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YCJIOBHbBIE OBO3HAYEHMU

C — nocrosiunas;

€ — TEMI0eMKOCTb;
D — nuccunatnBHas QyHKIHS;
E — BexTOp (QYHKIHOHAJIBHOIO NPOCTPAHCTBA;
& —xospduuuent typOyaentHol nuddyaun;

F — 3agaHHoe mnosie TemoBOro mMoTOKa, 3aBHUCsIlee

TOJIbKO OT KOOpJHHAT;,

H — noJsie TenyioBoro cmelenus;
H — n10THOCTS TENVIOBOrO NOTOKA;

h — suTanbnus;

Hn dA — rensioBoit notok uepes sjeMeHT moBepXHOCTH dA;

J — TIOTHOCTbL MOTOKA 3HEPTHY WJIH MacChi;

K — ko3¢ duunent ternnoobmena;

k — K03QdULUHUEHT TENNIOTPOBOLHOCTH;

& — cuMBos nipeoGpasosanns Jlanaaca;

M — cyMMapHas IJIOTHOCTb 11 Hy3HOHHOTO TTOTOKA;
M — KOHLEHTp allusi;

fl — eIHHUYHBIN BEKTOP BHellHel HOpMaJiu;

Q — oGobwenHas cuja;

g; — 0B001eHHblIe KOOPANHATHI;

S — 3JIeMeHT ITOBEPXHOCTH;

S — noBepxHOCTS;

! — BpeMs;



V — rensoBoil moTeHuuals;
@ — 06beMHas IOTHOCTb HCTOUHHKOB TEIJa;
€ — CTeneHb YepPHOTHI;
1 — ¢yukuus XeBucanna;
0 — Temnepartypa;
© — BeKTOpHbIE TOJISI TEIJIOBOTO MOTOKA;
{ — TeMnepaTypa B aHAJOrOBOH MOJEJH;

T — 00BeEM;
® — YacTOTa rapMOHHUECKHX KoleOaHUH.



[MPENWUCJ/IOBUE PEJAKTOPA
PYCCKOT'O IIEPEBOJA

TlpensiaraeMasa BHMMaHHIO YHTaTeJelf KHUra BbLAAIOMIE-
rocsi yueHOro, akajeMuKa Deabrufickoli akajgeMuu Hayk,
JeHACTBHUTeNBHOTO uJieHa HaiuoHnaabHO# HHXKeHEpHOH aka-
nemuu  CHIA, npogeccopa Mopuca buo mnpeicrasiser
6osbHION  MHTepeC JJf TelJO(UINKOB H TENJOTEXHHKOB.
PaspaboTaHHEI UM MeTOJ BapHALHOHHOTO HCYHCJEHUS IIO-
3BOJISIET pellaTh HMIMPOKHH KPYT 3afay TeNJONPOBOMHOCTH U
TelJjionepegayd, B YACTHOCTH 3aJa4u HeCTALlHOHAPHOU Tell-
JIOIIPOBOJHOCTA B TeJAaX CJOXKHOH KOH(HIypallHH, KOHBEK-
THBHOTO TemyooOMeHa NpPU JaMHHApDHOM. H TypOyJeHTHOM
TeUeHHH, NPOBECTH PACULTHl Telsoliepefaud B TellJooOMeH-
HBIX annapartax u T. 1. M3BecTHo, uTo BCe BapHalMOHHLIE
METOAbl pelleHHs 3ajay MaTeMaTH4YecKoH (H3UKH, B TOM
yucJie H BapuauuoHHbll Meton M. Buo, aBasiorcs npubiu-
’)KeHHBIMH Metofiamu. OJHaKo 1O CpaBHEHHIO C APYTrHMH
BapHALHOHHBIMH MeTOJaMH, 1IpUMeHseMbIMH B 3ajaqyax Tell-
Jonepenoca, merox M. buo siBnsiercs HaubGoJjiee TOYHBIM,
TaK KakK BapbHpPOBaHUE HNPOHCXOHHUT MO BEKTOPY TEMJIOBOTO
CMeIlleHHus, B pe3yabTaTe 4Y€ro B OCHOBHBIX COOTHOINEHHSAX
OTCYTCTBYIOT IIPOCTPAHCTBEHHEIE INPOH3BOJHBIE TeMIIepaTy-
pBl. 3TO -laeT BO3MOXKHOCTb IOJYYHTb BBICOKYIO TOYHOCTD
NpuOJHKEHHBbIX pelleHHH, a Tak)Ke pewlaThb TakHe 3ajavy,
Korja pacrnpeiejeHde TeMIepaTypbl B Tese ONHCHIBaeTCs
npepblBHBIMH (yHKIusAMH. BapuauuoHnmit Metos M. bBuo
ABJSETCA aHaJoroM BapHaluHoHHOro Mertoja JKypaena
B KJIaCCHUECKOH aHAJUTHYECKOH MeXaHHKe, B KOTOPOM BapbH-
pOBaHHe MPOHCXOAHUT IO cKopocTsiM. M3BecTHO, UTO B aHAJIH-
THYECKOH MeXaHHKe Ha OCHOBE IOHATHSI BHPTyaJbHOI pabo-
TH HCIIOJIb3YIOTCSI BAPHALHOHHEIE MeToAnl ['aycca u [lanam-
6epa — Jlarpanxka. Ha ocHOBe 3THX MeT0J0B pa3paboTaHBl
U Ipyrvie BapHalHOHHBIE METOJAbLI pelleHHs 3ajau TemJo-
nepeHoca, Kak, Hapumep, Baprauuonuslii Mmetoy M. apma-
Thl, HO OHH paspaboTaHbl He B TAKOH cTeleHH, 4ToOnl pe-
WAaTh INPOKHE KPyr 3ajmay TelsionepeHoca, KaxK fIpH MoMo-
mu merona M. Buo.

BosbliuM ZOCTOMHCTBOM BapualHoHHOTO Metoxa M. Buo
ABJSETCS TO, YTO OH JaeT BO3MOXKHOCTb pellaTh HeJHHeH-
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Hble 3aauH TEMJIONPOBOJHOCTH M 3aAauM TENNONpPOBOAHO-
CTH, KOTAd KO3(h(QUUHEHT TEJIONPOBOLHOCTH ABJASETCS TeH-
30pHOH BEJMYMHON B AHU3OTPONHEIX Tesaax. ABTOp BechbMa
YCIICILHO HCII0J1b30BaJ ONepallHOHHOe HcuHcieHHe XeBHcaM-
[a W HHTerpaJibhble mnpeobpasosadus Pypbe u Jlannaca u
MOJIYYHJT BapHAUHOHHBIE COOTHOLIEHHS B onepaTopHoi dop-
Me. DTO He TOJIbKO 3HAUHTeJbHO YIPOCTHJIO pelleHne 3aj1ay,
HO M pacwupujo o6JacTh NpHMeHeHHs BapHAUUOHHOIC Me-
TOAa B TENJOTEXHHKE.

Oco6o Haxo oTMeTHTh paspaboTaHHBIA MM CToco6 pelle-
HHUS 3a7la4 KOHBEKTHBHOTIO TelJo0OMeHa NpPH 06TeKaHHH Tell
JJaMHHADHBIM H TypOYJIEHTHBIM NOTOKOM XHUAKOCTH (0OBIY-
HO BapHallMOHHble MeTOABl NIPUMEHSIOTCS NPH pellleHUH 3a-
Jlay TemJaonpoBofHocTH). BaxkHo 310 He TOJBKO NOTOMY, UTO
BapHAUHOHUBIA METO/ NPUMEHsIETCH K PEILIEHHI0 331aUl KOH-
BEKTHBHOTO TelnaoobMeHa, HO, TJIaBHBIM 06pasoM, NOTOMY,
YTO 3ajaya KOHBEKTHBHOIO TEIIOOOMEHA pellaercs Kak cO-
npsixkeHHast 3ajada. O6bLYHO 3aJauyld KOHBEKTHBHOIO TeIJo-
o6MeHa pemIAlOTC HAa OCHOBE TaK HAa3BIBAEMOTO 3aKOHA
KOHBEKTHUBHOro TemjuooOMeHa HeloToHa, Korza Ha rpaHuue
TBEPAOE TEJO — KHAKOCTb NPHHUMAIOTCA TPaHHYHBle YCJIO-
BUS TpeTbero poja. OU3NUECKH TNpaBU/IbHO MOCTaBJeHHAs
3ajlaua KOHBEKTHBHOTO TeIIOOOMeHa J[oJXKHA pemartbes
C y4eTOM B32aHMHOI'O BJHSHHUS TeMIepaTypPHBIX NOJeH Xul-
KOCTH H TBepJoro reja (conpsiKeHHble 3ajaud). B Bapua-
IHOHHOM MeTojie M. Bno sta B3amMocBsi3b TellsionepeHoca
B JKHAKOCTH H B TBepPJOM TeJje OCyIleCTBAAETCS IpPH IIOMO-
mu ¢pyHknuy BausHug. Takum o6pasom, Merol M. Buo aaer
NPABUJABHYIO NOCTAHOBKY U pellleHHe 338JaUd KOHBEKTHBHOTO
Temoo6MeHa, OTBEeYalOM{HX COBPEMEHHBIM HpelCTaBJCHHSAM
(Gu3nYecKOro MexaHuaMa Teillo- u Maccoobmena. Kpowme
TOTO, BTOPOH CNOCO0 pemleHHsT 3ajlauy KOHBEKTHBHOTO TeIJIO-
o6MeHa Ha OCHOBE YHH(UIHPOBAHHLIX YPaBHEHHUH [103BOJsSET
pemwatb 3agxauyd TemiooOMeHa IpH (DHABTPAUUH KHAKOCTH
yepe3 NOPHCTBble CPelbl NP JIAMHHADHOM H TypOyJeHTHOM
TeYeHHH ABYX(}a3HOH CHCTEMBl «XKHIKOCTb — TBEpJAble YaCTH-
Ibi», TAK KaK ypaBHeHHus Jlarpanxa npuMeHUMBl HE TOJb-
KO JIJIsl TEIJIONPOBOAHOCTH, HO U JJisT KOHBEKIHH. JTOT BaXK-
Hbll QyHAdMeHTaJbHBIH pe3ypTaT, HOJYUeHHBIH aBTOPOM,
O6yler uMeTb OoJblIoe 3HAayeHHe B JajbHeHLleM pa3BHTHH
TEOPHH KOHBEKTHBHOTO TeNJI006MeHa.

Ycrnemtoe TpHMeHeHHe MeTONOB aHAJHTHYECKOH Mexa-
HUKH B TeOpHH TermJooOMeHa SIBJASETCS He CIIydalHBIM.
B nacrosiee Bpemst GLICTPO pa3BHBAeTCH HeJHHeHHas Tep-
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MOMexaHHKa CIVIOIIHLIX Cpej, KOTopasl BKJUYaeT B cedd 1o-
c/ejlnie JOCTHXKEHUS He TOJbKO COBPEMEHHOH MeXaHHKH
JKHAKOCTEH, HO H TePMOJHHAMUKH HeOOpPATHMBIX MPOLECCOB
H TEOpPHH TeIJo- U mMaccoobMeHa. MerTon HeJUHEHHOH Tep-
MOMEXaHHKH TIO3BOJISAET 3aJI0XKHUTb OCHOBBHI PA3BUTHST HeEJH-
HeHHOH Teopum TtensnooOmena. Monorpadus M. Buo siBas-
eTCsl Ba’KHBIM BKJAJAOM B pellleHHH BaKHeillero BOIpoca
COBpeMeHHOH TeOpHH TemjooOGMeHa, Tak Kak Hajo elle pas
OTMeTHTb, 4TO BapHALUOHHBIE METOJbl aBTOPa AT BO3-
MOXKHOCTb peliaTh HeJHHeHHble 3ajJaud TelIonepeHoca.
[TpubamKkeHHOCTh 3THX pelleHHil He yMaJsieT HX 3HauYeHHs,
TaxK KaK HeJUHeHHble 3aJaul B NOJaBJSAIOLEM GOJBIIHHCTBE
C/Jy4yaeB pellaloTcs TOJBKO TPHOJHKEHHO, a BBICOKAS TOU-
HOCTb pelIeHHUH JesaeT WX NMPUTOAHBIMH JJISI TIPaKTHIECKOTO
HCIOJIb30BAHHSL B MHIKEHEpPHO! MpaKTHKe.

B kauecTBe eIMHCTBEHHOTO 3aMEUAHHS peLaKTOpa MOXK-
HO OTMeTHTb KOHCIEKTHBHOCTb H3JIOXKEHHS, B pe3yJsbTaTe
yero B He6GosbWIOH 1o 06beMy MOHOTpadHu pPaccMOTpeHbi
OCHOBHBIE BOIIPOCHI NPHMEHEHHS BAapUAIlMOHHBIX METOJO0B
B TEOPHH TeNI000MeHa.

CrenyeT OTMETHTb yjauHOE METOAHYECKOE MOCTPOEeHHe
KHHTH: Nepefl KaXJOH TJaBOH NMPHUBOAUTCS KPAaTKoe COJIep-
J)Kanve H OCHOBHbIE De3yJbTaThl, TeOopeTHYecKHue BBIBOJHI
HJIJIIOCTPHPYIOTCS KOHKPETHbIMU npumepaMu. [losromy KHH-
ra MOXeT CJYXKHTb B KaduecTBe yuyeGHOro mocoGusi jnjsi ac-
IHDPAHTOB U CTYAEHTOB CTAPHIHX KYyPCOB TEMJOTEXHHYECKHX
.CeyuaJbHOCTEH BLICIINX y4yeOHLIX 3aBelneHuil. PepakTop H
IepeBOJYHKH CTPEMHUJIACH COXPAHUTb CTUJb M3JOXKEHHS, ero

KPaTKOCTb H YETKOCTb,
A. Jlvikos



MPEONCJ/IOBUE ABTOPA

B paunoii kHure paspaGaTbiBaeTcs BapHAUMOHHBIA MOJ-
XOJl K IepeHoCy Tellja TENJONPOBOJAHOCTBIO H KOHBEKUHEeN.
Henb KHATH — NPELJIOKUTb OCHOBBI €JHHOTO PacCMOTPEHHS
HeoOpaTyMBIX IIPOLECCOB METOJaMHM, aHaJOTHYHBLIMH METO-
IaM KJIacCHUECKOH MeXaHHKH, 4TO I03BOJIAeT (POpMYJH-
poBaTh sIBJIEHHs IlepeHoca TenJla H AHCCHNAaTHBHBIX NpOolec-
COB B CJOXKHBIX CHCTEMax C [OMOIIbIO YpaBHEHHH THUIa
Jlarpanxka u 06o6meHHBIX KoopAauHaT. OJHOBPeMEHHO Ta-
KO¥ TOAXOJ MaeT BO3MOMKHOCTb HCIOJb30BATb MHOTOUHCJIEH-
HBle aNNPOKCHMAIKWH W 3HAUHNTEJbHblEe YIPOLICHHS NPH NpaK-
THYECKOM pellleHHH GOJbIIOTO KJjacca 3ajau (PU3HKH.

Crienyer uMeTh B BHAY, UTO IpelJjaraeMblil 3jech BapHa-
LIMOHHBIIl AHAJIM3 BHIXOAUT 34 PAMKH TPaIHIHOHHON CXeMB,
B OCHOBE KOTOPOH JICXKHUT YCJIOBHE aJJUTHBHOCTH CKaJsPHOM
GyHKIUH, XapaxTepusyiolleli MexaHHuecKyio cuctemy. Me-
TOAB PAaCCMAaTPHBAEMOro aHaju3a BKJIOYAOT 0600IieHne
TOHSITHS BUPTYaJbHOH paGoTHl B KJIaCCHUECKOH MeXaHHKe.
KpoMe TOoro, cam TNpHUHUMI BHPTyaJbHOH paboTel paccMa-
TpuBaeTcd B GoJjiee MXPOKOM acleKkTe W BHIBOJMTCS U3 TIO-
HATHS «BaPHALHOHHOTO CKaJISIPHOTO IpOH3BeleHHsi». B pe-
3yJibTaTe II0JIyyeHbl BapHALMOHHBIEC ypaBHEHHS, BKJI0Yalk0-
IIHe BeJHYMHLI Pa3JH4YHOrO THIIA, IPHYEM HeKOTOphble M3 HHX
SBJSIOTCS] JeACTBUTEJbHLIMY BapHALMSIMH CKaJsIpPOB, B TO
BpeMsi KaK ApyTHe aHaJOTHYHB BeJHUMHAM, ONpeleNsiomuM
06061IeHHbIE CHJbI B JlarpaHKeBOH MeXaHHKe.

Bosbluast yacTh KHHMH, COCTOSIIEH U3 BOCBMH TJaB, MO-
cBALEHA HCKJIIOUHTEJbHO BONpOCaM IepeHoca Temja, 4To
CO37a€T OCHOBY Uit HJMIOCTPAllMHd Pa3/JHYHBIX TOYEK 3pe-
HHSl © MeTOJO0B, MCHOJb3yeMblX NPU PelleHHH MHOTHX NpakK-
THYECKHX 3ajau.

[punoxkenue BapualHOHHOTO aHaAM3a K APyruM 06Ja-
cTAM (HM3UKH, a TakXKe HEKOTOphe ofliHe MareMaThue-
CKHe aCIeKThl JaHHOrO BONpOCa paccMaTpuBaloTCcs B MpH-
JIOXKEHHH.

B ra. 1 npu paccMOTpPEHHH JHHEHHOH TEMJIONPOBOAHOCTH
BBOJIUTCH OCHOBHAsi (hopMa BapHAUMOHHOIO MPHHIKNA, HCXO-
ISl U3 TOHATHH TepMOAMHAMHUECKOr0 MOTEeHIHala, AUCCHIIA-
THBHOH GYHKIMH H 060GIIEHHOH TePMOJHHAMHYECKOH CHJIBL.
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Coxpanenne 5HeprUH HTpaer poJb FOJOHOMHOW cBA3H. Jluc-
cHOaTHBHAas (YHKUHSA, BhHpaXkeHHas uepe3 MPOH3BOAHYIO
10 BpEeMEHH OT BeKTOpa TEIJIOBOTO CMeIleHHs, SBJAETCH
obobulenneM MOHSTHS, BBeJeHHOTO PejleeM I8 MexaHHuYe-
CKHX CHCTEM C BSI3KOH auccuuaiued. dto 0600LIeHHe TeCHO
CBSI3aHO C NPUHIUNOM B3auMHocTH OH3arepa B TepMOJAHHA-
MuKe HeoOpaTHMbix nponeccoB. [losydeHHble ypaBHeHHS
Jlarpanxka B 0000IIeHHBIX KOOPAHHATaxXx NPHBOAAT K I[IPHH-
HHNYy MHHUMaJbHOH JAuccunauud. BO3MOXHOCTH u  TOY-
HOCTh MEeTO[a HJANIOCTPUPYIOTCS HA NpUMepe NpPOCToll 3aja-
UM pAacIpoCTPAaHEHHS TelJa B CTeHKe C HCHOJb30BaHHEM
TOHSITHSL TJ1yOHHBl IPOHHKHOBEHHS.

B ra. 2 paccmarpuBaloTca ofliHe XapaKTEePHCTHKH JIH-
HEeHHBIX CHCTEM, H BBHIBOASATCS COOTBETCTBYIOLIHE JIMHEHHbIE
ypaBHenua Jlarpanxka. Qusnueckas MmMojenb BKJAlodYaet Jo-
KaJbHOe JIHHeHHOe I'DAHHYyHOe YCJOBHe TelJoleperoca, 4a-
CTO HCIIOJIb3YyeMOe Ha NpaxTHKe B KAUeCTBE allPOKCHMAaIlNH.
DTo AOCTHraercs NyTeM BBEJeHHs AMCCHIALMHU Ha TpaHHIE
B LHCCHUNATHBHYIO (pYHKIHIO, ONHUCLIBAIOILYIO CUCTEMY B Ie-
JgoMm. OnHOA M3 BaXXHBIX OCOOEHHOCTEH JIHHEHHBIX CHCTEM
SBJSETCS HaJHuhe pPeJaKCAUHOHHBIX MOX H HOPMaJbHBIX
KoopnuHat. MHTepecHOH 0COOEHHOCTbIO HOPMAaJbHBIX KOOP-
JuWHAT TpH pacCMOTpPeHHH Ipolecca TelJIONPOBOAHOCTH
SIBJISIETCS CBOMCTBO OGECKOHEYHOTO BHIPOKJEHHS, CBS3aHHOE
CO CTAallHOHAapHBIM NOTOKOM. McnoJb3oBaHHe HOPMAaJbHBIX
KOODJAHMHAT MOXET NPUBECTU K «Caa0blM pelleHUsiM» B CMbBIC-
Je (YHKIHOHAJBHOTO aHaJu3a, 4TO HJJIIOCTPHPYeTcsT HA
npuMepe pelieHHd 3a/a4d NPOHHKHOBEHHS TEMJa B CTEHKY.

OnepanuonHasi GOpMYJHPOBKA JHHEHHON CHCTEMBI C 3a-
BHCHMBIMH OT BPeMeHH [TapaMeTpaMH NpeAcTaBjeHa B IJ. 3.
O6uuii BUA TeNJOBOH BOCHPHHMYHBOCTH H NOJHOIO TENJO-
BOTO CONPOTUBJIEHHS] YCTAHABJHMBAETCSI HA OCHOBE HEOTpPH-
LaTeJbHOTO U TIOJIOXKUTEJbHO-ONPEle/IeHHOTO Xapakrepa
OCHOBHBIX KBAaApaTHYHBIX (OPM, ONHCHIBAIOIIHX CHCTEMY.
DTH pe3yJbTaThl ONPENeNA0T PeaKIHIO JJS rapMOHHUYECKON
BPEMEHHOH 3aBHCUMOCTH; TiepexofHble TNPOllecCH aHaH3u-
pyloTcsl Ha ocHOBe npeo6pasoBauuii @ypbre — Jlanmaaca. ITo-
JyyaeMbie ONnepalnuOHHble (HOPMyJbl 3HAYUTENBHO YIPOILa-
IOTCSI COXpPaHeHHWeM B NPOU3BOAHON TO BPEeMEHH NPOCTOrO
onepartopa, BBeJeHHOTO BIepBhle Xesucaiinom. Torza npe-
obpasoBanus Jlansaca MoKHO BbHIpa3uTh depes 0000ieHHble
¢yuknuu. Ilo cBoell mpupone onmepaunuoHHBIE YpaBHEHHS
HPHBOJST HENOCPeACTBEHHO K BapHALHOHHBLIM NPHHIHUNAM
B onepaTtopHOH ¢opme. DTH NPHHUHUNBI MOTYT ObITh Bbipa-
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SKEHBI 1I0-Pa3HOMY B 34BHCHMOCTH OT (OPMBI NpEACTABJIE
Hust nuddepennnanspbHoro onepaTopa B Byle 0ObIYHOR aJjre-
OpanyecKoll uu YHCIOBOH NepeMeHHOH HJH B BHJE CBEPTKHU
npeobpazoBaHus Jlangaca oT NpPoU3BeJeHHS] BO BPEMEHHOM
HHTepBaje. B 3Toll r;iaBe Tak:Ke BBIBOAUTCA C BapHaIlMOH-
HOH TOUKH 3peHHs elHHOe NPABUJIO B3AUMOCBS3H TEPMOIH-
HaMHYeCKHX cHCTeM, ofecleyHBalollee OOIIYI0 OCHOBY IJIs
$HOpPMYJHPOBKH Pa3sHOO6Pa3HbIX METONLOB KOHEUHBIX 3JeMeH-
ToB. KpoMme TOro, 3jiecb Ha IpuMepe HJJIIOCTPUPYETCS IO-
HSITHe HelPepBIBHOTO CIIEKTpa peJaKCaluH H NOKa3hBAETCS
3HayeHHEe STOTO TOHATHA B OIEpaUMOHHBIX MeToJax.

Merton conpsiKeHHBIX TOJIeH, H3MOXKEHHLIA B IJ. 4, MO-
JKeT HCNOJIb30BATECA AJS ONpENeeHUsT TeMIIepaTypHOTO 10~
751 o 6e3uBepreliTHOMY TOJI0 BEKTOPAa TENJIOBOTO CMellle-
HHs. De3lnBepreHTHOCTE COOTBETCTBYET LHMK/AHYECKHM KOOP-
JHHAaTaM B KJ4acCHYeCKOll MexaHHKe, OHa MOXeT He
YUATBIBATbCSH, KOrJ4a Heo6XOAMMO DAcCUHTaTh TOJBKO TeM-
neparypy. IloxasaHo, 4To 3TOT MeTOJX CBf34aH C HAJHUHEM
HOPMAJIbHBIX KOOPAHHAT C OeCKOHEeUHOH BBIPOXKAAeMOCTbIO.
Meron waIOCTpHpPYeETC Ha INpHUMepe 3aJaud Harpesa. Ted
CJIOXKHBIX KOH(QHTYpaLHH.

[lpumenenne BapUalMOHHBIX TPHHIUIOB K HeJHHEHHLIM
CHCTEMaM C 3aBHCUMBIMH OT TeMnepaTyphl NlapaMeTpaMH
paccmaTpuBaercd B ri. 5. OGo0uieHue NOHATHS TEpMOJH-
HaMH4eCKOro TIOTEHIlHasa NPUBOAMT K yPaBHeHHAM, aHaJso-
THYHBEIM TeM, KOTOpble OBLAM MOJydYeHBl AJis JIHHeHHBIX CH-
creM. Ilpu onpeneneHHBIX YCJHOBHSIX MeTON CONPSIKEHHBIX
noJieli MOXKET HCII0Jqb30BAThCS B HeIHHeAHBbIX 3anadax. Pac-
CMAaTPHBAIOTCH TaK:Ke YACTHHIC HeJHHEHHBIe 3afaud C HeJH-
HelHHIMH cBoHicTBamu. K HUM oTHOcsATCA, HanpHMep, 3ajadd
06 HagyueHHH ¥ onjaBienuu nopepxHocted. Ha mpoctom
MpHMepe C NIOMOIIBIO YHCAEHHOTO CyeTa T0KAa3aHo pas3JinuHe
MeXKIy HarpeBaHHEM H OXJIaXK/eHHEM, BLbI3BAHHOE HeJIHHei-
HOCTBIO.

B ra. 6 BapuauuonHble METOAB HCIOJB3YIOTCS Uit pe-
HIEHHs JIMHeMHBIX ¥ HeJHHeAHLIX 3aJay KOHBEKTHBHOIO
nmepedoca Teria. PaccMoTpeHbl peleHHs B ABYyX NpHOJIHKe-
HHsAX. B mepBoM DpUOMHIKEHHH pacCMaTpHBAeTCs TemnJo-
NPOBOJHOCTb B HENOJIBHXKHOM TBEPAOM TeJe, TPAHHLLI KOTO-
pPOTO  HAXOAATCS B KOHTAKTe € ABHIKYLIEHCA XHAKOCTBIO.
XapakTepUCTHKH NepeHoca Telsla Ha TPaHHlax onpeesior-
csi GhyHKUHeH BAUAHHA. JTa QYHKIHUA B CBOIO OUepepb ompe-
NeJasieTCsl KaK pacnpejefieHHe TeMIlepaTypn Ha TpaHuUle,
06yCaA0BIEHHOS TIOABOAOM K JKHMIKOCTH B JaHHOH TOYKe Ha
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rpaHdle eIMHHYHOTO TOTOKa TeNJa MpPH yCJOBHH, UTO BHE
3TOH  TOUKH TpaHuma sijsieTcd axunabatuueckoil. Koraa
(GYHKLOMSI BJIHSIHHA H3BeCTHA, MOXKHO € IIOMOIUbIO ypaBHe-
Hu# Jlarpanzxa nosHoCTbIO ¢(HOPMYIHPOBATH 3aj4auy TeMNJIo-
NpPOBOAHOCTH, BKJIOUAs KOHBEKLHMI0O Ha rpaHuue. B srtoMm
cjlyyae TaKKe IMPHMEHSIeTCsl MeTO] COMNPSUKEHHBIX IoJed.
Bropoe npubuixkeHde 3aKJ04aeTcsi B PacCMOTPEHHH He-
MOJBHKHOTO  TBEPAOro Teja M JBHKYUleHCH XKHIAKOCTH,
Npe/iCTaBJeHHBIX KaK eIHHas cucrema. B 3TOM cayuae,
UCIOJBb3Ysl ONpefesedne JIUCCHMATHBHOH (YHKUHH, YYHTHI-
BalOLell KOHBEKIHIO, MOJyYalOT BapHALHOHHbIC IIPHHIMIIBL
U ypaBHeHHsl JlarpaHxa JJs.- BCeHl CHCTEMBI.

3anaya mepeHoca Telsia B NOrpaHHNYHOM cJoe, paccMa-
TpHBaeMasi B [J. 7, NpeICTaBiaserT OCOOBI NpaKTHYCCKHH
nHTepec. B 3Toll 3amave BapHAUUOHHBIM MeETOJOM MOMKeT
O6bITh paccuMTaHa (QYHKUHUS BJAHAHHS, TO3BOJsIIONIAg oIlpe-
IeJqHTb XapaKTepHCTHKH TNepeHoca Tensa. Ilo anmajgoruu
C MeToJlaMH pacyeTa TeNJIONPOBOAHOCTH IIPOBOAUTCSI aHAJU3
KOHBEKIHH B IOrPAHHYHOM cJioe. IDTa aHaAJOTHA MO3BOJISET
NPOBECTH TaKoH aHaJM3 3aJayd, B pe3ysabTare KOTOPOro
ONpeNeNSIOTCA KaK BaKHble (u3HYeCKHe CBOHCTBA, TaK H
OCHOBHBIE pa3JHuMsg MeX]y JaMUHAPHBIM U TypOyJeHT-
HBIM peXUMaMH. DTHM peXxHuMaM COOTBETCTBYIOT ABe pas-
JHYHBIE IO BUAY (DYHKIHH BJHSHHUS YHHBEDPCAJbHOTO Xapak-
Tepa. Takoll TOAXOM AaeT NpPOCThle, HO HMellHe (QH3UYe-
CKHHA CMBICJI METOABI pelleHHs MHOTHX TeXHHMYEeCKHX 3anady,
K KOTODBIM, HalpHMep, OTHOCATCS 3alaud TEOPHH Ter1000-
MEHHUKOB H a3pPOJHHAaMHYeCKOro Harpesa.

B rn. 8 paccmartpuBalorcs JONOJHUTEAbHble TPHHIMKIIEL.
OO6biuHO (hU3UYECKHE CHCTeMbl MOTYT OBLITb OIIHCAHBLI Iepe-
MEHHBIMH JBYX BHJOB, Ha3blBA€MbIX HHTCHCUBHBIMH H 3K-
CTeHCHBHBIMH. B MexaHuKe, Hanpumep, Takas ABoHHAas CH-
cTeMa IepeMeHHbIX IIpelcTaBjeHa CHJIaMH H CBA3aHHBIMHU
C HUMH CMelleHUSIMH. Bapnaunonnble NPHHLHKIELL, BHIPaXKeH-
HBle Yepe3 CMellleHHs, BeAyT K MOMNOJHHTEJbHLIM NPHHIH-
naMm, BhIPaXK€HHBIM uYepe3 CHJBL. B ciydae TOJLKO TEMJIOBBIX
SABJEHHH TeMIlepaTypy M TeNJI0BOe CMellleHHe MOXKHO pac-
CMaTPHBATh COOTBETCTBEHHO KaK MHTEHCUBHYIO H SKCTEHCHB-
HyI0 HepeMeHHBIe, YTO II0 aHAJOTHH C MEeXaHHKOH BeleT
K JBOHCTBEHHOCTH, KOTJa BapHALHOHHbIE NPHHIHIB MOTYT
OBbITh BBHIpAXKEHB!, KaK U B NpeABAYIIUX IJiaBax, uepes Tell-
JIOBOE CMeIllleHHe WJIH B JONOJHUTEIbHOM BHJe Uepe3 TeM-
nepaTypy. OTH AONOJHHTENbHBIE MPHHIHIL BBIBOAATCS JJiS
JIUHEHHBIX W HEJHHEAHBIX CHCTEM C TeNJONPOBOAHOCTbIO H
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koupeknueli. Onepanuonnass GbopMyJaupoBKa, a TakxKe Me-
TOAB B3AHMOBJIUSIHHS M KOHEUHBIX 3JIEMEHTOB PaccMaTpH-
BAIOTCA C TOUKH 3DEHHS JOIOJIHHTEJNbHBIX TNPHHIHIIOB.

B BockMH ryraBax KHHTH DacCMOTPEHHE BelleTCS TOJBbKO
Ha npuMepe Nepesoca tensna. OxHako Kak pu3HuecKHe, TaK
H MareMaTHYeCKHe acleKThl AAaHHOro BONpoca ropasfo IH-
pe. [Tostomy, uTO6GHl TOKA3aTh JPYyrue BO3MOXKHOCTH MeETO-
Jla, B KHure JHaercs npujaoxenwe. IlokasaHo NpumeHeHHe
BAPHALHOHHOTO MOAX0AAa B TakKux obsacTsax (U3HKH, KakK
Maccoo6MeH u TepMOJMHAMHKa HeOODATHMBIX IIPOLECCOB.
[MpuBoauTca HAMOCTpalus IMpUMeHeHHus MeTojaa Jlarpanxa
K aHaau3y 3ajauu tepmoynpyroctd. OQueBHHa Takxe BO3-
MOJKHOCTb NIPHMEHEHHA LAaHHOTO MeTofa K BSI3KHM KHIKO-
CTAM TpPH HCHOJb30BAHUU KJIACCHUECKOR IHCCUTIATHBHOH
¢yuxiun Penesi. Anasornuible MeTOXbl MOMKHO NPHMEHATH
TaK¥Ke JUIS OTIHCAHHUS 3JIEKTPOMAarHUTHHIX ABJeHUH. [lokasa-
HBEI GoJiee IHPOKHE MaTeMaTHYECKHe BO3MOKHOCTH aHAJH3a,
OCHOBAHHOTO Ha MOHATHY CKaJsIpHOTO npou3Benenus. [lanHoe
TOHSITHE NpeAcTaBjasieT coboit abdekTHBHOE cpelcTsBo Ipe-
o6pasoBanug B QYHKIHOHAJIBHOM npocTpancTse. OHO BKJIO-
YaeT TaKHe METOJBl, KakK npeobpazoBaHue JHHEHHBIX RHD-
(depeHINAJNBHBIX YPaBHEHUH B HeJuHeHHBle C MOMOUIBIO KO-
opauHAT THNA TyyOMHB NPOHMKHOBEHHMS. Takoe paccMmorpe-
HHe JaeT BO3IMOXKHOCTb CBECTH B €IHHYIO CHCTEMY pas3JjHy-
HEIE METOMIbl, M3BECTHBIE B NPUKJIANHOH MaTeMaTHKe MO
pasHuMu Ha3BaHuAMH. KpoMe TOro, CyniecTBOBaHHe JIOPOTa
paspemenusi B (pH3NYECKUX 3ahadax N03BoJseT AaTh GoJsee
peasiuCTHYeCcKoe olpeleseHne TOHATHS TOJHOTH AJs 0600-
IIEHHBIX KOODAHHAT, KOTOPOE YUHTBIBaeT MHCKDETHBIH Xa-
paKTep BeIeCTBA B MPOTHBOMOJIOKHOCTD MaTeMaTHUeCKOoH
MOJeNd KOHTHHyyMa.



TI'rasa nepsas

OCHOBHOW BAPMALIMOHHBIV MTPUHLIMII
B TEIIJIOITPOBOJHOCTH

1.1. BBEAEHHUE

st Toro 4To6B NMO3HAKOMHTH UMTATENS C OCHOBHBIMH
HDOHSAATHAMH W METOJAaMH, NPEJCTABJEHHBIMH B 3TOH KHHTE,
MBI OTDAHMYMMCH B NepBOH IJilaBe pPacCMOTPEHHEM TeILIO-
TIPOBOJHOCTH B CHCTEME CO CBOHCTBAMH, HE 3aBHCSLIUMH OT
TeMnepaTyprl. Taxasi cucrema sBJsiercst (DH3NYECKH JIHHEH-
Hoi#t. Bosiee obmuil cayuall HesHHERHON cpelnl ¢ 3aBHCSIIIH-
MH OT TeMIlepaTypsl CBOACTBaMHU OyIeT pacCMOTPeH B IJI. 5.

OcHoBHOe TOHATHE O MOJEe TEMJIOBOTO CMeLIEHHSI BBO-
autes B § 1.2, DTo moHATHe NPHBOAUT K OCHOBHOMY Bapua-
LHOHHOMY NMpPHHIHIY, KOTOPBIl BHAYaJe H3Jaraercss B CBSI3H
C H30TPOMHO¥ TeMJIONPOBOXHOCThIO. JlJs 3TOro cayyas Xa-
PaKTepHH JBe OCHOBHBIE OCOGEHHOCTH, KOTOPHIE eCTEeCTBEHHO
BHITEKAIOT M3 TIOHSATHA TENmJOBOro cMenienns. IlepBas oco-
GEHHOCTb COCTOHT B TOM, YTO TeMIlepaTypa M TelJOBOe CMe-
LIeHHe SIBJASIOTCH CONPAXKEHHBIMHE TepeMeHHBIMH, aHaJoTHU-
HBIMH CHJIE W JABHXKEHHIO B MexaHuKe. Bropo#l ocoGenHo-
CTbIO SIBJIIETCH TO, UTO 3aKOH COXPAHEHHS SHEPTHH TOKJIeE-
CTBEHHO  BBINOJHAETCS NPH BHIGOPE TEPEMEHHBIX CHCTEM
B BHJle, aHAJIOTHYHOM TFOJIOHOMHOH CBsi3w B MexaHuke. OnHO
H3 NPEHUMylLIeCTB TAKOro MNOJAXOZa 3aKJjouaeTrcss B 0coGOM
BHJle COOTBETCTBYIOIIEro BapHALHMOHHOTO NPHHIHUIA, C HO-
MOIIbIO KOTOPOTO MOXKHO NpPHOJH3HTENHHO IPOBEPHUTH 3a-
KOH TeNJIONPOBOJHOCTH, YAOBJETBOPSS 3aKOHY COXPaHEHHS
3HEpIuH.

BaxHo# 0COGEHHOCTBIO NAHHOTO MEeTOHA SBJSETCS BO3-
MOXHOCTb TIDHMEHEHHSI TPHHLHNA BHPTYaJdbHON paGoTHl H
MOHATHS 06O6ILIEHHON CHJIEI B TEPMOJAHHAMHKE.

IMonyuenHeli TakuM 06pasoM BapHALMONHBIA TPHHIHM
MOXHO Ha3BaTh OCHOBHHIM B OTJIHYHE OT JOINOJHHTEJIBHOTO.
CyutecTBoBaHHe 5THX ABYX (pOPM BHIT€KAET H3 aHAJOTHUHOM
IOBOHCTBEHHOCTH B KJACCHUECKOR MexaHHKe, Tfle OCHOBHEIE
BapHauHoOHHRIE TMPHHIHNL BHIPAXKAIOT ABHMKEHHS, a ZOMNOJ-
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HHTeNbHBIE — CHJBl. DTH JONOJHUTENbHBIE NPHHUHMNL OYAYT
paccMoTpeHbl B Ia. 8.

Eure ofHHM BaXKHbIM NPEHMYIIECTBOM OCHOBHOrO BapHa-
HHOHHOTO NpUHIHNA fBJSETCH OTCYTCTBHE B €ro (GopMyJiH-
poBKe KaxkoH-1M060 NpPOCTPaHCTBEHHON NPOH3BOAHOH TeMile-
paTtypsl. DTO NOBBIIAET TOYHOCTb NPHO/HKEHHBIX pPEIIeHHH.
Hocruraercss Takke GoJbliasi THOKOCTb NPH BbIOOpe TAKHX
pellleHnil, TOCKOJBKY B NPHOJHKEHHOE MpeACTaBJeline TeM-
nepaTypHOro NoJiss MOT'YT BBOAHMTbCSA cKauku. CaM Temmepa-
TYPHBIH rpajgHeHT He TpeOyeT MOATOHKH.

[Tosb3ysich nousiTHeM 0GOGHIEHHBIX KOOPAHHAT W BapHa-
[HOKHBIM NPHHUHUIOM C TOMOLIbIO BBIPA’KeHHH, aHaJOTHU-
HBIX MeXaHHYeCKHM CHJIaM H NoTeHUHaJaM, a TakkKe JHCCH-
naTuBHOH QyHKUuHM Penes, npuxoasat K aqupdepeHunanbHbIM
ypaBHeHHsIM THNa Jlarpauxa. [IpuHuun MUHUMAaJbHOH HHC-
CHINIALMK ToJydaeTcsi Kak caeiactBue. OCHOBHOe 3HauyeHHE
00001IeHHbIX KOOPAHHAT Kax ciiocofa MOJHOTO ONHCAHHSA
¢usnyeckoil cucTeMbl oOcyzKaaeTcs B CBSI3H € paccMoTpe-
HHeM JMCKPETHOH MOJEKYJSIPHOH CTPYKTYPHI.

Atu pesynabraThl noJsyuensl B § 1.3 u 1.4. B § 1.5 onn
o6o6uaTcs Ha caydyall aHH30TPONHOM TEIJIONPOBOIHOCTH.
Omnpepenenve AUCCHNATHBHON QYHKUUH AJS 3TOro CAy4ast
TpeOyeT TIpDUMEHEHHS TepMOJHHAMHKH HeoOpaTHMBLIX IIpoO-
LIeCCOB, B OCHOBEe KOTODOM JexkaT cooTHouleHHs OH3sarepa.
BBesenne HenpepsiBHO paclpeleseHHBIX HCTOYHHKOB Tellia
paccmarpusaercs B § 1.6. las storo ciayyasi BBHIBOASTCHA
COOTBETCTBYIOUINe ypaBHeHUs1 JlarpaHixa.

B nocaexnem naparpade pesysabTaThl NPUMEHSIOTCS IS
NpOCTOil 3ajauyn 0 HarpeBaHMM IJIACTHHEI, KOTOpas XOpoilio
HJIIOCTPUPYET TOYHOCTh ¥ rHGKOCTh AaHHOrO Meroja. B wa-
CTHOCTH, TOKa3aHO, HACKOJIbKO YNPOIaeTcs 3aj4aya Npu He-
T0JIb30BAHHH TOHATHS TJyOUHBI POHUKHOBEHHS B KauecTBe
06061eHHOH KOOpPAHHATH B HauasibHOH (ase mponecca. Xo-
TS CHCTEMA ABJSIeTCS (hH3UUECKH JIHHEHHOMH, HavyaabHas (a-
3a ONHCHIBAeTCHd B TAKOM CJyyae HeJHHEHHBIM ypaBHeHHEM,
a Bropas ¢asza — APYTUMH KOOpAMHATAMH, 4TO BeleT K JIH-
HEHHBIM ypaBHEHHUSIM.

[MpuHnunet, uanaraemMbie B 3TOH TJiaBe B CBSI3H C TEINIO-
NPOBOJHOCTBIO, COCTABJSIOT YaCTHBIA caydait ofuiero Mme-
TOXA JIHHEHHOH TepMOAHHAMHKYM HeoOpaTHMBIX IpPOLECCOB,
paspaGoraunorc asropom B 1954 r. [JI. 1-1}, [JI. 1-5], Bu-
JIO H0Ka3aHo, uTo OOJbINOH KJacc HeoOpaTHMBIX NPOIECCoB
MoO3KeT GBITb ONHCAaH 0006INeHHBIMH KOOPAHMHATAMH, COOTBET-
CTBYIOIUMMH TeM JKe ypaBHeHusM JlarpaHika, KOTOpble HC-
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NO0Nb3yIOTeS B KJACCHYECKOIl MeXaHHKe JHCCHNATHBHBIX
cCHCTeM. OTH De3ysabTaThl NMPUMEHUMB K TepMOAHHAMHYe-
CKOH cHCTeMe C HepaBHOMEDHBIM paclipefiesieHHeM TeMIle-
paTyphl, 4TO 6bl10 NpuBeneHo B cratebe [JI. 1-2], B KOoTOpOH
paccMaTpuBaJIiC 4YaCTHHIA CJaydall CBsI3aHHOH TepMOympy-
roctu. JluHeHHas TenJIONPOBOAHOCTb PAacCMATpPHBAETCS Kak
YaCTHBIH cJyyal npolecca TenjooOMeHa B o6Llell TepMoO-
JHHaMuke. DTO NPHJOKEHHEe K 3aayaM TelMJONPOBOLHOCTH
Obsio TmoapoGHO paccMoTpeHo B crathe aBtopa [JI. 1-3].
AHanu3, npoBefeHHBINl B JaHHOH rjaBe, OCHOBAH IJaBHBHIM
obpaszom Ha matepuade [JI. 1-3].

1.2. BAPMALIVMOHHDbIN ITPUHIINII
AJ151 UI3OTPOITHOW TETIJIOITPOBOJAHOCTH

PaccMoTpuM TBepaoe TeN0 € H30TPONHBIMH Tem10(pH3H-
YeCKMMH CBOHCTBaMH, He 3aBHCAWUMH OT TeMIepaTypHl.
Cpena wmoxerT ObITb ONHOPOAHOH W HeoAHOpPOAHOH. B mo-
cJIejlHeM cJydyae TemJIoNPOBOAHOCTB & (X, y, 2) W ylesbHas
o6beMHAsA TEINIOEMKOCTb ¢ (X, y, 2) ABJAAITCE QYHKIUAMYU
KOOpAHHAT (X, y, 2). TennoeMKOCTb, OTHECEHHAs] K eXHHHIIE
o0bemMa, B oTAUYHe OT OOHIENPHHATON, OTHECEHHOH K eJIHHHU-
Ile Macchl, BBOAHTCS AJA TOTO, 4TOOBI H36eXaThb UCIOJb30-
BaHUf IJIOTHOCTH P, NIOCKOJIbKY OHA He HIPaeT HHKAKOH po-
JU B Tex SBJEHHSX, KOTOPble pacCMaTpHBAIOTCSi B JaHHOH
KHUTe.

B kJsaccHYeCKOM ONHCAHUH TeNJIOBBIX SIBJEHHH HCIOJb-
3yercsl TeMllepaTypa B KauecTBe cKaJjsipHoro nouss. OcHos-
Has 0COOEHHOCTh JAaHHOT'O BapHAIMOHHOTO MeTOAa 3aKJjloya-
eTCl B BBEJEHHY BEKTOPHOTO MOJSI B OCHOBHbiE 3aKOHHI Tell-
JIOIPOBOXHOCTH. 10 BekTopHoe noae H(x, y, 2, ), koro-
poe MBI Ha3oBeM TEIUIOBBIM CMeLieHHeM, sBJseTc (QyHK-
uueit BpemMesy H koopauHat. OHo onpefenseTcsl ypaBHeHHeM

- (i}
H=—-H(x, y, 2, 1), (1.2.1)

rae H, ecTb BexTOp, NPeACTaBAAIOWUN JIOKAJbHYIO NJOT-
HOCTb TOTOKA TelJIa Ha elWHHUIy nuiomazau. CjeroBaTesnbHO,
Bextop H sBasieTcs unHTerpasoM o BpeMeHH OT BEKTOpa
NJIOTHOCTH 1ioToka Tensa H.

[Ipunuunel, o KoTophiM OblIA BhIGpaHa Takas (opma
JJIs ONMCaHHA TENJOBOTO IICTOKA, CTaHyT NOHATHBIMH, KOr-
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Ja Mbl PACCMOTPHM 3aKOH COXPaHeHHs SHepPruu
c6=—div H, (1.2.2)

rae 6 — Temneparypa.

B Takom BHZIe OH He COXEPKHT NPOHU3BOAHON 10 BpeMe-
HU H MOXKET PacCMaTpUBATLCA KaK ToJioHOMHas cBg3b. Cre-
JoBaTenbHo, ypasHeHHe (1.2.2) mos:KHO paccMaTpHUBATHCA
KaK HeuTo GoJjiblilee, HeXeNH COOTHOUIEHHE, KOTOpoe caely-
€T NPOBepATh (PH3HUECKHM pellleHHeM. ITO COOTHOLIEHHE
JOJXKHO TaK:XKe BHNOJHAThCS anas Bapuanuit OH u 66. Ilo-
3STOMY MOXKHO 3aIHCaTh:

080 =—div (8H). (1.2.3)

B paCCManI’IBQEMOM MeToae NpOU3BOLHAsI IO BpeMe-

HH HCIIOJb3YyeTCA B YpaBHEHHH TEIJIONIPOBOLHOCTH, HMEIO-
meM BHI:

grad 04— H=0. (1.2.4)

Ypasrenns (1.2.2) u (1.2.4) pawor nojdywo GopMyaupoB-
Ky 3aJayH TeNJIONPOBOJHOCTH NPH 3aJJaHHLIX OTpPaHUUEHUSIX.

BapuanuoHHble NPHHIUIEI IONYYAIOTCS CAEAYIOWAM 06-
pasom. Paccmotpum sapuanuio 6H nons H u coorsercrsyio-
uine Bapuanuyd 60 mpu ycaosum (1.2.3). YMHOXUM ypaBHe-
e (1.2.4) na 8H u npouHTerpupyem mno o6beMy Cpelnl T.
Torna nosaywum:

“‘j (gradﬂ+%ﬂ> sH dz = 0. (1.2.5)

HHTeI‘pHpDBaHHe epBOro yjJeHa 1o 4yacTdaM Jaert:

o I o | N
S;U( 8 div (3H)+— HSH)d SASOnSHdA (1.2.6)

* Cootnomenne (1.2.2) aHanormyHo ypaBHeHH0 Gajanca TenJa.
Bextop H sBisercd BeKTOpoM IVIOTHOCTH NOToKAa Temia, T. ¢ H=
¢

=S H dt. Coraacro 3aKOHY COXpaHEHHS SHEPTHH HMEeM:
0

a9 L. 0 .. .
cgt-—-dw H=— 57 div H.

0
B nocnefneM paBeHCTBE H3MEHEH IOPSJOK ONepamHH 5 B div. Ymuo-

xas ofe WacTd paBeHCTBa Ha d{ U MHTerpupyd NOJyYeHHOE COOTHOHIE-
gue uwo ¢ (ot 0 xo ), noaywaem ¢8==-—divH. (/7pun. ped.)
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rIe N— ¢HHUYHBLI BEeKTOD BHEIIHeH HOPMAaJaH K OrpaHHuH-
Bawoilell nosepxuoctd A. M3 ypasuenus (1.2.3) BbIBOAUM:

—[{fodivemydi= [{{cospac=ev. (1.27)

Ckanap V onpenensiercss Kak

vt [([ e (129

On urpaer poJb NOTEHLHAJa, 4TO CTAHET siCHee MpH pac-
CMOTPEHHH 3TOH BeJHUHUHH B CBSI3W C BBeJeHHeM 00OOOILeH-
npx koopaunat B § 1.3. Iloxcrasus 6V B ypaBHenue (1.2.6),

TOJYUHM:
aV+HH—HaHdm: —HenaHdA. (1.2.9)
5 A

OTo BbIpaXKeHHe $IBASETCS BapHALHOHHBIM IPHHIUIOM
AJIS TemonpoBogHOoCcTH *. YpaBHeHue (1.2.9) mosKkHO BBI-
NOJHATBCA TIPH NPOHM3BOJBHBIX Bapuauusax nosas H, rge 0
onpefenasiercss kak ¢yHkuus H coorHomenuem (1.2.2). Ta-
KM o0pa3oM, BapuauuoHHb# npuuuun (1.2.9) sBasercs
ypaBHeHHeM TelltonpoBoaHoctd (1.2.4), mast xoroporo 3a-
KOH coxpaHeHHss sHepruu (1.2.2) BrinmoJsHsieTcss aBTOMATH-
YEeCKH.

L)
Hurterpan no o6wvemy (1/k)H8H umeer BaxKHBIH ¢(u3H-
UECKHH CMBIC/, CBA3aHHBIH C NOHATHEM AMCCHUIANKH, 4TO Gy-

* Bapuanuonnoe ypasuenue (1.2.9) monyueHo Ha ocHoBe cOOTHOLe-
HHsI Bapuauuonsoro npuanmuna (1.2.5), rae Bapuanus HPOM3BOAUTCS MO
Bektopy H. Takoe BhIpaxKeHHe BapHANHOHHOrO TPHHUANA B TEOPHU
TEIVINPOBOAHOCTH AHAJOTHYHO BapHalHMOHHOMY npuHuuny KypieHa
B aHaJMTHYEeCKOH MexaHMKe, I'lle BapHauud (YHKUUM MPUHYKIEHHS mpo-
H3BOAUTCS 1O CKOpocTH (Bektop H siBAslercss aHAMOroM CKOPOCTH #).
B Bapuaunonnom npunuune HanamGepa — Jlarpaumxa BapHauus mpo-
H3BOJMTCS 1O KoopAMHaTaM (X), a B HauGoaee obmem npuHuune ayc-
ca Bapualsi QYHKIHH NPHHYXKIEHHS NPOH3BOAHTCH MO YCKOpeHHIo ().
IMpunnun aycca npMMeHHM K TOJOHOMHBIM H HerOJIOHOMHHIM CHCTeMaM,
CBSI3H B KOTOPBIX MOTYT ObITb M HeNUHEHAHBIMH OTHOCHTENbHO CKOPOCTEH
[J1. 1-12]. TIpumenenne BapuanuHoHHoro npuHuuna laycca B TeOpHM Tel-
JIONPOBOMHOCTH, TJe BapHAUMS MPOHU3BOAMTCS TO TJIOTHOCTH [TOTOKH

renyia H (BexTop mioTHOCTH TemoBOro noroka H siB/seTCs anajorom yc-
Kopenust ), paccMmarpuBaercs B paGote [JI. 1-13]. Ecau Bapuanuio
TIPOH3BOAHTbL MO TepPMOLHMHAMHueckHM cuaaM VO \(rpamuenr temnepary-
pol VO sABasercs aHaJiOroM CWJH X B MeXaHHKe), TO TMOJYYHM BapHa-
UMOHHEH TpuHiun JspMaTel B TepMOXHHAMHKe HeOGDATHMEIX mpolec-
cos {JI. '1-14]. Ipyrue BoamoxHble (QOPMYJHPOBXHM 3a4ay IepeHoca co-
nepxarcs B {J1. 1-15—1-17]. (IIpumn. ped.) :
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JleT MoKasaHO B CJaedylolueMm mnaparpade npH BBeJeHRH
060611 HHBIX KOOPAHHAT.

Tenaonpogodnocto, 3asucaujas or spemenu. [1pHBeleH-
HBIH BBIBOJ BAapHALHOHHOTO TPHHIWNA OCTAeTCs CHpapel-
JUBHIM H B TOM cJydae, KOrga Kos¢h@uiHeHT Tensonpo-
BOAHOCTH fABJsAeTca (QYHKIHEH He TOJIbKO KOOpPAHHAT, HO H
BpeMeHHU

k=k(x, y, 2, 1). (1.2.10)

DTo 3aMeuyaHHe BeCbMa.IIOJIE3HO He CTOJBKO NMOTOMY, YTO
Takoe CBOHCTBO HMeeT MeCTO B (PU3HYECKOH PeasibHOCTH,
CKOJIbKO B CBSI3H C JAPYTHMH SBJCHHSIMH, NPHBOASILHMH
K MaTeMaTHYeCKd 3KBHBAJEHTHHIM ypaBHeHHsAM c Ko3ddH-
LHEHTOM TellJIONPOBOJHOCTH, 3aBHUCSINUM OT BPeMeHH.

Cucrema ¢ hodsudcHvimy epanuyamu. BapHanHOHHBIIH
npuunun (1.2.9) npumenum Takxke K CHCTeMaM C NOJABHXK-
HBIMH IDaHHIAMH. JTO CJeAyeT H3 TOro, UTO HHTerpaJkl 1o
006beMy H ITOBEPXHOCTH PAaCNpOCTPAHSIOTCS HA MTHOBEHHbIE
reoMeTpuyecKHe KOH(pHIypauHH, KOTOPHE OTJIHYAalTCsS APYT
OT Ipyra B pa3Hble MOMeHTHl BpeMeHH. Ciel0BaTe/IbHO, Ba-
PHALHOHHBIA TPHHLUN sIBJsAeTCS (OPMYyJMPOBKOM 3aKOHA,
KOTOPHIH ynpasageT paclpefeseHHeM IJOTHOCTH TENJOBOTO
noroka H B n1060if MOMeHT BpeMeHH AJs JaHHOTO pacmpe-
nenenus temneparypsl 0. IlosToMy BapHaunHOHHBIH NpHH-
LHII MOXKHO HCNOJb30BATb NJf pellleHHs 3a4ad TerJolpo-
BOJHOCTH IJIl CHCTEM C IIOJBHXKHBIMH TPaHHIAMH.

Ypasnenue Dypve. B naHHOM aHajau3e TEMJOBOE MOJE€ OHNHCHIBAETCH
ABYMsl ypaBHeHHsaMH. YpaBHeHue (1.2.2) omucbiBaeT 3aKOH COXPaHeHHs
3Hepruu, a ypaBHeHHe (1:2:4) — 3aKOH TeNJONPOBOAHOCTH. IJTO pa3sle-
JieHue eCTb npﬁ-Moﬁ pesysabTaT BBEAEHHUS BEKTOPHOrO TOJS TENJIOBOTO

cvemtennst H B KauecTBe JNonoJAHUTENbHON nepemennoii. HMckniouns H
u3 ypasHennit (1.2.2) n (1.24), mosyunm:

08
div (k grad 8) =¢—5 . (1.2.10a)

910 xopowo u3BecTHOe ypasHehHe @ypbe, HCIOIb3yeMOe OOCLIUHO
s onmucakud nepeHoca Temyna. OHo o6beJHHSET 3aKOH COXpaHeHHS
SHEPTHH W 3aKOH TeNJONPOBOLHOCTH B OJHO ypaBHeHHe. OHAKO BO MHO-
THX CIOyYadX HOPeNnouTHTe/IbHee HCMOJb30BAaThb [Ba OTAJBbHEIX YypaBiHe-
wus (1.2.2) n (1.24). B uacrdocTH, Takoe pasjieneHHe NPHBOAUT K Ba-
puauyonHomy npunuuny {1.2.5), ¢ noMoluibio KOTOPOro MOXKHO npubau-
EHHO NPOBEPHTb 3aKOH TEMJONPOBOJAHOCTH IPH CTPOTOM BHINOJHEHHA
3aKOHA COXPaHEHUS 91 epriy.

O606uennsie sapuayuontsie mero0bl. BapualHOHHBIA
NpUHLHADN, BHIpaXeHHEIH ypaBHeHteM (1.2.9), ciepyer HoHH-
MaTh B GoJiee IIHPOKOM CMBICJe, BHIXOAfAIIEM 34 DPaMKH
TPajMIHOHHBIX NOHATHH BapHAlLMOHHOTO HCYHCJAEHHS. JTa
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TOYKA 3PeHHS He SBJAETCH HOBOH M COOTBETCTBYET MOHSATHIO,
H3BECTHOMY B KJacCHYeCKOH MeXaHHKe KaK NPHHIHI BHP-
TyaJabHOH paboThl. B mMexaHuxke oH (opMyJHPyeTCs B BHIE
npunnuna [JanamGepa. DTH NpUHLHIL NPHUBOAST K Bapua-
IHOHHBIM ypaBHEHHsIM, aHAJOTHUHBIM ypaBHeHHio (1.2.9).
A6cTparupysich, MOXHO YTBEPXKIAaTh, UTO B OCHOBE 3TOTO
MeToAd JIEKHUT NOHATHE BAPHAUUOHHOIO CKaJAfPHOTO MPOH3-
Befenus. OHO fIBAsieTCA BbIpaXKeHHEM CKAaJSPHOTO NMpPOU3Be-
JdeHuss B QYHKUHOHAJbHOM INpocTpaHcTBe. B aToM BhIpaxKe-
HUH HEKOTOpbIe YJeHBH MOXKHO Ipeo6Gpa3oBaTh B BEJHYHHB,
npencrapisiomge co6oit BapHalU¥ HHBAPHAHTOB (YHKIHO-
HaJ0B, COOTBETCTBYIOHINE TPaJHLHOHHBIM IOHSATHSIM BapHa-
LHOHHOTO HCYHc/eHHs. OcTallbHble YJIEHBI, KOTOPBIE HENb3s
BBIPA3HTh TaKUM 00pa3oM, OTHOCSATCH K APYrOH KaTeropuu u
Ha3bIBAIOTCH B JarpaHKeBOH MexaHHKe OGOGIUEHHBIMH CH-
Jaamy. Heckosbko mojpoGHee 3TH acneKThl BapHalHOHHBIX
METOJOB OOCYXKAAIOTCA B npuioxenud (§ A.4), rae noka-
3aHO, KaK HX MOXHO NiepeBeCTH Ha abCTPaKTHBIH H3bIK
(GYHKUHOHANLHOTO aHaJi3a W TEOPHH MHOMKECTB.

1.3. OBOBIIEHHBIE KOOPJJUHATDLI

Bapuauuonnsii npuuuun (1.2.4) npuoGperaer HOBHIH
CMBICJI, €CJIM BbIPA3uTh €ro C II0MOLIbI0 0G0OINEHHBIX KOOp-
Aunar. Ilpeacrasum none H B Buae

H=H(q, q2, ..., gn, X, y, 2, 1). (1.3.1)

VHbiME coBamu, GyaeM CUHTATb, YTO 3TO IOJe SIBJSET-
Csl 3aJaHHOM (yHKLHeH NPOCTPAHCTBEHHBIX KOODAMHAT X,
Y, 2, BpeMeHH { H HEKOTOPOTO 4YHCJIAa [apaMeTPoB ¢i,
42 ..., Gn. OTH NapaMeTpPhl €CTb HEH3BECTHble (QYHKIHH
BPEMCHH, KOTOPble MOMKHO CYMTaTb OGOGLIEHHBIMH KOODIH-
HataMmu, npeacrasasolitnmyu noje H. Msl MoxXeMm ucnoJb-
30BaTh KOHEYHOE UYHCJIO ¢; WK OEeCKOHeUHOEe CUYETHOE MHO-
JKECTBO KOODIHHAT B 3aBUCHMOCTH OT THHA& 3a4a4d H HeoG-
XOMUMOH TOUHOCTH TIPE/ICTABJIEHHS HEH3BECTHOTO TOJIS.
B uacrHocTH, MOXHO BHIGpATh JHHellHOe TNpeACTaBAeHHE
B BH/le KOHEUHOTO HJH OeCKOHeuHOro yHcJaa psaos. B sTom
clyude MOXHO 3alHCaTh:

H=3XqH:(x, y, 2, t) (1.3.2)
HJIHn )

H=3g:H:(x, y, 2), (1.3.9)
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rie H; —none, xotopoe JHOO sBAsieTcss 3alaHHON (PYHK-
uHell BpeMeHH, JIH00 He 3aBHCUT OT BpeMeHH.

Buipaxenusi (1.3.3) BKJIOYAOT KaK YACTHHE cayuyal
psiasl Oypbe U Pa3joxKeHHs] N0 OPTOrOHAJbHBIM QYHKIHUIM.
ITostomy B nanbheiiiiem O6yleM cuMTaTh CIpaBeJJHBbIM
npexcrasnenue nosas H B BHAe 060011ieHHBIX KOOPIHHAT.
Ha maremarnueckoM si3biKe abCTPaKTHBIX NPOCTPAHCTB 3TO
03HauaeT, YTO 3TO NpeACTABJECHHE CNpaBei/MBO Besje, 3a
HCKJIIOUEHHEM MHOKECTBA TOYEK C HYJeBOH HJH KOHEYHOH
Mepoi.

Bapunaunonun#t npunuun (1.2.9) moxuo cdopmynupo-
BaTb C MOMOIIbI0O 00OOLUEHHBIX KOOpPJAHHAT, HCIOJb3yeMBIX
BMECTO KOMIIOHEHT caMoro MoJig. PaccMOTPHM TPOH3BOJIb-
Hble Bapuanuu 8g; o6obueHHuXx koopauHaT. CooTBeTCT-
BYIOUIHMH BapHALUAMHU MOJS ABJISIOTCS

~ FoH
8H = 2 Sar 0 (1.3.4)

Beipaxenue (1.2.8) nna V ecTs yHKIHS §;, B MOXKHO
3aNMCaTh:

V=Y sg.. (1.3.5)

Yuurteisaa coorHomenus (1.3.4) u (1.3.5), 3anmumem
ypaBHeHHe -(1 2 9) B BUIE

30, +S§S H d'\: 8q; =

—_ . oH
)

TTockoabKy BapHanuu O8g; ABJAIOTCS INPOH3BOJbHLIMH,
u3 (1.3.6) BHITEKAIOT COOTHOIIEHHUSA

0q¢+555——ﬂ ——dr=— Sse ——ndA.  (1.3.7)

Uncio TakuX ypaBHEHHH PaBHO 4HCJAY OOOOLIEHHBIX KOOD-
JAWHAT.

Buibop o6o6wennbix koopdunar 04s onucanus ¢usude-
cxoli cuctemol. Becerna MoxHO BhGpaTh Taxkoe uncao 0606-
HIeHHbIX KOOPAMHAT H cZesaTb 3TO TakuM o6GpasoM, HTO
chHcTeMa ¢ (QHM3MYeCKOl TOUKH 3peHHsl OYIeT omucaHa nou-
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HOCTBIO. DTO CTAHOBUTCS OUEBHAHLIM, €CJIH HMeTb B BHAY,
YTO MBI PAcCMaTpHUBAaeM CHCTEMBI C MOJIEKYJIAPHOH CTPYyK-
TYpOH M UYTO B KauecTBe NPUONHKEHHs IJA UX ONHCAHHSA
HCMOJIb3yeM MOHsATHE KOHTHHYyMa.

[ToaroMy ¢u3HYeCKH CIpaBeNIHBO PacCMaTPUBATbL TaK-
)K€ JHCKPeTHYIO CHCTeMY, COCTOSIILYI0 H3 pAfa KOHEeUHBIX
syeek. DTO sUeHAKH MOTYT ObITb OYeHb MaJeHbKHMH, OCTa-
Basfichb, OJHAKO, JAOCTATOYHO OCJBUIMMH € TOYKH 3DeHHs
MOJIEKYJISIPDHBIX MacmTafoB, TaK 4TO 3aKOHBl CTAaTHCTHUe-
CKOH TepMOJHHAMHKH OCTAIOTCS CIpPaBeAJHBBIMHE IS KaX-
Joll fuediku. Mx MoxkHO mpeiacraBuTh ce6e B BHAe KyOuKa,
K KaXXJOH TIpaHH KOTOPOrO IPHJOXEH BEKTOD TellJIOBOTO
cMmellleHusi. Toraa TteMmneparypa siuefiku OylIeT ONpefessiTh-
C BeJMUYMHAMH 3THX BEKTODOB Ha KaxKJAOH TpaHH, NOXYH-
HSIOMIUMHCA 3aKOHY COXpaHeHHst 3Hepruu B BHie (1.2.2).
Omnpenesnenuble TakuM 06pa3oM JHCKPETHBIE BEKTOPbI OIH-
CHIBAIOT (PHU3HWUECKYI0 CHCTEMY M MOTYT pacCMaTpHBaTbCs
KaK 4acCTHBIH cayuail 06001eHHBIX KOOPAUHAT.

1.4. YPABHEHUS JIATPAH)KA U I[TPUHITUIT
MUWHUMAJIbHON JUCCHITALINU

Wurerpaa no o6vemy B ypaBHeHHsix (1.3.7) MOXKHO BHI-
pasutb B 6oJiee TIPOCTOH ¢opMe, B3 KOTOPOH CTaHET SICHBIM

ero ¢usnyeckuit cmblca. ITockoabky 06001eHHBIE KOOPAH-
HaThl ¢; ABJSIOTCA (YHKIMSIMH BPEMEHH, MOXKHO 3alHCaTh:

H= Oqt ql—l— dt (1.4.1)

Ypasuenne (1.4.1) moayuaercsi mocie auddepenuupo-
Banus BeIpaxenus (1.3.1) mo Bpemenn. U3 ypasuenus
(1.4.1) cnenyer:

LA (1.4.2)

Torma, noJsoxus

[ 1 s
D:—:Z—SSSTH v, (1.4.3)
aaﬁueM'

aq, m H ':_.SSS——H ge. (1.4.4)
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IMosoxkuMm Takxke

=_.“e__ndA (1.4.5)

[loncraBuB Bhlpaxenus (1.4.4) u (1.4.5) B ypaBHeHHS

(1.3.7), nonyunm:
ov oD
—_—t—=0Q;. 1.4.6
Gt = (1.4.6)

IIpu nHanauuuum n 06OOGIIEHHBIX KOOPAHHAT ¢; 3TH ypaB-
HEeHHSI COCTABJIAIOT CHCTeMy f AHddepeHUHaNbHLIX ypaBHe-
HHH RJ1S1 HEH3BECTHBIX ¢;.

YpaBuenus (1.4.6) umeroT Tako# Ke BUIA, KAK M ypaB-
Henus Jlarpam:ka B MexaHHKe, ONHCBIBAIOLIME MeJJIeHHOE
JBHKEHHE IHCCHINIATHBHOH CHCTEMBI, KOTJa IipeHe0peraior
cunaMu uHepuuu. ®yHkuusi V — noteHnuaJbHas SHEPTHS,
a D — nuccunatuBHasi QyHKUHA. B mpaBo#l yactu ypaBHe-
HHSA Q; — 06GOOIeHHasi BHEWIHAS CHJA, NPUJIOKEHHAS K CH-
cTeMe W onpejessieMasl METOAOM BHPTYaJbHOH paboTHI.

[To aHaJorHu ¢ MeXaHHKOH B 3ajayax TelJONPOBOJHO-
CTH MBI 6y/ieM Ha3bIBaTh V TENJOBBLIM NOTeHUHAJOM, a D —
JHCCHIIATHBHOH (yHKIHeH.

BeanunHel Q mpeiacTaBasioT co0oil 0606lIeHHBIE TeIIO-
BblC IBHXKYIIHE CHJH, OOYyCJIOBJEHHbIE pachpenejeHHeM
TeMnepaTypbl Ha rpaHulle. [loaToMy MBI 6yldeM HasbIBaTh
HUX TENJIOBLIMHM CHJIaMH 110 aHaJOrHH c MexaHukoil. Hx
MOXKHO OHpeNeJHTh MEeTOAOM BHDPTYyaJbHO# paboThl. ITO
cjlefiyeT W3 PAacCMOTpPeHHS COOTHOLUEHHs, HOJy4eHHOTO H3
ypaBHeHHﬁ (1.3.4) u (14.5):

quaq, — 2 ﬁ 000 nbgudA = — LS bnsHdA.  (1.4.7)

Jonyctum, uTo H3MeHsIeTCs TONBKO OJHA KOOpAUHATA Ha
enununy 8¢g;. Torna npasast yactb ypaBHeHus (1.4.7) npen-
cTaBisieT COOOH COOTBETCTBYIOLIYIO TeMJOBYIO cul1y Q.
Hcnonbsysi MexaHHYeCKyl0 MOJesb, MOXKHO OOBSCHHTb BHI-
paxeHue (1.4.7) kak BHpTyaJbHyw paboTy cuJ jasie-
Hus——nOH B o6beMe mNOTOKAa XKHIKOCTH, MOCTYHAIOHIErO
yepe3 eJHHULY IJIOMIAAH HA T'paHHUILE.

ITpunyun munumarvroil duccunayuu. M3 yactHoro ciy-
yasi ypaBHeHuH Jlarpanxa (1.4.6) cpasy craHOBUTCS SICHO,
YTO OHH 3KBHMBaJEHTHH NPHHIUNY MHHHMAJBHOH JHCCHIIA-
puu. 1o GBIJIO NOKA3aHo aBTOpoM B 1955 . B 6osiee oGuiel
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pafore Mo TepMOAMHAMHKe HEOOPATHMBIX NPOLECCOB, BKJIO-
yapolilell TemJONPOBOAHOCTb KaK YacTHuH cayuait [JI. 1-4].
BBesfieM BennuuHY
Fov
Xi=Q; ——=— (1.4.8)

0g;°
Torna ypasnenus Jlarpanxka (1.4.6) npumyt BuI:

9D _ x,. (1.4.9)
0[]1

Tenepb nonyctuM, uto H He coaepKHUT BpeMeHH B SIBHOM
Bule; Toraa noayuum H u3 ypasuenus (1.4.1) B BHAe

H= Z Ay (1.4.10)

a Takxe JHCCHNaTHBHYIO OyHKUHIO D, BIAILYIOCH MOJO-
JKUTeJbHO onNpeleeHHON KBaapaTHuHOH ¢opMoii B mepe-
MeHBBIX ¢§;. B 3TOM cayuae ypaBHeHus (1.4.9) nokxasbBa-
10T, 4T0 ycJaosue X;=0 o3nauaer ¢;=0 u sBAsercs ycJo0-
BHeM cTaTHuyeckKoro pasHoBecus. Ilostromy 6yzeM Ha-
3eIBaTh X; CHJIAaMH, ONpeleJsIOIlHMH HepaBHOBeCHOE
CJCTOSIHHE.

J1s paHHBIX 3HAYeHHH ¢; AMCCHNIAaTHBHAs (QYHKLHS 3a-
BHCHUT OT NPOU3BOJAHBIX 1O BpeMeHH ;. [loTpebyeM, uTOGHI
D Obul0 MUHHMAJ/JbHBIM [PH H3MEHEHWH BEKTOPOB ¢,
VIOBJIETBOPSAIOIINX YCAOBUSAM BUJA

3 X;q;==const. (1.4.11)

D10 MPUBOAUT K YyPaBHEHHIO

i

V(22— A%, ) sg=o, (1.4.12)

rie A — HeonpenesneHHbI MHoxuTenb Jlarpanxka. Ilodsio-
xuB A=1, u3 ypasnenns (1.4.12) serko nonyuurth ypaBHe-
Hue (1.4.9). Takum ob6pa3zom, NPHHIEN MHHAMAJbHON XHC-
cunanuu npu ycaosun (1.4.11) onpeneasier ckopocth H3Me-
HeHHUSl TeIIOBOH CHCTeMHBl B Ji000H MOMEHT BpeMeHH. IDTO
siBJisieTcs PH3HUeCKHM oObsiCHeHHeM ypaBHeHuil Jlarpanixa.
3aMeTHM, 4TO B MeXaHHYECKOH HJH 3JEKTDHUECKOH aHAaJO0-
ToBOH Mojenn yciaosHe (l.4.11) BBlpaxkaer NOCTOSHCTBO
paboTH cHJ, OOYCJOBJIMBAIOIIHX HepPaBHOBECHOE COCTOf-
HHe.
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INoTpebGoBas, uToGbl BHIpaXKeHHe
i
P:D—ZXiéh- (1.4.13)

ObITO MHHHMAJIbHBIM IIDH HM3MEHEHHH ¢;, HOJYYHM SKBH-
BaJIEHTHLIH BapHAUMOHHBIA NpHHUHUN. Toraa H3 Hero Takxe
cnenyer ypasHenue (1.4.9).

Jlerko mpoBepHTb, YTO ONHCAHHblE BAPHAIHOHHBIE HPHH-
HHUIlBl CHPaBeAJIMBHL H B TOM caywae, ecau H comepxut
BpeMs B ABHOM BuOe. OnHaxko ¢usndeckoe oObsCHeHHE
CTAHOBHTCA GOJiee CJOXKHBIM, TaK Kak §;==0 He COOTBETCT-
ByeT Telleph CTaTHUYECKOMY PaBHOBECHIO.

BepnyBmHCh X ypaBHeHHIO TemsonposomHocTn (1.2.4),
JIErKO MOJYYHTb JJI HETO BAPHALMOHHBIA NPHHIMI, TECHO
CBSI3aHHLIA ¢ NPHBeJeHHBIMHY Bhillle popMyIamy,

grad § - - H=0. (1.4.14)
PaccMOTpHM BhipakeHHe

P:SH (ngadﬂ—{-—Ql—k-Hz)dz, (1.4.15)

rae v — oObeM TemyoBoH cucreMbl. V3 ycsaoBusi MHHHMYyMa
P npu usmenennu H cienyer ypaBHeHHe TemIOnpOBO/JHO-
cti {(1.4.14). Dto aranoruyHo MHUHHMH3aUHu P B ypaBHe-
nuu (1.4.13). Jlerko nmokasaTte, 4TO 3aKOH TeIJIONPOBOAHO-
CTH NOJY4aeTCsl H3 YCJIOBHS MHHUMYMAa BeJHYHHBI

1 1
D ZTUSTH% (1.4.16)

U yCJIOBHH
S”ngad fd~ = const. (1.4.17)

Cpapniiz (1.4.17) ¢ ypaBHenuem (l1.4.11), yBuaum, uTO
grad @ urpaer poJab CHJHB JOKAaJbHO HEPaBHOBECHOIO CO-
CTOSIHUA., DTH pe3yJabTaTh Jerko ofobmamTtcs Ha ciayuyai
@HU30TPONHON TENJIONPOBOLHOCTH.

$yndamentaronoe 3sHadenue ypasnenull Jlaepawsrca.
Kak ykasplBaJoch B NpelbifiyllieM naparpade, TeopeTHue-
CKH Bcerfa MOXKHO BuOpaTh KOHEYHOoe, XOTA H 60JbIloe
4yuCaI0, 0606IUIEHHBIX KOOPAUHAT TaKHM 06pa3oM, uto ¢u3H-
yeckast cucteMa OyJer ONHCAHA NOJHOCTbIO B COOTBETCTBHH
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C MOHATHEM <«IOPOTa pa3pellHMOCTH». DTO MOHATHe OGoJjiee
nofpo6HO onucaHo B npunoxeHuu (§ A4). B atoM cMmbicie
ypaBHeLusi Jlarpanmxa mawT TOYHYIO GOPMYJHPOBKY (H3HU-
geckoro mnponecca. OHH HMEIOT TaKxKe elle OJHO NpPEUMy-
1IeCTBO — BBIABJAIOT (QyHAaMeHTAJbHEE MaTeMaTHYecKHe
oco0eHHOCTH 3afaud. KpoMme TOro, HCHIOJNB3YEeMBIH MeTO[,
WHBapHaHTeH K CHCTeMaM OTcyeTa H JI000My 4YacTHOMY
NpeJICTaBACHHIO HEH3BECTHBIX.

Ypasnenusn Jlacpandica Kak merod npubiuscennozo anasusa. Ecrte-
CTBEHHO @IPeJNOJNOXUTb, YTO pelleHHe MHOIMX 3anau TPHHAIJIEXKHT
K KJaccy OYHKIHE C OZHMUM HiH GoJjee HEH3BECTHHIMH HapaMeTpaMad.
Hampumep, MOXHO OXHJATh, YTO HEH3BECTHOE TOJE, 3aBHCAIlee OT Bpe-
MEHH, TIPHHAJJEKHT K KJaccy bYHKIHH

H=H(q, g2, x, y, 2), (1.4.18)

Tle §; U (, — HEH3BECTHble MapaMeTpHl, ABJASIOIHecs] GYHKUUSIME Bpe-
MEHH H HrpaioliHe poJib 0606WIeHHBIX KoopauHaT. MoXKHO TaKke CKa-
3ath, yTo Bapuauuu OH MONYHHAWTCS I'OJOHOMHBIM CBS3SIM C JBYMS
creneHsiMH CBOOOALI, COOTBETCTBYIOUIHMHM JBYM TPOH3BOJNbHHIM BapHa-
uusimM 0¢g,, 0¢.. BapHanuOHHBIH TPHHUMI OCTAaeTCS CHPABENAHBHIM A5
9THX Bapuanuii W NPHBOAHT K JBYM JAu(pdepeHnUalbHBIM YypaBHEHHAM
Jlarpanxa s onpeleneHHst 3aBHCHMBIX OT BpeMeHH ¢; B ¢.. B ¢usuke
M TEeXHUKE HEKOTOpHle XapaKTepHble DelleHHs YacTO M3BECTHHI 3apaHee,
HanpuMep HHTYHTHBHO, H3 TPOILJIOIO ONbITa MJH H3 MaTeMaTHIecKuX
TpeGoBaHu# K pewennio. B stux cayuagx dopmyauposka Jlarpanxa na-
€T MeTOJl, KOTOPhIH KOHLUEHTPUPYEeT BHUMAaHHe HCKJIOUHTENLHO Ha HeH3-
BECTHBIX XapaKTEePHCTHKAX M NPEJACTABJSET NOSTOMY 3(pQPeKTHBHOe cpei-
CTBO NPHONHKEHHOTO AaHaJH3a TPH pPEIUeHHH CJOMHBIX MPAKTHYECKHX
3anay. CneCTBHA 3TOr0 MOAXOAa TaKKe PACCMATPHBAIOTCA B IIPHJIONKe-
Huu (§ A4).

1.5. AHM3OTPOIIHAS TEITJIOITPOBOAHOCTD

o ‘cux mop MBI paccMaTpHBaJH  TENJONPOBOJHOCTb
B H30TPONHBIX Cpelax.

- Ceflyac mepexolMM K PacCMOTPEHHIO aHH30TPOIHON TeN-
JIONPOBOJHOCTH. B aToM cayyae ynoGHee BHIPa3uTh IOJE
TenJMoBoro cMeuleHusi H uepes ero KOMNOHEHTH

Hi=Hi(x, y, 2, ). (1.5.1)

Ypasuenust (1.2.2) u (1.2.3) sanumyrtcs B BuMe

i
OH,.
h=—Y 55 (1.5.2)
i
W9 (sH.
ch = Eﬁ__(aﬂ,). (1.5.3)
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O603HayuM KOOPAMHATH X, y, 2 uepe3 X;. [lpu anu3o-
TPONHOM Ko3(QHIHEHTe TelJIONPOBOAHOCTH ypaBHEHHE
TEMJIONPOBOAHOCTH UMEET BU!

d L 4
zkij O—M-—{—H,:—_O, (1.5. )

rie k;;— TeH30op KoadduuueHTa TemJIONPOBOLHOCTH.
Baxnoe CcBOHCTBO KO3(pdHIHeHTa TenJONpPOBOJHOCTH
BBIPa)KaeTCsl COOTHOLIEHHEM

Rii=khis. (1.5.5)

CilenoBatesbHO, k;j-— CAMMETPHUYHBIEN TEH30D, COCTOSI-
I(HA M3 IUEeCTH HE3aBUCHMBIX KOMIOHEHT. DTO CBOHCTBO
BuiTeKaeT un3 npuHuuna Ounzarepa. Ypaeuenue (1.5.5)
MOXKHO CUHTATb YAaCTHBIM CJyyaeM COOTHOMIEHHH B3aMMHO-
ctu OHsarepa. DKClepHMeHTAJbHON MPOBEPKOH yCTaHOBJe-
HO, UTO 3TH CBOHCTBA OOBIYHO CHpPaBENJIHBHL B OTCYTCTBHE
CHJIBHOT'O MarHUTHOTO TOJS.

Jlns BBIBOJA BapHAIMOHHOTO INPHHIKMIA HEOOXOAUMO 3a-
nucath ypasnenus (1.5.4) B ¢opwme, anamoruuynoit (1.2.4).
Otcioja MoXHO HaliTH peiueHne ypaBHenuit (1.5.4) mas
TpeX KOMIIOHEHT IPafiieHTa TeMHepaTyphl.

IToayunm:

i
%L+E 255 =0. (1.5.6)

KoMIoHeHTH TeH30pa A;j ABJISIOTCS 3J1eMEHTAMH 06part-
HO¥ MaTpHUB [k;;]:

[7\,1']'] = [kij] ~1, (157)

Tensop A;; npencrasasier co6oit TEIIOBOE CONPOTHB-
nenye. JTOT TeH30p TakkKe cumMeTpHueH. CJieJOBaTeNbHO,

Aii=hji. (1.5.8)

Tenepn, ymuoxus (1.5.6) Ha 8H;, npoussenss cyMMHupoO-
BaHWE MO BCeM TPeM KOMIIOHEHTaM H NpPOHHTETPHPOBAB pe-
3y/bTaT M0 00LEMY T, TIONYUHM:

i if
08 .
_US 3z, Ot Y dutlipHy | di=0.  (1.5.9)
)
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WuTerpupoBanue 1O 4YacTsSM € yYyeTOM ypaBHeHHH
(1.5.3) u (1.2.8) naert:

W+““%M%WOM:—Ué%ﬂﬂ&(wm)
T A

Tle #1; — KOMIOHEHTH  eJIMHHYHON  BHeIIHed  HOpMaJH
K orpanpuuBaiolieil nosepxsoctu A, a V — TensnoBo#l mno-
TeHuuaJ, onpegesisemolil ypapuenuem (1.2.8).

PaccMoTpum 1osie TEMJIOBOIO CMELIEHHsI, ONHCHIBAEMOE
n 06O6IIEHHBIME KOOPJHHATAMHU ;. KOMNOHEHTHl 3TOTO
NOJISt 3aNMIIYTCS B BHIE

Hi=H(q4, g2 - .., Gn, X, Y, 2, 1). (1.5.11)
[Monyanm:
k
Y\ 0H, 0H,
H; L —I_—OT' (1.5.12)
CaejioBatenbHo,
0H, 0H,
0. =, (1.5.13)
u
k k .
0H: o  w OH;
oH; = BIS""_E vy 8qn. (1.5.14)

Tenepb pacCMOTPUM HHTerpas o o0beMy B ypaBHEHHH
(1.5.10). Hcnonb3yst Buipaxenus (1.5.14), npeoGpasyem
B HeM HOI[bIHTeIpaJIbHoe BmpameHHe K Bnuy

2 2;H 5H; = E 2 zz,H, o qu (1.5.15)

Tenepb ucnoJab3yeM CBOHCTBO B3dUMHOCTH
Aij=MNji. (1.5.16)

YuuTBIBasI 3TO COOTHOLIEHHe, MOXKHO IepenHcaTh ypas-
HeHHe (1 .15) B Buze

2 AsiHSH ;= 2 ¥ ( 2 lquH,) (1.5.17)

[oJsiox M

ngm (1.5.18)



D10 BLIpAKEHHE ONpeesieT AUCCHIATHBHYIO (BYHKIHIO
IIDH  aHU30TPONHOM  KOo3(phuuueHTe TeNJONPOBOTHOCTH.
Hcnonbsyst ato onpenesenue D, nojayuyaeM o6beMHBIH HHTe-
rpas B Boipaxennu (1.5.10) B Buge

ij R
S H Z s H dn = 2 ;’Tll 5. (1.5.19)
3

C npyroft cTOpoHBI, MOXHO 3amHCaTh:
k
V= 9V san. 1.5.20
2: aq 20 ( )

TepmonunaMuuecKyio cuy Qi MOXKHO ONpefeNHTb B BH-
1le, aHaJIOTHYHOM ypaBHeHHIO0 (1.4.7), NOJOKHB

k i
S Qudgr = — 5 S S 0n.8H d4, (1.5.21)
A
rje .
Q= — X S 2 ;S dA. (1.5.22)
A

IlockonbKy 8¢y — BesqHUMHA TPOH3BOJbHASA, IOJCTABHB
sHavennst (1.5.19), (1.5.20) wu (1.5.21) B ypaBHeHms
(1.5.10), mosyumnm:

ov oD
9 -|—0(.h Q. (1.5.23)

Takum oGpasom ypasnenus Jlarpauxa i(1.4.6) o6o6ma-
I0TCA /11 AHH30TPONHON TENJONPOBOIHOCTH.

Ynenpnasm o6beMHAs TEIJOEMKOCTb ¢ (X, Y, 2) MOIKET
ObiTh yHKUHeH koopAuHaT. Kak ¥ IS M30TPONHOM Temo-
npooaHocty (§ 1.2), pesy/brarhl AJ8 aHU30TPONMHON TEIJIO-
NPOBOJIHOCTH TaK¥Xe NPUMEHHUMBl K 3a/1au€ C NOABHKHBIMH
TPaHuLaMH, & TakKke K TeMJONPOBOAHOCTH KaK (YHKIHH
BPeMEHH H KOOpAHHAT.

1.6. MICTOYHMKH TEIIJIA

IlpuMenuM nosyyeHHBIE pe3yJabTaThl K CHCTEME C TeH-
JOBLIMH HCTOYHMKAMH. [lJifi ynpolleHHsI 3anucH TNpuMeM
H30TPOTHYIO TeINIONPOBOAHOCTb, UTO MOXKHO CAesaaTb 06e3
noTepH OOHIHOCTH, TNOCKOJBKY METOAMKA OJHHAKOBA KakK
B CJyyae M30TPOMHOM, TAK H AHH3OTPONHON TEMJIONPOBOJ-
HOCTH.
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CkopocTb TeJIOBBIAENEHUST B exuHHLEe o6bheMa B e/H-
HHLly BpeMeHH 0603HAUYMM:

w=w(x, Yy, 2, t). (1.6.1)

OHa cumraercs 3afaHHON (yHKUHEH, KOTOPAs MOXKET 3aBH-
CeTb OT BpEeMeHH H KoopAauHaT. TennoeMKocte ¢ (X, y, 2)
TaKxke MOXKeT ObITb QyHKUHMEH KoOpAHHAT. 3alHlieM 3aKOH
COXpaHeHHs 3HepPruH B BHIE

¢

= —divH | S'wdt. (1.6.2)
§

BripasuMm TennoBoe cmeliledue H B BHIe Cymeprno3uluu
IBYX OTA&JbHBIX ToJei

H=H+-+H*, (1.6.3)
rae H* yaoBseTBopsieT ypaBHeHHUIO
t
divH* = j w dt. (1.6.4)
0

Oto ypaBHeHue He onpenenser H* onnosmauno, moaTo-
My HeoOXoAuMMO BHIOpaTh JMi000e MoJe, yAOBJETBOpAIOUlEe
ypaBHenuw (1.6.4). Toraa Taxkoe moJie MoxkKeT paccMaTpH-
BaTbCS KakK 3ajflaHHas GYyHKLHA BpeMeHH H KoopauHat. [Tox-
craBuB H B ypaBuenune (1.6.2), nosayuum:

0 =—div H+. (1.6.5)

HenspectHoe mose H*+ cunraercs ¢yuxumeii o600uieH-
HBIX KOOpAHHAT

Ht=H+(q4, ¢2, ..., ¢n, X, y, 2, 1). (1.6.6)

bynem paccmarpuBath ypasuenne (1.6.5) Kak rojoHoM-
HyI0 CBfi3b, COPaBeJJIHBYIO IIPH BCeX IMPOU3BOJILHEIX Ba-
puanuax noas. Otciona

c88=—divdH+. (1.6.7)

B nmelCTBHTENBHOCTH H3MEHSIIOTCS TOJbKO 06006leHHbIe
KoopauHaTel, Tak uto Bapuauun OH+ u 8H pasuw, T. e.

SH* — H— Y 91 55, 1.6.8
2 S o7 (1.6.8)

CnenoBaTesbHO, MOXKHO 3anucath ypasHenue (1.6.7)
¢80 =—div 6H. (1.6.9)
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Kak u paHblie, ypaBHeHHe TeNAONPOBOAHOCTH HMEET
BHJ:

grad -+ - H=0. (1.6.10)

Ypasuenuss (1.6.9) m (1.6.10) rtoxmecTBeHHB ypaBHe-
Hustm (1.2.3) u (1.24). KpoMe TOro, MOXHO 3amnucaTh:

LIRL (1.6.11)
qi 0q:}
YTO aHaJoruyHo ypasHenuio (1.4.2). ITosromy, npuMensis
Takue ke npeobpasosanus, Kak B § 1.3 u 1.4, nonyuaem
ypasHeHHe Jlarpanxka:

oV 4 "dD

o +'0ih- Q;. (1.6.12)

TennoBoii noteHuuan V ecTb (GYHKIHSA HEH3BECTHOTO

nonss H+, BoipaxenHoro mo ypasuenuto (1.6.5) uepes 0.
PaccMOTpHM 3TOT YaCTHBIA CJyyal AMCCHIATHBHOH (hYyHK-
uud. [ N30TPONHON TEeNJIONPOBOAHOCTH OHA PaBHA:

D:%S”%H%, (1.6.13)
rpe
H=H* L H* (1.6.14)
H
; LR -, oM+
H* =W 5= ¢+ 5 (1.6.15)

B pesysnbrare mosyuum:
aD oD+

= (1.6.16)
i 2
pr= [{[ e, (1.6.17)
rae
' 1 oH+
Q*; -_:__f”TWH*d«c. (1.6.18)

Hcnonbays »ti onpefesenusi, NoJdyyaeM ypaBHeHUS
Jlarpanxka (1.6.12) B Buge

o _, oD+
o T =%+ (1.6.19)
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Bripamenne D+— nuccunaruBuag ¢ynkuus noas HT.
1o noJe Takke onpenessier 6 [ypasuenne (1.6.5)]. Cna-
raemoe Q+; Boipakaer 0000LleHHYI0 JABHKYIIYIO CHJY,
006yCAOBJICHHYIO HCTOUHHKAMH TemnJa.

AHaJornuHble pe3ysbTaThl IoOJAyyaloTcs s GoJgee
o0Llero cJayuyasi aHU3OTPOIHOHN TeNJIONPOBOAHOCTH C TIO-
Mollibio Buipaxkenus (1.5.18), ucnosnb3yemoro aJjsi guccumna-
THBHOH (QyHKUHH.

Kaaccuueckue ypasuenus TenaonposoOHOCTI NpU HOAUMUL UCTOY-
HuKo8 Tenaa. TlpuBeldenHble pe3yabTaTHl TOJgydYeHsl U3 ypaBHeHH# (1.6.2)
u (1.6:10), paccmartpuBaembix B oTieabHoctH. Hexaouns mnose H us
3THX JBYX YpaBHeHHIl, MOJyuyHM KJaccHYeCKoe ypaBHeHHE TeMIeparyp-
HOTO 10AA NPH HAJHYHH HCTOYHHKOB Ter.ia

09

¢ =div(k grad ) + w. (1.6.19a)
AnanoruyHoe ypaBHeHHe a1  aHH3OTPOTHOH TeNJONPOBOIHOCTH

MOXKHO TOJyYuTh, 3avenun ypasHenue (1:6.10) ypasneusem (15.4)

i
28 0 29
L Eﬁ(kﬁﬁ)w, (1.6.196)

1.7. YUCJIEHHDbIV TTPUMEP

TlpuveHeHHe 3THX Pe3y/IbTaTOB MOMKHO MPOHTIOCTPHPOBATH pelle-
HAeM CJAeAyIolell 3a1auy, M3 KOTOPO CTaHyT NOHNTHH HEKOTOpBie Xa-
pakTepHble O0COGEHHOCTH TaHHOTO MeTola.

PaccMOTpUM IIACTHHY TOJWMRON [ C IIOCTOAHHOH TensnonpoBOIHO-
cTbio k H 06beMHOH TenjoeMkocTbio ¢. HauasgpHas TemmnepaTypa muiiac-
tuupt 6=0. B Momenr =0 o1Ha CTOpPOHAa TWAACTHHL npy x=0 Mrxo-
BEHHO IOCTHTAeT TOCTOSIHHON TeMnepaTypsl 0==0o. dpyras cropoHa
x=1 Tenn0130/4HPOBAHA.

PasgeanM TemsoBoil mpouecc Ha age ¢asul. B mepsoit dase Gynem
CYHTATb, UTO HArpes TMPOHCXOAUT MO TOMHIHHE X==g), MeHbliel TOJ-
UIHHBl OJAACTHHBL [, H TeMIepaTypHOe ToJe XOpOIIO amnmpOKCHMHpYyeTcs
BbIpaXKeHueM

6 — 0, (1 _%Y. (1.7.1

Dta mapabosHueckas anmpoKCHManMs nokasaHa Ha puc. 1.1 (xpumasm I).
IMponukHOBEHHe Tedaa MO TOJULHHE ¢ €CTh 000OlleHHas KOOpIHHATA,
onpefenseMas Kak (QYHKIHS BPEMEHH.

[TockoabKY peiiaeTcss ONHOMepHAs 3anaya, AOCTaTOYHO pPACCMOT-
peTb UMJHHAP C €IMHHYHON MJOLIANBI0 TIONEPeYHOro CeYeHHs ¢ OChIo,
TIepreHAHKYNSIPHOE CTeHKe. 3amHilleM TellJIOBOH IOTEeHIHA

a4
1 1
V=g j Bdx = 77 ¢Boqs. (1.7.2)
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TennoBoe cmemenne moayyaeM H3 YypaBHeHHs (12.2), kompoe
B JIAHHOM CJy4ae HMeeT BHJA:

09:—-7}6-. (1.7.3)
YuutoiBas yenosne H =0 npu x=gq,, nosyyaem:
0 xt _ x
H:cﬁo( 3 X% +—l;1— —5521—). (1.7.4)
Huccunatusnas GyHKuus uMeer BHI:

0@
1 . 13 ¢262, .
D=—275H2dx=m'_ko—qlqz1. (1.7.5)
0

O6o6ennyio TennoByio cuy Q; mosyuHM H3 pacCMOTpeHHS BHPTY-
aNbHOrO TENJIOBOrO cMeriueHust O/ =-3"¢B8q: mpu x=0. Hs ypasne-
nua (1.4.7) MoxHO 3anucaTh:

Q:691=000H, (1.7.6)

1
Qi =3 ¢b%. (1.7.7)

OTKyJa

Ypaenenne (14.6) nas HeusBecTHOR KoOpAMHaTH Jlarpamxa g
6yneT HMeTb BHX:
4 oD

— 4+ ——=0Q,. 1.7.8
oot oo = (1.7.8)

IToncrasus sHauenns V, D, Q, u3 ypasuemmit (1.7.2), (1.7.5) n
(1.7.7), mosryunm ypaBHeHHe MepBOro nopsixa

13 . 7 k
A (1.7.9)

rie ¢1— auddepenunan no ppemens. Jlis HAYaJBHOTO YCJAOBHA 1=
=0 npu {=0 nahgem:

91 =3,36 V(—%:j_. (1.7.10)

Tlepasi ¢pasa npouecca 3akaHuMBaeTcs, KOra ¢; CTARHOBUTCS paB-
HbIM [ B MOMEHT BpeMeHH {4

cl?
t,=0,08857. (1.7.11)

Bpema mepexoma onpemensier NPOMEXYTOK BpeMeHH, HEOGXORH-
MBIl 1/l PACTIPOCTPaHEHHs TEIVIA TIO BCEH TOJMIIHHE [ HCCAELYEMOrO
MaTepHaJa.

Bo Bropoit dase, coorBeTcTBYIOIIEH HHTEPBANYy BpeMeHu f>>f;, mMpo-
HCXOAWT NOBBILEHHE TeMNepaTyphl Ha H30JHPOBAHHOH rpaHEue Xx=l,
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B sroit ¢hase mpouecca TemmepaTypa Moxer GBITh TaKXKe NpeicTaB/IeHa
¢ xopomuM npubanxenneM mapaboanuecKoll 3aBHCHMOCTDIO

b= (8, — ) (1———’;—>2+qz, (1.7.12)

KoTopasi mokasaHa Ha puc. 1.1 (xpuBasg 2). OGo6uleHHON KOODAHHATOH
g, GyreT Heu3BeCTHasi TeMnepaTypa Ha rpaHuue x=/_ B3ss 3nauenne 0
u3 ypasteuus (1.7.12), mosayuuM TensoBOM NOTeHLHAJ B BHIe
!
1 . L, 2 4
Ve=-g-c¢\ b%dx = W60+T6°q2+—15—q2 cl. (1.7.13)

0
TensoBoe cMemenne [ TOyYaeTCst MPH HHTErPUPOBAHUM YypaBHeHHUS

(1.7.3) co sHauennem 0 n3 ypasaenus (1.7.12) ¢ TpaHMYHBIM YCJI0BHEM
H=0 npu x=/I. BolUHCAUM THCCHIATUBHYIO QYHKUUIO

4
1 o 34 ey 17,14
D= | s =315~ 0> (1.7.14)
0

O6o6ienHas cuna noJIy4aeTcss U3 pacCMOTPEHUA BHPTYALBHOrO TENJIO-

BOro cMerenust 0F == 3 ledgy. Vicnonbsys ypasnenue (1.4.7), sanuniem:

Q:0g, = 6,0, (1.7.15)
OTKYZa

2

Q> =3~ Bolc. (1.7.16)

Moacrasus (1.7:13), (1.7.14) u (1.7:16) B ypaBuenue Jlarpanxa
oV oD

ST T = 1.7.17

gt 5= (1.7.17)

noayyum Juxeiinoe 1uddeperunanbioe ypaBHeHHe 1A% G
g2+4,57t1G2= 0o, (1.7.18)

rae t; —spema nepexofa (1.7.11). Ilpownterpupyem ypaHeHue (1.7:18)
Aas f=1, Ipu HauaJbHOM 3HAUEHHH (=

g» i . t
0, :1—exp{—0,218 (71——1>} (1.7.19)

Ipubanxennsle 3Hayenust 0/6o, monyuenunle u3 ypasueuus (1.7.1)
Ans mepBoit daspl M K3 ypasuenus (1.7.12) nas Bropoit (aswl, TpH-
Belledbl Ha puc. 1.2 B 3aBucuMoCTH OT X¥/[ aas Tpex 3HaueHHit Ge3pas-
MepHOro flapamerpa BpemeHu f/f;. ITpPUXOBBIMH JHHUSMH TNOKa3aHbl
TOUHBIE 3HaYeHHs, NOJYyyeHHble B BHJEe KJACCHYECKOro pPas/oXKeHus
®ypre, onucannoro B pabore Kapcaoy u Erepa [JI. 1-6]. Cpasuetiue
TOKa3bIBaeT OTJIHYHOE COOTBETCTBHE Pe3YJ/bTATOB.

IIpocTrora mnpHOJAHKEHHOTO pelleHHs 10 CpPaBHEHHIO
C KJAaCCHYeCKHM MeTOJOM IpeXJe BCero OOBCHSAETCH ‘TeM,
4YTO INpeJCTaBJeHHe pacHpelesieHHs TeMIepaTypbl B BHIE
3—1050 33



7 NG

\
™.
G . ] \K \S-
e YN

AR

[z

x=0 bz 9 ey
Ty 7 5-3 \J\ X/t
o -
g 7
Puc. 1.1. Pacnpenesienne Temme- Puc. 1.2. Pacnpenenenne Tem-
partypu 8 aaa nepsost (/) u BTO- nepatypsl B IJIACTHHE B paa-
poi (2) a3 mpu HarpesaHuu JUYHBIE MOMEHTBHl BpEMEHH.
U1ACTHHBI, TENJION30JUPOBAHHOMN — ODeanaraeMblfi MeTOX;
Ha TpaHuue x=I. — — — — TOUHOE pellcHHe,

I— =4, 2 —1{t}t,=1;
3 —t/t=0.2.

psinoB Pypbe He OueHb YAOOHO W TPHUBOAHT B HAYAJIBLHOH
(base K IJIOXOH CXOAHMMOCTH pe3yapTaToB*. Hawe pemre-
HHE, B KOTOpPOM JBe (pasbl paccMaTpPUBAIOTCA C TOMOILILIO
IBYyX COBEPIIEHHO Pa3JUUHBIX METONOB, IO03BOJsieT H3be-
XaTb 3T0ro. MoXKHO MoZXODpaTh 3TH METOAH B COOTBETCT-
BHM C XapaKTepHBIMH OCOOEHHOCTAMH KaXKA0H (aswl.

Psanx 3agay HecrauuoHapHo#l TENJONPOBOAHOCTH, PeLleH-
HEIX METOAOM, HCHOMb3YEMLIM B JIAHHOH KHHIe, OTIHCHIBAET-
ca B [JI. 1-3, 1-7—1-11].

T'z2asa sTopas

OBILIIASl TEOPHY JIMHEVIHBIX CUCTEM

2.1. BBEAEHUE

B srT0ofi rmaBe MBl paccMOTPUM OOLIYI0 TEOPHKO TEILIO-
BBIX CHCTEM, CBOMCTBAa KOTOPHIX He 3aBHCAT OT TeMIepa-
Typbl. TakHe ¢u3HUeCKHE CHCTEMBl COCTABJSIOT GOJIbINON
KJ1acC H MOTYT ObITh IPeACTaBJeHbl ¢ MOMOUIbI0 0606IeH-

* TouHoe pellledHe MPOCTeHIINX 3aXad TEMJIONPOBOLHOCTH MPH Tpa-
HHYHBIX YCJNOBHSIX MEPBOrO PONA MOMHO NPEACTABHTL HE TOJLKO B HOp-
Me Pypre, no ¥ B popme Jlamipaca, Koropas yAoGHA IS PACYETOB NPH
MadJblx sHadenusx wyucea ®ypve — cm. {J1. 1418]. ([Tpum. ped.)
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HBIX KOOPAHHAT U ONHCAHB ONHOTHIHBIMH JIHHEHHBLIMH
ypaBHeHHsAMH JlarpaHxa. JTo JaeT BO3MOXKHOCTb paspa-
GotaTb YHHQHUHPOBAHHYIO TeOPHIO Takux cucrem [JI. 2-1,
2-2], uro Oyner mokasaxo B § 2.2. B uacrtHocTH, 3Ta Qop-
MYyJHPOBKA BKJ/IOYaeT YacTO BCTPeUalOUIHeCs TIPaHHYHbIE
yCJIOBHS, BXOJSINHE B AUCCHIATHBHYI (YHKUHIO CHCTEMbL
B LeJoM. JIMHeHHble ypaBHeHHsi JlarpaHka paccMaTpH-
pawoTcst B § 2.3. OHu BBIBOASATCA M3 ABYX KBaJpaTHYHBIX
¢GopM, onpeleAIOUIHX TEMIOBOX MOTEHIHAN H AHCCHNIATUB-
gyio ¢yukuuo. Ocoboe BHUMaHHE Y/easdeTcs CBOHCTBAM
3THX QOPM C TOUKH 3PeHHS HX TOJOXKHTEJbHOH onpejeseH-
HOCTH, TAaK KaK OHH HUTPAaiOT CYUIeCTBEHHYIO pOJb IpH Ha-
XOXJEHHH pelleHHH IuddepeHinasbHBIX ypaBHEHHH.

Ilpn otcyTcTBUH OOOOLUEHHBIX CHUJI HU3MEHEHHe CHCTEeMbl
BO BPEMEHH MOXKeT OBITb NpejiCTaB/JeHO MOJAMH TeIJIOBOH
peJaxcaluy, 4To nokasano B § 2.4. OTH MOAB NpeCTaBJs-
I0T co00# COOCTBeHHBIE pelIeHHs, KaxJA0e Hu3 KOTOpHIX
IIPOMOPIIHOHAJBHO 3KCIIOHEHIHANAbHO yOBIBalolled (QyHKLIHH
BpemeHH. CBOHCTBO OPTOTOHAJJIbHOCTH PeJaKCAUHOHHBIX MOJX
BHIBOAUTCA B § 2.5 0JHOBpeMEHHO ¢ ONHCAHHEM COOTBETCT-
ByIOLUX KOOpPAMHAT. Peaknus cucTeMbl B pe3yJsbTare BO3-
JIefICTBUA 3aJlaHHBIX TENJOBBIX CHJ BHIpaXKaercsd B 3aMKHY-
TOM BHAEe C INIOMOINbI0O HOPMaJbHBIX KoopauHaT. Ilpu
U3JIOKEHHH MaTepHaJsa ocoboe BHUMAaHHE yJeJeHO BaXKHLIM
YaCcTHBLIM CJAy4YasiM KPAaTHBIX M HYJIEBBIX XapaKTepHCTHYe-
ckux kKopHeH. Ilokaszano, 4To HyJieBble KOPDHH COOTBETCTBY-
10T CTaLlMOHAPHOMY TeNJIOBOMY MOTOKY.

Korpa cucreMa nojBepraercsi BO3LeHCTBHIO KaKHX-JHOO
TENJIOBLIX CHJI, COCTOSIHHE ee MOXKHO CUHTaThb CTallHOHap-
HBIM, T. €. MIHOBEHHOE 3HauyeHHe BeJHYHUH 3THX TellJIOBHIX
CHJI MOXKHO INPHHSTb MOCTOSHHBIM. IIpM M3MeHEHUH TeIIo-
BBIX CHJI [JIf peIlieHHsi MOXHO HCIOJb30BaTh HENPEPHIBHYIO
TIOCJIeIOBATENBHOCTh CTALIMOHAPHBIX cocTosHuil. Takoe pe-
LieHHe, CpaBe/UInBoOe AJs OECKOHEYHO MEJJIeHHBIX M3MeHe-
HHI, MOJKHO Ha3BaThb KBa3UCTALHOHAPHBIM. Ilpu 3TOM BBO-
IATCA HEKOTOpble mompaBku (cM. § 2.6). Ias arof neau
yA0GHO HMCMOJb30BATH HOPMAJbHBlE KoopAHHaTH. Kak yka-
3bIBAJIOCh BbILE, PelleHHsl TAKOro THIA NMPHMEHHMEBl TaKXkKe
B cJyuae MeJJIeHHO HU3MEHSIIOLIUXCS TeMIIepaTyp, IOCKOJb-
Ky oH OJM30K K CJIy4al KBA3HUCTALHOHAPHOIO TEIJIOBOTO
NOTOKA.

B kavecTBe HJJIIOCTPALMM CBOMCTB HOPMAJbHBIX KOOP-
InHat B § 2.7 paccmaTtpuBaeTcs 3ajaua O HeCTALlMOHAPHOM
TENJIOBOM IIOTOKe B IJIACTHHe. IJTOT MpHMep I03BOJSLT
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TIOHATb (DU3NUECKHN CMBICJ TAaK HA3BIBAEMBIX «CAaBBIX» pe-
HIeHH¥, BO3HUKAIOWINX TIPH WCMOJb30BAHHH OOOONIEHHBIX
KOOpAHHAT.

2.2. JUCCHUITATHUBHAY ®YHKILIMA
FPAHMYIbBIX YCJIOBUHN

Mo cux nop Bompoc 0 TpaHHYHBIX YCJIOBHSIX He paccMma-
TpuBaJsics. TeMnepaTypa NOBEPXHOCTH CUHTAJachb 3a1aHHOH
¢byHKIMeH BpeMeHH M KOODIAHMHAT, 4TO O3HAuaer CyIecTBO-
Banue 0OOOIIEHHBIX CHJI, KOTOpPbie MOXKHO CUHTATh ABUXKY-
IHUMH CHJIaMHM cucTeMbl. Bo MHOTMX cayyasx TeMmnepartypa
NOBEPXHOCTH He 3aJaeTCs 3apaHee, a H3BECTHBIMH ABJSIOT-
¢l HeKOTopble TenjooOMeHHBIE XapaKTePHCTHKH Ha TIpa-
HuIe.

PaccMoTpuM uacTHBIH Ciyya#l JHHEHHOrO TpPaHHUYHOIO
yceaoBus. byaeM cumTath, 4UTO HOpPMAaJbHasfg KOMIIOHEHTA

JIOKAJIbHO! NJOTHOCTH TeNJOBOro notoka H, Ha exnuuny
TIIOUl4 1M TIOBEPXHOCTH NPONOPIHOHAJbHA PA3HOCTH TeMmile-
patypel NOBepXHOCTH 6 W TeMiepaTyphl OKpyxKawolle# cpe-
Abl Oa

H,=K (6 —6,), (2.2.1)

rne K — kosd¢puunent tensnoobMena Ha nopepxgocTd. Tem-
siepaTypa ONpelensieTcsi W3 YCJIOBHS, uTO, ecan H=0,4, TO
TeNJOBOM TOTOK Ha TIOBEPXHOCTH paBeH HYyJ0. Beauuuny
0, MOXKHO Ha3BaTh aAnabaTHuYeCKOH TeMIepaTypOH NOBepX-
HOCTH. YpaBHeHHe (2.2.1) mokasbiBaeT, 4TO TeNJIOBOH MOTOK
NIPOTIOPIMOHANIeH OTKJOHEHHI0 OT azHaGaTHueckKoH TeMre-
parypshl.

YpaBHeHHe TIOBEPXHOCTHOTro Temsoo6mena (2.2.1) aBas-
eTcsi NpUONHKEeHHBIM, H COpPaBelJIHBOCTb €ro CHALHO 3aBH-
CHT OT XapakTepa paccMaTpuBaeMo#l 3ajauu. Hampumep,
Ter1006MeH Ha IOBEPXHOCTH MOXKET IPOHCXOJHTb 3a CUeT
W3JIyYEeHHsI NPH HAJHYMKM HeGOJBIIHX OTKJIOHEHHH OT ajiua-
faTnuecko#l TemnepaTypel. B Takom cJ/ayuyae ypaBHeHHe
(2.2.1) npencrasaser coOoHi JHHeapH3aUHIO 3aKOHA JyuH-
croro remnoobmena. C Apyroél CTOpPOHH], NMOHATHE JIOKaJ/b-
HOro kKoadduuuenta temaoobMena K He siBjasieTcss Qusnye-
CKH KOPPEKTHBLIM IPH OINCAHUH TeNJIOBOTO NOTOKA MEeXIy
TBePIOH CTeHKOH u nBmKymeics cpemon [JI. 2-3]. TTosro-
MYy HCIOJIb30BaHHe ypaBHeHHs (2.2.]1) B maHHOM cCiyuae
6yleT orpaHHYyeHO OINpeJeNeHHbIM KJaccoM 3alday W BO3-

36



MOXHO TOJIbKO TOCJe THIATeJbHOTO HCC/AeJOBAHUS HCIOJb-
3yeMblX alnpoKcumaliui *.

B rn. 6 u 7 6yner paccMoTpeH oOLIMHA CJaydyal TenJo-
obmcena B ABHXKYLIelCs cpele.

B ¢BA3M ¢ 3aKOHOM IIOBEPXHOCTIOIO TeMJIooOMeHa
(2.2.1) BO3HMKaeT BOMPOC O BO3MOMKHOCTH BKJIOUEHHS €ro
B JIHCCHNATHBHYIO (yHKuUHMIO. [lJf 3TOro 3anuiiem ypaBHe-
Hust Jlarpanxa (1.5.23) B Buze

W D
G = (2.2.2)

Cornacuo (1.5.18) muccunatuBHast GyHKUHS IJst TBep-
AOro Teja B Cjydae aHH30TPONHOHN TEINJONPOBOAHOCTH Oy-

JET:
1 i
D= j’ § Y E 2snHl sH . (2.2.3)

TensioBass cuna Q’; onpelensieTcss TeMIepaTypoil Ha Tpa-
Hune A obbema 1.
3anumem ypasHenue (1.5.22) B BekTOopHOH dopme

Q= U 05 nda. (2.2.4)

1

B BuipaxeHue (2.2.4) NojACTaBHUM 3HAYEHHE
b= Hy -+ o, (2.2.5)
onpefnensiemoe H3 ypasHenus (2.2.1). Torma nosnyunm:

Q,_—” i Hn g ndA “’ bgo-mdA.  (2.2.6)
A A

PaccmoTpum nepBbl# 4jeH. B cooTBeTCTBHH ¢ ypaBHeHH-
eM (1.4.2) MoxHO 3anucaTh:

1 - OH Ly 0H, 44
ﬁTH.,, S MdA= WT(-H"E]T da;  (2.27)
A A

* Qu3nyecky INpaBHJbHAs# [NCTaHOBKA 3aJauyn TensnooBMeHa npH
O6TeKaHHH TBepPIOTO Teja HBHKYMIEHCS XKHIKOCTBIO fBJSETCS CONpSH-
xenHoH. IlpumenuMoctb ¢opmysas (2.2:1) X pacueTy KOHBEKTHBHOIO
TenjiooOGMeHa ompejensieTcsl BeJHUHHON KPHTEPHs CONPIKEHHOCTH Bpio-
Ha Bro<<(Brx)mun. (Ipun. ped.)
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OTCION4, TIOJIOXKHB

pr—-- SY% H*,.dA (2.2.8)
i
)5
Q=— S gea g—:ndA, (2.2.9)
i

BbIBOJAHUM:

Qi=—240. (2.2.10)
q:

Bripaxkenne s D” aHaJoOTHYHO BbIpaxeHuio st D’.
Ono npexacrabser co60#i AUCCHNATHBHYIO (YHKIHIO TeJIO-
nepenoca Ha rpanune. CymmapHas JuccunatuBHas (QyHK-
uusi 6yner:

D=D'+D". (2.2.11)

C yuerom Boipaxennit (2.2.3) u (2.2.8) npeacrasum D
B IBHOM BHJe

it
D= HS Y aanHstnds + _2—” < dA. (2:2.12)
T A

B ciyuae H30TPOMHOH TEIJIONPOBOJHOCTH TNoayuaeM Go-
Jiee npoctyto Gopmy

1 1 | | G
D:_Q_S”TH2¢11+75S7H~“¢1A. (2.2.13)
Tt A
Hcnonbsys mias D Bopaxenue (2.2.12) uam (2.2.13),
nepenuuieM ypaBHeHHe (2.2.2) B BuJe

ov
2.14
=0 2:2.14)

ﬂnccnnaTHBHaﬂ ¢yHkousg D B 3TOM ypaBHEHHH COCTOHUT
u3 00LeMHOl Auccunauuu D’ u Juccunanuy Ha rpanule D".
Tennosas cuna (2.2.9), ABasomasca JBHXKYyUleH CHJIOH CH-
CTeMbl, BLIpa)KaeTcsi Tenepb uepe3 aanabaTHUECKYIO TeM-
neparypy Oq.

UacTHBIM cjyyaeM pacCMOTPEHHOTO 3Jechb MOBEPXHOCT-
HOoro TernjooOMeHa MOXKHO CYHTaAThb CuTyaliuil, Korjia BcCe
paccMarpuBaeMbie IPOLUECCHl IIPOHCXOAST Ha IOBEPXHOCTH
KakK Obl MOKPBITOH CJoeM MarepHaJja C HyJeBOH Temjoem-
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KOCTHI0, OT[AENSIONIMM TBEPAOe TeNo OT OKpyKawulel
cpennl. JlokasabHasi TeMIlepaTypa OKPyXatwollel cpessl —0a,
a JOoKaJbHas XapaKTepHCTHKA TellJiolepeHoca 3TOTO TOHKO-
ro cjosi BHpaxaercs KosdduuuentoM Temnooomena K,
3aBHCAIAM OT TOJINHHBI ¥ TENJONPOBOAHOCTH CJOA.
CJellyeT OTMETHTb, UTO NPHBEIeHHble Pe3y/bTAThl CNpa-
BeJUIHBHL IS caMoTo obulero cayuasi, korga K mMoxeT OBITh
¢yHKUHell BpeMeHH { M KOOPJAHHAT X, Y, 2 HA TpaHHUIE.

2.3. IMHEMHBIE YPABHEHHS JIATPAHD)KA

O6o61enHbe KOOPAHHATH §; MOTYT OBITb BHIOpaHBl Ta-
KHM o6pa3oM, yToGsl OHH OBbIH cBsizanbl ¢ nojsem H jn-
Helifoll 3aBUCHMOCTLIO

H = H® (x, y, 2)q; (2.3.1)

rae HO(x, y, z) — Konurypauuu 1asHOro 10JA, He 3aBHU-
cAle OT BpeMenu. Moxer ObTb GecKOoHeyHoe uyucao 0606-
IeHHBIX KOOPAMHAT, MJisi KOTOPHIX BBIpaxkeHHe (2.3.1) ectb
GeckoHeuHbll psifi BekTopHbIXx moJsef. IToas H® moxno
BLIOMPaATh NPOU3BOJBLHO, OJHAKO OHH JOJIKHBI C JOCTATOU-
HOH CTeileHblo TOYHOCTH OTOOpaKaTb (HU3HUECKYO CYII-
HOCTb 3afayd. B MareMaTHYeCcKOM CMBICAE HX MOXKHO
BLIGpaTh TakuM 00pa3oM, YTOOGH OHH ONKCHIBAJHM IOJeE
¢ JI060i CTemeHbl0 TOYHOCTH BOJH3M MHOXKectBa N Touek
P B mo6ofl 3anasnoll ob6nacru. Hucno N 3TUX TOUeX MoO-
KeT OBIThb CKOJMb YroAHo Beauko. ITH 3N KOMIOHEHT
noasgs H B toukax P asisiorca yHkuusimu 3N o6obien-
HBIX KOOpDIHHAT ¢k, CBA3AHHHIX JWHEHHOH 3aBHCHMOCTbLIO
(2.3.1). EnuncrBesHbIM TpefoBaHHeM B 3TOM CJjyyae SIBJISI-
ercs TO, 4TOOH TpeofpasoBanue ObiIO  HEOCOOGEHHBIM.
TlosToMy ¢ (u3NUeCKON TOUKHM 3PeHHs NPEeACTABJEHHE He-
NPepBLIBHOTO T0JS B BHJe 0600IeHHHEX KOOPAHHAT He Orpa-
HHYWBAET €r0 OOIHOCTH.

IIpumenum nnueiiHoe coorHowenue (2.3.1) kK cucreme
€O CBOHCTBAMY, He 3aBUCSILAMYM OT TeMmuepaTypel. Torza
3amaua OyAeT KaK MaTeMaTHUYeCKH, TakK H (GU3HYECKH JH-
HelHoll. TTOCKOMBbKY TelyIoeMKOCTh, TeIJIONNPOBOAHOCTh H
K03 DUIHEHT NMOBEPXHOCTHOTO TeNJoofMeHa He 3aBHCAT OT
TEMNepaTypbl, TeNJOBOH TNOTeHIHaJ ¥ JHCCHIIATHBHAA
QYHKIHS UMEIOT BHI KBaApaTHYHOH (GOPMBI C NOCTOSIHHBIMY
Koshdunuentamn. OHH CTPOATCH CJaEAYIOLIHM 00pasoM.
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TemnepaTypHoe noJie 6 BBOAHTCA C IOMOILbIO TEMJIOBOLO
cmelennss H no ypasHenuio (1.2.2). 3anumiem:

.
6= — —divH. (2.3.2)

[loncraBuB BoipaxkenHe (2.3.1), moayuum Temmnepartypy
B BHJle

0= 2 6D (x, y, 2)q: (2.3.3)
rpe
B6) = — —— div HW. (2.3.4)

Takum oOGpasoMm, noJje 6 Bwipa)kaercs cynepro3HilHel
CKaJ/IIPHBIX 1oJelt 0() ¢ aMIJIUTyAaMH, NPONOPLHOHAJbHEI-
MH 06OGLIEHHBIM KOOpAMHATAM ¢;. 1e€NJOBOH IOTEHIHaJ
Oyaet:

V=={755§chm (2.3.5)

IMoacrasus B Hero 3Hauenue O u3 ypasHeHus (2.3.3),
NOJNYYHM KBaJApaTHUHYIO GOpPMY

ij
— % 2 aii9:9; (2.3.6)

¢ ko3 dHLHeHTaMH
Q= S” cBOf I dx. (2.3.7)

T

B cayuae u30TPOINHOH TeIJIONPOBOJHOCTH IHCCHIIATHB-
Hast QyHKUUSA, OompejeasieMass U3 ypaBHeHus (2.2.13), ume-
eT BHI:

1 n

D= |

Ona yuuThiBaeT JHCCHNAlUHIO B oObeMe T TBEPAOro Teja H
JHCCHIALMIO Ha MOBepXHOCTH A, 06ycnoBieHHyI0 KO3 (hH-
unentoM Tensoobmena K. IloiacrasuB B BeIpaxkenne (2.3.8)
H us ypasuenus (2.3.1), noJy4uM AHCCUNATUBHYIO (YHK-
LMI0 B KBaJApaTHUHOH dopme

Cd
D=— 2 bi3q:q; (2.3.9)
40
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¢ koapduuuentamu
bi,-:”S—}e—HumdeL HLKH:’HS"dA. (2.3.10)
4 A

I1pu aHH30TPOTMHOH TENJONPOBOLHOCTH HCIOJIb3YyeM 3Ha-
yeHHe AUCCUNIATUBHOH (YHKuMM u3 BeIpaxkenus (2.2.12).
Kos¢ppunuenrs b,-j B 3TOM cJayyae OYyAYT:

b]____Q_j‘ SEZ' H(i)H(})d‘C—i— S fj(l H(})dA
(2.3.11)

O6o01eHnble TeNJOBEIE CHJbBI B COOTBETCTBUH C ypaBHe-
HueM (2.2.9) paBHhuL

— H 6, HndA. (2.3.12)
A

C yuertom BbipaxenH#i (2.3.6) u (2.3.9) ypaBuenue Jlar-
paHxKa

W, D _
2t o = (2.3.13)
3anucbiBaeTcsd B BHIE
)] .
ilauqﬁ— 2 briqi = Qs. (2.3.14)

DTa cucreMa JHHeHHBIX JuddepeHnuanbHEIX ypaBHEHHH
C HNOCTOSIHHBIMH KO3((HLHEHTaMH.

Ilo onpenenenuro xkBagpatHuHeix Gopm (2.3.6) u (2.3.9)
K03(Q(PHLUHEHTH YyAOBJIETBOPAT COOTHOIIEHHAM CHMMETPHH:

ai=a;i; bij=bj. (2.3.15)

Paccmorpum Tenepb HeKOTOphIe BaKHBIE OrpaHHYEHHS,
BHITEKAMIlHe H3 CBOHCTB KBaILpaTH‘!HbIX topm. BosbpmeMm
JHMCCHIIATHBHYI0O QYHKUHIO

D=D'+D", (2.3.16)

rie D’ u D” —coOTBETCTBEHHO AHCCHNATHBHBIE (YHKIHH
nJasi o6beMa TBEpPHOTo Tejla ¥ HAa TPaHHIEe, ONpepessieMbie
ypaBHeHusiMu (2.2.3) un (2.2.8) cooTBercTBeHHO. DTH BhHIpa-
JKEHHS He MOTYT ObITb OTPHLATENbHBIMH HUJH PaBHBIMH HY-

JI0, ecjim INIOTHOCTb TeIioBoro motoka H ne paBHa HY-
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Ji0 B KAXKAOH TOUKe TBEPAOTO Tesla H HA rpanuie. dT1o che-
if
IyeT U3 TOrO, 4TO Bb]pa}KeHHGZ AyjHpH; mponopnuoHanbHo

JIOKaJbHOH CKOPOCTH TpPHPAHIEHUs] SHTPONHH, ABJAAIOMIeHCA
TIOJIOKHTEJIBHO OnpejeseHiol BeaxuuHoil. [TosToMy BbIpa-
JKeHHasi uepe3 TEIJIOBOH IIOTOK J[AHCCHIATHBHAA QYHKUHUS
SIBJISETCS MOJIOKUTENBHO olpefeneHHold. Kpome toro, Oynem
cyuTaTh npeo6paszosanue (2.3.1) HeocoOGeHHBIM. DTO O3HA-
waet, uTto nose H He mMoxKer ObITb paBHBIM HYJIIO, €CJH BCE
060611eHHbIE KOOPANHATH TaKXkKe He paBHBI HyJ0. B 3TOM
cayyae QuccUIaTUBHAs (yHKUMS, BbIparkeHHAs B 3aBUCHMO-
CTH OT §;, TAKKe IOJIOKHTEJbHO ONpejeseHHa.

DTO CBOUCTBO HeJb35l IPHUMEHHTh K TeIlJIOBOMY IIOTEH-
uuasny. [To onpejenenuio oH He MOXKeT OBITb OTPHIATENbHON
BEJUYHUHOH, HO MOXKeT ObITb PaBHBIM HYJIO NPH 3HAYEHHIX
nosis H, nast koropeix 6=0. B cooTBeTCTBUH ¢ ypaBHEHHEM
(1.2.2) ato uMmeer MecTo JJs koMIOHeHT moJjs H, rak 4TO

div H=0. (2.3.17)

[TosToMy TenaoBOH MOTEHLHAJN MOXKET ObITh PABHBIM HY-
JI0 0pH 3HayeHHAX OOOOLIEeHHBIX KOOPAMHAT, He DPaBHBIX
Hyo. ['0BOpsT MaTeMaTHUYeCKUM S3BIKOM, TEIJIOBOH IMOTEH-
LHAJ MOXKeT ObIThb TOJOXKHTEJbHO NOJYONPeJeeHHBIM.

Bmecte ¢ cooTHomeHHsIMH cuMmerpuy (2.3.15) aTu cBOH-
CTBA ABJSAIOTCS OCHOBHBIMH TpH 00LleM aHaJH3e JHHeHHBIX
TEMJIOBLIX CHCTEM, uTO Oy/eT pacCMOTPEHO B NOC/eAyIOIHX
naparpagax.

2.4, MObl TETIJIOBOW PEJJAKCALIMH

Korna remnosbie cunbl Q;=0, ypaBHeHue (2.3.14) mpu-
HHMaeT BHI:
(7 (0)]

Zaijqj—}—Zbijz;j: 0. (2.4.1)

Dro JuHeliHble OJAHOPOAHBlE ypaBHeHHsd. B ¢Qusnueckom
CMBICJIE OHH MOTYT ONMCHIBATH TBEPJOE TE€JO, BHYTPEHHAS
HayaJpHas TeMiepaTypa KOTOPOTO He PaBHA NMOBEPXHOCTHOM
TeMrneparype, NOJJAep:KHBaeMoil TNoCTOAHHOH. IloCKOJBKY
HavaJo oTcyeTa TeMIepaTypbl BbIOMPAeTCsl INPOU3BOJBHO,
3HayeHHe NOBEPXHOCTHOM TeMIlepaTyphl PHHUMAEM PaBHBIM
HYJIIO.

B cayuae, xorja rpaHuuHble yCJOBHSI BbIpaXKaioTcsi 4e-
pe3 koadduuueHTH Temaoo6Mena, TBep/loe TeJNO H ero rpa-
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HHULBI pacCMaTpHBAIOTCA KakK efauHas cucrteMa. Kak moxasa-
HO B § 2.2, rpaHuuHBe YCJOBHS YUYHTHIBAIOTCS BBeJEHHEM
B BbIpaXKeHHe [JIs1 JHCCHNIATHBHON (YHKIHH COOTBETCTBYIO-
lero uJeHa. B jpaHHOM caydae TepMOAMHAMHMYecKasi CHJa
paBHa HYJIO U COOTBETCTBYET TBEPAOMY TeJY, NOMEIeHHOMY
B TEpPMOCTaT.

AT0 0O6CTOATENbCTBO BHIPAXKAETCH IpHPABHHBAHHEM
amuabaTHYECKON TeMnepatyphl 0, Hymo. Hakoner, remnyiosas
cuia Q; TakKe CTPEMHTCS] K HYJIO, eCd HEKOTOpble yyacT-
KM TPAHHUIB! SIBASIOTCA TENJIOHENPOHUIAEMBIMH. DTO MOXKHO
yBHAETH u3 Bhipaykenus (2.2.9), mockoabky (OH/dg;)n crpe-
MHTCSI K HYJIO B TOYKaxX, Ille TEeIJIOBOH HOTOK Ha TpaHHIE
OTCYTCTBYeT.

C ¢usnyeckoil TOUKH 3peHus pelleHne ypaBHeHus (2.4.1)
JOJIKHO ONHMCHLIBATH TeMIIepaTypHOE ToJe, KOTOPoe acHMIITO-
THUEeCKH CTPEMUTCS K HYJI0, NMOCKOJbKY OHO CTPEMHTCSH
B pPaBHOBeCHIO. PaccMOTpHM pelleHue Tuna

gi=Cie?!, (2.4.2)

rie C u p—mnocrosunne. [loacrasus (2.4.2) B ypaBHeHHe
(2.4.1), noayuum:

(J)

D (@i pbis) C5=0. (2.4.3)

Ypasuenuss (2.4.3) siBAsioTcsl JHHeHHBIMH ajrebpaude-
CKHMH YpaBHEHHSAMH OTHOCHTEJbHO NepeMeHHBIXx C U C He-
u3BeCTHBIM HapamerpoM p. OHHM paspelllNMBl, €C/IH HX Je-
TePMHHAHT paBeH HyJ/0. 3amullieM:

det[a“—i-pbwl =), (244)

[Tpu HaaMuUK n TepeMeHHBIX 3TO ajre6panyeckoe ypas-
HeHHe n-f CTeNeHH OTHOCHTEJBHO p Ha3biBaeTCs Xapakre-
DHUCTHUECKHM ypaBHEHHeM. B COOTBETCTBHH C KJacCHYECKON
Teopuell MaTPHUIL BCe KOPHH €ro AOJKHBI OBITb HeHCTBUTEJb-
HBIMH. DTO BBITEKAET M3 CJAEAYIOLHX JONyLIeHHH:

1. Koappuunuentol a;; u b;; CHMMETPUUHBl (a;;=aj U
bij="bj:).

(i)
2. KsagpaTtnunas dopma D=72 b;39:9; fiBAsSETCS TO-

JIOKUTENbHO ONpefiesIeHHOU.

To, uto KOopHH p 0O6s3aTeNbHO LOMKHEL OBITb JAEHCTBHTENbHBIMY,
MOXKHO II0Ka3aTh, B35B KOMILIEKCHYIO BeJHUHHY p U C Heil CONMpAKEHHYIO
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p*. CooTBeTcTBYIOmHE KOMILIEKCHE Beanundkl C; u C*; 'yI0BJAETBOPSIOT
yPaBHEHHSIM:

() k

D1 (@ri+ pbig) Cs =05 D) (ans + p*bas) C2 =0 (2.4.4a)

YMHOXHM nepBble ypaBHeHust Ha C*p M IpocyMMHDyeM 0O BCeM
3HaueHHSIM k. AHaNOrMYHO YMHOXKHM BTOpble ypaBHeHus ua C; W Tpo-
CyMMHPYEM TO BCEM 3HayeHHAM j. BuiuteM ©OJIHH pe3yabTaT H3 APY-
TOTo

ki
(7 — P*) Q) briCiC* =0 (2.4.46)
[lonowue C; = a; + if;, Moxem 3anucaTh:
ki ki
2 byiCiC % = 2 bri (anej + Bubs). (2.4.48)

_ kj
3! D=+ N buignd; '
OCKOJIBKY D= —- kigr{j ABIASETCH  IOJOXKUTEJbHO

onpeneseHHBIM, Beipaxenne (2.4.4B) TakikKe MOJNOKHTEIBHO
onpelenenHo. M3 ypaBHenus (2.4.46) cienyer, uto p=p*.
CaenoBaTesibHO, 3HaYeHUs p JeHCTBUTeJbHH. Kpome TOTO,
KOPHH JOJIKHBl OBITh TOJIOXKHUTEJBHBIMH. DTO MOXKHO INOKa-
3aTb, PACCMOTPEB KOPEeHb p M COOTBETCTBYIOLHe IeHCTBH-
TeJbHLIE TNocTosHHble Cj, YIOBJETBOPSIONINE ypaBHEHHAM
(2.4.3). YmHOoxHUB 3TH ypaBHeHHs Ha C; U NPOCYMMHPOBaB
UX, TIOJYYHUM:
i

D (@i5+ pbis) C:C5=0, (2.4.5)
OTKyJa
p=-—1p= (2.4.6)
rae
ij i
Ve=3 a:iC:Cs; Dc=b:;C,C;. (2.4.7)

Tenepp D, aBAsIeTCS] NOJOXKHUTENbHO ONPEeAeTeHHON BeJIH-
UHHOH, a V. — NOoJI0XKHUTeNbHO mosyonpenenenson. [Tosromy
p 1160 paBHO HYJIO, THOO OTpHIlATE/NbHASA BEJHUYHHA.

PaccMorpuM cucteMy n 0606IIeHHBIX KOOPAHHAT ¢4 Xa-
pakTepHucTHueckoe ypaBHeHue (2.4.4) Gyner Torma n-it cTe-
neun. Jlomyctum, uTo BCe KOpPHM pasiuuHbl. MoXHO 3anu-
caTh n 3HAuUeHHH 3THX KOpHeH B BHIAE

P=—Ms, (2.4.8)
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rae s=1, 2, ..., n, a Ay audO TOJOKHUTENbHA, JHOO paBHA
aymio. Torga nonyuum peimeHue AHphepeHnHasbHoro ypas-
Henusi (2.4.1)

gi=1CYe . (2.4.9)

—\.t
XapakTepucTHdeckue pelleHust C:S)e §  HasbIBAlOTCH MO-

JaMH TelJoBoH pesnaxcauud. OHU SIBJASIOTCS Bblpa)Kenuem
TENJIOBBIX MOJeH NOCTOSHHOH KOHQUIYpalMH ¢ 3IKCIOHEH-
MadbHO VOBIBAIOIIMMH BO BpeMeHH aMmianTynamu. Koad-
(UUAEHTBl Ay — MOCTOSIHHBIE peJaKCalUH.

Jlng 1aHHOTO 3HAaueHUs S MOCTOSHHbIE C(:) onpezesoTCs
TOJILKO U3 MX OTHOmIeHHi. [lJ19 nosicHeHus 3amuinem:

C =Cg, (2.4.10)

rae C<s)—nponsBOJ1bHaﬂ aMIJIMTyaa, a <p(is) —IOCTOSIHHbIE

3HAueHusl, Y 10BJIETBOPSIONINE ONpejleleHHOMY yCJOBHIO HOP-
MHpPOBKH. B paHnom ciayuae menecoo0pasHo BbiOpaTh B Ka-
4yecTBe YCJ/IOBHA HOPMHPOBAHHS CJejylolilee COOTHOIIEHHE:

ij
S bl = 1. (2.4.11)

3ToT BHIGOP MOKHO OOBSCHUTL TeM OOGCTOSITeNbCTBOM,
g0 D TOJ0XKHUTEJbHO ompejenenHa. Temepb obumum pelue-
HHeM ypaBHeHHs (2.4.9) Gyner:

qi_:ZC(s)(p(:)g_)\st , (2.4.12)

T. €. CyMMa peJaKCalHOHHBIX MOJ cP(is)exp(—kst) C MPOU3BOJIb-
HpiMu aMnaurygamu C),

Korna Bce xapaKTepHCTHYECKHE KOPHH p=-—As PasJnu-
HBI, CylLlecTBOBaHUue obuiero peuenus B Buae (2.4.12) BwiTe-
KaeT M3 KJaCCHYeCKOH TeopeMbl AH(GhepeHLUaTbHbIX YpaR-
HeHUH C TOCTOSIHHBIMH Koadduuuenramu. Ilpu Haauup
KPaTHBIX XapaKTepUCTHUeCKHX KopHeill (2.4.12) yxe ne i
Jasercs o6mum pemenneM [JI. 2-4], Tak Kak ofilee pellieHn

MOXKET COIepXKaTh 4JjeHbl THIa fRe ! . OaHako B AaHHOM
4acTHOM CJydae, OrpaHHuYeHHOM ypaBHeHueMm (2.4.1), MoX-
HO MOKas3aTh, 4To obulee pemerue (2.4.12), cCORepXKHT TOJib-
KO 3KCIIOHEHIHaJIbHbIe UJIeHBl H 0CTaeTcsl TaKxke ClIpaBei-
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BHIM B CJydae KPaTHBHIX KOpHeH. 3TO BLITEKaeT H3 CHMMe-
Tpud Ko3pPHUKeHTOB (di;=aj;, bij=>b;;} M TOJONKHUTETbHOR
onpeleNeHHOCTH JHccunatuBHOod ¢yHKuun D. Bosee mnop-
po6HO 3TOT caydyait GyIeT pacCMOTpPeH B CJAEIYIOINeM napa-
rpacde Npu H3J0:KeHHU MeTojga 0O0OINeHHBIX KOODAHHAT.
Bapuayuonnsii npunyun u  pesaxcayuorHbie modvl. PaccMOTPHM
kBagparuunble ¢opmel V. u D, onpenenseMele ypasHenusamu (2.4.7).

Ouy sBasorest GyHkuusMu mepevennpix C;. MineM cramHoHapHHe 3Ha-
qeHus Ve, 103TOMY IIOJOKKM:
8V.=0 (2.4.113)

nas Bapuauuii 8C;, yOBJETBOPHIOMAX YCJAOBHIO NOCTOSIHCTBA D OTa
3ajlaya Ha IKCTPEMYM C JIOMOJHHTEJIbLHBIM OrpanHueHHeM

D.=const (24.14)

SIBJASIETCS THIHYHON 3alayeil BapHAUHOHHOrO HcumcieHHs, Ee pellieHde
MOJYYHV, TIPHPABHAB HY/II0 BapHauuio 6e3 orpaHHUeHHs

8(Ve+pD.) =0, (2.4.15)

e T0CTOsiHHAs p SIBNAETCS HeOTNpejeseHHHM MHOXuTenem Jlarpasixa.
B siBHoM Buze BhipaxeHue (2.4.15) sanumercs

ij .

D\ (@14 pbis) C58C; =0. (2.4.16)
DTo HeoOXOAHMO NPOBEPUTb HJIs TNPOU3BOJBHBIX 3HAueHHI BapHaLuit
8C;. B pesysbraTe mMOJYYHM COOTHOLICHHS

() _

D(aw;+ pbiy) C;=0, (2.4.17)
9KBHBaJIeHTHble ypaBHenusM (2.4.3). CrenoBareabHo, ¢ TOMOILbIO Ba-
pHanuonHoro mpuuuuna (2.4.13) u (2.4.14) MOXHO TOAYYNTb 3KBHUBA-
JeHTHble peJaxcauiOHHble Moabl, COOTBETCTBYIOIUHE 3HAUYEHHS MHOMKHU-

tens Jlarpauxa p sBJSIOTCH KOPHAMH XapaKTePHCTHYeCKOro ypaBHeHHs
(2.44).

2.5. OPTOTOHAJILHOCTH U HOPMAJILHBIE
KOOPIUHATDI

paCCMOTpHM JBe peJgakcanuoHHble MOIBI

)t .
1::C:S)e s , qz:Ci)e
C Pa3JUUYHBIMHU MOCTOSTHHLIMHU penaxcauuu

he = e (25.2)

Oun ynOBJAETBOPSIIOT yPaBHEHUAM

—X t
r

(2.5.1)

i &)
3 (@iC = 1biC) = 0; 3 (@sCY — 1biC)= 0. (2.5.3)
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YMHoHUB nepsoe ypasHerne (2.5.3) Ha Ci” " 11POCYMMH-
poBaB pe3yabTaT no i, MOJYIHM:
if
2 (2:CYCY — 26,5,CHCT) =0. (2.5.4)
Ananoruyso, yMHOXHB BTOpoe ypaBHenue (2.5.3) Ha
C(:), IOy YHM:

i
M (@iCCY— 2,b,;,C1C) = 0. (2.5.5)

Teneps BeuTeM ypaBHenue (2.5.5) us ypasuenus (2.5.4)
C yuyeTOM CBOMHCTBa cuMMeTpHH Ko3bduiueHTOB (@i;=2aji
bij=b;;). B pesynbrare moayunm:

(As — ) b3 CCY=0. (2.5.6)
ITockoneky AT#AS, u3 (2.5.6) caenyer:
Zb CICY =o0. (2.5.7)
C yuetom ypaBHeHHs (2.5.4) aT0 TaKXKe 0O3HAUAET
%}ai,-cy’cf’ =0. (2.5.8)

Coornomenns (2.5.7) u (2.5.8) sBAAIOTCA XOPOWIO H3-
BECTHBIMH YCJI0BHAMH OPTOrOHAJbHOCTH, KOTOPblE YHAOBJET-
BOPAIOTCA XapaKTEePHCTHYECKHUMH peEHIeHHsIMH CHCTEM, OIl-
penensieMbix napoil KBaApaTHUHBIX (POPM.

YCJIOBHSL OPTOrOHA/MBHOCTH MOXKHO BBEIDA3HTb € ITOMOIIBIO
HOPMHPOBAHHBIX aMIIUTYJ ao(:’ peJlaKCalMOHHBIX  MOJ, YTO
chaepyer W3 ycjaoBus HOpMHpoBKH (2.4.11). IlopcraBuB 3Ha-
YeHHst C(:) u3 (2.4.10) B coorHowmenus (2.5.7) u (2.5.8), no-

JYUYHM  yCJOBHUS OPTOTOHAJBHOCTH peJAaKCAllHOHHBIX MO
B BHIE ’

Zb #% =0; Za”ﬁ@m ) — 0. (2.5.9)

Ipu BEIBOZE CBOMCTBA OPTOrOHANBHOCTH MPeANoJaraaoch
MAr==As. OnHAKO 3TO CBOHCTBO MOXKHO pPaclpOCTPaHHTb Ha
MOJbl C OJMHAKOBBIMH IIOCTOSIHHBIMH pesakcauuu. PaccMmo-
TPHUM, HaNpumep, & Moj <p(:’ (s=m+1, m+2, ... m+k),
BXOJAAILKX B obulee pemedHHe (2.4.12) ¢ oauHAKOBBHIMH IIO-
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CTOSIHHBIMH pesakcanus A. Moxuo mnokasartb, 4to BblGOP
(Pis) ﬂpe,&CTaBJIﬂ}OIIlHX 5TH MOJIbI, He SABJSETCHA oJHO3Hay-

HBIM H MOKeT ObiTh HCIOJb30BaHa JioGasl CHCTeMa He3aBH-
CUMBIX 0a3nCHBIX BEKTOPOB. Jlerko npoOBepuUTh, 4TO OHH
BCErfa MOTYT ObiTb BLIGpaHbl TakuM 06pasoM, utobbl yAOB-
JIETBOPHTH TiepBoMy cooTHomennio (2.5.9). Beaencrsye ypas-
neuus (2.5.4) BTopoe cooTHoweHue (2.5.9) yAOBJIETBOpPHET-
csi aBTOMAaTHUECKH.

BBeieM ckaaspHble H BEKTOPHbIE NOJA

09— 2’]9(0?(:); H = ST, (2.5.10)

rie 6 1 H® — noas, onuceiBaeMbie ypaBHEHUSIMU (2.3.3)
u (2.3.1). Ilpn TakoM NpEJICTaBIEHHH NOJeH TeMIepaTyphl
¥ TEIJOBOTO CMelleHHs peJaKCallHOHHbie MOJBI 3amHIOyTCs
B BHJE )
— - !
§=C06f®e * . H=C6H@®e * - (2.5.11)
Caenopatennto, 0©) u H® MoxHO cuntaTs HOPMHPOBaH-
l:{;l;flﬂ TIOJISIMH, ONpeJeSIOUMMH XapaKTePUCTHIECKHE pellie-
PacemoTpum jaBa TemmepaTypubix moast 0 u ), cooT-
BETCTBYIOLIHE DeJaKCAUHOHHBIM MOXAM C Da3JHYHBIMH TIO-
CTOSIHHBIMH peslakcaiind. Haxoxum:

| m GIIOY "y (2.5.12)

DT0 JierKo NpoBepHTb, ecau BMecTo 8() 1 H¢) moaCTABUTL
BeipaxkeHus: (2.5.10) c yuerom (2.3.7) mas a;; u ycaosus
opTtoroHajsbHocTH (2.5.9).

AnanoruuHo B Ciyyae H3OTPONHOH TEIJIONPOBOLHOCTH,
HCTONB3YsA 3HaueHus b;; w3 (2.3.10), BuHBOAUM:

3 I (s
m P HOH® - SS F HPHYdA=0. (2.5.13)
T A

I:Iosmmy ypasHenusa (2.5.12) u (2.5.13) Bbipaxaior
GBOMCTBA OPTOTOHAJLHOCTH peNaKCALHOHHBIX MOJL ¢ [MO-
MOILbIO TI0JIel, XapaKTEPU3YIOUIUX 3TH MOJIBL.

Jlasi aHH30TPONHOMH TEmJI0NPOBOLHOCTH YCJAOBHE OPTOro-
HanbHOCTH (2.5.13) 3ameHsieTcsi BHIpaXKeHHEM

Rf
j f j’ 2 At OH O - X S + HOHYdA=0. (2.5.14)
T A
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Hopmanrsnote koopdunaror. PacemoTpuM JHHelHyl0 CH-
cTeMy, ONHCBIBAEMYIO 7 0GOOUIEHHBIMH KOODAHHATAMH §; H
IBYMS KBaJpaTHUHBIMH (HOpMaMH

ij if

! 1 .
V=— 2 @ii9iq5; D = —- 2 b (2.5.15)

®opma D aBasieTcs NOJOKHTENBHO onpeaenenHoi. Onna
H3 OCHOBHBIX 4/reGpaHuyecKux TeopeMm yTBepxkiaer [JI. 2-5],
410 ecau D NoJOXKHTeNbHO ONpefeseHHast popMa, TO MOXK-
HO HalTH HeocoOeHHoe NpeoOpasoBaHHE n NEePeMEHHBIX §;
B n nepeMmeHHble §; Takum obpasoM, uto V u D 6yayr cym-
Mo#l KBaapartoB {;. DTo mpeoOpasoBaHHe HMeeT BHI:

i = ¢\%. (2.5.16)

HeocoGennbiM npeo6pasoBaHHeM HasbiBaeTcsl TaKoe Mpe-

(s)
o6pasoBanue, Korja JeTePMHHAHT K03(hPULHEHTOB ?,

nopsanka nXn He cTpeMures K Hyao. CieroBaTenbHo, 3Ha-
YeHHsI ¢; He MOTYT OBITb PaBHBI HYJIIO, €CJIH BCe 3HAYEHHH &g
TAaKXKe He PaBHBl HYJIO. DTa TeopeMa yTBepKAaeT, 4TO Cy-
lecTByeT Takoe mpeobpasosanue (2.5.16), nns kortoporo V
u D 6ynyr:

V:%i}zsez; D:»é—iéz. (2.5.17)

Kpome Ttoro, sHauenust As CyTb n KOpHeil XapaKTepHCTH-
YeCKOT0 ypaBHEHHS

detlai]’—kbi]’l =0. (2518)

Bce kopuu 3toro ypaBHeHHsI JAeHCTBHTeNbHH. [10CKOJb-
Ky V NpHHATO 3Jiecb NOJOXKHUTENBHO  MOJYOIpeaeseHHON
¢opmo#, 3HaueHHS As He MOTYT OBITb OTPHIATEJIbHBLIMH.
OnHako HEKOTOPEIe M3 3THX 3HAYEHHH MOTYT GHITh HYJeEBHI-
MH, B 3TOM CJydYae KBaaparHuHas GopMa COIEepPIKHT HUCJO
cjaaraembix V Menbue 7.

Ora TeopeMa He TpeGyer, UTOGL 3HAUEHHS A, GBIIH CTPO-
ro pasauuHbiMA. Moxer cyinecTBoBaTh M060e YHCJIO paB-
HBIX 3HAYeHHH, COOTBETCTBYIOUIHX KPAaTHBIM KODHSAIM Xapak-
TePHCTHYECKOTO ypaBHEHHUs ¢ M060H KpaTHOCTbIO. [lepemeH-
Hble §s OnpeiessloT HOpMaJbHEE KOOpAMHATH. B 3Tmx me-

4—1050 49



pemeHHbIX ypaBHeHus Jlarpanxka upu OTCYTCTBHHM TeNJIOBHX
cus 6ydyT HMeTh BHI:

ov oD

0, + 0t
Hcnoabsys B Hem 3suauennss V u D us (2.5.17), moay-

yaeM £ HEeCBsI3aHHBIX AH(pQepeHLHaNbHbIX YPaBHeHHUI:

0. (2.5.19)

AksE=0. (2.5.20)
Pewrenue 3tHx ypaBHeHHH GyaeT HMETb BU:
E= Clole s (2.5.21)

OHH ONHCBHIBAIOT MOABI TEIJOBOH peaKCalldh, 0 KOTOPHIX
yxe rosopusock B § 2.4. Iloacrasus 3Havenus & us (2.5.21)
B npeo6pasopanue (2.5.16), noayuum:

gi==3\C0g ¢ ", (2.5.22)

4YTO COBNIaflaeT C BhipaxkeHueMm (2.4.12).

3T0 ypaBHEHHe BbIPaKaeT CBONCTBO, 0 KOTOPOM TaKXKe
rosopujioch B § 2.4: obuiee peuieHue cucteMmsl nuddepen-
nuajbHbIX ypaBHeHHi (2.4.1) sBJaseTcs CyMMOH HNeHCTBHU-
TeJbHBIX TOKasaTebHbIX (PYHKUUH H BKJOYAeT cJaydad xa-
paKTepUCTHYECKHX KOPHeH /M060H KPaTHOCTH. 3aMeTUM, UYTO
JJI1 HyJeBBIX KOpHell As;=0 COOTBETCTBYOIIHE 3KCIOHEHIHU-
albHble YJ/EeHB BBIPOXKIAIOTCS B TOCTOSIHHBIE 3HAYEHHS
CEge);.

B cayuae kpaTHBIX XapakTepHCTHUECKHX KOpHei cyHle-
CTBYeT HeOoTNpeleJieHHOCTb B BbiGope KO3I()PHUHEHTOB @)
JAng mamocTpannu paccMOTpPUM CJAyuail Tpex paBHBIX 3Ha-
YeHHH XAPaKTEePHCTHYECKHX KOpHeH:

A= ho=ha. (2.5.23)

OrpannunMca B Bupaxenun (2.5.17) unenamu, conep-
KAIIHMH COOTBETCTBYIOILHE HOPMaJbHBIE KOOPAUHATHL &,
Es, & Torma sanuiuem:

V=g by (848 D= (BB, (25.24)

Koopaunate &, &, &3 MOMHO CUATATb NPSMOYTOJbHBIMH
B TPeXMepHOM NpOCTPaHCTBe. BpaieHue CHCTEMBI KOODH-
HaT npeobpasyer &'y, &, &3 B HOBble mepeMeHHbBle TaK, UTO

Bl + B+ E=E 8%+ % (2.5.25)
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CylefoBaTe/bHO, TIPH 3THX HOBBIX TepPEeMEHHBIX KBajapa-
TH4YHble opMbl (2.5.17) He uaMmensworcs. Ta ke Heonpene-
JIEHHOCTb HMeeT MEeCTO BCerja, KOrJa MMeeTCs KBaJpaTHBIH
KOpeHb 1000 KPaTHOCTH.

Ecan npeo6pasosanust (2.5.16) noacraButh B KBaapa-
Ta4yHble GopMbr (2.5.15), mocnexHHe NPUBONATCS K BHpa-
xenuaMm (2.5.17). Ilockonbky cKansipHble NPOU3BELEHHS
¢: U @; J0/KHB 00pamaTbCcsa B HyJb, HEOOXOAUMO, YTOOHI
BHITIOJIHAINCD CHeAyIomie COOTHOUIeHUs:

if ij
M a9 = 0; S =0; (rks).  (2.5.26)

OHY HIEHTHUHBI YCJOBHSIM OPTOTOHAJbHOCTH (2.5.9), BBHIBE-
JEeHHBIM 1Ji cjlydas A,55Aks. B maHHOM cJiyuae ypaBHEHHS
(2.5.26) BBIBOASITCSL NMO-APYrOMY — KaK CJAENCTBHE ypaBHe-
Hua (2.5.16). 3rto nmnoxaseiBaer, uyTo TNpeobpas3oBaHUA
(2.5.26) cnpaBex BBl IS KPATHBHIX KODHeH W, cJexoBa-
TeJbHO, He TpeOVIOT Pas/HuHsg MeXAYy 3HAYEHUSAMHU A, H As.

Bripaxcenne (2.5.17) aast D rakxke TpebyeT, 4ToObl KO-
spbuunentsl ¢®); B npeodpasopanun (2.5.16) ymosiersops-
JIH COOTHOLUIEHUAM:

i
Sospel = 1. (2.5.27)

IT0 BbIpa)KeHHE TOXKAECTBEHHO YCJOBHIO HOPMHPOBKH
(2.4.11) mns pesakCalHOHHBLIX MOJ.

Tenepp paccMOTpHM CcHCTEMY, Ha KOTOPYH HAEHCTBYIOT
TenyoBele cHAbl Qi OBobLIeHHbBle KOOPAUHATH TOXYUHAIOTCS
AudpdepeHaNbHBIM - YpaBHEHHAM

D iiqi+ D biiqs = Qi (2.5.28)

3TH ypaBHCHHS MOXKHO NpPeACTABUTL C NOMOIIbIO NPeod-
pasoBaHusi (2.5.16) B HOpMaJbHBIX KOOpAMHATaX Es. ypaB-
tienust Jlarpanxa npuMyT BUA:

v , 6D _ o
= (2.5.29)

rae V u D naiorcs ypaBHenusamu (2.5.17), a E;— o60611eH-
Hasi cuJja, CONpSKeHHAas C KOOpAMHATOH §,. 3Hauenue E;
HaxoauM ¢ momoulpio ypasHeHus (1.4.7). B coorBercTBHH

C 3TUM ypaBHeHHEM MOZKHO 3anucaThb TOXKAECTBO

D Qudgs = X B, (2.5.30)
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C nomoubio npeoGpasoBanus (2.5.16) Bapuauuu 6¢; u 0%
CBA3aHBI CaAeAYIOIUM 06pasom:

8q: = 3 9\%k,. (2.5.31)

[ToacraBuB 3TH 3HavyeHHs B ypaBHeHHe (2.5.30), no.y-
UHM:

Es =2\, (2.5.32)

UTO SIBJSIETCA ONpefesNeHHeM HOPMAaJIbHBIX CHJ uepe3 Iep-
BOHaua/JbHble 3HAUeHHs Q.

Huddepenunansubie ypaBHenus (2.5.29) nas nHopmadb-
HBIX KOODIHMHAT 3aMUIIYTCS B SIBHOM BHIE

AsEs -8 = Es. (2.5.33)

Ecan Q; — 3anaunble QyHKIHH BpeMeHH, 3HaueHust Z4(1)

TaKXe SIBJSIOTCS H3BECTHBIMH (GVHKIHSIMH BpPeMeHH, orpe-

NeJsieMbIMH M3 cooTHowenui (2.5.32). Honyctum, uTo Ha

HEBO3MYHICHHYIO CHCTEMy B MOMEHT BpeMeHH f=0 HauHHa-
€TCSl BO3JIEHCTBHE CHJ E,, TOTAA

&=E,=0 {<0. (25.34)

B stoM caydae peinenue ypaBHeHus (2.5.33) spasercs
MOJIHOCTBIO OTIpeeIeHHBIM U A2eTCST XOPOLIO H3BECTHBIM BHI-
paxeHnueM

ot g
t—e ° ge SE () dE. (2.5.35)
0

Ecau B moMeHT /=0 Ha CHCTeMy HauHHaeT AeHCTBOBATDH
nocrosiuHasi cuja Zs, Bepaxenue (2.5.35) aaa E mpunu-
MaeT BHI:

E=(—e *) 22, (2.5.36)
§

Kak yxe ykasbBagoch, Kakoe-TO YHCJIO MOCTOSIHHHIX pe-
JIAKCAIUU As PABHO HY.T10. OHU COOTBETCTBYIOT KOMIIOHEHTAM
noas temygosoro cmemenuss H, nas xkoroporo div H=0. Co-
OTBETCTBYIOIlHE HOpPMaJibHbie KOOPAHHATBHI OMHCHIBAIOTCA
nuddepennnanbHLIME ypaBHEHHAMHU

.

& = E,. (2.5.37)
Korna B MomeHT {=(0 HayuHAOT XEHCTBOBATH MOCTOSIH-
Hble CHJIbl B peinenne (2.5.37) NpHHHMAET BHI:

E,=E,l. (2.5.38)
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OTH HOPMaJbHbIE KOOPAMHATHI NPEACTABJSIOT PeLICHHUE,
COOTBETCTBYIOIllee CTAHOHADHOMY TEUEHHIO, MOCTHTaeMOMY
aCHMITOTHUECKH /sl 60JbUIHNX 3HAaueHUH BpeMeHu # B cra-
LMOHAapHOM TeuyeHun Tensosoe cMemnienne H B cootBerct-
BUH ¢ ypaBHeHHeM (2.5.38) sBasiercst JIMHEHHOH ¢yHKIMel
BpEMEHH,

2.6. KBASUCTAUMOHAPHOE TEUEHUE

PaccmoTpuM cHCTeMy, Ha KOTOPYIO BO3IEHCTBYIOT MeJ-
JIEHHO H3MeHsIIllHecss TelJaoBele cuJbl. [Ipu GeckoHeuHO
MeJIJIeHHOM H3MEeHEHHH TeIlJIOBOe IoJe NPOXOIUT (B Ipere-
Jie) HenpephIBHBIA PSS CTAUHOHAPHBIX COCTOSIHHH. DTO 03HA-
YaeT, 4TO B JIOOOH MOMEHT BDEeMEHH TeMllepaTypa W TemJo-
BOM TIOTOK aleKBATHBI MX 3HAUEHHSAM IPHU NOCTOSHHEIX Tell-
JIOBBIX CHJIAX, ONpeJesJeHHBIX JJIs AAHHOTO MoMeHTa. Mbl
OyleM HasblBaTb pelLI€HHe TAKOTO THMNA KBa3HCTALHOHAP-
HBIM.

DTO NMOHsITHE BKJIOUAeT B cebs Croco0 pelleHHs HecTa-
UMOHAPHBIX  TeIJIOBBIX 3aja¥, KOrja KBa3HCTAIlHOHApHOE
pewenne GepeTcs B Ka4yecTBe NMEPBOTO NMPHOAHIKEHHS H K He-
My 1006aBJAIOTCS NONpPABKH, CBSI3aHHBIE C HECTAIHOHADHBLIM
noBefeHHeM. PelleHHs] TAKOTO THNA NOJIKHEI OBICTPO CXO-
IHUTbCSA, OCOOEHHO B 3aJayax C MeAJIeHHO H3MeHSIOUHMHCH
TemneparypaMu. s uasiocTpaluu B KOHIE CJelylolnero
naparpacda O6yJleT paccMOTpeH IpPHMeD.

O6osnauum uepe3 6% TeMmnepaTypHoe IoJe, Olpexessie-
MOe KBa3HCTallHOHADHBIM pelleHHeM. Dyjxem cuHuTaTh, 4TO
OHO BBIYHCJSAETCS OTHEJbHO U SIBASIETCS H3BECTHOH (QyHKIH-
elf BpeMeHH # KOOPJIHHAT:

0¥ =0*(x, y, 2, 1). (2.6.1)

Ero MoXHO paccunTaTh JIOGHIM H3BECTHHIM METOIOM, MpH-
MeHSeMbIM [JSI pelleHnsi CTAallMOHAPHBEIX TeNJIOBBIX 3ajxad,
BKJII0Yasl, KOHEYHO, BApHAUWOHHEIE MeTO/Ibl. MickoMoe Temme-
paTypHoe moJie CHCTeMBLI Gyler:

0=0++0%, (2.6.2)

rae O+-—rmompabBka Ha HecTalMOHapHOe IoBedeHue. Pac-
CMOTPHM CJydall M30TPONHOH TemJIoHnpoBoAHOCTH. Ilockosib-
Ky 0% —KBasHCTalHOHAapHOEe TeMIlepaTypHOe II0Jie, OHO
VAOBJETBOPAET YpaBHEHHIO

div (k grad 6*) =0. (2.6.3)
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C apyro#t cropoubl, Temmepartypa 0 ya0BJeTBOPSET
ypaBHeHHuI0 TenjionposogHocty (1.2.10a)

div(kgrad§) =c¢ %

(2.6.4)
[loacrasus suauenue 6 uz (2.6.2) B ypasnenne (2.6.4)

¢ yueroM (2.6.3), mosyuum:
div (k grad 6%)= ¢ 27 4-c 27, (2.6.5)
CpaBuenne storo ypaBHenusi ¢ ypasHennem (1.6.19a)
nokaswiBaet, 4to O+ onucelBaeT TemIepaTypHoe IoJe B MO-
JeJH C pacrpejieJeHHbIMH HCTOYHHKAMH TenJja, paBHBIMH

A (2.6.6)

W= — 0"

Kpowme toro, na rpanuue 6=0% uto caexyer us onpene-
JIEHHSI CTAllMOHApHOro peulenus. Ciel0BaTebHO, B MOAEH
C MCTOYHMKAMH TPaHHYHOE YC/I0BHe OyieT:

0+=0. (26.7)

Ypasuennst Jlarpahxka A 3TOH MOJEJNH BBEIBOIATCS
B § 1.6. IIna nanuoro caydas oHm (GOpMyJaHpylOTCH CJie-
AyOIIHM 06pas3oM.

Bri6upaem nose H* mo ypasuenuio

t
div H* = S wdt = — cb*. (2.6.8)
4]

[Tone H* ne onpenensiercs onHozHauHo yepes O*. Heus-
BecTHOe moJie HY, npeacrasisiollee NONpaBKy H3-3a HeCTa-
LHHOHAPHOTO NOBeJeHHS, 3aNHIIeTCs] KaK (YHKIHUA 0606ImeH-
HbIX KOODJAHMHAT §;

H+=H*(q4, ¢z, ..., qn, %, y, 2, 1). (2.6.9)
Temneparypuasi monpaska Gyner

0+ = — - div H*, (2.6.10)

Toraa B coorBercrBuu ¢ ypaBHenuem (1.6.19) MoxHo 3a-
NHCATh:

WE 49Dt Q. (2.6.11)



rae

Vi — —;—jﬁc(o*r)ﬁ de;

D* :%”f%m*)’dv; r (2.6.12)

: 1 OH* s
Qt;=— jSS - dq”H*d't.

ITockosbky 0+=0 Ha rpanuie, 3HaueHHe Q; B MoOJenH
C HCTOYHHKAMH crpemutcss K Hyuo. CoorHowerue (2.6.11)
ABJISETCS ypaBHeHHeM Jlarpanxa 751 000GIIEHHBIX KOOP-
IHHAT, ONpejeasoluX Nonpasky 0+.

J

2.7. IPUMEP. CJIABBIE PEIHEHMWS

OnuomepHast 3afiaua 0 Juddysuu Tenna B IJACTHHE TOMUHHOR I,
OZHAa CTOpOHA KOTOPOIM TeIlJOW30JHpOBaHa, paccMatpuBasiack B § 1.7.
IIpy pacCMOTPEHHH HCIOJB30OBAJOCH MOHATHE INTYOHHBI MPOHMKHOBEHHS.
Jus uanocTpalHy MeToAa, paspalOTaHHOrO B JaHHON TiaBe, PaccMoT-
puM HarpeBaHHe {IJIACTHHBI, 00e CTOPOHBI KOTODPOH TEIlJIONPOHMILAEMbI.,
Jas pelteHHs HCHOMB3yeM COBEPIIEHHO HHOH MeTOJ, OCHOBAHHBHIA Ha
HOPMaJIbHBIX KOODIHHATaX.

Cnavasna paccuWTaeM MOJIB TemJoBo#i penakcauud., OHH COOTBer-
CTBYIOT TPaHHYHOMY YCJOBMIO, KOTJa TeMmmepaTypa Ha o0emx CTOpPOHAX
nnactyusl npn ¥x=0 u x=/ paBHa nymo (0=0) (puc. 2.1). Ilpencra-
BHM TelsioBoe cMeinenne H(x) B Buje

n
nrx
H:qo—l—zqncos—t—, (2.7.1)

rie n-—mejoe IOJOXKHTEIbHOe uHCaI0. COOTBETCTBYIOUlEe TeMIeparyp-
Hoe noje 0 =—(1/c)dH[dx Gyxer:

n
T Tnx

6=—cl— ngnsin —7— -« (2.7.2)

OHo yn0BieTBOpPsieT TPaHHYHOMY YcioBHIO 0=0 mpu x=0 u x=[
B nannoM ciyuae NOCTAaTOYHO PACCYHTATb TENJIOBOH MOTEeHLIHAasa M JIHC-
cunaTuBHyo (QysEKuHiO AJaf  of0beMa UMJHHAPA, MOepleHAHKYAApPHOro
QaCTHHE C TJIOMIAfbl0 OCHOBaHHS, DABHOH enmule. 3anulieM:

4 4
1 Lo,
V=5c S bedx; D=—2—k-SH2dx. 2.7.3)
0 0
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. Henonesys cBoMcTBO OPTOroHaALHOCTH TPHIOHOMetpHueckHx (YHK-
LWt 8 ypasmenusax (2.7.1) u (2.7.2), npusesem BHpaxenue .(2.7.3)
K CyMMe XKBalpaTos

T

n n
1 2 l [ S
Ve o Y D= g gk Y e @T)

B OTCYTCTBHE TeNsOBHIX CHJ1 O00OWEeHHbIe KOOPJIHHATHL Go, §n ONU-
CLIBAIOTCS ypaBHeHHAMH Jlarpanxa

ov oD oD
+—=0; —— =0. 2.7.5
04 04y 04q, ¢ )

[ToncraBuB cioja 3uaudenus V u D w3 (2.7.4), nomryuum:
AnGntgn=0; Go=0, (2.7.6)
rie
n2kn?

n=gi s (2.7.7)

PemenusiMu ypaBHeHul (2.7.6) 6yayT:
= Cne—)"'t i g, =const, (2.7.8)

k]
rae C, — IpPOH3BOMBHbIE MOCTOSHHBE. DTH pelleHHs TPeLCTABAAIOT pe-
JIsaKCAallHOHHbIE MOAbl MNMJACTHHEIL. OrMeruM CyHleCTBOBaHue MOIbl o
C TOCTOSIHHBIM 3HAYEHWeM, COOTBETCT-
BYOIIUM CJHy4al0 HYJEeBOH MOCTOSH-
HO# penakcamuu (hr=0).
OTH pe3yabTaTH INOKaskIBAIOT, YTO
Go W Gn TPOTMOPUHOHAJBHE HOPMAalb-
8, HHIM KOOpAWHATaM &s, PACCMOTPEHHHIM
B § 25. To, yTo OHH He YJOBJETBODS-
0T TOMY e YCJOBHIO HOPMHDOBKH, UTO
u &, mecymecTseHHo. IlosToMy go 4
Ggn MOXHO Ha3BaTh TaKke HOPMaJb-
HBIMH KOQODAHHATaMH.

X B KkaueaTse M/IIOCTPAlMK OOLIEro
Merola, oOmucaHHoro B § 2.5, MOXHO
HCIOJB30BATb 3TH HOPMaJjbHbIE KOOD-
IMHATH 1A pacyera HeCTAUHOHADHOH
TenaoBoi AuGdysHH B IJACTHHE, KO-
ria B Moment {=0 mOBepXHOCTb Ijia-
cMMHBl TpH X¥=( MTHOBEHHO NPHHHMAaEeT
temnepatypy 6=~0o. Byzem cuurathb,
9TO MPOTHBONOAOKHAS MOBEPXHOCTb OCTaeTCs NPH HYJEBOH Temmeparype
[/1. 2-6]. K ypasnenusim Jlarpamka (2.7.5) HeoOX04uMO 106aBHTb 0606-
lIeHHble cuabl Qo ¥ Qn. B pesynbraTe modryunM:

7,
T

&

AANRNRNNRNARASN

X=0

,A—_Zm_ﬁ

Puc. 2.1. TenaoBoii noTok ue-
pe3 IJIaCTHHY.

oV oD oD
-_— = y T = . 2. .9
Tot e =% 5= 2.7.9)

ﬂJIﬂ HaxoxaeHHs1 0600LIEHHBIX CHJ HeOOXOAMMO BHIYHUCJIHTD

n
88 H = Qg0 + ) %ddn, (2.7.10)
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rie 0H — Bapunauus H npum x=0. B cooTBeTCTBHH C ypaBHeHHeM
(2.7.1) sta Bapnauus paBHa:

n
OH = 8q, + 2 8. (2.7.11)

[ToxcraBup 310 3HaueHHe B ypaBheHHe (2.7.10) W npuUpaBHAB KO-
shduunents 8go 1 84, B 00eHX YACTAX, TOTYIUM:
Qo=Qn=0, (2.7.12)
Hpu 3THX 3HaueHHAX, a TaKxKe HCNONb3YysA 3HauyeHHuda V u D u3 Bu-
paxeHnnit (2.4.7), MOXKHO 3amuCaTh:
. 2k k
}\nqn+qn:T—90§ qo :Teo- (2.7.13)

PeulennsiMi 3THX ypaBHeHHN C HaYaJbHLIMH YCIOBHAMH Go=§n=0
B MoMeHT t=0 6yayr:

2k9 — k
o= (1 — & 0 )y gy =~ Bt (2.7.14)
I, L

IMoxcraBus aTu 3raueHust B Bhpaxewus (2.7/1) u (2.7.2), noayuum
3aBHCHMble OT BpeMeHH pasjoxenus Pypoe aas H u 0:

n
ke 2k0 1 —\ ¢
H:"Tﬂoi—{—-—l—o— 'Tn“(lwe ") cos

n
20, 1 —x_t . ., hmX
§ = = 2 w (I—e ™ )sin 7

C TeyeHHeM BpeMEeHM 3TH 3HaUeHHsS CTPEMATCS K CTANHOHAPHOMY
pewenuwo. Jlng {=oo mpenensHble 3uauenuss H=0H/0t u 6 6yayr:

n
. LB 26 1 | nrx x
LIS ETsm_l_:eo (1__1). (2.7.16)

[lonyuennoe mpesespHoe 3HaueHHe O sIBASETCA XOPOLIO H3BECTHBIM
pasnoxenueM B pag Pypee anuehnol ¢pynxuuu 0o (l—x/l). Dra nuneh-
Hast (QYHKUHSA ONHCHIBAET CTallHOHADHOE pAaCIpeje]eHHe TeMIepaTyphl
B IIACTHHE 0PH TPaHMYHBIX ycaoBuAXx =0, mpn x=0 u 6=0 mpu

x=1 Tlpenensuoe 3suauenne H=~Bo/l siBAsieTCA TaKKe CTanMOHapHON
TIIOTHOCTBIO TENJIOBOTO NMOTOKa uepe3 cTeHKY. OHO M/IIOCTPUPYeT ¢u3H-
4eCKMH CMBICA KOOPIHHATHI

nwx
[ ’
(2.7.15)

L —

k
go =7 Bat, (2.7.17)

sBAfoNleiica JMHeHHO BO3PAcTAIONMM TEIJIOBBIM CMELLeHHEM B NJACTHHE
B CTaLHOHAPHOM COCTOSIEHH.

Caaboie pewenus. OGpaTHM BHHMaHHe Ha OHY BaXKHYl0 OCOGEH-
HOCTb Bbipaxkenus (2.7.15) aas 0. Beaexpersue Toro, uto pag ®ypbe aas
0 obpamaercs B Hyab mpd x=0, rpannunoe ycnosHe 0 =0y B 3T0# TO4-
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Ke He ynoBaeTBopsiercs uukoraa. OIHako B TOUKe X, PACHONOKEHHON
GeckoHeuno O/M3KO K Hauagy KOOPIHHAT, 3HAUEHHE TeMIepaTyPH MTHO-
BeHHO Bo3pactaeT 10 0o CaenoBaTesbHO, ecyid HCKJIOUATL TOUKy x=0,
rpasuyHoe ycnosue 0=0, <yxoBiaerBopsteTcs. 3jaech MBI HMeeM 6.0
C XOPOIIO H3BECTHRIM CJydaeM HepaBHOMepHOH cxoauMoctu psila Pypee.
Hcnonesyst MateMaTHYECKYIO TEPMHHOJIOIHIO, MOXKHO (Ka3aTb, 4TO peliie-
Hue HecnpaBeJlsMBOe B KOHEYHOM YHCJE TOYeK, CYIIeCTBYeT TOUYTH BCIOAY.
Taxoe peulenne HHOria Ha3biBaeTcs caaGhiM peliienueM. MMmeloTcs Taxxke
Caydad, KOTJa pelleHHe HeCNpaBeliuBO I/ GeCKOHEYHOro psifla TOuex,
NPH YCJOBHH, YTO 3TOT DS HMeeT HyJeByio Mepy. Taxue ciaabrie pelue-
HHSl THIUYHBL 17 3aj]a4, KOTOPHe PeuwaioTcs C MOMOIIbI0 HOPMAaJbHBIX
koopanHaT. OIHAaKO OHH He TEPSIOT CBOEro (DM3MUECKOro OMBIC/IA, HO-
CKOJIBKY TOYKAaMH, B KOTOPbIX OHH CIDaBelJHBbl, MOXHO mpeHeGpenb.
OTo ABJIEHHE WJMIOCTPHUPYET MaTeMaTHueckHe TPYAHOCTH, BO3HUKAIONLie
NpH pelleHHH ‘GH3MYeCKHUX 3ajay TMPH BBEIEHHH INOHATHS KOHTHHYYMA.
IleficTBHTENbHO, C TOYKH 3PeHUsST (DU3UKH MOHSTHE KOHTHHYYMA J0BOJBHO
HCKYCCTBEHHO, ¥ 3TH TPYIHOCTH OOBIYHO HCUR3AIOT IIPH PACCMOTPEHHH
(bu3nyeckol CyL{HOCTH 3aj1auu.

Pewenne, y:1oBieTBOpSIOIeE TIPaHAIHOMY YCJOBHIO, MOKHO 10JYy-
YUTb, IIPEACTaBHB Bbipaxenue (2.7.15) nas 0 B BHAe

n
/ 26 1 A i
6:9“1—%)-——'10 VT an T @)
\ 4

ITO pelieHHe MOXHO TOJYUHTh HETOCPEICTBEHHO, NIPHMEHHB MeTOI,
onncanubifi B § 2.6, ¢ HCNO.AB30BAHHEM CTAUHOHAPHOrO pelieHUs H 10~
NpaBOK, HaleHHLIX € NOMOILbI0 HOPMAaJbHBIX KOOPIHHAT. DTO pelieHHe
OpICTPO CXOAMTCA 14 Goabmnx 3navednii f. Kak yxe orveualjoch, pe-
UIGHHS TAaKOro THIA, SABJALOMHEcT KoMOMHaLHel CTAUMOHAPHOTO mMOJAA
i IONpaBOK, 00YCIOBJEHHBIX HECTALUHOHAPHOCTAMH, OOBIMHO H3-3a Tpebo-
BaHHH OBLICTPOH CXOJAHMOCTH TIPUMEHHMBI /S MENJEHHO H3MEHSIOHIHXCS
TeMIeparyp.

IpyruM mpaMepoM pelleHHSI TaKOro THMa SBJSeTCS BbipakeHne
(1.7.12) zns BTOpOfl cTaguM HarpeBa MJACTHHBI C TeNJOH30JUPOBAHHON
noBepxHOCTbIO mpu X==[. CTaluoHapHas 4acTb pellleiust B 3TOM CJayuae
IBJSAETCA TIOCTOSHHOH TeMIepaTypoll 8¢ mo TOJIIWHE I11aCTHHSI.

I'aasa Tperos

OIEPALIMOHHBIVT ®OPMAJINI3M

3.1. BBEOAEHHE

Onepauuonusiii ¢opmannam, BBeleHHbIH XeBHCANIOM,
ABJAETCS 3(P(PEeKTHBHEIM CPeACTBOM IJSI aHa/IM3a JHHEeHHbIX
TemJIoBbIX cHcTeM. OH npuMeHHM K 0oJBIIOMY KJjaccy 3a-
Aay, B KOTOPHIX (U3NUECKHE CBOHCTBA CHCTEM He 3aBHCSIT
OT BpeMeHH H TeMminepaTypbl. OnepauuOHHLI MeToJ)| coxep-
AHT HECKOJIbKO Pa3HbIX, HO B3aHMOCBSI3aHHBIX MaTeMmaTHuye-
CKHMX Teopuil. B wacTHoCTH, KaK NMOKa3aHo aBTOpoM B pado-
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Te 10 TepMOANHAMHKE HeoOPaTHMbBIX IIPOLECCOB, CyUleCcTBYyet
BO3MOXKHOCTb BbIBOJA BapHALMOHHBIX NPHHIIUIIOB B Onepa-
HUOHHOH (dopMme.

B § 3.2 u 3.3 BBOASITCSl NOHATHSI TEMJIOBOH BOCHPHUMUYH-
BOCTH ¥ TOJIHOTO TeNJOBOTO CONPOTHUBJEHHS AJs FapMOHHU-
YeCKO¥ 3aBHCHMOCTH OT BPEMEHH. DTO NMPUBOIHUT K MOHSITUIO
BHYTPEHHHX W BHEWIHHX KOOPJAHHAT TEeMJOBBIX CHCTEM H
I03BOJISIET TOJAYUUTh 00IMe BBIpAXKEHHUS JJs TemaoBOil BoOC-
NPHUMYHBOCTH H NOJHOTO TENJOBOTO CONPOTHBJEHHS, KOTO-
pBle MPEeACTaBAAITCA B BHLE pasjoxKeHUH o sjemeHTap-
HBIM ApoBsiM.

ITpumenenne npeobGpasoBanuii ®@ypbe u Jlanaaca aas
pacuera HeCTAallHOHADHDBIX TEIJIOBBIX TOJEH paccMaTpuBaeT-
c1 B § 3.4. B § 3.5 moxasau nepexojy OT 3THX METOLOB
K OCHOBHOMY ollepallHOHHOMY ¢dopmaiuamy. Ocoboe BHHMA-
HHE YAe/seTCs HCIIOJb30BAHUIO «OG0BIECHHBIX (YHKIHN»
JUist ynpouleHuss # o00OCLIEHUsT OnepallHOHHBIX MEeTOAOB.

OTH  pe3ysbTaTbl TO3BOJSIOT BHIBECTH BapUallMOHHBIE
NpHHLHKILL B onepauuoHHol ¢opme. Kak nmoxasano B § 3.6,
(GOpMyJIHPOBKA 3THX NPHHIHIOB COAEPXKUT METOABbI, COOT-
BETCTBYIOIIHE TPEeM Da3JHYHBIM MOAXOJAM: OllepallHOHHOMY,
ajgrebpaudeckoMy H (OPMYJHPOBKE CBEpPTKH.

B § 3.7 BapuaunoHHbIH NPUHIUN pa3BUBAETCS AJS B3aH-
MOCBA3aHHBIX cHcTeM. OH nospoJasier chopMyaupoBaTh
yPaBHEHHSI AJS CJOOXKHOH CHCTEMBbl ¢ H3BECTHBIMH TelJOBLI-
MH CONPOTHBJIEHHSIMH NOJACHCTeM. B pesyabraTe NpUXOAHM
K aHaJjory ofuiefl TeopeMsl MeXaHHKH, B KOTOPOH BHyTpeH-
HHE CHJIBI MOJKHO HCKJIOYUTL C NOMOILBIO TIOHSTHSI BHPTY-
anbHoli pabotel. Ilpensaraercst taxxe nwHasi dopMma 3TOro
npunuuna. ks paccmoTpennusix BapHalHOHHBIX TPHHIHUIIOB
JIETKO BBIBECTH OJHH H3 BADHAHTOB MeTOJda «KOHEUHBIX 3Je-
MEHTOB».

B § 3.8 npuBoauTca npuMep NpUMeEHeHHs ONepauHOHHO-
ro MeToja /Jisl pelieHHs 0OJHOMEPHOH 3a]auy TelJonpoBOi-
HoctH. TaM Ke moOKasaHo, Kak [J HeorpaHHYeHHOH
CHCTeMBbl BBECTH INOHSITHE TEIVIOBOH BOCIPHUMYHBOCTH, OIH-
CbIBaeMOH C TIOMOLLBbIO HEMPepBIBHOTO CIeKTpa MOCTOSTHHBIX
pesakcauui.

3.2. TETIJIOBAS! BOCITPUMMUMBOCTD

PaccmoTpum cueTeMy, Ha KOTOPYIO BO3AEHCTBVIOT TepMO-
JUHAMHYECKHEe CHJIBI, SIBJASIOLINeCS FapMOHHYECKHUMH (yHK-
uAaMH BpeMeHd. OOOOCILeHHble CHJB Q; MOXHO 3amucaTh
B BHAe Q;exp(int), rie Q;— KOMIJeKCHass aMIIHTYAa
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Ananoruuno, oGo6uieHHbIE KOODAHHATH, IPELCTABASIONINE
CTalMOHAPHO-NIEPUOJHNUECKYIO PEaKIlHI0 CHCTEMBI, HEOOXOIH-
MO 3aMeHHTb Ha ¢; exp ({®?) ¢ KOMNJIEKCHOH aMIJIHTYIOH ¢;.
[IpumennB o6mue ypasHeHus (2.3.14) nnas JHHeHHOH CH-
CTEMEI, HAXOAHUM BEJHUHHB ¢; W3 pelieHusi ajareGpanueckHX
ypaBHeHN

!

D (@is+ pbis) 9; = Qs (3.2.1)

rae
p=io.

®duszuueckHit  CMBICJ TaKOrO IEepPHOAHYECKOrO pelleHHs
CTaHeT SICHBIM, €CJH MONYCTHThb, UTO TapMOHHYECKHE CHJIbl
BKJIOUAIOTCSI B MOMeHT /=0 H BO3AeHCTBYIOT Ha HeBO3MY-
mweHHy cucremy (¢;=0 nnas £{<0). OTKJIUK CHCTEMBI COCTO-
HT U3 NePHOJHUYECKOr0 U NepexojHoro peueHui. [lepexon-
HBIJI peXHM ONHUCbIBaeTcs BhlpaxeHusaMu (2.4.12), xoTopbie
O6GBIYHO COAEpPIKAT 3KCIOHEHIHANbHO .yOBIBAIOIIME U TOCTO-
AHHple  ujeHbl. CJaefoBaTesbHO, 10 HCTEUEHHH JOBOJBHO
60JIbIIOTO NPOMEXKYTKa BPEeMEHH CTallMOHAPHBIA OTKJIHK CH-
CTeMBl OINHUCHIBaeTCsd CyHEepHo3ullieidl rapMOHHYECKHX pelle-
HUH ¥ TNOCTOSIHHBIX BeJHYHMH. Hanuune NMOCTOSIHHBIX 4JICHOB
B (GYHKIHH OTKJMKA CHCTEMBl B CTAllHOHADHOM COCTOSIHHH
OOBACHACTCS TeM, UTO NEPEXOJHBIH PEXKHUM MOXKET BbI3BAaTh
JOCTAaTOYHOE TENJIOBOE CMEIeHHe, KOTOpOe OCTaeTcsl KoHeu-
HBIM C TeueHHeM BpeMeHH. MaremaTHyecku 3TO 0OyCJOBJe-
HO HEOIpe/ e eHHOCTBIO TEIJIOBOrO MOTEHIIHaJ a H CYILeCTBO-
GaHHeM HyJeBHIX 3HAYEHHH IOCTOSIHHBIX peslaKcalHH.

BceaencTBHe MOJOXKHTENBHOH ONpeReNeHHOCTH IHCCHIA-
THBHOH (DYHKUHHM ONpeleuTeNb 3 KodpduuueHToB b;; HE
paBeH HyJ0. Cle0BaTeJbHO, ONpeAeInTeNb 1151 ypaBHEHHH
(3.2.1) rakxe oTauueH OT HyJs. [l0o3TOMYy MOXKHO PeMIHTb
5TH YpaBHEHHSI OTHOCHTEJbHO ¢; 3anuiieM:

]
i = D) AiiQs. (3.2.2)

Kospopuunenrsr A;; o6pasylor KOMIIEKCHYIO MaTpHILY
TENJIOBOH BOCIPHUMUYHBOCTH cucTeMbl. M3 cooTHOWeHnH ;5=
=aj; u hy;=b;; cnenyer:

Aij:Aji. (323)

Takum o6pasoM, maTpuLa TeNJOBOH BOCHPHAMUHBOCTH
CHMMETpPHYHA.
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Obwan opma Tenio8ol 80CAPUUMULBOCTU. DAEMEHTH
MaTpulbl ABISIOTCS MepoMophHbIMU GyHKUHsSMEH p. C HO-
MOLULbIO NIPOCTHIX APoOGeH MOMHO NOJYYHThb obllee BhIparxKe-
Hue aJd 3THX Q)yHKLlI/II‘:{, €CJIH BBeCTH HOpMaJibHbie KOOPIH-
natel [JI. 3-1]. B coorBercTBHU ¢ ypaBHeHuamu (2.5.16) ne-
pexo1 OT HOpMaJbHBIX KOOpAHHAT K KoopJAuHatam &g
3alUCBIBaeTCsd B BHAE

i =N\ (3.2.4)

Cuapt Eg, conpsikeHHBIE ¢ HOPMaJbHBIMH KOODJAUHATAMH,
naiorcsi ypaBHeHuamu (2.5.32). OHM HUMeIOT BHUA:

B, — 2(9(:)@-. (3.2.5)

HopMaJabHble cusibl 1 HOpMaJibHbie KOOPJAHHATHLI CBS3aHbI
ypasuenneM (2.5.33). Jlas rapMouHuecKoidl 3aBHCHUMOCTH OT
BpEMEHH 3TH ypaBHeHHUs 3aNHUIUYTCS B BHUAE

hsBs+pEs=Es (3.2.6)
HJH
ES_W- (3.2.7)
O6benuuus ypasHenust (3.2.4), (3.2.5) u (3.2.7), noay-
YUM:
S (5) (5)

9= 22 0 j’p Q. (3.2.8)

CpaBHuBas TOJyueHHble YypaBHEHHS C YypaBHEHHEM
(3.2.2), BuUAHM, YTO TeNJIOBAsI BOCHPHUMUHBOCTb SIBJSETCS
MaTpHlleH, COCTOALLEH H3 JEMEHTOB

s ‘?(;S) ﬁs)

A=Y, T Fp (3.2.9)

CrnenoBaTesbHO, Mbl [OJIYUHMJH pasyoKeHue A;; Ha 3Je-
MeHTapHble Apo6u. CylecTBOBaHHEe KPaTHBIX KOpPHeH Ag Xxa-
PaKTepPUCTHUECKOTO ypaBHEHHS T03BOJISET BHIPA3HTh BEJUUHU-
Hbl A;; B apyroit ¢opme. OGO3HAUNM € MOMONIBIO A; KOPEHD
KpaTHOCTH k. B 3stoM - cayuae As BXOAUT k2 pa3 B CyMMY
(3.2.9). Kopuu As cBsizannl ¢ k 3naveHusiMu @e+s);, rae s’
npuHUMaetr 3HaueHus ot 1 no k. Ilogaaras

sl
(5) __ \Q (548" s +57)
C, _Zqz: s 30; s (3.2.10)
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sanumeM Bupaxetine (3.2.10) B Buze
s cls)

ij4

Lo (3.2.113

s
B sroM cayuae cymmumpoBanue D) MPOBOJUTCS IO HECOB-

A=

NajaloliiM 3HAY€HHAM Age
VlHTepecHBIM CBOHCTBOM KO3{)()UIHEHTOB C sABJISIETCS

HEOTPULLATEJbHLIH Xapakrep COOTBETCTBy}OLLLeI/I KBajpaTHu-
HOH (OpMBI, KOTOPYIO MOXKHO MNOJYYHTb H3 PacCMOTPEHHS
TOXKJIeCTBa: '

> (2‘, <Pj.+5'zi) Z CY 2:2j, (3.2.12)

H3 KOTOPOro CJeldyeT HEOTPUHATeJSbHOCTh KBaJpaTHYHOH
(bOpMBI.

Buytpennue koopduuars.. B HeKOTOpPBIX 3ajavax Hac
OyZleT HHTEpecOBaTb IOBEAEHHE TOJBKO HeBOJbIIOro YHCJA
KOODAHHAT (PYHKIHHM OTKJAHKA B pe3yJbTaTe BO3LEHCTBHS
COOTBETCTBYIOUMX cuja. Hanpumep, Ha HekoTopoe uuciao 00-
JacTtell Ha rpaHuue BO3/JeHCTBYIOT TellJIOBble CHJBL. Paccmo-
TpUM k Takux obnacreit, o6o3HaueHHBIX Sy, So, ..., Sk,
OyZeM cuuTarth, uTo Temnepatypsl Oy, 0O, ..., Ox NPHJIOKEHDI
X TpaHuuam o0JacTedd, npuyem BCe OHH HMEIOT NOCTOSHHYIO
aMmuTyxy. OHa sIBASIeTCS KOMIIEKCHOH BeJUYUHOM, Ipes-
CTaBJSIIONIEH TAapMOHHUYECKYIO (GYHKUHIO BpEeMEHH. Hpexno-
Jaraercst, UTO CHCTeMa XapaKTepH3yeTcs I0BePXHOCTHBIM
KO3 duIHeHTOM TemnsooOMeHa U 4TO NPHJOKEHHble TerJo-
Bbl€ CHJIBI MOXKHO BHIPa3HTb C NOMOUIbIO aAnabaTHUeCKHX
TeMIlepaTyp, Kak NokaszaHo B § 2.2,

O60611eHHbIe KOOPIHHATH AeJATCs Ha JBe rpynnsl. s
00001IEeHHBIX KOOPAUHAT ¢y, G2, - - ., §rn MOXKHO B3fITb Cpel-
Hyue HOpMaJbHble TelJoBbe cMmeluewns Hy, Hs, ..., Hy, pas-
HOMEPHO pachpelesedHble B KaXA0H 06JacTH. JTa NepBas
rpynna GyaeT Ha3biBaTbCs BHEHWIHMMH KoopAHHaTaMu. Ecan
cvemenuss Hy, Hy ..., Hp 3biOpaHbl NOJOXKHUTCABHBIMH H
HalpaBJjeHHBIMK BHYTpPb O6JacTell, COOTBETCTBYIOLIHE Tell-
JIOBBIE CHJIBI HMEIOT BH:

Q1=S1‘61; Q2=8292, ey Qk=5k6k. (3213)

Best cuctema mpegcrasiaena n 0606uIeHHBIMH KOOpIHHA-
tamu (n>k). Ilostomy nmeercss (n—£E) JONOJHHTEJbHbIX
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KOOPJAHHAT, ONHCHIBAIOUIHX TOBefeHHe cHCTeMbl. OHU BHIOGH-
paloTcs TakuM 06pa3oM, 9TO6Gkl COOTBETCTBYIOUIEE TENJIOBOE
cMmelleHHe B o6nactax Sy, Sy, ..., Sp a0 paBHAAOCH HYJIIO,
Janubo UMeJsio TaKylo BeJHUUUHY, YTOGH €ro CPpeXHsis HOpMaJb-
Hasg KOMIIOHEHTa JIJS1 KaXKAOoH 00.acTH paBHsJach HYy.JIO.
Koopaunare! 370l rpynnsl Mel OyieM Ha3bIBaThb BHYTpPEHHH-
MH KoopauHaTamu. Beanuunnt (n—~) TeNJOBBIX CHJ, CBS-
3aHHBIE C 3TUMH BHYTPEHHUMH KOOPAHHATAMH, PABHBI HYJIO.

Korga x ob6aacrsiMm Sy, Ss, ..., S NPHJIOKEHH TENJIOBHE
cuibl Qy, Qo .., Qa BHeIIHHe KOOPAHHATHI MOXKHO BBIpa-
3UTb C TOMOIIBI 3THX TEIJIOBLIX CHJ B BHJE

k
9= AiQi(i=1, 2...., k). (3.2.14)

—1

BHemHue KOOpAMHATH He ONHCHIBAIOTCS 3THM BBIpaKe-
HueM. CucTeMa SIBIFETCS «YePHBIM SIIIUKOM», BHYTPeHHss
CTPYKTYpa ee IpeACTaB/eHa TOJIbKO MaTeMaTHYECKHMH CBOH-
CTBaMH 3J€MeHTOB TEIJIOBOM BOCHPHHMYHBOCTH A;j, 3aBH-
csed oT.p.

Csoticrso 8zaumnoctu. PaccMOTpuM JBe BHeuiHHe obJaa-
cti Sy U S, Harperbie COOTBETCTBEHHO A0 TeMIlepaTypsl 04
u 0o, Cpenlee TeljioBoe CMellleHHe gepe3 NMOBEPXHOCTH Sy H
S, o6o3naunm uepes ¢1=1IM1 u go=H, Hx nonoxutenbpHbIE
3HAYEHUS] COOTBETCTBYIOT HanpaBJ/eHUSIM BHYTPH obJacrefl.
B 3ToM cayuae COOTBETCTBYIOILHE TEMJIOBBEE CHJBI OyIyT
Q:1=35161,Q:=3820;. Tennosoe cMellleHHe depe3 MOBEPXHOCTH
S. B pesysbraTe BO3LEHCTBHSA TeMIepaTypsl 6y Ha Sy paBHO:

Hy=A580,. (3.2.19)
AHaNOTHYHO TENJIOBOE CMellleHHe uepe3 MOBEPXHOCTb S,
obycioBiennoe BosnelcTBieM 0; Ha Si, OyaerT:
H,=A4550.. (3.2.16)
DJieMeHTH BOCTIPUHMUYHBOCTH YJOBJIETBOPSIIOT COOTHOILIe-
HHIO CHMMETPHUH
A=A (3.2.17)
CaenoBaTenbio, ecid 8;=0,, NOJyYyuM CBOHCTBO B3aHM-
HOCTH

II]2$2=H181. (3218)
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3.3. TIOJIHOE TEIIVIOBOE COITPOTHUBJIEHUE

EctecTBento, yTo ypaBheuuss (3.2.14) a/s BHEIIHHX KO-
OpIHMHAT ¢4, ¢, . . ., §y, BHIPAXKEHHBIX C TIOMOIIbIO CONPSIKEH-
HbIX TEMJAOBBIX CHA @y, Qs ..., Qp, ABJIAIOTCI OOUIUMH U
MOFYT NPHMEHSATBCH Be3le, TJe OCTa/bHbe TEeIJIOBLIE CHJIbI
CUHTAIOTCSI PaBHBIMH HYJIIO

Qni1=Qri2= ... =Qn=0. (3.3.1)

Tenosast BocnpuuMunBocts {A;;] B ypasuenunsix (3.2.14)
ABsieTC MaTpuuell kXk. Paspemns 3Tn ypaBHeHHS] OTHO-
CHTEJIbHO Qj, TOAYYHM:

k

Qi:z 2;iq 3 (l: 1, 2,..., k) (332)
i=1
Marpully u3 KOMIJIEKCHEIX KO3Gh(ULMenToB Z;; Ha30BeM
MOJIHBIM TeIJIOBBIM CONPOTHBJAEHHeM cHcTeMbl. [locKkoabky
A,;=Aj;, umeem:
ZiJ=Zji. (333)

[TpencraBasier uHTepec HaliTH BhipaxkKeHue 1 Z;; B BH-
Jle passoxKeHHUs Ha TNPOCThle ApoOH, aHAJOTHUHOE ypaBHe-
o (3.2.11).

Has Toro utofbl NOJYYHTb 3TH BBIPAXKEHHS, PaccMo-
TPUM TOACHCTEMY, ONHCLIBAEMYIO KOOPAMHATAMH  (rtt
G2, - -+ Gn [J1. 3-1]. TIpn onucaHuu CHCTEMBI MOMXKHO BMe-
CTO (n—k) KOOPAHHAT HCMOAb30BATH HOpMaJbHBIE KOOPLI-
HaThl Ep4t, Ch42, ... &n DOACHCTEMBI, C IOMOUIbIO 3THUX HO-
BbIX KOOPAMHAT TEIJIOBOH TMOTEHIHAJ H JUCCHIIATHBHAS
GYHKIHUSA BCeH CHCTEMBI 3aNHMIUYTCS B BHJAE

if is s
1 ’ ! 2
V=—y E @;59:95 + 20 isdifs o 2 r&s
(s)

D= 2 bisqaqi + 2” st 2 &,

B atoM cymmupoBaHuM { u j uaMeHsworca ot 1 no k&,
a s NpUHUMAlOT 3HaueHust of k+1 go n. [lpu ucnoJsn3osa-
HHUH 3THX HOBBIX NepeMeHHBIX ypaBHeHHus Jlarpamwka pasne-
JISTIOTCA Ha J{BE TPYIILL:
oV ¢D

m—-'—-&-——— i (l:1,2,..., k); ]

0D =
d§s+ =& (s=k-+1,..,n) f
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Hopmanbubie cuabl Hg KatoTcsl ypaBHeHHaMH (2.5.32).
CremoBaTenbHo,

m
Bi= ¢ Qs (3.3.6)
rie s ¥ m NPHHUMAIOT 3Hauenust oT k+1 mo n. B cooTser-

CTBHH C COOTHomeHHAMH (3.3.1) 3Hauenust Q,, paBHLI HYJIO.
H3 storo caenyer, 4ty

[1]

s=0. (3.3.7)

[list TapMOHHYECKOH 3aBHCUMOCTH OT BPEMEHH ypaBHe-
HHA (3.3.5) 3anumyTCs B SIBHOM BHJE Kak '

i s i
D Biigi+ R B'&s=Qi D Bugi+(p+r)s=0, (3.3.8)

rape
Bi;=ai;+pbij; B'is=a’is+pb’is. (3.3.9)

Mpl MOXKEM pa3pelIuTb OTHOCHTENBHO &5 BTOPYIO I'PYIINY
ypasseHu#t (3.3.8)
i
_— B,is .
&= i q;- (3.3.10)

IloxcTaBuB 3To 3HaueHHe B IEPBYIO TPYNNy yPaBHEHHH
(3.3.8), mosyunm:

i
Q: =D\ Z:iq3, (3.3.11)
rae
s
Ziy=By— Y) Bl (3:3.12)

D10 BHIpAXKEHHEe MOXKHO JIeIKO CBECTH K NOCTOSTHHOH Be-
JUYHHE, [POHOPLHOHAJBHOH p M CyMMe NPOCTBIX Apobefi
Csl (p+r1s).

Onuako mpejcraBsieT HHTePeC BbIBECTH HECKOJIbKO HHOE
BhIpaxKeHHe st Z;;, COOTBETCTBYIOllEe aHAJOrOBOM MOAENH,
OTMHCaHHOH aBTOpOM B paboTe mo TepMOZMHAMHKE HeobOpa-
THMBIX npoueccos [JI. 3-1]. Buipaxenue nas Z;; nonyuaercs
nocje Noictanosku B (opmyny (3.3.12) 3Hauenuit B’y H
B’;s n3 (3.3.9)

s
Zyj= 2 7_{",.— DY) 4 Dy + Dyp. (3-3.13)
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Ilpr 3TOM HeoGXomuMO JOMylleHHe
8 , , S
A" ;s 5s
Diy=as— Y} D= bis— Y10t

&) __ . p® . s g 2
Dia'_'wi IFJ' : llIft - bzsrs )
s

(3.3.14)

Crnenyer OTMETHTb BO3MOXKHOCTb CYILECTBOBAHUS HyJe-
BBIX 3HAYEHHH 15 rs. OLHAKO 3TO He NIPUBOJHUT K PAaCXOIH-
MOCTH BeJuuuH D;; u ‘P'is), NOCKOJIBKY TIPH 7's, PABHOM HY-
JI0, COOTBETCTBYIOUIHE 3HAUEHHS @';; TAKXKe JOJIKHBI CTpe-
MHTBbCH X HyJ0. Jljas 10Ka3arenpCTBa 3TOr0 PacCMOTPHM
BuipaxeHus: (3.3.4) mas V.

Ecin  mpu a’;s5=0 rs=0, MbB MOXKeM IpHHATH uJjeN
a’i5q:&s OTpULATEAbHHIM U GeCKOHeuHO GoJbiuuM. 3uauut V
MOKeT OBITh OTPHLATENBHEIM, 4YTO NPOTHBOPEYHT OCHOBHOMY
CBOACTBY TEIJIOBOrO HOTEHIHAJa.

SaMeTHM, 4YTO NMOJACHCTEMA MOZKET HMETb KPaTHbIe Xapak-
TepUCTHUECKHE KOpHHU. CnenosaTebeHo, KakK B aHaJOTHYHOM

cayqae AJs CS.) n3 ypasHenuss (3.2.10), MOXKHO BBecTH
KO3 puIHEHT

s’
DY) = Syl (3.3.15)
s’

rae 2 o003HauaeT CYMMHpOBaHue [JO IIokKasaTeJia KpaT-

HOCTH, COOTBETCTRBYIOLICIO OHpellEJ]eHHOMy KpaTuomy KO-
HIO 7.

Kax H B Beipakennn (3.2.11), Mul cllenaqy BHBOJ, 4YTO KBajpaTuy-
ij
Hasa ¢opma ZDS)Z-EZJ' ABsieTcs ReoTprlaTensHofi. Heorpunartesbnoctt
ij ij
KBaJpaTHIHHX dopm Z Dyj2:23 1m 2 D';52;23 NOKaxeM clefynowuM 06-
pasoM. YpaBHeHus (3.2.1) MowHo 3anacaTh B BHJE

D (@ + Pb) 4, = Q, (3.3.153)

THe P ¥ v NPHEHMAIOT 3HAYeHns OT 1 Jo 7. YMHOXUB 3TH ypaBHEHus
Ha g, MONYIHM:

p w B
Wy
2 By Guy + P Dbty = X0, (3.3.156)
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flockomeky Quyy == Qpyo = ... = Q, == 0, Mb moWeM 3amucaTh:

ad if
D1Qu, = D) Qe = D\ Z459:9:- (3.3.158)

Hua p == 0 noayuum:

[J-V

Dia,,4.9, = Z D.19:45, (3.3.151)
apn p=oco

200008, = X, D'159:95- (3.3.150)

JleBbie yactu ypaBHenuit (3.3.15r) u (3.3.151) He mMOryT GHITH OTpH-
ilaTeJbHbIMH, TOCKOAbKY OHM COGTBETCTBYIOT TEIJIOBOMY IOTEHUHATY H
auccunaTtuBHOR Gynkuuu. CaeloBaTenbHo, KBaipaTHuYHbie (hOpMbl B 1Ipa-
BON YaCTH TaKKe He ABJAIOTCH OTPHIATENbHBIMH.

3.4. [IPEOBPA3SOBAHHNS ®YPLE U JIATIJIACA

Hecraunonapuyio peaxuuio TENJIOBOH CHCTeMbl Ha BO3-
AeHCTBHE CHJ, 3aBHCAIINX OT BPEMEHH, BKJIOYEHHBIX B MO-
MeHT #=0, MOXKI1I0 NOJIyUUTb U3 MATPHIBlI TENJOBOH BOCHpPH-
umauBoctd A;;(p). JAas 3TOro uMmeercss TPH CBSI3AHHBIX Me-
ropa: npeobpasosanue ®ypbe, npeobpasosanue Jlamaaca 4
ONlepallMOHHbLIH MeTOM.

Paccmotpum npeobpasopanue ®ypoe:

Gj (iv) = +°§ e 'Q; (¢) dt. (3.4.1)

Byznem cuutath, uto Q;(f)=0 npu ¢<0, torxa (3.4.1)
MOXHO 3aMHCaTh B BHIE

¢}
Gj (iw) = f e "Q; (t) dt. (3.4.2)
0
O6patHeiM npeoGpasoBanueM Oymer:
+oo
Q)= o Se‘“"a,- (i) do. (3.4.3)
—00
Eciu BBeCTH NepeMeHHYIo
p=io, (3.4.4)
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To MOXKHO 3anucats!
. +ioo

GO=57 | erGiloMp. (3.4.5)

- OTo BBHIpaxKeHHe IpeiacTaBaseT cuay Q;(f) B BHIe cy-
HepPIO3HIMHA TapMOHHYECKHX KOMIIOHEHT, KaXjaash H3 KOTO-

iwt
pHIX nponopuHoHadpHae . UacTHoe perieHue nugpgepen-
I{HaJIbHOTO YypaBHEeHHS

k k
Dl @ingr+ > bingn = Qi (t),

OIHCHIBAIOILEr0 TeMNJOBYIO CHCTEMY C TIOMOIIBIO TeNJOBOH
BocnpuuMuuBocTH Apj(p) u3 § 3.2, 6yier uMmeTh BHA:

()= 5 j ertAy; (p) G (p) dp. (3.4.6)

—ico

He napymas samucH, GygeM CYHTaTh, YTO BCe JpPYyrHe
CHJHI, 3a HCKJoueHueM Q;({), pasubl HyJwo. Ofliee pelie-
HHe, eCTeCTBeHHO, MOJyuyaeTcsi KaK CYINepHo3Hlust BCEX Ta-
KHX pelleHHH.

Heob6xoauMo nokasate, uto pemenune (3.4.6) yzomJjerso-
psIeT HAaYaJbHBIM YCJAOBHAM. B HauaJbHBI MOMEHT CHCTEMA
HAXOAHUTCS B HEBO3MYILEHHOM COCTOSIHHH, YTO BHIpPAXKaeTcs
yCJIOBHEM

gr(t) =0 nmpu £<0. (34.7)

B ofwem caydae 3TO yCJIOBHE JIeIKO NPOBEPHTH, Nedop-
MHpPYs N0yTb uHterpuposanus B (3.4.6) rakum o6pa3om, uto-
Obl mpy ¢<<0 3HaueHue HHTErpajia PaBHAJIOCE HYJIO. DTO BO3-
MOXHO 17151 GOJBIUHHCTBA 3a4a4 H OODBSCHAETCS TEM, UYTO
Awi(p) u G;{p), ABIsIOMMECS aHATUTHIECKIMH QYHKIUAMHU
P, He HMeT 0cO6eHHOCTeH B NOJYMIOCKOCTH, COOTBETCTBYIO-
el 1eHCTBUTENbHON TON0XHUTENbHON Yacta p. CrnpaBenn-
BOCTb 3TOTO 17151 Apj(p) NOATBEpKAAET PA3JIOKEHHE TIO Jle-
MeHnTapEbIM Apobsam (3.2.11). CnpaBenauBOCTb 3TOTO yTBED-
®Kaenus Aasa G;(f) MOXKHO NMPOBEPHUTb, BHIYUCAHB HHTEIpas
(3.4.2). OnHaro aas GoJMbLIHHCTBA (QYHKIMH, BCTPeYalOnHX-
cs B (PH3HYECKHX 3ajayvaX, 3TO CBONCTBO UMEET MECTO.

370 Jydlle BCEro MPOH/IIIOCTPHPOBATH C IOMOMIbIO MPOCTOTO TIpPH-
mepa. Paccmorpum cuny Qj;(f), sBasomylocs $ynkuneii Xesucaija,
Q;(f)=m(1). (3.4.7a)
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Ona TakXe Ha3biBAeTCS eNMHHYHON CTyNMeHuatofl dyuxuuefr n(f),
onpejeaseMol Kak
M () =0 apu <0,
(34.76)
M) =1 npu £{>0.

Aty ¢yHkuuw XeBucaiija MOXHO TIPEICTaBATb C MOMOLIbIO mMpeol-
pasoBanua ®ypne B BHIe
c+ioco
1

Sl
M) =57 ‘ > dp. (3.4.7p)

c—ioo

Jlerko npoBepUTh OGBLIMHBIMM METOJAMH, YTO 3TOT HHTErpas npej-
CTaB/seT pa3puiBHY0 (yHxkuuio 1 (f). 3xech ¢ — MPOU3BOJBLHO MaJjas,
HO TIOJIOXKHTeJbHAs BeanuHHa. CrefoBaTesqbRO, KOHTYP HHTeIPHPOBaHHS
TIPOXOAHT CKOJIb YTOAHO OJIH3KO K MHHMOH OCH H DACIOJOXKEeH B TOJY-
IJIOCKOCTH, TAE p HMeeT TOJOXKHTE/NbHYI0 JeHCTBHATEJbHYIO 4acTb. Eciu
TenJoBas BOCTPHHMYHBOCTL A;j(p) CBSA3bIBAET OTKIUK ¢ € CHIOH Qj,
TO OTKJHK §r=0p(f) Ha CHJY, ONHUCHIBAEMYI0 CTYyNEHYaToH G¢YHKLMEeH
(3.4.78), Gyner:

c+ioo

op (f) = 2:;. S ePfA—k%e)—dp. (3.4.7r)

i
c—ioo

ITockoaeky Apj(p) He umeeT 0COGeHHOCTeH B MOJYNJOCKOCTH, Iile
AefiCTBUTe/IbHAs MACTb p TOJIOXKHTENbHA, OYEBH/IHO, YTO, KaK H B ypaB-
Hennn (3.4.78), ax(f) =0 nas ¢<<0. CienoBaTeNbHO, HAUAJbHOE YCJIOBHE
JJ1S HeBO3MYIIEHHOH CHCTEMBbI V/10BJETBOPSIETCH.

OtmeTuM, 4TO eclU MBI onpeflenunu Ox(f), peakuus gx(f) na BO3-
He#CTBHE NMPOU3BOJBHOM CHJB Qj(f) moayyaeTcs mpH CYNepno3HIMH Kak
unrerpan Hwoamens

t
n (1) = S an (f — t7) dQ; (2'). (3.4.71)
0

B sToM BblpaxKeHWH HHTErPHPOBaHHE [OJKHO IIPOH3BONAMTBCS MO
CrunbTbecy.
Ypasrenne (3.4.2) MOXHO 3amucaTh B BHIE

Gi(p) = X e~ PiQ; (t) dt, (3.4.8)
0

rjle B JaHHOM cJayiae p — AeHCTBHTE/bHOE MOJOXKHTeAbHOe yucao. Torna
¢ynkunsa Gj(p) sBAgercd npeoGpasoBanveM Jlamnaca Beanunnn Q;(f).
Ilpu 3amanHoM npeofpasoBauun Jlanaaca cootnomense (3.4.8) sapasier-
Cfl HHTerpa/’bHHIM ypaBHeHHeM Aag Q;(f). Dro pellleHue siBAseTCS eIHH-
CTBEHHBIM B OuUeHb WIMPOKOM JHana3oHe ycaoBuil. CoorHomenne (3.4.8)
M3BECTHO TaKXKe KaK HHTerpasapHoe ypaBHeHue Kapcona.

OcnoBuast TeopeMa Teopuu -mpeoGpaszoBannii Jlamiaca — TeopeMa
0 CBEPTKE — paccMaTpHBAeT NpPOM3BeJeHHMe 3THX INpeobpa3oBauuil. Pac-
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cMOTpUM dipeobpasosanire Jlamiaca Aj(p), Ax(p) or asyx dyurimh
f1(t) u J2(2), onpenenennwix npu ¢>>0:
[s¢] (oo}
Ay (p) = j e~ Pty (£) dt; Ay (p) — S e-pify () df.  (3.4.9)
b 0

Teopema yTBEpXKJIaET, YTO NPOH3BELEHHe 3THX TpeoGpPasOBaHHil
Jlannaca umeer Bu:

Ar (p) A (p) = S o= rif, (1) dt, (3.4.10)
0

rhe

) ¢ ¢
fs (t):Sfl (t—t) @) d = (fz (t—t)Y L (@)d.  (3.4.11)
p A

0

ChenoBarensHo, mpeoGpasoBaHne Jlamsmaca OT CBepTKH [3 JABYX
dyuxuu#t i u f, noayuaercs Kak npoussefeHue mpeofpazosanuit Jlansa-
ca 3THX QyHKOHH. 3TO CBOHCTBO JIEKHT B OCHOBE ONEPalHOHHON aJjreb-
pBl, KOTOPYIO JEMKO PACHPOCTPAHUTh HA oNlepanuoHHBle Metonsl {JI. 3-2].

3.5. OIIEPAILIMOHHBIE METObI

UTo6Hl He 3aDUCHIBATH B SIBHOM BH/e HHTErpaJjibHble Npe-
06pa3oBaHus, MOXKHO HEMOCPEJCTBEHHO [0Jb30BAThCA AHP-
tepeHIHAMbHBIME H HHTETPaJbHBIMH OHepaTopaMHu  Kak
anrebpanyecKHMH BeJUYHHAMMU.

Hanpumep, anddepenusaibiple ypaBHeHHST 3aTHLIYyTCA
B CHMBOJIMUECKOM BHJE, €CJH HCIO0Jb30BATb CHMBOJ A
JudpdeperunanbHOro oneparopa

p= 4 (3.5.1)
Y pasHenus
k
D (@i + pbix) gr = Q; (3.5.2)

MOXKHO CUHTATh AHGPepeHnUaNbHEIMA YPABHEHHAMH HJH CO-
OTHOLIEHUSIMH MexXAy npeo6pasoBanusamu Jlannaca. Maeimun
CJIOBaMH, HepeMeHHEBIe g, H (; MOXHO TPAKTOBATb JBOSKO.
OHH MoOryT npeacTasadaTh GyHKINM BpeMeHu. B sTom caydae
FOBOPSIT, UTO p BO3JAeNCTBYeT Ha ¢ Kak AH(Gepennuasb-
HbIH OIlepaTop 10 BpeMeHu. DTH NepeMeHHbie MOryT TakKxke
fpeacTaBJATh npeobpasosanus Jlamaaca.

70



Peuenne ypasuenus (3.5.2) B Buie cootHomwenus (3.2.2)
6GVIeT:

g = 445 (9) Qs (35.3)

Ero onsiTb MOKHO paccMaTpUBaTh KaK COOTHOLIEHHE MeXK-
ny npeoGpasoBanussmu Jlammaca. Oauako, ecau gp ¥ Q;—
GyHKUHA BpeMeHH, TO Agj(p) MOMKHO CUATATh ONEPATOPOM,
Bo3aeiicTBYOIUM Ha ¢yHkuuu Q; CdopMynnpyeM HEKOTO-
pble OCHOBHBIE NPaBHJa ONEePaLHOHHOTO HCUHCJIEHHUS

P (1) =~ (8);
t
5f (£ dt’s } (3.5.4)
0

;—lL—a f(t)y=e" atj @) dr'.

0 /

Jns toro 4ytoObl HM36exaTb HEONDEEJCHHOCTH, OyaeM
cuuTaTh, 4YTO QYHKUHUH [(f) B HAyaJbHBII MOMEHT pPaBHHI
uyaio (f(0)=0). OxHako OHM MIHOBEHHO HDHHHMAIOT pas-
pPHIBHBIE 3HaueHUst B MOMeHT [>0, cKOJb yrogHo OJH3KHH
K t=0. IlpumeHenne npaBus OIEepalHOHHOTO HCUHCJIEHHS
B TaKMX cJayyasix (C y4YeTOM CKayKOB, paccMaTpPHBaeMHIX
KaK TpefeJbHBI CAyuall HempephIBHBIX (QYHKLIHUH) OYeHb
ya06HO MpPH HCHOJb30BaHHH OOOOUIEHHBIX (YHKUHHA. DTH
onepalUOHHble NPABUJA MOXKHO BBIBECTH M3 MHTErPasibHOTO
ypaBHenusi (3.4.8) [JI. 3-3]. OueBugHO, YTO TPETbE CBOHCT-
BO COOTBETCTBYET YaCTHOMY pelleHHI0 JH(epeHIHaNTbHOr0

YpaBHEHHS
(p+a)z=[(t) (3.5.5)

¢ nauanbHeiM ycioBueM z(0) =0. IIpuMmenuM mpasusia omne-
PalHOHHOrO MCYMCJEHHS K Caydalo, Koraa f(f) paBHa QyHK-

uuu XeBHcaina
f(#)=n(?). (3.5.6)
Buipaxenus (3.5.4) npuHUMAOT BU:
pn (1) =28(t); (bynkuua Jupaka)
1 .
- 1= (3.5.7)

1 1 -
(= (1 =)
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3aMeTHM, YTO NPH HCNOJb30BAHHH 0606IIEHHBIX (YHK-
uuil onepaTtopsl p M l/p KOMMyTaTHBHBEL. DTH NpaBHJa Ole-
PanHOHHOTO HCUHCJEHHS MOXKHO TaKXKe NMPUMEHUTh K Onepa-
TOPY BOCIPHHMYHBOCTH Ap;(p), €CTH TOJBKO NOMYCTHTb, 4TO
cuna Q;(f) —u3BecTHass (YHKUUS BpeMeHH. YpaBHEHHe

(3.4.3) cBonmrTes K
gr=Ar;(p) Q;(1), (3.5.8)

rie Arj(p) B DaHHOM cjydae BO3AEHCTBYET HA (YHKIHMIO
Q;(?). lns o6bACHEHHST 3TOTO ONEpaToOpa BepHEMCs K Mpe-
CTaBJIEHHIO €ro ¢ MOMOIbIO MpocThiX aApobeit (3.2.11). dto
pasyiokeHHe HMeeT BHJ:

s C(S)

Amm—gh+p (3.5.9)

Crie10BaTeNbHO, HCNOJBL3YSI TPEThe MPaBHUIO ONEpalHoH-
HOro ucyucsaenud (3.5.4), nepenmmem ypasuenue (3.5.8)

B BHIE
t

’
In = zc‘” e Qs (3.5.10)
0
3aMeTHM, 4YTO cJaraeMele, JJisi KOTOpeix As=0, npen-
CTaBJeHbl onepaTopoM l/p, KOTOPHIi sB/sieTcsl OGBLIYHBIM HH-
TerpUpOBaHHEM

t
1 7 7
—p—Qj(t)ZOSQ,-(z)dt. (3.5.11)

PaccMoTpuM elte oJHH NMpHUMep omepatopa MOJHOIO Tel-
JIOBOTO conpoTHBJeHHS. [Ipy passiokeHHH 1O NPOCTHIM JpoO-
06siM ero 3navenue no ypasHenuio (3.3.13) umeer BHI:

§

Zrj (p) = + - DY)+ Dy + D'rip. (3.5.12)

O6o€mennas Koopauuara ¢;(¢), asasomasncs 3alaHHOH
¢GyHKIMe! BpeMeHH, NTOPOXK/aeT TENJIOBYIO CHAY

Qr=2y;(p)g;(?). (3.5.13)
[TpuMeHenye NpaBuJ ONMEPallHOHHOTO aHAJNN3a NPUBOAMT
K BBIpaXKEeHHIO nnﬂ Qr B BHAE

¢
s) —Ts s’d { ’
mﬂvm’tj’J%Lw+

+Drigs (1) -+ D' 5 3 (0) (3.5.14)
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3.6. OTIEPATOPHO-BAPUALIMOHHBIM TPUHIIMAII

Bepuemcsi k ypaBuennam (1.2.2) u (1.2.4), B KoTOpHIX
3aMEeHUM AH(depeHIpoBande 10 BPeMeHH OnepaTopoM p.
Torna onu npumyr BHA:

¢l == div H; gradf+ - H=0. (3.6.1)

B stux ypasrenusx nepemennnie 6 u H mpeacrasmsitor
COOTBeTCTBYIOUIMEe npeoGpasoBanusi Jlanaaca. B atom cay-
yae p— anreOpandeckas BeJduuuHa. [Tostomy Mb MoxeMm
pemuth ypaBuenus (3.6.1), Hcrmoab3ys Tpeo6pasoBaHus
Jlannaca /A POCTPAHCTBEHHBIX I'PAHHYHBIX yCAOBHII.

OueBniHO, MOXHO 3almHCaTh BAPHALHOHHBI NPHHLHKMN
(1.2.9) ¢ momompio npeoGpasoBanus Jlamaaca. OTcioga

av+pj"ﬁ%ﬂaﬂ dr = — Sg’enaHdA. (3.6.2)
. i

Kak u panee,

Ve [((etras o= {{ama @63

Ecan BBecTu kBagpatuunyio ¢Gopmy

[ e R
@ZTJ“HTHM (3.6.4)
H MOJIOXKUTL
8Q =— S j OnsHdA, (3.6.5)
A

TO MOXHO 3amlHCaTb BapHAUMOHHLIH mpuHuun (3.6.2) B Buie
SV+pdD=458Q. (3.6.6)

OTO BhIDaXKEHHE SIBJAETCS YACTHBIM CJydaeM OmepaTop-
HO-BAPHALMOHHOTO NPHHIHKNA, Pa3paGOTAHHOrO AaBTOPOM
B paboTax 1m0 JNHHEHHOH TepMmoiMHaMuke [JI. 3-4, 3-5].
PesysnbraTe HCMOMBL30BAHHUST ONEPALMOHHBIX NPUHIHIIOB Jier-
KO OGOGIIMTL HA cay4Yall aHM3CTPOMHOH TEMJONpPOBOLHOCTH.

OnepaTopHO-BapHALMOHHBIA NPUHIHEN HMEET OYEHb IiH-
pokuii cMeica. OH jfaeT BecbMa KOMIAKTHYIO (OpMYJHPOB-
Ky Da3JIHYHBIX THNOB HpeoOpa3oBaHuil, U €r0 MOXKHO OOb-
SICHHTb TpeMsl criocoGaMu.
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1. Onepanuonubiii MeTON.

B sToM ciiyuae HCHOJb3YHOTCsE OGOGIIEHHBIE KOOPAHHA-
THI, JIUHEHHO cBsizaHubie ¢ mojem H. Ananoruyno ypasHe-
Huo (2.3.1) MOKHO 3amHCaTh:

H=SH%(x, y, 2)q.. (3.6.7)

Bapuauuonnwii npunnun (3.6.6) npHBOAHT K ypaBHe-
HHIO

5= (V4 p®) = Qs (3.6.8)

rie
if

1
V=— 2 @;39:95

ij
1
@:TE biiq:qs; (3.6.9)

Q= — SAj gnH® dA.

B sBHoM BHae ypaBHeHHus (3.6.8) sanumyTtcs

i

D (as5+ pbis) 5= Qs (3.6.10)

[Tpu p=d/dt oun aBasioTca AUPOepeHunaTbHBIME YDaBHe-
HUSIMH TEMJIOBOH CHCTEMBI.

2. Anre6panyeckuii MeTO[.

Kak yKe yKasblBaJoCh, B CBSI3H ¢ MHTErpajibHBIM ypaB-
nenuem (3.4.8) mpeoGpasoBanue Jlamiaca, 6yayun QyHK-
uMeli AeHCTBUTENbHBIX MOJOXKHTEJNbHBIX 3HAUYEHHH p, OXHO-
3HAUYHO OTpe/esieT COOTBETCTBYIOHUIYIO (YHKUHIO BpEMEHH.
B o6aactu nelictBus npeoOpasoBanus Jlamjaca MOXHO pe-
INKTh 3ajauy AJNS Ka)KA0ro AedCTBHUTENbHOTO MOJOXKHUTEb-
HOTO 3HAYeHHs p C NOMOLIbIO BAaPHALMOHHOIO NPHHLHUNA
(3.6.6). TockoabKy B HAAHHOM C/yuyae p-— JIeHCTBHTeJbHAs
MOJIOXKHTE/NbHAS BEJUUHHA, PelleHHe MOXKHO IIOJIyYHTh B YHC-
JeHHoM Buge. OHO MOxKeT OBITb HAaNOJIOBHHY YHCJIEHHBIM,
a HanoJoBudy aJnreGpanyeckuM. KoHeuHO, MPOCTPaHCTBEH-
Hble TPaHHYHbIE YCJOBHS JOJUKHBI YIOBJETBOPAThHCA §Q mpH
3ajJaHHoll OYHKIEH oT p. TakuM o6pasoM, NPHOIMKEHHOE
BapHallMOHHOE pelleHue, onpejesseMoe Kak QyHKUHS OT p,
BbIPAKAETCsl C MOMOIBI0 06PaTHOrO MpeoOpa3oBaHHs B BH-
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e (OYHKUHH BpeMeHH. DTO MOXKHO NPAKTHYECKH OCYIIeCT-
BHTb, HCIOJb3Ysl aHAJUTHYECKHE MPEACTaBJICHHA IS QYHK-
LIMH OT p.

3. MeToJ CBEpTKH.

Xopouio H3BECTHO, YTO NpOH3BeJeHHE NBYX mpeobpaso-
pauuil Jlamnaca npexacraBaseTr coO0H CBEPTKY COOTBETCTBY-
po1Hx GYHKOMI, Kak caenyer us ypasHenust (3.4.10). Cue-
JOBaTeJNbHO, B BapHalOHHOM NpHHuHTe (3.6.2) MOXHO IO-
JIOJKHUTh!

t
030 = 5“ 0(t—¢)80 (¢")dt’;
0

Hp&l‘l:_—f H—¢)sH(@)ydr;  + (B6.10)
0

t
fsH = S 0(—t")sH (') dt'.
0

Bennununl 6 B H sBasorcsi Tenepb Kak (QYyHKIHUIMH
BPEMEHH, TaK H KOOPJHHAT M} CBSI3aHBl YCJOBHEM (0=
=—div H. TloacraBus Beipaxenus (3.6.11) B ypaBHeHHe
(3.6.2), mosiyunM BapUaLMOHHBIN TIPUHLIUI JJIsi HEH3BECTHO-
ro nonss H B Bujae QyHKIMK BpeMeHH M Koopaunart. [Ipume-
HeHHe MeTojJa CBEPTKH I/ IOJY4YeHHS onepaTOpHO-Bapua-
LMOHHBLIX NPHHUHMIOB paccMmarpuBajiock B pabore Ilanmepu
[JI. 3-6} u Typruna [JI. 3-7].

3.7. MPVHIIMIT BBAMMOBJINAHMA

PaccMOTpHM TeNJIOBYIO CHCTEMY, KOTOPYIO MOYXHO pasjie-
JIUTb Ha HEKOTOpOe YHCJIO obJsacTedl, HMEOIHUX obiue rpa-
Huupl. Kaxkpas ofsacTb npeicraslsieT IOACHCTEMY, KOTO-
PyI0O MOXKHO paccMaTpHBATb B OTAEJIbHOCTH. B wacTtHocTH,
MBI MOXeM ONpeJeJuTb o6lLiee TePMOCONDPOTHBJEHHE KaX-
noi moacucreMbl. TlokaxeM, 4TO B 3TOM cJyyae MOXKHO IO-
JYYHTh ONEpPaTOPHble HJH HUHTErpo-ZH(depeHnHaNbHbe
ypaBHEHHS JJIA BCefl CHCTEMbl C NMOMOMILI0O BaPHALHOHHOTO
NPUHIKIA, KOTOPHI aHAJOTHYeH IPHHUHNY BHPTYaJbHOH
paGotsl B Mexanuke [JI. 3-8].

0O603HauuM YHCJIO PA3JUUYHLIX 06JacTell CHCTEMBL yepes §
(puc. 3.1). TenyioBEle COMPOTHBJIEHHS MOJACHCTEM, COOTBET-

CTBYIOIIUX 3THM 00JactaM, 0603HAYHM qepeaZisj). Kak u
paHee, IPH PacCMOTPEHHH IOJHOTO TEHJIOBOTO CONPOTHBJIE-
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;) 8
Hp
K S+1
A A

Puc. 3.1. O6aactu cuereMbl u

onpeneneHne  06OCIIEHHBIX KO-

OpPIMHAT Ha rpaHune pasie-
na AB.

obnacramu. Ias xaxmoi

HHY HEODXOQUMO ONPERENHTh
COOTBETCTBYIOLIUE  BHEIIHHE
KoopauHatul, B pmanHOM cury-
yae OHH OIpPejeJIsIoTCA CJle-
AylouHrm o6pasoMm.
Paccmorpum rpanuny AB,
cbmyro nas obgacreli S H
s+1 (puc. 3.1). Buibepem
pacnpesiesieHHe TEILTOBOTO
CMEILeHHS ¢ HOPMAaJbHOH KOM-
HOHEHTOH Ha rpaHylle pasuena
AB, Buipaxennoir Hpgq;, rae
Hp 3aBUCHT TOJIBKO OT KOOPH-
HaT TpaHuIBl pasfesna. ITO
ABJAETCH OofpeaeaenneM 06006-
IIEHHOH KOOPIHUHATHI ¢; IJsi
rpaHuusl pasmeaa AB unpen-
CTaBJsgeT O6HIYI0 BHEUIHIOW
KOODAMHATY AJS HBYX CMEX-
HHIX ToacucTeM S W S+1.
B obmem ciayyae MBI MOXeM
HalTH OIpelesIeHHOE YHCJIO
TAKHX BHEIIHUX KOOPJAHHAT
Ias Jro00i TpaHulbl pasie-
Jla MeXIy IBYMSI CMEXHBIMH
obJlacTH 3amuiieM YypaBHEHHE

i
Q:=2Z" g5, (3.7.1)

The ¢;— 00001leHHble KOOPAMHATHE HAa I'DaHHIle 3TOH 061acTH,
a Q; — COOTBEeTCTBYIOIME TEIJIOBEIE CHJIbI Ha 3TOH rpaHule.

(s) __ 70
[ockomsky Z;' =Z ", us ypasuenus (3.7.1) nosyuaem Ba-

PHANHOHHOE COOTHOIIeHHe

D Qidg;=238Z®), (3.7.2)

rpe

if

1
Z0) = 2 Z g.q;. (3.7.3)

CyMMupoBaHue pacHpOCTPaHSieTCsi Ha IepeMeHHbIe,
onpeneJeHHble 1Jisl rpaHul obaacTelt s.
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Tenepr npocymmupyeM ypaBuenus (3.7.2) n4s Bcex 06-
JacTei

rae

s
Z=N\2), (3.7.5)
DTOT pe3y/ibTaT MOXKHO OGBACHATH € mnoMowbio Q;8q;.
i
CymmupoBaHue Z MIPOU3BOAUTCS N0 NE€PeMEeHHLIX HA TpaHuUIe

BCEH CHCTEMH H Ha TpaHHuax pasjaena nopcucreM. Onnako
Ha IpaHHIAX IOJCHCTEM cjaraeMble HOMapHO TPYNNHPYIOT-
csi ¥ B3aHMHO cOKpamalotcs. PaccMoTpuM, HampHMep, KO-
OpIAHMHATY ¢; Ha rpanuue pasnena AB. Jlns obnactu S COOT-

BETCTBYIOLAasl TeNJjoBas CHJIa 6y11eTQfs) , a an1a obJaactH

1
s+1 ~Qis+ ). Buemuue HOpMaJibHble BeK10pbl 3THX JBYX

obsacTeil UMEIOT NPOTHBONOJOXKHbIE HanpaBJeHHs, a TeM-
neparyps ofHHakoBbl. OTciona

Qis) _ Qt(SH) (3.7.6)

Q) +QF*") 89, =0. (3.7.7)

ITosTomy Bce cusbl Ha TpaHuuax nogobjacrefl HCYe3aoT
NP CYMMHMDOBAHHH B BapHalnMOHHOM mnpuHuune (3.7.4),
Jlerko mokasarb, YTO M3 3TOr0 BapPHALHOHHOTO NPHHIHNA
NOJIy4aloTCsl ypaBHeHUs

oz . 0z ‘
Qi 2=, (37.8)

B nepBoit rpynne ypaBHeHHH TemsoBhIe CHIB Q; meHcT-
BYIOT Ha BHEIIHHX TpaHHLaX BCeH CHCTEMBl, a ¢;— 0600-
IeHHBle KOOPAMHATH Ha 3THX rpaHunax. Bo Bropoi#t mon-
rpynie KOOPAMHATHl ¢; ABJISIOTCS KOOPAHHATaMHM Ha rpa-
HHIAX MOLCHCTEM,

H3-3a onepatopHoro xapakrepa Z ypaBHenus (3.7.8)
NpeICcTaBJsAOT co60f CHCTEMY HHTeIpo-IH(p(epeHIHaNbHBIX
ypaBHEHHi [JIsl HEU3BECTHHIX ¢; H g

Honoanureavnas ¢opma npunyuna 83aUMOBAUAHUSL.
MOXHO B3fTh TeNJIOBblE CMeILleHHA Ha OOLHX FPaHHLAX
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NOACHCTEM C MPOTHBOMOJMOXKHbIMU 3HakaMu. Toraa o6o61eH-
Hbl€ CHJIbI HAa 3THX FPaHHMIAX PaBHBI. 3aNHUCLIBAs yPABHEHHS
(3.7.1) nna kaxaoi o6JacTH s ¥ paspemiasi HX OTHOCHTE/b-
HO ¢

I

g: =N AL Qs (3.7.9)

C MOMOLIbIO MAaTpHIB! ONepaTopa [AS)], KOoTODast sBJseTCH
o6paTHOl MaTpuie [ZS)], umeem (3.7.9). [lonomHuresbHbie

KBaJpaTHuHble (HOPMbl OMpeNensioTcss CaAeJylOUMH ypaBHe-
HUSMU:

if
A= 2 AY Qs (3.7.10)

A= 4o, (3.7.11)

Torma caenyoWui [ONOTHUTENBHBIE BapHAUMOHHBIN
NPUHIKI NMPOBEPSIETCS NPOU3BOJBHON BapHAIHEN

KoTopas caefyer us ypasHenus (3.7.9). Cymmuposanue
D19:8Q; COREPKHT TOIBKO NepeMeHHble ¢; Ha BHEWHeH rpa-

HUlEe Bcell cHcTeMbl. IlepeMeHHble ¢; Ha OGIIHMX paHHIAX
MOACHCTEM BbINAAAIOT, NMOCKOJbKY OHH TOSIBJSIIOTCS IONap-
HO ¢ O6paTHBHIMH 3HakaMHu. M3 BapHalHMOHHOro NpHHLHIA
(3.7.12) nonyuaem omepaTtopHble ypaBHEHHS

0A _ . 0A

B orinune ot ypasHenuii (3.7.8) B 3THX COOTHOLIGHHAX
TeMIeparypa Ha OOIIMX TpaHHIAX CUMTAETCs HEH3BECTHOH,
a g;— nepeMeHHble TEIJIOBOTO CMEILEHHS Ha TpaHHIe Bced
cucTeMbl. B ofumem cayyae oHH GyAyT CQOTBETCTBOBATb
HHTETPO-aH(pPepeHInaJbHEIM yPaBHEHHSIM.

M punosxenue sapuayuonnozo npunyuna Kk meroly KOHEUHbLX dAe-
MenTo8. YHcieHHBIH aHa u3 HECTALlHOHADHOTO MOJIT MOXKHO TIPOBECTH,
pasmenuB o6nacTb Ha KOHeYHble 3JeMeHTH. Haupumep, B JABYMepHOM

11071 3J1eMeHTBl MOTYT MMEeTb BMJ TPEYrOJbHOH ceTkH. Pa3Mepbl s/eMeH-
TOB MOryT ObITh Pa3/MYHBIMH: OT He6OoJbpWIHX B O6.i1actu GOJLWIHX Tpa-
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AMEHTOB 10 3HauMTesnbHbiX B obaactsix ¢ Gojlee paBHOMepHLIM pacnpepe-
JieHHeM TeMneparyprl. BrIGop ceTku 3aBHCHT OT HeoOXOIHMOA TOYHOCTH
H SKOHOMHYHOCTH PacyeToB.

3aTeM BHIUMCIAOTCA ONEPaTopH Z 5‘7)
sAuefiku. CHcTeMa ypaBHEHUH /IS TeNJIOBOTO CMelleHHS Ha O6ILHX rpa-
HHIlAX TOJYYaeTcsl U3 MPHHUKNA B3aHMOBJHAHHA (3.7.4) HJH C MOMOIIbIO
SKBHBAJEHTHOrO MeTOJa, Iie TemJoBble CHJIB Ha 3THX TpaHHUax MpH-
paBHHBAIOTCS APYr APYTY NPH COOTBETCTBYIOLIEM H3MEHEHHH 3HaKa.

Ilpy uCmONBb30BAHHH BAPHALMOHHOLO NPHHUKNA B JOMOJHHTEJbHON
(opMe BbIUHCAAIOTCH OmepaToOpsl MO ypaBHeHHI0 (3.7.9) ® moayHaloTcs
ypaBHeHus (3.7.13) Mi18 HeH3BeCTHBIX TEIVIOBHIX CHJ, KOTOPElE MOXKHO
ONpesleJUTh ¢ TOMOLIbIO TEeMIepaTyp B BePUIMHAX CETKH,

Il THNMYHOM CTaHJapTHOH

3.8. HEITPEPBIBHbBIM CITEKTP PEJIAKCALIMHU

IlpuMennM onepaunoHHHIA MeTOX K 3ajlaue, KOTOPYIO MBl yXe pac-
cmaTpuBasd B § 2.7. SIBAAACH M/IOCTPATHBHHIM TPHMEPOM, 3aj1aya
TIPHBOJMT K TIOHATH!O HENPePBIBHOTO CHEKTPa peJiakCallhu. :

ITnactuna TonMHON [ MTHOBEHHO HATPeBaeTCsl A0 MOCTOSHHOH TeM-
nepatypsl 0y Ha rpaHune x—0 B MoMeHT ¢=0, a Ha rpasHue x=I
TeMnepaTtypa mOALEPKHBAeTCA NOCTOSHHON, paBHOi Hymo. Tensosoe
CMeIleHHe NpeJiCTaBUM B BHJe

n
TNX
H=qo+zqncos T (3.8.1)
a COOTBETCTBYIOILLYIO TeMueparypy
n
T . mnx
§=-—7 ngnsin—y—. (3.8.2)

IMockonbxy 3amaua ojHoMepHa, BoigHCAEM V u &,  HCHOIB3IYA
B KauecTBe oObeMa HHTEIPHPOBAHHs LHJAMHAD ¢ 0Opasyiolledl, mapadj-
JIEJBbHOH OCH X, C TONEPevHBIM CeueHHeM, pPaBHbM eiuHuue. M3 ypasHe-
Huil (3.6.3) u (3.6.4) B HaHHOM ciyuae HMeeM:

n n
1 =2 l 1 !
V=TT Y e D= g g TE Y 689
Ecmu 0o — reMmneparypa npu x=0, sunauenus Qo u Qn 6yayT:

Q0=Qn=90. (384)
Torna onepaTopuble ypaBueHus (3.6.8) mpumyT BHA:
2k k
(nt D) gn="7"80; pgo =7 b, (3.8.5)
rhe
kn2n?
hn=—p (3.8.6)
Pemenne B onepatopHo#i ¢opme ypaenenmi (3.8.5) Oyner:
1 2k k
In="pFn, T o [90="5r b 3.8.7)
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[IpaBas yacTb ypaBHenult mpeAcTaBjsier omepaTop, Bo3jieicTBYOMME
#Ha ¢yHkuuw 9. B sTOM ciyuae 6o — nocTosinHas Temmepatypa, MIHO-
BEHHO ycTaHaBauBaomiasica B Moment {=0. CaenoBartenbHo, 0o Heobxo-
IHMO 3aMeHHTb Ha Oon(f). B coorercTBuH ¢ NpaBu/IaMH ONepalLHOHHO-

ro ucyucienust (3.5.7), ypaBHenus (3.8.7) MOXHO 3amHcaTb B BHIe

2k9, Ot k
Gn="—(l—e ™) qo=" 0, (3.8.8)
n

YTO cOBIajaer ¢ ypaBHeHHsAMH (2.7.14).
MoxHo Takxe BHIPA3UTb TEMJOBYIO BOCHPHHMuUHBOCTL mpu x=0.
Toraa rensoBoe cmemenue (3.8.1) mpuHuMaeT BUA:

n
H =go+ D\ qn- (3.8.9)
Bpenem 3HaueHHsi §o U §n M3 ypaBHenwus (3.8.7) u samumeM:
H=A(p)0o, (3.8.10)
rue
n
A(p) = L 2 3.8.11
(p) = Pl +21(P+7\n) (3.8.11)

— BOCIPHHMYHBOCTb Ha rpauuie x=0. DTo wacTHbHH cayyail oblero
Buipakenns (3.2.11). aas Temmopoit BocnpumMunBocTH. Cilefyer OTMe-
THTb, 4TO BeawynHa A u3 ypaBHenusa (3.2.11) moxeT BK/IOYaTb UYJEHBI
Bu/1a 1/p, COOTBETCTBYIOUINE HYJEBEIM 3HAUCHHSAM As.

PaccMatpuBasi mpefieNibHbli cayyall IIacTHHBl GeCKOHEYHOH TOJIH-
Hbl, MOXHO NPHATH K TMOHATHIO HENPepHIBHOrO cHeKTpa pejaKkcalni.
B npemene cymma B ypaBHenuu (3.8.11) samensaerca unrterpatom. st
Toro 4ToObl MOKa3aTh ITO, HalJeM mpHpalleHHe

BV E= P — 0 = ()" es

CrenoBaTessHo,

T

_%=J_Q%yﬂAVT. (3.8.13)

ot masipix sHaueHu#t 1// npupauienue AV'X MOXHO 3aMeHHTb AHG-
(epeHiaTOM

— dA
AVA:zVT. (3.8.14)

B npenene cymvupoBanue B ypaBHeHud (3.8.11) MOXHO 3aMeHHTb
HHTErpHPOBAHHEM

(mw2® 1 dh
Ap) = — SP+K i (3.8.15)

0
Takum 06pasoM, TemnoBasi BOCHNPAHMYHBOCTb Bbipaxaercs ¢ mo-
MOUIBIO HENPEePHIBHOrO CIEKTPa NOCTOSIHHBIX pesaKkcalfii A ¢ MJIOTHOCTHIO
pacnpejeseHus VX
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€ pomowblo HHTerpupoBanus ypasHehns (3.8.15) rosyunM:

1
A(p) = (—%—) ”, (3.8.16)

KOTOpOe Tpe/CTaBaser TelJOBYIO BOCHPHHMYHBOCTL MOJYNPOCTPAHCTBA.
Culeiyer OTMETHTb, YTO 3TOT Pe3y/bTaT MOXHO MOJYYHTh Henocped-
CTBEHHO M3 ypaBHeHHs TelJONPOBGAHOCTH, 3alHCAaHHOTO B oTlepaTopHOH
topme
d*8
——— = pch. 3.8.16a
k dx? '4 { )

Pemenne 3TOoro ypasHeHHs (nps TPaHHUYHBIX YCJOBHAX npd x==0
0 =0, u npu x=-00 8=0) Gyner:

1/2
B — 8, exp{——x(——ckp—) } (3.8.166)
Tennosoe cmewenue npa x==0 pasHo:
k7 08 ke \112
e | e = — . 3.8.16
=y (o), = () o (6.8-169)

Caenosareabro, H/0p coBmamaeT co sHauennem A(p) u3 (3.8.16).

CnefiyeT OTMETHTb, YTO 3HaK CYMMbl B BHpaxenuax (3.2.11) u
(3.3.13) naa TemyoBOH BOCIHPHHMYMBOCTH H NOJHONO TEMJOBOIQ CONpO-
TUBJEHHS MOXKHO 3aMEHHTb (YaCTHUHO HJH IIOJHOCTHIO) HHTETPAJOM CO
CIIeKTPaJbHOH IJIOTHOCTBIO pachpejeseHusl, €CJAH HEeKOTOPble IpaHHUbl
TENJOBOR CHCTEMB! JeXaT B GeckoHeuHocTH. MBI MoxKeM TaKXke 3aMme-
HUTb CYMMY MHTErpajoM B NPHO/HIKEHHBIX BHIYHCICHHAX.

Traea werseprasn

COITPSIKEHHBIE TTOJISA

4.1. BBEAEHHUE

B mpeabiayuieM aHajM3e TENJIOBOE IMOJie OMHCHIBAJIOCDH
C MOMOILBLIO BEKTOPOB TENJIOBOro cMemienns. I1peuMyniecTBo
TakoH GOpMYIHPOBKH 3aKJI0YAETCS B CTPOTOM BHITOJTHEHHH
3aKOHA COXPaHEHHS 3HePruH. B TO Ke BpeMs OHA MO3BOJSAET
UCNOJB30BaTh INPHHIHI BHPTYaJbHOH paGoOThl, KOTODBIH
Aaer OOWMH TOAXOMA, aHAJOTHUHEIE METOjaM KJacCHYecKoi
mexanukd. OpHako ONMHCaHHe BEKTOPHOTO mnojast Tpelyer
60JIbLIET0 YHCTA HEH3BECTHBIX, YeM B CKaJISIPHOM NpPEACTAaB-
JEHUH TeMIepPaTypHOro moJjs. DTo Haubojee UEeTKO IpPOsB-
JsieTcs TIpH PelIeHHH BYX- M TpexMepHbiX 3aznad. [las toro
4yTOOB! H3bexKaTh TPYAHOCTEH, CBA3AHHBIX ¢ BEKTOPHBLIM ONH-
61050 8t



canueM, paspaboTaH METOl, COYeTaloWAi B cebe MpeHMyIle-
CTBA HCNOJ/Ib30BAHMs CKaJfPHOrO MOJS, NPH OJHOBpPEMEH-
HOM CTPOrOM BBIIOJIHEHHH 3aKOHA COXPaHEHHs 3HEpPrud H
BO3MOJXKHOCTH IIPUMEHEHHs NPUHLHIA BUPTYaJbHOH paGOTHI.
Mpl nasBasH 3TOT METOJ METOAOM CONPSIKEHHBIX MOJeH
[/I. 4-1]. On BHITeKaer H3 CyLIECTBOBAHHA UHKJHYECKHX
KOODAHHAT B TOM XK€ CMbICJI€, YTO U B KJIACCHYECKOH Mexa-
HHKe. MeTo cONpsKeHHBIX NMOJeH HMeeT CJAEeAYIOLlHe Mpe-
HMYIIECTBA:

I. ITpu ucnosb3oBaHHM 3ITOro Merofa Ge3 HaPyIIEHHS
33aKOHA COXPaHEeHHMs 3HEPrHH 3HAYMTEJIbHO YMEHbIIAETCs
YUCJIO HEH3BECTHBIX B JBYX- H TPeXMepHBIX 3ajgauax B pe-
3yJibTaTe DasjlesieHdsl LUUMKJIMYECKHX KOOpIMAAT U TeMIepa-
TYPHOTO MNOJIS.

2. Ilo3BoJsieT BBECTH KOOPIHHATbHI, KOTOPHIE COAEPKAT
OCHOBHBIE CBOHCTBa (PM3UUYECKOH CHCTeMBl (HampuMep, CBOH-
CTBO B3auMHOCTH). T[l03TOMy KOOpAHMHATH NPEACTABJSIOT
YaCTHOE pellleHHe 3aaul, uTo ellle GOJibIIe COKpAallaeT YHuC-
JIO HEH3BECTHBIX.

3. Tlpouecc pemeHusi 3afauu ABYXCTYHEHUATHIA: cHaua-
Ja W3 MPHHOHIA MHUHHUMAaJbHOH AMCCHIIALUH ONpeJessieTcs
CONpsI2KEHHOE MOoJie, a 3aTeM IPOBOJUTCS WATETPHUPOBaHUE
AuddepeHunaJbHbIX YPAaBHEHHN IJs1 HEH3BECTHBHIX KOODPIHU-
HAT, ONHCBLIBAIOIMX TEMIepaTypHOe IoJe.

4. B crauuoHapHBIX 3amadax TeMIepaTypa B OJHOH ya-
CTH CHCTEMBI ONpeJe/sieTcs HE3aBHCHMO OT TeMIIepaTyphl
B apyroii. OHU HOJyYaroTCsl HENOCPEACTBEHHO AJS JI06O0ro
pacnpeneseHusi TeMIepaTyphl :[da TPaHHIE, NPUYEM He Tpe-
OyeTcs NOBTOPHEIX PacuUeTOB AJSI KaxKAOH 4acTH.

CylecTBoBaHHe IHKJIHYECKHX KOOPAHHAT, KOTOPHlE MOXK-
HO OTHEJUTb OT TEMIEPaTypHOro MOJs, paccMaTpHUBaeTcCs
B § 4.2. Jaorcs onpenesieHHsT CONPSIKEHHOrO HOJsI B BHIE
BEKTOPHOrO IoJIsT IPH 3anaHHOH TeMnepatype. Kak mokasa-
HO B § 4.3, compsikeHHOE I[10Jle MOXKHO NOJYYHTb U3 TeM-
IepaTypHOro ¢ IOMOILbIO NpWANHUNa MHHUMAJbHOH IHCCH-
nanuy. CyuiecTByeT IpYroll cnoco6 HaXOXKAEHHUS CONpSIKEeH-
HOTO II0JIS ¢ NOMOIIBIO aHAJOroBod MonesH. ITokasano, 4TO
3Ta MOJeJb TakKxKe HaXOAHUTCHS B COOTBETCTBHH C NPHHIHIOM
MHHHMaJbHOH auccunaluu. CBsi3b MeXAY CONpPSIKEHHBIM
noseM u ¢ynkuuei I'puna o6eyxaaercs B § 4.5.

CymiecTBoBaHH€e HECBS3AHHBIX IHUKJIHYECKUX KOOPAMAAT
BLITEKAeT M3 CBOHCTBA OPTOTOHAJIEHOCTH HOPMAaJbHBIX KOOP-
JHHAT, uTO0 o6cyxnaercs B § 4.6, rie Takxe BBOAHUTCA TO-
HSITHE LHUKJIMYeCKOr0 MOAIIPOCTPAHCTBA B BHAe OGECKOHEYHO-
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ro0 MHOMECTBAa HOPMaJbHBIX KOODAMHAT, XapakKTepUCTHYe-
CKHMEe 3HaueHHs KOTOPHIX CTpeMsTCs K Hymo (cayyai
GeCcKOHEUHOTO BBIPOXKjleHHus). Kak yxKe yKasbiBaJoCh, HAX0XK-
JIeHHe CONpSXKEHHBIX IoJell [AJs HOPMaJbHBIX KOOPAHMHAT
IPOU3BOIUTCH HenocpeacTBeHHO. OO6cy:XKaaercs KBasHCTa-
LIHOHADHOE pelleHHe KaK MPOCTOH MeTOJ NpeACTaBJIeHHs
TEeMIEePaTypPdoro NoJasl B BUJE psAla CTAUHOHAPHBIX pelleHHH
H CYNepno3UliH pesakCaluoHHBIX MOJ.

YacTHHIH cJaydall HCIOJb30BAHHS CONPSIAKEHHBIX NOJeH
paccmatpuBaerca B § 4.7.

4.2. HUKJINYECKHWE KOOPIHWHATDI
" COITPSA)KEHHDIE T10JI4

[Tose TemI0BOro CMEIEHHST MOXKHO 3amucaTh B BHJle

i H
H—_—E 0.9; ‘I"Zszz, (4.2.1)

rae
0;=0:(x, y, 2); FiI=Fi(x, y, 2) (4.2.2)

— 3ajnadHble BekTOpHBIE NoJsdA. [lociaenHee moJie cumTaercs
6e31UBEPreHTHbIM, T. €.
div F;=0. (4.2.3)

O6o6uieHHEle KOOPANHATB TaKUM 06pasoM HesaTcs Ha
nBe rpynmnel. CHCTéMA OMUCHIBAETCA v KOOPAHMHATAMH ¢; U R
Koopaudaramu [, Bmecre oHu cocraBafioT n=v-+k KOOp-
JHHAT, KOTOpbIe HOJHOCTBIO ONpeNessoT NMOBeJeHHe TepMOo-
JMHaMUYeCKOH TeMJIOBOH cHUcTeMBl. TemmepaTypHoe moJie 0
nosayuaercs u3 H ¢ moMoubpio COOTHOIEHUS

b= ——divH. (4.2.4)

IToncraBuB B 3TO ypaBHenne 3HaueHue H uz (4.2.1) u
yuuThBas ycaoBue (4.2.3), moay4uM:

f— 2 8:94, (4.2.5)

rue

b;= ——-div ©.. (4.2.6)

B 5Tux BhIpa:KeHHfIX TEMI0eMKOCTb C(X,Y,2) MOXKeT
O6biTb QyHKUMEH KoopAuHAT. IlpH TakuxX YCJAOBHSX TEIJIO-
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BOH NOTEGHUHAN 3aBHCHT TOJMbKO OT KOOPAMHAT ¢; W BbIpa-
}Kaercs KBaapaTHYHOH dopmoi
1

V= 2 15949 (4.2.7)

ITpy cyMMHDPOBAHHH [ U j NPUHUMAIOT 3davyeHus or |
IO v.

C npyrofi CTOPOHBI, A¥CCHNATHBHASE QYHKIHsS Gymer co-
nepKaTb Bce v+ k& KOOpAHMHAT g; 4 [ 3anumem:

ij i Lm
1 - SO ;s
D= 2 b;3q:q93+ 2 b'ug; fr-t TS 0" vmf1 fm-
(4.2.8)

3necs { ¥ j IpUHHMAIOT BCe 3HAYEeHHs OT 1 no v, a [l W
m—ot1'l no k. Ksaapartuunas dopma D siBjisercs NOJOKM-
TeJIbHO onpenesnennol. OHa NoJyvyaeTcss NyTeM NpHMeHeHHUs
soipaxenuft (1.5.18) u (2.2.12) nng M30TPONMHOH WM aHM3O-
TPO'HOH TENJICNPOBOAHOCTH. 3/eCh NPHHHAMAETCS, UTO Tel-
JIONIPOBOJHOCTb  k(X,Y,2) MMM kij(x,y,2) MOXKeT 3aBHCETb
OT KOOPAMHAT U He 3aBHCETh OT BPEMEHH.

Uz V u D nonyuaem pguddepeHunanbibie yparHEHHS,
ONIHCBHIBAIOIIHE TIOBEIEHHE CHCTEMBElI BO BPEMEHH:

ov oD aD

041 +qu QZ: af; Ql ( )
B sTHX ypaBHeHHSX Q; H Q;— TEMJOBHE CHJIK, COOTBET-

CTBYIOIIHE KOODAMHATAM ¢; W f;. [TofcTaBHB BHIpaXKeEHHH

(427) u (4.28) B ypaBuenus (4.2.9), nonyunm B SBHOM

BHIE

! P
N @395+ D bisqs + N b afi = Qs;
i m
D0 aqi 4= D)0 1mfm = Qu.

B a0t cucTeme £ KoopaMHAT f; He BXOLAT B BBIPAaXKeHHE
AN TeNJOBOro NoTeHuHana. Takas cucreMa obGjamaer kR
LHMKJIHYECKHMH KOOPAMHATAMH.

STa TepMHHOJIOTHS BBOLHUTCS aBTOPOM B ero pafore Io
nvccunaTuBHBIM aBaenuaM [JI. 4-2]. Ona aHanorudsa Ttep-
MHHOJIOTHH, HCIIOJb3yeMOH B KJaCCHYECKOH TePMOIHHAMH-
K€, H OTHOCHTCA K CJIy4alo CHCTeMbl ¢ (v+R) cTelmeHsMH
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cBOOONLI, KOTJla MOTEHUHAJNbHASl SHEPTHS COAEPIKHUT TOJBKO
v KOOpPAHMHAT. JIHHAMHUeCKHe YPAaBHEHHS MOXKHO CBECTH
K v YPaBHEHHSIM C v HEH3BECTHBIMH, a OCTaJbHble B KOOPIH-
HaT 00O3HAUHTb KaK LMKJIWYECKHe. DTOT METOA NPHMEHHM
TaKXKe K TePMOJHHAMHYECKOH CHCTeMe, ONHCLIBA€MOH ypaB-
nenvem (4.2.10). TIToxaxkeMm, 4TO 3TH ypaBHEHHS MOXKHO
CBECTH K CHCTEMe, I'le IepeMeHHble ¢; U HOBBIE TIeDPEMEHible
f’1 He cBsI3aHHL

ITycTe cucrema onpesenisiercst TeMH K€ v KOOpIAHHATAMH
gi, a TakXe HOBBHIM HaGopoMm k koopauuar [';. C noMompio
3THX HOBBIX NEPeMEHHBIX CTapbie KOOPAWHATHI 3amUINYTCH
B BHJE

fi= f’z+$au‘qi, (4.2.11)

rae o;—(EXv) xo3dduuueHTOB, MOMIEXKAIHX OMNpeese-
nuio. [loncraBus 3navenus f; u3 (4.2.11) B AuCCUNATHBHYIO
¢dbynkunio (4.2.8), nosayuum:

ij il
| . L
D= 2 Bi3q:q5 -+ 2 B'uqif"1+
Im
+g Y 0l (4:2:12)

HoBble ko3 dunuenTnr GynyT:

I Im
Bij==byj + D\ (0"am; 4 V' 500s) + D) b 1 ®13%m3; ]

mo (4.2.13)
B =i+ DV immi-
[lepemennsie g; u f’; He cBsi3aHbl, ecyu

B'y="b'5+ D" 1mmi = 0. (4.2.14)

Hasi Kaxaoro 3HaueHHs] [ 3TH COOTHOLIEHHS MpEICTaB-
JSIIOT CHCTEMY K ypaBHEHHH .IJI HEH3BECTHBIX Omi. IlO-
CKOJIbKY D — IOJIOXKUTENbHO ONpefiesieHHash BeJHYHHa, Ya-

im

CTHasi KBajpaTHuHas ¢opma Eb”lmflfm B BHIpaXKeHHH

(4.2.8) TakKe MNOJIOXKHTENbHO ompenenerHa. CJenoBaTelib-
HO, JETEPMHHAHT U3 KO3(pODHUHEHTOB b”j, He paBeH HYJIIO.
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B stom cayuae ypaBHedauss (4.2.14) HMeOT eIHHCTBEHHOe
pelleHue [Js  am;. HecBsisaHHBIe ypaBHeHHsT 3aMHUIYTCS
B BHJAE

i i . m B
asigi+ 3 Bisti= Qs S iml'm=Q1  (4.2.15)

HMrtak, MBI NONTyuHJIH CHCTEMY ABYX He3aBHCHMBIX Ha60-
poB aupdepeHUHANbHBIX YpaBHEHHH: OJHH OTHOCHTEJbHO
[pYNNnbl v TepeMeHHBIX ¢;, IpPYrod MAJs rpynmel R mepe-
mennbix . TlepemeHnnble [ SBAAIOTCA LHKIH4ECKHMH
KOOp/IHHATaMH,

Hosuie cunbl Q’; 1 Q’; onpenensiiorcss B3 npHHUMIA BAP-
TyaJbHOH paboTel chaenyiomum oGpasoMm:

i 1 i !
NQ'sg:+ S = Qg+ NQdf.  (4.2.16)

IToncraBuB BMecTo &, HX 3HAUEHMs U3 YPABHEHUS
(4.2.11) u npupaBHaB ko03b¢unueHtel 8g; u df'; B 06enx
yacTax ypasHeHHsl (4.2.16), monyuum:

!
Qi =Q+ Qg Q=0 (4.2.17)

BaXHOCTb NOMYyYEHHBIX Pe3ynabTaTOB GyAeT BHAHA U3 [aJjb-
‘AeHIIETO.

[IpennonoxuM, Mbl BBIYHCAHAU KOIGODHIMEHTH oy U3
ypaBHenuss (4.2.14). IMoxcraBus 3Haueuus f; u3 (4.2.11)
B BhlpaxeHue (4.2.1) mJas nojsi TENJIOBOTO CMeIlEHHS, MO-
JyYUM:

i [
H:Z@yi(}i +2Flf'l, (4.2.18)
rye
l4
@’i=9i—}—2Flal,~. (4219)

Ecnu Mbl HHTEpecyeMcsi TOJNBLKO TeMNepatypoi, TO MoO-
XeM ONYCTHTb YJeHbl, coAepxKallHe LHKJIHYEeCKHe KOODIH-
HaThl . B 3TOM cJydae MCXOZHM U3 TeMIlepaTyphl

i
6= >0:9: (4.2.20)
H CONPSKEHHOTO TEIJIOBOTO CMELIeHHS

H'=%8"y4;. (4.2.21)
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KoMmmonenTtsi BeKTOPHBIX moJdeil ©; MOKHO Takke HA-
3BaTh CONpPSKEAHBIMH C COOTBETCTBYIOIIHMH CKAaJSPHBLIMH
nonsiMu ;. 3aMeTHM, YTO YIOBJIETBOPSETCA CJeAyloliee co-
OTHOLICHHE:

y=— - div®';. (4.2.92)

Ecsu onycrnts uieHsl, coepxKanine UHMKJIHYECKHE KOOP-
DUHATHI, JuccunaTuBHas Gynknus (4.2.12) Gyger:

ij
1 . .
D:Tzam% (4.2.23)

Orciona nosmyuaeM ypasHeHne JlarpaHmxa Hjsi KOOPHH-
HaT ¢;

v 4 oD _ .,
W+—aéi =Q’;, (4.2.24)

KOTOPO€ COJEPKUT TOJbKO vV HEH3BECTHBIX (;.

MoXHO mOKa3aTh, UTO TeMIEPATYPy MOMKAO MOJYUHTH
HE3aBHCHMO M3 BHIDAXKEHHUSI TEIJIOBOTO TOTOKAa, €CJAH HCXO-
JAHUTb U3 CYyNeprno3ulud QUKCHPOBAHHON TEMIIEpPaTyPHOM KOH-
Gburypauun 6;, onpenensieMoii BhipaxenueM (4.2.20), BHI-
UHCJSISL AJIST KaXKA0TO MoJisA 0; CONPSXKEHHOe BEKTOPHOE MO-
Jae @/;.

4.3. IPUHLINIT MUHUMAJIBHOM NUCCHUTIALIMN
AJ151 COIPS)KEHHDBIX TI0JIET

[TokaxeM, 4To A8 NAHHOrO TEMHEPATYPHOrO HOAS 0;
conpsizkeHHoe moJie 0”; MOXHO BBIYHCJIHMTD ¢ TIOMOIUIBIO MPUH-
nuna MHHMMaJbHOHA AUCCHNALMH,

Bynem cunraTh, uTO BCe HENHKJIHMYECKHEe KOOPAMHATHI,
KPOMe ¢;, PaBHbI HYJIIO.

[Tone Tensnosoro cmemenusi (4.2.1) npexacraBasiercs
B BUJE

. .
H=9iqi+2sz,. (431)
BroiGepem & KoopamHAT fi, NPONMOPUHOHANBHLIX g;, W 3a-

numeM
fl= ﬁli‘]i- (432)
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IToka eute ne onpenenenst k& ko3dpdunuenton f;. Temno-
Boe cmemienne (4.3.1) mpuHUMAaeT BHJ:

L
H= (91' + Fz?lz‘) qi- (4.3.3)

[Ipoussonnas no BpeMeHI/I ot H 6yzer:
(91 —}—2 Fﬁ,,) (4.3.4)

CrnenoBaTesbHO, AUCCHNIATHBHAS (YHKIUS NPH BapHalyH
TOJIKO §; OyneT:

Dﬁ/ ‘ b,l+zb,lpu+ gb zmpuﬁm) 7. (4.3.5)

Ona nonyqaeTcn HOACTAHOBKOH f;=PB;4; B ypaBHeHHE
(4.2.8).

Tenepp BbiGepeM Ko3(uuueHTH PBi; TaKUM 06pasoM,
yro6bpl Aauccumamuss D Gblia MuHHMajbHOH. Iljs sToro He-
06xonuMo, uTo6bl Y0BIETBOPSAJIOCH CJeAylollee ypaBHeHHE:

oD
=0, (4.3.6)

Torjga
b’il "l_ 2 b”lmﬁmi =0. (43'7)

Ho 3T cOOTHOIIEHHS MOJHOCTbIO aHAJIOTHYHLI ypaBHe-
M (4.2.14) nas onpenenenust KospuuueHToB ami. Cie-

JOBATEbHO,
Pri=oau. (4.3.8)

[Toatomy, BeIGUpasi KO3 GHIHEHTH f;; TakuM 00pasom,
4yTOOBl IHCCHIIATHBHAS (PYHKUHA Oblla MHUHHMAJbHOH, IOJY-
uyyM BBIpaxKeHHe B CKOOKax B ypaBHenuu (4.3.4), ompene-
Jsiiolee conpsizkennoe noge (4.2.19):

1
O’i = 91' —l— 2 F,a;i. (4.39)

Ananozosan modesb 04 CONPANCEHHO20 NOASL. DTH pe-
3yJbTaThl MOXKHO BBIPA3HTb B HECKOJbKO HHOM BUje. Bynem
HCXOJHUTb U3 3aJaHHOTO TEMIIEPATYPHOIO MOJAA

0=0:q; , (4.3.10)
H 10JIg TEeNJIOBOro CMeELICHHs
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[lone H; He ompenensiercsi ;. OQHAKO OHO YIOBJETBO-
psieT YCJIOBHIO

c9;=—div H,. (4.3.12)
IT0 yC/JOBHE MOMKHO 3aMUCATb B BHJIE
w =divH, , (4.3.13)
rae
© = — ¢ = — cb;q;. (4.3.14)

YpaBHenne (4.3.13) sBAsiercsi TakoH aHaJOrOBOH MO-

JeJbl0, TAe MJOTHOCTb Temosoro notcka H paBHa IMJIOTHO-
CTH TeIJIOBOrO IIOTOKA, O6yCJIOBJ'IeHHOI‘O pacnpeieJIeHHbIMH
HCTOUHHUKAMHU TellJla C¢ MOIMHOCTBIO TeIJIOBBIAE/HEHHSI W
B enuHuue oGbeMa. MOXHO Takxke CKa3aTb, YTO TeIJOBOH
NOTOK HMEET MECTO B pe3yJbTaTe TeIlVIOBBIX CTOKOB C MOMI-

HOCTBIO ¢0=—w. Ecau §;=1, MOoxXHO 3anucars:
w:—-cﬂi_—_div H;; H=H,. (43.15)
[Ipu atux ycnoBusx H; sBJseTCS NMJIOTHOCTbIO TEIJIOBO-
ro JIOTOKa, O0YCJNOBJEHHOT0 HaJHUHMEM CTOKOB €0;=—w.

Hanoxus JAONIOJTHHTEJ/NbHOE YCJOBHE MUHHMaJIbHOH JUCCH-

natuBHo# ¢yHkumn npu H=H,; noayuum comnpsikeHHOe

noJsie H; B Buze
H;=6’;. (4.3.16)

B caenyomem naparpade noJyddM TOT Ke pe3yJbTarT,
NpUMEHHUB ﬂpyFOﬁ METOnH, H NnOKazxeM, UTO yCJAOBHE MHUHHUMY-
Md 3KBHBAJEHTHO YpaBHEHUAM [AJd TEIJIOBOro IIOTOKA
B CTallHOHApHOM COCTOfIHHH CO CTOKamMH CG,- Ipy TpaHHuu-
HOM YCJIOBHH, KOraa anuabaThyecKasi BHEIIHAA TeMnepary-
pa ea=0.

4.4. JOITO/JIHUTEJIbHAST ®OPMYJ/IMPOBKA
COITPS)XKEHHBIX TIOJ/IEH

XapakTep U CBOHCTBA CONpPSKEHHBIX [OJEH CTAHYT eLle
siCHee NpPH HCHOJb30BAHHHM HECKOJbKO HHOI'O MOAXOXA.

st mpOCTOTH PAacCMOTPHM CHCTEMY C M3OTPONHOH Ten-
JIONPOBOJHOCTLIO k(x, y, 2). TemnoeMkocth ¢(x, y, 2) Tak-
)Ke sABJseTcsl PYyHKIHMEH KOOPAUHAT.

Ha rpannne A o6bema 1 3amaercs JHHeRHBIH TemJomne-
peHoc, xapakrepusyiomniicsa kospduuuentom K(x, y, 2),
KOTODBIH MOXKeT 3aBUCEeTh OT KOOPAHHAT.
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paCCMOTpI/IM CKaJsipHOe 1oJie
b=9(q: Gas-e» 4,5 X, Y, 2) (4.4.1)

KaK QyHKUHIO v 00001IeHHBIX KOoOpAHHAT ¢,. Hapsany ¢ HuM
paccMOTPHM BEKTOPHOE [10JIe

F=F(fy [z ofi %, 4y 2), (4.4.2)

KOTOpPOe 3aBHCHT OT R 00600mmeHHBIX Koopauaat f,. Hano-
JKHM ycrosue 6e31uBEPTEHTHOCTH 3TOTO NOJS, T. €.

div F=0. (4.4.3)
3anuuieM TnoJje TEMNIOBOTO CMEMEHHS] B BHIE
=—kgrady+F. (4.4.4)

B stom BHIpaxkeHun HeussecTHOe mnoste H npencrasieHo
Kak QyHKuusl v+k Koopaunar ¢; u f. Temneparypa 0 cBs-
3aHa C BEKTOPHBLIM M0JEM COOTHOILIEHUEM

c=—div H. (4.4.5)

[loncrasue B 3To cooTHomeHue 3Hauewue H u3 (4.44),

MOMYYHM:
cf=div(kgrady). (4.4.6)

CienoBaTte/bHO, TeMIepaTypHOe MOJe 3aBHCHT TOJBKO
ot ¢;. Ilokaxkem, uTO MOKHO BHIGpaTbh ¢ TakuMm 06pasoM,
yto6H moast P u F B nuddepeHnranbublx ypaBHeHHAX AJsA
0000IEHHBIX KOOPJMHAT CTAJH HeCcBSI3aHHLIMU.

OuddepennuanbHele ypaBHeHUSt JUIs ¢; U [; 3anumeM
B BHJE

4L =q; L=a. (4.4.7)
U gy of,

ITockombKy 6 3aBHUCHT TOJBKO OT ¢;, KOOpAMHATH f; He
BXOISAT B TeNJ0BOi noreHuuaj. Kpome toro, B 06061eHHbE
TeNJIOBHle CUIBL Q; BXOASAT TOJMBKO ¢; CllefoBaTenbHO,
B ypaBHeHHAX (4.4.7) cBA3b OCYILECTBJSAETCS TOJBKO C IIO-
MOHIbIO JHCCHIATHBHOH (YHKUMH, KOTOpAas BBHIUHCJ/IAETCS
¢ noMomipio Bhipaxenusa (2.2.13), kyia BXONUT M [AuccHIIa-
uus Ha rpaHdne. Le MOXKHO NpeACTaBHTb B BujAe CyMMB
TPEX YJIEHOB

D=Dy+Dy+D;. (4.4.8)

Cnaraemoe D, 3aBucHT OT ¢; H §i, TOTAA Kak D; 3aBH-
cut oT f; u f. Takum 06pa3oM, CBSI3b OCYWIECTBJSETCS TOMb-
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KO "uepe3 caaraeMmoe

Dy= —ﬁX “ Fgrad ¢ dz — SS 7’2— F,grad, ¢dA, (4.4.9)
5 A

rie F, u grad,¢ o0003HAYatOT HO)PMa/bHBIE KOMIIOHEHTHI
BEKTOPOB Ha TpaHuiie M NPOEKTHPYIOTCS Ha BHELIHIOW HOD-
Masb. v

HHTerpupys no vactsmM o6beMHBIH HHTErpas B BHIpakKe-
unn (4.4.9) c yuerom csolictBa div F=0, npeoGpasyem ero
8 NIOBEPXHOCTHBIH HHTErpaJl

Dys== - SS‘ Fn(C])—{—%gradnq}) dA.
A

ITO BBIPAXKEHHE CTPEMHTCS K HYJIO, €ClIH HA TPaHHIE
YIOBJIETBOPSIETCS CJIELYIOlee YCAOBHE:

Kp+k grad, $=0. (4.4.10)

[Tostomy noss ¢ u F He cBsi3aHbl, eciu ¢ yLOBJIETBO-
psieT rpaHu4YHOMY ycaoBuIo (4.4.10).

OTOT pe3ysabTaT MOKHO OGBSCHHTb CJAeAyIOWHM 06pa-
3oM. TemnepaTypHoe noJe

=60(9,s Go» s G, X5 Y, 2) (4.4.11)

NpHHUMAaeTcss Heu3BeCTHBIM. [lJIs yl060ro 3agaHHOTrO 3Haye-
HH © MBI MOXeM IIPOMHTErpHpoBaTh nuddepeHIHaTbHOE
ypaBHEHHe B YaCTHHIX IIPOHU3BOAHBIX (4.4.6) npu rpaunyu-
#oM ycsoBuu (4.4.10). Ilns xaxporo nods 6 oHo ogHO3HAU-
HO onpefenseT (YHKUHUIO {p H BeKTOPHOe IOJe

0'=—=Fkgrady, (4.4.12)

IBJASIOLIEECST TENJIOBLIM CMEIIeHHEM, CONPAKEHHBIM C TeM-
nepaTypHbiM noaem (4.4.11).

Ananoeosas modesv 0as conpsisigennox noseid. Tlonay-
yeHHbIe Pe3yJbTaThl NO3BOJAIOT 1aTh Oosee TOUHYIO GopMy-
JHPOBKY aHAJOTOBOH MOZENH, PACCMOTPEHHOH B IpexbILy-
weMm naparpade. Paccmorpum  TeMnepaTypHOoe — noJe
0(91, 92,...,9,, X, Yy, 2) a5 3aJaHHBIX 3HaYeHU# ¢;. OHO 3a-

BHCHUT TOJIBKO OT X, Y, 2. Pacnpenenum no o6bemMy TemJoBble
CTOKH, XapaKTepH3YIOIHecs: CKOPOCTBIO MOIJIOMIEHUS, Ten1a
B elHHuIEe o0beMa

—w=ch. (4.4.13)

9l



Hanaraem yciioBde, uTo TEMIOBOH MNOTOK MOCTynaer u3
BHellIHeH o0JacTH ¢ HyJ1eBOH anuabaTHUeCKOH TeMmepary-
poit 8,=0. CrauvoHapHoe pacnpefeseHue TeMIepaTypul npH
Ha/JHYHH CTOKOB 0003HaunM uepe3d ¢. OHO noaydaercs H3
peneHns: ypaBHEHHs

—w=div(k gradvy) (4.4.14)
C TPAaHHYHBIM YCJIOBHEM
Ky +kgrad, $=0. (4.4.15)

3HayeHHe TOJYYEHHOH TakuM 006pa3oM TeMHeparyphl
COBMajiaeT cO 3HAUEHHSIMU P, HAHJEHHBHIMH H3 YypaBHeHHH
(4.4.6) u (4.4.10). CrnenoBaTelbHO, TeMIepaTypHOe II0OJ€,
conpsixKeHHoe ¢ 8, 6Gyzer:

@' =—Fkgrad. (4.4.186)

DToT BEeKTOp NpeicTaBaseT IVIOTHOCTb TEIIOBOI'O IOTOKA
B aHAJOTOBOH MOJENH C TeIJIOBHLIMH CTOKaMH.

Ecsn MBI npeicTaBEM TeMnepaTypy B BHe CYIePHO3H-
OHH T0JeH

8= S0:q, (4.4.17)

roe 0;(x, y, 2) — 3ajaHHBle CKaJsIPHbE PacOpejeseHts, TO
COOTBETCTBYIOLIEE TeNJIOBOe cMellenue Gyner:

Besikoe comnpsikeHHoe nose ©'; monydaem H3 6; ¢ 1O-
MOLIBIO aHanoroBo#l Mojenu. OHO OnpepeasieTcs IMTOTHOCTHIO
TEIVIOBOTO TOTOKA MPH HaJW4HK MOCTOSTHHBIX CTOKOB TeIljia
—w;=c0; B 3amaHHON HyJeBOH annaGaTHUecKoH TeMmIepa-
TYpHl Ha TpaHHUe. 3aMeTHM, YTO, €C/lH Ha TpaHHIe OTCYyT-
cTByeT Tnorpaununniil cjaoit (K==o0), anuabGaTuyeckas
TEeMIIeDaTypa pPaBHA MOBEPXHOCTHOH TemiepaType TBePIOro
tena. B 3ToM ciyyae B aHAJOrOBOH MOJENIH NOAAEPKHBAET-
Cs1 TIOCTOSIHHAsl HyJeBasi TeMIepaTypa, paBHAad IOBEPXHOCT-
HOH TeMmepaType TBEPROTO TeJa.

Bol80O CONPANCEHHO20 NOAS € NOMOUbIO NPUHUUNG MU-
Humasbrot duccunayuu. HeobxoanMo paccuuTaTh Temuepa-
Typy W anaJjoroBoil Monesu. I1aoTHOCTD TenI0BOro MOTOKA
©’ npy HaJHUWM CTOKOB TemJa IoJyuaercd C  IOMOIIbLIO
IPUHIHUIA MHHHMAJBHOH RUCCHNIALHH, cOPMYyJIHPOBAHHOTO
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8 npensinymem naparpade. pyro# BbIBOA 5TOr0 NPHHUH-
na, NPUBEJEHHBIH HAXKE, NOKA3LIBAET 9KBHBAJEHTHOCTb ABYX
aHAJIOTOBBHIX MOJEJIEH, ONHCAHHLIX B 3TOM H TNpeAbIAyileM
naparpadgax. PaccmMoTpuM AUCCHNAHIO NPH IWIOTHOCTH Tel-
J0BOTO noToka @’. 3anuueM:

1 1 12 1 1 2
D:TS”TG dm+7ﬁfend,4.§ (4.4.19)
= A

[Tockonbky D mpexacrasisieT coboi CTaLUOHAPHBIH IO-
TOK, BO3HUKAWOUIHH NPH HaJHYHHA CTOKOB Temla —W, BeK-
TOpPHOE fi0/e @' NOMKHO YNOBJAETBOPATb YCJOBHIO

w=div . (4.4.20)

MunumanbHoe D npu BappHpoBaHHM © H OrpaHHYEHHH
(4.4.20) HaxoguM C HOMOIUBIO MUHMMH3ALUHH (YHKIHOHAJA

_“S[——e Adlve’——w)]dm—’— ] |j ~0%dA, (4.4.21)

roe A -— MHOXHuTenb Jlarpasnixa. OTcxona noJgyyaeM ypas-
HeHus1 Diiiepa

0% grad A=0 (4.4.92)
H IPaHUYHOE YCJIOBHE
48— A=0. (4.4.23)
C yuerom cooTHomeHusi (4.4.20) noayuuM ypaBHeHHe
—w=div(k grad A), (4.4.24)
KOTOpOe [O/KHO YIOBJETBOPSITb M'PAHHYHOMY YCJIOBUIO
KA+kgrad, A=0. (4.4.25)
CpaBHuBasi 3TH ypaBHeHHsi ¢ ypaBHeHusimu (4.4.14) n
(4.4.15), Haxoaum, uTO
A=n. (4.4.26)
U3 ypaBuenns (4.4.22) caenyer, uto
6’ =—*k grad . (4.4.27)

CinenoBarenbHo, noje @', MoJay4eHHOE C MOMOINBIO MHHH-
Mu3auun ¢Qysxuuonana (4.4.19), cosmagaer ¢ CcOmpsiKeH-
HbIM TIOJIeM, HalileHHBIM H3 ypaBHeHHst (4.4.12).
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Hanonedwee o0606wenue, Bpille Mbl CuATanu, 4TO BHIPaXKeHHT
(441) u (44.11) s 6 u P He colepxKaT BPeMeHH B SBHOM BHIE.
Oxanako Takoe xomyulenwe HeoOsizaTesnbHo, PaccMorpum TeMnepaTypHoOe
nose 0=0(qy, ¢z, ..., 9, %, Y, 2 t), KOTOPOE CONEPKHT BPeMs B SBHOM

Bule. ConpsxkeHHOe TOJe HPH 3ITOM MOXKHO MOJYYHTb CJAEAYVIOIUM
o6pasom. [lpu sazanHom ¢ u ¢; pacupeienuM CTOKH Temna —w=c0 no
06beMy, NpHHMMAs anMabaTHYecKyl0 TeMIepaTypy Ha TIpaHHIe paBHOM
Hymo. Ilpu 3TUX YCJAOBHSIX H3 CTAUUOHAPHOH TeMTIepaTypsl p TOJYYHM
conpsixkentoe noae O(qy, qa, ...q,, X, Yy, 2, t)=—~r grad .

PesyabraTel 310r0 naparpada NOAyYeHsl JJsi CJAydas H3OTPONHOM
TensionpoBoanocTH. OnH Jierko 0606INAIOTCS HA CIydall aHH30TPOIHON
TEMJIONPOBOAHOCTH, MeTOI onpeseseHusl CONMPSXKEHHOrO MO/ € IOMOMIBIO
QHAJIOTOBOH MOJEeNH C pachnpefefeHHHMH CTOKAMM TelJa M3 TPHHIMIA
MUHHMaJbHON AMCCHTIAMM NPHMEHHM H JJIf aHH3OTPOMHON TemIonpo-
BOJHOCTH.

4.5. CBSI3b C ®YHKLMENW T'PMHA
paCCMOTpHM TeMIlepaTypHoe 1oJe, 3anucaB €ro B BHAE
e(x) ='e(q1’ go, ... q\,, X, Y, Z)'

Jlos 3aJlaHHBIX 3HAueHHE ¢; OHO siBAfeTcs QYHKUHEH X,
y, 2. Beenem oGosHauenne O(x), rae x-— COKpallleHHas
3amKch TPeX KOOpJAMHAT X, y, 2. BekTopHoe moJie, conpsizKeH-
Hoe ¢ 0(x), MOXHO BHIPA3HUTb C NMOMOMIbI0O Qynkuun I'puHa.
He Hapymas 0GHIHOCTH, PACCMOTPHM CHCTEMY C H30TPOIHOM
TeNJIONPOBOAHOCTBIO. BBeseMm cieaywollee AONyLIeHHe LA
dyukyn Jlupaka B cOKpalleHHOH popme

§(x, x')=08(x—x', y—y’, 2—2'), (4.5.1)

rle KOOpAHHATH X, Y, 2 0 X', y', 2’ 06o3HaUeHbl COOTBETCT-
BeHHO uepe3 x u x’. OnpeneanM ¢ynkmuio I'puna, motpebo-
BaB, 4TOOBEl OHa YIOBJETBODPA/Ja YPaBHEHHIO

div(k grad g) =c(x')8(x, x’) (4.5.2)
C TPaHHYHBIM YCJIOBHEM
Kg+kgrad, g=0. (4.5.3)

B atux sBmpaxenasx c(x')=c(x’, y’, ') obosnauaer
TemI0eMKOCTb, a onepanuy div u grad mpousBoAsTCs MO Ie-
peMeHHBIM X, Y, 2. '

UaBectHoe cBoicTBO (yHKiMKu [npaka BHpaxaercs co-
OTHOLIEHHEM

c(x)6(x)= Sﬁc(x')e(x')a(x, x)dx',  (4.5.4)

T
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rae dx’ o6osunauaer dx’, dy’, dz’. CnenoBaTtenbHO, ypas-
HeHHe (4.4.6) MOXKHO TMepenucaTh B BUJE

div (k grad ¢) = ch(x’)e(x’ﬁ(x, xVdx'.  (4.5.5)

ITockonbKy g yaosierBopsier cooTHoweHuwo (4.5.2), pe-
mieHue ypaBHeHusl (4.5.5) nosyuaercsd B BUIE

$= S g y g(x, x')8(x")dx'. (4.5.6)

Ycnosne (4.5.3) a5 g o3Hauaer, uTO QYHKUUAA | YAOBJIET-
BopsieT TpaHuuHoMy ycioBuw (4.4.10). [lostoMy BBIpaxe-
HUe Y JUIS ToJIsl, COTpsiKeHHOTo ¢ 0(x), B maHHOM cayuae
NPHHUMAET BHJ:

0 (x)=—F f j f (grad g) 0 (x')dx’. (4.5.7)
%
Eciu npenctaBuTb TeMnepaTypHOe ToJie Kak
6 (x) =D 0:(x) gz, (4.5.8)
TO COOTBETCTBYIOULIEE TCIJVIOBOE CMEHIEHUE 6yJJ,ET:
H (x)= Y 0;(x) 4. (4.5.9)

Hns xaxno# xoHdurypauuu Ttemruepartyphl 0;(x) ume-
eTCs CONpsizKeHHOe BeKTopHoe none ©';(x). Kaxmnoe comps-
JKeHHOe IoJie moJsyuaercss u3 0;(x) ¢ moMoliblo (YHKIHH
I'puHa mo ypasuenuw (4.5.7). 3anuiem:

0 (x)=—Fk SH (grad g) 6, (x')dx". (4.5.10)

T
®dyukyus ['puHa npumeHuma Takxke, Kormna 6(x) comep-
JXHUT BpeMsi ! B sIBHOM BHIe. B aTom ciyyae O npemcrasis-
ercs B popMme

8(x)=06(q1, G2, ..., 4,5 X, Y, 2, 1). (4.5.11)

ComnpsikeHHOe MOJle NOJyYaeTcss NOACTAHOBKOH B ypaB-
Henue (4.5.7) ¢yukuuu 0(x) us ypasuenus (4.5.11).

Crayuonaproele peuterus. BbIBOJ CONpsiKeHHBIX IOJ€l
¢ nomombilo Gyukuun ['pHHAa MO3BOJSET MPOCHEIHTH CBSA3b
MeToJa, ONMHUCAHHOTO B JIaHHOH paboTe, ¢ HEKOTOPHIMH KJjac-
CHUECKHMY  pe3yJbTaTaMH Teopuu nuddepeHnHaTbHBX
VpaBHEHHH B YaCTHBEIX IPOM3BOJHBIX.
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ITpn He 3aBucAmel oT BpeMeHH aanabaTHYECKOH TeM-
nepatype 0, Ha rpaHuie, T.e. TIPH TOCTOSHHBIX TEIJIOBBIX
CHJax, CHCTeMa HAXOJAUTCS B CTallMOHAPHOM COCTOSIHWH, KO-
TOpPO€ JIOCTHraeTCsl CIyCTS HEKOTOPOe BpPeMs U XapaKTepH-
3yercsl TeMIepaTypHBIM MoJeM. ITO CTALMOHAPHOE pelleHHe
JIETKO TIOJIyYaeTcsd IPH HCIOJIb30BaHUH CONPSKEHHBIX TIOJEH.

IlpencrasuM TeMmepaTypHOe TOJe B BUJAE JHHEHHOH Cy-
Nepno3nuuu noJel u3 ypaBHenusd (4.5.8) mpu cooTBercTBY-
omeM conpsixkeHHom mote (4.5.9). Ilockonbky MBI HCIOJB-
3yeM CONpsiKeHHbIe NoJs, HeoOXOAUMO, 4TOOH ¢; ObLIO
noctosiHHBIM. CilefoBartenbHo, ;=0 ¥ nuccunaTuBHas QyHK-
uusi He paccmartpuBaercs. [lomoxus D=0, nojiyuyum ypas-
HeHus JlarpaHxa IJIs CTalHOHAPHOTO COCTOSIHHSL B BH/E

-E—-Q,. (4.5.12)

Ucnonbays 3nauenue 6 us (4.5.8), Bblpasum TemjoBoi
NOTeHIHaJ B BUJIE:

i
1
Vg ([[erde=y Vasggr @513

a5 = ff e (x)8; (x) 05 (x) dx. (4.5.14)

rae

U3 ypasuenus (2.3.12) tensosble cuibnl OYAyT:

Q/=— [ 0.6md4, (4.5.15)
A

rie HHTErpUpOBaHHe NPOU3BOAMTCS 0o rpanune A 00D-
eMa T.

Tenepp paccMOTPHM uacTHBIE cayuali OOOOIIEHHBIX KO-
OpAMHAT, pa3fequB 00BeM T Ha Heboabline AUelKH 00be-
MOM T; [loJoKeHHe KaXmoll sUeHKH XapaKTepHsyercs
KoopauHaToll x;. PaccMoTpuMm siuediky T

OnpenenuM QyHKUHIO NEepeMEHHOH X CaeAyiolluM o6pa-
30M:

0i(x) =1 BHYTpH fueliKH;
0:(x) =0 BHe sueHKH. (4.5.16)
9



Torna Mbl MOXKeM 3anuCaTb TEMIIEpATYPHOE TIIoJe
B BH/JE

6()61):291 (x)B(x,), (4517)

rie 0(x;) — noxanapHas TeMnepatypa B TOuKe X;. CpaBHHUB
3TO ypaBHeHue ¢ BbipaxenueMm (4.5.8), yBuaum, urto Jo-
KaJibHAsl TeMmilepaTypa urpaer poJb 0606ILIeHHHIX KOOpIH-
HAT

0(x:) =qs. (4.5.18)

TloacraBup snaueHus 0; us (4.5.16) B ypaBHeHHe
(4.5.10), noaydnm ciaepymoliie CONpPSKEHHbIe HOJS:

0’ (x) =—k{grad g (x, x;)}t.. (4.5.19)

BoiuucauB a;; u3 ypasHenusi (4.5.14), nalinem TenjoBoH
NIOTEHIIHAM

i i
1 2 1 2
V= 2 ¢ (Xi) %= 2 o(x:) 0 (%) . (4.5.20)
Tennosas cuna (4.5.15) pasHa:

Qi=r; S g k9.n {grad g (x, x;)} dA.  (4.5.21)
A

Ucnoabays snauenus V u Q; uz (4.520) u (4.5.21),
noayynm ypaBHenus Jlarpanxka (4.5.12) B Buge

c(x)0(xp)= SS kbon {grad g (x, x;)} dA. (4.5.22)
A

CaefoBaTesibHO, TeMIepaTypHoe moJse 0(x;) MOXKHO
ONpeNeTUTh HENOCPEJCTBEHHO C IIOMOLIBbIO aJnabaTHIeCKOH
TeMneparypsl 0, Ha TpaHuue, Hcnoab3ys GyHkuuio I'puna
g(x, x;). YpaBuenue (4.5.22) sBaferc KJaCCHUECKUM BHI-
paxenuneM ¢yHKuuu ['puna.

s Toro uyToGBl ONpEefeNuTb JOKAJbHYI0O CTaLHOHAp-
HYI0 TeMmepartypy, He TpeOyercs HaxoguTb ¢yHxumu Ipu-
Ha. DTo cheayer W3 ypaBHeHus (4.5.12), eciu noACTaBHTb
B Hero Q; u V us (4.5.15) u (4.5. 20):

() 0 (%) = — f j 0,8';n dA. (4.5.23)
A

B sTOM BHIpaxKeHMH JioOKaJbHasi TeMmepatypa 0(x;)
siUefiKH T; [OJyYaeTCcss NPOCTOH KBaJApaTypoH H3 H3BECTHOTQ
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COnpsiKenuoro noast @’;. 1o nosie MOXKHO HAWTH, MHHUMU-
3Py AHCCUNALMIO B Pe3yJabTaTe AeHCTBHS TENJAOBLIX CTO-
KOB ¢(x;)0:(x). ITo onpenenenuro 0;(x) u3 (4.5.16) 310
COOTBETCTBYET PaBHOMEPHOMY  pAaClpelesieHHI0  CTOKOB
¢(x;) B siuedike 1.

4.6. COITPS)KEHHBIE TTOJI9 U HOPMAJIbHDBIE
KOOPIMHATDI

B ra. 2 ofcyxaanoch npeicTaB/eHne TENJIOBOrO MOTOKA
C NOMOUbI0 HOPMaJbHBIX KoopauHat. [lo ypaBHeHHIO
(2.5.17) TennoBoii mOTeHUMAs M JMCCHTIATHBHAST (YHKILHS
BbIpax<aroTcad B OOOOILEHHBIX KOOpAHHATAX £ CJAEAVIOUINM
o6pasom;

V:—;;\"sz; D= 2& (4.6.1)

TlonHoe onncanne TenJoBol CHCTeMbl BKJlOuaeT Oe3fiu-
BEpPreHTHble NMOJA CMELUEHHS. DTH 105 He BJAUSIOT HAa TeM-
KepaTypy, B TO3TOMY B TEIWJiOBOH TOTEHIHajl He BXOAAT
COOTBETCTBYIOUIHE MM KOOPAHHATBHL. IDTHM TNOJSIM COOTBET-
CTBYIOT HOpPMaJbHBlE KOODAHHATH C HYJEBBIMH XapaKrepu-
CTHUCCKHMH 3HAUCHHSAMH As.

[Tpennonoxum, 4To v 3HaYeHHH A1, Az, ..., A, He paBHMH
HyJI, a k ocraJbHBIX 3HAaueHW# paBHBl Hyqaw. Torma
As=0, (4.6.2)

ecan s=v+1, v+2, ..., v+k. Boipaxenus (4.6.1) npunn-
MA4IOT BHJL:

v v v+k
V=g Yasn p=gYE4 g ) B 163
s=1 s=1 s=v+1

Lluk/InueCKHMH KOOpAWHATAMH B 3TOM CJiyuae SBJSIOTCH
Beanuuasl €,y & 5. £, B Bolpaxenuax (4.6.3) ouu
yKe He CBsi3aHbl C HEIHKJINIeCKHMH KOODAHMHATaMH &, &, ...
s § W JApYr ¢ Apyrom.

Kak ykaseiBasoch B § 4.2, CyuleCcTBOBaHHE LMKJIHYECKHX
KOOPAHHAT HENOCPEACTBEHHO BLITEKAaeT H3 BBIPaXKeHHH

98



(4.6.3). DTo MoxHO noxasarb caeaywouuM obpasom. Bae-
AeM JiIHHeliHOe npeoGpasoBaHde :

Es:é Bsiqs> (4.6.4)
rae s=1,2,..., v. AHanorHLq:;o

Eszé Yal'ts (4.6.5)
rne s=v--1, v+2, .., vl:k IlopcraBus 3HAueHUs & u3

(464) u (4.6.5) B BHpaxenus (4.5.3), noayuum V u D
B BHIE
i

1
V= ¥ aigis

if Im
I 7.0 1 £ §r
D=~ Z Biiq:i9i + 5 2 Ot "t [ (4.6.6)

rae [ W j NpHHHMAIOT 3HadyeHus or 1 no v, a Il ¥ m—or
I no k. Ilepementble [, He BXOmST B BbIpaxeHust uas V.
Onu ABJASIOTCH LMKJIHUECKHMH Koopauuatamu. Kpome toro,
BCe CBA3bIBalOLIMe uJeHbl, cojaepxKaiiume B cebe g; u [/,
paBHbI HYJIO, YTO COBMajaer ¢ pesyapraramu § 4.2.

Beckoneunoe soipomcdenue. Llukiuveckoe noonpocrpan-
creo. Ilpepbiayuye paccyxaeHus NOKa3blBalOT, 4TO BO3-
MOXKHOCTb DPAa3feJicHHsT LUKIHMYECKHX H HEUHKJIHYECKHX
KOOp/IMHAT BBITEKAeT M3 CBOHACTB HOPMAJbHBIX KOOPAMHAT.
Llvknuyeckne KOOPAMHATHL MOMXKHO pacCMaTpHBAaThb Kak
JHHeHHYI0 KOMOHMHALHMIO PeNaKCallMOHHBIX MOJ BBHIPOXKJe-
HESL € HyJeBHIMH XapaKTePHCTHUECKUMH KODHSIMH As.
Bceaencrsue cBOfiCTB OPTOrOHAJbLHOCTH 3Ta JIHHEHHAA KOM-
OHHALUST He COLEePXKHUT pPEeJAKCAl[HOHHBIX MOJ, COOTBETCT-
BYIOIIHUX HEUHKJAHUECKHM KOOPAMHATaM, JJIS KOTOPHIX KOp-
HH As He paBHBI HYJIIO.

YpaBHeHus IJs LHKJIMYECKHX KOODJAMHAT HE CBSI3aHBI,
H MX MOXKHO TOJY4YuTh M3 Bbipaxenus (4.6.6) naa D
B BHjE

m

Zb”lmi’m = F,, (4.6.7)

rre F;— o6o6lueHnasi cuJa, Cconpsi:KeHHass C KOOpAHHA-
Tol /). C MaTeMaTHYeCKOH TOUKH 3peHHs NOJHOE ONHCaHHe
N10JIsl, COOTBETCTBYIOLIEr0 LUKJIHYECKHM KOOpAHMHATaM, Tpe-

7* 99



OyeT GeCKOHEYHOrO YMC/aa TaKHX KOOpAMHAT. JleficTBUTe/Nb-
HO, B JaHHOM CJ/yYae MBl HMeeM JeJO ¢ (YHKIHOHAJLHBIM
npoctpancTeoM Bcex nojeft H, oGaanawmux csoficTBOM
div H=0, xotopoe MOXKHO Ha3BaTh LHUKJINYECKAM MOANPOCT-
PAHCTBOM. DTO MOANPOCTPAHCTBO MOXKHO OMpelesUTh TaK-
XKe B BHIe OECKOHEUHOTO YHCJA HOPMAaJbHbIX KOOPAHHAT Es
C XapakKTEePHCTHYECKHMH KODHAMH, paBHHIMH Hyaio. Crejio-
BaTeJbHO, CyleCTBYeT OeCKOHEeYHOe YHCJO KPATHBIX HyJe-
BbIX KopHeH. Lluk/anueckoe MNOANPOCTPAHCTBO XapaKTepH-
3yercsl OeCKOHEUHON CTeNeHbio BHIPOXKAeHHS. IlJOTHOCTD
TEMJICBOTO mnotoka H B UHK/IHYECKOM NOANPOCTPAHCTBE
naercss 3HaueHHsIMH f'm. YpaBHenus (4.6.7) noOKasLBaIoT,
YTO OHH OJIHO3HAYHO OIIPeleJisSIiOT TeljoBbie cHan Fp. 3a-
METUM, 4TO 3HadeHHs F; MOTYT 3aBHCETb OT BPEMEHH, I1O-
CKOJIbKY OHH ONpelesstoTcss aAuaGaTHYeCcKoH TemIepary-
poit B, Ha rpanuie. OQHAKO B UMKJIMUECKOM [OLIPOCTPaH-
CTBe IUIOTHOCTH TeIJIOBOro 1moroka H B mio6Goft  JAaudbil
MOMEHT BpDeMeHH pPaBHA [JIOTHOCTH TeMJIOBOIO NOTOKA
B CTAIHOHAPHOM COCTOSIHMH, NOJYYEHHOH TpPH TOCTOSIHHON
anunabaTHuecKOH TemIeparype, pasHo#l 0, B LaHHLH MoO-
MEHT BpeMeHH. MHBIMH cioBamH, pellleHHe B IUKJIHYECKOM
MOANPOCTPAHCTBE TIPEACTAaBJSAETC OECKOHEYHBIM  PSIIOM
CTAaHHOHAPHBIX NOJEH.

Hapsiny ¢ 06o6IieHHBIMH KOOPAHHATAMH MOXKHO HCHOJIb-
30BaThb Takxe KOHTHHyaJbHHIH noxaxol. PaccMorpum cay-
yall M30TPomHOH TemnonposoaHocTH. [laoTHOCTL TemIoBOro

NOTOKAa B LHK/JHYECKOM INOANDPOCTPAHCTBE BbhipaXKaeTcs
B BH/E

H= —kgrad$, (4.6.8)

rae 0 ynosmerBopseT nubGEPEHUHANBHOMY yPABHEHHIO
B aCTHBIX IPOH3BOJHHIX

div (& grad 8) =0 (4.6.9)
U FPAaHUYHOMY YCJOBHIO
K(6—84) +% grad,6=0, (4.6.10)

rae K—xosdpduuuent remnoobmena Ha rpanune. Ouesua-
HO, YTO 3TH ypaBHeHHS ONpele/slOT Temiepatypy 6 B cra-
HHOHAPHBIX YCJIOBHAX IPH 3afaHHO# afuabaTHuecKoh Tem-
nepatype 6, Ha rpanunie. AHaJOTHYHBIE yPaBHEHHST MOMKHO
MOJNYYHTh H B CJyyae aHH30TPONHOH TEMJONPOBOXHOCTH

(cm. § A4).
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Conpaxcennvie noas 0an Hopmaivhsix roopouuar. Te-
Nepb pacCMOTPHM CJydyall TeMIlepAaTyPHOrO TOJsl, IIpe-
CTaBJICHHOTO € NMOMOIbI0 HOPMAaJbHBIX KoopAauHaT. MMeeMm:

b= 6, (4.6.11)

rae
8,=8;(x, y, 2) (4.6.12)

— HOpDMHUpPOBaHHBIE TeMIlepaTypHble TII0Jif, SIBJSIOLIHECS
XaPaKTEPHCTHYECKUMH peIleHHSIMH, AaHAJOTHUHBIMH peilie-
Husim (2.5.11). 3anuieM TensoBoe cMellleHHe B BHIeE

H=Y0"k, (4.6.13)

rie ©’s(x, y, z) —BeKTOpPHOe TOJe, CONpsKEeHHOe ¢ O,
B cnyuae HOpMaJbHBIX KOODAHHAT 3TH CONPsizKeHHBIE NOJS
JIETKO TIOJYYHTh CJAeAYIOUM 06pasom.

PaccmoTpuM ciyyail H30TPONHON  TeIIONPOBOLHOCTH.
ITockonbky B mpeAcTaBisieT XapaKTePHCTHUECKOE DellieHHe,
peJsiakcaljiOHHAA MOJa

B=0e * (4.6.14)
SABJSETCS pelleHHeM YPaBHEHHS TeMJONPOBOAHOCTH
div (kgradf)=c 2. (4.6.15)
Ortciona crnenyer:
diV (\k gl‘ad es) =_c}«ses. (4.6‘16)
Penakcaunonnast Moza yIOBJeETBOPSieT TPAHHUHOMY
YCJIOBHIO
KO+ grad,8s=0. (4.6.17)
B § 4.4 nokasano, uTO CONpsIKEHHOE NOJE ONpeLeNaseTcs
BBIPAXKEHHEM
O's=—k grady, (4.6.18)
rhe  yIOBJETBOPSET YPaBHEHHIO
div (& grad ¢) =c8;s (4.6.19)
H rpalmum)My yCJIOBHlO
Ky+Fkgrada.p=0. (4.6.20)
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Pemwrenue 5THx ypaBHeHuil Jerko HOJAYYHTb, YUHTHLIBAS
ToxaecTa (4.6.16) u (4.6.17)

cp=—7‘:es. (4.6.21)

Orciozna conpskeHHOe ToJse GyAeT:
®'.=-grad . (4.6.92)

B cayuae aHH30TPONHOH TeNJONPOBOJHOCTH aHAJOTHY-
HOC BbIpaxKeHue MAJs COHpH)KeHHOl‘O HOJIST HMeeT BHJI:

0's=— Zk,, o (4.6.23)

rae ©';, — KoMnoHeHTsl 0O’;, a x; oO03HayaeT KOOpPAHHA“
TH X, Y, 2

Ksasucrayuonapueui norox. B § 2.6 kBasucranuonap-
HOoe peleHue OblJIO TPEACTABJAEHO B BHIE HENPEPHIBHOIO
psila MIHOBEHHBIX CT2LHOHADHBIX COCTOSIHHH C NONPaBKOH,
BHIPasKeHHOH ¢ TMoMolbio 0600UIeHHBIX KoopamHaT. Takoe
JKe KBA3UCTALlMOHAPHOE pellleHKe MOXKHO TOJYyYHTb € I10-
MOlIbI0 HOpMaJabHbIX Koopamuat [JI. 4-1]. IlpenacraBum
TeMIlepaTypHOE ToJie B HOPMAaJIbHBIX KOOPAHHATaX

0= 0.4.. (4.6.24)

CoOTBeTCTBYIOILEE CONPSIKEHHOE ToJe OyaeT:

H=30"g, (4.6.25)

rie ©'s pmaercs Beipaxenuem (4.6.22). TensoBoll moTeH-
LHaJd B JHCCUNaTHBHAS GYHKUHUSA HMEIOT BHA:

I % . Rl
V=g Elsq X D:TE 7. (4.6.26)
Torpa ypaBuenus Jlarpanxka 6yayT
}\tsqs"’(?s:Qs, (4627)

thae
Q= {{8.6".ndA. (4.6.28)
A

3to BHIpa)keHue BKIOUAeT B ce0Sl MOBEPXHOCTHBIA HHTe-
rpaj 110 rpaHdue OT afgHabaTHuecKol TemmepaTypnl 0a.
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TlpeactaBuM pellleHHe B BHJE MTHOBEHHBIX CTAalHOHAPHBIX
COCTOSIHUMH ¢*s ¢ nonpaBkoi g+, OTciona

gs=q+s+q*s. (4.6.29)

MrHOBeHHOE CTAllHOHAPHOE COCTOsIHHE ¢¥; ABJSIETCS PaBHO-
BECHBIM COCTOSIHHEM, KOTOpOe HMeJo OBl MeCTO IpH Io-
CTOAHHON BO BpeMeHH afauabaTuueckoil TeMneparype 0.
Ero MOXHO TOJYyYHTb, MOJMOXKHB {s=0 B ypaBHeHHSX
(4.6.27). 3anuwem:

gro=-J. (4.6.30)

[Toacrasus Bhipaxkenue (4.6.29) B ypasuenus (4.6.27),
NOJTYyUHM:

. Qs
lsq:——l—q:::-——}\_s" (4.6.31)
rjae
Q= — ({ 6.8’;ndA. (4.6.32)
fAj

Torma TemMnepatypHoe nose GyjeT:
0=0%40+, (4.6.33)

rae 0* onpenessieT MTHOBEHHOe CTalHOHAPHOE COCTOSIHHE,
a nonpaska 01 BbipaxKaercs B BHJE

T (4.6.34)

O606uieHHBIe KOOPAHHATHL g+s HaXOASTCH M3 pelleHus
ypaBdeHuit (4.6.31). 3ameTrum, UTO BeJHYHHBL B TNpaBoOH
yacta ypaBHeHu# (4.6.31) wurpamoT posb (GUKTHBHBIX Tell-
JIOBBIX CHJI, IPONOPIHOHAJbHBIX NPOU3BOJHOH IO BPeMeHH
oT anuabaTHuecKoH TeMmepatypnl 8, CranuonapHoe mnoJe
0* MOXKHO ompelesNuTb HENOCPeICTBeHHO (6e3 HCHNOoJb30Ba-
HHUS OOOOIIEHHBIX KOOPAHMHAT) H3 pelleEus auddepes-
IHaJbHOTO YpaBHEHHS B YAaCTHBIX IIPOU3BOAHBIX JJIS CTa-
LIMOHADHOH TeMIepaTyphl IpH 3aJaHHOM 3Ha4YeHHH O, Ha
rpanuue. [Ipumep u3 § 2.7 asasieTca namocrpaiHeil pasje-
JEHHA Ha CTAlHOHApHOe pelleHHe W NONPAaBKy, BHIpaxKeH-
HYI0 uepe3 HOpMaJbHbIe KOOPAHHATHI.
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4.7. TIPUMEP COIIPS>KEHHDBIX ITOJIEH

Ias BANOCTPAUMH MPHEMEHEHUS CONPSKEHHbIX nodefi B 3anayax
TEIJIONPOBOIHOCTH PaCCMOTPHM {IPOCTYW CTPYKTYpPY, TIONepeuHoe ceue-
Hue KOTopofl mpencrasjeso Ha puc. 4.1 {JI. 4-3]. Oua cocrour u3 1Byx
tdhaaHneB TOMLHHOR @ C MepeXOIHbIM COeJHHeHHeM TOJUIHHOH 2a;. Ma-
TepHal CYHTaeTc OAHOPOAHEIM, HMMEIOWIUM M[OCTOSHHEI KO3 {UIHEHT

|(_ b,,,__. ' '
‘ R
|
| W
| b
6, r 1y ==
= — H,W
[l 97 .
i) 2, , AMTe /
] y M
[4 4
r B
e

Puc. 4.1. ConpsikeHroe mnoje AJsi TENJIOBOrO IIOTOKAa B TeJe CJA0XKHOH
KOH(pUrypauuu.

TEINJVIONPOBOIHOCTH & M TEIIOeMKOCTb €. 3ajaya CBOAMTCH K Haxoxae-
HHIO pacnpejiesenus TeMmepartypsl B maockocti durypul. CTpykTypa Ha-
rpPeBaeTCs B pe3yJbTaTe NOBEPXHOCTHOrO TemIoo6MeHa ¢ KO3(Q(HUIHEHTOM
remsioo6merHa K npu aguaGaTHueckoH TeMmepaType Ha BHellHefl moBepx-
Hoctu Guanues. Ecny Harpes IOBEPXHOCTH OCYILIECTBASETCA B pe3y.bpTa-
Te KOHTaKTa C ABHAKYILEHACH KHAKOCTBIO, 3TO AONYylleHHe O MOBEPXHOCT-
HOM TemooGMeHe crpaBelJHBO IIPH TONePeYHOM O6TeKaHuH (UIYpHL.

OaHako TpH TNPOAOABHOM OOTeKaHHuy NpelitouTuTe/biee Apyrue Ao-
mywenust. OHu OyAyT pacCMOTpeHbl nojpobHee B Ii. 6 o

PaccunTaeM CTaUMOHAPHYIO TeMIepaTypy B TepPeXOIHOM COeAHHEeHHH
NPy MOCTOSAHHONA aaHabaTHYecKOl TeMuepaType BAOJbL BHeIIHHX TOBepX-
Hocted aaHueB. Temmeparypa BepxHero ¢JiaHua paBHOMepHa H He pas-
Ha TeMIepaType HuxuHero. B pesyabTaTe cHMMETPHM CTPYKTYpH TeMie-
paTypHoe NOJie MOXKHO BCerJa TPeICTaBUTb B BHAe CHMMETPHUHOH H
aHTUCHMMETPHUHOH YacTell OTHOCHTeAbHO UeHTPa coenuHeHud. Ecan
anuabaTHyeckue TeMIEPATYPH Ha BepXHeM M HHXKHeM (JaHUaX paBHbl
cooTBercTBeHHO By m —00, TO TeMnepaTypHOe pacnpeneleHue B COeli-
HeHHH OYNeT aHTHUCUMMETPHYHBIM, PewinM 3afgauy HJs aHTHCUMMETPHA-
HOTO CTaUMOHAPHOTO COCTOAHHS TPH TOCTOSIHHOM 3HaueHmd 0o ¢ mo-
MOIIIbIO METO/a CONPSMKEHHBIX TIONeH.
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Pacnipenenenue TemnepaTypu BAOAL COSMHHEHHS GYNET JHHEHHBIM

—-0,. (4.7.1)
Heussectnylo Temneparypy 0 Ha cthike A npuMeM 3a 060GIIEHHYIO
kooprusaty. Ilose, compsiKenHOe C pacnpeiesieHHEM TeMIlepaTyphl
(4.7.1) B coepHHeHWH, MOXHO HafiTH M3 aHAJOTOBOH MOJejH, ONHCAHHOI
B § 44. B 370l MOMeNH CTOKHM Tem/Ja MOMIHOCTBIO c6 B elyHHLe 0GbeMa
pacnpelieieHsl BAOJb COeIMHEHHsi. B pesynbTaTe BO3HHKAeT TeIJIOBOMK
notok Hy Brosb $aadua u notoxk Hy, HopManbubifi ¢daany. Bygem can-
TaTh, UTO MOTOK H;, PaBHOMepHO pacnpeiefien To IUKApHHe (paanHua 2b.
Pacrnpenenense moroka BIOML (aaHia NOSTOMY GyAet JHHeHHBIM. -
Ha b urpaer poab «3hGeKTHBHOA WIHPHHBI» M ONpeAeNseTcs U3 IPHHIH-
fla MHHMMaJbHOH JMccunauuu. Hafinem auccHnauuio B noJyuminpuHe b
BCJEJCTBHE TIOBEPXHOCTHOIO TemA000MeHa M TenjoBOro InoTOKa Hj
B caMoM ¢uianue. B coorBercTsuu ¢ BeipaxenueM (4.4.19) sty muccuna-
UHIO MOXKHO 3alHCATb B BHIE

b
b
Dl == ‘% j’ szdx + —QT sz, (4'7'2)
0
rae
H
Hy=H,5; Hy=a—5-. (4.7.3)

3navenne H; na croike A oGosnaumm uvepes Hy. JIis janHOro 3Ha-
uenusi Hy Buipaxenne (4.7.2) sBuserca ¢ynxuueir b. Beanunna b, MyHH-

musupyiomas D, pasua: .
b "/ 3ak . 474
~ %) (474

Ipu 5ToM 3HaueHun b WmeeM:
atH?,
_———— [~
Dy =5~ (4.7.5)
[Totok Hy, B cOeHHEHHU ONpefesieTcst NOTOKOM Hy M pacnpenenes-
HbIMH cToKamH. Haxomum:

1
H
Ho =2 cSOdy, (4.7.6)
y

rie 2/ — paccrosHHe Mexay (JaHHaMH.
Huccnnanns B NOTYTOMIHEE @y COeHHEHHS MeXIy Touxamun A u M
Gyner:

3
ay
Dy = =T H dy. 4.7.7)
0
[Mosnnas puccunanus sanumercs B BUAE

D=D,+D,, (4.7.8)
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rae Dy onpenensiercst us (4.7.5). 3nauenute H, nomyuaercs npr MHHEMI-A
saund D xax ¢ynknun oT H,. OHO NOJHOCTBIO ONpefesseT BCe KOMIIO-
HEHTBI CONPAXKEHHOTO II0JAs C NOMOIULIO H‘OpMaJIbHOﬁ KQOPJAHHATLI 91.
B wacrHocTy,
H acl 8
= b {(2a:b/al) + 3} v

B crauuonapuom cocrosinun koopanHara 0y ompefessercs ypasHenueM
Jlarpanxa

(4.7.9)

av
"0—6; =Q, (4.7.10)

rae V— TennoBofi noTeHUMas B MOAYWHPHHE COeTHHEHHS Mexiy A
M. Orciona
!
1 1 .
Ve="-5"ca 82dy = g~ caib%1. (4.7.11)
0

3nauenne Q onpejenseTcs u3 NPHHUENA BHPTYanbHOK paGoThl

B BHJE
Q801=0000H . (4.7.12)
M3 ypaBuennsa (4.7.9) wmoayunm ¢ nomousio OH, suauenne 86
CuenoBaTesbHo,
a,cl
Q= ~Gab/ah ¥ 3
TToncrasus B ypaBHeHue (4.7.10) sHauewns V u Q un3 (4.7.11) u
(4.7.13), naxonum: :

8,. (4.7.13)

. 8,
b= F1

Taxkum 06pa3oM, MBI NOJNYYHAH TeMmnepaTypy Oy Ha cThike A, HCMOMb-
3ysl BHelIHIOI0 aanabaTHueckyio TeMnepatypy 0o na Qaatie.

Jlns onpefesieHHst [ePEXOHOR TeMmepaTypsl B caydae 0o, 3aBucH-
MOl OT BpeMeHH, MOXHO HCIOJb30BATH MOHATHe 3()@PEKTUBHON LIHPHHBI
¢nanna {J1. 4-3] 31oT MeTOH JaeT TOYHOE PeHieHHE.

(4.7.14)

Taa8a naras

HEJIMHEVIHBIE CUCTEMBbI

5.1. BBEAEHUE

B npexmiaymiux rsiasax Mbl OFPAHHYMJHCH aHAJH3OM
(H3UUECKHX CHCTEM €O CBOMCTBAMH, He 3aBHCHMBIMH OT
TeMnepatyps. B naunnofi riase paccMoTpuMm cayuail, Korpa
TEIVIOEMKOCTb M TeMJIONPOBOAHOCTb MOTYT 3aBHCETh OT
TeMmneparypsl. TakHe cHcTeMBl SBJAIOTCH (PH3HUECKH HEJH-
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HEHHLIMH B TOM CMBbIC/e, YTO JJS HHUX NPHHUUI CYNepno-
3HUKH HenpuMmeduM. HemumeliHocTb MoxkKeT ObITb 00YCJOB-
JieHa FPaHUYHBIME YCJIOBHSIMH.

dast 06001menHs] BapHAUMOHHBIX TIPHHUMIOB HAa HeJNH-
HeliHble cHcTeMbl B § 5.2 NMOHfiTHe TeNJoOBOrO NOTEHIHAJa
npuMeHsieTcss K cpelie, TeNJ0eMKOCTb KOTOPOil 3aBHCHT OT
treMueparyphl. Kak nokasano B § 5.3, ¢ 1oMoieio 3T0Oro
TIOHATHA TOJYYAOTCS BAaPHALHMOHHBIA NPHHLIMI H ypaBHe-
Husi Jlarpanxa AJsi CHCTeM, TeIJIOEMKOCTb M TelJONPOBO/-
HOCTb KOTOPHIX 3aBHCAT OT TeMmmepatypw [JI. 5-1].

INonsiTue corpsikeHHOro NOJs 00600LIaeTcd Ha HeJHHEd-
Hple cucTeMbl B § 5.4. las cayuast ¢ DOCTOSHHON TemJaomnpo-
BOJZHOCTBIO H NPH OTCYTCTBHH Ko3(¢HIHeHTa TernaoobMeHa
o600ieHHe TIPOH3BOAMTCS HemnocpeicTBenno. [lokaszaHo
TaxxKe, 4yTo HauboJsee OOLINI CJydall CHCTEMBl C 3aBHCANIEH
OT TEMIEPaTypLl TEIJONPOBOAHOCTBIO  MOXKHO CBeCTH
K CJy4am IOCTOSHHOH TENJONPOBOJAHOCTH TIPH MOMOIIH XO-
pOIIO H3BECTHOTO NMpeoOpa3oBaHuUs.

HenunefinocTb, 06yCJOBJIEHHAS TPAHHYHBIMH YCJOBHS-
m#, paccmartpusaerca B § 5.5. Takumu cayuasiMu ABJASIOTCS
OTTaMBaHHE HJH NpPOMep3aHHe, T. €. CJAYYaH MOABHKHBIX
rpanuL.

Haercss cxema pelleHust 3afayu abusiliuM, e TBepaoe
TeJIO TIPH ONJIABJCHHH HMeeT IBHXKYIIYIOCS TpaHuIly. 31ech
Takke OO0CyXJaeTcsl HeJHHEHHOCTb, MOpPOXKAaeMas H3IY-
YeHHEM ¢ TOBEPXHOCTH Npu OGOJNbUINX H3MEHEHHSIX TeM-
HepaTypHI.

B § 5.6 B xauecTBe mpuMepa HeJHHeHHOH 3alauH NpH-
BOIMTCA UYHCJEHHLIH pacyeT pacnpocTPpaHeHHS  TerJa
B cpelle C TeMIO(PU3HYECKHMH CBOACTBAMH, 3aBUCALIMMH OT
TeMmnepatypul. B stom maparpacde paccmaTtpuBaioTcs pas-
JIUYHsE HeJHHeHHOCTeli mnpollecca OXJaxKAEHHS H Harpesa.

5.2. TETIJTOBOM IMOTEHUHWAJ HEJIUHEWHBIX
CUCTEM

TMoustHe TenjoBoro IIoTeH1uaJsMa nJjs TBepIAOro TeJa
C 33aJaHUBIM 06beMOM T o6cy>x1lanoc1> H HCIIOJBb30BaJOChH
B IpeAbIAVIINX FJjaBaX B CBSI3H C JHHEeHAHBIMH CHCTEMAaMH.
3mech MBI PAaCCMOTPHM TBEpIOE TeJo, yAeJbHAs O0BbeMHas
TEIJIOEMKOCTb (X, Y, 2, 0) KOTOpOro 3aBHCHT OT TeMIepa-
TypLl O 1 KoOpJHHAT X, Y, 2.

[TonsiTHe TeMIOBOrO MOTEHIHANA MOXKHO OGOGLIHTL Ha
5TOT CJyyYaf,, ec/aM BBECTH BEIHUYHMHY YyAeabHOH O0GBEMHON
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JHTAJDbNHH /’l, OnpeAeJsaeMyio BbIpaXxKeHHueM
8

gcde:h. (5.2.1)
0

Ouranenua h(x, y, 2z, 0) aBasercs yHKIHeH Koopid-
HaT H TeMNepaTypsl H ONHMCHIBAET CBOMCTBO MarepuaJja.
AHnasnoruuHo onpenesum

h
( §dh=—F. (5.2.2)
0

Ora BeqHuHHA TakXe sBasercs dyukuued F(x, y, 2, 0)
KoopaHHAT W TeMnepaTypel. OHa 0Go6maeT MOHSITHE TEIJIO-
BOTO TIOTEHIlHaJa B eIHHHIle 00beMa TBEPAOrO Teaa s
HejuHernbix cucreM. Koraa ¢(x, y, 2) He 3aBUCHT OT TeMe-
patypsol, BenuuynHa F mpuHHMaeT BHL:

F——of?, (5.2.3)

YTO NOJIHOCTBIO COBNANACT C NOJLIHTErpajbHBLIM BHIPaXKEHH-
eM (1.2.8). CymMMapHBIfl TemoBOi NOTEHIHAN TBEPAOTO Te-
Jla, 3aHUMalolero o6beM T, ONpPeesasieTcsl BHpaXKeHHeM

V= ({{Fdn. (5.2.4)

T

Heo6xonnmo orMeruts, uto 31ech Temaosoe pacimupenue
o0beMa He YYUTHIBAETCH.

5.3. BAPHAIIMOHHBIN NMPUHILIUIT

C nomombio onpexeseHus TerI0BOTO OTEHIHANA (5.2.4)
MOXKHO C(OPMY/IMPOBATh BAPHAUHOHHLIA MPHHIMI TaK, Kak
3TO CACJAHO B II. 1 AJIST IMHEHHBIX CHCTEM.

Cuenyer momuepkHyTh O6liHE CBOHCTBA TEMIONPOBOLHO-
CTH, IPHHATHIE I AAHHOrO ciaydass. OHa MoxeT GBITh aHH-
30TPONIHOH M 3aBHCETh HE TOJNBKO OT KOOPIHHAT X, Y, 2, HO
TaKXKe N OT BpeMeHH f u Temmepatypnl 6. CiegoBaTesbHo,
TEH30D TENJIONPOBOJHOCTH 3alMIIETCS. B BUE

kij=kij(x, y, 2, 1, 0). (5.3.1)

3aBHCHMOCTDb TEMJONPOBOXHOCTH OT BPEMEHH MOMKHO
YYeCTb B YACTHBIX CJy4asX, KOTAa Ha (PM3HYECKHe CBOICT-
Ba MaTepHaja OKasblBAlOT BJIHSHHE BHELIHHe (DAKTODHI,
HanpuMep HEKOTOpPble BH/bI H3JydeHHS,
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Kak n panee, npu GopMy/MPOBKe BapHAUHOHHOIO IPHH-
UHIA MBI MCIOJb3yeM OOpaTHYI0O MAaTpPHLYy TeNJIonpoBOLHO-
CTH kjij, onpelensieMyio ypasHeHHeM (1.5.7) B Buze

hij=Mij(x, Y, 2, 1, 0). (5.3.2)
CootHowennss OHzarepa CUMTAlOTCS CHPABENJIHBBIMH.

ClenoBaTeNbHO,
Aii=Nji (5.3.3)

BapuanuonHywo GOpMyJHPOBKY MOKHO MOJIYYHTH, €CJIH
BBECTH II0JI€ TEIJIOBOTO CMeEIleHHS C KOMIOHEHTaMH B Jie-
KapToBoii cucteMe koopaunat H;=H;(x, y, 2, t). 310
onpejeneHne aHaJjsoruyHo ypasHenutio (1.5.1). Ilpeanono-
XKHM, YTO OHO yAOBJETBOPSET YPABHEHHUIO

i
b 0H,
()xi

. (5.3.4)

3T0 ypaBHeHHe siBJsiercsi 00006IlleHHeM ypaBHEHHS
(1.5.2), m ero MOXHO paccMaTpUBaThb KaK T'OJOHOMHYIO
CBfI3b MEXJY TelJoCco/ep:KaHueM A ¥ TeNJOBBIM CMeLleHH-
eM H;. C noMoubio 3TUX ONpefeseHUt Mbl NOKaxKeM, 49TO
BapPHALHOHHBIA TNPHHUHUN [JIs HEJHHEHHOTO cJayyass MOMKHO
3anuCcaTh B BHJE

o+ {1 (2 ) = [ S\ndHdd, (535

rie V paercs ypaBHenueMm (5.2.4), a unterpannl OepyTcs
no o6beMy TBepioro Tena tv u ero rpanuie A. Ilo ompe-
perennio (5.2.4) u u3 ypasuenus (5.3.4) Hadmem:

V= S” B8hdn — — 5 S S 0 2 (—,‘;— SHidw.  (5.3.6)

HHTerpupys no yacTsM, Hojyvyaem:

oV = S Wz SHdv — SSEOn,-'o’H,-dA. (5.3.7)

TToncragus ato Bmpameﬁne B (5.3.5), nonyunm:

Sﬂ 2 ( + 2 AssHy ) SHidz=0.  (5.3.8)
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ST0 YVpaBHeHHE 3KBHBAJIEHTHO 3aKOHY TeNJIONPOBOX-
HOCTH

i
a0 :

OHo aHaJjoruuyHo ypaBHeHuio (1.5.6) i nuHeliHOH cHcTe-
Mbl. EnuHCTBEeHHOE pasiuume MeXKAY STHMH ABYMS ypaBHe-
HUSIMH 33KJI0YaeTcsi B TOM, YTO B TIOCJAeAHEM CJydae Agj
MOXKET 3aBHCeTh OT TeMIlepaTyphl.

Takum o6pas3oM, Mbl YCTAHOBMJIM CIIPaBeAJIHBOCTb Ba-
pHALHOHHOTrO NpHHUUNA (5.3.5) AN HeJHHEHHBIX CHCTEM.
Cnenyer OTMETHTb, YTO 3TOT NPHHUHUI NO CBOeMY (¢H3uye-
CKOMY CMBIC/JY COOTBETCTBYeT yTBEpXKIEHHIO, YTO CKODOCTb
TEMA0BOro notoka H; ynoB/eTBOpsieT 3aKOHY TENJIONPOBOJ-
HOCTH NpH JaHHOM paclupejeJeHUH TeMileparypbl, B TO
BpeMsi KaK 3aKOH COXpaHeHHsl 3>HepPrHH YAOBJETBOpPSETCS
aBTOMAaTHYECKH caMoii GOpMyJHPOBKOH MO aHAJOTHH C TO-
JIOHOMHBIMH CBfI3SIMH B MexaHuKke. B naHHOM caydae roJo-
HOMHAasl CBsI3b BBIpa)Kaercs ypaBHenueMm (5.3.4).

Heuspectnoe mosie H; MOXKHO onpejleuTh uepe3 0600-
IIEHHBIE KOOPAUHATH §p KaK

Hi=H;(q1, q2, ---, gn, X, Y, 2, 1). (5.3.10)

Bapuanuouusit npunnun (5.3.5) NPHBOAHT B 3TOM CJy-
yae K cucteme 7 ypasHenui Jlarpanxka

420 —q,. (5.3.11)
9 0g:

[Nockoabky Bapuauuouusiit npunnun (5.3.5) ¢opmanbHo
TOXK/eCTBeHeH (OPMYJHPOBKe [Jis JHHeHHOro cJayuasi, Bbl-
BOX ypaBHenus (5.3.11) Npou3BoAUTCA C MOMOIIBIO METOAA,
ucnoapsyemoro B § 1.5. uccunarusuas ¢yuxuus D u tep-
MOAHHAMHYECKasT cuaa Q; OonpefessiioTCs ypPaBHEHHSIMH
(1.5.18) u (1.5.22).

Ilpunyun supryaseroti paboTel U Munumasbras oOuc-
cunayus. Kak yxe ykasblBajoch B TJI. |, BapHalHOHHbINA
NPHHILHI MOXKHO pacCMaTpHBaTh KakK TPUHIHUI BHUPTyasb-
HOIl paGoThl. DTO 3aMeuaHue, OUEBUAHO, INPHMEHHMO W
K BbipaXKeHHI0 BapuanunonHoro npunuuna (5.3.5) s He-
JUHeHHBIX cucreM. B uactHoctd, 006006lleHHBIE TeNJOBHE

i
CUJIBI MOXKHO TOQJIVYHTb, BHIUMCAUB BapHauuw 2Q;8¢i,
¢ TOMOMIBIO KOTOPOil MOHSTHE BHPTyaJbHOH paloTel pac-
NPOCTpPaHdeTCs Ha TepMOLHHAMHYECKHE NMPOUECCH.
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Heauneiinsie yparueunst Jlarpamxka (5.3.11) Taxkxke
5KBHBaJICHTHbl NMPUHIHNY MUHKUMAJbHOH NHCCHUIALMH, Kak
OBLJIO 1I0Ka3aHO AJs JuHehHol cucremu B § 1.4. Kaxk u pa-
Hee, [Ji HeJIHHEHHOH CHCTEMBI MOXKHO OINpefejHTb Hepas-
HOBECHYIO CUJY B BHJeE

Xz-:Qz--——d‘%. (5.3.12)

Vipu stom ypaBHenus (5.3.11) BbIpaxkaioT ycjoBHEe MHUHH-
MyMa auccunaTuBHOR dyskiwH D jJis BceX BO3MOXHBIX 3Ha-
i

yeHHH ¢;, npHueM ZX,-qz- J0JixKHA ObITh NOoCTOsIHHOH. Heol-

XOJAMMO 3aMETHTb, 4TO JHCCHIIATHBHASA (QYHKIUHS SBJSETCS
NOJIOKHTENLHO ONpefeJeHHOH KBaJpaTHYHO!N (OPMOH OTHO-
CHTEJIbHO CKOPOCTH, YTO BbITEKaeT H3 NPONOPLHOHAILHOCTH
D JjiokanbioMy NpHpPalleHHIo S3HTPOIHH,

Merod KoHeunbix 34eMEHTO8 OAf HEeAUHELHbIX CUCTeM.
UncaenHpl aHa U3 HeCTALMOHAPDHOTO 10JSL C TOMOIbIO
MeTOAAa pasfesieHus o0JMacTH Ha KOHeuHbie 3JeMEeHTHl MOX-
HO pacOpoCTPaHHUTb Ha HeJHHelHble CHCTEMBI C NOMOIIbIO
noaxoxa, onucawHoro B § 3.7. VYpaBHeuus Jlarpamxka
(5.3.11) BHnHUCHIBalOTCA MJA KaXJo# nogcucremul. TenJso-
Bhle CHJB ; Ha OOLIMX TIpaHHLAX 3JEeMEHTOB MOXKHO
CTPYNIHPOBATh 110 NapaM BeJHYHH C JIPOTHBONOJIOKHBIMH
3H4aKaMH, HO HMeIOIHX OJAMHAKOBYIO a0COJIOTHYIO BEJHYH-
Hy. JlpHpaBHSIB 3TH 3HAYeHHS IIOCJie MepeMeHbl 3HaKa,
NOJIYYHM CHCTeMY yPaBHEHHH AJSl BCeH CHCTEMBI, U3 KOTO-
pOJi HCKJIOYalOTCA HeH3BecTHble (; Ha O6GIIMX TrpaHHuax
3JIeMEHTOB.

5.4. COIPSI)KEHHBLIE I110JI4 AJ151 HEJIMHEMHBIX
CHCTEM

ITonaTne uuK/AHUECKMX KOOPAHHAT MOXKHO paclHpocTpa-
HHTb HA HejMHeHHble cucrteMbl. Paccmorpum cpeay c ren-
JIOEMKOCTHIO, 3aBHCALLEH OT TeMNepaTyphl, H NPeANOoN0KUM,
YTO TEH30p TeNnJONPOBOJHOCTH ¥ K03pduLHEeHT Tenaoo6Mme-
Ha He 3aBHCAT OT TeMNepaTyphl. 3anuilleM TEIJIOBOE CMe-
lenye (4.2.1) B Buhe

i !
H=3%08,4; + Y Ff:. (5.4.1)
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IluccunaTuBHyio ¢yHKIHIO, Kotopas B 3ToM cJjyuae
SIBJISIeTCs] KBAJAPaTHYHOH POPMOH C MOCTOSHHBIMH KO3(p(H-
LHeHTaMH, MOXKHO 3aNHCaTh B BHE

ij il Im
: . s : ;
D =5 2 biiq: 9 -+ E b’ aq:f 4 '2—2 b tmfifms -
(5.4.2)

YTO 3KBHBAJIEHTHO ypaBHeHMIO (4.2.8), nmpHueM cyMMupoBa-
HHe 1o [ M j mposoauTcs OoT 1 mo v, a { U m npuHHEMAIOT
sHaueHns oT 1 1o k. Kak B raase 4, Mbl GyJeM CYHTATh,
4YTO k£ KOODAHHAT f; He BXOAST B TelJIOBOH NOTeHIHAJ V.
Ypasueuus Jlarpanxa nenatcsi Ha ABe TIPYMibl
—g% (’?’D_‘:Qz» —Z—I?-::Ql. (5.4.3)
Tz fa

YpaBHeHHs1 NePBOH TpyNIbl, copepxalne V, siBasioTcs
HEeJIMHEHHBIMH, NMOCKOJIbKY TEIJIOEMKOCTb 3aBHCHT OT TeMIle-
parypel. OZHAKO KOODIAWHATHI §; H f; MOXKHO pa3JeiuTh
¢ noMoMibic Npeobpas3oBaHusi, IPHMEHAEMOro IJs JHHeHHOH
cucTeMBl. JTO Tipeo6pasoBaHHe 3aJaeTcsd ypaBHEHHEM
(4.2.11) u BKIIOYAeT TOJBKO [UCCHNATHBHYI (YHKIHIO
(5.4.2), oAHHAKOBYI0 KaK AJf JUHEeHHOTO, TaK W JJS He-
JuHeliHoro cayuaen. CienoBaTenbHo, [; TakkKe SBJIAIOTCS
UMKJINIeCKUMH KOOpDJIHHATAMH B HeJTMHEHHON 3aJave, B KO-
TOPOH TeNJIONPOBOAHOCTb HE 33aBHCHT OT TeMIE€pPaTypHl.

Kak u B JsuHefiHOM cayyae, B Inpoliecce pasfieseHus
BBOJHUTCS CONpSiKEHHOe [oJie KaK BEeKTOpHOe MoJe, onpene-
JsieMoe 3aJaHHLIM TeMIepaTypPHbIM OJEM.

MeTton nosyueHHs COTPSIXKEHHOTO MNOJSA M3 NPHHUHNA
MHUHUMAJbHOR JHCCHIALHMH MOXKET NPHUMEHSITbCS TaKXKe H
IJIs1 HeJlMHeHHOH cucTeMbl W onucbiBaercs B § 4.3.

HakoHen, aHajoroBass MoJe/b COTPSXKEHHBIX HoJeH,
HCTOJB3YIOLlasl paclipellefielHble TeNJOBble CTOKH, OTHCAHA
B § 4.4 u MOXeT NPHMeHATbCA AJf HeJHHeilHOro ciayuasi
¢ TeM OTJHYHEeM OT JHHEeHHOro, UTO BMECTO YypaBHEHHs
(4.4.6) wcnonb3yeTcsi ypaBHeHHe

h=div(k gradvy), (5.4.4)

rre h—3HTanbnud, onpenenseMas ypasHenuem (5.2.1).
C rnoMolbIO J0Ka3aTeNbCTBa, aHaJOTHYHOTO HpPOBEAEH-
HOMY B TJ. 4, MOXHO INOKa3aTh, 4TO NOJe, CONpsiKeHHoe
C TeMnepaTypHLIM pacrnpejeleHdeM 0, gBIseTCS CKOPOCTHIO
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roJist TE€NnJIOBOTO HOTOKA B CTallHOHAapHOM COCTOsIHHH ¢ pac-
lipeJleJIeHHbIMH CTOKAMH TeEIlld, HMEIUHMH BEJIHUHHY

]
—w=h= j c () db. (5.4.5)
0

['pannunbie ycMOBHS OCTAIOTCA TAKHMH XKe, KaK W AJs
JHHeAHOH CHCTEMBI.

Tenaonposodnocts, 3asucawas or TemnepaTypel. Me-
TOJ CONPSKEHHHIX [OoJIeH MOXKHO O6GOOLHUTL Ha cJjydal
TENJONPOBOAHOCTH, 3aBHCALIEA OT TeMIepaTyph, C IO-
MOLIbI0 XOPOIIO H3BECTHOr0 MNpeobpa30BaHHSl ypaBHEHHS
TEeNJIONPOBOJHOCTH. CHauaJa pacCMOTPUM CJaydail H30TpOI-
HOH TemyonpoBojaHocTH. TemmnepaTypa ONHCHIBaeTCs ypas-
HeHHeM
00

div(kgrad)=¢ =F "

(5.4.6)
TensnonposoaHoCcTh £(0) U yaesnbhas o6beMHasi TemJo-
eMKOCTb ¢(6) cunTaloTcs (yHKuMsaMH TeMneparypbl. Jlis
YIpoileHHst 3anuilleM BMecTo ¢(X, y, 2z, 0) c(B) u Oynem
CYHTATb, YTO TENJOEMKOCTb MOXKET TaKiKe 3aBHCETb OT KO-
OpAHHAT B SIBHOM BHJe. BBeJleM nepeMeHHYI0
(6)
0

']
u () =_—5' £O_ . (5.4.7)
0

OGosnayuM TenJONMPOBOAHOCTb NPH 3aTAHHON HCXOZHOMN
TeMreparype, Hanpumep, xorfa 0=0, uepe3 k,. Torma

ko=k(0). (5.4.8)

ITostomy npeoGpasoBanue (5.4.7) naer u3MeHeHHe TEM-
nepaTypHo# mixaJjabl. C y4eToM COOTHOLIeHH

0 k 08
kygradu =rkgrad §; = o (5.4.9)
ypaBHeHHe (5.4.6) npunumaer Bun:
kydiv (gradu) =¢ fo 22 (5.4.10)

Ono onuceiBaeT TeMmepaTypy # B cpelde ¢ IOCTOSHHOM
TEMJIONPOBOAHOCTbIO Ky M TelJoeMKOCTbio ¢’ (), 3aBHCA-
ekl or u, no gopmy.Je

¢ ()=~ (e ¢(0). (5.4.11)
8—1050 113.



Kak ykaswiBasoch B Hauase jannoro naparpaga, MeTojl
CONpPSIKEHHBIX T10JIeH NPUMEHUM B CJAydae IOCTOSTHHOH Tell-
JIONPOBOAHOCTH Ro. CJieloBaTeNbHO, €r0 MOXKHO HCIOJb30-
BaTb, €CJAH BMECTO peaJbHOH CHCTeMBl MBI GydeM HCC/e-
IOoBaTb (DUKTHUBHYIO Cpely, OINHCHIBAEMYIO YypaBHEHHEM
(5.4.10). TemmepaTypa (HKTHBHOH Cpelbl 4 He COBNajaer
¢ 6, oanako Tengopoe cMeutenne H u sHtanbnusa A ocraior-
CA MPEKHUMH. DHTAJBIHA ONPELEseTCsl BhIpaXKelHeM

u 0
h:jc' (1) du = .S'c(ﬂ) do. (5.4.12)
0 1]

Caeflyer OTMETHTDb, YTO HENOCPEACTBEHHOE NPHMeHeHHe
MeTOJla CONpSXKEeHHBIX IoJiell JJ1s1 (GUKTHBHON cpembl Tpe-
Oyer, uToObl TenJoBasi CHCTeMa He COAepxKand Ko3(hu-
IHeHTa TemyooOMeHa. DTO MOKHO II0KA3aTh, ECJAH Bep-
HYTbCS K onpeaejenuio Kosopduuuenta rtemnoobMmena K.
B coorsercTBuu ¢ ypasuenuem (2.2.1) sanuimem:

H,=K (0 —6,), (5.4.13)
KOTOpOC MOXKHO IepenHcaTh TakikKe B BHIE
=K' (4 — ), (5.4.14)
rAe
u=u(l), up=u(b,), K (u)'———%—z%. (5.4.15)

Caenoparensio, HCNONb30BAHHE (GUKTHBHON TeMmepaTy-
pbl TpeOyeT TpHMeHeHHs KoadduilkedTa TensgoobMeHa,
3aBHCALLETO OT Temmeparyphl, T. e. K'(u). [Tostomy, Koraa
TEMVIOTIPOBOJHOCTb 3aBHCUT OT TeMIIEPATYPHI, COMPSIKEHHOE
foJie IJIst TBEPJIOTO TeJa [OJI2KHO PaCCYUTHIBATLCS OTAEMb-
HO JJIT CHCTEMBbI, B KOTOPOH OTCYTCTBYeT Temjoo6MeH Ha
NOBEPXHOCTH. BunsiHHe 3TOro TensooOMeHa YUYHTHIBaeTCH
B JajabHelilleM NPH pacuetre OOGOOGUIEHHBIX CHJ, BO3LeHCT-
BYIOILHX Ha TBEepAOe TeJo.

MeTos comnpsiKeHHbIX MOJell MOXKHO 06OGMIUTL TAKKe
Ha CHCTeMY, B KOTOPOH TeIJIONPOBOAHOCTL SIBJSETCS AHH-
30TPOTHOH ¥ OJHOBPEMEHHO 3aBHCHT OT TeMIepaTyphl, NpH-
4eM TEH30D TenJONPOBOJHOCTH UMeEeT BHN:

kij(0) =Fk'i;f (6), (5.4.16)

rae k';;—nocrosuubie. Cunrasi f(0) Gespasmepuoit (yHK-
uHedl TemnepaTypbl, Mbl TOJY4HM aHAJOTOBYI0 MOJeb
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TENJIONPOBOAHOCTH k’;; H (QUKTHBHYIO TeMIlepaTypy

= ff(e) db (5.4.17)
0

C TIOMOUIBbIO METOJAA, ONHCAHHOrO ITPH BBIBOAE YpPaBHEHHS
(5.4.6).

I pubauicennoui merod conpancentolx noseid. B HekoTo-
pPBIX 3afauax, B KOTOPBIX TEIJIONPOBOANOCTb 3ABHCHT OT
TeMuepaTypbl, MOXHO PEKOMEHJOBATb NMPUMeHeHHe NpubJIH-
JKEHHOTO MeTOJa pasjieseHHs LUKJHUYECKHX KOOPIHHAT.
Bwmecro npeo6pasoBanus (5.4.7) Gyxem CYMTaThb TENJIONPO-
BOJHOCTb PAaBHOH HEKOTOPOH YCpelHEHHO! BejHYHHE, He
3aBHCAILEH OT TeMIlepaTypel. DTa yCpPeRHEHHAas! TelJonpo-
BOJAHOCTb MOXKeT 3aBHCeTb OT KoopiauHaT. Torma comps-
KeHHOe T0Je PACCYUTBIBAETCS € MOMOLIBIO TAKHX YCPEIHEH-
HbIX 3HavYeHHd. ONHAKO TpPH HAXOXKJIECHHH JIHCCHIATHBHON
(OYHKUHH B BHJAE 3THX CONPSKCHHBIX TOJEH HCIOJb3YeTCs
JefICTBHTEJNbHASL TeIJIONPOBOAHOCTb, 3aBHUCSIIAA OT TeMIle-
patypsl. B oTanmude 0OT MeTOJa, OCHOBAHHOTO Ha IpUMeHe-
HHH 1npeo6pasoBaHnsa (5.4.7), 3TOT NpUOTHKEHHBIA METOH
He TpeOyeT, 4TOOBI TEMJIONPOBOMHOCTL He 3aBHCEJA OT KO-
OpPAHHAT, U YUYUTHIBaeT KO3(PPHUUHEHT TenjaooOMeHa.

5.5. OIIJIABJIEHHE U U3JTYUEHUE

HennHellHOCTL MOXKET BO3HHKATh HE TOJbKO BCJEICTBHE
3aBHCHMOCTH CBOIICTB MaTepHaja OT TeMIepaTypbl, HO H
M3-3a TPaHHYHBIX YCJOBHi, Kak, Halpumep, B 3ajadax
O NPOMEpP3aHHH MJH OTJaBJeHHH. JIBHKeHHe TpaHHIUBI
3aBHCHT OT HEH3BECTHOIO CTALlHOHAPHOTO TEMIEpaTypHOro
noasi. [To3ToMy ToJioXKeHHe TPaHHUBI HOJKHO YUHTHIBATLCS
B ypaBHEHHSIX C MOMOIIbIO JIOMOJHATENbHOH HEH3BECTHOM.
Manyuenne fa rpanune NpeicTaBisieT elle OAMH TNpHMeD,
KOTa HEeJHHeHHOCTb onpejeisieTcsi TPAHUYHBIMH  YCJO-
BHSMH.

Onaasienue (nodsusxcrovie epanuyst). Cdhopmymupyem
KPaTKO 3ajauy C ABHKYIIHMHCH TPAHHLIAMH C IOMOUIbIO
NPOCTOTO NpHMepa.

Kak yxe ykashiBaJlochb B ciyude JIHHEHHOH CHCTEMBI,
BADHALMOHHBIA NMPHUHIMI MOXKHO HCIOJb30BaTh, €CJAH CUH-
TaTh, 4TO NPH ONpPENEJEHHH TENJIOBOTO MOTEHIHANa H (PyHK-
UMK JIMCCHNALMH HHTeIDHPOBAHHE MPOU3BOAUTCS 1O 06beMy
C NOABHXHBIMH rpanuuamy. Toraa kaxpas Temjosas
CHJIa OTMpejensieTcss Ha COOTBETCTBYIOLIEH NOABHMKHON rpa-
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I
! R V777777777] Buane. DTo CBONCTBO siBJIseTCA
| R~ ! CJI€/ICTBHEM TOTO, YTO ypaBHe-
=¥ 4, Hust Jlarpau:ka OIHCHIBAIOT
a g TeIJIOBOH NOTOK AN 3ajaH-
HOTO MTHOBEHHOIO IIOJIOXKEHHUS

: IPaHHuL, M TeMIEepPaTypHl He-
i 34BHCHMO OT MCTOPHH pa3sBH-
1N THst npoiecca. ITo Tok ke
» [pHYHHE 3TOT HPUHOUI NpH-
MEHHM Taxxe Jgjag CHCTEM
Puc. 5.1. AGasuus monympo- ¢ HQABH}KHMMH TpanuUaMy H
CTpaicTBa mpH moctosiHHoM nmox- — CBOMCTBAMH, 3aBHCALLMMH OT
Boxe Terua R x rpamuue maas- TeMmnepatypel. IIpusenmenubie
JIEHHA. 3aMEUaHHuAd IO0Ka3biBawT, YTO
BapHaHI/IOHHbIﬁ NPUHOHT )i
ypapHeHus Jlarpani)a MOryT HCHOJNb30BATHCA AJf pelle-
HUg 3ajad Takoro THIIA,

B xagecTse mmOCTpanMH MeTola paccMOTpuM Gojee NPOCTYio 3a-
Xauy abusiumd, XKorja CBOKCTBa Cpelbl He B4BHCAT OT TeMIEPaTYPH.
TIpeamonaraercsi, uTo pacnuaBieHHOe BelleCTBO YIAAJAETCA C TIPAHHMIH
Cpasy e Inociae pacnjasJenns. IloaynpocTpaHCTBO, 3amoJHEHHOE TBEp-
IBIM TEJOM C NOCTOSHHOH TEIIONPOBOAHOCTBIO 2 M TIOCTOSIHHOM TemJo-
eMKOCThI0 ¢, naaBuTcs Ha rpamuue A (puc. 5.1). Yiembuyio ckopocTs
m0ABOJA Tensia K TJaBsnlelci noBepxHOCTH 06o3Haunm uepes R. B Mo-
MeHT { TpaHula NJIaBJIeHHSI BellleCTBA IPOHHKaeT Ha ray6uny a(f). Hus
HCCHeJOBAHHA 3aLauy ¢ JBHXYIleAcHS FpaHHIEll MOryT GLIThb MCHO/b30-
BaHb ypaBHeHHs Jlarpanxa.

Hecraunonaphoe pacnpesenene TemnepaTypsl B TBEPAOM Tese
anNnpOKCHMHPYETCS BRIPAKEHHSM

e:e,,,{1——(’—°—;i)}', (5.5.1)

B KOTOPOE BXOJSIT JBe HeH3BecTHble — riyGHHa miaBnenus a(f) u ray-
Ouna nponuxHoBeHHs ¢(f) Telsa B HepacClaBJeHHB MaTepHan. 31ech
X —KOOpIuHATa N0 TayOuHe, a TeMuepartypa miasfenus 0=0, 7upu
x=a.

Cienyer oTMeTHTh, 4TO 1IpH HCMOJL3OBAHMH ypaBHenuit Jlarpanka
TOJIBKO § CuMTaercs ofobuiennolr xoopawnaroff, a a(f) paccMatpuBaercs
Kak 3ajaHHas &YHKUKS BpeMeHH, HeNOXBEPXKEHHAs BaPLUPCBAHKIO,
B neficrButenbHocTd, raybuHa naaBrenms a(f) OCTaeTcs HeH3BECTHOM,
H OHAa J0/KHA ONpPENeNsiThCS H3 BCIOMOTATENBHOTO YPAaBHEHHS, KOTOPOE
He CBfI3aHO C BaPHAHHOHHBIM NPUHIHIIOM,

TennoBoe cMemenue Ha ray6uue x Gyzer:

a+q

1 — 1
H =]\ ¢ dx =-7qcbn {l-———u\ .

| (5.5.2)

[Tpu pacuete Tema0BOrO mMOTeHUHana, KHUCCHINATHBHON (YHKUEH H
TENJOBOA CHAH HHTErPHPOBAHHE NPOM3BOIUTCH TIO 06MacTH a<<x<a-gq.
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Onpexenum:

a+tq a+tq
R A e A I ) 3
l:2 .cﬂdx, D:2 ‘f‘, dx; Q=0, 0 ) e
(5.5.3)
H MOJY4HM COOTBETCTBYIOLlee ypaBHenHe Jlarpanika

ov oD
- +——=Q. 5.4
oq aq Q (5.5.4)

[Moancrasus B ypasnenue (55.4) snavenuss V, D u Q u3 ypabHenuit
(5.5.3), moayuum:

4 . 11 . 5 k&

iz 9+ n24>q:14'7

OT0 ypaBHEHHe COMEPXKUT JBe HEH3BeCTHHle —a M ¢. Bcmomora-

TE€JPHOE YypaBHEHHE TONYYaeTCs H3 YCJAOBHSA COXPaHEHHA 3HEPTHH B MIPO-
Hecce TJaBJCHHA B BHJE

. (5.5.5)

R=(L +cem)é+—l—emcq', (5.5.6)

rie L — ckpbiTasi TemsnoTa miaBjeHHs B eluHuue oGbvema. CieloBaTesb-
HO, MBI MOJNYYMJIH JBA COBMECTHbIX IH(dEepeHIHANbHEX YpaBHeHHS
(55:6) u (5.5.5) 1 AByX HensBeCTHHX (GyHKUHE BpeMeHn q(f) u a(f).
Ypasuennus (5.5.6) u (5.5.5) mosyueHHl W pelleHs UYHCJEHHO B paGoTe
{/I. 5-2]. B pmaabueiilleM BapHaNMOHHBIA NPHHUMI HCHOAB3OBAJCS A
PeIleHHs aHAJOTMUHON 3afaun abaAuud TPU GOJBIUHMX TEMNePaTypPHHIX
KoMeGanHAX H CHJIbHON 3aBHCHMOCTH TEIUIONPOBOLHOCTH OT TeMIepaty- -
put {JI. 5-3].

3ajizua 0 pacilpefieileHHH TEMTIEPATYpPHl IPH MJaBJeHHH ToayGec-
KOHEYHOro TBepjoro Tena 6e3s yjaneHust XuAKoH (hasbl Obiia peureHa
C IOMOILBIO BapHauuoHnoro mpuununa Jlapauepom [JI. 5-4].

Hsnryuenue ¢ nosepxnoctu. ®dusuyeckas HeJHHEHHOCTDb
TakKzKe HMeeT MeEeCTO, KOrjla MPOHCXOIUT U3JyueHHe C IIo-
BEPXHOCTH TpH GOJbINMX KoJeGaHHAX TeMuepaTyphl. B atux
CAyudsiXx XapaKTePHCTHKH IOBEPXHOCTHOTO TelJIooOMeHa He
MOryT OBITb JMHeapH30BaHbl. CKOPOCThL TEILIOBOTO NOTOKA
Ha eJuHuLy MNJoIaAn ITIOBEPXHOCTH MOXKHO 3alucaTth
B BHAE B

H, =e {(T,+0)* — T2}, (5.5.7)

rie & —- CTeNeHb YEPHOTH;, ¢-— nocrosinHas Credana; T, —
abCco/IIOTHAsE paBHOBeCHasi TeMIepaTypa, NpPH KOTOpOil He

NIPOUCXOJMHUT MNMOTepb Ha H3ayueHue. Ilpu 3ToM HesmHeHHOe
TpaHnuHoe ycjoBue 6yaer

H, = Hn, (5.5.8)
FAe N — eJHHMYHAA HOpMaJab Ha rpaHuue, a H — tennoroe
CMellleHHe Ha rpaHHIlle TBEePAOIo TeJa.
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Hna poctaTouyHo MaJslXx 3HaueHHH M3OBLITOUHON TeMmile-
parypnl ypaBHeHue (5.5.7) MOMHO JHHEAapH30BAThH B BHe

H,=K?, (5.5.9)

rjie
K=4eoT? (5.5.10)

Hrpaet poJib xosdduureHTa TeilsiooOMelna, He 3aBUCSILETO
OT TeMmIlepatyphl, Kak ykasaHo B § 2.2.

B HexoTOpBIX 3a/aYax, CBA3AHHBIX C HEJWHEAHBIM H3Jy-
4YeHHeM, HHOTJa IesecooOpa3HO HCHOJb30BaTh TPaHHUHOE
yCAOBHE AJsi TeMIepaTypHoro noJs. Hampumep, Aas uso-
TPONHOH TEIJIONPOBOAHOCTH NPHOJIMKEHHOE TeMIIepaTypHoe
noje BbIOHpaeTCss TAKUM, 4TOOB OHO YIOBJETBOPSIIO T'pa-
HUYHOMY YCJIOBHIO

k gradnd + eo{ (Te+0)¢—T4}=0. (5.5.11)

Iro mianoctpupyercs B cratbe I1. Padasbekoro u B. 3m-
ckoBckoro [JI. 5-5]. OHu npeAnaraioT NpoBecTH yCpelHe-
HHe ypaBHeHus (5.5.11) Ha rpanune, Ipu 3TOM Ha HEH3Be-
CTHBIE §; HaJlaraercsl FoJOHOMHAS CBH3b.

5.6. HATPEBAHUE ¥ OXJ/IAJ)KAEHHUE CTEHKH
C HE/IMHENMHBIMU CBONMCTBAMU

B kauecTBe WJMIOCTPALUH PACCMOTPHM OUYeHb IMPOCTYIO
Henunednyo 3agauy. BospmeMm nony6eckoHeuHoe Teno, 3a-
numapoulce obaacte x>0. IToBepxHocTs x=0 MI'HOBEHHO
NpuHUMaeT TeMmneparypy 6==0p B Mmoment {=0 (puc. 5.2).
byxeM cuMTarh TENJIOEMKOCTb JHHEHHOH GVHKIHEN TeM-
nepaTypht

0(6)200(1—}-—(?0—). (5.6.1)

SIJIONIPOBOJHOCTL R cudTaercst nocrostumon [JI. 5-17.
Onnako 3To JonyllieHHe He OTPAHHUHBAET OGIIHOCTH TpPH-
Mepa, IOCKOJIBbKY, Kak mokasaHo B § 5.4, cayuahi TemJo-
[POBOJIHOCTH, 3aBUCALIEH OT TeMIepaTyphl, JJETKO NMPUBOAHT-
CA K CJy4alo ¢ NOCTOSHHOH TeIJIONPOBOAHOCThIO. TeMmepa-
TYPHOE pachpelefieine B TBEPAOM TeJle almlpOKCHMHpPYyercs
BHIDAKEHHEM

8==8, < — -’;—) (5.6.2)
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rae ray6uHa MPOHHKHOBEHHS ¢ HTrpaeT poJib 0606LIeHHON
KoopauHatel. Jlns aHaJgmsa 3azaud yAoOHO paccMOTPeThb
NUIMHApHYeCcKuH 06beM, NapaJJesbHblil OCH X, C €AHHHY-
HEIM OCHOBaHHEeM. YpaBHeHHe Temjocoiepxanua (5.2.1)

NpHMeT BUA:
8

h— chﬂ — el o o (5.6.3)
0
a BesiuunHa F u terioBoii norenuuas (5.2.4) 6yayr
9

1 2 1 8
= | et di =5 '+ 50,

o

q
V= S'Fdx— o5 Co’d- (5.6.4)
Torpa rtensoBoe cMellleHHe HAXOAMTCA H3 COOTHOLICHHS
q
H= S hdx. (5.6.5)
Tososxus
{— 1—%, (5.6.6)
TOJTy4uM:
1 I
H— (_3- ¢ 45 c5> ¢,004. (5.6.7)
HnccunatusHas qaym(um{ 6yner:
D= SH“‘d =28 g 4, (5.6.8)
0
a BuUpTyasbHast pa6ora TepMOAMHAMHYECKOH CHJIbI
Qdg="006H, (5.6.9)
rne OH — Bapuauus H npu x=0, otkyzaa
13 2
Q =—§(T c06~o. (5.6.10)

YpaBuenue Jlarpanxka Gyger:
a —|———~—-Q (5.6.11)
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IMoncrasus suauenus V, D u Q us ypasuenuit (5.6.4),
(5.6.8) u (5.6.10) B (5.6.11), nostyunm:

0,064899 = — £, (5.6.12)
Co
Hurerpupys 310 ypaBHeHHe C HauyaJbHBIM YCJIOBHEM
g=0 B momenT =0, HAXOAUM:

=297 1/@ (5.6.13)

Mgl MOXKeM CPaBHHTb 3TOT Pe3yJ/bTaT C BeJHUYHHOH

g=3,36 l/ (ES (5.6.14)

onpeaeneHHol u3 ypassenus (1.7.10) nna snuneiiHo#t cu-
CTeMBbl ¢ HOCTOSHHEIMU & H ¢, NOJIOKHUB

c=128¢cp. (5.6.15)

CllenoBaTesbHO, HPH aNNPOKCHMALUH HeJHHEHHOTO CJIy-
yas ¢ NPHHUMAaeTCss NOCTOsiHHOM u paBHoit 1,28 ¢o. Coenyer
OTMETHTE, YTO 3TO 3HauyeHHe JeXKHT B HHTepBaJe oT 1,5¢p
0 €y, COOTBETCTBYIOILEH MHHHMMAaJIbHOH TeMIlepaType.

3ajnaua 06 oxJaxaeHHH
HONYIPOCTPAHCTBA TAaKOTO
Ke. Martepuanaa (puc. 5.2)
OoT TeMmneparypsl =40, 10
. 8=0 paccmarpuBaercss B
patorte [JI. 5-1]. Henuneii-
HBle 3ajaud 0H oxJaxie-
HHH W HarpPeBAaHWM HEIKBHU-
BAJIGHTHBI. Y. CTaHOBJIEHO,
yTo ray6nHa TPOHHKHOBe-
HHSl COBNAJlaeT ¢ ¢ JAJd
cpelbl, umemwmen ¢=1,74c,.
CienoBaTesnbHO, B paccMmo-
b TPEHHOM cJydae IOCTOSIH-
Hoe 3(p(eKTHBHOe 3HaUeHHe
¢ HaxXOAUTCS MEXIY Cpel-
HUM 3HaueHueM 1,5¢y 1 2¢o,
Puc: 52 Dxtatenie 1L ISP coomerctayiomin Makei.
(GH3HUECKHMH CBOIICTBA MH. MaJbHOHU TEMIIEpaType.
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T'rasa wecrasn

KOHBEKTHMBHbBIN TEITJIOOBMEH

6.1. BBEJEHUE

B nauHoil riaBe BapHallMOHHblE NPUHUMIBI H ypaBHe-
nua Jlarpauxa o06o6IaloTcs Ha CJayd4ad KOHBEKTHBHOTO
Tengoo6MeHa. PaccMoTpuM ABa passiHuHBIX moaxoaa. B mep-
BOM MBI OyJeM peliaTtb 3ajauy TEMJONPOBOJAHOCTH B TBep-
JOM TeJse, FPaHUllbl KOTOPOFO COTPHKACAIOTCS C JBHXKYILEH-
¢l XKHUAKOCTbIO. KOHBEKTHBHEIH TensiooGMeH Ha TpaHHlie
YYHTHIBaeTCA C MOMOLIbI0 «(QYHKLUHH BJHAHUA». JTa PYHK-
UHSl YYMTHIBA€T KOHBEKTHBHBIE CBOHCTBA JKHAKOCTH, KOTO-
pble MOXKHO BKJIOYHTb B IpaHHuYHOe yciaoBHe. Diaromaps
3TOMY KOHBEKLHSI H TeIJONPOBOAHOCTL B TBEPHOM TeJje
paccMaTpHBalOTCA pasjesbHo. TeueHne MoKeT OHITH JAMH-
HapHbIM M TypOyseHTHHM. Pacuer ¢yHKUHH BIHSIHHS 1IpO-
Benen B ra. 7. Takoe pasjesneHHe HMeeT HEKOTOpHE Ipe-
HMYIECTBa, IIOCKOJbKY (H3NUeCKHe CBOHCTBA TEIJIONpPO-
BOJHOCTH ¥ KOHBEKIHH COBEPIIEHHO Pa3JIMYHBL, H OGHIUHO
3TH ABJIEHUS! HeyJOOHO aHAJU3UPOBATHL OIHOBPEMEHHO.

Jlpyroit moAxon 3akjaoyaeTcsi B BbIBOJE YHHPHIHPOBAH-
HbIX yPaBHEHHH, NPUMEHHMBIX K CJOXKHBIM CHCTEMAaM, BKJIIO-
YAIONIUM H TBepJoe TesJo M ABHXKYILYIOCH XKUJAKOCTh. Takoi
YHHQHUUPOBAHHBI IOAXOX MOXKET IPHMEHSITbCS B psile
CrelHa/NbHBIX CJyYyaeB, TAKHX KaK TeNJOOGMEH B IIOPHUCTOM
TBEPJOM Teje OpH (GHILTPAUHH KUIKOCTH.

®yHKIKA BJHAHHA onHchbiBaeTcs: B § 6.2. OHa no cyue-
CTBY TpelcTaBiseT TeMIepaTypHOe BO3MYIleHWe HA TPaHH-
e pasaena <«TBepAOe TeJo — KHAKOCTb», BBI3BAHHOE IIO-
CTyMJIEHHEeM TelJa B JBHXYILNYIOCS IKHIKOCTh B JaHHOH
TOYKE TrpaHuubl pasfena. OHa MOXKeT OIpeleJsATbCS Kak
IByMepHasi u ojgHomepuas. B § 6.3 paccmarpusatoress no-
NOJIHHTENbHBIE YWIEHB B ypaBHeHHAX JlarpaHxka, yYuThIBalO-
llMe KOHBEKTHBHBIN TeNJoOOMeH Ha TpaHHlle ¢ TIOMOILBIO
OYHKIHK BJAHSHHUSA.

B § 6.4 meton compsiKeHHBIX noJiefl, paccMaTpHBaeMBblil
B IJ. 4, o6o6uiaeTcd Ha CJaIy4all KOHBEKTHBHOTO TeIIO06-
MeHa. [I/si Hero. NPHMEHHMO MOHSTHE IHKJIHYECKHX KOOp-
AMHAT, YTO HNPHBOAHT K 3HAUHUTEJNBHOMY CHHMKEHHIO UHCJIa
KOOPAHHAT, HeOOXOAMMEIX AJs aHaJjusa. Ilaa pacuera co-
TIPSZKEHHBIX MOJIeH MOXKET TakXKe IPUMEHATbCS METOJ], aHa-
JIOTHYHBI! TIPHHUANY MHHEMAaJIbHOM AuccHiaunud. ITokasawo,
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4TO BO3MOXHOCTb TAKOTO NPHMEHEHHSI CBSi3aHa CO CBOKCT-
BOM COMNpPSKCHHOH CHCTEMBI, MOJIyyaeMmMol NpH oOpalleHHU
NOTOKA KHIKOCTH.

Eme onun ¢ynnamenranbubiii MeTox paspaboran B §6.5.
CoOoTBeTCTBYIOIMM ONpefieJeHHEeM AHCCHIATHBHON (YHKIHH
NOKa3aHo, 4To ypaBHeHHs JIarpanzka NPUMeHHMBl Kak AJsi
KOHBEKIIMH, TaK U JJIA TelJIONPOBOLHOCTH. TakuM o6pasoM
CMellaHHbe CHCTeMBl, COCTOSIHEe M3 TBepAbLIX TesJl H JBH-
AKylekcs XKHIAKOCTH, ONHCBIBAIOTCS eJnHO# ¢dopMOH ypas-
HeHHH Kak IIpH JaMHHAapHOM, TaK H NpU TypOyJeHTHOM
TeueHud. [TosToMy /s KOHBEKTHBHOTO Tensoo0MeHa Mo-
JKET MPUMEHATLCS NPHHIUI MHUHHMAJbHOH AUCCUNIALKH.

6.2. @YHKIHMI BJIVSIHNSA

PaccMoTpuM TpaHHIly TBEPAOTO TeJa, HaXOoIsIlerocs
B COTNPHKOCHOBEHHH C JIBHKYIUeHCA XUAKOCTbIO. as omnu-
caHus OOIHX CBOUCTB TelyooOMeHa MeXAy TBEPABIM TeJIOM
M IBHXKYIEHCST XKUAKOCTbIO BBeAEM HOHATHE (HYHKUHHU BJIHS-
Husi, uMMeplledl camoe obmee onpeienenne [JI. 6-1]. drto
NOHSATHE eCTeCTBEHHBIM o6Gpasom ofofLiaer ypaBHeHus Jla-
rpasxKa JJs TelJIONPOBOAHOCTH B TBEPJAOM Telle C yUeTOM
KOHBEKTHBHOTO TeNJIooOMeHa Ha TpaHHIE, KOTJAa HOHSATHE
K03 pHIlHEHTa JOKAJBLHOTO TENJI000MeHa TepsieT CMBICI.
ABstopom B paHee onyGaukoBaHHo# paGorte [JI. 6-2] noka-
3aHO, YTO KOHBEKTHBHBIH TeNnJooOMeH He MOKeT OBbIThb OIlH-
CcaH COOTBETCTBYIOILMM 006pa3oM C IOMOUIbIO JOKaJbHBIX
K03(ppULKHEHTOB TemIooOMeHa.

TeueHne MoKeT ObITh JAMHHADHBIM HJH TYPOYJEHTHBIM.
B cayuae TypOyJseHTHOrO TeueHHs] MOJSI CKOPDOCTH ¥ TeM-
nepaTypbl ONPeNesIOTCS C INOMOUIbI0 YCpeAHEHHS (IyK-
Tyauud. CKOpPOCTHOe II0Jle CUUTAaeTCss 3aZaHHOH (yHKUHeH
BPCMEHH H KOOPIHHAT, a TeMIlepaTypa SBJSIETCS HEH3BeCT-
HBIM HECTAIlHOHAPHBIM WJHM CTAIlHOHAPHBIM MOJIEeM, ONpeje-
JIeHHe KOTOpPOro BXOAMT B 3ajauy TemjaooOMeHa.

Jasi Toro uto6bl cHOPMYJSIHPOBATL CONPSIKEHHYIO 3aja-
yy Tenjaoo6MeHa Mex/]y TBEpAbIM TeJOM ¥ JKHIAKOCTbIO, He-
00XOJHMO BBeCTH TaK Ha3blBaeMylo aauaGaTHUECKyi0 TeM-
neparypy 6q(P, f), o xortopoit rosopusnoch B § 2.2. Ona
olpelessieTcsi Kak pacrpejiesieHde TeMIepaTyphl XKHIKOCTH
Ha TpaHulle TBEPAOTo TesJa NPH OTCYTCTBHH IOTOKA TemJa
yepe3 NMOBEPXHOCTb pasfena. VHLIMH cJIOBaMH, paccMaTpH-
BaeTCs TeMIiepaTypHOe NoJe, oOpasyiolleecst B KHIKOCTH,
MpU  TeMNJIOH30JUPOBAHHOA TpaHMlle TBEPAOro Teaa. ITO
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TeMreparypHoe noJe MoxeT OHThb 3afaHHOH (QYHKIHeH
BPEMEHH N 3aBHCETb OT ONpeJeseHHbIX BHEIIHHX H BHYTPeH-
HUX (AKTOPOB, BBI3BIBAIOIUMX HarpepaHue HJAH OXJaXKje-
HHe XKHAKOCTH H BO3HHKAIOUUX B pe3y/JbTaTe H3JYUEeHHS,
BHYTPEHHEr0 TPeHHs, XUMHUECKHUX peaklUil, HarpeBa BEHILIE
o teuyenvo M T. A. [Ipu Takux ycjoBusx amguabaTHuecKkas
tTemneparypa 0,(P, {) sIBAsieTCs TeMNepaTypoll KHIKOCTH
Ha TpaHHLe C TBEPABLIM TeJIOM M 3aBHCHT OT BpPEMEHH H
KOODAUHATH TOUKH P Ha NMOBEPXHOCTH TBEPAOTO TeJia.

s toro urobu chopMyaHpOBaTH 3a7auy TeNJ000MeHa
B CJydae HeTeIJIOM30JHPOBAHHOH TpaHUIbl, TIPHMEM BHa-
yaJjie CTalHOHapHble YCJAOBUS, a CJAeJ0BATENBbHO, TeUeHHEe H
TeMIlepaTypy, He3aBHCHMble OT BpeMeHH. B 3toM cayuae
TEIJIOBOH IOTOK MPOXOAHMT dUepe3 IOBEPXHOCTb pasjieda,
a TeMuepaTypa XHMIKOCTH Ha TOBEPXHOCTH pasjesia TeHepb
pasna 0, a ne aaunabarnueckoit Temneparype 8,. OCHOBHBIM
JonyllleHHeM sIBJSETCS AONyLIeHHe O JUHEHHON CBSI3H Te-
NJIOBOIO TNOTOKA uepe3 IIOBEPXHOCTh paslesa C PasHOCTHIO
TemMnepatyp 0—0, Ha noBepxHOCTH. DTa CBS3b BBIpa)kaer-
€5l HHTETPaJbHBIM COOTHOIIEHHEM

0— ea:” Ha(P')r (P, P')dA,,. (6.2.1)
A

B stom BuipaxeHuu 6 u 0, SIBASIOTCH COOTBETCTBEHHO
IeHCTBUTENbHON W aauabaTHyeCKON TeMmepaTypaMH B JaH-
HO# Touke P Ha rpanmue. ITOBepXHOCTHHIH HHTErpas BHI-
YHCJISETCST 110 BCEM 3JIEMEHTaM MOBepXHOCTH dAp- Ha rpa-
Huue. Hp(P’) — cKOpOCTb TENJIOBOrO IMOTOKA B €IHHUILY
BpeMEeHH HA eIUHHIY TJION[aJH NOBEPXHOCTH TBEPJOTO TeJia
B Touke P’. Xors ypaBHeHue (6.2.1) sBAseTCst JNUHEHHBIM,
OHO He 03Hadaer, UTO TEIIOBble CBOHCTBA XKHAKOCTH MOJYH-
HSIOTCSI JIMHEHHBIM 3akoHaM. HeoOXOAHMO TOJNbKO, UTOGHI
TEeNJIOBBe BO3MYLIEeHHUs, NOPOXKAEHHble TeNJ006MEeHOM Ha
NOBEPXHOCTH, YJAOBJETBOPSJIH INPHHUHUIY CyNeplo3HUHHU
B ONpeJeJIeHHOM [JHana3oHe TeMiepaTyp.

CpoiicTBa TNOBEPXHOCTHOTO TeNJI0OOMEHA ONHCHIBAKOTCSH
nByxToueuHolt ¢yuxuuell r(P, P’). B nanHom cayuae oHa
BBOJHMTCS aBTOPOM KakK (DYHKUHUS BJIHSTHHS.

Ilpuunna Takoro o0o3HaueHHs, a Takke (OHIHUECKHH
CMBICJT 3TOH (YHKIMH CTAHYT SCHBIMH TIPH PACCMOTPEHHH
MTHOBEHHOTO TOUEYHOTO HCTOUHHKA Tenlsa B Touke P’. Ipwu-
paliienne reMnepaTypsl B Touke P Ha rpaHulie GyAeT HMeTb

BHUA:
0—0,=r(P, P'). (6.2.2)
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omox .
— Ecan 3a mauano omcue-

Ta B3siTa TOYKa P’, 3TO BbI-
paxenue TIPeICTaBISET
IBYyMepHOe TeMmllepaTypHOe
: nose. B obuieM uzorepMbl
£ 3TOTO TeMIlepaTypHOro To-
Js 6yLyT  aHAJOTHYHBI
NpeJCTaBJEHHbBIM HA pPHC.
6.1, rae mokaszaH «CJaen»
BHH3 10 HOTOKY OT HCTOY-
Puc. 6.1. Msorepmbr aas ¢ymkumn  HHKA TeILaa.
Bausinus 7 (P, P') npu noasoxe Tten- Anajius noBepXHOCTHOTO
na B Touke P’ (cxemaTtmueckoe TemI006MeHa  TPOBOJHTCS
H3oGpaxenune).
B § 2.2 pas wacTHOTO CIIy-
yas, Korga NpUMEHUMO MO-
HTHE JIOKaJbHOro Kos(pdpuuuenta temnoobMmena K. Ero
MOXKHO PaCCMATPUBATbL KakK INpeAesbHBIN cayuail Gosee 06-
HIero NOHATHS (PYHKIUH BJUSIHUS NPH MCNOJAL30BaHHH PYHK-
uuu Jdupaka 6(P, P’) co cBoiicTBaMu

8(P, P')=0 npu P=£P'; 1
S Sa(P, P)dA,, = 1. J (6.2.3)

A

Kosdpouuuenr rtennoo6mena K(P) cooTBeTcTByer ciie-
Ayomiell GYyHKIHU BJIHSIHHS:

__8wp, P
=g (6.2.4)
JeficTBUTENbHO, TOACTABMB 3HAUeHHe r B BBIpaXKeHHe
(6.2.1), nonyuum:

(8 — 8,)K (P)=H,(P), (6.2.5)

coBliajarmllee ¢ ypaBHeHHeM (2.2.1).

Jlaist yupolneHusi Mbl CYHTAJNH H TeUeHHEe W TEMIepPaTypy
crauHoHapHbiMH. Temepb COXpaHHB yCJIOBHE CTallHOHAPHO-
CTH TeueHHs, TemIleparypy OyJeM CUuTaTb 3aBHCHUMOH OT
BpeMeHH. DTO 03HAuaeT, YTO IJIOTHOCTb TEIJIOBOrO MOTOKA .
Hyn(P’, t) moxeT u3MeHATbCs BO BpeMeHd. CTpPOro roeops,
GYHKLHS BJIHSHUSA B TAKOM CJiyuae AOJKHA BKJIOYATH B cebs
BpeMsl 3anas/ibiBaHUS H3-33 KOHEUHOH CKOPOCTH KOHBEKIHH
BHH3 mo TeuenHio. OnHako, KakK IOKa3aHo B paHee Omy-
GaukoBanHO#i paGorte [JI. 6-2], B psjle mpakTHYECKHX 3a-
Nay BpeMeHeM 3aNasjiblBaHHg MOXKHO mnpeHe6peub. B sTHX
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Cayuasix HCnosabsyercs (YHKIHSL BHSAHHSA CTallHOHAPHOTRO
cocrosiHust U ypaBHenHe (6.2.1) upunumaer Bun:

e—ea=” Ho(P', t)r(P, P')dA,,. (6.2.6)
A

Caenyomum wmaroM Gyaer JonylieHHe o TOM, YTO JIBH-
KeHHe KHAKOCTH eCTb 3ajaHHas (yHKuus spemenu. IIpu
3ToM aauabartudyeckas Temnepatypa 0q(P, {) Takke Oyaer
3aflaHHOH ¢yHKUHMell BpeMeHH. Beaeacrsue 3Toro GyHKUHS
Bausiiust r (P, P’, f) 3aBHCHT OT BpeMeHH, H ypaBHelHe
(6.2.2) mpunumaer BuA:

0—0,=r(P, P’, 1). (6.2.7)

OT0  BLIpaX<eHHe ONpeJe/IsieT NpUpALleHHe TeMNepaTyphbl
B Touke P B peaysbraTe eAHHHYHOTO NMPHTOKA TelIa B TOU-
ke P’. BpemerieM 3arnasabisanus npene6peraem. B stou cay-
uae (YNKIUSA BJAMAHHSA COOTBCTCTBYET KBA3HCTALMONADHBIM
YCJIOBHSIM H SIBJSIETCA TaKOH iKe, KaK NPH CTAHOHAPHOM
JABHZKEHIH KIAKOCTH, XapaKTePH3YIOEMCSi MTHOBEHHBIM I10-
JeM ckopocteil B MomeHT {. CoorHolenue (6.2.6) npunuma-
eT BHA:

a—eazwﬁn(n, t)r(P, P, t)dA,,. (6.2.8)

A

Honymenne o KBa3HCTALHOHAPHLIX YCJAOBHAX NPHMCHH-
MO BO MHOTHX 3afauyax KOHBEKTHBHOTO TerlsooBMeHa.

B sanagax, rie Bpems 3amnasipiBaHHsi HEOGXOAHNMO YuH-
THIBaTh, (DyHKUHSA BJaHsAHHS HMeeT BHA r(P, P’ 1, t’). Ona
BbIpa)KaeT NpHpallenue TCMIepaTypot B Touke P B MoMent {
BCJEICTBHE  HPHJIOKEHHS - CAHHHYHOIO HCTOUNHKA TemJa
B Touke P’ B mMomeHT {. B mocseayomem aunanuse Gynem
CUHTATh BpeMs 3a CUeT 3aNa3AblBaHUs KOHBEKIHH IpeHe-
OpexuMO MaJblM U ONpejesauM (YHKIHIO BIAUAHUA 10 ypaB-
Henuio (6.2.7).

Odnomepras ynxyus eauanus. [louatne ¢GyHKIUH
BJHSHHASL MOXKHO YIPOCTHUTb, €CJIH CYHTAThb I10Jie TEYEHHS
AByMepHBIM. B maHHOM ciyuae rpaHumeil TBepAOro TeJa
SIBJISIETC  LMJHHJDHYECKAS] TNOBEPXHOCTb, a TOJe TeueHHs
OHHAKOBO BO BCEX IJIOCKOCTAX, MePHEeHIHKYJASPHBIX 3TOH
nosepxHoctd. O603HAUYHM 4epe3 S IJIHHY AYTH BAOJAb JHHHH
TOKa Ha NOBEPXHOCTH, a Uepe3 y — PACCTOSHHE BIOJbL Hps-
MBIX JIMHHH, TepHeHIHKYJSPHBIX TOTOKY. BeJHuYHuHBEl S H Y
MOXKHO BHIODATh B KauecTBe KOOPIHHAT TOUKH Ha TOBEPXHO-
cri. Tensio mocTynaer B KHAKOCTb BAOJb NPSIMOM, MeprieH-
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JIUKYJASAPHON  TeueHnuio W ONpelesieMoil KOoOopAHHaTol s’

[TnoTHOCTH TeMJOBOrO MOTOKA paBHa eJHHHUIle Ha €AHHHLY
AJIKHBI, I/I3MepFIEMOﬁ BAOJIb Y. ,HJIH CTAaLlHOHAPHOTro TedeHHUS
pa3HoOCTb TeMIlepaTyp 6—0, B TOuKe S BAOJb JHHHH TOKA
BbIpaxkaeTrcsd B BHIC

0—0,=r(s, s'). (6.2.9)

D70 BbIpaXkKeHHe ABJSETCS OAHOMEPHOH (yHKIHeHd BJIHA-
Hus. ClefyeT OTMETHTD, 4TO (HM3HUYeCKasi pa3aMepHOCTb 3TOH
GYHKLHMM OT/JHYaeTCs OT COOTBETCTBYWOLIEH JABYMepPHON
GYHKIHA BJIHSIHHS B ypaBHeHud (6.2.2), MOCKOJBKY BbIpa-
xeHue (6.2.9) nmpencrasasier u3MeHeHHe TeMIlepaTypHl B pe-
3yJbpTate IPUTOKA TelJa Ha eAHHMIY [JIHHB Ha JIHHHH,
a He B TOUKE.

Ecnn rteuenne H3MeHsteTCs BO BpPeMeHH, MOXKHO Ipe-
CTaBHTb KOHBEKIHMIO B BHJe pfAJa MTHOBEHHHIX CTaIlHOHAD-
HbIX cocTosinuii. Torna onHomepHast ¢yHKuHsA BAUAHHA Oy-

JeT:
0—0,=r(s, &', 1). (6.2.10)

PaccmorpuM onHoMepHOE pacrpefeseHue TelJOoBOTo Io-

toka. O6o3nauum yepes H, (s, {) MIOTHOCTH TeNJNIOBOTO TO-
TOKa Ha eIHHHIly TJOLIAJAH [OBEPXHOCTH B TOUKe S B MO-
medT {. DyjieM cyutaTh 3Ty BeJHYHHY OJIMHAKOBOH BO BCEX
TOYKaX BAOJb INpPSIMBIX JIHHUH, MepHeHAHKYJSAPHLIX NOTOKY,
H, cJeJ0BaTelibHO, He 3aBHCALIEH oT y. Torna H3MeHEHHE
TEeMHepaTyphl XKUIKOCTH HA TPAHUIE BAOJb JHHHH TOKa BHI-
pasuTcs B BUJeE

0~9a:5ﬁn(s’, Hr(s, s', t)ds’, (6.2.11y

rlie TIPOBOAUTCS JHHEHHOEe HHTErPHPOBAHUWE BROAB §'. ITO
ypaBHeHHEe ABJSETCS OJHOMEDHBIM aHaJOoroM YypaBHEHHUs
(6.2.8).

Bo Muormx 3ajpauax, rie TeueHHe He SIBJsETCA CTPOTO
OHOMEPHBIM, MOHATHE OAHOMEPHOH QYHKIHH BJHSIHHUS
MOXKeT IPHUMEHATbCS B KauecTBe npubauxenus. [Ipu sToM
He0GX0IUMO JONYCTHTh, YTO CKOPOCTb H3MEHEHHS TeMunepa-
Typsl B HalpaBJieHHH, NepIeHJUKYJISIPHOM TeuyeHHIo, He
CAMIMKOM Beauka. Torga MOKHO HCIOJNB30BATb. BHIpaAXKeHHE
(6.2.11), rae nxHHeliHOe MHTErpHpOBaHHe NPOBOAUTCSA BLOJD
JIMHHH TOKa.
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6.3. YPABHEHUSI JIATPAH)KA
IJ151 TETTJTOITPOBOJHOCTH TTPHU HAJTMUNH
KOHBEKLUHWHN HA TPAHULIE

Paccmotpum ypaBHenns JlarpaHka AJs TeIJIONPQBOA-
HOCTH B TBepAOM Teje

o oD .,
it = (6.3.1)

raie  Q’;— TepmoaMHaMUYecKast CHJa, COOTBETCTBYIOLLAS
Temnepatype 0 Ha I'paHHLEe TBEPIOTro Tesa

Qi= - He ‘31;’ dA. (6.3.2)
A

B 31HX ypaBHeHUSIX KOMIOHECHTHI TeIIOBOTO noas f; Brpa-
XKalTcd B BHIAE
H‘i=H'i(q1) q2, A ] Qn, xv I/, Zy t)) (633)

a HopMaJibHas COCTaBJsIOIAs Ha I'pPaHuIlE 3TOro mnoss Oy-
Jer:
Hn:Hn (171, ge, ... Qn» X, Y, 2, t1)~ (63.4)

Ecau npuHaTh 06bIYHOE JONYILeHHe PaBeHCTBA TeMIepa-
TYp XKHAKOCTH H TBEPJOrO Teja HA IPaHHIE, TO MOXKHO NOJ-
CTaBHTh 3HaueHue O u3 ypasHenusa (6.2.8) B BblpaxeHue
Teny0Boi cuabl (6.3.2) u Hafith

Q' =Q:—C;, (6.3.5)
rae

0H, .
A
(6.3.6)

()Hn ] 4 14
C‘:S S 5o (PYHA(P)r (P, P, )dAdA,,

D R —

A

Hast ynpouteHusi 0603HAYMM HHTErpaJs 1m0 MOBEPXHOCTH
rpaHdnsl A olHOKpaTHBIM HHTerpaJjoM. ITostomy ™Mbl 3anu-
canu Hyn(P) mnu nmpocro H, Bmecto H,(P, t). YpaBHeHHS
JlarpaHxa MOMXKHO 3amHCaTb B BHIE

oV | oD X

—_—— ;= Q;. 3.7

22 Ci=0, (6.3.7)
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Besnunna Q; urpaer posb TemJOBOH CHJB, COOTBETCTBYIO-
mey B JaHHOM cJyuae anauaGaTHYecKoil TeMmmepaType Ha
rpanune. Hosoiit unen C; Beipa)kaeT XapakTepUCTHKH I0-
BEPXHOCTHOTO Temyioo6MeHa ¢ oOTeKalollefl TeJo IKHAKO-
CTBIO.

Ilns BeisicHeHHSI CMbicia caaraemoro C; pacCMOTPUM
JHHEeHHYI0 3a/1a4y, B KOTOPOH TENJOEMKOCTb U TEINJIONPOBOJ-
HOCTb HE 3aBHCAIT OT TeMnepaTypwl, a BekTop H BHpaxaer-
csl JIUHEHHBIM cooTHolleHueM (2.3.1) B Buie

H=S'H% (x, g, 2)¢;. (6.3.8)

[onyunm:

Hy, (P)=é,HL" (P)qs; Hn(P)= éﬂg’ (P)g;.  (6.3.9)

IlIpu sTom Beipaxende (6.3.6) masa C; MpuHUMAaeT BHA:

l .
Cz‘ = Z C;iq 4, (6.310)
rae
Cij = ”HL“ (PYH D (Pyr (P, P', £)dA,dA,,. (6.3.11)
AA

TensoBoft HoTEHUHAN ¥ AHCCHNIATHBHAS (YHKIHS B 3TOM
(munefiHoMm) cayuae GyayT:
ij

if
1 1 .
V=g 2 213993, D=—2—2baqiqj. (6.3.12)

CaenoBaTesibHO, ypaBHeHus Jlarpanxa MOMKHO 3anucaTh
Kak

L +$_‘,(bia' + ¢i5) 4 =Qx- (6.3.13)

Ouu oT/MYaloTCa OT JHHEHHBIX ypaBHeHu# (2.3.14) Hanuyu-
eM Ko3(p(HIHEHTOB ¢;;. DTH K03h(DULHEHTH CJeAyeT OTJIHU-
4aTh OT K03G(MUIHEHTOB b;;, NOCKOJBbKY NEpBbie 0GBIYHO He-
CUMMETPHYHEL

CijF=Cji- (6.3.14)
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U3 onpenesenus (6.3.11) BHAHO, YTO 3TO HEPABEHCTBO
BBITEKAeT M3 CJeAyIOUlero OCHOBHOMO CBOHCTBA (YHKIHH

BJHUAHUA:
r(P, P/, ty=r(P’, P, t) (6.3.15)

H o0yc/J0BJeHO ABHXKeHHeM »XuAkocTH. [lostomy cBoiicTBa
B3aHMMHOCTH HE HMEIOT MeCTa B 3aJayax TeNJIONPOBOILHOCTH
NPH HAJHYUHM JBUKEHHUS JKH/KOCTH Ha I'PaHHIlE.

B cayuae HenmoABHXKHOM XKHAKOCTH HepaBeHCTBO (6.3.15)
3aMeHseTCs] paBeHCTBOM M COOTHOLIEHHSI B3aHMHOCTH Y/OB-
JIETBOPSIIOTCS.

Cayuaii, paccmorpensniit B § 2.2, korjpa renjoo6Men 3a-
JlaH JIOKaJbHBIM K03 dHIHeHTOM TenaoobmeHa K, siBaserca
4acTHBIM cayyaeM 3Toro ofulero Merona. OH mnoJyyaercs,
ecaH 3anHcaTh (YHKIHMIO BJHSHHS U3 ypaBHeHHd (6.2.4)

B BHJE
1

rae 6 (P, P') =5(P’, P) =0 npH Pz;&P’. CnenoBare/ibHO, KO-
3¢ pHUIHEHTHI
Ci;=Cji : (6317)

CHMMETPHYHBl M MOTYT OBITb BBEJEHbHl B JUCCHIIATHBHYIO
(hYHKIHIO, KaK I0Ka3aHOo B IJI. 2.

6.4. COITPSIDXEHHBIE TI0JI4
IJ151 KOHBEKTMBHOTO TEITJIOOBMEHA

B pa6ote [JI. 6- 1] aBTOpOM OBIJIO MOKA3aHO, UTO METOA
CONPSKEHHBIX MNoJeH, paspa60TaHHbm B I'JI. 4, MOXHO 0606
IIHTh HA2 KOHBEKTHBHHIH TEMJI00OMEH.

PaccmoTpum cayyalt H30TPONHOH TeNJONPOBOLHOCTH, HE
3aBHUCAIIEH OT TeMIepaTypbl. 3aNHLIEM NOJE TENJOBOTO CMe-
LleHHs, onpelenseMoro ypasienueM (4.4.4), B Buse

H=06+F, (6.4.1)
rne
== — kgrad ¢;
$=9(qy Gar+err Gy X, Yy 2, L) (6.4.2)
" F=F(fy, [o .- [as X, ¥, 2, 1)
div F=0, (6.4.3)

OO6061meHHRIMHE KOODJAHHATAMH ABJASAIOTCA v KOOPHHHAT
g; u k xoopauHat f. 3ajmava CBOAMUTCH K pasflelieHHIO ITHX
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JABYX TPyNI KOOPJAHHAT B ypaBHeHHsX Jlarpanxka. 3anuuieMm
JUCCHIIATHBHYIO (PYHKHHUIO B BHJE

D=Dy+Dy+Dj, (6.4.4)

qu:—_ﬁyp'grad $ds (6.4.5)

rae

COJEPKHUT MNepeKpecTHble ueHbl. MHTerpuposanue npousBso-
auTcst o o6beMy t. HHTerpupysi no uactam BbipakeHue
(6.4.5) c yuerom ypaBuenus (6.4.3), monyuaem

Dgj= — ﬁF,,dA. (6.4.6)
A

31ecp MHTErpupOBaHHE [POM3BOAUTCS TO TOBEPXHOCTH
rpanunsl A TBepaoro tena. las ynpouieHdsi MBI ONSATh G-
JeM HCIOJb30BaTh AJIS1 0003HAUEHHST ABOMHOTO HHTerpaJa
oXHOKpaTHHIH. O603HaUNM Yepe3 F, BHEIIHIOI HOPMAJbHYIO
cocraBJsowylo F Ha rpanuue A.

YpaBHeHnﬁ Jlarpamxa pacnanalorcsr Ha JBe TpyNMNbl:

oqi + = Ql’ 0f1 +Cl Ql- (647)

B sTtux ypaBHeHHﬂx Q: 1 Q, ABAAIOTCA TepMOJHHAMHYe-
CKHMH CHJIAMH, CONPSIKE€HHBIMH COOTBETCTBEHHO C KOOPJAUHA-
TaMH ¢; 4 [, BOBHHKAIONIMMU BCJEACTBHE aiuabaTHuecKOM
TeMmiepaTypnl 0, Ha rpaHulle. B COOTBETCTBHH C ypaBHCHHS-
MH (6.3.6) Bennuunsl C; u C; 6yAyT UMeTh BUI:

Ci:\swj‘:();: (P, tyHn(P', t)r (P, P', t)dAdA,,;
AA

(6.4.8)

B nepBon rpynne ypasHenuii (6.4.7) nepekpectible uJe-
HBl OynyT:

G;= "(’)’;: +H‘ 9% (P, t)Fn(P', t)r(P, P', t)dA,dA,,

(6.4.9)

ITomensis Mecramu P u P’ B Bripaxennun (6.4.9), nosy-
quM:

G, = "03# + j S ‘;‘;" (P, tyFo(P, t)r(P', P, t)dAdA,,
AA

(6.4.10)
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C apyroit cTOpOHH,
i

=Y i+ (6.4.11)

OTKYZAa

"??f._—_—»g (P, )FL(P, )dA,.  (6.4.12)
aq;

[ToxcraBus 310 3Hauedune B ypasHeHue (6.4.10) nas
S;, noayunwm:

61—5 9L F, (P, 1)dA,, (6.4.13)

rjpe !
£ =—¢(P, t)+§e (P, tyr(P', P, $)dA,,. (6.4.14)

A

Koopanuatsl ¢; u f; pasnessiiorcs B Bhipaykenun (6.4.9),
ecqd MmoJoxkuTh <=0, T. €. ecau BEIGpaTh Takoe , 4TOObI
OHO YJOBJETBOPAJO I'PAHHUYHOMY YCJOBHIO

¢ (P, t):g 0. (P, tyr(P', P, t)dA,,.  (6.4.15)
A

Jlerko nmpoBepHTh, UTO IPU 3TOM YCJOBHH, & TaKikKe eClH
(YHKUHS BJIHSHHS 7 He 34BHCHT OT f, KOODAHHATH §; H fi
pasfensioTCs W BO BTOpPOH rpynne ypasHeHui (6.4.7)

Conpsscerinble nOAS U aHAN0208a8 MoOesb. PaccMOTPUM
TeMIlepaTypHOe MoJe

0=06(q,, ar... G,, X, ¥, 2, 1), (6.4.16)

ABJsolleecs (QyHkuuei v o6obuleHHBIXx KoopiuHaT. OHO
CBSI3aHO C IIOJIEM TeIJIOBOro cMmelueHuss (6.4.1) cooTHouue-

HHeM
c0=—div H. (6.4.17)
Onpeneaum noJe TGI’IHOBOI‘O cMelleHus: @, conpskenHoe
¢ 0, TOJOXKHUB:
H=6'+F, (6.4.18)
rie
0'=—k grady; divF=0. (6.4.19)

Bynem cuutaTh, UTO  YAOBJIETBOPSAET TPAHHYHOMY yCJIO-
Buio (6.4.15). M3 3tHX COOTHOWIEHHH MOJyyaeM:

cO=div(grad). (6.4.20)
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Ipn 3anaHHOM TeMmeéparypHoM mnoJde § 3To ypaBHEHHE
COBMECTHO C IDaHHYHBIM ycCJj0oBHEM

VP, t)= (6 (P, ()r(P', P, H)d4, ~ (6.4.21)
A

MOMHOCTbIO  onpexnensieT . CJef0BaTeJSbHO, COTNPsSIKEHHOE
nosne O onpenensiercss Temneparypoi §. HMcroabsys conps-
XKEHHOE ToJie, MOXKHO OTHENHTh v KOOPAHHAT ¢; OT UHKJIH-
YeCKHX KOODAHHAT f; B TepBOM M3 ypaBHeHuit (6.4.7).

dusHuecknii CMBICA rpaHuyHOro ycaosus (6.4.21) cra-
HeT SICHBIM, eCJIM 3alucaTh

F(P, P, ty=r(P’, P, t). (6.4.22)
Torpa ypaBuenne (6.4.21) mnpumer Bum:
$(P, t)= S'e’n(P’, Hr(P, P, t)dA,,. (6.4.23)
A

CpaBHuBasi 3T0 ypaBHeHHe C ypaBHeHueMm (6.2.8), yBu-
num, 4to (P, ) onmHceIBaeT Bo3pacTaHHe TeMIepaTypn Ha
rpaHuile B cJaydyae IBHXKYIIEHCS XHIAKOCTH ¢ GyHKIHeH
Bausuus  F(P, P’, t). Kpome toro, ypasuenue (6.4.20)
ynpasJjser TeMnepaTypol ¢ B o6beMe Tesa ¢ pacrupesiesieH-
HEIMH, He 3aBHCSIIIMMH OT BPEMEHH CTOKaMH Telja ¢ MOLI-
Hoctbio ¢0. Cie10BaTeJbHO, MBI MOJYYHJIH JAJs COTpPsSKEH-
HBIX TOJIefl aHaJOroBYI0O MOJENb, CXOJHYI0 C MOJIeJbIo,
onucannoit B § 4.4. Pasnnune Mexny HuUMH 3akjmouaercs
B rpaHH4YHOM ycaoBuH. [lose @' siBAsieTCsi TIOTHOCTBIO TeIl-
JIOBOT'0 TIOTOKA, BO3HHKAIOWIETO NPH HAJHYMH CTOKOB TeIia
NpH TPAHHYHOM YCJOBHUH, 3ajlaBaeMOM (QYHKUHEH BIHTHHA
(6.4.22). Crnenyer OTMETHTb, UTO 3Ta aHAJOroBas MOJIeENb
NpeACTaBJsieT MTHOBEHHO 3aMOpPOXKEHHOe CTalUOHApHOE
yCJIOBHE B JAHHBIH MOMEHT /.

®dusnueckuil CMBICJ aHAJOTOBOH MOJE/JH CTaHeT siCHee,
€CJIH 3aMeTHTb, YTO BO MHOTHX CJydasiX, Kak OyJer noxasa-
HO Huxke, ¢yHkuusa 7(P, P’, {), Bxoasasi B rpaHHYHOE
ycnosHe (6.4.23), asaserca QpyHKHuel BJHSIHHS, COOTBETCT-
BYIOIIEH CJydalo KOHBEKTUBHOIO TeIJIOOGMEHA, MONyYeHHOTO
npH OOpallleHHuH TOJsI CKOPOCTEH KHJKOCTH.

Bapuayuonnsili npunyun u conpsocennvie noas. Ias
TelI006MeHa NPHU OTCYTCTBHH KOHBEKIMH COMNpSiKeHHoe I10-
Je O’ MOXKHO NOJyYHTb H3 TeMIepaTyphl, MHHHMH3HPYS
JUCCHMalMIO, KaK MokasaHo B § 4.4. AuaJjoraudblil Bapua-
LHHOHHBIH NPHHUHN NPHMEHNM B CJAyuae KOHBEKTHBHOIO Tell-
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noobmesa. OH noJyuaercs, eciAu NPHUPABHSATH HYJIIO Ba-
pranuio

48 S” + o 2d'r.+;5 Asr(P', P) @/, (P') 88", (P) dA,dA,,= 0
(6.4.24)

NpH yCJIOBHH
div @' =—c0. (6.4.25)

Ciofla He BXOJHUT B SIBHOM BHJEe NepeMeHHas f, MOCKOJb-
Ky TIOJISI COOTBETCTBYIOT MTHOBEHHBIM 3HAUCHHAM B JAHHBIM
momeHT BpeMenH. [Tosie 6 3anaercs1, a Bapuanuu 60’ 10IK-
HBl YJOBJETBOPATH yCJI0BHIO (6.4.25). 3TO MOXKHO NOKa3aTh,
HCTIOJIBb3YSl MEeTOJHKY, ONHCaHHyo B § 4.4.

Kak Gyzer nokasano Hmxe, ¢yHkuus r(P’, P) cBsasana
¢ ¢yukuuenn Bnusigua 7 (P, P’) cMeXHOH CHCTEMBI, NOJYU€eH-
HOI npu OOpallleHHH NOJIsi CKOPOCTH KHAKOCTH.

Teopema o6 obparHom Tedenun. PacoMoTpuM CTalHOHapHOe TeyeHHe
OJHOPOAHOH H30TPOMHON HECXKHMaeMOH XHAKOCTH. TeMmnepaTypHoe moJe
y10BJIeTBOPsieT ypaBHEHHIO

div (cA grad 6) =cu grad 6. (6.4.25a)

TeuenHe, HMelomlee CKOPOCTb U, MOXeT OBITb JaMHHADHBIM HJH TYypP-
GyJeHTHBIM, a 3HaueHue A 3anullercst B BUIE

A=%}+g, (6.4.256)

rie § — kosdduuuent uzoTponHoi TypGyaeHTHOH auddysun. On Mo-
JKEeT 3aBHCETh OT KOOPAHMHAT, TOTAA KaK ¢ U k mocTosHHHE. Temmepary-

pa O B TOM XXe XKHIKOCTH TIOC/€ OOPAlEeHHs MO/ CKODOCTH TIPH TOM XKe
3HaueHWH Ko3¢ddunuenta typOysenTHoH Auddysun § ONHCHBaeTCA
ypaBHeHHEM

div (cA grad §) = — cu grad 8. (6.4.258)

ECJ]H y4eCTb YCJOBHE HECXKHMAaGMOCTH
div u=0, (6.4.25r)

TO M3 ypaBHeHuit (6.4.25a) u (6.4.258) MONYUHM COOTHOUIEHHe
div (cAb grad 8 — c A8 grad § — ¢8 §u) = 0. (6.4.251)

IIpounTerpupyeM 3T0 BHIpameHHe N0 0GBEMY KUAKOCTH, OTPaHHYeH-
HOMY TIOBEDXHOCTHIO XKUAKOCTH S H rpaHuuell TBepgoro Tema W. O6beM-
HBI HHTerpajJ MOXHO mnpeo6pa3oBaTh B IIOBEDXHOCTHLIH C TIpaHHIed
S+4W. Ecau cunrath, 4To TeMmepaTypHOe moje § paBHO HYyJi0 Ha 6OJb-
IOM DacCTOSIHHH, TIOBEPXHOCTHHIH uHTerpan mo S paseH Hymo. Toria
HHTErPHPOBaHHE CBOAHTCS K HHTETDHPOBAHHIO MO MOBEPXHOCTH TBEPIOro
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tena. Ecan mpuusts Bo BiuMaHHe ycnoBHe, uTO HOpMasbHasi COCTABALI-
HIasi CKOPOCTH JKHIKOCTH U HA CTeHKe PaBHA HYJIO, TOJYIHM:

” (cAT grad, § — ¢ A8 grad, ) dW — 0. (6.4.25¢)
w
Tenepn Gynem cuntath, uTo TeMnepatypHoe moJe 8 obpasyercss B pe-

3yJbTaTe MOCTYIJEHHS TIOTOKA Tella C EIHHHYHOH CKOPOCTBIO B 2KHI-
KOCTb B TOYKe P’ Ha creske. 3anuliem:

cA grad, 6 =-—8(P, P'), (6.4.25x%)

rae 8(P, P') — dynkuus Jupaka. IToepxuocTHas TeMmepaTypa B TOU-
Ke P [0BEpXHOCTH TPEACTABSET COOTBETCTBYIOW[YIO (YHKIMIO BJAHSHHS
0=r(P, P)). (6.4.253)

Ananorauno MOXHO BHGPaTh O A5 NpencTaBleHHS (YHKUUE BAU-

HHS B pe3yJbTare NPUTOKA Temla B Touke P” npu o6pallleHHOM TeYyeHHH
*KuakoctH. CreroBaTenbHo,

cAgrad, 8 =—8 (P, P''); 8 =r (P, P"). (6.4.250)

IMoncraBus 3naveHust (6.4.25xk), (6.4.253) u (6.4.25u) B ypaBHeHHe
HOBePXHOCTHOrO HHTerpaaa (6.4.25e), mosyunM:

H {r(P,P")8(P,P')—r(P,P)3(P,P")}dW,=0, (6.4.25x)
w

OTKYy1a
’—_'(P/’ P//) =‘f(P”, P’) . (6425.”)

31O ypaBHeHHe MOKasbIBaeT, YTO (pYHKIMS BJAHSHHS AJs oOpallieH-
HOrO TeyeHHS TOJydaeTcf, eC/H MOMEHATb MeCTaMH TOUKH B (YHKILHH
BJHSHUA 1/ HeoOpalleHHOro TeueHHS.

6.5. YHHOHULIMPOBAHHBIE YPABHEHUSI
JJIS1 CUCTEMBI «TBEPJJOE TEJIO—XHWAKOCTb»
[MPY HAJIMYMH KOHBEKI MU

B npeapiaymux naparpadax 60 N0Ka3aHo, KaK MOXKHO
chopMynHpoBaTh 3a7auy TEIJONPOBOAHOCTH B TBEPAOM Te-
Jie, CONpHKACAloIeMcs ¢ XKUIKOCTbIO, C IIOMOIIbIO ypaBHE-
Hui Jlarpanmxa. 37ech NONBITaeMCSl IOJY4YHUTh ellle GoJee
061Kl MeToJ BbIBOJXA YHUHGHUUPOBAHHBIX ypaBHeHHH Jlar-
paHxa JJas TeIVIONPOBOAHOCTH M KOHBEKLIHH B CJOXKHOH
cuCTeMe, COCTOsIIIeH M3 TBepPAOro Teda M ABHXKYIIeHCS
XKUIKOCTH.

ByneMm cuntaTh XKHAKOCTb HecxKuMaeMoH. [IpakTuuecku
3TO 03HAYAET, UTO CKUMAEMOCTBIO MOXKHO NpHeOpeub. OnHa-
KO XKHIKOCTH MOTYT HMeTb B OOLleM cJyuyae H HHbie CBOM-
CTBa, BKJIOUAS CJIyYaH HEOJHOPOMHOCTH.
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ITepBuiit aTan 0606wennst ypaBHeHuit JlarpaHxka Ha CJy-
yajil TeIVIONPOBOJHOCTH B JBHXKYIIEHCA IKHIKOCTH OTHCAH
B pa6ore Hurama u Arpamans [JI. 6-3], a Takxe B craTbe
[/1. 6-1]. BoJsiee o6muii MeTox, omuchbiBaeMbili 3/1ech, pa3pa-
poraH B pabore [JI. 6-4].

IHTAAbNUA U TEnA0BOl NOTEHYUAA HACTUYbL HUOKOCTU.
Hans Toro 4to6bl yyecTb HEOAHOPOJLHOCTD YKHUIKOCTH, HaNpH-
Mep HaJuuhde B XKUAKOCTH YacTHl, OTJIUYHBIX IO CBOeH
NpHPOJE OT XKHUAKOCTH, HEOOXOAHMO NPHMEHHUTh HEKOTOpPHIE
paccMOTpeHHBle  paHee MOHSATHS MAJs OTHEJbHBIX YaCTHUIL
KUAKOCTH. ONpeenuM YacTHIH KUAKOCTH MX HAYaJbHBIMH
koopauHaTaMH X; B MoMeHT BpeMeHu £=0. KoopauHaTsl x;
3THX YacTHIL B MOMEHT { GynyT:

xi=x:(X, 1), (6.5.1)

roie X o603HauaeT TPH HauaJjbHble KOOpAUHATHL. [lose CKo-
pocTeH KHAKOCTH BBIPA)KaeTCs ypaBHEHHEM

vy=-Txy (X, 1), (6.5.2)

Cuntast KHUIKOCTh HEC}KI/IMaeMOI/UI, MO2KHO OINpeIeJHTb
YAEJbHYIO 06’bEMHy}0 TEIJIOEMKOCTb ¢ XKHIKOH YaCTHUIb!

B BHJE
c=c(X, 0). (6.5.3)

Ona siBasietcss yHKUMel TemnepaTypnl 0. [IpeanosoxeHnue
O 3aBHCHMOCTH ¢ He TOJIBKO OT TeMIepaTyphl 6, HO U OT
HayaJbHBIX KOOPAHHAT X, KOTOPbIe UCIIOJNb3YIOTCH 3/€Ch AJIs
0603HayeHusi OTJeJNbHBIX YaCTHL, YCTAHABJHBAET BJIHSHHE
Ha 3Ty BeNMUHHY (PH3HYECKOH NPHPOABI YACTHIBI 2KHIKOCTH.

IlBe Apyrue OCHOBHBIE BEJHYMHBI MOXKHO IIOJYYHTB C IO-
MOILbIO HNPUBELEHHOTO C:

yAeJabHast SHTANbIHSA YaCTHILBI

h(X, )= f (X, 6)ds; (6.5.4)

YIEeAbHLIH TEeNJOBOH TMOTEHIMAJ YaCTHLBI
8
F(X,0)= gedh, (6.5.5)
0

rie dh=cdo.
B nocrenywouix BeiBonax (Gpu3HUECKHe BeNHUHHB GyayT
BbIDaXaTbCsl KaK (yHKIHH BpeMeHH H (HKCHPOBAHHBIX KO-
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opanuHat x;. Paspemas: ypasuenue (6.5.1) otHocuTensno X;,
negaydaeM:
X1-=X,-(x, t), (656)

rfle HayajbHble KOODAMHATHI YaCTHIBl ONpefeSsioTes Kak
GYHKIHH ee KOODAMHAT B MOMeHT BpeMeHHu £ IloxcraBus
B ypaBaenus (6.5.2)--(6.5.5) 3HaueHHs1 HauyaJbHBIX KOOP-
auHat M3 (6.5.6), nonyunm 3TH BBHIpaXKeHHUs B BHJE

v;=v;(x, £); c=c(x, t, 0) } (6.5.7)
h=nh(x, t, 8);, F=F(x, ¢, 0).
Ocnosrole usuueckue sakousl. B ocHoBe onucanus ¢hu-

3UYECKOHN TIPHPOABI TEMJOTPOBOJHOCTH M KOHBEKIIMH JIeXKaT
ypaBHEHUS:

; 0
h+ 2 5o (i o) =0; (6.5.8)
i
00
= —2 257, (6.5.9)
1 0o

rjie HeCJXKMMaeMOCTb BHIPAXKaeTcsl Kak o =0. ¥paBhe-
T
Hue (6.5.8), rue A=0h/0¢, BEHIpaxKaeT coxpaHeHHe SHePruH;
BeKTOp J; npejcrasJsieT IJIOTHOCTb NMOTOKA TEMJOBON 3Hep-
THH OTHOCHTEJNbHO Cpeibl, a U;h— CKOPOCTb KOHBEKIHH.
YpaBsHenusa (6.5.9) saBag0TCS ypaBHEHHSIMH TeNJIONPOBOIHO-
CTH, COBIAJawUHUMHU ¢ ypaBHenuamu (1.5.6), rae Ajj=Aj —
TEH30D TEMNJOBOI'0 CONPOTHBJEHHS, KOTOPHIH MOXKeT 3aBHCETb
or x, t u 0.

B pesyabraTe HCNONB30BAHHS BEKTOPHOTO MOJS TeIIO-
BOro cMeleHusa f;(x, {) npu onpefesenuu h u J; noayyaem
OJIHy BaKHYIO 0COOEHHOCTD, BBIPaXKaIOLLYIOCH ypaBHEHUSIMU:

i

h=— ‘;’:f . Ji==H;— vsh. (6.5.10)

Takoe npexacraB/leHHe TOXKAECTBEHHO YAOBJETBOPsSET
ypaBHeHHI0 coxpaHeHust aHepruu (6.5.8). CnenoBareiibHo,
€C/IH B KayecTBe HEH3BECTHOrO (H3HMYECKOTO MNOJS HCIHOJb-
3yercsi BeanuuHa f;, HeoOXOAMMO, 4TOOBI OHA YAOBJETBO-
psiia JMWb ypaBHEHHIO TemjonpoBoaHoctd (6.5.9). Baxno
OTMETHTb, YTO B JNAaHHOM aHAa/H3e ypaBHEHHe COXpaHeHHS
(6.5.8) urpaer poJsb rOJIOHOMHOH CBSI3U 1O AHANOTHH € KJAC-
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cHbeckoit Mexaunkoi. Chelyer oOpATHTb BHHMAaHHe Ha bu-
3WYeCKHH CMBICJ BEKTOpa

H;=J;-vsh. (6.5.11)

STOT BEKTOD MPEACTABJSICT NJOTHOCTDb CyMMapHoro Tell-
JIOBOTO IIOTOKA 3a CHET TEHJIONPOBOAHOCTH H KOHBEKIHA
yepe3 MOBEPXHOCTb, PUKCHPOBAHHYIO B MPOCTPAHCTBE.

Bapuayuonnoil npunyun u ypasnerus Jlaepausica. 3a-
MHINEM BapHANUOHHOE ypaBHeHHe

i ]
2 (-}f— +2 x,-jj,-) 8H; = 0. (6.5.12)

Jasi npou3Bo/bHBIX BapHauu#i 6f1; 370 ypaBHeHHe 3KBH-
BaJEHTHO ypDaBHEHHSM TelaonposogHocTu (6.5.9). [lpoun-
TerpupyemM ypasHeHue (6.5.12) no o6bemy T, nmpHueM Iep-
BB UJIeH NPOHHTErPHPYEM [0 YACTSM, HCIOJb3ysi COOTHO-
IeHHAs

13

0

noJlyueHHple M3 ypaBHeHHH (6.5.5) u (6.5.10). Iloayunm:

S j f OF dx -+ S j jilﬁ./j&ﬂidt: — ” ﬂiniaﬂidA. (6.5.14)
b 4

T

HHrerpupoBanue no noBepXHOCTH NPOU3BOAUTCS MO rpa-
nune A o6beMa t, a n; 0603HAYAET BHEWIHIOW €IHHHUHYIO
HOpMaJb K rpaHulle. BegeM cyMmapublii TenJoBOH NOTeH-
udan V B ob6beme t

V_—:ngFdfc. (6.5.15)

[Tpu Takom onpegenennu V ypashenue (6.5.14) npumer
BHJ:

&V 4 f g f 2’ 253 0 H dr = — S S eé ndHdA.  (6.5.16)
1 A

¥YpasreHne (6.5.16) sBasercs 06o6iueHHeM BapUaLAdH-
HOTO NDUHUHNA H MOXeT NPHUMEHATHCH K CHCTEMaM C KOH-
Bekuneil. [lo ¢opme on aHaJOrHyeH BapHALHOHHOMY MpHI-
Iuny 17st 4HCTOH TeNJonpoBOAHOCTH, BbIPAXKeHHOMY ypas-
Hennsimu (1.5.10).
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Kaxk # panee, 3TOT NMpHHUAT MOXKHO HPHBECTH K ypaBHe-
HusiM Jlarpamika, cuuras BexTOpHoe nose H; pynknuei n
0000LEeHHBIX KOOPAHHAT ¢;:

HiZHi((h, g, ..., gn, X1, X2, X3, t) (65]7)

Bapuauun 8H; cBsi3aHBl HCKJIKUHTENHHO C BapUALHUAMH
q;. OHH UMeIoT BHA:

i
oH
SH;— 2—0—4:—3(;,-. (6.5.18)
DBosee Toro,
i
2 dH,_ . ()Hl
H,-:E o9+ G (6.5.19)
B pesyabrare mnosyuaeMm cooTHoLeHHe
0H, _0H,
P (6.5.20)

CnenosaresbHo, Bapuauun (6.5.18) moxHo 3anucaTthb
B BHJIE

i
SH,; — 2 -"di:;aqj. (6.5.21)

[MoxpcraBuB B BapuanuonHoe ypapHenue (6.5.16) 3uaue-
Hua O0H; u3 (6.5.18) u (6.5.21), noayyum ypasuenusi Jlar-
paHxa

o |, oD _
EI;—-I-E—Q" (6.5.22)

an 3TOM [AOHCCHIIATHBHAasd q)yHKIlHH onpeneasercs Kax
ij
D=— f f S E Aiili . (6.5.23)

TensoBoe CONMpOTHBJEHHE 37eCh TaKikKe CUHTAETCH CHM-
METPHUHBIM (A;;=Aj;) B COOTBETCTBHH C mpuuuunom Omusa-
repa. TensoBas cusa, Xak ¥ paHee, onpelessercs B BHIE

i
0H;
Qz‘ = ] n; o dA. (6.5.24)
;5 Z 9z

Typbyrentnoe Teuenue. llpencraBieHHble pe3yabTaThl
MOTYT MPHMEHATbCA sl TypOYJEHTHBIX TeUeHHH ORHOPOA-
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HBIX HECXKHMaeMBbIX XKHUAKOCTeH, eCJIH BBeCTH TEH30D
Kij='k6ij+c@¢j‘ (6525)
B stom BnipaxkeHun: 8;; — cumBos Kponekepa, & u ¢ —
COOTBRTCTBEHHO TeNJIONPOBOJHOCTh U TENJOEMKOCTh KHIAKO-

CTH, a §i;— TeH30p TypOysieHTHO#l nuDPy3un, Tak xXe,
KaK H A;j, YIAOBNETBOPSIIOHIHA COOTHOLIEHHSIM B3aHMHOCTH

6= & i (6.5.26)
Teneps onpenenum maTpuny ouiero CONpPOTHBJEHUST KaK
(Al =K (6.5.27)

ITIpu TakoMm omnpejeneHuu A;; AHCCHIATHBHAS (yHKUHS
(6.5.23) u ypaBHenusi Jlarpauxka (6.5.22) MoOryr uCunosb-
30BaThCsl NPH H3yd4eHHH TYpPOyJEHTHBIX TeUeHHH.

Bruyrpennue ucrounuxku rensa. Bo mHOrux sagauax He-
00XOMMO YYHTBHIBATb BHYTPEeHHee TEIJIOBLIAEJEHHE B KUI-
KOCTH. Tensora MosKeT BBIIENATbCSl, HalpUMep, B Pe3yilb-
TaTe BHYTPEHHero TPEHHS, XMMHUECKHX M SIEPHHIX peak-
IMH WJIM  TIOIVIOHIEHHS] H3J1yYeHHs. DBJansiupe HCTOYHH-
KOB Teljja MOXHO y4eCThb C NOMOIIbIO MeTOAa, ONHCAHHOTO
B § 1.6. Beenem o6o3nauenue

W=w (X1, X2, X3, ) (6.5.28)

JJI TEINJIOBbLAEJECHHUSA B €JHHHIEe oO0’beMa B €AUHULY BpeMme-
un. Ilpu stom 3akom coxpanenuss suepruu (6.5.8) 3anu-
mercs B BHAE

h+ 2 = Uit o) =w. (6.5.29)

310 YpaBHeHHE TOXKAECTBEHHO YAOBJETBOPSETCS, €CJAH
NMOJIOZKHTD:

i .
[ — gi_’i Jy=H;—vh+H*, (6.5.30)
rae H*; DOMKHO yIOBJETBOPSITH COOTHOIIEHHIO
i t
OH &
as _5' 0 dt. (6.5.31)
0

Hcnonb3ysa sTH onpefeseHns, MOXKHO MOJYUHTh ypaBHe-
HHsi JlarpaHxa ¢ TOMOWbIO MeToAa, onucanHoro B § 1.6
ISl ctyyast YHCTOH TenJoNpPOBOJAHOCTH.
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Crewannvie  cucremo. «rsepdoe  Teno — HudKoCTo>.
Ypasuenusi Jlarpauika, noJydyeHHbHE B 3TOM naparpadge,
NPHBOAAT K (hOPMYJIUPOBKe 3a4a4. TENJIONPOBOJHOCTH U KOH-
BEKUHH B CMEIIAHHBIX CHCTEMAX, COCTOSIIHX H3 TBEPIBIX Ya-
CTHII H JABHAKYyLUeHCH XHAKOCTH. O6/acTb HHTErpHPOBAHHUS
MOKeT COAEpPXKAaTh KaK TBeplble YACTHILI, TAK H XKHAKOCTb.
B o6nacti TBepabIX YACTHL CKOPOCTb U; MPHHHMAETCS PaB-.
HOH HYJIO, a A;; NpPeJCTaBJseT TENJIOBOEe CONPOTHBJIEHHE
TBePABIX YacTull. Il 4acTHIL KHIKOCTH, KaK YKa3blBajoCh
BblIle, YYUTHIBACTCA BJHAHHE TypOyJeHTHOH nuddy3uu.

Takas ynuduuupoBaHHas HOPMYJHPOBKA MOKET HMETb
OpaKTHYeCKoe NpUMeHeHHe JJd pacueTa TellsiooGMeHa B II0-
PHCTBIX MaTepHajax, COAEPKAIUUX ABHKYIUIYIOCT KHAKOCTb.

Ipunyun munumarvrold Auccunayuu 8 KOHBEKTUBHOM
renaoobmene *. YpapHenust (6.5.22) no ¢popme ToKIeCTBEH-
HBl ypaBHenusam Jlarpanxka (1.4.6). [IpuHnun MHHUMAJNBHOH
ANCCHUIIALMH, PACCMATPHBAEMBIH B TJI. |, 3aBHCHT TOJNBKO OT
BHJIa 3THX yPaBHEeHHH H MO3TOMY MOXKET NPHUMEHATHCA B 3a-
Jayax KOHBEKTHBHOIO Telsoo6MeHa, eCJH AHCCHIIATHBHAS
¢yHKUus onpefensieTcss BhipaxkeHneM (6.5.23).

I'rasa cedomasn

TEITJIOOBMEH B ITOTPAHUYHOM CJIOE

7.1. BBEAEHUE

B stofi rnaBe omuceIBaeTCsi BapHamHOHHOE HMCYHCJEHHE
(QYHKIHH BJHSHHS M €e NPHMEHEHHS K JaMHHAPHBIM H Typ-
OyJIeHTHBIM IOTPAHHYHBIM CJOSIM. B Hell ucnosbsyercs ma-
TepuaJl, NMepBOHAYaJbHO ONYOJHKOBAHHBIN B ABYX CTAThSAX
V1. 7-1, 7-2]. ®yHKuHS BJIHAHHS SBASETCS OCHOBOH pacuera
KOHBEKTHBHOro Temaoo6Mena. OHa Takxe sBasieTCs pocTof
¢usnyecko MojaeNbio /IS NOHHMAHHS OCHOBHOTO MeXaHH3-
Ma, CBSI3aHHOTO C TEMJONPOBOAHOCTBIO H KOHBEKIHeH B JABH-
XKyenca KUIKOCTH.

B § 7.2 nokasano, uTo BapHalMOHHBIE METOAbI, pa3pa-
GoTaHHBIE JJS1 TeMJONPOBOAHOCTH, MOTYT MPHMEHSATHCS MJIA

* PemlenHe 3aJauyd KOHBEKTHBHOTO TeIJIONEPEHOCA € MOMOLIBIO
Meroga Buo coxepxutca B pabote {JI. 6-5]. ([Tpum. ped)
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HCCJIE0BAHUA Telmyoob6MeHa B NOTPAHHYHOM cJoe NpH HC-
[10J1b30BAHHH aHAJOTHH TelJIONPOBOJHOCTH, 4TO II03BOJsE]
6e3 Tpyna onpeneauTb (QYHKUHIO BJIHAHHS, KaK NOKA3aHO
B § 7.3. [IpuBeeHHbI IpUMep TIOKAa3bIBAET TAKXKE, UTO 3TOT
MeTOJ, JaeT TOYHHIE Pe3yJbTaThl Aa)Ke IPH HCIOJb30BAHHH
rpy6OH  annpoOKCHMaHHMH TeMIlepaTypHOIo paclpeje/ieHHs
B JKHJAKOCTH.

B § 7.4 onucan o6uiuil BapHAallHOHHBIE METOJ pacuera
(GYHKIMH BAUSHHS [/ NorpaHudHoro cjaos. OCHOBHElE ypaB-
HeHMs M NapaMeTphbl NpeAcTaBjeHbl B Oe3pa3mepHol popme.
B § 7.5 npoBeleH uHC/IEHHBIH aHaJ/J M3 JIAMHHApHOTo Norpa-
HHYHOTO cJ0sl. [loayueHo npubnnkeHHOe KyCOYHO-aHAJHTH-
4eCKOe BbIpa’keHHe ANA GYHKUHM BAUAHUS B 6e3pasMepHOM
BUIE. YCTAaHOBJIEHO, YTO Ha (DYHKIHH BJAHSHHS He CKasblBa-
f0TCA H3MeHeHHs npoduJs CKOPOCTH M MO3TOMY OHAa NpHMe-
HMMa BO MHOTHX cayyasx. CpaBHeHHe C TOUHBIM pelleHHeM
elle pa3 NOATBEPAKIaeT BHICOKYI0 TOYHOCTb BapHaLHOHHOTO
MeToja.

AnasornyHoe KyCOYHO-aHANHTHYECKOE BBIpAXKeHHe JyIsl
(GYHKOMM BIHAHUA NoaydeHo B § 7.6 Ansi TypOVIeHTHO-
ro norpaHudHoro cjosi. Ilpn npaBuibHOM BBHIOODE Napame-
TPOB IIOJIyYeHHble YHCJEHHble pe3yJbTaThl MOXKHO CYHTATh
THNHYHBIMY JJIs TenjooOMeHa B NOTpaHHYHOM cJjoe. B ua-
CTHOCTH, OYeHb BaXKHBIM SIBJISIETCS IIPaBUJIbHOE ONpejeeHHe
TaKOH XapaKTePHUCTHKH HOTPAHHYHOTO CJO0s, KaK ero Xapax-
TepHas# TOJIIHHA.

Onunako, Kak nokasaHo B § 7.7, nonatue QyHKUHH BJHUS-
HUS MOXKHO HCIIOJIb30BATh AJs 00Lel GOPMYyTHPOBKH 3a1a4
Tennoo6MeHa B IorpaHuyHoM cJhoe. Paccmorpena 3ajgaua
Tenyoo6MeHa B NMOTPAHHYHOM cJjoe cBOoGoAHOro notoka. ITo-
Ka3aHO TakKe, YTO NOHATHE (YHKUHUU BJIHUAHUA JPH TeUEHUH
B TpyGe Heo6X0AHMO cJerka Moauduuuposate. Haxowner,
chopMyaupoBaHa 3ajaya TensooOGMeHa B IPOTHBOTOYHBIX
Tennm006MeHHHKAaX.

[TpakTHyeckoe 3HauendHe QYHKUHUH BJAHSHHS HMeET IJIy-
OoKH# (DU3HYECKHH CMBLICJ, BKJIOYAIOIIHH B ce6i OCHOBHbLIE
Ten006MeHHbIe CBOMCTBA KHAKOCTell B BHIE KBA3HJIOKa/b-
HBIX 3()(eKTOB B OrpaHHYeHHOH 06JaCTH BHH3 MO TEYEHHIO
OT naHHOHN TOYKH. B pe3ysnbTaTe MMeeM HHTYHTHBHBIH NOJA-
X0, COBMECTUMBII ¢ BapHALlMOHHBIM aHAJIH3OM.

Oco6oe BHHMaHHe o6pawaercs Ha uucjo Ilekie, SBAsIO-
lleecsl OCHOBHBIM (H3NYECKHM TIapaMeTPOM — Mepofi B3aH-
MOZEHCTBHSI MeXAY TEIIONPOBOJHOCTbIO H KOHBEKLHEH
B KHIKOCTH.
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7.2. AHAJIOT'MSI TEITJIOTIPOBOAHOCTU

Bo MHorux 3anauax rensooGMeHa B XKUAKOCTH CyLLeCT-
ByeT BO3MOXKHOCTh Npeo6pasoBaTh YpaBHEHHS K BUAY, [OJ-
HOCTBIO COBNANAIOIIEMY C yPaBHEHUSAMH UYHCTOH TeNJONpO-
BOAHOCTH, YTO 3HAYUTEJBHO YIpOUlAeT HCIOAb3OBAHHE
BapHALUOHHBIX IPHHLUIOB.

PaccMoTpuM cranmoHapHOe JABYMepHOe TeueHHe HeCKH-
MaeMoBl KHAKOCTH. a8 NOCTOSIHHBLIX TEMJOeMKOCTH H Tell-
JIONPOBOJHOCTH TeMIlepaTypHOe ToJe YAOBJETBOPSAET CJe-
JAyIOmIeMY ypaBHEHHIO:

a0 , . 08 0% | 9%
ua—x——{—cva—J:k(ax&—]— ) (7.2.1)
KoMmmnoHeHTaMu MM0Jis CKOPOCTH OYAYT:
u=u(x, y); v=ov(x, y), (7.2.2)
a CBOHCTBO HeECXKHMAaeMOCTH BbIpaxKaeTcsa ycCJ 3HEM
ou ov
=5 =0. (71.2.3)

OO6BI4HO TIPH aHAJH3e KOHBEKTHBHOIO TeMJooGMeHa Tpe-
2

0%8
HeOperaiT BeJHUHHOH TENIONPOBOJHOCTH 5= B HaNpaBJe-

Huu TeueHus [JI. 7-3]. B pesynbraTe moJgydaercs ynpolleH-
HOe ypaBHeHHe

06 026
cu ax +-cv 5~ —k (7.2.4)

AHasornuHoe ypaBHeHHe I0JyuaeTcs U TYpOYJIeHTHOTO
TEUeHHUs, eCJAH BBECTH NOHSATHE «3(PheKTHBHOH TelJONPOBOA-

HOCTH»
F=k+c§(x, y), (7.2.5)

rie § (x, y) —kospbunnest rypOyJsenTHOH auddy3uH,
ofycnoBneHHbl TypOyaentiHocTbo. Buxpenas auddysud
npuHuMaercs usorponHoil. ITockoasxy & — dyHKIUSA KOOD-
IMHAT, £ He ABJsieTCA NOCTOSIHHON M ypaBHeHue (7.2.4)
NpUHHEMAaeT BHA:

Bt d;’ (k' g%) (7.2.6)

JlamuuapHoe TeueHHe paccMaTpHBAETCs KaK UaCTHHI
cayda npu §=0. YpaBHeHHe (7.2.6) mosyueHo aBTOPOM
B ellle 6oJiee yNpolLeHHO! dopMe B HeJaBHO ONyGJHKOBAH-
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Ho#t paborte [JI. 7-2] ¢ nomompio MeTORd, sBJsION{Erocs
o6obiienneM npeobpa3oBaHus Museca *.
[TepefineM K HOBHIM IMEpeMEHHBIM

X=x'(x y); y'=y'(x y). (7.2.7)
IlepemenHsie x” u 3y’ paccMaTpHUBAIOTCS KaK KPUBOJIHHEH-
Hble KOOpAHHaTH. BriGupaem ¢yHkuuio y' Takum o6pasom,

yToBB 3HaucHHe ee ObIVIO NOCTOSHHBIM BJOJIb JIMHHH TOKA.
[To ompenenenuro

oy’ oy’
u = +ud,_j- =0, (7.2.8)

a TaKxe
08 _0b 0x 4 0b Oy, 9B _ 08 O’ 4 08 0y 4 gg
ox —0x' d0x ' oy 0x ' dy ox' dy | dy Oy ° (7.2.9)
PaccmoTpum wacTHBIM cayuall npeobpasoBanus (7.2.9),

TI0JIOZKHB
,oox L ox
X _—x,Tx—_l, —a—y———O (7.2.10)

Ob6vennuns ypashenus (7.2.8)—(7.2.10), nosyunm:

8 09 08 _ 08 oy
uax——i—vdy —-uw, B?/———w -d—y— (72.11)
[TosnoxwmM:
ady' 1
Oy a L y)" (7.2.12)

Tenepr MoxHO 3anncarb ypasuenne (7.2.6) B BHIe

0 __ 0 [k 08
cua =2 (—; 5,;) (7.2.13)
Bmecto x” MOXKHO 34IIUCaTh TaKxKe

08 9 (K 09
cua - =5 e 5?)’ (7.2.14)

TIe a, 4 ¥ k’/o— QYHKIHHM He3aBHCHMbBIX IePEMEHHBIX X H
y’. OnHaKO Hu3-33 YCJOBHSI HECKHMAeMOCTH IPOH3BeLeHHE

au=1u,(y’) (7.2.15)

* B apeobpasosannun Museca Bmecto Gosiee obuieli nepeMeHHONH y’
HCIoJb3yeTcst MyHKIUS TOKa Y.
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3aBHCHT TOJIBKO OT y’; 3TO MOMXHO 110Ka3aTh NPH PACCMOT-
pPeHHH JBYX JIHHHH TOK4 C KOOpPAHHATaMHU y’; U y'». Mnre-
rpan

Ys Y'a Y's
j udyzjugiy,dy'zg wa. dy’ (7.2.16)
Y by yh

npejcrabiser co60H 06beM KHUAKOCTH, 3aKJIIOUEHHOH MeXK-
Ay ABYMsl JIHHUSAMH TOKa. [1OCKOJBKY KHUAKOCTb HeCKHMae-
Ma, uHTerpan (7.2.16) — moctosiunasi BesauuuHa. [losToMy
Lo HE 3aBHCHT OT X BJAOJb JIIOOOH JHHHH TOKA Y’, H OKOH-
yaTeJbHO ypaBHeHue (7.2.14) MoXKHO 3amnucaTb B BHJE

nO8 0 [k 0
U (Y') 55 = (T E) (7.2.17)

DTO ypaBHEHHE ONHCHLIBAET HECTANMOHAPHYIO 3a4auy Te-
IVIONPOBOAHOCTH, Tlle X — BpeMeHHas IepeMeHHas, a Yy —
nepeMeHHas 10 KOOpJAUHATe.

Orcoga 3ajady KOHBEKTHBHOIO TemJo06MeHa HEeOoJIHO-

POAHOHM KHJAKOCTH MOXKHO DEILIHTb C MOMOIIBIO AHAJOTOBOH
MOJleNn OJIHOMEDPHOH TENJIONPOBOAHOCTH B HEOAHOPOAHOM
cpelle, Ile TEIVIOEMKOCTb B eAMHHULe o0beMa paBHA cu,y U
3aBHCHT TOJbKO OT KOODAHHATHI, TOT/a KakK  TEeIIONPOBOJL-
HOCTb &'/0 3aBHCHT KaK OT BpPeMeHH, TaK U OT KOOPAMHATHI.
Hsnoxensoe Bbillle NPeCTABASET AHATOTHIO TEILUIONPOBOJ-
HOCTH,
-+ BeuencTBHe 3TOro -BapHaMOHHbIE METOMb, pa3paboTaH-
Hble OJIS1 TEIJIONPOBOAHOCTH, NPHUMEHUMBl JJISl pellleHHs 3a-
2y KOHBEKTHBHOTO TemjooOMeHAa B JAMHHApHBIX H TypOy-
JIGHTHBIX TE€YeHHAX.

7.3. BAPHAU,PIOHHASI OLHEHKA ®YHKLIHNHU
BJIMAHUA -

BapuausoHHble MeTOIbl B COUYETAHHH C aHAJOrHeH Te-
IJIONPOBOAHOCTH AAlOT OYeHb TOUHBIH H IPOCTOH MeToJ pac-
yeta (YHKUMH BJHSIHHS B 3a/lauax KOHBEKTHBHOIO TeIJIO-
oOMeHa.

Lienpio atoro naparpada siBJsieTcss NPOHJIIOCTPHPOBATD
3TOT METOJ, Ha OYeHb [IPOCTOM NpHMepe.

PaccMOTPHM ORHODOAHBI JaMHHADHBIA NOTOK C TOCTOSIHHOR CKO-

pocteio U. Och x pacmonoxeHa B IJIOCKOCTH TPAHHLBI, 4 CKOPOCThL Ha-
apasJjieHa Bioab x. Ocb y nepneHAMKyJAsipHa rpanuue. PaccMaTphBaercs
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JByMepHOe fioNie TeueHHSI B IJIOCKOCTH X, Y, XOMIOHEHTb CKOPOCTH RO~
TOpOro
u=U, v==0. (7.3.1)

Hauanbuas TemiepaTypa KHAKOCTH npHHHMaeTcs papuod 0=0,
PaccmotpuM TIpAMYIo JIMHHIO Ha rpaHulle, NPOXOASWIYI0 4epe3 Ha-
4aJo KOODJHHAT M [ePHeHAHKYJAApPHYI0 ocH X. Ha sTofi Nuumn Temmo
TOCTYIIA€T B XKHIKOCTh CO CKOPOCTBIO, PABHOH €lHHHIE HA eIMHHLY IJH-
Hel. Uepes rpanuuy TemsoBbie TIOTOKM OTCYTCTBYIOT. B pesyabTaTe HMeeM
pacnpeiesieHHe TeMIepaTypbl BHH3 110 TEYEHHIO BAOJb OCH X:

0=ri(x). (7.32)
Eciu suHHS DpHTOKA Tela pacnosomxedHa Ha abcuucce E, a He

B Hayase KOOPAHHAT, paclpejeseHHe TeMNepaTypsl BHH3 10 MOTOKY G-
JleT UMeTb BHA:

O=r(x»—E). (7.3.3)
ITosoxus x=s, a E==8’, MOXKeM 3anucatb:
O=r(s—s") =r(s, s'). (7.3.4)

CnenoBaTesibHo, r(s—s’) mpefcTaB/seT 4YacTHH caydall omHOMep-
HOH (YHKUMM BJHSIHHS, OnpejendeMoii BhlpaxendeM (6.2.9). [Ipu srom
NpUHHMaeTCs, 4To aiuabaTuyeckass Temueparypa Xumkoctd 0,=0. dro
O/IHaKO He OrpaHHYHBaeT OOU(HOCTH pe3yJbTAaTOB, €CJAH CIpaBelJuB
HNPUHUMN Cymeprnosniuud. [TOCKOJbKY TOTOK SIBJASIETCS JaMHHAPHBIM, MO-

JIOKHM!
B =k (7.35)

IMoxcraBus snauewns # W v u3 ypasHenus (7.3.1), noayunm ypas-
Henne (7.2.4) B Bume

06 0%
c_(/:;;:k*ﬁz—. (7.3.6)

Ilpu 3TOM DPHHUMAETCSH, YTO JIHHUS TPUTOKA Tellsa PACHOOXKeHa
B Hauane KoopAuHat (§==0). 3amaua COCTOMT B OmIpeleseHHH (PYHKUHH
Bausinus r(x). IlockonbKy paccMaTpuBaerTcs AByMepHasi 3ajaua, BO3b-
MeM C0H XHIKOCTH €IMHHYHOM TOJILIMHB, NAPAaMNJEbHBLI MIOCKOCTH XY.
CkopocTb TpuTOKa Temia B TOT CJAOH B Hadaje KOOPAMHAT paBHA €lH-
HHiLe.

Iponurerpuposas ypasuenne (7.3.6) mo y or y=0 po y=o0, 1o~

JYYHM: o1 5
W:—-k (-—ag-)y=o ’ (7.3.7)
rae
o0
I (x) = j‘ clUb dy. (7.3.8)

0
[pu BuBOAE 3TOrC ypasHenHs NpHHEMAAOCH, u4To 08/dy crTpemures

K HYmO NpH y = co. Bulpawenue — & ( 9y ) TBAATCA CKOPOCTBIO MpH-
TOKa Tella B KHAKOCTH. [losTOMy MOXHO 3anucats:
DL oy, 29
0% =—’=( oy )y=o= ), (7.3.9)
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fae 8(x) paBHa mymo Bciomy, 3a HCKJIOYEHHEM MpOHIBOABHO Masnof
obnactd B OKPeCTHOCTH — § <x<C §, mpuueM 8(x) obnapaer clepyio-
LIEM CBOHCTBOM:

+&
S 8 (%) dx = 1. (7.3.10)
e

Takas ¢ynxuusa Hupaka &(x) osHauaeT, YyTO eAMHMYHAs CKOPOCTb
TIPUTOKA TeNJa COCPeNoTOueHa B TouKke ¥=0.
Paccmorpum  ¢yukmuio [(x). TlpounterpupoBas ypasuenue (7.3.9)
Mo X, [OMYYHM:
X
1(x)=jl 3 (x) dx = 1. (7.3.11)
é

3ameruM, uro I(—§)=0, nockoabky O cTpeMHTCH K HYJIO BBepx
10 TIOTOKY OT TOUKH BBOJA TemJa. ‘CJel0BaTeIbHO, B COOTBETCTBHH C CO-
oTHomeHHAMH (7.3.8) 1 (7.3.11) MoxHO 3anucarth:

o]
chde:l npa x > 1. (7.3.12)
0

OTH YpaBHEHHS MOXKHO OOBSCHATH C TNOMOLIBLIO AHAJOTHH Tello-
MPOBOAHOCTH. YpaBHeHHe (7.3.6) sBaseTcs OJHOMEPHHIM YpaBHeHHeM
TEeIIONIPOBOJHOCTH B TBEPAOM TeJe C TemioeMkoctsio ¢U H Temsonpo-
BOJHOCTbIO k2 IpH mepemeHHO#l BpeMeHu {=x. TBepjoe TeJo 3aHHMaeT
obaacte y=>0 c muockodl rpanuneit y=~0. Ha rpanune npu y=0 B Mo-
MeHT ¢=0 mocTymnaeT eIHHHHA KOJHYeCTBa TemJa Ha eJHHHNY MJIOIIAJH
fI0OBEPXHOCTH; TIOCJe 3TOTO I'PaHHHA TOTYAC XKe TeIJIOH30JHpYeTCs H Ipo-
HexonuT Anddysust Temna B TBepAoe Teso. OOllee XOMMYECTBO TelJa,
B COOTBETCTBHH C ypaBHeHdeM <(7.3.12) paBHOe elyHHIe, He H3MeHseTCH.

Jas Toro 4yTo6Gni HCMOJb30BaTh BAPHALMOHHEIH MeTON AJS pellleHH
3TOH aHaJoOTOBOM 3ajadd, MpHMeM CcCJelylollee TeMIepaTypHOe pacrpe-
JeJieHHe:

3 2
b =305 (1 —-zT> w<q), (7.3.13)

YIOBJETBOPSIONlee YCLOBHIO TOCTOSIHCTBA HHTerpana (7.3.12). Tenaosoi
NOTEHIHAJ ITOH aHAJIOrOBOH 3ajauu Oyler:

1 3
V:.—..TCUSG%W:W . (7.3.14)

0

Beanunna H pasra:

q

3 1y

H=cUS6dy=l—-—2—%+~2—%. (7.3.15)
7
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Juccunatusnas QyHxuus 3anuinercs:
q

1 . q?
D= - Y H*dy = =z~ = » (7.3.16)
0

. dg
TAe § = 7.~ TOCKOJbKY X MrpaeT poib nepemeHHoH Bpewend. Tepmo.

AMHaMHUecKas cuaa Q paBHA HYJIO, TaK Kak rpaHMla u3oaupopana. Ma-
TeMaTHYeCKH 3TO BhIpaxaercs cBoiictBom OH =0 mpu y=0. Orciona
uMeeM ypaBHeHHe JlarpaHxa
ov | 9D 0 7.3.17
g 0 0 (7.3.17)
IMoxcraBus ‘B Hero 3HaueHuss V wu D u3 ypasuennit (7.3.14) n
(7.3!16), moayunm DU depeHunansHOe ypaBHEHHE
. k

HP-OI’BBGHH HHTErpupoBaHHe € HayaJbHBIM YC/JI0BHEM (]=O pAa

x=0, nonyaam:
Tkx
— . 7.3.19
9= ‘/ cU ( )

(’)I‘emneparypy Ha TpaHHlle HafJeM, TOJNOXKHB B BhIpaxeHuu «7.3.13)
y=0:

13
b= 2¢Uq *

TMoacTaBuB B 3T0 BHpaXeHHe BequuuHy ¢ u3 (7.3.19), 6yseM umeTs:

1
6 :'—é.8:__—_-t (7.3-21)
—'g—'cka

(7.3.20)

dTa TeMnepaTypa SIBJfeTCS (YHKUHEH BAHAHMA JJS TPHTOKA TENJa
npu §=0. 3anuiueM ee B BHIe
1
r{xX) =m—py——— 7.3.22
(x) 5 ( )
5 cUkx

ITocKosbKy ToJie TeueHHS! He 3aBUCHT OT X, (DYHKUHS BIAMSHHS ONS
npHTOKa Temja Ha aGcuucce & pasua r(x—§).,

STOT pesyJbTAT MOXHO CPaBHHTH C TOUHHIM peureHneM. Creayromas
(yHKIHS ABNsSeTCS pelleHueM ypaBHeHHus (7.3.6):

1 ' cUy?
e e —— —_— . 7.323
V neUkx exP( 4kx ) ( )
DTo BHIpaXKeHue YMOBJETBOPSIET TaKXKe VCJOBHIO JNOCTOSIHCTBA Be-
auyuHbl uHTerpaga (7.3.12). TouHoe 3HaueHue GYHKUHH BJHAHHUSA, TOAY-
qeHHoe moncTaHoBkoA y=0 B (7.3.23), GyIer:
1

T =y
10* 147

(7.3.24)
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Puc. 7.1. I'papuk sasucumoctu 8’ = § V=cUkx ot y/q.

I — napaGonnueckasa annpokcuManusa (7.3.13); 2 — Tounoe pac-
npeneaenne Tlaycca (7.3.23).

Cpasuus npubnuxeduyo pesuuuny (7.3.23) c Bumipaxennem (7.3.24),
YBHIHM, 4TO B MEPBOM CJydae MOCTOSIHHAs Oyjer ‘/-? =I1,765, a BO

BTOPOM V 7=1,772. CuaenosatennHo, TIOTPEWHOCTh  IPHOIHAKEHHON
oueHKH cocrapaser medee 0,5%.

MoXHO TaKXe CpaBHHTh TpHOJHXKeHHOe M TOWHOe TeMIepaTypHoe
pacupefeneHde B KHIKOCTH To Beipaxenusam (7.3.13) n (7.323). Onm
npeicTaBJeHs] Ha puc. 7.1 pas ofHOMepHOf 3afauu B Oe3pasMepHOM

Buge 0'=0V mcUkx. HHTepecHO OTMeTHTb, WTO JaxKe OPH JIOBOJBHO
rpy6oM mpHOGAHKEHHH TeMUEPATYPHODO paclpejeseHdsi B XKHAKOCTH TIO-
JIY4aeTca BEICOKASl TOYHOCTb M/ QYHKUKH BIHAHHA.

7.4. OBIIVE BAPVMALIMOHHBIE METO/bI

3Hasa (QyHKUHIO BJIHSHHS, MOJKHO pPacCyHTaTh TeIsio06-
MeH B NOTpaHHuYHOM cJoe. Mcnosb3oBanue 3ToH QyHKIMH
B THIHYHBIX 3a]auax INOrPAHHYHOrO CJI0si OyJeT paccMoTpe-
HoB § 7.7.

Ofmue BapHalUMOHHBlE METOAB MAJs pacuyeTa (QYHKIHH
BJIMSIHHSA TIOJIyUHM ¢ IOMOIUBIO ONpefeseHHOH CTaHAapTHOH
ANNpPOKCUMAIUY, HCHOONAL3YS Oe3pa3MepHble NapaMeTpsl H
nepeMeHHEIe, COOTBETCTBYIOIHEe OCHOBHEIM (DH3HYECKHM
CBOIICTBAM.

IIpexpxe Bcero BO3bMEM lapaJjesibHble JHHUH TOKA H
nokaxeM, KakuM o6pasoM MOXKHO 060OILHTb 3TOT METOX
Ha cJyyall HemapaJJiesbHbIX JHHHH ToKa. B anaause mnoJo-
KuM 0,=0. [TockoNbKYy NPHHUMN CYNEPIO3UIUH NPHMEHHM,
3TO YCJOBHe He OrpaHHYHBaeT OOIIHOCTH Pe3yJbTaTOB.

Ilapasnrenvrole AuHUL TOKQG © AGMUHAPHOE TedeHue.
AHaJIOTHIO TENJONPOBOAHOCTH MOJIYYHM, TOJNOXKHB B ypaB-
venun (7.2.4) v=0

a8

cuW:k

026
L (7.4.1)
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Ilpoduab ckopocTy B NOrPAHHYHOM CJIOE HMEET BHA:

u=u(y). (7.4.2)
[Tonoxus
c’(y) =cu(y), (7.4.3)
nosyuuM ypasHehue (7.4.1) B Buge
L\ 08 08
c (y) rra —k -dy—a. (7.4.4)

QyHKUMIO BJAHSHHA MOXKHO HaWTH, TPHHSB IJIOTHOCTb
TEMJIOBOrO NOTOXKa Ha rpaHune npu x=0 paBHOH exuHulle.
Hcnonpsyem HekoTOpHIE TIpHeMbl, onucannbie B § 7.3. B nau-
HOM cJayudae BMeCTO ycaoBHs (7.3.12) 3zanumem:
o0
§ ¢’ (y)0dy=1 (7.4.5)
o

npu x>0.

YpaBHeHus (7.4.4) u (7.4.5) npeACTaBAAIOT AHAJNOTHIO
TeIVIONPOBOAHOCTH B Cpelle ¢ HepaBHOMEPHOH TEMJIOEMKO-
cTbI0 ¢'(Yy) H CyMMapHBIM TeIIOCOZEPXKAHHEM, paBHBIM
efuHALe. AHAJIOrMIO TeNJIONPOBOAHOCTH MOXKHO CHOPMYJIH-
poBaTbh B 6e3pa3MepHOM BHJIE, MOJOKUB

u(y) =Ueg(n), (7.4.6)
rae

: (7.4.7)

ol

’q:

O6osnauum uyepe3 U HayasJbHYIO CKOPOCTb, a uyepe3 &
XapPaKTePHCTHYECKYIO TOJIUIHHY MOTPAHHYHOTO CJIOS H BBE-
AeM 0e3pasMepHyI0 NepeMeHHYIOo

by et

(7.4.8)

7
e:jx

roe

Pe = -2 (1.4.9)

uncao Ilekae, paccuurannoe mo U u 8.
Torna moxem 3anucaTb ypaBHeHHe (7.4.4) B Gespas-
MepHOM BHIE
09 __ 0%

Ananorus TeIJIONIPOBOAHOCTH, ONUCHIBaeMasi 3THM ypaB-
HeHHeM, InpeAcCTaBJeHA HECTaH.HOHapHOﬁ TENJONPOBOJHO-
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CTbI0O B Cpelle C TENJOEMKOCTbI0 C==¢ (1), 3aBHUCHILEH OT
rayOuHBL 1, H TENJONPOBOAHOCTbIO R=1. Bpems npexacras-
JIEHO nepeMeHHON T. YcaoBue (7.4.5) NpHHHUMAeT BHI:

Tﬂ?(n)dn:ﬁo, (7.4.11)
b

rjpe
1

Hy= 55

(7.4.12)

CunenoBarejbHO, B 6e3pa3MepHOH aHaJOrHH TEILIONpO-
BOAHOCTH Hy— KOJMUECTBO TemJa, NOCTYNalollero B MO-
MeHT 1=0.

Tenepb BO3bMEM BapHALMOHHBIH INPHHUHI JJs NOJyde-
HUS (QYHKLHM BJHMAHUSA, COOTBETCTBYIOLIEH MOCTYILIEHHIO
Telsla Ha rpaHuue npud x=0, uCNoJb3ysl aHAJOTHIO TEIJIO-
NIPOBOJHOCTH Mo ypaBHeHuwo (7.4.10). PacnpeneneHue TeM-
nepartypbl B NOJYOrpaHHYEHHOM TBEpAOM Teje B o06JaacTy
n>0 anmpokcumupyercsi KyOHUECKHM BbIpaKeHHeM

6_60(1—4—2> npr 1< q;

=0 npy >4,

rie ¢ — ray6HHA TPOHHKHOBEHHS, SIBJSIONIAACS HEH3BECT-
HO#l ¢yHKuMell BpeMeHH T. Bmecto mapaGoJsimyeckoro mnpH-
Gauxenuss (7.3.13) npuHumaercs KyOuueckoe, TOCKOJNbKY
OHO JaeT TOYHble pellleHHS AJs OOBIYHBIX NpodHJell CKOpO-
CTH, TAe ¢(7) NpPONOPUHOHAJbHO 1 BOJH3M rpanuik 1=0.
Temnepartypa 6, npu n=0 B BHpaxenun (7.4.13) ectb
dbyHKUAs ¢, onpelensieMass HHTErpajJbHBIM COOTHOLIEHHEM
(7.4.11). 310 GbyHKIHOHANLHOE COOTHOIIEHHE TMOJyYaeTcs
nocje nojcraHoBkd 0 u3 (7.4.13) B uHTerpasbHoe BHpa-
*KeHde (7.4.11). 3anumeM ero B BuAE

(7.4.13)

B
— )= 7.4.
X ( > ) H, (7.4.14)
TIPH CAEAYIOHX QYHKIHAX g:
q q
A={emdn; B=(wre(dn. (7.4.15)
0 0

TennoBo#t mnoOTeHUHAJ, COOTBETCTBYIOIUUA YypPaBHEHUIO
(7.4.10), 6yner:

q
— H 9 (1) 8 d. (7.4.16)
0
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Ananof TensioBoro cmellenHs B TOYKe 1) Bhipaxaercs
q

H = { ¢ (n) dn. (1.4.17)
7
LlenecooGpasHo npeo6pasoBaTh 3T0 BblpaxKeHHe, UCIOJIb-
3ys ycaoBue (7.4.11), 3anucas ero B Buje

H=H,— fecp (1) d. (7.4.18)
0

[Monyaum:

. 0
H=— (b (n)dn. (7.4.19)
0

IIpu pacuere 3TOro BbIpax<eHHs] HEOOXOJHMO HCIIOJb30-
BaTb COOTHOLIEHHE

(S '
5 =—R % (7.4.20)
rae
3B
R= 74—,:—3" (7.4.21)

— ¢ynkuus ¢. Coornouerne (7.4.20) nosydaercsa npu aud-
¢epennupoBannu ypaBHeHus (7.4.14) mo v. Ilosromy nmuc-
cunaTtuBHas ¢yHKuus D O6yneT uMeTb BUL:

q
1 72 Y ‘2
D —,:TSH dn = - 0%Mgg?, (1.4.22)
0

rae M — ¢yukuus q.
Ypaeuenue Jlarpanxa 1as g Oyner:
ov 0D
- _— =V 7. .
5 T 0 (7.4.23)
[TpaBast yacTb 3TOro ypaBHEHHS paBHA HYJIO, MOCKOJBKY
rpannna npu n=0 TenJoH30JHpPOBaHA (OTCYTCTByeT TEMJIO-
BOH TOTOK) H COOTBETCTBYyIOLlasi TeNJoOBas CHJa paBHA
HyJo. W3 ypaBHenus (7.4.16) mosyuum Takxe
ov '
i 6%,L, (7.4.24)
rne L — dysknus q.
IloncraBuB B ypaBHeHue Jlarpanxka (7.4.23) BrIpaxe-
Husa (7.4. 22) u (7.4.24), noayuum:

2(9)q4=1, (7.4.25)
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rane
M
g(@) =" (7.4.26)
C navanbupiM ycaoBueM ¢=0 st t==0 unterpa’n aug-
tepennnanbHoro ypaBHenus (7.4. 25) Gyjper HMeTb BHA:

T= 5 qg (q)dg. (7.4.27)
0

C npyro#t cTopoHbl, H3 ypaBHeHHsS (7.4.14) nosyunm 0p
KaK QyHKIHIO §:

H,
ﬂozm. (7428)

Ilo ypaBuenuam (7.4.27) u (7.4.28) MOXKHO NOCTPOHTH
rpacduk 3aBHCHMOCTH Oy OT 7, paccuutaB OpAUHATH H abc-
UHMCCHl KaK NapaMeTpHuecKHe (GYHKUHH ¢. OTOoT rpaduk
MOZKHO NPeJCTABUTDb BbIPAKEHUHEM

B, 1

q)(’C) = 17;—‘:; ATB/q-—a, (7429)
rjae O(t) — byHkuus BAHSHHS B OGe3pa3MepHOM BHje, Ha-
3BaHHasl ABTOPOM <«IIpUBeLeHHOH (DYHKUHEH BIUSAHHA»; Oy —
JeHCTBHTeJbHAS TeMIllepaTypa Ha rpanune. CleloBaTeNbHO,
BO3Bpallafgch CHOBA K (H3MYeCKHM MNepeMeHHBIM IO ypas-
HeHHAM (7.4.8)—(7.4.12), nonyuaem GyHKUHIO BJAHSHHSA
B BHJE

bo=r (X)= 7= @ (5o %). (7.4.30)

ITapanrenrsrovle aunuu ToKa U TYpGyreHTHOE TedeHue.
[TokaxeM, 4To aHaJOTHIO TENJONPOBOAHOCTH B Ge3pasmep-
HOM BHJe MO ypaBHeHHI0 (7.4.10) MOXKHO paclnpocTpaHHTb
Ha TeyeHHe B TYpOyJEeHTHOM NOrPAHHYHOM CJO€ C napaJ-
JIeJbHBIMH JIHHHAMU TOKAa. DTOT CJyuyail HOJAydaercs, eC/H
NOJIOKHUTD:

=y a=1; ty=u(y); K () =k+c§ (), (1.431)

rae § (y) —koabounuent TypOynentHon auddysuu. ox-
CTaBUB 3TH 3HAYEHHs B ypaBHeHHe (7.2.17), monyuum ero
B BHJE

cu(y) e Ox {k'( Y o ] (7.4.32)

O6o3naunm yepes U HauanbHYIO CKOPOCTh, 4 yepes § —
XapakTepHyIo TOJIIUHY NOTPAHHUYHOrO cJosi. Beexem Ges-
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pasMepHble NepeMeHnHble T H 1 MO COoOoTHOoWeHusiM (7.4.7) u
(7.4.83). B 3Tux mepemenHnix AuddepeHuuasbHOoe ypaBhHe-
HHe (7.4.32) npumMer BHIL:

a9 [/ 09
¢ (1) 75.:’5;_{0 (m) W}’ (7.4.33)
rae
3 &
o(n)="r = 1+C_k_. (7.4.34)
Ilponspens 3ameHny nepemeHHOM
m
q = (91, (7.4.35)

N 4]
0

yIpocTHM ypaBHeHHe (7.4.33) enle GoJiplie

B(n') %=% (7.4.36)
rupe .
BM)=o(n)o(n). (7.4.37)

YpaBuenue (7.4.36) umeer Bui ypaBHenus (7.4.10) u
Takxke NpefacTaB/seT 0e3pas3MepHYI0 aHAJOTHIO TEMJONpo-
BOAHOCTH € KO3((HUIHEHTOM TENJIONPOBOMAHOCTH, PABHBIM
€lMHHIe, U TelnoeMKocTbio. B(n’). OmHako mnoseneHne
¢yuxunu B(n’) orjHUaeTcsd OT NOBeleHHs QyHKUHH @(n).
BapuauuoHuefi MeTos, paspaGoTaHHBIA A JAMHHAPHOTO
TEYEHHS] M HCNOJb3YIOIIHI NPUOTMKEHHOE pachpereseHHe
TemnepaTtypul (7.4.13), Moxer mNpuMeHATbCH HJsi 3anay
0 TypOy/eHTHBIX TeYeHHSIX TOJIbKO B YACTHHIX Ciaydasx. Mo-
MH(GUIHPOBAHHBIH COOTBETCTBYIOUINM 0O6pPasoM MeTOX OlH-
caH B § 7.6, MOCBsileHHOM YHCJEHHOMY aHAJMH3y (YHKLUH
BJHSAAHUSL B TypOYJIEHTHOM NOTPAHHYHOM CJOe.

Henaparneavnoie sunuu Toka. B s3ToM cayuae dyHKIHA
BJIMSIHHSL 3aBHCHT OT TOYKH NojaBoja Tenaa. [Ipumem 3Ty
TOYKY B KauecTBe Hauasa xoopaunart. CienoBaTenbHo, abc-
11{cCa X €CTb PacCTOsiHMe BHH3 MO TMOTOKY OT 3TOM TOUKH.
PaccMOTpHM aHAJOTHIO TEIMJIONPOBOJHOCTH 110 YPaBHEHHUIO
(7.2.17). KoopauHaty ,y’, NOCTOSIHHYIO BAOJDb JHHHH TOKa,
MOXHO OTpeNeJHTb TakuM obpasoM, utobul y=y’, a=1Ha
ocu y. CrnefoBaTelJIbHO, y — PacCTOsIHHE MO HOPMaJiH uepe3
TOUKY NoABOAa Tennaa, a ¢GyHKUHs Ur(y')=au — npoduisb
CKOPOCTH B 3TOH TOuKe.
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OyHKUUIO BJAMAHUS A HenapaJJiefbHBIX JIHHUH TOKa
MOKHO TIOJNYYHTb, IPHMEHHB BapHALHOHHBIA aHaJHU3 K ypaB-
Hennio (7.2.17). Kosdoduuuenr %£’/o B 3ToM ypaBHEHHH
Oyzer 3aBHCeTh Kak OT y', TaK M OT X, UYTO NPHUBOJHUT
K aHaJu3dy, OTJHYaloleMycss OT OMNHCAHHOTO MeToda AJd
napaJjiesibHbiX Jaunuil Toka. OfHAKO MOCHENHHH ellle MOXKeT
ACIOJNb30BATLCA, €CJAH NONYCTUTb, YTO OCHOBHOH IIpOIECC
TenJoo6MeHa orpaHudeH JOCTATOYHO Y3KO# 06J1aCTbl0 BHH3
0 TeYeHHI0 OT TOYKH TOJABOAA Temlja. B 3ToM ciayuae
MOXKHO CYHTaTb, 4TO B 3TOH obJacTH & W o ITOYTH He 3aBHU-
CAT OT X, TAK YTO MBI MOXKeM MOJOXKUTb o =1

E(x, ¢)=k'(y). (7.4.38)

CnenopartesabHo, ypasHeHne (7.2.17) TOXKJECTBEHHO
ypaBHeHH0 (7.4.32) Ans mapaJuieJbHBIX JHHHH TOKa. B pe-
3yJbTaTe 3THX HNONYINEHHH IOJydYaeM IIPOCTOE pelieHHe,
KOTOpPOE MOXKHO PacCMaTpHUBaTh KaK MepBOe MpUOJIKEHHE
JUIsL caygas HenapaJiieslbHBIX JHHUE TOKA.

3aMeTHM, UTO B JaHHOM cayuae U 3aBUCHT OT TOUKH
HoABOAA TemJja, Tak 4to Pe-— jokanpHoe yucio Ilekae.

Jlanbueiillee yTOUHEHHE TAKOTO HEPBOTO MPUOJIHKEHHUS
MOXHO TIOJNIyYHTb, HPHMEHHB BapHAaUUOHHBIA TPHHOUI
K ypaBHenHuio (7.2.17).

7.5. IAMUWHAPHDIV [TOT'PAHHUYHBIN CJIOV

Hcnosbayem o0ILHA MeTOJ, ONHCAHHBIN B NpelbIAYIIEM
naparpadge, AJs NpUOJHKEHHON YHCJIEHHOH ONEHKH (yHK-
LUK BJHAHMA B JaMHHAapPHOM MOTpaHuuHOM ciaoe. PaccmoT-
pHM IBa NpejeJbHbIX NPOQHIA CKOPOCTH. B mepBom ciyuyae
MPUMeM KyCOYHO-JHHeHHBIH Npoduiab, a BO BTOPOM — Napa-
Gosuyeckui. JIMHUH TOKAa GyAeM CUHTATh MapaJiieSbHBIMH.

Kycouno-aunetinoui npoguas ckopoctu. Pacnpenenenve
CKOPOCTH B 3TOM cJyuae Oynxer umeTbh BHA (puc. 7.2,a)

u=U L npu 8;
5 my< (7.5.1)
u=U npy y > 8.

XapakrepHcTHueckass TOJIIHHA cJosi 8 TmpejacTaBJieHa
OPAMHATOH, COOTBETCTBYWOLIEH TOUKe, B KOTOPOH CKOPOCTH
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Puc. 7.2. HWneanusupoBanHble NPOGUIH CKOPOCTH HIAS J4AMHHAPHOIC
[NOTPAHHYHOTO CJIOSI.
a — KyCO4YHO-NTHHeHHBIH Npodbuab; 6 — napaGoandeckuit npoduin.

IIPAHEMAET MOCTOsIHHOe 3HayeHHe U. B aToM cayuae ¢ynk-
uust ¢(n), onpeneisiemast ypasHenuem (7.4.6), umeer BHA:

¢(m)==n mpu <1, (7.5.2)
¢(m)=1 mpu 7>1.

ITpu stom GespasmepHoe ypaBHeHue (7.4.10) nas awua-
JIOTHH TeNJIONPOBOJHOCTH 3aMHUIIETCST KAK

(7L 0%6 a8 026
1= 1<1); FZ=a(>1). (159

Crnenyss o6uieMy MeTOAY, HCIOJb3yeM NpHOIHKEHHOE
kyOuueckoe pacrnpefeneHue Temnepatypwl (7.4.13). Ilosro-
My HeoOXOAMMO pasjHyaTh ABe (asbl, KOrAa riayOHHa mpo-
HHKHOBEHHS ¢ MeHbllle HJIH OOJIbIe €IUHHILBI.

B nepso#t ¢ase, xorna g<<1, Tenso euie He pacnpoctpa-
HUJIOCH 3a Tpefiesibl TOJNIHHB IOrpaHuYHoro ¢Jos 8. B stoi
¢ase Ml Noxy4uM @ (n) =m. IDTOT CaAyUal JIeTKO NOATAETCS
pacyery. Boipaxenne (7.4.26) npuHuMaer BHA:

2
g@)=1 9 (7.5.4)
a u3 ypasHenuit (7.5.27) u (7.5.28) noayuum:
2 10 H,
'C:gqs; 60: 3 —17_2. (755)

Hckaouus ¢ B3 3THX ABYX ypaBHeHHl, HMeeM:
2

9,— 0,514H,c °. (7.5.6)
155



CpaBHHB IoJyueHHBI! pe3ysbTaT ¢ OBLIMM ypaBHeHHeM
(7.4.29), yBuamm, uro mnpuBeAeHHass (YHKIHSA BJIHSTHUS

B nepBoi dase Gyxaer
2

®(1)=0,514c °. (7.5.7)
Bo Bropoll ¢ase, riae ¢>1, HeoOXOAHMO pAacCCUHTATH
dbynxuuu A(g), B(g) u g(g), onpenensieMbie ypaBHEHHIMHU
(74.15) n (7.4.26) oOuiero BapHalHOHHOTO Noaxona. Pac-
YyeT CJeAyeT IPOBOAHTb AJa Bcefl obaactu 1 ot =0 nxo
n=g>1, HCOONB3ys JBA KYCOUHO-JUHEHHBIX BHIPAXKEHUSA
(7.5.2). On moxKeT OBITH BHINOMHEH JAH6GO YHCJAeHHO, JHGO
anaanTudeckd. M3 ananmsa rpadwuka pacuera BUAHO, UYTO
GOYHKIHIO g(¢) MOXKHO ONpefeNuTh NpUGIUKEHHO B CJIeNy-
IolleM aHaJuTHYeCKOM Bufe [JI. 7-2]:

2
g@)=19 mpu ¢<l
(7.5.8)
28g
g(q):73+814 Ipu qg>1,

OTKyZAa OpPOCTO BBIYHCJUTL HHTerpas (7.4.27) nas 1. Torna
T u O (v) no ypasHeHuio (7.4.29) mosyvaloTcs B 3aBHCH-
MocTH OT §. X 3HaueHus rnpuBeleHs B Taba. 7.1 anas BTO-
po#t ¢asnl (g>1) (cm. puc. 7.2,a) B cpaBHeHuH ¢ NpubIH-
JKEHHBIMH 3HavYeHHIMHU u3 (7.5.9).

Ta6auua 7.1

° _ 2 _ 1
i N ) 05147 ° 0,554c 2
1,00 0,0606 3,33 3,33 —
1,50 0,186 1,57 1,58 —_
2,00 0,386 0,993 0,970 —
2,45 0,640 0,750 0,693 0,693
3,00 1,02 0,571 — 0,548
4,00 1,98 0,400 — 0,400
6,00 4,91 0,250 — 0,250

M3 stoil Tab/HLBl BHAHO, YTO KYCOUHO-aHAJHTHUYECKOE IPH-
OMHKeHHE MOXKHO CUMTATL YJOBJIETBOPHUTENbHHIM AJIst 6OJb-

MIKHCTBA NPaKTHYECKHX 3ajay:
2

®(x)=0,514c ° 1mpr t<0,64;

1

®(x)=0,554c ° npn ©>0,64.
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)
Snauenue 0,514t ® ogmuakoBo aasm oGenx a3, Hure-

pecHO OTMETHTb, 4TO IlepBoe H3 paBeHcTB (7.5.9) umeer
MeCTO BO BTOpO# (pase BIJIOTH M0 TOUKH ¢==2,45. B mepBoi
¢dase Temso He PacrnpoCTpPaHSETCs B KUAKOCTb 3a Tpejesbl
TOJIUHMHB 6, COOTBercTBylOWe# g=1, a B Touke ¢=2,45
TeIJIO IPOHUKAET Ha Iayouny 2,4549.

1

3
Bemuuuna 0,554% eCTb aCUMIITOTHYECKOe 3HauyeHHe JJIs

6osbuinx g. OHa paBHA BeJHuWHe, HAHJeHHOH BapHailHOH-
HBIM METOJOM JJs Npoduas ckopoctu ¢(n) =1, mocrosiH-
HOIt BO BceHl oOJacTH.

2 1

B touke t=—0,64 smavenns 0,514 = ° u 0,554 © °
PaBHBL

W3 tabn. 7.1 BumHo, uro npubamxenue (7.5.9) sasag-
€TCS TOYHBIM, 34 HCKJIOYeHHeM He3HAyHTeJbHOro OTKJIOHe-
HUSl B OorpaHuuyeHHo# ob6JjacTu B6Jau3H ToukH 1=10,64.

Cpasnenue ¢ TO4HbIMU pewenusamu. B nepBoi (ase BapHaLHOHHOE

pellleHHe COOTBETCTBYET CJYy4alo, KOTAA JIHHEHHBIH NpodHuib CKOpOCTH
npocrupaercs A0 GeckoHeynocTH. st 3TOrO cayuast HMeeM:

@(n) =mn npu 0<n<oo, (7.592)
3aﬂaqa CBOJHUTCH K pEIUEeHHI0 YpaBHEeHUA
09 08
Kl =i reak (7.5.96)

CpaBelJIHBOMY [JI BCeH 06JacTH MOJIOXKHTEJNbHBIX 1. JIerko mpoBepHTD,
YTO TOYHBIM pellleHHeM ypaBHeHHd (7.5.96) Gymert:

2
— Ta 3
6=C: ° exp (— gt >, (7.5.98)

rae C — nocTosiHHbIA Koadduuuent. D10 pellleHHe YIOBIETBOPAET TI'pa-
HHyHOMY YycsoBuilo 00/0n=0 mpu m=0. [Tocrosunas C omnpeieasiercs
u3 ycaosus (7.4.11). Hafinem:

o H
ver ()

rae I' — ramma-pyuxuus. 3uavenue 0o aas 6 mpn n=0 Gyaer:
00==0,512H¢1~2/3, (7.5.91)

OTKYJa TIOJYYHM IPHBEAEHHYIO (DYHKLHIO BIHSAHHA
2
8o el
@ (1) =~ =0,512 . (7.5.9)

c (7.5.91r)
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Torpa npubinxkennoe BHpamkenue (7.5.7), mMoMyIeHHOe ¢ MOMOILBIO
BApHALUOHHOIO TPUHLKIA, 6y11eT HMeETb BHIA:

2
®(x)=0,514c ° . (7.5.9%)

CpaBnuB ero ¢ TOuHHIM 3HaueHueM (7.5.98), YBUAHM, 4TO ero HOrpeil-
HOCTb coctasJser 0,5%.

B xayecTBe ApYyroro mpeaesbHOTO ciydash PacCMOTPHM ACHMITOTH-
yeckoe peweHue ypaBHeHHM (7.5.3) mpu GOJBLUIHX 3HAUEHHAX T, UTO
COOTBETCTBYeT MOCTOAHHOMY mnpoduno ckopoctd u=U, orkyna @(n) =
='l. TouHoe pellleAHe JAJf 3TOrO caydyas moJydeHo B § 7.3 B BHIe
ypaBHeHHus (7.3.24), KOTOpOe MOXHO 3aNHcaTh Kak

1 - H,
V mcUkx) VY (av)

0=

(7.5.93)

OTKYZa
1
®(x) =0,565t . (7.5.91)

CpaBHHB 3TO0 TOYHOE 3HAYeHHEe ¢ Hpﬂﬁ.]’lPI)KeHHI:IM BbIpaXKEHHEM
1

- _
0,554 u3 ypaBHeHus (7.4.10), moayueHHOro BapHallHOHHBHIM METOJOM

ans p(n)='1 mpu wucnosp3oBaHuH mnpeoGpasosanus (7.4.13), ysummm,
9TO ero TOrPelIHOCTb COoCTaBaser mpumepHo 2%. 3ameTHM, uTO 3Ta
NOrPelHOCTb GOJbIlle IIOTPEIHOCTH BhipaXeHus (7.3.13) naa TeMmmepa-
TYpPBl, YTO MOMKHO OGBSICHHTb HCIOJb30BAaHHEM KYOHUECKOTO YPaBHEHHS
(7.4.13) BMecto mapaboamyeckoro. [Ipnm pellleHHH MPaKTAYECKHX 3anad
penouYTHTEIbHee HCIOAb30BaTh KyOHYeCKHe BBIPAXKeHHS, MOCKOJIbKY OHH
naiot GoJjiee BHICOKYK TOYHOCTb B TepBOHl (ase, xoropas urpaer GoJee
BaXKHYIO POJib.

[apaboauveckuii npoguib ckopoctu. PaccMoTpuM mo-
TPAaHAYHBLIA CJOH, NPOGHUJIL CKOPOCTH KOTOPOTO MOKa3aH Ha
puc. 7.2,6. Ha rtonmuHe 20 npoduab CKOPOCTH SIBJSIETCA
napabojHyecKuM. 3a TpefesaMH 3TOH TOJIIHHEI CKOPOCTDH
nocrosiina v paBHa U. ®yuxuus ¢(n), COOTBETCTBYIOLLAS
3ToMy npo¢uJio, 6yner:

¢ () =1 (1——}1—n> mpu < 2;

e(m=1 npu 1> 2.

TomuuHa & B JaHHOM cJydyae paBHA TOJUIMHE, COOTBET-
cTByOLIEHl KYCOUHO-JIMHEHHOMY MHPOQHUII0 CKOPOCTH, KOTO-
pBIEl MOJIyuaeTcsl U NPOBeJeHHH KacaTelbHOH K mapabosie
B Touke y=0_.

®YHKIMS BAUSIHAS JJIsi 3TOrO napaboJuyeckoro npodwu-
Js1 110Jy4aercs, ecau B oOulHe Buipaxenus § 7.4 noicra-
BUTh 3HaueHust @(n) u3 (7.5.10). Pesyabrar noJgayuyeH 4Hc-
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JdenHo B pabore [JI. 7-2]. [na GoibIUMHCTBA mpakTHYe-
CKHX 3a7ay HalijleHo, 4TO NpPUBENEeHHYI0 (QYHKIHIO BIHSHHUS
MOXKHO aNNPOKCHMHPOBATL KYCOYHO-aHAJHTHYECKHMH BBI-
paxenusamu (7.5.9). Dro nmpubaukeHne AaeT Xopouine pe-
syJabTatel B obaactu 1< 0,1, HMemolledl BaxkiHoe 3HAYEHHE.
Onuako B6au3n 1=0,6 oHO maer morpemtocts okosno 10%,
KOTOpasi CHHXKaeTcsi NpH yBeduuenuun t. Ilpubauxenne
yJy4IiaeTcsl, eCd BBECTH JOTOJHHATENbHO He6OJbIIyIo Be-
anyuny O:

2
. -3 0,667t
®(1)=0,514r ° T8 1pn =< 0,64;
I+ 9 (1.5.11)

1
®(x)=0,5541 ° % mpn < >>0,64.
+ 9
B pesynbraTe NOTPelIHOCTb CHH:KaeTcst 10 2%.

U3 sToro amasisa MOXKHO CAeNaTb BHIBOJ, UTO (QyHKIHS
BJIHSIHHSI HE 3aBHCHAT OT NPOQHUJS CKOPOCTH, eCJH Xapak-
TEPHCTHUECKAS TOJILUHA O IoJyyaeTcs B pesyJbTare mo-
CTPOGHHSI KACATEJbHOH K NPOGHJIO CKOPOCTH Ha CTeHKe
(cM. puc. 7.2). Beauynna 8 ecTb paccTossHHe OT CTEHKH [0
TOUKH Tlepecedenusi 3Tofi kacaTeqabHol ¢ auHuelr u=U,
COOTBETCTBYIOLEHl TOCTOSIHHOH CKOPOCTH BHe TPaHHIBI TO-
rpannynoro cyos *. lasi cemefictBa mHpoduiell CKOPOCTH
MeXAy IBYMS PacCMOTPEHHBIMH IpeJesbHLIMH CJydasiMy,
rae He TpeGyeTcsa BHICOKAsi TOYHOCTb, MOXKET HCIOJb30BATh-
csa npubauxenHoe sHauenue @ (tv) no ypasHenuwo (7.5.9).

7.6. TYPBYJIEHTHDBIV [TOTPAHUYHDIN CJION

Monuduuupyem o6LUIMA MeTOA, onucaHHblil B § 7.4, 174
BBIBOJAA MNpPHOGJHKEHHOTO BBIpaXKeHust QYHKIHUH BJIHAHHS
B TypOyJeHTHOM morpanuyHoM cjoe. Paccmorpum ciayuai
napaJijesbHbIX JHHUHA TOKA.

B nepBoHayaJbHOM aHaJu3e TypOyJeHTHOTO NOTPaHHU-
Horo cJjosi, nposenennoro Kapmanom [JI. 7-4, 7-5] u npy-
I'MMH aBTOPaMH, HCIOMb30BANaCh TOMIHHA

5= 14v ]/(_?"_) (7.6.1)

* DrorT pesyabraT obbscHAeTCs TeM, uTO Ge3pa3mepHuli Ko3dhdH-
UHeHT TemaooGMena /M JokanbHoe uncio HycceapTa pasro x/8(Nuy==
=x/6). (Ilpum. ped.)
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rae S — HanpsiKeHue TPEeHHSI Ha CTEHKE;, p —IUIOTHOCTD
JKUJIKOCTH, a v — KHHeMaTHuyecKas Bs3KOCTb. (Koaddunu-
€HT BSI3KOCTH — vip.)

Ilpodnab cxopoctu mist TypOYJEHTHOrO NOrPaHHYHOrO
c70s TokKasaH Ha puc. 7.3. Ero MOXHO pasfienuTb Ha TPH
OTJe/bHbEe 06J1acTH:

- o 1
a) NaMHHapHLIA MOACAOH NpH y<-5 8

6) mepexofHbli CcJ0H mpu —é— Ly <2

B) NOJHOCTbIO pasBuTasg TypOyJeHTHas o6JacTb NpH
y>28.
B kauectBe xapakTepHOfi CKOPOCTH YAOOGHO TPHHSATH

BbIpa*Ke€HHue
S
U= 141/(—9). (7.6.2)

Kak nokasano na puc. 7.3, 3Ta CKOpPOCTb paBHa CKOPOCTH,
KoTopasi mMorJja Obl UMeTb MEeCTO Ha PacCTOSiHHH y=29, NpPH
JUHeHHOM pacrnpefeneHHu npo¢uas CKOPOCTH, KOTOPHI# CO-
BNafaeT ¢ KacaTeJbHOH K AeHCTBUTENBHOMY NPOodHII0 CKO-
POCTU Ha CTeHKe. ITO MOXKHO YBHIETb, CPABHUB ypaBHEHHUS
(7.6.1) n (7.6.2) u 3anucas

S=vo L. (7.6.3)

Has U n 8 uncno Pefinonbaca Gymer:

Re =2 — 196. (7.6.4)

Bo MHOrux 3ajadax KOHBEKTHBHOTO TemyIooOMeHa HC-
J10Jb3yeTcCs ChaeAylolilee onpeliesgeHue Hnucaa HpaH}rer:

k
pr:F. (7.6.5)
O6benunus cootHowenus (7.6.4) u (7.6.5), Moxem 3a-

nycath Beipaxkeuune (7.4.9) mas uucnaa Ileksae B BHIE

196

Pe = Br (7.6.6)
KoHeuHo, Takoe onucande TypOyJeHTHOTO NMOTrpaHHYHOTO

cyosl sBasieTcs NpuOAnKeHHBIM. ONHAKO AN Hamux leneit

MOXKHO CUHTaTb, YTO OHO OJH3KO COOTBETCTBYeT JeHCTBH-
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Typdynenmrnas
odnacme

——— L Tepexodnsid
U erod

|

2 NamunapHsli

r nodenol 7

T T A

|

Puc. 7.3. Tlpoduab ckopoctu aas  Puc. 7.4. Tpaduk B(n’). Ilrpu-

TypOy/IeHTHOTO- IIOTPAHHYHOTO CJIOSI  XOBOii JHHHell ToKa3aHa JHHeM-

¢ XapakTepHoli TosumuHOH O W xa- Hast annpoxcumaunus (7.6.10).
pakTepHOil ckopoctbio U.

TeJLHOCTH, €CJH He CUHTaThb IlipeflesbHBIX cJayuaes. IIpo-
duab cKopocTH AJsi TypOyJeHTHOTO HNOTPAHHYHOLO CJIOS
MOZKHO BLIDA3HTh B BHE

u="Us(7); *q:—-‘g—, (7.6.7)

rae 6 u U onpepeasiiotrcss ypasHenusimu (7.6.1) u (7.6.2).
Ilpu ucrnosbpsoBanuu 00ilero Meropa, onucanHoro s § 7.4,
HeoOXOAMMO IIPOMHTETPHPOBaTh ypaBHenwe (7.4.36). Has
3TOT0 HaJ0 3HATb (QYHKUHIO 0(7M), 3aBHUCSILYIO OT pacnpe-
nenennss Ko3h(UIHEHTOB MOJEKYJAPHOH U TypOyJeHTHOH
nuddysun B norpanuuHoM caoe. C 3TO# He/IbI0 HCIOMb3yeM
npeAcrasiennss Panau pas stodl ¢yskouu [JI. 7-6]:

s (1) =16,67 npu 1 > 2;

(7.6.8)

o(n)=1-sh*n mpu 72,
npu stoM uyucao Ilpanaras npunamaercst GAH3KUM K eAH-
Hulle. BaxkHo o0paTuTb BHHUMAaHHe Ha oO6llee MOBeJeHHe
GyHKIHE 0(n), NOCKOAbKY Ha pe3yJabTaThl, NOJyYeHHbe
dHXKe, He BJHSOT HETOYHOCTH HPEACTABJEHHA 3TOH (PYHK-
uuu. 3aMeTHM, 4YTO 3HAaueHHe 1, AJsA KOTOPOro oba 3Haye-
Husg o(n) u3 (7.6.8) paBHBl, HECKOJbKO MeHbIIE IBYX.
Hcnonbsys cranpaprTHoe npubaukenue Aas TypOyJeHTHOTO
1IpOUJIsE CKOPOCTH (1) M NpUOAHIKEHHOe 3HAYeHHe o (1)
u3 (7.6.8), nomyuum nepemenrywo n’ u ¢yHkuno B(n’) 10
Boipaxenusam (7.4.35) u (7.4.37) u3 obuielt teopun. Tumuy-
HBIH rpaduxk ¢yHkouE B(n’) npexbsiBjaeH Ha puc. 7.4.
11—1050 161



KpuByo MOxKHO B OOLUEM BH/€ aNNPOKCHMHPOBATH ABYMS
NpsiMbIMU

P)=m npE 7 <1;} (1.6.9)
B(n')=1 mo oo mpu %' =1.
[lockombky 1/=m npu n’<Cl, BMecTo 3TOH aNIpOKCH-
MaliHH MOXKHO 3alHCaThb:

()= npu 71<1;} (7.6.10)
B(m)=1 no co mpu n=1.

CaenoBaTenbHo, NpH pacuere (GYHKUHH BJIHSHHS Mbh
ONnsATbL pasauyaeM JBe (asbl, B KOTOPHIX 1 MeHblle HJIH
6oubie 1.

B nepBo#t dase, rae n<<1, nuddepeHunanpioe ypashe-
Hue (7.4.36) mmeer BHI:

08 026"
1 G =g (7.6.11)

ITO JKBHBAJEHTHO NepBOMY M3 ypaBHenmil (7.5.3). Cue-
JOBaTeJbHO, B IiepBoii (pase (GyHKUHS BJUSHUS paBHA ee
3HayeHHW MO ypaBHeHuio (7.5.7) a/s JlaMHHApPHOTO MOTrpa-
HHUYHOTO CJIOS ¢ JUHEHHBIM MNpodHIeM CKOPOCTH. DTa NpH-

BeAcHHas C])yHKI.LPIH BJAHAHHA UMeEET BUI!:
2

D @) —0,514c . (7.6.12)
B koHue mepBoii $a3wl riayOuHa NPOHUKHOBEHHS pPaBHa
g=n=1. Haiigem u3 Ttaba. 7.1 cooTBeTcTByWIllee 3HAYE-

HHUE T
7, =0,0606. (7.6.13)

Hauano Bropoi#t ¢dasel coorsercTByeT T>>1;. B 3T0# TOU-
Ke B.JIHsIHHe TypOyJieHTHOH HU(¢}y3nu HauHHAET CKa3blBaTb-
¢ Ha oOluell kapTHHe TeueHus. [losTomy Mbl Gylem Ha3bi-
BaTb TOUKY T==T; TOYKOH mnepexoja TypOYyJeHTHOCTH.
Bo BTopo#t (pase HEOOXOAMMO pPElIUTb ypaBHEHHE
- 09 0%6 ,
B e =5 (7.6.14)
rie sHaueHns f(m) Basithl u3 (7.6.10). OueBugHO, YTO 3TO
SKBHBAJIEHTHO pelleHHI0 ypaBHeHus (7.6.11) ¢ rpaHuyHbIM
yCJCBHEM
0=0 npu n=1. (7.6.15) .

Pacnpenenenue Temnepatypst B o6JacTd <<l B KoHlue
nepsoit ¢asbl ¥ BO BTOPO# (haze MOKHO NOJYYHTb, MNOJO-
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»KuB B ypaBHeHuu (7.4.13) g=1:
B6="=00p(1—n?). (7.6.16)

31O BBIpaxKeHHe YAOBJIETBOPSET HEOOXOAHMOMY TI'pPaHHUHO-
My ycaoBuio (7.6.15). 3nauenue 0p sB/asiercs QyHKIUEH T,
¥ Mbl MOJYYHM €ro, NpUMEHHB B ypasuennu (7.6.14) Bapua-
LUOHHBIH METOJ, HCHNOJb30BaB KyOHueckoe MNpHO.IHKEHHE
(7.6.16). C TOuKH 3peHHsI aHAJOIMH TEMJIOMPOBOAHOCTH BTO-
pas ¢asa 1peacrapBiadeT yTeuky Tenaa u3 obgaacti n<<l
B coceHI0I0 00.1aCTb ¢ O€CKOHEUHOH VJIeNAbHON TenaoeM-
KOCTbIO.

IToacraBuB B BolpaxkeHHe (7.14) nx1s TemjgoBOro mno-
Tenumnana 3HaueHus B u f{n) =mn uz (7.6.16), noayuum:

1
. 9 .,
0

Jas apuabaruueckoro ycaosus H=0 npa n=0 MoXHO
3amucarTh:
K

H=— \ fn dn— — <—2-~q2——5— 1,5) 6, (7.6.18)
B
OTKyZa MOJY4YHM AHCCANATHBHYIO QYHKIHIO

63

165 5o (7.6.19)

1
1 1o
0

Touxka o6GosHauaer NpousBoAHyio 1o 1. [lepemennas Qo
SIBJISIETCS HEH3BECTHON 000OIeHHON KOOpJHHATOH, yAOBJILT-
sopsiouiell ypasHennio Jlarpanxa

oV oD

Henoapsys Beipamxenus (7.6.17) u (7.6.19), noayyaem
13 (7.6.20) audhepesnuanbHoe ypaBHeHHe
558, + 76, = 0, (7.6.21)

KOTOPOEe HeoOXOAHMO pellHTb C HauyaJbHBIM YCJOBHEM pa-
BEHCTBA Op €ro. 3HaueHHI0 B KOHIEe HepBo#l (hashl, .KOTOpOE
110JTyuaeTcs TpH TOJACTAHOBKE T=T; B BhIpaeHHe (7.6.12):

0= 3,33 Ho. (7.6.22)
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CooTBeTCTBYIOHIEM  pelienneM  ypaBHeHus  (7.6.21)
oyner:

i, — 3,33H, exp { _B (e zt)} : (7.6.23)

{

W3 ypaBuenuin (7.6.12) n (7.6.23) MoXHO clenaTb Bbl-
BOJ, YTO MNpHBeIeHHYI0 (QYHKHHIO BJAHSAHHA [Jisl IIEPBOA H
BTOPOIl (a3 MOXKHO NPEJCTaBUTh KyCOUHO-aHAJUTHUECKOH
alnboKCHMalHeN

2

®(t)=0,514r ° npn ;
) K pr < (7.6.24)

®(z) = 3,33 exp { — g (=— 11)} npu T > T,

rae 1;=0,0606. dta npuBeneHuas (YHKUHS BJHSHUS Tpa-
¢uuecku npeicTaBieHa Ha pHC. 7.5. B oranune oT QyHKIHH
BausHus (7.5.9) A% naMUHApPHOTO TeYeHHs, KOTopas Tak-
JKe TnpeicrapjeHa rpaduueckd IS CpaBHeHHsi, oHa YObl-
BaeT ropasio OblcTpee, HaYMHAs OT TOYKH NHOCTYIJICHHS
remia. JelcTBuTenbH0, 3a Toukolt t1=0,6 ee MOXKHO CYHTATb
paBHOl HyJII0, NO3TOMY MOXKHO ToJjoxuTh ®(t)=0. Ilpu-
GamKennas ¢QyHKuust BausHHs (7.6.24), nosyueHHad INpH
MojauduKannu oflIero MeTojAa, onHcaHHoro B § 7.4, ocHo-
Bala Ha CTaHAapTHOM (H3HYECKOM ONHCAHHH TypOy/ieHT-
Horo mnorpanuysoro cjosi. OHa J0JXKHa 1aBaTb YA0BJETBO-
pUTesbHBle DPe3yJbTaTH B IePBOM NPUOIHKEHHH DU pacyeTe
KOBEKTHBHOTO ~ Temsoo6Mena B TypOyJeHTHOM Iorpa-
HHUYHOM CJI0e BO MHOIHX NPaKTHYECKHX 3ajauax. JTOT Me-
TOJl MOXKHO MpH HeOOXOAMMOCTH YCOBEPIIEHCTBOBATDH, KaK
II0Ka3aHO BLILLE.

SMek)

Puc. 7.5. Ilpusenennas GyHKuUHus
ausinua @ (1).
1 — nas TypOYJAeHTHONO NOTPAHHYHO-
ro ciosi no ypaBHeruio (7.6.24); 2 —
IJis JIaMHHapPHOro NOorpaHdyHoOro cjaof
no ypaBHenuio (7.5.9).
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7.7. TIPUJIO)KEHUMSA

ITpouamocTpupyeM (GOpMYJIUPOBKY THNHYHLIX 3a0ay KOHBEKTHBHOTO
Tenj1000MeHa Ha TpPHMepe rpaBHUB CBOGOIHOrO NOTOKa. Bymer mokasa-
HO, KaK He3HauHTe.bHas MOIMGHKAUHA GYHKUHM BJHSHHA TPHBOIUT
K obuwedl GopMyaupoBKe 3ajiaun TemnoobMena NPH TEUeHHH B Kaua.gax
1 TenJa006MeHHHKAaX,

Hoepanuunoslii caoii nesoamyujennozo noroka. B stom cayuae o0bly-
HO YYHTBIBAeTCS HemapaJiebHOCTh JMHHE TokKa. Ilpn atom ¢yHRuis
BIMAHHS Oy1eT 3aBuceTb OT abcuucchl & B Touke moiaBola Temsa. Kax
yKaselBaloCb B KOHue § 7.4, mpu olpeleseHHBIX VCJIOBUSIX B Caydae
HemapaJulesbHblX JHHHH TOKa B KAUeCTBe NEPBOTO TPUOAHIKEHHS MOXKHO
ucno.1b30Bath Gynknuo O (t), HaftleHHYO Bblle IS Tapasie]bHBIX JH-
ud Toxa. DTO CNpaBelJIMBO, eCiH TOTPAHHYHBIH CJOH u3MeHHeTCH He
CANWKOM OBICTPO BJ0JIb JIHHHI TOKAa M €CJAH TemnooGMeH TIPOHCXOIHT
B OCHOBHOM Ha OTHOCHTEIbHO HeGOTbLIIOM pacCTOSHUH BHH3 MO TIOTOKY
OT TOYKH MOIBOIAa Temaa. Torra (YHKUHIO BJHSHHA MOMKHO 3anHCaTh
B BHIe

1
r(x—§g,§& = FPe (@ d (v), (7.7.1

rae
o X—E&
" Pe(®)o (g

DTo BhHIpaXeHue nOIyueHO u3 ypasHenus (7.4.30), rie BMeCTO X
HCNOAb3yeTcss X—§& BHU3 1O MOTOKY OT TOUKH MOABOAa Temaa. Heo6xo-
AUMO BBECTH JIOKAJbHYIO HCXOAHYIO Toauwuny O(E) H JIOKadbHVIO HC-
xoauyw ckopocts U{E). Kax 8(E), Tak u ‘U(E) 3aBHCAT OT TOUKH MO~
CTYI.1eHUS Tem.ia &, a

(7.7.2)

Pe (§) = U (§) (9 (7.7.3)

— J0Ka.bHoe yucao Ilex.e.

STOT MeTOX NMPHMEHHM 115 JAMHHADHOTO M TYpOYJEHTHOTO TeUYeHHH.
CaelyeT OTMETHTB, uTO 751 TYpOY.IEHTHOrO TedeHus 3naueHnme Pe(g)
laercst ypaBHeHneM (7.6.6), rae uucao Ilpauitas ne 3aBucut ot E.

Bonee Toynoe Bblpakenne (yHkuun Bausuus (7.7.1) mas uemapa.i-
JIeJbHBIX JHHHMH TOKa MOXKHO MOJYYHTb C TIOMOILbI) BapHALHOHHOTO Me-
TO1a, UCMOJb3YEMOro B ypaBHEHHM aHaJOTHM TeMJONpOBOAHOCTH (7.2.17).

Kak cieayer M3 onpeleneHHst OZHOMEPHONH (GYHKUHM BJAMSHHS, 1al-
Horo B § 6.2, pasHocTh TemnepaTypbl 6 Ha creHke M aiHaGaTHUECKO
TeMnepaTypul 0. MOXHO IPEICTABUTH B BHIe

;
B—BQ:XH(g,t)r(xME, g) dt, (7.7.4)

rie H — NUI0THOCTbL TEIVIOBOrO TIOTOKA Ha CTeHKe B TOUKe & B MOMEHT f.
B Buipaxenun (7.7.4) mpusuMaercs cTalMOHApHOe Toje cKopocTi. Ecan
TeyeHHe IKHUIAKOCTH 3aBHCHT OT BpeMeHH, (GVYHKUMSA BJAMHAHHA 7 TaKkxe
Oyner 3aBHceTh OT L

Vs ypasweuust (7.7.4) TeMmmepaTypa CTeHKH TOJYYaeTCss HeNOCPed-

CTBEHHO INPH 3afaHHOM pacnpeleseHdn TOCTyHawuero Temnsaa H B xui-
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®UCTb, 4TO COOTBETCTBYET BBIHYXIEHHOH KOHBeKIHH. IIpH 3ajJaHHO#M
Temneparype creHkn 0—0, ypaBheHue (7.7.4) sABASieTCH HHTErpajbHBLIM

YypaBHeHHeM JUI HeM3BeCTHOH ckopoctd Temioobmena H. Ero Moxwse
PeInHTh YHCJICHHO CTaHIaPTHHIM MeTOZOM IIPOTpaMMHPOBaHus. B wacTHO-

<TH, MOXHO BmOpaTh NOMMHOMHAAbHOe MipeicTaBieHne H Kak QyHK:
UMM § C HeM3BEeCTHLIMH KO3((HUHEHTaMH, a 3aTeM MpPUPABHATb 3HAUCHUA
B obeux uactax (7.7.4) ans JAaHHOM TOUKH X.

Dynxyus sAUSHUA QAR TeHeHUus 8 Kanarax. PaccMOTpUM IBYMepHOe
10 TEUEHHA MEXKAY IABYyMS apaliIebHbiMH CTEHKAMH, PaccTosiHpe
Mex1y KOTOpHIMH paBHO D, a yCJIOBHS Ha BXOIe B KaHat He OKa3blBAWOT
BJIMAHHSL Ha TI0J]0/KeHHe BHH3 MmO MOTOKY. CJeZ0oBaTejbHO, JHHHU TOKa
MOXHO NpPUHATb MapaJjne]bdbIMH, a (QYHKUMS BJHSHUS BhHIpaxaercs
B BHie r(X), I'le X — PACCTOSTHHE BHH3 110 MOTOKY OT TOUKH MOCTYIJICHHA
Tenga. OHa oraMyaercs OT (YHKUHM BAWSHHA, NOJAYYEHHOH jas morpa-
HHYHOTO €101 CBOBOJHOTO TOTOKa, TeM, YTO 1A OOJBIIMX 3HAYEHHH X
OHa CTPEMUTCA K HEeHYJEBOMY aCHMITOTHYECKOMY 3HA4YeHHIo. ATo 00bsic-
HSETCs TeM, 4TO TenJo, MOCTyNakilee Ha O00JbLIOM PAcCTOSHUH BHH3 Ii0
TOTOKY, DaBHOMEPHO pacnpelensierci B KOHEUHOM oO0beMe XKHIKOCTH.
O10 acnvurotHueckoe 3HaueHne Gyner:

r{oo) = ———— . 7.7.5
() =7 (7.7.5)

CpeaHssi CKOPOCTb TEUEHUS Ucp OTPelenseTcs KakK OTHOIIeHHe 00b-
€MHOTO pacxojia JKUAKOCTH K TJIOMAZH TIONEPEYHOro CeyeHWsl KaHana.
AcHMOTOTHYECKOE 3HaueHHe TPHBEIEHHOH (QYHKIHH BJHAHHST NOJyyaeTcs
u3 suipaxenns (7.4.3) B BuIe

U

(D(C)O):Pekf(oo):mo

(7.7.6)

TlosroMy mpu pellieHHH 3ajfau TeloOOMEHa B KaHaJaX MOXKHO
#CTIONBL30BATL CAerKa MOAU(UUMPOBAHRYI0 (QYHKIHMIO BAUAHHA C YUETOM
ACHMITOTHYECKOTO 3HaueHHs (7.7.6). OdeHb IPOCTOH MeTOL COCTOUT BO
BBeJeHHY 3TOr0 aCHMOTOTHYECKOTrC 3Hauehus B dyukumio M(t), noay-
geHyio B § 7.5 u 7.6.

Koria Heox0AuMO yuUTBIBATb YCJOBHS Ha BXOIe, QYHKUMA BJAHAHAR
suipaxaercd B Bupe r(x—°E, ). OHa 3aBHCHT OT TOYKH TOCTYNJIEHHA
Tema M aCHMUTOTHYeCKM Bbipaxaercs B Buie (7.7.5).

Tenaoobmennuxy. PaccMOTPUM [BYMEPHOE TPOTHBOTOYHOE TeueHHe
JBYX MHAKOCTel, pasjefeHHBIX TOHKOH cTeHkof. llpumem crauuoHapHoe
TeyeHHe H YCJOBMSH, He 3aBuCsiine oT BpeMeHH. [lepBast xuiaxocTh TedeT
8 HanpabjieHnd x. Oyrxkuus Bansuus 1aa Hee Gyier r(x—E, ), a anna-
Gatyuueckas - Temueparypa 0q(x). TemnooGMeH mpoucxoiur B ofaactd
MexIy abcuucCaMu Xy M Xy, TeMuepaTypa CTEHKH IS NepPBOil XUIKOCTH
Oyaet:

0 () =5 (x) + [ re—2. 8 1 @ 2, (7.7.7)

rie Il (E) — aoKanbHas NJIOTHOCTb TEMJOBOrO NOTOKA IpH TemnoobmMeHe
Mexk1y BTOPOM H TepBoil >KMIKOCTAMH. ITOCKOJBKY paccMaTpHBaercd
TeueHyue B KaHaje, QYHKUMs BiusiHua r(x—E, §) nMeeT aCAMITOTHUECKOC
3HayeHre, yKasaHHoe B npelslnylleM maparpade. Yc.10BHS Ha BXoie
MOTYT ObiTh NPHHATH BO BHMMAaHHE.
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Bropast XKHIKOCTb TeueT B OTPHIATEIbHOM HampaBJeHHH X. Le
dyuxipelt BARAHRS Symer r'(§—x, E), a anuabatnueckol TeMmepaTypo#
§’4(x). TevnepaTypa CTeHKH JUJIT BTOPO# XHIKOCTH Oy/1er:

0t = ) — @ x B H (@) dE (7.7.8)

Xo
Pacnpeziesenne TemMmepaTyphl B IieperopojKe HMeeT BHI:

a

87 (x) — B (x) = H (x). (7.7.9)

T @ — TOJIHHA TIEPeropoIKU, a ks — TeII0TPOBOIHOCTD.
O6benunus coordomwenus (7.7.7)—(7.79), noryuum:

X1
Vo =t = [ReDH @@+ -, 0700

Tae ’
R(x, §) =r"(§—x, &) +nr(x—§, §). (7.7.11)
VYpasnene (7.7.10) aBAseTcH WHTETPANbHBIM YpaBHEHHEM LJIs HeH3-

BECTHOTO pacHpefeseHHs TOTHOCTH TemaoBoro notoka H(x). Ero Mox-
HO PEIHTb UYHCIEHHO METONAaMH CTaHZAPTHOLO MNpPOrPaMMHPOBAHUSA.
B GonpmuncrBe cayuaes temnepatypa 0':—0, He 3aBHCHT OT X.

Jng nonHOCTBIO Pa3sBHTOFO TeueHHs B KaHaje, He 3aBHCAILEro OF
VCIOBUH Ha BXOAE, MOXKHO NDHHHATL NapajiejbHbBIC JUHUE TOKA; TOrAA
BhIpaxeHHne (7.7.11) npumer BHA:

R(x—8) =ri(5—) +r(x—8), (7.7.12)

vae r’(E—x) u r(x—E) — GOVHRIUH BAUSHUS AAS JABYX KUIKOCTeH.

I'rasa socemasn

JOTIOJTHUTEJIbHBIE BAPHUAILIMOHHBIE
T[TPUHI{NUITBI

8.1. BBEAEHUE

B mexanuke nedOpMUPYIOLINXCA CHCTeM BapHAalHOlHbIE
TIPHHUMOB  MOTYT OBITL BBIpaKeHBl JIBYMS CIOCOOAMIIL.
B onHom u3 HuX nepemeHHble, MOABEPralOUIMECs BapLupO-
BaHHIO, SABJSIOTCS CMENIeHHSIMH U BBIOHPAIOTCS TAKuM 06-
pasom, uTo6bl YAOBJETBOPAJIHCH YCJAOUBHS HENPEPLIBHOCTH.
Bapuaunonnbiil npuHnun, chopMyaHPOBAHHBIN C MOMOLIIBIO
ITHX CMelleHu, BeIpaxaeT paBHOBECHE CHJL.
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B npyroil ¢opme, u3BeCTHOH INOJA Ha3BaHHeM MAONOJHH-
TeJNbHOH, NepeMeHHBBIMH SIBJSIIOTCSI CHJIbl, KOTODble BapbH-
pPYIOTCsi; OHH BBIOHpafOTCH TaKuM 06pa3oM, 4ToObl yAOBJET-
BOPHTb YCJOBHSIM paBHOBecus. JLONOJHHTENbHBIN BapualH-
OHHGLIA NPHHLUIMN, CGOPMYJHPOBAHHBIE B BHAC 3THX CHJ,
BBIPa’KaeT HENPEePLIBHOCTb CMEHIeHHS.

B npeasliylinx riaBax paccMaTpHBAJHCh BapHaUHOH-
ble IPUHLHKNB B TeNJ0OOMeHe, KOTOpble Mbl Ha3BaJiH OCHOB-
HeiMH. OHH  (OPMYJHUPYIOTCS C TOMOILbIO BapbUPOBaHHS
TEIJIOBOTO CMeIIeHHs, BLIOpAaHHOTO TakuM 00pa3oM, 4TOOh!
He HapylIaJcsi 3dKOH COXPAHEHHs 3HePTuu. DTO IPHUBOJMT
K aBTOMaTHYECKOMY BBINOJHEHHIO YPABHEHHs liellpepblBHO-
CTH ¥ TO3BOJISIET BBIPAa3UThb H3MeHeHHe TeIlJIOBOrO CMellle-
HUST ¢ TeMIlepaTypoil B BapHALlMOHHOH ¢opMme.

[lo aHanoruy ¢ MeXaHHKOH MOXKHO TPEANOJONKHTbL CY-
IecTBOBaHHE JONOJHUTeNbHOH (GOPMbl BAPDHALHOHHBIX NPHI-
Uunos W B TenjooOmeHe. [Tockoabky TeMmmepaTypa urpaet
pOJib CHJIBI, HeOOXOANMO BapbHpOBaThb TeMIlepaTypHOE I10J1e
U BBIPA3UTb B BapyaUuUOHHOH ¢dopMe YCJIOBHE HENPepHBHO-
CTH ‘TENJOBOT'O 11I0TOKA, KOTOPOE B LAHHOM CJyuae sIBJAseTcCHd
Takze 3aKOHOM COXpaHeHHs 3Hepruu. B AajbHeHBieM HpH
06CYyZKIeHHH JIONOJHUTEJNbHBIX NPUHIHUIOB OyAeT HCIOJb-
30BaH Marepuas, onyOJMKOBaHHBIH aBTOPOM B ero padore
[/1. 8-1].

B § 8.2 aonoanutenvHbie NPHHIHIIB paccMaTpUBaOTCA
NpPHMEHHTEJIbHO K JUHEeHHBIM cucTeMaM. [TokazaHo, uTo ec.u
chopMyaHpOBaTh UX C [OMOLIbI0 OOOBIICHHBIX KOODJAHHAT,
MoJiyydM ypaBHelns Tuna JlarpaHxka B AONOJHHTESbHOH
dopme. Moxkno chopmysupoBaTh TakxkKe IPHHUHI B3aHMO-
BJAMSHUS, HCNOJAL3YIOWUIICS B MeTOJHKEe <«KOHeYHBIX 3.e-
MEHTOB», KOTOPBIH, KakK yKas3blBaeTcs, NIPHMeHHUM B o0iieM
cjyuae HeNHHEHAHOH CUCTEMBl U TPH H3YUEHHH KOHBEKLMH.
B § 8.3 oGcy®naercs onepanuoHnas GpopMyJHpOBKa BapH-
AUHMOHHOIO NPHHIHKNA B NONOJHUTEJbHOH (opMe NpUMeHH-
TeJbHO K pesyabraraM IJ1. 3. HeannellHble cucreMbl €O
CBOHCTBAMH, 3aBHCSIIMMH OT TeMIlepaTypbl, KakK CTaLHO-
HapHble, TAK U KOHBEeKTHBHBIE, obcyxaalores B § 8.4 u 8.5.

CuoeryeT CckKasaTh HeCKOJBKO CJIOB O TOYHOCTH BapHallu-
OHHOTO NpPHHUMIA B JAOHOJHHTeNbHO# QopMe. Ilockoabky
OH TpebyeT NPOCTPAHCTBEHHOrO AuMGepeHInpOBaHNT TeM-
nepaTypHOro noJsi, NPU HCNOJb30BAaHHH OJIOFO H TOrO IKe
NpuOJMKEHHOrO BbIDA)KEHHST TeMepaTypHOro NoJs Bapua-
LUHOHHBIE NPHILHIBE B LOMNOJHUTEIbHON (HOpPMe AAKIOT MeHee
TOYHBIE PE€3YAbTATLI MO CPABHEHUIO ¢ OCHOBHBIMEH BapHa-
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UHOHHBIMII  TPHHUHIAMH,  HCHOJAB3YIOUIUMH  TENJOBble
CMeLLeHHs.

Takxke caenyer OTMeTHTb, UTO CyIleCTBOBAHHE JABYX
¢opm s BbIpaxKEHUs] BAPHALMOHHBIX MPUHIHAIOB SBJSETCH
BecbMa OOIIMM CBOMCTBOM (H3HUECKHX CHCTEM, OMHCHIBae-
MbolX HHTEHCHUBHBIMH MW 3KCTEHCHBHBIMU MepeMelHbiMU. [lo-
TOMY 3TOT METOJ MOXKeT IIHPOKO NMPHUMEHSAThCS BO MHOTHX
00aacTaAX PUIUKH.

8.2. TEIIJIOTIPOBO/IHOCT
JIMHEVIHBIX CUCTEM

PaccMOTPHM TeNIONPOBOAHOCTL B cpejle, CBOHCTBA KO-
TOPOH He 3aBHCAT OT TeMNeparypnl 0. Yieabiass o6beMHas
TENJOEMKOCTb TAKOH CHCTeMBbl SiBJSIeTCS (DYHKIHER KOop-
JMiaT

c=c(x, y, 2). (8.2.1)

Bynem cuuTaTh TengonpoBOAHOCTb CHCTEMBI H30TPOI-
HOH, ABAfAIOIeHCS (YHKIHEH KOOPIHHAT

k=k(x, y, 2, 1). (8.2.2)
3aKOH TEIJIONPOBOMAHOCTH UMeEET BH/L:
J=—Fkgrade, (8.2.3)
4 3dKOH COoXpaHeHus SHEPrHuH BbIpaxKaeTcd YPaBHCHHEM
= —divJ, (8.2.4)

Meroj, ucrnosbayembliit B § 1.2, o3Hauaer, uTo ypaBHeHHe
coxpanenusa (8.2.4) TOXKIECTBEHHO YIOBJETBOPSETCH, €CJH
TIOJIOKHTD:

¢=—divH; J=H. (8.2.5)-

[Ipu sTom 3axoH TensonpoBogHocTH (8.2.3) NpHOAHKEHHO
YIAOBJIETBOPSIETCS BAPHALHOHHBIM [PHHIHUIOM NPH BapbH-
poBaunyu §H.

OTO NPHBOAUT K HEOGXOAUMOCTH HCMNOJIb30BAHHS NOTOJ-
HHTeJIbHOTO MeToda, rixe J onpenesseTcs ypaBHEeHHeM
(8.2.3) ¢ momolIblo CKaJsipHOrO Toas 0. YpaBHelHe coxpa--
neuuss sueprun (8.2.4) BEIDOJAHSIeTCH NPUGIHKEHHO C TIO-
MOILIbI0 BAPHALMOHHOIO TNPHHLUHIA, HCHOJb3YIOWEro Ba-
prnanun temneparypuoro noas 80. I[lostomy, yMuomne
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ypasHeline (8.2.4) Ha 80 M NPOHHTErPUPOBAB pe3yJbTaT MO
00beMy T TeIJIOBOH CHCTEMBI, MOJYYHM:

(11 b+ aiv 5ys0 de—o. (8.2.6)

Tlpu npousBoJbHBIX Bapuanusx 00 ypaBHeHHe 3KBHUBA-
<IeHTHO ypaBHeHHio (8.2.4) B cMblciae caabblX peleHuH.
Yinterpupya no uacram (8.2.6), nosayuaem:

§(§comnan— [ [{Igradeta= + [fantwaa=0. (827

A

[ToBepXHOCTHOE WHTErpHpPOBaHHE MPOBOAUTCS IO I'paHH-
e A o6beMa v, a n 0603HaYaET €IHHUYHYIO BHELIHIOK HOP-
Manp K rpanune. ITockoabKy J ompenensieTcss ypaBHEHHEM
(8.2.3), MBI MOJKEM 3aIlHCaTh:

] ygradsode—sb, (8.2.8)

cae

D=1 S 5 f k (grad §)° dx. (8.2.9)

Ifo cBoemy (hn3HyeCKOMYy CMBICTY 3TO BblpaxKe€HHE 3KBH-
BaJeHTHO AuccunatuBHoll ¢yukuum (1.4.3). C yueToMm COOT-
Holienusi (8.2.8) nosyuum ypaBuenue (8.2.7) B BHAe

S”cﬁ&ﬂdt%—BD:—jgj.nggdA, (8.2.10
M A

KOTOpPOE SIBJASIETCS HLOIOJHHTEIbHOH (OpMONl BaPHAHHOHNO-
TO NpHHLIKIA AJs TEIVIONIPOBOIHOCTH.

BaXHO OCTaHOBHUTBCA 3[eCb Ha 3HAYEHHUH BapHALHOH-
Horo ypasHeHus (8.2.10). Besuuuny J B npasofi yacTa
ypaBHEeHHs] MOXHO TOJIOXKHTb paBHoit —k grad® Ha rpauu-
ne. TensoBoii NmoTtok J-n Ha rpaHHlle MOXKHO TakKKe CUH-
TaTb 3ajlaHHofi (yHKIHeli BpeMeHH U KoopAuHaT. IIpH stom
papuauuouHsii npuHnun (8.2.10) Moxer ObITb TpHBEIEH
K ACHOJHHUTEJAbHOH ¢opume. ITO CTaHeT sCHee, €CAH NPO-
dnterppposath 8D no vacram:

80 = — [ ([ div(kgrad ) s a=t [ { (kgrad o)ns0 dA.
3 A

(8.2.11)
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TloncraBus 310 3HaueHHe, NoayunMm ypabHenue (8.2.10)
8 BHIE

{11 1 — div(kgrad0)} 89 = =
3“” {J-n+F(grad 6) n} 36 dA. (8.2.12)
A

ITockosbKy 86 BHIGPaHO TNPOU3BOJLHO, 3TO YpaBHEHHE
03Havaer, 4To

cfl = div (kgrad 6) (8.2.13)
Clipase/l/IiBO B obbeMe T U UTo yCJOBHE
J.n=—F (grad6)n (8.2.14)

YIAOBJIETBOPSAETCS Ha I'PaHULLe.

CrnenoBaTresbHO, KOTZa 3ajaeTcs TeNJOBOH MOTOK Ha
rpanydne J-n, JONOJHMTEJbHBIH BapHAUHUOHHBIH IPHHIUI
(8.2.10) npuOJMIKEHHO YIOBJETBOPSET TPAHHUHOMY YCJO-
su0 (8.2.14) m KraccHuecKOMy YpAaBHEHHIO TeIJIONPOBOX-
"goctu. OueBHaKO, uTO ypaBHeHue (8.2.4) siBasieTcss ypaBHe-
HHEM COXPAHEHHS] 3HEPTHH, TOCKOJbKY OHO COBMajaeT
¢ cooTHomenneM (8.2.4), ecau B Hero BMecTo J NMOJACTaBHTDL
ypasHeHue (8.2.3).

Bapuaunoxuslfi mpPHHIOUN, HEMHOTO HANOMHHAWOWNHA BapHaNUOHHLIA
npunuun B cdopMe ypaBHenus (8.2.10), mpexnoxen takxke UemGepcoMm
{J1. 8-2]. Oun naxoautcs U3 paccMoTpeHusl ryHKUUOHAJ A

F:—:IQ—SSS{CX2 + k (grad 9) (grad X) — wX} de -+ (STJ-nXdA,
% A

(8.2.14a)

TAe X =10 1 w — KOJHUYeCTBO TEIJIOTHI, oépaayromeeca B eAuHHIEe 00De-

Ma 3a e[HHHIY BpPeMeHH; M3MeHseMO#l NepeMeHHOH 31ecb sBJisieTcs X.
BapuanuoHHBIH TPHHIMI BHIpaXKaeTcss B TOM, 4TO JUIS BCeX TPOU3BOJL
HbIX n3MeHeHH# X OF mosaraercsi paBHBIM HYJIIO.

Eme onun MerTon, mpemsoxkeHHnil Pozenom [JI. 8-3], mosyuaercs
43 paccMOTpeHus GyHKLUHOHANA

. 1
@:S‘SS{CGY + 5 k(grad 6)2}d1, (8.2.146)
T
rie nepemennas § H3MeHsieTcs BHYTPH oGbeMa, a Y=0 He noxsepxeno

n3MereunsiM. TIpH 3THX OrpaHUueHHsiX BapHALMOHHBI HPHHLHO BbIpa-
xaercs B Bune 0O =0

171



Moanduxanns >3Torc MeToaa, npelsiokedHas TIpuroknnpivM #n
InanciopdoM, npuMeHanacy 1as temioo6meHa Xeiicom [JI. 8-4]. Bapua-
LUHOHHBIA TPHHUUT TOJyuaeTcs, ecjn nogoxuth 0¥ =0, rie W — unte-
rpas no BpeMeHu OT O:

4
¥~ (@ (8.2.14B)
to

Bennunna 0 usMmensiercsi, eC1d npeInoA0KHThb, 4TO OHa sIBJAETCS 3a-
JaHUOK (YHKUMeH BpeMeHH Y KOOPIHMHAT, a TaK:Ke KaKOoro-To uHciaa
MOCTOSTHHBIX TIAPaMETPOB, pacCUMTAHHBLIX ¢ TIOMOWDbIG BaPHAUHOHHOTO
NPHHIHAMA. DTOT METOJ MOXKeT NPHMEHSITLCS K HEJHHeHHBIM 3a1auaM, rie
k m ¢ 3aBHCAT OT TeMiepaTypbl NPH YCJAOBHM, YTO 3TH Be.JHYMHBl He
N0 1BePKEeHbH BapbUPOBAHUIO. 3aMETHM, 4TO ecau O sBasercs JguHelHON
GyukiHell mapaMeTpoB, 3TOT MeTO NOJHOCTBIO aHajoruyen Meroliy ['a-
JEPKHHA, HAa Y4eM Mbl OCTAHOBHMCS T03THee B npujoxKeHHH (§ A.4).

B coorseTcTBHH ¢ MeTOAOM, OIMCAHHBIM B TIJ. 1, Bapu-
auuGHHLIH npuHUMN (8.2.10) Takke NpuBOAUT K IHbde-
peHlHaJbHbLIM yPaBHEHHUAM, aHAJOTHUHBIM ypaBHeHHsiM Jla-
rpaHxka ¢ 0000ILeHHBIMH KOOPJAUHATAMH. IDTO JErkKo noka-
3aTb, BBIPA3HB HEH3BECTHOE TeMIEepaTypHoOe NoJie B BHIE

0=0(q1, g2, .-, Gn, %, y, 2, 1), (8.2.15)

rie ¢;—n HEU3BeCTHHIX (YHKUHHA BpeMeHH, TPeICTaBJAO-
X 000611eHHble KOOPAHHATHL.

Kaxk yxe yxkaswBajocs B § 1.3, BBenenune 0606IeHHBIX
KOOPAMHAT He OTpaHHMUMBAET OOIUHOCTH aHasausa. [Tockoab-
Ky BELIECTBO WMeeT AHUCKPETHBIII XapakrTep, BCEria MOMKHO
HalTH KOHEYHOe, HO JOCTAaTOUHO O0JblIOE 4Kcsao 0606nieH-
HBIX KOODJHHAT AJSl ONHCAHHA ToJA 6 ¢ AOCTATOYHOH TOU-
Hocreio (§ A4).

Bapuaunu 60 3aBUCAT TOJNBKO OT Bapuauud 8¢g:. Caeno-
BaTe/IbHO, U3 ypaBHenus (8.2.15) nmonyuum:

: 08
8 =Y 5-84s. (8.2.16)

M3 Toro xe ypaBHenusi (8.2.15) MOKHO TOJYUHTH:

i

; a9 - a p

rae 0 — mogaHas npousBoAnasg no BpeMeHH oT O B 3anaH-
HblX TOYKax X, y, 2. M3 ypaBuenust (8.2.17) mosyumm:

a8 01 .
o =7 (8.2.18)
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CaenoBartenpHo, Bapuauuio (8.2.16) MoxHO 3amucarb
TaKze B BUle

80— é_ 84;. (8.2.19)

Haxkoneu, Bapuauus D Oyner:

i oD

IToncrasu ypasuenus (8.2.16), (8.2.19) u (8.2.20
B Bapuaunuonnoe ypasHeHue (8.2.10), moayuum:

DEL (”S cO——d +0ql)_-2“1 P dang.

(8.2 21)

[TockosbKy 6¢; BbiOpaHa MPOH3BOJIBHO, NOJYUYHM 11 ypaB-
HeHuh
9 49D __p, (8.2.22)
dq; 0g:
TIe

:ﬂ”‘ o d; ’pi:_HJ n% dA. (8.223)

CucreMy n audepeHIHaNbHbX ypaBHeHuil. (8.2.22) nas
7l HEeH3BECTHBIX (DYHKLHI BpeMeHH ¢; MOXKHO paccMaTpH-
BaTh Kak JIONOJHHTEbHYIO HOPMY ypaBHeHufl Jlarpamxa.

PaccMoTpuM cayuaii JHHEHHOTO NpeACTaBJ/eHHs TeMmie-
PaTYPHOrO MOJsI ¢ HOMOIIbI0 0GOOIIEHHbIX Koopaunat. 3a-
numeMm *

0= ¥ g:8;(x, v, 2), (8.2.24)

* 3amerHM, 4TO €c/M TeMIepaTypa 3ajflaeTcs Ha TpaHMie, Mbl Mo-
i

JeM 3anucaTh Gzzmi 4+ 8,, rae 8, — QyHKUMA KOODAMHAT ¥ BpEMe-
HM, ecau 3HauyeHHS 3aJaHbl Ha Tpanuile, a O; Ha rpaHHule paBHa HYJIO,

pu stov T n D-—moauHOMBl BTOPOH CTEMEHH COOTBETCTBEHHO IO
gi ¥ gi, a Py=0.
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rie B; — 3ajlaHHble CKaJsIpHblE I0JiS, HEe 3aBUCSLIHE OT TeM-
nepatypsl. llpu stom 3HaueHuss T u I 1o onpeaeneHud
(8.2.23) n (8.2.9) samasloTca KBaApPaTHYHBIMH (HOpMaMu

ij i
e 1 1
=~ 2 @iiq:q5 D= E biig:q;,  (8.2.25)

rae
a;; = Hj cbb;d<; b ” Y k(grad 6;) (grad ;) d=.
(8.2.26)
Kpome toro,
Pi—=— | 3.n8;d4. (8.2.27)
Y'pasHeruqa Jlarpanxa (8.2.22) npumyT BHA:
i i
Zaijq.i—l—z biij-—‘:Pz'. (8228)

OHu ABJAAIOTCA AONOJHHUTENbHOH (OPMOH JIMHEHHBIX ypaB-
Henn# (2.3.14). Koraa Tensosoii motox J 3ajaerca Ha rpa-
HHLE, 3HauYeHHst P; SIBAAIOTCS U3BECTHBIMH (DYHKUHUAMH Bpe-
MeHH, HTPAILIUMH POJIb «IBHKYIIUX CHJ».

Bapuanuonusiit npunuan (8.2.10) Jserxko o6o6IHTL Ha
cJaydail aHH30TPONHOH TENJIONPOBOJAHOCTH

kij=Fkji=ki;(%, y, 2, 1), (8.2.29)

BKJIIOYasi CJayyail TEMJOBbIJeNeHHs BHYTPH TeJa C yAeJbHOR
06'beMHOM CKOPOCTBIO

w=w(x, y, 2z t). (8.2.30)

IIpu sToM BMeCTO BapualHOHHOro ypaBHeHus (8.2.10)
HCII0JIb3YeTCsl ypaBHeHUe

§{eb—w)atdet-aD=— ,(Aj Jnshdd, (8.2.31)

T

rae D onpenensercs B BUJe

Dﬂ—US Sk“ 32 gi (8.2.32)

Kak u paHee, KOOpDIHHATH X, y, 2 0003HAUAIOTCS uepes
x;. Tlpm Taxom onpepesennun D ypapHenusa Jlarpanxa

174



(8.2.22) ocrawTcs cnpaBeasuBniMH. KpoMe Toro, nmpu Ha-
JIHUMH HCTOYHHKOB TelJia 3HaueHHe Py onpelessiercs te-
nepb BBIpazKeHHEM

pk:_J’AjJ.n g—;dA—}—jj‘ng—; . (8.2.33)

a- He (8.2.27). Ilpu 3ajaHHBIX HCTOUHHKAX TelJa M TeNJo-
BOM NOTOKe Ha IpaHulle BeJHUHHA Pp Urpaer poJb ABHKY-
IIMX CHJ B ypaBHeHHsx Jlarpauxa.

Ilpunyun 63aumoBAusHUA U MeTOO KOHEUHbLX 3AeMeH-
T08. B § 3.7 paccMOTpeH NPHHIHI B3aHMOBJIHSHHSA, COIJIAC-
HO KOTOPOMY CHCTEMY MOXKHO Da3fieNHTb Ha PSii KOHEUHBIX
3JICMEHTOB, KOTOpLle 3aTeM pacCMaTPHBAIOTCSl KaK B3aHMO-
CBsiSaHHBIE MOJACHCTEMBl. DTOT XK€ METOJ MOXKHO NPHMEHHUTD.
K BapHalHOHHOMY IPHHUHUIY B AONOJHUTENbHOH dopme *.

Haa ynpollleHus 6e3 noTepH OOLIHOCTH MOXHO PacCMOT-
peTb Cjyuyald aHH30TPOIHOH TeNJIONPOBOAHOCTH TNpPH OTCYT-
CTBHH HCTOYHHKOB Tellia. Pasieaum cucreMy Ha psii B3aH-
MOCBs3aHHbIX o0sacTelf, 0603HAYEHHBIX CUMBOJIOM. S. B Kax-
J0W 00J1acTH § TeMIepaTypHOe [oJe AallpOKCHMHPYEeTCs
TakuM 06pasoM, UTO 3TH TeMIepaTypbl COBNALAIOT Ha CMEXK-
HBIX rpaHuuax. Bapmauwonnwtit npunuun (8.2.10) maas cu-
CTEMbI B UEJOM MOXKHO 3alliCaTbh B BHJe CyMMHl ypaBHe-
HUH 1719 Kakao# o6aacta

S B30, drs SaDs:_s' Jo-n, 80, dA,  (8.2.34
B[ oot Fo0=—F [ donthdd. 5239

IlpaBas yacTb 3TOr0 ypaBHEHHsS BBHIpaxKaeT OCHOBHOE
CBOHCTBO NMPHHHHUNIA B3aUMOBJHsIHHS. OO6IHe TPaHHIB BXO-
J9T B CYyMMYy 2 pa3a, a COOTBETCTBEHHbIe YJieHbl B3aHMHO
CCKpamanoTed. JT0 MOXKHO 3aMeTHTB H3 PAcCMOTPEHHS IBYX
coceaHux nmoacucreM s u (s-+1). Ha obiuedt rpanuue TenJo-
Bble MOTOKH Js M Jsiq PaBHBI, TaK Xe KaK U TeMIepaTypL
9s H Osy1. OOHAKO Mg M Ngyq NPOTHBONOJNOKHH O HANpas-
JEeHHIO (Ns=-—Nsyy). Cyle0BaTebHO, UJEHBI, COOTBETCTBY-

* OOpaTHTe BHHMaHHe Ha pasiuuHe MeXAYy 3TOH (GOpMYIHPOBKOR
H JOTNOJHHUTEJbHBIM NPHHUHIOM JMJad KOHEYHBIX 3JeMEHTOB H AHUHEHRHBI
cucteM, copMyaupoBaHHLIM B § 3.7.
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IollHe CMeXHbIM IpaHHLlaM, COKpallalTcsi, U MBI MOMKeM
Halnucarh:

S J-nd0,dA;—= \{ J.nd6dB, 8.2.35
Zisg n SBS n (8.2.35)

rre B — BHeUIHSIS TpaHulla BCeH CHCTEMBI.

[1py ncmonb3oBaHMM BapHAUUOHHOTO npuHuuna (8.2.34)
0000IIeHHbBIE KOOPUHATEl MOXKHO pasfesuTh Ha [Be Tpyl-
Ibl: KOOPHAUHATBI OJHOU TPYINNbl ONPENessiioT TEMIEPATYPY
Ha rpaHuLax [OACUCTEMBI; KOOPAKHATHL APYroil TPyIIIbI
ONpenessiiOT TeMIiepaTypy KaxKAod moacucteMbl. B pesyib-
Tate fiosiyuaeM ypaBHenus JlarpaHwxa, B KOTOpble BXOJHUT
TEMIOBOR TOTOK J TOJIBKO Ha rpanulle B CHCTeMbl B LEJOM.
‘Cnefyer OTMeTHTb, UTO NPU HCIIOJb30BAHHU 3TOTO MeTOAa
HeT 11eoOXOAHMOCTH cO0J/I0laTh YCJIOBHE Hepas3pbIBHOCTH
kgrad® B manpaBJieHHH, HOPMAJBHOM K TpaHulaM noa06-
Jacred. Hanpumep, B ABYMepHOH 3anaue CHCTEMY MOKHO
Pa3feauTb Ha KOHEUHblE 3JE€MEHTbl TPeyroJbHOH CeTKH, H
HexoTopble 0600IIeHIble KOOPAMHATEL OYAYT TeMrneparypa-
MH B BEepPHIHHAX TPeyrOJbHHKA.

MeTos, KOTOPBIH OMUCHIBAETCA 31eCh AJS YaCTHOLO CJy-
yasi, MMeeT, KOHEUHO, OOUIMH XxapakTep H MO¥KeT NpHMe-
HATLCA I8 AHH30TPONHON TENJONPOBOJAHOCTH TIPH HaJMU-
YUH HCTOYHHUKOB TEIJia, 4 TaKXKe JJs HeJHHeHHBIX H KOH-
BEKTHBHBIX CHCTEM, onucanHbiX B § 8.4 u 8.5.

Huccunayus na epanuye. Koraa 3ajgaerca TemMmepatypa Ha rpaHuine
TBEPIOro Tela, BapHauus 60 Ha rpasuue ucuesaer. Ilpu 3Tom Bhipaxe-
ude (8.2.33) 1as Py npHHnMaer BUIL:

9
Py = S”u o (8.2.35a)
T

rae P 3aBUCUT TOJBKO OT HCTOUHHKOB Telsaa. To Xe caMOe OTHOCHTCH
K CiIywaio, KOria TeMmuepaTypa 3afaercs Ha OIHHX Y4acTKax TPaHHULBI,
TOTZa KaK APYrue yd4acTKU TENJIOU30/HPOBaHBL. AHaNOTHYHLIA 10 (opMe
cayyal moJay4aercsi, ecau TenvaooOMeH Ha rpaHHUe BbipaxaeTcd Ko3ddu-
umentoM Tennoobvena K. Ilpy 3TOM rpaHnunoe YCAOBHe BHIpaxaercs
ypasueHnem (2.2.1), KOTopoe MOKHO 3aNHCaTh B BHE

J.n=K(8—0.), (8.2.356)

rae 0, — aguabaTuyecKkas TeMNepaTypa mOBEPXHOCTH. ECJH mOICTaBHTE:
aT0 3HaueHue J-n B BHpaxenue (8.2.33) ana Pp, nocaendee NpHMeT BRI

1 0 * 06 ~
A 1

0qn
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B pesyarrate nmosyuaeM ypasHenusi Jlarpamxa, aHaJoTHUHEeE ypas-
JeHHsIM (8.2.22)

oT oD
——t =P, 8.2.35¢
oot g = P (8.2.350)
Ilpu stom, onnaxko, P, onpeiensercs Temeph Bhipaxenyev (8.2.35a),
a D — ypasnennem

i
! ' 0% 09 1
Dsz‘S‘\ Zkij 0x; 0x; dt+_2‘S-SK(8—‘6a)2dA.
¢ A
(8.2.357)

Pusnueckuil CMbICT 3TOH NHCCHIATHBHOH (ByHKUMH COBHaiaer ¢ du-
3HYECKHM CMBICJIOM BBEpaxenus (8.2.12), KyJa BXOLMT NHCCHNAUHS Ha
rpasuie.

8.3. OIIEPAIIMOHHBIE TTPUHIIUIIBI

Kaxk yxe paccmarpuBanock B ra1. 3, K/ace 3ajad, BKJIIO-
YalollHi OmepaTopbl N0 BPeMeHH, MOXKHO JIErKo COpMYIIH-
poBaTb B onepaunuoHHOH ¢opMe, HCNOJABL3YS TNPOCThHiE Olie-
pauuoHHble npasuia. ONHO U3 HHUX BHIPAXKaeTCs B BHAE

piy= 48, (8.3.1)

rie p— oneparop, KOTOPLIA SBJSETCH CHUMBOJHYECKHM Bbi-
paxeHneM Npou3BOJAHOk d/df. Byaem cuntate, 4To QyHKIHA
[(?) paBHa HyJIO IPU OTPULATEILHBIX 3HAUEHUAX f, a npu
=0 ona MOXKeT HMeTb pa3pHIB. CMbic/i  onepanyuoHHoro
ypasHerHs (8.3.1) COCTOHT B TOM, 4TO OHO OCTaeTcs CIpa-
BeIIMRbIM, ecau [(f) u df/df samenuts ux npeoGpasona-
nusimu Jlannaca. CHMBOJ p pencTaBJsieT iepeMeHHYIO mpe-
o6pasosanus Jlannaca. Kak yxe ykaswiBajoch B ru. 3, 148
NDHMEHEHHs 3TOTO IpaBHsia HeoOGXOZHMO HCHOJb30BAHHE
0600IEHHBIX QYHKIH, HONYCKAIOWHX PAa3PEIBbI HEIPephiB-
HOCTH yHKIMHE [(f). Hcrnomb3ys TaKy CHMBOJHKY, MOMKHO
JIETKO IDHMEHuTb npeoGpasosauusa Jlamiraca K ypaBHeHH-
SIM, B KOTOpBIE BXOJAT ONEPaTOPH NO BPEMEHH.

Hlcnobayst omepansoHHble CHMBOJIEL H CJELYS METOLY,
onucannomy B § 3.6, MOXKHO NOJYUHTb ONEPATOPHO-BAPHA-
HHOHHBIE NDHHUHOB B MOMOJHHTEAbHO!N ¢opme. IIpu stom
HEOOXOAUMO JONMyCTHTh, UTO TEIVIOBASl CHCTeMa JHHEeHHa M
ee CBOICTBA He 3aBUCHT OT BpeMeRH. C 3TOH TOUKH 3peHuns
Mbl DaccMoTpuM HauGoJee o6IuH ciayuall, KOTAa aHH30-
TPOTHAA TeNIONPOBOAHOCTL Rij(X, Y, 2) M TEIJIOEMKOCTb
12—1050 177



¢(x, y, 2) 3aBHCAT OT KoOpAuHAT. Kpome TOro, HMeloTCs
3aBHCsIlHEe OT KOOPAMHAT H BpPEMeHH paclpejeeHHble
HCTOYHHKH TeIlJIa C IJOTHOCTBIO W (X, Y, 2, ).

3anmumemM B omepanHOHHOR (OpMe 3aKOHBI TeIJaONpo-
BOJHOCTH H COXpaHeHHH IHEPTHH

: oJ
———Ek” = pcﬂ:—za—xi—l—w. (8.3.2)

HpH BBIBOJAC BAPDHALIMOHHOTO INpHHIMIIA Mbl HCXOAHJH H3
TOTO, YTO p — ajare6pauyecKast BeJSHYHHA. YMHOKHM BTO-
poe ypasuenne (8.3.2) Ha 66 u mpouHTErpHpyeM 10 0GBEMY
7. IHTerpupys no uacram, nojyvaem:

”S(pc986~2 59)d1—~”2Jn,aedA+

+ﬁ S w 80 d-. (8.3.3)

Envununylo BHelHIol HOpMaJab K rpanuie A o6bemMa T
0603RauumM uvepe3 rn; [loAcTaBUM B HHTerpas no obbemy
3HaYeHHs

Ji=— Zkz’j (06/0)‘:3)

H TIOJIYYHM BapI/IaU,I/IOHHbei IIpHHUHI B BHAEC

pV 8D = — SS éjiniaedA.}-jjj wdbdz, (8.3.4)
A k]

v %jﬁcwx;
D=} ﬁzkvgi 3 &

Ypapnenne (8.3.4) sBisieTcst XONOMHUTENbHOR (PopMOH
onepaTopHo-BapHaunoHHoro npuuununa (3.6.6). Ouo umeer
TOT e (pH3HUeCKHH CMBICH, uTO U ypaBueHue (8.2.10). Ipr

€ro HCHOJb30BAHMH NPHOJHIKEHHO COGMIONAETCT YCJAOBHE
COXPaHEHUS SHEPruH B 06beMe T.
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MartemaTuueckuil CMBICA ONEPaUHOHHOrC ypaBHEHHs
(8.3.4) sakmwouaercs B TOM, 4TO NepeMeHHbe 0, J; 0 W
MOTYT OBITb 3aMeHeHbl HX Ipeo6pa3oBanusaMH Jlammiaca.
Hanpumep, BMecTo § MOXKHO HCMOMB30BAaThL NpeoGpasoBa-
Hue Jlannaca

t
0) == f e oty dr. (8.3.6)
1]

Ham peficTBHTe/bHO HET HEOGXONMMOCTH BBOJHTb CHM-
BoJl & B SBHOM BHJe AJsi TOro, 4ToGHl TepeMeHHbie pac-
CMaTpuBaJuCh AHGO Kak (YHKIUH BpeMeHH, JHGO Kak
¢yukuuy, npeobpasosansbie no Jlannacy. Kak yxe yxasw-
Basock B § 3.6, Mbl MMeeM BecbMa OOILYI H THGKYIO CHM-
BOJIHKY, NO3BOJAIOILYI0 CHOPMYJHPOBATH ONEPATOPHO-Ba-
PHAUMOHHBIA TPHHIMI TpeMsl croco6aMH, KakK 5T0 CJAeLyeT
H3 ypaBHeHus (8.3.4).

OnepanuonHyio GOpMYJHPOBKY NOJYYHM, NpelCTaBHB O
B BUJE *

B_Zq, (%, ¥, 2). (8.3.7)

HcnonbsoBap 3HaueHus u3 ypasuenudt (8.3.5) u (8.3.7),
NOJIYHHM:

ij

if
1 1
V=g 2 aiqqi D= - 2 biqigi.  (8.3.8)

M3 papuanmonsHoro ypasHenus (8.3.4) noayunMm ypas-
HEHHUS

- (pV + D)= P;, (8.3.9)
The

Pi=— ({ éfknkeidA+ [(fwha  (83.10)

IToncraBuB B 3TO ypaBHeHHe 3HayeHHs u3 (8.3.8), Hail-
JaeM:

)
D (pais - bis) g5= P;. (8.3.11)

* CM. TakXe CHOCKY Ha CTp. 173 K ypaBuenuio (8.224). Ilpu atom
sbipaxenust Aas V u D ABAAIOTCS mOJHHOMAMH BTOPOH CTENeHH MO §i.
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Ecnn nepemetinbie sisioress GyHKIHSMH BPeMeHH, TOI-
na, nonoxus p=d/di{, noayuum ypasHenust (8.2.28), BHI-
BeJlcHHbIE paHee JJIs YacTHOIO CJaydas H30TPOMHON Telso-
NPOBOAHOCTH IPH OTCYTCTBUH HCTOUYHHUKOB TeNJa.

Bropas ¢opMynnposka 3TOro MNpHHNIANA IoJydaercs,
€CJH NPUMEHHTb BapHalMOHHOe ypaBHenue (8.3.4) kx u3o0-
Gpaxenuam no Jlammacy. B stom cayuae BapbupoBaHMIO
noxsepraercsa 6(x, y, 2, p), rie p — anreGpaudeckuil napa-
Merp. Bennunmbl J ¥ w TakxKe SIBASIOTCH (DYHKUHAMH p.
ITpn 3TOM BapHALMOHHBLIA MPHHIKI MOXHO TPUMEHHTDb JJIS
LEeJIOr0 Psfa NOCTOSIHHBIX 3HAUEHHH p.

Tperbst opMyJHpOBKA MOJIyyaeTcss B BHJAe CBEPTKH.
Ona ocHoBaHa Ha TOM, 4TO ONEPAHOHHOE IMpPOH3BENEHHE
AByx mpeoOGpasoBaunit Jlanjaca COOTBETCTBYET CBepTKe.
Haupuwmep, B BEpaxeHun

PV = ”S cpb® dr (8.3.12)

Mbl MO2X€M 3anucaTb
t
(pe)azj 6(t—¢)0(t")dt. (8.3.13)
0

AranornyHo Apyrue npousBeleHHs NepeMeHHbIX B ypaB-
Henusax (8.3.4) MOXKHO 3aMeHHTh CBepTKOH. B pesyabrare
noayyum (OpMYyJHPOBKY BapHALMOHHOIO NPHHIHNA B BH-
Je QyHKUHH BpEeMeHH.

Obobuennoui sapuayuonnbil merod. OnepaunonHast (HhopMyJHpPOBKA
BADUAUHOHHEIX NPUBLUUTIOB, NMPeACTaBleHHas 31eCb W B I, 3, fABjsercs
YaCTHBIM CJydaeM oOllero MeToxa, KOTOPBIA NPHMEHMM K 3ajiadaM, Oni-
coiBaromuMest anddepeHnHaNbHBIME YPaBHEHHAMHI THIIA

DV P (p) oy (x4) f =0, (8.3.13a)

rae [ — dyukuus nepeMeHHofl f M 1 nepeMeHHHX X;. Bygem cudrtaTs
ofl; (xy) JMHEHHHIME CaMOCONDAM(EHHBIMH OIEPaTOpaMH Xu, a J°; (p) —

n3obpakenne (QyHKUHH 10 TlepeMeHHOH f W He3aBucuMoil ot f. Cunrasi p
anre6panyecKod BeNHYHHOM, /JENKO TIOJYYHTb BapHALUMOHHBIE TPHHIMIL
KaK CJelCTBHE CBOHCTB camoconpsiednoctd off; (xx). 3TOoT WMetOd
MOXeT TaKXKe TPHMEHATbCH /s CJyuas, Korjga ypaeHenne (8.3.13a)
ABJSETCS MATPHYHBIM.
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8.4. TEITVIOIIPOBOAHOCTb B HEJTUHEWHBIX
CHUCTEMAX

PaccmoTpuM cuctemy, mapamerpbl KOTOPOR 3aBHCAT OT
TeMIlepatypsi 0. 3anuurem 3aKOH TENJIONPOBOJIHOCTH B BHJE

Ji=— L ki 20 ax, (8.4.1)

a ypaBHEHHE COXPaHEHHsS 3HePrHH

: 0/,
=—Yto (8.4.2)

Tennoemkoctb MoXeT GLITh QYHKUHENR KOOPAHHAT M TEM-
neparypst
c=c(x, y, 2z 0). (8.4.3)

TenonpoBOAHOCTE MOXKeT OBITh @HHU3OTPONHON W 3aBHU-
ceTb OT KOOPAHHAT, BpeMeHH U TeMIepaTyphl

kijzkﬁzkij(x, Y, 2, A 9) (844)

Ilpn Ha/JMYHH HMCTOYHHMKOB TeIlJla CKOPOCTb TENJOBHIAE-

JieHHsl B elAnHHLe o0beMa 0003HAYMM uepe3 w(Xx, y, 2, t).

Ymnoxum ypassende (8.4.2) Ha 80 u TNpoHHTerpHpyeM

pesyabTat no obbvemy t. MHrerpupys no uwacrsiM, mnoJy-
yaeM:

SS (ceae — VWV gie) drv = — H E Jing 86 dA -

+5 S S @ o= (8.4.5)

B o6pemMHOM HHTerpase wucrnojb3yem 3HaueHue J; H3
YpasHeHHus TelsionpoBogHocTH (8.4.1), oTkyna

S(j(ceaeqtgk”gi gze) Tz_SgﬁjiniaedAJr
t +S§§w56d1. ' (8.4.6)

Kak u panee, BBeseM n 0600IeHHBIX KOOPAHHAT §; H
BbIpasuM O B BHAe

0=0(491, g2, ..., gn, X, y, 2, 1). (84.7)
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ITpu srom Bapuauuu 80 BuipaxkawTes ¢ HoMottibio Ba-
puauui Ogy. Hna storo cayuas ypasueHns (8.2.16) wu
(8.2.19) ocratorcs cnpasensnBeIMH. ColeoBaTesbHO, Bapua-
LLHOHHOE ypaBHeHHe (8.4.9) MOXHO 3amHcaTb B BHJE

k

0G \
2 ( 5. K 00 = Piigs, (8.4.8)

G:%J‘\;Scegdt;
Ky = ”SLkN gijoxd,zaeqh'
Pk:——SASEJin, dA+§Sgw_dr

ITockoabKy 8gr TNpPOM3BOABHO, NOJYyYyHM n audpdepen-
LHaJbHBIX YpaBHEHUH 11.7191 gr

0% 96 1 Kp=Pr. (8.4.10)

B Boipaxenusix (8.4.9) ¢ u ky; Asasiiorcs QYHKUHAMH,
3aBUCAILUMH OT 0, a G — NOJIHHOM BTOPOH CTeNeHH OTHO-
CHUTEBHO ¢y ¢ KO3 (UUUEHTAMH, 3aBHUCAILIUME OT (k.

TenaonposoOHOCTy, He 3as8ucAujas OT TemMneparypol.
PaccMorpuM dYacTHBIH cayuall, KOTAa TeNJONPOBOAHOCTD
kij(x, y, 2, 1) MOXKET 3aBHCETb OT KOOPAHHAT M BpPEMEHH,
HO He 3aBHCeTb OT TeMnepatypn. Korza TtennoeMKocTb
c(x, y, 2, 0) 3aBHCHT OT TeMIlepaTyphl, CHCTeMa OCTaercd
HesupeiHod. ONHAKO B 3TOM CJyvYae MOXKHO 3alHCcaTh:

oD
Kn =50, (8.4.11)

D=L S S S 2 ki 5 gi] (8.4.12)

— auccunatuBHas ¢yukiuus. Juddepenunanphsie ypaBHe-
Hus (8.4.10) nus 000OLIEHHBIX KOOPAHHAT HMEIOT BHA:

0G | 0D
E'{‘EZP}Z. (8.4.13)
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Onn ToXMAecTBeHHH Mo ¢opMe ypaBHenusm (8.2.22) nnd

JIHHEHHOH 3alayu.
Cayuaii, koeda Tenaonpo8o0HOCTy npuBoOUTCA K NOCTO-

AHHOG 8eaudune. IJTOT CAyYad HMeeT MeCTO IIPU TelJo-
NPOBOJHOCTH BHAA

ki;(0) =F'i;f (8), (8.4.14)
rae k’;; nmocrosHHBl. TennoeMKoCTb ocTaercsd GyHKUHEN KO-
opandat u Temnepatypsl. B § 54 ykasmBasoch, 4TO 3Ty
3aJayy MOXHO CBECTH K aHAJIOTOBOU MOJEJH C NMOCTOSHHOK
TEeIJIONPOBOAHOCTBIO, €CJH BBeCTH (UKTHBHBIH MacumTab
TeMIepaTyp

— 59  (8) db. (8.4.15)
0

ITpu Takom nepemenHom u ypaBHenus (8.4.1) u (8.4.2)
NPHHHMAIOT BULL:

, . o7
2k,,()x cu:—_——g—&f—[—w, (8.4.16)

¢’ (x, 9, 2, u)—_—T(—ch(x, y, 2, 8). (8.4.17)

rae

DTH ypaBHEHHS ONHCHIBAIOT TEIJIONPOBOAHOCTL B CHCTE-
Me C TeMNEPATYPHLIM NOJIEM i, TEIJIOEMKOCTbIO ¢’ H TeH30-
poOM TIOCTOSIHHOHM TeNNonpoBoAHOCTH k’;;. CienoBaTenbHo,
B aHAJOTOBOR MOJes U 00OGIIeHHble KOOPHAHHATH YAOBJET-
BOPAIOT ypaBHeHnsam Buzna (8.4.13), ruoe

G= mfc'zkd:;
b=+ S”Ek'" 5, 574 (8.4.18)
_—_._”Em, dA+X”w——d1

Tensnosoft MoTOK J; U HCTOYHHKH Temja @ COXPaHAOT
AEUCTRUTENBHBIE 3HAUEHHS.
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8.5. KOHBEKTHBHbBIE CUCTEMBbI

BapunanuoHuble NPUHLUHKNLL JJIS KOHBEKIIHH B HeCXKHMae-
MO# HAKOCTH paccMmatpuBaiooTcs B § 6.5 B ocnoBuo#l ¢op-
Me, NPH ONHCAHHHM KOTOPOH HCNOJb3YyeTCsl NOHATHE TenJo-
BOT'O CMeIleHHs. DTH NPUHUMUNBI B JIONOJHUTENbHOH (opMme
MOTyT ObITb cQOPMYJAHPOBAHBl TaKkKe H [/ KOHBEKIIHH.

HauyanpHble KOODAMHATH YaCTHIL XUAKOCTH 0003HAYUM
yepe3 Xp. B MomeHT ¢ KOOpAMHATAMH UACTHL XKHAKOCTH
OynyT:

Xp=xXp(Xp, t) (851)
[Tose ckOpOCTH HMeeT BHJ:
o= 22, (8.5.2)

Ero moxxuo BbIPpA3UTh Kak (X)yHKU.mO KOOPpAMHAT X U BpeE-
MEHH B BHIE
vk=vk(xh, t). (853)

. Ecsin Henostb30BaTh 3T0O BbIpaxKeHHue nJjas vp, TO yCJIOBHE
HeCKUMAEMOCTH XKUAKOCTHU 3alHLICTCH KakK

k
()Uh

0xy,
TenjionpoBOAHOCTD KHUAKOCTH OyIET:
Rij=Rji=kq;(xx, 1, 0). (8.5.5)

OHa MOXKeT 3aBHCETb OT KOOPAHHAT, BpeMEHH H TeMIlepa-
Typsl. Tenmoso#i mnoTox J; YyIOBJAETBOpPSIET 3aKOHY TemJo-
NPOBOMHOCTH

=0. (8.5.4)

i
Jy—— 2 ki % . (8.5.6)

Yneabnasi o6beMHas TEMIOEMKOCTbh YAaCTHOL KHIAKOCTH
HMeeT BHJ:
c=c(Xy, 9), (8.5.7)

a 3HTaJbIHS TOH e YaCTULB B eIHHHIlE 00beMa
[
h=— Scdez h(Xy, 0). (8.5.8)
¢

Kunkocte MoXKeT ObITh TeTepPOT€HHOH, YACTHLB KOTOPOH
ONHMCHIBAIOTCH CBOHMMH HAYaJbHbLIMH KOODAMHATaMH Xp,
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Ecnu 0(xy, t) — Heuspectias GyHKUHA Xp H f, 3HTAJD-
M0 MOMKHO CYHTATbL QYyHKUHEH Xp U [ B KaueCTBe He3aBH-
cuMoi nepemenHo#. Ilpu taxom moxaxone coxpaHeHHe 3Hep-
THH BLIPAXKAETCA YpaBHEHHEM

+L = (8.5.9)

rue .
D 0 0
17:74-2 Ui G (8.5.10)

— MarepuaJbHasi NMPOH3BOJAHAS, a4 W NpPEJACTABJSET CKO-
pOCTb TeIIOBBIeJEeHHSI B eAuHHIle o6beMa. M3-3a ycaoBus
Hecxkumaemoctd (8.5.4) ypasHenue (8.5.9) cosnamaer no
tdopme ¢ ypapHennenm (6.5.8). Ilo onpenesennio 4 us ypas-
HeHus (8.5.8) nmeeM Takxke

Dh Db ' 06
I =Cpr = —}—02 v (8.5.11)

Cuaenyer OTMeTHTb, UTO, HCTOMAb3Ysl 3HAUEHHE ¢ M3 ypPaB-
HeHHsl (8.5.7), MBI MOXKeM BBHIPa3uTb X; Kak (GYHKIHIO Xk
u {. C/1e10BaTe/bHO, MOXKHO NPHHATbL B ypaBHeHun (8.5.11),
qTO

c=c(x, t, 0). (8.5.12)

Onuako ¢ He ABJSETCS NMPOU3BOJLHON (yHKuUHeH nepe-
MEHHBIX, MOCKOJIbKY [Jisl NMOCTOSHHOH 6 OHA JOJIKHA YI0B-
JIETBOPATb YCJIOBHIO

2= -l-E o, g; % (8.5.13)

Bapuaunonnblii OPHHUHN NOJyYaeTCs, eCJAM YMIOXKHTL
ycyioBue coxpaHeHust aHepruu (8.5.9) na 60 u npouuTterpu-
poBaThb npou3selenne no o6bemy 1. [oayunum:

i5] (%‘FE 3%) 80 dv = Sﬁwae dr.  (85.14)
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HHTerpupys mo 44acTaM 5TO ypaBHeHHe W MOACTaB/AA
B Hero 3Hauexue J; u3 (8.5.6), noryuaem:

53+ Bt 2 82 ie= B tnanans

-I—Sjswse dr. (8.5.15)

Ilpu nmpou3BOJbHBIX 3HaueHHsIX 60 3To ypaBHeHHe AaeT
BapHALMOHHBIH MeTOJ C aBTOMATHUYEGCKHM BbINOJHEHHEM 3a-

KOHa COXpaHEHHs SHEPTHH.
Kak u paHee, § MOXHO ONpedesUTh ¢ TOMOILbIO 1 0606-

IIEHHBIX KOOPAMHAT ¢;. 3anulieM:
0=0(q1, G2 --+ Gn, Xn, 1). (8.5.16)
Torpa Bapuaium 060 BEIpaxaloTcd uyepe3 BapHaUHH 04
no ypasHenusM (8.2.16) u (8.2.19). IloxcraBuB 3TH 3Ha-

ueHus 60 B ypaBHeHue (8.5.15) u 3Hauenume Dh/Dt mo BHI-
paxenuto (8.5.11), mosyduM BapHalHOHHOE YypaBHeHHE

(8.5.15) B BHIE
k oG k
Ay § K)a =V Pusqn, 8.5.17
2(0qh+ r =+ Kz ) 0gn L kOGx ( )

rie G, Kp u Py OHpelIeJIHIOTCH ypaBHenusaMu (84.9), a

u:“ S 201 gi gzk (8.5.18)

Ilockoabky 8¢, TPOH3BOJBHO, 0GOGHIEHHEE KOOPAHHATHL
NOAYHHAIOTCA 7 AH(depeHUHaJbHEIM YpaBHEHHAM

‘g—]—Lk-{—Kk:Pk. (8.5.19)

B uactHOM chayuae, KOrja TemJONPOBOAHOCTL Ri;(X, Y,
2, ) He 3aBHCHUT OT TeMIepartyphl, BeauunHa K omnpezne-
sasiercst BeipaxkenueMm (8.4.11) u nuddepennnanouuie ypas-
HeHHus HpHHHMaIOT BHJL:

-|- = D ot Iy=P. (8.5.20)

YpaBHeHHsi MOT'YT ObITb NpDHBEJEHH K 3TOMY e BHAY
B Cayyae, ec/il TEMJIONPOBOAHOCTD SIBJAAETCS (PYHKLUUEH TeM-
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ﬁep aTypHl IIC BHIPAXKEHHIO
ki; (0)=ki;f (0), (8.5.21).

rne k’;;— nocrosinHbie. Kak 1mokasaHo B mpednlylieM Ia-
parpade, mpu 3TOM TeMmmepaTypHas IIKaaa JOJXKHA Me-
HATHCS.

Cuewanrvie cuctemsl <«T8eploe Tea0 — HUOKOCTbY U
TypbysrentHoe Tedenue. Ciyuail YHCTOH TENJONPOBOXHOCTH
B HEMOJBUIKHOM TBEpPAOM Tejie B UACTHOM CJydyae ypaBHe-
Huit (8.5.19) noayuaercs, ecnu noaoxute v;=0. Ciaenosa-
TEJNbHO, B 3TOM ciayuae Lr=0 u B pe3yabTaTe NPHXOAUM
K ypasHeHHio, toxinectBeHHoMy (8.4.10). ITostomy ypas-
Henus (8.5.19) MOXKHO NpHMEHSTb AJS aHAJH3a CMellaHHbIX
CHCTEM, COCTOSIIHX H3 TBEPAOr0 Teja B JBHXKYHIefcs
xkunkoctd. st tBepmoro rtejsia nosoxmm v;=0. B Typ6y-
JIEHTHHIX T[OTOKaX £;; 3aMEHHM CYMMapHOH TemJIomnpo-

BOJHOCTbBIO
Kij=k8:;+c§ 5 (8.5.22)

rae O;;—cuMBoi Kponekepa; % — MosekyJsipHas TenJo-
IPOBOJHOCTb, a §ij— Kosdduuuent typbyneHTHOK nud-
¢dy3un.

Onepayuonnas ¢opma. ns nuHeAHOH KOHBEKTHBHON
CHCTEMHl C TapaMeTpaMH, He 3aBUCALIMMH OT TeMIeparty-
pHl, BapHAUHOHHHII NPHHUUN B JKOMOJHHTENbHOH Qopme
MOXHO TaKke BHPasuTh B onepauuoHsoil dopme. Ilpu
5TOM HeoGxoaumo, uTOOH ¢, k;j, U; 3aBHCENH TOJNLKO OT
KoopamHaT. CleqoBaTesbHO, MOJE CKOPOCTEH He 3aBHCHT
oT BpeMeHH. B ypasuenuu (8.5.9) Bmecto 0/0f nmoacraBuM
onepaTop p, U yDpaBHeHHs (856) " (8.5.9) IPUMYT BHI:

J———Ekz,dx; pcﬂ—l—ch,dx +Z‘”" w. (8.5.23)

Torna, NPHMEHHB METOJ, HCIOJb3yeMbli B § 8.3 mist
aHaju3a YuCToMH Tennonpoaounocm nonyan

pSV—-]—8D+S‘S‘§ Z% 80 dv— — ngnlaedA+

+ S S 5’ w30 dr, (8.5.24)

rie V u D onpeneasitorcst ypaBHenusamu (8.3.5). Kax mno-
kazano B § 8.3, onepaunonnyio ¢dopmy (8.5.24) Bapuauu-
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OHHOTO NPHHIIHIIA MOXKHO TPAKTOBAaTb TpeMs crnocobaMu Ha
ocHoBe npeoGpasopanuii Jlannaca. OHH BKJIIOYAOT ajre-
6panueckuil MOAX0J, a TaKXKe MeTOJA CBePTKH. Bripasus 6
B BHIE

0=>)q:: (x. y, 2), (8.5.25)
NOJIyuHM H3 BapHauUHOHHOTO ypaBHeHnus (8.5.24):

0—(37;(pV D)+ Ly= P, (8.5.26)

L[] Y 02 bt

Pk:—Héjiniekd/l—}—“gwﬂkdr.

rae

(8.5.27)

o S———— S ————

Iosoxus p:Zi% B ypasHeHuu (8.5.26), noayuum cu-

cTeMy JIHHeHHBIX JAuddepeHIHaNbHbIX YPaBHEHUA LA (-



I punroscerue

A. PUBHNYECKHE AHAJIOTHUH

A.l. BBEAEHHUE

B BOCBMH r1aBax KHUI'M H3Jaraercst MaTepHal, OTHOCSIIHHACH HCKIIO-
YHTENbHO K Temnoo6Meny. OpHako HCmoJb3yeMble METOABl ¥ HOHATHS
HMelT Gojee WHPOXKHH cMbicy. OHM mMPHMEHHMBl 118 BOJbHIOrO KJacca
SIBJeHH, CBSI3aHHBIX C JUCCUNAUHEHd SHEPTHH, TEIJO- U MacCOOGMEHOM,
3EKTPOAMHAMUKON U TEpMOIHHAMHKOH HeoOpaTHMEIX TpoueccoB, Kpome
TOTO, B KHHUIE cJejlaHa NONBITKA BO3POJHUTH JarpaHikes MOAXCX B du3HKe
H MOKa3aTh, YTO OH SIBJIETCS ACTbI0 €JHHOH CHCTEMBI M TpPEACTaBJSeT
cobofi adrpexTHBHOE CPelCTBO aHaAM3a, MO3BOJIsIOIee BHpaboTaTh €1H-
HYIO TOYKY 3DEHHA Ha STH IPOLECCH M BHABHTHL CKPBIThHe OOCIIiHe CBOfi-
CTBa ¥ aHAJOTHH MEXKJIY COBEPLICHHO pAa3/UYHLIMH THOAMH SBJEHUH,
B npuaoxeHun u Oyler paccMOTPeH MarepHas TaKOro obllero xapax-
Tepa.

3anaun maccoobmena obGcyxpaiores B § A.2. B uacTrHOCTH, 3fech
neeaenyercsl u3oTepMudeckas Judpdy3us M KOHREKIHS B PacTBOpax, pac-
CMaTpHBaeMbIX B (DH3UUeCKOH XWMHH, a TakKe 32724 QUALTPALHUU BJIATH
B TIODHCTHIX CpellaX. YKasaHbl BO3MOXKHBle NPHMeHEHHS IIPH HCCIel0Ba-
HER 1uddysun HeHTPOHOB M JAUHAMHKH SiAEPHBIX DEaKTOPOB.

OGecneuynBaercsl Gosee UTHPOXKHE (Hu3HUeCKUT MONXOA NPH HCNIOJb-
30BaHNHM JIarpaHKeBa aHaJjH3a TePMOAMHAMHUKHM HeOODATHMBIX TIPOIECCOB.
JeficTBUTeNbHO, BAPHALHOHHEIE MOAXOA K mMpobaeMaM TeminoobMeHa OHL
TIPeLI0KeH ABTOPOM KaK BapHaHT MeTOIOB TePMOAHHAMHKH HeoGpaTi-
MBIX MpPOLECCOB Gosee 06IIero xapakTepa, a He Kak KaKoi-1u6o MaTeMa-
THYeckult popmaausMm. B § A.3 B KauecTBe WIIIOCTPAlUHN TePMOIHHAMHKH
8 Dopme Jlarpauxa paccMaTpHBaeTcs fBjeHHe TepMoynpyroctud. KparTko
ONUCHIBAIOTCH CAYYaU BSI3KOYNPYTFOCTH W THADOAHEAMHKH BSSKHX XKH1-
KOCTeH.

Ouenb BaKHBIM SIBJSETCH BBISICHEeHMe 3HaueHWs MeTtoda Jlarpamxka
C YHCTO MaTeMaTHUYeCKOH TOUKH 3peHHs (QYHKUHGHAJBHOTO aHanHu3a.
Sromy noceawen § A4, Pusnueckuil cmbica Goasmeld wactu popmanui-
Ma MeTO/10B (YHKLUHOHANBHOTO aHAJH3a TepseTcs NPHMEHHTENbHO X Teo-
pUHM MHOXKeCTB. B 3TOl KHHre Mbl TONBITANHCh BOCCTAHOBHTDL 0 HEKOTQ-
poit crenenn (usuuecKuil cMbICA (YHIAMEHTANbHBIX MATeMAaTHYECKHX 110~
HATHH B (H3MuecKuXx 3amayaX. Becbma ynoOHO BHIPa3HTb NOHATHE
BUPTYyaJbHOH padoThbl M CBS3aHHBIE C Hel (OPMH Ha sA3blKe (YHKUHO-
HaJabHOro npocrpadcTsa. HeficTBATeNbHO, TakHe MOHATHA He SBJAIOTCA
HOBLIMH M HCIOJIB3YIOTCSL YYEHBIMH M MHXXEHeDaMH MHOTHX NOKOJEHHI,
B YaCTHOCTH, B OGJACTH KJIACCHYECKOH MeXaHHKH. AGCTPAKTHBHIM H BeChb-
Ma ofLIUM IOHSATHEM, OTpaXKalomuM HauGojee CyLIeCTBEeHHEIE CBOHCTBA,
ABJSIETCS TOHSITHE BapHALHOHHOTO - ckaJspHoro mnpoussexenusa, OHo
OOBeAHHSET B ORHO Uesioe BapHAlHOHHOE HCUMCJACHHE W HEKOTOpbiE ApY-
THe, UMewllne B JHTepatype pas3jHuHble Ha3BaHHL.

Taxxke yxashlBaeTcs, uTO HeENpephlBHAsA MaTeMaTHYecKasi MOJeNb
¢u3HYecKoli CHCTEMbl BecbMa HCKYCCTBEHHA M CBfI3aHa ¢ MHOTOYHCIEH:
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HBIMU  TpyasocTamu. [lonsTwe nopora paspeluMMOCTH ONPABJHIBAET
HCIIO/b30BAHHE KOHEYHOTO yHC/a 0GOGINEHHBIX KOOPAMHAT AJS ONHCAHUS,
ABJISIOMIETOCst TOYHBIM M TOJHHM ¢ GU3niecKoft Touku 3penust, Hesos-
MOXHO TiepefTH 3a mnpejessl 3TOTO IIOPOra, MOCKOJLKY HENpephBHAA
MaTeMaTHueckasd MO/e/b HeIPHMEHHMa B MHKPOCKOTIHYECKOM Macuitabe.

A2 [IEPEHOC MACCHI

BonbninacTBO 3amay Maccoo6MeHa ONUCHIBAIOTCS TEMH XKe ypaBHe-
HUSIMY, YTO M TemnooOMeHHble 3aiayd. I103TOMY BapHaIMOHHbIe NPHHLH-
NHl H ypasHeHHs Jlarpanxa, paspafoTaHHBle B [aHHOH Kuure, MOTYT
HeTIOCPEeACTBEHHO TIPUMEHAThCH JJIST HCCJEIOBaHHS MaccooGMeHa C He-
GONMBIIMMH H3MeHeHHSAMH B 0603HaueHUsX, B KauecTBe WJ/LIKOCTPAIHU
KOPOTKO OCTAaHOBHMCS Ha Tpex TUNax SBJEHAH MaccomepeHoca, B KOTO-
PHIX MOTYT NPUMEHSITHCA STH METOMHL.

Hzorepmuueckan Oupysus. Paccmorpum nudOYIRIO MOEKY] HIH
aTOMOB KaKOTo-TO BHIA B HeNOIBHKHON cpefle, HMelOlWefl paBHOMEDHYIO
temneparypy. Cxopoctd aupdy3us 3aBHCHT OT TpajHeHTa KOHUEHTpauHll
H onuchBaercd 3akoHOM DPuxa

M=—Dgradm, (A.2.1)

rae m-—KOHIEHTpauHnsd, ompefenseMasl Kak Macca AndOYyHIUPYIOIEro
BemlecTBa B ejAHHHIe 0O6bema. Bektop M — cMellleHue wMaccel, a ero
npoNsBoTHas TO BpeMeHn M ecTs ckopocth Jaubdysun. Kosdduuuent
anddyaun, obosHauenHulli yepes &, MoXKerT ObiTh GYHKIHEH KOHUEH-
TpalMd . 3aKOH COXPAHEHHS MacCHl BbIpaxaeTCsl ypaBHEHHEM

m=—div M. (A22)

O6bennrus ypasueruss (A.2.1) u (A.2.2), nonyusm ypasHenue aud-
tdysun
om .
a5 = div (D grad m). (A.2.3)
DTH ypaBHEHMs aHajordunbt  ypaBeHemmsM  (1.2.2), (1.24) =
(1.2.10a) nas nudefiHOR 3a;auy, €C/IH MOJOKHUTD:

=1, M=H; m=0, D==¢ (A.24)

A menuHelHoM 3anauu, worna & sBiserca dyHKoued m, 3ana-
ya 06 u3oTepMuUuecKOd AUbGY3UU. ONMHCEIBACTCA TEMH Xe YDAaBHEHHSIMH,
4TO W HeJMHeHHAsT TENJIOTPOBOIHOCTb, paccMarpuBaeMas B I 5. B ao-
noJHenne ¥ cooTHomeduio (A.2:4) monoxum B ypaBHeHHAXx (A2.1) u

(A.2.9)
m—0="h. (A25)

TaxuM 06pa3oM BapHalHoHHbie MNPHHIMNB, pa3paboTaHHble B AaH-
HOH KHHre, TPHMEHHMBI AAsl u3oTepMmuueckol AnddysuH. B uacTrOCTH,
BEKTOD CMEIUEHHS Macchl M, fBISOMHUACA AaHAJOTOM TeNJOBOrQ CMelle-
Hust H, MOXHO BEIPAa3HTh C TOMOIIbIO 0BOOIIEHHBIX KOOPAHHAT ¢; B BUAE

M=M(q,, g5 ..., Gn, %, 4, 2, 1). (A2.6)

HBapbupys 310 mose upn yciaosdu (A2.2), noayumm ypaBHeHHS
Jlarpanxa , oD

o + = (A.2.7)

99: ' 9gqy Q-
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B arux VPaBHEHHAX BMECTO TENJACBOIO TMOTEHUMAJMa HCNOgb3yeTcs

BHIp2XeHue
1 .
V:THS,M:, (A.2.8)
3
rae 1 — oObem cpelsl. AucennartuBuas dysxuus 6yger:

1 i 1 , .
D= “) 7 Weds, (A.2.9)

a o6o6uleHHas cuia

Q oM dA (A.2.10
l._v—g m 04, n , (A.2.10)
A

rae N — BHellHAs eIMHHYHasg HOPpMAaJb Ha TIpaHHLe A obbeMa T,

Cryuail coBMEeCTHOH KOHBeKUMH M IAH(PY3HH MaCCH B ABHXYluefcs
HeCXKHMaeMOH XKUAKOCTH, HMEIOIleH DaBHOMEPHYIO TeMIepaTypy, MOJHO-
CTbI0 aHaJOTHYeH CJIy4al TeNJAOBOH KOHBEKUHH, PacCMaTpUuBaeMOmMy
B ra. 6. 3akoH Puxa npuHEMaeT BHA:

J=—Dgradm, (A.2.11)
Toraa Anbdy3uoHHbA MOTOK Oyaer:
J=M—vm, (A.2.12)

rae v-——imoge ckopocru. CuellleHue Maccel M onpeiesseTcs Kak cyMma
KOHBeKTHBHOrO I JAnQdY3UMOHHOTO IepeHoca. YpaBHeHHe COXPaHeHHS
maccsl ((A2.2) ocraercst cnpaBeinuseiM, OGbenunss ypasitenus (A.2.2),
(A2.11) u (A212) u yuuThBass YC/IOBHE HECKUMAeMOCTH

divv=0, (A.2.13)
nonryyaeM ypaBHeHHE TIOJST KOHUEHTPALMUM MacChl
om
5 =div (D gradm) — v grad m. (A.2.14)

YpaBrenus Jlarpatxa (A.2.7) npuMeHHMBl B CJydyae KOHBEKTHBHOTO
nepeHoca MacCpl, €CAH AHCCUNATABHAN OYBKUHA Onpeiefsercs B BUle

bt [ e

D10 ypaBHeHHe COOTBETCTBYET AHCCHMATHBHOR OyHxuHu (6.5.23) nas
Tensoo6MeHa, DTH ypaBHeHHS] TIPUMEHHMbl TaKxe AN H3YYEHHS TIepeHo-
ca Maccel B TypOysnentHoM mnoroke. ks 3TOro B BHIUENPHBeAeHHBIX
ypaBHeHHsX BMecTo & HalO HCIOIb30BATH

A=D+¢&, (A.2.16)

rae § — xod¢duundent TypSyaenTHoft nupPysuu.

Ins anusoTponHoil IuP(y3HH NPUMEHSETCS METOX, aHAJOTHUHBIA
HCIIOJb3YeMOMY [ peHIeHHs 3a7ay aHU3OTPONHON TEeNNO0NPOBOAHOCTH
H TypOyJAeHTHOCTH, paccMaTpHbaeMux B § 6.5.

DuavrTpayus & nopuctoix cpedax. B LeaoM paje HHXKeHEePHHIX 3a-
nad, CBA3AHHBIX C ABUKeHHeM IPYHTOBEIX BOJ, (buabTpauued B fambax
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1 goluitich ne@TH, 1eOOXONMMO pelllaTh YpaBHeWs HABMMCHAS KUAKOCTH
B YACTHYHO HA&CHILIEHHON NOPHCTON cpele. JTH ypaBHEHHS aBaJOTHYHBI
ypaBuenuo puddysun (A23). B cayuae ¢uiapTpamuu Bogb M Hrpaer
poab Bnarocofepxanusi. Kospduunent qudoysun & 3aBucut ot BJa-
Tocolepxanns, U TO3TOMY TaKMe 3aJaud SABJATCS CYUIECTBEHHO HeJH-
HeliHsIMH. B ofmeM caydae x ypaBHeHHI0 (A.2.3) He0o06X0I1MM0 106aBUTH
elle ONMH WjeH, 4TOOb yuecTb JeHCTBHE KaNW/ISPHBIX W PPaBUTAIHOH-
HBIX CHJ. Bapuauponsele DpPHHUMIBL 4 ypaBHeHUsi Jlarpawka, paspado-
TaHHbBle B JaHHOH KHHle, MOTYT VCHEWHO IPHMEHSTbCSH s pellienHs
TakUX HeJHHeHHbIX (M BTPALMOHHBIX 3aj1ad.

Hupepysus neilirponos u sdephvie peaxTope.. AHaJOTHUHbBIE METOIH
UPUMEHUMEl TakK¥Xe H JasS MPHOIHMKEHHOTO aHaAN3a IHHAMUKH SIepPHbIX
peakTopoB., XoTS MeTOLHKA HX NpHMeHEeHHs OCTaerTcs TOH Ke, HeOOXo-
IMMBl COOTBETCTBY:OIIME H3MeHEeHHS, TMOCKOJBKY TaKie 3aJauf CBS3aHbl
He TOJAbKO ¢ Auddysueil, Ho M ¢ BHIIesJeHHeM HeHTPOHOB. DTO COOTBET-
CTBYET HAJHYHIO MCTOYHHKOB, 3aBUCAIIMX OT KOHUEHTPAUHH HEHTPOHOB.
Kpome toro, cieayer yYHTLIBATL 3ana3iniBaHie HeATPOHHOR 3SMHCCHH,
CBA34HHOMA ¢ KOHEYHBIM BpeMeHeM peslakKCallud HCTOUHHKOB. DToT 3ddext
TaKkKe YYHTHIBACTCH BAPHAUMOHHLIM TPHHIUTIOM H ypaBHeHusMu Jlar-
panxa.

A.3. TEPMOIMHAMUKA HEOBPATUMBIX
IMPOLECCOB

O6muit Merox JlarpaHxa B TepMOJHHAMHKe HeoOpaTHMBIX TpOIEC-
cop Gwbl1 paspabBoran aBTopom B 1934 r. {JI. A-1]. Boaee nmoxpoGuoe
o6cyKJeHne BBIBOJOB H3 3TOM Teopud mposeieHo B paGore {JI. A-2])
Takass GoOpPMYAUDPOBKA TEPMOIMHAMHKH HeOOGPATHMBIX TPOLECCOB € TO-
MoOIIbI0 ypaBHeHH# JlarpaHiKa U COOTBETCTBYIOIIHX BapHALMOHHBIX MPHH-
#UNOB OCHOBAHA Ha BBEACHHW HOBOTO TePMOIHHAMHYECKOTO TOTeHLHMAalIa
IAd CHCTeM ¢ HepaBHOMepHO#l TeMnepaTypol, a TakiKe IHCCHIATHBHOM
GyHKUOHH, BblBeJCHHOH M3 COOTHOWIeHHMH B3auMHoctn Onzarepa. IToT
MOIXO0] TPHMeHHM JJIf IIHPOKOro KpPyra fIBAeHUH MeXaHHKH BA3KHX H
BA3KOYIPYTHX Cpefl, a TaK:Ke B TepMOJAMHAMHKe, (U3NYCCKOH XHMHH H
57€KTPOINHaMUKe.

TlpuMeHenHuio BapHaLHOHHBIX NPHHUHIOR B TemsnooOMeHe mpesllect-
BOBaJa JJHTe]bHasi padpaborka obmero Meroja Jlarpamka B yKasaH-
HpiX ofaacTax. Bo3MoOXKHOCTL Taxkoro mpHMeHeHHs Gblia Co3jlaHa moc/e
HCTIOMB30BaHUA 3TOro ofulero Merola B (yHIaMeHTaJbHOH TepMOAMHA-
MHKe H, B YacCTHOCTH, /I HCCJAEIOBAaHHI TepMOyapyroctu. Teopus Tep-
moynpyrocti Jlarpadxa, OcHOBaHHasi Ha TepMOTHHaMHKe HEOODATHMEIX
npolieccoB, onybaukoBaHa aBropoMm B 1956 r. B paGore {JI. A-3]. [Toay-
YeHHble TaM COOTHOIIEHHS B3aHMHOCTH H HX TpUMEeHeHHe B CTPYKTYPHOM
aHaause obcyxkratorest B paGorax [J1. A-4, A-5]. Tloapo6Hoe paccmoTpe-
HHWe TEepMOYNPYrocTH ¢ TOYKH 3peHHs Meroiza Jlarpanma TpuBeJewHO
B HeZaBHO onyOsuzoBaHHOR paborte Padansckoro [JI. A-6].

Huxe B KauecTBe HaMOCTPalHu GoJsee ofllero TepMOIHHAMHUECKOTO
noaxoia OyieT OpHBeleHa 3alaya TePMOYIPYroCTH, a TaKmke KpaTKoe
OmHcaHHe NPHMEHeHHs MeTogoB JlarpaHxa B AuHAMHKe BS3KAX cpel,
BA3KOYNPYTHX M MODHCTHIX CPell U B 3JEKTPOJHHAMHKE,

Tepmoynpyeocro. PaccMOTPHM AHU3OTPONHYIO YIPYIYIO Cpely, Ha-
XOIAUIVIOCH B MeXaHHueCcKOM U TepMOIMHAMHYECKOM pAaBHOBECHU MpH
paBHOMepHOH abcosoTHOR HauasabHOH Temnepatype T,. HeGousbluoe BO3-
MYIIeHHe 3TOr0 PaBHOBECHS ompefesseTcs [0JeM CMeINeHHd u; TBepad-
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TO Téna #1 TeMmnepaTypHbIM ToJeM 6, NpeacTagAsOIUiM OTKJIOHEeHHe OT
HayaJbHOro 3Hauenus 7,. B AEKapTOBBIX KOOpJIHHATAxX X; TeMmmepary-

1
pa 0, zedopmammna ¢;; = 5" (Quy/0x; + Ouj/0x;) M HanpsKeHHe 64

CBfi3aHbl CACAYIOIIMMH YPAaBHEHUAMHU!:

i
S :Zc;fveij — B8 (A.3.1)

rae B,, u C :LJ — ¢usnyeckne KoHCTaHThl. Iloc/epnas npeAcTas/seT H3o-
TEpPMHYECKHi MOAYJb YUPYrocTH, cOCTOsu#f 13 2] KOMIOHEHTH. ITH
KOHCTaHTEl Y/OBJIETBOPAIOT CHCTeMe ypaBHeHHH:

By =By Cif, =Cly =Cll =, (A.3.2)

Chexymollee COOTHOLIEHHE TOJTYHAETCH M3 KJaCCHUECKOH TepMoiH-
HaMHKH

if
6 7
S='_;-r-+ 2 Biiess, (A.3.3)

rie s— mpupalleHHe SHTPONMH B eNHHHUe 00beMa, a ¢ -— yldeabHas
TeMJIOEMKOCTh B elnpHulie o6beMa mpH OTCYyTCTBHE JedopmaunH. Paspe-
wnB ypasuenne (A.3.3) oruocurenbno 0 u3 (A.3.1), nonyuum:

ij 1

Oy = E <C:l.]y + _]E‘r__ Bp.yBij ) €ij— ‘% H '
i 5 (A.3.4)

7, T, 1

92—‘0—2(31:1'91‘1'{—"‘0_‘3- |

)

JTH COOTHOMIEHHSA AT CeIYIOUWUH BaXHbIY pe3yapTat.
PaccMOTpHM KBajapaTH4HBIE WHBAPHAHT

i
1 1
U= —2— 2 565 +-2“ Bs. (A35)
ITocne moncranosky BupaxkeHHd 0:; u O uz (A.3.4) GyieM HMeTh

$YHKUNIO HE3ABUCHMHIX TIePeMEHHBIX €;; U 5. I10cKOIbKY MaTpuua Ko3(-
¢(uuneHTOB B ypaBHeHusx (A.3.4) cuUMMerpHuHa, MOXKHO 3amHCATDH:

ov du
611:'581—]'; 9:—0?- . (A.S.G)

B uacTHBIX TPOHM3BOLHHIX NEpPeMEHHble €;; PacCMAaTPUBAIOTCA KaK
LeBsITb HE3aBHCUMBbIX TepeMeHHLIX. OGbeMHBA HHTerpan

V= ” S vde (A.3.7)

T

BBOJAHUTCA aBTOPOM B KaueCTBe MNOTeHUHWaNa TEPMOYNPYrocTH. HO3TOMY
HHBApHAHT U ABAsETCH yAenbHbIM OOBEMHBEIM HOTCHUHAAOM TepMoynpy-
FOCTH.
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HHBapHaHT U MOXHO BBHIPA3UTh TakKxKe € [OMOILBI) HEe3aBUCHMBIX
nepeMeHHbIX €;; 1 O B Buie

ij v
L ij J € g2
v="5 EZCMeﬁeW+—2—Tr—6 . (A.3.8)
s obnact t sandweM:
1
v:vr+'"2'T,SSSc62dz, (A.3.9)

rhe
ij

1 ..
ot [ B Beten
T

Jas usoTepMuueckux Jedopmauufi (6=0) morenumman V crogurca
K noTeHUWany V,, mpeicraBisiomeMy COGOH KIacCHUECKYI0 CBOGOAHYIO
JHEPrHI0 CHCTEMBI, 3KBHBAJEHTHYIO XOPOUIO H3BeCTHON 3sepruu aedop-
MAaLHH B TEOPHH YIPYTOCTH.

Kax mokasaHo aBTopoM, moteHunan Ttepmoympyroctd V ecrb uwacr-
HBIH cayyalt Oosee oOIero TepMOAHMHAMHYECKOro MOTEHUHAJa IJs CH-
CTeM ¢ HepaBHOMEPHO pacfipefie/ieHHOH TeMIepaTypoH, COBNaJalwIlero
co cBo6OJHON 3HeprHeH, eciu TeMIepaTypa cpPeibl PaBHOMepHaA.

BBesieM BeKTOp CMelleHHs SHTPONHH B BHIe

1
Si:—f—h’i. (A.3.10)
r

vie. H; — TennoBoe cMelleHue. HOHOJ‘]bS'yH Si, noJaydaeM InJOTHOCTb
YHTPONIHKN § B BUAE
i

\ 08,:
S=— D), 9%, ° (A.3.11)
ChnenopatesbHo, MOXHO mepencaTh ypaBHeHHe (A.3.3) Kak
i ij
T, ¥\ 0S T
b=—773") dx: - cr 2513‘913% (A.3.12)

ﬂ.ﬂﬂ CHCTEMBI, KOTOpasl He HaXOJHUTCA B TEPMOIAHNHAMHYECKOM H Me-
XaHHYECKOM DaBHOBECHH, MBl IOJ/IKHbBI BBECTH ypPaBHEHHE IBHXXEHHSA

I

Jds -
dxi: = pily (A.3.13)

d YpaBHEHHE TeilJIONPOBOXHOCTH

i
. 09 '
H; =——Ek”_‘§d_. (A.3.14)

B 3tux ypaBHeHHAX p — ILIOTHOCTb Macchl, a K;j — TemIONpoBOA-
nocth, [lepenniem ypasuenne (A.3.14) B 3KBHBaNeHTHO# (opme

7
P .
o =~Tr2xt,s,-, (A.3.15)
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Tle TeNJOBOE COMPOTHBJEHHE A;; ompefessieTcs ofpaTHOH MaTpHued kij.
B KauecTBe HeH3BECTHbIX TIEPEMEHHBIX, OTHCHLIBAIOMIHX (H3WUECKYIO CH-
creMy, Bo3bMeM 4; U S;. Torna Buipaxenne (A.3.7) pns V Gymer Takxe
GyHKUHeHd 3THX NepeMeHHbIX, eCJH TOJACTABUTh B HEr0 BeJHYHHbI Gij,
5 u 6 us ypasuenmii (A.3.4), (A3.11) u (A.3.12). Bapuaunosnsi mpud-
(M1 BMeeT BHJ:

v+ S“ 0 éﬁﬁuﬂt—}— T, “S ixijs,-as,dm _

— ” <Zt] Fidu, — 8 j niasl) dA. (A.3.16)
A

B stom ypasuenun Su; u 8S; —mpousBoapHne papmanmu, F; — cu-
Jla Ha eJHHUUY MJONAnH TOBEPXHOCTH, TPHJONKEHHAss Ha rpauuue A
o6beMa T, a n; — BHEIIHAS eHHUUHAS HOPMAJb K TPaHHIE.

Bapuaunonssit npusuun (A.3.16) mosydaeM ciexyomuM o6pasoM.
Bapuauusa moTenmuana tepmoynpyroctu (A.3.7) 6yneT HMeTh BHI:

V= m sv ds, (A3.17)

T
rae
if i

1 1 1 1
3 =5 E oy58e: + 5 2 e130935 + 5 89s + 5 580. (A.3.18)

[ToacraBuB B 310 ypaBHeHue BhipaXenue '(A.3.6), moayunm:
ij
8o = D es580,5 + 5 39. (A.3.19)
Torna ypaBHenune (A.3.18) MoxXHO 3ammcaTb B BHJE
ij
80 = D)\ ous8e;5 + 03s (A 3.20)
u Bapuauus OV 6yner:

3V = Hy (ﬁ“ oss0e; + eas) d. (A.3.21)

T

Hedopmaiyn onpefesserca B BHAe

1 ou; ou;
6ij="g" (—0xj + 5%, ), (A.3.22)

a § naercst Boipaxenuem (A.3.11). Uurerpupys mo uactam (A.3.21) u
N0JCTaB/sAs Pe3y/nbTaT B BapualuoHHe npuHoun (A.3.16), mosyuaeM:

555 f} (p 4 — ) duyds 4 ﬁf f] (00791 + mi,-sj) 88,dr=0.

(A.3.23)

OT0 cOOTHONIEHHE CHpaBelJTHBO IS BCeX Bapuauui 6u;-u 8S:, ecn
YIOBJETBOPSIOTC ypaBHeHHs aBuxenus (A.3.13) u ypaBHénme TemJo-
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apoBonHocTy (A.3.15). CnenosatenbHo, Bapuauuonsii mpudnun (A.3.16)
eCTb He YTO HHOe, KaK gpyrasi ¢opmMa 9THX ypaBHEHHH.

BriBox ypasuennil Jlarpanxa u3 Bapuauuonsoro npuanuna -(A.3.16)
IIPOBOJHTCSH CAEIYIOWNM . 00pasoM. BblpasuM HeusBecTHBle MepeMeHHbIE

u; u S; c nomoubio 0GOCIEHHBIX KOOPAUHAT ¢, 2, ..., n B BHIE
ui=ui(qy, g2, .. 4n, %, Y 2, £);
Si=S8:(q1, g2, ..., Gny X, Y, 2, 1) (A.3.24)

Ipu stoM o6oGlLIeHHBe KOOPAHHATH 3a7alOTCST MPOH3BOJNBHBIMA Ba-
puamusamu 8g:, oTKyAa

k k
ou 0S;
S, = 2 Go b 8= 2 S (A.3.25)

TloBepxuocTHbfl MHTerpan B ypaBHennu (A.3:16) MoxkHO nosTOMY
3amucarth B BHIE

i i k
“ (Z Fidu, —0 > niBSi) A= Qudqu. (A.3.26)
A

rhe
; 0 i aS.
iy i
Q. :55. (2 F; o ] 2 " G )dAv (A.3.27)
A
Taxxe
. oV
8V — 2 S7 34w (A.3.28)
Bennunny )

i ik
. . 0uy
SSSP E o1y — SS b 2 i 50 8 (A.3.29)
T k7

MOJKIIO BBHIPA3UTH C {IOMOIIbI0 KUHETHYECKOH 3HEPrUH, HONONL3YS KJac-
cuyeckuli Meton Jlarpanxka B MexaHuke, UroObl 1moxasaTb 3TO, paccMo-
‘"TPHM TOXJECTBO

. Ouy _  d . Ouy . d ou;
L i T (ui —aq—k‘)—ui aF ( oan )- (A.3.30)
M3 ypasuenust (A.3.24) nomyynM COOTHOLIEHHE
A ;

. du- . 6ui
D ATl ek (A.3.31)
OTKYZa
aili 0111'
= .3.32
. i
Ous 0%u; . oy _ d ou; ,
og 0gxdq; 79 + g0t~ di ( 0%n ) (A.3.33)
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Iloacrapus 3Tn 3Hauenust B ToxIecTBo (A.3.30), moayuum:

0111; . d / dui \ . ou
e T\ g ) (A.3.34)

OTKyJAa cjenyer:

SSS" iziiia”i :i {Tdt—( Zq{ )_od_i'_} 3y,  (A.3.35)

rae ~— KHHETHYECKasl 3Heprus,
p

T = —;— 5”0 2 u?yd-. (A.3.36)

TouHo TakHM e METOLOM MOMKHO 1IPeo6pa3’oBaTh OCTABLIMICA UJeH
B ypasuenun (A.3.16). M3 Bripaxenusi (A.3.24) momyuum:

k
. 3y 0S; . 0S;
Si: ' oqh qh—i— of ! (A337)
OTKyAa
$ S,
03 _ 9% (A.3.38)
0n 0qn

Hosromy MOXHO 3anucCaTh:

if k ij .
. . 08,
T SH 2 Ay sS;38dr — 2 TrS ” Z hsSy ot gedg, (A.3.39)
_;: qu

r
T

HJH

k

if
: 5D

T“S E AesS138,ds — 2 9!
. 0

T
1 !
D=—T, HS 2 A ;8,8 dx. (A.3.41)
T

B stom BBIBOAE YUYHUTBIBAJHCb COOTHOUIEHHA B3aHMHOCTH Oﬂaarepa
Aij=Mhj. (A.3.42)

Hupapuant D sBiserca auccumatupHOR ¢yHkuueid. B panee omy-
GnuxoBanHbXx paborax [JI. A-2 m A-3] mokasaHo, 4TO TepMOIHHaAMHYe-
CKHIl CMBIC]T NHCCHIATHBHOA (YHKUMH COCTOHT B TOM, uyTo BeJHYHHA
2D/T, paBHa CKOPOCTH POCTa SHTPOTIMK B eIHHHUE 06beMa.
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TToncraBus Bhpaxenns (A.3.26), (A.3.28), (A.3.35) u (A.340)
B BapHauuoHuut npudnun (A.3.16), nosyuum:
k

d (0T \_ g D , v B
2{ dt (aq'k) oot o5, 0w }""’*“2(2"8""‘ (A.3.439)

Tlockonbky BapHauus 8¢r NPOU3BOJNBHB, TPHXOIHM K YPaBHEHUAM
Jlarparika 148 0GOGIIEHHBIX KOOPAHHAT:
d i} 0 oD ov
—Et—( ﬂ')_ "7‘+ — 3 = Q,. (A.3.44)
0qy, 0qy. oqy r
Hcnonp3ys mMeTopuKy, OnHCaHHylo B § 2.2, MOXKHO C MOMOIILIO 3THX
YpaBHEHHH YyyecTb TPaHHUHBIE YCJOBHA, BK/IOUYAlOMHe KO3 HUIHEHT Tem-
jnoo6mena K. DTo MOXHO CAEJHAaTb, AONOJHWB RUCCHOATHBHYIO PYHKUHIO
BeJHYMHOH ANCCHIIANMY Ha TPaHHILe:

13
I . i P
D=-yT, (SS‘ E MsSeSidnt T, SS ~c StdA,  (A.3.45)
% A

rae Sn — HOpMaJIbHaf KOMIIOHEeHTa CMeELICHHd 3HTPONHHU Ha TPAaHHLE A.
Hﬂﬁ TepMOllHHa:MH‘lECIK'Oﬁ CHJIBI HCOTOJIb3YEM BbipaXKeHHe

. i i
Oui ()Sl
Q. :js‘ 2 F; P Ba E e dA, (A.3.46)
A

rie 0. — aguaGatuyeckass TOBepXHOCTHAfl TeMmmeparypa, BBeleHHas
B §22.

Yacrawil cayuai Tensonposodnocru. IlonyuenHble OOLIHe pe3yabTa-
TH NIPUMEHHME! Ui CHy4asi GHCTOR TENJIONPOBOJAHOCTH, €C/H TOJOXKHTh
u;=0. 3nayenne v u3 (A.3.5) MoXKHO 3anmucaTb B BHIe

1 1 cB2
02—2—65::7-—7:—- (A.3.47)

AnanornuHoe BHIpAXKeHHe TOJYYdeTCsl, eCaH NOJOKHTb 0¢;=0.
B stoM cayyae ¢ 0603HauyaeT TemJNIOEMKOCTh TPH OTCYTCTBMH Hampsixe-
#usA. CnenoBaTespHO, S YUCTOM TEHJONPOBOXHOCTH TIOTEHIHAJ TepMO-

YNPYrOCTH HMeeT BHI:
1
VZT S‘SS cB2dr. (A.3.48)
T

B 3ajase 0 YMCTOR TeN/IONPOBOAHOCTH KHHETHYECKasm 3Heprus
aubo paBHa Hym0, Ju60 e MOxHO npeHeOpeun. OTClOA2, MOJOXKIB
& =0, nonyyum ypasHenns Jlarpanxka (A.344) B BuIe

v oD
3 + — = Q. (A.3.49)
‘P th
3a uokmovenneM Muoxuteas 1/T,, Bopaxenmus gas V, D u Qw
COBMAa/alOT COOTBETCTBEHHO C BHPAXEHHSIMH JJIs TENJIOBOTO MOTEHUHAaNa,
IHCCHTIAaTHBHOR (YHKUHM W TEMJTOBON CHJIbI, TPUBEAEHHEIMH B . I m 2.
YpapHenust JlarpaHxa 145 UYHCTOH TenJOTNPOBOIHOCTH, BHIBENEHHHE
B 3TOH Tj1aBe, aHAJOCHYHBI ypaBHeHHsM (A.3.49), ecin OUYCTHTb B HHX
obmuit MuEoxkutTéan /7.
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Ananoruino, npeneGperas CMEIEHHSMH H YCKOPEHHEM, YBHAHM, UuTO
BAaPHAUMOHHBIA MPUHUMD B (opme (A.3.16) coBmanaeT ¢ BapHALHOHHHIM
npusnunom B gopme (1.5.10).

Baskue acudkocTu, easxoynpyeocre, nopucTeie cpedoL. YpaBuenus
Jlarpanxa (A.3.44) DPHMEHHMH K JMHAMHKE HeC)KHMAEGMHX BS3KHX
KUAKOCTeH. JIBHKeHHe XKUJIKOCTH OMHCHBAETCSH OOOGUIEHHHIMH KOOPIH-
HATaMH, a BASKOCTb YWHTHIBAETCA C NOMOIUIbIO JHCCHIATHBHOM (QYHKIHM
Pesnesi. Taxok MeToi Xaer XopomHe PesymbTaThi MPH AHATH3E MHOFHX
3ajay ruApopuHaMukd. OcoGblll HHTepeC NPEACTABASET ero NpHMeHeHHe
1S TEUCHHH B TIOTPAHHYHOM CJIOE.

IuapopunaMuka BASKHX JKALKOCTEH M BASKOYNDYTHX CpPeX C Ha-
YaJbHHIM HaNps’KeHHeM Ha OCHOBAHMH ypaBHeHuil JlarpaHka paccMma-
TpuBaercss B MoHOrpaduu asropa {JI. A-7]. Mexannka NODHCTHIX cpel,
COTepKallluX BSISKYIO KHAKOCTb, TaKxke paspaboraHa IPH HCIOMb30Ba-
HUH ypaBHeHHH Jlarpanka Nnst ynpyrux ¥ BSISKOYNPYTHX TBEDAHIX Ted
[/1. A-8]. 3anaua 0 MOPHCTOH cpefie ¢ HauaJbHHIM HANDSIKEHHEM penia-
Jach TaKxe C NMOMOWbIO 3THX ke Merogos [/I. A-9]. Bce atu Teopuu
'MMEIOT OXHY OGLIYI0 TepMOJHHAMHYECKYK OCHOBY, 4TO BEISIBJSIET IpHH-
LHnHanbHOe CXOACTBO MEXKIY TEePMOYNPYTOCTBI) M MEXAHHKOH IIODH-
CTBIX Cpef.

SaeTpodunamura. BoSMOKHOCTD NPENCTABNCHHS ypaBHEHHH sJeK-
TPONMHAMHKH B JaTpaHKeBOH (opMe H3BecTHa naBHO. COOTBETCTBYIO-
Hi (OPMAAH3M BK/IIOYAET AMCCHNATHBHYIO QYHKIMIO, YIHTHIBAIOMIYIO
RXOyseB 9 deKT. YHupUIHPOBaHHBI MeTon Jlarpanmxa /s CBSI3aHHBIX
SJIEKTPHYECKHX H MEXaHHYeCKHX CHCTeM JaeT OCOGeHHO XOpollxe pe-
3yabTaThl B o6aactu ajekTpoakyctuku [JI. A-10l. B mByx paGorax Xe-
pusens [JI. A-11] chesnana monbeitka chopMysTHPOBATH OGLIHI DPHHLHUI
Jlarpana 1 3J€KTDOMarHHTHOH TEODHH M THIPOLHHAMEKH.

A.4. OBOBIIEHHBIE KOOPJIWHATDI
U ®YHKIIMOHAJIbHBIVT AHAJIU3

IMonsaTHe 0GOGHIEHHBIX KOOpAMHAT H COOTBETCTBYIOIIHE YpaBHEHHS
Jlarpanxa yXe CTaiau CyHIeCTBEHHON COCTABHON HacThIO KJacCHUECKOM
MexaHukd. Bpenenmne Peneem puccunatuBHOR (YHKUMH —II03BOJHJIO
yyecTb Bf3KHe Cuabl. XoTsi 06o6IieHHble KOODAHHATH HCHOJB30BATh
IIOYTH HCKJIIOUHTEJBHO B 3ajauaX MeXaHWKH, CaMO NOHATHe 3THX KOOD-
AHMHAT M CBfA3aHHBle C HHMH MeTOJbl HMEIOT ropasdfo GoJee WIHPOKHM
CMBICJI H SIBISIIOTCS OCHOBOH aHaJsu3a 60JblIOro Kjacca ssaenuir. C uh-
CTO MaTeMaTHYECKOH TOUYKM 3peHHs MeTOAB Jlarpamxa npu HcnoJb3o-
BAHHH NOHATHH (QYHKUMOHAJLHOTO aHANM3a TaKKe IPHBOASAT K HOBOMY
noxxony. Jlsis nosichenus storo Gosee WHPOKOTO NMOAXONA PAacCMOTPHM
noapoGHee ocHOBH Meroga Jlarpamxa.

B xsaccHYecKoH MeXaHHKe HCXOIMBIM IPHHIHMIOM SIBJSETCH OpUH-
uun fanambepa, OCHOBAHHEI HAa TOHSATHH BHPTYaJbHOR paboThl. B cH-
CTeM€ M3 MaCCOBBIX TOYEK OH BHIPAXKaercsi B BHIe

k k
2 my, 1O, —2 Fpdr, =0, (A.4.1)

Cuelterne Macchl mp 0603HAYEHO uepe3 Ty, a CHAA, HelicTBylomas
Ha Hee, —uyepes F,. CyMMHpOBanHe mMPOH3BOAHTCS MO n maccaM. Ypas-
HeHue (A.4.1) cnpaBeasHBO AJsi HPOHSBOMbHEIX BapHauui Ory. Buaaro-
Aaps MHOTHM OCHOBHBIM CBOHCTBaM OTOH (OPMYNHDOBKH OHa SIBJseTCA
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3QpexTHBHLIM MeTOROM aHajmsa. Hampumep, B cjyuae TONOHOMHBIX
cpsA3ell HEKOTOpbie THNbl HEM3BECTHLIX CHJI aBTOMATHYESCKH HCKIIOYAIOTCH
M3 ypaBHeHHil, 110CKOJbKY HX BHpPTyaJabHas pa6oTa paBHa Hyqal. Boaee
1070, MOXHO 110400paThb BapHALMM, YIOBJETBOPSIOLIHE I'OJOHOMHbIM
cBsI3AM. B pesysbraTe moJyyaloTCsi YPaBHEHMs, COJepzalllHe Takoe KO-
JIMUECTBO HEH3LECTHBIX, KOTOPOE COOTBETCTBYET CTENeHsM CBOGOAH H
B KOTOpble He BXOAAT CHJbI CBsA3ell. KpoMme TOro, oObIUHO HMeeTCs BO3-
MOXHOCTb BbIPa3uTh HEKOTOPbie HJH BCe wuaeHb ypaBHenus (A.4.1)
C ITOMOULBI0 TaKUX (H3WYECKHX HHBADHAHTOB, KaK KHHETWUECKas u Mo-
TeHNHadbHas sieprus. Has GosbLIMHCTBA 3a7a4¥ MOKHO 3amHcaTh:

k i
— DV Fdry == 8V — D\ F ors, (A.4.2)

rae V —noTeuuuadbHas (QyHKOMS KOOpAWHaT, a & ;-— 3ajaHnas npH-
noxeniiag cuna. [IpH 3Tom ypapsenie (A.4.1) MOKHO 3amHcaTh Kak

k I
2 m,t.x.'hark + 0V = 23“3»6”. (A.4.3)

IT10 ypaBHEHHe MOXHO DaClpOCTPaMHTL HA HellpepblBHbie CHCTEMD,
€Can paccmarpuaBaTh (PU3MUECKYI0 KapTHHY caefylowum obGpasoMm. Mox-
HO ONUCATL IloJie TeIlVIOBOTO CMeLIeHHs B Bi/e

g

r=r(qy, Gz, ... qn, X, Y, 2, 1), (A.4.3a)

rie X, Y, 2 — HauajbHoie KOODAMHATH, [— BpeMs, a §1, G2, ..., §n -—
0600mieHHble KOOpAMHATHL. IloCKOJMbKY ¢H3MYecKass cucTeMma sBJIAETCH
CYLUECTBEHHO MOJIEKYJSIPDHOH HJIH aTOMapHOH, ee MOMXHO pasieuTbh Ha
pAax orgenbHbix siyeek. Kaxkpas sivefika 10/KHA COAEPXaTb JOCTATOUHOE
KOJHYECTBO MOJIEKYJAd HJM aTOMOB [Jist TOro, uToOnl Aas Hee OblIH
clipaBe BBl MAKPOCKONMHMYECKHEe 33aKOHLL. B To Xe BpeMsa ona A0JKHA
ObITh IOCTATOUHO MaJjoll N[O BeJdyuHe, 4YTOOLl ee IOBeAeHHe MOZKHO
GLLIO OliCaTh C INOMOIIbIO HECKOJIbKHX NapaMeTpoB — JUCKPETHHIX Be-
JHYAH 110 aHAJOTHH C ONHCAaHHeM YacCTHIL

B TepMOLHHAMHYECKOM CMbicie 1n0f00Hble NOHATHS 06CYXAanHCh
B § 1.3. Buipakenne (A.4.32) AJas moas r ¢ NOMOLEbIO 0GOGEHHBIX
KOOPAMHAT fABJACTCS MOAHBIM (QHIHYECKHM ONpPejejieHHeM, UTO CTAHOBUT-
CsI OUYEBH/HLIM, €CJH pasleJuTb HeNpephHBHYIO cucteMy Ha N siueek
W BbIOpaTL HeCcHHryJspHoe npeoGpasosanue 3N =11 KOMIIOHEHT CMelle-
HHE LeHTPanbHCH TOYKH KaXKLOH sl9efKH B 7 NepeMeHHblx ¢i. [las
HEeNpepBiBHBIX CHCTEM CyMMupoBanue B ypasHenun (A.4.3) 3aMensieTcs

HHTErpaJioM:
f” my 6rdc+6V:55‘o?6rdA« (A.4.4)
T 1 A

a5 ynpoifeHHs B STOM YPaBHEHHH CuHMTAeTCH, yTO cuasi & NpPHIO-
Kenbl Ha rpaHuue A o6aacTH 06beMHOTO HHTErPHPOBAHHA T.

[ToxameM, 4TO TaKOe ORHCAHUE HENPePLIBHOrO NOJs CMewleHus I
C NOMOUILIO KOHEUHOrO YMc/ia KOOPAMHAT ¢ OrpaHHuHMBaeT KOHQurypa-
LHIO TOjs ' TpeACTaBJACHUSMH TOJbKO C IIOMOULbIO TeX §;, KOTOpLIE
AMeloT (PU3HUECKHI CMbICI.

Toabaysich ONTHYECKON TEPMUHONOTHEN, MOXKHO CKa3aTb, 4TO (H3H-
YeCcKoe OnHCaHHe He [O0JIPKHO BBIXOAHMTb 3a Ipeledbi ONpeleeHHOro no-
pora paspeienusi, rie HenpepriBHas MOJeJb, NPeACTaBjeHHas Audde-
DEHUHANLHBIMA YDABHEHHAMH, TepseT (PUIHYECKHH CMbIC.
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Us Bapuanuonnoro npunumna (A4.4) noayusnm ypabHenus Jlar-
paHka

d_ (0T \_0F . _ov
—at—‘(abi >-_ 04y + 0q; = Qs (A.4.5)

DTOT pesyabTaT SIBASETCS CENCTBHEM BAXKHOTO CBOHCTBA MOLBIHTE-
TPaAbHOTO BBIPAXKEHHSI, COJEpXKallero yCKopeHHe B ypaBHeHHu (A.4.4)
U 3aKJIOYaloUlerocs B TOM, YTO 3TO BBIDAaXKeHHEe MOMKET OblITb NpEACTaB-
JIEHO C IIOMOUIbIO (1)H3I’IquKOI‘0 UHBapuaHTa g- KUHETHYECKOH SHEPTHH.
Brison ypasrenns (A4.5) cBsisal ¢ QYHKIMOHAJBHEIM TOXKIECTBOM:

or or

0g; 0zji

. (A.4.6)

OTOT MeTOI aHaJOrHYeH MeTOAY, NPUMEHSeMOMY NIpH BBHIBOJE YPaB-
Hennit Jlarpanxa mis TemnompoBojHoCTH. HampuMep, B cayuae u3o-
TPONHBIX CBOHCTB HCNOMb3yeTcss BapuaumuoHublil npusuun (1.2.9) B Buze

”5% H.a[—]dc_[_aV:——SSOn-éH dA, (A.4.7)
T A

KOTOpLI aHanoruuen ypabHenuio (A.4.4). B pesyabTaTe mosyunM ypas-
Henusa Jlarpauxa

oV, aD
T (A.4.8)

an 3TOM BeJIMYUHA, COAepXxKalias H, BbIpaxaercsa C IIOMOILbIO (I)H-

SHYECKOTO HHBAPHAHTA, KOTOPHIH B NAHHOM CJydae COBHAAaeT ¢ AMUCCHIA-
THBHOH ¢yHkuue# D. Jlna 3T0ro Takke HEOOXOAHMO yuecTb (GYHKIHO-
HaJ/IbHOE TOXKJECTBO

oH _ oH

o0 a5 " (A.4.9)
1

AHAJIOTHYHOE COOTHOWeHHIO (A.4.6).

Bosbluoil  Kiacc siBieHuil ONHCHIBAETCA C NOMOIILIO ypaBHEHH
Jlarpanxa, B KOTOphle BXOJAHT KMHETHUECKAS] SHEPIHS H AHCCHIATHBHAS
¢$yHKuus ¥ KoTophle B 0ClleM BHIe MOTYT ObITh 3alHCAHBI TaK:

_d (0T \_9J , oD
at (04;-/ 09: ~ og,

ov
+gg = Q. (A.4.10)

TO ypaBHeHHe IS AHCCHNALMH, OGYCJOBJEHHOH BA3KHM TpPEHHEM,
H3BECTHO CO BPeMEHH BBeJeHHs AHCCHNATHBHOH ¢yuKuun Penes. Asro-
poM ObUIO [OKAa3aHO, YTO TAKOH YHHBEDPCANbHEIA TOAXOX BO3MOMKENH
TaKXe B CJlyyae TEPMOAHHAMHYECKON NMCCHIAUMM, YTO NOKa3aHO B MNpe-
AblaylieM naparpade Ha IIpDHMepPe TepMOYNDPYIOCTH.

Hpubauscennvie u caabovle peuwsenus. Jo cuX TOP MBI CUHTAJNH, YTO
MeTOX 000CUIeHHHX KOOPAMHAT IMO3BOJSET NOJHOCTBIO NPeACTaBHTb (H-
3HYECKYIO CHCTEMY C NIOMOIIbIO GOJBIIOrO, HO KOHEUHOro uMc/ia nepeMe-
Hbix. O1HAKO HEOGXONHMO OTMETHTD, YTO B OOJBIUWHCTBE CAYY4eB NpaK-
THYECKOe TNpHUMeHeHne ypaBHeHuii JlarpaHxa He Tpe6yeT NOJHOrQ. ONH-
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cagua (u3WYECKON CHCTeMbl C NOMOUIBIO 0GoGuIeHHHX KoopiuHaT. Bo
MHOTHX CJydasgx MOXKHO IpPeANOJOXKHTb, UTO pelieHHe NPHHANJEeKHT
Knaccy GyHKUME € MaJblM YHCJIOM HapaMeTPOB, KOTOPble MOXKHO HCIOJb-
30BaTb B KauecTBe OOOOIIEHHBIX KOOPAHHAT, MOJYHHSIOIIHXCS YpaBHe-
HuaM Jlarpauxka. Kak ykasoiBamoch B § 1.4, 3TOT MeTOL SBJseTCS
OJHHM H3 caMblX 3(Q(eKTHBHHIX MeTONOB NPHOJMKEHHOTrO pelieHus, TaK
KaK NpPH ero NpHMEHeHUH CBOWCTBA pelleHHH H3BeCTHH! yxKe npu dopmy-
JHPOBKE 32JayH, YTO IO3BOJISET YMEHbUIUTb YHCJIO HEH3BECTHBHIX.

Bupryaavuas pabora kax sapuayuoHHoe ckaaspHoe npoussederue.
ITonarHe BHpTyasbHOH PabOTH M3BECTHO B MeXaHHKE OYEHb [ABHO, Iie
OHO YCNelIHO NpPHMeHseTCs NpPH aHaJH3e CJIOKHBIX 3agad U opMyJH-
POBKe YNpOIIeHHBX NpPHOJHKEHHBIX YypaBHeHu#. ABTOpoM OBLIO  DOKa-
3aHO, YTO 3TO NOHSATHE MOKeT NPHMEHATLCS H B TepMoAuHaMuke, [leii-
CTBUTEJbHO, MOHNTHE BHPTyaJbHOH pabOTHl €CTh HE YTO HHOe, Kak ¢H-
3HYeCKOe 1IpeJCTaBJeHHe NOHATHHA, KOTOPOe MOXHO BBLIDA3UTb Ha s3blke
(YHKUHOHANBHOTO aHAJM3a.

PaccMoTpuM, HalpHMep, HEH3BECTHOe CKaJsApHOE I[OJe

D=B(x1, X2, ..., %ny 1), (A4.11)

sapucsaitee ot (n+1) nepeMenubx x; u f. IIpeAmojioXHM, OHO ONHCHI-
BaeTcs ypaBHEHHEM
P (D, x;,¢) = 0. (A.4,12)

O10 coorHomeHMe sBasiercst AubbepeHIHaNIbHEIM YpABHEHHEM CaMo-
ro obuero Buaa. YMHOXuB ypaBHeHue (A.4.12) Ha NPOHM3BOJbLHBIE Ba-
pHanun 0P W NPOMHTErpHPOBAB pPE3yJAbTaT N0 06BEMY T B 71-MEPHOM
NPOCTPAHCTBE IEePEMEHHBIX Xi, NOJYUYHM:

[ s@di—0, (A.4.13)

v

T
rae dt=dxdx; ... dxqa.

Ilast MpoU3BOABHLIX Bapuauuil 6P us ypasuenus (A.4.13) ue cxe-
nyer, uyTo ypaBHeHue (A.4.12) cnpaBemauBo Bciogy. OmHaKO, HCIOJB3YS
MaTeMaTHUeCKYI0 TEeDMHHOJIOTHIO, MOXKHO CKa3arh, ure (A.4.12) cnpasen-
JauBo nouTH Bclofy. Ho 3To o3mauaer, 9TO MHOXKECTBO TOYEK, B KOTOPHIX
OHO HecTlpaBeJJMBO, HMEeT HYJEBYIO Mepy.

TeoMerprueckH 3TO ypaBHeHHe MOXHO BBHIPAa3UTh, NOJOXKHB

P =R. (A.4.14)

Besmunny R, paBHYO &°, MOXHO PacCMaTpHBaTb KaK BEKTOp B (YHK-
UMOHANBHOM NpocTpaHcTBe. 3amuuieM ypasuenue (A.4.13) B Buze

fkaqbdmzo. (A.4.15)

UuTerpasl MOXHO paccMaTphBaTb Kak onpejelleHne CKaJsipHOro
MpOU3BENieHHsT ABYX BEKTOpPoB R u 0P B (QYyHKIHOHANABHOM IIPOCTPAH-
cree. Beamyuna R mnpeacrasisieT TakxkKe <«HOTPEIUHOCTb» YpaBHEHHS
(AA4.12). CnepoBaTesbHO, Ha si3biKe (YHKIMOHAJbHOTO HPOCTPAHCTBA
MOKHO CKas3aTh, uto B ypaBHennH -(A.4.14) mpoexuust R na Bektop 0P
paBHa HYAIO JA% BCEX ODHEHTalHH 3TOFO BeKTOpa.

®opMynHpoBKa (QU3HYECKHX 3ajad C NOMOLIbIO BAPHAIMOHHEIX COOT-
HoweHudt THna (A.4.13) oTkpbiBaeT GoJiee WIHPOKHE BO3MOXHOCTH I/
HCTOJb30BaHusT 0000IeHHBX KOODAMHAT W BbIBOXA COOTBETCTBYIOMIMX
ypaBHeHu#t Ttuna Jlarpanxka. KoHKpeTHble NIpMMEpH MOKa3bIBAIOT, HYTO
9TH YpaBHeHHs JETKO Npeo0pa3oBaTh, HanpuMmep, ¢ MNOMOILBI0 HHTETPH-
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poBaHud MO YacTsM H HEKOTOPHIX APYFHX oOIllepaiuil, KOTopble HCIOMb~
3ylOTCH, 4TOOL CrPyNNMPOBaTh UJEHbl, COOTBETCTBYIOUHE HHBAPUAaHTAM.
Ocrasibibie YIeHB HIPAOT POJb aHAJOTOB OOGOOIIEHHBIX CHJI.

PaccMoTpuM HekOoTOpHe OGOOGLIeHHs BHILIEOMHCAHHBIX MeToA0B. Ha-
npumep, BMecTo ypaBHeHus (A.4.13) MOXHO 3ammcath:

§a~de¢m:0, (A.4.16)

T

rre & — pynxuuss P. B Gonee obmeM cayuae (A.4.16) MoxeT GHITb
Aaxe nuddepeHUHaNbHBIM YpaBHeHHeM, cojepxawuMm . Eme oguo
0000weHnHe MOXHO MNOJNYYUThb, €C/IY YYeCTb, UTO UHCIO HeoGXOAMMBIX
HE3aBHCHMBIX MepeMeHHbIX He MoxXeT OunTb (n+41), HO MOXKeT OGHTb
(n+2), (n4+3) u r. 1. PaccMOTpuM, HampuMep, HeH3BECTHOe IOJe

P=3PD(x1, X2, ..y Xn, 1, 1), (A4.17)

ABJSIOeEC (PyHKnMeH (n42) TepeMeHHLIX. MOXHGC 3anucaTh TaKKe
BapHalliOHHOe ypaBueHde tuna (A.4.15). OaHako B naHHOM ciaydae
060061ieHHbe KOOPAHHATH GYAYT QYHKUHSIMH ABYX NEPEMeHHHX 1 U fs.
O6o6mennsie ypaBHenusi Tuna Jlarpamma GyayT npu sToM audbepen-
' UHATBHBIMH YPABHEHHSMH B HYACTHLIX TPOU3BOIHHIX.

Meroo naumensvuux Keadparos. Xopowo H3BECTHHIM METOAOM TPH-
O/IHAEHHOrO pellleHHst AW(PepeHIHaNbHRX YDaBHeHHH SIBASETCH MHHH-
MH3allisl HHTerpUpyeMoro xpaapara morpemnoctd R. Hanpumep, B cay-
yae LHQGepenuuanbHoro ypasHeHust (A.4.12) stor uHTerpan Gyamer
HMeTb BHI:

[= 5 R =§ 2., (A.4.18)

Pemenne, MHHHMH3HPYIOLlee 3TO BhIPawKeHHe, AOJKHO YIOBJIETBO-
pPATb YpPaBHEHHIO

3 = S F8F de= 0. (A.4.19)
T

OueBHAHO, 4TO 3TO ypaBHeHHe SBASETCS HACTHBIM cayyaeM ypas-
newus (A.4.16), npu BhlBOZE KOTOporo mosaranocs & = J°. Caenosa-
TEJILHO, METOJ HaUMeHbIIMX KBaJiPaTOB COOTBETCTBYET ONpefe/ieHHOMY
8BI6OPY CKaaAPHOTO MpousBefieHHs. ONHAKO MOCKOMBKY & B 5TOM CIY-
yae He QYHKUMS, a ONEPATOP, TO NPH MHHUMH3AUMH BeaHsmusl I moay-
yaloTest 6oJiee clnoKHbe nupdepeHinabble YpaBHEHHS, HMEIOLHe 6oJee
BLICOKHH IOPSIIOK, 4eM MCXONHOe ypaBHenne (A.4.12). Kpome Toro,
OCHOBHBEIe ~ ()M3HYeCKHE HHBAPHAHTH 3aaud OGBIYHO PACTBOPSIOTCA
B GopManH3Me, HCKYCCTBEHHOM H [1aJeKOM OT (H3MUeCKOl CYUIHOCTH
3aJauH.

Merod Tasepkuna. 10T MeTOL MOMNKHO TaKKe CYUHTATb HYACTHBHIM
cIydaeM oOILero Merofa, OCHOBAHHOIO HA NOHSTHH BAPHAIHOHHOTO CKa-
JSIPHOTO npousBeleHusa. OH npeacraBiseT co60il BBIGOP JIMHEHHOH 3a-
BHCHMOCTH OT OGOOUIeHHBIX KOOPAYWHAT, KOTOPbIE CUMTAIOTCS HEH3BECT-
nbiMH nocTosiHHbiMU. Hanpumep, B cayuae anddepenunanbhoro ypabHe-
ung (A4.12) Mbl MOXeM 3amHCaTh pellleHHe B BHIe

k
D = W g, Py (x4, 1), (A.4.20)
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rae @ (xi, 1) — Bui6pannbie cOOTBeTCTBYIOWHM 06pasoM dynkuuu (n+1)
nepeMeHHHIX x; H f. 3amulleM MHTerpad

S&ww —0, (A.4.21)

MY

di' =dx,dx, ... dx,,dt. (A.4.22)

rae

CienoBatedbHO, B 3TOM caydae 06JAacTb HHTerPHPOBAHHS BKJAKOUAET
Bce (n+1) nepeMeWHBIX Xx; W f, a He TOJbKO n IepeMeHHBIX X;, KakK
B ypasHenun (A.4.13). IToxcraBus 3HaueHne @ us (A.4.20) B ypasHe-
Hue (A.4.21), noayynm:

k
N X 9 D,0qpdz = 0. (A.4.23)

HOCKOJIbe BapHaluH 6(]}; NPOH3BOALIILI, NPHXOANUM K YpaBHEHHIO

S I Ppdt’ =0, (A.4.24)
-‘,

BBIPAXKAIOUIEMY CBOMCTBO OPTOTOHANBHOCTH MOTPEWHOCTH =R R
bysxuun @Pp. B 3THX ypaBHeHHSX W CcOCTOMT Meron [ ajepkuHa.

dToT Meroag TNoaydaercs H3 oOuwlero ypasHeHust (A.4.16), ecau,
BO-TIePBbIX, TOJOXKHTb & =@, BO-BTOPHIX, NPUHATL JHHEHHYIO 3aBHCH-
MocTb @ oT 0GOOWEHHEIX KOOPAHHAT, PacCMaTPHBAeMBIX KaK IIOCTOSIH-
Hble, U, B-TPETLbUX, MPOHHTEIPHPOBATL €r0 MO 00JAaCTH BCEX NEePEMEeHHbIX.
Tlocnennee cOOTBETCTBYET TOMY, 4TO NepeMeHHas f He INPHCYTCTBYeT
B SIBHOM BHJE, TOTAAa KaK MHl uMeeM (n+1) nepeMeHHBIX Xi.
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