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IIpeaucioBue

D10 yueOHOe mocobue HAMCAHO O KyPCY JEKIil, TPOUUTAHHOMY BO Bpe-
Ms1 BeceHHero cemectpa 1999 roga crymzentam Ydumckoro ['ocymgacTBeHHO-
ro ApnamuonHOro TexHH4YecKoro YHHUBEPCHTETA, CHENUAIU3UPYIOMUMCS 0
HpI/IKJIa,I[HOﬁ MaTe€MaTHuKe. OCHOBH&H OeJib — NO3HAKOMUTL C METOJaMHU HC-
cJleIoBaHUS OOBIKHOBEHHBIX HEJTMHEHHBIX ypaBHeHuil. ll3moxkenune marepu-
aJla M0 BO3MOXKHOCTH WHJIYKTHBHO, OT IPOCTOTO K CJIOKHOMY, U OCHOBAHO
HUCKJ/IIOYUTEJIbHO Ha IIpuMepax. qaCTO FJIY6OKI/IG U I'rpOMO3JKHUE MaTeMaTHu4de-
CKHe TeOPUU BO3HUKAIOT MPU ODODIIEHUSAX PeleHuil 0aHON MJIM HEeCKOJIbKUX
XOPOIIO U3YyYEHHBIX U MOHATHIX 3a7a4. [[opobHbI aHAN3 pelreHnii ITuxX
3aJ1a9 MPEeJICTAaBIIeTCS HAMHOTO 00jiee BaKHBIM HPU U3YYEHUU HEKOTOPBIX
pas3/iesioB MaTeMaTUuKU, YeM (hOPMYIUPOBKH U JOKA3aTE/TbCTBA JECATKOB Te-
opeM.

BOJIBIHI/IHCTBO pa306paHHbIX 3a/a4 B34ATO U3 MEXaHUKH, HadWHad C rap-
MOHHUYECKOT'O OCHUJIJIATOPA U 3aKaHINBad BOJTIYKOM KOBaﬂeBCKOﬁ. HeCKOJIbKO
JIEKIHiT B Havase Kypca 6asupyercsa Ha HbIOTOHOBCKOIT MexXaHUKe, B OCTAIb-
HBIX OyJIeT JieJIaThCs KpeH B CTOPOHY ['aMUIbTOHOBA MOJAXOMA K MEXaHHIe-
CKUM cucTteMaM. Bo/blirass 9acTh JIEKIUi MOCBSIIEeHa KaueCTBEeHHOMY aHAJTH-
3y ypaBHEHUil, UCCAEJOBAHUIO PEIeHWi B TEPMUHAX IIUNTHIECKUX (DYHK-
LU 1 TeOpUU BO3MYIICHUN.

[IpuBeieHHBINH 371€Ch O BO3MOXKHOCTH aKKYpaTHBIH M HOJHBIH pa3bop
97IeMeHTapHBIX IPHEMEPOB, KOHETHO, MIPecaeyeT He TOJIHKO 0Opa30BaTeIbHbIe
e, X04eTcs MOMpolie MO3HAKOMUTD CIyInaTeseil ¢ CoBpeMeHHBIME IIPo0.ie-
MaM# TEeOPUHU KojieOaHuil, M3y4aBIIUMUCSA BO BTOPOIl MOJIOBUHE JIBAJIIIATOIO
croserusi. B X 4ncI0 BXOAST TECHO CBsI3aHHBIE MeKIy co0oit mpobJiema Ma-
JIBIX 3HAMeHaTesell, BOMPOChl BO3MYIIEHUs CelapaTpUCHBIX PelleHuil U Xao-
THIECKOTO TOBEJEHUs JUHAMUIECKUX CHCTeM ¢ Dojiee UeM OJHOIl CTelmeHbIo
¢BODOOIDL.

OueBuiHO, 9TO Teopus KOJEOAHUIT JIJIT CUCTEM C OJIHON CTEeIeHBIO CBO-
0016l BO MHOTOM — 3aKOHYEHHasT 00/1aCTh COBPEMEHHOII MaTeMaTuKu. 3a Io-
cJIeJIHee CTOJIETHE HAMUCAHO OOJIBINOE KOJIMYECTBO TPEKPACHBIX yIeOHUKOB
KaK C TOYKH 3PEHHS MOJTHOTHI M IIyOMHBI M3/T0XKEHHSA, TAK M C TOYKU 3pe-
HU¢ [I€JarOTHYeCKOr0 MacTepcTBa. dacTh W3 HUX HCIOIb30BaIaCh MPU MOJ-
T'OTOBKE 3TOI'O KypcCa. CCbLHKI/I Ha TaKHWe KHUTU NPUBOJATCA B KOHILE Ka)KILOfI
JIEKIIUN.

0. Kucejes
ok@ufanet.ru
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1 Jlumeiinpie cucremMspl 5)

1 JIuHeliHbIe cuCcTEeMBbI

3dect Mol UBYYUM YPABHEHUE 204PMOHUYECKO20 OCUUAAAMOPG € NPUMALUBHL-
rowett u ommanakusarouet curoti. Beodumesa nonamue gpaszosoti niockocmu
pasosvir kKpuswr u cenapampuc. llokasano 6o3nurHo6eHUE NPODAEMBL MaA-
ABLT 3HAMEHAMENET 8 PEWEHUU YPABHEHUA 2APMOHUYECKO20 OCUUANATIOPG C
6030yaHcdarouLets curof.

1.1 TapmoHWYeCKUit OCIUJLIIATOP

VccnenoBanme HeTUHEHHBIX KOJTeOAHUI HAUHEM C M3YUEHUS CBOWCTB JIMHEi -
HBIX YDAaBHEHWI € MepUOIMIECKIMHU pellleHusMu. B kKadecTBe mpuMepa pac-
CMOTPUM JIMHEHHBIA OCUMIIIATOP.

u" + w?u = 0. (1)

Koneuno, 11000t u3 cTy/IeHTOB, YCHENTHO CAABIIAX dK3aMeH 110 OObIKHOBEH-
HbIM b depeHnuaabHbIM ypaBHEHUIM, 3HAET 00Ilee pelieHue 3Toro ypas-
Hernst. OOBIIHO 9TO pallaHue HAXOAUTCS TPOCTOM MOACTAHOBKON u = cexp (k).
[Touck pemennii IuddepeHnuatbHbIX ypaBHEHHI ¢ IIOMOIIBIO ITOJICTAHOBKH
OJINH U3 HEMHOTHX paboTafomux crnocoboB. OgHAKO, €CTU pellleHre He BbIpa-
JKaeTcsl B BUJE dJIEMEHTAPHON (DYHKIMU BOCIOIb30BATHLCS TAKHM CIIOCOOOM,
KaK MPABUJIO HE y/IaeTCs.

1.1.1 CsBeneHme K ypaBHEHUIO IIEPBOTO MOPHAIKA

31ech HaIeil me/IbIo sIBJISIeTCsI He siBHAsST (DOPMYJIa, a MOAXO0/IbI K KA9eCTBEHHO-
My aHAJIU3Y JABUKEHWil, ONMpeeIseMblX 3TUM ypaBHeHueM. CyIiecTBYIOIIe
MOAXOAbl HE OYeHb YCIENTHO NMPUMEHSIOTCA K aHAJU3y pelleHuil ypaBHEHUi
BTOPOI'O MOPsi/IKa, OJHAKO YK pellleHus] YPaBHEHUI 1epBOro MOPsIJIKA TT03BO-
JISIIOT MCCJIEIOBATH € McYeplbIBatonieil mosnoToil. [losTomy ymobro oT ypas-
Hennst (1) mepeiiTy K ypaBHEHHIO ME€PBOTO TOpsiaka. st 5T0ro yMHOKHUM
ypaBHeHUe Ha u', MOy IIM:

u'u' + wuu’ = 0.

[TpouaTerpupyemM 06e JacTH TOTO YpaBHEHUS MO ¢ OT HEKOTOPOI'O 3HAYEHUS
to 1o t. B pesynbpTaTe moaydnM:

1
2

1
(u,)|§0 + §w2u2|§0 - 0
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Bysem cautarh, uTo nipu t = to u3BecTHBI Januble Komm s ypaBuenns (1):
W=ty = Wy, U'|j=t, = wi. [lepeHeceM U3BECTHBIE BEJUYUHBI B MPABYIO YaCTh:

(u')?  w?u? u? wud
Wy ww _p p=4 . 2
2 + 2 ’ 2 + 2 ( )

O6praHO TOBOPAT, UTO E — mOCTOgHHAs WHTerpupoBaHusd. B mexanuke sta
MOCTOSIHHAA HA3bIBaeTCA NoAHOU dHep2ueli CUCTeMBbl, IIepBoe cjlaraeMoe B Jie-
BOil YacTu (hOPMYJIbI — KHHETUYECKOsI HEPTHsi, a BTOPOE — MOTEHIHAIbHA
SHEPrus JUHEHHOro OCUUJLIATOPA.

Takum 00pazoM, OT TUHEHHOTO ypaBHEHNS BTOPOT'O TOPSIKA MBI TEPEILINn
K HeJIMHEHHOMY ypaBHEHUIO IIEPBOrO MOPIKa.

1.1.2 Amnanus skBuBajgeHTHOCTH ypaBHeHuii (1) u (2)

[Tpezk e, ueM uccienoBaTh CBoiicTBa pemennii ypasaenns (1), BOCIIOIb30BaB-
IMCh ypaBHeHWeM (2) HaJ0 BBIICHUTH COBIAJAIOT JIM MHOXKECTBA DerleHui
9TUX yPABHEHUIl N HAYUIUTHCS BBIIEISTH MOIMHOKECTBA PEIeHUil ypaBHEeHUs
(1) u3 ypaBuenust (2).

MuozkecTBa pemtenuii ypapueruii (1) u (2) He cOBHAJAIOT — MHOYKECTBO
perennii ypasuenust (2) mmpe:

Uy +Y2F
w

— He gBysiorcs permenusyu (1) ecn E # 0. D1u " nononauTebHbe" pernentst
(2) mogpmmich w3-3a ymuoxenns (1) ma u'. [eiicturensno, Ui, = 0 n B
pesy/TbTaTe yMHOKeHHuA ypapHenns (1) ma Uj , HOTyIHM TOXKICCTBO.

Criemytonmit BOIPOC — KakK OAHO3HAYHO BBIACINTH CPEIH PEIIeHHil ypas-
nennst (2) perrenust (1)? OrBer, Ka3aa0ch ObI sICeH, — HAJ0 K ypaBHEHUIO (2)
JOMHACATH HATAIBHOE YCIOBHUE: Uli—g = . DTOTO BPOJE JTOMZKHO OBITH J10CTA-
TOYHO, IOTOMY UTO U'|;—g = u; y?Ke HCIOIB30BAHO IPH MOIYIEHHN HOCTO-
auuoit . OKa3bIBaeTCs TOr0 HEJOCTATOYHO. PeleHue ypaBHEHHs MEPBOTO
nopsiika (2) OAHO3HAYHO ONPEAEIsAeTcs ABYMSI HAYAJLHBIMU YCIOBUSIME —
3HadenneM (bYHKIUH Uiy, ¥ 3HAKOM ee IPOU3BOJHON. DTO CTAHOBUTCS MO-
HATHBIM, €CJIH ypaBHeHHe (2) 3aIucaTh B BUJE, PA3PENIEHHOM OTHOCHTETHHO

IIPOU3BOTHOM:
u = +£V2E — w?u?.
V2E \/ZE]
w

Obaacth snavennit bynkuun u(t) — 0Tpesok [—*==, . Onnako, ypas-
Henne (2) Hepaspemmmo Ha 3TOM orpe3ke. Korga pemenue ypaBHeHus u' =

+v2E — w?u? gocruraer 3HAYCHHUA i—”f}E, TOTJa ero MOXKHO IIPOJOJIZKHTD
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OO0 MOCTOAHHON u = i—vf)E, b0 pyHKIHeH, yI0BIeTBOPAIONIE ypaBHe-

auio u' = Fv/2E — w?u?. To ecTh B TOUYKAX 1© = i@ pelleHe ypaBHEeHUsI
(2) Tepsier OIHO3HAMHOCTD.

Hac unTepecytor pemenusi ypaBHeHus: (2), sABJISIONIHECs OJHOBPEMEHHO
u penrenmsivi ypasuenns (1). 113 (1) mexro Bugers, aro u” = Fwv/2E npn
u= i—@. To ectb, dyHKIWMs %(t) B 9THX TOYKAX MPHHAMAET MAKCUMAIbBHOE
(MuHEMaIBbHOE) 3HAaYeHue. [Ipu 5TOM ee nmpousBojHasi Mensier 3HaK. Cremno-

BaTe/IbHO, pemenns ypasHenns (1) mocae £Y2E 1o1KHB IPog0KATBCS ypas-
HenneM u' = Fv/2E — w?u?.
V2E
Ipouseodnas pewenus ypasnenus (1) npu npoxoscdenuu wepes =
HAEM, 3HAK HG NPOMUGONOAOHCHBT. ECII TONBb30BATHCA TUM JOIOJTHATE h-
HBIM DEIENTOM, TOTJIa pellleHne ypaBHeHust (2) 0JHO3HATHO.

ME-

1.1.3 ®Pa30BbIil TIOPTPET

Yacro anaans JIBUZKEHU, ONpe/e/IsieMbIX TeM WJIM UHBIM ypaBHEHUEM, PO-
BOJISIT, OCHOBBIBAsICh Ha (popMe KpHUBOH I MOTEHIUAIbLHON Hepruu (no-
menyuanra). B caydae ypaBHeHHsT TApMOHIYECKOTO OCIUILISITOPA TIOTEHIIAAIT
— KBaJ[paTuvHas napabdosa, 1 MaTepruaabHas TOIKA KOIeOIeTCst Ha STO KpH-
BOIA. MaKCHMaJIbHOG U MUHHUMaJIbHOE 3HaYCHNE KOOPpAUWHAT TOYKH OIIpeae/id-
I0TCSI TOJIHOM 3HepFI/IeI71 U JOCTUTAIOTCA, KOTJa KUHETUYICCKasd dHEPrud paBHaA
nymo (uy = Y2E).

Dopmysia (2) cBsi3bIBaeT CKOPOCTh u' M KOODAMHATY JHHEHHOTO OCIHJI-
agropa u. B cucreme koopamHar (u,u') 9Ty 3aBHCHMOCTH HETPYIHO H300-
pasuTh rpadudecKud B BHJE KOHIEHTPUIECKUX LIHNCoB. [L1ockocTs (u, u')
HA3BIBAETCA (ha30601 naockocmyvlo, a TpadUK, OMpeIeTIeMblil ypaBHEHTEM
(2), — Pasosvim nopmpemom ypasuernns: (1). PasHbiM 3HAYEHUSIM TTOCTOSTH-
HO#T F/ COOTBETCTBYIOT pa3Hble J/LIMICHI, a 3Hadennio £ = 0 coorsercTByeT
TOYKA HadaJa KOOPJAMHAT — TOJIOYKeHWe paBHOBecusi. Perrenusi ypaBHeHUSs
(1), cOOTBETCTBYIOIIHE S/UIUIICAM, — HEPHOUIECKUE [0 BPEMEHH DEIIeHus ¢
OJHOH cTeneHbio ¢BOOOAbI. OIHOM, MTOTOMY YTO MapaMeTpbl TAPMOHHYECKO-
ro OCHUJIISITOPA — KOOPJUHATA U CKOPOCTh — CBSA3AHBI COOTHONIeHHEM (2) u
HE3aBUCUMO U3MEHATHCA MOZKET TOJIbKO OJWH M3 HUX.

Ecnu B Haga/ibHBI MOMEHT TOYKA JIeyKaJjia Ha OJHOM U3 JLJIUIICOB, TO Jia-
Jiee Ipu U3MEHeHN! BpeMeHH OHa OY/IeT mepeMeIaThes 1Mo dromy sauncy. Ho
B Kakyto ctopony? Ilokakem, kak Ha (pa30BOM MOpTpeTe CUCTEMbI BHIOPATDH
HalpaBjeHne aBuzkeHns. [1ycTh B HAYAJbHBIE MOMEHT CKOPOCTH TOYKHU OBLIA
paBHA HYJIIO, a KOODJMHATA PaBHA —@. B crenyromuit MOMEHT KOOpIHHATA
YBEJIMYUTCS, CKOPOCTH CTAHET TOOKHUTENIbHOIT. DTO COOTBETCTBYET HAIPAB-
JIEHHUIO JIBUZKEHUS 0 (DA30BBIM KPHBBIM MO YACOBOI CTpETIKe.
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Puc. 1: ®azoBbiit moprper rapMonndeckoro ociuuisitopa (w = 0.5).

1.1.4 Pemrenne ypaBaenus (2)

Boraucnnm mepuos ocnmnganuit. /[7s 3TOr0 paccMOTpuM ypaBHEHHE MTEPBOTO

MOPsiIKA:
u = +V2E — w2ul. (3)
OTO ypaBHEHHE C Pa3Ie/ISTIONIMUCS TePEeMEHHbIME:

dt = v (4)

+v2F — w?u?
3a Imepuo TO4YKa O6e)KI/IT BEChb SJIJIUIIC U BEPpHETCAd B HCXOJHOE IIOJOXKEHHeEe.
HyCTb ONdTh B HAUYAJIbHBIA MOMEHT CKOPOCTb TOYKH paBHAJIaCb HYJIO, a KO-
OpJIMHATA PaBHJIACH —@. Torma cHauaaa TouKa MpoOEKUT IO BepXHei 1mo-
JIOBHHE JUTATICA, & 3aTeM — 110 HuzKHeil. [Tosromy B (4) cHawaia HA0 BHIOPATH

3HAaK -+, KOOPJWHATA TPU 3TOM H3MEHSAeTCS OT U_ = ——VZE J10 Uy = %E, a
_ V2E _ _\2E
3aTeM MUHYC, KOODJMHATA MEHAETCA OT Uy = == 1o u_ = —¥==. B pe3y.ib-

TaTe JIs Mepuoja KouebaHuil moayduaM hopMyy:

U du (= du
Ty N TR T,
u 2FE — w?u? uy V2FE — w?u?
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91y bOPMYITYy JErKo YOPOCTHTH, BOCIOTH30BABIIUCH CBONCTBOM YeTHOCTH
HNOJLIHTErPAJIBHON (DYHKITUN:

Ut du
T:2/u_ V2F — w2u? (5)

Ha nepBbiit B3rv1s11 3Ha9eHne nHTErpasia 3asucut ot sueprun . Oprako, pis
perieHuii ypaBHeHUusl TaApMOHUYECKOr0 OCHULIATOPa 3TO He Tak. B dopmy.ie
(5) MOXKHO U36ABUTHCSI OT MOCTOSTHHON E ¢ TOMOIIBIO TOAXO/IAIIEIT 3aMeHbI
mepeMeHHON MHTerpupOBaHUS:

wu

V= —, v =FL.
5h + =+

Torna dopmyna ara nepuosa KoaedaHnh rapMOHUYIECKOTO OCIUIIATOPA:

T_ 2 /1 dv 2w
CwlaVI—r W
B s7oit dopmysie Her 3aBucumoctu ot F.

PeriM, B KOHIIE KOHIIOB, YpaBHEHUE MepBoro nopsaka (3). @opmyna s
perenns ypaBHenus (1) mosydaercs, ecau NPOMHTErPUPOBATH YDABHEHUE

(4):
T = y———
to uo \/ 2E — w2y2

Crnenaem 3ameny y = s TODA:

1 rAa5 dv
(t - t()) —_ — wug \/ﬁ
V2E — v

w
BosbpMem cTtangapTHBIM HHTErpaj, B pe3yabTarTe:

WU Wlg

\/ﬁ) - arccos(\/ﬁ

wu ) 6 ( B
, = arccos
V2E 0

[Tocyie obparenust 31oit (GOPMYJIbI MOTY TUM:

).

(t + to)w = arccos(

NnJIn

wt + ¢g = arccos( ) — wiy.

3

u = Acos(wt+ ¢p). (6)

Bnecr A = @ — amnaumyda Kosebarul, w — 4acmoma KorebaHul, a Mmo-
CTOAHHAA (g — cdsuz hasdv. koaebanud. [lepmogom KosebaHWilt HA3BIBAETCS
Beananna T = 27”, oHa coBnajaer ¢ ¢popmysoit (5), eciiu BHIYHCIUTD TabJIHY-
HBIIl ONpe/IeIeHHBIN HHTErPaJI.
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1.2 T'apmMoHmMYeckuii OCHUJIJIATOP C OTTAJIKUBAaIOMIei Cu-
JIon

PaccmoTrpuMm rapMoHHYECKHil OCIUIILTOP ¢ OTTAJKHABAIOIIEH CHIO:
" 2.
u' —wu = 0. (7)

J11s1 9TOTO YpaBHEHUS TPOBEIeM KadeCTBEeHHBIN aHAIN3, MO00HBII TOMY, UYTO
OBLIT clIe/1aH B IPEIBIAYIIEM IIYHKTe. BhIipazkeHue /1 MOIHO SHEPTUH NMeeT

BHI:
(u/)Z wiu?

2 2

31ech MoTeHOHMAT — KBaJpaTwudHas mapadosia ¢ BETBIMH, HAIPaBIEHHBIMA
BHu3. Makcuma/ibHOe 1 MUHUMAJIbHOE 3HAYEHUs] KOOPJAMHAT TaK Ke, KaK W
B IIPEJIBIIYIEM MYHKTE OHNPEIeIsIioTcd 3HadYeHueM IoJHoil sneprun. OaHa-
KO, ec/Tu 3HadeHWe TOJHOW 3Heprum £ > 0, Torjga KWHeTHYIecKas SHEPTHS
HUKOTJIa He oOpallaeTcs B HYJb, I MaTepHaJIbHas TOYKA, MEPEBAJHUB Uepe3

— E. (8)

MaKCHMaJIbHOE 3HaYeHue MOTeHIra/Ia, Oy1eT IpoJo/KaTh IBUKEHNE B 100
o Jipyroit BerBu mapadosibl. Eciim F < 0, Torma ToYKa HE CMOXKET JIOCTHI-
HYTbh BEPIIHHBI TAPA0O/IbI U CKATUTCSI OOPATHO 110 TOil YKe BEeTBH, TI0 KOTOPOii
npukaTuaack. Ecmm F = 0, To B 3aBUCHMOCTH OT HAYAJIbHOIO YCJIOBUS TOUKA
60 GECKOHEYHO JIONT0 Oy/IeT CTPEMHUThCA K BepIInHe mapadosbl, b0 Oy-
JIeT HAXOJUTHCSI B COCTOSIHUU HEYCTOWYHMBOIO PABHOBECHs] HA BEPIIWHE, JTHOO
Oy/leT CKaThIBATHCs 1O OJHOI M3 BeTBeil K +00.

Kpussie na dasopoii miockocru (u,u') npu E # 0 — runep6ossi. Ocob-
HIKOM CTOMT 3HadeHume F = 0, B 3roM ciaydae Ha (Ha30BO# IJIOCKOCTH MbI
noayauM [TATH (!) dha3oBbix KPUBBIX (HATIOMHHUM, 9TO JIJIsl TADMOHHYECKOTO
OCIIUJIIISATOPA € npuTdruBaonieil cusoit npu £ = 0 6bL1a unib ogHa dazoBast
KpuBast — To4Ka). [losicHum, 910 910 3a 0cobbIe Kpusbie. [Ipex e Beero, 310
Tovka paBHOBecust (Heycroitumporo) u = 0, v’ = 0. [asee, ypaBaenue

(W)?  w?

ASalVA e
2 2

nMeeT IBa pelleHHd B BUIE IMepeCEKaIOIIUXCA IMPAMBIX:

W =wu, n u=-—wu.
Ho dasosbie kpusbie ypasaenust (7) npu E = 0 — 310 deThIpe Jiyda, JiezKalme
Ha 9TUX MPAMBIX U BbIXOAJAIINUE U3 HadaJla KOOPJAUHAT, IpUYEeM Ha4daJi0 KOOP-
AUHAT — BBIPO2KACHHAA (1)&30]3&5{ KpuBasd — TOYKa — HE INPUHAIJIEKUT ITUM
qeTbIpeM 0cOObIM (ha30BbIM KpUBbIM. CTPeKN Ha KPUBBIX JIEI'KO PACCTABUTD,
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b
N

Puc. 2: ®a30Bblii mopTpeT ocuuLIATOpa ¢ oTTagKuBaIei cuioil (w = 0.5).

MOTB3YSICh PACCMOTPEHUSAMU, TPOBEIEHHBIMI B TPEBIIYIIEeM TyHKTe. YeTwI-
pe 0coOBIX (ha30BBIX KPHUBBIX, JIeZKAIllFe Ha JIydaxX, OTIAE/ISIOT BO3BpAaTHBIE
JBUZKEHUS TOYKW, MMeIONIne MaKCUMaJbHOE UJIM MIHAMAJIbHOE 3HaUeHNEe KO-
OpJAMHATHI, OT JABUKEHNI HEOT'PAHUUEHHBIX. KpuBbie, OTHAESIONINe OJUH BUL
JBUZKEHUI OT JIPYTrOro, HA3bIBAIOTCA CENapampucamis.
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1.3 Brummyxaenable kojiebanusa. Pesonanc. MaJjbie 3Ha-
MeHaTeINn

VpaBHeHHe BBIHYKIEHHBIX KOJTEOAHUN rapMOHHYECKOTO OCIUILIATODA:
" 2
u" +wu = f(t). 9)

DTO ypaBHEHHUE OIPee/IsieT HEKOHCEPBATUBHYIO CHCTEMY. DHEePTusi B TAKOi
cucteme He coxpansgercd. [losTomy anaams, mogo0HBII TPOBETEHHOMY BBIIIIE,
37ech ciesaTh He yaaercd. OIHaKo, MeTOI TOCTPOeHus O0IIero perreHus Xo-
polIio u3BectTeH u3 Kypca jauddepennuanbabix ypapuenuii. byjgem cunrars,
aro dyuknus f(t) npejcraBuMa B BHIE CYMMBI Psijia:

£ = 3 (6n0sOut) + Y sinOint) ).

An

TOI",ZL& YaCTHOE penieHue ypaBHEHUA MOXKHO IIPpEJACTaBUTL B BHE:

Pn Vn .
u(t) = un(t) + A%;w (m cos(nt) + = s1n()\nt)>, (10)
rie
wn(t) = t< - % cos(wt) + f—; sin(wt)),

eCJIu CyIIECTBYeT A\ = w 1 ug = 0, ecin HeT 3HAYEHUsT A\, COBIAJAIONIETO C
w. Cmaraemoe up OOBLIYHO HA3BIBACTCS PE3OHAHCHBLM.

OcHOBHasI TPYJHOCTH B TIPEJICTABIEHUN PelleHns ypaBHeHus (9) B Buje
CYMMBI KPOETCS B TOM, UYTO Pl MOKET OKA3aThCSA PACXOASIIUMCS M3-3a Ha-
JIMYMS MAJIBIX 3HAMeHaTes el w? — A2, DTo XOpoIIo N3BECTHOE ABJIEHUE MAAYIT
3namenameneti B reopun Kojaedanuii./lerko nocrpouts npumep Takoi (pyHk-
upu. IlycTh mocnenoBaTelbHOCTb Ay, TaKasd, 4TO OpH 1 — 00 A2 — w? = n=3,
a KO3 PUIHEHTHI ¢, MPU N — OO TAKOBBI, UTO lim, . ﬁ—g = 1. Koneuno,
perenne ypasHenus (9) CymecTByer, OJHAKO, €r0 MOBEJICHUE TMPH OOIBIIIX
3HQYEHNIX BPEMEHU OTJIMYAeTCsd W OT JIMTHEHHOrO PocTa, KOTOPBIil MPOsBJIs-
€TCd IIPpU HaAJUYUU PE3OHAHCHBIX YJIEHOB B HpaBOﬁ YaCTH, 1 OT OI'PaHUYICH-
HBIX DEIeHuii, oIy YarouXCsl, eCIu Bce 3HaMeHaTe i B peacrasiennn (10)
OTJIEJIEHBI OT HyJIs WX UX CKOPOCTH YOLIBAHUS MEHBIIE, YeM CKOPOCTb YObI-
Bauust Koy duimentos pasnoxkenus: Gyukunu f(t).

Bajiaua 1. UcciegoBars perienne ypaBHeHNUs:

> 1 1
u'4+u="> —cos <(1—$)t>.

2
n=1 n

YKazaTh acCUMIITOTUKY aMIJINTY/Ibl PEIIeHUs 10 BPEeMEHHU.
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1.4 Jlurepatypa

B pazzen simreparypsl K 9TOM JIEKIUU MOYKHO BKJIIOYUTH JIFOOOH YIeOHUK IO
O0OBIKHOBEHHBIM JnbhepeHtuaabubiM ypaBHeHusIM. OrpaHuanMcst JTBYMs.
1. TTorrpsirun JI.C. O0bikHOBeHHBIE MU DepeHInAIbHBIE YPABHEHUS.
2. ®enopiok M.B. O6pikHOBeHHBIE AudhepeHnuaabHbie YpaBHEHH.



2 Vpasuenne llltypma-/Inysusist ¢ nepuogunieckum Kodgummenrom 14

2 Ypauenue llltypma-JluyBujjsa c nepuoju-
qecknM Ko3(dduimmeHTom

B amoti aexuyuu usyswaromes ceoticmsa pewenuds ypasuenua Imypma-JIuysunis
¢ nepuoduveckum Koappuyuernmom. Ilokazarno upezsuualinoe saxrcroe O0af
DaNHETUE20 USAONACERUA ABACHUE NAPAMEMPUECKO20 pe3oHanca. B raue-
cmee NPUMepPa BuluUCAeHb. OGHHbLE MOHOOPOMUL OAA CMYNEHUAIMO020 NEPUO-
duueckoz0 Koapduyuerma.

2.1 CsoiicTBa ypaBHEHHII C mepuogndecKuMm Ko3addu-
IEeHTaMU

31ech MBI OyJeM U3ydaTh YpaBHEHHE BTOPOrO MOpsKa ¢ KoddduimenTom,
3aBHUCSIINM OT BPEMEHH:

u" + (W +q(t))u=0. (11)

910 ypaBHeHHe OOLIYHO HasbiBaeTca ypapHenueM LllTypma-/InyBmansa miam
oanomepHbiM ypasHenuem IlIpeaunrepa. OHO HrpaeT BasKHYIO POJb B Ma-
TeMaTH4YecKoil (PU3UKe OT TEOPUH PACCedHHd YaCTHIL JI0 BOIPOCOB TEOPUU
UHTEIPUPOBAHHSA HEJIMHEHHBIX YPABHEHMI B YACTHBIX MPOU3BOHBIX.

B sroit meknun Mbl Gygem u3yvarh ypasaenne (11) ¢ mepmogmdeckoit
dbyukmueii ¢(t). O6o3naunm nepuos dyukiuu ¢(t) yepes 27'. [Tycrsb ¢(t, ty, w)
u ¢(t,ty,w) — JTMHEHHO HE3ABUCHMBIC PEIIeHHsl STOTO YPABHEHU, OMPe/Iesi-
IONIMeCsT HAYAJIbHBIMU YCJIOBHAMU (37€Ch 4epTa O3HAYAeT KOMILJIEKCHOE CO-

IIPSIZKEHIE ):
d(to, to,w)  p(to, to, w) _ (1 1
¢,(t0,t0,W) ¢I(t0,t0,W) w —iw '
OYHKINA ¢ U ¢ OIpeie 0T cToIber byHIaMeHTaIbHOTo pemenns ®(t, ty, w).

[TosTomy B TOuKe t+ 271 dyHIaMEHTAIbHOE PEIIeHne MOXKHO BHIPA3UTD Uepes
dyHIaMeHTaIbHOE pPelieHne B TOYKe t:

(I)(t+2T7 toaw) = (I)(t7 toaw)j—’(tmw)' (12)

rea-(3 )

Ha3bIBaeTCs mampuuet monodpomuu. Huxe nmonanodburcs dpopmysia, CBI3bI-
BalOIIast JIEMEHTbl 3TOW MaTpuiibl. BpoHCKMAaH JIBYX pelieHuil ypaBHeHUs

Matrpuna

QoI



2 Vpasuenne Illtypma-/luysusjis ¢ nepuojgndeckuM Koagpgumuenrom 15

(11) mocrostren. TTosroMy BpOHCKHAH (DYHIAMEHTANBHOI CHCTEMBI PeleHuit
P:

W(®) = o¢ — pd = —2iw.
[Tocne BuIUMCIeHNST BPOHCKHAHOB MpPaBoil U JieBoil dacTeit B (popMmysie cBA3U

(12) moyunm:
jaf” — [p]* = 1.

2.2 @®ywskuma baoxa m mapamMeTpuYiecKuii pe30HaHC

Paccmorpum Bompoc o cBoiicrBax pemtennii ypashenusi (11). C oxHoii cro-
POHBI TIOHATHO, YTO MEPHOJ M3MeHeHus Kodhdunuenta — 27 CyIecTBEHHO
BJINSIET HA PEIIeHNe, U BOSHUKAET KeJTaHue HANTH XOTh OHO MepUOIIIECKOe
pemenne ¢ mepuoaoM KparabiM 27", C 1pyroil CTOPOHBI, eCIH CIUTATH (DYHK-
o ¢(t) Masoif o BeJMdHe, TOTIA BBISICHIETCS, 9TO eCIH U eCTh MePHO/IH-
YeCKOe pelleHne, TO ero Mepuojl, Kak B CIydae rapMOHUYECKOTO OCIUJLISITOPA,
JOJIZKeH OBITH OJIN30K K 27 /w.

3/1ecb MBI OCTPOMM CliennajbHoe pemnterue ypasaerus (11). OHo ompe-
JIEJISIETCST COOTHOIIEHUEM:

’l/)(to,to,w) = 1, w(t + 2T, to,(ﬂ) = )\T/J(t,tU,W). (13)

Permrenne 1o OyneM mcKaTh Kak JUHEHHYIO KOMOMHAIUMIO peleHuii u3 QyH-
JTAMEHTAJIbHO CUCTeMbI, BBEJIEHHON B MPEIBIIyIIeM ITyHKTE:

v =Co+ Do.
Coornomenne (13) B Touke ty + 27" gaer:
Cla¢ + bp) + D(bp + ap) = AN(Cp + Dg).

[IpupaBusem Ko3ddUIEEHTH NpH JTHHEITHO He3aBUCUMBIX (byHKIngx. B pe-
3yJIbTaTe MOJYYUM CUCTEMY yPaBHEHWUIl:

(a —\)C +bD =0,
bC' + (@ — \)D = 0.
s cyniecTBOBaHUsI HEHYJIEBOTO PeIleHUs TOI CUCTeMbl ypaBHEHUH He0D-

XOAMMO, 9TOOBI ee OIPeJIe/IUTE/Ib PABHSJICS HYJI0. DTO YCIOBHE MPUBOIUT K
YPaBHEHHUIO JIJIsl TIOCTOSTHHOM A:

(@ =A)@—=2A) = p]* =0,

nJjin
N = (a+a)\+la)* — o> =0,
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Puc. 3: @yukuusa q(t), (I'=1, e =1).

nJjin
A —2ap\+1=0,

IJle ar — BENIECTBEHHAs YacTh MOCTOAHHONH . DTO ypaBHEHHE HMeeT JIBa
peIeHns.

)\12:CLR:|: a%—l.

BerecTBenHble pelieHusi STOro0 ypapHeHusl cyiecTByor npu |ag| > 1. Tlpu-
geM, ecim ap = +1, Torma A = +1 u pynknusa Bioxa nepuogmyeckast uim
aHTHnepuoanveckas. Ecau |ag| > 1, Torma oxHo u3 3Hadenwmii |A| > 1 u
dbyukmus Biioxa He orpannyuena Ha ocu t. 3HaYeHUsIM |ap| < 1 cOOTBeTCTBY-
10T KOMILJIeKCHbIe 3Hadenus A. J[jist Toro, 4Tobbl BBISICHUTH, KaK BeJeT cedst
npu srom dyskims Bioxa, seramcanm |A|. Unema Ay m Ay — KOMIIEKCHO
conpsizkennbie. [To Teopeme Buera nmpoussejienne KopHeii:

AAg = 1.

Dto o3nauaer, 9T0 |A1| = [A\g| = 1. Caenosarennno, dyuknus Bioxa B sTOM
cIydae OrpaHHYeHa.

Takum 06pa3oM, TOKA3aHO, eClIu |ak| > 1, TOrga cyliecTByeT pacryiiee
pemienune ypasuenusi [Itypma-/Iuysuiis. fBiaenune Bo3pacranusi perreHust
YPABHEHUS C MEePUOANICCKE MEHAOMNMCA KOI(MMUIMEHTOM B MEXaHUKe Ha-
3BIBAETCS NAPAMEMPUUECKUM PEZOHAHCOM.

2.3 Ilpumep

B kauectse npumepa ypasuenus [IItypma-/InyBusiis, /st KOTOPOro MOXKHO
B IBHOM BHJIE OCTPOUTDH (DyHIAMEHTAJIBHYIO CHCTEMY Pentenuii n GpyHKIuIo
Bioxa pacemorpum ypasuenue (11) ¢ mepuoguueckoit dpyuknueit ¢(t) Bumga
(em. puc.1):

q(t) =0, mpu0<t<T; q(t)=—e upnT <t <2T.
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[TocTpomM GyHIAMEHTATBHYIO CHCTeMY pemenuii (¢, ¢) TaKyio, 4To:
d(to, to,w) =1,  ¢'(to, to, w) = iw.

s MeHbIeit TPOMO3/IKOCTH B BBIYUC/IEHUSX MbI OyeM cauTaTh, 9To o = ()
U OIIYCTUM 3aBUCUMOCTDH ¢ OT tg. Torya npu 0 < ¢ < T nostyunm:

B(t,w) = exp(iwt),
npu 1T < t < 2T jpyig mocTpoeHusl ¢ HEOOXOTUMO PemuTh 3aga4dy Korru:
Pli=r = exp(iwT), ¢'li=r = iw exp(iwT).
Pemenne 37oit 3a1a9n 1719 ypaBHEHUS
U+ (W —e)u=0

UMeeT B/

o(t,w) = Aexp(ivw? —e(t —T)) + Bexp(—ivw? —£(t — T)).
[Toctrostaubie A u B onpegensitorcst (hopMyIaMu:

exp(iwT) = A+ B, iwexp(iwT) = iAvVw? — & — iBVw? — ¢,

nimn

1 1
=3 exp(iwT) (1 + B = 5 exp(iwT) (1 - L)

w?—¢

w

2 )
Vvw? —¢
Onpeesrerre MaTpPUIbl MOHOAPOMUK MPHBOAUT K CHCTEME yPaBHEHU JIJIst
bYHKIUR @, b — 371eMeHTOB 3TO MaTPHIILL:

B(2T, w) = ad(0,w) + b3(0, )
#'(2T,w) = ad!(0,w) — b/ (0,w),
nJIn

Aexp(iTvVw? —¢) + Bexp(—iTVw? —¢) =a+0b,
iAVw? —eexp(iTVw? — ) — iBVw? — e exp(—iTVw? — €) = jaw — ibw.

[Toce TPOCTBIX MPEOGPA3OBAHMI TTOTY THM:
1 Jo? —
a=3 [A exp(iTVw? —e)(1 + wis) +
w
/2 —
Bexp(—iTVa? —2)(1 M)],

w

b= %[A exp(iTVw? — )(1 — @) +
Bexp(—iTvVw? —¢)(1+ @)}

W
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[ToncraBus B hopmyty s KoadduuenTa a BeIpazkenusa 1aa A u B, momy-
THM:

_ exp(iT(w —Zm)) (1 N wc;_ 5) (1 N wi}— 6) B
_exp(iT'(w —4\/w?7—5)) (1 B w;u_ 6) (1 B wi}— 6>.

ITocne VYMHO2KEHHUA U IPUBEACHUA HOﬂO6HbIX C/Iara€MbIX IIOJIYIHUM:

a = exp(iwT) (COS(TW) 2wm

— isin(TVw? —¢ ))

Broiparkenne st BelecTBEHHOW YaCTH:

2

R(a) = cos(Tw) cos(TVw? —¢) — Qw\/% sin(wT) sin(TVw? — ).

Baﬂaqa 2. Tlokasarb 30HbI HEyCTOMYMBOCTU 110 OTHOIIEHUIO K HapaMeT-
pUYECKOMY BO3MYIIEHUIO Ha I'papuKe COOTHONICHUS MEXKJIy YacTOTONH w u
nmapaMeTpoM €.

2.4 Jlureparypa

Bormpoc o cBoiicTBax JIMHEWHBIX ypaBHEHU ¢ nepuogudecKkumu Koddduim-
eHTaM¥u OOBIYHO u3J1araercsd B Kypce JuddepeHuaj bubiX ypaBHEeHUI:

1. IMouTpsarun JI.C. O6sikHOBeHHBIE M DepeHnnaIbHble YPAaBHEHNA.

2. ®enopiok M.B. O6pikHOBeHHBIE qudhepeHnnaabHbie YpaBHEHH.

Nziioxkenne B mepBbIX JABYX IIYHKTaX 3TOTO pas3jiesia MOYTH JOCIAOBHO IO~
BTOPSIET

3. Abnosurm, M., Ceryp X.. ComuToHbl 1 MeTOJ 00paTHOI 3aJa4M.

[Ipumep 6/IM30K K IpuUMepy pa3o0pPaHHOMY B KHHTE

4. Apuonsa B.J.. Maremarnueckue MeTOIbI KIACCHIECKON MEXAHUKH.
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3 MaremarndyecKnii MagTHUK

3decv nodpobro uccaedyemces 08UHCEHUE MAMEMAMUYECKO20 MAAMHUKG. Bol-
NUCHLBAEMCA PEULEHUE 8 IANUNMUYECKUT PynKkyusz. Paccmampusaemes deu-
AHCEHUE MAAMHUKAG 6OAU3U NONOAHCEHUA YCMOTUUBO20 PABHOBECUSA U HA CENa-
pampuce.

3.1 BwiBog ypaBHEeHUA MaTeMaTU4Ie€CKOTO MAaSTHUKA

PaccmoTpum MaTepuaibHYI0 TOYKY MACCBHI 1M, TOJBENIEHHYI0 K HEKOTOPOit
TOYKEe Ha HEBECOMOM cTepzKHe JTHHBI [. [IycTh cTepKeHb OTKJIOHEH Ha YToJ
¢ OT BepTUKAJBLHOTO mosoKenus. Hamuimem ypauenust HbroTroHa mist 910t
MexaHu4Ieckoit cucrembl. /11 9TOr0 cpoekTupyem Bce CHUJIbI, JIeHCTBYIONINE
Ha MaTepHaJbHYIO TOYKY, Ha HallpaBJIeHHe, NMePIeHINKYJISIPHOe CTEePrKHIO.
Cwrta HATSZKEHUsI CAMOTO CTEPZXKHS JIaeT HOJIb, OCTAETCS CHUJIa WHEPIUH — ee
npoexius pasHa ml@” u cuna Tskectn — paBHast mgsin(¢). B pesyabrare
nosiyauM auddepeHnuaabHoe ypaBHEeHTE:

¢" + w?sin(¢) = 0,

e w? = g/l.

B 9TOM ypaBHEHHH MOYKHO H30aBUTLCS 0T KOI(DMUIIEHTa, w? ¢ TOMOIIHIO
3aMeHbl He3aBUCHUMON mepeMeHHO ¢ — t/w. PopMaabHO MpH 3TOM HEe0OX0-
JIMMO HOBYIO IEPEMEHHYIO Ha3bIBATH JIPYToil OYKBOIi, OJHAKO, 3/1eCh ee Oy/ieM
0003HaYATh TaKzKe depe3 t. Takum oOpa3zoM, MbI OyJIeM HCCIeI0BATh ypaB-
HEHUE MAMEMAMUYECKO20 MAATHUKA B BUAJIE:

¢" + sin(¢) = 0. (14)

3.2 ®a3oBble TPAEKTOPUN

Jlerko HailTi GECKOHEYHO MHOTO PEIeHUil ITOTO YpaBHeHUS: ¢ = 2wk u ¢ =
m(2k + 1), tne k € 7. Koneuno, ecau o6paTuTbCs OT ypaBHEHHs] OOPATHO
K MasSITHUKY, TO OKAaKeTCs, UYTO BCE STU PENIeHUus] COOTBETCBYIOT BCETO JIBYM
ero IMoJIOKeHUsIM paBHOBecHs: ¢ = () — HUKHSASA TOYKA PABHOBECUS U ¢ = T
— BEPXHAd TOYKa paBHOBECHUD.

Kpome paBHOBECHBIX UMEIOTCSI €Ie U MEePUOAMIECKIe, U BPAIIAIOIINECs
TPAETOPHUH JIBUKEHUs MAasgTHUKA. /{11 uX mccieoBanus mocTpouM (Hha3oBbiit
HOPTPeT ypaBHEHHA. JTO MOKHO CIeNaTh, OJAroJaps TOMY, YTO YpaBHEHUE
(31) — aBroHOMHOE.
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Puc. 4: ®azoBblit nopTpeT ypaBHEHHS MAaTEeMAaTUIECKOTO MAsSTHUKA.

VYMHOKIM ypaBHEHHE Ha ¢ U IPOUHTErPUPYEM II0 ¢, B pe3yJIbTaTe IIOJIY-

I{I/IMll

1

S(6)? = cos(@) = E. (15)

Baech F— moCTOSHHAS UHTErPUPOBAHUA, a ¢ (DU3MUECKOIl TOUKH 3PEHHd —
OJTHAST SHEPTUS MATeMATHIECKOro MasiTHUKA, u dhopmyia (15) ectb mpocTo
3aKOH COXpPAHEHHUS SHEPIHU JIJIsI MATEMAaTHIECKOTO MAasSTHHKA.

Dopmyaia (15) mo3Bossier MCCIe0BaTh MOBEJIEHNE DEIeHNUsT YPaBHEHNUsT
(31) B daszosom npocrpancrse (¢, ¢'). 3mech HaJO 3aMeTHTh, 9TO Ha3oBoe
IPOCTPAHCTBO JIMHAMHYECKOH CHCTEMBI, COOTBETCTBYIONIEH MaTeMATHIECKO-
MY MagTHHKY, — IIOBEPXHOCTH KPYTOBOTO NUIHHAPA. Beab KOOpauHATa ¢ MO-
JKeT U3MeHAThCA ToabKo oT 0 1o 27. OxHako, Ml "3a0yaem''mpo MexaHmde-
CKYIO HHTepIpeTanuio ypasuenus (31) u 6yaem paccMarpuBaTh BCio (ha30ByI0O
IUIOCKOCTh, & He TOJIbKO nosocy ¢ € [0, 27|, ckiaeenHyto no npsimbivM ¢ = 0 u
¢ = 2.

PaszubiM (ba30BbIM TpaeKTOpUsM ypaBHeHus (31) COOTBETCTBYIOT pasHble
3HaYeHUd MOCTOAHHOI F. BhigcHuM, Kakue 3HAYEHHsS MOYKET IIPUHUMATD I10-
crosiiiasi F. Bo-mepBbIx, ecim Mbl HCCIEyeM TOJbKO BElIeCTBEeHHBbIE pelre-
uust ypasaenus (31), rorma 2E + 2 cos(¢) > 0, To ecrb E > —1. 3navenne
E = —1 coorBercTByer cramuoHapHubiM perenusm ¢ = 27k, k € Z. Bo-
BTOpLIX, Ipu F > 1 ckopocTh — ¢’ HUKOrIa He obpalaercs B Hylb. To ecTb,

131ech mepexon or (31) k (15) caeman dbopmambro. O6Cy K aeHre SKBUBATCHTHOCTH
yPaBHEHUS BTOPOTO TOPSIIKA, U, MOJLY 9€HHOTO 1MOcjIe (hOPMATHLHOTO MHTETPUPOBAHUS, YPAB-
HEHUsl MePBOro Mnopsjaka cM. B m.1.1.2.
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E > 1 coorBercByer BpamatomumMmcsa pemtennsam. Ecim E > —1n E < 1,
Toriaa ypasaerue (15) omnpeesser ceMeiicTBO 3aMKHYTHIX KpuBbIX. Kpaiinue
3HaYeHus ¢ gocTuralorcs npn ¢ = 0 u paBHB O = j:% arccos(—F) + 27k.
MaxkcumaJsibHbIe 3HAYEHUsI CKOPOCTeH JIOCTUTAIOTCS B TOYKAX ¢ = 27wk u paB-
ubl +v/2F. Buauennto £ = 1 cOOTBETCTBYIOT Ba THIIA TPAGKTOPHUI, 3TO TOU-
Ku paBHOBecus ¢ = m(2k + 1) u cemaparpuchl, OTIESIONE KoaebaTe bHbIe
OT BpAIIATEJbHBIX periennii ypasuerust (31).

3.3 4Bnas dbopmysia ajist pelieHnus 1 Nepuo KojiebaHmin

dBHas dopmyaa i peleHns Jerko Moaydaercs U3 ypaBHEHUS ¢ pa3Jiesis-
formumucs Kodddurmentamu (15):

Lt /¢ s
0— )
- /2E + 2cos(s)

371eCh t() —IIPOM3BOIbHAA MOCTOSHHASA. DTa (bOpMyIa BepHA IPU U3MEHEHHH ¢
oT ¢_ jio ¢,. llpu nBrKeHNN MasiTHUKA B OOPATHYIO CTOPOHY (bOpMYJIa JIjIst
pelenust UMeeT JAPYToil BUJL;:

b+ ds
t—|—t1 :/ 5
¢ —\/2E + 2cos(s)

rie t; = to + T/2. Yepes obGo3HAYAEH MEPHOJ, KOTEOAHMIA.
@opmysbt (16) u (17) MO3BOMAIOT BBIYUCIUT MEPHOJ KOMeOAHHUI MaTe-
MATHIECKOIO MasgTHHKA!

(16)

(17)

ds

d+ ds /¢7+
¢— \/2E 4 2 cos(s) - —\/2E+2COS(8),

T=v2 b- \/E+cos

[Tpeo6paszyem dbopmyaab (16) u (17) Tak, 910661 H36ABUTHCST OT 3aBUCHMO-
CTH TpeJeoB uHTerpupoBanus ot F. Jlng storo obo3HauuM: cos ¢pg = —F,
TOr/Ia MOJKOPEHHOE BLIPAKEeHHE B 3HAMEHATe/e MOXKHO 3alliCaTh KaK pas-
HOCTB: c0S(s) — cos(¢yg). amee BOCIONb3yeMcst TPUTOHOMETPHUIECKO (hopMy-
qoit: cos(a) = 1 — 2sin*(a/2). B pesymbrare us (16) nomydmm:

nimn

tty = / ’ ds
" Lot 2 fin (do/2) — sin(s/2)
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Tenepnb crenaem 3aMeHy IepeMeHHON MHTEIPUPOBAHUS TAaK, YTOOBI HUKHMIA
IpeJiesl MHTerpupoBaHus ObLIT paBeH —m/2:
. sin(s/2

sin(¢o/2)’

37IeCh 14 — HOBagd IepeMeHHas HHTerpupoBanusd. Bepxuuii npeaen oyaer paBexn

. [ sin(¢/2) )
U(¢) = arcsin | ———= | .
) (o
[Ipu takoii 3amene muddepeHiuan HoBoil mepeMeHHOil onpepeauTcsa u3 pop-
MYJI:
cos(s/2)ds
2sin(¢y/2)

= cos(u)du,

3/1eCh y/I00HA 3aMeHa:

cos(s/2) = \/1 — sin®(¢/2) sin®(u).

Torna:
ds B
\/sin?(¢o/2) — sin®(s/2)
2sin (¢ /2) cos(u)du 1 _
V1 — sin(¢/2) sin®(u) /sin?(¢0/2) — sin(¢y/2) sin?(u)
2du

V1= sin®(¢/2) sin(u)

OKOH‘{aTeJIbHO, BbIpazKeHue 1Jid pelieHusd MpUuHUuMaeT BU/L:

U(9) du
t+ty = ' -
0 /—7r/2 \/1 — sin?(¢g/2) sin’(u) "

JIerko BuaeTh, 4T0 MaKCUMAaIbHOE 3HAYEHUE, KOTOPOE MOKET NPUHATH BepX-
Huil pejes nHTerpupoBanust pasuo /2. @opmysna (18) ynobua mias qasb-
HelNIero anaJn3a PeleHns B NepByIo odepean TeM, 4to ecan F # 1, Torma
3HAMEeHATeIb IOABIHTErpaIbHON (DYHKIMA HUKOrIA He 00pamaercsa B HyIb.

3 s1oit GopMysIBI ClegyeT, YTO Mepuoj, KoaebaHuii MaTeMaTHIecKOro
MasITHUKA 3aBUCUT OT MOJIHOW SHEPrUU CUCTEMbI UJIM, 9TO TO 7K€ CaMOe, — OT
aMILINTYIbl KOJIeOaHU ¢y:

w/2 du
t+ty= ' v
Tl /_ﬁ/z V1 — sin?(¢o/2) sin®(u) "
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Nurerpan B GpopmyIte st epHoIa HMeeT CIelHaIbHOe HA3BaHHe H 0603HA-
qeHmHe: P p
4 u
Kw):/'
0 1 — k2sin’(u)

K (k) — 910 nOMHBIH S/IMITHYECKUiT HHTErpaJs MePBOTO POJA.
Bameuanue. O6parnast QyHKIHUSI K

. /’7 du
0 /1 + k2 sin2(u)

HA3BIBACTCS Ccunyc amniumyodw (cuuyc dxobu): n(t, k) = sn(t|k).

3.4 Konebanus MaJjioii aMIJINTYIbI

Konebauus Maioif aMIiuTy/Ipl, Kak CJaeayer u3 anamsa (pa3oBoro moprpe-
Ta, MPOUCXOMAT MPHU 3HAUEHUAX SHEPIUU 4yTh Oosbiux dem —1. OOo3Ha-
anv: £ = —1 + 2¢2. B stom ciywae n3 —E = 1 — 2sin(¢g/2) cremyer, uro
sin(¢/2) = e. Torma dopmyna nis pemenust ypasaenus (16) mpumer Bu:

tt /W) du
0 — .
“m/2 /1 — g2sin?(u)

Paznoxkum nogpraTerpaibHoe BhipaskeHnue o gpopmysie Teitjgopa u mo4IeHHO
npouHTerpupyeMm. B pesysbrare moaydnm:

t+ty=U(¢) +7/2+°Q(0,¢),

(20)

rme

U(¢) = arcsin <M>,
Q(p,e) — orpannvernast GhyHKIUS.

B pesynbrare misg mManbix Kosebanuit momydaeM (popmylty:

sin(¢(t,£)/2) = esin(t + t, +2Q(,¢)).

ec/Ii aMIUIATY/a KoJiebanuii MaJia, Torja, MPeJCTaBUB CHHYC B JIEBOil Ya-
ctu 1o popmyse Teitopa , mosydum:

¢+ 21k = 2esin(t + t, +2Q(¢,¢)) + > R(¢, ).

MaJibie KoTeGaHUsST MATEMATHIECKOTO MASTHUKA OJIU3KH K FAPMOHUYIECKIM.
Bocnosb3osasimcs dopmylioit aist nepuoga (19) jerko moaydnTh u 3a-
BUCUMOCTDb IIEPHUO/a MaJIbIX KOHe6aHHﬁ OT UX aMIIJIMTYJIbI:
/2 82

T=2 /du(l—i—?sinQ(u)—l—...):27r—|—52/2—|—....
—m/2
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3.5 CenaparpucHoe pemieHue

Ocobbie — cemapaTpuCHbIE PEIeHWsT TOYIal0OTCsI, eCIN 3HAYeHHe SHePrun
E = 1. B srom ciyuae smaunrudeckuii waTerpas B dbopmyse (16) Bbipo-
JKJTAeTCs M er0 MOYKHO ITPOMHTErPUPOBATH B djieMeHTapHbIX (hyHKIngAX. [Toj-
KopeHHoe Bbipazkenue B (16), ecim F = 1, MOXKHO HpeJCTABUTL B BHJIE:
1 — cos(s) = 2sin*(s/2), Torma:

ds

1 ¢
V2 /—¢0 V2sin(s/2)’

HMPOUHTErPUPOBAB TAOJTUIHBIN HHTErpaJs, MOJTYIHM

t4ty =

t + 1o = In(tan(s/2))|*} .

nimn

t+t. = In(tan(¢/4)).

OxkoHYaTeILHO IS PEIIeHusT TOIyIuM (hopMy.y:
o(t) = 4arctan(exp(t + t.)). (21)

Bropoe cenapaTprcHOe perreHne Moy YaeTcst, eCJIM Te YKe MaHUIYISIIIH TPO-
u3gectn ¢ dopmynoit (17). Ono mMeer TOT Ke BHJ, JHIIb MEHSETCS 3HAK
nepen ¢t B SKCIIOHEHTE.

DTO pellleHne HeMepruoAuIecKOe I ACAMIOTOTHIECKH CTPEMUTCA K CBOEMY
MUHIMAJBHOMY WM MAKCHMAJILHOMY 3HAYEHHIO, BIIPOYEM, HHKOLJIA €ro He
JIOCTHTAS.

Baﬂaqa 3. Hamucarh HECKOIbKO IEePBBIX YJIEHOB pdJa B Pa3JIO2KEHUU
K (k) B okpecrnocru k = 1.

3.6 Jlureparypa

B criucke siurepaTyphl K 9TO# JIEKIIUU OrPAHUYUMCS JIUIIb OJTHUM y4eOHUKOM:
1. ®emoprok M.B.. O6bikHOBeHHBIE (DD EpEeHITNATBHBIE YPABHEHUSI.
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4 DaauntumdecKne (pyHKIAN

3decv aarunmuueckue pynryuu Hrxobu esodamcea kak pewenus ouppeper-
yuasvhoix ypasnenutd. Uccaedyromes ceoticmsea Ppymrxyul cunyc amniumy-
Obl, KOCUHYC AMNAUMYIbL U 0EABMA AMNAUMYObL Kak GYHKUUT seuecmeet-
H020 nepementozo. Uanoocenue e xacaemes ceoticms sAAUNMUMECKUT PyHK-
yutl OMHOCUTNEALHO KOMNAECKCHOT NepemMerHots U, 8 YaACTHOCTU, HAAUYUS Y
maxuxr Pynryut 08yx nepuodos.

4.1 PemieHue ypaBHeHUd MAaTEMATUIECKOTO MadTHUKA U
bYyHKIMS CUHYC aMILTATY b

Pemienne YpaBHEHUA MaTEeMaTHUYE€CKOI'0O MadTHHUKa MO2KHO 3allUCAaTb B BHUIE:

1 /45 ds .
2 S0 \[sin? (y/2) — sin?(s/2)

t4ty =

91y GOpMyIy OKa3bIBaeTCs yA00HEe paccMaTphBaTh, KOIJIa B MOJBIHTE-
rpaJibHOI (DYHKIUT O 3HAKOM KOPHS BMECTO CHHYCa, €CTh HOTHHOMUIATLHAS
3aBUCUMOCTDH OT IepeMeHHO nnrerpuposanus. /ljis nepexojia K Takoil 3aru-
CU MOYKHO CJIeJIATh 3aMeHy:

ku =sin(s/2) k = sin(¢y/2).

Torma
cos(s/2 2kdu
kdu = Mds, wm  ds = ——.
2 V1 — k22
CremoBaTesIbHO, pelleHre YPaBHEHHST MaTeMaTHIeCKOr0 MasiTHIHKA BhIpazKa-
eTcsi Yepe3 MHTerpaJ BHUa:

/) du
=), JA— ) (1 — k2a2) (22)

Teneps yno06HO paccMarpuBaTh (PYHKINIO, OOPATHYIO HHTErPaJly KakK HO-
BYIO CHENUAIBHYIO (DYHKIIHIO.

u=sn(tlk), rtme sin(¢/2) = usin(¢y/2).

Ota HOBast (PYHKIUS HASBIBAETCSA CUHYC GMNAUMYIbL UAU cCuHYyC SKxobu.
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4.2 Danuntudeckne pyHknum Axkodu

Duunrudeckue GYHKIUN B aHAJII3e OOBITHO BBOIATCS JIN0O KaK MepoMopd-
HbIE JIBOSIKOTIEPHOANYeCKre (DYHKIMH KOMILJIEKCHOIO MEPEMEHHOI0 JIN00, KaK
obpaTHble (DYHKIUN SIIANTAYCCKAX HHTETPAJIOB. 371€Ch MBI BOCIOIb3YEeMC s
ompeeeHueM SLTHITHIecKuX GyHKIui fxkobu mpu nmomornu auddepeHiu-
AJIbHBIX YPaBHEHUI.

[Tpomuddepentuposas (22) 0o ¢, Jerko yBuaeTh, 4To (BYHKIUs CHHYC
AMILIATYIbI yI0BIeTBOpsieT auddepeHnaIbLHOMY YPaBHEHUIO:

y = /(1= k2y2)(1 — y2).

O6oznaamv: cn?(t|k) = 1 — sn?(t|k), dn® = 1 — k?sn?(t|k). @ynxmua cn(t|k)
HA3BIBACTCS KOCUHYC aMnAumyon, usu Kocunyc kobu, a dn(t|k) — deavma
amnarumydo,. BerBegem opMysIbl 1T TPOU3BOMHBIX ITHX (DYHKIIMIA.

2en’ (t|k)en(t]k) = —2sn(t[k) /(1 — sn2(t[k)) (1 — k2sn2(1]k)),

2dn’(¢[k)dn(e[k) = —2k%sn(¢[k)(/(1 — sn2(t[k)) (1 — k2sn2(t[k)).

W
sn'(t|k) = en(t|k)dn(t|k),

en'(t|k) = —sn(t|k)dn(t|k),
dn’(t|k) = —k?sn(t|k)en(t|k).
Taxum o6pazom, Tpoiika dbyukuuii sn(t|k), cn(t|k), dn(t|k) yrosrerBopser cu-

cTeMe ypaBHEHUN:

y’l = Y293, yé = —1Yys, yé = —k2y1y2, (23)

C HaYaJIbHBIMHU YCJIOBUAMMU, JICTKO IMOJYYalOIMUMUCA U3 UHTErPaJIbHOI'O IPE-
crasyrenus sn(t|k):

y1|u:0 =0, y2|u:0 =1, y3|u:0 =1. (24)

Ecin orBiedbcss or mcrtokoB nosiBiaenust Gyukiun sn(t|k) — kak obpa-
meHust uaTerpaaa (22), T0 MOXKHO BBOAMTH /LIMNTHYECKHE (DYHKINHM KAK
pemenns 3anadn Komm (23), (24). Oauu mepBbiii WHTErpas 9TOM CHCTEMBI
IOy 9aeTCsT, eCJIH MEPBOe ypaBHEHNe YMHOXKHTH Ha 2yi, BTOpOe — HA 2yo U
CJIOKUTH 00 MOTYYEHHBIX BBIPAZKEHHUSI.

20194 + 2y215 = (v +y3)' = 0.
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Emie oqun nHTerpas Hoaydaercd, ecii IepBoe ypaBHeHne YMHOKHATD Ha 2k2y
TpeTbe — Ha 2Y3 U CIOKHUTH UX:

26>y 1 + 2k ysys = (K*y7 + y3)' = 0.
B pesysbrare aBa nepBbIX HHTErpaJia:
yi+ys=c, Kyi+ys=co

[TocTOSTHHBIE ¢ U Co ONMPEENSIIOTCS W3 HAYATIbHBIX yeaoBuii (24). D1o mpu-
BOJMT K TOXKJECTBaM:

sn?(t|k) + cn?(t|k) = 1, k*sn®(t|k) + dn®(t|k) = 1. (25)

4.3 CsoiictBa Pyukimiti dkodbu

Wccneayem cBoiicTBa BBEJEHHBIX S/IIANTUUCCKUAX (DYHKITHIA.

4.3.1 OO0JgacrTs 3HaAUYEeHU

ObsacTb 3HavYeHuil smunTHYecKuX (GyHKIuit K006 JTerko BBISICHUTH U3 TO-
xKaecrs (25):

—1 <sn(tlk) <1, —1<en(tlk) <1, V1—-£k?<dn(tlk) <L

4.3.2 OO6JsacTs onpeneaeHns

31eCh MbI pacCMaTPUBAEM JLINNTHICCKHE (DYHKIUN KaK BelleCTBeHHbIe DyHK-
IIIU BEIECTBEeHHOI mepeMeHHoii. [103ToMy IpHXOIUTCs OrpaHNINBATHCS 3HA-
qerusivu k € [0, 1]. Buauenns mapamerpa k > 1 IpUBOAAT K KOMILIEKCHBIM
perenusaM cucreMbl (23). Do caegyer u3 ToxaeCTB (25).

Teopema o cymecrBoBanuu pemienuii 3agaun Komm yreep:kpaer, 9To pe-
menne 3agaun (23), (24) cymecrByer B mHTepBase —0 < t < ¢. OnHako,
¢yHKIMI OrpaHMYeHbl BO BCeil 00/IaCTH HMX CyIIecTBOBaHHsA. V3 cuCcTeMbl
ypaBHeHuii (23) cieayer, 4To UX MPOU3BOJHBIE TAKYXKe OMPAHUYCHbI U -
depeHnupyeMbl. MOITOMY Ha MOA00HBIE HHTEPBAJIbI MOYKHO pa3dbUTh BCIO Be-
HIECTBEHHYIO OChb U J0Ka3aTh CYLIECTBOBAHKME PEIICHHS CUCTEMbI IPU —00 <
t < 00.

4.3.3 CsoiicTBa 4eTHOCTHU

BhISICHIM KaK MEHSIIOTCS ypaBHeHHs (23) mpu 3aMeHe 3HAKA He3aBHCHMON
nepemennoii: z;(t) = y;(—t). Cucrema ypaBHeHHUil 11 z; EMeET HOYTH TOT
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xke BuJ, uro u (23). ToJbKO 3HAKH MPABLIX YacTell 3aMEeHEHbI Ha MPOTHBO-
nosozkuble. Havampable ganmble 1y GyHKIUN z; OCTAHYTCA TeMHU Ke, 9YTO U
s ;. Torna dynkuum z; jlerko BHIPa3UTh uepes y;:

21(t) = —yl(_t)a 2’2(t) = y2(_t) 2’3(t) = y3(_t)-
Takum obpazom:

sn(—t) = —sn(t), cn(—t) =cn(t) dn(—t) = dn(?).

4.3.4 MOHOTOHHOCTL

ObJ1acTi MOHOTOHHOCTH DEIIeHUi CHCTeMBI (23) OmpeaessieTcss 3HAKOM IIPO-
u3BozHoil. [Ipn ¢ = 0 npoussoxnas dbyukumit sn(t) paBua exnaume. To ects,
bYHKIUS BO3pacTaeT u

gy = /(1= ) (1 — k2gd).

D1a DyHKIUA BO3pACTAET 0 TeX MOP, TOKA He JTOCTUTHET CBOETO MAKCHMYMa
sn(K (k)|k) = 1. Bnauenue K (k) ompeessiercst n3 WHTErpaJa;

K (k) = /01 dryf(1— 22)(1 — K2a?).
I[Ipu srom cn(K (k)|k) = 0, dn(K (k)|k) = V1 — k2.

4.3.5 Casur

31ech npuseeM BoIBOJ, (hopMyIbl s st + v), STOT METOJ| MPUHAIJIEKAT
Ditnepy.

[Ipepmnonoxkum, 910 t M v U3MEHSIOTCS Tak, 4TO t + v = « = const, TO
€CTh,

dv ]
dt
st ymoberBa ob6o3uaduM s1 = sn(t), so = sn(v), rorma

2shs] = —(1 + k?)2s,8] +4k?s3s" 2shsh = —(1 + k?)2s,5), + 4k*s3 s,

31ech mTpux o3HadaeT auddepennupopanne 1o t. OTcooaa u u3 BeIpaskeHuit
JIJISI KBQIPATOB MEPBBIX MPOU3BOIHBIX:

(51)7 = (L= s)(1 = k%), (sh)" = (1—s3)(1 — k?s}),
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TIOJTY YUM:
ssg — shsy 2k%s159(s? — s2)

(51)25% (512)25% B (32 - 31)(1 - k23131)

Torma

a1 d

d
(5152 = shsn) ™! (52 — shsn) (1= Ks3) 22 (1 = K.

[IpounterpupoBas, OJIyYUM

89 — 451
222
1 — k%sis3

=C.

Takum obpazom:

cn(t)dn(t)sn(v) + cn(v)dn(v)sn(t)

1 — k2sn2(t)sn2(v) =C

To ecth, BeIpazkeHne B paBoil dacrtu ecrb yHknus ot «: f(t +v) = f(a).
[Tonoxkus v = 0, moxyunm, ato f(t) = sn(t).
B pesyabrare moKazaHa Gopmyia CAOHCEHU:

cn(t)dn(t)sn(v) + cn(v)dn(v)sn(t)

1 — k2sn?(t)sn2(v) ’

sn(t +v) = (26)

4.3.6 IlepumommvyHOCTH

s Berauciaenus 3uadennii byuxmuii Jkobu npu casure wa K (k) Bocmonb-
3yemcst oIy deHHoit dopmysioit (26):

sn(t+ K) = Z‘;Eg (27)
Torma
. _ cn®(t)  dn®(t) —en®(t) 1 —k%n?(t) —cen?(t)
U N R O an’(0) |
Wt 4 k) = (1 — kQ)ZI:lZ((?).
B pesysibrare moayuanm:
en(t+ K) = —vi =) (28)
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Puc. 5: ®yuxuus sn(t|k) npu pasubix 3HadeHusIX K.

3HaK MUHYC TPHU BBIYUCIEHUH KOPHS BBHIOMPAETCH, WCXOAT U3 CJETYIOIIHX
coobpaxennit. [Ipn K < ¢t < 2K sn(t) > 0 u yoOsiBaer, a ¢yuxmus cn(t)
MeHbIIle HyJIst 1 TakzKe yobiBaeT. To ecth, hyHKIust cn(t) nmeer pa3Hbie 3HAKN
mpu 0 <t< Kunk<t<2K.

Anajiornvupie BbIYUCICHUAS JTAIOT:

V1—Ek?

dn(t+ K) = ()

(29)

Dopmyast (27) — (29) OpUBOAAT K BBIpaXKEHHsIM TS CIBHTA HA 2/ :

sn(t +2K) = % = —sn(t),
en(t+2K) = —v1 — ]{72% = —cn(t + K),
dn(t + 2K) = dim — dn(t).

Torna:
sn(t +4K) =sn(t), cn(t+4K) = cn(t).

®yuknuu sn(t) u cn(t) — nepuoguveckue ¢ mepuogom 4K, dbyuxiust dn(t)
— nmepuoauyeckas ¢ nepuoaom 2K.
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4.4 Jlurepatypa

Uzyioxkenne B myHKTax 1 U 2 BO MHOTOM CJIejIyeT Y4eOHUKY
M.B. ®enoprok. O6bikHOBeHHBIE (DD EPEHITNATBHBIE YPABHEHUS.
CroiicTBa 3IunTHIeCKUX (DYHKIUN W3/T02KE€HBI B COOTBETCTBUN C KHUTOM
9.T. Yurrekep. /I:x.H. Barcon. Kypc coBpemennoro anaimsa. T.2
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5 Annpokcumanuga pyHknmit fkobdn

Bdecv usyuaemes nosedenue Pynryuu sn(t|k) e okpecmmocmu nyas nepe-
menHotl t u 3navenud napamempa k = 0 u k = 1. B cuay moeo, wmo s.4-
AUNMUYECKUE PYHKUUU GHAAUMUYECKY 3A6UCAT KAK 0T GP2YMEHMA, TAK U
om napamempa k, UL MOHCHO PA3AOHCUMND 6 CTOOAULUECS CMeneHHble PAdol
no amum napamempam. llepsvie neckorvko usenos maxur pados u bydym
BUINUCAHDL HUHCE.

5.1 PaznoxkeHne B OKPECTHOCTHU HYJIsI apryMeHTa

[Tycts 3navenue t gocrarouno masno. Torma sn(t|k) MOXKHO HCKATh B BHIE
pdana 1o CTeneHsaM .

sn(t|k) = fi(k)t + fo(k)E + f3(k) > + ...,
[ToxcTaBum 3T0 BhIpaxkenue B qud bepeHnuaabHoe ypaBHeHHe Jsd (DYHKINN

sn(t|k):
) = 1=y (1 - Ky,

B pesysibrare moayuanm:

(Fr(k) + 2fo(k)t + 3f5(k) + .. )2 =
(1= (fr(B)t + fo(B)E* + fs(R)E +...)%) x
(1= E*(fk)t + fo(R)E* + fa(k) +..)%).

[IpupaBasgeMm kKo3hdumuenTs Ipu OAUHAKOBLIX creneHsx t. Torma:
fik)y =1 4fi(k) foa(k) =0, 6f1(k)fs(k) +4fa(k) = —fL (k) — K f1 (k).
OKOH‘IaTeJH)HO7 pa31ozKeHne B OKpECTHOCTH HYJIeBOFO 3HAYEHU g apryMeHTa:
1
sn(tlk) =t — 6(1 + K+

Bruiparkenune 151 00I11er0 djieHa 3TOro psijia HEU3BECTHO.

5.2 PazyoxkeHune B OKPECTHOCTH HYJIEBOTO 3HAUYEHUd Ta-
paMeTpa

[Tycts mapamerp k 6Ju30K K HyT0, Toraa ¢hyuknus sn(t|k) 6aus3ka K Tpuro-
HOMETPHUYECKOMY CHHYCY. DTO JIEFKO MOKA3aTh, €CJIM UCKATL MpeICTaB/IeHue
sn(t|k) B Buge:

sn(tlk) = do(t) + ¢1(t)k + do()k* + P3(t)k® +
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[ToxcTaBum 3T0 BhIpazkenue B auddepennuaabHoe BoIpazkeHue J1st (PyHKITINA

sn(t[k).

(6 + Dik + GhE + d3k® +...)" = (1= (do + Sk + dok® + $3k® +..)%) x
(1= k(o + b1k + dok® + $3k™ +..)%).

[IpupaBuseM Ko3hdUIUEHTH MPH OJUHAKOBBIX cTemeHsx k. B pesynabrare
nosnyuuM guddepeniuaibuble ypaBHeHus 11 QYHKINR ¢@;:

(60)” =1— 5, 26105 = —2¢0d1, 2050 + (8))° = —2¢0¢ — g,

Hauanpnele ycnosua aag Gynknuit ¢;:

Pemmenus 3Toit peKypeHTHOIl cHCTEeMBl YpaBHEHMI:
¢o =sin(t), ¢1 =0, ¢y = (—tcos(t)+ sin(t)cos?(t))/2, ....

B pesynbrate momyunM:

2
sn(t|k) = sin(t) + ?(_t cos(t) + sin(t) cos®(t)) + .. ..
5.3 Paznoxenme B okpectHOCTH £ = 1

Paccmorpum ciyuait, korga mapamerp k 6um30k k 1. B aTtom ciydae ero
VI0GHO BBIPA3UTh 9epe3 JONOJTHUTEIbHBI Moay b k% = 1 — (k')?. Pemenue
ypaBHEHHS [JIsI CHHYCA AMILTATYIbl OISTH OyIeM HCKATh B BUIE Psaa, HO
yKe 110 cTeneHdAM JOINOJIHUTE/JIbHOTO MO/YJIA k,I

sn(t|k) = Yo(t) + k' (t) + (K)o (t) + . ...
[ToxcraBum 310 paszioxkenne B auddepeninanibHoe ypapaenne st sn(t|k):

(o + U1k + Uo(K)” + .. )% = (1= (o + ik’ + (k) +...)%) x
(1= (1= (K)) (o + bk + ¢ak® +..)%).

[TpupaBusgem Ko3pdUIHEHTH NPU OJAMHAKOBBIX cremenax k'. B pesyibrare
Oy IUM PEKYPEHTHYIO MOCIeI0BATETHHOCTD YPABHEHMIA.

(¥)* = (L—p)%, 201y = —2¢h¢n,
2060 + (¥1)7 = =20t (1 — ) — (202 — ) (1 — ¥p),
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Hauanpnele ycnoBus o1 GyHKnumit ¢; Takue ke, Kak # J1d QYHKIUR ¢; B
IpebIyIeM MyHKTe. PelluB ypaBHeHuil 1715 MepBbIX TpeX KO3(hMUIHEHTOB
PA3JIOKEHUST, TTOJIY IUM:

sn(t|k) = th(t) + %(k’)z(sh(t)ch(t) —t) +...

ch?(t)

Ba,aaqa. Beipazurh depe3 smmuntudeckue GyHKIUN fAKoOH pereHne
ypaBHeHust (smnrudeckyio dbyukmuio Beitepmirpacca):

(P,)Q =4pP? — g2P —g1.

5.4 Jlureparypa

J1ns 6oee TIyOOKOTO U3yYeHUsl STUNTHICCKUX (DYHKIUH MOKHO 0O0OPATUTh-
csd, HATIpUMep, K KHUTe YuTTeKepa u Barcona, nim K yueOHUKY
B.B. IIpacomnos, FO.I1. ConoBbér. Dmunrudeckne GpyHKIUN.



6 NcroitunBocTh peniennii HeJTMHEHHBIX YVDaBHEHUIH 35

6 YcTOMYMBOCTH pellleHnil HeJMHEHbIX YyPpaB-
HEHU

3decv nwanomunaromes onpedeserua yemotvusocmu peweHuts ypasHerut ¢
0010T cmenenvro c80600bl, HANUHAA € KAACCUPUKAGUUL MOYEK PABHOBECUA U
30KAHUUBAA YCMOTHUBOCNDIO NO NUHETHOMY NpubsudNCceHUt0. OCHO8HOE 8HU-
MAHUE YOENEHO UCCALAOBAHUN YCOUYUBOCTIU peweHull YPasHEeHUA Mame-
mamueckuzo0 maamnuka. Iloxasano, wmo nepuoduveckoe pewenue ypasHe-
HUA MGMEMAMUYECKO20 MAAMHUKE HE ABAALMCA YCMoUuuusum no Janymo-
8Y, 4 CENAPAMPUCHOE PeULLHUE HEYCTOTU%UBO.

6.1 Ilomoxkenuss paBHOBecUs

KoHcepBaTuBHBIE CUCTEMBI C OJIHOI CTENEHbIO CBOOOBI OOBIYHO WHTEPIpEe-
THPYIOTCS KaK JBUKeHHUe IMapuKa M0 MOTeHIMUATbHON KpuBoil. [Ipu Takom
JIBUZKEHUN Y TIapUKa MOYKeT ObITH JBA THIIA PABHOBECHBIX COCTOSHUIL: TUOO
paBHOBeCHe Ha BepIinHe (MAaKCHMyMe) KpUBOii, Tub0 paBHOBECHEe BO BIAIUHE.
Koneuno, npu HeOOJBIIOM OTKJIOHEHUH IAPUKA OT MOJIOYXKEHUS PABHOBECHUSI
Ha BepIiHe (B TOYKe MaKCHMyMa MOTEHINATBHON KPUBOii) MIaApUK moTepsier
paBHOBecHe W CKATHTCA. Takoe paBHOBeCHe OOBITHO HA3LIBAIOT HEYCTONIN-
BBIM. EC/IM OTKTOHUTH MIAPUK U3 TOT0ZKEHN PABHOBECHUS BO BIAJIUHE, TOTA
mapuk OyaeT KoedaThes OKOI0 TOYKN MuHIMYyMa. [loaTomy mosoxkenne pas-
HOBECHUsI B TOYKE MUHUMYMa MOTEHIUAJILHON SHeprun ycroitunBo. Munumym,
KOHEYHO, He 00g3aTe/IbHO JIOJIZKeH ObITh IJ100aJIbHBIM, KOJIeOaHUsT BOSHUKHYT
1 OKOJIO JIOKAJTbHOTO MUHUMYMA, eCJTU He CJUIIKOM CUIbHO OTKIOHUTH MIapUK
OT PABHOBECHOTO TOJTOZKEHMUSI.

Taxue mpocThie pacCcyK/IeHNs eCTECTBEHHO MPUBOIAT K MaTeMaTHIeCKIM
dopMyIupoBKaM 00 YCTONYMBOM IOJI0ZKEeHUU paBHOBecus. /11 aBTOHOMHOI
CUCTEMBbl YpPaBHEHUN

y' = 1) (30)

Ilonooicenue pasnosecus y = a nazwsaemes ycmotivuewm (no Jlanymosy)
NOAOHCEHUEM PABHOBECUA cucmemv, ypashenud (30), ecau, 6o-nepevx,— cy-
wecmeyem makoe 6y > 0, wmo ecau |y(0) — a| < dy, mo pewenue cucmemot
(30) cywecmeyem npu 0 < t < 0o; 60-6mopwvix, — das 106020 £ > 0 cyue-
cmeyem 6(e) > 0 makoe, umo ecau |y(0) —a| < 6, mozda |y(t) —a| < e npu
0<t<oo.

To ecTb, TpaeKTOpUSA ABUKEHUS OyIeT HAXOAUTLCSA BOJIM3H MOTOZKEHHS
paBHOBECHS GECKOHEYHO JOJITO.

Ha dazoBoit miockoct 0KOIO yCTORYUBBLIX 1O JISIYHOBY TOYEK paBHO-
Becust (pasoBbIe TPACKTOPUU — 3TO y3eJ WU HEeHTP.
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6.2 VYcTolYmBOCTH II0 JUHEHOMY NPUOINKEHUIO

[IpakTryecku Npu WMCC/IEJIOBAHUU PEIIeHUi HeJUHEHHbIX YPaBHEHUI YacTo
OKa3blBaeTCd JOBOJIBHO TPYAHO UCCIEL0BATH HA YCTOMYUBOCTHL TO WJIM HMHOE
HOJIOZKeHe paBHOBecHd. /leo 371ech B TOM, 9TO JJIsT BBISICHEHUST yCTONINBO-
CTU TIOJIOYKeHNST PABHOBECHU S IIPUXOIUTCS, HCCIEI0BATD, BO-TIEPBBIX, — 001aCTh
CYIIECTBOBAHUA 3TOrO pPelleHud ¢ HepaBHOBECHLIM HaYa/IbHLIM IOJIOXKEHUEeM,
BO-BTOPBIX, — JOKA3bIBATH OJIM30CTH 9TOTO PelIeHus K MOJOXKEHUIO PaBHOBe-
cusg. Hacro Takme mccieJOBaHNS OKA3bIBAIOTCS BEChbMa 3aTPYIHUTETLHBIMA.
C apyroit cTOpPOHBI, BeJb B ONPEJIEJICHUN YCTONIUBOCTH MOYKHO HAYAIHHOE
OTKJIOHEHHUE B34Th OUeHb MaJeHbKIM. [[09TOMY OKa3bIBaeTcs JOCTATOTHO pa-
3YMHBIM HCCIeJ0BaTh Ha YCTOHYUBOCTL He pellleHrue HeJInHeidHoro ypabHe-
HUd, & pellleHne JIMHeapU30BaHHOIO yPaBHEHU OKOJIO MOJIOXKEeHUS paBHOBe-
CHsl.
Byzaem nckarp pemenne cucrembr (30) B Bue:

y(t) = a+ x(t).

Torna cucrema ypasHeHuil Jyisi HOBOI Hem3BecTHOW dyHKmn x(t) npumer
BUI;

' = fla+ xz(t)).
OTa cucTeMa ypaBHEHWiT onaTh HeguwHeiHa. [lycrh mpaBas dacth — dyHK-
nust f(a+ 2(t)) — cnagkas dbyuxmus. [IpegctaBum ee ¢ TOMOUIBIO (hOPMYJIbI
Teitnmopa B BHIE:

fla+2) = f(a)+ f'(a)x + O(2?).

B rouke pasuoBecusi f(a) = 0 npwu JuHEApU3ANMUA OOBIYHO MPEJIIONATAIOT,
9TO KBAAPATUIHBIE CIATaeMbIe MaJIbl 0 CPABHEHUIO C JIMHEHHBIMU U UX MOZK-
HO orOpocuTh. B pesyisbrare nosydaercs JimHeiiHast cucTeMa ypaBHEHUN J1JIst
x:
' = f'(a)x

Bomnpoc 06 ycroiiunBocTn penennst 3Toro JUHERHOro ypaBHEeHH JIErKO pela-
eTcs MCCIe0BaHneM cOOCTBeHHBIX auces MapTpunpl f'(a) = (0y; f(a + 1)).

Teopema JIamynosa. [Iycts Bekrop-dbyukius f(y) IBazK/ bl HEIIPEPbIB-
HO auddepeHnupyeMa B OKPECTHOCTH TOIOKeHUs paBHOBecus y = a. Ecan
BEIECTBEHHBIE YaCTH BCeX COOCTBEHHBIX 3HaueHuit marpuipl f'(a), Torga mo-
JIOYKEHUE PABHOBECHS ¢ ACHMITOTHYECKHU ycToitunBo. CrpaBeninBa OleHKa:

|£(t) — a] < Cexp(—at)|z(0) —al, 0<t< oo,

rae a >0, C' > 0 nas Beex z(0), qocraTouno GJN3KHUX K a.
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6.3 Ilepuoaudeckue pellleHnsI KOHCEPBATUBHBIX CHUCTEM
1 opOuTasibHasA YCTOMYNBOCTH

B kadecTBe mpuMepa KOHCEpPBATHUBHOM CHCTEMBI YpaBHEHUI pacCMOTPUM Ma-
TeEMATUIeCKN MasTHUK.

@" + sin(¢) = 0. (31)

[Torennumanbuast GyHKIMS JJI YPaBHEHHUSI MATEMATHIECKOT0 MasgTHUKA, NMe-
eT BUI:

P = cos(o). (32)

[Ieproauueckue pelreHnss MaTeMaTHIECKOIO MagTHIKA COOTBETCTBYIOT 3HA-
genusm —1 < B < 1.

Boisichum yeroiiauBo im mo JIsimyHOBY repuoandeckoe pelieHne ypab-
HEHHSI MaTeMaTHIeCKOTO MasiTHUKa MO OTHOIIEHWIO K MaJIOMY U3MEHEeHHUIO
HavaIbHBIX yCI0BHit. [/ 9TOTO Hapsy ¢ peleHneM ypaBHEHHS MaTeMaTH-
JecKoro MasgTHHKa ¢ K = Fjy HaJI0 pacCMOTPETh pelleHne ypaBHEHUSA MaTe-
MaTUIeCKOTO MasgTHHUKA C JIOCTATOYHO O/In3Koil sHeprueit K = Fj.

[nsans va dasoBbie TPAGKTOPUH MEPHOANTECKUX PelieHnui ¢ OJN3KUMU
3HAYEHUSIMU SHEPIuH, JerKOo BHIAETh, 9TO STH TPAEKTOPUH HAXOIAATCHA OJIN3-
KO Jpyr K Apyry. OaHako, Mepuojbl KoJeOaHWil STUX peIleHuil pa3andHbl
(mepuo, Komebanuii 3aBucuT or suepruu E):

/2 d
T:4/ i .k =sin(do/2).
0 1 — k2sin’(u)

Takum obpasom, nmepuos pemenus 1) > Ty, ectu Ey > Ey. 9T0 mpuBOIUT
K TOMY, YTO €CJIU PACCMATPUBATL PEIIeHHus C OJTM3KUMH HAYATHLHBIMU JTAH-
HBIMU, TOTJa 3a BpeMms t = T TO4Ka, JiezKalas Ha BHYTPEHHell TPaeKTOPHH,
HEMHOI'0 OOTOHUT TOYKY Ha BHeNrHell TpaekTopuu. lajbiie Tak Oyger npouc-
XOJUTH Ha KaxKjaoM BUTKe. U, HecmMoTps Ha 06,iM30CTh (pa30BbIX TPAEKTOPHIi,
JIBA PeIeHrs CO CKOJIb YIOJHO OJIM3KUMHM HAYAJIbHBIMU YCIOBUSIMU MOTYT
pa3oiiTUCh HA BEIUYUHY TOPSIKA eJTMHUIIBI 33 JOCTATOYHO OOJIBIIOE BPEMS.
To ecTb mepuouUecKye peneHns YpaBHeHUs MaTeMaTHIeCKOT0 MasTHUKA He
SIBJISTIOTCS yCcTOH4YUBBIMU 110 JIsmyHOBY.

Tem ne menee, pa3oBbie TPACKTOPHUH TEPUOJIUYECKUX PEHIEHUN yCTOWIH-
Bbl OTHOCHUTEJIbHO MaJIbIX M3MEHEHUil Ha4dabHBIX ycjaoBuil. Takas ycroitdu-
BOCTDb (ha30BBIX TPACKTOPUIl HA3ZBIBALTCA 0POUMAALHOT YCMOTYUBOCMDIO.
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6.4 JluHeapu3oBaHHOE€ B OKPECTHOCTHU MHEPUOIUIECKOTO
perieHnsi ypaBHEHE MAaTEMATUIEeCKOTO MasdgTHUKA

Bonee netanbHBIl aHAa N3 MOYKHO TPOBECTU C TIOMOIIHIO JTUHEAPW3OBAHHO-
ro ypaBHeHHUs. PaccMOoTpuM JTMHEaApU30BaHHOE HA MEPUOTUIECKOM PeIIeHun
ypaBHEHUE MaTeMaTHIeCKOTO MagTHUKA:

Y" + 1 cos(é(t, E)) = 0. (33)

DTo JHMHETHOe ypaBHeHHe ¢ mepuoandeckuM Kodpdunmentom. Kak us-
BECTHO, 10 KpailHeil Mepe OJHO U3 PelIeHUl 9TOr0 YPaBHEHUA MOXKET OKa-
3aThCd PACTYIIUM II0 BPEMEHU U3-3a sIBJIEHUS ITaPaMETPUIECKOT'0 PE30HAHCA.
Takoe pacTyliee penrenre Kak pa3 OTBeYaeT 3a MOCTEeeHHOoe OTCTaBaHue pe-
IIeHUd YPaBHEHUS MATEeMaTUIeCKOI'0 MadTHAKA C MEHbIIIEH ITOTHOU SHEeprueii.
B srom nynkTe OyayT MOCTPOEHBI pellieHus JUHeaPpU30BaAHHOTO yPaBHEHUS —
OJIHO NMEPUOAUYECKOe, BTOPOE paCTyllee 110 BPEMEHNU.

Pemtenusi nHeapu30BaHHOIO YpaBHEHUS JIETKO MOAYYUTH W3 PeIieHust
HeJMHEeRHOro ypaBHeHus. g sToro Hamo npomauddepeHnupoBaTh pele-
HU€ HEeJMHEHHOrO0 ypaBHEHUd IIO0 IapaMeTpaM, OT KOTOPbIX 3aBUCHUT pelle-
HUe HeJnHeifiHoro ypaBHeHusi. J[jIsi ypaBHEHUsI MaTeMaTHIECKOI'O0 MasiTHUKA
STUMHU TTapaMeTpaMu sIBJISIIOTCS BpeMsi u noyiHas sueprusi F. [Tokaxkem, aTo
MPOU3BO/IHAsA 110 F — pelieHue JIuHeapu30BaHHOTO ypPaBHEHUSI:

Op(6") + Op(sin ¢) = 0,

(0p0)" + (0pd) cos(¢) = 0.

Takum obpa3oM, JBa JIMHEHIHO HE3aBUCHMBIX pEIIeHUs JTUHEAPH30BAHHOIO
ypaBHEHUs MAaTeMaTHIeCKOTO MAasgTHUKA UMEIOT BUJI:

¢1(t7E) :atd)(tvE)? 1/)2(t7E) :aE¢(t7E)

Wcenemyem cBoiicTBa MEPBOTO U3 STUX PEIIEHMTIA:

Y1 = 0i(o(t, E)) = £/2E + 2 cos(4(t, E)).

3/1ech, KaK W B PEIIEHUN HEJUHEHOrO ypaBHEHUsl, BaXKHO MPABUJIBHO BbI-
OpaTh 3HAK mepej KopHeM. [Ipu JBHzKeHUN MagTHUKA OT —@y = — arccos(E)
JI0 ¢p Oyaem BbIOMpaTh 3HAK ILIIOC, TMPH JIBUXKEHUU B JPYIYIO CTOPOHY —
3HAK MHUHYC. B pe3ysbraTe MOTyYAM MEepUOIUTIECKOE PElIeHne C MePHOIOM
T = 4K (E), 10 ecTh NEPHOJ 9TOrO DeIeHrs COBINAIAET C MEPUOIOM Dellie-
HUSI HEJIMHEHHOIO YpaBHEHMUS.
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WcenenyeMm cBOiCTBA BTOPOrO pelIeHus JTHHEAPU30BAHHOTO ypPaBHEHHS.
g sroro mpomuddepernupyeM 1o 0r HHTErPAIbHYIO hOPMYIY IId ¢:

¢(t7E) du
t—1y) = ).
9! 0 8E</0 +4/2E + 2 cos(u) )

B pesynbrate momyunM:

Op(t, E) —du

N /¢(t,E) .
i\/ZE + 2cos(o(t, E)) 0 +(2F + 2 cos(u))3/2 .

31ech 3HaKU + COKpamaoTcs. TakuM oOpa3oM, BTOpOe JIMHEITHO He3aBHCH-
MOe pellieHne JTUHeAPU30BAHHOTO YpaBHEHUs UMeeT BU/I:

du
(2E + 2 cos(u))3/2

o(t,E)
s = 2 + 2 cos((t, E)) /0 (34)
Kosadbdunuent nepes mHTErpasIoM u MOABIHTErpaTbHasd (DYHKIUS BCera mo-
JoxKuTeNbHbI. [l03TOMY, BO-IepBBIX, — 15 > 0, BO-BTOPBIX, — HHTErPAJ pa-
CTeT, ¥ MPHU KaK/JIOM U3MEHEHUU BPEMeHU Ha Nepuo/i Kojedanuit (pyHKuu ¢
dyHKIHS Yy MOXKET ObITh NPEJCTAaBICHA B BU/IE:

Po(t+T) = Ay (t) + 1h2(2). (35)

Ha nepBbiit B31Is11 77151 BhIYuc/Ienus K03 duimenTa, Ha KOTOPbI BO3pa-
craer PYHKIHS 9 3a mepuoj kKojgedanuit T', 10CTaTOYHO BBHIYMC/JIUTH UHTE-
rpaj B ¢popmyie ¢y 3a nepuos 1. OpHako, JIerKo BUJAETh, UTO 3HAMEHATe b
MO/IBIHTEIPAJIbHOM (DYHKIIMKM Ha OTpe3Ke TaKoil JITMHBI IBAXKIbI 00paIaeTcs
B HYJIb — B TOUKaX u = £¢g. /11 BbIssCHEHUs MOBEJeHNs HHTerpasia KpaiHe
BaKHO BBISICHUTH OCOOEHHOCTH TIOJABIHTErPAIBHON (DYHKIUU B 3THX TOUKAX.
Paccmorpum 1moBeieHne MOABIHTErPAJIBHON (DYHKIIUU B OKPECTHOCTH TOYKH
Po:

2F — 2cos(¢y — ) = 2E — 2 cos(¢y) cos(e) + 2 sin(¢py) sin(e).

Paznoxkum dyHKINN, 3aBucdime ot £, mo (popmyae Teitiopa B OKpecTHOCTH
HyJsi. B pesyibrare moaydnm:

2F —2cos(pg—e) = 2E —2 cos(¢g)(1— % +e'Ri(e)) +2sin(¢p) (e — 3Ry (2)),

WK
2F — 2 cos(pg — ) = €(2sin(¢g) + eR3(e)).

3nech R;(e), j =1,2,3 — orpaundenusie ¢pyukuun upu € € [0,C], C > 0.
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[IpuBenennbie pOpPMyYJIBI MOKA3BIBAIOT, YTO MOJALIHTErPAIbHAS (DYHKIUS B
TOUKe ¢y mMeeT 0COBHHOCTD: (1 — ¢)/2. DTa 0cOGEHHOCTD HEMHTer pUpyeMa.
Takum 06pazom, 3amuck perrernst Yy B Buje (34) npurogaa Tonbko npu 0 <
¢ < ¢o.

st Toro, 9robhl mosb30BaThCst bopMyII0ii (34) Ha GOJIBITEM TPOMEKYT-
Ke, BBIYHCIUM PA3JI0KEHUe ITOr0 WHTerpaja B OKPDECTHOCTH Q.

Po—e du
J, (2sin(60))?72(dp — u)?

I(e) =

bo—e 1 1
/0 du((ZE —2cos(u))32  (2sin(¢g))3/2 (g — u)3/2>

Bropoe ciaraemoe B 3100t (popmysie B TOUKE Py UMEeT UHTErPUPYEMYIO OCO-
6eHHOCTb. I/IHTeraH B IMepBOM CJiara€MOM JIEI'KO BBIYHCJIACTCA:

2
(@sin (o)) 2E

$o—¢ 1 1
/0 d“((QE —2cos(u))32  (2sin(¢yg))3/2 (g — u)3/2>'

TaxmM 06pa3oM, HHTErpaT IMeeT 0COOEHHOCT 10 paaKa |y — ¢|'/? B okpect-
HOCTH bg. C 1pyToii croponbl, B hopmy.ie (34) MHOKUTED MEPeT HHTErPATIOM
IpU ¢ = ¢y oOpalmaeTcs B HYJIb, IPUYEM, B OKPECTHOCTH (g STOT MHOKUTETH
nmMeeT 1nopda0K:

V2E +2cos((t, B)) = /2sin(¢o)e + Ru(e).

Baech Ry(g) — orpanuuennas OyHKIHs.

Nrak, nokazano, uro dpyHkius Yy orpanudena npu Vi > 0. g toro,
9TOOBI OHA OblLjIa PerieHneM JnHeapu30BaHHOTO TuddeHInaaIbHOTO ypaBHe-
HUd, HAJIO ellle JO0Ka3aTh, 9TO dTa (MYHKIUS JTBAXKIbI HElIpepbIBHO I de-
pernupyema mo t. Bo Bcex Toukax onpeenenus, Kpome touek 1T/4 + Tn/2,
n € Z, cBoiictBo auddepeHnnupyeMocTu He BbI3bIBaeT cOMHeHuit. B Toukax
t =T/4+ Tn/2 Bepxuuii npejies MHTErPUPOBAHUsT PaBeH t¢g, CYIIECTBOBA-
HUE TPOU3BOIHBIX 110 BPEMEHU HAJI0 JOKA3bIBATH 0CO0O.

[Iepeiiiem K 10Ka3aTeIbCTBY HellpepbIBHOIT qud hepeHnupyemMoct (pyHK-
Ui ¢y 1 Yy IO BpeMeHu. BhIYuciuM mpou3BOIHYIO 110 BpeMeHH (hDYHKITHH 1)1

—¢'sin(¢)
2F — 2 cos(9)

1?11 = = —sin(¢),

To ectb pyuknus auddepennupyema npu Vi.
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Brraucanm nepByto mpou3BOAHYIO 1O T (DYHKITUH 1)o:

. —sin(g) o du
Ve = V2E — 2 cos(¢) /0 (2E + 2 cos(u))?/? i
qsl
2FE — 2 =
0s(9) 2F — 2 cos(¢)

du 1

' o
_s1n(¢)/0 RE + 2cos(u))??2 V2E — 2cos(9)

U3 npejcraBiiennsi naterpaia B OKpeCTHOCTH (g CAEIYeT, YTO CUHTYJISIPHbIE
B OKPECTHOCTH (by UJIeHBI B (pOpMyJie /I MPOU3BOJTHON (g BXOJAT C Pa3/IHY-
HBIMH 3HaKaMH U cOKparmaioTcs. OcTaTok sIBJISeTCd OrpaHHYeHHOH Hempe-
pBIBHOI bYyHKITHE]].

HernpepbIBHOCTH 1 OrpaHUYE€HHOCTD BTOPBIX MMPOU3BOIHBIX, CJIE/IYeT Hero-
CPEJCTBEHHO W3 JIMHEAPU30BAHHOTO YPaBHEHMUSI.

Qynruyus Yy pacmem no epemeru. Caedcmeue amozo — pewenus AuHe-
apu306aHH020 HA NEPUOIUMECKOM PEULEHUY YPASHEHUL MAMEMATMUYECKO20
MAAMHUKA He ABAANMCA Yemotvusvmu no JIanynosy .

6.5 HeycToitunBOCTH cenmapaTpuUCHOIO pelneHuns

CemapaTpucHOe pelleHre OTIeasseT JBa BHAa (a30BbIX TpaekTopwmii. Jms
ypaBHEHUS MATEeMAaTHYeCKOTO MAagTHUKA — 3TO TPACKTOPUUA COOTBETCTBYIO-
e NepuoJuIeCKuM 1 HaMaTbhIBalOIMUMCA PEIIeHUAM. HOSTOMy O4Y€Hb BaZK-
HBIM SBJIAETCA BOIIPOC O TOM, 9YTO MPOU30HAET IPU BOZMYIIEHNN HAYaJIbHBIX
YCJIOBUI, COOTBETCTBYIOIINUX CeMapaTpucHOMY perreruio. O4YeBUIHO, UTO pe-
meHne Oy1eT TuO0 BpallalomuMcesd, JTuO0 mepuoaundeckuM. Beb cenaparpuc-
HOE peIeHne OQHO, U TOCIe BO3MYIIEHNsT HadadbHbIe JaHHbIE VKe He 00sI3aHbI
YJIOBJIETBOPSTH CHEIUAJIBLHBIM YCIOBUSIM cenaparpuchl. Takum odpaszom, ove-
BHJIHO, 9TO CelapaTpPUCHOe perreHne He 00/1a/1aeT YCTOWInBOCThIO 1o JIsmy-
HOBY. Bosee Toro, 3To pemrenne HEYCTOWYUBO MO JTUHEHHOMY IIPHOIMKEHIHIO.
To ecTb MTUHEAPU30BAHHOE HA CelapaTpHCe yPaBHEHHE NUMeeT SKCIOHEHITHA b
HO pacTyIlee pelreHne, KOTOpoe IIPUBOAUT K OBICTPOMY YIAJEHHUIO PEeIeHHi
OT CermapaTpPUCHI.
CemapaTprCHOe pelleHre MaTeMaTHIeCKOr0 MasTHUKA UMeeT BUIL:

o(t) = 4arctg(exp(t)).

JImHeapu3oBaHHOe Ha cemapaTpuce YpaBHEHHe MOXKHO 3alUCaTh B BUJIE:

" + 1) cos(4 arctg(exp(t))) = 0.
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9TO ypaBHEHHE MOXKHO YIIPOCTHTD, €CTH BOCIOIb30BATHCSA TPUTOHOMETPUYIE-
ckuMu (hopMyJTaMu TSI KPATHBIX YIVIOB:

cos(4a) = cos?(2a) — sin*(2a) = (%ﬁigg;y - (fkttgig(g()a)y'

Ot GOpMYJIbl HPUBOAAT K Oojiee MpocToit hopme JTHHEAPH30BAHHOIO

yPaBHEHU4:
1

ch?(t)
OzHO U3 perneHnii TUHEAPU30BAHHOIO YPABHEHHS JIETKO TOIYIUTh HPO-
muddepeHnnpoBaB Mo BpeMEHH Pelenne HeTAHEHOrO yPABHeHHS:

2

i (t) = (4arctg(exp(t))) = 20 (37)

"+ (thQ(t) — )1/) =0. (36)

Bropoe snnneiino wesaBucumoe perenue ypaBaenust (36) MOXKHO MOCTpPO-
UTh, BOCHOJIH30BABIINCH YCJIOBHEM IIOCTOAHCTBA BPOHCKHMAHA IS JTMHEHHO
HE3aBUCHMBIX pelrennii ypasaenust (36):

Yibe — iy = 1.
Dynkuust Yy(t) MoxKer OBITH MOCTPOEHA METOJIOM BAPUAIMU MOCTOSHHBIX:
U = A(t)hr (1),

TOr A,

PIA =1, wm A(t) = i / ch?(¢)dt.

ITocne HHTEIpUPOBaHUA IIOJTYIUM:

bolt) = sh?(t) t

= san(t) T (38)

Dyuknus o(t) — 0HO U3 penieHuil JuHEAPU30BAHHOIO ypaBHeHust (36)
9KCIOHEHIATBHO PACTET. DTO 03HAUAET, YTO CEIIAPATPUCHOE PElleHne HeyCTOji-
YUBO MO JTHHEHHOMY IIPUOJUKEHUIO H, CIeI0BATEILHO, IIPOCTO HEYCTONIHBO.

Baﬂa‘{a. Boraucnnts koaddunuent A B dhopmyite (35).

6.6 Jlureparypa

Teopus ycTORYNBOCTH MONOKEHUN PABHOBECHS TOAPOOHO MU3TATAETCSA TTPAaK-
Tudecku B r000M Kypce luddepennuanpbabix ypaBHeHnii. 31eCh Ompeieie-
HUs yCTOWIMBOCTHU 110 JISAIyHOBY JaHBI B COOTBETCTBUH C yIEOHHUKOM
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M.B. ®enopiok, O6biKHOBeHHBIE T dDepeHnaIbHble YPAaBHEHNI.

Bonpochr ycToitunBocTH MepUOINIeCKUX PEIeHuil U cemapaTpucHoOro pe-
MIEHWsT 110 OTHOIIEHHWIO K BO3MYIIEHHUIO HAYAJIbHBIX JAHHBIX, KAK MPABUIIO,
HE BXOJST B CTAHIAPTHBIN Kypc anddepeHnuaabHbIX yPaBHEHUT. DT TeMbI
00CyXKJIAI0TCsl, HAIIPUMEDP, B KHUTAX

B.1. Apuaonbg, lonosautenbabie riiaBbl Teopun JuddepeHnna bHbIX ypaB-
HEHUI.

['"M. 3acnasckwuii, P.3. CaryieeB, Beenenne B uHenmneiinyio ¢pusuky.

H.H. Mowucees, Acumnrorudeckne MeTO/Ibl HEJIMHEHHO MeXaHUKH.
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7 iemeHTHI Teopun OudypKalmii

Teopus budyprayu udywaem, Kax MEHAIOMCH PEUWEHUA NPU USMEHEHUL Na-
pamempos ypasHerut. 3decv nodpobro paccmomperv, npocmetiuiue 6udyp-
KQUUY KOHCEPBAMUBHLT CUCTEM GIMOPO20 NOPAIKA: MUNG CEONO-UeHMD, OU-
dyprayus yosoenua. Ilpocmetiwue budyprayuu unmepecrv, mem, 4mo oHu
YaULE BCE20 BO3HUKAIOM 8 NPUAONCEHUAT Meopul, QUPPHEPERUUGNOHBLE YPas-
nenut. Hanpumep, budyprayus muna cedaio-uewmp npusodum x nomepe
Yemotiuusocmuy Pewenus U 0meedaem 3a Hcecmrull pestcum 603HUKHOBE-
nuA kosebanul. Budyprayua yosoenus uepaem 6aHCHYIO POAL 6 ONUCGHUL
603HUKHOBEHUA MYPOYsenHmHocmU 8 Modeay, mypbysenmuocmu Jlanday. Bo-
AEE CA0CHBLE DUPYDKAUUL, KAK NPABUA0, COOMBEMCMEYIOM, BbLPOHCIEHH LM
CAYUAAM U, NOIMOMY, 8Cpenatomcesa pesce. [Ipuseder npumep neaoxarvrol
budyprayuy — nepecmpolixy cenapampuc.

7.1 JlokaJibHBII aHAJIN3 HEOTPAHUYEHHOIO JABUKEHUS

PaccMoTpuM ypaBHeHHe BTOPOTO MOPsiIKa
2" = F(x), (39)

rine F(z) — rnagkas GyHKus.
B MaJ10it OKpecTHOCTH TOYKH 00MIEro monoxkenus ro Gyaknuio F () Moxk-
HO IIPeJICTaBUTL B BUJE:

F(x) = F(xp) + O(x — x9).

Ecmu npeneGpedb 0CTATKOM, TOrIa BMECTO ypaBHeHus (39) MOKHO HCCIeT0-
BaTh ypaBHEeHHe

y" = Cy, (40)
rie y = & — xo, Co = F(x0).

T0 ypaBHEHHe JICFKO PellnThb, HO HAC OyJeT MHTepecoBaThb He CTOJb-
KO pellleHne, CKOJILKO IOTeHIHAIbHAg (DYHKIUSA U (a30BbIii HOPTPET TOrO
ypasHenus. /Ijis mojaydeHus MOTEHIUAJLHONR (DYHKIUH HAJI0 YMHOKHUThL 00€
yacTH ypaBHeHUs Ha 2y’ U IpOMHTerpupoBarh 10 t. B pesyibrare mojsydnm

(y/)? —2Cyy = E.
[ToTennuanbaasg GYHKINSA 3TOIO ypaBHEHH
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i
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Puc. 6: [lorennuanbaas GyHKIug 1 (Ha3oBblii mopTpeT 63 ToueK paBHOBE-
CUd.

DazoBble KpuBble — napado/ibl. Paz30BbIil TOPTPET HE COAEPKUT HUKAKHUX
0c00bIX TOUYeK. /IBUKeHIe OrpaHnIeHo TOJIBKO C O/IHOI CTOPOHBI i OYEBU/THO,
9TO peleHre PAcTeT CO BPEeMEeHeM, W Hallla anmpokcumanus ypasaerns (39)
ypasaerueM (40) JOBOJIBHO CKOPO CTAHOBUTCsI Hempuroauoit. OgHako, ecin
MHTEPEeCOBATHCS JIOKATBHOI KAPTUHON MPOUCXOAINEro, He 3aberas Iameko
BIIEpeJ, TOIJIa TOJ0OHOE IMOBEJIEHUe CHCTEMbI CJIe/lyeT MpU3HaTh Haubosee
TunuaHbIM. Benb mocsie Toro, Kak Harre MpUO/InKeHne B OKPECTHOCTH TOYKH
Xy CTAHET HEIPHUTOJHBIM, TAKOE Ke MPHOJINKeHNe MOYKHO YCTPOUTH BOJIU-
31 JII000i pyroit Heocoboit TOUKH, U KapTuHa (ha30BBIX KPUBBIX OKAXKETCS
IIOXOZKeH.

7.2 OKpecTHOCTh TOUYKHN PaBHOBECHS

KapTuna 1BuKeHHs, IPUBEJICHHAA BhIIIE, PA3PyNIaeTCd B OKPECTHOCTH TOY-
ku x = x1, e F(r;) = 0. 910 03HaYaer, 9T0 B OKPECTHOCTH TOYKH I
HeobxoauMa apyras annpokcumanus dbyukuun F(x)

F(z) = F'(z1)(z — 21) + O((x — 21)?).

JlokanbHO, BOIM3M TOUKH ¥ ypaBHeHue (40) MOXKHO NPUBTU3UTH ypaB-
HEHUEeM

y' 4+ wly =0, (41)

e y = (z — 1), w? = —F ().
D10 ypaBHEHHe rapMOHHYECKOTO OCHU/LIATOpPA ¢ NpuTarupamouei (w? >
0) wiu orraakusatomeit (w? < 0) cuyoit. [Torenunanbuas GYHKIHs st 3TO-
IO ypaBHEHHUS:
1= w?y?

YpaBuenwue 1151 (Pa30BbIX KPUBBIX:
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B pesynbrare Ha $a30Boil MI0CKOCTH HOMyYnM 60 mentp (w? > 0), aubo
cenno (w? < 0). Touka z; — TOUKa yCTONYMBOrO WM HEYCTONYHBOrO PaBHO-
BECHS.

Cemta W mEHTPHI HEYCTPAHUMBIM OOPA30M BCTPEYAIOTCS NPU H3YUEHUU
KOHCEPBATUBHBIX CUCTEM.

7.3 DBudypkanusa cemyio-1ieHTp

s ucenenoBanus 6osiee CJI0XKHBIX (PA30BBIX KPUBBIX OY/IEM PacCMaTpUBATD
dyukImio F', 3aBUCAIILYIO OT JOMOTHUTE/IHHOTO BEIIECTBEHHOTO apaMeTpa (.

F =F(z,a).

B obmeMm ciydae 3TOT JOMOJHHUTENbHBI MapaMeTp HHYero He MeHseT B
dazosom moprpere. OaHAKO, B CATYAIMd OOIIErO IMOJIOKEHUS CYIIECTBYET
TOYKa (1 W 3HAYEHHE T, IIPU KOTOPbIX O6paHlaIOTCH B HYJIb U 3Ha4YeHue
GbyHKINN, 1 3HAYECHHE ee TPOU3BOIHOM.

F(l’l, Oél) = 0,
Fl(afl,Oél) =0.

[TpuBeieHHBIE PABEHCTBA MOYKHO PACCMATPUBATH KAK YPABHEHHs JJIsT OIpe-
JeJieHnd 3HAYEeHUN T U Q.

B okpecTHOCTH TOYKH B POCTPAHCTBE MapamerpoB (xy, «;) dynknuo F
MOYKHO MPEJICTABUTH B BHJIE

F(z,a) = F(r1,a) + 0. F(z1,01)(a — ay) + F"(z1,a)(x — 21)%/2 +
O((x — 21)* + (a — a)?).

DTO NPUBOAUT K yPABHEHHIO
v =y + g, (42)

rie y = (x — x1)C, g1 = f(a).
Pemenne storo ypaBuenus — ¢pyuknug Beitepmrpacca. Ona MoXKeT OBITD
BbIpazkeHa 4depes yunrudeckue pynknun fxkodu.
[Torenumasnpuast GyHKIus s ypapaenns (42)
-1

M=—¢°— .
3y a1y

YpaBuenue 115 (Pa30BbIX KPUBBIX:

1

(y’)Q—g S~ quy=FE.
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Puc. 7: Budypkamnus ceamo-meHTp.

Ecmm g < 0, Torma ma dhazoBoM mopTpeTe ecTh JIBe TOYKH PABHOBECHS
— ycroitunBasg u HeycToiumBad. [Ipu g; = 0 TOUKM paBHOBecHs CIUMAIOTCS,
o0pa3ys CI0XKHYIO TOUYKY PABHOBECHs, KOTOpas Ha3bIBaeTcs ceo-y3e. [Ipu
g1 > 0 Touek paBHOBecusi HeT. Pemenne ypasnenus (42) onucwiBaer 6udyp-
KaIMIO POXKJIEHUs JIByX TOYEK paBHOBecus. Takasi Oudypkarusi Ha3bIBaeTCs
ceono-y3aed.

Budypxkamnus ceqmo-y3en orBedaer 3a gBIEHHE sHcecmKot nomepu ycmot-
wusocmu. [Ipu KecTKoit TOTepe YCTONINBOCTU pelIeHne CUCTEMBI TPU MAJIOM
U3MEHEHUH MapaMeTpa JAaJeKO YXOJIUT OT UCXOJHOTO COCTOSHUS PABHOBECHSI.
DTO JIerko HADJIIOIATh HA KAPTHHKAX MOTEHINAJIBHBIX KPUBLIX. [Ipn n3mene-
HUU TTapaMeTpa ¢; YCTORINBOEe COCTOSHUE paBHOBecHs Npu g1 = () CTAHOBUTCS
HEYCTOIYMBLIM U BOOOIIE mMponajgaeT npu g; > 0.

7.4 DBudypkanuda yJaBoeHUs

Bonee cinoxuasi curyaiyst BO3HUKAET, Korja (pyHknus F' 3aBUCUT OT JBYX
JIONOJIHMTEIbHBIX MapaMeTpoB. Torja B cuTyanuu oOIIEero Mmoj0zKeHust CyIe-
CTBYET peIllleHne CHCTeMbl YDaBHEHMIT

F(xlaalaﬁl) - 0)
Fl(l‘laalaﬁl) = 07
F"(21,0q,61) = 0.

To ecTh cymiecTByeT TOYKAa B TPEXMEPHOM MPOCTPAHCTBE MMapaMeTpOB, MPH
KOTOPOM O0paIaloTcs B HYJIb TPH MEPBBIX YIEHA B pasJjioKeHuu Teilyiopa mno
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Puc. 8: Ilorennuanbuble GYHKIUN Tpu OMMypKaIUKl YIBOCHUSI.

xr oyukuuu F'. Torma ajis J1I0KaJIbHOTO UCCIEI0BAHNS YPABHEHUS €r0 MOXKHO
aIMpoOKCUMHUPOBATH YPaBHEHUEM C HEJIMHEHHOCTHIO TPETHero Mmopsi/iKa.

"

Y= —a; — asy — 2y°. (43)
[Torennuanbuas (GYHKIWS 15T STOTO YPABHEHUS:
I = 2a,y + asy® + v
Ypasaernue s GHa30BbIX KPUBBIX:
(4)* + 201y + axy® + ¢ = E.

[Torennua/ibHble KPUBBIE PH PA3JIUYHBIX COOTHOIIEHUSIX TAPAMETPOB a1, G
OylyT uMeTh paszjndnbie (POPMbI 1apadoJI 4eTBEPTOrO TMOPSIKA.

Kpusbie ¢ 1ByMs pa3sHbIMH MUHUMYMaMH U KPUBYIO C IEPETHOOM ¥ MUHU-
MyMOM JIOKAJIbHO MOXKHO pPa30WTh Ha yiKe HCCIeoBaHHbIe caydaun. Hac Oy-
JIyT UHTEPecOBaTh KAPDTUHKHU, HA KOTOPBIX €INHCTBEHHAS TOYKA PABHOBECHUS
CTAHOBHUTCS HEYCTOWYMBOI M BOJIM3M HEE BO3HUKAIOT JIBE TOYKH MUHUMYMA.
Takas Oudypkalust ONUCHIBALTCsI YPaBHEHUEM:

y'=—y(2y* — ). (44)

[Ipu v < 0 ecTh TOJILKO OJHA TOYKA YyCTOUMBOro papHoBecus y = 0.
[Ipu v = 0 — caoKHAsg TOYKA paBHOBecCHs, pu v > 0 — TpH TOUKH paBHOBE-
cusd y = j:m, 0. Takag oudypkamnusa HazsiBaeTcsa bugpyprayuets yeoenus.
Ota OudypKalus OMUChIBAET Mazkull pestcum nomepu ycmotvusocmu. Jeii-
CTBUTEILHO, HECMOTPsI HA MOTEPI0 YCTOWYUBOCTH TOYKH PABHOBECHS, Perire-
HHUe octaercda BOM3M 3Toit Touku. [locenoBarenbabie OudypKaum yaBoeHua
PAcCMaTPUBAIOTCA KaK OJUH M3 MEXaHH3MOB BO3HHKHOBEHHS TYPOYJEHTHO-
cru (Moziesb TypOyaeaTHoCTH JlaHmay).

Pemenne ypaBuenusi (44) — GyHKINS CHHYC aMILTATY/IBI TPH PA3JIXIHBIX
3HAYEHUSX MOJLYJIS.
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&

Puc. 9: ®azoBbie mopTpeThl npu OUQYpPKAIMH YIBOCHUSI.

7.5 Henokaabable OudypKaIIIM

Budypkanum Touek paBHOBECHsI MOKHO KJIACCHMUIITPOBATD C MMOMOIIHIO 00-
IIMX TPUHIUTIOB Teopuu KatacTpod. OHAKO, B IMHAMUIECKIX CHCTEMaX BO3-
HUKAIOT OM(ypKamum, CBI3aHHbIe He TOJHKO ¢ TOYKAMH PABHOBECHUsI, HO U C
nepecTpoifkaMu cemaparpuc. Takue mepecTpolKu B MPUHIWIIE HOCST HEJO-
KaJbHBII XapaKTep W JO CHX IOp He Mo/IaloTcd Kiaaccudukanud. B srom
MYHKTE PAaCCMOTPUM IIPUMEp OJHON U3 TAKUX HEePecTpPOeK.

Paccmorpum ob6py4 pajanyca a, Bpalmaionuiics BOKPYT BEPTHKAIbHONR OCH
¢ nocTossHHOH ckopocThio ). [To 00pydy ckOMB3UT MaTepuaibHast TOYKA MAaC-
CbI . COCTaBI/IM YpaBHEHUA OBUZKECHUA MaTepI/IaﬂbHOf/i TOYKH. IL.HH 9TOro
CJIO’KAM MOMEHTBHI CUJI OTHOCHTEJIbHO IeHTpa obpyda. B pesynbrare momy-

BIGYE
10" = mQ? sin(f)a® cos(#) — mgasin(6).

Bnech [ = ma?® — MomenT unepuun mMarepuaibHoit Touku, mw? sin(f)a? cos(f)
— MOMEHT [EHTPOOEKHOM CHIIbl, —mgasin(f) — MOMEHT CHJIBI TSZKECTH.
_ g _
Bgesiem napamerp A = g%- u Hosoe Bpemst t = Qt. [IpejicraBum ypasHenue
B BUJIE CHCTeMBI

0 =w, w' = (cos(f)— \)sin(h).

Paccmorpum 310 ypaBHeHUe TPU Pa3HbIX 3HAYEHUsAX napaMerpa A € R.
Vpasuenue (pa3zoBbIX KPUBBIX

o w

dw  (cos(f) — \)sin(0) .

Wurerpas suepruun
w? — (sin®(#) + 2A cos(0)) = h.

N3 sroit bopmysibl ciiegyer, 9To (ha30Bble KPUBBIE CUMMETPUIHBI OTHOCH-
TeJILHO oceil KoopauHat 6, w.
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HaiizieM mosozkenust paBHOBECHsI IIPH PA3IMIHBIX 3HAUCHHUSIX MapaMeTpa
A

[Tpu |A| > 1 ecrb Tpu nonoxenusi pasuosecust § = 0, £7r. Ilpn |A| < 1
— OATh TOYEK PABHOBECHsI, KPOMe NPUBEJIECHHBIX BBIIIE JOOABJISAIOTCS eIle
6y = +arccos(\). Uccaeayem sTi TOYKHM pABHOBECHsI Ha YCTOHYUBOCTDH IO
JlganyuoBy. JIjist 9TOr0 HaJ0 BBHIYKCIUTH BTOPYIO MPOU3BOAHYIO MOTEHIHAJb-
HOI (DYHKI[MHI: TaM IJle OHA MOJOXKHUTEIbHA — TOUKA MEUHAMYMa, TJIe OTPHIA-
TeJbHA — MAKCHMYM.

1" = —2cos(20) + 2\ cos(0).
B pesysbrare moaydanm:

A>1: 0 =+n1 cenno;
=0 ueHrp.

—1<A<1: 0==£nm cenmo;
0 = +60y uenrp;
=0 -cemmno.

A< —1: =471 uenrp,
=0 cemo.

To ecth, ¢ TOUKM 3peHUsT POKIEHUS TOYEK paBHOBeCHUsI, OUypPKAMOHHBIMU
3HAYEHUSMU TTapaMerpa A sBJSIOTCd 3Hadenuss A = +1.

[Tepeiinem K mocTpoenuto cemaparpuc. [Ipum A > 1 cenapaTpuchl BBIXOIAT
u3 ToueK ) = 7. YpaBHeHUe cemapaTpuC UMeeT BU/I:

w? = sin?(0) — 2\(cos(#) + 1).

[Tpu 0 < A < 1 cemaparpuchl BEIXOAAT u3 ceaen. 3 cema # = 0 BeIXOAAT
JIBe cernaparpuchl B popMe mereib:

w?® = sin’(0) + 2\ (cos(f) — 1).
U3 cemen = £ BBIXOAAT CenapaTpuCh:
w? = sin®(0) + 2\ (cos(0) + 1).
[Ipu A = 0 napsbl cenapaTpuc BBIXOJSNIUX U3 PA3HbIX CEJIE/T CJAUNAIOTCS:

w? = sin?(0).
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Puc. 10: [Iepectpoiiku cemapaTpuc A\ = i, A=0, \=—

W

1 -1

[Ipu —1 < A < 0 metsieobpa3Hbie cenmapaTpUChl BBIXOJAT U3 cejen = =+
w? = sin?(#) + 2\ (cos(f) + 1).

Kpome HEX ecTb ellie JBe CermapaTpuch:
w? = sin?(#) + 2\ (cos(f) — 1).

[Ipy A < —1 KapTHHA CYIIECTBEHHO yIpolnaercd. EcTh TOIBKO JiBe cemapa-
TPUCHI, BBIXOAAIIHe W3 Toukn = 0 m oxBaThIBaOIIne HEeHTPHI § = 4.

Onucannast KApTUHA TTOKA3BIBAET, 9TO 3HadeHne \ = () — OudypKannon-
Hoe. [Ipu 3TOM NMpPOUCXOAUT THepecTpoiika cemapaTpuc, a YUCI0 U XapaKTep
TOYEK paBHOBeCcUs He W3MeHsieTcs. B pe3ysbTare 3TOi MepecTpoiKH cylie-
CTBEHHO MEHSIeTCsI XapaKTep KoaebaTeTbHbIX IBUZKEeHMI, OXBATBIBAIOMINX 00a
nenarpa 0 = +60p u cexno 6 = 0. Ilocae sroit nepectpoiiku GosbIme Koaeda-
HUs TTO-TIPEKHEMY OXBATHIBAIOT 00a IEHTPA, HO YK€ OXBATHIBAIOT HE CEIJI0
B # = 0, a OXBaTBIBAIOT CeJI0 B ) = 4.

JIuteparypa OcHoBbl Teopun OudypKalmii n3/102KeHbI, HAIIPAMEp, B KHU-
re

Angpornos A.A., Burr A.A. Xaitkuu C.9.. Teopus konedbanmii.

B wacrHOCTH, OTTyma B3dAT HpUMeEp MEPECTPOIKH CcemapaTpuc, PaccMo-
TPEHHBI B MOCAEeHEM IIyYHKTE 3TON JICKIUH.
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8 IIpuHnun HamMeHbIIero AaeiicTBHUs

B smofti aexyuu ypasenus METGHUKU 6bl600AMCHA U3 NPUHUUNG HAUMEHD-
wezo deticmeus oaa Pyuxuyuy Jlaepanorca. Beedena pynrxuus Lamusvmona.
IIpusedenr obwyuti 6ud ypasrerut dra xoncepsamuenot cucmemsi. Chopmy-
auposana meopema Jluysuans o gaszosom nomoke u meopema Ilyanrape o
6036PAULEHUL.

8.1 I'eHe3uc ypaBHeHUII MeXaHUKU

O/ iuH U3 BO3MOXKHBIX CITOCODOB BBIBOJA YPABHEHUI MEXaHUKH COCTOUT B UC-
MO/Ib30BAHUY BAPUAIMOHHOIO MPUHIINATA. DTOT MOIXO0J, aJbTEePHATUBEH CIIO-
co0y BBIBOJIa ypaBHEHHUil HemocpejacTBeHHO u3 3akoHOB HwioTona. Paccmo-
TPUM MeXaHUIEeCKYI0 CUCTEMY, KOTOpas B MOMEHTHI BpeMeHHU {1 U Ty 3aHUMa-
€T OIpe/Ie/ICHHbIE TOJI0KeHust. Torma MexK/ly STUMH MOJIOKEHUSMU CUCTEMa
BeJieT ceOsl Tak, 9To (DYHKIUOHAJ JIHCTBUS IPUHUMAET MUHUMAJILHOE 3HAYe-
nue. PopMaIbHO BBIBOJI YPABHEHUH MEXaHUKH PACCMATPUBACTCS KaK 3a/a4a
BapUAIMOHHOTO UCUYUCTIEHUS

t
S = / ’ L(q,q',t)dt — min.
t1

Baecy dbyukmust L(q, ¢, t) vaseiBaercs dbyukiumeii Jlarpanka. [Tepementbie
q4=q1,q2,--.,q, 1 UX MPOU3BOJIHLIE TIO BPEMEHU HA3BIBAIOTCS ODOMIEHHBIMU
KOOPJAUHATAMUA U OOOOIIEHHBIMU CKOPOCTSAMHU. 3aBHCUMOCTb (YHKIUU .Jla-
rpaHzKa TOJBKO OT BPEMeHH, caMuX 00ODIIEHHBIX KOOPANHAT U 00OOIIEHHBIX
CKOPOCTE CYUTAETCS IKCIEPUMEHTAIbHBIM (DAKTOM U UCIOIB3YETCS B Kade-
CTBE OJIHOTO W3 MOCTYJIATOB.

BriBon ypaBHenuit qBurkeHus n3 BApUAIMOHHOTO IIPWHIIAITA CTAHTAPTEH.
IckoMast 3aBUCHMOCTB KOODAUHAT OT BpeMenu — ¢(t). MunumyMm hyHKIHO-
Hasla JeficTBUsT O3Ha4aer, 4To Jrobast 3amena ¢(t) Ha ¢(t) + d0g(t) npusemer
K BO3pacTaHuio 3HaveHus dbyHKuuoHaga. Bapuamun dq(t) B KOHEIHBIX TOY-
Kax BPEMEHHOI'O MHTepBasia PaBHbl HYJI0 0¢(t;) = 0q(ty) = 0. V3menenne
dyuknnonana meiicTBusd:
to

2L(q,q’,t)dt=/ (0,L0q + 0y Léq')dt + . ..,

t1

to t
! /
/ L(q+dq,q +5q,t)dt—/
t1 t1
rJle MHOIOTOYME 3aMEeHIeT 4iIeHbI Oojee BLICOKOTO MOpsaaKa mo g u 0q'.
JIuneitnas gacThb 1ol popMyJIbl Ha3bIBaeTCsS Bapuarueil pyHKIHOHAIA.

B okpecTHOCTH MUHUMYyMa OHA PaBHA HY.JIIO.
to

0S = [ (04Ldq + 0y Loq')dt = 0.

t1
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91y dopMmysy HeyTO0OHO HCIOJB30BATH, MOTOMY YTO 3/I€Ch TPHUCYTCTBYIOT
KaK Bapualus HeN3BEeCTHOI (DYHKINN, TAK W BapUaIUsd ee MPOU3BOAHOMH. OT
MPOM3BOHOMN JIETKO W30aBUTHCSI, IPOMHTETPUPOBAB BTOPOE CJIAraeMoe Mo Ja-
CTdM.

to
aL(S o / (aL d 0L

BrennrerpaibHoe ciaraeMoe paBHO HYJIIO, TAK KaK Bapualus 0¢ paBHA HY-
JII0 B TPAHUYHBIX TOYKAX WHTepBasa. Bapuamus d¢ moxker Ji000i, moITOMYy
JIUTSI PABEHCTBA HYJIIO Bapuanuu 0S5 TOMKeH PABHATHCA HYJII0 MHOXKUTETDb B
CKOOKaX. DTO MPHUBOJUT K cucTeMe JuddepeHIna bHbIX YPaBHeHHIT BTOPOro
MOPsiIKA:

oL d oL B

g dtdg
OTH ypaBHEHHiIT B MaTeMaTHKe OObIYHO HA3BIBAIOTCS ypaBHEHUSIMU Diijiepa,
a B MeXaHWKe — ypaBHeHuaMu Jlarpamzxka. [IpeiimymecTBo Takoro moaxoma

IIPU UCCTIEIOBAHUT MEXaHUYEeCKOW CHCTeMbl COCTOWUT, HAIIPUMED, B TOM, UTO
ypaBHEeHUsl JIBUZKEHUs HE 3aBUCST OT BHIOPAHHOI CUCTEMBbI KOODIWHAT.

8.2 ®dysknuga Jlarpanxka

JInsg nanbHeRIero Heeae 0BaHms MaTepUaIbHONR CHCTEMBI HEOOXOIMMO OIpe-
nenuth Buj byHknun Jlarpanzxka. Ob6mereopeTrndeckKue cooOpazKeHusa 3/1eCh
yKe He OY€Hb-TO INPUTOJHBI. HOHHTHO, YTO pe3y/jbTaTbl HaJ0 CpaBHUBATL C
YpaBHEHUAMU ABUKEHUA, TOJIYTalOIIUMUCA U3 3aKOHOB HbIOTOHa. 9TO npu-
BOJUT K 3aKJIIOYEHHUIO, UTO ypaBHeHUd Jlarpanzka Jijis MeXaHuIecKoil cucre-
MBI JIOJIZKHBI IMETh BH/I;

i) + 5 =0,

e U—-noreHnuaibHas SHEPIUs CUCTeMBbI. DTa (POpMYyJ/Ia BbIparkaeT TPeTuit
3akoH HeroToHa: cymma m3mMeHeHusi 0000IIEHHOIO UMITYJIbCa CUCTEMBbI U Jeii-
CTBYIOIIUX HA CHCTEMY OOOIIEHHBIX CHJI paBHA HYJIIO.

C moMoIIbIo TPSMOil MOJICTAHOBKHU JIETKO YOeIUThCA, 9TO ypaBHeHud Jla-
rpaHzKa OyJIyT COBIAJIATh ¢ ypaBHeHusIMU HbioToHa, eciu B KadecTBe (DYyHK-
nuu Jlarpanka B3sTh PA3HOCTh KUHETUYECKOW M MOTEHIHMAJIHLHONR SHEPrun
n 2

m;(q;)

i=1

CHUCTEMbI

Paccemorpum npumepn dyukimii Jlarpan:xa u ypaBaenunii Jlarpanzka st
Pa3INIHBIX MEXaHUIECKUX CHCTEM.
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IIpumep 1. Maremarudeckuii MagTHUK. B KadecTtBe 0000MIEHHOM
KOOD/IMHATHI BHIOEPEM YTOJ OTKJIOHEHUS MAsITHUKA OT MOJOXKEHUS PaBHOBe-
cus ¢. Maccy masiTHUKa 00O3HAYUM depe3 m, JjiuHy MastaHuka — [. Torma
BBIDAYKEHUE JIJIsI KHHeTHIEeCKONH SHePTun:

T =m(14')2/2,
[ToTeHnuATbHAST SHEPTHSL:
U(¢p) = —mlg cos(¢).
QOyuknus Jlarpanxka:
L=m(¢")?/2 + mlgcos(¢).
Ypapuenue Jlarpamxa:
mi*¢'¢" + mi¢' sin(¢) = 0.

ITpumep 2. /IBe B3auMoieiicTByIOMINEe MaTepuaabHbie TOYKU. O000-
IeHHble KOOPpAUHATBI TOYEK — UX PaJuyC-BEKTOPDI. BBaI/IMO,ZLGf/'ICTBI/Ie 3aBUCHUT
OT PACCTOSIHUSI, TO €CTh OT PA3HOCTH PAJIHYC-BEKTOPOB.

m 1\2 1\2
1(r7) n my(5)
2 2

L=

= U(|r1 = ral).

8.3 dPynknus 'amumabToHA

MozkeT OBITH, HOJIee eCTeCTBEHHO pPacCMaTpHBaTh B KadeCTBe HEHM3BECTHBIX
bYHKIUI He TOMBKO 0D0DOIIEHHBIE KOOPAUHATHI, HO M O0OOIEHHBIE HMILY./Tb-
col. O603HAUNM BEKTOP 0DOOIIEHHBIX UMITYIbCOB cUCTeMBI Yepe3 p. [1o ompe-
JeJIeHNIO OOOOIIeHHbIH NMITYJIbC CHCTEMBI — 3T0 p = Oy L. Torma npupaiienue
dyukmun Jlarpanka MOKHO 3alUCATh B BU/IE:

dL = 8,Ldq + 0y Ldq' = 8,Ldq + pdq'.
C apyroit croponbl, 3 ypaBHeHuii Jlarpanzxa ciemyer:
p' = 0,L.

[Tosromy

dL = p'dq + pdq'.
Tenepb M0OKHO BbIpas3uTh npupaiienue Gynknuu Jlarpanzka TOJIbKO depes
0000IIEHHbIE KOOPIMHATHI U 0000IIEHHbIE KMITYJIHCHI. JIJI 9TOro mpecTaBuM:

pdq' = d(pq') — p'dg,
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TOTIA
d(pg' — L) = —p'dg + ¢'dp.

[Tox 3HakoM muddepeHuaia cieBa CTOUT BhIPayKeHHe ITOJTHON SHepruu CH-
cTeMbl depe3 0000IIeHHbIe KOOPJIMHATHI 1 0000IIEHHBIE UMITYJIbCHI:

H(p,q,t) =pq — L.

Buipastcerue noanoti snepeuu cucmemovt, kax GyHKUUL 0600UWEHHLLT KOOPOIU-
HaAmM U 0000UWEHHBLT UMNYALCO8, HA3bEAEMCA Pynkyuetd [amuromona.

ObobIeHHBIE KOOPIUHATH W OOOOIIEHHBIE HUMIIYIbCHl 3/16Ch ABJSIIOTCA
HE3aBHCHMBIMH TepeMeHHbIMA. [103ToMy n3 BeIpazkenus g auddepeHim-
aJla (byHKHI/II/I FaMI/IJIbTOHa JIEKO NOJIYYUTH YPpaBHEHUA IBUZKCHUA:

, OH , OH

q:a—p, P:—a—q-

OTH ypaBHEHHUsI Ha3bIBalOTCdA ypaBHeHHsMU [amuabrona. V3-3a mpocToTbi
3allMCH MX MHOIJIA HA3BIBAIOT KAHOHUYIECKUMH.
IIpumepsbl. Pynknug ['aMuabToHA 11 ypaBHEHNS MaTeMaTHIECKOTO Ma~

ATHUAKA: )
p

2m

H = + mlg cos(q).

Oyukiug [aMuIbTOHA A1 IBYX MAATHUKOB OJMHAKOBON JIJIMHBI, MO/IBEIIeH-
HBIX HA PACCTOAHUAU ( HA OAUHAKOBOUW BBICOTE, CBA3AHHBIX NPYZKUHON JIJTAHON
a »xectkocTu k. OOO3HAYMM Yepes3 ¢; YIJIbl OTKJIOHEHHST MAasiTHUKOB OT OJIO-
JKenwnit paBHoBecusi, Torna gpyukius ['amMuiabrona Oy/eT uMeTb BHL
2 2
H=2L P2 + mylgcos(qr) + malg cos(qa) + E(—lsin(ql) + Isin(g2))?.
2m1 2m2 2

8.4 OO6mwmii Bu ypaBHEeHMIi J1Jid KOHCEPBATUBHOI CHCTe-
MBI

Bynem ropopuThb, 94TO cucTeMa ypaBHEHUN C OJIHON CTEIeHbIO CBOOOIBI sIBJIsI-
eTCs KOHCEPBATHBHOI, ec/in TPAeKTOPUU ITON cUCTEeMbI Ha (DPA30BOI MJIOCKO-
CTH UMEIOT BU/IL:

F(p,q) =C.

YpaBHEHHS JIBUKEHUASA MOYKHO MOJTYIUTb UCXOs U3 3Toi hopmyibl. s sTo-
ro BeraucauM auddepeniua:

oF oF
dF = —dq+ —dp = 0.
0q ¢t op p
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Torna nuddepennuanbHoe ypaBHeHHE KPUBOil HA (pAa30BOM MIOCKOCTH UMeEeT
BHI;

oF

dp _ g
- OF *
dq B

Orcioma ciaemayer, 9To o0Inee ypaBHeHNE JBUKEHIS KOHCEPBATUBHOI CHCTEMbI
MOXKET OBITH 3aIIMCAHO B BHJE:

, 1 OF

" Qg p) Ip’
. -1 9F

P = Q) og

OTH ypaBHEHUsT HA3BIBAIOTCS ypasHenusmu Ipappa. Ipn BeIBOIE STHX ypaB-
HEHU{l Mpeanoaarajoch, Kak 00690, 9To F' 1 () — OfHO3HAYHBIE AHATUTHU-
qeckue (pyHKIHUH p U ¢.

ITpumep. Cucrema Boabsreppa. Cucrema Bosbreppa — onun u3 npu-
MEPOB HETaMMJIbTOHOBOI KOHCEPBATHBHOW CHCTEMBI, KOTOPAs MPUBOIUTCS K
ypasuenusim [Idadda.

Paccmorpum cucremy Tuma Kapacu-mryku. dmceao Kapaceit B mpyay — NVi.
Kapacn pazMHOKaI0OTCS TPONOPIHOHATBHO UX YUCTEHHOCTH ¢ Koy duimen-
ToM €1. C ApYyroit CTOPOHBI, UX €IdT MYKUA. JTO NPUBOIUT K YMEHBITEHUIO
quC/Ia Kapaceil MpOomopIUOHAJIBHO IHCIY HYK ¢ Kodddumuertom ;. Camu
IyKH, OKa3aBIIUCh 0e3 Kapaceil, MpyT ¢ 10101y ¢ Ko3hduiumenTom npomnop-
IMIOHATBHOCTH €9, M PA3MHOYKAIOTCS MPOIOPIUOHATBLHO KOTUIECTBY Kapaceit
¢ K03bhUImenToM MpOnOPIHOHATBHOCTH Yo. TaKas KapTUHA HATTISITHO OIHU-
ceiBaeTcsd cucreMoit nuddepeHnuaTbHbBIX YPAaBHEHTIA.

1= Ni(er — 11Nw),
5 = —Na(e2 — 12Na).

Oxa3zpIBaercs, 9TO 3Ta cucTeMa KoHcepBaTuBHa. [lomyunm ypasuenue dazo-
BBIX KPUBBIX. [IJ1s 9TOr0 yMHOKUM TIEPBOE YPaBHEHHE Ha Yz, BTOPOE HA 7, U
CJIOYKAM 3TU yPABHEHUSI.

Yo N7 + 71Ny = €172 N1 — €971 Na.

£9 €2
yMHO)KI/IM IIepBO€ ypaBHEHHE Ha m, BTOpOE — Ha N_l " CJIOZKHM IIOJTYyI€HHbIE
BbIpazKeHHU .
N! N,
1 2
Eo— +E1—=— = —62’)/2N2 + 61’)/2N1.
N Ny

B pesysbrare, c10KuB J1Ba MOJIYYEHHBIX PDaBEHCTBA:

15N + 1V} — =(In(V1)Y — e5(In(No))' = 0.
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[Tocue HHTEeIPUPOBaHUA IIOJTYIUM:
"}/QNI + ’leQ — &9 ln(Nl) — &1 ln(Ng) =C.

Takum obpa3oMm, cucTreMa ypaBHeHHiT BoibTeppa MoxKeT paccMaTpHBaTbCH,
Kak cucrema ypasuenunii [Idadda, rie

1
NiNy

F(NlaNZ) =N, + 1Ny — & hl(Nl) — €1 1H(N2)a Q(Nth) =

8.5 ®da30BbIil TIOTOK U Teopema JInyBus

B dazosom npocrpaHcTBe JUHAMUYECKO CUCTEMBI

, OH , 0H
9 =—F P =7~
op dq
PaccMOTPUM 3IeMEeHT 00'bema
dl' = dpdq.

BreigcHuM, Kak m3MeHsieTcss 00beM 3TOro dieMeHTa (pa30BOro mMpoCTPaHCTBA,
co BpemerneM. B moment ¢ koopmunarsr Toukn (p°, ¢°) B dbasoBom mpocTpan-
cree cranyT paBubiME (pf,¢'). Torga oobem smementa GhasoBOrO MpOCTpaH-
CTBa B 9TUX HOBBIX KOOP/IMHATAX CTaHET PaBHBIM

o', q")
dr_a(p q)dd

To ecthb, Ha/0 BHYUCIUTEL sikoGuan npeobpasosanus ¢'(p’, ¢°) = (p',¢'). B
okpecTHocTH Touku ¢ = () mpeobpa3oBaHue UMeeT BUJI;

oOH
p'=p" —t——(q°,p°, t) + O(t?),

dq
OH
¢ ="+t 0" 1) + OF).
D
HO3TOMY HpI/I MaJIOM U3MEHEHUuNn t HKO6I/IaH MO2KHO Hpe,ILCTaBI/ITb B BI/Iﬂe:
0", d') _ o0 o (q p )+0() 98¢, p°,t) + O(?)
"~/ n A\ — 2
a(p°, ¢°) ta H( 0.p% ) +0([) 1 +t§p§2(q 0%, 1) + O(t?)

JI19 mpoCTOTHI PACCMOTPUM CHCTEMY C OJHOI cTemeHbio ¢cBoOombl. Torma ms-
MeHeHHe d71emMeHTa (a3zoBoro oobema npu t = 0:

dr 0*H 0*H

@ _ 0,0 _
- |i=0 90 (¢°,p°,t) + apaq(q .0, t)|dpdg = 0.
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To ectb, pa3oBbIil 00BEM HEe MEHSIETCS CO BpeMeHeM. DTO yTBepKJIeHue Ha-
3pIBaeTCs meopemoti Jluysuiis.

Xorst obbem Kamin as3oBoi KUJIKOCTH B FaMUJIBTOHOBBIX CHCTEMaxX He
N3MEHSIeTCsI, CO BpeMeHeM B/ KAILIU IIPeTepIeBaeT 3HaauTe/IbHbIe gedopma-
nun. UToOBI MOHSTH 3TO, PACCMOTPUM HECKOJHKO TPUBHAIBHBIX MPUMEPOB.

®a30BbIii MOTOK TapMOHUYECKOTO OCIMJIJIATOpPa. YpaBHeHnus [a-
MHJIBTOHA JIJI TAPMOHUYECKOTO OCIULIATOPA:

¢=p p=—q

Torma q(t) = Acos(t + ¢g), p(t) = —Asin(t + ¢p). To ects npeobpazoBanue
$ba30BOro MOTOKA CBOAUTCS K TOBOPOTY OTHOCHTEHHO HAYAJIA KOOD/MHAT.

®a30BbIil NOTOK MATEPUAIBLHON TOYKH B MOJIE TSIYKECTH. Y PaBHe-
Hus ['aMniabroHa

Torma
q(t) = qo + pot — gt*/2, p(t) = po — gt.

Daz0BbIil MOTOK JABUIAETCS C MOCTOSTHHON OTPHUIATEIHLHON CKOPOCTHIO BJIOJIb
OCH P U YCKOPAETCA BAOJb OCU Y C NOCTOAHHBIM OTPHUIATE/IbHBIM YCKOPEHHU-
eM. Kpome Toro, ckopocThb BIOJIb OCH ¢ TPOIOPIIHOHAIbHA 3HAMEHUIO P. DTO
IIPUBOAUT K HEPABHOMEPHOMY CMEIICHUIO CJIOeB C PAa3HBIMU 3HAUYEHUAMU P
B/10JIb OCH g.

8.6 Tepema Ilyankape o BO3BpallleHUN

VuTepecHoe caeacTBHe MOCTOSHCTBaA (ha30BOro obbeMa JIjisl TaMUIBTOHOBBIX
cucTeM Ha3bIBaeTcs Teopemoii Ilyankape o Bo3BpaleHuu.

[Iycts ¢g' — coxpansiomiee (pa3oBblii 00beM HelmpepbiBHOE B3aHMHO O/I-
HO3HAYHOE OTOOparkKeHne OrpaHuvIeHHOro MHOroodOpasusi D B ceds. Torma B
Jir060# okpectroctu U j1r000it Touku u3 D nHaiijgercs r € D takasi, 910 Cy-
mectsyer T > 0, Takoe, uto g7 (z) € U.

JlokazarenbcTBO. PaccmMoTpum moceoBaTeibHbIe 0OTOOpazKeHusa 061acTu
U. Ilpu oroOpazxKeHHAX 00beM HEe U3MEHSIeTCsI, CTaJa0 ObITh, OTOOpaXKeHU
oyayT nepecekarnes gt (U) N g"(U) # (). Crenosarensno, g'=(U) N U # 0.
Bosbmem B KadecTBe MCKOMOW TOYKM T — TOYKY M3 ODJIACTHU IepecevdeHust
srux obnacreit, a l =1 — n.

JImreparypa.

Oyukiusa Jlarpanxka u GyHKIusg [aMuIbToHa BBEIEHBI, CIeAysd KHHUTE

Jlanpay JI./., JIudpmmn E.M.. Mexanuka.



8 IlpuHIHIT HAHMEHBIIEro JeiCTBHs 59

[IyuKT 06 0Ol (hbopMme ypaBHEHUNH KOHCEPBATUBHOI CHCTEMbBI, IPUMEPDI
¢a30BBIX MOTOKOB TAPMOHUYIECKOT'O OCIULIATOPA M MaTepUATbHON TOUYKHU B
II0JIE TAZKECTU B3ATHI U3

Angpornos A.A., Burr A A., Xaiikuna C.9.. Teopust kojgebanmii.

DopMmyJIMPOBKY ¥ JlOKa3aTeabcTBa TeopeM JInyBuiisg o (pa3oBoM moroke
u [lyankape o BO3BpaIlleHHH H3BJI€YEHbI U3 KHUT'T

Apnons B.1.. Maremarndeckue MeTOIBI KJIACCHICCKOR MEeXaHUKH.
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9 IIpumepbl BOJIHE UHTEIPUPYEMbBIX CUCTEM

3decv ¢ passuvnoli cmenenvlo NodpobHocmU Pa3odpaHvl NPUMEPHL HEAUHET-
HOLL BNOAHE UHME2PUPYEMBLT METAHUYECKUT cucmem. 3adava Kenaepa, 604-
ok Jinepa u sorvor Kosarescroli.

9.1 3amaua Kenuepa

Paccmorpum 3a1a4dy 0 JIBUKEHUH MATEPUAJIBLHON TOUKH B MOJIe TszKecTu. by-
JIeM CUHTATD, UTO TOJe TIKEeCTH CO3/IaeTCs HEelOABUYKHBIM TeJIOM. 3aIUIIeM
dyukmuio ['aMuibToHa 71 MaTepuaabHOl TOUYKH. B KadecTBe 00OOIIEHHBIX
KOODJIMHAT OyJeM pacCMaTpUBATH MOJSIPHbIE KOODAWHATHI TOYKU 7" = ¢ U
¢ = qo. OBODIIEHHBIE UMITYJIBCHI — UMITYJIBC B PAJIAAILHOM HAIMPABICHUU Di
U MOMEHT MUMIYJIbca Po. B pesysbrare dpynkmnus [amMmuibrona nveer BuI:

2

p1 Dy
C2m 2mg?

31ech mepBoe craraeMoe — KHHeTHYIecKast SHePrusi paanaaIbHOrO JIBUZKEHUS.

Bropoe ciaraemMoe - KHHETHYECKAs SHEPrusl YrIoBoro apuzkerus. U(q) — 1mo-

TeHIUAIbHAS SHEPTUs MaTepHAJTbHON TOYKH B TOJE TIKEeCTU. Y paBHEHUST

lamuarrona OJId MaTepI/IaJIbHOﬁ TOYKHN:
OH —
op1 —
OH _
3112

= P mq — 0, U(q1), (45)

__O0H —

SEEY
Il
[

S
é\s 3
=1 ~

=
||
Q:|§:;

da30Boe MPOCTPAHCTBO ITOH 3a/1a9n YeTbipexMepHo. OITHAKO, mOCTeHee pa-
BEHCTBO O3HAYAET, YTO YIJIOBOI MOMEHT HE 3aBUCUT OT BPEMEHU U SIBJISETCS
OJIHMM U3 JIBYX HMHTErpaJioB cucrembl. Bropoit maTerpas — cama (yHKIus
Famunbrona. [Tosromy B derbipexMepHoM (a30BOM ITPOCTPAHCTBE MHOT000-
pasue pelreHnii CUCTeMbl YpaBHEHUN IBYMEPHO. DTO MHOr0ooOpasue oImpeie-
JISIeTCS YPABHEHUSMU:

1

p1 p
U =F =M

e B, M = const.
Cucrema ypaBHEHUil JBUKEHUs JIETKO pa3/IeasdeTcd Ha YIJIOBOE W PaJiH-
aJbHOe. YpaBHEHHUe I YIJI0BO KOODIWHATHI:

M

/
0= —s.
> mgt
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KoopauHaTa ¢z COOTBETCTBYET MOMAPHOMY YIUIY, IOITOMY OOIACTH €€ H3-
Meneruss — or 0 710 27. YpaBHEHHe JJIs ¢a WHTeIPUPYETCs MOCTe TOTO, Kak
OmpejiesieHa 3aBHCHMOCTh OT BpeMenn Koopauaathl ¢ (t). [lepuon dyukmn
¢2(t) BBrancasiercs 1o dopmy.ie:

T Mdt
271' :/ o
o mgi(t)

[Ipoanddepennupyem ypaBHenue Jjijis paauajbHON KOOPJAUHATHI U TOJI-
CTABUM BbIPazKeHNe MPOU3BOIHOI P| W3 TPETHEro yPaBHEHUsI CHCTEMBI yPaB-
Hennii npukenus (45). B pesysibrare nosydaercsi ypaBHeHHe BTOPOrO MOPsiji-

Ka
2

me! = — L5, Ular). (46)
mq;
OTO HU YTO MHOE, KAK ypaBHEHHE PAJUAJTHLHOTO JBUKEHHUs, KOTOPOE MOXKHO
OBLIIO MOJNYYUTH, PACCMATPUBAas CUCTEMY, HCXOs U3 3akoHoB HbioToHA.
Ypasuenue (46) JIErKO IPUBOJAUTCS K YPABHEHUIO EPBOTO MOPSIJIKA C pas3-

JeJSAI0IIAMUCS HepeMeHHbIMI/I22

@) = (B - U)o = =

Hac mnTepecyioT nepuoandeckne JIBUZKEHUsI MaTepuajbHoOi Touku. [lo-
SToMy OyJeM CUYUTaTh, KOOPJAUHATA ¢ MPUHAMAET 3HAYECHUA MEXKIY (min H
Gmaz- MaKCIMaIbHOE U MUHAMATBHOE 3HAYEHUS — 3TO PeIleHns YpaBHEeHUT:

2 M?
—(E—-Ulq) - =0
m

2 2
meqi

YVpaBHenue st ¢ JIETKO WHTEI'PUPYETCH:

q dx
i i\/%(E ~U(@) - 25

BHaK ILIIOC BRIONPAETCsT, KOTAa TOYKA JBUKETCS OT MOJTOKEHUST ¢ MUHUMAIb-
HBIM 3HAYEHUEM (¢ B CTOPOHY MaKCHMAaJIbHOI'O 3HAaUYEHHsI U HAODOPOT.
[lepuoa paguaabHOIO IBUXKEHU:

maz d
T =2 / ' .
Imin \/ E U )) mql

20 mepexoze OT ypaBHEHHs BTOPOrO MOPSIKA K YPABHEHHUIO IIEPBOTO HOPSIIKA CM. JIEK-
muro 1.
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Boigcanm, Kak m3MeHdgeTcsd yIIoBasg KOOpPAWHATA 3a MOJOBHHY TEpUOIa
n3MeHeHnsd MepBOil KOOpAWHATHI. /I 3TOTO MPOW3BOAHYIO MO BPEMEHU BBI-
pa3uM depe3 MPOU3BOJIHYIO TIO Pa/IMaJbHON KOOpIWHATE!

_ dpda M
o dg, dt — mg?’
nJjin
qu M 1
2= _
dg  mgi \/%(E —U(q)) — m&;
1
Torna
qmax #d(ﬂ
Agy :/ 5 T
Gmin \/E(E —U(z)) - 22,

Eciu canrarh, 910 noTeHIMAIbHAS SHEPIUS 00PATHO MPONOPIMOHAILHA
PaCCTOTHUIO

ym
U(T) = —T,

Torja waTerpas B popmyiie st Agy HHTEIPUPYETCS B KBAIPATYPAX.

dmazx %d l
A(D:_/ 2 " SI) Mz e
m V(B = am(3) = 15 ()

CremnoBaTeIbHO, B 3TOM CJIydae Mepuo/l JBUKEHUs MO PaJUyCy paBeH IepH-
Oy JABU2KEHUA I10 yI‘JIOBOfI KOOpJuHaTe.

Ecnn 3axon 06 oOpaTHoil mpONMOpIHOHAILHOCTH HE BBINOJIHAETCs, TOT/IA,
BOOOIIIE TOBOps, Agy # %Tm 1, CIedoBaTeIbHO, TPACKTOPUSA ABUXKEHHS He
3aMKHYTa U IJIOTHO 3aIOJTHAET KOABIO Gmin < T < Gmaz-

3ameuanue. [Ipu ABUKEHUH CIYTHHKA BOKPYT 3€MJIM MOTEHIHAIbHAA
SHEPrugd

U~ =21 = (5)°AP(cos(4))],

rae A = 0.00108265, P(cos(¢)) = £(3 cos(¢)—1). To ectb, opouTs Criy THIKOB
HE 3aMKHYTHI.

a

9.1.1 NuBapumaHTHOe MHOroooOpasmue B 3ajade Keniepa

Paccmorpum moipobHee TpaeKTOPHUIO CHCTEMBI B YeThIPEXMEPHOM ITPOCTPaH-
cTBe ODOOIIEHHBIX TMapaMeTpoB. Kak yke oTMedaJioch, TPAGKTOPHH JIeyKaT

Ha JABYMEPHON IIOBEPXHOCTU
i, P
- - _|_ 5

2m  2¢im

+U(q) =E, p,=M.
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KOOp,ILI/IHaTbI Ha 3TOI IIOBEPXHOCTH U3MEHAIOTCA HNUKJINICCKH

@1 € [Gmin, Gmaz), @t +T1) = a1 (1),
¢ €[0,2m), @t + 1) = qo(1).

Takum obpa3zom, HHBaApHAHTHAS MOBEPXHOCTH JAuddeomopdHa IBYMEPHOMY
TOpY.

Ha 3roii moBepxHOCTH €CTh /IBa JIUHEHHO HE3aBUCUMBIX (a30BbIX MTOTOKA.
Onnn w3 HEX — GA30BBIl NOTOK, ONMpe/Ie/seMblii TAMUIBTOHHAHOM (3aKOHOM
coxpanenusi sneprun) H(p,q), Bropoii — 3aKOHOM COXPaHEHUsI MOMEHTA HM-
nyasca M(p,q). YpaBHeHus JBUKEHUsI, onpeeasembie dyHKiueii M:

p1 =0, phb=0, ¢ =0, ¢=1L1

Da30BbIi NOTOK, ONpe/eademblii ravuibronnanom H, Gygem obosnavars g,
dbazoBblit 10TOK, onpepensemprii byuxuumeit M — gb. JIokaabHO, OKOIO TOUKH
(po, qo), 1 baszoBbie MOTOKKH B IJIABHOM MOPsijIKe MO BPEMeHH ¢ OIpeiesisi-
I0TCA JIBYMs KacaTeIbHBIMH BEKTOPAMU K WHBAPHAHTHOMY MHOTOOODA3UIO.
Kacarenbuble BEKTOPBI JIETKO TOJTYYHTH W3 YCJIOBHS PABEHCTBA HYIIO M-
depeHINAIOB 3aKOHOB COXPAHEHUS

dH =0, dM = 0.

JlokaabHO 3T pa30Bbie MOTOKU MOYKHO 3aMKUCATh B BUJIE:

g{(pa Q) = 0

Pl =,

t 0

t _ P = Do,

95(p, q) ¢ = ¢,
G=q+t

Jlerko BugeTh, 4TO 310 pa3ubie (ha30Bbe MOTOKU. KpoMe TOro, 0Ka3bIBaeTCs,
YTO OHU KOMMYTHUDYIOT, TO €CTh

995, @) = 959} (p, q).

OTO JIErKO MOHATD, €CJIH 3aMeTUTh, YTO MAaTPHIA IEePBOro Mpeodpa3oBaHUsd
KOOP/IMHAT HE 3aBUCUT OT (2, & MATPHUIIA TTPe0OPA30BAHUST, COOTBETCTBY IO
BTOpOMY (Pa30BOMY TOTOKY, BOODIIE HE 3aBUCUT OT KOOP/IMHAT.



9 Ilpumeps! BrojiHe HHTEIPUPYEMBIX CHCTEM 64

Takum obpa3zoM, HHBapHaHTHOe MHOroobpasue 3ama4dn Kemnepa — mqud-
deoMopdHO TOPY, B HA STOM MHOIOOOPA3UU CYIIECTBYIOT JIBa KOMMYTHPYIO-
X (a30BbIX MOTOKA. 1 paeKTOpUU JIBUZKEHUsI Ha WHBAPUAHTHOM MHOT000-
pasun MOXKHO PacCMaTpPUBATh KaK OOMOTKY JAByMepHOro Topa. Ecim Tpaek-
TOPHUU 3aMKHYTHI, TOIJIa TOBOPST, YTO OOMOTKA TOPA MePUOIMIecKasi, eC/IU He
3aMKHYTBI, TO TPAEKTOPHH BCIOAY IIJIOTHO 3aMOJHAIOT HHBAPUAHTHOE MHOTO-
obpa3zue.

9.2 Bomauok Jitiepa

Eme oaumu mpmMep, B KOTOPOM yIaeTcs SBHO HCCIEI0BATH HWHBAPUAHTHOE
MHOT'000pa3ue 3TO BOJTUOK Dilyiepa. 3/1ech He MPUBOJUTCA BBIBOJ Judepen-
MuaJIBHBIX ypaBHeHuil. [losicauMm, b, 910 BOTIOK Dilepa — 3T0 TBEpIOe
TeJIO, 3aKPeIIEHHOe B IeHTpe TszkecTu. Boobie rosopsi, (pazoBoe npocTpan-
CTBO JBUKEHHS TBEPIOrO TeJia B TPEXMEPHOM MPOCTPAHCTBE ITECTUMEPHO.
Onnako, B caydae BOJYKA Diliepa UMITYIbC IBUZKEHUS MEHTPa TIKEeCTH Pa-
BeH Hysf0. [lo3TOMY OCTarOTCS JIMIIL BpaliaTe bHbIe COCTABISIONINE IBHKe-
HUsl, UX TPA — ITO MOMEHTHI MMIYJIbCA OTHOCUTE/JILHO TpexX KoopjuHat. B
pe3yJjbTaTe YypaBHEHUA ABUZKEHUA MOXKHO 3aIllUCATh B BUIE!

{ = M2M3(a2 — CL3),
é = M3M1(—CL1 + CL3),
é = M1M2(a1 - az),

rJIe a; — CTaTu4eCKue MOMEHTBI NHePIUU TeJaa a; > Gz > as.
Ecrb ABa MHTErpaJia JBUXKEHUA. OTO NMOJHAA dHeprud

1
H(M) = §(G1M2 + GZMZZ + ClgM??)

W MOJHBIA MOMEHT UMITyJIbCa
F(M)= M} + M; + M;.

W3 Buga 9THX WHTErpajaoB CJIEAYEeT, YTO WHBAPHAHTHOE MHOIoOOpa3ue B
TPEXMEPHOM IPOCTPAHCTBE — 3TO HepecedeHne maunconna H = const u
cepsl F' = const. Bpamenne BOKpyr MaJsioii u OOJBINONH Oceil yCTONYIUBO,
a BOKPYT CpeJHell — HeyCTOWINBO. JTO MOKHO 3aMETHTh U3 IIPSIMOTO Pac-
CMOTpEHHUsI CUCTEeMbl ypaBHeHuil. Ecum HapucoBaTh TPaeKTOPUU JIBUKEHMUSI,
TOI/IA MOYKHO 3aMETHTh, 9TO OKPECTHOCTH BEPIINH CPEJIHEl OCH — CeIa.

[IpounTerpupyeM ypaBHEHHS JIBUXKEHUS BOTUKA Dilaepa.

{ = M2M3(a2 - a3),
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1
5(@1M2 + CLQM22 + a3M32) = h,,
M} + M7+ M3 = f.
Torna
M3 = f - ]\/[12 - M227
1
§(a1M12 + CL2M22 + a3f - CL3M12 - a2M22) = h,

(a1 — a3)M12 + (a2 - a3)M22 =2h — a3f’
1
My = 7(2h —asf — (al - a3)M12)7
a9 — ag
1
M2 — f — M12 — 7(2]7, - a3f - (al - a3)M12)’
a9 — ag
M22 =C — 02M127

M?? = C3 — C4M12.
OKOHYATEILHO IOy 9UM
(M7)? = (c1 — caM?)(es — C4MT ) (az — az)®.

Baﬂaqa. Buipazutrs M; depes snnmunrudeckue pyHkiun Jdxobdu.

9.3 Boauyok KoBaJjgeBckoii

Kpowme yxke pa3oOpaHHOTO caydasi BOJYKA Dilaepa, ypaBHEHUs JIBUKEHUS
3aKPEIJIEHHOTO0 TBEPOr0 Tejia UMEIOT elle JIBa CJIydasi, KOTJA OHU TIOJTHO-
CTHIO TPOMHTEIrPUPOBAHBI. DTO TaK Ha3bIBaeMble BoMUKHK Jlarpamka u Kosa-
JneBckoit. Bomduok Jlarpan:ka — 3T0 0CECUMMETPUIHOE TBEPIOE TEI0, 3aKpell-
JIEHHOE B IMPOU3BOJBHONH TOYKE. 3JeCh PACCMOTPUM BOJIYOK KOBa/eBCKOii.
B sTom ciyuae Kpome 3aKOHOB COXPaHEHHsSI SHEPIUH, MOMEHTA WMITYIbCa U
YCJIOBUST CBSA3M JJIst YIJIOB Difjiepa ecTh ele OAWH 3aKOH COXpPAaHeHUs, He
HMEOTIHIT TPOCTOTO MeXaHHYeCKOTO TOJTKOBaHHdA. VIHTerpupoBaHme BOTIKA
KoBaseBckoii cBA3aHO ¢ KPACUBBIMU MAaTEeMATHIECKAMH MPeoOPa30BAHUSIMI
— TaK Ha3bIBaeMbIM mHpeobpaszoBanmem Abesst m 3amadeii obpamennst fko-
ou. [Toaromy, HECMOTPsT HA TPOMO3KOCTH (DOPMYJI, KAzKeTCsl MOJE3HBIM XOTS
6bI MMO3HAKOMUTBHLCA C UACAMHU, JIEZKAIIIUMU B OCHOBE MHTEI'PUPOBaHUA BOJIYIKaA
KoBaneBckoii.
VYpaBuenud Bomdka KoBaneBcKoit nMeroT BU;

2p' = gr,
2¢' = —pr — s,
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= [y,
N =T = 40,
Vo = PYs — T,
Vs = qy3 — P

3nechb p1 = const.
Ectb yeThipe mHTErpasia JIBUKEHUSI:
MOJTHAST SHEPTUST
H=2(p"+¢") +r* = 2um,

MOMEHT I/IMHyﬂbCa
L =2(py1 + q72) + 773,

yciaoBue CBA3U
Y+t =1

n unrerpaj KosajieBckoit
K = (p* = ¢" + pm)* + (2pq + p72)*.
Paccmorpum moBepxHOCTH yPOBHS 9TUX UHTEIPAJIOB
H=6h, L=2, K=Ek.

Beegem Ha 3T0ii MOBEPXHOCTH KOOPAUHATHI S7 U S

Si2=3h+ R(x1, 1) + 4/ R(x1) R(2,)

(71 — 22)?

Y

e
T2 =p=Eiq, R(z)= —2Y 4 6h2® + 4dulz + p® — k2,
R(x1,75) = —a3a) + 6haymy + 2ul(zy + 39) + p? — k2.

B ImepeMeHHbIX 51,2 YpaBHEHUA ABU2KEHHUA 3allICBIBAIOTCA B BUIEC:

K 27% S! — 27\1135(52) (47)

L2(8 =8y 7% 2(S, — S1)’

e
Ps(2) = [2][(z — 3h)* + p® — K*] — 2u°1%])((z — 3h)* — k).

Ypasuenus 171 S o HHTErpHpYOTCs npeobpaszosannem Adens I — J(T),
re I' — pumanosa mosepxuocth poja 2: w? = Ps(z). Do npeobpazosanue
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UMeeT B/
¢ /51 dz n /52 dz
1= T B et
Po \/P5(Z) Po \/P5(Z)
C /51 zdz N /52 zdz
2 = — T
Poy/P5(z) TP/ P5(2)

rie Py— dbukcupoBannasi Touka Ha puMaHOBOil moBepxuocTu. CrcreMa ypas-
HeHuii nuzkenns (47) IpuHEMAET BUJ:

USEPUCYN
dt Toodt

OTH ypaBHEHHUs JIETKO HUHTEIPUPYIOTCs, OJHAKO JIJIS BBISCHEHHS MOBEICHU
pellieHnsT B MCXOJHBIX IePEeMeHHBbIX He0OXO0AMMO 00paTuTh Mpeobpa3oBaHme
Abens. Bagaay 00 obpallleHny THIEPITLINNTHICCKIX HHTErPAJIOB HA3bIBAIOT
3ajtadeit oopamennsa Zlkodbn. OHa perraercs ¢ UCHOJb30BaHHEM TaK Ha3bIBa-
eMbIX TITa-pyHKui. [Tokaxkem, 94T0 B cuTyamuu OOIIETrO MOJOKEHHS IIpe-
obpasoBanune Abens JoKaabHO obparmmo. /las sroro BlumcanM fKoOHaH
npeobpa30BaHus W MOKayKeM, YTO OH HE PaBeH HYJIIO.

1 S
(¢, C2) | VPs(S1) /Ps(S1) | _ Sy — 51
1

So - ’
8(51, SQ) \/Ps(S@) \/P5 S5) P5(51)P5(S2)

Eciu P5(S2) # 0, Torga cymecrsyer obparHoe mpeodbpa3oBaHue.

9.4 Jlurepatrypa

[Tpu moAroToBKe 3TOM JIEKIMH HCIOJIH30BAINCH KHUTH
Jlangay JI./., JIudpmmn E.M.. Mexanuka.
Apnons B.1.. Maremarudeckue MeTOIBI KJIACCHICCKOR MEeXaHUKH.
Bacmasckuit I'M., Carymees P.3.. Beenenne B nenuneitnyio busuky.
Paznen 06 nnrerpupoBanue Bomuka KoBaseBckoit Hanmucan mo o030py
Hy6posun B.A.. Hesmmneiinbie ypaBHenust u mora-pyHKIUA. YCIIEXU Ma-
TeMaTHIeCKUX HAyK, T., N, C.
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10 Teopema JImyBujjiass 06 MHTErpupyeMbIX CHU-
creMax

B smoti aexyuu ssodumces nonamue o ckobrax Iyaccona, KoMMYMUPYIOULUL
dazosvir nomoxax. Ilocmpoenv, nepemennvie deticmeue-y20a u chopMysupo-
sana meopema JIuysuiii 0 6nosHe UHMEZPUPYEMBLT CUCTIEMAT.

[Ipumepbl [uHAMUYECKUX CUCTEM, PACCMOTPEHHbIE B MPEIbIAyIIeil JIeK-
M7, MOKa3bIBAIOT, YTO B HEKOTOPBIX CIIy4YadX pelleHne ypaBHEHWI JIBUZKe-
HUA CBOAUTCA K HCCIECJOBAHUIO MHBAPUAHTHBIX MHOI‘OO6paBI/II7L MHOF,IL& TN
HHBapHAHTHBIE MHOM00OpA3Msa MOKHO PACCMATPHBATH KaK n-MepHBIE TOPHI,
a TPaeKTOPHH CHCTEMBI — KaK OOMOTKH 3THX TOpOB. EcTecTBeHHO mOCTa-
BHUTH BOIIPOC O TOM, ITPU KAKUX OOIIMX YCJOBHSX 3ajada 00 MHTErpupoBa-
HUN 2n—MeprIX TaMHUJIBTOHOBBIX CHCTEM CBOJUTCA K 3aJa4e O JMHaMHUKE HaA
n-mepuom tope. OTBeT Ha TOT BOMPOC JaeT Teopema .JInmyBULIsI O BHOJIHE
HHTEIPUPYEMBIX CHCTeMAaX.

PaccmoTpuM raMu/IBTOHOBY JHHAMHYECKYIO CHCTEMY B 2n-MepHOM da-
30BOM IIpOCTpaHcTBe. [lyist TOro, 9Tobbl pa3MepHOCTh IMPOCTPAHCTBA CHCTE-
MbI TIOHU3UTH JIO PA3MEPHOCTHU 7, HEOOXOJAUMO, YTOOBI dTa cUcTeMa 00J1a/1a-
Jla N HE3aBUCUMBIMH IMEPBLIMU MHTerpajamMu. B 3roMm ciydae TpaekTopus
peIlleHnst CUCTeMBI OyIer Jie;kaTh Ha N-MepHOM MHOrooOpasuu. lasee, mis
BBIJIEIEHUS N-MEPHOIO0 TOpPa W HE3aBHCHMBIX JIBHYKEHHI Ha HEM HeoOXOIu-
MO, UTOOBI 3TO N-MepHOe MHOT000pa3ne OLLIO KOMIIAKTHBIM U YTOOBI Ha HEM
CYIIIECTBOBAJIO N-HE3ABUCUMBIX KOMMYTHUPYIOMUX (ha30BbIX MOTOKOB. Men-
HO 9THU HE3aBUCUMBIE (baSOBbIe IMOTOKH MO3BOJIAIOT pa3Je/JINTh IMepeMEeHHbIe
HAa MHOIOOOpPA3WH PelreHuii U BIOCIeICTBAN IIPOUHTEIPUPOBATEH YPABHEHUS
JIBI2KEHHSI B KBaIpaTypax.

[Ipex e uem popMyIupoBaTh TeopeMy JInyBUILISA, BBISCHIEM, KAKAM YCI0-
BUAM JOJIZKHBI YJOBJIETBOPATDH IIE€PBbI€ HHTEr'PpaJibl CUCTEMBI, I{TO6bI (baSOBbIe
IMIOTOKN Ha MHBAPpUAHTHOM MHOFOO6paBI/II/I KOMMYTUDPOBAJIN.

10.1 Cxkob6kmu Ilyaccona

[Tosmast npousBoguast dyukiwn F (¢, p, q) 1o BpeMeHH B CHILYy CHCTEMBI yPaB-
Henuii ['aMuIbTOHA UMeeT BH:
dF
dt
B srom BhIpakenum mepBoe caaraeMoe HUKAK He 3aBHCUT OT CHCTeMbl la-

MHUJIbTOHA. BTOpoe W TpeThbe claraeMble ONMPee/TdiOTCs TaMUJIHTOHUAHOM.
JI1st KpaTKOCTU TH JBa CJIaraemMbix 0003HAYAIOT B BHU/IE:

{(FH} = 0,Fd,H — 8,F0,H.

= 0,F + 0,Fp + 0,Fq = 0,F — 0,F9,H + 9,F0,H.
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DTO BBIpaKeHue Ha3bIBaeTcs ckobkamu Ilyaccona.

Jlerko mougaTh, uTo ecau yHKIUA F' He 3aBUCAT OT BPEMeHH W SBJISET-
csl MHTErpaJioM CHCTeMbl, ToT/1a ckoOKa Ilyaccona pasua nysmio. Ecin ckobka
[Iyaccona aByx (pyHKIMiI paBHA HYJIIO, TO TOBOPST, YTO 3TN (DYHKIUH HGTO-
0AMEA 8 UHBOAIOUUL.

3amevaresbHoe cBoiicTBO cKOOKH Ilyaccoma nByx byHKImii COCTOUT B
TOM, 9TO €CJTW 3TU JABe (PYHKIUU [ U ¢ HAXOAATCI B WHBOJIONUU TPETheil
dbyukmun h, Torga ckobka Ilyaccona {fg} TakKke HAXOAMTCS B MHBOIIONUH
dyukmun h. 1o yrBepxKaenue Ha3biBaercs meopemoti [yaccora. C momo-
b0 TeopeMbl [lyaccoHa B HEKOTOPBIX CIydasiX MOZXKHO TI0 JIBYM H3BECTHBIM
UHTerpaJiaM JIBUKeHHS TOCTPOUTD eIle OJNH U Jajiee elle OJUH U ellle OJIVH,
JI0 TeX TOp TOKa He OyAyT MOCTPOEHBI BCe WHTErPAJIbI JIBUKEHUS CUCTEMBI
U WHBOJIONHS JIBYX MOCTEAYIONNX WHTErpaJioB He OyaeT pPaBHATHLCI HY-
0. Takoe mOCTpoeHNMe HOBBIX WHTErPAJIOB JBUYKEHHS C TOMOIIBIO CKODOOK
[Tyaccona ymaercsi peako. [Ipexjie yem jioKa3biBaTh WHBOJIOTUBHOCTH CKOO-
ku [lyaccona mokazkem (popMy.y, Ha3bIBaIOILYIOCs mootcdecmeom Hrobu:

{H{gh}} +{n{fg}} +{g{hf}} =0.

ToxnectBo ZlK0OM MOXKHO JOKa3aTh C IMOMOIIBIO MPSIMBIX BBITHC/ICHUIA.
[Tocne Berancienus Bcex ckobok [lyaccona m mpuBejeHus mOJOOHBIX CJarae-
MBIX OKa3bIBAETCs, 9TO CyMMa, PaBHA HY.IIO.

Teopema ITyaccona siiisiercst mpsiMbIM cJieIcTBUEM TOXK iecTBa flkobu. Ec-
mn {gh} = 0w {fh} = 0, torna {fg} Hekyma neBaThCsi, KAK TOJIBKO WJIH
PABHATBHCS HYJIIO WIH ObITh B MHBOJIONUU K h U, CIeJ0BATEIbHO OBITH elle
OJIHMM TIePBBIM HMHTErPAJIOM CHCTeMbl [aMUIbTOHA C raMHJIBTOHHAHOM h.

Paccmorpum meckonbko npumepos. [Iycts P — nvmyabe cuctembl, M =
[r, P| — momentT nMmmyssca. Toraa

oM, 0
{MxPy} = - ay = _a_y(ypz_zpy) = _Pza {Mxpz} = Pya {MxP:v} = 0.

{MxMy} - _MZ’ {MyMz} = _M:va {MzM:v} = _My.

Eciin 3a0b61Th 0 puznteckom cMbicsie 0000IIEHHBIX KOOPANHAT U 00001IeH-
HBbBIX I/IMHYJIBCOB n HepeHI/IcaTb CUCTEMBbBI ypaBHeHI/Iﬁ FaMI/IJIbTOHa KaK CI/ICTeMy
ypaBHEHUIT 21 HE3aBUCUMBIX KOODJWHAT ¥; = ¢; U Ypi; = Pi, TOTJIA CKOOKH
[TyaccoHa MOXKHO 3aIucaTh B BUIE:

. OF OH
FaH = h’i,'——a

=1



10 Teopema JInyBuist 06 HHTErPUPYEMbBIX CHCTEMAaX 70

rae hijyp = 1,0 =1,...,n, hjj—p = =1, =n+1,...,2n. Marpuna h na-
3BIBACTCS CuMNAeKmMuyeckot mampuyet. DTH 00DO03HAUYEHHUsI TMO3BOISIOT 3a-
nucarh ypaBHeHus ['aMuabToHa B eine Oosiee mpocToit hopme

dy;
E:{yHH}7 H:H(yla"'ayZn)-

10.2 KommyTupymomiue (pa30Bble IIOTOKN

Ecim dynkuun F(p,q) v H(p,q) HaX0QaTCsI B WHBOJIIOIWI, TOTAA HE TOJIb-
Ko F'(p,q) — mepBblii WHTErpaa st CHCTeMbl ypaBHeHuil ['aMuiIbToHa ¢ ra-
muabrornanoM H(p, q), no u dbyukuusa H(p,q) aBasgercs nepBbIM HHTErpa-
JIOM JIJIs JIpDYTO#l cUCTeMbl ypaBHEHUi ypaBHeHuil ['aMuabroHa ¢ ramMujabTO-
ananom F(p,q). B pesynabrare, Ha MHBADHAHTHOM MHOTOOODA3WU peIIeHHUIl
H(p,q) =h, F(p,q) = f ectsb nBa pasubix ¢a3osbix noroka gt u gb. Kaca-
TeJIbHBIE BEKTOPBI 9TUX (ha30BBIX MOTOKOB KOMMYTHPYIOT. [ToKazkeMm 5To.
st KpaTKOCTH TepeiiieM K KOOpAWHATAM ¥;, BBEJIEHHBIM B KOHIIE IIpe-
JBLIyIIero pasaena. KacareabHblit BekTop ¢ra3oBoro moroka B Touke y° 310
npousBoanas $ha3oBoro noroka no spemenn B rouke t = 0. Torga

91959° — 33919° = 91 (0° + {y°F}s + O(s?)) — g5(4° + {y"H}s + O(s%)) =
=y" +{y"F}s+ {y"H}t + {{y"F} H}st —
y° — {yOH}s — {yOF}s — {{yOH}F}tS + O(t2 + 82).

B pesysibrare moayunm:

91959° — @391 = ({{y°FYH} — {{y"H}F})st + O(t?) + O(s?)

B cuny Toxaecrsa fAxodu

{y’FrH} - {({y"H}F} = {y"{FH}} = 0.

To ectb, uHeliHAasT YaCTh MPUPAIIEHUI 110 T 1 § KOMMYTaTOPa (Pa30BBIX MOTO-
kOB paBHa HyJf0. CJie0BaTe/IbHO, KacaTe/IbHble BEKTOPHI (DA30BHIX MMOTOKOB
KOMMYTHUPYIOT.

Ecnmu cucrema lamMuibrona umeer n hyHKIIMOHATHHO HE3ABUCHMBIX TEP-
BBIX MHTErPAJIOB B WHBOJIONWHU, TOTJA HA N-MEPHOM HHBAPHAHTHOM MHOTO-
00pa3uu 3TOI CUCTEMbI CYIIECTBYET N KOMMYTHPYIOIIHUX (DA30BBIX MOTOKOB.

10.3 Ilepemennble JeiicTBUe-yTroJI

Cretytonmuii ecTeCTBeHHBIN TIAT — BBECTU HA N-MEPHOM HWHBAPUAHTHOM MHO-
roobpasun B (pa30BOM MPOCTPAHCTBE N HE3ABUCUMBIX KOOPJAUHAT. DTU KOOP-
AUHATBI MEHAIOTCA CO BpEMEHEM. B Ka4veCTBe elle 1 He3aBUCUMbIX KOOpAMUHAT
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B 2n-MepHOM (ha30BOM IIPOCTPAHCTBE CHCTEMBI MOXKHO B3ATh T€ CaMble 3Hade-
HUS N IIePBBIX HHTETPAJIOB — 3AKOHOB COXpAHEHH — W HAOOp MepeMeHHBIX,
CI)YHKI[HOHaHbHO 3aBHCAIIINX TOJIBKO OT 3HAYEHU IIePBbIX UHTErpaJioB. STI/I
nmepeMeHHbIe He N3MEHSIOTCS CO BPEMEHEM W MOJTHOCTHIO OMPEIe/IsIIOT MHOTO-
obpa3ue Ha KOTOPOM JIeYKaT TPAEKTOPUU CHCTEMBI.

Obo3HaunM mepeMeHHbIe, OIpeessionuecd Kak (PYHKIUA OT 3HAaUeHUH
mepBbIX UHTErpanos, uepe3 I; = I[(h, fi,..., fao_1),i=1,...,n.

dl;
dt
OTHU MepeMeHHble HA3BIBAIOTCSI NEPEMEHHBLMU MUNd 0elicmeus.
[Iepemennbie Ha UHBAPHAHTHOM MHOTI00Opa3uu 0O03HAYMUM dUepe3 ¢;, & =
1,...,n. Bygem caurarh, YT0 HHBApHAHTHOE MHOr0OOpa3me KOMIAKTHO. [To-
9TOMY TepeMeHHbIe ¢ — nepuogndeckue ¢; € [0, 27). 3aBUCUMOCTH OT BpeMe-
HU 9TUX MMEPEMEHHBIX

0.

d)l wi(ll,...,fn), Z:]_,,TL

P =

[Tepementbie ¢; HA3BIBAIOTCSA NEPEMEHHBLMYU MUNG Y20,
[Toctpoum npoussosiuyio dyuknuo S(I,q), Takyo, 4To

_oshg) . _ 08
Torna dbyukiust S(I,q) — pelienne ypaBHeHUsT
oS
H(— = h(I).
(5= )

DTO0 ypaBHEHHEe — YpaBHEHHUE MEePBOTO MOPSIKA B YACTHBIX TPOU3BOIHBIX Ha-
3bIBAETCS ypaBHEHHEM [ aMuibmona-drobu.

Juddepennuast mpousBojsieil (PyHKIUN:

0S 0S
dS|;—const = Tdfi + ?d(h‘-

Torna

q

t
S(LQ) = /0’ pzd(ha AS = /M pdeZ = 27T[7,(h, f17 e '7fn71)7
q f

7

rae My — unsapuanTHoe MHorooopasue. Ilepemennnie I; 1 ¢; MOXKHO BbIpa-
3UTh B BHJIE:

oS

1
[i:_/ idgi, i = o7
27 pr w ¢ 01,
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HOK&)KGM, 9TO TaK oIpee/IeHHbIe ITIepeMeHHbIe ﬂeﬁCTBHTeJIbHO ABJIAIOTCA
InmepeMeHHbIMHA THUIIa ﬂeﬁCTBHe—YFOJI.

d)l = i(a—s) 825 dlj + 825 @ = apza_H = a—H = const

dl;
dt
IIpumep. /I1a maTeMaTHIecKoro MasgTHAKA TepeMeHHbIe JTeiiCTBHe-YTOT:

u dz
fUH), ¢= /uo \2H — 2005(33).

10.4 Teopema JInyBusijiss 06 MHTErpUpPyeMbIX CUCTEMAX

0.

I =

PesynibraTs! npegabiymux paszaeaon popmyupyiorcs B (popme Teopembr JIu-
YBULIS 00 MHTEIPUPYEMbBIX CHCTEMaX.

[IycTh Ha CUMIIEKTHYECKOM 2N-MEePHOM MHOIo0Opa3umn 3aJaHbl 1 (PyHK-
Ui B NHBOJIOINH:

Fl,...,Fn, {EFj}:O,Z,]:]_,,TL
Paccmorpum MHOXKecTBO ypoBHA Fj:
My={z: Fi(z)=f;,i=1,...,n}.

[Iycts ma My n dynkuuit F; He3aBUCHMBI, TOIIA:
1) My — rmagkoe MHOrooGpasme, HHBAPHAHTHOE OTHOCUTETHLHO (HAa30BOro
moToka ¢ dpyukiueit lamumibrona h = Fj.
2) Ecitn My xoMIaxkTHO 1 CBS3HO, TOraa oHO anddeomopdHO n-MepHOMY
TOPY
" = {(¢1,--.,¢,) modd2r}.

3) ®azoBblii moTOK ¢ dyuknueii l'avuisrona H onpenenser na My ycioBHO-
MEPUOJIUIECKOE JBUZKEHHE, TO €CTh B YIJIOBBIX KOOpAUHATAX O(@1,. .., ¢p)

do;
dqz =wi, wi=w(fr,--, fn)

4) Kanonwnueckue ypasaenust ¢ dpynkuueit lavuibrona H nHTerpupyor-
cs B KBaJpaTypax.
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10.5 Jlureparypa

[Ipu moAroTOBKE K 9TOM JIEKIUN UCIOJb30BAINCH YIeOHUKH

Jlannay JI./., JIudpmmn E.M.. Mexanuka.

Apnonsa B.W.. Maremarudeckue MeTOAbI KJIACCHIECKOW MEXaHUKH.

A Tak:Ke MOii KOHCHEKT JIEKIHil 110 BIOJHE HHTErPUPYEMBIM CHCTEMaM,
npountanaeix mpod. B.FO.HoBokimenoBbsiM Ha MaTeMaTu4uecKoM (bakyibTere
BI'Y (ocennnii cemectp 1989/90 yuebHOrO roja).
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11 IlodyTu mHTErpupyemMbie CUCTEMbI

B amot aexyuu 6600umcs NOHAMUE NPAMO20 PAJG MEOPUY G03MYULLHUT,
dopmysupyemes meopema [lyankape 0 366UCUMOCTNU PEWEHUSL CUCTEMBL OM,
napamempa. I1oka3aH0 NOABAEHUE CERYAAPHBLL YAEHOE 6 NPAMBLL PA3NOACE-
HUAL Meopuu 603myulenuti. Beodumesa nonamue aduabamuyeckozo uneapu-
anma.

11.1 IIpsamoe pa3yoxkeHWe TEOPUU BO3MYIIEHUIA

Ucciemyem MerogoM Teopuu Bo3MylleHuit perrenue ypasuenusi yddunra.
u" + wu+ su® = 0. (48)

Koneuno, pemnienne 3Toro ypaBHeHHUs BHIParKaeTcs depe3 MoApOOHO HCCIeI0-
BaHHYIO (DYHKIMIO CHHYC aMIIATY/Ibl. OIHAKO, 3/16Ch MBI IOCTPOUM PeIIeHne
JIPYTUM CIIOCODOM M B JIDYTOM BHJE — B BHJE TPSIMOTO Psijia TEOPUH BO3MY-
nieHnit. JHAHWE K€ CBOUCTB (DYHKIMH CUHYC AMILIATYIbI TTOMOYKET TOHSIThH
MIPUYAHBI OTPAHUYEHHBIX BO3MOXKHOCTEH MPAMOrO pa3iioyKeHusd TeOPUU BO3-
MVIIEHU, 0 KpailHeil Mepe, B pacCMaTpUBaeMOM Caydae.

Bynem cuntarh € He3aBUCUMBIM TapamMeTpoM 3a1a4u. [loctponm permenne
ypasuenust (48). Eciau £ = 0, Torma perenue XopoIino W3BeCTHO:

up(t) = A cos(wt + o).

Cremyroniuii mar cOCTOUT B MOUCKe pelieHus ypaBHenus /lyddunra B Buge
psa MO CTEeIeHsIM &:

UEZUO+€U1+62U2+.... (49)

[TonbITaemcst HOCTPOUTD WIEHBI ITOrO psija. /st 3TOoro mojcraBumM Bbipazke-
HUE U, B YPABHEHHE.

" " 2.1 2 2 3 2 2
uy + euy + e7uy + w(ug + cuy + £7ug) + cuy + £ 3uguy + ... = 0.

3/1ech Mo MHOTOTOYHEM TTOHUMAIOTCS CJIaraeMble ¢ MHOXKHTeIeM €™, rjie n >
3. Kak 310 0OBIYHO Je/aeTcsd B METOJie HeolpeJaeaeHHbIX KO3(hMUINEeHTOB,
npupaBHsieM KO(p@UIUEHThl NMpH OJMHAKOBLIX CTeleHsiXx £. B pesyJbrare
MOJTyIUM YPaBHEHUSI:

ug + w2u0 = 0,

2 3
U1 + w U = —uy,

Uy + w?uy = —3u3u1.
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[TofcTaBIM penrenue ypaBHEHus I U
ug(t) = Acos(wt + ¢p)
B ypaBHEHHE JTs Uy
" 2 _ 3 3
uy +wup = —A° cos® (wt + ¢y).

[IpaByto 9acTh 9TOTO ypaBHeHUs YI00HO TPEOOPA30OBATH K BUILY:

A3 cos® (wt + ¢g) = A® cos(wt + ¢p) — %3 sin(2(wt + ¢p)) sin(wt + ¢g) =

A? cos(wt + ¢g) — Aza(cos(wt + ) — cos(3(wt + ¢o)))

Tenepb Jierko HanmucaTh YaCTHOE PElleHre YPaBHEHUS IS Uy

3 A3

Uy = —34—wt sin(wt + ¢g) + cos(3(wt + ¢y)).

w? — 9w?
JIerko moHgATH, 4TO YaCTHOE PelleHne YPABHEHU I Uy MOXKHO IPEJICTAaBUTh
B BH/IE:

Uy = Bot® cos(wi—+gg)+Bit sin(wt+dy)+C4 cos(5(wt+py))+Cs cos(3(wt+adp)).

[Tocrosunbie By s u (2 BEIYUCIAIOTCH SIBHO.

JleiicTByst TaK>Ke U jlaJiee, MOYKHO MOJIYYUTh BbIPAyKEeHUs JJIs JTI0O0r0 KO-
sddunuenta psga Mo CTemeHsM £ Pa3IoKeHUs pelleHns ypaBHeHus (48).
[ToydeHHBIH psIJl HA3BIBACTCS NPAMYIM PA3NOHCEHUEM MEOPUL B03MYULEHUT
JUTsl peleHnst ypaBaenus (48).

11.2 AmnajuTuydeckas 3aBHCHMOCTh OT mapameTrpa

[TocmoTpes Ha ypaBhenue (48), u pasioxkenue ero pemnierus B Buje (49),
CTAHOBHUTCSA MOHSTHO, YTO 9TO MPOCTO pasyoxKenne B pan Teilmopa pemreHus
ypaBHeHust (48), KOTOpOe aHATUTUIECKH 3aBUCAT OT MapaMeTpa . ZICHO Tak-
JKe, TAKOe Pa3/IoZKeHUe MOYKHO TOJYYUTh JIJI pelieHus JII0O60ro ypaBHeHusd,
AHAJIMTUYECKH 3aBUCSIIEro OT mapamerpa. bosee Toro, Takoit psiji, HaBepHOE,
OyjIeT CXOAUTHCSA K PEIIEHNI0, eCIU MapaMeTp &€ JOCTATOYHO MaJl.

DTO JIOCTATOYHO MPOCTOe HabI0aeHne 1 ¢hOPMYIUPOBaHO B TeopeMe [1y-
ankape. [Ipexkae qeM (HopMyIHpPOBATE 9Ty TEOPEMY, OIPEIeJTUMCS C TePMU-
HOJIOTHEH.

Paccmorpum cucremy ypaBHeHwmii:

2= f(z,t,¢). (50)
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Bynem npegmonararh, 9To (OYHKIUS B OPaBOil 9acTH STON CHCTEMbI aHAJIH-
TUYECKH 3aBUCHUT OT £, 2z U HENpepwuIBHO mAuddepennupyema 1o t.
Cucremy ypaBHeHMIL:
26 = f(Z07t7 0)

Oy/ieM HasbIBaTh noposcoarouseli ajist cucreMbl ypaHenuii (50).

Teopema. Eciu o6muii mHTErpast MOPOK A0l CHCTeMbI H3BECTEeH, TO-
r1a

1) pemrenne cuctemsl (50) MOKeT GBITH HAliIEHO B BUJIE

Z(t, 6) = Zg(t) + igiyi(t), (51)

re y;(t) BBIUUCISIOTCS ¢ MOMOIIBIO oneparuii auddbepeHnnpoBanusa U B3s-
TS KBAJIPATYD;

2) pemenue ypasaenust (50) — anasuTudeckas dbyHKIUS mapamMerpa €, To
ecth psij (51) CXOAMTCS NP JOCTATOYHO MAJIbIX MO abCOMIOTHOM BeJMdnHe
SHAYCHHAX £ U, CJIeJIOBATEILHO, STOT P HPEACTABIAET COOON pasIokKeHne
10 CTEIeHsIM ¢ MepBOro uHTerpaia ypasaerus (50).

JokazkeM nepBoe yTBepzKaeHne Teopembl. [Ijist 3TOro BuIMUIIEM ypaBHE-
Hust 7uist y;(t). DTu ypaBHEHHUs JIETKO BBHIUCATh, €Ci BMecTo 2(t,£) B ypas-
wenne (50) noxcraButh dopmyray (51). B neBoit wactu ypasuenusi (50) psi
0 € MOWIeHHO PoanddepeHIIPOBATD:

o0
Z = z(t) + Y e'yi(t),
i=1
a B MpaBoit YacTu (PyHKIIHIO
0 .
f(Z() + Z slyi(t), t, 6)
i=1
pa3ioxkuTh B psaa Teitmopa mo €:

f(z,t,e) = f(20,1,0) + 6<azf(20ata 0)y1 + 0: f (20, 1, 0)) +

az2f(307 ta 0)

62 <azf(207t7 0)y2 + 21

2 2
W2+ 02 f (20,1, o)) +o. (52)
[IpupaBHuBasg K HY/TI0 Bce KOI(MMUIUEHTHI IPH OAMHAKOBBIX CTEMEHsX &, I0-
JIYIUM [OCTeI0OBATETLHOCTD YPABHEHUH st Onpeesienns y;(t), Tak ke, Kak
5TO OBLITO B puMepe g ypaBuenus /lyddunra.
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VpaBHenue, molyunBIneecs Opu £, onpejensger dbynxmmo y;(t). Baxmo,
YTO YpaBHEHHs /IS BCeX IONPAaBOK Y; — JUHEHbIe HeoTHOpOIHbIe mudde-
pEeHIUAJIBLHBIE YDABHEHUS.

y; = 0:f(20,t,0)y; + Fi(t). (53)

HenpusitnocTh COCTOUT B TOM, 9TO 3TO ypaBHEHUs C MEPEMEHHBIMHU KO-
durmentamu. B obiiem Bujie pemuth Takue ypaBHeHus Herpocto. /laxke mo-
JNPOOHOE UCCIeJOBAHNE UX CBOHCTB — BeCbMa HeTpUBHAIbHAS 3aa9a (CM., Ha-
npumMep, Jekiuo 2). OIHAKO, B HAIIEM CIyvae ITH JUHeAPH30BAHHBIE YPaB-
HEHUS JIeTKO perraiorced. [1nsg momydenns dyHIaMEeHTATILHON CHCTEMBI perire-
HUIl OJIHOPOIHOTO JIMHEAPU30BAHHOTO ypaBHeHHus (53) 3aMeTHM, 9TO STOMY
YPaBHEHUIO YOBJIETBOPSIET PeIlleHre MOPOXKIAIONIEro ypaBHeHus, mpoand-
depeHIpoBaHHOE MO JIIOOOMY U3 CBOMX MapaMeTpOB.

[To ycoroBUIO TeOpeMbl H3BECTHO OO0IIee pelreHne NOPOKTAOIIEil CHCTeMBI.
Yucmo mapaMeTpoB, OT KOTOPBIX 3aBUCHT 3TO pellleHne PaBHO pa3MepPHOCTH
cucreMbl ypapuenuit. Marpuna, cocraB/iennas u3 MpOU3BOJIHBIX PEIIEHUs M0-
POK/IAIOIIEro ypaBHEHUS MO BCEM ero mapaMeTpaMm, W ecTh (pyHIaMeHTaIb-
Has CUCTEMa pPelleHuil OJHOPOJHON CUCTeMbl JIUHEeAPU30BAHHBIX ypaBHEHUN
(53):

Y (t) = 0.20(t; ¢).

OTa MaTpuna Heocobas. PelreHne HEOJHOPOIHOIO ypaBHEHUs I Y; BbIpa-
JKaeTcss popMyIoii:

t
uil) =Y | drY = (r) Fy(7).
0

Taknm obpazom, mepBoe yTBepKIeHNe TeopeMbl JoKazaHo. [locTpoeHHbIit
Pl IO CTENeHsIM lapaMeTpa €, BOOOIIEe TOBOps, He 00s13aH CXOAUThCs. TaKoii
dopmanbHbIil P, He 0043aTETHHO CXOIAINIIC, HA3BIBACTCS (HOPMAALHBLM
pewenuem ypasaenns (50).

Crenyromniuii mar — 10Ka3aTh CXOIUMOCTD MOJTYIeHHOTO psaaa. OTHAKO 3TO
JIOKA3aTeThCTBO JOBOJBHO TPOMO3/IKO M 3/1€Ch OHO He MPUBOIUTCS.

11.3 OrpasmnYyeHHasi IPUTOHOCTH IPAMOTO Pa3JI0XKEHU
TEOPUM BO3MYIIEHUMN, CEKYyJIdPHbIE YJIE€HbI

PaccMOTpuM OpsaMoe pas3Io:KeHHe TeOPHH BO3MYIICHHMI, IIOIydeHHoe I Pe-
menns ypasuenusi Tyddunra (49). 13 dopmyn st kosdbdunuenTos pas-
noxkenust u(t), us(t) BUAHO, UTO OHU PACTYT MO BpemeHH. I[Ipuuem, mepsas
IONMpPaBKa PACTeT MPOMOPIHOHAILHO f, BTOpas — MPOMOPIHOHaIbHO t2. Ta-
Jlee MOKHO II0Ka3aTh, YTO N-¢ IIOIPABKa PacTeT IPonopuuoHaabho t". Takoii
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POCT HONPABOK 110 BpeMeHH NPHBOIUT K TOMY, 9TO IIpH t ~ £ ' MaJIocTh &

He 0becnednmBaeT CXOAUMOCTbL — B KayKJIOH MOMpPaBKe eCTh UJIEHBI, KOTOPLIE
Ha CTOMb OOMBIINX BpeMeHax BeayT cebs Kak £°. B Komednom cdere, 3TO
MPUBOJIUT K PACXOJMMOCTH MOCTPOEHHBIX PsIJIOB.

Hemnpurognocts npsMoro pasJjioykKeHust TeOpUn BO3MYIIEHUH B CJIydae ypas-
nenug /lydbdunra nerko nouars. [lepnosn perrenns 3Toro ypaBHeHUs 3aBUCHT
OT TTapaMeTPOB YpaBHEHUS W, B YaCTHOCTHU, OT BEeJUYHWHBI €. B TO XKe Bpems,
[PU MOCTPOEHUU MPSIMOTO PA3JIOXKEHUsT Mbl MTPUOJIMKAEM perierne pyHKIH-
sIMH, TIEPUO/I KOTOPBIX HE 3aBUCUT OT £. ECTECTBEHHO, YTO 3TO MPOTUBOPEUNE
HPUBOJIUT K TOMY, YTO Hallle TPUOJIMKEHUEe ¢ POCTOM BpeMeHU Bce OOJIbIIe u
OOJIbIIe OTJIMYAETCS OT UCTUHHOTO PEeIeHus.

Takoe e sBJIeHEe POCTA MOTTPABOK MOYKHO YCMOTPETh U MPU BHIYUCTEHUN
nonpaBok y;. [Ipu mokazaresbcTBe mepBoro yTBepKaeHus Teopembl [lyanka-
pe — 4TOOBI BBIYUCIUTH N-I0 TOMPABKY HAJ0 N Pa3 MPOUHTEIPUPOBATH MO
t, U B pe3y/abrare B MN-Oif MONPAaBKe MOTYT MOSBUTHCS 9jIeHbl Buga As™".
Ecan ¢ mamnbiit mapameTp, TOrJa TaKue WIeHbl UTPAT BAayKHYIO POJIb TPHU
oonpmx Bpemenax 1. OHU HA3BIBAIOTCH CEKYAAPHBLMU WA GEKOBLILMU TLITe-
Hamu. /leo B ToM, 9TO B 3a/1a9aX HeOECHON MeXaHWKH, B KOTOPBIX BUJINMO
BIIEPBbIE TPUMEHSIJIUCH PA3JI0ZKEHUsI TEOPUU BO3MYIIEHU, TAaKUe YJIE€Hbl Ha-
YUHAIOT BJIUATH HA CXOJAMMOCTDH PSJ0B TEOPUHM BO3MYIIEHUN TPHU MOMbITKAX
paccMoTpenusi (popMaJIbHBIX pelieHnit Ha OOIBITUX BpeMeHaX.

11.4 OcHoBHad 3a/1a4a MEXaHUKH.

3a7a1y 0 BO3MYIIIEHNN TAMIJIBTOHOBO# CUCTEMBI €CTECTBEHHO PACCMATPUBATD
B HamnbOJIee MPOCTOM BHJIe — KOTJAa MOPOXKIAIONIAs CHCTeMa TTPUBeIeHa K ITe-
peMeHHBIM JeficTBue-yros. B 3ToM ciaydae raMUIbTOHHAH BO3MYIIEHHOM CH-
CTeMbI UMeeT BU/I:

H(I,0,t;¢e) = Hyo(I) +eH(I,0,1).
Cucrema ypaBuennii [amuiprona:
0H,

I'=s—-—, 0 =w(l)+e——

20’ (54)

rae w(I) = 0;Hy.
Bajauy o6 ucciegopanun cucreMbl (54) [Tyankape HazBaa ochosHol 3a-
daueli mexaruKxuy.

11.5 AgmabaTudecKrne MHBAPUAHTHI

PaccMorpum 0oCcHOBHYIO 3a/1a4y MEXaHUKHU B OJJTHOMEPHOM CJIy4ae ¢ FaMUJILTO-
HUAHOM, He3aBUCAIIMM OT Bpemenu. [lepemennyio jeficTBus u nepeMeHHyIO
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THIIa yI'OJI 6y;1eM HCKaTh B BUJE pAJOB IIO CTEIIEHAM £
I(t,e) = Iy(t) + e, (t) + 2 L(t) + . . .,

¢(t,6) = ¢0(t) + 6¢1(t) + €2¢)2(t) + ...

[ToxcraBum sTu psaapl B cuctemy ypasrenuii (54). Pasnoxum mosmyansinmecs
GYHKIMU B psiJibl 110 CTENEHSAM £ U IPUPABHAEM B TOJy4YeHHOI opmy.ie
KO3 UIMUEHTH TPU OJIMHAKOBBIX CTEeNeHdaX £. B pe3synabrare s TUIABHBIX
YJIEHOB W MEPBBIX MONPABOK MOJIYYHM:

, , oOH
=0, I = __ad)l (1o, do),
’ ’ OH
¢o =w(lo), o Zw([0)11+a—[1(10,¢0)-

Takum obpaszoMm, TJIaBHBI WiIeH HepeMeHHOl JIeifiCTBUs IPOCTO He HU3Me-
usiercs. IlepBag mompaska I, BOOOIIIe roBops, 3aBUCUT OT BpEMEHH, OJTHAKO,
ee M3MEHEeHHe 33 MEePHOJ PABHO HYJ0. JTO MOMKHO MOKA3aTh, MPOUHTEIPHU-
poBaB 10 1nepuoay ypasuenue i [1. Takum oOpazom, MOpsiIOK W3MEHEHUST
IIepeMEeHHON JIefiCTBUA BO3MYIIEHHOW CHCTEMBbl 33 IIEPUOJ MEHbIIE IIOPAIKa
BO3MYIIIeHUs. BemInnbpl, Mopsa/I0K n3MeHeHns KOTOPBIX MEeHbIIe, YeM MOps-
JIOK BO3MYIIIEHHSI, HA3bIBAIOTCA adUuabGMUYECKUMU UHBAPUAHIMAMU.

11.6 Pe3oHaHCHBIE MHOXKECTBA

PaccMorpum 1ByMepHYIO TaMUJIBTOHOBY CHCTEMY:

e ]
e UL
o =wnll) +< 5 (1,0.0)
0y = anll) += 51 1,6,0)

L[eJIO‘{I/ICJIeHHbIe penieHnnd ypaBHEHUA
kw1(1)+lw2(1):0, k‘,lEZ,

COOTBETCTBYIOT PE30HaHCaM. B sTom Cly4dae ypaBHEHHA OJId INEPEMEHHBIX
,ZLGf/iCTBI/IH cogepzKaT HellepuoguieCKue 4J1eHbl B npaBoﬁ aCTH, IO9TOMY IIe-
pPeMeHHbIe ﬂeﬁCTBHH MOT'YyT CyHI€eCTBEHHO U3MEHATBHCA.
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Ecin paceMOTpeTh MI0CKOCTh (w1, ws ), TOTJIA PENIeHHsT PE30OHAHCHOTO YPaB-
HEHUs — IIPAMBIE C IeJTOYUCTeHHBIMEA KO3(hDUIMeHTaMI, MPOXOIAIIie depes
Hada10 koopanaar. CucremMa — raMUIBTOHOBA, TO €CTh:

Hy(I) +eH,(I,¢,e) = const.

Torma wa mIoCKOCTH (W1, Wws) 3HAYEHUS YACTOT, KOTOPHIE YIOBJIETBOPSIOT
dyukiun lamuibrona, jiezxkat Ha KpuBoit. MaJjibie OKpecTHOCTH repecevdeHunii
9TOI KpHUBOIl ¢ PE30HAHCHBIMY MPIMBIMU — 00J1IaCTU pe30HaHCOB. Pe3onanc-
HbIe YaCTOTBI, & CJAeJ0BATEIHHO U TepeMeHHbIe JTeHCTBH, TP KOTOPHIX Ha-
CTYTaeT PEe30HAHC — JIEyKAT B MAJBIX, HECBA3HBIX OKPECTHOCTIX TOUYEK Mepe-
CedeHust KPUBOIi JOMYCTUMBIX YaCTOT M PE30HAHCHBIX MPSMBIX. [Ipu BBIXOIE
3HAYEHUIT TIePEeMEHHBIX JefiCTBUS W3 PEe30HAHCHBIX — mpaBble dactu jaudde-
PEHIMAIBHBIX YPABHEHUN JIJIsi HUX CTAHOBITCS NEPUOJNYECKUMU, U CUCTEMA,
BBIXO/IUT U3 PE30HAHCA.

Pacemorpum cucremy ¢ Tpems cremeHsMu ¢BoOoabI. B sTOoM ciaydae pe-
30HAHCHI B MPOCTPAHCTBE YACTOT (W, wWs,ws)— MPSAMbBIE, TPOXOJIIIINE Yepe3
Havgas10 koopauaat. OIHAKO, B OTJIMYUU OT JIBYMEPHOTO CIydasi, 3TH ILJI0CKO-
CTHU MEPECEeKaOTCst 10 NpsMbiM. [[0BEPXHOCTD, Ha KOTOPO MOTYT JIe’KaTh Ja-
crorbl: wy = wy(Iy, Iy, I3),wy = wo(Iy, I3, I3),ws = w3([1, I3, I3). Dra moBepx-
HOCTb MEPECeKAeTCsS ¢ Pe30HAHCHBIME ILTOCKOCTSME. Ha 3Toif moBepxHOCTH
OKDECTHOCTH Tepecederns 00pa3yioT CBI3HOe MHOXKecTBO. [loaTomy 3HatUe-
HUsI TIEPEMEHHBIX JefCTBUsI MOTYT MeJJIEHHO /peithoBaTh M0 OKPECTHOCTSIM
PE30HAHCHBIX JINHUI. JTO siBJIeHne Ha3biBaeTCs duddysueti Apnoavda. B us-
BECTHBIX MpUMepax /IJIsi HeJUHEeHHBIX cucTeM Jpeiid mepeMeHHbIX JIeHCTBUs
MPOUCXOUT C IKCIOHEHIIUATHHO MAJIOH CKOPOCTHIO.

11.7 JIureparypa

[Tpu moAroTOBKE K JIEKIIUU UCIOIB30BAJINCD

Apnonsa B.U. [lonorautebabie riaBbl Teopun uddepeHnua bHbIX ypaB-
HeHuil.

Bacmasckuit ['M., Carmees P.3. Brenenune B nenuneitnyro ¢usuky.
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12 Mertoa MaJioro mapamMeTrpa

IIpamovie passosicenus meopuu 803MYyweHutl, HE NO3BOAAIOM UCCALI0BAMDL
PEWEHUA HEAUHETHVLT YPaBHEHUT Ha DOALULOM UHMEPBANE BPEMEHU, NOMO-
MY MO PAJLL NO MAAOMY NAPAMEMPY, 0 KOMOPHIL 2080PUMCA 6 MEOPEME
ITyanxape, nepecmarom crodumovcea. C Gopmarvroti mouky 3perus 9mo 4a-
cmo 03Hauaem, 4mo Hado MEPEPA3NONHCUMb PAOD UM, YO MO HCE CAMOE,
ssecmu Kakoe-Hubydv dpyzoe onpedesenue cymmuposarus. Ternuuecky orce
00bLuH0 MeHAm 8ud padsoscenus. B uacmuocmu xoadpduryuenmo, padno-
AHCEHUA NO MANOMY NAPAMEMPY £ CAMU CMAHOBAMCA 3GEUCUMDL O IMO20
MAA020 NAPAMEMPA.

3decwv nocmpoenn, nepuoduveckue peutenus ocuyusramopa ypgdurea. Imu
PEWEHUA CMPOAMCH C NOMOULIO 00H020 U3 BAPUAHINOE MEMOOD MGA020 NG~
pamempa — memoda Iyanxape-JLanyrosa.

Hocmpoeno nepuoduueckoe pewerue ocyuaramopa Jydpdurea ¢ peaoHarc-
HOLM GO3MYWEHUEM. IMO NEPUOJUNECKOE PEULEHUE HEGHAAUMUYHO O NAPA-
MEMPY BOZMYWEHUA E— OHO PA3AG2GEMCA 6 PAJ N0 IPOOHBLM CENEHAM E.

12.1 Ilepuomuveckoe perienue ocumiaaaropa lyddna-
ra ¢ MaJioil aMIJIATYA01

Paccmorpum ypaBuenue
u" + wiu —u® = 0.

ByneMm nckarh perrenne 3TOro ypaBHeHUs B BUJIe MPSAMOTO PSa TEOPUU BO3-
MVIIeHU

u(t,e) = euy (t) + e2uy(t) + us(t) + e'ug(t) + ... (55)

[Moncraum ansamy (55) B ypaBHeHue, npoauddepHunpyemM mouIeHHO DS
10 £ U MpUpaBHsaeM KO3(pOUIMEHTHI IPH OJIMHAKOBBIX cTeneHs X €. B pe3y/ib-
TaTe MOJyYUM PEKYPEHTHYIO MOC/Ie0BATE/IHLHOCTD YPABHEHUH JIJIST Uj.

n 2
uy +wup =0,
n 2
Uy +wug = 0,
" 2 3
Uz + wug = uj,

n 2 2
uy + wug = 3ujus,

n 2
uy, + wup = Pp(ug—g,...,u1),

rae P, — IOIHHOM TPeThero Mmopsaaka.
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B KavecTBe MepBoil MOMPABKE BO3bMEM:
uy () = cos(wot + ¢p).

Bropyto monpaBky nmpuMem paBHOil Hy 0. Perrenne ypaBuenus i TpeTheit
MTOMPAaBKU:

5 sin(3(wot + o))

3t
) = 2 sin(wot - -
us(t) 1 sin(wot + ¢o) + SR

YerBepTyo MONpaBKy TOXKe MOXKHO IMPUHATH paBHO# Hy.110. Jlasee jerko mno-
HATH, 9TO pelleHns YPaBHEeHUl /1 TONPABOK C YeTHBIMU HOMepaMu MOZKHO
BBIOMPATH HYJIEBBIMU, a PEIIeHNs ¢ HeYeTHLIMUA HOMepaMu OYIyT COmep:KaTh
YIEHBl BHJA:

™
Ugny1(t) = Agni1t™ cos(wot + ¢ + 7) + o(t").

MBBGCTHO, 9TO HUCXOJHOE ypaBHEHHE uUMeeT IepuogunvdecKoe IO BpEeMEHH
pererne. OIHAKO, 37€Ch MEPUOINIECKOE PellleHrne TPUOTHKALTCS Hemepuo-
JMYCCKAMHA. JTO NPUBOJUT K TOMY, 4TO mpu t ~ £ 2 pan (55) mepecraer
CXOOUTHCSI.

[TocTrpoum Apyroit psiji O CTENEHSIM £, KayKJblil YJI€H KOTOPOro — IMepH-
ojuveckas (pyHKIMS 110 BpeMenu. /[1st 3TOro, 0HAKO, MPUJAETCS JIONYCTUTD,
4TOOBI KOI(MDUIIMEHTHI psiia MO € caMu 3aBHcen OT €. [[oaToMy 3TOT psii He
OyIeT ABIATHCS PA3/IOKEHHEeM II0 £ IepBOro MHTerpaJia HeJMHEHHOro ypaB-
HEeHHsI, 0 KOTOPOM FOBOPHJIOCH B TeopeMe [lyaHkape Ha Mpeablaymeil TeKIm.

Bynem uckath pasjioxkeHue pelieHus 1mo £ B BHJIE:

u(t,e) = euy(t,e) + uy(t,e) + S us(t,e) + .. .. (56)

Kaxk iprit koapputimenT pasyiokenus — nepuojndeckas (pyHKIHs 110 BpeMeHU
t ¢ memsBecTHBIM mNOKa nepuogom 1. s sToro mpoiie nepeiitu K HOBO
nepemenHoii 7 = tw(e). Torga ypaBuenne 1ist u(T,£) B HOBOM TepeMeHHO

OyJeT UMeTh BHI:
w2—d2u +wiu—uP=0 (57)
dr? 0 ’

Hacrora w(e) pacKIaIbIBAeTCs B P 11O €.
w(g) = wp + ewy + 7wy + 2wy + .. .. (58)

Pemenne ypasuenns (57) 6yemMm nckarb B BuJe:

u(t,e) = euy (1) + 2us(7) + 3us (1) + .. .. (59)



12 Meroa majioro mapamerpa 83

Toryia ypaBHeHuUs JJist TIONPABOK pa3ioxkerust (59) OypyT uMerb BUJIL:

d2U1
wy + wiuy =0,
dr?
2d2U2 2 d2U1
0 =5 T Wyl + 2wow =0,
dr? dr?
2 2 2
2d us 2 3 d U1 2d U1 .
Wo—— +w0u3—u1—|—2w0w2—2+w1 5 =0,
dr dr dr

Pemenne ypaBHenus ais uy:
uy (1) = cos(T + ¢y).

Pernrenne ypaBHeHus /1)1 BTOPO# MOIIPABKU MOZKHO BBHIOPATh PABHBIM HY.TIO,
JIJISE 3TOTO CJIE/IyeT CYUTATh PABHON HYJIO W MOMPABKY W1.
YpaBHenue Jijisi TpeTheil MonpaBKu UMEET BUJL:

2
d us
dr?
Pentennie 3Toro ypasHeHusi OrpaHuveHo, ec/d B ypaBHeHHH KO3 duimeHT
pu cos(7) Oyer paBHBIM HYJTH0. [IJIst 3TOr0 we HAJO B3ATH B BH/IE:

_ 3
_80)0.

Taxum oO6pa3oM, TpeThsl MOMPaBKa OKA3bIBAETCS MEPUOTUICCKO C IEPUOIOM
27 1o mapamerpy 7. /lasbIne deTHbIe MOMPABKH MOYKHO BBIOMpPATh PaBHBIMU

Wy + wiug — cos® (T + ¢g) — 2wows cos(T + ¢g) = 0.

w2

HYJII0, a TpeboBaHUe MEPUOJIMIHOCTH MO T MPUBOJMUT K IOCIEI0BATETBHOMY
OlIPEJICJICHUIO IIOIPABOK W4 1.

[TocTpoennast acHMITOTHKA WHTEPECHA T€M, YTO XOTs MEePUOJI, PelleHns M0
HOBOI{i IIEPEMEHHON U3BeCTEeH U paBeH 27, Jacrora w(e) Hem3BecTHa U KO-
bunmenTH €€ pa3IoKeHus ONPeETIIOTCS U3 PEKYPEHTHON MOCTe0BATE b
HOCTH 33/1a4 BMeCTe C COOTBETCTBYIOIIUMU MOIPABKAMU Uy 1.

Pemienune ypaBuenus B UCXOJHOI nepeMeHHO ¢ uMmeeT BHIL:

3
u(t,e) = ecos((wo + e2=— + .. )t + o) +
8&)0

s%sin(?)((wg +a28%0 b)) e (60)

DTO peleHne — MepUOMIECKOe 10 BpeMeHN t, KpOMe TOr0, MOYKHO MOKa3aTh,
YTO TaK IOCTPOCHHBINA PdJI IO CTENeHdAM £ CXOAUTCH IIPU JOCTATOYHO MaJIOM
€. MoxHo 3aMeTuTh, 9TO TOT Psi/l MOJYyIaeTCsl, €C/IM CYMMUPOBATH B PSILY
IPAMOI TeOPUN BO3MYIIIEHUI PacTyIIue 1Mo ¢ cjaraemble.
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12.2 BeIHyXK/IeHHbIe HEPE30HAHCHbIE KOJieOaHUsd

Paccmorpum ypasuenune /Lyddunra ¢ Bbinyzkpaomeil cuioi, ne BXosinei
B PE30HAHC ¢ COOCTBEHHBIMU KOJIEOAHUSIMU YPaBHEHUS .

u" + wiu — u® = esin(Qt).
Perenue s1oro ypasaenus GyjieM UCKATH B BHJIE:
u(t,e) = euy(t) + 2ug(t) + us(t) +.... (61)

[ToncraBum an3ariy B ypaBHenue. [IpupaBugeM Ko3(hOUIMEHTH MpH OJUHA-
KOBBIX CTeleHsdX MmapaMeTpa €, B pe3yabrare mOJIyINM peKypPEeHTHYIO MOCTe-
JIOBATEJIbHOCTD /IS onpejieneHus: KO3 UIueHToB pa3a0zKeHus:

u] + w?uy, = sin Ot,
n 2
Uy +wug = 0,

uy + w?ug = ul(t),

Pemrasi mocjieioBaTe/ibHO 3TH ypaBHEHUs, TIOTYYUM

Uy (t) = m sin(Qt),

Ug = 0,
(t) = 3sin(Q) sin(3€2¢)
BT gm0t T 4(w? - 902) (w2 — Q2)F

CrenoBaTelbHO, B OTCYTCTBUU PE30HAHCA YACTOTA BBIHYKJIEHHBIX KOJe-
OaHUii perreHnss HeJMHEHHOrO0 YpaBHEHHS 3aBUCUT TOJHKO OT YaCTOTHI BO3-
MYIIAOIIEN CUJIbI.

12.3 Pe3onaHcHble Kosiebanus ypaBHeHud Jlyddunra

[TocTpouMm mepuoamveckoe pelieHne BO3MYIIeHHOro ypaBHenus Jlyddunra,
KOTJIa 9acTOTa BO3MYIIAIONIEH CUJIBI paBHA YacTOTe JUHEHHOW J9acTh MOpo-
JKJAIONMIET0 YpaBHEHUSI.

u” +u —u® = esin(t). (62)

Camblit mpocToit cmocod — MOMBITATHCS MOCTPOUTH PEIeHre ¢ TOMOIIBIO
MIPSIMOI'0 Pa3JI0YKEeHNsI TEOPUU BO3MYIIEHU, KOTOPBIi IPUBEJ K yCIexy B IIpe-
JIBIJIYIIEM IIYHKTE, KOTJIa U3Y4Ya/uch BbIHYKJIeHHbIe Kosiebauus. s aroro,
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KaK BCEr/ia, MOMBITAEMCs MOCTPOUThH (hOPMATBbHOE DellleHre B BHJE PsIa IO
CTETeHsIM €.
2 3
u(t,e) = euq(t) + us(t) + e us(t) + .. ..

YpaBuenust /st K03(MOUIIMEHTOB 3TOTO Psi/ia JIEIKO TOJIYIaI0TCs TOCIe MO/I-
CTAHOBKH psiZia B ypaBHenue (62).

uf +uy =sin(t), wuy(t) = —tcos(t);

"
Uy +us =0, uy=0;

3
Ty + a3 = —tcos’(t), wuz= —t41—6 sin(t) + 4JieHbl MEHBIIEero mopsijka 1o t

OueBHIHO, YTO NPSAMOE PA3IOKeHHe He JTaeT Iepuonieckoro perrenns. Kpo-
Me TOrO, OT IEePBOI0 CIAraeMoro B TPeTheil MompaBKe He y1aeTcst n30aBUThCS
npoCcToit MoauGUKaIMed YaCTOTH B TJIABHOM YJIEHE PENIeHusl, KaK 9TO ObLIO
[pU TOCTPOCHUH NEPUOIMIECKOTO pertenus ypasuenus /lyddunra B nepsom
JaCTH dTOU JIEKIIUH.

C #apyroit cTOpOHBI, W3BECTHO, YTO MEPHOJ, pelreHus ypaBHeHus Jlyd-
duHTra 3aBUCUT OT AMILTUTYABI perrenus. KpoMe TOro, m3 mpsiMoOro pasiozxKe-
HUsI BUJHO — TJIABHBIN wieH perreHusi pacter mo Bpemenn. CjemoBaTebHO
JITsT TOTO, 9TOOBI IIOCTPOUTH TIEPUOIUIECKOE PEeIIeHne, CIeyeT HATMHATH M0~
CTPOEHHUS C TIONMPABOK OOJIBIINX, YeM £. B 3TOM cydae U3MEHUTCS U 9acTOTa
konebanmii. OHa yxke OyJeT OTJUYHA OT YACTOTHI BO3MYIIAIONIEH CUIBI, U
cucTeMa He Oy/IeT HaXOJUTHCSA B pe30HAHCE.

3aMeHUM MepeMeHHy0 T = t/w, ypaBHeHHe B epeMeHHO T Oy1eT uMerh
BT

wru" +u —u® = esin(Tw).
Byaem nckarh pemenne B BHE:

4/3

u(t,e) = e Buy + ¥ Puy + eug + e¥Pug + e Pus + S2ug + . . ..

Yacrory w(e) TaksKe GyeM CTPOUTH B BHjE PA3JIOKenus 1o crenemsm /3,

w(e) =1+ 61/3‘«01 + 52/3(«02 + cws + 64/3004 + 65/3w5 +....

1151 K03 DUIMEHTOB PA3I0KEHH IIOJIYIUM PEKYDPEHTHYIO CUCTEMY YPaB-
HEeHUIA:
u'{ +u; = 0,
uy + Uy = —2wiuy,
uy + us = sin(t) + u?,
uly + ug = 3uiuy,

" 2
Ug + Us = 3ujus, . ...
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YpaBHeHne s 1) EMeeT pelleHne:
uy = Ay sin(7) + By cos(7).

3zech aminTyga Kosebanuil eme ne onpejesneHa. OHa ONpeaesuTcs Mpu
penreHnun ypaBHeHHﬁ AJId CJIeAYIONIUX IMOIMPaBOK M3 YCJIOBUA OTCYTCTBHUA B
STHUX MOMPABKAX PACTYIIUX CIaraeMbIX.
bBynem cunTtarh, 9TO
U9 = 0.

Harmra 3agada — nmogobparh aMILIATYLy MEepBOil MONMPaBKA U MEPBYIO MO-
MPaBKY YaCTOTHI TaK, 9TOObI B MPABOil YaCTU ypaBHEHUs yPaBHEHUs JIJIsd U3
He ObLJIO CJIaraeMbiX, MTPUBOJLAIIMX K Pe30HAHCY. Bpinuinem mpaByio 4acTb
9TOTO YpaBHEHUS

f3 =sin(t) + (Aysin(t) + By cos(t))®.

Jlerko NMOHATbH, YTO IAJIA 9TOTI'O

NnJIn

1/3
3

Torya ypaBHenue /sl 43 MPUMET BU/I:
" 1 :
U + U3 = —3 sin(3t).
Pentenuie sToro ypaBuenus:

1 . .
uy =~ sin(3t) + (Azsin(t) + Bs cos(t)).
Pemrenne ypaBHeHus 1 u, OpAMEM PABHBIM HYJ0, a KodhduuueaTsr As u
B3 6y1em nonbduparh Tak, 9TOOBI B TPaBOil YaCTH ypPaBHEHUS [ s He OBLIO
PE30HAHCHBIX CJIaraeMbIX.

fs = 3A%sin(t)(Assin(t) + By cos(t) — 2—14 sin(3t)).

Ecam Bocnosib30BaThCst TPUTOHOMETPUYECKUMEU (DOPMYJIAMHU JIJIsT IPUBE/ICHUS
cTeleHeil TPUroHOMeTpUuYIecKuX (PYHKIUN K (DYHKIUAM KPATHBIX YIIOB, MO-
JIYIUM:

3 1 1 1 1
fr = 3A%A3(Z sin(t)—z sin(3t))+3A7 By sin®(t) cos(t)—gAi’(—Z sin(5t)—1 sin(t)).
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TpeboBanme OTCYTCTBHA PE3OHAHCHBIX CIATA€MBIX MPUBOIUT K OIPEILTCHUIO
mOCTOAHHBIX Az u Bs.

A3:— BgZO

54’
Temepb MOKHO MOCTPOUTH MEPHOTMYECKOE DeIIeHHe ypaBHeHns JId us. B
9TOM DEIICHNH €CTh JIBe MOCTOSHHBIX, KOTOPBIe OYIyT OMpPEeIeseHbl HPH MO~
CTPOEHHH CJIEAYIOMIIX MOIPABOK.

Dopmasbhoe perrenne ypasuenns (62) mmeer Bu

1 1
u(t, ) = e/ sin(t) — e(5 Sin(3t) + 27 sin(t)) + Bus(t) + ...

DTO perteHne Pas3/1araeTcs B Psi/i MO JPOOHBIMHU CTEMEHSIM IapaMerpa BO3MYy-
IIEHUs], W TJIABHBIM YJIEH 3TOTO pa3J/IozKeHus uMeeT OOJIbINI MOPII0K, YeM
caMO BO3MYIIEHHE.

12.4 Jlurepatrypa

[Ipu nojgroroBke K 3TOi JIEKIIUU HUCIOIb30BAJICA YIEOHUK
H.H. Moucees Acumnrorndeckue MeToIbl HeJIMHEIHON MeXaHUKU.
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13 Mertoa MaJjioro napaMerpa AJjisd penieHus C
KOHEYHOW aMILJINTY 101

Iepuoduueckue pewenua, nocmpoernvie Ha npedudyuLet sexyuu, 06.aadarom
O0OHUM CYULLCMBEHHBIM 02PAHUYEHUEM — IMO PEWEHUA JOCTNAMOYHO MaAOT
amnaiumydo.. 3decv nocmpoero nepuoduveckoe peutenue KouewHnot, ne 0ba-
3amenvro manrot, amnaiumyoov. I[pu smom emecmo sunelinox ypasHernud ¢
NOCMOAHHOLMU K0IPOUUUEHMAMU NPUTOIUMCHA PEUGMD HEAUHETHOE YPa6-
HEHUE 0N 2AA6H020 UAEHA HOPMANDHOZ0 PEUEHUA U SUHEGPUSOBAHHBLE C Ne-
puodureckumy Koappuyuenmamy — 044 NONPasok. 3dect npusedervs AUULDL
POPMYADL, NOAYHAIOULUECA, ECAU UCKAMD pewerue 68 pamkaxr nodroda Ilyar-
kape. Ilo boavwomy cuemy 3adaua ocmanacy wepewennoti. Bydy pad 6ubiuo-
2pauvecrum Yra3aHUuAM.

13.1 Ilepuomuveckoe pemnienue ypaBHeHus Jlyddunra

3/ech TOCTPOUM MEPUOINYIECKOe pellleHne BO3MYIeHHOro ypaBHeHus Jlyd-
dunra 6e3 mpeganoaoKeHuss 0 MaJOCTH ero aMILIMTY/Ibl. Byjaem paccMmarpu-
BaTh ypaBHEHUE:

u" + wiu — v = ef(t). (63)

Permenne Oyaem nckaTh B BUje:
u(t,e) = ug(t) + euy (t) + e2uq(t) + 3uz(t) + ... (64)

Kak 00bIYHO, IIpA MOCTPOEHUN PEIICHHs B BUJE PAJAA 10 £ JIJIs BHIYUCICHUS
K03(hdUIIEHTOB 5TOro pasziokKenus nojacrabum psj (64) B ypasuenune (63) n
npupaBageM Ko3(hOUIMEHTHI PU OJMHAKOBBIX CTENEHSAX MAJIOro napamerpa
£.

uy + waug — uy = 0, (65)

uy + wgul — 3ugu1 = f(t),

" 2 2 _ 2
Uy + w Uy — 3uguy = +3uguy,

Pemienue ypaBuenusi jijis rJiaBHOTO 4jieHa BbIpazkaercs: depe3 (pyHKIUIO
CHHYC aMILINTY/bI.

uo(t) = Asn(wt, k).

3/ech HAZO BCIOMHUTD, 9TO (byHKIHs y(7) = sn(7) yAOBIETBOPSIET ypaBHe-
HUIO:

dzy 2 2, 3
F+(1+k)y—2ky =0. (66)
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g Toro, 9ToOBI HANTH CBSI3b MEXKIY aMILTHTYI0ii A, mapaMeTpoM w I MO-
JLyJIeM SJUTHITHIECKOi (DYHKIUH, MOJCTABUM Ug B ypaBHeHue (65):

Aw’y" + wi Ay — A%y = 0.

Beipasum BTOPYIO NPOU3BOJHYI0 u3 ypaHenus (66), u npupaBHsaeMm Kodbh-
dburnmente pu y u y°. B pesyabraTe moIydnM:

WHE 4+ 1) =wi, Wik = A%
nJjin
A2+ =i, Wk = AR

9TI/I YpaBHEHUA CBA3bIBAIOT aMIIJIMTY/AY PCEIIEeHUA YpPaBHEHUA AJid TJIaABHOT'O
wieHa (popMaIbHOIO peIleHus Uy U 9acTOTy KoaeOaHuil (pyHKIUHT .

13.2 VYcaoBue MEpUOAMYTHOCTU PENIEHUST YPABHEHUS JIJIs
MePBOI MOIMIPAaBKMU.

Paccmorpum ypaBuenue Jijisi 1epBoit nonpasBku (HpopMabHOIO perieHus —
dyHKINN 11. ITO JUHEHHOE yPABHEHNE C MEPUOAUIECKUM KOIDDUIHEHTOM.
Pertenuie 31oro ypaBHeHusi MOYKHO MPEJICTABUTH B SBHOM BH/JIE Y€PE3 pelleHune
HEJTMHEeIHOr0 ypaBHEHUs JJIs TVIABHOTO dieHa. /IBa JTUHEITHO He3aBUCUMBIX
pelrenust OTHOPOTHOTO YPaBHEHU I MePBOil TOMPABKU:

dr

v (r)’

U(t) — CII(Wt, k)dn(wt, k‘), w(t) = U(t) /Ot

C mOMOIIbIO 3TUX pelIeHnit JIETKO TOCTPOUTD 00IIee peleHne HeoTHOPOI-
HOT'O ypaBHEHUS

t t
w(t) = v(t) [ w(r)f(r)dr —w(t) [ dro(r)f(r)
+c10(t) + cow(t).

Boisicuum, nipu Kakux ycaioBusiX (OyHKIU %) Oy/IeT NePUoJMIHa, TO €CTh:

Jlnst BBIYMCIEHUST M3MEHEeHWsT NepBoii monpasku 3a nepuox 1 ciaemyer
yaecthb dopmyny (cM. Jeknuio 2)

w(t+T) = Bo(t) + w(t).
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Yo6uo oboznaauts f(ug(t), uy(t)) = ¢(t). Torma

t+T

w(t+T)=o(t) [ dro(ryu(n) — (Bo) +u®) [ drfre) +
Fero(t) + ex(Bot) + w(e) = o) [ drf(ryu(r) +

+olt) [ F)(Bo(r) +w(r)) = Betd) [ drf(ryelr) -

~ut) [ drf(r)o(r) - Bo) [ drf(r)o(r) ~wit) [ drf(ru(r).

CokpaTuM mom00HBIE CTaraeMble. B pesysbrare mostyduM
Wt +T) = o(t) /Ot dr f(F)w(r) — w(t) /01t dr f(r)o(7) +
+u(t) (/OT drf(T)w(T) + ¢1 + CQB) — w(t)(/OT dr f(r)v(r) — 02>.

Hac mHTEpecyror nmepuoauieckie Perenusi, To eCTh
u(t+T) —u(t) =0.

DTO yCJI0BHUE MPUBOIUT K YPABHEHUSIM:

drf(r)u(r) =0,

0

; dr f(T)w(r) + 2B = 0.

Takum obpazom, pelienre ypaBHeHUs JIJisi TIEPBOil MONPABKY MePUOITYe-
CKOe, eCJIn

J= /OT dr f(r)o(r) = 0.

Ecin dbynkuus f(t) mepuopndeckasi, ee meproj COBHAJAET C MEPHOIOM
pellIeHns MOPOKIAIOIIEro ypaBHeHUs, U HHTerpaa J He paBeH HyJI0, TOTIA
nepBas HONPAaBKA IPSMOTO PA3IOKeHHs TEOPHH BO3MYINEHHH pacTeT IIpo-
HOPHMOHAJIBHO KBAJAPATy BPEMEHH. B 3TOM ciiydae psj OPSIMOrO Pa3JiozKe-
HUA TeOpUun BOSMyHIeHI/Iﬁ nepecTaeT CXOAUTHCA y2Ke MTPU 3HAYCHUAX BPEMEHU
nopsiika £~ /2. DT0 THNMYHAS CHTYAIWs IS HeIMHEHHBIX yPABHEHMIIA.

13.3 Paznoxkenme 1o APpOOHBIM CTEMEHAM MAaJIOTO Mmapa-
MeTpa

Ecan we ynaercs mocTpouTh psiJi TEOPUHM BO3MYIIEHHH JIJIs TIEPUOIUYECKO-
ro perrernst ypaBaenust (63) M0 1eJIbIM CTENeHsM HapaMerpa BO3MYIIEHHs,
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MOTBITAEMCSI TIOCTPOUTDH TaKOU PsIJ IO JIPOOHBIM CTEIEeHSIM £.
1 2 4
u(t,e) = ug + Puy + ePuy + eug 4+ ePuy +Pus + ... (67)

Kak 06bI11HO, ITOICTABUM UCXO/IHBIM aH3ATI[ B YpaBHEeHHe, IpUpaBHIAEM KO-
(UIUEHTH TPU OJUHAKOBBIX CTEIEHIX IMapaMeTpa . B pe3yabraTe moaydnm
PEKYPEHTHYIO TOCJIe0BATEILHOCTh YPaBHEHU JIJIsl TIOMPABOK.

ug + wiug — uj =0,

u + wiuy — 3ujul =0,

uly + wiuy — Jugul = 3uug,

uy + wius — 3ugul = f(t) +ud + 2upuiusy,

uly + wiug — Buguy = 3ugus + 3uiuy + 2uguqus,

" 2 2 2 2
Uy + W us — 3usuy = 2uguaty + 3uius + 3uius + 2uu Uy,

[Iepnomgmyeckoe pelnrenne ypaBHEHUs I MEPBOM MOMPABKMT:
uy = ayen(wt)dn(wt).
qTO6bI BBISACHUTD HepHOﬂquCKaH JIN BTOpaH HOHpaBKa BbIYUCJINM I/IHTeraH:
T 3 1 r 2 2
/ dtsn(tw) (cn(wt)dn(wt))? = — / (en(wt)dn(wt))2d(sn?(wt)).
0 w Jo
Ucnonb3ysa bopMysibl 1T SAIANTAYECKUX (DYHKIHI fK0oOu, moryanm:

| " dtsn (1) (en (o) dn (wi))? = l( | (1—y) (1= k2y)dy+ / " (1= y) (1= k2y) dy+

w

/01(1 —y)(1 = ky)dy + /10(1 —y)(1 - k2y)dy> —0.

CretoBaTeIbHO, BTOpasl MOMpaBKa — nmepuoandeckas dpyHkuus. [Ipaaem ona
onpeJie/IeHa HeOJHO3HATHO — MOXKHO J00ABATH MEPHOIUUECKOE PElICHHe OI-
HOPOJIHOTO ypaBHeHus — DYHKIHIO apv(t).

Uo = Oé%AUQ (t) + CYQU(t).

Buech af AUs(t) — nepuouyeckoe pelieHne HeOJHOPOJHOTO ypaBHEHUs Jist
BTOpPOit nompaBku. Tak ke, KaK U B MEPBOil MOMpaBKe, IapamMerp Qi Olpee-
JITeTCS TPU TMMOCTPOEHUN CIEIYIONINX MOIMPABOK.

T'peboBanue MepUOIUIHOCTH TPEThell MOMPABKU MIPUBOJIUT K YPABHEHHIO:

T T T T
/ dtf(t)v(t)+a1a2/ dtu0v3(t)+ai’/ dtv4(t)+o€A/ dtugUyv*(t) = 0.
0 0 0 0
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Pazbepem mo-oTaebHOCTH KazKji0e caaraeMoe B 3toit ¢popmyiie. [lepsoe cia-
raeMoe He paBHO HYJTIO IO YCIOBUIO. BTopoe ciaraemoe paBHO HYJTIO, 9TO OBLIO
MOKa3aHO MPH aHa/Ju3e BTOPOil nmonpasku. HTErpas B TpeTbeMm CjaraeMoM
HE paBeH HYJIIO, MOTOMY YTO 3TO WHTErpPaJl OT IMOJOKUTEJTbHONH (DYyHKIIUHU.
OtaenbHO BBINUIIEM WHTETPAJI B 9€TBEPTOM CJIATAEMOM.

T T
/ dtugUyv*(t) = A/ dtsn(wt)Upv?(t)dt = AQ.
0 0

3rech gepes () 0b03HAYEHA HEKOTOPAst MOCTOsTHHAST. B pesysibrare u3 ycjioBus
MIePUOINYHOCTH TPeTheil MONPaBKU MOy YUM:

(B + A%Q)ad = —F (68)

— ypaBHEHHe JIJIsT ONpeIeIeHust (1. 3/1eCh MPUHATHI 0003HAUEHUSI:
T 4
B= / dtv(t),
0

F= /OT dtf(t)v(t).

Bompoc o paspemumoctu ypaBHeHUst sl (v 3/1Ch OCTAETCS OTKPBITHIM.
Jlesio B TOM, 9TO 9TO ypaBHEHHE HE CTOJIb MPOCTO, KAK KAYKETCS Ha MePBbIil
B30I, KOHETHO 11 pa3pemmuMocTs J0CTaTouHo, uTobbl (B+ A%Q) # 0, o1-
HaKo, B u () onpeaendroTcs TOTBKO Yepe3 pelleHus JHHeapu30BaHHOTO YPaB-
HEHUs W, B KOHEUYHOM CUeTe, 3aBUCAT OT A — aMILTATYABI TJIABHOTO YJIEHA.
[Tosromy Jjist BBISICHEHHsI BOIPOCA O Pa3pernMocTy ypaBaernus (68) Heobxo-
JIUM JIOTIOJIHUTE/IbHBIH ana u3 Beipazkenus (B + A%Q).

YpaBHEHUS [T CJIETIYIONINX MOTPABOK MOTYYA0TCI AHAJOITIHO — B KaK-
NOii U3 HUX CJIeJIyeT OCTaBJIATh TPou3BOI BuAa (v (t). [locTosHHEBIE (v OIpe-
JIeATCA U3 yCIoBus nepuoandnocta k + 2 nonpasku. [Ipmdem, B oinune ot
MOCTOSTHHOMN (v1, YPaBHEHUSI JIJIsT OCTAJIBHBIX (v JIMHEHHBI.

Ba,uaqa. BoisicHuTh BOIPOC 0 pa3penmMoCTd ypaBHEHUsT JJIsd (] .

13.4 Jlureparypa

K coxasenuio, s He Hariesl HUKaKoil Oojiee MeHee BHSITHOU JIUTEPATYPHI 110
BO3MYIIEHUSIM TIEPUOJIMYECKUX PeIIeHU il HeJIMHeIHBIX ypaBHEHU ¢ OOJIBITION
aMInTy 0. HenonsaTHO, 03Ha9aeT jm 3TO, 4TO 3a/a49a NPOCTO HE PelleHa,
nan g WI0xXo uckaja. C Apyroit CTOPOHBI, KOHEYHO, eCTh JTOCTATOYHO M3BECT-
Hble pabOTHI PO ACUMITOTUKU PEIIeHuii, MePUo/l KOTOPBIX Me/IJIEHHO MeHsI-
ercd:
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Kysmak I''E. Acumnrorndeckue pemreHns HeTHHEHHBIX 1 depeHnab-
HBIX YpaBHEHHUIT BTOPOTO MOPsiJIKa ¢ mepeMeHHbIMU Kodddutmeratamu. [IMM,
1959, 1.23, Ne3, ¢.515-526.

Qenopriok M.B. Merox, BKDB st nesuneiitnoro ypaBnenusi BTOporo mo-
paaka. 2KOM u MD, 1986, 1.26, N2, ¢.198-210.
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14 3amauu K 3a49eTry

3decv cobparvl 3a0a4u, Pewus 00HY U3 KOMOPBLLET, MOHCHO NOAYUUMD 3a4em,
3anmaga 1. lccieoBars perienne ypaBHeHUST

" <1 1
u +u:zﬁcos<(1—$)t>.

n=1

yKaBaTb ACUMIITOTHKY aMIIJIMTYAbl PEIIeHUd IO BPpEMEHH.

Samaua 2.

[TokazaTh 30HBI HEYCTONYMBOCTH IO OTHONIEHUIO K MapaMeTPUUYECKOMY
BOSMYIICHUIO pEIICHUAd YpaBHEHUA

u" + (W +qt)u=0, qt)=0,tc(0,T], q(t)=—e, tec(T,27],
q(t+2T) = q(2),
Ha rpaduke (&,w).

Bamaua 3. Hamuncarb Tpu mepBbixX 4ieHa psiga B pasnoxkennu K (k) B
okpecraoctu k = 1, rae

K(k) = /W/2 du
0 1 — k2sin® (u)

K (k) — nomublil s/mMnTudecKuii HHTerpas mepBoro poja.
Samagya 4. Beipazurh depes3 smmuntudeckue GyHKIUN fIKoOu pernrenne
ypaBHeHusl (smmmnrudeckyto dbyHkmuo Beiiepmrpacca):

(P,)2:4P3_92P—91

U HCCJIeJOBATH €ro CBOMCTBA.

3amaua 5. J/InneapuszoBanHOe ypaBHEHHE MaTEMATHIECKOTO MasgTHUKA Ha,
[EPHOMIECKOM DEIleHHH MMeeT JBa peleHus — nepuoanaeckoe ¢ (t) c me-
puojgiom T u pacryiee ¢o(t). Beraucanrs koddduimenr A B npecTaBieHun
PACTYIIEro pelreHus B BUJIE:

Go(t +T) = Api(t) + do(1).

Samaga 6. Ykazarh OndypKaluoHHbIe 3HAUYCHHS MapamMeTpa X ypaBHe-
ung [lennese-4 ¢ "3amopoxkeHHBIME Kodddumuentamu':

2 3wl b
=D % X+ 2(X2 - a)w o+ —

Waz = 2w 2 w
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Bamaua 7. VccnenoBath ¢a30BbIil MOTOK ypaBHEHUs ocuIsgTopa lyd-
dunra:
w4 u—uP=0
B TepmuHax dyukmnuit flkodu. HapucoBars nosesenne kamin ¢ha3oBoii Ku /-

KOCTH BOJIU3M CenapaTpPUCHI.
Bamaga 8. [IpounTerpupoBarh ypaBHeHHe C(hHepruIecKoro MasTHHKA.



15 Bomnpocsr k 3a4gety 96

15 Bompochl K 3a4eTy

1. Tapmonunyeckuii ocuusasaTop. Pernenne ypaBHeHus OCIUJLISATOPA ¢ BO30OY-
Kaaomreil cuioii. Pesonanc m MaJjiple 3HaMEHATeN.

2. VYpapuenne [lrypma-JIuyBunng ¢ nepuoaumdaecKuM KodMDOHUITTEHTOM.
Oyukmua baoxa. [Tapamerpudeckuii pezonanc. /lanabie MOHOIPOMUH.

3. Pemmrenne ypauenus [lltypma-/InyBuiiga ¢ mepuogndeckuM cTymeHIA-
THIM KO3 DUImenTom.

4. @a30Bble TPACKTOPUHU U PEIleHNe YPaBHEHUS MAaTEeMAaTHIeCKOTrO MasiT-
uuka. [lepuon Komebanuit MagTHUKA.

5. Konebanus MmaTeMaTnaecKoro MagTHUKA Masoil ammaunTyasl. Popmyta
JUTS Tlepuojia Kostebanuit. CenapaTpucHOe pellieHrne YpaBHeHUs MaTeMaTHde-
CKOI'0 MasiTHUKA.

6. OyHKIMSA CUHYC aMILTUTYIbl ¥ PellleHrue YPaBHEHUsI MaTeMaTHIecKOro
MasITHUKA. Jjianrudeckne pyHknun Axodu.

7. CoiicTBa munTudeckux GpyHkmuit Fdrodn.

8. Ammpokcumarusa HyHKnuit JIKoOM B OKPECTHOCTH HYJ apryMeHTa, B
OKPECTHOCTHU HYJIEBOIO 3HAYEHHs MapaMeTpa U B OKPECTHOCTU TapaMerpa
PaBHOI'O €JIMHUIIE.

9. IMonoxkenue paBHOBECUSI U YCTORYUBOCTD 10 JIsmyHOBY.

10. OpbutanbHas yCTOWYIHBOCTbD.

11. Pemrenue uHeapu30BaHHOTO YPABHEHUS MAaTEeMATHIECKOTO MAaITHUKA.

12. HeycroituuBocThb cenaparpucHOrO pelieHus ypaBHEHUs MasgTHUKA.

13. Ilpocreiine dudypkamnun MOJI0KEHNH PABHOBECHSI.

14. TIpumep OGudypkaiyu cenapaTpuc.

15. IIpuanun mammensiero aeiictug. @ynknuda Jlarpam:xka. YpaBHeHUs
Jlarpanzxa.

16. @yuknusa 'amMmuiapToHa n ypaBHeHus [amuiabrona.

17. ®azoserit morok u Teopema JInysuuis. Teopema [Iyankape o Bo3Bpa-
HICHUN.

18. Cucrema Jlortku-Bonbreppsl, ypaBuenus [Idbadda.

19. 3amaua Kemnepa.

20. Bomuok Ditnepa.

21. Bomyok KosaJieBckoii.

22. Ckooku [lyaccona. Kommyrupyromue ¢a3oBbie TOTOKH.

23. [lepemennnie jeiicrBue-yroj. Teopema JInyBusiis 06 nnrerpupyeMbix
CUCTEMAX.

24. Meton maJioro mapaMerpa un Teopema Ilyankape.

25. Ilpsamoe pazjiozKeHue MO MaJjOMy I[TapaMeTpy pelieHusi ypaBHEHUs
Hyddunra. Meron Ilyankape-JIsmynosa.
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26. MeToa Ma/ioro mapamMerpa Jijis BHIHYK/I€HHBIX HEPE30HAHCHBIX U Pe-
30HAHCHBIX KosebaHuit ocmuaasgropa /lyddunra.
27. Mero, MaJioro mapamMerpa Jijisi OrpaHUYeHHbIX TEPUOJUIECKUX pelle-

uuii ypasuenusi /lydbdunra.



