYT B UYacTHOM Cayuae
OBITb ¥ MIHOBEHHBIMA.

4. PaccMOTpUM ypaBHeHUe

X () =Wt 0)x+§ W(t, ) R(x, 5)ds + {W(t, 9) dg (), (7.13)
0 0

rae R(x, t) obnanaer ceofictom R (0, £) =0, g(— 0)=g(+ 0).
9To ypasHeHne CooTBeTCTBYeT 3asaue (7.10) ¢ rto#t ammb pas-
nunet, uro x(0)==x, Ilpeanonoxum, uro oneparop Kouwn
YAOBJETBOPSET YCJAOBHIO

W41, s+ )= W(t s); (7.14)

KpOME€ TOro, MPEANnoaoKuM, 4To R(x, §) u g(s) rakxe aB-
AAI0TCA TepuoauueckuMyu QyHkunamu ¢ nepuomoM 1. OuesunaHo,
ycaosue (7.14) KkBuBaNeHTHO TPeGOBAHMIO NMEPROAMYHOCTH OIlle-
paropHo#t pyuxkumn A (f), Bxoasme# B ypasuenwe (7.10).
[Tyctb, KpOMe TOro, MO-MPEXHEMY BoIMOMHEHH! YCIOBus (7.6)
u (7.12). Buecro ycaosns (7.11) norpeGyem, uroBu 8 o6aactn D
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BHIIOJHANOCH ycaoBue Jlumuinua
IRcH—ROI<L|x—yl (715
Teopema 74 Ilycms || Xy || <3, 20e 8=H/2B u

vi 5 A
sup V g)=h<ppe?(1 —e), 0<p<<1 (116)
-t

Harsn pewenus ypasnenus (7.13) cnpasedarusa oyenka || x (£) || <<
<< H. Kpome mozo, mooxcno yrxazams marxoe X, ||x,|<<38,
umo coomeemcmsywuee pewenue x(t) Oydem nepuoduiec-
KuM u acumnmomuuecxu ycmolvugun. Beaxoe dpyeoe peute-
Hue, onpedeasiemoe HawassHoll moukxol u3 obracmu || x| << 3,
Oydem npumsauamscs K IKAZAHHOMY NEPUOIULECKOMY pe-
uienun.

Hoxaxem teopemy. IToBTOpss H0KasateabCTBO JeMMsl 6.1 u
uCros3ys CHoBa seMmy 2.3 (HepaBeHCTBO (2.14)), yCTaHOBHM, UTO

t
| x @l Be™ || %o || -+ Be™* { edw (s).
0

Hcnonbsys oueHKy npeinZyuled Teopemsbl, MOJayduM
A
x® | <Be s+ B2,

OTKyna, B cuny (7.16) caeayer
2@ | < Be ™3+ 8 < (B+p) b < H.

C apyro#t CTOpOHH, NPHU 1EI0M T>;\— In ; —

¥, C/IEJOBATENbHO, TOUKA X, MEPEXOAUT CHOBA B 0-OKPECTHOCTD
Toukn x==0. HeTpyaHo Bunerp, 4to B [IaHHOM Cayuae mnpeoG-
pasoBanue xy— x(7) HempepnlBHO M OAHO3HauHO. [lanee, mosTo-
pAis JOKa3aTeAbCTBO TeopeMbl 6.4, MOXHO MOKasaTh, 4YTO YKa-
3aHHOE mnpeoOpasoBaHHE YAOBJNETBOPAET  YCJOBUAM NPHUHIMNA
cxatnx oro6pasenntl. OTCl0fa CledyeT CYUlECTBOBaHUE H efuH-
CTBEHHOCTb NEPHOMAMYECKOr0 ABHXKEHHS, KOTOPOE, NPaBHa, MOXKET
MMETh CYETHOE YHCJIO Da3sPHIBOB. ACHMNTOTHYECKAst YCTOHYMBOCTS
HEPUOJMUECKOrO PEINEHHS YCTAaHaBAMBAEeTCs TOYHO TaK Xe, Kak
W MpY JOKas3aTelbCTBE TeopeMu 6.4.

B KoHeunomepHOM ciayyae Moc/efHsn TeopeMa Ovia paccMoT-
peHa B cratbe [113).

noxyunm || x (T) | <<3
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§ 8. 3amaya ocymecTBieHHS IBHKEHUA
no. 3ajaHHON TpaeKTopHH

1. PaccmoTpum Tenepb 3amauy OTHICKaHHsl ynpasieHus, o6ec-
TNEUNBAIOLIEr0 TOYHOE WJM NMPUOMUKEHHOE OCYIECTBJACHHE 3a1aH-
HOro mpouecca. 3agaya CTaBuTCS caedyiomuM obpasom. Ilycrs
IaHO AH(QepenuranIbHOe YpaBHEHHE

X=X(x m )+u(y ), (81

rae x(f), n(f), y(f) — dyHkuun co 3HaueHHIMH B GaHAXOBOM
npoctpanctse E, ynkuus n(f) aBasercs, soobuie rorops, cay-
yafino#t. [Ipenmosnoxum, uro
B (asoBom npoctpaHctee E
samana mpu 0 <<t <T (0 IA 7
< T << c0) HeKOTOpasi Tpaek- 7
Topus x=1¢(f). Ilpeanona- .
ras, uro nocrymaer wekoro- #@) , L.« { , L
pas uHboOpMauns o6 usMeHe-
Huu yskuun v (), urpatoeit Puc. 18.

poab nomexu, Tpebyercs Io-

no6paTe Takoe ympapJeHue 3a cuerT BuGopa y(f), uToGbl HEKo-
TOpO€ peuieHue ypasHeHus (8.1) TOUHO u/aM MPUOIMKEHHO OCY-
INECTBIAIO ABHXKEHUE MO TpaeKTopuk X =0 (f) Ha 3amaHHOM
MHTEpBaJe BpPeMeHH. 3afaua MoxeT OblTb OCJHOXHEHA OrpaHuue-
HHEM MHOXECTBA BO3MOXHBIX 3HaueHMR yHKuMM y(f); 3TO MHO-
XKECTBO MOXET, Hanpumep, OHTb OrpaHHYEHHBIM, KOMIAKTHBIM,
UMETb KOHEUHYI0 Da3MepHOCTb W T. [.

CTpyKTypHas cXeMa COOTBEICTBYIOILEH aBTOMAaTHUECKOH# CH-
cremn naHa Ha puc. 18. Ha stoMm pucynke O — oGbekT pery-
JABPOBaHUSA, HAa3HAUEHUEM KOTOPOro fBJSETCS [IOJAYYEHHE 3alaH-
HOro pexuma x={¢ (). UToOH OCYIECTBUTb 3TOT PENKHUM BBO-
AWTCS 3BEHO y, NpeJHasHaueHHOe [/ BHIPaOOTKY ynpaBJeHus u.
[Ipn dopmupoBaHuu ynpapjeHus uCnoAb3yercs UHoOpMaums o6
ocyuiectBasemom pexume §(f) u nomexe (), npuueM wuHpOp-
Mauus O MNoc/JefHel MOXET MOCTYNUTh C UCKAXEHUeM B CHAY
pana npuuud. Hampumep, Takoe wCkameHue MOXET HaCTYNuTh
B CHJAYy TOSBJEHHS 3aNasiblBaHHi, HHEPUUOHHOCTH B JMHHH
cBsi3n 'C, ownOOK M3MepeHus, CAyuadHux ommboK u T. I

Tak kak ynpasJieHue pacCMaTPHBAaEMOH aBTOMAaTHYECKOH CHCTe-
MBl U3MEHSIETCA B COOTBETCTBMU C 3apaHee SalJaHHOH QyHKiueH
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Bpemenn ¢ (%), To paccmatpuBaeMas CHCTEMa fBJAETCS MpPOrpam-
MHOl aBTOMAaTHYECKOH CuCTeMOM.

Ecan Om nocraBieHHad TtakuM 00pasoM 3ajaua Hporpam-
MHOTO PEry/aupoBaHusi UMENa TOUHOE pelIeHne, TO HCKOMOe yI-
paBJ/eHre Oonpeaensoch Osl U3 ypaBHeHwUs

u(y (@) H=9¢O — X GO, (), t) (82)

Onnako ypasHeHne (8.2) BO MHOrMX CAyuasx sBJASETCS Hepas-
pelrMbIM OTHOCHTENbHO ylpasadwwmed ¢yHkuny y (¢). Hepaspe-
IIMMOCTb YKa3aHHOIO YPaBHEHHS MOKeT ObTb C/AEICTBMEM Orpa-
HHUEHWH, HAaJOXKEHHBIX HAa HOPMY QyHKuMu y (f), orpaHuyeHuit
pasmepHOCTU y (f), Ha/AWuuA HEMOJHOH MM HUCKAKEHHOH wuHGOp-
Mauun O BHeulHeM BoadeticTBum v (f). Momer cayuarbcs u  Tak,
YTO YNpPaBACHUE MOXHO BHLIOMDATh TOABKO M3 KaKoro-1mbo ysxko
OUEPUEHHOrO KJacca (QyHKuW#, Hanpumep, KYCOUHO-NOCTOSHHBIX
(pyHKUM#, TPUrOHOMETDUYECKHX MOJWHOMOB W T. I.

2. B ypasnenuu (8.1) nposenem samedy z=—=x—$(f); HO-
BOe ypaBHeHue OyZeT uMeTb BHI

2=27Z(z m O+A, @), n(), D (83)
rae
Z(z m H=XE+9@ 0@, H—XG®, 1) 1),
AL @, v, H=XG D 1@, H—$O+u(y, H=A(®).

B ypasnenun BoamyuieHHoro apmieHus GyHxuus A (f) ompe-
neaser omuOKy npubawxenns mporpammupyoiledt  Qyukuum,
OTK/IOHEHHME peineHns z(f) ypasHeHus (8.3) OT Hyas cosmajaer
C OTKJOHeHueM peuwienus X (f) ypasHenusa (8.1) or samanuoH
Gyuxkumn - ¢ (f). OcHOBHOH 3alauell 384eCb SABJAAETCA  OLEHKa
||z2(®) ] B saBucumoctu or || A (¢)|. Dty samauy B obwem Buie
MBI paccmarpuBaau B § 2, a aaa cayuas, Koraa Z — auHeHHBIR
oneparop OTHOCHTEJAbLHO 2, yKa3aHHas 3ajaua pemasach B § 4
KaK 3alaya O HAaKOIUVIEHWH BO3MYLIEHUH.

Ecap umer peub 06 OCyIMECTBJIEHMH 3aAaHHOIO pEXHMa Ha
GeckoHeunom mHTepsasie Bpemenn 0 << ¢ <00, TO, KaK HETPYAHO
BuleThb, NPUO/IMKEHHOE pEIlEeHHE 3a/aul BO3MOMHO, €C/H HyJle-
BOE pelleHHe YPaBHEHHS

2=Z7(z v 0 (8.4)

yCTOHYMBO MO OTHOIWEHWI0 K MOCTOSHHO AEHCTBYIOINM BO3MYy-
LLEHUAM, OFDAaHMYEHHBIM MO OTHOWIEHHIO K TOH MEIpPHKE, B KOTO-
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po#t ouenmBaercs oummbka npubmnienns A (f). Teopemm 6.2 u
6.3 12T BO3MOKHOCTL ONEHHTh TOYHOCTb Npubanmkenus ||z (f) |
IIpOrpaMMHPYEMOr0 peXuMa C MOMOIIbIO HOPMH A (f), B3sTOH
B mpocrpancteax C, M, M, Teopema 6.4 mnosBOISIET NOJYYMTh
COOTBETCTBYIOIIUH pE3yJbTaT B CAyyae OCYLIECTBJECHHS IIEPHOIN-
YeCKOro pexuma. '

Ecnu mporpaMmupyemsiéi  pexum ABASETCH DaspHIBHBIM, TO
JUIS YKa3aHHBIX OUEHOK CJjeldyeT NpuBJeYb teopembn § 7.

Hakonen, ecin MB XOTHM OCYWIECTBHTSH CAyualHBIf  peXuM,
NOMYePKUBas CTOXAaCTUYECKUR XapaKTep pacCMaTPHBAaeMLiX ypas-
HEHUH, TO CJAelyeT NPWHAThL BO BHWMaHue mnpumep 5 us § 3.
[IpoBelleHHBE TaM pAacCymIeHHs MOSBOJAOT CBECTH IOCTABJEH-
HyI0 33aJayy K OeTePMHHHPOBAHHOMY cayuyawo [114]

s Teopemb 6.5 caepyer, 4TO yCTORUMBOCTH NPH NOCTOSHHO
JAEHCTBYIOINX BOSMYUIEHUAX FapaHTHPYETCS PaBHOMEPHOH acumm-
TOTHUECKOH YCTOMUMBOCTBIO HYJEBOrO pelueHHs ypasHenus (8.4).
Orcrolla BO3HHKaeT WHTEpEeCHast 3axaua.

Hasoeem pewnm ¢ (f) ycmoiiussm no omuvwenuo k ypas-
HeHul X ==X (x, f), ecli HY/JEBOE pElEHne YypABHEHHA &=
=X(z—49(@#), t)— X (Y (1), t) paBHOMEDHO aCHMNTOTHUECKH
ycroiiunBo. W83 npeasaymero SCHO, 4TO TOJbKO YCTOHUMBLIE
PENKUMBI MOTYT npeTeHnoaaTb Ha Xopomiee npubanxeHne upu
Bcex £=0.

Quesunno, B ciayuae, Koraa oneparop X (x, f) JnHeeH OTHO-
CHTEIbHO X, BCAKHH pewnM OyHeT yCTOHUNBHIM, €CJAH HYJEBOE
peuieHne ypaBnenns X ==X (x, {) PaBHOMEPHO AaCHMIITOTUYECKH
YCTOHUUBO.

Takum ke CBOHCTBOM 006.1313I0T CUCTEMB, DPacCMOTDEHHBIE
H. H. Kpacosckum [120]. Dtu cucTeMbl ONPEREJAIOTCS TEM, YTO
AN KaXIO# u3 HUX MOXKHO YKa3aTh MOCTOSIHHYIO CHMMETPUUHYIO
MaTpuuy A, WMEIoHLYI0 MNOJOXKHTENbHBE COOCTBEHHBIE YnuCaa, H
TaKY10, YTO CHMMETDM3OBaHHAsi MaTpuIla

{Blir= {(A %)ik + (A g%)ki} ’

(5 =
Ox/)ir Oxp’

VMeeT OTPHLATE/bHBIE COOCTBEHHBIE YHCIA p;, YAOBJIETBOPSIO-
mue HepaBeHcTBY p; < —a, 2 >0 BO BCex TOuUKax MpOCTpaH-
ctBa, —co< x;< oo, i==1, 2, ... , n 0<<t<co. 3uecn
X; — npoeKuun BEKTOpHOH dyHruun X (x, t).

roe
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8. PaccMoTpuM Temepr B /1-MEDHOM JMHEHHOM BEKTOPHOM
npocrpaictee E, auddepenunasbioe ypaBHeHuHe

m
F=Xx04D ey (®- (8.5)
k=1
3necb X, €, — n-MepHHE BEKTODPH, ¥;, — CKAaIApHHE (YHKIHH.
Ecau crasutcs 3amava ocymiecTBienus npouecca x =1\ (f) na
npomexyTke 0<<f{=<7, 1O 3ameHa 2= x— P (f) ceemer ypas-
Henme (8.5) K ypaBHeHuio

2=27Z(z )+ A, (8.6)
ZEH=X@E+v@®), )—X@ ), o),
ABD=XW®), H—p O+ 3 ey .

k=1
Iycrs 8 obaactu | 2 || << H, 0<<t<<T Qyukuna Z(z, t) yoos-
JETBOPSET ychaoBuio Jlnnmwnna

N Z @y ) —Z (23 )| <<L]jzy— 2|

Torna cornacno teopeme 2.6 pewenne 2(f) ypasnenus (8.6)
MOXET OHTb OUEHEHO CredyIomuM o6pasom:

7

2@l <(ett=9A(s)ds.

0
OueBnaHO, YTOGH pEWNTh 3aayy NPHGAMIKEHHOTO OCYUIECTBJE-
Hus npouecca 2 =0, neo6xoauMo 3a cuer BHOOpa 6O Bek-
TOPOB €y, 60 QyHKUuA y, (£), An6O TeX W ApPyrux, caenath
BEKTOPHYIO (yHKUUIO A (S) AOCTaTOYHO MajOH MO OTHOLIEHUIO
K TOH uan WHOH Merpuke.

ITycts Gyaer

rae

r)y=v—X (@), t)

Torja GylaeM uMeTb
m

Ay= D e O —r(®)

k=l
W, C/I€AOBATEJIbHO, 3aJa4a CBOMUTCA K 3agaue annpoKcuManmnu

m
yunkunn r(f) JvnefiHBM arperatoM y (f) = Z Y (). YKa-
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3aHHas 3ajava sBJSETCS OYEBUAHO 3anayed Teopum mnpubimnKe-
Hull. TIpoute BCero rtakwe 3amaum pewaoTcs B mMeTpuke Ly, T.e.
B TEDMHHAaX TEOPWH CpeaHeKBanpaTHueckux npubanxkenuyd. Ha-
TIOMHUM HEKOTOPBIE OCHOBHBIE ToOJOXEHHs 3TOH Teopmu [121].

B smHeiinoM mpoctpanctee H comocraBmM KaxAOH mape
S/IEMEHTOB X, y HEKOTOpPOe uucao (X, y), KOTOpOEe Ha30BeM
CKaMspHeIM npoussenenueM. [TycTe OyayT BHINOJHEHH CJELyIO-
ILUE YCAOBHUS:

a) (%, y)= (y, %),
b) (ax 4By, 2)=ua(x, 2)+B(y, 2),
C) (xr x) = 07

d) (x, x)=0 Torma m TonBKO TOraa, Korma x =0
Hopmy B npocrpancree H BBenem mo npasuay

Il [P =(x, ).

TNpocrpanctep H nasosem npocmparcmeon T'uasGepma. Ecnu
(x, »)==0, T0 snementsl X u y GyleM Ha3HBaTh OPTOIOHAIb-
HBIMH.

CucreMy 31eMEHTOB Xy, ..., X, u3 H HasoBem auwneiino
He3asucumoll, eciu us

a1x1+...+amxm=0,

rie o, — BEIIECTBEHHBIE 4HCJaIa, caenyet o, =0 ajs moGoro 3Ha-
yenust k. CHCTEMY 5]€MEHTOB Xy, ..., X, HA30BEM OpMOHOp-
Mupogannoll, ecnn (x;, xp)==0 npu iz£k, (x;, x;)==1 npu
i=1,2 ..., m

Ecm xy, ..., X,,— CUCTeMa JAUHEHHO HE3aBUCHMHX 3Je-
MEHTOB NpOCTpancTBa H, TO MOXHO NOCTPOUTb OPTOHOPMHPO-
BaHHYIO CUCTEMY ¥y, ..., V,,, DJEMEHTH KOTOPOH SBJAAIOTCH JH-
HeHHRMY KOMOWHAUMAMU Xy, ... , X, U HAa0O0POT.

ITycts H, — HEKOTOpOE m-MepHOe IOMTPOCTPAaHCTBO NMPOCT-
pancrea H, T. e NOANPOCTPAHCTBO, MOPOMIAEHHOE .  JAUHEHHO

He3aBUCHMBIMU 3JemeHTama Ry, ..., B, u nycts f — npous-
BOJIbHBIH 3JeMeHT npocrpanctsa H. [locrarum 3amauy noaGopa
TaKuX uHCen &, ..., O, 4YTOOB BeJIWYMHA

| f — ashy — ... —a,h, [

Onll1a HanMeHbLIEeH.
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Taxas 3azaua Bcerza UMeeT pelwleHHe ¥ OHO EAMHCTBEHHO.
Ecan

m
h0= Z akhk
==}
SBIACTCA HAWJAYYINUM ﬂpﬂﬁfﬂ/]ﬁ(eHHeM B YK33aHHOM BbILIE€ CMKIC]IE,
TO CnpasBeinBoO PaBEHCTBO

(.f—_ h(h h) - 0’ (87)

roe h— moGo# snement us H,,

Pasencrso (8.7) osnauaer, uro saement f—h, OpPTOroHa-
Jen K mobomy anemeHty h ws H,. DrtoT (axT, OueBHAHO, 0-
NYCKaeT MpOCTYI HArALHYK uHTepnperanmio, ecas H — ko-
HEUHOMEpHOEe BEKTODHOE MPOCTPAHCTBO, TO Ky, B 9TOM Clyuae
fABAfeTCS npoexuuedl Bektopa f wa runepnaockocts H,.

beps B kauectse h MmoGOH U3 NOPONKAAUIAX 3EMEHTOB K;
u3 (8.7), BrIBOOUM

m
(f— D% ahy, hi) =0,
E=1
OTKyZa caexyer

m

D R)=(f, k), I=1,2, ..., m. (8.8)

k=1

Cucrema (8.8) maer BosMOxHOCTL HaltTH uucna a, ... , -
Onpenenurenb 3TOH CUCTEMB

(hi: hl) (hh hm)

P(h’, vee hm): D

(hml hl) (h.rm hm)
Ha3wBaeTCs onpederumenem Ipama. Ecam snements hy, ..., R,
JVHEHHO HEBABUCHMH, TO ONpeaenuTens ['pama BCeraa moa0Xu-

tesed. C nomouwio onpesenntens 'paMa MOXHO HaHTH OuIHOKY
npubaNXKeHns, T. €. BeJIUUYNHY

S=|lf—hy
CrnipaBesiinBa popmyna

Ty ooy By )
¥= I(;z,, ey By (8.9)
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Ecan cucrema {h;} oproHOpmMUpOBaHHas, TO uMeeM

B=(f,f)— D] a (8.10)

i=|

Ecam cucrema {h;} OPTOHOPMMPOBAHHBIX BEKTOPOB SIBJIAETCS
OEeCKOHEUHOH, TO Pl

Z a‘ihi»

i=]

rae o; = (f, h;), HasbiBaerca psdox Dypse. BeckoHeuHas opToO-
HOPMHMDOBaHHAasl CHCTEMa Ha3BIBAETC NOAHOW, €CaU He CyIecT-
BYET SJEMEHTa, OTJIMUHOrO OT HyJs, KOTOpH# Opi1 OB oOpTOro-
HaleH K KaXAOMY 3JIEMEHTY DaccMarprBaeMON CUCTEeMbl.

Ecmm npocrpanctBo H cenapaGensHO, T. € B HEM HMEETCA
CUeTHOE BCIOAY IIIOTHOE MHOXECTBO 3JeMeHToB, To B H Bcerma
CYLLECTBYET CueTHass M [OJHas OPTOHOPMHUpOBaliHAas cHUCTeMa
snementoB. M3 (8.10) creayer B 3TOM CJayyae HEpPaBEHCTBO
Becceis

foe]
2 d<IFI*
izt

Ecau npocrpanctso H cenapaGenbio # mnoaHo, 10 psn Pypove
moboro saemedra f No INOJHOH OPTOHOPMUPOBAHHOH CUCTEME
cxoaurca K f u umeer mecto paseHcrBo [lapcesasns

Sai= | 7]
k=1

4. BepueMcs Temeph CHOBAa K Haliel sajmaue, T. €. K 3agaue
annmpoKCUMalMd BEKTOPHOH (yHKuuu r(f) JUHEHHBIM arperatrom

iu

Z €Y (D).
k=1

3anmaua A. [TodoGpams sexmops. ¢, maxux o00pa3oi,

ymobs. owubra
7

6:(50 | APt )

CMAAQ HaumeHswell,
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3aech

n m

[A®P= 3 (X core O—ri(®)

i=1 k=l

€;p — NIPOEKIIMKM BEKTOpa ¢,. Vmeem

n
=32,

i=1
rae T m

B={(> cuye )—ri(t))’at
0 k=1

¥ 3aJlaya CBOOMTCA K MHUHHMMH3AUMA KaxJAOH & ©U3 YaCTHHIX Oluyd-
6ok 3; Takoe pasgeseHMe MOXHO CAEJAaTb NMOTOMY, YTO BHIOGOD
BEJMUUMH C;, NPU OAHOM 3HAYEHHH [ He BJAMAET HAa BHOOD 3TUX
BEJUYUH MPU ADYroM 3HaueHdu I.

Paccmorpum npoctpanctso H, sneMenTaMu KOTOPOro SBJSIOT-
¢ ynkuun f(£) ¢ uaTErpUpyeMeiM KBaapaTom Ha orpesxe [0, TJ.
Ckansipsoe nmpoussenenne 8 H BBeZeM MO NpaBUIy

T

(fv f2)=Sf1 ® fa(t)dt.

0

[Toxnpocrpanctso H,, teneps 6yset NOANPOCTPAHCTBOM, TOPOXKCH-
HBIM QyHKUAAMY Yy (8), ..., ¥, (£). TakuM o6pasom, craBatcs 3agava
OTHICKAHNS HAWIYYLIEro CpefHeKBaAPAaTHUYECKOrO MHpubIKEHHs
Gyuxkuun r;(f) JMHEHHBIM arperaTom

m
Z Ciryr (2).
Py

CornacHo (8.8) ans ompenesieHus BEJWUMH ¢;, TIPH JAHHOM
BHAYEHHN [ WMeeM CHUCTEMY

m
Mo ) =0y j=12 ..., m. (8.11)
k=1

Ilns onpenenenus BeKTOPOB ¢, coraacHo (8.11) Moxem moay-
YUTH CHUCTEMY

m
D )=y j=12 ..., m (8.12)
k=]
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Ksaapar ommuGkn npuGamxenns 8 ZaHHOM cayuae OyaeT pasen

n

2 T ooy Yo 1)
R Tt m

i=

3anaua B. llpu  3a0annsx sexmopax ¢, malimu
cucmenmy @Gyurgui y, (), ..., yu (), m<n, munumusupyio-
wix 9.

IIpexze BCero crenyer 3ameTuth, 4To BHOOD 3HAYCHMH (YHK-
unt y,(f) B NaHHHH MOMEHT f He BaWSET Ha BRIOOD 3HaueHuH
3THX ¢ynKuu# B mo6ok npyroft MoMeHT Bpemenu. [TosTomy 3amaua
CBOAWTCA K MHHAMUSAUMM BETUYHHEI

n m

TA@®IP= (X cuys®—r: )

i=1 Ek==|

Tenepe yxe B kauecTBe ruibbeprosa npocrpaucrea H crae-
AyeT paccMaTpuBaTh MPOCTPAHCTBO A-MEPHEIX BEKTOPOB  Cp,
a B KayecTse noanpoctpancrsa H, Oyner durypuposats noa-
IPOCTPAHCTBO, MOPOXKAEHHOE BEKTOPAMU €, ..., Cp

Coraacro (8.8) moayuaem cuctemy mas onpesenenus y, (£):

> @O (Cwe)=(r(the), j=1,2 ..., m.
=1

3necs Bupaxenns (¢, ¢;), (r(f), ¢;) o3HauaOT CKaispHEE npo-
U3BEJNCHHUS COOTBETCTBYIOIUX BEKTOPOB B OOBIYHOM CMBICJIE.
Coraacro (8.9) noayuum

T T
1
82=S |A@®|Fdt= T e S Tcy ..., €, r(d)dt.
0 ]

3agaua uMeeT NMPOCTYI0 reoMeTpuuecKylo uHTepnperanmo. O6o-
3hauuM uepes F, n10CKOCT, NOPONIEHHYIO BEKTOPAMH €y, . .., €,
B n-vepHom npoctpanctse H samana xpusas 2=r(f); tpeGy-
€TCq HaliTh KpUByIO

m
2= D¢y (2),
E=1

KOTOpas WMEET HaWMEHbllIee CPEAHEKBAAPATHYHOE OTKJIQHEHHE
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OT 3aJaHHOH KpuBOHU. Peluenue 3agaud COCTOMT B TOM, 4YTO Kax-
AYI0 TOYKY HMCKOMOH KPUBOH MBI NOJyuYaeM KaK MPOEKLHUIO Ha MJI0-
ckoctb H,, COOTBETCTBYIOILEH TOYKM NEepBOH KpMBOH 2=r(f).
Orcroga caeayer, uTO pelueHue 3alaud He WBMEHUTCH, €CiAH B

KaueCTBe MNOPOXKAAIECH CUCTEMB BEKTOPOB €y, ..., €, BO3bBMEM
SKBMBAJIEHTHYIO €ll OPTOHOPMUMPOBAHHYIO CUCTeMYy. B aTom ciyuae
NoJAyunM
yi@O=(@@®, ¢y, (8.13)
7 m
R={rw@d — Y @, c)d. (8.14)
0 j=1

Banaua C. Halimu onmumassHylo cucmemy 8exmopos
C, u yuxyui y, (f) munumusupy ouux 9.

PaccMoTpuM MaTpuuy B, 3J1eMEHTH KOTOPOM HMET BHJ

T
bip=\r: (O 1, O,
0
rie r;(f) —npoekuuu BekTOpa r(£).

Tak kak maTpuna B CHMMETPHMUHA, TO ee COOCTEEHHBIE uynucJaa
BEILECTBEHHEL. BoJiee TOro, cOGCTBEHHBIE YUC/Aa MaTpuilkl B HEOT-
punarenpHel. B camom gene, Mmarpuuma B aBJIAeTcs MaTpHueH
3HAKOII0/J0XKHUTENbHON KBaAPAaTHUYHOH (POpPMBL

n T n
I(x)= _ kZ=l bupXiXy= §) <k§l T () X >2-

Orcrona cormacHo § 10 mepBoH raaBel BHIBOAMM, YTO HaWMEHb-
mee COOCTBEHHOE YUCIO A, Kak Munumym dopmb [(x) na enu-
HUUHOH cepe, HO/KHO OBITH HEOTPHIULATENbHBIM. Pacnosoxum co6-
CTBEHHBIE uMCAa MaTpuusl B B NOpsiike yObiBaHus

M=h=...=k=0.

Kaxaomy coOcTBeHHOMY uucay A, COOTBETCTBYET MO KpahHelh
Mepe oauH coOCTBeHHBl BekTOp €5 MsBectHo ([5], crp. 20),
YTO CHCTEMY COOCTBEHHBIX BEKTODOB MOXHO OPTOHOPMUPOBATb.
Takum 06pa3oM MOAYYHM OPTOHODMHUDOBAHHYIO CHCTEMY COGCT-
BEHHBIX BEKTOPOB maTpuusl 5.

Teopema 8.1. Opmonopmuposannas cucmenma cobcm-
BEHHBLX  BEKMOPO8 €y, ..., €, Mampuyst B sasasemcs
ONMUMANGHOL CUCMEMOL YNPABASIOWUX BEKMOPO8, NpuULeH,
ecau cucmema ynpagagwuix  @yuxyuir  y,(t) ewlbpara
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coz2nracro (8.13), mo

n
= Z A (8.15)
k=m-1
B camom mene, ecam cucteMa BEKTOPOB €y, ..., C OPTO-
HOpMHUPOBaHa, TO coraacHo (gopmyne (8.14) umeem
7 m T
v={rwda— Y (@ reyd
0 k=10

Heo6xomimo cucTeMy BEeKTOpOB 10A06GpaTh TakuMm o6pasoM, uTo-

Obl cymMMma 7

Z‘ { (e r)at
b=

0

Ovira HanGosblnel. PaccMOTpHM mepBOE CJaraeMoe 3TOH CYMMEL

7
h=1I(c:)="\(er, r@t)dt=
0
n 7 n
= Z (S ri@r, dtclkcii> = Z binCyiCep -
L E=10 i k=1

3mech ¢;, — MPOEKUHMH BEKTOpa ¢; 3ajgaya CBOLUTCS K TOMY,
yToOH HaliTH MaKCUMyM KBaapaTHuHo# dopmsl / (¢y;) Npu yciaoBuu

n
Z ci=1.
i=1
Cornacso § 10 nepBo# rJiaBnl HMCKOMBIH MAKCHUMYM DaBeH Hau-
60JbIieMy COOCTBEHHOMY YHCAY Ay W OOCTHraeTcs s coOcCT-
BEHHOI'O BEKTOpPa €j, OTBEUAIIIEr0 3STOMY uucay. Hrtobw cre-
JlaTb MaKCUMaJbHBIM CJEIYIOLLEe CaaraeMoe,
T
IQ=S(C% r(®)dt=1 (cy;)
0

Npu IOTOJHUTENbHBX  YCJAOBHAX (€;, €3) =0, ¢i=1, HyxHO
B3siTb COOCTBEHHBIH BEKTOD €, OTBEUAOIIHH CJjeayomeMmy cob-
crBeHHOMY, uyncay. COriacHO 3KCTPEMalbHOH TEOpUM KBaApaTHy-
Hux (opm ([5]), makcumym [y 6ymer paBen Ay Ecam A=A,
TO B KauecTBe €; caedyeT BeOpaTh cpeqn OECKOHEUHOro MHO-
KecTBa COOCTBEHHBIX BEKTOPOB KPaTHOTO KODHA Ay BEKTOD,
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oproroHaapHnil K ¢;. ITonb3yach aHaJOrHUHBIME PAaCCYXKAEHUsMH,
NMOJIyUHM [MOJHOE pElueHHe Hallel 3akaun.
Tak kax
7 n n
S f’dt——:ZC“=2)\i
0 i=1 i=1
€CTb MHBAPHWAHT KBaapaTuyHo# opmel [/, TOo opmyra (8.15)
HEMOCPEACTBEHHO BhITeKaeT u3 dopmyas (8.14).
3ameTuM Tenephb, yto JOOHTLCS TOYHOrO OCYIIECTBJEHHS Tpa-
€KTOpUH nyTeM BHOOPAa ONTHMAaJbLHOM CHCTEMB YIIPABJIAILKAX
Gyskuuft ¥ ynpaBASIOIMX BEKTOPOB MOXHO NPH M <<H TOJb-
KO B TOM Clyuae, ecju

)‘m+1=)\m+?=""=)‘n=0'
Ho 210 03HauyaeT, uTo ypaBHEHUe
D()=|B—AE|=0 (E — eanHn4das MaTpwuia)

MMEET HYNeBOH# KOPEHb KPATHOCTH 1 — 2. Y CJIOBUS CYILL€CTBOBAHUS
TaKoro KopHs umeoT Bua D (0) =D’ (0)=...= D"+ (0) = 0.
leomerpuyeckn 3TH YC/IOBHS O3HAYAOT, uYTO KpuBas 2=r(f)
JeXUT B M-MEPHOM JWHEHHOM TNOANPOCTPAHCTBE MPOCTPAHCT-
sa E,. Ecim xe BeanunHa

B= 3 2
k=m-1

He DaBHAa HYMO, TO OHa PaBHA MMHHUMYMY KBaipaTa CpEeIHEKBa-
JApaTUYHOTO OTKJOHEHNS Kpuso# 2=r () OoT m-MepHO# rumnep-
NJIOCKOCTU mpocTpaHcTBa E,.
Takum oOpasom, BequynHa O B JAHHOM CJy4ae SBJASETCH
m-M nonepeyHnkoM Kpuso#h 2 =r(f) B npocrpancree E, [122].
Ias soiuucaenus 3% no dopmyse (8.15) HeoGsasaTenbHo Hyx-

HO 3HaTh KODHU A, .., ..., A, M3sectno ([123], crp. 80), uro
o 1 (D@
P=va\?Dw %

rae R — moGol KOHTYp MJIOCKOCTH KOMIUIEKCHOTO MEPEMEHHOTO,
OXBaTHIBAIOMMH TONBKO YKa3aHHHE KOpHW ypaBHeHus D (A)==0.
B uactHocTn, R MOxeT ObiTb OKPYXHOCTbIO pafMyca & C LEHT-
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pOM B Hauaje KOODAMHAT, €CiM H3BECTHO, 4TO A, g <& <A,
Ilas onpeneneHust MUHEMAJbHOTO KOJIMYECTBA YIPABAKIOUIUX QYHK-
UM, TO3BOJAIOWIAX OCYUIECTBUTh TPAEKTOPHIO C 3aZaHHOH ToOu-
HOCTBIO, MOJIE3HO HCIONbL30BaTh MPHUHLUUN apryMeHTa WM KaKoh-
anbo Apyro# wusBecTHm# Meron (Hampumep, Merox LlTypwma)
onpeneneHus uyucaa KopHe# ypasHenus D (A)=0, aexamux
B uutepsane (0, ¢). Ecmu st0 uncao pasuo /, 1o n— 1/ ynpas-
AgoWKxX GYHKUHA u 7 — / ynpaBJSIOIAX BEKTOPOB MOXHO Oyaer
nofo0path Tak, Yto OyleT WMeTh MecTO HepaseHCTBO 8F < el.
Jlyuliyio OUEHKY TOYHOCTH nNpHOGIUKEHHS JAET B 3TOM CJAYYae
cHoBa opmy.a (8.15). Bo BCIkoM cayuae, M0J€3HO NOMHUTB, YTO
npuGanxXeHue Npu NOMOIA 2 YNIPaBAAOWMX (YHKuuMH OGyzer
TEM TOYHEE, UeM MeHblle OyayT mo abcmoTHOH BeauuwHe Ko3(-
¢uupentn ypasHenus D(A)=0 npu crenensx A, He MUPEBOCXO-
JAmnx m —n.

5. B ciyuae, KOrla WHTEPBad BPEMEHH, Ha KOTODOM MM
OCYLIECTBJAEM 3aldaHHEIH MPOIECC, MOAyOeCKOHEUeH, T. €. 3amaH
nepaeHcTBoM 0 << f <00, HeOGXOANMO 06paTUTLCA K Jdemme 6.2
(nepaBencTso (6.17)) u k Teopeme 6.5. Ecim MH XOTUM OIEHU-
Batb Beauuuny A (f) mo Hopme My To MoxeMm BHOpaTh ynpas-
JSIOUWHe BEKTOPHl €, TakuM 00pasoM, yTOOB MHHMMHM3UPOBAThb

m
| 7() — D) €ryp(s)|| na muteppane t<<s<<t-1.
k:l

B sToM cayuae, oueBnmHO, mpuW nepeMeHHOM ¢ BEKTOPH €, mpe-
BPAILAIOTCH B BEKTOPHHIE (QYHKUMH € (f). DTH BEKTOPHHIE (PYHK-
UMH MOXHO CAENaTh KYCOUHO-NOCTOSHHHIMH, €CAH MEHMMH3ALHUIO
NPOBOJNTL TOJNbKO HAd WHTepBanax k<<t<<k-}-1, rae k& — ne-
n0e yucao. 3anaua Hauayuulero npuGamxennus B My ¥ B TOM M
B IPYroM cayuasX He OyZeT pelleHa TOYHO, OJHAKO HaHAEHHOE
YNpaBJIEHHE MOXET OKa3aThbCA MPAKTUYECKH YIOBJAETBOPUTENLHBIM.

6. Moxer CayyuTbcs TaK, YTO Ha BENWYHHY YIPaBJSIIOLIAX
BEKTODOB HAJIOXEHB HEKOTOphe OrpanuyeHns. B paGore [124]
yKa3aH cnoco0 pellieHus 3a4aunm B 9TOM Cayuae. Pasauunmie apy-
rue NOAXO/[H K paccMaTpuBaeMOM 31eCh 3a1aye OCBEILEeHH B CTa-
ThAx [126—131]

B sanaue ocyuiecTsneHns mpouecca Mul IpEANONArany BCe Bpe-
Msl, YTO HauaJbHHE TOYKHM JAEHCTBHTENbHOH M OCYUIECTBASEMOH
TpaeKkTopu#u cosnanainT. Eciu HauaibHOE COCTOAHWE HE COOTBET-
CTBYET XE€/TaeMOMY, TO HDEJBADHTENbHO CJAEGAYET OCYULECTBAATH
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nepexoaun#i npouecc [124]. OmHako Gosee MEPCHEKTHBHBIA
Cnoco® COCTOMT B TOM, YTO [EPEXOAHHIH NpoLecc W mpoiecce
OCYIleCTBJIEHHUs JBMXEHHA MO 33aJaHHOH TPAaeKTOPUH HpOHM3BO-
AATCA OZHOBpEMEHHO. B sToM cayyae Hago 3ajgath CeMelCTBO
NePeXOlHBIX KPHBHX, KOTOPOE ONPEIe/AET I[OJ€ HarpasJeHuH
B (hasoBOM MpPOCTPAHCTBE. DTO CEMEHCTBO MOXET OBITh 3alaHo
TaKxke AuddepeHInaIpbHpMI YpaBHeHHsAMU. 3aaanHas cuctema aud-
(hepeHUMAIbHEIX YPAaBHEHMH TaKxe ONMpeAe/sieT HEKOTOpoe MoJe
HalpaBJeHuil, KOTOPOE B3aBUCHT OT YmpaBjeHus. YnpaBienue
HaXOIUTCA W3 YCAOBHS MUHUMH3aUUH B KaXABH MOMEHT BpeMe-
HU KBaAPaTHYHOIO OTKJIOHEHUS MEXAY COOTBETCTBYIOILUMH BEK-
TOpPaM¥ YKasaHHMX Hanpassenufi [130].

Bripouem, crenyer 3aMeTHTh, YTO aHAJMOTHYHHIA pE3yJAbTAT
NONYYATCS, €C/IX yIpaB/aeHWe BHIOUPATh HCXOAd M3 TpeOOoBaHUS
MaKCuMyMa CKOpOCTH YOHBaHHS HEKoTOpoH ¢yHkunu JlsnyHosa,
COCTaBJEHHOH [1J1f ypaBHeHHH BO3MYUIEHHOrO ABHKEHHS.
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