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MPEQUCIIOBME PERLAKTOPA MNEPEBOQA

Kaxauil npuctynaiomuft K H3y4eHHIO TPAAHLUHOHHOTO Kypca MaTe-
MaTHIeCKOA QH3HKH CKOpO y6exxnaercs, 4To GOMbIIYIO 4acTb BPEMEHH
eMy NPHAETCA NOCBATHTb TEOPHH HeGOJBLUIOTO YHC/IA KOHKPETHHIX JIH-
HeMHBIX JAH(QepeHIHaNbHHX YPAaBHeHHH B YacTHHX IPOM3BOAHHX,
cpellH KOTOPHX 0co00 BaXKHH BCEero TPH: BOJHOBOE ypaBHEHHE, YypaB-
HeHHe TenAONPOBOAHOCTH H ypaBHedHHe Jlannaca. [lepsocreneHnas
posb 3THX (H HEKOTOPHX ADPYrHX) ypaBHeHHA, CHOPMYNHPOBAHHKIX
elle B NPOLULIOM Beke, OGBACHAETCS B OCHOBHOM HX HCKJIIOUHTEJLHON
YHHBEpPCAJbHOCTbIO — TPYAHO HaNTH pa3Aes TOYHOrO eCTeCTBO3HAHHA,
B KOTOPOM OH OHH He NPHMEHSJIHCD.

Jns nochefHHX ABYX HECATHJETHH Pa3BHTHA MaTeMaTHYecKon ¢u-
3HKH XapakTepeH BaxsHui nporpecc. OKasajloch, YTO CNHCOK GyHZa-
MEHTaNbHHX YPaBHeHHH MOXHO NPOAOXKHTb. B Hero caenyer BKJIO-
YHTb HECKOJBKO CYIUECTBEHHO HeJHHeAHHX YpaBHEHHHA, NO Kpa#iHeH
Mepe TpH H3 KOTOpnix — ypaBHenne Kopresera — ne ®pusa (Kad), ue-
aunefinoe ypaBHenne llpénnnrepa (HIU) u ypasuenne sine-Gordon, —
BO3HHKas B CaMHX Pa3sHOO6pasHHX 3ajadax (QH3HKH, MEXAHHKH H OT-
YacTH YHCTOA MATEeMaTHKH, NO CTeNeHH YHHBEPCAJbHOCTH CTa/NH CPaB-
HHMBI ¢ OCHOBHHIMH YPaBHEHHAMH MATeMaTHUYECKOA QHHIHKAH.

STH ypaBHEeHHA POACTBEHHH MeXAy co6oif. Bce ouu umelor cnenu-
aJbHble, cnenHHYECKH HeNHHeNHble 9YacTHHE pelleHHs — COJNHTOHH,
JIOKaJH30BaHHLE B NMPOCTPaHCTBe H BO BpeMeHH. COJHTOHH CTaJKH-
BAIOTCA MeXAy co6of, MOryT o6pa3oBHBaTh CBSA3aHHHE COCTOAHHSA H
BooGIMe BO MHOrOM BeAyT celsi MOROGHO KJACCHYECKHM YacCTHLAM.
YnoMsHyTHe ypaBHeHHA O0JaAal0T TaKXKe HCKIIOYHTEJbHBIM CBOMCT-
BOM <«IOJIHOM HHTErPHPYEMOCTH» B TOM CMBICJe, YTO AN HHX CYHIECT-
BYIOT 6ecKOHedHbHle Ha6OpH KOMMYTHPYIOWHX HHTErpajoOB JBHXKEHHS.
KpoMme Tt0ro, cymecrsyer nponeaypa 3Q@eKTHBHOrO HCCAeAOBAHHSA
STHX YPaBHEHMH, MO3BOJAAIOUIANA, B YACTHOCTH, TOYHO BHIYHC/IATL GecKo-
HeuHHEe CePHH HX YaCTHHX pellleHHA. DTa MpolieAypa OCHOBaHA Ha Teo-
pHH npsiMoit ¥ o6paTHOM 3aJau paccesHHs /IS HEKOTOPHX OOLIKHOBEH-
HBX AupPepenunasbHux onepatopos tuna lilrypMa — Jinysuaas; oua
NOJIyunsia Ha3BaHHe MeToAa o6paTHOM 3ajauH paccesiHHs.

HecoMHeRHO, 4TO COJNHTORW WIHPOKO PAacNpPOCTPAHEHB B NPHpOJE.
ITepBHM H3yYeHHLIM NPHMEPOM COJIMTOHOB OBLUIH YyeAHHEHHBE BOJHBI
Ha TOBEPXHOCTH XHJIKOCTH, HO NOCTENEHHO BHSACHHAOCH, YTO C TO-
MOIIBIO COJMHTOHOB MOXHO ONHMCHBATH CaMhle pa3Hbe (u3HYecKHe
06BEeKTH — OT 3J€MEHTapHHX 4YacTHI R0 YepHHX JHD H pPyKaBOB
ranakTHK. M BO MHOrHX cayyasx MareMaTHyecKas MOJIEJb,



8 f1peducaosue pedaxropa nepesoda

HCNOJb3yeMas [/ NOCTPOEHHA COJHUTOHHHX pelleHHH, Oka3nBaercs
CHCTeMO!l ypaBHEHHil, HHTerpHpyeMof MeTosoM OGpaTHOf 3alayu pac-
CestHHA.

Ipeanaraemas yutatenio kKuura ILk. JIsma-ma. «BeeneHue B Teo-
pHIO cOoanTOHOB» 6nna ony6ankosana B CIIIA B 1980 r. B Tom xe
rogy B CCCP snuna monorpadus B. E. 3axapoea, C. B. Manakosa,
C. I1. Hosuxkosa u JI. I1. ITuraesckoro «Teopus conuronos» (M.: Hay-
Ka). B 9THX AByX KHHIax BIepBHE JaHO NOCAEAOBATENIbHOE H3JIOKEHH®
TEOPHH COJIATOHOB M MeTola obpaTHOH 3ajauu paccesnus. Kuura
JIsma no cpasHeHH1o ¢ «TeopHeli CONHTOHOB» ropasfio Gojiee 3jeMeR-
TapHa, H JAf MPEABAapPHTEJILHOIO 3HAKOMCTBAa C NMpeAMETOM CJAeayeT
pPEeKOMeHA0BaTh HMEHHO ee. B KHHre ocyuiecTBjieH NOAPOGHHA BHBOX
ypaBHenHs Ka® zas Tpex pasnBuHHX (H3HYECKHX 3aRay, BMOJHE
XapaKTepH3YIOWHA ero yHHBepCaJbHOCTb, ¢ GOJbLUIOA NMOJHOTOH ONH-
CaHH COJIMTOHHLIE H MHOTOCOJNHTOHHHE peurerus Kad®. B kuure cogep-
JHTCA TaKXe JOCTAaTOYHO MOJHOE ONHCAHHE COJNHTOHHHX pellneHud
ypabHeHHst sine-Gordon u <«Mmoxu¢uuHpoBaHHOrO» ypaBHenna Kad;
pelIeHHsAM HeauHeiiHoro ypabHenuss Illpémmnrepa, oanako, yaeaeHo
MeHblllee BHHMaHHe,

Bonbwoft uuTEpec npelcraBaseT ceAbMas rIaBa, B KOTOpofi, B
YaCTHOCTH, OMHCaHO NMPHJIOXKEHHe MeTOAAa oOpaTHON 3aflayH paccesHHA
K TEOPHM Ja3epa H K 3¢p¢eKTy caMOMHAYLHPOBAHHOH NpPO3pPavHOCTH
(ceayeT HanoOMHHTB, YTO B 3THX o6JjacTax paGotn k. JIama Guan
HOBATOPCKHMH).

K coxasnenuio, ueast pan paboT COBETCKHX aBTOPOB, B TOM 4HCJe
UIHPOKO LHTHPYEMBIX Ha 3anaje, B HacTosllefi KHHIe COBEDLIEHHO He
ynoMuraercst. UTo6H BOCHNOJIHUTH 3TOT npoGes, MB BKJIOUMAH HX B
COCTABJEHHHNA HaMH JAONOJHHTEJbHHA CNHCOK, NMOMEUIEHHH B KOHUE

KHHTH,
B. E. 3axapos



Jopen, Jlappu, Qacou u Hxoanne

NMPEAUCNOBME

Haanavenue 3TOA KHHCH — CAYKHTb 3JeMEHTapHHM BBe/leHHeM B
TEOPHIO COJINTOHOB, MPEAMET, KOTOPH NO3BONIMJA HaM YyHecHEM obpa-
30M NOHATh BHYTPEHHHHA MEXaHH3M HEKOTOPHIX HeJIHHEAHHIX NMPOLECCOB,
Y untareas npeanosiaraercsi TOT o6beM 3HAHHH, KOTOPH# OOHYHO Ha-
KanJiHBaeTcs Y CTapUIEKYPCHHKA HJIH HeAaBHEro BHINYCKHHKA, ClelHa-
JIM3HpYIOWErocs B 06JAcTH (H3HKH HJH NPHKJIAAHOR MAaTEMATHKH.
[Ipeanonaraercsi HEKOTOPOe yMeHHEe HHTErpHPOBaTh B KOMIIEKCHOH
IJIOCKOCTH; NpeiBapHTe]bHOe 3HAKOMCTBO € 3ajflayaMH Ha cobCTBeH-
Hble 3HAYEHHT, XKeNaTeJbHO B KOHTEKCTe KBAaHTOBOH TEODHH, OKaXercs
NOoJNe3HHM, HO He cylllecTBeHHHM. [TockOJBKY BOMPOC Kacaercs pelie-
HH HeJIHHeAHHX YPaBHEHHA B YaCTHHX MNPOH3BOAHHIX, Npexnosa-
raeTcsl, KOHEYHO, HEKOTOPOe 3HAKOMCTBO C JHHEHHBIMH AHQdepenuu-
aJbHHMH YpaBHEHUSIMH B YAaCTHHX NMpoM3BOAHHIX. [Ipuaokenns npen-
N0JIaTal0T HEKOTOPOe 3HAHHE THAPOAHHAMHKH, 3JIEKTPOMArHeTH3Ma H
KBAHTOBOMA TeODHH ABYXYPOBHEBOrO aTOMa.

Ilpeamer, TakiM o6pa3oM, Hanaraercs Ha 3JeMEHTapHOM YDOBHe,
H BHHMaHHEe KOHUEHTPHPYETCS HAa HCXOXHHX NPEACTABJCHHAX H BBOA-
HHX NOHATHAX, HTPABLIHX BAXKHYI0 POJb B CO3JAHHH NPEANOCHIIOK A
HEKOTOPHX HaNpaBjeHHA TeKyIHX HccjefAoBaHH# B 3TOR o6sacTH.
B kuure ne sarparuBaioTcsi cHiejianHbHe B NOCJejfHee Bpem#d mnepedop-
MYJIMPOBKH 3a/la4, HCNOJB3YIOlHE COBPeMeHHYI0 AH(PdepeHuHaNbHYIo
reOMETPHI0 M TEOPHIO TPYMNN, a TaKke OCTPOyMHHeE MeToAn P. Xu-
POTH H pe3yJbTAaTH M0 COJHTOHAM B pelIeTKaX, NepBOOTKPHIBaTeJeM
Koropux 6ua M. Toxa.

Cnoco6 mopau# MaTepHaja onpefiesisieTcH CKOpee nefarordyeckH-
MH, YeM HCTOPHYECKHMH coOGpa)KeHHAIMH, H JJIl PacCMOTPeHHS
0TOGpaHH BONPOCH, KOTOPHIe, IO MHEHHKIO aBTOPAa, BHPAXaiOT CAMBIM
MPOCTHM K HENnoCPeJCTBEHHHM 06pa3soM OCHOBHBE HAeH 3Tof obsacTH
ueeaenosanuit. Hcnonbsylotes takue ananutuyeckue ¢opMmynTupOBKH
3afiad, KOTOpbie MPEACTaBAAIOTCA eCTECTBEHHHMH (PHU3HKY, BOCMHTaH-
HOMY B TPaAHUUAX NPHKIRMHHX HAYK; OOHYHO (HIMKH-NPHKA2AHHKH
cudraior GoJee CTPOrHe METORW YHCTOA MATEMaTHKH MeHee Ha-
PISAHBIMH,

TMocne sBOAHOR IaBH, rAe BKpaTile yKa3aHa CBA3b MEXAY HeHHef-
HBM RH(depeHUHaNTbHHM yDaBHEHHEM, pellleHHe KOTOPOro Beler cebs
kak conuton (ypaBueune Kopremera — ne ®pusa), H aunefinot 3aja-
yefi Ha co6CcTBeHHBE 3HaueHMs nas ypaBHeuns LlIp&anurepa, s aByx
MOCJACAYIOUWHX TJIaBaX JAaeTc 3JACMEHTapHOe H3JNOXKEHHE OJHOMEepHO#H
TEOPHH paccesiHHs # MeTofoB obpaTHol 3ajayn paccesHHA. 3ateM
B M. 4 3THMH MeTONAMM paccMaTpHBaercs ypaBsenne Kopresera —
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ne dpusa. ['naBa 5 gaer COOTBETCTBYIONIEe BBeJIEHHE B Jpvrue Hau6o-
Jiee paclpoCTpaHeHHHE COJIHTOHHHe ypaBHeHHs. B rn. 6 u 7 maHH
HEKOTOpLIE NpHMEPH MOfABJEHHA COJHTOHHHX YpaBHeHHH B pasaHy-
HblX (u3nueckux cuTyauuax. [napa 8 cayxur sseleHueMm B npeob-
pa3oBanua DBskayspa, H, HakoHelu, B ria. 9 paccMaTpuBaercs
CTaBIUH/ HeZaBHO NONYJSPHEIM BONPOC TEODHH BO3MYINEHHH COJH-
TOHOB.

Hanoxenne martepuana sgech He TpelyeT BCIOMOTaTeNbHHX CBe-
JleHU#l, TAK YTO CCHIIKH HAa OPHTHHAJNLHYIO JHTEpPaTypy He obasareib-
HE. B KHHIy BKJIOYeH DPAA CCHJIOK H2 JONOJHHTENbHBA MAaTepHan,
PaBHO KaK H CChIIKH Ha paboTH, pacHIHpAIOUlHe HJIH AONONHAIOLIHE
LaHHOe H3JI0XKEHHe; 3TH CCHIJIKH He BHI3BAHH CTPEMJICHHEM JROKYMEH-
THPOBATh NIPHOPHTET KJH BEPUIHHH B HCTOPHH PA3BHTHS NAHHOrO pas-
fena Hayku. Yuratesap, uHTepecyloluiica obwupHof 6ubanorpaduei,
MoxeT ob6paTHTbes K crathe Ckorra, Uy u Mak-Jlaganna «Conntonn:
HOBOE MOHATHe B NpPHKJAAAHHX Haykaxs, Proc. IEEE 63, 1443—1483,
a takxe K kuure «Countonm» noj pexaxuueit Byanada u Kozpn
(nep. ¢ anra. — M.: Mup, 1983).

HekoTopsle acnekThl pa3BHTHA TEOPHH COJMTOHOB. MOXKHO RpocCJe-
AUTb HaYHHaf OT HccaefoBaHuil MatemaThKoB XIX Beka. OnuT aBropa
NOKa3bIBaeT, YTO UMEHHO B TEOPHH COJHTOHOB obpallleHHe K HCCJAeAo-
BAHHAM TNpejlIeCTBEHHHKOB 0coGeHHO BO3Harpaxcaaercs. Tak, 3To B
nosnxoit Mepe oTHocurcs K paboram dopcafita (A. R. Forsyth). Heko-
TOpBie aCMEKTH TEOPHH COJIHTOHOB IPEACTABMSIOTCA OCYIIECTBJEHHEM
HIeH 3aKMIOYHTeJbHOrO ab3ama ectoro Toma «leopun ARuddeped-
HHaAbHLIX ypaBHenuii» Popcaifita, rae od nuuter: «Moe xenanne —
NOCTOSIHHO JEMOHCTPHPOBATh Te acCHeKTH NpeiMeTa, KOTOpHe... obe-
WaloT OHTh PYKOBOACTBOM HA NYTAX HCCACHNOBAHHH, IO KOTOPHM MO#-
AYT yueHble TPSAAYIIHX AHeA».

S1 xoren 6u BHpa3uth 6aaromapuocts ®. A. Orrepy 3a 3ameyanne,
Kacalouleecs NOSBIEHHA B TCOPHH AHCAOKAUHA ypaBHEHHS, H3BeCTHOIO
Tenepb Kak ypaBhenue sine-Gordon. Hcnonab3oBaHHHA B 3TOK KHHre
METOA pellleHHs OCHOBaH Ha npeo6pasosauusax Baknynpa. Ilepenoc
3THX Pe3yJbTaTOB Ha CAydYall pacnpocTpPaHEHHS KOTEPEHTHHX ONTHYe-
CKHX HMMYJBbCOB, TAe TOXe HCHOJb3yeTcs ypaBHeHHe sine-Gordon,
NpHBe/JIH MEHS K PACCMOTPEHHIO ABJICHHS, H3BECTHOTO Tenepb Kak co-
JIMTOHH B KOTEPEHTHOM OMNTHKe.

51 npusnatenen A. IIupaHu 3a TIIaTeJbHOE NMPOYTEHHE MHOTHX IViaB
aTolt kHHrH, a takxke M. ®opecry u Il. Wlnefisepy, npountaBuinm
MHOTHe Pa3AeJbl; ¢ HX NOMOUIbI0 OB/IH YCTPaHEHH HEXOTOPHE OWHGKH
H HESICHOCTH, H COYHHEHHE CTaJO MeHee HeCOBepIlIeHHHM, YeM OHO
6bl10 66 B NPOTHBHOM CJ/yuae.

51 npuanaTenex Takxe Y. ®eprioccony-Mj. 3a npenocTasieHue pe-
3y/JbTATOB UHCJEHHOro pelueHuA ypasHenus Koprtesera — ae ®pusa,
npuBefeHHbX B 1. 4, # M. Ckannu u ©. Xondy 3a 4nCTeHHBE pe3yab-
TaTH, NOKa3aHHble HAa pHC. 7.6. f1 Gnarosapen 3a NOMOUIbL B HCNOJb-
soBanny IBM, koropyio okazann mue JI. Annens6aym u P. duanox
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fIPH MOArOTOBKE PHCYHKOB ¢ NpodHuiAsMH uMnynbcoB. Hakonen, a 6na-
ropapex Moel KeHe }I)Koal-l 3a& MHOTIHC 4achl, yuleAlne Ha NeyaTaHHe
KHHTH.
$1 6yny BecbMa NpPH3HATEJNEH MOHM YHTATEIAM, KOTODHIE OKaXyT
MHe J106e3HOCTb, NPHCJIAB JI00He NONPAaBKH H NPENJNOKEHH N0 yJayu-
IHE€HHI0O KHHUTH.
Hoic. JI. JIam-ma.

Tycon, Aphaona, rionp 1980



Tnasa 1

BBEJEHME

3a nocnefHee DeCATHIETHe OYeHb NPOJABHHYJOCH Hallle TOHHMaHHe
TOTO KJA&CCa HeJIMHEHHHX ypaBHeHHH B YacCTHWIX NPOH3BOAHBIX, KOTO-
phie OOBIYHO NPHHATO HA3HBATH SBOJIOLHOHHHIMH. KaloyoMmM K Haummm
TeNepelIHHM 3HAHHAM fBJIsAeTCsl ysCHeHHe (aKra, 4To TaKHe ypaBHe-
HHsT 0013Ja10T 3/IEMEHTapHKMH DelLIeHHAMH CIELHAJBHOTO BHAA. DTH
peleHHS HMEIOT XapakTep JOKAaJH30BAHHHX BO3MYUIEHHH, HJIH HM-
NyJI6COB, H COXPAHSAIOT CBOIO (OpMY AarKke nocje B3aHMOAeHACTBHA APYr
C ADYrOM, T. €. BeAyT ce6s B KaKOM-TO CMbICJEe NOAOOHO YaCTHLAM.
Jlsia mpoueccos, ONHCHBaeMBIX JIHHCHHHIMH YDaBHEHHSIMH B YaCTHBIX
NPOH3BOJHKX, [fie MPHMEHHM NPHRIHN CYNepno3HUHH, NoJjo6Has B3a-
HMHAA He3aBHCHMOCTb JIeMEHTApHHIX PellleHHH XOpouo H3BECTHA, HO
ofHapyXenHe ee B npouneccax, onpejefieMulXx HeJHHEHHBIMH ypaBHe-
HHSIMH B YaCTHLIX NPOH3BOJAHHIX, ABHJAOCH NMOJHOK HEOXKHIAHHOCTHIO.
TaxkHe NOK&JH30BaHHble BO3MYILlEHHS CTaJH H3BECTHH NOJA Ha3BaHHEM
COAUTOROE.

Xors anddeperuHanbHble ypaBHEHHA B YaCTHBIX [POH3BOAHLIX,
ONHCHIBAIONHE ABHXKEHHS COJIMTOHOB, HEJIHHEHHbl, OHH TECHO CBA3aHH
¢ JHHEHHHIMH OOLIKHOBEHHBIMH AW depeHuHaNbHbIMH  YPaBHEHHAMH
tuna UlrypMa — JInyBuasis, nosToMy H3YYEHHIO COJHTOHOB HOJXKHA
npeilecTOBATE CBOAKA COOTBETCTBYIOUHX De3yJbTAaTOB TEODHH
HItypma — JIHyBHJIS; OHH H3JAraioTcs B V. 2 M 3 HacTosALIeH KHHTH.

Onnrako nmepeR U3JOXEHHEM TAKHX IIPelBAPHTENbHBIX CBeJEHHH MH
BKpaTlie ONHLIeM B rJ. | HEKOTOpHE CYIUleCTBEHHbIEe JIEMEHTH TEeOpHH
CONUTOHOB. Bo-nepBnix, NMpaBuJbHO MNOCTaBJEHHHI BOIPOC, Kacalo-
wuiics o6bkHOBeRHOro AHGdepenunanbHoro ypabHeHus thna Llryp-
ma — JInyBuAJIs, AOJNXKEH NPHUBECTH HAC K PACCMOTPEHHIO OIHOro M3
HeJIHHeAHbIX ypaBHeHHHA, 006/1afaloOHX COJHTOHHBIMH pelleHHAMH.
Bosnukalolllee NpH 9TOM ypaBHEeHHe H3BeCTHO Kak ypaBHeHHe Kopre-
pera — e $pusa; oo BeTpevaercs B pale QH3UUECKHX 3aAad, rias-
HbM o6pasoM B ruapoauHamure. Ha ypoBHe Haumero renepeusero
NOHHMAHHA Takas (QYHZAMeHTa/bHAA CBA3b MEXAY YPABHEHHAMHU
HItypma — JInyBunas u Kopresera — ne Ppusa KaKercst HeOXHIAaH-
HO#l. Bo-BTophix, 4To6H MOAYEPKHYTh TECHYIO CBSI3b MEXAY COJHTO-
HAMH H OGHIKHOBEHHBIMH Ax(depeHiHalbREIME YPAaBHEHHSAMH, MH noO-
CTPOMM (OpPMYJy, BHIP2XKAIOLLYI0 B33aHMOACHCTBHE MEXAY JABYyMs co-
autonamd. C 3ToH uUeabl0 MBI HCHOJb3yeM MeTol, Pa3paboTaHHbM
Baprmanom [11] ana mosyyeHus HeKOTOPOrO KJiacca NOTEHUHAJOB B
ypaBuenun Illpénunrepa, KOoTopoe SBASETCS YaCTHHIM CJyYaeMm ypas-
Henun Ilrypma — Jluyeuansa. HeckoNbKO uHecTpOro MOXHO CKasars,
4YTO aHaJKTHYECKHe BblpaKeHHs, ONHCHIBAIOUHe MHOTOCOJIHTORHbE pe-
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IeHHA, ABJSIOTCS MPOCTO NOTeHuuanaMH Baprmana. Ecim paccmor-
peThb 3TO ABYXCOJIHTOHHOE pelieHHe, TO NPHPOAA COJNHTOHA KaK 4Ha-
CTHUB cTaHeT oueBHAHONA. HakoHew, MBl NOKaxeM, KaK YyPaBHeHHe
KopreBera — ne dpu3a Bo3gMKaeT B NMPOCTOM IpHMepe pacnpocrpa-
HeHUA HeJMHEHHHX AWCHEPrHPYIOLIHX BOJH.

1.1. YPABHEHHE WITYPMA — JIHYBHJJIA

B npukaafHO# MaTeMaTHKe uacTo BcTpedaercd AuddepeHunanbuoe
ypaBHeHHe

B —U@y=0, a<x<b (1.1.1)

¢ rPaHNYHHIMU YCJOBHAMH B TOYUKAX X = g M x = b (KaXpmas H3 HHX
MoXeT GuTb GECKOHeuHO yAaJNeHHOA TOoukoft). DTo ypaBHeHHe fABJS-
ercs npocThiM npuMepoM YypaBHenus Iltypma — JInysuas (Ince,
[59]). Haubonee meraavuo ypasuerue (1.1.1) u3yda’sochb B KBaHTOBOH
TEOPHH, Tle OHO HasmBaercsa ypasHenueM llIpénunrepa. Muoraa srto
Ha3BaHHe COXPAHAETC Aaxe B TeX CJYYasX, KOrAa OHO NpPHMeHAeTcs
B Knaccuueckol ¢(u3nKe, HanpHMep MNPH ONHCAHHH PACAPOCTPaHEHHA
BOJIH B HEOAHODOZHHX cpenax.

Onn sapnaunoit dyukuung U(x), KoTopas B 3ajjauax KBaHTOBOH Teo-
PHH CAYXXHT I[OTEHUHAaJOM, TPaHHYHble YCJOBHA MOTYT TNPHBECTH K
TOMY, 4TO ypaBHeHHe GyaeT uMeTh HeHyJieBoe peieHHe (cobcTBeHHyIO
GYHKUHIO y;(X)) TONLKO NPH HEKOTOPHX CMELHaJbHBIX 3HAUEHHSAX NMO-
CTOAHHOM A (coGCcTBeHHBIX 3HaY¥emusx A;). 3amawedt Llrypma — Jluy-
BHJIJIR Ha3HBAaeTCs ONpefesieHHe 3aBHCHMOCTH peLIeHHA y OT napa-
MeTpa A H 32BHCHMOCTH COGCTBEHHHX 3HaueHHA A; OT TPaHHUHBIX
yCJNOBHI1,

OaHnaM H3 npocTefIUHX NPHMEPOB Takoil 3afayd Ha coGCTBeH-
Hble 3Hauveuns ssasercs cayualh U(x)= 0 npu nyJeBHX TPaHHYHbBIX
ycaoBusx, y(a)= y(b)=0. Pelueurde COOTBETCTBYIOIIEr0 YpaBHEHHS
y” 4+ Ay =0 ¢ YKa3aHHHIMH TPAHHYHBIMH YCJIOBHUSIMH NOK43bIBAET, 4TO
COGCTBeHHBIMH (GYHKUHAMH sBAsIOTCR yHkuuu y;(x)==sin[(X;)'2x],
j=12,3, ..., ¢ cobcTBennnMH 3HavedusamuH A; = [jn/(b— a)]2
C poctom anuubl cHcTeMbl (b — @) 3HaueHus A; CTaHOBATCA Bee GoJee
TECHO PacnosioXKeHHbIMH, # B npefede (b — a)—> oo MH NOJyyaeMm He-
npepuiBHY0 06/1aCThb COGCTBEHHMX 3HaueHH 0 << A <C oo. Ecan mpe-
Ablaylllee ypaBHeHHe ONHCHBaeT KoJjefaTesbHYI0 CHCTEMY, TO KaXjaas
coGeTBenHan GyHKURA y;(X) npeacraBaser co6ok GoOpMy HOPMaJbHOHA
MOAH CHcTeMbl. [IPHMEPOM CAYXHT OAHOPOLHAsA CTPYHa, Kosebaio-
mascs B CBOGOAHOM NPOCTPAHCTBE, KOHLB KOTOPOH 3aKpensieHbl B
TOYKaXx X=a H ¥ =b. Tak Kak coOGCTBeHHble 3HAYEHHA CBA3aHH C
Pe30HAHCHBIMH YaCTOTaMH KojieGaHHuil cHCTeMbl, KX OOLIYHO HA3BIBAIOT
CrneKTpoM coGCTBEeHHBIX 3HauyeHHfi. B paccmoTpeHHOM 3Jech ciyudae
ONHOPOAHOH CTPYHH B Ka)KIOW HOpMaibHOW Mofe KoJebJerTcs BcA
CHCTEMa HeJHKOM. O,&HaKO MOXHO NOCTPOHTb HEOAHOPOAHBIE CHCTEMHE
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C HEOAHOPOAHOCTLIO, MpeAcTaBieHHON QyHkUHed U(x), ana KOTOpPHX
KoJNe6aHHs OrPaHHYHBAIOTCA TOJBKO HaCThlO CHCTEMH. B stoM csyuae
KoJle6aHHe OrpaHHYHBAETCS HEOJHOPOZHOCTBIO, a Ke TpanHraMu. 11pH-
MEPOM CIHYXHT KojieGiiollasca CTPyHa, YacTb KOTOPOHi norpysKeHa B
yHpyryio cpefly. 3ta cucrema OyfeT o6CyXKZaThCs NoApobro B ra. 2.

B nocnenyiomeM u3noxenwu Mol Bcerga GyaeM HMeTh Aeno ¢ Gec-
KOHEYHO TNPOTHKEHHHMH CHCTEMaMH; CJIeA0BaTeNbHO, JAI00He J0KaAH-
30BaHHHE pellleHnst Bcerga OYAYT CBA3aHB C HEORHOPOAHOCTSIMH. [lo-
BHAHMOMY, lI0OJHEe BCEero TaKHe JIOKAJH30BAHHME PeuleHHs H3yYeHH
B KBAHTOBOH TEOPHH, FAe OHH HCNMOJIb3YIOTCA MJIfi ONMHCAHUSA AMCKper-
HHX yPOBHER 3HepTHH ATOMHHX CHCTEM.

CyuecTayer oTHocuTensHo Mano oOymkmu#i U(x), ans xoTopmx
peuieHHe COOTReTCcTByOmero Axddepenunansroro ypapsenns ¢1.1.1)
MOXeT OBIThb BbIpaKeHO 4epe3 CTAaHAAPTHHE TP2HCHEHAEHTHHE (HYHK-
unu. Hanpriep (3to 6Gymer meTasbHO paccMoTpeHo B ri. 2), snibop
¢yuxnun U(x) B Buge U(x)== —2sech?x npu rpaHHuHuX yCJIOBHSX
y{+ 00)=0 npHUBOLHT K eAMHCTBEHHOMY COOCTBEHHOMY 3HAUYEHHIO
Ap == -—1 ¥ orsevaiomefi eMy cobcrBennolt QyHKUHH y, =sechx, T. e.
yr==sech x apnserca peurenneM ypaBHenusy; +(— 14 2sech’x)y, =
==(), s0palialouiMcs B Hyab NPy X —> 00, B KBaHTOBOW Teopuu HH-
TeprpeTalnna 3TOr0 pe3yabTaTa COCTOHT B TOM, 4TO HacTHU@ 3anepra
B TOTEHUHAJBHOH fiMe, pOpPpMa KOTOPOH NpomopuHoHadbHa sech? x, a
eHHCTBEHHOE 3HAaYeHHe A NPONOPUHGHAALHO 3HEPIHH, KOTOPOK MOXKET
obnanarth 4aCTHia B 3TOH sAMe. B KauecTBe K/IaccHYecKofi HHTepnpe-
TalHH TOTO Ke YPaBHEHHWA MbI MOMEM pacCMaTPHEATh TYHHeJbHOe
pPacnpocTPaHeHHe BOJIHH B cpefie C 3aBHCAIHM OT ray0HHB MoKasa-
TesieM npenomnesus, n? = 14 2sech®x, rae rayO6uHa u3MepsieTcs OT
[IOJIOXEHHSA, COOTBETCTBYIOIIEro MaKCHMaJbHOMY 3HaueHHio n(x). He-
OJ\HOPORHOCTb €O3JaeT B cpefie BOJIHOBOA. Bojna Moxer 6uTh JOKa-
J¥30BaHa Ha TAy6rHe, OKOJNO KOTOPOH NOK33aTeidb NpesOMJEeHHA A0-
CTHTAeT CBOEr0 MAaKCHMAaJbHOTO 3Hauerus. Ecnn 3Hak nortenuuana
uaMennth Ha obpartuufl, Tak uro U(x)== 2sech2?x, T0 norenunan ss-
NA€TCA OTTANKHBAIOUIMM M CBSI3AHHOTO COCTOSIHHA HeT. AHAaNOTHYHO,
KOTZa TMOKa3aTelb NDEJOMJEHHS 3aJ8eTC COOTHOUleHHeM n? =
=] -2 sech?x, BonHN cTpeMsaTcs YATH u3 06aCTH H3IMEHEHHS NOKa-
3aTe1 NpPeJNOMJIEHHS,, ¥ TYHHeabHoro 3ddexra HeT. ITOT npumep
6yaer noapobHee paccMOTpPeH B . 2.

Korma o6aactb (b — a) cranoBuTcs GeCKOHEYHOM, yPaBHEHHA THNA
{1.1.1), xpoMe AHCKpeTHHIX OTPHIATeJbHHX 3HAYEHHH A; H CBA3AHHHX
C HHMH JIOKAJH30BAaHHWX BOJHOBHX OYHKUHA y;(X), MOTyT Takxe
0612KaTh HENPEPHIBHHM ceMeACTBOM pelileHHH, COOTBETCTBYIOMHX pa3-
NUUHHM NONOXHTENbHHM 3HayeHHAM A. B cayuae xBaHTOBO# Mexa-
HUKM (H3HYeCcKas HHTEpNperauHsi TAKHX DelIeHHA COCTOHT B TOM, YTO
HEKOTOpOe NPensiTCTBHe, XapakTepmayeMoe noreruuanom U(x), pac-
CeHBaeT Majalouylo Ha Hero HacTHUy C 3Hepruefi, NpONOPUHOHANBHOR
A. B paccmarpuBaeMbix 3flecb OBHOMEPHHIX 3alaYaX HaJHuHe pacceu-
BaTeJd OOGWYHO NPOABAsieTCA 4epe3 OTPaeHHE H NPOXOXKJAeHHe na-
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Raollefi BoiHW. (B nocsesyloumux paccyXAeHHAX UEHTPaABLHYIO pOJb
GyneT HrpaTh TOT (PaKT, UTO B pe3yhabTaTe ONpeleleHHOro Bubopa no-
TEHIHA/a BOJIHA MOXeT NMPOXOAHTb NOJHOCThIO, 6e3 orpaenus.) Ko-
HEYHO, Ha pacceHBAIOMIHA UEHTP MOFYT NONAAATh Ya4CTHUH ¢ JioGoR
TMOJIOXKHTENbHOR SHepruel, H, CIeR0OBAaTENbHO, MH OXHAaeM, 470 Cy-
IiecTByeT HempephiBHAA O6JACTh MOJOXKHTEAbHWX COGCTBeHHHX 3Ha-
yenuii 0 < A < o0. B npumepe ynoMuHasuwefics BHIIE HEOAHOPOAHOH
cpeln caydao A = 0 cooTBEeTCTBYeT OTPaXKeHHEe H NPOXOXAEHHE BOJHK
NPOH3BOJIBHO BHICOKOf YaCTOTH, MPH 3TOM BOJHA NAfacT HA HEORHO-
ponanift caofi u3BHe. Bo BTOpo#l ryiaBe MW NOKaXeM, 4T0 JJiA HIPHBe-
IeHHOR BHINE NOTeHUHaNbHOH ¢yuxuun U(r) = —2sechi®x peutenns
paccesHHs CTPOSITCA KaK JuHefinne KOMOMHAUHH QYHKUHA y. =
=exp (=i 4/Ax) (i /A F thx). YacTo HaxoxaeHHe pelleHHS ypas-
Henns lIIpénunrepa c 3amanHoR noteruuanbHo# Qynkuueds U(x) na-
3HBAETCA PelleHHeM 3aJayH paccesiHHs.

1.2. YPABHEHHE KOPTEBETA — IIE ®#PH3A

Ecan 6um ¢yukuus U(x) B ypaBHewnn (l.1.1}) conmepmxana napa-
MeTp, HanpuMep o, Tak 4to U =U(x, @), T0O MOXHO OHJO OH 0XH-
AaTh, YTO W3MeHeHHe POPMH NOTEHUHANa NPH HIMEHEHHH napameTpa
o TMPHBEAET K HEKOTOPOMY COOTBETCTBYIOIIEMY H3MEHEHHIO cOOGCTBEH-
HHX 3HAYEeHHH Ay, T. €. MOXKHO OHJIO OW OXHAATh 3ABHCHMOCTH A; OT
a. EcrecTBeHHO 3aaTh BONPOC: CYLWIECTBYIOT JIH MOTEHUHANbHEE PYHK-
aun U(x, &), A8 KOTOPHX A, NPH H3MEHEHHH o OCTaeTCA NOCTOAH-
HuiM? Cpasy e HanpaluHBaeTcs AOCTATOMHO TPHBHAJBHHIMN NpHMep —
3aMena Jobofi dyukugu U(x) na U(x -+ @) npocto nepeHoCHT Heox-
HODOAHOCThL MOTEHUMAEJA HIU NMOKa3aTess NMPEJOMJIEHHA BJOJb OCH X,
4TO H3MeHsieT NOJOXKeHHe 3anepTofi YacTHHW HAM CMellaeT 3BYKOBOA
KAHAJ H He BJHSET HA SHEeDPrui0 CBA3AHHOIO COCTOSIHHA WJH 43cTOTY
JIOKAJH30BAaHHOM BOAHH. TakuMm 06pa3oM, 9TO H3MEHEHHe o He BJAHAET
Ha cobcTBexuble 3HavenHs Ay Jins cpaBHeHHR C NMOCJEAYIOILHMH pe-
3yAbTATAMM CJASAYET OTMETHTb, 4ro OyHkuuu U{x 4 a) ynrosaerso-
DAIOT AvHeAHOMY AuddepennHasIbHOMY YPABHEHHIO B YaCTHBIX NMPOU3-
soaunx U, — U, = 0. MK nokaem, 4TO ecTb H Apyrhe, 6ojiee uHTe-
pecHnle BO3MOMXHOCTH, KOTOPble NPHBOAAT K HEAUHEUNbIM YPABHEHHSM
8 YAaCTHHX NPOH3BOAHHX. B uyacTHOCTH OyZeT MOKa3aHO, YTO PYHKUHH
U(x, @), ynosaerBopsiomine ZudPepenuaibHOMY YPaBHEHHIO

Us+UU,+ Uy =0, (1.2.1)

TOXKE OCTABJSIOT COGCTBEHHBE 3HAUeHUs Hen3MeHHHMH. Ecan cunrats
fapameTrp o BpeMeHeM (KOHEeYHO, COOTBeTCTByiollee ypaBHenue 1llTyp-
Ma — JInyBuilJIfn He ABAAETCA 3aBHCAUIMM OT BpeMeHU YpPaBHEHHEM
UIpéaunrepa), o ypasuenne (1.2.1) siBaserca ypaBuenueM Koprese-
ra-— ne dpusa.

TakuM o6pa3om, HaxoxAeHue pewennl ypasuenus Koprepera — ae
dpusa Momer GbiTh CBA3AHO € ONpeAeNeHHEM 3aBHCAIIHX OT MapaMeTpa



14 T'a. 1. Baedenue

noreHuuanos B ypasHennn Ulrypma—JluyBuans ®  HaoGOPOT.
YnoMsanyraa B pasa. 1.1 3ajaua paccesiHHS Kacajacb ONpeAefieHHs
BOJIHOBOH (YHKIUUH y NPH 3asauxom notenunane U. B nannom cayuae
peub HAeT 06 onpeleseHUH NOTEHUHAJa IO HEKOTOPOA 3aRaHHOR HH-
dopmaunu 0 BosnnoBOfi GyHKuMH (Gosiee neTaiabHO 3TO Oyjer pac-
CMOTpeHO B IJ1. 4). 3afaqya onpefesieHHs NOTeHLHaJa HO HHpOpMALHK
0 BOAHOBOM ¢yHKIKM HasnBaeTcsi o6parHod 3ajnayell paccesHHs.

Hcnonbsys meron Jlakca [77], Mu MOXKeM Jerko BHAeTb, 9TO
ypasuenue Kopresera — e ®pusa sBisieTcss OAHHM H3 GeCKOHEYHOro
YHCNa ypaBHeHuil, OMMCHBAIOWMX TaKoe H3IMeHeHHe IMOTEHIHaJa ypas-
Henusi [lIpénunrepa, mpu KoTOpoM coGCTBeHHHE 3HAYEHHA OCTAlOTCA
nocToAHHHMH. YToGu y6esutbca B STOM, YHROGHO 3amHcaTh ypaBHe-
nue lIpenunrepa, unn Hltypma — Jinysunas, s suae

Ly=2Ay, (1.2.2)

rne L=D*—u(x, t) u D=d/dx. Dudepernupyn 910 ypaBHeHHE
No BPEeMEHH, MOJYYHM

(Ly)y=Ly; + Lyy = Ay + AY,. (1.2.3)

Tak kak (Ly)t = Yxxt — Uy — uty = Lyt — ury, 10 Ly = —u;. Hac
HHTepecyeT TaKkasd 3aBHCHMOCTb # H, CNeJOBATENbHO, § OT BPEMEeHH,
npH Koropo# A:==0. PaccMoTpuM cayyah, KOrAa 3aBHCHMOCTb g OT
BpeMeHH MOXeT GHTb BHpaxeHa B BHRe y: = By, rae B — HekoTopHii
aunefinuft auddepennHaNbHHA onepaTop, NOANEXAIUUA ONpeAeaeHRIO
(e o6s3aTenbHO eAHHCTBeHHHA). KoneuHo, npocrpaHcTBeHHOE H3Me-
HeHue y Aaercs ypaBHeHueM (1.2.2). Tenepb ypasuenne (1.2.3) moxer
ObiTh 3aMHCAaHO B BHAE

(—us+[L, B))y=»y, (1.2.4)

rae [L, Bl==LB—BL. Mu 3ameuaeM, 970 A GYyAeT NOCTOSHHLIM
(At = 0) npu ycuoBun, 4T0 B BHGHpaercs TakHM 06pa3oM, 4To6H OHO
yAOBJIETBOPANO ypaBHeHHIO —ut+|L, B]=0. B o6mem cnyuae 3ato
onepaTopHoe ypaBHeHHe; OAHAKO, KaK MH cefiyac yBHAHM, HeKOTOpHE
OrpaHHYeHH Ha BHA B MOryT NpHBECTH K TOMY, 4TO BHpPaxKeHHe AJ1A
{L, B] ne Gyner coxepxarth audbepeHuUHnaNbHEX ONepaTopos, a Gyaer
TOJNBKO (QYHKUMER u H ee NPOCTPAHCTBEHHHX MNMPOH3BOAHHX. B srom
clyyae MH TeM CaMBIM MOCTPOHJHM AxbdepernHalbHOE ypaBHeHHe B
YaCTHHX NPOU3BOAHHX AN u(x, t), Takoe, YTO ecA# OHO YAOBJIETBO-
paercs, T0 A+ = 0, T. €. COGCTBEHHbE 3HaYEHHS OCTAIOTCA MOCTORHHBIMH
BO BpeMeHH.

B xauectse mepBoro mpumepa IuddepeHUHaNLHOTO oneparopa B,
KOTOPHf MOXeT NPHBOAHUTL K MOCTOSHHHM COGCTBEHHHM 3HaYeHHsM,
paccmorpuM B, = aD, rae cHavana AomycKaercs,, YTO @ MOxXeT GHTb
¢yHKuHel 4 H ee MPOCTPaHCTBEHHHWX MPOH3BOAHHX. 3aTeM mo ompe-
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Resienuio L
[L, BJy=(LB,— B\L) y ==
= (Dz - u) (ayx) s aD(yxx hant uy) =
=2a.D*y + a,,Dy + auy. (1.2.5)

Ecau B 3tOM nocneaneM BHpaxeHud koadpouuuentn npu D3y a Dy
o6pamaioTca B HyJb, T. €. eclH @ = const, To [L, By] == aux u cooT-
Howenne (1.2.4) npuHuMaeT BUA

(ug— auy) y == — Ay. (1.2.6)

[Tostomy A: Gyner paBHO Hyai0 H, TakuM o6GpasoM, A He Gyner 3aBH-
CeTb OT BPEMEHH NpPH YCJAOBHH, UTO U YAOBJIETBOPAET YPaBHEHHIO B
YaCTHHX MPOH3BOAHWIX U — auy ==(0. Tak kak peilileHHeM 3TOrO ypas-
HEeHHsl fBJiseTcs Jlo6as (yHKUHR OT X - af, Mbl BHAHM, 4To J1060f
noreHuuan suaa u(x -+ af) Oyjaer oCTaBjsATh A He 3aBHCAWHM OT
BpeMeHH. DTOT B KAKOM-TO CMHCJe HeHHTepeCHHH NMpHMEp, B KOTOPOM
napaMerp af MPOCTO MePEHOCHT NOTEHUHaN BAOJb OCH X CO CKOPOCTBIO
—a, yXe YNOMHKHAJICH KOCBEHHO B IPEAHAYyLleM PacCMOTPEHHH.

Yro6ul nomyynth 6onee HHTepecHHA NpHMEP, MOXKHO Ouio O
nonurateca B3ATh B B Buge By = aD?-} D + g, rae [ u g asasiorcs
B ofleM cayyae QyHKUHAMH 4 H €e MPOCTPAHCTBEHHHX NPOH3BOAHBIX
H CHOBa, KaK W B NpefnjylleM npuMepe, a = const. Oanako npocrue
BHIYHC/IEHHR [OKa3LBAIOT, YTO HHKAKOTO OOGOOILIeHHA MNpeAblAyllero
pe3yabraTa NpH 9TOM He NOJNYYaeTCH: MH NPOCTO NMPHUXOAHM K TOMY
we camoMy AHbQepeHUHANLHOMY YPaBHEHHIO B YaCTHBIX NPOH3BOA-
HHX AN .

Eciin MH chenaeM ciefyiollHfi war @ paccMotpum By = aD® 4
+ fD + g, mu Haiizem, yto

[L, B3]y =(2f, + 3au,) D%y + (f. + 2g. + 3au,,) Dy +
+(gres +aug,, + fux)y- (1'2~7)

Ecnn Tenepn cHoBa motpe6oBath, 4To6n Ko3bduuuenro npH D%y u
Dy o6pawaaHce B HyJab, TO NOJAYYHTCS HoBoe AH(depeHuHANbHOE
YPaBHEHHE B YAaCTHHX NPOH3BOAHMX. ObpalleHne B HyJb 3THX K03-
¢unuentos naer npocrule AHddepeHUnaNbHBE COOTHOWEHHS, KOTOpHe
JIETKO DPOHHTerpupoBatb. MH Haxoaum, uro f= —(3/2)au+c, u
g = —(3/4)au. + c;, roe ¢, u c— npousBoabHLEe QYHKUHH BpeMeHH,
NOABJAAIOLIHECS B pe3ysibTaTe HHTerpupoBanus. Toraa u3 (1.2.7) umeem

(L, Bo) =7 @ (uysz — 6uu,) + citte] - (1.2.8)

CHoBa u3 cooTHouteHuss —u; -+ [L, B3] =0 caeayer anddepennuans-
HOe ypaBHEHHe B YacTHHX MNPOH3BOAHHX AafA u. HToOH ynpocTHTs
KO3 PHUHEHTH MNOJYYEHHOrO yPaBHEHHS, MOXHO MOJOMXUTH MOCTOSIH-
HYI0 @ paBho#t —4. PyrKuMIO ¢;(f) TaKiKe MONKHO MOJOXKHTH PaBHOMN
BYJIO, TaK KaK NPOCTHM npeo6pa3oBaHneM K HOBHM HE3aBHCHMHM
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nepeMeHHHIM, 3ajaBaeMhIM COOTHOHMIEHHAMH dx’ =dx+ ¢,(t)dt n
dt’ == df, ee MOXHO HCKJIIOUHTb H3 OKOHYATENbLHOrO ypaBHEHHMs AJIA U.
Taxum 06pasoM, HaXoAHM, YTO HOBOe YpaBHEHHE JJI 4 HMeeT BHI

Uy —Ouy + gy, =0. (1.2.9)

Ecnn u onpejlensercs 3THM ypaBHEHHEM, TO JIeBaf 9aCThb YPaBHEHHS
(1.2.4) ofpamtacrcsi B HyJb, H, CJI€JOBATENbHO, MH CHOBa MOJYYHM,
yto At = 0. C TouHOCTBIO 10 MHOXHTeas —6, KOTOPHI MOXKHO ycTpa-
HHTb, Noaaras u = —U/6, 370 ypaBHeHHe COBNajaeT ¢ HEJHHEHHHM
nuddepenunanvibiM ypasnenueM (1.2.1). 3To oana H3 cTaHAapTHHX
¢opm ypasHenua KopreBera — e ®pusa. Takum o6pa3oM, ecsiH 9BO-
JUIOLHA NMOTeHUHana, BXoAswero B ypasHenue IlIpéanurepa, ompene-
nsierca ypasnennem Kopresera — ne ®pusa, To coGerBeRHoe 3Have-
HHE A OCTaeTcs MOCTOSHHBIM.

Hakonen, nockonbky ¢ynkuuu f H g B onepatope B; yemepp u3-
BeCTHH, H3BECTHA H 3aBHCHMOCTb pelleHHs y OT BpeMeHH. OHa
HaeTcsl ypaBHEHHEM

Yy == Byy = (— 4DP 4 6uD 4 3u,) y. (1.2.10)

DyBKUHIO C2(f) MH Tak¥Ke MOJIOXKHAH paBHOM HYJNIO, TAK KAK OT Hee
MOXHO H306aBHTLCH, BBeAf HOBYIO 3aBHCHMYIO MepeMeHHY =

=yexp (S cy dt). Cnenyer OTMETHTD, YTO HH3MEHEHHEe y B MPOCTPaH-
CTBe, ONKCHIBaeMOe ypaBHEHHEM

Yxs — Uy =20y, (1.2.11)

A ero HameHenme Bo BpeMeHn (ypaBHeHHe (1.2.10)) BmipaxaioTrca ¢
NOMOLIBIO AHHERHBX AHGdepeHIHANbHHX YPaBHeHHRA.

Kak ® caenosasio Temeph OXNAATh, MOXHO ROCTPOHTH [77, 42]
6GeCKOHEUHYI0 NOC/eR0BaTe/NbHOCTh ypaBHeHHA (ojice BHICOKOro MNo-
pAAKA, XapaKTepu3yeMhX HeYeTHHIMH JHHEAHHMH ORepaTopaMH
Bs, By, ... . OnHako B HACTOsillee BpeMA B NPHKIAXHHX (H3HUECKHX
3afiauax 3TH 3BOJIOLHOHHHE YpaBHeHHs Gojiee BHICOKOTO NOPAAKA,
NO-BHAUMOMY, He BO3HHKAIOT, H 346Cb OHH PacCMaTPHBATLCA He GyXyT.
BMecTo 9TOr0 MH NpoaHaaH3kpyeM AB2 MPOCTHX PEUICHHA YypPaBHEHHS
Kopresera — ne ®pusa (1.2.9).

OaHocoanToHHOe pelienne ypasHeHHs Kopresera —
ne dpusa

Mpocrefiunm peutenHem ypasneHus Koprtesera — ne ®pusa ssas-
eTcAl CTAallHOHapHOe pelIeHHe, KOTOpoe MOXHO MOJYuHTb, NoJaras
u = u(x — ct). Pewenue npeacrapaser co6ofi Boamylienne, ABHXKYilLee-
CA B MOJOXKHTENLHOM HaMpaB/ieHHH OCH X ¢ MOCTOSHHOMA CKOPOCTBIO C.
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B ra. 4 6yaer nokasano, 4TOo 370 pemieHHe ypaBHeHHsa Kopresera —
ne dpH3a HMeeT BHA

u=—% secht[ (s — o). (1.2.12)

B stoM pemrennn npossasercs obulas 9€pTa HENHHEAHHX BOJH —
CBfi3b MEXAY aMIVIATYAOR H CKOPOCTBIO HMMYyJabca. HMnyabcH ¢ 60Mb-
urefi aMIAHTYXOR ABHXYTCA GHCTpee H, KpOMe Toro, OHH yxe. IIpo-
CTOe HHTerpHpOBaHHe MOKA3LIBAET, YTO WHPHHA W AMIVIHTYAA HM-
MyJibCa CBA3AHL COOTHOUIEHHEM

S dx Afl%] =n. (1.2.13)

Pewerne (1.2.12), npeacrasasiomee co60f NOKaNAH3OBAHHOE BO3-
Mylllenne, CHMMETPHYHOE OTHOCHTEJLHO CBOefi cpefHeR TOUKH, ABAS-
eTCA OAHOCOMHTOHHHM pelueHHeM ypaBHenHs Koptesera — me ®pusa.
OaHako HCTHHHO COMHTOHHHA XapaKTep 3TOro BO3MYLIEHHA elle He
oyeBujien. CyllecTBeHHasi yepTa COJIHTOHAZ COCTOHT B TOM, YTO NMpHBe-
IeHHOe BHIUE AaHAJHTHYEeCKOe BHIpalKeHHE COXpaHseTcs (3a HCKoue-
HHEM CMelileHHs 1O (hase) H npW B3aAHMOAEHCTBHH ABYX HJAH Gojee
TaKHX HMIYJabcoB. UTo6H yGeHTbCS B 3TOM, MH ROJKHH PaCCMOTPEThb
pelense, Gojsee CJIOXKHOe, YeM [PHBeJEHHOe BHILE CTaUHOHapHOe pe-
wende. B nocaenyomux raagax GyAyT ONHCaHH cnOCOOH AOMYYEHHS
MHOTOCOJIHTOHHHIX pellleHHii, OCHOBaHHHE Ha MeTojle obparTHofi 3a-
Rayn paccesnusa. Uro6wm Rath npeXBapHTenbHHR 0630p 3THX Gojee
O6LIKX pe3y/abTaTOB, Mbl NOJYYHM 3JeChb ABYXCOJNIHTOHHOE pellieHHe C
NOMOIKIO TMPOCTOr0 METOAa, MpeAuecTByOllero 6oJjiee CNOMHHM Me-
ToAaM OGpaTHOi 3anauM paccessHHsl. ITOT MeTOA Gbll MpepsoxeH
Baprmanom [11] ana paguanbuoro ypasuenus llIpénuurepa, Ho B pas-
HOM Mepe OH NMPHMEHHM H B XaHHOM cJjyuae, Korja 06Jacrbl0 H3MeHe-
HHA He3aBHCHMON NepeMeHHOM sBAfAETCA BCA och x. Merox aenaer
O4eBHAHON TECHYIO CBA3b MEXAY IOTEHUHAJNaMH U MHOTOCOJNHTOHHBIMH
pelIeHHAMH.

1.3. MHOTOCOJIHTOHHLIE PEMIEHHA KAK MOTEHUWHAJMB
BAPTMAHA

[puBeseHHOe BHIllle BHpaXkeHHe AR conutoHa 2sech?x B poan
noreHnuana AAs ypasHeHuss llIpéaunrepa HasmBaeTcs NOTEHUHANOM
Skkapra [33]. Ero moxHo noayuute MeronoM Baprmana. 3xech Mu
NPOCTO OMHIIeM MeTOA B OOUIMX YepTax, a TakXe HCNOJAb3yeM ero
3aTeM /1S MOJYy4YeHHs ABYXCOJNHTOHHHX pemtennft. JleraabHee 3tot
merol Gyner OmHcan B . 3.
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Jiuneinmii norenunaa Baprmana — onnuounnifl coauron

HcxonHbnM nmyHKTOM MeTOAa BaprMana sBasercs NpeAnosoXeHHe,
COCTOsILIee B TOM, Y4TO CyUIeCTBYIOT NOTEHUHANH ypaBHeHHs IlIpénun-

repa
Yy + (B —u)y=0, (1.3.1)
TaKHe, 9TO pellieHHe STOI0 YPaBHEHHS MOXeT OHThL 3aNHCaHO B BHAe
y==e*F(k, x), (1.3.2)

rae F(k, x) aBnserca nonunomoM ot k. Ecau F(k, x) umeer nyaesoli
NOPAMOK MO 2 H HE 3aBHCHT OT X, MH INPOCTO NOJAYYHM OUeBHAHLIM
BHOOp notenudana u=0. ITpocreflIuM HETPHBHANLHHM NPHMEPOM
sBanercss JAHe#Has dopMma

Yy =e'** |2k + ia(x)), (1.3.3)

rfae 4HCAOBHIE MHOXHTE/NH BBOAATCA ANAA yAo6cTBa B gajdnuneRimem.
IMoxcrasass 310 pewenHe B ypaBHeHHe IlIpéxunrepa H npupaBHHBas
YjieHH ¢ OJlHHAKOBBIMH CTeNCHAMH R, NOJYYHM

@' =—u, a"=ua. (1.3.9)
Hckaouas 4 B HHTerpupys, NOAYIHM
a’ 4 a¥2==2)?, (1.3.5)
rae 2u? — nocTofHHas wurerpupoBanus. [loxcranoBka
a=2uw'lw (1.3.6)
NPHBOAHT K JIHHeAHOMY ypaBHEHHIO
w”’ — plw=0, (1.3.7)
pellleHHe KOTOPOro HMeeT BHA
w == aet* 4 fe—k*, (1.3.8)
CoraacHo nepsoMy H3 pasencts (1.3.4) B noacranoske (1.3.6), ameem
u=—2(Inw)". (1.3.9)
Bwmecte ¢ w B Buae (1.3.8) 3to naer
u = — 2u?sech?(px — @). (1.3.10)

Jlanee, NOCKONbKY pe3yJbTaT HOJXKEH OHTb pellleHHeM ypaBHEHHS
KopTtesera — sile ®pu3a, nocCTOAHHHE HHTErPHPOBAHHA o H B, a caeno-
BaTeJbHO, H @ ABAsIOTCA (YHKUHAMH BpemeHH. ITogcTaHoBKa BHpa-
xenus (1.3.10) B ypasuenne Kopresera — ne ®pusa (1.2.9) nokasm-
Baer, 49T0

;= 4u? (1.3.11)
H, CJIeA0BaTeNbHO,

p = — 2p?sech? (px — 4p¥%). (1.3.12)
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MH npenefperau nOCTOAHHOA HHTerpHpoBaHHs, ¢HkCHpyiolle# Ha-
yano xoopauHaT. Ecar nooXKHTB pw=4/c/2, TO MOXHO yGemurncs,
yTO 3TO BHpa)eHHe /IS 4 COrJIacyeTcs CO CTAUHOHAPHHIM pelieHHeM,
naBaemuiM dopmyaofi (1.2.12). Takum o6pasom, auHeHHHA cayual
metona Baprmana xaer ogHOCONHTOHHOe peulenHe ypaBHeHus Kopre-
sera — Re Ppusa.

Ksanpatnunnifi noreHuhan baprmana — p3anmoneicrene
ABYX CONHTOHOB

MoxHo caenaTh cleAylOUIuft [IAar, paccMaTpHBas KBaApaTHYHBIA
norenunan Baprmana. Mu mokaxeM, 4TO 3TO 060o6LIeHHe HAcCT HaM
KesaeMoe aCHMINTOTHYECKOe BLpaXceHHe, ONMHCHIBaIOllee B3aHMOjERCT-
BHe ABYX COJIHTOHOB. Ml HauHeM ¢ NPpEeANOJIOKEHHSA, UTO Yy UMEET BHA

Yo == e'** [4R% + 2ika (x) + b (x)). (1.3.13)
TMoacranoBKa 3Toro BHipaxeHnus B ypaBHeHue llIpéguurepa naer Tpu
yeaosus: u = —a’, ua = a” + b’ n ub=">0". [leranpioe paccmotpe-

HHE 3THX ypaBHeHHWA MH OTJOXHM 0 V. 3, cefiluac MH NPOCTO OTMe-
THM, 4TO, fl0J1arasl, KaK H paHee, @ = 2w’/w H pacnpocTpansis Ha 3T0T
cayyaft aHa/u3, ONHCAHHHA Bblle ANA CAYyYas JHHEAHOro NoTeHLUHaJa,
Mbl HaXOAHM, UTO W YAOBJETBOPAET JHHEAHOMY AH¢depeHuHaNLHOMY
yPaBHEHHIO 4ETBEPTOro NOopsijlka ¢ MNOCTOSHHHMH KO3 (HUHEeHTaMH.
Peiuenne ero Moxer OHTb 3aNHCAHO B BHAE

w==0(ac®” +a7'e™?*) +p(Be” +p7'e"%),  (1.3.19)

rae p ¥ ¢ CyThb nocTosiukue (p > ¢ > 0), a o H B ABAAIOTCA NOCTOAH-
HLIMH HHTEIPHPOBAHHs, KOTOpHE, eC/IH notTpeGoBaTh, YTOGH NOTEHLHAN
YROBJIETBOPAA TaKxe H ypaBHeuHio Kopresera — ne ®pusa, cHoBa
6yaytr GyHkuuamu BpeMmeHd. B rs. 3 GyAeT moka3ano, 4To coGCrBeH-
Hbie 3HaYeHHS 3aBHCAT TOJMBKO OT ABYX NOCTOAHHBX P H G H, TAKHM
06pa3oM, He 3aBHCAT OT BpPEeMEHH.

Pewenne, nasaemoe dopmysoft (1.3.14), ynoGHee BHpasyTh B BuAe

w==2[och(px — @) + pch(ox —})], (1.3.15)
rhe exp(—@) = a ¥ exp(—¢P)==Pp. 3aTeM MH HAXOAHM, 4TO

_ow sh (px — @) + sh (ox — )
a=2—=2p0 sch(pr =@ T pehGr—¥)" (1.3.16)

[Tonaras
p=p+q, O=p—gq, =04y, P=0—y, (1.3.17)

MBI TIOJIYYHM, UTO
a=2(p>—¢")(pcthf —q thn)™", (1.3.18)
rae §{ = px = 0 u n = gx — 4. Toraa noTesuHan uMeeT BHI

cosech? L 4 g?sechin
(pcthf —gthq)? (1.3.19)

um—a =—2(2— g9 &
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Yro6H 3TO BHpaxKeHHe GHJIO TaKKe ¥ pelieHHeM ypasmenus Kopre-
sera — e Ppu3a, QyHKuuu 6 K o KOMKHH COOTBETCTBYIOIUM 06pa3oM
3apHcerh OT BpeMeHu. HenocpeactserHas NOACTaHOBKA B ypaBHeHHe
Kopresera — ne ®pusa Buipaxenus aas u B sune (1.3.19) 6uaa 6y,
KOHEYHC, OYeHb TpyJAoeMKkoA. Bmecro 3Toro 3ameTuM, 4To 3TO BHIpa-
XeHHe CTAHOBHTCH MHOrO NMpollle AAs TAKHX 3HaueHHit x ¥ /, AJNa KOTO-
puix au6o |§|=|px—0|> 1, aubo |n|=|gx—x|> 1. Tak kaxk 0 u
¥, He 3aBHCAT OT X, UX MOXHO B. STHX Npele]ax ONPeAeNHTb AJs
BCEX X.
HOas |5 1 u || <1 MH Aerko noayunm

__ 2¢*(p*— g% sech’q

b=~ (xp—qthny °

(1.3.20)

rae BepxHrh (HXKHAA) 3HAK GepeTcs AR GOIBIIHX H MONOKHTENbHHX
(orpuuartenbHnix) {. DToT pe3y/bTaT MOXIO NMepenHcaTh B BHAE

uld = — 2g%sech?(gx — % FA), (1.3.21)
A =arth(q/p). (1.3.22)

rae

Bepxuuft Hafekc Gui1 BBeReH AJA TOro, 4TOOGH MOAYEPKHYTH, 4TO pe-
3yJbTaT ABJAETCA NPOCTO BhipaX<eRHeM I8 eJHHHYHOrO COJHTOHA
(1.3.12), rae g-—napaMerTp aMmaAHTyAH — ckopocTH. C xpyroft cro-
pous, ana |n|> 1, vo |{] <1, aHanorHuHOE BHpaXeHHe AaeT

uP) = — 2p?sech?(px — 0 F A), (1.3.23)

rAe BepxHHil (HHXHHA) 3Hak GepeTcst AN GOJBUIMX H MOJOMKHTENb-
HBX (OTPHHATENbHHX) 7.

Tenepn, noacrasass (1.3.21) u (1.3.23) B ypasuenne Kopresera —
ne dpusa (1.2.9), MOXKHO JIerko ROJYYHTL 3aBHCHMOCTH O H y OT Bpe-
menH. Pe3ylbTaTH OKa3sHBAIOTCS TEMH JKe, 4TO H B JHHERHOM cayvae,
a HMEeHHO

0, =47 % =4¢. (1.3.24)

TakuM 06pa3oM, CyIIECTBYIOT TaKHe 3HAUeHHA X H f, AN KOTOPHIX
KBagpaTHYHHA noreHuwan BaprMana CBOAHTCA K ABYM OTAEeJbHHM
COJIMTOHHHM HMNyJbcaM. Tak Kak p > g, TO uMIyJanc u® nepeme-
waercs ¢ GosbuleR cKOPOCThIO, YeM HMNyabc 4@, IIpn x— oo pe-
WeHHe NPHHKEMaeT BHA ABYX pa3feeHHHX HMIYJbCOB, KAK MOKa3aHO
Ha pHc. 1.1. MH nosnydaem caeaywollylo KapThHY: Gosee GHICTPHA
HMIlYJIbC AOTOHAET Gosiee MENJIEHHN A, B3aHMOAEHCTBYET C HHM W NOSB-
JsieTCs BIepeAu Hero. Bo3aMOXKHO, 3TH pe3y/abTaTH CTaHYT MNOHATHeE,
ec/ paccMoTpeTh Temepb nosHoe pemenue (1.3.19) mna Bcex x u f.
Monaras p=3 u ¢=1, MH NONYYHM YaCTO YNOMHHAEMHH YHCJIEH-
uoit npumep (3abycku, [118]; Tapanep u ap., [42]). Toraa p = 2,
g=1, 8 =32{, y =41, n xeyxconurounoe peumenne (1.3.19) moxer
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O6uTh Npeob6pa3oBaHo K OOBUHO LHTHPYEMOMY BLIpaXKeHHIO
. 4ch(2x —8f) +ch(4x —648) 4+ 3

u=— 12T ¥ ch Bx — 36D (1.3.25)

[Ipu {=0, xoraa o6a COJHTOHA MOJHOCTbIO MEPEKPHBAIOTCH, 3TO

BHPaXeHHe CBOAHTCH K caenyiollemy: u(x, 0) = —6sech’x. Panbue

Mocae a3aumogeacmeun

Ao ssaumogedcmeous

—————
Narpasmrenue
pachpocmpanerus

pr-8=~] pr-g»0 px-8¢«0 pr-G=l
gr-x<C0 gr-x =] gr-axn] qz-200
u® 20% sech*plx - gt sap) u®h2psechox- 9t~ a/p)
u™w 2g%sech (z~y,t - aig) 4 2q"sechg(x-ytealg)

Puc. 1.1, JlBa H30NHPOBAHAKX CONHTOHA A0 H NOCAE BAaHMOJEACTBHSA.

H NO33Ke, KOrZa ABAa COJHTOHA B JOCTATOYMHOH CTENeHH OTAEJIEHH APYr
oT Apyra, BuipaxenHe (1.3.25) npuBOAHTCH K CyMMe ABYX BhipaxeHu#,
nasaembix ¢opmyaamu (1.3.21) u (1.3.23). Henunefinoe B3aumopnei-

Puc. 1.2. OByXconHTOHHO® B3arMOneHcTBHE.

CTBHE JABYX COJHMTOHOB NPOSBJAAETCA B TOM, 4TO NpPH { =0, Korga ouu
MONHOCTBIO TIEPEKPHBAKOTCA, aMIVIHTYla HMNyJbCa paBHa 6, a 3To
MeHbule AMIUIMTYAH OTAENBHOTO HMIYJbCa NPH p = 2, aMNAHTYAa
kotoporo paBHa 8. I'padux ABYXCONHTOHHOTO peIeHHA I0Ka3aH Ha
puc. 1.2. IMnyJascH ynpyro npoxoAar Apyr 4epe3 Apyra, ¥ eAHHCTBEH-
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HHM CJIeACTBHEM HX B3auMOfeficTBHA fABAfeTcA (a30Bufi cABHr Ha
2A. 3tot caBur no ¢pase OTUETJAHBO NMPOABJRETCH NPH PaCCMOTPEHHH
TPaeKTOPHH KaXHXOTO HMIYJAbCAa HA TJAOCKOCTH (X, {), KaK NMOKa3aHO
Ha puc. 1.3.

Mmu cefiyac BujeaH, YTO MOXKHO YCTAHOBHTb TECHYIO CBA3b MeXAY
peuleHHsiMu ypasHenHs Kopresera — ge ®pu3a M 3aBHCAIMHMHA OT na-
pamMerpa noreHuHasnamu B ypasHeuuu Illpéauarepa. [laa naxomuenns

[ 4

u@)

u@?

Puc. 1.3. ®a3oBufl CABHr NMPOCTPAHCTBEHHO-BPeMEHHHX Tpaextopulli AByX B3anMmonefi-
CTBYIOIHX COABTOHOB.

conuTOHHHX peuleHufi ypasuenus KopreBera — ge ®PpH3a MOXHO Tak-
Xe HCNO/MB30BAaTh MPOCTON METOA MOJYYEHHSA HEKOTOPOro Kjaacca Io-
TeHUHas 0B (noTeHuKasw Baprmana) u pemennii ypaBHenus Llpéauu-
repa. [Ipexkae ueM H3narath fajee 9TOT H APYrHe METOAH, MOKaXeM,
KaK B NPOCTHX (PH3HUECKHX CHTYalHAX BO3HHKaer ypaBHeHue Kopre-
Bera — Je Ppusa.

1.4. ®U3HYECKASl CHCTEMA, NPHBOAAUIASL K YPABHEHHIO
KOPTEBEFA — IIE ®PH3A

MOXHO yKa3aTb MHOTO NPHMepoB (PH3HYECKHX CHCTEM, NPHBOAS-
wux K ypasHenuio Koprepera — sie ®pu3a; HexoTopHe u3 HuX GyRyT
onucanw B ra. 6. Bce oun o6nanaior apymsa ocoGennocraMn. Bo-nep-
BWX, WM NpHCYLla XapaKTepHas FHAPOAHHAMHYECKAs HeAHHeHAHOCTS,
ONMHCHBaeMas YJIeHOM BHAa 40u/Jx. Bo-BTOpHX, orpaHMumsasch pac-
CMOTpEHHEM JIHIUb BO3MYLIEHHA Masofi aMnJHTYAH H npereGperas
BHIOEYNOMAHYTHM 4JIEHOM, MOXHO MOJYYHTh OAHOYACTOTHHE pelue-
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HH C TNPOCTPAHCTBEHHO-BPEMEHHOM 3aBHCHMOCTbIO BHAA exp [i(kx—
—wif)]. TIpn 3TOM HMeeT MeCTO CBASb MEXAY BOJHOBHIM YHCIOM X H
4acToTO# ®, KOTOpas /s MaduX £ H © MOXeT OHITb aNMPOKCHMHPO-
BaHa BHpaXeHHeM © = a2+ b,k3, rae a; u b — nocrosnHue. Pa3o-
Basi CKOPOCTb BOJIHW flaeTCAA COOTHOIIEHHEM Cp, = ©/k, H eciaH b =0,
MH BHAHM, 4TO Cp noctosiHHO. IIpn by %0 BOAHH C pasNHYHHIMH 3Ha-
YeHHAMH R OYRYT HBHraTbhCfl C DA3NHYHHIMH CKoOpocTAMH H ¢opma
HMOyJbCa, COCTaBJEHHOrO H3 CMEKTPa TAKHX BOJIH, MPH pacnpocrpa-
HeHUH OyaeT MeHATbcs. B 4acTHOCTH, NOKaJH30BaHHHA HMNyJbc 6yler
NPOABJATh TEHIEHUHIO K pacninBaHHIO. MOXHO CKa3aTh, YTO yKa-
3aHHOe BOJIHOBOe [BHXEHHe objajaer AHCHepCHeH, H COOTHOUIEHHe
MEXAY @ H R HA3HBAaIOT JHCNEPCHOHHHM COOTHOIIGHHEM 3aJauH.

Alx ) —

Pac. 1.4. Conuton Ha TpyGe, COCTORUWEH U3 YUPYruX Kowel,

B sToM cayuae ocHOBHAs YacTh HMOYJbCA ABHXKETCH C FPyNNoOBOR CKoO-
POCTbIO Ug==0w/0k |ympe, TAe k*—cpeanee 3HaYCHHE BEJHYHH R, CO-

cTaBasoOlHX HMOyabe (Yu3eM, [117] ra. 11). Axanornunne coobpa-
KEHHi MOXHO INPHMEHHTb K 3KBHBAJEHTHOMY COOTHOWIEHHIO R ==
= a0 + bgwd.

K coxkaseHnio, Bce NMpHMepH HeJHHEAHHX XHCNEPrHPYIOLIHX Cpex
TAKOBH, YTO NpEeXXe ueM NOJYYHTh HHTepecylolllee HAC YpaBHEHHe,
ckaxem ypasHenne Kopresera— e ®dpuaa, npujaercs npoaenarb yTo-
MHTeJbHb¢ BHYHC/IEHHS, CBA3aHHbBle ¢ HaXOXAeHHeM Bo3myllenufi. He
AIBASAETCA HCKJIOYEHHeM H paccMaTpHBaeMas 3AeCh (hHIHYeCKasds CH-
cTeMa, XOTs, MO-BHAHMOMY, aHa/JH3 BO3MYIUEHHA 3JieCh He NPHBOZHUT
K CTOAb JJHHHHM BBRIYHCJIEHHSIM, KaK B OOJIbIIHHCTBE APYFHX NpHMe-
poB. K ToMy e cooTBeTCTByIOLlasi 3KCNEPHMEHTAJIbLHAA CHTyalHs B
3TOM cJydYae BeCbMa Harasgua. PacCMOTPHM HeCHKHMaeMyio XHRKOCTb
B GeCKOHEYHO AJIHHHOM Kpyriom wuuausape. CTEHKH UMJAHHApA CO-
CTaBJIeHH M3 YNPYFHX KoJel, Kak moKa3aHo Ha puc. 1.4. JlokanwHoe
yBeJiHUeHHe AaBJEHHA B XXHAKOCTH (paccMaTpHBAIOTCA TOJBKO Npo-
NOJIbHHE H3MEHeHHs AaBJIeHHsi) BH3LBaeT PaAHaJIbHO-CHMMETPHUYHOE
pacTaxXeHHe YNPYrHx KoJjelu B o6JacTH, rAe AaBjeHHe NoBHIeHO. Tak
KaK KOJIbIla MeXAy co60of He CBR3aHM (HO PacnojoXKeHH AOCTATOYHO
6/1H3KO APYT K APYTY, TaK YTO XHAKOCTb MEXAy HHMH He NpoTeKaer),
ynpyrue BOJIHH B OCEBOM HafnpaBJieHHH BJOJb UHJMHAPHYECKOR no-
BEPXHOCTH He pacnpocTpansiorcs. Takylo rpaHHILY HHOTAA2 Ha3HBAIOT
JIOKaNbHO pearupywouefi. [IBuxenHe XHAKOCTH ONMHCHBAeTCA ypaBHe-
HHSIMH COXPAHEHHS MACChl H KOJHYECTBa ABHXXEHHA. Ecau AJHHA KaxX-
AOTQ KOAbLUA BAOAL OCH Maja N0 CPABHEHHIO ¢ HHTepecyiollefi Hag
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JJIHHOH, TO ypaBHEHHe COXPaHeHHs MAacChH MOXeT OLITh 3anHcaHo

B BHIe o4 2
2+ (An)=0, (1.4.1)

r&e U — CKOPOCTb KHAKOCTH H A — miomajb NONEPEvHOro CeYeHHs
uuauHApa. BuiHo, yTO mAOMazb MIpaeT poOAb, AHANOTHYHYIO POJH
IIOTHOCTH B CXKHMaeMoll XHAKOCTH. [IAS COXpaHEHHs KoJHuecTBa
NBHJKEHH MOXHO 3aMKCaTh ypaBHeHHe

do do
.a_t+ v..a—x=——-a—x, (1.4.2)

rae po-——MOCTOAHHAS TUIOTHOCTb XHAKOCTH M p(x, {)— AaBnenne 3
xuAKocTH. HyXHO TaKke MOJyuHTL TpeTbe YpaBHEHHe, CBS3HBaIoliee
naowanb Koanla ¢ fAasieHneM. [TockoJbKy, Kak OTMeYaJioch BHLIE,
mIoliaflb AHANOTHYHA MJOTHOCTH, HeHOCTalollee ypaBHEHHe Hrpaer
pOJb ypaBHEHHS COCTOSIHHS.

Puc. 1.5. Cuaul, AefAcTBYIOUIHE HA CerMEHT ytipyroro KoJbla,

Us puc. 1.5 MOXKHO BHHeTh, UTO NpUMeneHHe 3akoHa Hbiotona k
CerMeHTy YMpYyroro KOJbla MPHUBOAHT K YPaBHEHHIO
? . d0
phlds BN — p(x, y1ds— 2T hisin (), (1.43)
rae r(x, t)— paauyc, pgr — NMAOTHOCTb, 2 A M [—ToNHHA H OceBas
JA/HHA KOJbLia COOTBETCTBEHHO. [l ManuXx yraoB d0 moxHO 3ame-
HHTb CHHYC YIJia €ro apryMeHTOM, a TakXe MNOJOXKHTb dB = ds/a,
rae a — paBHOBeCHHH pajnyc Koabua. Hakorew, okpyxHoe HanpsiKe-
HHe B KOJblle CBS3aHO C PacTAXEeHHeM KOJbIla MOCPEeACTBOM MOAYJS
IOHra o6HYHBIM COOTHOIIEHHEM
__ Hanpsxenme __ T
E= RedopMauns 25 (r — a)/2na ° (1.4.4)
3ameyas, 4t0 A = nr?, Tak uto AA = A —na? = 2nrAr, MH HaxoAuM,
yro (1.4.3) MOXHO nepenucaTtbh B BuAe

2 E ?AA
p’;‘; plx, )= M+ (1.4.5)
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Beauunna (£/pra?)!/? asasercs yrioBoH 4acTOTOM palHatbHBIX KO-
nebauuii koabua [80]. BBoas Ge3paaMepHble BEJHYHHH C NOMOLUBIO
cootHoweHni A = na4d, p=pep u t=Tt, rae po=FEh/2a n T?=
= pgra?/E, nonyuum

~ ~ A
p=(A—1)+ 54+ (1.4.6)

Hrak, sBoas mauny L = (pgah/2p,)'/* w nonaras x=Lx' u v=
= L3/t, nonyyaeM Ge3pasMepHLHe ypaBHEHHS

A, a8 i
2o+ =27 (A0) =0, (1.4.7)
g =—ar. (1.4.8)

Cnauaja HccJlefyeM AHCIEPCHOHHOE COOTHOMIEHHE AJs JIMHeapH30-
paHHoro sapuanTa cHcrembl (1.4.6)—(1.4.8). JluHefinwle ypasHeHus

WMEKT BHA

LAY (1.4.92)

S =, (1.4.9b)

p=A—1 +g—'tf;. (1.4.9¢)

Ecau ROMyCTHTH, YTO 3aBHCHMOCTH ®YHKUME p, § ¥ A— | or koopau-

HaTHl H BpeMeHH uMeioT BHA exp[i(xx’ —@t’)], 10 cucrema (1.4.9)
CTaHOBHTCH CHCTEMOHl ORHOPOAHBIX aJire6pauvyecK#X ypaBHeHHH Ans
amnautys p, & u A — 1. HeTpupuanbhble pelieHHs 3TOH CHCTEMB Ha-
XomsTCcA OOBIYHLIM 00pa3oM H3 ycaOBHA OOpallenHs B HyJb onpeje-
JAHTeNs cucTeMbl. Mbl nosydaeM

- x?

&% = T (1.4.10)
yTO ABJAAETCS AHCNEPCHOHHHIM COOTHOLUEHHeM AaHHOH 3agaun. na
MajbiX & ¥ % 3TO COOTHOUIEHHE MOXHO 3aIHCaTb B BHAE OJHOIO H3
ABYX NpHGAHKEHHHX BHpaMeHHA: x =& +—;—€)3 HIH & == x— 3 /2,
TakuM 06pa3oM, MH nojydaeM Te KyOHYECKHE WeHbl, O KOTOPHX yno-
-MuHajsoch paHee. CleflyeT OTMETHTB, YTO CaMbifl BaXKHBI KyGHuecku#
YJleH ABASETCH CJAEACTBHEM YNMPYTOCTH UHJIMHAPHUeCKOH creHxH. Ecan
6ot B ypaBuenun (1.4.5) He O6bl10 NPOH3BOAHOH MO BPEMEHH, TO %X GLIO
nponopuxoxanbio &. Toraa rpynmnosas CKOPOCTb BOJHH paBHAMAch
Obl eqHHHULe (B HCMOJb3yeMbIX 3J€Cb eIHHHUAX U3MEpPeHHs) H He GBlIO
Obl AMCOEPCHH.

Ecau BbIpa3uTh & uYepes x, TO BBEAEHHBIH BhIle 3KCHOHEHUHANb-
Hblfl MHOMHTeNb NpHHHMaeT BHA exp {i[ux’ — (x — #«*/2)¥']}. (MoxHho
6bi10 6bi Takxe paccMOTpPETb 3TOT MHOXHTEb B Cliyyae, Korga x
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BolpaxKaercs uepe3 &.) ITpH pasyoxeHAH HeJHHeAHHX ypaBHenHH Me-
TOAOM BO3MYLIECHHfI NOJME3HO B KauecTBe OTNPABHOrO NyHKTa pac-
CMOTpeTh cayuafi aunefiHoft AucnepcHH. SToO MOXHO npolenath, BBOAS
HOBHIE He3aBHCHMHIE NepeMeHHHe E = x(¥' — ) 0 N = %3¢'. Toraa nRd-
(epeHIHANbHBIE ONIEPATOPH NMPHMYT BHI

P a ] )
Fr=rg. =gt (1.4.11)

3anuchBaa HennHediHne ypaBHenus (1.4.6)—(1.4.8) B nepemeHHHX
n 4 §, nonyuHm

_2%_*_,,: ok 0§( ﬁ)= (1.4.12a)
ad

pmA—14a gl e 2L w24 (L4120)

MoacraBum Temeps B cucremy (1.4.12) pasnoxeHuss TeopAH Bo3My-

LieHu#
p=x*pi+x'pa+..., (1.4.13a)
A=14%A,+%4+..., (1.4.13b)
(7=‘K’0| +7¢‘Vg+ vee (1.4.130)

H nortpeGyeM, 9To6n ypaBHEHHs YAOBJETBOPAJHCL AJAA kaxaofl cre-
nenn »*. Unenw B (1.4.12), nponmopmuonanbHHe x?, 3aMHCHBAIOTCH
B BHAE

""' 94, | Oo (1.4.14a)
+ 9py L =0, (1.4.14b)
mﬂA.. (1.4.14¢c)

OTKYAa MH MOXeM chenaTb BHBOA, 4TO py = A; =0, + ¢(n), rae
@ (n)— npou3sosnbHan ¢ysknus. Unenu B (1.4.13), mponopunonans-
HHe %%, CyTb

_ﬁ{_.,. %fl_:.;. -%(A,o,)-}-%:l =0, (1.4.16a)
%_ W""’“—“—%' (1.4.15b)

pa= A, + :“;'E‘,'—. (1.4.15¢)
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H3 srux ypaBHeHHR Jserko HCKAIOYHTH As, U3 H p.. B peayabrare
HMeeM
G, 3 do 1 v,

L do; o9
C noMoupio npeoGpasoBanuf G=v,+Q(M)2 u T=71, =%+
+% S(pdn MOXKHO H36aBHTHCA OT ABYX NMOC/HEAHHX YIEHOB 3TOr0 ypas-
Henns. Torza Mo noayvaem ypasuenune KopreBera — sie ®pH3a B BHAE

o 3 .ad0 1 0%

B pesyabTaTe Haulero npeXHAYIGEr0 PacCMOTPEHHS STOrO ypasHe-
HHS MOXHO OXHIaTh, YTO B AccAelyeMoR (H3HUeCKOH CHCTeMe BO3-
MylieHHe MOXeT PacHpoCTPaHATbLCS B BHAe conuToHa. M3 BHpakenus
(1.2.12), koropoe sABNSETCA OAHOCOJMTOHHHM pelICHHEM YPaBHEHHs
KopreBera — ne ®pu3a cranpapraoro Buga (1.2.9), serko Haxopum,
4T0 coOTBeTCTBYIONlee peiieHHe ypaBHeHHs (1.4.17) uMeer BHX

o=csech?[5 +/c (¢ — 5 ¢v)]- (1.4.18)

BepHemcs Tenepb K pa3MepHHiM nepeMeHHnM. PaccMoTpuM, B yact-
HOCTH, pajlHaJbHOe CMellleHHe KoJiell, TaK KaK €ro MOXHO JIErko
#abmonare. Msmenenue nnomwann papuo AA = 2na(r — a) = na®%?d.
Monaras renepb MaKCHMyM aMIVIKTYXH COJAHTOHA PaBHHIM rp (T. e.
BBOJfl onpejelieHHe acx?/2 = rg), noaydaeM

r —a=rqysech?[(x — VI)/W]. (1.4.19)

3necs W (KOTOpOe MOMXHO CUHTaTh MOAYWHDHHON AMNJHTYRH COJMH-

TOHA) PaBHO
2a hp
W=Lz\/—7-o—=az\/-r—‘£-. (1.4.20)

Bxoaamyio B (1.4.19) ckopocth cosuToHa V yno6HO BHpa3HTh 4epe3
CKOPOCTb HH3KOYACTOTHHX JHHEAHLIX BOJH CHCTEMH. MH HaXOAHM, uTO

V=Vy(l + rofa), (1.4.21)

rae, KaKk GyaeT NOKa3aHO HHIKe, Vi=Eh/20a. Wrak, ypasHenue
Kopresera — ne ®pusa npuHuMaeT BHA

do do 3 dvu 1 3%
—07+V03;+—2-05?+7 VoLz'a—x;"‘—,'O- (1-4-22)

Ias paccMorpenus HuskouactoTHoro (w < T-') npepena nuneit-
HHX BOJH CHCTEMH MH NpeHeGpexeM 4JEHOM C NMPOH3BOAHOR NO Bpe-
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MeHH B ypaBHenuu (1.4.5), Tak uto p =~(Eh/2na®)AA. Kpome Toro,
auHeapu3auus (1.4.1) v (1.4.2) naer

AA 2 90
—ar na 3;-—-—0 (1.4._23)
H
dv _ 1 dp __ _Eh_0AA
= — = — T o (1.4.24)

Hckniouas H3 3THX ABYX ypaBHEHHH v, MONYYHM JIHHEHHOe BOJIHOBOE
ypaBHeHHEe
2AA 1 0%A
—_— =0 1.4.25
ox? vi a8 ’ ( )

rae Vo maercs BhpaxKeHHeM, HCoJb30BaHHuM B (1.4.21).

Ha (1.4.21) Buano, uTOo npH ro €K @ (nociefHee HeOGXOLHMO AJA
onpaBAaHUsA JHHeapusauuH ypaBHenua (1.4.3), npumeHeHHolt npu pac-
CMOTPEHHH KoJie6aHH# KOJIbIla) CKOPOCTb COJIHTOHA HECKOJIbKO GoJiblie
CKOPOCTH PACNpOCTpaHeuHs JHHeAHHX BoJH Vo. s OTHOIEHUS MJIOT-
HOCTeR pr/po==8 (3TO COOTBETCTBYeT CTalH M BOAE) H OTHOLUEHHSA
aMIUVIHTYAB COJHTOHA K TOJIHHE KOJbLA ro/f =2 HaxodHM TaKXe,
uto YpHHa coiHTOHa 2W npubauxeHHO paBHa YNBOGHHOMY JHa-
MeTPy KOJblia.

OcHOBBIBasiCb Ha NPOCTHIX HHTYHTHBHBX COOOPaj)KeHHsX, MOXHO
OXHLATh, 9TO CyUIeCTBYyeT CTalHOHAapHOoe penlenne ypaBHeHus Kopre-
sera — Jle ®pH3a. 310 peweHne (H, TakHM 0O6pa3oOM, caM COJIHTOH)
MOXHO HHTEPIPeTHPOBAaTb KakK pe3yabrarT Oajanca Mexay IAByMs
KOHKYpHpYomHMH 3dpdekraMs. OXHH H3 HHX ABJSETCH Pe3y/bTaToOM
HeJHHeHOCTH ypaBHeHHA. TuWN HeJIHHEHHOCTH TaKOB, YTO OHA CTpe-
MHTCSl BLI3BaTh YKPYy4YEHHE U ONPOKHALBAHHE BOJHOBOIO NpodHIAR, 4TO
NPOHCXOAHT BCErAa NPH HAJAWYHH JAHCMEPCHH,

Yro6m fAeTajbHee pacCMOTPeTh STY KOHKYPEHLHIO, o6paTHMCa K
ypaBreunic Kopresera— ne dpusa (1.4.22), 3anncaHHOMy B cHCTeMe
KOOpAUHAT, ABHXYllefica co ckopocThlo V. Torna umeem

do 3 dv 3%
'.3?’*”'5"'07'*'557’:0’ (1.4.26)

roe P==ViL/2. CrauuoHapHoe peIeHHE HMEeT BHA
0=8 (+5y ) sech?[ Z=1 81T, (1.4.27)

Y106 MCCJAEOBATL BJHAHHE HEJNHHEAHOrO 4JleHa B YPaBHEHHH
(1.4.26), orpaHHYMMCA JHIIL PACCMOTPEHHEM INPOCTOTO HeJHHEeHHOro
ypaBHeHHa v; -+ 3vv,/2 = 0. Unen 3v/2 urpaet pojib CKOPOCTH BOJHH.
Tak xak CKOPOCTb 3aBHCHT OT CaMOrO PEIeHHs, MOXKHO OXHIATh, 4TO
yacTH npoduAs BOJHH, TAEe CKOPOCTH U BesHKAa, OYRYT ABHrartbhcs
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GHcTpee, 4eM YacTH BOJHW BOAH3H Kpasa npoduas, rae v NPHOH-
xaerca X Hymo. Ias craunonapHoro peienus, AaHHOro ¢opmyJaoi
(1.4.27), camas Goabiias CKOPOCTL HOJXH2Z COOTBETCTBOBATb MAaKCH-
MaJbHOMY 3HAYeHHI0O U H, CJ1eJOBaTejAbHO, NaBaTbhCA BHPaXKEHHEM
(3/2)-8(p/W?). Bpema tni, TpeGyeMoe Ajas TOro, uro6u NMHK Tepe-
MECTHJICA C 3TOR CKOPOCTHIO Ha PaccTOfHHE, PaBHOE INOJYIIHDPHHE HM-
nyJibca, H, TAKAM 06pasoM, NPOH3OULJIO ONPOKHALBAHHE BOJNHH, PaBHO
tne =(2/3) - (1/8) (W*/B)W ~ W3/p, ecan npeHebpeysr YHCAOBHIMH
MHOXHTEJIAMH.

Pacemorpum Tenepnb Bausinue gucnepcin B (1.4.26), ana wero mpe-
HebpexeM HeAnHeAHHM uneHoM. Torka Mb HMeeM JIHHEAHOE ypaBHe-
HHe Ut + Buxxe = 0. OHO o6najaer peleHHsAMH B BHAe GeryliHx BOJH
exp (ikx + ipk®t). CamMue Goabiune BONHOBHE YHCAA R, AAlOUlHe BKAAZ
B HMnyanc mupHHH 2W, npubauxeHHo paBHw k = 2n/2W =~ 1/W.
Takne BOTHOBHE YHC/JAa NPHBEAYT K H3MeReHHIO ¢a3n Ha N H TeM
caMb/M BH30BYT 3HAaYHTeJNbHYI0 AedOpMaIHIO NepBoHaYaNbHON GopMH
BOJIHB 33 BpeMs fp, AaBaemoe coothomenneMm B(1/W)3tp ~ xn, T. e.
tp ~ W3/B, a 3TO BeJMUMHA TOrO Xe MOPAAKA, YTO H InL. TaKHM
o6pa3oM, AN UMNYJbCOB C aMIJIMTYAOM, PABHOA aMIVIHTYAE COJHTOHA
B/W?, ob6a apdexra cpaBHHMH, K HEYAHBUTENBHO, YTO CTALHOHAPHHINA
npoduab HMOynbca YCTaHaBAHBAeTCA BCAeACTBHe OallaHca MeXAy
S3THMH ABYMA 3¢ (deKTaMH.

1.5. PACTIPOCTPAHEHHE HA CAYYAR HPYTHX
HEJIHHEAHLIX YPABHEHHA

B 3Tolt BBORHON rnaBe MH KPAaTKO PaCCMOTpeNH CBA3b MEXAy 3a-
BHCAIMM OT fapaMeTpa MOTeHUHasoM ypaBienus llIpéaunrepa u me-
JAHHeAHHIM 9BOJIIOUHOHHHMM ypaBHendeM. [loTeHuuan cuutazncs AeHcT-
BRTeAbHOA QYyHKUHeA KaK KOODAHMATH, Tak H napamerpa. Koraa mno-
TEHIHaJ MeHAJICA B 3aBHCHMOCTH OT NapaMeTpa TakHM o6pa3oM, uToO
yaosjerBopanochk ypaBHehwe Kopresera — ge ®pusa, 6uao HafigeHo,
470 cOGCTBEHHBE 3HAaueHHs (IHEpreTHUECKHe YPOBHH) OCTAIOTCA NO-
CTOAHHHMH. B mnocaesyiomux rsaaBax OGyXyT pacCMOTpeHH JApyrue
HeNHHelHHe 3BOJNIOIHOHHNE YPaBHEHHMS, KOTOPHE aHANOTHUHHIM o6pa-
30M OGYRYT CBA3aHH C APYrHMH JAHeAHHMH 3aayaMi HAa coGCTBEHHbIE
3HayeHHs. DTH JHHeAHHe YPABHEHUN YKBHBAJIeHTHH ypaseeHuio IlIpé-
AHHrepa C KOMIIJIEKCHHBIM MOTEHLHAJIOM, XOTR 3TO H He Bcerja camas
yuno6uas ¢popma AJs aHasnH3a JuHeAHbX ypaBHeHHA. B wacTHOCTH, Mu
BCTPETHMCA C YPaBHEHHEM

Yex + (G +u? + iu,)y=0. (1.5.1)

Byner nafiseno, uto QyHKUHA ¢ CBR3aHA C HEJHHEHHLIMH SBOJIOLHOH-
HhIMH ypaBHeHHAMH, Ha3nBaeMLIMH MOINHOHUHPOBAHHKM YpaBHEHHEM

opreBera — e ®pusa Uy + tPux 4 uxxx =0 H ypaBHeHHeM sine-
Gordon o, = sino, rae o = u,/2.
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Jlerko nokasateb, uto ypasHense (1.5.1) noayuaercs B pesysabraTe
HCKJIIOYEHHA Z H3 ABYX ypaBHeHHii mepBoro nopsjika

Yx + iuy =;zt

2, —iuz = — LY. (1.5.2)

YpaBHeHHR NepBOro NOpsAAKA, Haubojee HIHPOKO HCCNENOBAHHHE B
TEOPHH COJNHTOHOB, Mosyuvaiorcs H3 cHcTeMu (1.5.2) ¢ momompio mpe-
obpasoBanus m = (y + iz) /2 u ing =(y — iz) /2. HafigeHo, uto dyHK-
UHH 7y H ng yAOBAETBOPSIOT YPaBHEHHAM

nyx 4 igny = un,,
Nyx — LNy = — un,

KOTODHE HMEIOT TOT Xe BHJ, 4To H ypaBHenHs (1.5.2), no B koTophix
4 H { nOMeHANHCL MecTaMH. 3TH NHHeAHLe YPaBHEHHA, TaK JKe KakK H
ypaBHeHHs 6oJiee o6lllero BHAa

ny 4 ign; = gn,,
fgx— g =rm,,

rae ¢ B r MOryr OHTb KOMIJIEKCHBIMH, HTPaloT (pyHAaMeHTaAbHYIO
posb B TeopHH conutoHoB (AGaoBHU H Ap., [2]). OcoGenno Baxen
cayvait r = —q* B ypaBHenud (1.5.4). On npHBOART K paccCMOTpeHHIO
HeJIHHeRHOro 3BOJIIOLMOHHOTO ypaBHeHHA iG: + Gxx+ |¢|2¢ =0, u3-
BECTHOr0 Kak KyOHuecKoe, HJM HeauHedHoe, ypaBHenne llpéauurepa.
3TH H Apyrde HeJHHefiHWe 3BOJIIONHOHHBE YypaBHeHHA OyAyT pac-
CMOTPEHH Nocje TOro, Kak B 1. 2 H 3 GYAYT KPAaTKO H3JIOXKEHH COOT-
BETCTBYIOIHEe CBOHCTBA 3afa4y Ha COGCTBEeHHHIE 3HAYEHHA IR JHHeR-
HHX yPaBHEHHH.

(1.5.3)

(1.5.4)

1.6. NNAH JAJNBHEAUWETIO H3JIO)KXEHHA

Cefiyac MH NMO3HAKOMHJHCh C NMPOCTHM MaTEeMAaTHYECKHM ONHCa-
HHEM COJIHTOHA H C ero QH3AYEeCKHM CMHICJIOM JJIS OYeHb HAEaJH3HPO-
BaHHHX (QHIHYeCKHX cHTyauufi. B mocaepyioumux rnaBax 9TOR KHHIH
3aTPOHYTHeE 3JieCb BONpOCH GyAyT H3yueHH GoJjiee AeTasbHO.

Ha stom 3Tane HYXXHO YSACHHTb, YTO pelIeHHEe COJHTOHHHX ypaBHe-
HUAl TECHO CBf33aHO C PellleHHEM HEKOTOPHIX JIHHeAHHX OOHKHOBEHHHX
nuddepenunanbunx ypasHenut Tvna llrypma — Jluysuaas. B ra. 2,
oco6eHHO B pasl. 2.8  2.11, naH sneMenTapHuf 0630p COOTBETCTBYIO-
mux BonpocoB Teopuu ILlrypma — JInyBuans. CneunansHufi acnexr
3TOH TEMH, NPeACTAaBAAIOIHA HHTEpPeC ANA TEOPHH COJHKTOHOB, H3-
BECTeH NOJ Ha3BaHHeM oOpaTHOM 3ajayH paccefiHHsa, ¥ BBEleHHE B
3TOT BOMPOC JAaeTcs B ra. 3.

HiMenno B ra. 4, rie uayyaercs ypasHexue Koprepera — ae ®pusa,
MH CHOB& paccMaTpHBaeM COJHTOHM Kak TakoBue. [ToxorwnB ¢ H3Jxo-
JKEHHEM MpPeXBAPHTENALHHX CBeJEHHA H3 MaTeMaTHKH, MH CMOXeEM
3aTeM HeNOCPeACTBEHHO MNepefiTH K CHeUHANLHOMY HCNOJb30BaHHIO
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3THX CBeJleHHi AJ8 ONHCaHHA conuToHOB. '1aBa 4 M nocaeayrouine
COREpXKaT MHOTO CCHUIOK Ha NnpeiBapHTE/]bHHE PacCMOTPeHHs, NpoBe-
AeHHHe B M. 2 H 3, TaK YTO YHTaTelb, XOTA 6b GOPMaJibHO 3HAKOMbIH
c teopuefi llltypma — JlnyBunsna u o6paTHoit 3ajaveil paccesHHs, MO-
KeT NpAMO nepefiTH K I1. 4 ¥ BO3BpAllaThCsd HA3al TOJbLKO NO Mepe
nafo6HOCTH.

T'aaBa 5 mocesilleHa TpeM YpPaBHEHHSM, KOTOpbie OGHIYHO yalle
BCEro CBSA3BIBAIOTCA C CHCTEMOW JABYX JIHHEHHHIX ypaBHeHHM{ MNepBOro
nopsiAka, a HMeHHO MoaHHUHPOBaHHOMY YypaBHerHI0 KopTeBera —
ne dpusa, ypaBHenuio sine-Gordon u KyGuueckoMy (MJIH HeJHHeR-
HoMmy) ypaBuenuio llIpéaunrepa.

B ra. 6 B 7 paccMarpuBaloTcsl HEeKOTOpHle H3 TeX (PH3HYECKHX CH-
Tyauuii, B KOTOPHIX BO3HHKAIOT COJMHUTOHH. [JlaBa 8 sBaserca BBeje-
uueM B npeo6pasoBanHa Baksnynja, xamoulHe HHOA MOAXOX K MHOroco-
NUTOHHHIM peltesHaM. HaxkoHel, B rs1. 9 pasBuBaeTcs Teopus BO3MY-
UleHHA MJIN PAacCCMOTPEHHS YPAaBHEHHA, MaJO OTJHUAIOUWHUXCA OT H3-
BECTHBIX COJIHTOHHHX ypaBHeHHN. B KkauecTBe npuMepa paccMmaTpH-
salorcs Bo3MyllleHHOe ypaBHeHHe KopreBera — e ®dpusa u KyGuye-
cKoe ypaBHenne llIpéaunrepa,.
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B ra. 1 6u10 mokasano, 4TO €CAH H3MEHEHHS MOTEeHUHala, BXOAA
uero B ypaBnenHe LHpéxudrepa, xapakTepH3ylOTCA mapaMeTpoM o |
ecsH norpe6oBaTh, 4TOGH ¢opMa NOTEHHHANa H3MEHAAACh COrJIACH!
ypaBHeHHio Kopresera — ge ®pusa, . e. 9tobu dyukuuna U(x, a
yaosjerBopsija ypaBHeHHio Ug 4+ UUx+ Uzx =0, 10 cBa3aHHHE
NOTEHUHAJIOM SHEpreTHYeCKHe YPOBHH OYAYT OCTaBaTbCsfi HEH3IMEHHH
MH NPH H3MeHeHHH a. [lanHaa rnaBa COZePXHT 0630p HEKOTOPHIL
acnektoB peuwtenusi ypashenufi IlIpénnurepa. B wactHocTH, MK pac
CMOTPHM KaK paccesiHHe BOJIH, TaK M JIOKaJH30BaHHHE PeIlIeHHs, UM
CBAA3aHHHE COCTOSIHHSA, COOTBETCTBYIOLIHE HEKOTOPHIM IIOTEHLHaJaM
4aCTO HCNOJb3yeMHM B ypaBHeHHH LlIpéaunrepa.

Xota 06beM HMeEIOIBXCS B HacToslllee BPpeMs CBEXEHHA HO TEOPHI
paccesHHs BeJHK, 3TO CBR3aHO [VIaBHHIM O6Pa3oM C PacCMOTpPEeHHeM
paaHaJbHOfi KOODAHHATH INPH TpPeXMEPHOM KBAaHTOBOM pacCesiHHH
B astom cayuae o6nacTpio H3MEHEHHs He3aBHCHMOA nepeMeHHOfi B
nsierca nonyGeckoneynsfi HHTepBan 0 <<r << oo. B uHTepecymwole?
HAC CHTYalHH pedb HAET O HeCKOJIbKO MHOM 3ajave — 06 OJHOMEpPHON
paccesHHH Ha OeCKOHEYHOM HHTepBaje —oo < x < oco. Kpome npm.
JIOXKEHHA K OJHOMEPHBIM MOJle/isiIM KBaHTOBO/ TeopuH, noaoGHuie 3a-
KAyl paccesiHHs XapaKTepPHH AJS MHOTHX (H3HYECKHX CHCTEM, ONH-
ChIBaeMBIX MOCPEJCTBOM PacClpOCTPaHEHHsT BOJNH B KNACCHYECKOA Me-
XaHHKe, H TaKHe HHTepNpeTallHH 3Jech Takkxe OyAyT pacCMOTPeHH.

Kak ormeuasoch B koHuUe ry1. 1, HHOTrAa NDH aHA/NH3e APYrHX He-
nuHefHHX 3BOJIOUHMOHHBIX YpaBHeHHR yAaoGHee HCNOAL30BATh CIIEK-
TpasbHyl1o 3anayy 3axaposa — Illa6ara (1.5.3)1).

Yuratens, yKe 3HaKOMH# ¢ 37eMeHTapHON Teopueft pacnpocrpaue-
HHA BOJIH, MOXXET MHOroe OnycTHTb B 3Tofi rnase. Pa3genn 2.8 n 2.11
COAEpKAT MaTepHal, HenoCPeACTBEHHO CBSI3aHHHA C TeopHed coJH-
TOHOB.

2.1. KOJIEBAHHSA CTPYHB

Tak Kak npu ORHOMEPHOM PacCesiHHH MOHATHS MPOXOXKIEHHS H OT-
pPaXeHH# BOJH HrpaioT rNaBHYIO pPOJb, INOJE3HO DPacCMOTPeTh 3TOT
sonpoc Gosee fnetanbHo. [lo-BHAHMOMY, KoJaeGaiOWaAcad CTPYHA ABAA-
ercd mpocrefiiied Puanyeckod CHCTEMON, HA NMPHMepe KOTOPOA MOXKHO
paccMoTpeTb GOAbWIYI0 uYacTh NOHATHH, CBA3AHHHX C OXHOMEPHHM

') ABTOp HCMONBb3yeT TEPMHH €¢ABYXKOMNOHEHTHAR CHCTeMa IAdbepeRnHaNbHLHX
ypapHeHHfl»; MH, OAHAaKO, 6yAeM MOJB3IOBATHCH TEPMHHOM, YCTOABLIMMCA B MHPOBOY
aureparype. — Ilpum. nepes.
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paccesiuneM. Jlns oRHOPORHOH CTPYHH YpaBHeHHe JABHXKeHHS BOJIR
MaJIO# aMNJIHTYAH HMeeT BHA [88]

02 1 o
2y _ L%, (2.1.1)

rae y(x,{)— cMelleHHe CTPYHH H € — CKOPOCTb BOJIH, PaBHag KOPHIO
KBaJADaTHOMY H3 OTHOIIEHHS HATs)KeHHsA CTPYHH Ts K ee NMAOTHOCTH p.
Obuiee pemenne ypaBHenHs (2.1.1), BhpakeHHOe depe3 NPOH3BOJb-
HHe TpoQHIH BOJH, PACHPOCTPAHAIOUIHXCA NO CTPyHE B NPOTHBOIO-
JIOXKHHIX HanpaB/eHHAX, 3aNHCKHBAETCA B BHAe

y=fx—ct)+ g (x4 ct). (2.1.2)
Etnn cTpyna kone6aercs ¢ OQHOR 4acTOTOR v = &/2x, TO
y==acos(kx — @t 4 a) 4 b cos(kx + of 4 ), (2.1.3)

FAe AMIVIMTYAH @ B b ¥ ¢a3n o u B NOCTOAHHH H k& = o/c. Ya06HO
CYHTATh, YTO 3TO BhIpaKeHHe ABAAETCH ReACTBUTEABHON YACTHIO BHpa-
KeHHs

Y= Ael(hx-ut) + Be—(kx+c»l)' (2_1'4)

rae A =ae'® u B = be—'8. Tenepp 3aBHcAllMe OT BpeMeHH MHOXHTENH
OIMHAKOBH /ISl BOJH B O0OHX HampaBAeHHAX, H HMH MOKHO mpe-
He6peys. CaeAoBaTeNAbHO, NMOKa MH NpeAnojaraeM, YTO 3aBHCHMOCTb
OT BpPEMEHH HMeeT BHJ e~'®', BeJHUHHA e'** fABJAETCA aJeKBATHHM
NpeACTaBJeHHEM AJfA BOJHH €JHHHYHOR aMIJIMTYAb, PacnpoCTpaHsio-
UleficA B HANPABNEHHH MOJOXHTENLHBX X, 2 e—** — nAf BOJHH, ABH-
Xyllefica B HalpaBJeHHH OTPHUATeNbHEX x. JloKasnu3oBaHHOE B NpO-
CTPaHCTBE M BO BPeMEHH BO3MYIIEHHE MOXHO MOCTPOHTbH METOAOM
®ypoe ([52], pasn. 5.15)

o+ cn)= | J2 0 (0)e-tutaro, (2.1.5)

rae ®*(—o)= O (w), uro6u obecneunTh ReACTBHTEALHOCTH ¢. [lanee
B 3TOR rnaBe GyAyT NMpHBeJdeHH MPHMEPH HCMOJb30BAHHA 3ITOCO Me-
TOZA.

flotok sHepruy BROMB CTPYHM

Oanofi u3 HaubGosee BaXKHHX (PU3HYECKHUX BEJHYHH, CBA32HHHX ¢
pacnpocTpaHeHHeM BOJH 0O CTPyHe, HABJISETCA NEPEHOC 3IHEPrHH.
B obuem cayyae 3Heprus, CBs3aHHas C OTPE3KOM CTPYHH MEXAY
x=a W x="5b (b > a), ckiaguBaeTcd H3 KHHETHYECKOA 3HepPIruH E,,
AaBaeMofi COOTHOIIEHHEM

[4

Ev=t {ax (2.1.6)
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H NoTeHUHaJbHOA sHepruu B,. IToreHunannnas sHeprus pasHa paGore,
coBepilaeMOfl HaTHAXKEHHEM CTPYHH T, NPH ee PACTSXKeHHH, c/elOoBa-
TJBLHO,

14 4
=7 {ax[VIFGF -1l m gnfde ey, @17

rle QNNPOKCHMANHs CNpaBeANHBA NMPH MANHX OTKJIOHEHHAX OT paB-
HoBecHA (T. e. mpH (y«)2 <€ 1). Takum oOpasoM, MOJNHAA IHEPrus
BOJIHB HA OTPesKe CTPYHH a =< ¥ < b paBHa

E=+p S dx (4t + o'y3). (2.1.8)

a

Torna u3sMeHeHHe 3HOPrHH GTPYHM B STOH 006/1a0TH AaeTCA COOTHOLIS-
HHeM

»
L= S dx (Yels + 6*Yushls) =
b
s pc? | dx (yay)es (2.1.9)

a

rie 6HJ0 HCNONB30BaHO ypasHenue (2.1.1). ITocae uHTerpupoBanus
N0 NPOCTPAHOTBEHHON KOODAHHATE BHAHO, YTO BENHYHHA pCly.y: UMeeT
¢uauyeckHft cMHen (M, clefoBaTeNbHO, pPasMepPHOCTB) NOTOKa 2Hep-
ruk. Ecan BBecTH onpenesienue

J(x, t) = — pd*y.yy, (R.1.10)

TO NOTOK 3Hepruu J(x, {) AAA BOMHH, pacnpocTpaHsiolleAcs B Mnojo-
XKHTeIbHQM HANRaBAeHHH x, OyZeT noaoxutenpHuM. [lonaras y =
=x yoc08 (Ax — ©f), MH NOJAYYHM, 4TO J == pclyle? sin?(kx—mt;,,
CpefHee 1O BpeMeHH OT BTOH BeJHUMHH 32 NONHMLA WHKA 1 == ]/v
paBHO

r

Ty Sdff(x. ) 2208

(2.1.11)

sTa BesiMumHa nonoxurenbHa. Teneps ypasnenns (2.1.9) u (2.1.10)
aamotT

LF=lo—1, (2.1.12)

3710 BhpayeHHe HMeeT oueBUAHBIA QHIHUECKHN CMHICA, COCTOSLIHA B
TOM, UTO MSMeHeHHe 3HeprHH B 06AacTH MexAy a H b aBasercA pas-
HOCTBIO MeX Ay NPHTOKOM 3HEePrHH B @ H OTTOKOM H3 b,
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Hakonel, ecii# BHPa3HTb 9HEPTHI0O MeXAy TOYKaMH a H b uepes
b

MJOTHOCTb 3Hepruu ¢GopMyJoR E=de6’ (x,#), 10 3 (2.1.9) n
a

(2.1.10) noayunm

b b
dE o8 al
a a

37OT pe3yabTar JoJXKeH OHTb cnpaBelIHB /A Ji06ofi 06aacTH
a < x < b, N03TOMY HOJKHbH OHITh PaBHH CaMH NOALIHTErpaJbHbIe
BHPAaXEHHS; OTCIOAA NOJNyyaeM 3aKOH COXPaHEHHs

& aJ
-b-‘—+3-;=0. (2.‘-14)

IMockoabKy OH cnpaBeAJHB s J1060ro uHTepBana a < x << b, ero
HHOrla Ha3KLBAIOT JOKAJbHHM 38KOHOM COXPaHEHHS.

YHo6Ho yMeTh BHYHCHAATb YCPEAHEHHHA 110 BpeMEHH NOTOK 3HEPrHH
B cJyyae, KOria HCIOJAB3YIOTCA KOMIUVIEKCHbe 0603HauenHs. Tak Kak
SHEPTHA eCThb BEJHYHHA BTOPOTO NOPSAKAa, TO NPH 3TOM HeO6GXOAHMa
HeKoTOpas ocropoxuoctb. O6o3nauns y = Re(fe~'@!), rae Re — cum-
BOoJ B3ATHA JeAcTBHTeNbHON uyacTH, a f[==f,- if;, nonyuuM u3
(2.1.10) u (2.1.11), uto

T
(y= — B { di Re (— iafe-tot)Re (gL e-1ot) =

0

1 [/) i
=30t (—figE + H L) (2.1.15)

310 BbIpaXKeHHe MOXHO 3anHcaTh B BHAG
{Jy=5pcto Im (4°y,), (2.1.18)

rae Im o3Hauaer «MHHMas uacTb». AHaJOTHYHOe BHIpaj)eHHe BCTpe-
TATCA B pas3f. 2.4, rie OHO ONMMCHBAET MOTOK YAacCTHL, CBA3AHHHHA C
ypaBHennem Wpénunrepa.

BuipaxeHue A4S 3Heprun KoaeGarHA cTpysn (2.1.8) moxuo no-
AyynTh Go0Jee KPacCHBHM crnoco6OM, HCNOJb3ys IMJIOTHOCTb JlarpaH-
xuana ([89], ra. 3; [48], ra. 7—9); 3TOT cnocob ynoGen Aas AajbHed-
LIero paccMOTPEHHA ABHXKeHHA BOJH. 3aMeTHM CHa4aja, YTO BOJIHOBOE
ypaBHeHHe A/ CTPYHHI MOXKHO NOJNYYHTb H3 MIOTHOCTH JarpaHxHaHa
Ly, ys, y)=(1/2)p[(y)? —c?(yx)?]. [Noacrasus 3T0 BhIpaxeHHe
ana & B ypaBHeHue Dfinepa — Jlarpanxa

$EE)+HE-F-0 e
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MH TOTHAaC Xe noJlyinM BosHoBoe ypashenue (2.1.1). Boaee unrepe-
CeH AJs HAc 3jech TOT (PakT, YTO IVIOTHOCTb FAMHJIBTOHHAHA, BHpa-
XKapulas INJIOTHOCTb SHEPTHH BOJIH B CTPYHe, JaeTcs COOTHOLIEHHEM

<z
B = y,-g;;—?. Ias nprBefeHHOR BHIE NAOTHOCTH JarpaHxHaHa

noayuuM 8 = % o [(y: + 2 (y,.)]. Tenepp, nmockoabky E = S B dx,

MH cpa3y Xe noayyaem (2.1.8).

BHYHCJIHM NOTOK SHEPrHH B CTPyHe AJA CJAy4Yas, KOrja BOJIHA
HMeeT BHA y == e'** 4 R(k)e***, 1. e. mpexcrasiser cobofl cyneprno-
3HIHIO ABYX BOJH: ONHON — eAHHHYHOH aMIJHTYAW, ABHXKYllefica B
HalNpaBJeHHH MOJOXKHTENbHHX X, APYroi — ¢ aMuiuaTynofi R (kotopas
MOXeT ObTh KOMINVIEKCHOH H, TakHM o0pasoM, cOAepXaTb HHpopMa-
uuio o ¢ase), ABHXKYyleHCSs B HaNpaBJeHHH OTPHUATENbHHX x. Takoe
BOJIHOBOE fOJIe ycTaHaBJaHBaeTcsa B o6sacTu x << 0 cramuoHapHoil BoJ-
HOH eAMHHYHOH aMIAHTYAM, NPUXOAfLEed H3 X == —o00, H BOJHOH ¢
aMIIATYROH R, OTPaxKeHHOH OT HEKOTOPOA HEOAHOPOAHOCTH Ha CTpY-
He, HaxoAsulefica B Touke x = 0. M3 (2.1.16) acrko HaiitH, uto morok
9HepruH paBeH

(J)=%pcm2(l—lRF). (2.1.18)

Ecau [R|2<< 1, TOo J NOJNIOXKHUTENBHO H CYIIECTBYET Pe3y/bTHPYIO-
IHE NIOTOK SHEPrHH B NOJIOXKHTEJILHOM HanpasieHHH. (DTa 5Heprus
Moxer JHOO NMPOATH yYepe3 HeOZHOPOAHOCTL B obiaacts x >0, aunbo
norsoTHTheA €10.) Eciun TRP == |, TO CKOJNBKO 3HEPTHH NMajaeT, CTOJb-
KO H OTpaxaercd, H HA B OJHOM HanpaBJeHHH HET Pe3yJbTHPYIOLIEro
NOTOKa 3Heprud. DTO CAyYald BOJHH, MOJHOCTBIO OTPaXKEHHOH «mpe-
narcreueM 6e3 noTephbs (T. €. TAKUM NpensiTCTBHEM, KOTOpOe He IOorJo-
maet 3Hepruu). Torna camas obuwas ¢opMa Ana Ko3pdHuHeHTa OTpa-
XKEHHA — 3T0 R == e!®, rpe § AeficTBHTEALHO;, camoe 6oJbilee, YTO MO-
XeT BHECTH NPemATCTBHE B OTPAXKEHHYIO BOJHY, —5TO H3MeHEHHe
¢$a3n. JIBa pasaMuHBIX NpensTCcTBHA 6e3 NMOTepb, BHOCAUIHE OAMH H
TOT e (pa3oBbifl CABUF, MOTYT OhLITb Ha3BaHH ()a30BO 3KBHBAJICHTHH-
MH. OnHOMepHble 3ajlayH pacceAHHs, KOTOpHe GYRYT pPaccCMOTPEHH B
nAanbHefiweM, AanyT HHOpMauRKio 0 KOahdHUHEHTE paCCeAaHHs, & TaK-
Xe 0 Koad(duuHeHTe NPOXOXKAEHUA BOJHH, najaioliefi Ha HeKOTopoe
NpensiTCTBHE HJIH HAa HEOQHOPOAHOCTb Ha GECKOHEUHON CTpyHe.

2.2. PACCEAHHE OCUHJJIATOPOM

B kauecTBe mpocTOro mpHMepa Inpouecca pPacCessHHA PacCMOTPHM
CHCTEMY, COCTOAILLYIO H3 MacCH H MPYXHHH, NPHKPEINJIEHHBX K CTPyHe
B Todke x == 0, Kkak moka3aHo Ha puc. 2.1,a. CTaunoHapHas BOJHA
e€IHHHYHOR aMIJIKTYAH C YrJA0BOH 4YacToTofi ®, majawollas Ha X =
== —00, YaCTHYHO OTPaXKaeTCf Ha3af Ha —oo, a YACTHYHO NMPOXOKHUT
yepes OCHUANATOP Ha x==-+oco, OG03HAYAs. CMEIHEHHR CTPYHHl uepe3
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y> Ana x> 0 u depes y< Ana & << 0, MOXKHO 3amHCATh
Y (x, R)=¢e* +R(k)e-'*, x<0,

2.2.1
by (e, B=T(R)e%, x>0, 221
rae cHoBa k = @/c. B Touke x =0 cMellleHHe CTPYHH HeNPepHBHO H
PaBHO CMEIEHHI0 OCHHJAJATOP2, OAHAKO HAKJIOH CTPYHHM B TOuKe
x =0 MmoxeT 6bITh pa3pHBHLM. Kak nokasaHo Ha puc. 2.1,6, pasphnis

-

m

(@) 0)

Puc. 2.1, CHctemMa Macca — NpyXuHA, NPUKpensieHHas K CTPyHe (a); cHUAHW, AefcT-
BYIOIllHe HA Maccy u3-3a BHOpauHH cTpysn (0).

HAaKJORA B HauaJle KOODAHHAT CO3/laeT CHJY, ABHIKYUIYI0 OCHMAASATOP.
Ilo Bropomy sakony HbloTona, cmelllenue ocumanaropa F(f) onpe-
BeNfeTca ypaBHeHHeM

chi ay>

U ~ 9y
mgr=—Kd +T,(3Z| _ —5=

%m0 dx

‘_o)e—f«v', 2.2.2)

rae m B Ko — Macca M NOCTOAHHAS NPYXHHH COOTBeTCTBEHHO. CMme-
H[eHHe OCUHMJIATOPAa MOXHO 3amucatb B Buje § = y(0, k)e-i*! rge
{I(O, R)y=y< (0, &) = y> (0, k). Cneposatesnto, y(0, 8)=14R=T.
3 (2.2.1) u (2.2.2) nonyuum
ink
y R)=—a————, 2.

A ey yrapyrem (2.2.3)
the x ==p/m, a koc =+/Ky/m ecTb pesoHaHCHan 9acToTa OCUAANA-
Topa. MTak, KO3(pPHUHEHTH NPOXOXKAEHHA H OTPaXKEHUA CYTb NpHBE-
AeHHOE Bhile Bhpaxenue T == y(0, R) u

2 2
K—

Rl = = o

(2.2.4)

Ecnu wacrora najamooulefl BOJHE PaBHA PE3OHAHCHOR YacTOTe OCHHJ-
Jaaropa, 10 R=0u T=1, a B npeaene npu m—>co umeeM R = —|
H T=0. B npegene npu m-—+0 Mo noaysum R =(—iKo/2T,) u
Te=pkf(k+ iKo/2Ts).

Hynu sunamenarens g (2.2.3) uan (2.2.4) aABAAIOTCA CHHTYAAPHO-
CTAMH B BHDaXeHHSX ANA KOG ODHUHEHTOB NPOXOXKAEGHHA H OTpaxe-
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HHA. Onu pacnonoXeHu B TOYKEX
ke —ix AR — . (2.2.5)

CHHIryJNISpPHOCTH HAXOAATCA B HHIKHER NOJYNJIOCKOCTH KOMIUIEKCHOM
IVIOCKOCTH k& W PacnojoXKeHH JAH60 CHMMETPHYHO OTHOCHTENBHO MHH-
Moit ocH (&As ko > %), Au60 Ha MHHAMOA ocH (ana ko <x). Has
kg == % ecTb MOJIIOC BTOPOro MOPAAKA NPH k = —iky.

Pacnosnoxenne Hylefi B HUXHeR NOJyNJNOCKOCTH rapaHTHPYeT, YTO
CTPyHa ocjalJsieT, 8 He YCH/IHBaeT ABHXKeHHe ocLBAAATOpa. Heiict-
BHTeJIbHO, ypaBHeHue (2.2.2) Mo:eT GbTh 3aNHCAHO B BHJAE, COOTBET-
CTBYIOIEM CJYYal0 BHHYXAEGHHHX KojeGaHuR oCUBAAATOpA C AeMI-
¢uposanHeM. B 3TOM MOXHO YGeiuTbCA, 3aMeuas, YTO BHpakeHHe
AN ABHXYIeA CHJAH, HeHCTBYOIteA HA OCUHJJIATOP, 3ajAaBaeMoe
ypaBHenueM (2.2.2), MoxeT GHTbL NEPENHCAHO B BHAE

oy
(5=

o ox

et 2T, (T — Demtet. (2.2.6)

Tak Kaxk dj/dt = —ioTe~9! u T, == mxc?, 3Ty ABHKYIYIO CHIY MOXKHO
3anucath B BHAE

—m (27«:-%’;- + 2ikxc’e""‘) .

C.ue,uona're.nbno, YpaBHEHHEe AJA OCHHAJIATOPE NPHHHMAET BHA
3 d ~ -
L+ 2xe G+ ol = — 2iknc’e ™, (8.2.7)

a 370 ypaBHeHHe BHHYXIEHHHX KoJe6aHHRA OCUHAAATOPA ¢ AeMNH-
posanHem. Eciu BHKAIOYHTL AeACTBYIONLYI0 HAa OCHHANATOP BHIHYX-
Zalouyio cHay, To KojeGaHHA 3aTyXaloT 3a BpeMs, onpefeasieMoe Be-
anuuHoRt (%c)—'. Dro Bpema, HeoOXOoAHMOe AN TOro, 4To6W HaKomn-
JIeHHafl B OCUHJJIATOPe SHEPrHA YUIJA MO CTPYHe.

Jlerko NOHATL poab Aemndupyioulero 4jieHa, paccMaTpHBas pac-
cesHHe majaloulero HMnyJanca, uMeioumero Buj §-pymkuun. ITocaen-
HIOI0 MOXKHO NpPeACTaBHTL B BHAE

Ot —xfe)= { 52 e-tot-soy (2.2.8)

3TO NpHMep YNOMAHYTOrQ B pasa. 2.1 ¢ypve-npeacrasienns. B stom
cayyae BCe YacTOTH JA4l0T BKJAaAH ¢ ORHHAKOBORA aMmIHTYAOH, Tak
yro @ (w)= 1. Tak Kak sasaua JAuHeflHa U pelleHHA AONYCKAKWT Cy-
Nepno3uuuio, To0 paccesnHe §-HMNyabca MOXKHO NOCTPOUTH NMyTeM HH-
TErPHPOBAKHA NO PACCEAHHIO CHHYCOMAAJbHHX BOJIH PaBHOA aMIuiu-
TYAH €O BceMu gacToTaMm, TOrAa AR OTPaXEHHS §-HMIYaboA MH
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HMeEEM

y< (5 = ?%y< (x, %)e“»‘—

—o(1=2)+ [ 2R(2) e, @29)

rie GLUIH HCMOAL30BaHH coorHowmenus (2.2.1) uw (2.2.8). Taxk kak
R—1 npu |k|— oo, nocnexunst uuterpan B (2.2.9) coxepxur nomno-
nutenbuyio 6-dyukuuio. Ee MoxHO BHZeauTs, 3anucas R=1-—T,
BHYHCAAR OCTAOIUACA HHTErpaj MeTOAOM KOHTYPHHX HHTErpa/ioB
(cM., Hanpumep, [62], ra. 10), nonyunm

Y<(x, t)==6(t ——-‘;—)—6(1)4.

+ '\/:;c—’io,‘v‘ e~%! cos (CT VE =4 + a) 8(x), (2.2.10)

rae te=t+ xje, a=arctg(x/4/k;—«?) u 6(t) — enunnvnas crynes-
yatas GyHKuua. Buuncass 3To Bupaxenne npH x = 0, MB BHAHM, KaK
OTMe4asioCh BHiIlle, YTO 3BYYaHHe OCIHAAATOPA SaTyXaeT B TeYeHHe
NPOMEXKYTKa BpPeMeHH, NPONOPIHOHANbHOrO (%c)~!.

Hcnonb3oBanne H3/0XXKEHHOIO MeTOAR AJS OMNHCAHHA PaCCesAHHA
BOJH 6oJiee CJAO0XKHBIMH AHHAMHYECKHMH CHCTEMaMH NpuBefio OH K Jo-
BOJIbHO YTOMHTeJLHHIM BHYHCAeHHAM. B caeayloulem pasfiene Mu
paccMoTpum Goaee YAOGHHHA cnocol ONUCAHHA TAKOTO PAaCCESHHS He-
KOTOPHMH GoJiee CJOXKHHIMH CHCTEMaMH.

2.3. YNIPYTO 3AKPENNEHHAS CTPYHA

- Ecau yacrs cTpyHH noMellieHa B cpedy, o6ecneqMuBaiOliyl0 Ynpy-
I'yI0 BOoCCTaHaBiHBawoOWylo cuny K(X) Ha eauHHUly AJHHH CTPYHH, TO
CTaHAapTHOE NpHMeHEeHHe BTOPOro 3akoHa HbloTOHa NpPHBOAMT K nosiB-
JIEHRIO AONOJHHTENbHOrO uiena —K(x)y B ypasuenun (2.1.1). Mm
noJiygaem

d2 2
p—dt—!:cT,%’,- —K(x)y. (2.3.1)

Hac 6yayr uutepecoBaTsh Cayuad, B KOTOPHX cuia K(x) nokannso-
BaHa, T. e. 1160 K(x) obpaliaercsa B HyNb BHe HEKOTOPOro HHTEPBaJa,
OKpYKalolllero UEeHTPaNbHYylo TOuKy, JAH60 K(X) 3KCIOHEHLHaJbHO
3aTyxaer Npd yAaJieHHH OT 3TOA TOUKH. MOXHO OXKHAAThb, YTO Majaio-
Ilas Ha ynpyryio o61acTb BONHA YAaCTHYHO OTPA3HTCH, YACTHUHO npofl-
Retr. OueBHAHOe (H3HUECKOE OrpaHHUEHHe, HajaraeMoe Ha QYHKUHIO
K(x), coctouT B TOM, UTO OHA NO/MKHA NpeAcTaBAATH co6ofi NJOTHOCT
BOCCTAHABJHBAOUleA CHAHN H, CJAeAOBATENbHO, HE MOXKeET OHTb OTpH-
uarenabHoH.
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YpaBHente (2.3.1) mOXHO mepenHcaTb B BHJe

d? 1 d2
Ly LB (=0, (2.3.2)

rae p?(x)= K(x)/T.. Jaxe ecnn pu(x) NOCTOSHHO, pelllcHHe 3TOTO
ypaBHEHHS He CTOJb [IPOCTOE, KaK B CJyuyae ypaBHEHHs, ONHCHBAIO-
ero cBo60AHyI0 cTpyRY. [IpHunty sToro HafiTH HeTpyAHO. PaccmaTpH-
Ban npocmﬁ c.nyqaﬂ NOCTOAHHAIO | == Yo H OTHICKHBAasR peleHns ¢
oxHo#i yacToTofl @ B BHApe y(x, {)=y(x, ©)e ', MM HaXOxuHM, YTO
y(x, ®) yROBJETBOPAET ypaBHEHHIO

a2 2
4+ (5) v=0, (2.3.3)
rae 1 1 2
= (). (2.3.4)
Torza cMelenne CTpyHH HMeeT BHA
y (x, t) —— ae-‘i(b(‘"‘/") + be—iw(‘+x/v)’ (2_3.5)

K BHAHO, YTO U Hrpaer poJb (ha30BOfi CKOPOCTH BOJMIHH. Temepp BOJ-
HOBOe JBHXeHHe oOsiajlaeT AUCNepcHefd, Tak Kak, coriiacio (2.3.4),
($asoBas CKOPOCTb BOJHB U 3aBHCHT OT YacCTOTHI, H BOJIHA yXKe He MO-
XKeT pacnpocrpaHaTbes 6e3 HcKakeHHs NpodHAs, KaK 3TO HMeJNO
MecTo B cayyac, OmMHCHBaeMoMm cooTHowenHeM (2.1.2), T. e. ofwum
peitenneM ypaBHenus (2.1.1).

Kpome Toro, rtemeps y CHCTEMHW €CTb MOPOroBas dYacroTa, MoO-
CKOMbKY, cornacHo (2.3.3) v (2.3.4), 4acTOTH, MeHbIIHE YyC, TPUBOAST
K MHHMOMY 3HAQUYEHHIO MOCTOAHHON pPacHpOCTPaHeHHA. Takue HHU3KO-
YacTOTHHE BO3MYILeHHS BOOGle He PacnpOCTPAHAIOTCA KaK BOJHA, &
MPOCTO MepeMellaloT CTPYHY BBepX H BHH3 B ¢dase. DTO HenaeT BO3-
MOXHBIM BO30YXXAeHHE JIOKAJU30BAHHbIX BOJIHOBHIX ABHXXEGHHI HeoA-
HOPOAHO YNPYro 3aKpemyieHHOR cTPyHH. B KauecTBe npoctoro npu-
Mepa paccMOTPHM cayuaf

p’(x)={0' [x|>a,

(2.3.6
n, lxi<a. )
O6nacts |x| << a MOXeT MNOANEPKHBATD HU3KOUACTOTHYIO CTORYYIO
BOJIHY, OFPaHHUEHHYI0 HepacNpPOCTPAHAIOLLHMCA BO3MYILEHHEM, 3KCIO-
HEHLHAJbHO 3aTyXaOWHKM NpH |x| > a. ClAefyeT OTMETHTDb, YTO Orpa-
HUYEHHOe BO3MYlileHHe CBOGOAHON CTPYHH, T. e.

2 {0, lx]> a,
wHx) = —p2 1x]<a,

(2.3.7)
HEBO3MOXHO, MOCKONbKY, KaK oTmeuanoch Buiute, pu? = K/T; ue mo-
xKeT OHTh OTPHUATENbHON BesuunHON. JIOKAIH30BAHHKHE pElleHHs], CBA-
3aHHHE C OTPHUATENbHHIMH 3HayeHHAMH p?(x), 6yAyT nonyueHn npH



2.3. Ynpyzo saxpenaennas crpyra 41

paccMOTPeHHH ONHOMEPHHX 3alau PaccesiHHA B KBAHTOBOA TEOPHH H
JBYMEPHHIX 33aJa% KJIaCCHYECKOH TEOPHH pacnpoCTPaHeHHN BOJIH.
ITocne 3TOro Mbi paccMOTPHM JIOKAJH30BaHHbie peiieHns. Cefiyac Mu
3afiMeMcs paccessHHeM BOJH, NajfalOUWIMX Ha HEOAHOPOAHOCTh HA
CTpyHe.

B kauecTBe mpuMepa paccesiHus BOJIH HEORXHOPOJHOM ympyro# o06-
J1aCTbi0 PacCMOTPHM CTPYHY, OTPe30K KOTOPOH ¢ INOCTOAIHHBLIM 3Hade-
HHEM pg YNPYro 3akpemjeH, TakK 4To

0, lxj>a,
2.
u _{uﬁ, Ix]<a. (2:3.8)

Ecan u3 o6sactH OoTpHUaTeNbHBX 3HAYEHHA x NPHXOAHT BOJMHA elH-
HHYHOA aMIMIATYAN C YacTOTOM @, TO MOXHO BOJIHOBOE JABHXKEHHE
sanucartb Aas Tpex obaacrefl B BHAE

Y<(x)=¢'"* 4 Re~'**,
y> (x)=Te'™*, (2.3.9)
Yy (X) = Ae'ox + Be—lox.

rie k=o/c 1 a=4/k? —p2 Tlo BuAy a NerKo 3aMeTHTb, 9TO NOKa
k > po, BoJHa B ynpyrofi oGnactH He pacmpocTpansercs. Uetnipe
nocrosHHHX A, B, R u T onpegensioTcs H3 Tpe6OBAHKA HeNPepPHBHOCTH
CMeleHHS B HAKJIOHA CTPYHH B TOYKaX x = =a. B Touke x == —a 3710
naer

e~**@ 4 Re'*® — A cos aa — Bsinaa,

ik (e~*** — Re'*®) = a (A sin aa + B cos aa), (2.3.10)
a B TOYKe X == @ MH HAaXOAHM, 4TO
Te*® = A cos aa + Bsinaa,
.o ika + l (2.3.11)
ikTe'*" = a(—Asin aa + B cos aa).
Peuenne sTHx ypasHenuft maer
it
Re*'*® — - sin 2aa,
- (2.3.12)
Tezlka —_
D 1]
roe
D = (k* 4 a?) sin 2aa 4 2iek cos 2aa. (2.3.13)

Kak m B cayyae NpPOCTOro OCUHANATOPA, COCTOALIEr0 M3 MacCH
H NPYXKHHbLI, BOJIHA MOXeT NPOXOAHUTh NONHOCTBIO (R = 0). 3T0 HMeeT
MeCTO Ansi GECKOHEYHOrO HMCJAa 4acTOT, YROBJETBOPSAIOLIHX YCJAOBHIO
sin2aa =0 uau aa =0, /2, @, 3n/2, ..., T. e. KOrAa B 3Ty 06/1aCTh
uonajaer Uea0¢ YHCAO MOJYNepHOAOB BOJHH, pacnpocrpausiollesics
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B ynpyro 3akpenjeHHofi crpyne. Kak B B clydae mpocrofi CHCTEMH
Macca — NpYXKHHa, 3HaMeHaTelb B BHpaxeHHsX aia R u T obpa-
maercs B HyJAb H ToXe B OecKOHeuHOM uHcae ToueK. Onpenenenue
HOJOXKEHHsT 3THX HyJell ofneruaercf B NMEpPBYIO OYepe/lb HCIOAbL30OBA-
HHemM TOXNJecTBa tg 20 = 2(ctg 0 —tg0B)-' B ypaBHennn D = 0. 3ro
TPHBOAHT K BRPAXKEHHIO

Dwm=(ktgea + {a)(atgaa + ik) =0, (2.3.14)

obpautanouleMycss B Hy/ab NpE OGpAIlEHHH B HYJAb OAHOrO H3 COMHO-
wuTeaed. [lepBuft MHOXKHTENDb, NOABJSIOMMUACT ¥ B TPeXMepHHX 3a-
Aayax KBAHTOBOTO paccesiHHs, Oni TimaTesbHO paccMorper Hyccen-
usaitrom [91]. Cymectsyer OGecKOHEUHOE YHCJO pellleHHH, KOTOpHE
ONAITh XKe BCE JIeXKaT B HHXKHeR MoAymJIOCKOCTH k. AHalOrHUYHYIO Npo-
UeAypy MOXHO NPHMEHHTb KO BTOPOMY COMHOMKHTEJIO, OHAKO HaM
He 006A3aTeNbHO CKOJbLKO-HHOYAL JeTalbHO H3YYaThb PEUICHHA ITHX
ypaBHEHHA.

Ynpaxrenue 1

B ypasHenud (2.3.2) ¢ p = Yo noOXKHTE T = {2— x?/c? B nOKaXATe, 4TO Y
yaosaerBopser ypasHennio Beccens BHRa T + § + (poc)*ty = 0, rae TOUXA O3Ha-
gaer audpdepeHUHPOBAHKE NO T,

Ynpaxcnenue 2

Mokaxure, wro coorHowenus (2.3.12) o3nayalor coxpaHeHEe SHeprad
(t.e. |RIZ+ |T|2=1).
Ynpaxuenue 3

Tloxaxnre, 9t0 B coorHomennax (2.3.12) mpeaensuuft me /
2ula = Ko/Ts, naer R = -—-1(Ko/2rc)$(k +iKo/2Ts) u T =pi7?g -ﬁ-t'.l,(o%}‘.)s.wsc:é

COr/acyeTcs € paHee YNOMSHYTHMM HpPeAEAbHLIM 2. -
pesdand npeneng. Y Y pen B Qopuanu (2.2.3) u (2.2.4) b yka

Ynpaxcnerue 4

Tlpa onpexenennn 8-Gyukuuu 49acTo NPHMEHSETCA HCHOAB3OBARMMA B ynp. 3
npeaenbEuA npouecc. MOXHO MOMYYHTL Pe3yabTaTh ¥np. 3, eciH B XadecTse HCXOR-
HOrO UYHKTA MPHHATDL, 4TO B BOJHOBOM ypaBHeHHH Wj (x) mpomopuuonansHo 8-dymk-
usn, Toraa ypasnenue (2.3.2) sanHcwBaerc B BHAE

o[- (32) sy mo

Amnautyna 8-dyHxuHM paBHa penHuHMe 2uga, BeefeHnof B ynp. 3. Hurerpuposanne
9TOr0 YPaBHEHHA C NEPeXOXOM Wepe3 CHHIYJAAPHOCTb B TOUKe X =0 gaer

Vo =y =(72)s 0.

Taxk Kax Y. (x) =it 4 Ro—ibe 4 Y (x) = Te*®%, paspws B npomssozmofdd aaer
T(1 4 iKo¢/T,) == 1 — R. HenpepupnocTs y(x) B Ravaje Hanaraet Takxe ycJoBHe
14+ R =T Ecin sTH ABa ypaBHEHHA Pa3pemuTb OTHOCHTEALHO R M T, TO CHOBa
ONY4aIOTCA PesyAbTaTH, NpHBEAeHHHe B ynp. 3,
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Ynpaxcrenue 5

Hccaenyfite paccesnne sony notennuanoM u(x) == A[8(x 4 a) — 6(x)], sanucas
y 8 BrAe (23.9). CpawmuBas pemeHHs RAs KaxaoRl O-GpynEuus, xar B ymp. 4,
HNOKaXxHTe, 9TO

R=B @B +i)—F—,
TeD™},

rre D =14 p2(1 —&2%%) g B == A/2%.
TNonoxure A = Bla u noxaxurte, ¥r0 ecAk @ —0 TaK, yto u(x) - B8’ (x), Mu
nonyyuM R = —1 0 T = 0.

Ynpaxcuenue 6

Tlokaxure, wr0 npn aa <€ 1, 1.e. npn k = o, BTOPOR MHOXHTen» B [{3.8.14)
o6napaer pewennen ka = (i/2) + 4/(poa)! — /4.

2.4. YPABHEHHE WPEAHHTEPA

Xors cayyall ynpyro 3akpemyieHHORA CTPYHH MOXeT CYIIECTBEHHO
NOMOYb HaM TOHATb OJHOMEPHYIO TEOPHIO paccesiHHsA, B 3TOA 3ajave
ecTb CHJIbHOE OTpPaHHYeHHe, cocTosimee B ToM, uto K(x), maoTtHocTb
yApyrofi BocCTaHaBAHBalOWIed CHJAM, He MOXeT OHTh OTPHLATENLHOM.
Onnako B KBaHTOBO# TEODHH IJIAi OJHOMEPHOTO PacCCeHHH HET COOT-
BETCTBYIOLIETr0o OrpaHHYeHHA, TaK KaK MOTeHUHa] paccesiuua V(x) Mo-
Ker OnTb AK60 orrankuBawwuM (V> 0), aubo npuTArdBaIOLIEM
(V< 0). Cnyuaft V << 0 BBORHT BO3MOXHOCTh MOABJEHHS JIOKAJH30-
BaHHLIX BO3MYUIEHH#, HAH CBA3aHHBIX COCTOSHHA.

OcHOBHHM YypaBHeHHeM B KBAaHTOBOH TEODHH PACCESIHHA ABJSETOA
ypasuenue IlIpénnurepa. JInA oAHOMePHBIX CTAIHOHAPHHX 3aX8Y @ro
MOXHO 3amucaTh B Buae [96)

3 2
— g TV (x) b= EW, 2.4:1)
rie m—macca 9gacTHnb, E —nosHas 3HepPrus M A — MOCTOSHHASA
[Inanka, nenennan na 2n. [lonarasn 2E/h? = k? u 2mV (x) /h? = U(x),
Mbl IOJyYHM CTaHXAPTHOE YPABHEHHe AJIA ONHCAHHA ORHOMEPHLIX BOJH
B HeoAHOpOAHOHN cpelie

% +[& — U ()] p==0. (2.4.2)

Kak nokasano B yueGxukax no KBaHTOBOA MeXaHHKe, MJAOTHOCTH MO-
TOKa, cBSi3aHHasa ¢ yacTHuel, faerca dhopMyno#

] d
notoxk = — Im (¢ %); (2.4.3)

STO BhipaXKeHHe HYXHO CpPaBHHBATh @ BHpaXeHUeM A/NA BOJH Ha
¢TpyHe (2.1.16).



44 T'a. 2. Bonpoce: 00nomeprod Teopuu pacceanus

3apnaua kpanToBOro paccesuun npu U > 0 3fech paccMaTpHBaThes
He 6yfeT, TaK KaK aHAJH3 B 3TOM CJjlyuae He OTJHYaercs OT COOT-
BETCTBYIOULEro aHanu3a Ans crpyHu. B cayuae U < 0, xpome pewte-
HUA pacCesiHHs, NOABATCH pewleHHs ypaBHeHus (2.4.2) B BHAC JOKa-
JIH3CBAHHHX BO3MYIUECHHH, HJH CBA3aHHHX coctostHuil. [lpocTefimum
N5 AaHAJHTHYECKOTO PAaCCMOTPEHHs cJydaeM SBJsieTCH MPHTACHBAIO-
mnf noteHuHan B Bufe §-¢pyukumun. ITonaras V(x) = Voab(x) u ciae-
Lys 1poleAype, H3JoXKeHHOA B ynp. 4, NONyIuM

R""" —1U00/2
T k4 iUcal2’

ok (2.4.9)
T k4 iUga2’

rae Uyg=2mVy/h? 3anumwem Tenepnb pelieRHe pacCesiHHs B TOM BHJE,
KOTODH COOTBETCTBYeT Najaioulefl BONHE NMPOH3BONLHOR aMNIHTYAM
AT e

y<=Aeikx+ARe-Qx,

g — ATE". (2.4.5)

[Tone3no 3ameTuts, YTO 34eChb MOrYT GuITh HeHYJeBHe pelleHHs AnSA
A==0, ecan R~ n T-' takxe obpauiaiorca B HyAb, U3 (2.4.4) scuo,
4TO 3TO HMeeT MecTo npu k = —iloa/2. Torna y_ =~ e-Vax? g Yy, =
=~ eUax2, 3 310 npu Us << 0 ABJAETCH JIOKANH3OBAHHLIM pPeLICHHEM,
HJu CBA3aHHbIM cocTosnHeM. CJleflyeT OTMETHTb, YTO TOrAa noJioc R
u T npu k= —ilU,a/2 nexur B BepxHeil noaynaockoctH. [Mosyyennoe
3J€Ch peIlEHHE MOXKHO TaKXKe MONyUHTDb, NoNaras y == e-v*, y = ev*
H CpallHBas peuleHHs, KakK B ynp. 4.

B kauecTBe Hecko/ibKo GoJsiee CIOXKHOTO NPHMEPa PacCMOTPHM NpH-
TATHBAIOLIHH TOTEHUHAA B BHAe NPAMOYroabHOA saMu. Ecan B3aTh
V(x) = A%u?(x) /2m w ucnoav3oBath Aasi p(x) Bupaxenne (2.3.8), To
OTTAJIKHBAIOWHA NOTEHUHAS NPAMOYroJbHONH ¢OpPMH 3SKBHBAJEHTEH
CIy4alo YIpyro 3axpenyieHHoH CTPYHHI, MO3TOMY PaccMaTPHBATHL 3TOT
cayuyah HaM He HYXHO. UTOGH npoaHaAW3HPOBATh POJIb CBA3AHHHIX CO-
CTORAHHA, NOABJAIOUKUXCY B CJyyae NPHTATHBAIOUIEr0 NOTEHIHANa

v {0, |x|>a, 046
O=1=Ve 1x1<a, (2.4.6)
rae Vo=|Vo|, noacrasum chavana p}=—2mV /A* B pesyabratm

pasp. 2.3. Toraa moayuuM BbipaxceHue a=»\/2m(E+Vo)/h"’, KOTO-
poe aBAseTc AeHCTBHTEJLHOA BEJHUHHOM ANA OTPHUATENbHHX 3HAYe-
Huit E, noxa Bumnosnserca E > —V,. CooTseTcTBYyIOLIe 3HAYeHHS kK
ABASIOTCA YHCTO MHUMHMH, k= 4/2mEJAR? = ix.

HonycTuMble 3HavYeHust K MOXKHO TIOAYYHTH OAHHM H3 ABYX CIIOCO-
60B. MOKHO HemoCPeACTBEHHO NepefTH K PeuleHHAM, ONHCHIBAIOUIHM
CBASAaHHBE COCTOAHMA e~ ana |x|>>a ¥ nosTopuTbL npoueaypy
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CpPallHBAHHUA peLleHHiH, H3N0XeHHYI0 B pa3f. 2.3, #JH, Kak MOKa3ano
BHIIE AJA §-NOTeHUHAaNa, MOXKHO HaliTH TOYKH B BepXHeH MOJYINIOCKO-
CTH R, JJIA KOTOPHX 3HAMeHaTeJW B BHpaxeHusuXx Aas R u T obpa-
maTca B Hyab. [lepBHA NOAXOA HCNOJb3yeTcs B GOJbUIMHCTBE BBOX-
HHX KypcoB KBaHTOBOH Mexanuku. [lna Broporo cnocofa HyXHO Npo-
cTo B Bupaxenun aas D (k) (2.3.13) nonoxuts a==4/kZ 4 2mV/A?.
OnsTb XKe Jerye BCEro NPOaHANH3HPOBATH MHOXKHTENH B BHPAXKCHHH
(2.3.14). Tlonunit ananH3 nepBOro H3 3THX BhHIpaXKeHHH Onln TaxkxKe
sunoased Hycceunpaiirom [91]. Kpome HeKOTOpOro uuc/ia CBA3AHHBIX
COCTOIHUA (3aBHCAWINX OT 3Hauenusi V,), cHoBa ecTb OeckoHeuHoe
YHCAO KOMIUJIEKCHRIX HyJiefl B HHXKHEH MNONYNJIOCKOCTH INIOCKOCTH R
H TaK Ha3hHBaeMbIX AHTHCBA3aHHHWX COCTOAHHA HA MHHUMOH OCH B HHX-
Hefl MOAYNJIOCKOCTH.

2.5. PACCEAHHE MOTEHUHANIOM BHJA sech?

TMonyuenne pcuennfi ypaBHeHus [lpéaunrepa Ans nOTEHUHANOB,
OTAUYHHX OT O-QYHKUMH HJIH OT NPAMOYroJIbHOA SIMH, NpeicTaBaser
co6ofi AOBOJBLHO CJIOXKHOE YNpaXKHeHHe 110 HCNOJb30BAHHIO CHCUHANb-
HuX ynkuuit. 3nech Gyner paccMOTpeH cjayuail NOTeHIWaJja B Bule
sech?, Tak Kak 3TOT MOTEeHHHaJ OyJeT HFPaTh BAXKHYIO POJb B Aalib-
HeflmleM u3noXeHudw. Kpome Toro, mpollecc paccesnHs BhpaXaercs
C NOMOMLBIO JIHHEfHHIX KOMOHHALHUA pelneHHfi cnoco6oM, KOTOPHH 3a-
TeM Gyser 06061eH.

PaccmorpuM npuraruBaiompfi noTeRuuan

V(x)=—V,sect? (5). Vo>0. (25.1)

Tonarasn B ypasuenuu Llpéaunrepa (2.4.1) e=2md’E/n?, v=
=2md?V,/h? u z = x/d, nonyuum

V" +(e + vsech?2)p=0, (2.5.2)

rAe WTPHX 03HauaeT AnddepenuupoBatne N0 2. ITO ypaBHEHHE MOXET

6biTh Npeobpa3oBaHo B runmepreoMerpudeckoe [89). Chauana, nosnaras

$=Asechbz . y(x), (2.5.3)

rie A — npou3BO/bHAS aMIJMTYAA, HAXOAHM, 4TO ecau P? BHGpaTb
pPaBHHM —e, TO QYHKUHSA y(2) yAOBJAETBOPSIET YPABHEHHIO

y” —28thz -y + (v —p2 —p)sech?z - y=0. (2.5.4)

[Mocnenyiomee npcoSpascpaune u = -,}(l — thz) =e"*/(e* + ¢~%) naer

ZZ‘; +le—(@+b+ l)u]—j%-—aby=0, (2.55)

u(l —u)
rae

c=1+4p, a+b+1=2(1+p), ab=p+p—0v. (2.5.6)



46 Ta. 2. Bonpocss odnomeproill Teopuu paccesnun

Ypasnenne (2.5.5) saBaserca cranzapruoft ¢opmoit runepreomerpu-
yeckoro ypasnenus. Koneunoe npu 4 = 0 (7. e. npH 2~»co0) peiuenue
06HIYHO 3aMHCHBaeTcs B Buje [4]

y==F(a, b; c; u)=1+3:i-u+... . (2.8.7)

Ilpu 2—» 00 (1. e. npu u—0) Mu nonyuaem, uto y—>- 1. Takum o6pa-
30M, BhpaxeHue (2.5.3) nprAUMaeT BHA

Y, 5% A2be~br, (2.5.8)

Uro6u 3TO BblpaxeHHe NpeAcTaBAfNo cOo60OA NAOCKY0 BOJHY Aef**,
pacmpocTpaHAIOULYIOCH Ha 0o, MH JAO0J/IKHH NOJOXHTb f = —ikd. Tor-
Jla, COTIACHO mNpeAHAylleMy OnpeAeneHH:io f, MH HMeeM k=
== 4/2mE[AY. Paspemas ypasnenus (2.5.6) oTHochTenbHO @, b H C
H HCNOJAB3Ys OnpenesieHyue P, MH HAXOMHM, 4TO

am= g —ikd + A0+ 18,

b= —ikd — /0 F /4, (2.6.9)
c==1—ikd.

Xors pemenne F(a, b; ¢; u) cnpabeannso nps 0 L u << 1 (. e. npu
0 > 2> —o0), ero Jerse nOHATL B o6nacth u—>1 (T. e. npu
2——00), 3aNHCaB KakK JHHeAHYI0 KOMOHMHALHIO ABYX pelleHufl, BH-
pPa¥KeHHHIX Yepe3 DAa3JoXeHHA B OKPecTHOCTH u == 1. CooTBeTCTBYyIO-
was KoMOHHAUHSA, ABAAIOUIAACA OAHHM H3 CTAHASPTHHX TOXAECTB,
CBA3HIBAIOIHX T'HIepreoMeTpHueckHe yHKUHH, uMeeT Bun ([4], dop-
myna 153.6 Ha c. 373 pycckoro usnanus)

Fa, b; i u)= Ltz Fa, bia+b—c+1; 1 —u)+
+(l-—u)“'"'°r(c)§ (: b= 9 p(c—a, c—b; c—a—b+1; 1—u), (2.5.10)

rae I' o3anauaeT raMma-pyuknuio (cM. ¢. 81 ykasawHoro usgxanua). Mu
nokaxeM cefiyac, 4T0 3TO COOTHOIIEHHe ACHCTBHTENLHO JaeT pelieHHe
sajlaun paccesuus. 3ameuas, uto (1 — u)c9—% = ¢~ y4 yro, cornac-
Ho (2.5.7), runepreomerpuueckne QYHKUHH ¢ aprymentoM (1 -—u)
GyARyT CTPEMHTHCA K eflHHHUE npH 4 — 1, MH HEXORHM, 910 (2.5.3) u
(2.5.10) nator

T(c)T(c—~a—b) T@Tl(a+b—¢) _
Yo AT aTr=n &t rarE e ] @8

Ionaraa P == —kd, KaK oTMmeyasoch BHule, H sanHcuBas (2.5.11)
B BHAe

Fe)T(@a+d—c)[
5 A2 DT o [gtts

Tie—a—¥b r@re .
t =Tt 'T’(ET&T’:;)" ‘*"]. (2.5.18)



2.3. Pacceanus notenyuasom euda sech? 47

MH MOXXEM Cpasy e onpefleHTb K09 HIHEHRT OTPAIKEHHS H AMIJIH-
TyRy najaiolefl noaxn. Boaspamanch K (2.5.8) m BuHOCA 3a cKOOKE
KaK OOUIHA MHOXHTeNb TY XKe CaMylo aMIJHTYAy najgaiolled BOJHH,
ofpefiessieM TaKke KosdpduuneHT npoxoXjenus. PesyabTaTnl 3anHcH-
BRIOTCH B BHAE

R = P(c—=a—08)T(a) T (b)
Te~a)T(c—~bT(@+b—c)’

T o= T(a)rI (b
I‘ic)l!(a+b-c$ *

Hcnonbsya onpepenerus a, b n c, nansne B (2.8.9), u ToXmecTBO
r (—;— — z) r (-% + z) == 71/COS N2, HAXOAHM, 9T0 R NPONOPUHOHAb-

1o cos (n 4/o - 1/4). Takum o6pasoM, ansn 4/0 + 1/4=n + 1/2, rae
n==1, 2, ..., noTexuran ssisercs Oe3oTpaxkaTteJbHhM. Ciaeayet
OTMETHTb, UTO 3TOT PESYNbTAT CNPABEAJIHB AJA MNAAAIOLIAX YaCTHL
Jgio6oft smeprum (T. e. JIS KJNBCCHUCCKHX BOJH JIOGOA 4ACTOTH ).

Hrak, kak R, Tak u T HMEIOT NOJIOCH B IJIOCKOCTH R, Ompenense-
MH€ COOTHOIIEHHAMH 1/2 — (kd 4f/v + 1fd=—p,TRe p=10,1,2 ... .
IMoniocel B BepxHeR MOJAYNMAOCKOCTH KOMMJIEKCHOA IVIOCKOCTH & f8B-
JIFI0TCA NOJNOXHTENbHHMH PeLIeHHAMH YpPaBHEHHSA

k=i[Afo+ 7 - (r+1)] (2.5.14)

O10 Hanaraer orpaHHveHHe cBepxy Ha 3HauenHe p. Ecnu, kpoMe Toro,
MH OTpaHHYHMCSL PacCMOTPeHHeM 0e30Tpa)aTe/bHHX MNOTeHUHAJOB,

10 Ao+ 1[d=n+1/2u kd=i{n—p), rae p=0, 1, ..., n—1.
B 3akapoueHHe OTMETHM, 94TO 6eso1'pax(a1'enbuue NOTeHUHANAN H
HX cOGCTBEHRHE 3HaYeHHA CBASAHH ¢ ypaBHeHHeM llIpénunrepa

- —(n—pP+n(nt1)sechiz] p=0, p=0, 1, ..., (1—1), (2.8.15)

ne=1, 2 ....

(2.8.13)

Co6cTBGHHLI® SHAYGHHR MOXHO NOJAYYHTL KAK NpefiesibHHE cJayyaH
runepreoMeTpHueckoft ¢yHkuuu. IlpHMep paccMATpPHBRETCA HHXKe, B
ynp. 9. ORHakKo B cleRyiOlleM pasnene CGyAer onucaH Gosiee mpocTodt
METOJl MOPOMACHHA STHX cOOGCTBEHHHX GYHKURR.

Ynpaxcnenue 7

lokaxnre, wTo R B T, Rasaemue cootHoulenwamn (2.1.13), yaosaersopsior
yeaosuo |R|24|T|fm ],

Ynpaxnenus 8

B npenene Vo~ 00, d -0, Tax uro Vod == const, norexmuan {2.5.1) crarosurcs
pasunn  —2Vo8 (x/d). l'lonxm-e, 0 Anf 8-moTeBumana XoSHPHUREHTH OTPaXEHHs
H NPOXOXAeHHA MOXRO NMOAYYHTH H3 COOTBETCTBYIOIIHX npeAensiHXx ¢opM R u T,
RaBaeMuX COOTHOWeEHHAMH (2.5,13), ’
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Ynpaxcnenue 9

Isia 6e30TpaxcaTeabHBIX NMOTEHIHAJIOB, TaKHX ITO U = n(n + 1), npeobpasosanne
u = th z npusoAuT ypasHerHe (2.5.2) K CTaHAapTHOMY BHAY YpaBHEHHS, olipefeJsio-
wero npucoenunsennuie yuxuun Jlexauapa P (u) (em. [4]), c. 154 pycckoro usza-
uug). Toraa coorsercreylouiee pemense ypaBHenns Llpéaunrepa umeer BHX

P(2)~ P,‘,’“‘ (th 2).
Hcnoavays cooTnowenus

1 A
P (cos 0) = (cte )" Py =PL ()
{[84], c. 63) n peKkyppeHTHOE COOTHOIUEHHE
@2v+ 1) xPL(x)=(v—p+ 1D Py (x) + (v+p) P (x),

NOKaMXHTe, YFO NPH 1 == | BoAHOBAA YHKUHS NPHBORKTCA K BHIY
Ve e""[ilzd —th (%)]

2.6. COOTBETCTBYIOWIKE YPABHEHHSA UTYPMA — JIMYBUHIANS

B npeaniayuiem pasnene ypasHenHe Llpéaunrepa aas norenHuxana
—Vosech?(x/d) pemasoch ¢ MOMOUIbIO THHEPreOMETPHYECKHX (YHK-
uuii. Hekoropuie 3navenus Vod?, nponsBefeHHs LIHPHHH MOTEHLHANb-
HOR $IMB Ha JUIMHY, NpHBeJAH K 6e30TpaxaTeJbHHM MOTEHUHaJaM,
B 3Tux cnyuasx peiieHHe MoXKeT OHTb BHIPAXEHO 4epe3 3jeMeHTap-
nole ¢ynkuun. Kak ykasano B ynp. 9, 3TH pelienss MoryT GuTb moay-
UeHbl TIPH PAacCMOTPEHHH COOTBETCTBYIOLIHX mpejeJbHHX (opMm 06-
mero pemenus. OXHAKO, TaK KaK peub NofifeT riaBHHM o6pasom o0
STHX 3JIEMEHTAPHHIX CAy4asnX, xorenoch O6H uMeTh Gojee npsaMod Me-
TOJ HX PacCMOTPeHHs. YpaBHeHHs, NOABJAAIOLIHECS B cayyae Gesorpa-
XKaTeJbHbX NMOTCHUHAJNOB, MOTYT GHTb OYeHb NPOCTO PEILIEHH METOAOM
Hap6y ([28]; [29], 7. 2, c. 210; [59], c. 132). Kpome nonyuenus
pelleHHH HEeKOTOPHX cneuuHYeCKUX YPABHEHHH, MOXHO HCNOJb3O-
BaTh 3TOT MeTOJ, YTOOH BHI3BATb H3MEHEHHS B NOTEHUHANaX MPOH3-
sosibHo#t opmu ( [27]; [36]; [115]).

Meron Ilap6y cOCTOMT B HCCeJOBaHHH COOTHOLICHHS MEXJy ypaB-

HEHHSIMH
y'=[A+ux)]y, (2.6.1)
2" =[r 4+ v(x)]2, (2.6.2)

rfie 2 CBSA3aHO C y C NOMOIUBIO JHHERHOR KOMOHHAIHH
z2=A(x, M)y + B(x, A) ¢ (2.6.3)

Hccnenosanue CTaHOBUTCS OCOGEHHO MPOCTHIM (M 2E€KBATHBIM HALINM
HeJNiM), cCiil NONOXHTh GyHKuHIO B(x, A) paBnoili eannuue. Toabko
3TOT cayuail u Oyjmer paccmarpusathesi. Eciin nogcTaBuTh (_2.6.3) B
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(2.6.2) u npHPABHATH MO OTAENABHOCTH Hy/MI0 KO3QQHIHEHTH NpH Y
B Ys, NOAYydHM

Age +ue+ A{u— v)=0, (2.6.4)
2A;tu—v=0. (2.6.5)

Hcermouaa (4 — v) H HHTErpEpysa, HaXOAHUM, UTO
A=A, —u=A, (2.6.6)

rAe A — NOCTOAHHAR HHTErPHPOBAHHS.

Ynpaxuenue 10

Tax kak e B (26.1), 5 B (2.6.2) Her unena ¢ mepBoft ngousnonnoﬂ, BpOH-
CKHaHH peilleHHRA STHX ypasRenwfi nocrosuwu. Coornomenne (2.6.3) nser caasep
MeXxay STEMH BponcknanaMu. [loxaxure, 4ro nmpH B = 1 NOCTORHCTBO BPOHCKHAHOB
OPHBOAHT K ypaBHenHw (2.6.6).

Vpasuenue (2.6.6)— 3to ypaBrenne Purkatr ans A, H ¢ noMolibio
noacraHoBKH A = —§'/§ ero MoXHO cHenAaTh JHHeAHHM (cM.
pasza. 2.12). Toraa ypaBuenne (2.6.6) npumer BHA

7" =[r+u(x)7. (2.6.7)
Takum o6pasom, BaXKHOCTb § COCTOMT B TOM, 4TO OHO ABJIRETCHA 4acT-

HHM pelienneM ypasuenus (2.6.1) npm A =A1.
N3 (2.6.5) naxoaum, uro v =u— 2(In 7)”, tak 4ro ypaBHeHHe AJIA

2 MPHHHMAaeT BHI
2" = [A +u — 2 (In §)"] 2. (2.6.8)

Hrak, M nonyuaem ypasHenue Illpéaunrepa, B KOTOPOM IOTeHLHAN
H3MeHUACA Ha Beauunny Au=—2(Inj)”. Kpome TOro, TOXAECTBO

2(Inf)" = ["/f—F(1/))" naer
2" =[A— A+ §(1/§)"]=. (2.6.9)
Huoraa yao6uno 3sameTuTh, 4T0 NpH A =1 vyacTHOe pellleHHe YPaBHEHHA

(2.6.9) nmeer Bug z=1/j.
B 3araiouerHe, ecyin y ecTh oflluee pelleHHe YPaBHEHHA

y"=[A+ux)]y, (2.6.10)
a §j — mo6oe YacTHOE pelleHHe, COOTBETCTBYIollee 3HAYEHHIO A = A, To
z=y —y(FIP (2.6.11)
aBaserca o6LAM pellleHHeM ypaBHEHHS
27=[r-1+5(3)"]=" (2.6.12)
y

HJH, YTO 3KBHBANECHTHO, yPaBHEHHS
37 =[A+u—2(Ing)")z. (2.6.13)
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B kauecTBe mpocTOro npHMepa paccMOTpHM ypasrenHe (2.6.10)
npH & == 0. Oflee peleHHe NOJYIHBIIErocs ypaBHEHH HMeeT BHJ
y=Ae"5‘ + Be-V*, B xauecte wacTHOro pelIeHHA BO3pMeM A=1
H A == B=1/2, 1aK uto § == ch x. Tak Kax B 3TOM cayvae 2(Iny)”"=
== 2sech?x, To (2.6.11) ranr (2.6.12) naior obmlee peieHHe ypaBHeHHS

2" =(A — 2sech®x)z (2.6.14)

z=AeV* 5(4/A —thx) — Be ¥% x(4/A + thx).  (2.6.15)

Vpasuenne (2.6.14) sxBupaseHTHO ypaBHeHHI0 (2.5.15) npu n =1, Pe-
IeHHe, NOJyueHHOe B ynp. 9, uMeeT TOT Xe BHA, 4TO H MOJyueHHOe
3pech peinende. Kak nokasumBaeTcs B cjaelyiolleM NpHMepe, MeTOA
MoxeT GHTb pacnpocTpaHen Ha GO/bIIME 3HAYEHHA A,

B BHAeE

Ynpaxnenue 11

PaccMotpiTe ypaBHeHEe y,','-[k ~ n(n <4 l)sech®x]y, u o6patte BHUMaHHE, TTO

y = ch**! gsamerca wacramm peinenreM ypapHeHHR npH A == (n 4 1)2, [Nokaxnre,
qro ofulee pelieRHe MPH n = 2 HMEeT BHA

pm (e 03) (- s)

rRe Yomu AeVE* 4 BeVAx B oSuwen cayae yp==0p0p—1 ... Oyy, rae Op =
w djdx — pthx.

OnucaHHLf MeTOA faeT TakXe NPOUEAYPY TAKOTO H3MEHEHHS nO-
TeHIlHaJIa, NPH KOTOPOM NOSABJAETCA AONOJNHHTEbHOE COGCTBEHHOE 3HA-
yeHHe (CBA3aHHOe cocToAHHe). B KauecTBe KOHKpeTHOro npumepa or-
METHM, 9TO YpaBHeHHe

Y5 =[A —n (n + 1) sech’s] y, (2.6.16)

HMeeT n co6cTBeHHHX 3HavyenuR. Coraacro (2.6.13), eciH nOMOXKHTBH
§ = ch™tlx, 10 f06aBAeHHe K NOTEHUHANY BeNHIHHH Au == —2(Inj)”
YBEJHYHT YHCJIO COGCTBEHHHX 3HAYeHHRA Ha exuHHuy. B stoMm cayuae
Au=—2(n+ 1)sech?x, u ypaBrenue (2.6.13) npumer Bug

2" =[A— (n ¥+ 1) (n + 2) sech?r] 2, (2.6.17)

uyro aBaserca ¢opmolt ypaBHenusn (2.6.16) mna n<41 co6erBeHHBIX
SHAYeHHA.

Bri6panHoe BHIe BHPaXKeHHE AJAR § MOMKHO NOJYIHTh CJeAYIOUIHM
o6pasoM. YpaBHeHHE ¢ 7 COGCTBeHHHMH 3HayeHHAMH SalHCHBAaeTcs
B BHAe

Y1, =[k*—n(n + 1)sech’t]y,,, (2.6.18)

& ypaBHeHHe Ana n + 1 co6CTBeHHMX 3HaueHHH — B BHAe

Zhonn=[#— B +7(;) Jenren: (2.6.19)
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rae k = n- | aBnserca co6CTBEHHHM 3HAUeHHeM ypaBuenHs (2.6.19),
HO He ypaBreuus (2.6.18). Ilonaras B (2.6.18) k=F == n + 1, Mu no-
AYYHM Zn41, nt1 = . HO ypaBHeHHe AN Za41, n+1 HMEET UACTHOE pelue-
une sech™'x, CaenosaTtensno, Kak H Tpe6oBanocs, § = ch*+. Anano-
rHYHHE cOoOGpa)eHH MOryT GHTb NPHMEHEHH K NpPOH3BOJLHHM IO-
TeHunanam [115]).

Ynpaxnenue 12

Onucannuifi MeToR MoXeT SuTh HCMOJIL3OBAH TaKXKe ANA HENOCPEACTBEHHOrO NO-
POXACHHA peleHHl, ONHCHBAOWIHX CBA3aRHHE COCTOAHHA. Bocnoanayfitech Tém,uTo
”
ypaBHeHHe Y, , = [m2 —n(n41) sech? x] Ym, n BMECT DELICHHR ¥, , == sechxu
¥n, n—1 == ch” x, uTo6H noxasats, WTO

Yn, n41 = [Tid? —(n+1)th x] sech?x,
Umntr =g — -+ D th 2]y, ns.

HOas n = 2 noayunte peayabTar y;, 3 = thxsechx.

Hpyro#t npouexypoit, Takxke olecneunsaloitefi nmpocto noaxon K

[[>es .;maram 3TOro pasgena, apjaserci MeToa ¢akrtopusauuu ([61];
89]).

2.7. ABYMEPHBLIE BOJIHbBI B HEODHOPOLHOR CPEAE

Pemenus, ondcHBAaIOLIHe CBA3AHHKE COCTORHHSA, MOTYT COBEpIEHHO
€CTeCTBEHHO MOABJATLCA H B KJIACCHYECKOM Clyyae PacrnpoCTpaHeHHs
ABYMEpHHIX KK TPEXMEPHHIX BOJH B HeoAHOpoAHOA cpexe. Ouu BeTpe-
4aloTCA BCAKHA pa3, KOrAa ecTh 061acTh Cpesbl, B KOTOpPOR B pe3yib-
TaTe OTPaXKeHus MOxeT OHTb SaKMICYeHA BOJHA. 3TO MOMKET HMMeTh
MeCTO B TOM cJlyuae, KOTAa B CPefie 2CTb CJIOH, TAe MOCTHraercs MH-
HEMyM ¢a3soBoft ckopoctH BosnW. [IpaMep pacnpocrpaHenHs 3ByKa
noj BOROHA nokasay Ha puc. 2.2. Jlerue Bcero NOHATb STOT SddekT Ha
A3HKe reoMeTpHueckoft ontukH. Iind mpocTOTH npeanonaraercs, HTO
3BYKOBOE I10JI€ NOPOXKAAeTCA HCTOYHHKOM, DACMONOXKEHHHM Ha ray-
Guie, rie CKOPOCTb 3ByKa MHHMManabHa. JIyuw, HCXOZAlime U3 HCTOY-
HHKa M0J AOCTATOYHO GOJMBIUMM YIVIOM K FOPH3OHTaAH (KaK, HanpH-
Mep, ayy A Ha pHc. 2.2), 6yAyT nonagaTh Ha 2 == £00, & JyuH, yXO-
AfllHe MOA AOCTATOYHO MaJHMH yraaMu, B w C Ha puc. 2.2, 6yayr
HenpepHBHO HW3rH6aTbCsl 06PaTHO B CTOPOHY TAYOHHH HCTOYHHKA M,
TakuM o6pasoM, GYAYT pacnpocTpaHaTbCA NO €3BYKOBOMY KaHasy» B
TOPH3OHTAJbHOM HanpaBJIeHHH.

HOnst gByMepHBIX BOJIH C ORKON 4aCTOTOR v == w/2n BOJIHOBOe ypaB-
HeHHe HMeeT BHJ

2 a’ 2
S+ 2+l e=0 @2.7.1)
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rae p(x, 2)— 3BykoBoe AaBneHHe. DTO ypaBHEHHe CNPaBeAJIHBO NMPH
YCJIOBHH, 9TO (a30Basi CKOPOCTb BOJHH He CJHHUIKOM GHCTPO MEHseTcs
Ha paccTosHMM nopsika Aamum Boams ([17]; [15]). Yamo6uo sanm-
catb (asoByio cKopocTb B BHAE

%

C’(Z) = T—W, (2.7-2)

THe j. CTPEMHTCA K HYJIO TMpPH 2~—> 0o. 3aTeM CTaHZapTHaA NPOLEAY-
pa pa3fieleHHsl INepeMeHHHX NPHBOAMT K pelleHWAM YPaBHEHHA
(2.7.1) Buna

p(x, z)=2e'*"g (2). (2.7.3)
Haxoauu, 9ro ¢yukuusa v(z) yaosaersopsier ypaBhenuio Llltypma —

JlnyBuans

1 —U@)]v=0, (2.7.4)

rie k?=(0/c))’ — k} u U (2)=— [op(2)/c,]*. Az u?> 0 s1o skBH-
BaJeHTHO ypaBHenuio [lIpéannrepa ¢ NpPHTATHBARIOMIMM NOTEHUHAJOM,

clx) Bosgyx x

Nemounux

Puc. 2.2. 3syxoBue nywn, 3aXBaveHHNE HEOAHOPOAROCTLIO B BHAE CAON.

nO3TOMY B 3TOA KAacCHYECKOA 3afaye MOryT HMETb MECTO PelljeHHS,
OTBeYalolllHe CBA3aHHHM COCTOSTHHAM, T. €. PelleHHs, JOKAJAH30BAHHHE
B CIoe HA ray6HHe, COOTBeTCTBYIOUEA MaKCHMYMY p?(2). dto mpouc-
XOIHT NPH TAKHX 3HAYEHHAX Ky, AN KOTOPHIX NOCTOAHMAA k? aBasiercs
COGCTBEHHHIM 3HadenHeM ypasrenua Ultypma — Jluysuans (2.7.4).
C ¢u3nveckofi TOUKH 3PEHHA SICHO, YTO TAKOro o6pa3oBaHHS KAaHAAOB
He MOXeT OHTb Ha rayGuHe, TAe CKOPOCTb 3BYKa NOCTHraeT CBOEro
MaKkcHMyMa (1. e. p?<0).
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Yacro 6bBaeT nose3Ho BHPA3uTh peineHue AnddepeHUHaNbHOrO
YPaBHeHHSl B YaCTHHX NPOH3BOAHHX B BHAE Pa3JIOXKEHHA NO CHCTeMe
coGcrBeHHbX QyHKUHA, /151 HeKOTOPHX 3ajlay 9Ta cHcTeMa coGCTBeH-
HHX QyHKUuA GhBaeT DOJNHOA, TONBKO €CJAH OHAa COACPMHT (PYHKUHH
ABYX THHoB. OXMH THI MOXHO PacCMaTpHBaThb KAK pellleHHs pacces-
HHf, pacnpocTpansiomuecs B GeCKOHEYHOCTb, a (YHKUHH APYroro
THIOA HMEIOT CMHICJ JIOKAJH30BAHHHIX pellleHHfi, HiH penieHHA, ONMHCH-
BAaOIHX CBA3aHHHE COCTOsHHA. Tak Kak NMpHBOAUMAs 3AeCh 3azava
o6pasoBaHHs 3BYKOBOTO KaHaja MPelOCTaBAsieT HAEAJbHYI0 BO3MOXK-
HOCTb A PacCCMOTPEHHs TOA pPOJIH, KOTOPYIO NPH DA3NOXKEHHH 1O
cOGCTBEHHHIM (QYHKUHSAM HIPAiOT pelleHHs, COOTBETCTBYIOLIHE CBA3aH-
HHM COCTOfIHMAM, MM cefiuac 3afiMeMc (BO3MOXKHO, HECKOJIBKO IIpo-
CTPaHHHIM) H3/J0)KEHHEeM KOHKpPeTHOA 3ajaud, Ha npHMepe XOTOpoOh
JIETKO NMOHATb 3TY POJb.

PaccMoTpuM feTasbHO 3afady O AByMepHOM JHHEAHOM HCTOUHHKE
€ HHTEHCHBHOCTbIO Q H dacToTofi ®, PacHOJOXKEHHOM B GecKOHeuHON
cpeie Ha rJyGHHe, COOTBeTCTBYIOIieA MHHHMYMY CKOPOCTH. AHaJaH3
OKa3HBaeTCsl OYeHb MPOCThM, ecAH p?(z) B dopmyne (2.7.2) aaercs
Bupaxenuem 2sech?(wz/c). 3anucuBas ko BMECTO ©/c, MOJyYaeM oc-
HOBHOE YpaBHEHHE B BHje

B+ SR+ 2sech’k2) p=—Q(x)3(2)  (27.5)

C TPaHHYHBIM YCJIOBHEM H3JIyYeHHS, COCTOSIHM B TOM, 4TO NpPH X H 2,
CTPEeMSIIIHXCA K —-o0o, HeT npuxofsmmux BoaH. IlepBufi H HanGonee
OYeBHAHLIAA MOAXOA K pPEMmeHHI0 9TOR 3a4auH. COCTOHT B TOM, MTOOH
BBeCTH Qypbe-npeACTaBieHHe 3BYKOBOTO NOJA, 3aNHCHBas

p(x, 2)= S Bz o5 (1, 2), (2.7.6)

Bupaxas d4epes unterpan takxe m d(x), d(x)= S(dk,/2n) e'*s*,
HaXoAuM, 410 npeobpa3oBaHHas nepemenHas p (&, z)— YAOBJETBOPSET
YPaBHEHHIO

j—;’} -+ (K — k3 4 2k sech? kgz) p = — Qb (2). (2.7.7)

310 HeOAHOPOAHOE ypaBHEHHE MOXKHO PEUIHTb, HHTETPHPYA C mepexo-
oM 4epe3 CHHTYJSPHOCTb NpH 2z =0, KaKk onHcaHo B OGMIHX yepTax
B ynp. 4. O6Go3nauas npeo6pas3oBaHHOe 3BYKOBOe RaBJieHHE B BEpPXHEM
H HHXHEM NOJYNPOCTPAHCTBAX 4Yepes j,, H P COOTBETCTBEHHO, No-
JAYYHEM
dpy dp.
“dz o— dz

=—0Q. (2.7.8)
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Ona z5=0 byHkuus p yaoBreTBopseT OXHOPOJHOMY YPaBHEHHIO BuIa
(2.6.14). Tak Kak p LOMIKHO COZEPIKATh TOJbLKO YXOHUsiluHEe OT HCTOY-
HHKA BOJHH, pemlenus p., H ., Kak BuaHo u3 (2.6.15), cyms

by = A (k) e (in— k,th k2),
Pe=B(k,)e~""* (in + kyth k2),
rae n=a/kI— ki. 3ByxkoBoe nose AONKHO OHTH HEMPEPHBHO MpH
2=0; Takum obpasom, 7 (kx, 0)=p_(ks, 0) u nostomy A(k:)=
= B (k).
Hs (2.7.8) MH HaxoauM, 4TO
Alks)=Q/[2 (28 — ). (2.7.10)

Bo3sspamasch K (2.7.2), MB BHAUM, YTO SBYKOBOE NOJe HMeET BHA

plx, =L { dphertinit A=RRBIEL - 7.41)
0 x

L

(2.7.9)

Takum o6pasoM, MH noayzaeM HHTerpasbHoe (Qypbe-npeacTaB/enue
AJNA 3BYKOBOro nojs. Pelllende fiBJifeTCS NMPOCTO HHTETPaJiOM MO NOJA-

Holt cucteMe QyHKkuuft e'*r*,

BMecTo TOro yToO6H BHpaXaTh 3BYKOBOE [OJle depes HHTerpana oT
BOAHOBOR YHKIMH N0 KoopAHHATE X, Kak B (2.7.11), pewennio MOXHO
npuAaTh APYrofi BHJ, BHPA3HB €ro Yepes HHTErpaj OT pellleHHH ypas-
Henus (2.6.14), 1. e. or BONHOBHX QyHKUHE AAs KOOpAHHATH 2. B no-
NOMHEHHE K HHTErpajy OT PacNpoCTPaHSIOUIHXCA PelleHnft, MH HafaeM
BKJajJ, TMPONMOPIHOHANbHHEA pelennio sech ko2, ONHCHBaIOUEMY CBS-
3anHble cocTosHHA. TONBKO TOrAa, KOrda MW BKJAIOYaeM BKAAX OT CBfi-
3aHHHX COCTOAHHA, MH HMeeM RNOJHYIO cHcTemy ¢yHKuHE. YTo6H mO-
JYYATb 3TOT Pe3ynbTaT H3 NPHBEAEHHOrO BHILE pPEIIeHHsd, 3aMeHHM
(2.7.11) ROHTYpPHHIM HHTerpasoM. [Ja NOJOXHTEJIbHHX 3HAYEHHA X
H z MBl MOXE€M 3aMKHYTb KOHTYpP B BepXHe#l NOJYMAOCKOCTH KOMM-
JNIEKCHOM TINIOCKOCTH Ry, ecin Imn > 0. H3-3a Hannuus uiena exp(inz)
BKJaA OT AYTH Ha GeCKOHeUHOCTH GyJeT TOTrAa 3KCMNOHEHUHANbHO CTpe-
MuTbCs K HYM0. Tak Kak ) ==A/k2 — k2, MOAWHTErpanbHOE BHPaKEHHE
MHOr03Ha4yHO, H MH AONKHH BHOpaThb paspe3 TakuM 06pa3oM, YTOBH
rapaHTHPOBATL BCIOAY BhinoJHeHHe ycaoBHf Imn > 0. CooTBeTcTBYIO-
HIKA KOHTYP Jlerko BHOpaTh, €c/M NMPHHATb CHayana, uUTo Ry ABJAAETCA
BeIHYMHONA C MaJoil KOMNJIEKCKOR 4acTbio, TaK 4TO Ro—> Ry -+ ie. [DT0
MoxeT OHTb JAHOO pe3yAbTaTOM BBeleHHs B cpely Majofft nHccHna-
uun, AM60 Pe3ybTaTOM MPEANOJOXKeHHs, YTO B 3alaye 3aBHCHMOCTb
OT BpEMEHH BKJIOYaeTci NocTeneHHo (aguabaTHYecKH) 3aMeHOA
e—iot ya e-tle+iat ] Tonarag k,==0 4 it, NOAYUHM Na=71, + in; =
= 4/(ky ¥ ie} — (¢ + ix)2. BosBoAs B KBajpat M pasfienss fefcTsu-
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TJAbHYI0 H MHHMYIO 4acTH, NOJAYy4YHM
no-n=k—e—o'+7,

(2.7.12)
N, — N == k@ — o7,

Tak xak MH TpeOyeM, 4ToOH ny > 0, MH onpefieJIHM CHa4ala reoMe-

TPHUECKOE MECTO TOueK, AAs Koropux 7y = 0. Hs sroporo ua ypasie-

Huft (2.7.12) BuAHO, 4TO 3TO reOMETPHYECKOE MECTO TOYEK ABJAETCA

paBHOGOuHOR runep6osiof ot == kee. M3 mepsoro ypaBnenus (2.7.12)

r=lmiy

1 1
®, V2K,  O=fReky

Prc. 2.3. Kontyp HHTErpHpPOBaHKS AJR BHYHCACHHA HHTerpaia B (2.7.11).

MBl BHAHM, 4TO Ha 3TOR rhmepGoJe 1, 6yAeT PpaBHO HYJMIO NPH O == R
H v ==g. TaK KaK 12 NMOJ0XHTENbHO, MBl AOJIXHH OrPaHAYHTb O H T TOA
4acTbio FHNEPOONH, rie o << ko H T > e. TakuM 06pa3oM, BeTBb pas-
pe3aa I' B nepBoM KBaApaHTe uaer ot (0, T) = (ko, &) no (0, t)=(0, o),
KaK noka3aHo Ha puc. 2.3. ®dyukuua v Gyxer, raknum obpasom, Aeil-
CTBHTeJMbHA BAOAbL JAHHHH I', Ho pa3pHBHA NpH nepexoie yepes Hee.
Yro6H onpeAesHTb NMPHPOAY PaspHBa, 3aMETHM, YTO €CJH MH JBH-
XKemcs oT I’ K Touke Hag I', 160 yBeNHUYHBas ¢ NPH MOCTOSAHHOM T,
NKGO yBeaHyHBaA T NPH MOCTOAHHOM O, TO npaBas 4acTb B (2.7.12)
CTaHOBHTCA OTpHUATeAbHOM. JleBasA YacTb Takxke JOMXKHA GHTb OTPH-
naTteabHOH, B TaK Kak 1 > 0, Mbl BUAHM, YTO 1), AOJIAKHO GHTb OTpH-
uateabHuM Hap I'. Ananoruwso, n, > 0 nox I'.

TMonbinTerpaibHoe BHpaXKeHHE CONEPKHT TaKXKe MNOJMIOCH OpH
ky=+ ,‘/2 ko. CHoBa 3ameHfA kg uepe3 Ry -+ /e, MOXKHO NEepPeABHHYTh
nojlocH B NepBHA H TpeTuRt kBagpanTn. Ha pHe. 2.3 nokasan KouTyp
AnR Boyucaenns uHuTerpasa B (2.7.11). Illostomy npexcrasienng
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¢ypbe 3BYKOBOI'O noas MoXeT OuhTh HepenucaHo B BHAE

p(x, 2)=2ni (Buuer nomoca npn k, =+/2 ko) —

in—th
- % .S de'teti™ 'ﬂn—ngkiz . (27.13)

Bknaa or nomoca pasen (iQ/44/2)ef V¥ hssechkyz, a wmurerpan
BOKDYr pa3pe3a-—3TO HHTerpaj, rfie 7} MeHSieTcss OT ¥ =—oo J0
n =0 BAOAbL BepxHefl CTOPOHH paspe3a NJIOC HHTerpaa or 1 =0 xo
1 = + 00 BAONL HHXKHell cTOPOHH pa3spe3a. [IpeoGpa3oBuBas HHTErpan
B HHTErpan J0 1 HOCPEACTBOM 3aMeHb k,=1/k§ —n® n dk, =
=— N dn/k,, MH NONYYHM OKOHYATEJNbLHO

p(x, 2) =‘4:2/2~ ¢ VTR HAR soch byz +
+ _3‘_ °§ dne'™ (in — kg thkez) F(n),  (2.7.14)
rae -
N[
Fln)= w;i T (2.7.15)

Kak ykasuBanoch Buiule, camyu 1o ceGe Gysxunu e (in — ko th kgz)
C RefACTBHTE/NILHEIM 1] HE COCTaBARIOT NOJHOR CHCTeMH GyHKnuA., Mu
BHACAH, 9TO MHYXHO BKJIOYHTb H BKJaA OT CBSI3aHHOTO COCTOSHHA
sech koz. 3aMeTHM, 9TO STO MOXHO CleJaTh BHYHC/AEHHEM (YHKIAH
e (in — kq th ko2) npu == ike.

Ynpaxrernue 13
[ToxkaxHTe, YTO0 pemeHRe, ONHCHBAWINEe CBA3aHHHE COCTOXHEN, OPTOTOHAABHO
PacnpocTPaHAIOMHUMCS DElCHHAM, T. €.

S dz sech ko 2 (i1 — ko th koz) ™ m 0,
-0

2.8. OBLLHA NOAXOA K NPOBJIEME PACCEAHHA

Ans J0KaAH30BaHHHIX NOTEHUHANOB 4 (X) Bce pelleHHS ypaBHEHHA
Ulpéaunrepa

Y+ —u(x)]y=0 (2.8.1
CBelyTCAl IPH X, CTPeMslleMca K 00, K JHHeAHOH KOMGHHAUMH (YHK-

unit exi*x Jlna 3amaun paccessHusi Ha GeCKOHEYHOM HHTEPBafe CTalo
o0niynpIM (MB CleAyeM B 3TOM pasiene usaokenuo Paapaeesa [35],
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[36]) BuipaxaTh Bce pelnennss ypasHenus llpémunrepa B BHAe Ju-
HeflHBIX KOMOHHAUHU# peluenus f(x, 2) (kKoTopoe mpH x, cTpeMslleMCs
K 400, cBOAHTCA K ei**) u peweHnan fy(x, k) (cBomsulerocs npu X,
cTpeMsAilemMes K —oo, K e~*%), 1. e,

z-l-:T e~ **f, (x, k)] =1; lirf [e™**fo(x, B)]=1. (2.8.2)

DTH pellleHHs 4acTO Ha3WB2IOT PYHAAMEHTANbHEIMH PELICHHAMH ypaB-
Henus [Ipénunrepa (nan pynknuamu Mocra).

dyuaaMeHTaNbHble PemIeHHA

XoTs AJas 0pOM3BOJABHOrO [OTeHUHana (yHAAMEHTaJbHHE pelue-
HHSl He MOTYT GHITh ONpeAeJieHH B IBHOM BHJE, MHOTHE H3 HX cBOACTB
MOryT OHTh YCTAHOBJEHH NPH PAacCMOTPEHHH HEKOTOPHX KHTerpasib-
HHX YpaBHEHHH, KOTOPHM OHHM YAOBJETBOPAIOT. DTH HHTErpaibHHE
YPaBHEHHS MOXKHO NOJYYHTb, CUHTas, YTO WieH 4(X)y B ypaBHEHHH
(2.8.1) sBiseTC HEOAHOPOAHLIM YJIGHOM B NpPaBoii YaCTH ITOTO ypas-
HeHHA, K 3aTeM MNOJABL3YACh METOAOM BapualHH napaMerpoB. Paccma-
TPHBasi ABa CJydYas, COOTBETCTBYWolHe NpefeibHMM ¢opmam (2.8.2),
MH Jierko HaxoguM (ynp. 14), uto

hilx, By=e* — 2 {d¥ sink(x— x)u ()R (¥, ), (28.3)

x

falv, By=e"* 4 { dx'sink(x — )u()folx', B). (2.8.4)

Ecau u u(x), n k— nefictBuTesbHbe BeNHuHHH, TOf, (¥, —k)= f](x, k)
B f,(x, —k)=[(x, k) TAe 3BE3A0YKA O3HAYAET KOMIJIEKCHO-
COMPSKEHHYIO BEJHYHHY. DTH PaBEHCTBA ABJAAIOTCA CREJCTBHEM TOTO,
970 (QYHKUHHM YAOBJETBODPSAIOT OLHOMY H TOMY e HHTEerpaJIbHOMY
YPaBHEHHIO K HMEIOT ORHH H TOT XKe aCHMIITOTHYeCKHHA BHA.

Ecan 64 Ham HYXHO GHJIO peliaTh STH HHTErpajbHhe YpaBHEHHS
MEeTO/IOM HTepalHil, HanpuMep, NOACTaBAAS B ypaBHeHne (2.8.3) BMme-
c10 fi(x, k) dyukuuio e** u 1. A, Mbl Hauy 6u, yto Ans Imk >0
DOJY4YHBILHECH HHTerpajn cxofaTcsa. Kpome Toro, H3BecTHO, 4TO MNO-
JAyyaoluleecss pasloXeHue B PsA ANA HUHTErpajbHLIX YDaBHEHHH THUna
BoabreppH, noxo6uux ypaBHennaM (2.8.3) n (2.8.4), Bcerna cxoanrcs
[81]). Cnenoarenrho, fi(x, k) sBAseTcA aHAJIHTHYeCKOH (YHKUHed B
BepxHeft MONYNJOCKOCTH KOMMJEeKCHOR NJAOCKOCTH k. AHAJOTHYHO Ha-
XOAHTCS, YTO 3TO CNPABEANHBO K sia QYHKUHH fo(x, R). Takum obpa-
3oM, ana Imk >0 o¢yakunau f, u fs YHOBAETBODAIOT YypaBHEHHAM
(2.8.3) u (2.8.4) cooTBEeTCTBEHHO.
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Ynpaxrenue 14

Meronom Baprauny napamerpos noaydnre QyHnAamentanbuue pemesds (2.8.3)
H (2.8.4). Konkpernee, sanumnre pewense ypasHenna (2.8.1) B Brze y o= A(x)e** 4
x

+ B(x)e~** ® poxaxute, 94T0 MOXHO NOTYSETh A (%) = (2!&)"‘8 dx’uye 4% + Cy,

0
x

B (x) = (2i8)"" de'uye“"’-a-c,. Las f,(x, k) noayunte, w10 C, == 1 — (2(R)~'X

0
oo

X { dxuge=t* u C:'-"(?lk)-l§ dx'uge™ . Ilan fo(x, k) nonywsre C,=
0

0 0
s (218) ! S dx'uye”™ ¥ y €, =1— (2k)™! S dx’uye’®’.  Coorsercrayiomne

byukunu A (x) 1 B(x) Tenepn naloT peayabTaTH, npHsexeHsse B (2.8.3) w (2.8.4)

CooTHOmeNHe 1A% BPOHCKHAHOB

Onpenennm clienyloHIHM o6pa3soM BPOHCKHAH ABYX JMIOGHIX pere-
uuft ypasnenns Hipénunrepa (2.8.1):

W (45 9) =41y, — 99, (2.8.5)

(ans ynobcrea B noclelyiolleM 3TO Bhipa)KeHHe OT/AHYAeTCA OT O6HY-
HOro onpefleieHHsi 3HAaKOM «MHHyc»). B ypaBuennn [lpéaunrepa
(2.8.1) xer ujeHa ¢ nepBOi NPOH3IBOAHON, NMO3TOMY BPOHCKHAH ABYX
N00LIX JIHHEHHO HE3aBHCHMBIX PELIeHHA ABASETCH NOCTOAHHON BeAH-
YHHOM, KOTOpas MoxXeT 3aBHceTb OT k. Tak kKak ¢QyHaameHTaabuHe
pewenus fy(x, k) W fa(x, ) npuHHUMalOT NpocTHe npeAenbHne GOPMH
(2.8.2), nerko BHYHCAHTD HEKOTOPHE COOTHOWEHHS AJA BPOHCKHAHOB.
B 4acCTHOCTH, BHYHCAASA fi IPH X —> 00 H f; NPH X —> —00, NONYYHM

Wfi(x, &) Fi(x, — R)]=2ik, WIfy(x, k); [2(x, — k)] =—2ik. (2.8.6)

Tax xak no6oe Tperbe peuleHHe MoXeT OHTbh BHPAXKEHO KaK JxHef-
Hasi KOMOHHaUHf ABYX JHHEAHO He3aBHCHMHX pelleHHH, MOXHO 3a-
nHcaTh

fa(x, ky=c; (k) [\ (x, k) +c,p(R) i (x, — &), (2.8.7a)
fo(x, B)=cy (R) fa(x, — k) + cna (k) f2(x, k). (2.8.7b)

M3 npeseavunx ¢opM ¢(yHAaMEHTaJALHHX pelueHHA BHAHO, 9TO
(2.8.7a) npeacrasasier co6oft pewieHne ypaBHeHus LlIpéannrepa, Koto-
poe NMpH x> —00 CBOAHTCA K €~'*%, a npu X~ 00 — K JAuHeAHON KOM-
GunalHH cue** 4 ci;e—'**, T103TOMy 3TO pelieHHe COOTBETCTBYeT 3a-
fayve paccesHHs, B KOTOPOH H3 x == 400 #a pacCeHBaICWIUR NOTEeHUHaN
u(x) nanaer pojHa ¢ aMnauTynof ¢i3. Bosna orpakaercs ¢ amnaury-
nof ¢1;, & MPOXOANT Ha —o0 C EXAHHHYHOR aMINHTYROA, KaK NOKa3aHO
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Ha pHc. 2.4, a. Tlogo6uum ofpazom (2.8.7b) mpeacraeaser coGodl pe-
lleHHe PaccesaHHs, Te Najaiollas BOJHA NPHXOAHT H3 —o0o0, KaK Mo-
Ka3aHo Ha puc. 2.4,6. (CooTHoumleHHe MEXAY Pa3/IHUHHMA PEIICHHAMH
aHANOTHYHO TOMY, KOTOpOe yxe BcTpedanoch B (2.5.10) ans runepreo-
MeTpHUeCKHX QyHKUHR.)

ulx) l Paccevsarouas odracms
&

cp(h)eHr
ere B
¢y (k)=
——
(a)
utx) Pacceusanuwjar obracmd

. ke
@ e
——
e,,(l)e'u"
S ——————
(6}

Puc. 24. Paccesnne Bo, nazaoumnx: (s) copasa; (6) caese.

Jas o6BYHO HCMOAB3YeMbX K03 HHUHEHTOB OTPAKEHHA H NPOXOK-
ReHHA B C/Ayyae nafaiouled BOJNHbH eIHHHYHOA aMIIATYAN MW HMeeM

ey (B) 1
Rk(k)ﬂ-g':"—(;-)-. TR(k)-——-W. (2.8.8)

FAe HHAEKC R OTHOCHTCS K BOMHe, nagawulef cnpapa. AHaJOTHYHO,
AAf Danamolied caAeBa BOJAHH e€AHHHYHOA aMANMHTYAW MH HMEeM COoOoT-

HOUIEHHSA
Roy=20, T.0=r- (2.8.9)

Mexay xosdduuHeHTaMH ¢y ecTb PAL COOTHOWeEHHA, KoTOpHe Gy-
Ag'r Teneph cBeleHn BoexuHo. [Toactamass fi(x, k) us (2.8.7b) B
(2.8.7a) u npupaBruBas kospduuneHTH npH f2(x, k) B f2(x, —k), Ha-
XOXKM, 4TO JAJISi COBMECTHOCTH 9THX YPaBHEHHA HYXHO, YTOGH BHMNOJN-
HSAJIHCh COOTHOILEHHSA

1 ==y, (R) cna (k) + 12 (k) c51 (— &),

0 =c;; (k) cg; (B) + €13 (R) C2 (— k). (2.8.10)
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AnanornyHas noacranoBka (2.8.7a) s (2.8.7b) naer
1 == ¢y (R) c1a(—k) + g2 (k) €1, (R),
0= ¢y (k) ¢ (—&) + 32 (R) €12 (k).

Hanee, noacranoBka (2.8.6) u (2.8.7) B pas/iHYHHE BO3MOXHHE CO-
OTHOWIEHHS JJI BPOHCKHAHA H HCIO/ML3OBaHWe TOro ¢aKra, 910
W{fi(x, &); fi(x, k)] = Wlfa(x, £); fa2(x, k)] = O, naer
cn (k)= W [fa (2, &) fi(x, —F)],
e () = 5 W [fa (5, —R); Fulx, B, (2.8.12)
cia (k) = (B) =55 W [f1(x, k) fa(x, R
M3 nocaeanero B3 stux cooTHoweHuf caeayer, uto Tp(k)= Tr(R).

Yro6w noka3aTb, 4TO AAS AEHCTBHTEABHEIX & H R HMEIOT MECTO COOT-
HOIICHHS

(2.8.11)

crp(—kR)=cy(k), ¢, (k)= —cy (k)= —c(—k), (2.8.13)
MOXHO HCMIONb30BaTh coOTHOWeHHs f;(x, — k) =[,(x, k) pas i=1, 2.

Torpa cosMecTROCTb ypaBHenuit (2.8.10) u (2.8.11) paer
fen(R)P=1+]cn(R)F=1+]cxn(k)F, (2.8.14)

970, coraacHo (2.8.8) u (2.8.9), MoxHO 3anHcaTh B BuAe
1=|T (k)P + IR (k)P =]T (k)P +| R, () P. (2.8.15)

Hs (2.8.10) g (2.8.11) nomyunum

Rp(R)T (—k)+ R, (—k)T (k) =0. (2.8.16)

DT10oT MOCNeAHHA pPe3ynbTAT AAeT NOJNe3HOe COOTHOUIEKHe MeXAay Ry
B Rz Haxonen, Mui iMeeM RL (— k)==R. (k) n aHanornusoe cooTHo-
uenne A Rz (k).

Ynpaxmnenue 15

CpastinTe &CHMNTOTHYeCKHe BHpAMEnHn Axsa (2.84) = [28.7a) opa x—+ oo
B HOKAXHTE, YTO

e ®) =gy | dre=%%u () (s, ),
Cra (k) w1 "'E}»‘ S dxe'™y (x) Iy (x, W),

-oe
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ITokaxknTe, TakAM 06pa3oM, 9TO AC TeX MOP, MOKa S dx’u (x") f2 (x’, 0) 5 0o, cpa-
BEJIHBO COOTROLIEHHE o -
41! - —
R R (0) e 0) 1.

AHaJorHYHHIA pe3ysabTaT HMeeT Mecto Aas R (0).

Moawckl x0spdrunEHTa NPOXOXKAECHHS

Mu yxe BCTpeyalHCh C HEKOTOPHMH KOHKPETHHIMH NPHMepaMy, B
KOTOPHX AJs NoJiyuyeH#s: HHPOpMAallHH O JIOKAJIH30BAHHHX peIleHHsX,
H/H pellleHHAX, ONHCHBAIOIUX CBA3AHHHWE COCTORHHSA, HCNOJb30BANOCh
PacloJIOXeHHe NOJIOCOB Y KO3(D(HUHEHTOB OTParKeHHA M NPOXOXKjie-
HEs B BepxHel nosyniockocTd. Cefiuac MH pPaccCMOTPHM STOT BONpoOC
B Gonee obmem Buge. M3 (2.8.8) u (2.8.9) sacHo, uTO Hac HHTepecylOT
HYAH C12(k). Bo-nepBux, n3 (2.8.14), koTopoe CIpaBeiJIHBO TOJbLKO
A8 AeACTBHTENbHHIX R, BHAHO, YTO C;2 HHKOrAa He MOXeT obpailaThcs
B Hyab, eciy Imk = 0. Takum o6pa3om, Bce HYJH Cj3 PACNOJOXKEHH
BHe [eACTBHTEJbHOA OCH. BO-BTOpHIX, MOXHO TaKXKe NOKas3aTb, 4TO
ANS ReHCTBUTENbHLIX NMOTEHLHAJOB BCe MOJIOCH B BepXHel noaymJo-
CKOCTH [O/KHH OHTb Ha MHHMOH ocH. UTtoOn yOeanTbcs B 3TOM,
NPEATONOKHM, YTO OAHH H3 NOJNIOCOB JIEKHT B TOUKe B==K¢, H 3a-
nHIeM

.9
f + k,,y.= u(x) y.. (2.8.17)

rie y Moxer OWTb JMIOGLIM H3 ABYX (yHAaMEHTaJbHHX peuleHHA, a
Y* — KOMIUIEKCHO-CONPSEHRAs TOr0 pemen’is. YMHOXas nepBoe us
3THX ypaBHeHHAi Ha y*, BTOPOe —Ha y, BHYHTas# H HHTErpHPYs MO
BCEM X, NOJYIHM

@y — 95" Te=—(i— &) { dxiyr.  (28.19)

JleBas wactb ofpamiaercs B HyJb, TAK KaK BHpaXkeHHe B CKOOKax —
3TO OAHH u3 ABYX BpoHcKHaHoB (2.8.6), u, Takum o6pasom, umeer
OAHO H TO Xe 3HayeHHe B 060HX mpexesax. 3anucuBas Ry == Ry, 4 lkol,
MH HaxXojiHM, 4To MHMMas yacth (2.8.18) paBma

Eorkos S dx|y P =0. (2.8.19)

Takum o6pasoM, kor =0, Tak Kak ky 7= 0, KaK OTMeuanoChb BHILe, H
HnTerpan npd Imi& > 0 fABAsAeTcA KOHEUHOHR NOJIOXKHUTEJALHOR BesH-
YHHOH.
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Hakonen, ecain c¢3 o6pamaerca B BYab, 10 [i(x, ko)  fa(x, ko)
AMHeAIHO 3aBHCHMH, TaK Kak TorAa (2.8.7a) u (2.8.7b) maior

fa(x, ko)== cy1 (ko) 1 (. ko) (2.8.20)

H Co (ko) = 1/cy (ko).

NOCAENyIOHIHX NPHAOKEHHAX HYXHO GyJeT 3HaTh BHYET B Kax-
JoM nojioce AJia BeAHUYHHHW 1/c;3(k). CremoBatenbHO, MH JOMXKHH
BHYHCIHTD Gy (k) 5 deyg (RYdE [gms,, TRE ki siBARETCA [-M HYyNEM Ci2

Ha MHUMONR ocH B BepxHefi noaynaockoctH. M3 mocneanero u3 coorHo-
wenuft (2.8.12) umeem

bl = 5 W If 1+ W s D=
=g )W il Pl +eak) Wi ). (2821)

B nociefHeM COOTHOIIEHHH BPOHCKHAHH MOXHO BHYHCJIHTH CleRYIO-
M o6pasom. M3 ypaBnenus IlIpénunrepa MoxHO 3anHcath

fi(x, &)+ B[, (%, R)=u(x)[, (%, &), 0.8.92
B (5 k) + B (5 k) =u(®)], (% k). (2.8.22)

YuMuOXas nepsoe K3 STHX ypaBHenu#lt ua f(x, &), BTopoe — Ha f(x, k)
H BHIYHTaA, HAXONHM, YTO

o (5, k) Fix, B)— F(x, By (x, )] —
— (k' — &) i (x, B)Fy(x, k) =0. (2.8.23)

Nunddepentuupyns 3T0T pe3yavtaT Mo k U nojaras 3areM k= ki no-
AYy4YHM

Wi (5, ki holx k)l=2k([Fi(x, RO (2.8.24)

HurerpupoBanue or x A0 400 jgaer

W ifi(x, ko) hilx, k= —2k a2 [ (2, k0P, (2.8.25)

TAK KaK BPOHCKHaH, BHYHC/JAEHHHA B BepxHeM npeaese, npu Imk > 0
o6painaercs B HyJb. AHAJOTHYHOE BHUHC/IEHHE NOKAa3WBaer, 4To

W[fz(x. kl); fz (xn kl)]=2kl S dx’ [fa(x'. kl)lzt (2-8.26)
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u Torxa (2.8.21) naer ¢popMmyay aas cz(ki)1

1 1
iy == Res m]_m_ . .
[ astie t0 hote, 00 (282D
Yro6u nepenucath ITOT Pe3yALTAT B BHAe

{ axcnevilhi(x, )P =1, (2.8.282)

-o0

1

{ dxcaR)wiihin kOF=1, (8.8.98b)

MOXHO HCMOJb30BATh ypaBHenne (2.8.20). Taxkum o6pasoM, BeJHUHHH
Tyecri(R)]12 u [yicaa (k)] sBAAIOTCA HOPMHPOBOYHHMH MOCTOSH-
HHMK JAdS BOJHOBWX GQYHKUHA CBA3aHHWX COCTOSAHMA fi(x, &) H
fe(x, ki) coOTBETCTBEHHO.

HcnoansoBanne cootHowenus (2.8.20) naer takxe

k)= —icy (k) § dxlfy(x, R)P. (2.8.29)

MoXHO BOCTIONBL30BATLCA STHM Pe3yAbTaToOM, YTOGH NOKAa3arTh, 4TO
npu aefcTBHTEJNLHOM NOTeHLHade €3(kp) HHKOrAa He ofpaluaercsa B
Hyab. CleloBaTeNIbHO, BCE HYJH Cjg, T. €. BCe NOMIOCH K03¢uunenTa
NPOXOXKJeHHS, NO/MXKHH GuiTh npocThiMu. Heobpamenne ¢13(ko) B nyan
cleAyeT Kak H3 ycJaoBHst HOpMHPOBKH (2.8.2), KoTopoe Tpebyer, uTo6H
cu He o6paulanoch B HYAb B HYJAAX Ci3, TaK H H3 Bupaxenus (2.8.3),
KOTOpOe II0Ka3HBaeT, YTO AJS AeACTBHTE]bHOrO NMOTEHUHANAa QYHKUHS
fi(x, k) nmefictBuTenbHa B HYAAX ¢y, PKE€ R~ YHCTO MHHMMAaf BeH-
YHHA; TAKHM 06GPasoM, MOAKMHTErpadbHOe BHpaxeHnHe B (2.8.29) mono-
XKHTeJIbHO H HHTerpaJ He paBeH HYJIO.

Tak kaK [, # f; AeACTBHTENbHH B HYASX )3, TO H3 (2.8.27) BuAHO,
yTo y; AekcrBurenvuo. Hakouen, uenonsvsys (2.8.7), MoxHO 3anucaTtb
HOPMHPOBOYHHE MOCTOSSHHbE B BH/E

o0 -1
le"chll(kI)’=“£;_::%=[ S dxfy (x, k;)] . (2.8.30a)

o -1
, Cag (R 2
;== yi0x (k,)==-—;?%k—3-=[ S dxfi (%, k,)] . (2.8.30b)
00

Tak xak f; u f2 AeACTBHTENbHN AJIA MEHMWX R, TO mga H my Takxe
AefiCTBHTENbHHN H MOJOMXKHTENbHE.

Kak ormeuanocs B pasfl. 1.5, Mn BeTpeTHMes ¢ AnHeAAHHMH 3ana-
4aMH Ha COOCTBEeHHBE S3HAYEHHA, KOTOPHI¢ OKBHBAJCHTHW YDABHEHHIO
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Illpénunrepa ¢ KOMNJIEKCHHM NOTeHUHaaoM. B sTHX caywaax noaocw
6oJibllle He AOJMKHB GHTh HH MPOCTHIMH, HH PACMONOKEHHBIMH HA MHH-
MoO# OcCH.

Has nocnenyomux npunoXKeruil 3THX pe3yJnTATOB [10J1€3HO HMEThb
BHPaXKeHHs AAs npeobpasobarufi Pypre K03 (PHIHEHTOB OTpaKeHHR
H NpPOXOXKJeHHsA, BBeAeHHHX (opMynaamu (2.8.8) u (2.8.9). Tak kak
npu GoabliuX kB Ko3hhHUHEHT NPOXOXKAECHHA CTPEMHTCS K EXMHHUE,
yAo6HO onpefeauTh npeoGpa3oBanne CAERYIOUHEM 00pasoM:

I@z)= S-;’-n&e-'"[r(k)—u. (2.8.31)
ra@)= | g " Ra k),
- (2.8.32)
r@= {5 e ™Ru(0)

Kak ormeyanoch panee, npu AeACTBHTENBLHOM noTeHuuane Ry (— k)=
=R.(k); auanoruyno aaa Rg(k). Tlostomy ans AeAcTBHTEABHHX
NOTEHUHaNoB rp(2) ® r.(2) gmehcreutennuul. Ilpn 2 << 0 unrerpan
I'(2) nerxo suuncauTh. Ecin B BepxHefi MOJYNNOCKOCTH HET NOJIOCOB,
To I'(2) obpamaercst B Hy/b. [ins 3afay cO CBA3aHHHMH COCTOSIHHAMH,
FAe ecTb PAA NOJIOCOB B BepXHeR NOJAYNJAOCKOCTH Ha MHHMOR ocH B
TOYKAX B = ix;, HMeeM

n
F@=-2 v, z<0, (2.8.33)
rAe y: Bupaxaercs opmynoft (2.8.27), noacuurannofi npu k; == ixs.

Ynpaxcnenue 16

U3 (2.6.14) r (2.6.15) Buano, uTo A1a noTeHnHana u(x)= —2sech?x ¢yuga-
MEHTANbHBMHE PeUIeRHAME ABASIOTCH I%:ynxunu fi(x, k)= e (ik —thx)/(ik—1) n
fa(x, k) = e="*=*(ik 4- thx)/(ik —1). Tlokaxure, uro cCz(k) = (k—i)/(k 4+ 1), a
en(R) = caa(R) = 0. Takum o06pa3oM, R, == Re =0 # norenunan seasercs OGe3-
oTpaxareabium. Mcnoabayfite B BhpameHwHn Ans notoka vacthu (2.4.3) 8 kayecrse
¢ oyuxumuo f, H NOKaxKHTe, YTO MOTOK- paBen Ak/m, Kak 3710 6naA0 6u B cayyae
NJI0CKOR BONHN ef*s,

Ynpaxcuenue 17
HUcnonssys pesyabrat ynp. 11, nokaxure, 4ro ana noresnmana u(x) = —6 sech?x
GYyHAAMEHTANBHLIME PELICHHAMH ABAAIOTCA QYHKUKH
mx | F A2 43ikthx —3th!x
(& + 1) (& + 2i) !
1 4 k? — 3ikth x —~3th’x
(40 (2 +2)

hix, hy=e

fs (x, k) == g0
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# uTo (k ) (k 9 )
— ) (k—2i
= FFyETm

Ynpascuenue 18

Nuddepenunpys no & audpdepenunansunle ypasunenus Aas ¢ynkunrfl [i(x, k) o
f2(x, k), nokaxnre, ut0
-]

!4 (fl; fz) |;:°:,,=2k S dx (fzfl _flf1)~

- 00

Ynpaxcrenue 19

HOna §-dyuxupu u(x) = 268(x) ypasuenne Ilpeaunrepa (2.8.1) ~umeer Bng
y” + [k —2b6(x)]y = 0. Mokaxure, 1TO PyHAAMEHTAIBHHMY DCIUICHHSEMH HBASKIOT-
c GyHKuRH .
etk x>0,
, R
hi )={ e — (2 sinkr)lk,  x<0,
e~*%% 4 (2b sin kx)/k, x>0,

fa (%, k)={ e~tkr x<0.

Mokasure takxe, uro Ko3bduunentn ci; (k) cyts ¢ (R) = —cpn(—k) = —ib/k
R cia(k) =1 + ib/k, Tak uro R, (k)= -—ib/(k 4 ib) = Rgp(k). 3ts pesyiwTaTu
CNpaBefIMBN KAK AN NOJOXHTCAbHHX, TaK H AN OTPHUZTENLIMX 3HAYeHWA b.

CooTHOwenne MeXAy KO3 PHUMEHTAMH NPOXOXAEHHR H OTPaXKEHHN

Ko3dduuneHT NPOXOXKAEHHA H OTPaKeHHs CBS3aHML YCNOBHEM
coxpanenun suepruu (2.8.15) u coorHowenunem (2.8.16). Cnenyer Bbi-
AICHHTD, HeJb3A JIH BHIPA3HTb KOIDQHIHEHT NPOXOXKIAEHHA TONBKO ye-
pe3 ko3dpduuneHt orpaxenus. Ceflyac Mbl MOKaXKeM, YTO eCaAH HaM
H3BECTHO II0JIOXKEHHE NOoJocoB W Hynefi &ynkuun T(k) B BepxHeh
MOJNIYNNIOCKOCTH, TO KO3(PPHUHEHT NPOXOXMNEHHS MOMHO BHPA3UTD
au60 gepea R, (k), nubo uepes Rq(k).

Chavana paccmoTpuM cayuai, xorga y byuxkuud T (k) B BepxHe#
NONYMJOCKOCTH HET HY HyJed, uy moJtocos. Torga y Jorapupma kosg-
duIeHTa NPOXOKAEHHA TaKXe HET CHHIYJSDHOCTER B 3TOA nonynmo-
CKOCTH, ¥ no Teopeme Koun

InT(k) =& 2 InT Q& (2.8.34)
[

o T—k °

Tak kak T(k)— | npu k— oo, 10 B 3TOM npenese In T—0. Konryp C
MOXHO BbHIOpaTs BAOJb JeHCTBHTENABLHOR OCH OT —oo A0 4-00 K 3aTeM
3aMKHYTb €ro B BepXHef MONYMJIOCKOCTH HAa 6o ¢ NOMOILBIO AYTH TNoJay-
okpyxHoctH. OT ayrd Ha G6eCKOHeYHOCTH BKJajda HeT, TaK Kak
InT(§)—=0 npu |§]—> oo, 0 MOXKHO 3anmucaTh

inT()= | g BTG (2.8.35)

-0



66 T2 2. Bonpocot odromepuoii Teopuu paccesnus

Tak KaK k* JeXHT B HHXXHeH NOJYIJIOCKOCTH M II0O3TOMY BHe KOHTypa
C, MOXHO 3allHCaTb TaKXKe

o0
dat InT Q) ag InT (t)
0"—-‘.-2—“?‘_’:. = Sa;‘.—;_k.. (2-8.36)
c —co

rie NpH HaMHCAHHH BTOPOTO PAaBEHCTBa CHOBA MOXKHO NpeHe6peub KOH-
Typom C Ha OeCKOHEYHOCTH B BepXHeil mosaynJjockoctH. Beps komn-
JICKCHO-COMNPAKEHHOe OT 3TOr0 MOCAEAHEr0 YPaBHEHHR, BHIUHTAsi pe-
syaptaT 43 (2.8.35) n ucnoap3dys (2.8.15), noayuum

_ (4 i —1ROP
In T(k)—— S E—ﬁ—. (2837)
rae B kavectBe R (L) moxer OuThL B3ATa AnGo PyHKuus Rg(t), aubo
¢yukuusa R (C). Taxum o6pa3om, y Hac ecTb peuent noaydenus T (k)
3 R(k), xorza y InT (k) Her cHMryJAspHOCTEH B BepXHeil noaynso-
cKocTH. [laf BLIYHCACHHH YHOOGHO mepenHcaTbh PeaynabTaT B BHEE

. d
ﬁlR(C)l’

d —_ (4t
a5 InT (k)= S i C—R—TRQ ]’

(2.8.38)

rae MH NPOHHTErpHpoBatH mo 4YacTAM. OCOGCHHO JIerKo BHYHCAHTD
uuTerpaa (2.8.38), koraa R({) sABJAAETCH OTHOLMEHHEM NOJHHOMOB OT
{, ymMHOXeHHBM Ha ¢a3oBuii MEOXHTeNb ¢%C. [Ipn nonyuenun T (k)
H3 dopMmynn (2.8.38) mocTOAHHAA HHTErPHPOBAHHA B OKOHYATENLHOM
pesyJibTaTe onpejeasierca H3 Tpebopatus, uTo6ul 7 (k)— 1 npu k— oco.

Ecan y noawiuterpanbuoro Buipaxcenus (2.8.38) ectb nosioc nep-
BOFO MOPsS/KAa Ha NeACTBHTENbHOM OCH, TO HCXOAHHH KOHTYP B (2.8.34)
JOJKEH OHBTh OTOXAECTBAEH C MNOJYOKPYMHOCTbIO B BepXHed moay-
nnockocTy. Torpa unrerpan B (2.8.38) nouuMaerca B cMHICAe TIvas-
HOro 3HaYeHHf.

B kauecTBe npuMepa pacCMOTPHM OTTAJKHWBAKOWIKA NOTEHLHAJ,
Bupaxenubi O-pynkunedr. Tlo dopmyne (2.4.4) umeeM R (k)=
= —if/(k+ if), p > 0. Torna ypasuenue (2.8.38) npunumaer Bua

o
d ——opp (4 1 R U S
@ T =—2P | S e =~ 0899
Tpebysa, yto6ul T (k) cTpeMHAOCh K eAHHuUE ANA GOAbWIKX B, MH Ro-
JlyyuM BTOpOe BhIpaxkeHde Anf KosdpdHUHeHTa NPOXOXKAEeHHd; OHO
TaKkxe NpuBoAHTCA B dopmyse (2.4.4). Mmeem

T (k)= ﬂk_:i B> 0. (2.8.40)

Ecau y T(k) ects HyaH uaM NOJIOCH NepBOro NOpsAKa B BepXHei
NOJNYNIOCKOCTH B TOYKAX oy M P COOTBETCTBEHHO, TO BHWYHCJEHHE, NO-
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AoGHoe TOMY, KOTOpoe OHJ/IO NMPOAeNaHO Bhillie, MOXKET OhTh BHIMOJ-
HEHO AN PYHKUHH

1~'(k)=T(k)1;[(:::;)(::sf), (2.8.41)

{

KOTOpas Tenepb 06JjafaeT CBOACTBaMH, KOTOpHe TpeGoBaaHch B npe-
ALAYWHX BHUHCAeHHAX oT dyHkuun T (k). 3aMeyas, uTo RJA AeACTBH-
TEAbHBIX k

IT(R)P=IT(R)E=1—IR ()P (2.8.42)

MB MOXXeM C/1efloBaTh TON Ke MpoleAype, YTO H B NPERBIAYLIHX Bbi-
YHCJAEHHAX, YTO AACT

—a g o all — ?]
T(k)=ﬂ(:-a§)(i_::)e"p{_i%l_[lr“i,@l_}' (2.8.43)

B kauecTBe nmpuMepa pacCMOTPHM INPHTArHBAIOWHN MOTEHIHan B
sune 8-pyuknun, ana koroporo Ry = —if/(k+4 iB), p << 0. ¥ ko3p-
(HuHERTa NPOXOXKAEHHA TAKKE eCTh NONIOC npu k = i|f|. M, Takum
obpasom, noaaraem

F by — k—ilBl k+ip

T(k)_T(k)k—}-ilpl"'T(k)k—ip (2.8.44)
H 3aTeM NOJyYaeM TOT Xe HHTerpaj, KoTopuit 661 moayyen B (2.8.39),
3a MCKJIOUeHHeM Toro, 4to Teneps f << 0. Murerpuposanue xaer

d 2~ 1 1
W[nT(k):-;— —m. (2.8.45)

Taxkum o6pasom, T (k)= k/(k — iB), n no popmyae (2.8.44) Mu cHoBa
noayuaem, uro T (k)= k/(k + if), rae tenepr § < 0.

ACHMATOTHYECKOE pelleHHe

Xora B ofiueM ciydae peuleHHe AHPPEPEHUHANbHOrO ypaBHEHHS
BTOPOTO MOpPAAKA C NepeMeHHbBIMH K03pPHUHEHTAMH He MOXeT OHTh
BbipaXEHO B KBaApaTypax (T. €. B BHIe SABHHX HHTErpasoB), MOXHO
NONYYHTb ACHMINTOTHYECKOe pemueHHe ypaBHewusi LlIpémuurepa ans
6onbuIuX £, BHPaXKEHHOE Yepe3 MoTeHUHal ¥ ero npoHasoauue ([111],
[20]). Kpome Toro, 4to oHO ABJjfeTca moJesHo# ¢opMmoft pelreHus
a1 GoAbIMX R, aCHMNTOTHYECKOE pa3sjoxeHne JaerT GeCKOHEUHYIO
nocAel0BaTe/IbHOCTh COXPAHSAIOWMXCA BEJIUYHH, KOTOpbe GYAyT HTpaTh
BaXKHYIO POJib NIPH PACCMOTPEHHH CBA3H TEOPHH PACCESHHA C HENHHEH-
HHMH AndpdepeHUHANLHHMHE YDaBHEHHAMH B YaCTHHX INPOH3BOAHBIX.

3anucas pyHaaMeHTabHOe pelileHHe f; B BHAe

fa(x, k)==g-itsthiz. b, (2.8.46)
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MOXHO [OAYYHTb €r0 aCHMNTOTHYECKOe pa3znoxenHe. Cornacho (2.8.2),
MB JOJXHH NoTpe6oBaTh, 4TO6H A{—oo, #) = 0. Ypasuenue llpéann-
repa (2.8.1) ans byskunu h(x, k) npumer BuA

B — 20k + (WP =u; (2.8.47)

OHO ABAAETCA ypaBHeHWeM PukKaTH ana A’. IT0 ypaBHEeHHE MOXKHO
PeLIHTh, BBOAA Pa3jioXKeHHe

’, . gn (%)
K (x, k)—-”-o————(m)n T (2.8.48)

MoxHo moka3ath, 4TO PSR ABAfETCA acumnrotaueckuM {111} B ToM
cMuicae, uto ([64], ra. 17)

N
’ N &)y

:Lnl {h (x, &) Z @R }k 0. (2.8.49)

Ecau (2.8.48) noacrasuth B ypaBHenue Pukkatu (2.8.47) # npupas-

HATb YIEHH C OXHHAKOBBIMH CTENEHAMH R, MBl NOAYYHM g = —u,
B=g=—u. .
a-

81 =8+ X Enlypmiy B1. (2.8.50)

[Tepsuie KO3 PuLUeHTH BHpaXKalOTCH CAeAyloUlEM 006pa3oM:
Go=—1u, G1=—t, g=—u"+ut, gg=—u" +4u,
ge=—u"+5u' P +6un”—2 urT R

H3 copmyan (2.8.7a) Buaro, HTO npejenbHHe (OPMB PelueHHsi
falx, k) nMeroT BHI

(2.8.51)

—iks X —»-— 00,

Bt B~ { Gk e, 5o g o
CnenoBaTeNbHo, Npu X—+=--o00 fa(x, k)et**—»cip(k)+ cqy(R)e**, u
ans Imk > 0 HMeeM

lim f,(x, k)€™ = ¢y, (R). (2.8.53)
X=poo

(2.8.52)

Us (2.846) u (2.8.52) mnonyunm h(oo, k)==Inci2(k). Tak kak
h(—o0) =0, unTerpupoBanne pasnoxenua (2.8.48) mo Bcedt ocu x
naer

h(oo, )=Inca(t)=) ——cr | dxga()  (285)

n=0

Teneps, KOrAa B CTAHOBHTCSA GOJIBLINM, TaK 4TO k2 > u, MOTEHLHan
B ypasHenun LUpéaunrepa cTaHOBHTICA npeHCOPeXHMO MankiM H BCA



2.8. O6wult nodxod X npobaeme paccesHus 69

9HEPrHus BOJHB NMPOXOAHUT Yepe3 paccenBaTenb. TakuM o6GpasoM, npu
k—o00 c¢13(k)—1. CooTBercTBeHHO B 3TOM mnpefete Inciz(k) crpe-
uurcs K Hya10. Ec/M BBECTH acHMNTOTHYECKOe pasiioxkeHue In¢y(k) =

= Z Co/R" B CPaBHHTL KO3 HLUHEHTH ¢ KOIQPULHEHTAMH pa3foxe-
nua (2 8.54), To noiyyutcs

1 oo
Cp ___.W S dxgn_l(x), n= l' 2, 3, .... (2.8-55)

3TOT pe3yJnTaT OKAaXeTcd OueHb MOJE3HHM MPH HCNOJb30BAHHH
STHX aCHMNTOTHYECKHX PasJiOXKeHHA AAA pellleHHs 3BOJIOLHOHHHX
ypaBHeHn#i. PaccMaTpuBas HeKOTOpHe CTaHAAPTHHE IpefesbHHe Cay-
4aH, MOXKHO MOHATL 3HaueHHe (YHKHuA g, AaBaeMuX d¢opMysamu
(2.8.51). Cayvawo MeaneHHOrO H3MEHEHHR MOTEHHHaJNa Ha AJIHHC
BoJHB coorBeTcTByeT BKB-pemenne Boanosoro ypasHerusa (([96],
pa3x. 28). Ero MOXHO 3fiecb NOAYYHTh, NpeHebperasi BceMu NMPOU3BOA-
HBIMH B BHIPaXeHHAX ANA £n(X) M HCMOJB3ya NPHOJHNKEHHBIE COOTHO-
WeHHSA go == —U, gr=u?, ge=—2u3, ... H Goap1=0 a7 k=0, 1,2, ....
Ecan norenumnan man, tak uro 4 < k%, npHMEHHMO NpHOJIHXEHHE
Bopna ([96], pa3a. 26). Ero MoxHO 3iecb NONYYHTDb, COXPAHAR TONBKO
YjeHbl, JHHeAHble OTHOCHTENABHO (QYHKIHH 4 M €e NPOM3IBOJAHHX. ITO
Aaer go= —u, g = —u', ga=—u", ga=—u"', gi=—uv,

Ynpaxcrenue 20
fIps meanenHoOM R3MeHeHHH QYWKUHH u(X) Ha paccToAHuH k—! MOXHO Guao Ou
X

OXCHAATD, YT0 GYHKUHA f2(x, k) Oyaer uMmern BHA fr==exp § — i S dx’' (VR = u—k)—

—ikx ¢, TloxauTe, YTO NPH NOXCTAaHOBKE 3TOr0 BhIpameHHA B (2.8.46) noayueHubic
3HAYEHIA g, COTNACyIOTCH ¢ NPHBEAeHHLIMH Bhile 418 BKB-npeneaa.

Ynpaxcuenue 21

Tpubanxenne Bopna aas f(x, k) noayuaercs, eciu B NOABMHTErpanbHOM BHpa-
Kewun B (2.8.4) notoxuTs PyHKuno [o(x, k) pasHod e~'**. PaccmorpHTe HHTerpan
KaK Manyio NOnpasKy K e“"‘ H NOKaXKHTe nyTed MOBTOPHOrO HITErpHPOBAHHA NO

QacTRM BHIPaXKEHHA AR Iy g (%, B)fy(x, k), uro KOIpPHUHenTH npn (2ik)—* coraa-
CYIOTCA C TeMH, KOTOpble GH/IB NpHBeleHH Bhiite AR npuéausmenun Bopua.

YHCAO NONIOCOB B BhiPaKEHHN AAR KOI(DDHUHEHTA NPOXOKAEHHS

B ofumem cnyuyae u3 paccMoTpeHus PYHKUHH C12(k) He BHUAMO, Ka-
KOBO YHCJIO MONIOCOB B BepxHe#d NOJAYNVIOCKOCTH B BHpaXKeHHH AR
Kko3pduunenta npoxoxacuus. Ilonesso HMeTbr MeTOoA oOnpeneneHHs
NOJIHOFO YHCJA OTHICKHBACMBIX NOJIOCOB, 0COGeHHO B TeX cayyasx,
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KOUJa 110/110Ca HaXONATCA YHCAEHHO. DTO MOXHO cAesaaTb, 3aMmeyas,
4TO YHCAO NPOCTHIX NOAIOCOB N naerca BhHIpaXXeHHEM

N=§or L2 (2.8.56)
c

2ni ca(k)’

riae TouKa osHavaer AuppepenuupoBanue no £ H C — KOHTYp B Bepx-
Helt NONYIINOCKOCTH, OXBATHBAIOLIHI Bee HyAH cja(k). UTo6n noayuutb
3TOT pe3yJbTaT, 3aMeTHM CHauana, 4TO Cja(k) CTPOHTCA COTJacHO
¢dopmyne (2.8.12) u3 dyHnameHTanbHHX pelteHH f; W f2, aHANIATHU-
HLIX B BepxHeil nonynnaockocrd. IToaroMy BHYTpH KoHTypa C y ¢j2(k),
a Takxe y ¢ia(k) Het nomocoB. BHyTpH 3TOro KOHTYypa BK/AAX B YHCHAO
NOJIIOCOB MOTYT BHECTH JHIIb HYJNH Cj2(k). Eciin B kauecTBe KOHTypa
C n3ath AefCTBHTENLHYIO OCh, 3aMKHYB ee Ha GeCKOHeYHOCTH B Bepx-
Heil NMOJIYyNIOCKOCTH C MOMOWIBIO AYTH MOJYOKPYKHOCTH, TO BKJIafa OT
Ayru na G6ecKoHeqyHocTH He Gyxer. ITo ClefyeT H3 aCHMNTOTHYECKOro
BUAA C12(R), 3amucHBaeMoro Kak Ci2(k)— 1 ~ k! npu |k|—> co. Ta-
KHM 00pa3oM, Ciafci2 ~ k=2, H HHTErpas Ha Ayre MONYOKPYIKHOCTH
obpawaercsi B Hyas. Ecan Mu 3anuumeM cj2(R)==|ciz|explip(k)] u
3ameruM, 4TO0 [Ciz|—-1 mpH |k|—> co, TO MOXHO NPOHHTErpPHPOBATH
(2.8.56) 1 nosnyuuTh BHIpaXKeHHe

[ Rad
N=ggines(®)| =s-lo(+o)—a(—co), (2857)
CBA3BIBAIOIEE YHCJIO TOJIOCOB C MOJIHBIM H3MeHeHHeM ¢a3n GyHKUMH
€12 NPH RBHXEHHH BROAb AeficTBHTENbHOR ocu. B KBaHTOBOR Teopuu
paccesiHHsl 3TOT pe3yJbTaT H3BecTeH KaK Teopema JlesnmHcona ([90],
pasg. 5) M.

B KkayecTBe NpOCTOro MPHMEPa BCIOMHHM, YTO A4S MNOTeHuuana
u(x) = —2sech?x Mu noayuunu B ynp. 15, uro ci3(k) = (k—i) / (k+i).
®dasa c;; JAaerca BHpaxenHuem ¢ = arctg[2k/(1 —k?)]. Korapa %
npoberaer 3aHauenus or —oo o —1, ¢asa Bospacraer or 0 no n/2.
Tlpu uameHenun £ ot —1 go 0 dasa so3pacraer oT /2 40 5t u NOxo6-
HHIM e 06pa3oM yBeJIHYHBAETCH Ha R NPH ABHKEHUH R K +oo. [Moa-
HOe H3MeHeHHe $a3bl COCTaB/AsET, TAKKM 06pa3oM, 2m, H, KaK H OXHla-
Joch, ypaBHenuc (2.8.56) paer N == 1.

2.9. <OBPE3AHHBIE» NMMOTEHILHAJN 2

Hcnonb3ys HekoTophie o6liMe pe3ysbTaTH, CBA3aHHHE C «06pe3aH-
HBIMH® TIOTEHIHANAMH, MOXKHO PACUIMPHTH Kaace GOpM MOTEHLHAJIOB,
NPHBOAAUIHX K MPOCTHIM aHaJHTHYECKHM pe3yabratam. PaccMoTpum
noxka3aHHbie Ha puc. 2.5 norenuuan u(x) # €obpeaanHuHfi» moTeHuHan

uT (x)wmu (x)6(x — xy), (2.9.1)

Y Cootkowenie (2.8.56) B TeopHH GYHKUHKA KOMNIEKCHOTO NepeMEHNOTO Ha3h-
BAIOT NPHHLUHNOM apryMmenta.— [Tpum. ped.

3 33aXOMCTBOM C HCNIOZNLSOBAHHWM SAech MeToA0M 8 06s3an Kokcy (J. R. Cox),



£.9. «Obpesannsies notenyuarsi 7n

rie 8(x) — eaunnyHas crynenyatas pynxuus. Ecin o6oanaunrs uepes
fi(x, &) u [2(x, k) dynnamenTanbHbie pellieHHA AJf NOTEHUHanRa u(x),
a uepe3 i,T (x, B) u fzr (x, k) — ans «o6Gpe3aHHOro» NOTEHIHANa; TO H3

3’ I
Puc. 2.5. [pou3nonsunii noTeHyuan u(x) B CBA3aHHHA ¢ HHM noTtenuHan u’(x), o6-
pe3anHuit chepa NPH X == Xy,

(2.8.3) u (2.8.4) nerko BHAETH, 4TO M X > X;
,{>(x, k)=f| (x! k)l
X
2.9.
i (x, k) =e-t¥ +7:‘ Sd"' sink(x — x)u (&) 5 (x", k), ®:92

a ana x < x;
«©

[T (x, k)=-el** —-—;- S dx’ sin k(x — x")u (x") f, (x’, ),

(2.9.3)
BT

Kax [l (x, k), f;(x, k), TaK H uX TepBWe NPOH3BOAHLE NO X Henpe-
PHBHH B TOYKE X == X;.

Onpenensst
T (k) =5 W [ (x, B% 1z, A)] (2.9.4)
H BHIYHCJIAA BPOHCKHAH B TOYKE X == Xy, NMOJYUHM
—ikx,
crz(k) = iﬁT [f; (xp k) + lk,] (xll k)], (2.9.5)

rre f; (% k)=af,(x, k)ox ), _,.
AnanornyubiM 06pa3oM HAXORHM, YTO

(0= — L[ (k0 — B) 381, (510 — K],
efy 8= — e [ (s #)— 6, (50 )]

Tlpu x,, crpeMsiieMca K + oo, M nosnyynw, uto cl,(k) > 1, ¢l (k) -0
u ¢, —>0; 5T0 OXuAaeMue pe3ynbTaTH B npefene obpatnaiotie-
rocss B Hyab notenunana, Kpome Toro, npu x;, crpeMsaueMcs Kk —oo,

(2.9.6)
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MOXHO HCNo/b3oBaTh ¢opmyay (2.8.7b), uto6u BHpasuth [, uepes f2
H CHOBAa TNOAYYHTb OXKHAaeMble Pe3yAbTaThl c{, (k)—»c,, (k). Herans-
Hec 3TOT npeden Gyaer o6CyKAaThes MOC/Te TOTO, KAK MBI PaCCMOTPHM
cleaylouluit npumep.

Kak ormeuanocs B ynp. 16, B ciyyae moreHnuana u = —2sech?x
ypaBHeHHe HMeeT (yHAaMeHTaAbHOe peileHHe [\ == eik*(jk —1ihx)/
/(ik—1). TloacTaioBka B npeantjlylliHe Pe3yabTaThl NOKaswBaeT, YTO
Ans «00pe3aHHOro» noteHunana u(x)= —20(x — x;)sech®x kospdu-
uueHTH ¢, uMewoT BHA

k41 k4 ithx)
ol (k)= £t 21‘(‘& :,‘) 2 (2.9.7)
r r e—ﬁlkn 2
C“(k)-‘———— Cn(— k)=msech Xq. (2.9.8)

STn BHIpaXKeHHA OYeHb NOJIE3HH AJS NOHHMAHHA AHAJIHTHUYECKOR
CTPYKTYpul K03 dHUHeHTOB Cc;5(£). B uacTHOCTH, MH BHAENH, YTO AJA
GesoTpaxaTeJbHOro noTeruHana cp(k)=Cp(k)=0 n cp(k)=
=(k—1i)/(k<i) nnn Re#kcTBHTENbLHOTO k, B TO BPEMs Kak B HyJe
Ko3pduuennra ¢;p M uMeeM ¢y (i) = fa(x, §) /fi(x, i) =1 =1/cy(i).
Tak Kak aHanuTHuYeCKas GYHKUUA PaBHA BCIOAY HYJIO, €CAH OHA PaBHA
HY0 XOTA Obi HA HEKOTOPOM KOHEYHOM oTpe3ke auuuu ([22],
crp. 188), npeabiayuiye pesyabraThl MOT/IH Ghl TIOKa3aTbCA Napagok-
canpibiMy. ONHAKO paccMaTpHBas BbIpAXKEHHS IS KOI(POHIHEHTOB B
ciydac «o0pe3aHHOro» NOTEHUHANa, NPHBEAEHHBIE BHIILE, MOXHO BH-
AeTb, YTO BCE Pe3yJbTaTH A 6e30Tpa)kaTeJbHHX MOTEHLUHANOB TO-
nyuensl B npejene npy x;—~—oo. B qacTrocTH, nysem dyuxumn cf, (k)

B BepxHeél NMONYNJOCKOCTH  MABAAETCA TOYKAa Ko =£(-— thx, +
+ 4/1 F sech®x, )/2. Mu nmeem Takxe

ek goch? i,

CT” (ko) = W H (2.9.9)

KOTAA X; CTPEMHTCA K -—00, Ry CTPEeMHTCH K [, H MH MOAYYHM
cL,{(i)— 1. C npyroft cTOPOHH, AJA ASACTBHTENbHHX K MH NoayuaeM,
yto ¢l (k)—>0 npu x,—>—oo. AHaJOTHYHHA Pe3yabTaT noJyqaercs
3 NOBefieHHA c], (k), HO B 3TOM CJyyae Hajl0 PacCKPHITL HeonpeeseH-
HOCTb, MOCKOJIbKY NPH X;—>»-—00 H Ro—>i KaK YHCAHTE/b, TaK H 3HA-
MeHaTenb o0pallaloTca B HYJb.

[Monioc  ko3pdHUHEHTA NPOXOKAEHHS! ONPEAENRIOTCA KOPHAMH
ypasuenus cl,(k)==0. M3 npHBeeHHOTO BHIle BHPAXKEHHA 1A KOPHA
3TOro ypaBHeHHs, 0003HaueHHOro 4epe3 kg, BHAHO, YTO OAHH H3 ABYX
KOpHeH BCera JeXuT B BepxHell mnoaymsnockoctH. Takum o6pa3ow,
CKOJib Onl MajuiM HH ObT «06pe3anubiii» MPHTACHBAOULHA NOTEHUHA,
BCeria eCThb CBA3aHHOE cocTosinWe. DTO YacTHHA npuMep obuero pe-
3yAbTaTa, COCTOAULErC B TOM, YTO B OXHOMEPHHX 3ajauax Ana BceX
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REACTBHTENLHHIX NPHTATHBAIOUIHX INOTEHUHAJOB, O6pallaloluXCs B
Hynb[ﬂaldecxoxiequocm. €cTb 1o KpaiiHe#i Mepe OHO CBA3aHHOE COCTOS-
uune [89].

Ynpaxcuenue 22
Tlokaxute, 4T0 ANR NOTEHUWana, <OGPE3AHHOrOs CNpaBa, TaK 410 uf(x) =
= u(x)0(x, — x), xo3dbHUHEHTH HMEIOT BHL

vk, L= 12 (510 B) ikl (31, #)]

Fatty=e e,
4
RS ({CT R NN

¥npaxuenue 23

Jpyrof notexuuan, ces3anuuii ¢ u(x), Ko3pPHureHTH KoTOpOro i (k) Moryr
OHTD JErKO onpefeneHH, 370 noTeruuasn i(x) = u(x)0(x — x) + ab(x — x), rie
a — nocroannan. Tenepy Y PyHAaMeHTaAbHOrO peleHHR eCcTb Pa3pHB ne,psoﬁ npoH3-
BORHOfi B TOYKe X ==Xx,, Ile HMeer MeCcTo cooruouxenuef'> (xl, k)—f< (x,, k) =
= —af (x), k). OGosnasas uepes &;(k) xoaddruHEHTH, CBA3ZHHHE C NOTEHUHA-
J0M &(x), nokaxure, 4T0

—1ks, i (%1, k) + (ik — a) |, (=), k)

Ca(k)=e o '
(x — B) + (ik — L~k
21y (B) = — e~ iko fi (% )+(;ik a) fy () ) ’
f’ ’ k bt [k , &
Taa (k) == — £T¥5 1(x1, ) (2i:‘a)f1 (x1, &) )

2.10. PACCEIHHE MMMNYJLCOB — YPABHEHHA MAPYEHKO

ITpk npeanAymINX paccCMOTPEHHAX MpoUecca paccesiHHs Majamouas
BOHA Onina CTAaUHOHAPHOH BOMHOK TOJLKO C OAHOH uacToToit. XOTH
MOXHO O6HJO0 6H NOCTPOHTH paccesHHe NPOH3BOJBHOIO Najalouiero
HMIYJAbCa 0O Pe3yAbTaTaM BLHIYHCAEHHHA TaKHX CTaLHOHAPHHIX COCTOS-
Hufi ¢ nomousio Qypbe-cHuHTe3a, kak B (2.2.9), ecTb HeKOTOpHie Npeu-
MyLIeCTBA pacCMaTPHBATh paccesiHHe HMIYJAbCOB HENOCPeACTBEHHO BO
BpeMeHHOH 06/1acTH. B 4acTHOCTH, 3TO JIerKo NpHBEJEeT Hac K HOBOMY
npeAcTaBAeHHI0 QyHAaMeHTaNbHuX pewenufi fi(x, k) u fo(x, &). Ko-
HEYHO, NMPOCTEHINHMM AJA aHaJH3a MMNYAbCOM sBjsercd O-QyHKuHA.
Tak kak uMnynbch 6(¢ = x/c) cyrs QyHKuuH ¢+ x/c, OHu ApAsIOTCA
TOYHHIMH peUIeHHSAMH NPOCTOrO BONHOBOTO YPaBHEHHS Y — C2yxx = 0.
Oanako AR ynpyro 3akpenJieHHOR CTPYHH, ONHCHBAEMOH ypaBHeHHeM

a2 1 92
ay?__c,_%‘%_pa(x)y—_-o, (2.10.1)
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Takue QyHKUHH GO/bllie He ABJAAIOTCA pelleHHAMH. Ecan p?(x)— noxka-
JAH30BaHHAA (QYHKUHA, MH OXHIaeM, YTO MOXKeT CyllecTBOBATh TOYHOE
peteHHe, CBOfsLleecs K §-QYHKIURH BAAAH OT ynpyroi o6aactu. Benea-
CTBHE HANHUHA ynpyro# o6JacTd MH OXHAAeM, YTO HMIIYJILC YACTHYHO
pacceeTcs ¥ OCTaBHT, TAKUM 00pa3oM, HeKH# c/ieX 3a ocTpoit nepeaued

KpoMkofi. CliefoBaTenbHO, DPa3yMHO 3aNHCaTh pelieHHe YPaBHEHHA
(2.10.1) B Bupe [10]

Yy (x, £)y=8( — x[c) + cO(t — x[c) Az (x, cf), (2.10.2)

rae 6(x)— enuHuuHas crynenyatad QyHKuuA H Ag(x, cf)— dynxuus,
OMHCHIBAIOILAA paccessHue, HAH cllel. MHOXHTENR ¢ OBH BBefeHH AAA
nocaenytouero ypo6ersa. Ecau caenath npeo6pasoBarue ®ypbe pe-
IIEHNA U MOJOXHTL 3ateM ¢f = x’' U k= w/c, noay4HM

Y, (x, ©) == Sdte“-”y(x, t)=e‘*"+de’AR(x. e, (2.10.3)

dto peweHne o6snajaer TeM cBoficTBOM, uro lim [e~ Y, (x, 0)]=1.
X=poo

Tenepr npu p2(x)=u(x) ¢ynxuua Y(x, ©) ABAAETCA pelUeHHEM
ypaBHeHHA

T +[(£) —un]r=o, (2.10.4)

AN KOTOPOro B pasf. 2.8 MH BBesiM PyHAAMEHTaAbHOE pelleHHe, 06aa-
Raoltee caeayiomumM csoictom: lim [e~i%*f,(x, k)] =1. Tak Kak 3to
X=p o0

peleHde eJHHCTBEHHO, MB JAelaeM BHBOA, 4To QyHkuEa Yi(x, o)
ROMXKHA OHTb APYrHM NpeicTaBieHHeM (yHAAMEHTaNbHOro pelleHHs
fi(x, £). CnefoBaTeIbHO, MOJKHO 3aNKCATh

Fuls, By =eits + { dxAg (x, ) et (2.10.5)
x
I10 OKaxerca yAOGHHM NpH AajbHeRlleM HCNONb30BaHHU (yHAAMEH-
TaNbHHX pelleHHit ).

AHAJOTHYHO, HMNYALC, PacNpPOCTPAHAIOMHACA B OTPHUATEALHOM
HanpaBJIeHHH X, MOXHO 3anHCcaTh B BHJe

Yo (x, 1) =08(t + x/c) -+ cO(t -+ x/c) AL (x, — cf). (2.10.6)

1) 3apaBaeMoe ¢opmynot (2.10.2) peweune onHCHBaeT HpouecC PACCeAHHHA, B
KOTOPOM MOAXOAAUIAA IPyNNa NajAIOUWIEX BOJR CO3NAET YXOAAMYIK §-pyHKuMio, oT~
crynawomyio K +4-co. 310 sBAsercA cAeAcTBHeM HaxHuua B (2.10.3) BpemennoR samm-
camoctH BHAa e q Bn6opa 3HaXOB AnAR (yRRaMenTaibHux pewennéi (2.10.5). Bo-
Jiee ecTeCTBEHHOE pellleHHe, ONHCHBAIOIEE pacCesHHe NajaloUIero HMNY/abLCa, BHpa-
sennoro 8-¢ymiised, norpe6osano O H3IMEHEHHR OARHOrO H3 STHX CcOrjalleHHf @
3H3KaX, 4TO He KaXKeTCi OnpaBAAHHLIM, i
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IMpeo6pazopanne Pypbe 3TOr0 BHIPAXMEHHA NMPHBOAHT K CJEAYIOLIEMY
pesynbTaty:
x

Ya(x, @) =falx, Ry=e-t+ { ax’a (x, ¥)e*.  (2107)

H3 npeauecTBYIOUIHX Pe3yAbTaTOB MOXHO MOJNYUHTh HEKOTOPHE aHa-
JAuTHYeCKHe cBOficTBa ¢ynfaMenTanbHux peuwrenufi, OGpatHoe mnpe-
ob6pasoBanne Pypre Bupaxenns (2.10.5) umeer Buj

Ap(x, )= S ek f (x, )e~thr— 1], (2.10.8)

rae Ag(x, x’) paBHo Hym0 aas x’ << x. Tak kak ans x’ < x uuTerpan
{2.10.8) 3amnlkaeTc® B BepxHefl NOJNYMNJIOCKOCTH, MH JeNaeM BHBOJ,
YTO BHIpakeHHe fi(x, k)e~** — 1 ROMXHO OHTb AHANHTHUHO B BEPX-
Hell NOJIYIIOCKOCTH, TaK 4YTO Anfl X' < x uHTerpal aaer Ag(x, x')=0.
Ananoruyso, dopmyna (2.10.7) npuBOAHT K 3aKJAIOUYEHHIO, UTO QyHK-
una fa(x, k)e'** — 1 Takxe aHaJMTHYHA B BEpXHeA NOJYMIOCKOCTH.
AHaNHTHUHOCTD 3THX BHIpa{eHuii Gbia yCTaHOBJIEHA paHee npu pac-
cMotpenun (2.8.3) u (2.8.4), H u3 Hee MOXHO Onjo O MOJAYYHTD
npHBeAeHkLie 3aech npeacrasaenus (2.10.5) u (2.10.7).
ITpeo6pasopanne Pypve pewenus fi(x, —k)= Yi(x, —ow) naer

bad

S fz%'e_m’fl(x» '-'k)=y.(x, -—-[)=

=8(t +£) + ch(—ct—x) Ag(x, —et). (2.10.9)

310 obpalllenHoe BO BpeMeHH pellleHHe, NpeacTaBasiouiee co6of umy
nyJbC, ABHUXKYUIHACA B HanpaBNeHMH OTPHIATENbHBIX X, Nepej KOTO-
pPHM IBHXETCA BO3MYlUEHHe. AHANOTHYHBIM 06DPa3oM MBI HaXOAHM,
yro ¢ynxuua fa(x, —k) cBfizaHa Cc pelieHHeM, ABHXKYIUHMCH B IOJO-
XHUTEJLHOM HANpaBJleHUH X, BHEpefu KOTOPOrOo ABHIKETCA BO3MYIlle:
HHe. PeueHne Bo BpeMeHHOM 06nacTH HMeeT BHA

Y (x, —t)=6(t —-’;-) +0(x —cf) AL (x, ¢f).  (2.10.10)

Jlerko nOHATbL CMHICA 3THX YeThpex peureHuft, 0cOGEHHO TeX, KOTO-
pHe cofepxar ofpauleHHHe BO BpPeMeHH pellleHHA, pacCcMaTpHBas
paccessHe NOTEHUHaNOM B BHAe §-PYHKUHH BO BpeMeHHCH 06nacTH.
Oyuxuun fi(x, &) u fa(x, k) npusoasrca B ynp. 19. Coorsercrsyio-
mue pewieHus yi(x, t) H y2(x, ) noayvalorcs ¢ nomMouibio npeo6paso-
Banua Oypbe GyHAaMeHTaNbHHIX pelleHnfi, NpuBeJeHHbHIX B yup. 19.
Jlerko BHIOJHHTH BWYHUC/JACHHA, paccMaTpuBas cHavana 0y /ol s



76 T'a. 2. Bonpocst 00romeproA Teopu pacceanus

x << MB HaxoOAHM

‘ w
ay:a(tx. ) g’ (t ___-;,)_*_ _bia_ S %:48"“" (eloFle — g=11c) u

- (1 —£)+ -”;-[o (t=%)-2(t+%)] @100

rae &’ osnadaer npoussoanywo §-pynkunn no ee aprymenty. Caenosa-
TeAbHO,

{o(:—%)-
- 2.10.12
PO s 2) e o (- 2) —a( 4 2)]. H1O

Tak «kak O(t—x/c)—0(t+ x/c)=0(t—x/c)0(—t—x/c) nns
x<<0, Mol HaxoauM Takxke H3 (2.10.2), uto B 3TOM DpUMepe Ag(x, ct) =
= (6/2)0(—ct — x). OGpailleHHOe BO BpeMeHH pelliecHHe HMeeT BHX

fre2)
nlx, =)= £\ . be (2.10.13)
3(t +Z£) 4+ FO(—ect — x)—8(— et + x)).

Paccmorperne (2.10.12) nokasuBaer, 4to y;(x, {) onHchBaer npo-
11eCC paccesiHusl, B KOTOPOM H3 — 00 NPHXOJAHT HMNYJAbC B BHAe §-PYHK-
LHH, 32 KOTOPHM CjiefyeT NOJOXKHTEAbHAA CTYNEHbKAa C aMNAHTYAOR
bc/2. Tlocne B3aMMOJEACTBHA € NOTEHUHANOM B BHAe O-dynxuuu B
Hauane KOOPAWHAT, HMNYJLC B BHAe 8-QYHKUWH TNPOXOAHT B Hanpas-
JIEHHH ROMNOXHTENbHHX X, 4 OTPaXKeHHas OTPHIATEeNbHA® CTyNeHbKa
¢ aMnAHTYRoi —bc/2 BO3BpallaeTCA HAa —o0 H B3aHMHO COKpaIlaeTca
¢ najaoulefl CTyneHbKOH JNOJIOXHTeNbHON aMnIHTYAH. PaccMmortpenne
pemwenus y,(x, —f) NOKa3nBaer, 4TO OHO NpeACTaBAdeT coboi nmpouecc
paccesiHHsi, B KOTOPOM e€CTb KaK HMNyJabC B BHAe 8-pyHkuuu, npuxo-
AAHA B3 +-co, TaK H CTyneHYaTas QYHKIHA ¢ aMNAKTYAoR bc/2, npu-
xonsamas H3 —oo. [Tocse paccesnusi NoTeHNHanoM B BHAe 8-pyHKuHH,
NOMEUeHHHM B Ha4YajJo KOOPAHHAT, 8-BHAHLA HMMYJbe NPOXOAHT B
NOJIOXHTEJILHOM HaNpaBJIeHHH BMECTe ¢ OTPHIATENBHOA CTYNeHbKOA
C aMnauTYROR —bc/2, KOTOpas YHHUTOXKaeT aMIJIHTYAY naaawoued
crynen)bxu. Auasoryunbie pesyabTaTH MNOAYYAOTCA AR pPelleHH:A
ya(x, 1). ’

Coraacro (2.8.7a), pyHRaMeHTaNbHHE PEIUEHHs CBS3AHK COOTHO-

LIeHHEeM
T (k) f2(x, k) =Rg (k) fi(x, B)+fi(x, — k),  (2.10.14)

rae k03pdHLUHEHTH OTPaXKEHHA H NPOXOMKJAeHHs GHAA BBeAcHH ¢op-
myaamu (2.8.8). Tenepb ML NOJY4HM COOTBETCTBYIOLIEE €OOTHOIIEHHE
BO BpeMeHHOR o6GnactdH. D10 Aenaerca ¢ NOMOULLIO NPeo6pasoBaHus
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dypve phipaxenns (2.10.14). Hcnoaszys (2.8.31) » (2.8.32), sanu-
weM npeoGpasoBanne Pypbe npasofi wactu ypasHenus (2.10.14) B
BHAe

Mp. v. = S 20 - tut S dze-tozler  (2) S dr'eaty, (x, t') + g, (x, — 1) =
=z {arrp@uie. 8 (r — 1 =) 4o —0)=

=c {drrgle@ —0ln(x, )+ s —0)=
=crp(x—cl) +¢? S dt'rg e’ — 1)) Ag (%, ') +

xfe

+0(t +5) +B(—ct —x) Ap(x, —et).  (2.10.15)
Ananoruusoe npeoGpasoBaHHe NeBOA YacCTH YPaBHEHHs AaeT

Mow=d(t +2)+0(t +%) AL(x, —c)+ T (ot +x)+

+ ¢ S AT [c(t — ) AL (x, —cb).  (2.10.16)

—-x/c

PaccmorpuM Temepb cayuait ¢+ x/c < 0. Torpa uuTerpan B
{2.8.31), onpemensiowusi I'(f 4 x/c), 3aMbikaeTcs B BepxHedd moay-
UJOCKOCTH, M €CAH B BEPXHei MOAYRJIOCKOCTH NMJOCKOCTH K HeT moJio-
coB, 10 ¢ynkuus I'(f+ x/c) Gyner paBua nymo. Hrax, unterpan B
(2.10.16) Geperca TonbKO N0 o6aactH, rae ¢yukuus I'[c(f—t')]
paBia myalo. CJacaoBaTenbHo, 3TOT MHTerpajJ TakKxe obpallaerca B
Hyab. Caeposatensuo, Aas -+ x/c << 0 Bce 4NeHW B BHPAXKEHHH
(2.10.16) o6pawmaiorcs B Hyab. [Monaraa ¢t/ = x’ u —ct =y, nony-
qaeM, uto npeoGpasoBauue Dypve Ana (2.10.14) nmeer BuA

0=rg(x+9)+ Ap(x, 9)+ [ dx'ra (¥ +9) Ap(x, ¥), 2<y. (2.10.17)

x
Ananornynas npouesypa B npumexenud Kk (2.8.7b) naer

O=ri(s+9)+ Aulx, 0) + [ drr(F +9) Al ), x>0, (21018)

Yacro ypasuenun (2.10.17) u (2.10.18) Ha3biBaIOTCS YPaBHEHHAMH
Mapyeuko (ArpasosBuy u Mapueuko [5]). B ra. 3 npn paccmorpennn
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o6paTHOfl 3apaun paccesiHHA 3TH ypaBHeHHA OYAYT UEHTPaJIbHHIMH.
Oun GYAYT MCNOJNBL30BAThCA AMs Onpefenenus Ag(x, y) uwan A (x, y),
Koraa 3aZaH OAuH H3 KO3 ¢HuHeHTOB oTpaxenus rr(x) HAH rgp(x).
Tam e MbH paccMOTPHM H 08o6GuieHHe, HEOGXOAHMOC B C/Iyuae, KOTAa
y ®dyukuun T (k) ecTh noJIoCcH B BepXHell HOMYMNJIOCKOCTH.

YpaBuenus MapuyeHko MOTyT OubTh TaKKe HCTOJNb30OBaHLI AR pe-
uleHHsi NpPsAMOl 3aJauH paccesHHs, T. €. ANA OnpejeseHHs Ko3ddu-
UHEHTOB OTPaXKeHMf, KOTJAA H3BECTEH MOTEHUHAJX H, CJIeAOBATENbHO,
¢yHRaMeHTa/bHble peuleHust H ¢yHRuMH Az win A;. Oxpuako, ecau
GYHAAMCHTabHble pPelleHust Y)Ke H3BeCTHbI, MHOTO NpOlle ONpelenTh
KO3 PuIHEHTH ¢;;(%2) H, TakuM 06pa3oM, HENOCPEACTBEHHO NONYYHTD
npeobpasobanne Pypve Kozdpduuuenra paccesnus. Ilasa obpatHoit
3ajayd PacCesiHHsi TAKOrO MPSMOrO IYTH HET, H HYXHO paccMarpH-
BaTb HHTErPaNbHOe ypaBHEHHe.

2.11. 3AJAYA PACCESRHNS 3AXAPOBA — IHABATA

Jo cux mop paccMarpuBaJHMCh 33a3aYH DPACCesHHs, CBA3aHHLE C
ypaBHenueM Llpéauurepa ¢ AeficTBHTENbHBIM NOTeRUHUaNOM. MoTuBH-
POBKAa 3THX HCCle/lOBaHHH Obla KpaTKo H3J0XeHa B ra. 1, rae yka-
3uBaJjJacL CBA3b MeXAy ypaBHennamu llpéaunrepa m KopreBera —
ae ®pusa. Kak ynomunanaocs B pa3n. 1.5, ananorsuHnmM obpasoMm c
Apyroft 3ajauyefl pacccAiHUA CBA3aH paA Apyrux AnddepeHnuaNbHBIX
ypaBHeHufi B YacTHHX NPOH3BOANBIX, PElIEHHsi KOTOPHX BeldyT cebs
Kak cosuTonbl. B aTom cayuae ynobuee scero sanucath 06LIKHOBEHHOE
anddepenunanbioe ypaBHieHHe B BHAE Napul YpaBHEHHUH mepBoro mo-
paaka. [Tpocrefimian ¢dopMa 3THX ypaBHEHHH HMeeT BHA

'gd%"‘ + tkn; =u(x)n,,
dn (2.11.1)
2 .
-&—-tkn,=-u(x)n,,

rae napaMerp k ONATb XKe SIBAfeTCH COGCTBEHHBIM 3HaueHHeM. UTo6H
BBECTH MeTOA B ero npocTtefimiefi ¢opme, 6yseM npeanoaaratb, 4YTO
¢vuxuns u(x) geiicreutenbHa. Kak otrmeuanoch B pasf. 1.5, cucrema
(2.11.1) 3kBuBasenTHa ypaBHeHHlo lIpéauurepa ¢ KOMMJEKCHHIM 1O-:
teHuuaaom. B pasa. 5.4 6yayr paccMorpenn Gosiee o6ilne napH ypas-
HeHuil, cofepiKalilue ABe PaA3NHUHHE NOTeHUHAJbHHE (PYHKLHH, KOTO-
phie MOTYT GLITb KOMNJIEKCHHIMH.

Hectaunonapuas 3anava

Uro6sl HHTYHTHBHO NMOHATbH NPHBEAEHHBE BHIUE JUHEAHHE ypaBHe-
HHS, PACCMOTPHM HeCTAaLHOHAPRHYIO 3ajayy, KaK 3TO OHAO cAeNaHO B
pasa. 2.10 paa ypaBuenns llIpéaunrepa. PaccMoTpuM nBa Thna ua-
CTHIl, HAUPHMEP C NOJMOXKHUTENbHHM H OTPHIATENbHLM 3apsaoMm. Ouu
NPOXOAAT APYr Uepe3 APYra B NPOTHBONONOMHHX HANpPaBJAeHHAX €O
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CKOPOCTBIO ¢, KaK NOKa3aHo Ha pHc. 2.6. OHH oTAe/ieHH GapbepoM OT
pe3epByapa, COfep)Kalllero NONOJHHTEJIbHHE MOJOXKHTENbHbHE H OTPH-
1aTeJbHHe 4acTHIL. Y4YacToK 6apbepa COLEPIKHT NOJNYNPOHHHAEMYIO
MeM6paﬂy, KOTopas NO3BOJAET KAK NOJOXHTEJNbHHM, TaK H orpuua-
TeJbHHIM YAacCTHIAM APOXOAHTh H3 pe3epByapa B BepXHIOK 06JacTb,
TAE 3aTeM MNOJIOXKHTEeJIbHHIE YacTHUH ABHXYTCA HaJeBO CO CKOPOCTHIO
¢, @ OTpULATe/NbHbBE — ¢ TOH e ckopocTbio Hanpago. [Ipeanonaraercs,
YTO YHCJIO MOJIOKHTENIbHHX (OTPHIATEeNbLHHX) YACTHU, MPOXOAALLNX 32
e[IHHHIYy BpeMeHH BBepX Yepe3 Gapnep B NPOHIBOJBLHOM TOuxKe Gapbepa
X, TIPONOPLUHOHAJbHO H3GHITOYHOMY (0 CPAaBHEHHIO €O CPeiHHM)
YHCAY OTPHUATENbHHX (NOMOXKHTEJNbHBX) HaCTHI, PacnoNoXeHHLIX

L -~

A ’,,:g-zl\‘~ A

DL . -
® O Jorynporuyaemsid bapsep

Puc. 2.6, BaanmogeicTBHe 4aCTHI Yepe3 NOAYNPOHHIAeMY10 MeMOpaHy.

naa GapvepoM B 3Toit Touke. Jlonyckaercs, 4yTo KO3 HUHCHT nponop-
LUHOHAJILHOCTH MOXeT 3asuceThb oT x. O603Hauast W3GLITOUHYIO MJIOT-
HOCTb NOJOXHTENbHBIX H OTPHLATENbHHX YAaCTHIL B TOYKE X B MOMEHT
Bpemenu ¢t ucpe3 ny(x, f) K n_(x, {) COOTBETCTBEHHO H KO3(PPHUHEHT
NpoNOPLHOHAJILHOCTH B NPOHHuaeMocTH uepes K(x), umeeM caeayto-
e ypaBHEHHA [ ny H n_:

a a
S —cdt=Kon.
e on. (2.11.2)

“ar oGy =K@n,.

Bynzer paccMoTpeH cayuail TOJbKO OLHOrO NPOCTPAHCTBEHHOrO H3MeC-
penna. IlpocrpalcTBeHHHMH HEOJHOPOAHOCTAMH, CBAI3AHHBIMH C Bbi-
cotoii Hax 6apbepoM, Gyldem npeneGperath. Bmesem Temepb npeo6pa-
3oBanue Pypbe ¢ NOMOUILIO COOTHOLIEHHH

n, (x, k)= S dte*®'n, (x, 1),

(2.11.3)

ny (x, k)= S dte™'n_(x, 1)
- 00
H NpeANoNoXKHM, YTO NPH !, CTpeMsileMca K =00, n; H n. ofpaiua-
IOTCA B HYyJb; €CJIH MOJOXHKTb u (x) = —K (x) /c, To npeobpa3oBanniie
ypasnenns (2.11.2) npunumalor Bug (2.11.1).
Ipexkae ueM HcCEROBaThH NMpeoGpasoBaHHLE ypaBHEHHs, paccMOT-
puM cHauana BO3MOXHHN BHA peLUEHHs BO BpeMEHHON o6aacru. Ilg
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AHAJIOTHY C PELICHHAMYH YPABHEHHA BTOPOro MOPAZKA, BBEACHHHMH B
pa3a. 2.10, paccMOTPHM CHTYalHIO, B KOTOPOR ecTb TO/IbKO G-dynkuus
MOJIOXKHUTEIbHHX YaCTHIl, AOCTHrAIOWMKX x = —oo. [CHOBa NpuMeHHAMO
npumeuanne nocae (2.10.5).] MoxHo oxunAaaTh, 4TO 3TO pelierue Gy-
ReT HMEeTb BHJ

@, (x, () =08(t + x/c) + O + x{c) A, (x, —ct),
o_(x, )=cB(t 4 x/c) Ay (x, — i),

rae 0(x)— eaunnynas cryneHuatas ¢yskuua. Kak n 8 pasa. 2.10,
dyuxunu A u A, NPCACTABAAIOT clefl, @ TaKKe OTPax<eHHHE YaCTHIH,
KOTOpHE MOTYT BeTpeuatses B cayyae K(x)s& 0. AnanoruuHo, §-pyHk-
UHA OTPHUATENbHLIX YACTHU, NPHXOAALIHX B X == 0o, NMPEACTaBHMA
B BHJe

(2.11.4)

‘b+ (X, l)=09(t - x/c)B, (X, CI):
P_(x, )=08(f — x/c) + O (¢ — x/c) By (x, ct).

Mocse 3amenn nepemeHHOfi npeoGpasosaHue Pypbe 3THX pelieHHA
Aaer

(2.11.5)

x

wulr, By=ett | dra, (s, ¥,

. (2.11.6)
Po(x, k)= S dx’ Ay (x, x')e=i4%

Wi (x, )= dv'B, (x, ¥)ett=,
x

. (2.11.7)
(v, )=et 4§ dxBy(x, et

x

rAe cBA3b Mexay GYHKUMAMH ¢ MHAEKcaMH -+, — u 1,2 Ta Xe, 4TO ¥
B (2.11.3). Kak n B cayuae ypapHeHusn llipéaunrepa, peieHus rakoro
BHAA OYAyT MrpaTh UEHTPaALHYIO POJb NPH paccMoTpeHuH ob6parTHo#t
3ajavn pacceaHus A cHcrems (2.11.1),

Oyunameuranbnue PEeLICHHA

Yernipe QYHKUMH @, @2, P1 B Py MOKHO cuHTaThb GyHAAMEHTANb-
HHMH pelleHHsiMH npeoGpa3osanHofi 3afgaun (2.11.1). Cefivac Mu no-
AYYHM HHTErpajbHble YpaBHEHHA, KOTODHM YIOBJETBOPAIOT 3TH pe-
wenus. Oun coorBercTBYIOT ypaBueuusM (2.8.3) u (2.8.4) ansa ypas-
neuus Lpéanurepa. Yao6Ho cuauana npeobpasoBaTh ypaBHEHHSN
(2.11.1) B BeKTOpPHOe YpaBHEHHE AAA ABYXKOMNOHEHTHOIO BEKTOP3
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n(x)==(ny, ny)7, rae T o3nauaer onepalxio TPaHCIOHHPOBAHA, T. €.

ny
(n, nz)r=(n ) BBogs Matpuny
2

(1 0
A=¢k(0 —1) (2.11.8)

a Bektop w(x)=(uny, —un;)”, Mu MoOXKeM sanucath cucremy (2.11.1)
B MaTpuuHOA dopme

n,+An=w, (2.11.9)

Kak u npu nonyuenun ypashenufi (2.8.3) u (2.8.4) aas ypasuenus
{LIpénunrepa, npesparuM (2.11.9) B uHTerpajibHOe ypasHeHHe IAfA
BexTopa n(x), HCIOAB3yH METOA BapHALIMH NapaMeTpoB.

Tak xak oAHOpOAHOe ypaBHeHKe, cooTBeTcTBylIomee (2.11.9), umeer
ABa NHHEAHO HE3ABHCHMHIX pelleHHs,

e—lk! 0
m=(0 ) H n2=(eux)'

MOXHO pellleHne ypasHenus (2.11.9) sanucats B BHAE AHHeAHOA KOM-
GHHaUHH
n(x) =a(x)n, +p(x)n,, (2.11.10)
rae @ H f-—— aMIAHTYAH, noasexiaulue onpefenenuio. [ToacranoBka
8 (2.11.9) naer
agny + Py =w. (2.11.11)

Pasgennas Ha KOMMOHEHTH M HHTErpupysa, uMeem

a=a,+ \ dx’un,e'**,
(2.11.12)
dx’un e,

B=Bo—

Ry ey

rae nocrofiHyne oo, ﬁo H Xo onpeneasilorcsi HaYaJbHHIMH YCJAOBHAMH.

Ecau MuH paccMOTpHM pelieHHe n=<p=(:;;). Aanuoe GopMmynamu
(2.11.6), xOTOpOe YAOBNETBOPSIET COOTHOMIEHHIO

lim n(x) =((l))e‘“‘“, (2.11.13)

Fr-o
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To u3 (2.11.10) ™Mb BHAUM, uTO

o+ S dx’un.e'® =1,

Xy

- (2.11.14)
8, — S dx'une~** =0,
Xy
H NO03TOMY, NOJAras ny == @), iz = (P, HMEEM
x
oulx, By=ettr | delelt@-nu(x)gy(x, ),
. (2.11.15)

Po(x, k)= — S dx’e= 2= =2y (&) @ (&, k).

AnanoruynniM o6pa3oM pellieHHe, HMelolllee NpefeNbHYI0 ¢GOpMY

xlim n(x)———(?)e"", (2.11.16)

MOXHO OTOXZAECTBHTL ¢ pellenHeMm VP, AanuviM Qopmynod (2.11.7).
Mut noayyum
o«

i (x, ) =— | dx'e- b0y () 4y (¢, B),

- (2.11.17)
1',2 (x’ k) =e‘ht + S dx'elk(t'..x)u (x’) wl (xl' k).
x

Tak Kak u(x) AefACTBHTeNbHO, TO A NeHCTBHTENLHHX &
q).(xh “‘k)=‘P(x: k) H \b‘(x, -—k)=\b(xk).

CooTHOwWenns ann BPOHCKHAHOB

Ecan 6 =(9y, 02)7 u o = (%1, %2} " — Mo6bie ABa PElUICHHR CHCTEMH
(2.11.1) ans onHOrO M TOro e 3HaYeHHA R, TO UX JHHERHAR HE3ABH-
CHMOCTh TapaHTHpYyeTca HeoGpalleHHeM B HyJb BHpaXKeHus

W (6; %) ==08x2 — 6;;. (2.11.18)

Ecau ypasuenus (2.11.1) sanucatb ana 0 u x, T0 KOMGHHHpYS 3TH
yPaBHEHHS, MOXKHO noka3atb, 910 dW/dx = 0, unu W = const.
Ceityac MH HcclefyeM JIHHEAHYIO HE3aBHCHMOCTH PA3NHUHHX pe-
eHnA npeo6pasosannmx ypasuennii (2.11.1). Cnavana creayer 3a-
METHTb, YT0 ecan n(x, R)=(m(x, R), n2(x, k))T npeacranaser coboil
pettenue cucremu (2.11.1) ana HexoTOpOro 3Hauenus k, To paccMarpu-
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Bas ypaBHEHHS, NMOJYYaloOLtHecH NPH 3aMeHe K Ha —k, Mb BHAHM, uTO
A(x, k)=s(ny(x, —k),—n;(x, —k))T TaKkKe saBIKeTCA pellieHHEM
ypasnenuut (2.11.1). Caeayer ormerutb, uro f(x, k)= —n(x, k).
Hrak, xapaktep pewenns snunefnnix ypassHenu#t (2.11.1) ne 3aBucut
CYIIECTBEHHO OT 3HaKa X, KaK 3TO HMEJIO MeCTO B Clyyae ypaBHEHHS
Illpénunrepa. Tounee, ecnn n(x, &)= (m(x, k), na(x, k})7 sBARETCH
pewrenneM (2.11.1), 1o n(x, k)=(n2(x, —k), ni(x, —k))7 asaserca
pelileHHEeM 3THX YpaBHEHHH, eCM u 3aMEeHHTH Ha —u. Jlerko nokasars,
uTo pewenns @(x, k)={(i(x, k), @2(x, k)7 1 §(x, &)= (p2(x, —F),
—q@i(x, —k))7 Jaunefin0 He3aBHCHMH, TaK KaK BHYHCIEHHE BPOH-
rxuana W(p, §) npu x = —oo gaer W(§, ¢)== 1. Ananoruuno naxo-
auM, ato W (9, $)=1.

Tak xak n060e TpeTbe pellieHHe MOXeT GHTh BHPaXKEHO KAK JiH-
HefiHan kKOMGuHALMA ABYX JuHeAHO HE3aBHCHMBIX DeleHHH, MOXHO
3anHcarh

o(x, k)=1cy (k) ¥ (%, k) + crn(R) D(x, K), (2.11.19a)
W (x, B)=cy, (k) §(x, k) + co2 (B) 0 (x, k) (2.11.19b)

§(x, B)=rcy (— R)$(x, k) —ca(— k) ¥(x, &), (2.11.20a)
$(x, B)=—co (— B)@(x, k) + cr(— R)§(x, k), (2.11.20b)

rae cij{k)— cxaaapnl.
Kak u B cayvae ypasnenus lLlipéannrepa, ectb pAf cooTHOMIENHR

MeXAy pasnuuHbiMH  Ko3ddunuenramn c;;(k). Oth KosddHUHEHTH
ONpeAensOTCs Yepe3 BPOHCKHAHBL CleXyIOmUM o6pa3oM '):

e (B)=W (%, @)= cpn(— k),
cro(R)=W (@, $) = — 3 (R),
o (R) =W (§, $)==cy(— &),
ca(— k) =W (§, $) = — ca (— k).
Tak kak @*(x, k)= q@(x, —k) H aHAJOTHYHOE COOTHOUIEHHE HMeeT
MeCTO AJisl P, MUl MoJydaem
ch(Ry=1cy(k), cl(R)==c,(— k) (2.11.22)
Hdnas cosMectrocTn kak (2.11.19), rak u (2.11.20) nyxHO, uTO6H
1=y, (k) caa (k) — 1o (R) cor (— R),
0 =1cy (k) co1 (k) + c12 (k) coa (— F), (2.11.23)
0 = ¢y, (&) ¢y (— &) 4 c1a(— &) Con (— &)

(2.11.21)

" Yacro ¢, (k) sanucusaiores qepes aBa kosdpuuHenta a(k) = ci2(k) u b(k) ==
= ¢ (k).
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Jlunefinnte koM6HHauuu B (2.11.19) n (2.11.20) moxHo untepnpe-
THPOBAaTh KaK 3aJayd paccefilHs NOROGHO cayuaio ypasuenna IlIpé-
nunrepa. Pacemotpum aetasnbuo (2.11.19a). U3 onpenenennt ¢ u ¢
BHAHO, uTO (2.11.192) sBAseTCA pelieHHeM, KOTOpPOe CBOAHTCA K

(0 )e“’”‘, KOrAa x—>—0o, § C HCIOJAb30BaHHEM ONPEACJAEHHA P CBO-

0 1
AuTCA K c“(le)(.l )e‘*‘-{»—c,,(k)(o )e‘“‘" npH x, CcTpeMsilteMcsd K
1
~+- 0o, Bo BpeMmeHn6# 06aacTH Yien (0 ) e~ ppepcrapnser §-QpyHk-

0
UMI0 MONOXKHTENbHHX HacTHL, YXOAAUKX Ha —oo. Yien c"(k)( l)
npeacTasNfaeT [NOTOK OTPHUATEJNbHHX YacTHL, yXOAAWHX Ha +co, a

1
cu(k)(o)e“*‘-— Najaloumuil NOTOK NONOXHTEAbHHX uacTuil. Eau-

HHUHBIA NOTOK (T. e. O-DYyHKUMA) MOJNIOXKHTEAbHBIX YacTHL H3 0o
noaydaercs npu Aenenun (2.11.19a) na cyp. Toraa, kax u aas ypas-
nenus Llpéaunrepa, koapdHuneHTH OTPaXeHHsS # NPOXOKACHHA CYTh

Rp(k)=Suid: (k)=

cz (k) "’

1
Y OR (2.11.24)

0
CoorHoutenue (2.11.19b) cmozurcs K (l )e‘*" npH x, cTpeMsiueMca

0 1
K 400, H K — ¢y (Iz)( i )e"“‘ + c,,(k)(o )e‘"‘". KOTA3 X CTPEMHTCS
K —oo. [103TOMy MH MOXeM OnpexeNuThb

— __ C22(k) —__1
Rutk)=— i TRI=—7
KaK KO3(QHUMEHTH OTPAXKEHHA H NPOXOXKACHHS ANS €AHHHYHOTO I0-
TOKa OTPHLATEALHWX YaCTHU, NPUXOAALMKX H3 —oo. Besencrsue
(2.11.21) nea nocneannx ypasHerus w3 (2.11.23) yaossersopsiotcs
TOXAecTBeHHO. X MOXHO nepenucath B BHAE

(2.11.25)

Rp(RYT(— k) — R (—k)T (k) =0. (2.11.26)

YpasHenns (2.11.22) u (2.11.23) naior
- L=lcu (k) +lcie(R)P, (2.11.27)
IT(R)F=1+IR.(R)F=1+IRg (k)P (2.11.28)

STH peayAbTaTH C/eAyeT CPaBHHTDL ¢ pedyabratamu (2.8.14) u (2.8.15)
Ana ypassenun HlpEaunrepa. s onucannoft B Hauane atoro pasgena
MOZeaH BHAHO, YTO YHCAO yHacCTBYIOLHX B NMPOIECCE YAaCTHI HE COXpa-
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Haerca. Pe3ayabTaToM 3TOro fBJRETCA COOTHOLICHHE MexAy Ko3adbu-
NHEeHTaMH, OT/AHYalollleecss OT 3aKOHa COXPaHEHHA SHEPrHH, BHpPaXKeH-
Horo dopmynoit (2.8.14).

TMoach kosgdHHEHTA NPOXOKACHHS

IMpu onpefleneHuWH CBA3aHHHIX COCTOAHHA CHOBA BaX{HH NOJAICH
K03()dHUHEHTa NPOXOKACHHA HAH HYJNH C12(R) = —cn (k). Jas 3apau
paccesiHusl, ONUChIBaeMuX ypaBHenuem llIpéauHrepa c neiicTBHTE/Nb-
HEIM NOTeHuHanoM, u3 (2.8.19) Gmno HafifeHo, 4TO Bce MONIOCH KO3(-
¢duuKenTa NPOXOXKAEHHS, HAXOAALIHECHs B BepXHeA NOJAYNAOCKOCTH,
JOMXKHH JiexaTb Ha MHHMONl ocH. B naHHOM cayusae 310 He 06n3a-
TeJIbHO, TMOCKOJIbKY, KaK OTMeuajoch BO. BBCAEHHH, Mapa JAHHEAHHX
ypaenenuft (2.11.1) sksuBaneHTHa ypaBuenuio llipénunrepa c komn-
JIeKCHHM noTcHuHasoM. Oauako noka ¢yukuus u(x) B (2.11.1) nei-
CTBHTEJIbHA, OrpaHH4YeHHE Ha NOJIOXKEeHHe MNMOJNIOCOB MOKeT 6biTh BHI-
BefleHO H3 TpuBejenHoro B (2.11.22) cooTHoweHHs

€1p (B) = ¢}y (— ). (2.11.29)

Yro6u NONYyYHTH 3TO OrpaHHYeHHE, BCIIOMHMM CHavana, yto ¢yHaa-
MEHTaJIbHHe pelleHHs f; ¥ f; aHANHUTHYHH B BEpXHeEil NOJYNJIOCKOCTH.
PDyHnaMeHTadbHbe PelleHHs @ H P, BXOAsALLIHE B COOTHOUIEHHE €3 ==
= W(g, V), TakKe MOryT OHiTh MPOAOJKEHH B BEPXHIOK MNOJAYNIO-
ckoctb. CrieloBaTe/IbHO, B BepXHel NOJYNJOCKOCTH MOXHO BBECTH
COOTBETCTBYIOlllee NPOAOJIKEHHe (aHAJNHTHYECKOE NPOAOMXKEeHHe) co-
otHoutenna (2.11.29) ans pefictButcabHbIX k. TlpojponkcHue cooTHo-
mienun (2.11.29) B BepXHIOO NOAYNIOCKOCTb, KOTOPOE Ha AEHCTBHTENb-
HOA ocH cBozuTcs K (2.11.29), umeer BHA

(D) =ci (=) (2.11.30)

rhe L=k in u n > 0. 3anucubas ci2(f)=u(k, n)+4 iv(k, n), mMu
BHAuM, 9T0 (2.11.30) o3Hayaer, uto u(k, n)=u(—% n) u vk n)=
= —u(—k, n). Takum o6pa3oM, Hyasb ¢j2({) o3mauaer, uto u u v
ROJMKHH 06paulaTbca B HyJb AN 060HX HAGoOpOB aprymeHToB. STOro
MOXHO ROcTHYb JHGo npu k& = 0, kak B caywae ypanucuus llpéaun-
repa ¢ AEACTBHTEJbHBIM NOTEHUHAJOM, JHGO B cjlydae NMapHLIX HyJqef
B TOUKax Yy = -tk; -+ iy, T. €. HyJefl, pacnosoXeHHEIX CHMMETPHUYHO
OTHOCHTENbLHO MHHMOH OCH.

Yr1o6n HafiTH BHYEeTHl B TOYKax §;, HYXHO CHOBA BBLIYHCJHTb
é1o(8)) =dc, (Q)/dE lc-t,' Hs onpepenenns ¢z yepe3 BpPOHCKMAH M U3

TOro $aKra, uTo @ = ;1P H P = C2o( B HYARKX C12, HAXOAUM, UTO

é1e = Coa (@192 — P2@1) + €1y (b — Prb2). (2.11.31)

SToT pe3yAbTaT MOXKHO NMEpPenucaTh ¢ NOMOILLIO OOLUIEr0 COOTHOIIEHHS
AnA  pewieHufi suHelinmx ypaBHenufl (2.11.1). Ecau uepes n=—
ws (ny, ng)T u m=(m,;, ma)T 0603HaYNTL pewieHna cuctemu (2.11.1)
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ana k==Y, u {2 cOOTBETCTBEHHO, TO
';7 (mony — myny) + LGy — L) (mon; + myiny)=0.  (2.11.32)

INonaras 8 (2.11.32) n=9o(x, ) U m==9(x, &), aaddepennupys
saTteM ypasHeHHe no { #, HakoHel, nosaras § = {;, noayuum

d . . .
—— (9291 — 1 92) = — 2ip,,. (2.11.33)
dx .

Teneps HHTErpUPOBaHHE AaeT
X

o — Qe =— 2§ dx’¥ibs. (2.11.34)

AHanoruuno, Bu6Hpan n=¢(x, {) u m = {(x, {;), nonyuum Takxe

Yoy — Yopy =24 S dx" b .. (2.11.35)

x

C 3THMH pe3yJbTaTaMH MOXHO, Hakodel, 3 (2.11.31) noayunts é),.
Hmeem

a)=—2 | debi(x, t)ea(x, 2. (2.11.36)

Tak Kak ¢y2(§) = 0, MoXHO Hcnosp3oBaTh (2.11.19), uto6u noayuuTh
COOTHOIUEHHUSA

oo -1
may=— i | § e tinin 0] . @i

ou(t) 1

my (Er)=—1i ) 2[ S

-

-1
dxey (x, L) 92 (x, §z)] . (2.11.37b)

Tak Kak ANA YHCTO MHHMBIX {; YeTHpe pemeHH ¥y, P2, @1 H P2
SIBASIOTCA YHCTO ACACTBHTENbHHMH, TO MoctosHHHe me(t) n me (L))
Takke yucTo AeficTBHTENbHH. Jina AByx Hyaeh §; H {p, cuMMerpHuHe

PAcrnoNoMEHHHIX OTHOCHTENLHO MHHMOR OCH, TaK 4TO {,=-—{/, no-
crosiHnie mg (%)) B mg(f2) CBA3AHH COOTHOIIECHHEM
mg (L2) =[mg )" (2.11.38)

10 cAeAyeT H3 TOro, 4TO Pz2(X, §1) YAOBNETBOPSET ypaBHEHMIO
o o0

bl gy =eitr — { deere ) | dare-tber-rn (v, (7, 1)),
% s (2.11.39)
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KaK noKasnBaeT HCKJlodeHHe ¢, u3 (2.11.17). Jas AeficTBHTeAbHHIX
u(x) 3TO ypaBHeHHe HE MEHSETCs, eC/IH 3aMEHHTb {, Ha — { H B3AThb
KOMIJIEKCHO-COnpsKeHHoe ypasuenune. Iloatomy b2(x, &)= [¢2(x;,
—ti)]* U3 nepporo u3 ypassennit (2.11.17) suano, uro ¥i(x, §;)
TaKXKe o6aafaer 3THM CBOACTBOM. Teneph cOOTHOWEHHE MeXAy mg((s2)
u mgp({1) caepyer u3 (2.11.37a).

Mpumep

H3aBecTHO MHOTO NOTEHUHaNOB, AR KOTODHX ypaBHenne Ilpéaun-
repa Moxer GHTb peleHO aHaxuTHYeck# (cM., Hanpumep, [17]). He
TaK JIErKO NPHBeCTH Nepedenb QYHKNHA, LI KOTOPHX MOXHO aHaJH-
THYECKH PeIHTh CHCTeMy JuHeAHHX ypasHenu#t (2.11.1). Baxnni
Kaacc QYHKUHHA, A KOTOPHX MOXHO PEUIHTb 3TH JIHHedHHe ypasHe-
RHA, GYAeT MOJYYEeH NMO3JHee METOAOM OOpaTHOM 3ajauyn paccesHus.
B kavectse mnpoctoro npHMepa, NpeABapsIOUIEr0 STH Pe3yAbTaTH,
MOXHO CJI0BaTL MeTOAY, paspaboranHomy BaprmanoMm aas ypasHe-
uua Lllpéaunrepa u nanoxenuomy B pasf. 1.3. Mo niuem pewenue
(2.11.1) B BHAE

n =e""*[4ik +a(x)], 5 11.40

1y = =43 (x), (2.11.40)

Tak kak afiech HeT YJeHa, MPONOPUHOHANLHOTO e**, Mbl OXHAaeM, UTO

HafifeHHnft noteHuuan 6yser 6e3oTpaxKaTeNbHHM. YpasneHua (2.11.1)
NPHBOAAT K COOTHOMIEHHSAM

a' =ub, b=2u, b =—ua. (2.11.41)

Hckniouan 4 ¥3 nepBoro u TpeTbero U3 3THX yPaBHEHHi H 32TeM HHTe-
rpupysi, noayuum a? - b%==4p?, rae p— OCTOSIHHAs HHTErpupoBa-
uus. U3 nepsoro u 8TOPOro ypasHeHsit HaXOAHM TaKxe, 4to b? = 2a’.
Takum o6pasom, ¢yHkuua a(x) yaosJaeTBopsieT ypasuenuio (1.3.5),
TOMY e CaMOMY HeJHHEAHOMY ypaBHeHHIO MepBOro Nopsiika, KoTo-
poOMY yaoBieTBopsieT pyHKuUusi a(x), BBeJeHHas NPH pellleHHH ypas-
HeHusa Llpéaunrepa. CHOBA pelleHHe MOXHO 3aNHCaTh B BHAe

a=2w'lw, (2.11.42)
e © == aeh* 4 Pe4* = 2¢¢ ch (ux — ¢), (2.11.43)
u cuoBa ¢ =(1/2)In (B/a). Torna
u? =5 o’ = p? sech? (ux — 9). (2.11,44)

Takum o6pasom, Mbl moayyaeMm

# == p sech (px — ¢). (2.11.45)
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HocraTouko Gyaer paccMoTpers cayyait p > 0. Oynkuuu a(x) u b(x)
TakXe Jerko onpegenuts. M3 (2.11.40) naxoAuM, uto dpyHAaMeHTaL-
Hoe pemteHHe (2.11.1) umeer BHA
2ik 4 u th (px — ¢)

2ik —p y

(' (x‘ k) - e—lkx

0 (x, k) = -t pe-tke sec:”(eu:-':é) ' (2.11.46)
IMoBTopas npeAbAyline BHYHCACHHA C
n, == e'*t*q (x),
n; _ e,,,,q[i ; ,Z + oWl (2.11.47)
HAXOMHM, YTO g = b u p = —a. Teneps dyHnaMenTaNbHOE pelueHHe
HM€EET BHA
i (x, k)= ok pothr G LEZD)
%1k — b th (ux — ¢) (2.11.48)
by (x, k) ==t 2k —p .
Hs BPOHCKHaHa AJA Cj2 HAXOAUM, UTOC
Clz(k)=':—:_%t%: (2.11.49)

12 obpautaercss B Hyab npH k= in/2 u Res[1/c;2(in/2)] = ip. Mu
HaXoAHM Take, 4to (k)= (k)=0, Tak 4TO MOTeHUHAaN, KaK H
0XHAANO0CH, ABJNAETCA 6e30TpaxaTe/MbHbiM. JIOKanH3OBaHHEE pelIeHRs
HMEKT BHR

@ (x, ip/2) = -%- e~#*2gech px,

P (x, ip/2) = F % e**?sechux,
l (2.11.50)
¥\ (x, in/2) = F 5 e~** sech px,

b, (x, ip/2) = %—e“"" sech px.

U3 (2.11.37) Buano, 4TO HOPMHPOBOUHHE MOCTOAHHLE HMEIOT BHA
mp(iuf2) == my (ip/2) = F u, (2.11.51)

rAe BEPXHHfi H HIXKHHA 3HaKH OTBEUAlOT COOTBETCTBEHHO BepXHeMy
H HUXHeMY 3Haky y O&YHKUMH u(x), HAaBaeMOH COOTHOILIEHHEM
(2.11.45).

Ynpaxcnenue 24

Eute oanum npodunem, nossonfiomuM peutaTs CHCTEMY, SBIfeTCA NPAMOYrONbe
HBlll 6apbep: u(x) == up AN% 0 < x << a u u(x) == 0 BCIOAY BHe 3TOro HHTEpBaJa,
Ucnoavsyhte (2.11.19a) ana cpammsanus pewennd ypashenus (2.11.1) B 9TAX Tpex
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obnacTax A noxaxure, 9T0

oe—lka

D ’

—~2ikg Sin aa _
RR(")=_"0" “—D——. T (k)=

e a=(k’+uj)'® u D=acosaa—iksinaa.

AcHMRTOTHYECKOE pellieHHe

HOas cucremn 3axaposa — [lla6ata (2.11.1) moXno noayuuth
aCHMNTOTHYECKOE pelUleHHe, aHaNOTHYHOEe TOMY, KOTOpoe Oblo noay-
yeHo B paal. 2.8 nan ypasueuns Lpénunrepa. KomOunupys ypasue-
nun 3axaposa — I[llabGaTta, noayunM ypaBHEHHC BTOpOro NOpsAKa
RS ng:

iku’

nl —(L)ni+ (B 4wt — ) n =0, (211.59)

Ecau cuutath n; peiienueM @, napaeMuM dopmyaor (2.11.15), To
MOXHO 3anHcaThb

n, =e-ihthin b (2.11.53)

rae h(—oo, k)= 0. U3 (2.11.52) nraxoaum, 4TO ypaBHEHHE, KOTOpOMY
ynoBaersopser h, HMeeT BHJ

- 7 V4 d ,l,
2kt =u?+ (WY + u (=) (2.11.54)
Ecan pa3noxenne
’ - gn (%) .
k Z_jo T (2.11.55)
nogcrasuth B (2.11.54), T0 noayuum go=—u? g, =uu’ u

n-\
d
g,.+|=—u§(g7") ~ Y Gn€nem-1» n=1. (2.11.56)
n=0

Heckonbko nepBuX KO3(OHLHEHTOB HMEIOT BHA

Qo=—u?, g =uu, gy=—(uu" +u'), gs=uu'" +5u'’,

o= — uu™ — 11u? (U’ — Tudu" — 2 = (2.11.57)
= V) 4 1002 (W — 28 — 7 (P

«OGpe3anubie» NOTEHUHANDI

MoxHo pacuupure 00/1aCTh NOTEHUHAJOB, A/ KOTOPHX 3anaua
3axaposa — lllaGaTta peluaercs araJAHTHYECKH, paccMaTtpuBas «obpe-
3aHHbBIe» [IOTEHUHAJH. Buluncienns nogo6ubl TeM, KOTOpLIe OLNKH npo-
sefeHnl aas ypasHenus Ulpéauunrepa B pasa. 2.9. Paccmorpum ac-
TalAbHO CJyyall NOTeHUHana, «obpeszanHoro» cacBa. Toraa u'(x)==
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=u(x)0(x—x), u u3 (2.11.15) u (2.11.17) Mul HaxoAHM, 4TO B 0G-
nacrti x << Xy PYHAAMCHTAJIbHBIE PelieNHs HMCIOT BHA
P = | dxle-mmom (2o, (v, ),
X3
Pl =eltx 4 S dx'et -2y (x') $, (¢, k), (2.11.58)

X

@i =e i, @ =0

Has x > x|, GyupaMCHTANBHLIC pellenns HMCIOT BHJ
=¥ (x, k), b = ¥,(x, &),

x
QT =e-itx 4 S dx’et* -2y (x') QT (x', k), (2.11.59)
Xy
X
of, = | axerre-nu(xyol (v, b

X

ST pClICIHA AOMKHB OLTh HENPCPHBHE NPH NEPCXOAC uepe3 X == X.
Teuepb cBAsanHbe ¢ 3THM «0Ope3aHHbBIM» NOTenUHANOM KO3Qdu-
LHEHTH c,T, nosyualorcs w3 (2.11.23). M naxoaum, 4to

cl\ (k) = e~ ikup, (x., - k),
chy (k)= — cf, (k) = e~i*x, (x,, k), (2.11.60)
e (k) =e*"p, (x,, k).

OdynaaMeHTanbHbie pellieHHs A noTennmnana u(x) = pscch px
6nian npusesennt B popmynax (2.11.46) n (2.11.48). MoxHo Tenepn
3TH NpelBAPHTENbHUC Pe3yNbTaThl HCNOALIODATL A OnpeAeerns
KO3 QHUHCHTOB c,TI B cayuae «obpe3aHHoOro» norchnuana u’(x)==
= +nf(x — x;)sech ux. Mot nonyuacm

h
cfy (k)= F e~hnp Jam bl
2k — p th
cfy (k) = — ol (k) = 5= F2, (2.11.61)
sech px,

ey (k) == ok MM < m

IMpn k= —(1/2)ipth px; xo3pduuuent npoxoxaenus uMeer noJioc.
Ipn p > 0 on sexut B BepxHeR NOAYNAOCKOCTH Aas x; << 0, a ans
xy=0-—mna fAefictuTenbHofi ocu k. OTMeTHM, UTO 3TOT peayiwTar
orauuaercsi ot (2.9.7)— pe3yabTaTa, NOJYYEHHOrO AN YPaBHCHHUA
Ipépuurepa ¢ AeAcTBHTENbHBIM TOTEHUHANOM. TaM OuA0 HalaeHo,
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4TO NOJMIOC HHKOTAA He MOXET JexaTh Ha JefiCTBHTeJALHOR OcH R, WO
BCCTAA €CTh NMOJMIOC B BEPXHef NOJNYNJAOCKQCTH, CKORbL ManbiM Obi HH
61iJ1 OTPHIATCALILIA NOTEHIHAN.

2.12. CBA3bL MEXY YPABHEHHEM WIPERAHHIEPA
H YPABHEHUAMH
3AXAPOBA — HIABATA: YPABHEHHA PHKKATH
B pasa. 1.5 Mbl BHAEGAH, YTO JHHCAHDIE YPaBHCHUSA
Yy tiny =10,z
Ya I (2.12.1)
z2,—uz=—1ty

3KBUBAJICHTHH YPABHCHHIO BTOPOro nopsaka thua ypasuenus Lpé-
ABHTCPA € KOMMJIEKCHHIM noTcHunasom. KoBKpernee, MH HalIH, Y4TO

Yex =2+ u? + iux)y=0. (2.12.2)
Auanorwmo Mbl MOXKEM 1OJIYYHTD
2o+ @G+ —iu)z=0. (2.12.3)

Teneph 11OAYHHM 3TOT Pe3yAbTaT APYFrHM MCTOJOM, C MOMOULILIO HeJH-
Hennoro audQepeHIHaNLHOro ypaslenusi BTOPOro NopsjKa, Ha3uiBae-
Moro ypapuenucM Pukkath. Ypasueduss PHxkkaTu CHOBa BCTpeTATCS
HAM ApPH AdJibHeAlleM PAacCMOTPEHHH TEOPHH COJHTOHOB, H IJiA yn06-
CTBa B HOCJCAYIOIUEM MBI ceffyac RAAHM CBOAKY HEKOTOPHX CROMACTB
sToro ypasHenus [31].

Ecau nepsoc u Bropoe ypaBuchua (2.12.1) yMHOXHTL B2 2 u gy
COOTBETCTBEHHO H BHYeCTb OAHO H3 APYroro, TO B pe3yAbTaTe HOC/C
Acjienus Ha 22 mosiyduMm HenunefiHoe ypasnenue

@x + 2iup={(1 +¢°), (2.12.4)

rae ¢ = y/z. 10 HeJiHHEHHOe ypaBHEHHe NepBOTO NOPAAKA ABJAETCH
npuMepom ypasHeHus Pukkatu. B faHHBII MOMEHT NPOCTO OTMETHM,
4TO MOJACTaHOBKA ¢ = —0,/L0 RpHBOAHT K JHHEAHOMY YpaBileHHIO

BTOPOro NOpsAKa
Gx: +2iu9; +§26=0. (2.125}

Ecan ¢ noMoubio noacraHoBku 0= pexp (—— iS u dx)  HCKAIOUHTDL
YJeH ¢ NepBoil NPOH3BOAHON, MH MOJYYHM ypaBHeHHE
$or (2 +u?—iu,) =0, (2.12.6)

KOTOpOE HMCET TOT e BHJ, 4To H ypasuenue (2.12.3) aas z. Takum
06pa3oM, ecsli rpaHHUHbe YCJOBHA s oGenx PyHKUHH omHuaxoswl,
TO ¢ paBHO 2.

Bosspaienne nasan ot ypabHennst Pukkati (2.12.4) Kk nuneino#
cucreme (2.12.1) HeCKOJbKO cJ0OXHee, MOCKOJbKY NOACTAHOBKA ¢ ==
w= y/z npeoBpasyer ypasHeHHe PHKKaTH B ypaBHenue z(y:+ iuy—
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—{2)— y(2x—iuz -+ Ly)==0, KOTOpOMY MOMKET yAOBAETBOPATL pe-
wenue cucremul (2.12.1), x0TA H He eJHHCTBEHHLM o6GpasoM. OnHako
3aMeTHB, 4TO

g=—g=— ", (2.12.7)

Mbl MOXEM IOJOXKATb $x—itip = Ay u [P = A2, rlle A NOAJNEKHT
onpegenennio. Mckmouas e, MBH BHAHM, YTO BRIGHPas A NOCTORHHHIM,
Mbl BOCCTaHABJAHBAaeM BTOpOe ypaBHenHe cucremu (2.12.1).

Jas ccuiJioK B nocjenylolieM MH cefilyac KpaTko PacCMOTPUM He-
KoTopnie obuve cBoiictBa ypaBueHu#i Pukkati, CranpaprHas dopma
3TOr0 ypaBHEHHA HMeeT BHA

9x + A(x)9+ B(x)¢*=C(x). (2.12.8)
@ =10,/(B9) (2.12.9)

npeobpasyer ypasHenHe PuKxkaTh B JHHeAHoe YpaBleHHe BTOPOro
nopajxka

Iloxcranoska

8, + (A — B,/B)6, — BCO=0. (2.12.10)

O6uan cTpykTypa pelieHHs ypaBHeHHSt PuKKaTtH MoxeT OuTb moay-
yeHa #3 obluero peuleHHs 3TOro JHHEHHOro ypaBnenusa. Ecau 0, n 0, —
JABa JIUHEHO HE34BHCHMHIX pelieHuf ypaBHcHus (2.12.10), To obuiee
peuiedite uMmeer Bux 6 =a0,4 b9,;, rae a n b— nocroannsie. U3
(2.12.8) Mb BHauM, uTO ypaBHeHne PHkkaTH uMeeT ofblliee pcluexue
@ =[(a/b)01x + 0] /[(a/b)0; + 0,], T. e. peisenne BHAA

__ kP4 Q

rae k(= a/b)— noctosHHasA HHTerpHposanud, a P, Q, R u S sasas-
10TCa QyHKUHAMH X.

Xor, KaK 10Ka3aHO Bhille, ypaBHeHHe PHKKaTH Bcerga MOXHO
npeo6pa3oBaTth B JHHEAHOe YPaBHeHHe, NOJYYHTb ofllee pellieHHe
3TOr0 JHHEHHOro ypasHeHUR MoXeT GuTb TpyaHo. OAHAKO CHTyauus
OKa3nBaeTCsl MHOrO MpOlle, ecAH eCTb YacTHOe pellleHHe ypaBHEHHS
Pukkaty. Ecin 0603HayuThL yepe3 ¢, 4acTHOe pellleHHe, TO JIETKO IO-
Ka3aTh, 4T0 QyHKuus f;, onpenenenHan coornolenvem 1/f, = — @,
GyAeT yAOBJIETBOPNTH JHHEHHOMY YPaBHEHHIO

fix— (A< 2Be)f,— B=0. (2.12.12)

Teneps MOXHO MOAYuHTb oflllee pelileHHe 3TOrO ypaBHEHHA, H CJeRo-
BATeJbHO, HCXOAHOro ypaBHeHua PHKKaTH.

Eciu H3BeCTHO ellle OAHO YACTHOE peuleHHe @ == @iz, TO MOXKHO
aHAJIOTHYHBIM 06pa3oM BBeCTH OYHKUHIO [, Onpefie/IeMyl0 COOTHO-
weHneM 1/fs = @ — @j, ¥ NoKa3zath, 4TO

faz — (A +2Bp) [, — B=0. (2.12.13)



2.12. Cense mexdy ypasuenunmu Illpédunzeps u 3axaposa — [UaGara 93

Ecau pasgeants (2.12.11) u (2.12.12) na f, u f; cooTseTcTBEeHHO, NO-
JIyYHM ypaBHeHHe

hy o —ao) (i

(1),=B@—% (1) (2.12.14)
y KOTOPOIO €CTb pelleHHe BHJa

%_—. aed 4P (2.12.15)

rie a-— NOCTOAHHARA HHTerpupoBanus. M3 nanHoro Buiue onpeaenc-
Hun [ ¥ [, HaxouM, uTO ofllee peilleHHe ypaBHeHHA PHKKAaTH WMeer
BHA

9—9: _  §B@-eax
= ae . (2.12.16)

Hakoneu, npuBegeM o6uiuA BHA Npeobpa3oBaHHA, HCMOJAb3OBaH-
HOrO BHIIE IJI HCKJIOYEHHA MepBHX NPOH3BOAHLIX B JHHEAHOM ypas-

HeHHH BTOporo mopaaxka (2.12.5). [loacranoska 6= 1exp [-——;— X
X S a(x) dx] npeobpasyer aAnddepernnanbioe ypaBHeHHE

B, + a(x)8; +b(x)8=0 (2.12.17)
B ypaBHeHHe

$ex +[b — o+ 28] ¥ =0. (2.12.18)

¥npaxcrenue 25

Mokaxure, 4to aunehnan cucrema (1.5.3) sxp:BasentHa ypaBHeHHI0 Puxkkatn
o« + 2ile = u(l + ¢?), rae @ = n,/n,. C nomompio npeoGpazosanuws @ = — 0,/ud
u O = Yu'/%e—'{* npeoGpasyhte 310 ypaBHenwe PHkkat B ypapuense Llpémuurepa

$xx -+ [C’ + u? + i (ug/u) — T (uylu)® + %— (u,/u),] = 0. Hcnonsaya  u3sno-

MeHHWA BHIUe MeTOR, BO3BPaTHTeCh OT YpaBHeHHA PHKKat# K JHHefiHWM ypaBHe-
HHAM,

Ynpaxcuenue 26

Paccmorpute ypabuenue PHXkaTH, moayvaiouleecs, ecli B ypasHeHHn (2.12.4)
NoNoKHTb & = sech x. EcAH nonoxuth ¢ = i), TO NOAYYHTCA ypaBHeHHe Aaa @,
KoTtopoe BCTpeTHTCH HaM b ra. 8. [ToxkaxuTe, 4T0 moayuuBlieecA nuHefiHOE ypasHenHe
Moxer Ourh npeobpa3oBaHo B ypaBHeHne W,y + (402 + 2sech?y)d =0, rae
y = x/2 4 n/4. Vicnonpaykte ypasuenue (2.6.14), uTo6H mnoka3ath, HTO NacTHOe
peuleHHe ypaBHeHHA PuKKaTh Anm ¢ umeer sra ¢ = — [2{ + i exp(— i0/2))/[28 +
+ lexp(ig/2)], rae o = 4 arcigev.

Hcnoasayiite B KavecTBe BTOpPOro pewtenns @,=— l/@; u, npumennn (2.12.15),
noKaxure, 9To ofllice peuieHHe ypasHEHHR Puxkat

§x + 2i(sech x)§+iL(l — ) =0
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umeer vua (2.12.11) ¢
P=—=e-tv (‘V + ie—mrz)’
Q=v— ie—to7,
R=e¥* (.v + icloﬂ)'
S = — (v — ic'oR),

rac v == 2f u o = 4arclge®.

[okaxure, wto obuice pemenne ypanucuus [PUKKaTi, n KoTopoMm u # [ nome-
1;3{:"_('1.' )s-cccraml, T.¢ %« + 2ifx 4 i(sech x) (1 — x?) = 0, umeer sua x = (@ + 1)/
Ynpaxcuenue 27

Ecaw pewnts  ypapuenne (2.12.16) nas ¢, mMu umonyunm @ = (@2 — af@,)/
[(t —af), rae [ =exp{ \ B (9: — @) dx]. Uetuipe pasau4iupix 3uaueHa nocToRuuo

G AT MCTWpC pasanuiux pewenus ypanuewus Puxkatu (2.12.8). Mokaxure, uto
9TH YETHpPE PeHieHHR YAODACTHOPAIOT TEOPCME AHTADMOHHYECKOI0 OTHOLICHHA
(01— @3) (P2 — @s) _ (a, — a3) (as — ay)

(01 — @4) (92 — @2) - (4, — a4) (az — as) == const.

Ha s10ro peaysbTaTa CleAycr, 4TO CCAH HIBCCTHW TPH peuscuus ypasnenus Puk-
KaTH, TO O6uIee pelIciiHe MOXHO NOAYUHTL Ge3 KHTerpHpOBaHHA.



Inasa 3

OAQHOMEPHASI OBPATHAS 3AJAHA PACCESHMA

B ra. 2 Mw paccMoTpenn npuMepn TaK Ha3LIBACMO# npamoi 3a-
RAUH pACCCHHHUR, T. C. HAXOMUCHHT PACCCHAHIINX BOJAH upu 3anaunoh
dopme paccenBalouUlero NOTEHUHANAA HIH 3aRaHHOM MpOPHAC HOKA3a-
TCJAA NPCJAOMJICHHA. Hcnonu3obanne TCOPHH pacccsiling NMpR H3yYCHuH
CONHTOHOB TPCOYCT PacCMOTPeHHsi OOPATHOR 3afauH, a HMCHNO, 3a-
AQYH ONPCACACHHA AOTCHIHAJAA NpH 3aaannof undopmaun o pac-
cennnoil Bojine (M CBA3ANNLX COCTOAHHAX, CCH OnKU ecTh). B nocae-
AYIOUIHX raBax McToA 06pamm’4 3aAavyH paccessHns ()yneT HCNOJAbL30-
BaH AJIs dHANH3A HAYAJIDLIIBIX 34434, CHN3aNbIX C PA3AHUHBIMH HCJH-
HCAHBIMH 3BOJIIOLHOHHLIMH ypabHeHrsiMH. B nactosiite# rnase n3ana-
rajprcst TC¢ aclekrTul oﬁpa'moﬁ 3ajauu paccesnns, KOTophe Heo6xo-
AHMH JI11 DPACCMOTPCHHA 3THX IBOJIIOIHOHINX ypauucuuﬁ.

3.1. COOTHOMILHHE MEXAY NOTCHUHANOM H OVHKUMAMH
Ae(x,y) w Aclx,y)

B paaa. 2.10 mu Bugean, uto ypasueune Mapuenko (2.10.17) nacr
COOTHOWIeHHEe (MHTErpaabHOe YpaBHCHHE) Mexay rq(x), npeobpasosa-
Huem Oypue koadpduuucnta otpaxennn Rg(k), n dynxuuch Ag(x, y),
BXOAsileR B onpeAcsenne pynaamenrtanbHoro pewenus fy(x, k), onu-
cuBaemoro ¢gopmyaof (2.10.5). Tenepb paccMOTPHM, KAKuM 06pa3om
suanne QPyukuun Ag(x, y) nospossier onpeacauts notchiman U(x).
Torpa y mac OyACT MCTOA RCPCXofa OT KOIPPHUHCHTA OTPAXKCHHUN
Rr(k) x norcnunany U(x) uepes ¢yukunu rg(x) u Ag(x, y). Anano-
THUNLIT Pe3yJLTAT noaydactes Aaf ko3dguunenta orpaxkenus Riy(x)
n dyuxuun A, (x, y).

N3 o6eyxaennn pacnpoctpaneuyns uMnyancos B Buac §-dynunun
(pasa. 2.10) scuo, uro pynxkuua Ag(x, y) Aoaxua GuTh HEnocpen-
CTBEHHO CB%3aHa C IIOTEHUMANOM, TIOCKOJIbKY €CAH B BOJHOBOM ypas-
Henwnn (2.10.1) U(x)=p2(x)=0, 10 cama §-dynkuus 8§(t —x/c) nan-
ASETCH TOYHBIM peltienneM BojOBoro ypabucuus. ®dynwuun Ag(x, ct)
B Boipaxenuu (2.10.2), npencranaswoiias co6oft cnef 3a HMIYJAbCOM
B Buie 8-QyHKUHU HAH B o6llleM cliyuae AONONHHTCJAbHYIO 4acTh pe-
HICHHI, KOTOPYI0 MOXNO npHOHcaTh Acfictsuio gynxinn U(x), B 3ToM
cnyyae pasna nymaio. Uto6u nantu csnsv Mexay Ag(x, y) u U(x) npu
HCHYJACBOM NOTeNLHaje, Mbi NPOCTO NOACTABHM BhIpaenue y{x, f),
aaBacMmoe dopmynon (2.10.2), 8 sonnosoe ypasuenite (2.10.1) u no-
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JYHHM
x OAR (x, ct) 2 OAR (x, cf)
o(i—5)[2 Por + 2 222 4y -
x 0%A , (x, ct) 1 A, (x, ct)
—ce(1~-c-)[ R TR D () Ap(, ct)]—_-.-O.

3.1.1)

KoadpdpuuneHT npu crynesyatoit GyHKUMH, KaK H OXKHAANOCH, NOKA3H-
BaeT, YTO ypaBHeHHe, KOTOPOMY yloBJeTBopser dpyukuun Ag(x, y), ne
npoule ypaBHenHs AAA QYHKUuH y(x, {). OfHako Hac HHTEpecyeT
anub Koyppuuuest npn S-pyukuun. Uurerpupys (3.1.1) no Bpemenu
oT x/c—¢& no x/c+ e, nonyuum

A, (x, ct) dA, (x, ct)
2 = tex T 2w |y, FU D=0 (.12

JT0 AaeT HCKOMOE COOTHOUIeHue, 3 HMEHHO
d
Ux)=— 27 Ar(x, x). (3.1.3)

dto peuent AnR nony4cHHs noteHunana u3 Pynxuun Ag(x, y). Ana-
JIOTHYHBle BLIYHCJEHHS ¢ HcnoJb3opanueM Gyukuuu yi(x, (), onpene-
asiemoft popmyaoit (2.10.6), ratot

U (x)=2 - A, (x, x). (3.1.4)

Ecnu 3afaercst KO3QQHUHEHT OTPAKEHHA H PelNaeTcst OXHO H3 ypas-
uenuit Mapuenko, T. e. (2.10.17) ans Az(x, y) nau (2.10.18) nas
dyukuun A (x, y), To ypasuenne (3.1.3) uau (3.1.4) paer norenunan,
coafaoumuil 3afauHuifi KO3hGHIHCHT OTPaXKeHus.

JloBOALHO ANHHHBIE PACCYXKAEHHA NPHBOAAT K KPHTEPHIO

o

de(l+lx|)lu(x)l<oo (3.1.5)

-

cnpaBcAauBoctH 3toft npouenyps (Pangseen [37]). Takum obGpasom,
MeTon HenmpHMeHHuM, ecan unrerpan B (3.1.5) pacxoaurtcs. dto npowuc-
XOAKT TOTAA, KOTAa JuG0 MOTEHUHaN CAHINKOM CHHIYJASpeH, Kak B
cayuae, KOraa oH sBjisieTCst APOH3BOAHOMN OT §-QyHKunHu u(x)==06'(x),
anb0 KOrfa oH CJAMIBKOM MeAsieHHO yObiBaeT Aam OOJbWIHX 3Haye-
uuh x.

K coxasneninio, B 60/AbIHKHCTBE caydaeB peluatb ypaBHenne Map-
YEeHKO HEeNnpocTo. DTO HHTErpajibHoe ypaBHEHHe, H XOTHl OHO H JiHHeil-
HOe, aHAJTHTHYECKH er0 MOXHO PelWHTh TONbKO B HEKOTOPHIX MPOCTHIX
cayyasx,

[MpuBefeHHI B r/1. 2 BHBOA ypaBHeHHs MapueHKo OrpaHH4YHBajcs
C/YYasMH, KOFAa y mNOTeHUHana He GHJAO CBA3AHHBIX COCTOSHHA.
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B caeaylouem pasiene 910 orpanHuenue G6yfer ocnabaeno. Chauana,
paccMaTpuBas NPOCTOR npHMep, B KOTOPOM HET CBRA3AHHHX COCTOSA-
HHfi, yKaxeM METOA NMOCTPOEHHs NOTeRUHaNa Mo KO3hGHUHEHTY OoTpa-
KEeHHR H PaccCMOTPHEM KO3pdHUHEHT OTparkeHHs, KOTOPHU npuBeAeT
K OTT3aJKHBAOLIEMY MOTEHIHANY B BHAe O-QYyHKIHH,

[Tpumep — oTraskuBaoWHA NoTeHuHaa B BHAE S-PyHKUHH

B ynp. 19 ra. 2 6bin nonyden Ko3QPHIHEHT OTPAKEHHA AJA NOTeH-
uvana u(x)=2b6(x) B cnyuae BosaH, najawomHx ciepa. Pesyabrar
HMeeT BIJ,

— ib
910 BHIpaXKeHHe MH cefiyac MCMOJb3yeM B KauecTBe OTNPaBHOM TOYKH

AN BOCCT2HOBJEHHA mnoTekiuana B Bufie 8-dyukunn. Corznacho
(2.8.32), npeo6pazoBanne Pypne Bupaxkenus (3.1.6) naer

ry(2)= — be~%0(2). 3...7)

Torpa ypaBuenne Mapuenko (2.10.18) npumer Bua

be=+0g(x +y) + b S dr'e-b W+0A, (x, x) — AL (%, §)=0. (3.1.8)
-V

HOas x << —y Kak cryneHuaras QyHKUHS, TaK H HHTErpan paBHH
Hymo, tak 4to AL(x, y)=0 ana x4y < 0. Ina x+ y > 0 MoxHO
YAOBJIETBOPHTb HHTErpajlbHOMY YypaBHeHHIO, mosaras (QyHKUHIO
A.(x, y) paBHoit nocrosuuofi. [IpuBoasLlas K 3TOMY pe3yabTaTty 06-
mwan npoueaypa onucwBaerca B ynp. 1. ITosnaras A.(x, y)= K, npa-
MO#l NOACTaHOBKOH B MHTErpaibHOe ypaBHeHHe HaxoAuM, uto K=2b.
Toraa peleHue’ HMeeT BHA

AL(x' !/)=b9(x+!/), (3'1'9)
n dopmyna ans norenuuana (3.1.4) naer oxupaeMblfl pe3ayabTar
U (x) = 2b - 8(2%) = 263 (x). (3.1.10)

Haxoxum Tenepb Apyrofi NOAXOR K 3TOf 3afave.

Ynpaxnenue 1
B pa3a. 3.4 GyaeT noxka3aHo, 4TO €CAH KO3b(HUHENT OTPaXEHHR SBAAETCR OTHO-
WIEHHEM NOJHHOMOB MO R, KaK B cay4ae KooadHUHEHTa OTpaKeHHHA, 3anasaeMoro ¢op-
mynofi (3.1.6), TO MOXHO OXHAATH, h;n'o pemenne ypaBHeHgs Mapdenko 6yaer cymMmoii
npoH3Benennfl BHA2 AL (x, y) = Z X‘ (%) Y‘ (y). Bosbmute N = | H npopenafite
1

Raavuefinylo $akroprzaunnw Y(y) ;h(y)e-"'. TMoacranoskoft 8 (3.1.8) nokaxwure,
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wro dh(y)ldy = be™ h(—y). 3amenan y Ha —y, HCACAL3YATE NOAYYeHHOE ypaBle-
e, 4TO6H BHIBECTH ypasficCHHe BYOPOro NopsiKa
d? 4 2 —

Peurute ypapHeHHe H ONpeaenHTe MOCTOAHINE HUTCTPHPOBANHA TaKHM 06pPa3oM, 9To6H
YAGBNETBOPAAOCL ypaBHenwe Mapuenko. [loaywute notenunan s suge U(x) =
= 2b8(x).

3.2. HAJIHYHE CBA3AHHBIX COCTOSiHHRA

Ceftuac MH BepHeMCsi K NPHBeJeHHOMY B pa3i. 2.10 BuiBogy ypas-
HeHHA MapueHKO H pacnpocTpaHMM 3TOT BBIBOA Ha cayuafi, Korja
ecTb cBsi3anlble cocTosaunA. Kak ykasuwBanoch B pasf. 2.8, causannne
COCTOSIHHSL COOTBETCTBYIOT NOJI0OCaM KOIQQHUHCHTA NPOXOKAECHHA B
TOUKAX ¥y, JICIKALUHX HAa MHHMOH OCH B BepXHeii noaymnockoctH. [pe-
obpa3zosanue ®ypne nesoit yacTH BupaxcHus (2.10.14), kak u panee,
naetcs ¢opmyaoi (2.10.16). Onnako ana £+ x/c << 0 3ro Bupaxe-
nue Oosbine ne obpamaerca B Hyab. Coraacno (2.8.33), Mu Tenepn
HMeeM

I'(2)=— Y ve™, t<0. (3.2.1)
Has t 4+ x/c < 0 Bupaxenne (2.10.16) npHnnuMaer Bua
x
I 4. = —¢ Z y‘ex‘ (et4x) __ ¢ }: vlexlc! S dx/exlx’AL (x, X') —
= Z v o (x, i), (3.2.2)

rie Gui0 HCNOABL30BaHO onpejenenne (PyHAAMEHTANBHOTO pelIeHH:
(2.10.7). B Toukax k==ix; nBa QYHAAMEHTAJIbHHX PEINCHHA JHHEAHO
3aBUCHMH H, coraacHo (2.8.20),

fa(x, ig) == ¢y (i%)) fy (x, i)). (3.2.3)

Hcnonbayn onpepenensue fi(x, k) dopmyaoh (2.10.5) u cuosa nosaras
ct’ = x' u —ct =y, MOKHO 3aNHCATb

Jdu=—¢ Z yicy (ing) e 19

-c ZY;cn(lm)S dx’Ag(x, x)e 1%+ (3.9.4)
x
Ecau onpepenutb

N
Qp2)=ryg(2)+ lz_:l Vicn (ixg) e 5, (3.2.6)

70 ypasHende Mapuenko 6yAeT UMETh TOUHO TOT Xe BHA, UTO H B CAy-
Yyae OTCYTCTBHA CBA3aHHBIX coctoauMii. Cornacuo (2.8.8) u (2.8.32),
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3TO MOXKHO 3anucaTh B BHIE

o N i

LT BT S NTY ) e

gﬂa_.yﬁw e —1Z?TETe‘. (3.2.6)
12 = fe Py

—00
Hakoueu, nurerpansnoe ypasHeHne uMeer BHI
o0

Qp(x + 9) + Aglx, 1) + S d¥'Qe (¥ + y) Ar(x, £) =0, x < g, (3.2.7)

rae Qg nacrcs BuipaxienweM (3.2.6). Takum o6pasom, MH moayyacm
TOYUHO TO JXXe HHTerpajbHOe ypaBHEHHE, KOTOpoe ObiJO MNOJNyueHO B
OTCYTCTBHE CBA3AHHBIX COCTOSIHHM, 33 HCKJIIOYEHHEM TOro, uTo Ko3g-
(uHeHT oTpakeHHust rg 3aMeHsieTcd Ha Qgz. UtoOw ompepenuts Qp,
MBl JOJIKHB 3HATh HE TOJNLKC KOIDQHIHEHT OTPaxeHHs rp(z), HO
TAKKC H YHCJAO CBA3AHHLIX COCTOAHHA, TOHKH (%, ONMpEleNRiollHe HX
NONOXKEHHe HA KOMIJICKCHON NJOCKOCTH, H HOPMHPOBOYHBLIE NOCTOSH-
HHC mgy == i€y () /C12(i%) AAs Kax oA H3 BOJHOBHX PyHKINi CBs-
3aHHOTO COCTOSIHHS.
Ananornunas npoueaypa 8 npumenennn « (2.8.7b) naer

Q (x+ 9+ AL(x, y)+ S dx’AL(x + xR (¥ +y)=0,x >y, (3.2.8)

— 00

rie

. dk ¢y (k) I n(‘“l)
Q, ()= S o Zcu Gy B29)

—ao

B KkauecTBe NpOCTOro 1pHMepa cO CBA3AHHLIM COCTOSHHEM pac-
CMOTPHM NPHTATHBAIOUIHI NOTCHUHAA B BHAC §-QYHKILHH.

Mpumep: npuTArHBaOWKI NOTeHUHAN B BUAe O-DYHKUHK

PaccMoTpuM  3ajlauy paccesiHHs AN TPHXOARULHX CJeBa BOJH.
Kosddpuunenr orpaxenns Ry (&)= cog(k)/c12{k). B ynp. 19 ra. 2 6ninio
kafgeHo, 4To KO3hGdHUHEHTH paccesiHHs Aas NOTEHUHAJNa B BHAe
§-pyukuun u(x)=2b8(x) nmeoT BHA Ci2(k)==1+ib/k U cnik)=
= —ib/k. AN NpUTATHBAIOIEr0 NOTEHUHANA & OTPHUATENILHO H HYJb
C12 NCXKHUT B BepXHell NOAYNAocKoCTH B Touke & = i|b|. HUrak, xo3¢-
(hUUHEHT OTpaMeHHs paBeH Ry (k)= —ib/(k+ib). Cornacho (2.8.32),
npeobpa3oBanie Pypve 3T0ro ko3pdHUHUEHTA OTPAXKEHHS 3aAMNHCHI-
Baercs B BHIe

—1blelbiz, 2 <0,
= 3.2.10
rL(2) {o, 2> 0. (3:2.10)

Coraacro (3.2.9), Mul MOXeM NOCTPOUTH aenuquny
Q, (&) =ro(2) — i 2 e, @211

(i)
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rae % ==|b]. C paHee NoJyueHHHMH 3HAYEHHAMH C12 H Cz3 HAXOAHM,
9T0

0, 2<0,
Q(z)a{lble”l’. z2>0,
= — be~4% (2), (3.2.12)

rae 6(2)—exuununas crynenyatas ¢yHxuHs. ITO cCOBHAAaeT C Bupa-
xenneM (3.1.7), koTopoe 6HJO NMOAYYEHO ANA rr(2) B clyyae OTTANKH-
Baiolllero MoTeHuHana B BRAe 6-pyuxkuun. Ypasnewne Mapuenko pe-
waercst, KaK H paHbllle, H JUIA NOTEHLHaNa 110J1y4aeTCA TOT Ke pe3yJb-
TaT, TOJbKO Teneps b < 0,

Ynpaxcrenue 2
Han «oGpesannoro» notenuuana u(x) = —206(x)sech®x m3 (29.7) un (2.9.8)
nosnyvaes, 4to

Re W) = =@+

Il1a eAHHCTBEHHOTo MoMoca B Touke k = if4/2 nokaxure, aro y, = (1 + 4/2)/24/2,
W nonyIute

k+1 1 2k (k 4 1)
RW == TW="ggr-

0, z2<0,
9~ { (1/4/2)sh (212), z2>0,

2~%, z>0.

Ipocras npoueaypa As BOCCTAHOBJCHHA NOTEHUMANa COCTOHT B TOM, 4TOOW HC-
noab3oBath R, AN 2 << 0 # noxasaTtb, 4to U(x) = 0 aas x << 0 ® 3aTeM HCHONAL-
3osath Qp Ana z > 0. [Toxaxure, yro Az(x, y) == — e¥sechx, n noayunte noren-
unan U(x)= —2sech®x, x > 0.

Ynpaxuenue 3

Kax noxesano B ynp. 16 ra. 2, xosdpdHUHEHT OTpa)KeHHR AAA NOTeRuHANA
u(x) == 2sechdx papes Hymo, Cj3(k) == (k—i)/(k4 i), » B npegene mpu x,~ oo
MH HaxXORHM H3 ?2.9.7) # (2.9.8), uro c23(i) == 1. Henoasaylite sty uupopmaumwo,
4TOGH ONMPENe/NUTh B PACCMaTPHBAEMOM caydae £, ¥ NOAYYHTH ypaBHeRue Mapuenko
(3.2.7). Ionaran A‘&. y) = f(x)e’, peulnTe STO ypaBHEHHE H BOCCTAHOBHTE NOTeH-
unan U(x) == —2sech?x.

Ynpaxcnenue 4

Pewnre ypasuense Mapuenxo {3.2.7) ann GesorpakaTeabHoro noTenuHana, y
KOTOPOro €cTh OANR NOMOC B BepxHed NOAYNAOCKOCTH NpH x; = X. [losoxure
mgy = 2k exp(2x%) B noxaxure, 4T0

—m"‘zt"x‘”)
A )= —mmmTh e Qg = 2xe* A,

4om~ 2 gech? x (x — ).
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TlokaxuTe, 4T0 pyHAAMEHTAJbHHE DElleHHs HMET BRA

e R+ ixthz
fiix, R)=¢e T

—tkx R—ixthz
? f,(x,k)-=e k+b‘ ’

rae 2 == %{x — E). DTOT BH] PellleHHN OKAaMeTCHA NOMNe3HHM B ra. 9.

3.3. BE3OTPAXKATEJIbHHE NOTEHUHAIH

BesorpaxkaresibHbie NOTEHUHAAW 06pasyloT OAHH H3 KJIacCOB MO-
TEHLHAJO0B, IS KOTOPHX ypaBheHne MapueHko MOXKeT OHTh pellleHO
noaHnoctsio. [IpocTefiinii npuMep 3TOro Kjaacca pacCMaTpPHBAJICS Bhllle
B ynp. 3. MB 060611UNM METOJ, HCIQJIb3OBAHHHA AJNA PEWIEHHH ITOro
npuMepa, H paccMOTPHM cay4yafl, Koraa Ko3GHIUHEHT OTPaXKeHHs, Ha-
npumep R (k), paBeH Hy1i0, a KOIQ(HIUHEHT NPOXOKIEHHS HMEET n
NOJMIOCOB B 3aJlaHHHX Toukax iw (I=1, 2, ..., N) Ha nonoxurens-
Ho#t MHuMOR ocu. Coraacuo (3.2.8),

N
Q,(z)= g‘ my e, (3.3.1)

rie HODMHDOBOYHHE MOCTOSHHbIE M. TaKiKe NPeANONaraiorTcs 3ajaH-
HHMH. YpaBuenne Mapuenko (3.2.8) yao6Ho pewatb, BBEAA HEKOTO-
pbie N-KomnoneHTHHle BeKTOpH. Onpeaenss

¥(z)= (leeu.I‘s veny mLNe“x‘)' (3.3.2)
@) =(e"" ..., &), (3.3.3)
MOXHO 3anHcarhb
R (x +y)=¥(x) - O(y) (8.3.4) .

Tenepb MOXHO pellaTh ypaBHeHHe MapueHKO, 3aNHCHBasA HEH3BECTHHE
¢yukunn A, (x, y) B Buje

AL(x, )=t (x)- (), (3.3.5)

rie OyHxuns S (x) noanexur onpexenennto. Toraa ypasnenne Map-
9eHKO NIPHHHMAaeT BHA
x

S#(x)- [1+ | avo (x’)‘lf(x’)]-Q(y)+‘l’(x)-0(y)=0, (3.3.6)

rae | —epunnunas N X N-marpuua. ITonaras

vim=I+ { arow) (), (3.3.7)

MH DPHXOAHM K COOTHOLICHHIO
[s#(x)- V (x) + ¥ ()] - ©(y) =0. (3.3.8)
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Tax kak gynknusa @M(y) ne paBHa HYNIO H MOXKHO MCHATH €€ OPHEHTa-
uHIo, U3MEHsist Yy, TO MOXHO YIOBJICTBOPHTBH 3TOMY YpaBHEHHIO, NoJa-
ras NepsHlii MHOXUTEAL paBHuM Hywo. Takum o6pasom,

H(x)-V(x)=—T(x), (3.3.9)
HJIH

SE(x)=—T¥(x)- V' (x). (3.3.10)

Marpuua V Bcerga umeet ob6patuyw [72]. Takum oGpasom, Henspect-
nas Qynxkuus A (x, y) onpeaensicTen cOOTHOUIEHHEM

AL(x, g)=—Y¥(x)- V' (x)- ©(y). (3.3.11)

Ilns noayucHust IOTCHUMANA HAM HYXKHO 3HaThb ToJabKo A, (x, x). dro
MOXXHO 3aHHCaTh B BHAC

Ap(x, x)= =W (x)- V"' (x)- O (x). (3.3.12)
AkBuBaNenTHOC BLIPAXKECHHEe HMCCT BHI
A (x, )= —Tr[®x) ¥ (x)- V' (x)], (3.3.13)

rae Tr o3Hauwact caca Marpium, crosineit B cko6kax. Jlerko ycrano-
BITL IKBHBAJICNTHOCTL 3ITHX BHpaeuuii aas Ag(x, x), BRons uaGop

-1
CAHHMMIBIX BCKTOPOB ¢; 1 3amicuBas ¥ =e P, O=eq, u V =
-1
==U €€, TJIC CYMMHDOBAHHUC NPOHIBOANTCA MO NOBTOPAIOMIHMCA HN-

nexcam. Cpasy BUANO, uTo 06a Buipaxcenns ann A, (x, ¥) cBoAATCR K
P, @,0;- M3 onpenenenns V(x) (3.3.7) umeem

L — 0 (x)w ), (3.3.14)
Tak uto cootouicnue (3.3.13) Moxer 6LTH 3aMHCaHO B BHAe
Ay, 5)=—Tr[9L V' ]=—S-In(dety),  (33.15)

rac del V o3uauacr onpeseantenb marpuust V. B nocienucm paseit-
cree (3.3.15) ncuoab3yercss pe3ysnbTaT MATPHYHOIO HCuHCAeHus [24],
cocToAwmui B ToM, 4To ecan V u A — MaTtpuuw, takue, yro dV/dx =
=AV u, cacposateasno, dV/dx-V-'=A, r10 d(detV)/dx=
=(Tr A)del V. Takum o6pa3om,
. dV -1\ _ d (det V)/dx
TrA=Tr (4 v-1) =20

L VVdx — £ (In(det V). (3.3.16)

Tenepu anst onpefencHus notenuuana ucnosnbsyem (3.1.4) u nosyuum
U(x)=—2 2 In(det V). (3.3.17)

B KkauecTBC npHMepa HCNOAB3OBaHHsS 3TOTO Pe3ysbTaTa NOKAaXeM,
uto chayuaii N == 2 NpHBOAHT K PACCMOTPEHHOMY B ra. | KBaapaThu-
HoMy noteHiunany Baprmana. Caelyer OTMeTHTDL, 4TO PaCCMOTpPEHHKI
B ynp. 3 cayuaii N =1 naer nuxednunit notesnuan baprmana.
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Mpumep: caywait N =2

Yro6: BOCCTAHOBUTHL UHCJAEHHH Pe3yAbTaT AN KBAAPATHYHOTO
fiorenudana Daprmana, npuseacunni B ¢opmyse (1.3.25), sagaanm
3navenna ®; — 1 u % =2. Torna

Y (x) =(mpe*, mpe™), O(x)=(e*, e*), (3.3.18)
u 13 (3.3.7) naxoaum
Rt -;; mp et %m,_ze"‘ )
V(x)= . (3.3.19)

—;leeax | +%muc"

Onpenensrens MaTpuin V(x) umeer BHA
det V(x) =1+ 5 mye® ++ mpet* 4 5 mymyet*. (3.3.20)
Teneps ua (3.3.13) nerko nonyuuts ¢ynxunio A.(x, x). Tonaras
A= (1/2)In(mro/2mn) v p=(1/2)In(mumL2/72), HaXoauM, uTO
. 36-(‘+l)+6e‘+1+3e3‘ te
Ap(x, X)=— TG T FhGrFm (3.3.21)

Tocnepyomee anddepenunposanne u ucnoanszopanre (3.1.4) npaior

o3 tch(pxt+p+A)+bch@x+p—2) .
u)=—L2———gre T ragtor 322

Ecnn A u p, cBA3annuie ¢ my H mye, KaK NOKa3ano Builc, BUGHpaoTcs
TaKuM 06pa3oM, HTOGH 3TOT pe3yJbTaT yAOBJETBOPSJ TaKKe ypaBHc-
nuio KopreBera — ne ®pu3sa, nosyyactcsi BupaKeilue, fpHBeeHoe B
(1.3.25). Drot npuMep Oyaer paccMoTpen cHosa B pa3fl. 4.4.

3.4. KOIOPHUHENRT OTPAXKEHHA — PALUHOHAJIbHAA ®YHKUHA £

Ecan ko3dduuneHt orpaxkenus, nanpumep R.(k), asnserca pa-
uHOHaAbHOR ¢yHKUHeH R, TO ero npeoGpasosanuc ®Pypue rr(2) cnosa
6yjleT CyMMON 3SKCNOHEHUHANbHHX UWIeHOB H, TakuM obpa3om, Gyaer
HMETb BHA, aHAJAOTHYHKA TOMY, KOTOPHA GbA NMOAYYCH B NpedHAyleM
pasmenc Aas GezoTpakaTteabHux noreHnuanon. Camui o6umuii nua
ISt TAKUX KOIPPHUHENTOB OTPaMCHHA — ITO

RL(k)=c¢ g(" (3.4.1)
("—51)

rae m<n— 1. Jlaa m=n—1, xak n (2.4.4), norenuan 6yaer co-
Repkatbh O-bynkuuio. Mu GyseM paccMAaTPHBaTh TOALKO HEKOTOpbiC
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xapakTepunie npuMepn. Bojee ofuiee ofcyxaeHHe 3afauil MOMKHO
nafith B [73].

CHavyasia paccMOTpHM cayuafl, korna y dyukunu Ry (k) uet noawo-
coB B BepxHeil mosynaockoctd. Tornma, cornacHo onpenenenuio ry(z)
(2.8.32), nmeeM 7. (2)=0 npu z << 0. Ecau xpome Toro norpeGosartb,
4yTo6H H y dyHKunH T (k) He GHAO NOAIOCOB B BepXHEH MONYNJIOCKOCTH,
TO AJiS ONpejesieHHst TNOTEHIHala MOXHO HCNOJb30BATh YpaBHEHHe
Mapuenko (2.10.18), u Mu BHAHM, uTO mpH x + y << 0 Her BKJAaja oT
uHrerpana B A.(x, x)==0 npu x < 0. Takum o6Gpasom, U =20 npu
x<0.

ITpr x > 0 HMXXHHM npelenOM B HHTerpaje B ypaBHeHuH Map-
YeHKO fBAfeTCA —y, & He —oo. B pesyabraTe 1106aa nONHTKA NO-
CTPOHTL pellleHHe ypaBHeHHst MapueHKO nogoGHO TOMY, KaKk 3TO 6nijiO
CAeNaHO B RpelnaymeM pasgede, Onaa O 4pe3BHYaHHO TpPyROeM-
kofi. Oaunako ecan Rgp(k) nonywaercs u3 R, (k) n T(k) mocpeacrsom
(2.8.16) u (2.8.38), Mn HaxozuM, 4T0 Y Rgp(k) ecTb CHHTYAAPHOCTH
B ofGeux moayniockoctsXx. Takum o6pasom, Rp(2) He ofpamaercs B
Hyab npu z > 0. Toraa BepXHHM Npenes oM HHTErpana B yPaBHEHHH
Mapuenko (2.10.17) ocraercs 0o, H ero MOXHO pelHTb OTHOCH-
TeJabHO Ag, HCTNIOJBL3YS METOA MPEeRLAYllero pasgena.

B kauecTBe npumepa omnpesenM noTeHuHan, Aaouuh ko3ddu-
UHCHT OTPaXKEHHS

af
R =Grmar® (3.4.2)

rRe ¢ #u PB-— neficTBHTEeNAbHHE NONOXKHTeJNbHHE nocroaHHne. W3
(2.8.32) Buano, uro r.(z) oGpainaerca B Hyab npH 2z << 0, Takum
o6pasoM, A.(x, y) ¥ u(x) Takke paBrb Hydio npH x << 0. Yro6u no-
AYYHTb NOTeHUHaA Aas x > 0, suuHcauM rp(z). Toraa us (2.8.38)
NOJY4HM

R {4 %4 42
LETW‘”W+MW+MW+ﬁ”(“&

T (k)= 20%%P

rae y?=a?+4B?, a P o3nauaer, YTO HHTErpan Gepercs B CMHCJe
raaBHoOro 3Hauenus. Murerpuposanue xaer

o kG+iy)
T (k)= AN EY IR (3.4.9)
Hs (2.8.16) nmeem

_ of (k + i)
Rett)=— G F B G=W "’ (3.4.5)

naas 2> 0
rp(2)y=mgpe-v?, (3.4.6)

rae mo==—2aB/[ (v + @) (v + B)]. [Tocronnuan mq, TakuM 06pasoM,
orpuuatensHa. [lonaras Ag(x, y)== p(x)e~V¥, HaXOAUM, YTO ypaBHe-
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HHe Mapuenko (2.10.17) cBoaurcs K anre6paHuecKOMY YpPaBHEHHIO

- Mo\ __ove__
mee=¥* +p (x) +p () (G ) e~ =0. (3.4.7)
Pemas 3T0 ypaBHeHHe OTHOCHTEAbHO p(x), HAXOXHM, UTO
Ag(x, x)=ye~t*+9 cosech (yx + ¢), (3.4.8)

rae e’ == 1/ 2y/Imy|. Torza moTeHuHasN HMeeT BHA,
u (x) = 2y%0 (x) cosech? (vyx + @), (3.4.9)

rae 0(x) —enunununas crynenuaras ¢ynkuua. Tak KaK o6e BCJIHUHHH,
Y H @, HONOXHTEAbHH, CHHI'YASPHOCT: B BHPaXeHHH AAA u(x) yHHUTO-
Xaetca cryneHuatoft ¢yHkuued. Boanosas ¢yHKuHs mjas 3TOro mo-
TEHUHaNa MOXKeT OHTb NOJydYeHa ONHCAHHBIM B pasA. 2.6 MeroaoM
Jap6y ¢ A =1¢%/2, B=—e%/2 uan xe O6IHM METOJAOM, ONHCaH-
HHM B paGore [73]. [Noayunm

y = Ae**[ik — y cth(yx + @)] — Be="**[ik 4-cth (yx +9)], (3.4.10)

YTO HYXHO cpaBHHTb ¢ (2.6.15).

Ecnn ko3dduunesTs OTPpaXKeHH M NPOXOKACHHR HMEIOT NOJIOCH
B BepxHefi MOJYNMNOCKOCTH, MOXKHO NMOCTYNHTh, KaKk B pa3jl. 2.8, Beeas
¢dyukuuio T(k) 6e3 cuurynapmnocreft. Torga BHUYHC/IEHHS aHaJOTHYHH
H3MIOXKEeHHHIM Boillle. B KavecTtBe npHMepa pacCMOTPHM KO3(@HUHEHT

OTpaXkeHus
Ry (k) = — a¥/(k? 4-a®) (3.4.11)

¢ peficTBUTEABHHM a. A mpocToTH BHGepeM NOJOXKeHHe TIoJioca
T (k) B BepxHell MOJYIJIOCKOCTH TaKxe B Touke k& = ia.. Toraa, BBoas
T'(k)= T (k) (k—ia)/(k + ix), HaxoxuM, uTO

T —arp S AT aETE (412
HHrerpupoBanne NpHBOAUT K KO3DOHUHEHTY NMPOXOKACHHS
T (k)= k(k + ia 4/2 )/(k? + a?). (3.4.13)
Ecan Rg(k) nonyueno u3 (2.8.16), o6pathoe npeoGpasosaunc dypue
naer 20 T en¥s, 2 <o,
rg(2) { 20 /T e-aVTz 4. & (|+://2 ) ez, 250, (3.4.14)

INockoawky y 7 (k) ecTb MoAioC B BepxHeH MOAYNJIOCKOCTH, MBI ZOJXKHH
noctpouth GyHkuuio 2g(2) # paccMoTpeTh ypaBHeHHe MapueHKO
(2.10.17). Tak kak y cj3(k) Tonbko OAMH HyJAb B BepxHefi moaymio-
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CKOCTH B TOuKe Rk = jo, GyHKUHA Qg (2) KaeTca BHpaXeHUEM
Qg (2) =rz ) + vocu (i) e~ (3-4.15)
3unauenue yo caenyer u3 (2.8.27). Mu monyqaem

ivo=Res[+—r — 1]=F (1 + ¥2Z). (3.4.16)

Tak xak ¢;,(ie) = Ry (ia)/T (ia) =(4/Z —1)7", 10
voeu (i) =a (¥2 4+ 1)/(2(¥2 —1)).

Torga aas z >> 0 cootuowenne (3.4.15) naer
Qg (2)==2a4/2 e-9¥3, (3.4.17)

Beons Ag(x, y)=Ff(x)e~®VT¥, Mn HaxoZMM u3 ypaBHeHus Map-

venko (2.10.17), uto f(x)= —2ye~¥*/(1 + e¥*), rae 4/2. Hakonen,
NOTEHUHAN paBeH

U)=2- A, (x, x)=—4aB(x)sech?a y2x.  (3.4.18)

Has a?=1/2 sto BHpaxeHue npeicrasiser co6ofi «o6pesaHHHA»
NOTEHUHAJ, PAcCMOTPeHHHA B pasf. 2.9 ana cneuwasbHOro ciyyas
x1=0.

3.5. NOTEHUWHAJIBI BAPITMAHA

B aByx npeauAylIHX pasjenax Mbl PacCMOTPeJH, Kak MeTOAOM oG-
paTHON 3ajauyy paccesHHs MOXKHO IOCTPOHTb NMOTEHIHAJN, 3HAA TOABLKO
K03 dHUKMEHT OTpaXkeHust (B cJayyae OTTAJKHBAIOLIEro NOTEHUHaNa)
nin (B cayyae NPUTATHBAIOWIHX NOTEHUHaAOB) 3HAaR Ko3dduuHeHT
OTPaXKEHHA M pacnojaras HeKOTopo#d HHPOpMauueR O CBASAHHHX CO-
CTOAHHAX (YPOBHAX HEPTrHH H HOPMHPOBOUHHX MOCTOAHHHX). B xanu-
HOM pa3fieic Mbl PaccMOTPHM 6oJiee IPOCTOA MeTOA MNOCTPOEHHA He-
KOTOPHX noTeHuHanoB (C HyJeBHM Ko3((dulLHEHTOM OTpaXeHus).
[IpumeHenue aroro Merojia K paguaabHoMy ypasuennio [lpéxnurepa
(baprman, 1949 {11]) npeaiecTBoBaJO OTKPHITHIO ME€TOAA OGpaTHON
3afaun paccesnns. iMeHHO pe3yabTaTH, moayyeHsne MerojgoM Bapr-
MaHa, RaJIH TOJNYOK DPa3BHTHIO 6ojee MOJHOrO MeToma obpaTHoit 3a-
nayn paccesinua. Metox Gui yie BBedeH B ri. 1, rie JnHefHHA H
KBaJAPaTHYHBLII NOTeHUHaAHW BaprMana GH/IH COOTHECEHHW C OAHO- H
NBYXCOJHTOHHHIMH pelleHHAMH YypaBHenuss Koprepera — je ®pusa.
Cefiyac MH paccMOTpHM MeTOA 6oJiee AeTanbHO, OCOGEHHO 1A cayuyas
KBaJpaTHYHOro noTeHunana. B sTom npumepe Mu HafileM, YTO YPOBHH
SHEPTHH, CBA3aHHHE C 3THMH peUIeHHSIMH, SaBHCAT TOJNBLKO OT ABYX
napaMeTpoB, B TO BpeMsi Kak (hopMa NOTEHIHa/Ja XapaKTepH3yeTcH
ueTHpPbMs MapaMeTpaMu. PopMa MOTEHUHANA MOXET, TAKHM o6pa3oMm,
HenpepHBHO AchOpMHPOBATHCA, @ COGCTBEHHME 3HAUEHHA QCTAIOTCA
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NOCTOAHHHMH, H TO, YTO 9TO MOXET HMETb MECTo, fIBJseTcA pelnaio-
wHM (akToM, MO3BOJAIOUIHM HCNOAb3OBaTL TEOPHIO OOPATHON 3aiaun
paccessHHs B TeODHH HeCTALlHOHAPHOIO DPacIpOCTPAHEHHS] HUMIyJibCca.
INogxon BaprMaHa COCTOMT B pacCMOTPEHHH pellleHHAi pajHaibHOrO
ypaBHenus llIpéaunrepa B BHAe QyHKUHH e'*’, yMHOXKEHHOA Ha noJu-
HOM OT k. B mawme# Bepcur Merona BBOAATCA (yHAaMEHTANbHLIE pe-

LieHHs BHAA
fl (x! k)=emxpl (x, k)’

3.5.1)

fa(x, ky=e""**Py(x, k),
rae ¢ynxkuun P;(x, B) cytp nonnHoMH ot k. Byayr paccmarpusathes
TOJbKO CJYYaH JHHEHHHX H KBaApPaTHYHHX NOJHHOMOB. Tak Kak pe-
IIEHHs JIPEANONAraeMoro BHAA COAEPIKAT TONBKO e'** uau e~'**, oxu-
DaeTcs, YTO MOJAYUeHHHH noTeHuuan Oyrer GesorpaxkarenbhuM. M3
cootnowenunr (2.8.7), xoTopHe cBA3WBAT QYHAAMEHTAJNbHHeE pelle-
HHA, BHJAHO, 9TO

Py(x, k)=c, P (x, — k),

Pl (x, k)=02|P2 (x, “"k). (3.5'2)
Tak Kak ¢12(k) = c21(k), nonyuaem
Py(x, k) Py(x, — k)= P,(x, k)P,(x, — k). (3.5.3)

Jlunefinmfi caysaf

IMpocrefiinm caydaem sBasiercs JuHeAHHH, Golee HAH MeHce MO-
APOGHO paccMOTpeHHbifi B ra. 1. ®dyHIaMeHTaNbHBE DEWIEHHS HMeEoT
BHJL,

—fhr 2k tia ()
filx, k=™ Sm ey

2k + day (x)

2k + iag (— ) °

3.5.4
fa(x, k) =e~'* (54

[MoacranoBka B ypaBHenne Illpénunrepa nokaswBaer, 4T0 u#(x)=
= a;(x) = —a,(x). U3 (3.5.2) HaxomuM, uTO

2k — ia, (o)

C12 (k) = 2k T ia, (— o) .

(3.5.5)

B ra. 1 6nJo noxkasawo, 4to a,(x) = 2uth(px — @), rae p u ¢ — no-
CTOIHHHE HHTerpHpoBaHHs. Takum ob6paszoM, HysleM GYHKUHH €2(k)
asasercs Touka B = (1/2)a,(o0) = iu. [TonoxkeHHe NOJNIOCA 3aBHCHT,
TakuM 06pa3oM, TOMLKO OT W, B TO BpeMs KaK NMOTEHLHAJ 3aBHCHT Kak
OT W, TaK ¥ OT ¢. B 3TOM JIHHeAAHOM cayyae JHIIHAS CTENeHb CBOGOAH,
cBA3anuas ¢ GopMoil NOTeHUMana, NPHBOAKUT NPOCTO K CMELIEeHHIO No-
TeHluana BAOAL OCH X,
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Ksaapatuunnil caywai

B KBaApaTHYHOM cJlyuae OKa3blBaeTcf, 4YTO IMOTEHUHaJ 3aBHCHT
OT 4eTnpex napaMeTpoB, NPHYEM TOJbKO AB2 H3 3THX napaMmeTpoB
CBA33HH ¢ PAaCNOJNIOXKEHHEM COOGCTBEHHBIX 3HaUYeHHIA. Torna NnpH H3IMe-
HEHHH ABYX noéanoquux HE3aBHCHMBLIX NapaMeTPOB MNOTERUHAJd MOXeT
AedopMupoBaThesl HenpepuHBHHM 006pa3oM. Kak ykaswBanocs B ra. 1,
3Ta Ae(bopmauuﬂ NPHBOAHT K PELUCHHIO, KOTOPOE MOXHO HCNONL30BaTh
AJIA ONMHCAHHA B3aHMOﬂ6ﬁCTBHﬂ ABYX COJMIHTOHOB. Cefiyac Mul paccMoT-

pHM nonpoGuee 9TO KBaJApaTHYHOE pellieHne.

BBoasi pyHAaMeHTa/JbHHE pelreHds
thx _4k* + 2ika) (x) + b, (x)
filx, k)=e 457 T 2ika, () + b, (o0) ' (3.5.6)
—tkx__4k* 4 2ikas (x) + ba (x)

F(x, By =™ e = ) F b3 (— o) 3.5.7)

U NOACTaBAAA HX B ypaBHerue Illpéaunrepa, Mp HaxXoRHM, 4TO ag(x)=
= —ay(x), ba(x)=10;(x) u

a; (x) = — u(x). (3.5.8)
Mu HaxoAuM TakxKe, 4TO
Li==bi +a —au=0, (3.5.9)
Ly=sm by — bu=0. (3.5.10)
Kom6uuupys (3.5.8) u (3.5.9) u unrerpupys, noayuaem
b +a+gal=2c, (3.5.11)

rXe ¢, — NOCTOAHHAaA HHTerpupoBanus. Hurerpuposanme b6,L, —a,l,
aAaer
(1/2) 63 + bya; — a,b; = 2, (3.5.12)

rAe C; — BTOpasl NOCTOSAAHHAA HHTErpHpoBanusa. CHOBa BBOAA (YHKIHIO
W C NOMOILbIO onpefiesenns a, == 2w’ /w, MH noayyum u3 (3.5.11), uto
by =2(c; — w'fw). (3.5.13)

Teneps ypasHenue (3.5.12) npuunmaer BuA
20w’ — (W} — 2¢, (W'} + w? (¢} — ¢,) =0, (3.5.14)

H nocie AudpdepeHHPOBAHHA CBORUTCA K MHOro GoJiee MPOCTOMY JH-
HefiHOMY ypaBHEHHIO

WV — 2¢,0” + (¢} — ¢,) w=0. (3.5.15)
370 ypaBHEHHe HMeeT PelleHHsi BHAA e%*, rae
ot =¢, + 1/c, (3.5.16)
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O6o3nauasn KOpPHH yepes :i:p=:l:\/c. + e u + 0=:t\/01 — /e,
OTKYAA CJIEAYET

=0+ 0%2, c=(0*— o4, (3.5.17)
Mbl HAXOJHM, YTO W MOXeET OHTh 3aMHCAHO B BHAS
w = V,€°* -+ v, 0% + 8,e°% + 8¢~ (3.5.18)

TpeGoBanue, uTo6H w yNOBJETBOPAJNO YPABHEHHIO TPEThET0 MOPsAKa
(3.5.14), Hanaraer cBA3b Ha 3TH YeTHpe NOCTOSIHHHE HHTErPHPOBAHHS.
Tloacraeassa B (3.5.14), Haxoaum, 4to

Yivep? = 8,8,0% (3.5.19)

SrtoMy yc/nOBHIO MOXHO YAOBJETBOPHTH, MoJaras y = 0a, y2 = 0/a,
8 =pf u 8; = p/B. Toraa Bupaxeune (3.5.18) cBoauTCcA X UHTHPO-
BaHHOMY B I'l. | pe3y/bTaTy, a HMEHHO

w =20 ch(px — ¢) + 2p ch(ox — ¥), (3.5.20)

rTRea=e9Hf= e®.
H3 (3.5.2) nmecem

4k — 2ika, (o) + by (o)
()= e, (=) F b (=) (3.5.21)

Takum 0Gpa3oM, Hyau ci2(k) 3aBHCST TOALKO OT ABYX NapaMeTpos,
a;(o0) u bi(c0), B To BpeMs Kak NOTEHUHaJA 3aBHCHT OT YeTHpeXx.
Uro6u AerajbHee PacCMOTPeThb 3TO, OTMETHM, YTO Mbl aHaNH3HDPYEM
caydai p > o, w~eP* npu x—>-+ oo, Kpome Toro, B aTOM npezene
ay = 2w’/w ~ 2p. Amanoruuno, b, = 2c; —2w”/w ~ 0? —p? npu
x—toco. Takum oGpasoM, moaoxenHe Hysaefi Cjz 3aBHCHT OT ABYX
napaMerpoB p H 0, B TO BpeMsi KaK NOTEHHHAJ 3aBHCHT TaKXe OT ¢
H ¥. BoaMoXHO HenpepuiBHOEe H3MeHeHHe NapaMeTpoB @ H P H, CAefo-
BaTesnbHO, GOPMH noTeHuHaNa Ge3 H3MeHEeHHs ABYX COGCTBEHHMX 3Ha-
ueHuh ypaBnenus HIpénumrepa.

3.6. METOA OBPATHOR 3AJAYH PACCESIHHS 3AXAPOBA — LUABATA
RJA REACTBHTEJNbBHBIX NMOTEHILHAJIOB

B pasn. 2.11 6uao nokasano, 4TO CHCTEMY H3 ABYX ypaBHEeHHH

d .
—d’;_l + lk”'l ==Un,,

dny ., (3.6.1)
T;—tkn,=-—un,

MOXXHO HCCNEROBATh TaK XKe, KaK ypaBHenue Illpénunrepa B pasn. 2.8,

T. €. MOXHO BBeCTH ({yHAaMeHTalbHhe peIUeHHN H NPOBECTH AOCTa-

TOYHO O6nA aHAJH3 npolecca pacceanHs. DTH pelleHHsn Ohin CBs-
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32HB COOTHOLUCHHAMH
o (x, B)=cyy (k) b(x, k) + ci2 (k) $(x, k), (3.6.2a)
P (x, k) =cy (k) (x, k) + cn (k)9 (x, &), (3.6.2b)

q’l(x' k) _ %(x' —k)
o 0=(q ) ¥ 0=(_g Ty) o9

H aHanoruyHo Ana $(x, k). C noMmolsio npeo6pasoBanua Pypre BH-
paxenus (3.6.2a) MOXHO NMOJYYHTb NAapPy CHENNEHHHIX MHTErPANBLHHIX
ypaBHeHui THna ypassenufi Mapuenko. M3 (3.6.2b) cnegyer sTopas
napa TakHX HHTerpasibHHX ypaBHenHil. [ToaToMy MoxHO chopMmyrupo-
BaThb METOJ pellicHHA o6paTHHIX 3aJa¥ paccesiHHf AJs ypaBHeHnA 3a-
xaposa — llla6ara. Axain3, npuBORAIIMA K HHTErpajbHLIM ypaBHe-
HHAM, aHAJIOTHYEH TOMY, KOTOPHA HCmoiab3oBajaca B pasa. 2.10 u 3.2
ana ypasuenus lllpénunrepa, raxk 4ro GyAer MaH nHIb HaGPOCOK 3TOrO
BHBOJAA.

Ins nmonyyeHHs HHTerpajibHHX YpaBHeHuM, CBA3aHHHX ¢ napoft
(3.6.2b), sanuem ¥X cHayana B BHAE

[T(k) -1 + ” ‘pl (x’ k) =—0, (x, - k) + RL (k) @5 (xv k)r (3643)
(T =1+ 1 (x, R)=p(x, —k)+R. (k)P (x, k),  (3.6.4b)

rae T{k)=1/ca(R) u Ro(kR)=—ca(k)/ca(k), Kak B (2.11.25).
Onpeanenss npeobpasosanus dypee ot T(k)—1 u or R.(k), Kak B
(2.8.31) u (2.8.32), u ucnonsaysa 3arem (2.11.6) u (2.11.7) ans npe-
o6pa3oBaHHit OT @ H OT VP, MOJNYUHM

e { T e~ (x 1)+ 0, (x )=

xle
0

=—q_(x, =) +c {dtrlct—ro,(x ), (365a)
-xlc

¢ S di'T [c(t — ) ¥_(x, )+ b_(x, )=

xle
[

=q, (6, —+ec {arrlet—ro_(x 1). (365b)

—~Xxlc

Tak kak o6e ynkunn, $4(x, k) u $_(x, k), npu t—x/c <0 obpa-
Ial0TCA B HYJb, TO BTOPOH ujieH B JIEBOR 4acTH OGOMX ypaBHeHHA
ofpaiuaeTcs B HYJb NPH BRINOJIHCHHH 3TOr0 HepaBeHnctsa. Paccmotpum
noapo6uee ypasHnenne (3.6.52) B caywae t—x/c << 0. Ipn $4(x,¢),
3aflaiHoft cooTHolleHHeM (2.11.5), u T'(2), 3afanHOfl cooTHOIEHHEM
(2.8.31) (HecMOTps Ha TO uTO, KaK OTMeuaqaoch B pasi. 2.11, nomocn &
MOTYT H He JleXkaTb Ha MHHMOH OcH), JeBas uacTb ypaBHeHus (3.6.5a)
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NPUBOAUTCA K BHAY
Ju=—c), y,e"”""ib, (x, k). (3.6.6)

3pech Ans ¢i(x, £) 6ua0 ucnonn3obano onmpefenenne (2.11.7). Tak
Kak Py (x, &) = c2 (k) @1(x, k1), MBl OKOHYATENALHO NOJYYHM

T wom=—c¢ Y, yicp (k) e M F¥eD _
%

—c S dx’A, (x, x')Zy,cn(k,)e'”‘("”‘). (3.6.7)

-0
AHanOTHYHO NPABYIO YAaCTh MOMKHO 3aNHCATh B BHJE
Tp. u.==—cAy(x, ct) + cry(ct + x) +

42 Sdt'rL[c(t-:')]A, (x, —ct’). (3.6.8)

-xlc

[IpupaBHHBas 5TH ABa BHPaXKeHHA H OnpeRenss

Q) =r.(2)+ ) vien(k)e " =

—r@—i) Z—ﬁ% ot (3.6.9)

NONYYHUM HMHTErpajJbHOe YpaBHCHHE
x

— A )+ E+ 0+ | dAn QG +9)=0, x>y,

- (3.6.10a)
rie x' = ct’. Ananornunas npouenypa ansa (3.6.5b) maer

x

A, O+ Sa’x’Ag(x, )9, (x +4)=0, x>y. (3.6.10b)

- 00

YpaBHennn (3.6.10) aBasioTcH uHTErpasNbHBIMH ypaBHeHHAMH Map-
4YEHKO AJIA 3Tof ob6paTHo# 3aaayu 3axapoa — lllabata. Ananoruynas
napa ypasHeHu# cjeayer 43 (3.6.2a). Pesyabrar 3anucniBaerca B BiAae

By(x, §)+ | d¥'By(x, ¥)Qp(x" +4)=0,
. (3.6.11)
= By(x, )+ (s + 1)+ | dx'Bu(x, ¥) (¥ +9)=0, x <y,

x
rae

Qu(e) =ra(e) + X vicu (k)e™F =ro @) +1 Y, S0 . (36.12)
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Hau ByxHO TakKe HaHTH cooTHOWeHHe mMexay GYHKUHeR u(x) ®
SyukunaMn sagep A, 8 A2 uau B, u B,. CHOBa MH cJiedyeM MeTony,
6au3KOMy TOMY, KOTOPHA HCIOJAb30Baics Aas ypasHeHus Hlpéaun-
repa. [loacTasnsn 3aBucsllie OT BpEMCHH pellleHus @4 (X, f) H ¢-(x, {)
B (2.11.2), naxomnm, uro

0t +2)[Zt — 32+ — K(x) 4] =0, (36.13)

A+~ K2
+oo(t + L) [LE+ S —KwA]=0. (6.19)

H’"a l+x/c > 0, noJjaras Y=— c uu=—-— K/c’ noayyum
A
P+ 2 = u (1) Au(x, )
0A; (x, ¥) - (3.6.15)

Ml B —u(x)Ailx, g), x>y,

dy
‘Kpome Toro, uurerpupys (3.6.14) no Bpemenu ¢ nepexoaoOM uepe3
CHHTYAAPHOCTb B §-QYHKUHH, TONYUHM
u=—2A,(x, x). (3.6.16)
[Monaran x=y B mepsom H3 ypasHeunii (3.6.15), noayuyum B pe-
3ysabrare

dA, (x, x)
u’=—2——'7;—-—-. (3.6.17)

AnanoruyHoe paccMoTpeHue, OCHOBaHHOe HA peumieHHH P4 (x, f) ©
$-(x, 1), 3anausvom dopmynost (2.11.5), naer

3B, (x, ,
et = P B — (1) By, ), -
oB : X ) .0.
et + aB’a(; e —u(9)Bx, ) x<,
u(x)=—2B,(x, x), (3.6.19)
w2 (x) =g Bl x) (3.6.20)

3.7. BE3OTPAXATEJIbHBE NMOTEHUHANN AN CHCTEMBI
3AXAPOBA — IIABATA

[as GeszoTpaxkaTeNbHHX HOTEHUHAJNOB CHCTeMa ypaBHeHHHA Map-
yeHKO, NMOMYYeHHAs B NpeAHAYIIEM pasfiesie, MOXET OHITL pellena
TOYHO. Mul nocjenyemM MeETONY, HCIIOJIb30BAHHOMY ANl ypaBHEHHA
Wpéannrepa B pasa. 3.3. Paccmotpum peuenne cicteMsl (3.6,10) npu
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ri = 0. UMeen

— 406 D+ +0)+ | d¥ A 20,04 +9)=0,
. - (3.7.1)
Alx, )+ § dx'ay(z, )0, (4 +9)=0, x>y,

N
Q. (2)= Z my e, (3.7.2)

TAE My ==y (k). CHOBA BBeAEM BEKTOPH

¥ (2)=(mpe™'"*, ..., myye™"*¥7),

®(z)= (e-lk,s' ey e-!k,vz)' (3.73)

ITonaras
Al(x’ .‘/)=#l(x)'®(!l)- i=ll 2'

Q(x+y)=¥(x) Oy),

HaxXOMBM, YTO HHTerpajibHOe ypaBHEHHe MOXHO CBeCTH K aareGpau-
YeCKHM yDaBHEHHAM, KaK B pasji. 3.2. B pesyabTare nmeeM

— S (x) + ¥ (x) + 54, (x) - M(x)=0,

(3.7.4)

4 (5) + S (x) - M (x) =0, (3.7.8)
rae M(x)— matpuna
M(x)= | dro @) v ). (3.7.6)
Hckaouan S (x), noayunm
Sty (x)="W(x)- D' (x), @.7.7)
rae D~ (x) — maTpuna, o6paTHas MaTpuue
D(x)==14 M(x) - M(x). (3.7.8)

Caepys ucmosn3oBaHHOR B pasa. 3.3 npouexaype, HaxoxuM, 4T0 no-
TEHIHaJ] MOXHO BHPA3UTh B BHJE

u(x)=—24,(x, x)=—20 (x) - S,y (x)=
=—20(x) - ¥(x)- D~ (x) =
=—2Tr[S .+ m-m)7"]. (3.7.9)

x
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MoxHro noayuynth Takke dopmyay aas u? Hcnonbsyem (3.6.17) u
3aMeTHM, YTO

Ap(x, x)=(l>(x)- Sy (x)=
=—@x)-[¥x)- D' 0] M(x)=
=—Tr[®x)¥(¥)- D' (x)- M (x)] =

=—Tr[M- 2% D7 (x)]. (3.7.10)

rAe MCNoab30Banochk cooTHoweHHe (3.7.6) W HHBApHAHTHOCTH Ciefa
npu u¥Kaxueckoil nepecranoske. HMcnoasdys (3.3.16) m 3sanucuBas

d dD -1
4 (ndetD)="Tr (G- 0™") =
M -
=2Te (M- 57 - D7) ==24,(x, ) (37.11)
MBl MOXeM, HaKOHell, Hcnoab3oBath (3.6.17) u moayuuts
u?=-2-(In det D). (3.7.12)

Oco6eHHO NpPOCTOR pe3yJbTaT MOXHO NMOJYYHTb H3 COOTHOIWIEHH
(3.6.16) u (3.6.17). Paccuorpuu BHpaXKeHHE

Wetinyg=—2-— (.41+1Az)—‘
-=2-——[T (M -2 p 1=
=_2;7;{Tr[(1+w).-‘-f;’f--o“‘]}. (3.7.13)

CHOBa NMpPHMEHAA LHKAHYECKYIO NepecTaHOBKY cJefia W TOT akT, 410
D' = —iM)-'(I + tM)", NOJYYHM

u+in, = — {Tr[ (I —iM)” ]}
7}7 [In det (1 — iM)], (3.7.14)

rie GhJ0 HCHONb30BaHO coorHomtende (3.7.11). Bepa MHHMYIO wacTb
ITOro pesyJbTaTa, HaXOAHM, 4TO

u=2 - [Im In det ([ — iM)). (3.7.15)

Taknm 0o6pasoM, OKOHYaTeJbHOE BHIpaxKeHHe AN u(x, !) uMeeT BHA

—o 4 Im det (I — iM)
u =2z arctg [ RS =iagy |- (3.7.16)
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Hs (3.7.3) u (3.7.6) nonyuaem

im -
My =3¢','§-L—:c7e L(xghnp) = (3.7.17)

Caepyer OTMETHTb, 9TO 9TOT MPOCTOR Pe3ybTaT MOXKeT GHTDb MOJYYEH
TOAbLKO TOTRA, KOTAA u AeficTBUTeNbHO. HekoTophie npuMepH HCHOJb-
SOBAHHA 3THX BHPAXeHHA JAJA NOCTPOEHHS MHOrOCONHTOHHBIX peme-
HRA GyRyT paccMOTpeHH B I 5.

3.8. KO3®OHUHEHT OTPAXXEHHA AN CHCTEMB 3AXAPOBA — HIABATA
B BHUAE PALHOHAJBHOR ¢VHKUHH &

Ecan ko3pduiHeHT OTpaXKeHus ABAsSETCA PaUHOHANbHOA dyHKUMedR

k, 10 cucremy ypaBuenuft Mapuenko (3.6.10) u (3.6.11) mMoxuo pe-

LIHTH, HCNIOABL3YA MeTOA, pa3paborarunifi B pa3a. 3.4 AJaA ypaBHeHus

[lIpéaunrepa. EauncTBeHHOE pa3nnyHe COCTOHT B TOM, YTO Tenepb Co-

OTHOILEHHE MeXAY KOIDQHUHEHTaMH NPOXOXAEGHHA H OTPaXKeHHs

umeer BuA |T|2=1+|R|? rne B kavectBe R MoXeT GHTb B3ATO

an6o R, nau6o Rg. B cayuae koraa kospuilHeHT NMPOXOMKAEHHT He
HMEeT M0JIOCOB B BepxHefi MONYNAOCKOCTH, MKl Teneph MOJAYYHM

o0
dinT (k) _ S_«g_ d|R () 11T (3.8.1)
dk i C—KA[I+IRQP]’ o

Ecau y T(k) ecTh nomioch B BepxHeH MOJYNJIOCKOCTH, MH CHOBA BBO-
auM dynxuuio T(k) v caeayeM Meroay, pa3sutomy B pasf. 2.11. Ecau
€CThb MOJIOCH HAa AefCTBMTENbHOM ocH, TOo cootHowmeHue (3.8.1) cae-
AyeT MOHHMaThb B CMBIC/Ie IJIaBHOTO 3HAYeHHs MHTETpPa/ia, KaK B
pasa. 2.8.

B kauecTBe mpocTOro nMpHMepa pPacCMOTPHM MOTEHIHAJN, AAIOUWHA
kospduunent orpaxenun R. (k)= ip/k, rae B — aefictBuTeNbHA NO-
JIOXHTeNbHAs TOCTOAHHasg. B stom cayuae uurerpaa (3.8.1) nowwu-
Maercs B CMHCJe IV1aBHOrO 3HaYeHHs,

o

dinT(®) _ e 1
== 2P | (38.2)

a 3T0 TOT Xe HHTerpaj, KoTopui#i 6ua noayyen B (3.4.3). Cneposa-
Te/bHO,
T(hy=2+8 (3.8.3)

Cuauana onpegen#M noreuunan aaa x << 0. Tak xak Temeps
HMeeTcs MOJIOC Ha AeficTBUTesBHOMR OCH B HauaJe KOOpAHHAT, ompe-

nenum QL(z)=rL(z)+-é—yo(0)cn(0). Beps npH BHYHCIEHHH HHTe-
Fpana rnaBHOe 3HaYeHHe, HaXoAuM, uto rp(2)=sign(z)f/2. Kpome
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toro, u3 (2.8.27) mnonyuum fyo= —iRes[T(0)]=P u c(0)=
= R (0)/T(0) == 1. Takum o6pasoM,
0, 2<0,
Q (2)={ B, z>0. (3.8.4)

Tak kak Q.(2) o6pamaerca B Hyab npu 2 << 0, n3 ypaBuenuna Map-
yenko (3.6.10a) caeayer, uto Az(x, y)= 0 npa xr << 0; suayur, u no-
TeHUHaA paBed Hyawo npu x < 0.

Has x>0 onatb XKe Jerue pa6oTaTh C MHTErpajibHHM YypaBHe-
HHeM, cofiepxatum rg(2). U3 (2.11.26) nmeem

iBrhtip
Rety=— 4 (+535)- (3.8.5)
Tlpeo6pasopaune dypbe HMeeT BHA
B(—3 +2%). 2>0,

1
—Eﬂ9 2<0.

rgp@)= (3.8.6)

Hrak, ROCKOALKY -—;- vo(0) ¢4, (0) =-;— vo(0) R, (O)/T (0) =~% f, nmoayuum

Q,(2)=2pe~#2 npu z> 0. Monaraa Bi(x, y)=bi(x)e P, i=1, 2,
HaxoAMM, uTo cucTeMa ypasHeHufi Mapuenko (3.6.11) cBoaures k an-
re6panyeckUM ypaBHEHHAM

be=28% 4 b, =0,
b, — bye~%* = 2Be-5%, (3.8.7)
KOTOpHE HveloT pemenue by = 2Be=85/ (1 4 e—*B) b, = —2Be~385(1 4

+ e~*6*). 13 (3.6.19) noayuaem, uto u(x) = —2B(x, x) = 20 sech 2fx,
H OKOHYaTeNbHWA pe3ysbTaT MMeeT BHA

u (x)=— 20 (x) sech 2fx. (3.8.8)

Ecan P 3aMenuTs Ha p/2, 95TO Bhpa)KeHHe CTAHOBHTCH «O6Gpe3aHHHIM»
NOTEHUHAJ/IOM, PACCMOTPEHHHM B pasg. 2.11.

3.9. CHCTEMA 3AXAPOBA — IHABATA C KOMNJIEKCHBIM
NOTEHHHAJNOM

B HEKOTODHX NOCJEAYIOLIHX NPUJIOKEHHAX MeToAa 3axapoBa —
[lfa6ata BCTpeTATCH KOMNJEKCHHe NOTeHUHasH. JIHHeRkHHe ypaBHe-
HHA OYAyT HMETb BHA

nyx + lkny = q(x)n,,

nyx — ikn2= —q. (x)nh (3.9.1)

rae g°*(x)— KOMMJEKCHO-CONPsiXKEHHAs KOMMJEKCHOTO MOTeHKHan?
q(x). Cneayna ncnonb3oBasHOMY B pa3sf. 2.11 meToay, MOXHO paccMa-
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TPHBAaTb 9TH YpaBHEHHS Kak mnpeolpa3oBanusa Pypbe 0T ypaBHeuuit

a a

—;"—'"— — c-;;*— =—cq(x)n_, (3.9.2a)
dn on .

5+ C=—cq (X)n,. (3.9.2b)

MOoXKHO CHOBa HCMOJB30BATh PyHAAMEHTAJbHbE PElIeHHS! @ H Y B TOM
e BHAe, uTO U B pa3n. 2.11. INogcrasasa (2.11.4) B ypaBuenns (3.9.2),

TONYYHM
q" (x)=— 24,(x, ), (3.9.3)
lgl) P=— 2 A, (x, x). (3.9.4)
Ananoruyno w3 dyHRaMeHTanAbHHX pewenuft (2.11.5) Haxoxum, uto
q(x)=2B,(x, x), (3.9.5)
19 ()P =27 By (x, 2). (3.9.6)
B aononHenue K ABYM GyHAaMEHTANbLHBIM pelIeHHAM
P (xi k) ‘Pl (xv k))
q)(x, k)_(%(x' k) H ‘b(xv k)'— w,(x, k)

MOXHO MONYYHTb ABA APYIHX pelueHHsi, PACCMATPHBAs KOMMJIEKCHO-
conpsMeHHbe NHHeAHbX ypasnewndi (3.9.1). Ecan k& xomnaekcHo, To
HaXOAHM, 4TO Apyroe peuieHne cucteMu (3.9.1) umeer BHA

) 9a(x, &°)
o, &) =(— @i (x, k‘))‘

aHanoruuHo ans . PaccMaTpHBam pasnHuHMWE BPOHCKHAHH, Kak B
pasa. 2.11, MOXHO NOKa3aTb, YFO 3TH pelleHHs He3aBHCHMH. [ns
AeACTBHTENbHEX 2 MOXHO CHOBa BBEeCTH JIHHeHHbe KOMOHHAIUH, onpe-
AensiiolHe pa3HUHBe 3aa4YH PacCesiHHA, U 3aNHCaTh

(3.9.7)

o=cyb+cubh (3.9.8a)
$=—cad + 29 (3.9.8b)
§=cj;p — cp,¥, (3.9.9a)
b=—cu9 + b (3.9.9b)

ST BHpaNKeHHR aHANOrHuHH coorHomtenusm (2.11.19) n (2.11.20).
Pasnuunbie KO3(QPHIHEHTH CBA3AHH COOTHOMICHHAMH

¢y (R)y=w (¥, 9)= c3, (%),
e (k) =w (9, $)=— cx (k),
cp(R) = w (@, $)=c}, (k),
i (k) =w(§, $)=—cy (),

(3.9.10)
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re onpejeanteab BpoHckoro siBasercs auHeAHOR koMGHHauuell pe-
wennit M aaerca ¢opmysoit (2.11.18). CosmectrHocte (3.9.8) u
(3.9.9) TpeGyeT BHIIOJHEHHA COOTHOIIEHUM

1= gy, (k) ey () — £, (k) 3 (A),
0=cy, (k) c,y (k) + c,, (k) €y (R), (3.9.11)
0=2, (k) £ () + €, (k) pp (R).

Ko3pduuneHTl OTpaXeHHs # NPOXOXKJAEHHA Te e, 4TO OLUJIH noay-
YeHH B pasi. 2.11 gas geficTBHTENLHOTO MOTEHUKAJa, H CBA3b MEXAY
HUMH TaKXKe gaerca dopmyaamu (2.11.26) n (2.11.28).

ITockonpky HHTErpaan B onpefefeHH @ H b no ¢opmyaam
(2.11.15) u (2.11.17) no-npexxHeMy CXOZTCS TIPH KOMIUIEKCHOM &,
ecan Imk > 0, MOXHO B BepxHell MOJNYNNOCKOCTH MJIOCKOCTH 2 He-
TO/Ib30BATh ONpefeseHHe Cia(k), npuBesennoe B (3.9.10). Kak u B
paccMoTpesHoM B pa3f. 2.11 cnyvae AeficTBHTENBHOrO ¢, NOKAJIU30BAH-
HLie pelleHHS MONY4aloTca W3 HyJeH €2 B BepXHed NOJYNJIOCKOCTH.
Oxnaxo Tenepb HeT OrPaHHYEHHH, COCTOABILErO B TOM, YTO HYJH HOJIXK-
HH JIHGO JiexaTb HA MHHMOM OCH, JH60 mpeAcTaBAATb co6oit mapwl,
CHMMETPHYHO PacroJIOXKeHHble OTHOCHTEIbHO MHEMO# ocH. Cefiuac Mu
pPaccCMOTPHM TNpHMep € eXHHCTBEHHWM HYJEM B NPOH3BOJIBLHOMA TOUKe
Bepxyefl NMONYNAOCKOCTH.

Yro6ut NOJAYuUHTh CHCTEMY ypaBuenufi Mapuenko, Bo3bMeM mnpeoG-
pa3soBanue Pypoe ot ypaBuenusi (3.9.8). Meron nmeHTHueH TOMY, KO-
TOpH#t NpuBoAUT K ypaBHenuaM (3.6.10) u (3.6.11) B cnyuae aeficrsu-
TeJIbHOrO MOTEHUHANA, 32 HCKAIOYEHHEM TOro, 4TO HYKHO paccMarpH-
BaTb npeobpa3osanue Pypue or ¢yukuuh @*(x, k) v $*(x, k). Urobu
MONYYHTb 3TH BblpaxKeHHsd, ucnoansyeM (2.11.3) u (2.11.4) u 3anuwem

o0
o (x, k)=c Sdt'wkc"A;(x, —etyo(r+2).  (39.12)

-0

CaepmoBaTtesanHO, npeobpasoBanne Pypbe uMeeT BUS

o0

| 22 e-torgy(x, )y=cAy(x, e (—t+£).  (3.9.13)

OxonuatenbHblfi pesynbTat npeoGpasoBanus Pypbe OT ypaBHeHHS
(3.9.8a) umeer BHR

B:(x, y)+ S dx’B, (x, x)Qr(x’ + y)=0,
= (3.9.14)
— Bi(x, 9) + Qa(r +9) + | du'By(x, )28 +9)=0, x<y,
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rae, Kak B (3.6.12),

Qp(2)=rp(2) + 2 mp (ki) €', (3.9.15)
Uz (3.9.8b) nonyunm

Aix, »)+ S dx’Ay(x, x")Q, (x" 4+ 4)=0,

* (3.9.16)
— 406 )+ R+ + | A 0 +9)=0, x<y,

rae, kak B (3.6.9),
Q@) =r. )+ X my(k)e ™. (3.9.17)

YroGu MOAYYHTb YHCTO Ge3oTpaxkaTedbHHE NOTEHIHANH, Mbl OyfieM
CNefOB4TH METOAY, HCNOJNb30BaHHOMY B pasf. 3.7. PaccMorpuM HHTe-
rpajbHbe ypaBHeHHS, cBismBaloutue By u B;. Cnauana onpeaenum
N-KOMNOHEHTHHE BEKTOPH

Q(Z) — (elklz’ ey elsz)'

¥ (2) = (me'™, ..., mye'**?)
u 3ateM HaGop B; = Fi(x)D*(y) xaas i=1, 2. 3atem Haiiaem
B=W-(I+M -M"'uFHp=—% M, rze

L3

M(x)= S dx'®* (x') ¥ (x'). (3.9.19)

(3.9.18)

OxouuateJbHbie BHpakeHus noayuaiorcs u3 (3.9.5) u (3.9.6). Oun
HMeIOT BHJ,

q(x)=20"- W . (] + M. M), (3.9.20)
19 () P=-%5 (In [det (/ + M - M)]}. (3.9.21)

Hnas N=1 n ki=a-if naxonum, uto M(x)==(mgr:/2p)e ¥+,
IMonaraa mg,/2p = e%+%, nonyunm

q (%)= 2B sech (2Bx — d)e~!2ax+8), (3.9.22)

[Tpu & =0 =0 nosioc NeXKHT Ha MHHMOR ocH, g(x) Toraa aeficTBH-
TeNbLHO H peweHHe cBOAHTCA K (2.11.45). Te e pe3yabTaTH MOTJIH GH
6niTb, KOHEYHO, mojydeHH npr pewenny (3.9.16) orHocuTeqbHO A,
H Ag.

Ynpaxcuenue 5

Ecar npepnosoxutn, 910 ny = &*%q(x) B n, = e**[2ik + p(x)], rne p n g—
KOMNNEKCHNE BEAHTYHHH, TO HeNOCPencTBEHHOH noacraxosxoft B (3.9.1) moxuo nony-
9HTH MOTEHUHAA H (YHAAMEHTANLHOe pellleHHe {3.9.1), oTseuaioliee oaHOMY noatocy,
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IIpu coorBercTeylOUlefi HOPMHPOBKE 3TO pelleHHE OKa3HBaeTCR (YRAAMEHTANbLHNIM
peuternem ¢. [Tokaxure, 4To peaysbTaThi HMeIOT BRA u(x) =2f sech { exp[i(—2ax +-

+60)]u leart8)
eltx — fpe! (=205 +Ogech L
M k-—ﬂ-iﬁ( k—atipthy J

rae §==2Bx+ 0, a o, B, {o # O ABNAOTCH NOCTOAHHHMH HHTErpHpOBaHHS, Axano-
THYHBIM 06pa30M NOJYUHM

- f k—a—iih]
=F—e+® ( — ipe! Car-O g/
3TH peayALTaTH OKAXYTCA MOXEIMHMA B . 9.

AcHMnToTHYECKOE DemeHHe

B pasa. 2.11 6na0 paccMOTpeHO aCHMNOTOTHYECKOE PEIlIEHHE CHCTe-
MHl ABYX YpaBHeHHA ¢ AefcTBHTeNbHHM noTenuuanom. HMcnonssosan-
Hbifl TAM METOJ JIerko pacnpoCTPAHHTL Ha clyuafi KOMIIEKCHOTO MOo-
tenuuana (3axapos, llaGar [119]). Ecan u3 (3.9.1) nonyuuts ypas-
HeHHe BTOPOTO NOpsAKa AMdA Ay, TO

tiax + (8 1 g P)my — LB g, (3.9.23)

OroxaecTBaan ny ¢ GyHAaMEeHTAAbHHM pellIecHHEM @;, NPHBeJEHHHM
B (2.11.16), u 3anHcuBas

ny==e-thsths, b, (3.9.24)

rae lim h(x, k)=0,7ak 4T0 n; B 3TOM mnpenene CBexeTcs K ¢, MH
Xy =
HaxoauM u3 (3.9.23), uro dyukuun h(x, k) ynoBaeTBOPAET ypaBHEHHIO

. h
2ikhe=1q P+ (¥ +q(32),- (3.9.25)
Moacraeasa B (3.9.25) pasnoxenne
" £a (2)
hy = Z.“ e (3.9.26)

U npupaBHUBas KO3PGUUHEHTH NPH ONHHAKOBHX CTeNeHAX X, uMeeM
g1=|4F.

gni=q (%), + h;_ugkgn n>1. (3.9.27)
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[NepBble HecKOMBKO KO3 DHILHEHTOB NOCAE g1 HMEIOT BHI
8:=090,
&=q9,+lql=lql'—|q. [ +(99})0
8.:=4q0,,.+q1qlq, + 4919l q,=
=0y + 3010 PG, — 5 (1910 (3.9.28)
&=q (_&;4), +2¢,+ 8=
=]q:xP+20gF—61qF1q:F—[(gP):F + Py,
rxe P=gqq, . —4q.4;.+9[(¢"Vq,+619Pq}]
U3 coorHomenns (3.9.82) maxopum, uro lim @.e** =, (k) npn
Im k> 0. IMosromy x!ir:uw h(x, B)=Incy (k). J‘(cl’uﬂfma NONb3YACh TeM,

uTo K09 (HUHEHT NPOXOXKAEHHA CTPEMHTCH K €AHHHIE MPH k—> oo,
BBEJleM AaCHMITOTHYECKOe Pa3JioXeHHe

Incp(k)=) <% (3.9.29)

IIpoBoas TOT Ke ananus, 4To H B pa3f. 2.8, NONyuHM NMOCTOAHHHE

@if'cy={ dxga(x). (3.9.30)

Ecan g(x) nokanusoBano, To npu ucnoab3oBannu (3.9.30) Moxwo,
KOHeqHO, oT6pocuTh B (3.9.28) nosnble NpOH3BOAHHE,



Tnasa 4

YPABHEHME KOPTEBETA — IE ®PU3A

B rn. 2 n 3 6una onucaHa TeXHHKA MaTeMaTHYECKHX BHUHC/CHHI,
Hcmosnb3yemas A/ PEIICHHS HeJHEeAHHX 3BOJIONHOHHHX YPaBHEHHH
MeToflaMH 06paTHOW 3afauu paccesHHs. B faHHOHA riaBe MW HCNOADL-
3yeM 3Ty TeXHUKY MJs pelteHHs ypaBHeHHs Kopresera — ge Ppusa.
3To npocTefilinii MpHMep TAaKOH MPOLEeAYpPH, NOCKONbKY 34€Ch HYXKHH
TOJILKO MeTOlbl 06paTHOH 3ajlauy paccestHus, HCNoOAb3yeMule Ans ypas-
Henun llpénunrepa. DBonoLUOHHEE YpaBHEHHS, PelIaeMHEe METOAAMH
ob6paTHoi 3aRayl, CBA3AHHHMH C MEHee H3BECTHHMH CHCTEMaMH ABYX
ypaBHenuit, 6yAyT paccMaTpuBaThe B . 5. B nociennse roas nossu-
JIOCh MHOro 0630pOB, NMOCBALIEHHHX CBOACTBAM ypaBHeHua Koprese-
ra— ge Ppusa; cM., Hanpumep, [63].

4.1. CTAHHOHAPHOE PEUIEHHE

Tpexne uem mepexomutb K obiueMy peiteHuio ypaBHenus Kopre-
Bera — e $pu3a, noayuyum cHauaja caMoe obluiee CTalHOHAapHOe pe-
wexne 3TOr0 ypaBHeHus. B ra. 1 mu paccMorpesin ypasHenne Kopie-
gera — ac Ppusa

uy—6uu, + ey =0 4.1)

H HAWIH €ro CTalHOHAPHOE pellieHHe B BHAC HMNYJbCa, T.e. pellcHue
u =-%csech"’[% Ae (x~— ct)]. Tenepp Mu nmosyunm Gosee obiee cta-

uuoHapHoe peuleHHe. OHO HMeeT KoneGaTesibHBIH XapakTep M B npe-
Aene, KOrAa MepHoj OCLHJISAUHA CTPEeMHTCS K GeCKOHETHOCTH, MOXET
6HTH CBeJleHO K PaHee pacCMOTPEHHOMY pelieHHI0 B ¢opMe HMIyJbca.
Yao6uo paccmaTpuBaTh KoJebaresibHOe pelileHHe, KOTOPOE B KOHIE
KOHIOB CBOAMTCA K HMIYJbCY NOJOXKMTEALHON aMMAMTYAH. Mu mo-
JyuMM 3TO W HApyr#e anre6pauveckue yXo6CTBa, eCNH MOJNOXKHM B
(4.1.1) u = —2f. 3anucwBas cTauuoHapHOe peluerne B BHAe f(x — ct),
uMeeM fr= —cfx, u ypaBHenue Kopresera — ne Ppu3sa cBoauTcs K
o6LKHOBeHHOMY JuddepeHuHanbHOMY YPaBHEHHIO, HJ1S  KOTOPOro
MOXHO CPa3y NOJYYHTh NMEePBHA HHTerpas. 3areM, yMHOXas NepBuift
HHTerpan Ha f., MOXHO NPOHHTErPHPOBaTh BTOPOH pa3. Haxoauwm, uto

(Ff=—4P 4 cP* +af + b, (4.1.2)

rae a u b -— NoCTOSHKHE HHTErpupoBanus. YxaxeM (HaKTOPH3OBaHHYIO
tdhopMy KyGHYeCKOTO BHIDaXKeHHS

(F<f = —4(f — a)) (F — @) (f — &) = 49 (f). (4.1.3)
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Fpaduk saBucumocTd @(f) oT f ¢ TpeMa HefiCTBHTENbLHHMH KODHAMH
(o) < ag << a3) GyAer HMeTb BHZ, MOKa3aHHHE Ha puc. 4.1. Urtobm
yBeauThCs, YTO BCe KOPHH AeMCTBHTE/bHbI, 3aMETHM, 9TO NPH AeHCTBH-
TeabHOM [ QyHKUHA @ (f) ZonxkHa GHTL NONOXKHTENbHOH. TakuM obpa-
30M, AJR KoneGaHHA KOHeYHOR aMMAHTYAH [ A0NXKHA ObiThb OrpaHH-
yeHa 06/1aCTbI0 &y < f <C &3, T. €. AO/KHO GHTb MO KpaRkHeh Mepe ABa

@(r)

Puc. (48; Mosenenne @(f) nna comuronnoro pemenus {A) u KoneGatennHoro petue-
HHA .

AeACTBHTENbHBIX KOPH® (M, CJlefOBaTesIbHO, TPH, TaK Kak K03pdwu-
UHeHTH ypaBHeHHa (4.1.2) geficTBHTeNEHH). 3anHCHBas eANHCTBEH-
Hblft OTPHILATENbLHEIA MHOXHTeab B (4.1.3) B BuAe f— a3 = —g, Ha-
XOJHM, YTO ypaBHEHHE LJs g HMeeT BHL

(g:F =4g (0 — 0p — g) (03 — @, — g). (4.1.4)
Monaras g = (a; — &) v%, noayuum
(0 == (a3 — &) (I — v} (1 — £%0?), (4.1.5)
rae k?=(a; — ap)/(x3 — @,).
Y paBHeHHe
(@ = (1 — z?) (1 — k2u?) (4.1.6)

ABJISIETCA YypaBHEHHEM, ONpeAe/IAIOWHM SJIAHATHYECKYI0 (QYHKUHUIO
Ako6u sn(z, k) [31]. MNocTosanuas k Ha3nBaeTcs MOAYJeM 3JJIUNTHYE-
ckoft dynxuun. Pyuruus sn(z, k) umeer ABe mnpenenbubie GOpMH
sn(z, 0)=sinz u sn(z, 1)=thz T[losToMy pelienHe ypaBHEHHA

(4.1.5) umeer Bua v{x)=sn (Vu;, —a; x, k) H, TakuM o6pa3om,
f(x—ct)y=03— (e — @) sn?[Vos —a; (x —ef), k). (4.1.7)
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Tak KaK BO BCAKOM KyGHUeCKOM YypaBHeHHH KO3QQHUHEHT npu
KBaApaTHYHOM WYJIeHe PaBeR CyMMe KOpHel, B3ATOA ¢ o6paTHHM 3Ha-
KoM, cpaBreHne (4.1.2) u (4.1.3) nokasuiBaer, 4T0 ¢= (a;+ae+a3) /4.
Oynruua sn?(z, k) xoneﬁnsrcn MeXAy Hy/leM H elHHHIEA C mepHo-

oM, pasuaiM 2K, rae K = S dx[(1 — x3) (1 — &2%9)]~"2. Cnenosatens-
0

HO, f(x — cf) KonebGaeTcss MeXAY d2 ¥ as ¢ nepHoaoM 2K/ (a3 — ay)1/3,

Ipy as, cTpeMsAleMcs K a;, MOAYJ/b k2 CTPEMHTCH K eAHHHLE, a K- oo,

Torxa Mol MOJIYUHM BHPaXKeHHe:

f(x—ct)=a + (a3 — w) sech?[og—a; (x —ct)], (4.1.8)

ONHCHIBAIOLLEE HMINYJBC € NONYIIHPHHOA (a3 — aa)~Y/2, aMnauTysa Ko-
TOPOr0 OTHOCHTEJIbHO YPOBHSI OTCUETa G PaBHa a3 — . Eciun ap==0
(TaK uto oy = ¢/4), MH noayuaeMm

U(x—ct)=—2f(x—cf)= —-é-sech’[% Ve (x --cl)]. (4.1.9)

a 3TO ecTb paHee MOJYYCHHHIA CTAUHOHAPHHIE HMIYJILC.

Tak kak B npujoxeHusx ypaBienue KopreBera — ne ®pu3a BcTpe-
yaetca ¢ Pa3nNUuHBIMH KO3(dHuueHTAMH, 3aMeTHM, YTO YypaBHEHHe
BHAQA Ut Crutx -+ Colixxx = 0 HMeeT pelueHHe B BHAE €JAHHHYHOrO CO-
JHTOHA u = upsech?[(x — VI) /L], rae L =2 4/3¢c,jupc,, a V =uyc,[3.

C ZIpyro#t CTOPOHH, €C/NM &3 CTPEMHTCH K Q2 H R CTAHOBHTCA Ma-
JBIM, Mbl TIOly4aeM CTallHOHADHOe pellleHHe B BHAe KosebaHHA Majof
amnautTyas. B atoMm npegene

flx—cy=dy — (a5 — @) sin?[4/a;—a; (x—c)], (4.1.10)

rie ¢ = 4(2a, + o3). B panbHefiweM Haule BHHMaHue GyJeT NOUTH
IleJJHKOM HanpaBJIeHO Ha pelleHAsi B BHAE HMIYJbCOB, a CTALHOMAp-
HHE OCUHJJIATOPHHE PelieHHs paccMaTpPHBaTbcA He OyAyT.

4.2. PE3VJILTATH YHCJEHHLIX PEWEKHA

Ecau Bulpath ¢ =4, TO CTallHOHAPHOE pellleHHe B BHAE HMIYAbCa,
PacCMOTpPeRHOe B NpeAnAyllieM pa3Aene, NPHHHMaET BHR

u(x, t)=—2sech?(x — 4f). (4.2.1)

Mn MoOXeM HHTEpNpeTHPOBAThb 3TOT Pe3yJbTaT, CUHTas, YTO 3TO BH-
pa)keHHe OIKUCBIBA€T pacnpoCTpaHeHHe HayaJibHOrO BO3MYIUEHHUA
u(x, 0)= —2sech2x. Kpome toro, B pasa. 1.3 6ujo nokasaHo, 4To
HavasnbHBit npoduas u(x, 0) == —6 sech? x npespamaerca B ABa COJH-
TOHa, coraacHo (1.3.25). Kak Mu yBuauM B paspl. 4.4, ecan n— noso-
XHTej/IbHOe [eJNoe YMCJ0, TO HavyaabHhe npoduan u(x ,0)=
= —n(n-+ 1)sech?x, coorBercTByIOlIHe 6€30TPAXKATEALHHM MOTEH-
uHanaM, nojyueHsnuM s (3.3.22), npeBparaTcs B YHCTO MHOTOCOMIHTOH-
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Puc. 4.2. Hecoantonnnii skaan 8 pewenne ypapuenns Kopresera — ne ®pusa ur—
—6utiz + txex = 0 AAm Havansworo npoduas u(x, 0) == '%/,sech®x. Hanpasaeuwe
PacmpocTpanenus — caesa Hanpaso. [Mossnenne xonefGarufi Bnepean HWMOY/bCa CBS-

32HO ¢ HANOXKeHHeM NEPHOAHUECKHX TPaHHuHMX ycaosufl. Pewenne noayueno Y. dep-
TIGCOHOM M1,
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Hole pemienus. JiBa TOJBKO YTO YNOMSHYTHIX CAY4Yas COOTBETCTBYIOT
n=1wvn=2

KpuTepuii nogBJeHHA MHOTOCONHTOHHHIX pelleHHN MOXer OuTh
nepecyHTaH pasjHYHHM O6pa3oM NOCPEACTBOM H3MEHEHHs MmaciuTaba
HCXOAHOro ypaBHeHus. Hanpumep, npeo6pasoBaHusi KoOpAMHAT § ==
=Lx,v=Ttuv=—6(L/T)u RaoT ypaBHenHe U -+ vv; + Prg=0,

!
t= ao

u ! I} il 1 I/I\Ll 1
"

-5

(7% =3
Ll

-1

Q)

-1
(6)
! t= 016
u
- 0 5 x
-1
()]

Puc. 4.3. Heconuronsnft BkAax B peuweHHe ypasHenns Kopiesera — ne dpusa u:—

— 6uuty + Urxx = 0 AN HauaawHoro npodmas u(x, 0) = xe=~. Hanpasnenue pac-
npocrpaneHns — cnesa Haupaso. [losBsente KoneGaHHA BNEPelH HMNYJbLCa CBA3aHO
C HanoMeHHeM MEePHOZHYECKHX TPaHHYHHX ycaoBHA. Pemenne moayueno Y. ®eprioc-
COHOM L,

rue Bp==L3/{ Torma HayanbHOe 3HaYeHHe, COOTBETCTBYlOWIEe CJYYaIO
/I COAMTOHOB, HMeeT BHA v ==6n(n- 1) (B/L?)sech?(t/L). Ecan no-
JNOKITh 3TY AMIVIHTYAY PaBHOWM Ug H BBecTH napamerp o? == L2uo/B,
BILAIIO, YTO OAHOCOJHTOHHOE PEelIeHHe COOTBETCTBYET CAY4al0 o == 4/12.
IO 66aAbmHX 3HAUeHUH o nosBHTC Gosee ofHOro conHToHa, O6cyx-
JleHHe ypaBHeHHH Takoro BHAAa coRepxutcs B cTathe B. M. Kapnmana
u B. I1. Cokonosa [68].

Ecan u(x, 0) He sBAseTcs OAHUM H3 3THUX cnelHanbHHX npoduaes,
TO NOCAeAYIOIas 3BOJNIOUUA HMIY/bCa HAXOLHTCA H3 YHCAEHHOro pe-
1IIeHHA, BKJ/IOYAIOUIEro, KpOMe COJHTOHOB, OCHH/JNATOPHHA BOJHOBOM
waefd. Ha puc. 4.2 nokasan npuMep 3BOMIOUKH NPOPHAS HAYANBHOTO
umnyasca u(x, 0)=(15/4)sech?(x), cOOTBeTCTBYWIIEr0 3HAYEHHIO
n=3/2 8 aMnautyle Boaxu n(n -+ 1). BHAHO, 4TO OCUHANATOPHKA
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mnefip BecbMa Man. Jlast GOMbIIKHX Hellel X 3HA4YeHHH n OTHOLICHHE
aHeprud uuiefiba K SHEPrHH COJHTOHOB elle MeHbule. B nocineayiomux
pa3fenax sToft I1aBel GyAyT pacCMaTpPHBATLCH KaK TOYHHIE, TaK H MpH-
ONHXeHHHE METOAW ONpeAeJNeHHs AMIIHTYA PasJHYHHX COJHTOHOB
NPH HAJIHYHH BOJAHOBOro lunefida. [an 3HaueHHA n, MeHbIIHX €AH-
HHIH, COJHTOH NO-TIPeXHeMY BO3HHKaeT, HO 60/blIAas 4acTb 3HEPTHH
CBA3aHA Tenepb ¢ BOJNHOBWM ImiefipoM. JIpyrHM THIIOM HAYaJbHOTO
npoduan, KOTOPHI, KaK MOXKHO 0XKHAATh, YCHAHT HECOJHTOHHYIO YacTh
pellieHHs1, ABAAeTcA NPodHAb, B KOTOPoM u(x,0) coaepXHT pa3puiBhl,
WIH 3HAKOMEPEMEHHbBIH HaYaJbHHH Npoduib; MPHMEP NOCAEAHEro Io-
Ka3aH #a puc. 4.3. MoxXHO onpelensiTh BOJHOBOH wJed H3 pelleHHs
JKHEHOTO MHTErpaJIbHUTO YpaBHeHHA (ypaBHeHH MapueHKO), HO Ko-
JIHUeCTBEeHHHA 2HAJH3 3TOrO YpABHEHHS, XOTb OHO H JIMHEHHO, Bce
paBHO BecbMa TpyRoeMok. K cyactbio, npu riafiIkoM H3MEHEHHH Ha-
YaJbHOTrO NMPOoGHAA H NosABJAeHHH Gojlee yeM OXHOrO COJIHTOHA, OCIHJI-
JATOPHASA YacTh PeleHHS] OTHOCHTE/IbHO MaJa.

4.3. OBPATHAS 3AJIAYA PACCEAAHHA ¥ YPABREHHE
KOPTEBETA — IE ¢PH3A

B ra. 1 Mu Bugenu, uto ypaBuetine Kopresera — ne Ppu3a suaa
uy—6utt, +typ, =0 (4.3.1)

MOXeT paccMaTpPUBATLCA KAK YCJAOBHE, KOTOPOE HYXKHO HAJOXHTb Ha
ROTeHUHan u(x, {) B ypassenuun

Yxx (%, ) + R —u(x, O]y (x, ) =0, (4.3.2)

yToOH CneKTPa/ibHHA napamerp k% ocTaBajcfi NOCTOAHHBIM NPH H3-
MeHenHH napaMerpa f. Kpome Toro, 6blj10 NOKa3aHO, YTO 3aBHCHMOCTD
pewlenns u(x, {) OT BpEMEHH onpeAesAeTcs PeUICHHEM

Yp==—4Y1yx 1+ 6uy, + 3usy. (4.3.3)

Cefilyac MH PacCMOTPHM, KaK MOXHO HCNOJAB30BATH 3TH JHHEHHLIC
ypaBHeHHsl AJIA NOAyyeHHs ypasueHus Kopresera — je ®pusa.

Kak 610 noka3ano B ri1. 2, 1Ba GyHIaMEHTaNbHLIX PelleHus ypas-
Henun lllpéaunrepa (4.3.2) Moryr 6uiTh 3anuCaHH B BHOE

fi(x, ks )y=2¢"" 4 S dx'Ag(x, x; t)e'**,
x

(4.3.4)

x
falx, k; t)=e""** 4 S dx’AL(x, x'; t) e~ k¥,
-00
Mapamerprueckass 3aBHCHMOCTh OT BpeMeHH, BO3HHKAIONlas H3-3a Mo-

TeHMHana u(x, f), 66Aa yka3aHa ssno. Kak NOKa3wWBaloT COOTHOLUIE-
uug (2.8.6) n (2.8.7), dynkuun f, u [, MOXKHO 3anHCaTh KAaK JHHefHBE
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KomGuHauny Apyr Apyra. B wactnoctH, Gynkuun f; u f; cBA3aHun coot-

HOILIeHHEM
fi(x, kB )= cufa(x, —&; 1) 4 cufa(x, &; 0). (4.3.5)

Kpowme Toro, cornacro (3.1.4), notenunan B ypasnenuu Llpépunrepa
1 Ay(x, x'; 1) cBA3aHH COOTHOIIEHHEM

u(x, )y=24= A (x, x: 1). (4.3.6)

Oynxnua AL(x, y; {) yROBIeTBOPAET paHee NPHBEACHHOMY MHTErpalb-
HOMy ypaBHeHnuio (3.2.8), a umenso

X
Qulr+9; D+ AL(x, 9 0+ § dr0u & +4: 0 40, ¥ =0, x>y,

-0

(4.3.7)
rae .
dk kt) _ ,
Q. (2 )= | %—%e e N g, €. (4.3.8)
—00 t
Mo nmeem Takxke myo (i, £) =vi(t) Cag (inr, ) == —icCqa (ini, ) /a1 (in, 1),

rae tToyka osHayaer auddepeHunpoBanHe no k, a He no {. Coraacuo
(4.3.6), u3aMeHeHHe BO BpeMEHH 4 H3BECTHO, KaK TOJBKO ONpejejeHa
dyukuna Ap(x, x; t). Oyuxunu Ay(x, y; ) u Q(x+y; {) cBasanu
HHTEerpanbuuiM ypaBHenueM (4.3.7). Ho nameHnenne Bo Bpemenn ¢yHk-
uan Q. (x 4 y; f) oxasuBaercs HeoxuaaHHo mpocthiM! OO coaep-
KUTCA TOMbKO B KOIQ(DHUHEHTAX PACCEAHHS Cp, Cop M My, CBA3AHHBIX
¢ KO3 dHUHEHTAMH OTPaXKEHHA H Nnpoxoxznenus. Ecaiu MH HafgeM H3-
MEHEHHe BO BPeMeHH 3THX BEeJHYMH, TO H3MEHEHHe BO BpeMeHH u(x, {)
H, Takum o6pa3oM, petlesne ypasHenus Koprtesera — ae ®pusa, 6y-
AeT onpefeneHo no kpaiinefi mMepe B npuHuune, Cefiuac MH NOKaxeM,
4TO 3aBHCHMOCTb KO3(DGHUNHEHTOB paccesHHsi OT BpeMEHR Upe3BHdafito
npocTa u Aaerca JNHHEHHHIMH ypasueHusmu (4.3.2) n (4.3.3). Ham
TOJILKO HYXHO PaccMOTPeTh 3TH YpaBHEHHA B OGJACTH TeX 3HayeHuH
X, Aas kotopulx u(x, £)—0. B 3tofi 66nactu ypasnenue (4.3.3) cBo-

AUTCHA K
Yo=—4Yyxx. (4.3.9)

KoneuHno, 310 faeT 3aBHCHMOCTb OT BPEMEHH TOJNBKO A5 OTPaXKEeHHHIX
M npouleAllX BOJIH, HO MOTyUleCTBO Merofa obpaTHoft 3ajgaunm pac-
CesiHHA B TOM M COCTOHT, 4To HHbOpManus o KoapdHuueHTax oTpa-
XKEHHA H NPOXOKAeHHA (M 00 HMX AHANHTHYECKHX NPOIOIKEHHAX B
BEPXHIOK NOJAYNJAOCKOCTb) ZOCTATOYHA MJist OMPEAE]EHHS CaMOro no-
TeHLHaNa pacCcessHHS.

Paccmorpum pemrenne y(x, k, ¢), nponopuuonansuoe f(x, k, ).
Tak kaK K03(PHIUHEHT NPONOPLHOHANBHOCTH MOXET 3aBHCETh OT Bpe-
MeHH, Mbl 3annieM y(x, R, {)=h(k, t)fi(x, k; t). Chavana Mul noka-



4.3. O6parnas sadaua paccesnus u ypaswenue Kopreseza —de dpusa 129

JKeM, 4TO MOXHO onpefenutb ¢yHkuuio h(k, t), paccMaTpHBas pelue-
HHe npH x—~oco. B sTom npenene uz (4.3.9) caeayer, uro h(k, )
yAOBJIETBOPSIET  ypaBHeHuo h;==4ik*h, Tak uto h(k, )=
= h(k, 0)exp(4ik®t). Tenepb BpeMenHasn 3aBHCHMOCTDb Cz H Czg MOXeET
6HTh MOMyYeHa NpH paccMoOTpeHuH y(x, R, {), KOTAa X CTPEMHTCH K
—oo, TAe, Henoabs3ys (4.3.5), MOXHO 3anucarthb

y(x, k, 1) ~ h(k, 0)e"¥! (cyet®* + cpe~t**). (4.3.10)

CHoBa noAcrasass B ypaBHenune (4.3.9) u npupasuusas ko3¢ dHiHeH-

Tl npu exp(zkikx), HaAX0oAuM, 4TO Coir = 0 U oot = —8ikdcyy. Takum
o6pa3om, MH nosnydaeMm

e (k, t)=rcy (R, 0), (4.3.11ay

Cop (R, ) == cqq(k, 0) e~B1¥", (4.3.11b)

HopMupoBounasn mocrosiHHas my;, Kotopas Haxoautca H3 (2.8.30b),

HMeeT BHI
€, (R t)
) 22( i
my Ry, t) = — i ==
Cor(#p t)
Kak 6bin0 nokaszano B pasa. 2.8, TOUKH k; Jexar B BepxHe#t moaynsio-
CKOCTH Ha MHHMOW OCH, R = ix;.
MoXHO HCNONB30BaTh COOTHOWEHHA Mexay ¢y (2.8.12) n (28.13),
yTo6H [10Ka3aTth, 4TO

3
—Blh‘l.

=my{k;, 0)e (4.3.12)

C“(k, t)=c"(k, O)es”"’, (4.3.]33)
cia(k, )=cyy(k, 0), (4.3.13b)

(4.3.14)

3aBucumocTb K03hdHIHEHTA OTpaeHHs Ry = €32/C21 OT BpeMenn
HMeeT BHA

Mgt (kry £) = mgy (ky, 0) ™.

RL(k, t)=RL(k, O)E_uk". (4.3.15)

Takum o6Gpa3oM, 3aBHCHMOCTb (QYHKUHH Q. OT BpPeMeHH OnpenesieHa
MOJIHOCTBIO, H MBl HMeeM

oo N
s 3
Q@ )= | = Ry(k, 0)e™ *™D L 5" iy (0) ™™, (4.3.16)
1

CoracHo 3TOMY De3yJIbTaTy, KaK TOJbKO NOJYYeHH KO3(QHUHEHT
orpaxkeduss R.(k, 0), HODMHPOBOYHbLIE NOCTOSHHBIE CBA3AHHBIX COCTOR-
Hi# my{0) n COOTBETCTBYIOUIHE HCXOAHOMY NOTeHUHany u(x, 0) no-
Joca »;, TO OllpefesieHa M NoCJeRylollas BpeMeHHAA 3BOJIOUHA QYHK-
uuH Q. (2; t). 3ateM no ypaBHeHHwo Mapuenko (4.3.7) onpeneasierca
BpemeHHAdA 3aBHcuMmocTs Ap(x, y, {). Torma pewenne ypaBHeHus Kop-
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TeBera — je Ppu3a cjaesyeT U3 COOTHOLIEHHS
a
u(x, )= 2—5;,4,_(4:, x; 1).

K coxanenuio, yieH ¢ BpeMeHHOHR 3aBHCHMOCTBIO (ha3kl B HHTErpaJje
or Ko3pduunenta orpaxkeHHss R (R, {) NPHBOAHT K TOMY, uTO 3TOT
HHTErpaJ TPYAHO BHIYHC/IHTL aHanuTH4ecKH. OIHAKO, e€Clu Orpauu-
YUTLCS PACCMOTPCHHEM 6e30TPaXKaTeJbHHX MOTEHIHAJNOB, 3TOrO HHTe-
FPUPOBaHHS MOXHO H30exaTtb, TaK Kak Toraa R.(k, Q)= 0. ¥Ypasue-
Hie Mapuenko (4.3.7) B 3TOM cayuae Jierko pelnaercs, H pelleHHe
vpasnenns Koprepera — ne ®pusa Moxer GHTL NOJYUYEHO B 3aMKHY-
ToM Buje. [TonyueHHue pelieHHs ABJAIOTCA YHCTO MHOTOCOJHTOHHBIMH.

Aranornudoe BoluncaeHHe Qgz(2z; {) Aaer

ca N
Q@ )= | 2% Re(k, 0)e' ®) 4 Ty (0™ ™% (43.17)
1

Hcnonbays 310 Bhipaxenne mna Qq(z, f) B ypaBHeHuH Mapuenko
(3.2.6), MoxHO cHOBa nOJY4YHTh pellleHHe ypaBHeHHs Kopresera —
Zze ®puza. Teneps, ecin uuterpasnbioe ypasnenue (3.2.6) peweno or-
HOCHTENbHO Ag, 3TO pelleHHe CJAeAyeT H3 COOTHOLIEHHS

u(x, t)y=— 2—:7AR(x, x; 1),

4.4. MHOTOCOJINTOHHME PELIEHHA

B pasa. 3.3 Gun0 nonyyeHO peuleHHe ypaBHeHusi Mapuenko mas
6e30TpaxkaTe/bHEIX MOTeHUHaNoB. [Ipu npumenenun Teopuu obpatHoR
3a4ayn paccesinMsi K peuleHuio ypaBHeHHs KopreBera — ne ®pusa,
06cyxaaeMoMy B 3TOM TviaBe, 3aBUCHMOCTb OT BPEMEHH BXOLHT TOJbKO
nNapaMeTpPHYECKH, TO3TOMY MBI CHOBA OXHA2eM, 4YTO NPH HauaJAbHOM
yenosun u(x, 0) ana ypasueuus Kopresera — ge ®pusa, coorser-
cTylolleM 6e30TPaXKaTeJNLHOMY MNOTEHUHANY, MK MOXeM MNOJYYHTh
TOYHble pewieHHA. [ToNydeHHbE pelIeHHs ABJAITCS MHOFOCOJIHTOHHM-
M. [TosaToMy Mbl HMeeM

N
Q. (z; )= X my (€7, (4.4.1)

rae, cornacHo (4.3.12), m;, () =m,, (0)exp (— 8x}{). H3 (3.3.17) pe-
1eHHe ypaBHeHHs MapueHKO HMeeT BHI

w(e, =2 A (x, 1 )= — 22 In[det V (x, 1)),  (4.4.2)

rae V(x, t) apaserca N X N-MaTpuuehl ¢ aneMeHTaMy
’"LI ) e(x‘-}x’) x

Virle, 0=t + TS

(4.4.3)
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TMpumep: aByxcoauntoHHoe peuienne (N = 2)

PaccmorpumM cayuafi AByX NOJIOCOB B BepxHefi NOJNYNJNOCKOCTH B
TOUKaX is) H ixg (%2 > w1). Toraa
m (1) R ms () (314 %5) X
l + 2%, I % +N.3 ew ’
m (t)
x + %g

detV = (4.4.4)

eutmdx | | _’"_2__:‘“_)32:‘,1
2

3ameruM, 4YTO ecaH i-fi cronben pa3fesiHTb Ha A/ my (2%, e¥i%,
a i-10 CTPOKY YMHOXHTb Tellepb Ha TOT Xe MHOXHTelb, TO ONpeaesH-
TeJIb MOXHO 3anmHcaTh B cHMMeTpuuHoh ¢opme. Takaa cHMMeETPH3alHx
MOXeT OHTb npojesnaHa Ajs npoHsBoabHoro N [114].

Cefivac mu npoauddeperunpyem In(det V) u yMHOXHM 4HCaHTEND
H 3HaMeHaTeJb NOJYYHBIUETrOCH BHIPAXKEHHA Ha

("H"“ )( 2% )—;exp[— (%) + %) x]-

Ay — %y mymay

TMoaoxuM exp(l.)=(Inz?cl/m;”vz)”2 H

I mmy \ W2 %3 — %,
exp(p.)=-§ T—) -
1%2 % -4 %)
HaxonuM, uto
(l del V)= ::t:: (%16 ™% + %26%) + (1 + %) €¥
_' nae =
chtp+

m+m chy ' (4.4.5)

rae 9= (%2 — )X +AH P =(xn + m)x+ p. Boaee npoctas ¢opma
3TOro PeayabTara MUMeeT BHA

2 (Indet V)=, +x,+ (x —x sho +shy (4.4.6)

2
l) (%2 + %) ch@ 4 (% — %) ch§ *

3anucniBas

_ o+ 9—Y
shq>+sh¢——2sh( 5 )ch( 5 )
H HCMOJNL3YA aHaJOrHYHBle ToxjecTBa Aas ch @ & ch$, noayuum

x5 — ]
%2 cthy; — %, cthy, ’
rxe yo = (@ -+ )2 =x%x + (A +p)/2 vy, = (Y — 9)/2 =%x + (u—2)/2-
Tak kax
w+d M2 (£) [ %3 — % m, (0) —8%’3 Ay — K|
€ T 2% %, + M: ) T 2% ! ( %g + %3 )' (4.4.82)

w-h __mi(t) (% —% ) __ m(0) _8*;‘:, *a — %)
e 2%, %2 + % ) - 2%, (“’ + %, ) v (44.8b)

2 (ndet V) =, +%+ (4.4.7)
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MOXHO S3allHCATh
¥, =x%,x — 4% + 3,
e L (4.4.9)
Y2 == %X — 4%2t + 82

1 m,; (0) %y — %,
6,=§-ln[ 2%, "2+"1)]'

Ecau HafiTH Bropyio mpoHsBoAuyio oT In(det V), ucmoansys (4.4.7),
Mbl OJYYHM

rae

%3 cosech? y, + %} cosech? y,

u(x, f)=—2(“§—7¢f) (x3 cth ys — %; thy,)?

. (4.4.10)

3a HCKAOUEHHEM AONOJHUTENbHBIX (a30BHX 4YNeHOB §; U 8o, sBAA0-
LIHXCA TNOCTOSHHBIMH HMHTErPHPOBAHUS, KOTOPHMH MH NpeHeGperan
Opy HHTErpHpoBanuH cucteMul (1.3.24), sToT pe3ayabrar coBmapgaer
€ TeM, KOTopuit 6ua Aan Qopmysoint (1.3.19).

B pa3a. 1.3 6mi0 mokasaHo, 9TO JJA BpPeMEH, AaJleKO OTCTOALIHX
B NPOLLTIOe OT MOMEHTAa B3aHMOREHCTBHA ABYX COJIHTOHOB, BHpa){eHHe
ana u(x, !) CBOAHUTCA K BHIY

u(x, {)=— 2u}sech? (v, —A) — 2xfsech® (v, +4), (4.4.11)
rae

A=arctg (-:—;) =2In (%:—i—'—::—) .

Jins BpemeH, fajeKo OTCTOAIHX B OyAyulee nocje MOMEHTa B3amMO-
JeAcTBHA, MH MOJayYaeM

u(x, )= — 2x}sech? (y, + &) — 2« sech? (v, — 4). (4.4.12)

TTosoXeHHe NHKA HMNYJAbca, CBRA3AHHOTO C %, CMelllaeTcs, TaKHM
06p3aoM, Bnepex Ha BelHuHHy 2A/x; U3 TOUKH X, = 4} — (8,— A)/x?
B TOWKY X,=4ujt— (8, +A)/x,, AHANOrHUHO, GoNee MeANEHHHHA
HMIYJbC 3aMelnsieTca Ha BeaHuuHy 2A/x;. C JHeTafbHHM aHAaAH3OM
B3aHMOAEACTBHS TPOH3BOJIBHOIO HHCJIA COJNHTOHOB MOMKHO O3H3KO-
MHTbcs B paGore [114].

JBYXCOAHTOHNHOE B3aHMOAEHACTBHE /A %1 = | H %2 == 2 nokasaHo
ua puc. 1.2. [Ipu £ =10 oba uMnyabca cAUBAOTCA B OAHH C aMIAHTY-
nolt, paBioi —6. (3amernM, 4TO Ha pHCyHKe H306paxieHa (PyHKUHA
—u(x, f).) Ha puc. 4.4 nokasaHo cnusiHue ABYX COJIMTOHOB AJA chay-
qa8 =1, x3=15 u 8§ =08;,=0. B 3atoM npuMepe eAHHCTBEeHHHM
uMnynsc He opmupyerca. HToGb NONYUYHTb KPHTEPHA pas3jiH4YeHHA
ABYX cJyuaeB, 3aMeTHM, 4TO Ha puc. 1.2 urxe(0, 0)> 0, B TO BpeMms
Kak Ha pHC. 4.4 ux(0, 0) << 0. Bupaxenue ans u«(0) MoXHO mnonay-
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¢=-05

t=—qal

t=Qa0

Lo F

o= =10 x =0
Prc. 4.4. BaaumoneficTBHe ABYX CONHTOHOB, IpPH KOTOPOM OAMHOUHWA WHX He ofpa<
syercs.

YuTh, HCMOJABL3YAa YypaBrenue Kopresera —ae Ppnsa u  ¢opmyay
(4.4.2). Haxoaum, uro

ex (x, )= 33 (x, 1) — 24 AL (%, %3 ). (4.4.13)

Hcnoavays (4.4.10) ans noayuenus u?(0, 0) u 3ameuas, 410 H3
(4.4.7) MOXHO NMONYUYHTH %AL (x, x; {), HaxoaHM, 4TO

u (0, 0)=4(x —xf) (33 — 3x7), %> %, (4.4.14)

[T05TOMY [Ba COJATOHA COMBIOTCA B OAHH NMHK TOMNBKO NPHXyf¥; > 4/3.

Mu cefiyac BHAEJH, YTO IBOJIOLHA HAYAJNBLHOTO NPOQHIAA HMOYJbCa
ype3BHYafiHO NpoCTa, ecaH Ko3dpduuuent orpaxeHns Rr(k, 0) ana
3ajaun paccesiHHs, CBA3aHHON ¢ u(x, 0), o6pamaercs B Hyab. N no-
;ocoB Koapduuuenta npoxoxaenus T (k, 0) npusoaar Kk N conuToHaM
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¢ amnauntynamu — 2x%. Ecan Kos3(@uUMEHT OTpaxenus He paBer
HYJIIO, pelleHHe MO-NIPeXXHEMY COJAEPAKHT COJIHTOH AJAS KaXHAOro Io-
moca. OAHAKO, KaK NOKa3aHO Ha pHC. 4.2, eCTh ¥ OCLHJJIATOPHAs
4acTb. Tenepp KOJHYECTBEHHOE AHAJINTHUECKOE ONHCaHHE pelIeHHS
HAMHOIO CJIOXHEe, H B HacTosllee BpeMs OHO sBAAeTcA 06JaCTbiO
aKTHBHOH HCC/eJ0BaTeNbCKOH AeaTenbHocTH. OAHAKO, KaK # Npexae,
AMIUVIHTYAY ¥ CKOPOCTb KaXJOTO COJHTOHA MOXHO JIErKO ONpEeAeNHTs.
AMnanTyAN paBHHM — 2%, a CKOPOCTb 4%%, Kak H B cayuae GesoTpa-
KaTeqbHBIX NOTeHUHanoB. CJ/el0BaTe/lbHO, €CAH MOMXHO ONpeleNUThb
ko3 duuuent orpaxkenus Aaaa u(x, 0), TO YHCJIO COJHMTOHOB M HX
aMIJATYAN MOryT OHTh onpefleneHw paxe npu R.(k, 0)%=0. B ka-
yecTBE NpHMEPa PacCMOTPHM HavaJbHR# npoduab uMnyasca u(x,0) =
= vsech?x. B pasa. 2.5 60 nokas3ano, 4T0 KOIPHHUHEHT NPOXOK-
OeHHS JIAA 3TOrO NOTeHUHaJla HMeeT BHJ

____T@ro
T(k =115 F et b=a (4.4.15)

rae

1
T'

1, 1 (4.4.16)
b=-§'—lk—/\/0 +T.

c=1-—ik.
Ilpun v==15/4 3T0 BHpaKeHHe NPHHHMAET BHA

r(S-w)r(-2~un
T (k, 0)= (21*(—:2)1'((1—?&) ) (4.4.17)

Muoxurenp ['(—3/2 —ik) uMeeT noatocw npn —3/2— ik = —n,
n=20, 1, 2, ... TakaM 06pa3oM, MOJNIOCH JI€XKAT B TOUKAX A ==X, =
=(3/2)i, (1/2)i, —(1/2)i, ... . lpa noaloca B BepxHeR mnoaymJo-
CKOCTH AQIOT CONHTOHB. TaK Kak aMIVIHTYAB COJHTOHOB PaBHB — 2x2»
B 3TOM CJy4Yae aMIAHTYAb paBHul — 2(1/2P = —1/2 1 —2(3/22 = —
—9/2, uto coraacyercsi ¢ NPHBeJeHHHLIM HA PHC. 4.2 TOUHHIM 4YHC/IEH-
HbiM peLleHHeM.

4.5. COXPAHAIOWHECA BEJTHYHHDI

B pasa. 2.8 nokasaxo, 4To BeJHYHHA, obpaTHaa ko3dduuHenTy
NpOXOXKAeHHS, C2(k), HMEET aCHMNTOTHYECKOEe pa3JioKeHue

()= (4.5.1)
1
rage
1
en =g { drg, (). (4.5.2)
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BenuyHHH go(x) sABAfIOTCH GYHKUHAMM NMOTEHUHAJa H €ro NpoCTpaH-
CTBEHHbIX NMPOH3BOAHHX. BHpaXeHus AJs HeCKONbKHX NMEPBHIX g, NPH-
sedenn B (2.8.51). Tak kak u 3aBHCHT OT BpPeMEHH, MOXHO OHJIO OH
OXHAATh, UTO C, (H NMO3TOMY Ci3) TaKKe GYAYT 3aBHCETb OT BPEMEHH.
OaHako AJs MOTEHIHAJOB, 3BOJIOLHA KOTOPHX ONHCHBAETCHA ypaBHe-
uvem Kopresera — ge ®pusa, ¢y, corsnacHo (4.3.13b), or Bpemenu ue
3aBHcuT. Cie10BaTenbHo, KO3 guuuesTs ¢, B aCHMATOTHYECKOM pa3-
JIOKEHHY C)2 TaKXKe He HOJNKHBI 3aBHCETb OT BPEMEHH, JaXe ecsH MNo-
TeHlHaN u(x, t) OT BpeMeHH 3aBucHT. TakHM 06pa30M, KOIDPHUHEHTH
€n, TIPEACTABJAAIOT cO60K OEeCKOHeYHOe YHCIO HHTErpaJjioB ABHMEHHS,
KOTOpble MOTYT OHITb CBfI3aHH C pellleHHAMH ypaBHeHHa Kopresera —
ae ®pusa. M3 (2.8.51) Buano, T0 g ¥ gs ABAAIOTCA MOJHHMH MPO-
CTPAHCTBEHHLIMH MPOH3BOAHLIMH, TaK YTO HX HHTErpajibl OT HMMYyJbC-
HbHIX pelleHARl o6paumlaioTcs B HyJb. DTO OKa3HBaercs BEPHHM IS
Bcex Gosiee BHICOKHX HeYeTHHX 3Hawenust g, [87]. CnenoBarensno, un-
TepecHH TOJNBKO go, g2, &4, ... . Cornaco (2.8.50) n (2.8.51), He-
CKOJIbKO NMEePBHX COXPAHAIOUIHXCA BEJIHYHH HMEIOT BHJA

o0

Cl::——;- S dxgo=-% S dxu (x, t)v
C =4 §°dx =4 §°d 2 t 4.5
g == 3 g2—' s XU (x, )) ( . '3)

o= | drgi=gy | dri2u —Gus, — 5,

rAe MB npeHe6peryH YleHaMH, COAepKAIAMH NOJHHE NPOH3BOAHKE, H
NPH TOAYYEHHH Cs OLI/IO BHIMOJHEHO HHTETPHPOBAHHE 1O YACTHM.

HesaBucuMocTb ¢n OT BpeMeHH MOXHO TaKiKe HeNOCpeACTBEHHO
BHBeCTH H3 ypaBheHHa Koptesera— ge ®pusa. Hurerpuposanue
3TOrO ypaBHEHHS MO BCEMY NPOCTPAHCTBY HaeT

-g—t. S dxu = S dx 3'?;(314’— Ugy)=0, (4.5.4)

4TO 3KBHBAJIEHTHO NepBoMy u3 cooTHomenufi (4.5.3). YMuoxasn ypas-
Renne KoprTepera — e PpH3&a Ha u W MHTErPHPYA 3aTeM MO BCeM x,
HONy¥HM BTOpPOEe H3 cooTHoWeHnA (4.5.3) B BHAe

;—gt' S dxu® = § dx -;;37[2143 — Ul gy +-$—(u,)’] =0. (4.5.5)

Ananoruunas NpoBepPpKa MOXeT OHTH BHNOJHEHA AJs COXpaHAKLIHXCS
BeJHUHH 60Jee BHICOKOTO nopsaKa, HO AJA 9TOI'O HYXHBI BHYHCJHEHHA
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Bce Boapacraioulefi TpyAHOCTH. Ilepeyenb mepBHIX ReCATH COXpaHRIO-
LIHXCA BeJIHUHH Obia mpuBeAieH Muypofi u ap. [87].

Coxpansiollnecs BEIHYHHM NAIOT NPOCTYIO CXeMY HOJYYEHHS NpH-
ONMIKEHHBIX 3HauCHHH AaMMAHTYA coJHTOHOB (DBepe3ann u Kapnman
[14]). Henoctatok MeTOma COCTOMT B TOM, 4YTO OH Tpe6yer SHaHHR
OKOHYATEJIbHOFO 4HC/Ja OXHAaeMhiX HMNyabcoB. Kpome Toro, ans
GLICTPO MEHAIOUIHXCA MO X HAYANLHBIX Dpoduiell UMNYALCOB MeTOA
HETOYEH H MOXET He AaTh C JOCTATOYHOH TOYHOCTbIO aMILIMTYAy Ca-
MOTr0 MajleHbKoro conuToHa. OHAaKO NpeHMYLEeCTBO ero B TOM, YTO
OH HCXOAHT HENOCPeACTBEHHO 43 (JOPMH HAYaJbHOrO MPOPHIS HM-
nyJabca H He Tpebyer onpefieleHHs CBA3aHHBIX COCTOSIHMM, cooTBerT-
CTBYIOLIHX 3TOMY npodpHiio. B KauecTBe npuMepa pacCMOTPHM Hayadh-
HHH npodunb umnyiabca u(x,0) = —vsech? x. lnsa 3navennsi v, npu-
BOAALIAX K Pacnany Ha ABa COJHTOHR, Mbl JOJDKHH HMETb

u(x, 1) = — 2} sech? (x,x — vyt + @) — 2] sech? (x,x — v + @,),
(4.5.6)

rae v;==4x}. Ecau Ham He HHTepecHH (a30BMe YA€HH, @i, AJIA NO-
Jly4yeHHs] OKOHUYaTebHON (POPMB pelIeRHs HYIKHO ONPEeAeNHTh TOMbKO
o0

aMOAHTYAB HMNYJAbCOB %;. IlockoabKy BenHuuHm Fy= g dxu(x, t) n

Fy= S dxu(x, 1) NOCTOSAHHHl BO BPEMCHH, MOXHO BLIYHC/AHTHL HX
— o0

npu t = 0, Hcnoab3ys NpHBeReHHOe Bbillle 3Hauenue u(x, 0), a Takxke

npu f{—>oo ¢ noMownsio (4.5.3). MoXHO 3aTeM NPHPABHATH Pe3yb-

TaTh H NOJYUYKTb Napy ajre6paHecKHX ypaBHeHHH

1
% + R = ‘5‘ v,
(4.5.7)
x4l = -—l— v,
L) o
rae OLUTH HCNOJL30BAHE HHTErpaan') S dxsech’x=2n S dx sech*x=

= 4/3. Kom6uHHpYs YypaBHeHHS 24.5.7), MOKHO l'I_Ole‘lH’l‘b KBa-
ApaTHOe ypaBHeHHe x]— %%, + x3==0/2, KOTOpoe HMeeT pellecHHS

1.2 =(1/4) (v 4= /v (8 — v)/3). Jla% PacCMOTPEHHOro B NMpeaAMAyLIeM
pasaene 3Havenus v = 15/4 nonyuum x; = 1.51 u %, =0.363. Sn
3Ha4YeHHAN CJaeAyeT CPaBHHBATb ¢ TOYHBIMH 3HAUCHHAMU X — 1.50 H
%2 = 0.50, nonyyeHHBIMH B KOHUE Npexbiaylitero paaenda. Tounoe pe-

1) O6wuf peayAbTAT HMeeT BHA S dx sech® x = 2"~} r (n/2)]2/r' (n).
+o0
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[eHHe, COfepiKalllee BKJaj OT HECONUTOHHOR 4YacTH pememm, KO-
HEYHO, TaKXe OyJeT yAOBAETBOPATb BCEM 3aKOHAM cOXpaHeHus Go-
Jiee BEHICOKOTO NMOpAAKA.

Ecau nosBAsiETCA TPH HMNYJAbCA, HX AMIUIHTYAN BOXHO BHIYHCJIHTH
¢ NMOMOMUIbIO TpeX NepBHX 3aKOHOB coxpaHenus. CHOBa HCNOJAb3YA Ha-

J J

5 0 3
v

Puc. 4.5. T'eomerpHueckoe Mecto xopHef nepnux TPeX 3aKOHOB COXPAHEHHA AJf Ha-
9aabHOro NpoduaAR kMnyapca 4 (x, 0) = v sech? x.

yanpiuit npoduab aMnyabca u(x, 0) = vsech?®x u TpeTblo COXpaHsio-
uylocs BeauunHy u3 (4.5.3), saxonum, 910

1
* FupFuyg=50,

w3 g = 0%, (4.3.8)

5 5 5 v (20—1)
%|.+M2+%3——T2—-.

Pewenyua 3TOR rpynnn ypaBHeHHfi 3KBHBAJIEHTHH peUIeHHIO OAHOTO
KyGHyecKoro ypaBHeHus. Tpu ypaBHenusn (4.5.8) MOXHO paccMaTpH-
BaThb KaK CHMMeTpHYHHeEe (GYHKUHH KOpHeH 3Toro KyGHYecKoro ypaa-
HEeHHR, W 31ecb MOTYT OHITb I10JIe3HR Pe3yAbTaTH TEOPHH YpaBHeHu#
([19], ca. 7). Ha puc. 4.5 noka3aHo reoMeTpHUeCKOe MeCTO KOpHef
(4.5.7) u (4.5.8). Touku ABASIOTCA TOUHHIMH Pe3yJIbTATAMH, NOJYYeH-
HeiMH u3 (4.4.17). Pesyabrat ans v=2, 6 u 12 coorpercTByIlOT
YHCTO COJIMTOHHHM pelIEeHHSIM H, KaK BHJHO, NeXaT Ha KpuBbiX. [Ipu-
6anxeHHoe corsacHe Aas v = 3.75, v ==8.75 nABAAeTCs pe3y/AbTaTOM
npeHe6peXKeHHst HECONHTOHHON YaCTLIO PRIUCHHS.
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4.6. HAYAJIbHBIA NPOSHIJIbD HMNYIIbCA
B BHIE &' (x): ABTOMOREJIbDHOE PEMIEHHE

B ynp. 5 ra. 2 6nsa ucnonb3oBaHa npejeJbHasi NpoueAypa, YTo6H
NoKa3aTh, YTO JAJIS NOTEHIHaNa, NPONOPpiHOHaAbHOrO 8/ (x), Koadpdu-
LHEeHT oTpaxenus R (k) paBen eannnue. Ilpexae 9eM coBepluathb
3TOT NpefelbHbHA NMEepexol, HCNOJAb3yeM COOTHOUleHHe MexAy Rg(k)
n Ri (k) (2.8.16) u 3atem, nepexols K npefeay, HaliaeM, 4To Apyro#
Ko3pduuuent orpaxenus Rp(k) pasen —l. 310 MOXHO OO OH
CYUTATh MPOCTEHIIHM KOIQQPHLHEHTOM OTPAXKEHHH, KOTOPHIH MOKHO
HCNOAb30BATh B KauyeCTBe HauajxwHOro npoduis umnyisca. K coxa-
JAcHuo, QyHKIHs §’(X) CAHMIUKOM CHHryJsipHa, YTOGH ee MOXKHO Onino
NPHMCHATD B TaKOM KadectBe. Kak oTmeuanocs B pasa. 3.1, Hapy-

©o

waercs TpeGoBanue de(l+lx|)|u(x, 0)) < occ. TeM ne MeHee
-0
MOJKHO H3BJIeYb HHTEpEeCHBe pe3y/bTaThl, KacalollHecs 3TOro Hayalb-
Horo npopuns. (Mm MoxeM cyHTaTh, 4T0 HOPManH3M OGpaTHON 3a-
Ja4yH NpHMeHsAeTcs K npodHio, KOTOPHH B Npeaese npubauxkaerca K
& (x), 1. e. & (x)=—lim [(x/x'”?a%) exp (— x%a?)}.)
0

a-»
Tak kak Rp(k, 0) = —1, umeem
Qe H=— | Goefwrroen, (4.6.1)

3TOT HHTerpas MoXeT ObITb 3aNHCaH B BHAE HHTErpaja, onpepeasio-
wero ¢pynrunio dipu Ai(x), Kotopas cBsidaHa ¢ Qyukuusamu Beccens
nopaaxa 1/3 (cm. [4]). BBoas HOBYi0 NepeMeHHYIO MHTErpHPOBAHUA
k == af u noaaras 3artem 8a®f = 1/3, naxoaum, uto
L]
Qp (v, )= —a S 22 o 0us+UMPI — _ g Aifar).  (4.6.2)
-0
BenencrBue BHINEYMOMSIHYTOH TPYAHOCTH, CBA3AaHHOW CO CXOAM-
MOCTBIO, Mbl He GyleM NBTaThCs peliaTh ypasHewHe Mapuenko c¢ Tta-
KHM BHpaxeHueM ans Q,(x, t). Bmecto 3aToro Mm 3ametum, uto no-
CKOAbKY ax = x(241)~'/3, 10 npocTpaHCTBEHHAsAs M BPEMEHHAR 3aBHCH-
Mocts Qga(x, t), cornacuo (4.6.2), umeer Bug Q. (x, t)=1-3w(t), rae
{ == xt-13, luTepecHuiit pe3yAbTaT COCTOHT B TOM, YTO MPOCTPAHCTBEH-
HO-BPEMEHHAR 3aBHCHMOCTb NPH NOCJAEAYIOUleil 3BOJMIOUMH HAYaJbHOrO
npopuns u(x, 0) = 6’(x) TakxKe MOKeT GbITb BHPAXKEHA KAK QPYHKUHA
{. 370 MoXHO nokasaTh, noaaras Ag(x,y)=t"*£({,n), rae =
=yt-'3, Mb Haxo&HM, YTO ypaBHeHHe MapueHKO NpPHHHMaeT BHA
t

oG+ + @ 0+ | e +neE =0 (163



4.6. Haxaasuoud npogusy usnyasca 8 sude 8'(x) 139

[Ipoduns HMnyabca AaeTcs TeHeph COOTHOWEHHEM
(e, =22 A (x, x; H=2""P-2 o2, D). (4.6.4)

Tak kak 0/6x=t'”3d/d§. MOAYUHM 4
u(x, )=2""Rat’ (¢, )=1""F () (4.6.5)

Mpeanonaras, 4ro u(x, {) uMeer 3TOT BHA M 3amedas, 4to 0/0f =
= —(t/3t) (d/dt), Tak uro Qufdt = — (1/3)1-5/3(2f + Lf'), naxonum,

J

Ny

TN A
A

~J

Puc. 4.6. AsToMonenbHOe pewlenHe ypasxeuus Kopresera — ne ®pusa.

4yto ypaBHehie Kopresera — ge ®pusa cBoautcs K OGHKHOBEHHOMY
nuddepeHlHaNTbHOMY HesquHellHOMY ypaBHeHHI0 Mas ynkuuu [(%).
Yucnobuie KO3OGHUHEHTH B 5TOM YpaBHEHHH HECKOJIBKO YNpPOLIAIOTCH,
ecay nonoxuTb g(L) = 6f(%). Torna ypaBnense aas g(t) npuMmer Buz

3g”" —3gg’ — (2g +tg")=0. (4.6.6)

Ins 3nauenuil g, AOCTATOYHO ManblX, YTOOH HEJWHeAHHA ujen Obia
npeHe6pexHUMO MaJl, MOXKHO MOJIOKHUTh £ ==h’ 1 ABaXAK NPOHHTErpH-
posarb (4.6.6), moayuus B pesyavtarte ypaBHenne h” —(1/3)th = 0.
Mb1 oT6poCHIH NOCTOSHHBIE HHTErPHPOBAHHSA, NMOCKOJIBKY HAC MHTepe-
CYIOT pellleHHs, o6pauiamoliiecs B HyJb A0 NPUXOJAa UMAyabca. Ypas-
HeHWi0 Ajs h yposaerBopsier ¢yHkuus Beccens nopsaka 1/3. Pewe-
HHe, ofpallaiomieecst B HyJAb npH §—-0o0, NPONOPUHOHANbLIIO
L2K,/3[2(—t/3)32]. Hcnonbays acHMNTOTHUECKYIO GOPMY a/s DYHK-
uun Beccens, BuanM, uTo g ~ cg”‘e-ﬂ(tla):‘” npu §— 4-o0. Ha puc. 4.6
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MOKAa3aHO YHCJEHHOe pelIeHHe TNOJHOTO HeJHHEeAHOro ypaBHeHHA
(4.6.6), kotopoe cBopuTca K 3TOi ¢opMe ¢ MajaOf aMmARTYRON AAR
¢=0.15. Kak ormeyansocb Buie, yHKuHs 8(X) CAHUIKOM CHHTY-
JipHA, YTOOH GHITH MpHEMJEeMHM Ha4aJIbHHM YCNOBHEM Al npoduas
HMIYJabca. DTO NOATBEPXKAAETCA DHCYHKOM, TaK KaK KodeGaTennHoe
pelleHHe NPOAOJIKaeT pactd npu §——oo. [ononunteannyio Hupop-
MauHio 06 ITOM pelleHHH MOXXHO HafiTn B paGote Kapnmana [66].

4.7. APYTOA NOAXOJ K JIMHHEAHbLIM YPABHEHUAM
AN YPABHEHHSA KOPTEBEIA — AE ®PH3A

Peitenne ypaBhenns Kopremera — e ®Ppu3a MoxHO nepeppasu-
poBaTh H B TEPMHHAX CHCTEMH ABYX JHHeAHHX ypaBHeHu#H, NOAOOGHBIX
TeM, KOTOpWe paccMaTphBaauch B pa3f. 2.11. .[Ipexpe uem wuavath
paccMOTpeHHe APYrHX IBONIONHOHHHX YPABHEHHH, KOTOPHE eCTeCTBEH-
Hee aHaJIH3UPOBATb B paMKax mevoaa 3axaposa — [lla6arta, Mui-kpat-
KO PacCMOTDHM METOA ABYX YpaBHEHHH I1s ypaBHenua Kopresera —
Re ®pusa. ITo nenaercA nyTeM NPeoGPa3OBAHHA JIHHEAHWIX ypaBHe-
HH# 1aa ypaBHenus KopreBera — ne ®pH3a B 3KBHBANEHTHYIO CHCTEMY
3axaposa — laGara.

Uro6u BBecTH cHcreMy 3axaposa — lllaGaTta, HauneM ¢ JAuHEAHBIX
ypaexenu#t, nonyuennnx B pasi. 1.2, Corsacuo (1.2.2) n (1.2.10),

Yex=(A+u)y, (4.7.1a)
Yy==—4Yyxs -+ 6uy, +3u,.y. (4.7.1b)

Cefivac Mb OyfeM C/nelOBaTb CTaHAAPTHOR NPOUEAYPe 3IaMEHH
auddepeHuHanbHOTO ypaBHEHHS BTOPOFO NMOPAAKA Mapol ypaBHeHMA
nepsoro nopsaka. [Nonaras

2=y, (4.7.2a)
HaxoInM, 4To ypaBHenue lllpéaunrepa skBuHBaJeHTHO caexylolemy:
z,=(A+u)y. (4.7.2b)

KpoMe ToOro, ecnn HCNOJbL3OBATh MPOH3BOAHYIC ypaBHenwunr (4.7.1a)
AN HCKMIOUEHHA Yxxx ¥3 (4.7.1b), TO MOXHO 3anucath BHpaeHHe
ana y: B (4.7.1b) B BHme auHefinol KOMOGHHAUMH 2 H y. [Toayuuwm

Yp=—uy +((2u—4r) y,. (4.7.3a)

Hakonen, sanucwBas z: = (y¢)« W HCOONB3Ys 3ateM (4.7.3a), MOXKHO
NMOCTPOHTb BHpaXKeHHe AAAl 2, ABJAIOUleecs NuHEAHOA KoMOuHauuefi
y u z. Tlocae ncnonb3oBanusn (4.7.1a) pesynbTaTt HMeeT BHA

2p=(2u% — s — 20u — 4AD) y + u 2. (4.7.3b)

Ecau o603naunts y = vz, =0, + i{v, u A =12, 10 napy nunef-
HHX ypaBHeHnf (4.7.2) MOXHO NPUBECTH K BHAY, HECKOABKO NOXOXKeMY
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Ha AuHefiHble ypaBHeHHA, paccMoTpennnie B pasi. 2.11. Toraa mMu no-
JAY4HM
Uix + 00, = — uvy,

oo if0s— — 0, (4.7.4)

Ecnu npumenuts To Xe NpeoGpasoBande kx cucreme (4.7.3), nosyunm
ypaBHEHUs BHAA

V)¢ = Av, + Bu,,
vy = Cv, + Doy, (4.7.5)
rae
— — 4t — %itu + u,,
B=— 4§2u — 2i€“, — 2u? + Uy,
C=— 4;2 — 2, (4.7.6)
=—A.

Tenepb u3 3THX JHHEAHBX ypaBHeHHA MOXHO BOCCTAHOBHTbL pelle-
Hue ypaBHewHn KopreBera — e ®pusa. [leranu atoro noaxona 6yayr
PaccMaTPHBATLCA B TJi. 5 B NPUMEHEHHH K APYFHM 3BOJIOLHOHHBIM
yPaBHEHHAM.

B cBA3H ¢ aHaNH30M HOBLIX ypaBHEHu# B ri. 5, BaXXHO OTMETHTb,
4TO ypaBHeHHA Buia (4.7.5) ABAAIOTCA HCXOAHHM NYHKTOM AJA BBe-
JIeHHsl BpeMeHHONA 3aBHCHMOCTH s yHKUHA vy H Vs



fnasa §

HEKOTOPBLIE IBOMIOLMOHHLIE YPABHEHMS,
CBA3AHHbLIE C CHCTEMONA 3AXAPOBA — LLUABATA

B ra1. 4 M BHAEAH, KaK JHHefiHYI0 3aJa4y PacCeAHHS, CBA3aHHYIO
c ypaBHenueM llIpéauHrepa, MOXKHO HCNOJIL3OBATH AAA PeleHH HeNH-
HefiHoro Au¢ddepeHUHaNbHOrO YPAaBHEHHA B YaCTHBIX NPOHU3IBOAHMX, Ha-
3niBaeMoro ypaBHeHHeM Koprebera — ne ®pusa. Buad peulenn ana-
JIOTHYHLIM 00Pa3oM HeKOTOpHle Apyrue 3BOJIIOUHOHHHE ypaBHEHHMA, my-
TeM COOTHECeHHA HX ¢ napod JuHeAHHX AuddepeHuHaNbHHX ypaBHe-
Hufl nNepBoro nopsaka BHAA

Uyx + Lo, = quy,
Ugx — ifU2=—q"v;.

Otu auHeNune YpaBHeHHs ABAAIOTCA CNelHadbHHIM cayyaeM Gosee 06-
uux ypasHenuit (1.5.4). B nacroseft rnabe MH paccMOTPHM, Kak
sTa 3ajava 3axapopa — llla6ata MoxeT GbTb HCMOJb3OBaHA AAas pe-
LIEHHS TPEX HEJHHEAHBIX SBOJIONHOHHLX YpaBHEHHH: MOAHPHILHPOBAH-
Horo ypasHennss Kopresera — ne ®pusa, ypamuenHs sine-Gordon u
KyOuueckoro, uiau Headnehnoro, ypasHenus Llpénunrepa. Huxe npu-
BeJleHbl CTaHAapTHble (OPMBI KaXKAOro H3 3THX ypaBHEHHH:

U+ 6u’u, +up, =0 MoaubHUHPOBAHHOE YPaBHeHHE
KopreBera — e ®pusa (¢ ==u);

Oy ==Ssino ypaBuenue sine-Gordon (g =— 0,/2);
ige+qgex+21qgPg=0 xy6uueckoe ypasuenue Lpénunrepa.

Jlna nepBLIX ABYX H3 3THX 3BOJIOUHOHHbIX YDaBHEeHHH (QYHKUUA g B
BHLENPHBEAEHHOH JIHHEAHOK cHcTeMe AefAcTBHTeNbHA. Kak MH yBH-
AWM HHXe, napa JHHeHHHX ypaBHeHW# NepBOro NOpsAKa, CBA3AHHHIX
C ABYMS NEPBLIMH 3BOJIIOUMOHHBIMH YDaBHEHHSIMH, 3KBHBAJEHTHA OJ-
HOMY YPaBHEHHIO BTOPOro MOpPSAKA THNA YPABHEHHS LUgémmrepa. B
KOTOPOM MOTEHIIHAJA HMEeeT OHY H3 KOMILIEKCHBbIX GOpM g% =% ig,.

Koraa B rn1. 1 6pi1a ycraHoBAeHa CBA3b MEXAY ypaBHenusimu Llpé-
aunrepa v Kopresera — ne ®pusa, 6b10 HaliAEHO, YTO HYXKHO MOTpe-
60BaTh TaKkxe, 4uTo6bH BPeMEHHAsl 3aBHCHMOCTb COGCTBEHHBIX QYHKUHH
6ui1a 3alana ypaBHeHHeM yy = By, rae B — nuddepenunanpublii one-
patop tperbero nopsaxka (1.2.10). Kak Mbl YBHAHM HuUXe, MOLH(HIH-
posaHHoe ypasneHHe Kopresera — ne dpusa BO3HHKAeT npu npHme-
Henun Tofl e npoueaypsi, koraa B ypasHenuu LlIpénuurepa u B omne-
pgrope B ucnonbsyercs m060it H3 KOMIVIEKCHBIX NOTEHUHANOB
u® £ ixx,
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Tor ¢akr, uyro MozudHuupoBanHoe ypaBHeHHe KopTeBera — ne
dpH3a cBA3aHO ¢ ypaBHenHeM LlIpénuHrepa, XoTH H C KOMIJICKCHBIM
NOTEHUHaJI0M, O6GecreyHBaeT COBEPLIEHHO HENOCPEeACTBEHHHA cnoco6
BBEJICHHS 3TOrO0 3BOJIIOUHOHHOTO YPaBHEHUS W CBA3AHHHX C HHM JH-
nefiHbX ypaBHeHHA. OAHAaKO OKOHYATENbHHI BHA JIHHEHHHIX ypaBue-
HHA s MoAHduuHpOBaHHOro ypaBHeHHs Kopresera— e ®Ppusa
npeanaraeT CHCTEMATHYECKHH MeTOjl NMOAY4YeHHs APYTHX 3BOJIIOLHOH-
HHX ypapHenuil. [ToToM 3ToT cHcTemarHueckn#t nNoAXof, noaxon 3axa-
posa — [lla6ata, Gyner Hcnosib3oBaH AJjsi ypaBHeHHs sine-Gordon u
KyOudueckoro ypasHenua LlIpéaunrepa.

5.1. MONH®HUHPOBAHHOE YPABHEHUE KOPTEBEIA — IE ®PH3A

MoauduunpoBannoe ypaBHenue Kopresera —ne ®pu3a, wus+
== 6u%uy 4+ uxex = 0, OHO H3 Tpex ypaBHeHHit, KOoTOphie GyNyT BBEege-
HH B 3TOfl raaBe, pexe BCero BCTpeyaeTca B NpuiaoxenHsax. Oxnako
OHO TeCHee Bcero cBA3aHO ¢ ypaBueHHem KoprTesera — e ®pusa u
MO3TOMY Al4eT HaM CaMH#A eCTecTBEHHLIA NepexoA OT Pe3y/bTaToB IV 4.

Kak ormeuanoch paHee, B cayyae MOAHGHUHPOBAHHOTO YPaBHEHHs
Kopresera — ne ®pusa Mu 6yAcM HMETb JeJO0 C CHCTEMO# ypaBHeHui

3axaposa — llla6aTa B Buze
Uiz + ifv = uuv,,
Ugx — ifUy = — uv,,

(5.1.1)

rae u peficteutenbHo. MoxHo YCTAHOBHTb CBfi3b C YPaBHEHHEM Hlpév
AHHrepa H C NpeALAYLIHMH De3yJibTaTaMH AJA YPaBHEHHA KopTeBe-
ra— e ¢pﬂ33, BBeJsl HOBHE [I€PEMEHHHE
W) =v; +ivy,
Wy =V — ivg.

(5.1.2)

Jlerko HafiTH, YTO 3TH HOBHe nepeMeHHbe YAOBJETBOPAIOT CHCTeMe
ypaBHenu#
Wy, + ivw, = ifw,, (5.1.3a)

Wy — iuwg == — ij,, (5 l.3b)

KOTOpasi, KaK OTMedanoch B pasd. 1.5, skBuBanNeHTHA mape ypaBHeHui
[Up&nunrepa ¢ xomnaexcHmmu notenunanamu. M3 (5.1.3) maxoaum,

4yTO
Wiy + [ + @? + fu )] w, =0, (5.1.3a)
Wasx + [ + (U — iu,)] wa=0. (5.1.4b)
PaccMoTpuM KoMIeKCHHMH noTenunan ¥ = — (u?+ iuy), BXOas-

WHA B ypaBHeHHe AJs w). M3 npeanayuiero aHa/au3a uW3BeCTHO, YTO
eCaH ¥’ COlepHUT napametp f, TO NpH YCJAOBHH, YTO ¥° YAOBJAETBOPHET
KakoMy-1M60 ypaBHEHHIO H3 HEKOTOpoH MNOCAeA0BATENBHOCTH ypaBHe-
HHA B YaCTHHX NPOH3IBOAHLIX, { He Gyxer 3aBuceTb OoT Bpemenu. [lep-
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BBIMH ABYMSl M3 3THX ypaBHeHH# AABAAIOTCA ypaBHeHHe FV':i+ ¥y =0
u ypasnenre KopreBera — fte ®pusa ¥t — 6¥°Fx + #xxx = 0. Tenepr
MOXHO 33JaThCsl BOMPOCOM, YTO O3HAUAT 3TH ypaBHeHH: Mis 7°,
Koraa peub uier o ¢yHkuuu u. [lepBoe u3 aAByx AndpdepeHinasbHBIX
ypaBHEHHH B YacTHbIX NPOH3BOAHMBIX AJA ¥’ NMPHBOAHT K YPABHEHHIO

Qe (uy + cuy) + i(uy + cug),=0. (5.1.5)

[lpoctofi cnoco6 ¢ rapaHTHed YAOBJNETBOPHTh 3TOMY YPaBHEHHIO —
BubGpaTh 4+ cuy =0, T. e. TaK, 4TO6H 4 YNOBJETBOPANO TOMY Xe
ypaBHenuto, uto u ¥°. TakuM cnocof6om HOBOe ypaBHeHHE He NOaY-
yaercs. OIHaKo noficraHoBKa ¥° = — (ug -+ iux) BO BTOpOE YpaBHEHHe
aas ¥, 1. e. B ypaBreune Koprepera — ne ®pu3a, naer

2u (g + 60, + ) + iy + 60U, + ) =0. (5.1.6)
310 ypaBuenne GyOeT YAOBAETBOPEHO, €CAH MH NOJOXHM
Uy +6utu, +u =0, (5.1.7)

4TO ccTh MOAUPHUHPOBaHHOe YpaBHeHHe Kopresera — jie ®pu3sa. Cae-
AyeT OTMEeTHTHb, 4TO ecad u#(x, t)-— pelleHHe 3TOro ypaBHEHHs, TO
—u(x, t) TakxKe ABAAETCA pewleHHeM. AHAaNOTrHYHOE paccCMOTpeHHe
ypaBHeHHA AJA Wy CHOBA NPHMBOAHT K MOAHGQHLUHPOBAHHOMY YypaBHe-
uuio KopreBera — e ®pusa B BuAe ur + 6ulux - Uy =0

TakuM 06pasom, MB MOKa3ajH, YTO €CIH u YAOBJIETBOPAET MOIH-
¢uuupobanHoMy ypasueHHio Kopresera — ne ®puaa suaa (5.1.7), to
¥ = — (1 & iu,) ynosnerBopsier ypasHeHuio KopreBera — ne ®pusa
BuAa (4.1.1). 310 cooTHOoweHHe MexAy ¥ W u Ha3nBaercs npeobpa-
30BanneM Muypn [85].

Jlunefinpie ypasneHns

[TockonbKy NHHefiHNe ypaBHEGHHA AJIA ypaBHeHus Kopremera — ne
dpu3a yxe onpefeneHbl, JErko NMOJYYHTs TAKHe YpaBHEHHS AN MO-
nudHuHpopanHoro ypaBHeHHs Kopresera — e ®pu3a, HCMOAB3YS
TOJNILKO UTO OTMEUYEHHYIO TECHYIO CBfi3b MeXAy 3THMH ABYMS ypaBHe-
HHAMH. JIHHelHble ypaBHeHHH, colepiKaliue NPOCTPAHCTBEHHME npo-
H3BOJAHBE — 3TO ypaBHeHHA AN vy M vz (5.1.1). UTo6H moayuntsh 3a-
BHCHMOCTb OT BPEMEHH, HYXKHO BCNIOMHHTb, YTO MOJYUEHHHE A8 ypas-
Henun Kopresera — ne ®pusa pesyavratu (4.7.2a) u (4.7.3a) nosso-
JISLIOT 3aMHCaTh

wy = (4 + 29w, — Vw0, (5.1.8)
Wy, = (457 + 27" w,, — ¥, w,. o
Cefiyac MBl 06pa3yem ypaBHEHHSI AJIf U) W Uy, CKAAABIBAA M BHIYMTASA

STH ypaBHEHHUA ANA Wy W Wy M3 (5.1.2) umeeM, uto vy = (w,+w,) /2
¥ vy =—i(w, —wz)/2. Ecau 3amennts ¥ Ha —(u? -+ iux), ypasue-
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HHA AAS CYMMbl H Pa3HOCTH Wy H wgr AAIOT

vy =2 (u? — 20 v, + (48%u + 2iku, — 2 — u,,) vy,
Uy == (— 4% + 2itu, + 2% + u,,) v, — 20, (142 — 20 v,

Ypasuenua (5.1.1) u (5.1.9)— 3ro JuHeAiHHe ypaBHEHHs, KOTOpuie
OGHYHO HCIOJAB3YIOTCS NPH peuIcHHH MORH(QHUHPOBAHHOTrO ypaBHEHHA
KopreBera — e ®pusa merosom 3axapopa —-lllab6ara ana obparuoht
3aauH paccesHuA.

(5.1.9)

Pemenne MeTonom obpatHofi 3ana4K paccesHns

Monuduunpoastoe ypaBuenne Kopresera — ne Ppu3a pemaercs
C MOMOUIbIO. TOA Xe NpoUeAypH, KOTopas 6uaa HCNONb3OBaHA AJS
ypaBhenHs Kopresera — pe @puaa B npexstayme® rnase. Ha Goas-
IIKX PACCTOAHHAX, B o6aacTH, rie u—>(, 3aBHCHMOCTb OT BPEMEHH
Raetcs npelenabHoRt dopmok ypasneruii. (5.1.9)

0y = — 4it%;,,

00— 4% (5.1.10)

[TpocTpancTBeHHas 3aBHCHMOCTh BHIPAXKaeTCA Tenepb 4Yepes ¢ H P,
T. €. yepe3 (QyHAaAMeHTAJibHBe pelIeHHA CHCTEMHB JABYX YpPaBHeHuid
(5.1.1), xotopne OnHnH BBeAeHH B pasx. 2.11 (c 3amenod k Ha ).

Uy
PaccMoTpum peluenue v =(v ) NPONOPUHOHANBHOE @ [IPH X — —00.
2

0
Torxa npi x, cTpemsimieMca K —oo, v (x, f)=Ff (f) @ (x)—>f () e~ %> ( )

Moncranoka u;==f(f)e—** B nepBoe u3 ypasuenufi  (5.1.10)
naet f(t)==f(0)exp(—4it3t). U3 (2.11.19a) noayuaem BHA ¢ npH
x— +-o00. UmeeMm

v=1 9+ [ @ 0ets( ) +en e (7)] e

CHosa noacrasaas B (5.1.10) n npupasuuBas KOIQPHUHEHTH, nony-
4uM, YTO C12 = O ¥ 61 == 8iF3, Tak uto

Ci2 (go t)=C|2(g, o)o
cu (G t)=1c;; (g, 0)e®%",

Ananoryunsie BHIYHCJAEHHS C MOMOLLBIO pellleHHsl U, MPONOPLUHOHAJb-
Horo ¢, AawT Cz2(f, f)==ca(E, 0) e~P%*. Dror peayabrar caeayer
TaKxe u3 paBeHcTBa C22(L) = cn1(—%). Tak Kak cHOBa C)» sBasgeTcH
BeJIMYHHOMA, O6PaTHOR KOI(PGHUIUHEHTY NPOXOXKAEHHA, MBI BHIHM, YTO
KO3 QHUHEHT NPOXOXAEHHA CHOBA He 3aBHCHT OT BpEeMEeHH.

Ina 10Kanu30BAaHHBLIX peleHHil, CBH32HHBIX € HYJAAMH QYHKUUH
¢12(¢, 0) B BepxHeR MOAYNJIOCKOCTH B TOYKAX § = %;, MOXKHO, HCNO/b-

(5.1.12)
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sya (2.11.37), nanucatb

ey (*p )

¢13(%; 0)
Con (%, t

myy (%, £)=— i‘;ﬁ%-o))-

M noaxoauM X pemeHHro MoauduuuposaHHoro ypassenus Kop-
TeBera — fie dPpH3a, CTPOA CHAYANA PYHKURIO

N 3
0z 0= | FR.G O + Y my s, 0T, (6.1.15)

—o 2]

Mgy (xy, )= —1 =mp s, 0¥, (5.1.13)

= iy Gt 0) ™. (5.1.14)

—8g*t-ita

rae Ri(%, 0) = —~cn(f)/ca(L). 3atem paccuaTpBaeM cucTeMy ypas-
HeHHi MapyeHko

Ax 9)— § a0 (7 +9) A(x, ) =0,
" (5.1.16)
Al D+ Q40+ | draE +9) A, =0,

Cornacro pesyssraraM pasa. 3.6, peiiensie MORE(QHIUHPOBAHHOTO ypaB-
Henus Kopresera — e ®pusa faercsi COOTHOUICHHEM

u(x, t)==~— 24,(x, x, t). (5.1.17)

Pewense HuTErpasbHHX ypaBHeHUR H onpejieiieHHe SBOMIOUHH HM-
nyabca SBAACTCA NMPOCTOR 3afadeR TOABKO B TOM Clydae, eCnH Kodd-
¢uuuent orpaxenns R (3, 0) ana HauaAbHOrO MPOPHAA HMIYaLCA
paBer nymo. Toraa pe3ynbTaToM ABANIOTCA WHCTO MHOrOCOJNHTONHBE
peuwtenns MoandHUHpOBaHHOro ypasnenwns Kopresera— ge ®pusa.
Hcnoabsys pesysbtatn pasa. 3.7, MH TOTYaC e HaXOAHM, YTO pelle-
HHe HMeeT BHI

_9 9 Im det {{ — iM)
u(x, =25 -arctg [ goas =] (5.1.18)

rae / —exunnynas Marpuna nopsaxka N, a N 8 CBOIO OYepess — YHCIO
nyaeit ¢3(t, 0) B Bepxneft noaynnockoctu; M — kBaaparuas N X N-
MaTpHUA C 31eMEHTaMHB

Moy =1 S50 iy, (6.1.19)

Kax yxasuBajoch B pasy. 2.11, ayan QyHKuEH ¢)a MoryT Aubo aexatsh
Ha MHHMOfl oCH, M0G0 PacnoONaraTbCA NAPAMH CHMMETPHYHO OTHOCH-
TEJBHO MHHMON OCH.

IOas npoctefisero caydas N =1 maTpuna M cpoauTcs X ckaaspy
M == i(my/2%)exp (-—2ix1x). [Ipy w==ik u BpeMeHBOR 3aABHCHMOCTH,
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nasaemofi ypasuenuamy (5.1.12), nmeem
M =200 neaie, (5.1.20)

Kak 6ua0 nokasano B pasa. 2.11, m,;(0) neficrBurensuo. Takum
o6pasom, Bupaxenue (5.1.18) cBoaurca k caeayioiiemy:

u(x, N=—2 T;Zx—arctg [—"'5—,:0-)- e? ‘*"‘"‘"’]. (5.1.21)

Kak ykasuiBajoch B (2.11.51), 3nak m,(0) MoxeT 6HTbL Kak nono-
XHTEeJbHBIM, TaK # oTpHuaTenbHHM. Hakonel, ofHoconHTORHOE peule-
une MoanduuuposaHHoro ypasuenua KopreBera — e ®dpusa umeer
BUA

u(x, )=+ 2k sech (2kx — 84% + 3), (5.1.22)

rie 6 = In{|m,(0)|/2k). Das m,(0) << O Gepercs BepXHHiH 3HAK, AAS
m,; (0) > 0 — HuKHHMA.

Pewenue 8 sune Gpusepa

Cefiuac MB pacCMOTPHM HOBHIi THNI JIOKAa/JH30BAHHOTO pelUEHHS,
KOTOpOe MOXKHO MOJAYYHMTb M3 MOAHOHUHPOBaNHOro ypasHenus Kopre-
Bera — e dpuza. OHo csasano ¢ TeM (aKTOM, YTO HYAH (YHKUHH
¢12(t) MOryT MOABAATHCA NApaMH, CHMMETPHUHO PaCHONOXKEHHLIMH
OTHOCHTEJIbHO MHHMOH ocu B miockoctd §. IIpoduab umnyanca umeer
BHJ Ko/ie6aTeJAbHOTO pellleHHus, MORYJAHPOBAaHHOro orubaioules, HMelo-
weht ¢opmy runepboauveckoro cekanca. OCUHANALUMH H orubaouas
ABHXYTCA C PasJHUHEIMH cKopocTamH. W3-3a ynaynsuu# npoduns npu
pacnpocTpaHeHHH 9TOr0 HMTYJLCA MOCACAHHA 4acTO HA3LBalOT OpH-
sepoM. UToObl MONYHYHTh AHAJHTHYECKOE BHIPAXKEHHC ITOTO pelleHHs,
nonaraeM % = o+ if u xy=—a -+ if =—x. 3areM Hcnoab3ys
(5.1.19) nns onpefeneHua 31eMeHTOB COOTBeTCTBYiowel 2 2-MaTpH-
b, MOAYUUM
a? ) my [2 e4px

PP+
28 x X
ilm[det(/ — iM)] = ?(:,—H;)—[(a — i) me=%e* —c. c.]. (5.1.24)

Re[det (I —iM)] =14 (5.1.23)

Kpome Toro,
—8ix’t

m, (%, t)==my (%, 0)e """ = m, (x,, 0)e" ™9 (5.1.25)

rae y=28B(3a®—p?) u 6=8a(a®—3p%. 3atem mocie iexoTOpux
ajre6pauuecKHX npeo6pasoBaHuil HaXOAHM, 4TO

B sin (2ax + 81 — @) ‘
ach (2Bx + vt + ¥) ]o (5.1.26)

J
u=—2-5;arctg[
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3

ta—04

= 04

-3

-10 0
x

gnc. 5.1. Bpuseproe pewenue MonudHUIHPOBaHHOTO ypaBHeuus Kopresera — ae
pH3a.

rae @ B Y onpexeneHn BHpameHuamu m,(0)=|m(0)|e'® u A¥=
=(a/28)I m,(0){(«® + 8%)~"*. DuddepeHunposanueM MoNKHO NpHBECTH
(5.1.26) x BHAY

D — i h
u(x, f)=—4psech ¥ [ o PRAMOILT]  .1.27)

rae
O =2ax+—q+0,

W= 2Bx + yf + ¢

MOXHO BHAETb, YTO BHpaXKeHHe AR «(x, {) uMmeer CTPYKTYpy, ONH-
caunylo suime. M3 (5.1.28) naxesuM, uro ¢asobas CKOpPOCTb M CKO-
pocTb oruGatomedi paBHbl Upn = §/2a M ve == y/2f COOTBETCTBEHHO.
B cnexyouwem pa3nene Gyner nojaydyeHO aHaAOFHYHOE PelleHHe, HO C
JAPYFHMH CKOPOCTAMH, Anf ypaBHeHHA sine-Gordon. Ha puc. 5.1 noka-
3aH rpaduk pemleHHs MOAWPHUHpPOBaHHOro ypasHenus Kopresera —
e dpusa B Bune Gpusepa.

(5.1.28)
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t=-Q05

t=Q0

t=Qos

t=Q2

-6
~10

S

xz

Puc. 5.2. BaanmopeficTBHe ABYX Opu3epsnix pelieHHA MOARGHUHMPOBAKHOTO ypasHe-
una Koprepera — e ®pusa.

Pemenne B Bujie 6pHu3epa sBASETCS JNOKAJH3OBAHHHM OGDBEKTOM,
TakXe OO6JafaIoUIUM CyIIecTBeHHON OCOOEHHOCTBIO COJIMTOHA, T. e.
OHO B3aWMOZEACTBYyeT Ympyrum oGpasom ¢ ApyrHM Opusepom [uan
comutonom THOa (5.1.22)]. Ha puc. 5.2 nokasano B3aumoneficteue
ABYX OpusepHHX pelueHHi. AHaJHTHUECKOe BhHIpaXKeHHe RSl 3TOro pe-
uleHHs MOXeT GBITb NOJYyuYeHO NMpH paccMOTpeHHH pemenns (5.1.18}

ma N=4 npu %,=—x H %, = —%;. B AeACTBUTEJBHOCTH, OA-
HAKo, peuleHHe GHUIO MOJIYYEHO METOAOM, KOTOpHH OyaeT OmHcaH B
pa3n. 8.2.

Ilns p < 1 GpusepHoe pemense (5.1.27) ABaAseTCA pelleHHEM C Ma-
r0i amnautydoid. Ecan, Kpome TOro, nNpeanosoxuth, uto f/z L 1,
MOJKHO annpoOKCHMHPOBATh 3TO pelleHHe, 3aNHCaB

u~ —48sech¥ cos®@=— 28e-*®sech¥+.... (5.1.29)
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Dazopufl WieH COCTOHT H3 MEANEHHO ¥ GHICTPO MEHAIOUIUXCA Y/IEHOB
H MOXeT OHTb 3anHcaH B BHlle @ = ;s 4 @y, rae

@, = — 24ap¥, 5
®; = 2ux + 8o, (5.1.30)
Hafinem ypaBHeHHe, KOTOPOMY VROBJETBOpSieT UNEeH ¢ Masoi
AMIIATYAOA H MelJieHHO MeHalowefca Gpa3ofi F = — 20eiad™ sech W,
3anucwBan
u=Fe '™ ¢ c. (5.1.31)

¥ noacrasafs B Moanbuuuponannoe ypaBHenue KopreBera — ne ®pu-
3a, ONYYHM NpHOANIKEHHOE YpaBHEHHe

Fy— 12a’F, —6iaF,, — 12ial FEF=0. (5.1.32)

TIpn noayueHHH 3TOro pe3yabTaTa MH npeHe6peryH uneHamu |F|2F,
M Fixx, kOTOpHIE, cornacuo (5.1.29), nponopunonansvuu B¢ B ueszanu-
CHMHIX NepeMeHHBX X' = x 4 12a% wu !’ = 6af ypaBuenue ans F npu-
MeT BHA

iFr + For+2|FPF=0. (5.1.33)

Ero Ha3biBaloT Kyb6uyeckHM ypaBHeHuem [llpémunrepa!). 3t1o Tperne
Y3 HeJHHCHAHBIX 3BOJIIOIMOHHHIX YPaBHEHHH, KOTOpHle paccMaTpHBa-
JOTCH B 3TOW riaBe H GyAyT HCCJeAOBaHH B pasA. 5.3.
B He3aBncHMBIX nepeMeHHBX x’ M { NpHBeZeHHOe BHIE pelueHHe
HMeeT BHA
F(x', t')= — 2Be"®'! sech 2Bx’, (5.1.34)

TAe B aprymeHTe rHneplOJHYECKOro CeKaHca MM MpeHeGperyau 4jaeHoM
BHICIIErO NOPAAKA, NPONOPUHOHAABHLIM B

Ynpaxcuenue 1

MNonarana u = 1%[(C), rae L=Px, MoxHO noayuuts asToMOREAbHOE peuienne
Moauduunposantoro ypasHenus Koprtesera — ge ®pusa. ITokaxnrte, 9T0 npr BH-
Gope a = B = —1/3 dynxuus f(L) yaosrersoprer ypasHenuio f” -+ 23 — (1/3)lf =
= (). Pcuenne 3TOro ypasHeHHS MOXeT GHTb BHPaXEHO ¢ MOMOMbLIO BTOPON TpaHC-
uenaentiol ¢yukunu [ennese ([59], c. 345). C nomowsio npeobpaaosanna MuypH
ARTOMOJEJBHOE pelleHHe ypasHenus KopTesera — ne ®pusa Takxe MOXeT SHTb CBS-
32HO € 3THMH (PYHKIHAMH.

I pyroii noaxon x JHHEHHBIM ypaBHeHHAM

Bun nuHefinbix ypaBHeHufi AN MOAHGHUMPOBAHHOTO YPaBHEHHS
Kopresera — ne ®pusa, (5.1.1) u (5.1.9), nonckaswiBaer yHHUUHPO-
BANHYI0 H YNOPANOUEHHYIO NMPOUEAYPY NONYyYeHHs JIMHEHHBIX ypaBHe-

') Hasnanne csfi3aHO C TeM, YTO B KBAHTOBOA MeXaHHKe y;:aaﬂenue HIp&auurepa
AJS HEeCTAIlHOWAPHBIX 3aj1a4 HMmeeT BHA i -+ (A?/2m)gr. — V¥ = 0, a 310 TOT Xe
BHA, KOTOpH npuver ypasnenue (5.1.33), ecan V ~ ||
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HHHA, CBA3aHHHX C APYFHMH HeJHHeHHHMH 3BOJIOUHOHHBIMH YypasHe-
uuAMH [2]. Mu HauHeM ¢ JauHefibix ypaBreHu#t (5.1.1) u npeanoso-
AHM TaKxe, YTO, KaK H B cllydae ypaBuenu# (5.1.9), npoussomuuie no
BPEMEHH OT U; H Uz MOFYT GHITh BHpaxXeHH B obileM BHAe

vy = Av, + Buy,
Ugp = CU] + DUQ.

Tenepr npHpaBHfeM BHIpaXKeHHA A CMelIaHHHIX BTOPHX NPOH3BOA-
HBIX Ujxt == Uytx, U2et = Uty H B NOJIYUEHHLIX PaBEHCTBAX HCHOJb3yeM
anHefAnne ypaBHenus (5.1.1) u (5.1.35), uTo6H HCKIIOYHTH NPOH3BOA-
Hble OT U} H Ug IO BPeMeHH H KoopAHHaTe. Kak u NPH aHalH3e ypaBHe-
Hua Koprepera — ne ®pusa, HaaokuMm Tpe6OBaHHe, UTOGH CIek-
TpaJbHHI napaMerp He 3aBHCeJ OT BpeMeHH, Tak uT0 [t = 0. Tak kax
Ui H Uy JIKHEAHO HE3aBHCHMB, MOXHO B YPaBHEHMAX, IOJy4Yalolluxca
BC/JEJACTBHE NPHPABHHBAHHA Uiy = Ujtx H Ugzt = Ugtx, NPHPABHATH.
k03¢ duuHeHTH NpH v; H v, [Tonyunm

(5.1.35)

Ay=¢q(B+0C), (5.1.36a)

B, 4 2if{B=—29A + q, (5.1.36b)
C,—2ilC=—2qA— q; (5.1.36¢)

H Dy=—A, Takum o6pasoM, koa¢pduureut D oTauyaercs or —A

Ha QYHKUHIO BPeMeHH, KOTOpO#H, KaK U IpH aHa/NH3e ypaBHeHHs Kop-
TeBera — ae ®pusa B pasa. 1.2, MoxHO npeHe6peyb.
Tenepb MOXHO onpeReanTsb Ko3pduuentn A, B u C, 3ameuas, uro,
comaacuo (5.1.9),3 OHH fABAfAIOTCA nonavHomMamu oT §. Ilonaras A =
3

= zﬂ: a,t", B= g bt" u C= ; c,l", noacrasasa B (5.1.36) u

NpHpaBHHBasl cTeneHH {, MH NOAyuWM Ha6Gop MPOCTHX AHdepeHiu-
aJbHHX YpaBHEHHH, H3 KOTOPHX MOXHO OMNpeleNHTb KO3PHUHEHTH
@n, bn u cn. Haxomum, uto a3 = a;3(f), by=cs=0H

a, =a,(t), by = — ¢y = iay,
1 1 i !
= — yag?, b=—tag, tiag c=—-tag.—ing (5.137)
2 .
ao=—7“242- bo=l—'o=‘i'aa(qxx+2qa)—% 29

Haxkoneu, uneHn B ABYX mocieanux ypaBueHHsx (5.1.36), e 3aBuca-
wHe ot §, RAOT ¢ = box 4 2a0g, 4TO SBJAAETCA IBOJIOUHOHHHIM YpaB-
HeHHeM. C NMOMOLUIBIO NONYYEHHBIX BHIlE BHIPAXKEHHH AIA do H bo Ha-
XOAHM, 4TO

i, |
9= 7ias(64%x + ¢uss) — @ (¢ + 34::).  (5.1.38)
[lonaras a; =0 u a3 =4i, nonyuum MoaHduIHPOBaHHOE ypaBHeHnue

Kopresera — ne ®pu3sa B Buge (5.1.7). Kak Mt H OXHAa/H, K03 dHu-
uneHTH A, B u C cBoasTes K Ko3pdHHeHTaM, npuBeAeHHHM B (5.1.9.).
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5.2. YPABHEHHE SINE-GORDON

Meron nonyyesus auHefiHbIX ypaBHEHHHA, HCIONb3OBaHHHA B KOHIE
npeanayliero pasjena, AaeT NPOCTOR CNOCOO NOCTPOCHHN TAKHX ypaB-
HEHHi AAR APYTHX 4acTO BCTPEYAIOWHXCHA HENHHEHHHX 3BOMIOMHOHHHX
ypapuenufi. B nanHoM pa3jiene Mbl NPHMEHSIEM 3TOT METOX K TaK Ha-
3niBaemoMy ypaBHenuio sine-Gordon'!), xotopoe Moxer OnbiTb 3anu-
CaHo B BHAE

o, =sino. (5.2.1)

3T0 3BOMIOUMOHHOE YPaBHEHHE, KOTOpOe NOJYYaeTcs, eciaH Ko3d-
duunentt A, B u C B (5.1.36) BHOpaTh Tak, 4TO6H KaXauf K3 HHX
coaepxaji OAuH-eQHHCTBEHHHl uWJeH, NPOROPUHOHAMbHHA {-!. Mm,
TakuM o6pa3oM, nosaraeM

=t =L
B= T C= T (5.2.2)

A=3

c *
Tloacrasass B ypasHenus (5.1.36) um cobGupas wieHH no creneHsM §,
HaXOAUM, YTO

a,=q(b+c), (5.2.3a)
2ib=¢q,, b.=— 2qa, (5.2.3b)
2ic=q;, c¢,=— 2qa. (5.2.3¢)
“Torpa b==c, H MH HMeeM
a, = 2gb,
b, = — 2qa. (5.2.4)

YMHOXKAA HA G H b COOTBETCTBEHHO H CKJaAHLIBast, MOXHO MOJYUHTh
NpPOHHTErpHpOBaHHYyI0 popMy a2 -+ b? = f2({), xoTopas monyckaer ma-
paMeTpHuecKoe npeacTaBieHne a = f(f)cosa, b = f(t)sino. Iepsoe u3
vpassenuft (5.2.3b) rorna npuauMaer BHA O = —4if(f)sin 6. My Ha-
XOIHM TaKXe, 4TO0 § = —0,/2. Buibop f(f) = i/4 npuBoauT K ypaBHe-
Huio sine-Gordon Buma (5.2.1). Cornacno (5.1.35), nunefinnle ypas-
HEHHA 3anNHCHBAOTCA B BHAC

Uy = -‘:T[(cos c)v, + (sin o) v,],
(5.2.5)

vy = [(s1n 0) 0, — (cos 0) vy].

KoHewHo, NpoCTpPAaHCTBEHHHE NPOH3BONHBIE OT U; H Uz NO-NPEXKHEMY
naiotcs cuctemolt (8.1.1), rie u = g = —o0,/2.

) HasBaHHe HeCKO/JBKO IYTAHBOE, OHO CBS3aHO C BHAOM, KOTOPHA npunuMaer
3TO YpaBHEHHEe B CHCTeME KOOPAHHAT § w= X +f, T == x—{, a2 HMEHHO Ogt — Oyy =
== sin 6. JInxefinaR anNnpOKCHMAUHSA MOCAEIHErO YPAaBHEHHR, Ogg— O ¢y — O = 0, H3-
BECTHA B KBaHTOBOfi TEODHH Kak ypasueHne Knefina — Iopaona,
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Hexoropbie npocThie pemieHHs

[pexae uYeM HCMONB30BATh JHHEeHHHE yPaBHEHHS IS DELICHHS
ypaBuenns sine-Gordon merooM o6paTHO#l 3ajayu paccesiHHs, pac-
CMOTPHM CHayalla HEKOTOpHE NPOCTHE PELICHHS 3TOrO0 ypaBHEHHA, H3-
BeCTHHE B TeyeHHe MHOrux JieT. OHu OKaXyTcsl TaKXe NPOCTEALIHMH
M3 pelleHuil, KOTOpHEe MOXHO MOJYYHTh MeTOAOM OGparTHOR 3anauu.

Y vpaBHEeHHs Oy = SiNG JNHHHAA HCTODHSl, HAYHHAKINAACH B
KOHUE AeBATHAALATOTO CTOJIETHH, KOrAa OHIo OOHApYXKEHO, HTO 3TO
ypaBHeHHe BO3HHKaeT B Aubdepenuuansioii reomerpun [34]. B 1o
BpeMs Gbii pa3paboTaHbl DPa3/iHuHbie METOAB MOJNYYEHHS YACTHBIX
pewieHuft 3Toro ypaBHeHus. OfuH M3 HHUX, MeTOA NpeoGpa3’oBaHHit
Bakayupa, 6yaer onucan B ra. 8. Jpyrofi noaxon x GoJee mpoCTHM
pelleHHsIM COCTOHT B TOM, 4TOGH BHPA3HTh HX KaK QYHKUMH He3aBU-
CUMBIX TIepeMeHHbX U = ax -+ {/a u v==ax—1/a B BUAE

o (u, v)=4arctg [U (u)/V (v)]. (5.2.6)

Bynem npeanonaratb, uto a > 0. Tlouck pewenus B Buie QyHKUHH,
o6paTHOf TaHreHCy, NpeACTaBasieTcsl TeNepb COBEPUICHHO eCTeCTBEH-
HNM B BHAY Pe3yJbTaToB, MONYYEHHHX C MOMOIILIO TeOpPHH O6GpaTHOM
3ajayd paccesiHHs, Kak, Hampumep, (3.7.16).

B cucTeMe KOODAMHAT u, v ypasueHue sine-Gordon umeer BHA

Oyy — Oy, = sin o. 5.2.7)

B ¢opme (5.2.7) oHO BeTpeuaeTcs B HEKOTOPBIX NMPHJIOXKEHHSIX 3TOrO:
YPaBHeHHS] K BONPOCAaM HEJHHEAHOro PaCNpPOCTPAHEHHS BOMH, IPH
3TOM ¥ M U HIPAOT POAb MPOCTPAHCTBA M BpeMEHH COOTBETCTBEHHO.
I'Izpn HCNO/NIb30BAaHKRH TOXAeCTBa sin40 = 4tg0(1 —tg20)/(1 4
+tg%6)2, rne 0 = 0/4, Mbl HaxoauM, uTO MpexaraeMast ¢popMa peue--
HHs (5.2.6) npeoGpa3yer ypasuenue sine-Gordon B ypaBHeHHe

W+ V) (G +4) — 2P — 2P =V —U% (5.28)

rle WTPHXK 0603HayawT audpepeHunpoBanHe PYHKUHA MO HX apry-
mentaM. [Tocaenyioiee andepeHunpoBanue 3TOr0 pe3ynbTara no u:
H U NO3BOJIAET pa3fedHTh nepeMennne. Haxomum, 4to

dr(5) == (5)==we 29

rie BRGOpP GHOPMB 3anuCH NOCTOAHHOM pa3fieleHHS OfpelesfieTcn H3
coofpaxeHu#t yno6cTBa B OyayuieM. MoxKHO ABaXKAbl NPOHHTErpHPO-
BaTh Ka){Aoe M3 3THX ABYX AHbdepeHLHaNbHBIX YPaBHeHHH u moay-
unth (U')? = —R2U* + wU2 vy u (V)2 = R2V4 4+ n,V? + v, raie
pi H v, — nocTosHHble HHTerpHpoBaHua. [10ACTaHOBKA 3THX ypaBHEeHHH
R (5.2.8) npuBOAHT K TpeGoBaHHio p — Pz = | ¥ v + vo == 0. [Tonaras
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w1 =m? ¥ v, = n2, MBl NIOJYYHM OKOHYaTeJbHO
(U= — RWU* + m*U? + n?,
(VR=~rV'+(m*— 1) V2—n?,

B obmem caysae pemenns U(u) u V(v) OyayT BHpamaThes depes
HHTETrpajinl OT KOPHA KBAaAPaTHOrO H3 GHKBAaAPaTHOro BHIDAXKEHHS H,
TakHM ob6pa3om, OyAyT colepxarth sanunTHUecKHe ¢yHkuun. Hcuepnm-
BalOWHA nepeyeHb 3THX pewenHii 6na npusefed Ulrtofepsanbaom
[104].

3apaBas cnenuaJbHeM o6pa3oM Bxoasiude B (5.2.10) mocTosiHHbe
k, m ¥ n, MOXHO MOJYYHTb HEKOTOPHE pellleHHs, BHPAaXKEHHKIE B 3Jje-
MEHTapHBLIX QYHKIHAX. STH pelleHHA BCTPETATCA CHOBAa, KOTrJAa MH
OyneM paccMaTpHBaThb MHOTOCOJNHMTOHHBIE PELIEHMA C TOYKH 3PEHHs
ob6parHoi 3agaun paccesiHns. Cefflyac MBI PacCMOTPHM HEKOTOPHE M3
3THX CNeLHaJbHBIX CJIyyaes.
. k=0, m>1, n=0. Cacrema (5.2.10) naer U=vy,e*™ u V=

=yp?t VM -10 e p; H y;— NOCTOAHHHE HHTErPHPOBAHHA. B 3ToM
TIpHMepe peliteHHe ypaBHeHus sine-Gordon umeer dopmy «wenvdas,
#, corsiacHo (5.2.6), naerca dopmy.ok

(5.2.10)

b ] (5.2.11)

o=4arctg [v exp (:t ﬁ

ThE ¥ =V,/y2 H B = 4/m? — 1/m. Bo3MOXNK BCce uYeThpe KOMGHHALHH
3Haxoe. Eciu Mbl BhibepeM B KauecTBe npuMepa o6a BepXHHX 3HAKa,
Mbl YBHIHM, YTO O AABJAETCA pelieHHeM, KOTOPOe MOHOTOHHO PacTeT OT
0 no 2n, KOrRa u MeHseTc OT —oo A0 +oo. lleand aBuKeres co
‘CKOPOCTBIO B B HampaBJIeHHH OTPHUATENbHHIX 4. DTO PeileHHe, TaK XKe
XaK H pelleHHe ¢ BHOGOPOM 3HAKA, NPHBORAIIHM K BHIPaXKEHHIO

o = 4arctg [Y exp (xu/l“——az’)] '

siBAfeTCA ORHOCOJIMTOHHHM pelleHHeM ypaBHeHus sine-Gordon. [To-
cnenuns Gopmyna onucwBaer menbd, ABHXYIIHACA cO cKopocTbio P
B HanpaBJeHHH NOJOXKHTENbHMX u. MMnynbcoo6pashue pemmenus Mo-
TyT 6HTh MOJYUYEHH KAaK MPOH3BOLHHIE OT 3THX peuienHii. Mu HaxoauM,
41O

0, == 4 2msech [m(u & Bov) + Iny),
0, == = 24/m% — [ sech [m (u == po) + In y].

YacTo HMEHHO 3TH BHPaXKEHHUS HA3bLBAIOTCA CONUTOHHBMM PelIeHHAMH
ypashenus sine-Gordon. [IBa npyrux Bu6opa 3Haka, KOTOpHE RX2IOT
pelieHHsi, H3MeHsomHecst oT 2n no 0, koraa v npoGeraer 3HaueHHN
OT —00 110 00, UHOTAA HA3LIBAIOT AHTHCOJHTOHAMH.

PaccMOTPHM KPaTKO pellleHHe B KOOPAHHATAX X W f, HCMOAL30BAH-
wbix B (5.2.1). Hdocratouso paccmorpers caydaft m=1, 1. e. = 0.
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Torna pemenne umeer Bup o = 4 arctg {yexp [+ (ax+¢/a)]} u se-

asercs weabhoM, ABHXYILHMCA CO CKOPOCTBIO @~2 B HanpaBJ/IeHHH

OTpHLaTeIbHLX x. BHOBb HMNyJbcHbie pelleHHS MOMCHO NOJIYYHTb H3.
L]

Ox HIH 0p. [lnowWwans uMnyabca ox paBHa S dxo,(x, t)=0(o0, {})—
-00

—0(— o0, f)=2n. B HeKOTOPHX NpHIOMKEHHAX ypaBHeHHs sine-Gor-

don, kotopue 6yRyT o6CcyXAaTbcs B IV, 7, 3TO pelleHHe (B KOTOpoOMm

KOODAWHATH NPOCTPAHCTBA H BPeMeHH TNOMEHSIOTCH MecTamu) Oyjer

Ha3KBAaTbCA 2n-HMOYJAbLCOM.

XoTAl TOJLKO YTO MOJYYEHHHWE BHPAXKEHHs JJIA G SABJASIOTCA OAHO-
COJIMTOHHHMH DELICHHAMH ypaBHeHus sine-Gordon, COJNHTOHHAA MpH-
pofla ITHX pelUeHHi HeOueBHAHA, KOHEYHO, 0 TeX MOP, MOKAa HE HCcae-
JIOBaHO B3aHMOREACTBHE ABYX TAKHX HMIYJbCOB. TO MOXHO CAENAaTh,
paccmaTpuBas c/AeAyOUHE BHOODP NOCTOSHHBIX.

2.k=0,m> l,n5 0. B pesyabraTte HETErPHPOBAHHS NPH PEIEHHH
(5.2.10) cHoBa noayuaiorcs anementapHHe QyHkuuH. Haxomum, uro
U (u)= = (n/m)sh(mu +¢,) n V (v)=(n/4/m* — 1) ch(4/mF—Tv+
-+ ¢2), rae ¢i K €2 ABAAIOTCH NOCTOSAHHBIMM HHTEIrPHPOBaHHSR, KOTOpble:
MOryT GHITh HCHOJNbL30OBaHMW JJIA YCTAHOBJEHHS Hayaja CHCTEMbl KOOp-
AuHaT 4, v. Toraa 43 (5.2.6) uMeeM

_ m?— 1 sh (mu 4 ¢))
o-—-i4arctg[ - ch(Jnﬁ——Tv+c,)]' (5.2.12)

PeaynbraT He 3aBHCHT OT n, TaK Kak B BHPaXX€HHE LR O BXOAHT
tosibko orxowerne U/V. PaccMoTpuM cayuafi BepXHero 3Haka B
(5.2.12) u mccienyeM CMHICA 3TOr0 pelleHHs, €CJIH 4 H U O3HAYaioT
NPOCTPAHCTBO H BPEMs COOTBETCTBEHHO. MH NoJaraem Takxe €|=C;=
= 0. OxkasbiBaeTcs, YTO pelleHHe npeAcTaBiaseT cOBOH CTOJKHOBEeHHe
AByX coauToHOB. HaxomuM, 4to B OTAAJEHHOM TPOULIOM, KOraa
v—>—00 H 4—>—o00, ¢ —— arctg [fe-m“-Bv]  rme, Kak H panee,
B = +/m?— I/m. Tlpu nepexoge u uepe3 sHauehHe Pu pelleHHe pacTeT
ot —2n po 0. OHo, TakuM 06pa3oM, npefcTasaser coboil wensd, aBH-
XKYIWHIACA B HaNpaBJeHUH NOJIOXKHTEJbHBX . [IpH u—-o00 ¥ v+ —oo
HaXOAHM, 4To ¢ — 4 arctg [Be™“+Bv)], yto npemcTaBaser cobof weabd,
B KOTOpOM 0 pacreT oT 0 40 21, KOrxa u pacreT, nepexoaa uepes 3na-
yene —Pu. 3ToT Wenbd ABHKETCH B HanpaBJeHHH OTPHILATENbHBIX u.
IBa weanda crankusaiorcs npu v=0. [aa v— -oo noayyaem asa
YyXOAAUINX BO3MYIlEHHR: 0 -+ —4 arctg[Be~"+B?] mpu u—>—o0 g
o~ 4 arctg [Be™“PY] npu u— +oo. Taxk Kak ¢ MeHsercs 0T —27 J0
+ 21 npu H3MEHEeHHH 4 OT —oo [0 -+-co, pellieHHe TAKOro THNA HHOLAa
Ha3biBaeTCH 4r-HMIYJAbCOM.

PaccmoTpHM Temepb pellenue B npocTpaHcTBe X, f. Mayuum cuoma
(5.2.12) ¢ noOMOKUTENBHHM SHAKOM M NOJOXKHM, KaK M paHee, €| ==
= ¢y, ==0. [Ipy x— 400 Kak u, TaK U U CTPeMATCA K -}00, H G CTpe~
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MHTCA K 2n. AHAJIOrHYHO, NPH X ——oo O CTPeMHTCa K —2n. Muorna
YAOGHO HMeTb pelieHHe, KoTopoe MeHsieTcs OoT 0 10 4n npu H3MeHEHHH
4 oT —oo R0 +4-co0. Taxkoe peuierHe Jerko NOCTPOHTb, IPOCTO NoJaras
= 0+ 2n # 3aMeyas, 4YTO § NO-MpeXHeMy YAOBJETBOpHET ypaBHe-
#uio sine-Gordon u Kk ToMmy e MeHsierca ot 0 o 4n. Ecau ucuons-
30BaTh TOXAecTBO arctg O+ n/2 = —arctg(1/6), To Bbpaxenue
(5.2.12) macr

. m ch(mv-i-ﬁ]
6=+ 4arctg [ Vmi—1 sh{mu 4 ¢} .

Jlerko cpienaTb OUEBHIHOA ABYXCOJNHTOHHYIO NPHPORY 3TOTO pe3yJb-
Tara. AHA/NMTHYCCKH 3TOT ACHEKT pEIUeHHs MOXHO NOHATb, nojaras

cHavana m==(a, + a)/2 4/a,a; u a = +/a,a,. Toraa noayuum

(6.2.13)

Ch['%' (8y — u3) + ‘-‘l]
Sh[';— (uy + us) + 6’1]

81+6; |

& = — 4arctg % —6

. (5.2.14)

The wy=aix+ t/a; B us == a;x 4 t/a,. CHoBa paccmaTpHBas npo-
CTPAHCTBEHHYIO NIPOH3BOJAHYIO, HAXOAHM, YTO

2 2

5. — a) —a; ay sech u; +a, sech u, (5.2.15)
*T 2 2 . 0.2,
ata 142 :la’ 5 (sech u, sech ug — th &, th g,)
a) T 8

TIpn x—> 400 HMNYABCH XOPOWO Pa3jesientl, H MOMHO NPOBECTH pac-
CYXJEHHA, NMOJOGHHE TeM, KOTOpHle GLIH NPHMEHEHH NPH NOJYyYeHHH
(1.3.21). Tenepo 3HaMeHaTeJb YNPOULAeTCA, H MJIA 4 > d; MONHO
npeacraButh (5.2.15) B BHAe

G, = 2a, sech (4, F 8) + 2a,sech (u, £ 8), (5.2.16)

TAe BHOOP 3HAKOB OTHOCHTCA K {—>F 0o, a & ==arth[2a,a,/(a} + a})].
Pewenne HMeeT BHA ABYX HMIIYJbCOB €O CABHrOM ¢asnl (KoTopmif
SIBJIETCA CJEACTBHEM WX B3auMoAeACTBHsA NpH { = 0) u KayecTBeHHO
nofo6GHO JBYXCOJIMTOHHOMY B3aMMOAEHCTBHIO ANs ypaBHeHua Kopre-
Bera — sie Ppusa, nokasauuomy Ha puc. 1.2. 310 onpaBAHBaET HHTEp-
NPeTaUHIo HMNYJIbCOB KAK COMHTOHOB.

3. k40, n = 0. 3Zecb HHTEpPECHH TPH MOACAYYAS, H BCE OHH MO-
ryT GHTL BHpaXeHH yepe3 3JleMEHTapHbHe (PYHKIHH.

3a. m* > 1. Peaynbrar ananoruyes npubefenHoMy B (5.2.12). Mu
HaXO0AUM, 4TO

_ m sh(mv+cz)]
o= 4nrctg[vm’_l o (mar 4 2) .

(5.2.17)
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va-4

U=-2

U=0

b

U=4

0

-

~10 0
u

gnc.d 5.3. CronkHOBeHHe CONHTOHHOTO W AHTHCOJHTOHHOrO peleHHfi ypaBHeHHs sine-
ordon.

Ananns, nopoGHHA NPOBEAEHHOMY B ciydyae 2, MOKa3blBaeT, 4YTO pe-
lIeHHe NpeAcTaBjaseT co6oil CTOAKHOBEeHHE COJHTOHA W AHTHCOJHTOHA.
Ipaduk o, noxkasau Ha puc. 5.3. [noutazb NOA BCeM HMIYJAbCOM PaBHa
HYJ0O ANA BCeX 3Ha4YeHHH v.

Ynpaxcnenue 2
IMokaxure, yro
A (sech @ — sech ¢)
B —sechgsechy —thoth¢’
rae @ =m(u~—fo), $=m (4 + fo), A=4pm/(1 — %) u B = (1 4 p3)/(1 —B?).
3b. m=1. 3to npemenbHb cayuafi, KOra OTHOCHTEJIbHAA CKO-
POCTb ABYX HMNYALCOB, NPEACTaBAEHHHX HAa puc. 5.3, cTaHOBHTCA paB-

Ho#t mymio. M3 (5.2.17) cpa3sy e HaxXoZMM, YTO aHAJHTHYECKOE BHI-
paxxeHHe HMeeT BHA

o= — 4arctg [(v + ¢;) sech (& + ¢)]. (5.2.18)

Oy = —
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3c. m? < 1. D1o Apyrofi HMnysbc ¢ HYJNeBOA IVIOMIAALIO W, HaBep-
Hoe, camblit nuTepechuift. M3 (5.2.17) moxHo cpasy ke nmonyauth ana-

JIMTHYECKOe Bhipa)ieHue, mojaras 4/m?> — 1 =i/l —m? Haxogum,

4yTo
o m sin(4/T—m? v+¢,)
o= —4arclg [‘\/l-—m2 ch (mu +¢)

310 TaK HasHBaeMoe GpH3epHoe pellleHHe ypaBrHeHHa sine-Gordon, n
€ro HyKHO CPABHHBATb C COOTBETCTBYIOUIHM pellieHHeM MOAHHUHPO-

5

]. (5.2.19)

Vi-ml= onn

-5

Puc. 5.4. Bpuseproe peulenBe ypaBHEHHA Ous — Goo = SiN 0.

paH#oro ypaBHeuns Kopresera— ge ®pusa, nanunM dopmyaoit
(5.1.26). Ha puc. 5.4 npuBenen rpaduk G6pH3EPHOrO pelUeHHS ypaBHe-
Hus sine-Gordon xak ¢yukuus u aas m = 0.8. Kak ¢yHkuus v sto
pellleHHe ABJSETCS NEPHOLHYECKHM.

HOns m <1 Gpusep fABAfeTCH pelgHHeM C Maaol amnautydod.
Torfa ero MOXHO anmnpoKCHMHpPOBaTh, 3anucaB (5.2.19) B Buge

= 2ie(secheu)e! 1-Po 4 (5.2.20)

rie MH NOJOXH/N M = ¢ W OCTABHJIM TOJILKO NEpPBHHA YJeH B cTeneH-
HOM pasnoxeHuu QyHKUHH, o6paTHOM TaHrency. Temepp peuwenue
HMeeT BHA

ou, v)=F(u, v)e'" + ..., (5.2.21)
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rae F(u, v)=2ie(secheu)e-*%2, Tloacrasasis 31O BHPaXeHHe ANA G
B ypasHenwe sine-Gordon BHAA Oy, — Oyy = SiN 0 = 0 — ¢3/6, Haxo-
ZuM, uto F ynosaerBopsier KyGuueckomy ypasaenuio Hlpéaunrepa

2iF, — Fuy— 5| FRF=0. (5.2.22)

Mu npeneGpersnin uneHoM Fyy, NOCKOJBLKY IO TMOPAAKY BEJIHYHHB OH
pasen O(e*). DTOT pe3y/NbTAT aHAJOrHYEH Pe3yJbTaTy, NOJYUEHHOMY
a8 MoauduunpoBaHHOro ypaBHeHus Koprtesera — ae ®pusa (5.1.33).

JHepreTHUeCKHEe COO6paxeHHR

TToyyHTeNbHO MOACUYHTATb IHEPTHIO, KOTOPAH MOMXET OHThb CBA3aHa
C TNOJYYeHHHMH 3/eCh peuleHHSIMH. 3TO JIETKO CAeJaTb, HCHOJb3ya
IVIOTHOCTh TAMH/JbTOHHAHA JJAA ypaBHeHus sinc-Gordon. Toraa Bu-
paxeHHe NJA 3HEPruH MOMeT OHIThb NOJYYCHO TEM Xe cnocob6oM, 4To
# 3HepTHs, CBA3aHHAA C BOJIHAMH Ha CTPYHe, onpeaescHHan B pasn. 2.1.
HOns ypaBHenus sine-Gordon B Buje (5.2.7) naoTHOCTb NarpaHkuaua
MoXeT OblTh 3anucana B Buie & = |[(06,)2—(04)? /2 — (1 —coso).
Tloacranoska B ypasHenue Jitiepa — Jlarpanxa (2.1.17), rae x u ¢
HrpaloT podb # M U COOTBETCTBEHHO, AaeT ypasHehue sine-Gordon
(5.2.7). IlnoTHOCTb raMu/bTOHHaHa, paBHas I8 = 0,(0% /06,)—2,
NpUHHMAET BHA

% = % [(0aF + (0,1 +(1 — cos0). (5.2.23)

HAas oauoconutoHxoro pewenua o = 4 arctg{expm(u—Bov)}},
rae m = (1 — B?)-/2, waxomum, uto 3 = 4m?sech?[m(u —pv)l n £=

= S du’ =8m npu m > 1. Ta Ke sHeprus noayuaercs INs aHTH-
-o0
conHTOHa o =4 arctg{exp[—m(u —pv)]}.
Jns pelleHHS C HYJAEBOA NJOILAAbIO, WIH COJNHTOH-aHTHCOJHTOH-
Horo peweHua (5.2.17), Haxoaum, urto

= 8m?® sech? mu (p 4 ¢ th? mu)
R (I + rsech®mu)® '

rae k2=m*—1, p=~Rk4 (14 r)sh?ky, g=m?sh’kv u r=

(5.2.24)

=(m/k)? sh®kv. Buuncnas uurerpan Sdu.%’, noayuum E = 16m,
— 00
m > 1. 3T0oro # cNEAOBANO OXKHAATH, IOCKONBKY pPEIUEHHE NPeACTaB-
nger coboit ynpyroe B3aHMOJEHCTBHE CONHTOHA H aHTHCOJIHTOHA, KaX-
Hbiii H3 KOTOpHIX HMEEeT 3HEpruio 8m.
Hns 6puseproro pemenus (5.2.18) cuosa nonyuum E = 16m, rae
Tenepp m << 1. TakuM 06pasoM, 3HePrHA MeHblUe, YeM SHepPruf ABYX
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CcBOGOLHLIX COJIHTOHOB (MJ/IH ZHTHCOJHTOHOR), H 3TO NPHUBOAMT K HH-
TepnperaliH GpH3epa KaK CBA3AHHOTO COCTOAHMS, COCTABJEHHOrO W3
mapu CONKTOH — AHTHCONHTOH.

Pewenne MeToaom oGpaTHOl 3aaun pacceanns

Bo3sspamasicb k JWHefHnM ypaBHenuaM (5.1.1) u (5.2.5),
MOXeM nepeiitH K pelieHulo ypasuenus sine-Gordon merozom o6par-
HOll 3anaum paccesHus. Tak Kak 3aBHCHMas NepeMeHHas ¢ CBA3aHa

%

¢ BeJIMYHHOH 4 B NOTeHUHase opMyaon o(x, ()= —2 S dx'u (¥, 1),
- 00

BHAHM, YTO CaMO ¢ GoJbllie He SBJSeTCA JOKAJH30BAHHON BeJIHYHHOM.
WUHTerpan OT JIOKaJAH30BaHHOro pemenus u(x,f) npusener K o(x, f)
B BHJE CTyneHuaToi PYHKUHH HJH Wwenbda, Kak YKa3uBaJaoCh NPH npe-
ABIyUIEM aHaJH3e OJHOCOJNHTOHHOrO pewenus. TakuMm oOpasowm,
XOTSl 0 CTPEMHTCA K HYJI0 NpH X— —oo H CHcTeMa (5.2.5) npunumaer
BHA

Uy > =7 4; Uy, Uy '—>——‘:Z Uy (5.2.25)
HO ¢opma aunefinnix ypaBuenui (5.2.5) B npenene x-—»-4-oco Gyamer
3aBHCeTb OT 3HauYeHHs o NPH X — -+ o0o. EAHHCTBEHHRIMH ci1ydasmu,
JNETKHMHE 18 PACCMOTPEHHS, AIBJAIOTCS Te, B KOTOPHX ©—-2nanm npu
X — 4-o00.

Ha cucremb (5.2.25) BHAHO, YTO NPH X—>—00 (QYHKUHA MOXKeET
A1u60 o6paumiaThcsi B HyJb, JHGO CTpeMHTbCs K €% Ananormuuo, v,
MoXeT JH60 o6pallaThest B HYMb, THOO CTPEMHThCA K e—¥*/4%. PaccMor-
puM Tenepp JAeTalbHee pelleHHe, NPOMOPUHOHAJIbHOE (YyHAaMEHTab-
HOMY pelueHHI0 @, RaBaeMoMy dopMysoit (2.11.6). Toraa

U, 1
U=( )»wm()fm,xemw. (5.2.26)
Uy 0

Coraacro (2.11.19a), npu x— oo pelllenne NPHMET BHA

0 1 .
oven[ey(] )ewrten(y )] G2

C/lefl0BATEALHO, B 3TOM Npefene v~y (L, £) e RI-RF g pymepy(Z, )X
X et tHU+ILX BpemenHas 3aBHCHMOCTb Cyp H 2 NOJYHAeTCA W3 BHAA
anueitnblx ypaBHenui (5.2.5) B npegene x — -+oo. Kak ykaswiBanoch
BLIILE, MBI PAaCCMOTPHM cJyual, xorga ¢— 2nn npu x— +4oo. Toraa

%»%m'%a—%%nmx~+w (5.2.28)

Caeays npoueaype, HCTOJNb3OBAHHON AR MOAHGHUMPOBAHHOrO ypas-
seunst Kopresera — ne ®pusa o onucuBaemoir popmynamu (5.1.10),
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NOJYy4HM
cu (g )=1cy, (g, 0)e-*"™%,

12 (L, 1) =1 (L, 0).

Benomunan, uro Rp(l, H=cy @, /e ) n mplk, )=
= —icy (Ry, t)fcy (ky, £), HAXOMUM, uTO

(5.2.29)

Qp(z, )= | 22 Ra(2, 0)e-ttmivite —

- Z migi (k0)e™ (trk)+ikz (5 o 30)

Hcnonsays cooTHomeHns Mmexay ¢y (L, {) (2.11.23), noayunm

Q(z, )= S —%—RL(; 0)e! (tR)-itz

— " my (R, 0)e' (PR~ (5.931)

Tenepn pertenus: ypaBHeHus sine-Gordon nosyqarmoTcsi ¢ NOMOIUbIO
NpoLeAyPH, KOTOPas HCAOJAb30Bajack B clyyae MORNGHIHPOBAHHOTO
ypaBuenus KopreBera — ne ®pusa. Kak n npexne, /nerko noayustb

TONBKO YHCTO COJNHTOHHBE pemennd. Tak kak u = — 5 0 u3 (5.1.18)
BHJIHO, YTO MHOTOCOJHTOHHBlE peuleHus GYAyT HMETb BHI

_ Im det (I — (M)
o= — 4arctg [ geger i) (5.2.32)

CuoBa sneMentn M paworca dpopmynamu (5.1.19), HO TonbKO € SaBH-
CHMOCTbHIO OT BPEMeHH

My (R, t) = my, (k,, 0)e'"®*1. (5.2.33)
Ipocre#tnft cnywaft oguoro nosnoca Ha MHHMOA OCH B TOuKe
k= ia,/2 naer mey (R, £)== my;(k1, 0)etia y
kR, 0
My = ﬂ'—‘—!&-ll——) enxttia (8.2.34)

M3 (5.2.32) naxoaum, 4To BHpaKeHHe ANA G UMEeT BHA
6 =4 arctg (enx+iim+d), (5.2.35)

rie § = In[mi(k, 0)/a1]. 310 10 Ke pewenne, yTo H B cayyae of-
Horo conutona (5.2.11).
IByxcoautounoe peuenue

Peuwenne ypaswenus sine-Gordon, onucelBaioilice ssaumoneiicTaHe
HBYX COJIHTOHOB, NONMYYAeTCs NPH PAcCCMOTPEHHH CAyYas RBYX IOAI0-
coB Ha MHUMOR ocH. CHTyauHs oueHb MOXOXKa Ha Ty, KOTOpar 6HAA4
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onucana B pa3ll. 4.4 ans ypasnenusn Kopresera — e ®dpu3sa. INonaras
ky={a,/2 n ky=iay/2, naxoaum, uto det(/ —iM) npunumaer Bua

V) = MMy, (8= a\? s
Re [det (1 — iM)] =1 “TEI‘(TIE,‘) (arvans,

(5.2.36)
Im [det(F — iM)] = — (i gms - D22 goxr).

Bupaxenue pas o (5.2.32) MOXKHO npeAcTaBHTb B BHAe, coriaacyio-
wemes ¢ (5.2.14). IMoayuum

1
8, + ag ch;(ax—az)

o=—4 arctg v 4y > a,, (5.237)

G sh-;— (a, + a2)

rae

- k, 0
u=a;x+tla,+98 CXpb,=a' a![”'u( )]‘

a, +a2 a,

3xecs paccMoTpenH cnelHalibHHe pellieHHsi, KOTOphle PA3BHBAIOTCA
B YHCTO MHOrocofiuToHHule pelllenHs. [IpocTefimufi cnoco6 BHuncaeHus
aMIVIMTYA APYrHX HAyajbHEIX NPOQHAER COCTOMT B HCNONbL3OBAHHH
32KOHOB coxpaHeHus, noaydennnx u3 (2.11.57). Ilpoueaypa amaso-
rauHa To#, Koropas GmJja pa3paborama B pasf. 4.5 AAR ypaBHerus
Kopresera — ne ®pu3a. Ecn# navaJbRHA npoduiab uMmnyabca wme-
HSeTCA TJAAKO M HeT HMNYJbCOB HyJaeBofi maomanu (Gpusepos), ToO
MOJHO 0XHAaTb, 9T0 STOT METOA MAACT Pe3yJbTaThl ¢ pasyMHOA ToY-
HOCTBIO.

ABTOMOJEABHOE PElIeHHE H N-HMNYALC

Ouesnanan HHBapUaHTHOCTL ypasuenus sine-Gordon npu mpeo6-
pasoBanuu x’ = ax, ' ={/a O3HA4YaeT CylLeCTBOBAHHE aBTOMOHEeNb-
Hoft nepementofi 4= x¢ ([7], c. 133). 310 MOXKHO YBHAeTH Henocpea-
CTBEHHO, HCMOMb3Ys COOTBETCTBYIOUIHEe AxddepeHUHaNbHLIE BhHipaKe-
HHA G/0x = td/dn w 3/dt = xd/dn B ypaBneunn sine-Gordon (5.2.1).
Torna MH nosyyuM o6HIKHOBEHHOe RuddepeHuHanbHoe ypassenne [8]

no” + 0’ — sino =0, (5.2.38)

rie mTpux o3navaer auddepeHunpopanne no 1. Jlerko noxasarth, 4To
HOBasl 3aBHCHMas MePEMEHHARA W, CBA3AHHAA C O COOTHOIUEHHEM W ==
== exp (lg), y10B/IeTBOPSET YPABHEHHIO

@ — (o' + 2w’ _;nw +1 =0, (5.2.39)

KOTOpoe sBAfeTCR UYACTHHM CJydaeM YpaBHEHHs, ONpeAeAsioUlero
TPeTblo TpaHcuenrAeHtHylo Oyuxkumnio [lennese ([59], c. 345; (31],
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c. 185). Tak Kak 9TH (PYHKUHH B CKOJbKO-HHOYAb YROOHOM BHOe He
CyLIECTBYIOT, NPeANOYTHTeNbHEe NPHUGErHYyTh K YHCACHHOMY HHTErpH-
poBaHHIO ypaBHeHHs (5.2.38). IIpumep Takoro pelicHHA NOKa3aH Ha
pHc. 5.5, rlie TakXKe npHBeAeH pesyAbTaT MR ¢ = —2u/t W AHa-
rpaMMa (a3oBoil naockocTH pemenus. ITokasanHHA Ha PHCYHKe npH-
Mep ynoBJerBopsier ycaosusm ¢(0) = 0.1, ¢’(0) == sin o(0), uro naer
peuleHHe, KoHeyHoe npH 1 =20.

&
1 ! 1 1 1 J
~20 0 20 40 60 g 40 100
) ér as
_ash (@ ,
Ko
< (®
l‘v/ 1 ) i
~20 0 20 o Kt 100
ér
)

Puc. 5.5. AsTomoneabioe pewenne ypasHeHHa sine-Gordon: a — uuciennoe pemwenne
ypaswenus (5.2.38); 6 -— npousBozkan peleHAs, H306DaXKeHHOro Ha DHC. a; 8 —
¢asosnit moprper pewenns. (C paspemieHHA AMEPHKaHCKOTO HHCTHTYTA (H3HKH.)

Tak kak o pacrer oT 0 10 & NpH H3MEHEHHH 7 OT —00 IO 00, MH
BH/IHM, YTO pelleHHe He OTHOCHTCA K KJaccy pelleHHHt, PacCCMOTPEHHBIX
BHllle C NOMOLUbIO OGpaTHOM 3afauu paccesnus. Koraa panee Bbiynuc-
Nsack 3aBUCHMOCTH PEIEHHSl OT BPEeMEHH, NMpeAnoJaranoch, 4To o
CTPEMHTCS K BeJNHuHHE, KpaTHof 2n. CoOTBETCTBYIOULEe BBHIYHCIEHHE
L5 6, cTpeMsiuerocs K n, faer ¢y (R, £)= cn(k, 0)e* 4 cy3(k, t) =
=12k, 0). Kosdduuuentn orpaxenus B 3TOM CJyuae HMEIOT BHI

Ry (k, ty=cy (k, t)/ciy(k, 0) = Rp(k, 0)e'*,
Ry (k, y=cy(— k, t)en(k, 0)= Ry (k, 0)e~!iRk,
B kavecTBe npuMepa paccMOTPHM KOI(P(DHUHEHT OTpaxKeHHS, CBA-
3aHHHA ¢ npodHaeM  «olGpesaHHoro» umnyasca u(x, 0)=

=0(x— x;)psech px, paunoro B (2.11.61). Npu p>0 u %, >0 B
BepxHefl MOJYIVIOCKOCTH HET NOJIOCa, ¥ MH MOJYyYHM

2 (22, t)=—;;psechp.xl S

dk e—2[k(z—x.)—l!l2k

20 k4 i(u/2)thpx * (5.2.40)
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BBoxs HOBYI0 nepeMeHHYIO HHTErPHPOBAHHS X C NOMOLUbIO COOTHOLIE-
HHA k = Ox u BuGupas 402 = {/(z — x,), noayunm

Q,(22, )=t sech px §°d“ et VIG=R) (i)
(22, 2 P¥0 ) “oni %+ ip Vix = 5071 th ey

. (5.2.41)

Torna B obwem cayuae Q.(22, f) apagerca QyHKUHeH Kak X, Tak H ¢,
TAK XXe KaK H x;. EC/iH MH Tenepb paccMoTpHM cayyahi ¢ x; = 0, Tak
4TO MJOHIaAL NoA KpuBoR u(x, 0) paBHa =/2, To Q.(22, ) Gyner
byHKuHeH TOJAbKO aBTOMOJEJLHON nepeMenHoi 1 = xf. CaenoBaTesn-
HO, MOXHO OJXHAaTb, YTO ABTOMOAEJLHOE pelleHHe Gyler Hemocpeln-
CTBEHHO CBSI3aHO C 3THM cJyyaeM. JTOT npuMep OyAeT CHOBa pac-
CMOTpeH B pasa. 7.l.

5.3. KYBHYECKOE YPABHEHHE UWIPEAWHIEPA

B pa3a. 5.1 Mu BHAenn, 4to GpHIEpPHOE pellleHHe MOAHGPHULUPOBAH-
Horo ypaBHenHs KopreBera-— e (Ppusa oOHapyXXHBaeT COJHTOHOIO-
no6uble CBOWCTBA NPH B3aHMOJEACTBHH C APYr#M OpH3epHHM pelne-
HHeM. To xe camoe uMeeT MecTO A GPH3epHOro pellileHHsl ypaBHEHHS
sine-Gordon. [ns 6pH3epHniXx peileHuA ¢ MaJof aMIIHTYAOH MM BH-
Jleld TaKXKe, YTO 4acTb OpH3epHOro pelleHHd, OT/HYaloWlascs MaJoil
aMIJIKTYROA H Me[JIeHHO MeHslolefica (a30i, yaoBAeTBOpsieT ypaB-
HEHHIO THNA

iy +uge+2ufu=0, (5.3.1)

KOTOpoe Ha3niBaeTcsi KyOGHuecKHM ypaBHenueM lllpéaunrepa. Ceityac
MBI HCCJEAYeM 3TO YpaBHEHHE H MOKaXeM, 4TO Aaxke ANA pelueHui
¢ Goabwofi aMNAHTYROH OHO ofJiafaer CBONCTBAMH, KOTOPHX Mbl OXKH-
JaeM OT COJIMTOHHHIX YpaBHEHHH, 3a HCKJAIOYEHHEM TOrO, UTO CaMmoe
9/leMeHTapHOe COJIHTOHHOE pelleHHe Teneph fABASETCH JIOKaJAH30BaH-
HHM OCUMJANATOPHHIM pellleHHeM, AHAJNOTHYHHM paHee pPacCMOTpEH-
HOMYy GpH3epHOMY pelEeHHIO.

JinHeRusie ypaBHeHUs

3aBucuMasi mepeMeHHas B KyGuHueckom ypasHeHuH LlIpéaunrepa
ABJAsETCA KOMIVIEKCHOR BeAHYHHON. UTOGH NOJYYHTb COOTBETCTBYIO-
wHe JuHefHBe ypaBHeHHA IJA PelleHKA MeTORaMH O6paTHOA 3ajauu
paccesHHs, Mbl Ha4HeM C CHCTeMH

U5+ ifoy == uv,,

5.3.2
U9y — LUy ==— 'y, ( )
ITpon3Boanbe nO BpeMeHH OT PYHKUHA Uy H Uz AAIOTCH YPABHEHHSIMH
(5.1.35) ¢ coorrercrByomuMY Ko3hduuuentamu A, B, C u D (= —A).
Yro6u nony4yuth 3TH Ko3pduuuenTH, MH, KaK H NPH BHBOJAE CHCTEMM
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(5.1.36), mpupaBHsieM cHayana cMellaHHHle BTOPHE NPOH3BOAHbE OT
Ui H va. B pesyarTate umeem

A,=u'B +uC,
B, 4+ 2itB=— 2Au + uy, (5.3.3)
C,—2C =—2Au"— u;,

Tak rak Ry6uueckoe ypaenenue lllpéausrepa — 310 ypaBHeHHe BTO-
poro nogam(a Mo X, MOXHO OXHJaTb, YTO PasjyioKeHus B pan no §
s A, B u C 6yayT cofepxaTh TONLKO YaeHB A0 [’ BKJIOYHTEJBHO.

2 2 2
[osToMy MOXHO 3anucath A= 2, A,t", B= Z:, Bit*u C=),Cn"
[ 0

[Toacrannssa sTH BEipaxkeHns B (5.3.3) u npupaBHHBAA UJIEHBI C OAHHA-
KOBHIMH cTefleHsIMH §, HaxommMm, uto By = Cy==0, Ag=ay(f) u
By = iaju, C\ = —iasu*, A, =a(t), a Takxe, 4to 2{Bo = —2a,u —
— iaslty, 2Co = 2a:u* — iaauy u Ag = —(1/2)az|u}|® soaouuonnoe
ypaBHeHHe AN K TNOJY4YaeTcs M3 WIEHOB BTOPOTO M3 ypaBHeHHi
(5.3.3), He comepxamux §. Haxoaum, yro

Uy — ittty + 5 @ (g + 21 4 Pu) =0, (5.3.4)

Monaras a; = 0 u a; = —2{, nonyyaeM KyOuueckoe ypasuenue [IIpé-
auurepa (5.3.1). [TpuBeAennnie Bue Bupaxenns aasa A, B u C gaior
JinHeAHNe ypaBHeHHS

vp=i(u?|— 2t v, + (iu, + 2u) vy, (5.3.5)
v, = iUy — 2 yu, —i(|u Z— 2{2) v, <

Peuenne MeTonoM 06parHoit 3aRaUH PaCCeAHHsA

Crenysn onHcaHHO® paHee npoueaype aHaJH3a APYIHX CONHTOHHBIX
ypaBHeHHH, paccMOTPHM Tenepb peulenHue (v;, Uz) cHcreMu (5.3.2),
NPONOPUHOHANbHOE OAHOMY H3 (QyHIAMEHTAJbHHX pewennf (@i, @2)
unn (Y1, $2), KoTopue Obian BBefenw B pasf. 2.11. Cxoruenrpupyem
BHUMAaHHE Ha MocJieflHeM PellieHHH W 3anulieM

o=()=rov=ro() (5.3.6)

Cornacno (2.11.7), umeeMm v2— f(f)eff* npu x, cTpeMslleMcs K -}-oco.
H3 nepsoro u3 ypasuennfi (5.3.5), mpeanonarasi, 4TO U -— JIOKaJIH30-
BaHHas QYHKUHA, NOAYUUM fr = 2iL2f uau [(t)= [(0)e?%",

Mpu x, cTpeMsieMcst kK —oo, Hcnoab3ys (3.9.8b), sanuumem

0=t Ov—= 1@ [on( _$)enstea() o] 627
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TakuM o6pasoMm, B stoM npefene o, — f(0)cy (L, {)e—t*+2R" g g,
— f(0) ey (g, ) ettx+28%, Tloncrasans B (5.3.5) u npeHeGperas BeJH-
YHHOHR 4, NOJYYHM

e (8 )=rcu(t, 0)

5.3.8
el )=, 0)e=4e", (5:3.8)
Coraacio (2.11.37b), 3aBHCHMOCTL HOPMHPOBOYHOA NOCTOSHHOR OT
BPEMCHH WMeeT BHX

AR
my(ky, = — 152G =y (g, 0™ (539)

[TosTOpsAn npeAbiAylilne BHLIYHUCACHHA A8 (PYHAAMEHTAJbHOFO pe-
IeHHs @ HAH dcnoab3ys cooTHomeHus (3.9.10) Mexny pasnHYHHIMH
koadduunentamu ¢y (g, £), noayuum takxe cy(G, f)==c, (5, 0)e¥t",
C12 (Cr t)=cl2(§' 0) H

mpy (R, t)= gt d) mp;(ky, 0)e

e
él! (kb t)

(5.3.10)

Yro6u HaifiTH pclieHHsA Kybudyeckoro ypaBnenus lUpémuurepa, uc-
nosb3yeM cefiuac pesyJabTarhl 06paTHOA 3ajlayH PacCesHHA AJAA KOMM-
JIEKCHOTO MOTeHUHaNa, noJydenHule B pasa. 3.9. EauHcTBeHHBlE pelue-
HHS, KOTOpHE JIETKO HafiTH B SIBHOM BHJE, — 3TO MHOTOCOJHTOHHBIE
pellleHliss, CBA3aHHHeE ¢ 6e30TPparkaTeJbHHMH MNOTeHUHanamH. [laxe
ANst HHX BBIYHCIEHHA CBi3aHbl CO 3HAYHTEJbHHIMH anre6panuecKHMH
TpyanoctaMH. [IpocTefiinM cayyaeM, KOHEYHO, ABJASETCA OAHOCOJIH-
TOHHOE peuleHue, Tak Kak MatpHua M (3.9.19) cocrour TonbKO H3
OAHOro 3jeMeHTa. [/a EAMHCTBEHHOro NOJIOCa B TOuKe k) ==+ if
(B > 0) naxoaum, yro

M= 'i&%fx;"_)e‘”"“‘ e, (5.3.11)

H3 (3.9.20) umeem

2mp (ky, 0) =2ikyx—sibyt

A (5.3.12)

u(x, t)y=

MMonaras mg; (k;, 0)/2p = e+, MOXI1I0 3TO ONHOCOMHTOHHOE peIme-
HHE Nepenucarts B BHAE

u(x, {) =2 sech (2fx -+ Sapt — 8) g~ax—4@~p¢-18, (g 3 {3)

Ana & =0 3TOT pe3yJabTaT CBOAHTCA K YACTHOMY CJydalo, NOJydeH-
HOMY AJs pelleHHsl ¢ MaJjoff amnauTynof, (5.1.34). CieRyeT oTMeTHTb,
4TO ecaH u(x, t) sABAAeTCH pellleHHeM KyOHueckoro ypasHenus Ilpé-
LHHTepa, TO U —u(x, {) TAKXKe ABJIAETCH DEeUleHHEM,
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Ynpaxrenue 3

Hcnonbsysn Meton, BBeAeKHn®t B ra. | nas ypasuenus Kopresera — ne ®puaa,
MOXHO TaKXe MOJYYHTh JHHeAHHE YPaBHEHHA AAA MOAHDHUHDOBAHHOrC ypaBHEHHS
KopreBera — ne ®pusa # KyOuueckoro ypasHenns LIIpéaunrepa, ecam B3sTh onepa-
top L B Buae 2 )X 2-MaTpHum.

Pacemorpure Ly = Ay, rae A nocrosnHas, y = ( ‘:; ) ul=KD+ U, rae
K — noctosinnas puaroHanbias MaTpRua (’;‘ :), a D = 3/dx. Tlonoxum ganee
2

¢ 0
U =(g : ) Ana KyGuueckoro ypasHenus .lHpéauurepa n U=( u '(;) ¢ et

CTBHTE/ILHHM 4 AAR MoaHbuuKpoBaHioro ypasnesus Kopremera — me ®pusa. ITpen-
nosnoxure, ato ye = Ay, rae A ecth 2 X 2-MaTpHia, H NMOKaxHTe, 9T0 A; == 0, ecan
Ui+ [L, A] = 0. TToxaxure, aro BuGop A = alD, rae a nocrosunas, a / — ean-
HH9HaA 2 X 2-MaTpHUA, NPHBOAMT K JAnHehHOMY ypasHenuio U —aly = 0.

A. Kybuuecxoe ypasuenue Illpédunzepa ity + ex + jul?u =0

Tokasxute, uto 310 ypapHeHue caenyer 3 A = alD? -} B. B uacrHocTH:

(a) nonyunte u3 TpeGoBawus [K, B] — 2aU. = 0 martpuunoe auddepeinnann-
HOe ypaBHeHHe B HacTHHX NPoH3BOAHWX U;+ KB:—alU.: 4+ [U, B] =0;

(b) onpepennte sseMeHTH B B TOKaxHTe, YTO nonydaeTcd KyGuueoxoe ypasHe-
nue Ilpéaunrepa

k|+k1 (kl+k2) — ()
—u+a —_—k.—k,)u”—2a———k.k2(k|—kg) lupPu=0;

{c) ynpocrhte sTOT peaysabrat, BuGHpam b = i(1 + p), ky = i(l —p), a=ip,
" uo/.'xqu;, xy6uueckoe ypapuenne IlIpéaunrepa B npHBeAeHHOM BLile BHRE € X =
=2/(1—p*) n

14p 0 0 o
""‘( 0 1-—p)D+ «o0)
_ILP_. [u.
ammidp () Yoy | TFF
01 e, ul?
iy 1—p
?11{% atopul L u A = iA 6uaw enepsue Beeaenn 3axaposum H IllaGatom » 1971 r.
B. Moduguyuposannoe ypasuenue Kopreseza — de Ppusa ui + 6udus + hzes =0

(a) Bosbmute A = alD* - BD 4 C u nokaXuTe, 4TO ONEPATOPHOE YypaBHeHHe
CBOAHTCA K MaTpHuHOMY AuddepeRuHaIbHOMY YPaBHEHHIO B HaCTHWX NPOH3BOAHKX

Ut~ aUyxx + KCy — BU, 4 [U, C] =0, ecaw suGpath
[K, B] —3aUyx =0,
KBy 4+ [K, C)4[U, B}~ 3aUyy =0.
(b) Bupasute anementis B ® C yepes QyHKUMIO & M ee MPOCTPARCTBEHHHE TNPO-

H3BOAHMeE, a TaKiKe 4epe3 Ry, &; ¢ a. 3amerbTe, 4TO PE3yJALTAT YNPOUIAETCH, €CNH BH-
6pats k) -+ Ry = 0. B uacTHOCTH, 448 k) == —ky == | nOAYUHM, UTO @ = —4 B

- 10 s _ u? u, uuy Uy
4 4(0 I)D 6(_“‘ u’)D—s — Uy 2uu,)'

Ananornunnie pesynbTaTi Gnau npusepenn Bazatn [112] m Tanaxod [107].
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Ynpaxnenue 4

Tokaxure, uro nckaloyas { u3 cueremu (5.3.5) ¢ nomouwio (5.3.2), MoxHo pe-
3yAbTaT 3amHcatbh B BrAe Uy = Av, rpe v=s ( ::) HA=MD*+4 ND 4-C, rne 8
cBoIo ovepenb D = d/x n

m=2(g V) v=—2(5 7). c=1("l£‘" e )

Ynpaxcuenue 5

Onpesennre 3aBHCHMOCTh OT Bpemenn ¢yukunf § B 6, nossasiomuxcs B ynp. 5
ra. 3, TaK, 4To6H noteHusan u(x, {) yxosnersopsn KyGuueckomy ypapHemuio IlIpé-
nuurepa (5.3.1), a @ ¥ P OHAR COOTBETCTBYIOUIHMH (GyHAAMEHTAJIbHHMH DELIeHHAMH.
TloxasuTte, 4TO pesybTaT MoxeT GHTb NPEACTABAEH B BHAE

o o= 2Pe—t @2B+8) gochy 2,

0 etk k—a—iBthz)
k—k; ~— ipe!®sech z
o= et (-—iﬂe"esechz)‘
ky—k \k—a+ipthz

rae k=a+if, 2=20(x~L), t=—4daft 4+ %, 0=2/2+ % O=az/p+dn
0=2at + 4 (a®* —P2)t + 8 = ~ 4(a® + p?) + 2atp + 80. Ira dopma pewenus
OKaXkercsl noJje3noft B ra. 9.

Ynpaxnrenue 6

Henonbays metox ra1. 1, MOXHO MOAyunTs ypasHeHHe sine-Gordon n cBf3aHHue
¢ HHM JHHefiHnle aBHEHHS, €CJH B3ATh KOMNJIEKCHHA MNOTEHUMaJ B Buie ¥V =
=—{[(0x)2% 2i0x,ﬁ4 # 3anHcaTth onepatop B B Hurerpanbioft ¢opme: B =
= f(x, {) [dx'g(x’, f), rae [ u g noanexar onpeseneHuio.

(a) Tokaxwure, uto Tpe6osanne ¥'¢+ [L, B} = 0, xoTOpoe AO/KHO GHTH BH-
NOAHEHO, 4TOOK COGCTBEHHHE 3HAYEHHN He 3aBHCENH OT BPEMEeHM, NPHBOAHT X ypas-
wewwo [~ ¥, +200),] o+ (F,~ 71 | a5’ @w) =1 { ax' (2, — Fe)w =0,
rae @ ynosnersopser ycaosuio (D?—¥)w = Aw. B stoM pesyasrarte ue Gyaer Hu-

TerpaibiuX ONepaTopos, €CNH NOJOKHTD Fxx!] = 8xx/g =¥ = exp (t 5 io) X

X [exp (=F -El- io ]“.

(b) Tlokaxwure, 4To 3BONIOUHONNOE YpaBHEHHE HMeeT BHA

1 i
-—0 0 ,t 5

Fio __
5 Oxxt ) 0,y 2k()o,e =0,

rae R(f) nospaseTcA B pe3ysbTaTeé HHTErPHPOBAHHS. Hoxaxgm'e, 910 npH k= 1/4
nAeACTBHTENbHAR YacTh 3TOrO ypaBHeHHs Jaer ypasueHne sine-Gordon, a muumas
ABJAACTCA MPOW3BOAHOA AeACTBHTENbHOM YacTH.

(¢) Noxaxure, uto w, =¥ iof Sda:'e‘t 18P, OGosuauste BHGOP sepxHero
1
HHXXHEro 3HaKOB 4epe3 W; H Wy COOTBETCTBEHHO H MOKANXUTE, 4TO Uy = E(W‘ + wj)

1
Hey = i (wy — w;); ybeaurech, 4TO U, ® vz YAOB/IETBOPRIOT AHHERHWM ypaBHe.
Husm (5.2.5).
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§4. OBUIHA KJACC PA3PEMIHMBIX HEJHHERHbIX
3BOJIIOLUHOHHbLIX YPABHEHHA

Ilpexne ueM 32BepIIMTH STy rAaBy, MH MOKaXXeM, KaK MOXHO Cy-
HIeCTBEHHO PACIIHPHTH KJAacC Pa3pellHMHX HEJHHERHHX 3BOJIOIHKOH-
HHX ypaBrenufi. [Tosmoe o6cyxjenue 3TOr0 BONPOCa MOMHO HaATH
B HayuHo#l quteparype ([2], [21]).

Kak MH yxe oTMeTHNH, Bce JiHHeflHHe ypaBHEHHS, CBSI3aHHHE C
moaHbHUUpOBAaHHKM YypaBHenneM Kopresera— e ®Ppusza (5.1.9),
ypaBHenueM sine-Gordon (5.2.5) u xy6uueckum ypasrenuem [lIpénun-
repa (5.3.5), umeror BHA

vy = Av, + Bu,,

Uy = CU; - AUQ. (5.4. l)

ST10T pe3yabTaT MOXeT OHTL HCIONB30BAH B KauyecTBe OTIPAaBHOM
TOYKH IIPH ONpeJeseHHH AOCTATOYHO LIHPOKOrO KJ1acca 3BOJIIOLHOHKHX
YPaBHEHHH, K KOTOPBIM MOXeT OhITh NpUMeHeH MeTok O6paTHO# 3a-
Hayn paccesnuss. CHavana 3anuiieM YPaBHEHHS [Js NPOCTPAHCTBEH-
HHX MPOH3BOAHLIX B GoJiee obueM BHAe

01z + iU, =40,
Ugy — IZU"_)"—-— rv.

(5.4.2)

COOTHOIEHAA 7 == -—@q Wid r = —¢g* Ja0T paHee PacCMOTPEHHLIE JH-
HefHble YPaBHEHHUA. Ceituac Mbl He gesaeM TaKHX Ol‘paHH‘IEHHﬁ H Bbl-
BOAHM B KOHULE KOHLIOB Mapy 3ayenAenHuix HeJIHHEeAHBIX 3BOJIOLHOH-
HBIX ypaBHEHHﬁ, KOTOPHM YJAOBJETBOPSAIOT ABE 3aBHCHMHE NepeMeH-
HHE g U 7. I'Ipenunymue pe3yabTaTl MOXHO MOJYYHTb, CBfI3aB ¢ H r
BHIIEYIIOMAHYTHMH COOTHOUIEHHAMH.

Us Tp€6OBaHHﬂ tGe=0mn paBEeHCTBA CMEIUIZHHHIX BTOPHX TIPOH3-
BOXHHIX, T. €. Uixt == Uytx, U2xt = Uatx, HAX0AUM, YTO NOCKOJBbKY U; H Ug
JIHHEAHO He3aBHCHMB, TO JOJXKHL YJAOBJETBOPATLCA CACAYIOHIHE ypaB-
HeHHA:

Ax =—rB + qC,

B, +28B=—29A +gq,, (5.4.3)
Cy—2C=2rA+ry4.

B paccMOTPEeHHBIX A0 CHX NMOP 3BOMOLUOHHBIX YpaBHEHHAX K03(-
¢uunentl A, B u C uMesnu BUA PA3JIOKEHHR B PAALL MO MOJOXKHUTEb-
HHM (HJIH OoTpHLATeNbHbiM) cTeneHam §. Mu Goablue He GyAeM Haja-
raTh TaKHX OrpaHHYEHHH HA BHX 3THX K03)ODHUHEHTOB.

IIpr HccaenoBaHMHM BCeX paHee PAaCCMOTPEHHBIX 3BOJIOUHOHHBIX
yPaBHeHHA MOXHO NPOCJeNHTb, 4TO HMX paspeliHMOCTb CBfi3aHa ¢
npocTo#l 3KCNOHEeHIHaNbHO! 3aBHCHMOCTHIO K03¢DHUIIMEHTa OTpPaKeHUs
OT BpeMeHH B COOTBETCTBYWLllell 3agaye paccesnus. [lokasatens
9KCMOHEHTH ()AaKTHUECKH OKA3HIBAETCH AHCMEPCHOHHBIM COOTHOILEHHEM
AN AuHeRHOre ypaBHeHHS, NOJYYalOLIerocs, ec/lH ONMYCTHTh HeJHHed-
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HbIl YjleH B KaXAOM H3 3BOJIONHOHHHX ypaBHeHHil. KonKpeTHee, au-
Heapu3oBaHHHE BapHaHTH MoJAudHuKpoBaHHOro ypasHeHus Koprebe-
ra— ae ®pusa, xybuueckoro ypashenus [lIpénunrepa n ypaBHeHHA
sine-Gordon UMeIOT COOTBETCTBEHHO BHA Ut + Uxxx =0, iV vz =0
H Uy = v. [IpeAnonoxenne, uro v == ¢! 1#* ~ ©(M 1l naer gucnepcHoHubIe
cooTHoweHHsA o = —A&% @ =k? u ® = |/k cooTBeTcTBeHHO. DTH pe-
3yJbTaThl HYXXHO CPaBHHBATb ¢ KO3(Q(HLUEHTAMH OTPaXeHHs AJA Kax-
Joro u3 3THX ypaBHerHA. Kyacc 3BONIIOLHOHHBIX ypaBHeHHH, MJsT KO-
TOPBIX KO3(HUHEHT OTPAXKEHHSA HMeeT TNPOCTYI0 3KCIIOHEHUHAJbHYIO
32aBHCHMOCTb OT BpeMeHH, (AKTHYECKH MHOrO Ilupe, 4eM BCTpeuaB-
muecs fo cux nmop. Cefiyac MH pacCMOTDHM MeTOJ ONpejesieHHs Ta-
Koro GoJjiee WIHPOKOTO Kjacca 3BOJIOLMOHHLIX ypasHeHuit [2].

B ra. 2 6n10 noOKa3aHo, YTO ypaBHEHHS, BHIpaXalollHe JHHeHHYIO
3aBHCHMOCTb DA3JHYHBLIX PYHAAMEHTAJNbHBIX peilleHui, MOXHO HHTep-
NpeTHPOBATh KAaK pPelleHHs PasJHYHLIX 3alay paccesiHHda. Toraa koag-
(QUUHEHTB! OTPAXKCHHS AJIS 3THX 3a4ay PaccesHHs Jierko HAeHTHDHLH-
pyworcs. Celiuac MbB CHOBA PacCMOTPHM 3TOT Pe3yJ/bTaT B HECKOJBbKO
6onee WHPOKOM ROHTEKCTE W YBHAHM, KaKOe HYXHO BBECTH OrpaHH-
yenue, YTOOb KOIPQPHUHEHT OTPa)KEHHA HMeJ NPOCTYI0 IKCHOHEH-
UHaJbHYIO0 3aBUCHMOCTb OT BPEMEHH.

PaccmoTtpuM pemenns cuctemul (5.4.2), nponopuHoHanbhble ¢yH-
JAaMeHTaJIbHbIM DellieHHAM @1, P2 H ¢, P2 KOTOPhie BBOAATCH COOTHO-
wennsamy tTuna (2.11.15), T. e.

1
(p=($l)—>(o)e"§‘ npy v-—>— oo, (6.4.4)
2
0 0
@::(;')_,( l)e“" npH X —> — 0o, (5.4.5)
. —

CootHoutense Mexay @ H § tuna (3.9.7) Goabure He moJjyyaercs, no-
CKO/MIbKY He 3ajaHa CBA3b MexAy g H r. Ham nonamobsitcst Takxke
pelends P H 1P, NOJ0OHbIe TeM, KoTophle 6biH AaHbl B (2.11.17). Ounu
HMEIOT TpejieJibHbe POpMBl

0
¢=(‘P )—*( )e.’t" npH x>+ oo, (5.4.6)
%)\
___(‘bl)__)(l) itx ot 547
Y= 1_% 0 )¢ npy v -~» 4 oo, (5.4.7)
3anuueM COOTHOWIEHHS MEXAY 3THMH PElWEHHSMH:
o=ad+b%, §=>bp—ap. (5.4.8)

ITH COOTHOIIEHHS MOXKHO CPABHHTb ¢ cOooTHowerusmu (2.11.19) u
(2.11.20), a taxxke c coorHowenuamMu (3.9.8) u (3.9.9). Mb MoxeM
TaKXe 3anucarh

p=—ad + by, P=>¢+ ag. (5.4.9)
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C nomoulbio BpPOHCKHaHa, onpedencHHoro kak B (2.11.18), naiigem, yto
a=W@ ¥, b=—W(p §), a=W(@E o b=W($ ¥ (5.4.10)

Haiizem takxe, uto W(9, )= —1, u 3atem us (5.4.8) nonyuum, uto
ad+ bb = |,
[lepBoe n3 cooTHowenuit (5.4.9) sBAseTcs pelIeHHEM, KOTOpoOe

0
CTPEMHUTCH K ( ) ) e't* mpu x, cTpeMslleMcs K 400, B CTPEMHTCA K
0 (1
a(l )eiu+b(0 )e—icx npu x, cTpeMsuieMcss kK —oo. OHO, TaKuM

0
o6pasoM, npeacraBnser cobofi paccesnHve DeLICHHN a ( { )e“”. npu-

xoaawero u3 —oo. Torna koaddHiHeHT oTpaxenHna edunuuroll
aMAJMUTYAb Najaiolefl BoaHu pased §/a. Umerno BpemenHYl0 3aBH-
CHMOCTb 3TOre KO3(pQHUHEHTa OTpPaXKEHHA MBl XOTHM PaccMOTpeTb.
B yacTHOoCTH, MBI pPacCMOTPHM, KaK MOXHO CHeNaTh, YTOGH OH uMen
IPOCTYIO 3KCMOHEHUHAJAbHYIO 3aBHCHMOCTL OT BpeMenn. Kak u caeno-
Bajio OXHJATb NPH aHaJH3e 3aJlayH PacCesHHs, MH HOJKHbI ACTaJbHO
HCCJIE0BATb PelIeHHst U; H Uz, a Takke ¢yuxunn A, B u C B ABYX
npenenax x—» 4-oo.

Hceneposauune (5.4.1) B npenene x - —oo nokaswiBaeT, YTO B 3TOM
npeaene B u C po/xupl o6palathcsi B HyJb, ecan v == (vy, U2)}7 npo-
MOPUHOHATEHO (QYHAAMCHTAJILHEIM pelieHHaM @ Han ¢. K3 nepsoro:
u3 ypasHenu#t (5.4.3) HaxoAHM, YTO B 3TOM npelese A He 3aBHCHT
or x. [IpeanonoxHM Taxke, UTO Npu x——oco A He 3aBHCHT oOT f.
B 3Toft cBAA3H C/eAyeT 3aMETHTh, YTO BCTPEUAIONIHECH B TpPeX Mpefbi-
Hymux npumepax QyHKuwH A He 3aBucat oT ¢ B 9ToM npeaene. [lo-
3TOMy neppoe u3 ypaBHeHuil (5.4.3) MoxHO 3anmHcaTb Kak vy ==
=A_(§)v;, rae

A_(@Q)= lim A(x, ¢ {). (6.4.11)
X-p o0
Torna, BHpaxasi v yepes (yHAaMeHTANbHOE DelleHHe @, MoJyuaeM
v=-exp[A-(})¢] . AHaNOrHYHO, 3aNMHCHBAR
5“ = Zﬁl + B_ﬁg, 521 = C—ﬁl - Zﬁg (5.412)

M NPUHMMAs BO BHHMaHHe acumnrtoTuyeckyio dopmy (5.4.5), Mu Ha-
xofuM, 4T0 ¥ = exp[—A—({)¢]y. Jluuefinwe ypaBHenusa (5.4.1) u
(5.4.12) MOXHO 3anucaTs B MATPUUHOM BHAE, BHPA3UB HX yepe3 @ H §

(2;),=(A_CA- _AiA_)(:;). (8.4.13a)

(2;)'___('4“"6'4— -Ai—A_)(z; . (5.4.13b)
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Ilpu x, cTpeMsimieMcst K -+oo, cooTHowenus (5.4.8) NOKa3WBAIOT,
4TO

ae-itx ) be-1t*
q’_’(be‘w ) o= __.aelcx)' x—>+o0.  (5.4.14)

PaccmarpuBas (5.4.13) B npezene npu x— -+ oo, HaXOAHM, 4TO
a,=(A,— A )a+B,b,
by=C,a— (A, +A)b,
dy=— (A, —A.)a—C,b,
by=—B.a+(A,+A.)b,

rae A, (5, t)=A(oo, 1, ), B, = B(00,, L)eX*n C, =C (00,4, )2,
O6o3Hayan kKO3GGOHUHEHT OTpaxkeHus p = b/a, HaxoAuM, 4TO H3
nepBOro ¥ yeTBepToro cooTHouwieHu# (5.4.14) MOXHO MONYUMTDb

o =24_ ()p — (5.4.16)

Takum o6pasoM, ecan aubo Bi==0, an6o B Gosee oGmem BHIE
By = F(t)ba, moxHo moayuutb AunddepeHunasbHoe ypaBHeHHe AJs
p, KOTOpOe NMPHBOAHT K UHCTO IKCITOHEHUHAJbHOH 3aBHCHMOCTH OT Bpe-
MeHH. [103TOMY HyXKHO MpoaHanH3upoBaTh BUA B..

Buipaxenne aaa B, MOXHO nNOJy4YHTb HEMOCPEJACTBEHHO, pellas
(5.4.3) ¥ 3ateM nepexoAs K Npedesy B 3TOM pelIeHHH IPH X~ - oo.
ORuHaKO paccCMOTpeHHe 3TOro peiueHus nokasmiBaer [2], uTo MoOXHO
OYeHb IPOCTO NOCTPOHTb OKOHYATENbHOE BhipaxkeHue Aaa B,. CHavana
MBl IPHXOJHM K 3aKJIIOYEHHIO, UTO HaM HYXHH TOJIbKO YpaBHEHHs, Xa-
PaKTepH3yIOlllHe H3MEHeHHe BO BpeMeHH §; H Y. DTH ypaBHeHHSA IO-
Jy4al0TCH METOAOM, aHAJOTHYHLIM TOMY, KOTOPH#i GHIJ HCNOJB30OBaH
NIpH MOJY4YeHHH ypaBHeHu#t (5.4.132), u uMelOT BHR

Vi =(A+ A,) % + B,

Yoy = CP; — (A — A,) o

HAuddepenunpyem neppoe u3 ypaBHenuii (5.4.2) no BpeMeHH, Hc-
nons3yeM nepsoe u3 ypasueHunit (5.4.17) u 3ateM yMHOXKaeM NoJayyeH-
HOe ypaBHeHHe Ha 2. 3aTeM yMHOXaeM BTopoe H3 ypaBHenufi (5.4.2)

Ha By u cknaabiBaeM ¢ TOJNbKO UTO MOJYYEHHHM ypaBHeHHeM. [Tocue
HCKJIOYeHHSA Ay ¢ OMOUIBIO NMepBOro K3 ypaBHeHHHA (5.4.3) uMeeM

— 2rBY, b, + 2Aq ¥} + (BY]), = q,%3- (5.4.18)

Ec/in npuMeHuTb aHAJAOTHYHYO nNpouedypy K npoH3BoAaHoll no Bpe-
MeHH OT BTOporo M3 ypaBHeHHit (5.4.2) u pe3yabTat cAOXHTL ¢
(5.4.18), noayuum

(— 2%,%,4 — ¥;B + $iC), = — q¥; + r ¥} (5.4.19)

(5.4.15)

(5.4.17)
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[TpounTerpupyem ceiiyac 310 BHpaxeHHe or —oo A0 +-co. Hcnoansys
(5.4.4), (54.7) u (5.4.9), nerko noOAyIHM

= S dx (— g8 + r %) + 26BA_(2). (5.4.20)

Ha (5.4.20) Buano, 4TO mepBoE H3 YNOMSAHYTHX YCJNOBHA NOAYyYeHHs
IKCIIOHEHUHANBHOA 33BHCHMOCTH p OT BPEMeHH, a HMeHHO B, =0,
O3Hayaer, 4TO

| dx(— g5+ r,4%) =20b4_()=

=—24_ { deg-(hb)=

=—24_ {de(eei+r¥}).  (Ga2)

Hcnoab3oBaHHOe 3Jech HHTErpaJbHOe NpeAcTaBaeHHe AAs ab Bo3uu-
KaeT npH noayyenud (5.4.20). Tenmepp Mu 3anuweM (5.4.21) B Buze

| dx[(= 4, +24_g) ¥+ (r, +24.9) ¥] =0.  (5.4.22)

KoneuHan ueab 3THX pacCyXAeHn#i — onpefesieHHe HeJHHEAHHX 3BO-
JIIOLHOHHHIX YPaBHEHHH, CBA3aHHHX C KO3(OHLHEHTAMH OTpaXcenus,
IKCMOHEHUHANBHO 3aBHCAILIMMH OT BpeMeHH. YpaeHenue (5.4.22) co-
JEepKHUT OJHY H3 BO3MOXHOCTefl, NMPHBOAAIIYI0O K TAKHM YDaBHEHHSM,
a uMen#o By = 0. Cefivac M paccMoTpuM, Kak H3 (5.4.22) MoxHO
NOJIYYHTb BOJIOLHOHHHE YPaBHEHHS.

Mu onXHBI, KOHEUHO, H3BJeyb W3 (5.4.22) BHpaXkeHHe, He 3aBH-
caulee oT §, TaK KakK CaMH 3BOJIIOIHOHHHE YPaBHEHHS He 3aBHCHT OT
3TOr0 napamerpa. 3TO MOXHO cAenaTh, pacCMOTpPeB 3ajauy Ha co6-
CTBEHHHE 3HAYEHHT ANf KBaApaTOB COGCTBEeHHHX OyHKuufi $} v ¥,

¥,
Bxogaiux B (5.4.22). Beeaem co6cTBeHHHA BeKTOp ‘l’z(‘y )-—
2

¥

=( o2 ) " nocTpoHM Takoh omeparop L, uto LYW = {¥. YroOu uc-
2

1101b30BaTh 3TOT ONepaTop, samuiieM cHayana (5.4.22) B BHue cka-

JIAPHOrO NPOH3BEACHHS

{ axtri+24_©r—a+24-Qa1-() ) =0 (423)
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r 1 0
Beoas BekTOp u=(q) H MaTpuuy o3=| o —l)' KoTOpas fB-

asetcsa cnuHoBoll Matpuued Ilaynu ([96], pasa. 33), MoxHO sanucaThb
(5.4.23) B BHIE

| dx{[ulo, +2uma_@)]- ¥} =0, (5.4.24)

rie T o3Hauaer TpaHcnoHupoBauue. Ecan 6m A_(f) 6bina pasna
npocto &, Mbl 6n Moram cpasy e 3amenuTb (W na LW. [lanee, no-
ckoabky {2W ={LW¥ = L?¥ u B obmem cayuae {"¥ = L"¥, MOXHO
samennts A_(L) na A_(L), ecan A_({) passoxuMa B psaa no creme-
Ham E.

Ipexkne 4yem nepefiTH K 3TOMY, onpefennm oneparop L. CHayana
ucnoab3yeMm (5.4.2), yto6u 3anucath

vt -0 q9,9,
C(vg)—?_«; ) (-—rvlvz)' (5.4.25)

o g
CHOBa HCMIOJIb3YS COOTHOWIEHHE — VU, == S dy (v,0,), = S dy (rv} +
x x
2
+ qv3), MoXHo 3amucaTh

S dy(rov} + qu3)

of
- (,,3 ) (5.4.26)

M3 (5.4.25) Buguo, uro omepatop L uMeeT BHA

—%—2 dr —-2q§ dyq (9)

1 x

L= w X . (5.4.27)
2r S dyr (y) —‘% + 29 S dyr

x
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Cefiyac MH BepHeMCA K HCHOOJNB30BAHHIO 3TOr0 omepatopa npH
onpeneseHHH 3BOJIOUHOHHNX ypaBHeHHH. PaccMOTpHM s NMPOCTOTH
cayqat A_({)=1=_. Toraa B (5.4.24) MOXKHO 3amKCaTb

S dxuTA_(})- ¥ = S dxu® - LY =

-0 -0
[

= § dr{r(Ln¥) + Lo¥) + LWy +Lo¥W)),  (5.4.28)

rae Ly —anementn oneparopa L B (5.4.27); OHH O3HAualOT HHTErpa-
aut ot ¥, Kak yxkasaHo B (5.4.26). UTo6H Bce NMOAHHTErpajbHOe BHI-
paxenue B (5.4.24) Omsio npomopuuoHaibo W, MH HCHOJb3yeM Te-
nepb BHTETDHPOBAHHE 1O YacTSM, YTOGH NepeHecTH onepaTopH B Ly
or ¥, k r u ¢q. (PaKTHYECKH MB NPOCTO MeHsieM NOPAJAOK HHTErpHpo-
sanus.) B kauectBe npumepa paccMoTpHM

2 § axgraw,= | arg2r | dor ) v (0=
=2 [ a0 )r ) § dxg(n)r ()=
=2i S dy¥, (y) L129 (9)- (5.4.29)

Onepatoput Liz Goabwe na W, ue neHACTBYIOT, H NOANHTErpajb-
HOe BHIPaKeHHe NponopuHOHaJbHO camMoMy W. OxoHuaTeJbHHA BHR
(5.4.24) ¢ A-()=1C Moxer GHTb Temeps 3aNmHCaH cAeAylomuM obpa-
30M:

o

{ dxwr - (og, + 20w =o. (5.4.30)
310 ypaBHeHHe GyAET YAOBIETBOPEHO, eCaH NMOJAOKHTD Os: + 2Lu = 0.

Ina 6onee obitero Bupaxkenust A—(L), KoTopoe MOxer GHTb paaJo-
XKeHO B CTeneHHOR psAX no §, noayuyrM OKOHYaTeJNbHHHA pe3yAbTar

osu; +2A_(L)a=0. (5.4.31)

AHajlornyHpiM 06pa3oM MOryT GHTb PacCMOTPEHH JAPYrHe KOMIO-
HeHTH L, 1 MB HaXoRuM, uTo oneparop L HMeer BHA
x %

a

X , a—x—2rdeq 2r der

L= L ™, . (5.4.32)
—2 deq —;,—'}4—24 der

-0 -
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B kauecTBe MHPOCTOrO NpHMepa PpAaCCMOTPHM JHHefinylo ¢opmy
A_(t)=it. Toraa ypasnenne (5.4.31) naer

re+2i(Lyr + Lig)=0,
— g+ 2i(Loir + Lag) =0.

Us onpesenenuss Ly (5.4.32) Haxomum, uto 2i(Lyr+ Lig)=r: u
2i(Lair + L29) = —qx. Caenorarenvho, cucrema (5.4.33) ynpomaercs
H NoayyanTcs JHHCHAHBE YpaBHeHHA rtry==0H g/+ g« = 0.

Hna kBaapaTtHyHoro cayuas A(f)==<—2it? cuoBa moryr GHTb cje-
naHpl ynpouleHHs, XaK B MpeIHAyUieM NpHMepe, H MK HaXOQuM, 4YTO

(5.4.33)

ry— 2(Zu"x - Elqu)= 0,
G+ 2(Loyry, — Ezﬂz)—":o'

[Monaraa r = —q*, nonyunM KyGudeckoe ypaBuenue llIpémuurepa B
Buae (5.3.1).

Hpyro#t Bpibop By Ans nmojlyyeHus 3KCNOHEHIHANbHONA 3aBUCHMOCTH
p: OT BpeMeHH, a HMeHHO B = F({)ba, npHBOAHT X pesyJbraram,
aHAJIOTHYHHM TEM, KOTOpHE OHUJIH NOJIyueHbl BhHIIIE, 33 HCKJIOYEHHEM
toro, u4to 2A_({) 3amenserca uHa 2A.(f)— F({). Ecam 3anucats
2A_ — F =2Q,(}) /Q:(t), TO 3BOMIOUMOHHKE YDaBHEHHS NPUMYT BHA

Q, (L) og; + 29, (L) u=0. (5.4.35)
B xauectBe npuMepa paccMoTpuM @y =i u Q;=4%; Toraa

(5.4.35) npuunmaer BuA 2Losus+ iu = 0. das r=-—q o6a ypabue-
HHA 3aMHCHBAIOTCA B BHAE

(5.4.34)

x

a+2 § dy(@)—z9=0. (5.4.36)

- 00

ST10 ypaBHeHHe MOXHO npeo6pa3oBaTh B ypaBHeHHe sine-Gordon.
Yro6u yGeAHTbCS B 3TOM, CHauyasa pas3flelMM Ha ¢ H npopuddepen-
uupyeM, 4To6ul NONYIHTH

2 (q
a7 (22)+ 490, =0. (5.4.37)

Ecau nonoxuts ¢;==f, 310 ypaBHeHne MOXHO 3anHCaTb B BHAe

fes— (2) 1 +4g°f =0, (5.4.38)
X
peurerue Kotoporo [65] ects f=1c, cos o 4+ ¢, sino, rae o =2 S dygq.

Tak kak MpH X —-—00 3TO PEIUCHHE AOJIXKHO OGPaU.laTbCSi B HyJb, Mb}



5.4. O6wyud raace paspemsumbix HeAunediHbX S80AOYUORKLX ypasnenud 177

—

tpebyem, uto6H ¢; = 0. Kpome Toro, noacranoska s (5.4.36) mokasul-
Baet, 4T0 Ca==1/2. Tak XaK f==¢: u q==0./2, MBH OKOHYaTENLHO
nojydaeM ypaBHeHHe sine-Gordon o, = sino.

Ynpasxcuenue 7
3

IMokaxare, 9T0 npeanonoxenne A = Z anl® ¢ aHAJOTHUYHHIMH Pa3JOKEHHAMH
n=0
B u C NPHBOAHT X IBONONHOHHEM YPaBHEHHAM

{
0+ 8 0) (5 9, = 79°) + i (0 (3, — 6700,) = O,

1 !,
ry—a, () (? L —r’q) + 70, (O) (r gy — Srar,)=0.

Ons r = —q, ay = 0 1 .03 = —4i noayunte moaubHuuposarnHoe ypasnenne Kopre-
pera — jie PpH3a H AIA r = —1 ¢ TeMH e 3HAYCHHAMH Qg ¥ dy MOJAYYHTE ypaBHe-
uue Koprepera — ne ®praa. Iloxkaxkure Takxe, 4To NpH r == —1 QYHKUHR vy yRO-

BJETBOPSET YPABHEHHIO Ugex (824 g)up = 0.

Ynpaxnenue 8

Hcnonbaylite Meron, onucankwfi npn supoge (5.4.19), urobu moayauts Tpa
ypasHeiHs

(~— 29194 — ¥3B + ${C), = — ¢ 03 + 7 ¥},
(—' 29, %,4 — $38 + ‘WC); = %Iﬁ +ro¥i,
[~ ($r9p+ 9, 9,) 4 — 09,8 4+ 4, D,C], = — ¢, 0,9, + b b

Tenepb MOXHO MPOHHTErPHPOBATH STH YPABHEHHA OT —o0 JO X M PeWIHTb OTHOCH-
TeapHo A, B u C. [lokaxure, 4T0 onpepenutend JHHeAHOA CHCTEMH pabeH elHHHue.



Tnasa 6

MPHNOEHMS |

Bo mHorux o6nacrax ¢u3WKHA COJHTOHHHE YPaBHEHMf 4YacTO BO3-
HHKaIOT KaK anMpOKCHMaUHH H3BECTHLIX H 00jiee TOUHBIX YpaBHEHHH.
leficTBHTENIbHO, 3TOrO CJEAyeT OXHAATh, MOCKOJbKY AHCHEPCHA H
HEJHHeHOCTH, BXOAAILHE B Pa3jiHyHble CONIHTOHHBIE YDaBHEHHS, MOTYT
CUHTATBCH NEPBLHIMH YJIeHaMH B pa3sioxkeHHAX Oosiee HONHBIX BhIpaxe-
HHH Ans pucnepcun o HeauHelHocTH. Kak Mbl yXe BHZesH B pasi. 1.4,
HCMOJL30BaHHKE JJIA NOJAYYeHHS COJIHTOHHOTO YPaBHEHH METOAH
TEOPHU BO3MYUIEHHA MOTyT NPHBOAHTHL K JAOBOJLHO IJHHHHIM H YTO-
MHTENbHLM BbluHcaAeHHAM. B 3Tol raaBe comepXkatca AOMOJNHHTENB-
Hble NpHMepH, B3sThie H3 THAPOAHHAMHKH B OH3HKH NJ1a3Mbl, a Tak-
Xe KjaccHYeckas MOAe/Jb TEOPHH AHCJOKauuiA B TBepaoM Teje. Oco-
Goe 3HaueHHe NPHAAETCA MOJYYEHHIO COJIHTOHHBIX YPaBHEHHH H3 CTaH-
AapTHHX ypaBHeHHH, HCIOJh3YeMHX B 3THX o6nactax ¢usuku. Unra-
TC/Ab, MHHHMAJNbHO 3HAKOMHWHA € 3THMH BONPOCAMH, MOXeT He o6pa-
ATbCA K JOMOJHHTENbHHM HCTOUYHHKAM. B raaBy He BKJAIOUEHH NpH-
Mepbi COJTHTOHOB, BCTPEYaIOIIHXCA B PH3HKe HU3KHX TeMIlepaTyp, KBaH-

TOBOH TEOPHH NOJIA H APYrHX 06AacTaX, Kotopnie TpeGyioT GoJee crme-
HHAAbHBIX SHAHHA.

6.1. BOJIHb HA MEJIKOA BOAE H YPABHEHHE
KOPTEBETA — E $PH3A

PaccmoTpum IBHKEHHE NAOCKHX BOJH HA NOBEPXHOCTH JKHAKOCTH.
[peanonaraercs, 4To MaKCHMaJbHas aMIUIHTYAa BO3MYUIEHHS a MaJa
no CpaBHEHHIO ¢ MIy6HHOM k, a AJHHA BO3MYlUleHHs | BeJdKa no cpas-
HeHHIO ¢ h. B mocjeaylolieM H3JI0XKEHHH MeTOAAa BO3MYWIEHHR Ma-
JOCTb ABYyX napaMerpoB e = a/h u 8 =h/l urpaer dynnamenrannb-
HYIO POk,

JIBuxKeHHe KHAKOCTH ONHCHBAETC BEKTOPOM ckopocTH V(x,y, )=
=iu(x, y, t)+ ju(x, y, t), rAe i H ] — eAHHHYHEIE BEKTOPH TOPH3OH-
Ta/NIbHOrO M BEPTHKaJBHOTO HaNpaBJieHHR cooTBeTcTBeHHO. JIBuikeHue
KUAKOCTH npeanonaraerca GessuxpeBHM, Tak 4t0 VXV == 0. Ipen-
nojiaraeTcsi TakKe, UTO IVIOTHOCTh MMHAKOCTH p MOCTOAHHA, TaK 4TO
ypaBHeHue Hepa3pHBHOCTH pt+ V. (pV)=0 cBOAHTCA K ypaBHEHHIO
V-V =0. Toria MH MOXeM NOAOXKHTb, 94T0 V == Vo u V¢ =0.

[Tpepnonaraercs, 4TO CHH3Y KHAKOCTb OTPAHHYEHA TBEePABM [OPH-
30HTaNbHLIM JHOM, TaK 9TO @y (x, 0) = 0. Bepxnefl rpannuefi ssJjsercs
cso6oanan nosepxHocTb y = h 4+ m(x, f), Kak nokasano Ha puc. 6.1,
Brpesb Bce BHYHCAfIEMblE HA ITOH NOBEPXHOCTH Wienb 6yayT 06o3Ha-



6.1. Boanusi na meaxod eode u ypaenenue Kopreseea — de Ppusa 179

qeHbl MHAekcom 1. Ha cBoGoaHoft mOBEpXHOCTH rpaHHYHbLIE YCJI0BHA
HeJluHeAHH, B HMEHHO B 3TOM Bcs CJOXKHOCTh 3ajauH. Jas ceobognoit
MOBEPXHOCTH y = ¥, == h 4 n(x, {) MOXHO 3anHcaTh
dyl =00 01 dxr
5t + . 6.1.1)
Tak kaxk dyl/dt=vl=0q>|/6y u dx/dt =u, = 0¢,/0x, nonyuaem
NepBoe rpaHHuHOe YCJOoBHE B OAHON 3 cleayomnx ¢opm:

v =mn; + ey, (6.1.22)
1y =1 + NP1z (6.1.2b)

BTOPOG FPpaHHYHOE YCNOBHE 110Ay4YaeTCa U3 COOTHOLICHHA HMIYJib-

coB

dav av 1
7=—5T+(V-V)V=—F;Vp*gl» (6.1.3)

TIe Po— NMOCTOAHHAA MNJIOTHOCTb XKHIAKOCTH, p— AaBjelHe B NpPOH3-
BOJIBHOR TOUKE MHAKOCTH H g — YCKODeHHe CHJIH TaxecTd. Tak Kak

v

_—p"\'ﬂthh
h le

. »)
f z >

0 x

Puc. 6.1. TMepemennnie, npuMensieMHe NPH AHaJH3e BOJK Ha MeaKofi BoAe, npuBoOAS-
lieM K ypaBHEHHIO Kopresera — ne $pusa.

(1/2)V(V’)—- VX(VXV)4(V-V)V u B paccMaTpHBaeMOM CJ/yyae

XV =0, to ypaBsenue (6.1.3) MOXHO 3anHcaTb 4epe3 AHBEpreH-
nmo Buipaxenus @:+ (1/2) (V9)? + p/po— gy. Huterpupys u Bxiio-
yas MPOH3BOJILHYIO (BYHKUHIO BpeMeHU B @, MOJAYUHM

¢‘+.;_(vq,)2+.5”:+gy=0. (6.1.4)

Briyucsans 3TO BHpaMceHHe Ha BepxHe#l NOBEPXHOCTH B NpeAnosoxe-
HUH, yTo p; =0, u 3atreMm auddepeHUnpys no x, MOJy4YHM BTOpOE rpa-
HUYHOE YCJIOBHE B BHAe

uy +uny, + 00 + gne=0. (6.1.8)

Takum 06pa3oM, JABHXKEHHE [OBEPXHOCTH ONHCHIBACTCH pellieHHeM
ypaBHeHus Jlamnaca, YAOBJETBOPAIOIIAM HeJHHEAHBM TIpaHHYHBIM
yenoBuam (6.1.2) u (6.1.5).
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Tak KakK HAC MHTEPECYIOT TOJbKO MaJjibie 3Havenus y (r.e. h K1),
NOMbITAEMCA NOJYYHTb afieKBaTHOe pellleHHe ypasuewus Jlannaca, uc-
f0Jb3ys HECKOJBKO NePBHIX YJEHOB B Pa3JOXKEHHH

o(x, y, )= nz_‘,o y'@, (%, 1) (6.1.6)

TloacTaBasia 3TO pasjoxeHHe B YypaBHeHHe Jlannaca # pasjenus
YjieHH MO CTENEeHAM Y, NMOJYYHM PEKyPPEHTHOE COOTHOIUEHHE Qnxx +
+(n4+2)(n+ 1)Paya = 0. Tpannunoe ycaoBue @y(x, 0)=0 naer
@1 =0. TakuM o6pasoM, Bce HeUeTHHIE CTENEeHH 06pallAlOTCA B HYJb,
H MBl nOJIyyaem

1 1
=@ — 3 ¥*®oxx + b7y Y'Porxxx + .- - (6.1.7)

Torna KOMNOHEHTH CKOpPOCTH HAa cBoGONHON NMOBEPXHOCTH 3aNHUIYyTCA
B BHAE

1
ul=q,xl=f—_2-y?fxx + e
, (6.1.8)
ul=q1yl=—ylfx+ —s.y?fxxx_*- v

rae f(x, )= 0¢o(x, t)/0x.

[Tpexpae ueM NpPUCTYNHTb K BuIBoAy ypaBHeHus Koprtesera— fge
®dpu3a, NOyYHTENbHO PACCMOTPETh JHHEHHOE BOJHOBOE YpaBHEHHE, KO-
TOpOe NOMYYHTCA, €CAH B TpaHHYHEIX ycaoBuax (6.1.2) u (6.1.5)
npeHe6peus uJeHaMH € npoussefeHusIMH. Kpome nonumauws posy,
KOTOPYIO HrpaloT IBa MaJnlX napamerpa ¢ =a/h u 6= h/l, 3to
MO3BOJIUT ONpeJeNHTb AHCMEPCHOHHOC COOTHOUIEHHE 3aRavH.

Ecnn auneapu3oBaTh rpanuudnle ycaosus (6.1.2) u (6.1.5), moaa-
ras y; = h ¥ onyckas KBaJApaTHYHbLIC YJIEHH, ME NOJYYHM

U =1, (6.1-93)
Uy = — ghi-. (6.1.9.b)

ITeproHauanbHO HCAOJAB3YEM TOJbLKO NepBhie YjaeHW B (6.1.8), uro6n
BHPa3uth 4 u v, yepes f. Toraa

hfy=—ny, (6.1.10a)

fe=—gn;,. (6.1.10b)

Uckaioyan [, HaxoauMm, 4TO v YAOBAETBOpSET JHHEHHOMY BOJHOBOMY

ypaBHeHuio ,, — ¢2n,_ =0, rae ¢} =gh. CaexoBaTtensHo, B 3TOM npo-

crefimieM NMpuONHKEHHH NMOBEPXHOCTb MOXKeT OLITb HOCHTENEM HejHC-
NeprupylouX CHHYCOHAANbHBIX cMelleHuit 1) == aexpi(kx — wt), rae
® == Cgk. Bo3ppawasce k (6.1.9b), Haxonum, urto

Uy=—g S din, = (_c!:_) n=ecoexpli(kx —af)]. (6.1.11)
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Takum 06pa3oM, MH OXHAaeM, YTO MOBEPXHOCTHEE CKOPOCTH BOAH C
XapaKTePHCTHYECKOH aMIJIHTYAOR @ MMEIOT NOPSJAOK eCo. AHaJIOTHYHO
u3 (6.1.9a) HaxoauM, uro v) =— i@ = —icon/» MHul BHAMM, YTO AJIs
BO3MYIIEHHHA, ¥ KOTOPHX AOMHHAHTHLIC AJHHH BOJH A HMEIOT BeJH-
YHHY [/, BEJHYHHA BEeDTHKAJbHOH CKOPOCTH v; HMEeT MOPAAOK U} =
= co(a/h) (h/l) = coed. dta undopmaLus 06 OTHOCHTENbHLIX BENHYH-
HaX 4| K U, NOJE3HA I ONpejesieHHs NMpouelyph METoJa BO3MYllle-
HUH, NpelHa3HaYeHHOH AR PacCMOTPEHHs HENHHEAHBIX YJICHOB.
[Ipexne yeM BepHYTbCA K HeaMHeAHOM 3ajaye, 3aMeTHM, UTO CO-
XpaHeHHe BTOPHIX 4ysieHOB B (6.1.8) aaer muRefinble ypaBHEeHHs

3 1
- hix +§ hafxxx =N
1
ft Y hzfxxt 4+ gn.=0,
H3 KOTOPHIX MOXHO TNOJIYYHTb JHHefiHOE ypaBHEHHe
1 1
fre— ofcx + g 38 cxe — 7 HFeee =0 (6.1.13)

Tenepe npennonoxenue f = expi(kx — wf) NPUBOAHT K LHCTCPCHOH-
HOMY COOTHOWICHHIO & = Cok [l — (kh)2/6], KOoTOpOE cOMEpPKHT KyGu-
YeCKHH 1o £ uyneH, NOJOGHHA TOMY, KOTOpHH 6un noayyen 8 (1.4.10)
ANl XHUAKOCTH, OTPallHiEHHOR CHCTEMON YNPYruxX KoJell.

Yrobn nepefiTn k HeNMHefHHM ypaBHEHHAM, BBeJeM cHadana Ges-
pasMepHuie He3aBHCHMBlE lepeMeHHHe, noaaras x =[x’ u t = (I/co)t’.
AnasiornuHo, sanuileM 3aBHCHMHE NepeMeHHHe B BHAe M=an, u, =
=ec;, U, =edc,0]; COracHO TnepBOMy W3 cooTHowewuit (6.1.8),
f == ecof’. Tlonoxum Takxe y; == h(1 4 en’). C TOYHOCTLIO KO NEpBOro
Hexcyesaiolero mopsajgka no ¢ u 6 (e3pasMepHLe CKOPOCTH 3aMHCH-
BaloTCs B BuAe

(6.1.12)

i [’

u=f—5¢ 6xf’7'
af’ i a’
oj=—(+en) gl + 50 5.

IMepsoe n BTOpOe rpanHHyHHe ycaoBus (6.1.2a) u (6.1.5) npusumalor
BHA

(6.1.14)

o L o ., o 1 O
o o e 57 tef 5 — 5 8 5m =0,

—‘?L+ an +ef’ ail _l62 a;fl — (6.'.15)
of U 3x7 " T 2 Y xor
Tenepr 3TH ypaBHEHHS JIETKO DEIIAlOTCS METOJAOM BO3MYLIeHH#, ONH-
caHHuM YudemoM (117]. 3amerum, uto ecnu npeHeGpeys e u 8, TO
MoxHo 3anucatb [ =1, rae f,+ f,.=0. Beegem B (6.1.15) pas-
JloXKeHHe B PAA N0 MaJbM NapaMeTpam

F =1 +ef 4 83 (6.1.18)
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M COXPaHHM yJeHHn JO NepBoro nopsaaxa mo e u 62. Torza, ecau oxHo
ypasuenue (6.1.15) BnluecTs H3 XPYroro M yuecrh, UTO ¢ paccMaTpH-
BaeMoil TOYHOCTBIO f‘”=— f&u f@=—f9, Mu nonyuum

(2 L+ L) 4o (2 — 2 20,

—5377)=0 (6.117)
Tak kak napametpu € u O He3aBucUMBH, KO3HIMEHTH npH e u §?
JOMXHH MO OTAENbHOCTH o6pauiaTscsi B HYyJb. TOraa MH HMeeM

=~ (1/4) (W) u [ = (1/3)3*/0x’*. Teneps, koraa [’ BHpaxena
4epes 1/, HaXOAHM, UTO nepBoe H3 ypaaneuui’{ {6.1.15) maer
2 5 ﬂ :
+ o + e ax’ + 6 =0. (6.1.18)

ﬂpeoﬁpaaosanuem E=x'—1¥, 1 =1 MOXHO HCKJIIOYHTb uJen On'/0x’.
ITonyunsuwieecss ypaBHeHHe uMeeT BuA ypaBHeuuss Kopresera — e
@pu3a. Ecan ymHoxutb ero Ha 9e/6* u 3atem Bennuuny 3en’/26% mo-
JIOXKHTb PABHOW w, TO MOJNYUHTCA YpaBHEeHHe Wi/ - 6wwy + wye =0,
rae v == 6%t/6. Buipasus onHocoautonsoe pemenne (1.4.18) » pasmep-
HbIX fepeMEHHBIX, HAXOAHM, 4TO

n=mnpsech? (£775), (6.1.19)
rne .
o=+ (6.1.20a)
L=(2)" (6.1.20b)
V=c(l +55). =gk (6.1.200)

MMoctosiunasn ¢ B (6.1.20a) — 310 NMpoM3BONbHAA MOCTOAHHAA, BXOAS-
masn B (1.4.18). B pasmepHbix nepemeHHHX ypaBHeHne (6.1. 18) npu-
HHMAET BUL

P
2o oL M 4 ek T =0. (6.1.21)

+ 0 ax +
Heckonbko Gosee cuctemaTtuyeckuil BHIBOA ypaBHenus Kopresera —
ne Ppuza MOXHO MONYYHTH, CJefys NpoueAype, KoTopas 6yaer BBe-
neHa B pa3a. 6.5 ([106], npuioxenne).

Buau nponenansl 3KCNepHMEHTH MO NMOBEPXHOCTHHM BOJHAM, MOA-
TBEPXAAIOUIHe CONUTOHHYK TeopHIO ypaBHeHust Kopresera — ne
®pusa (cM., Hanpumep, [49]). B kavecTBe npocToro npumepa npuMe-
HEeHHS H3JIOXKEHHHX BHIIEe pPe3yJbTAaTOB K SKCNEPHMEHTANbHHM BOJ-
HaM Ha BOJe 3aMeTHUM, UTO A1-COJIMTOHHOE DellleHHe, COOTBETCTBYIOLlee
(6.1.19), umeer Bum n(x, 0)==(1/2)n(n+ 1)ngsech®(x/L), rae L
naetca dopmyson (6.1.20b). 310 MOKRO mepenucaTtbh kak n(x, 0)=
= Asech?(x/L), rae L?A = (2/3)n(n+ 1)h3 Bumxo, uTo KaK TOIbKO
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HayaJbHHA pasMep BOJHH 3ajaH depe3s L H A, oxuAaemoe UHCIO CoO-
JIMTOHOB ORMpefenurcs ray6usoft h. Ecau n=1 maa h=h,, 10 npu
YMEHbUWEHHH rAyGHHB X0 hg == rh; YHCJO COJNIUTOHOB CTAHET PaBHHM
n,=(——l + /1 +8/r3)/2, 4TO cleAyeT NPOCTO H3 pelleHHHd Ypas-
HeHHA 2f}=n, (n, + 1) A} [109].

6.2. BOJIHM HA MEJKOA BOJAE H KYBHYECKOE YPABHEHHE
WPEAHHTEPA

Mexay KyGuueckum ypasuenuem [lIpéaunrepa u ypasuenneM Kop-
TeBera — e PpH3a ecThb CBA3b, KOTOPasl BLIABAAETCH, KOTA3 MH HILeM
pelllense NOCJAefHEro ypaBHeHHs B ¢opMe MeAJIeHHO MOAY/IHPOBaH-
Horo unyra BosH. Ky6uueckoe ypaBHenue Illpénunrepa moxer OHTb
TaKxe NOJYYEHO HETNOCPeACTBEHHO H3 ({YHAAMEHTAJNbHHX YpPaBHEHHH
A BoJH Ha Boge {50], [30]!) Ge3 orpanuyeHHs TEOPHH MENKOA BOAH,
KOTOpoe 3axkaioueHo B ypaBHenud KopreBera — se dpuaa; 6uau npo-
BefleHHl OOUIHPHHE 9KCIEPHMEHTAaJbHHE H YHCACHHHE HCCAeJOBAHHSA
sToro cayuas [75]. Ognako 370 Gojee oblee NPHJIOKEHHE PAacCMATpPH-
BaTbCa 3JeCh He GyJer.

Yro6nl MOHATb, KaK NPH ONMUCAHHH TOBEPXHOCTHHIX BOJH MOXKeT
NnofABUTECA KyOHueckoe ypasHenue [lIpéaunrepa, BCIOMHHM CHayaJja,
4TO, KakK ObJIO NOKa3aHo, npocrefiiuee saurednoe ONHCAaHHE NOBepX-
HOCTHWX BOJH JaeTcl BOJHOBWM ypaBHeHHem O0es Jaucnepcun
(gh)Mex — Nt =0. BHAO HalifieHo, yTo GoJjiee TOYHOe JHHeAHOe ypaB-
Hene (6.1.13) yuurmBaer aucmepcuio. Jis BOMH, pacmpocTpaHsio-
LIHXCA B OAHOM HanpaBJIeHHH, BCE 3TH JIHHEAHHIE Pe3y/LTATH MOJY-
yaiorca H3 ypasHewus Kopresera— gme @pusa (6.1.21), ecau npe-
neGpeur HeJHHeHHHM ujieHoM n0v/dx. [lpocrefimne Heaunednsie no-
NpPaBKH [OAYHAIOTCH 7IPH PACCMOTPEHHH PelleHUH NMOJHOIO ypaBHEHHs
Kopresera — ne ®pusa (6.1.21), obasanalomux MaJjod aMIAHTYAOMN.
ITokasaHo, 4To 39TO NPUBOAMT K AHCNEPCHOHHOMY COOTHOLIEHHIO, 3a-
BHCalleMy OT aMmmauTyas. Heyausutenbuo, uto 3xech Morsao Gl nos-
BHTbCA KyOHueckoe ypaBHesHe LlIpéauurepa, mockosbKy 3TO ypaBHe-
HUe COBEpIIEHHO eCTeCTBEHHHM 06pa30M BBOAHT AHCIEPCHOHHOE COOT-
HOIUeHHe, 3aBHcsllee OT ammautyan. Hanpumep, ypashenme if: 4
+ a1|f|?+ aofes = 0 obnapaer pemennsmu BuRa [= Aexp[i(kx—
— )] npH yCcJOBHH, YTO BRINOJHSAETCA 3aBHCsAlliee OT AMIVIHTYAH
AHCIEPCHOHHOE COOTHOMICHHE ® == azk? — ay|A|%

Uro6H MNOAKDENHTb 9TH PACCyKACHHA KOJHYECTBEHHHIMH OUCH-
KaMH, 3aMeTuM, YyTo KybGuueckoe ypasuenHe lllpéamurepa Bo3HHKaeT
TOTAA, KOIAa Mbi HIUIEM pelueHue ypasHeHuss Kopresera — jge ®pusa
B Buje paaos Pypee

n(x, )= 2‘ e"l 3 b (x, £)eft hx—oh), 6.2.1)
Nee - 00

') BnepBHe KyGHuecKOe ypabHeHue lﬂgémmrepa AR BOJH Ha MOBEPXHOCTH XHJA-
KOCTH 6nin0 HaBaewo B paGote: 3axapop B. E. —J[IMT® Ne 2 (1968), c. 86—91. —
Hpun. nepee,
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IMpeanonaraercs, YyTO mapameTp pasjoOXKEHHAS & MHOrO MeHblIEe eIH-
HHUH, a KO3QOHIUHEHTH M"Y MeMJIEHHO MEHAIOTCA Ha JJIHHE BOJHH
~ k=1, a TakKe B TeueHHe OMHOTO HHKJAA ~ o~'. MH GyleM cieloBaTh
aHanu3y paGotn [101] u mokaxewm, uro n'! ynoBaerBopsier KyGuue-
ckoMy ypaBHenuio llIpéaunrepa. [Ins Toro utobu n(x, f) Gbno Aeit-
CTBHTE/]bHHM, JOJNIKHO BHNOJHATHCA CcOOTHOMWeHHe 7(h—1 == nL D,
Byner nafizeno, uto AAA NOJNyYeHH 3TOrO pe3yJabTaTa HaM HYXKHO
COXPAHHTb TOJABKO WieHn ¢ n<<3 u << 2.

Mo npeanonaraeM, gro n: ! mpeacraraser coGofi BoaMyllleHue,
HaMHOTO 6o0Jiee MpPOTSXKEHHOe, YeM JJHHA BOJHH, M ABHXyIleecs ¢
HeKoTopo#fi ckopocThio V. DT0 MOXHO chenaTs, moaaras, yro n(t. 1 gp-
aserca ynxuueli nepemennofi £ = e(x — Vt). Kpome roro, ponyckasn
32BHCHMOCTb OT BpeMeHH Gojlee BHICOKOTrO MNOPHAKA, T == e2f, MOMHO
BBECTH B 3TOT NPOopHAb Me[JleHHHe BpeMeHHEle H3MeHeHMs. Takum
06pa3oM, MB HMeeM

n(x, =X, e, 7, x, ), (6.2.2)
nm=
riae
i = 2 N D (g, 7)o~ Hks-ot, (6.2.3)
= ~co

Tenepb NPOCTPAHCTBEHHHE H BpeMeHHbHe NMPOH3BOAHHE B YPaBHeHHH
Koptepera — fle ®pH3a JOJXKHH OHTh 3aMEHeHH CleAYIOIHM ofpa-
30M:

a _a a | 4,9
a5t o

3

! ' (6.2.4)
Y iy i ol -3%»

3/ecb NPOM3BOAHKE MO X H ! oTHOCATCS K (ase, a MPOH3BOAHHE no &
M T— K aMIVIHTYAe.

[ToacranoBka pasnoxenus (6.2.2) B ypasHenne Koprtesera — ge
®pusa (6.1.19) u npupaBHHABaHHE YJIEHOB NMPH NEPBHX TPeX CTeNEeHAX
e faet

A+ il + vigh, =0, (6.2.52)

A+ o7 + vall, + (6o — V) AP + BAY + 3viily =0, (6.2.5b)

A0 + oA + v, + (¢ — V) A + 3vid, + B (A7), +
+aMg} + 4P + 3vafl =0, (6.2.5¢)

rae 8 = 3co/2h u y = coh?/6.
CoGepem u/eBH ¢ OAWHAKOBHMH cTenenamu [ i uneHop nepsoro
nopsifAka no & HaXoZuM, YTO

— il (© — keo 4 yRES) (i 0 =0, (6.2.6)
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Cayuah [ = 0 He 1aer nukakolt nudopmanun. [Iasa /= +1 nonyyaem
LHCIIEPCHOHHOE COOTHOLIEHHE JIHHeHHON TEOPHH, 2 HMEHHO
o == kcy— yk>. 6.2.7

Ons |!| > | naxonum u3 (6.2.6), uro NpH ®, ONPEAENEHHOM COOTHO-
wenneM (6.2.7), nvH = 0.
Jns npoussonsuoro ! ypasuenue proporo mopsaka (6.2.5b) naer

— i@ B (@ — ke, + yEU) 4 {9 (co— V — 3K%Py) +
+ikp Y pqt =P P =0, (6.2.8)
P
Tak kak 1" Y =0 gaa [{|> 1, npn cyMMHPOBaHHH OCTAHETCS TOJNBKO

HEeCKOJILKO 4JICHOB.
Has [ == 0 HaxoRuM, 4T0

(V —co)nf-0=0. (6.2.9)

Ecau V 5% ¢co, 10 1 ® e 3asucur ot £ Tak xak B 3apauax pacnpo-
cTpanedus uaed 9 (t) He upeacTaBAseT HHTEpeca, Mul NOJaraeM

n 2 =0.
Ona { = | #Haxoaum, uto
- D (V — ¢, 4 3v£?) =0, (6.2.10)
HJH
V = ¢y — 3yk% (6.2.11)

Mpu =2 nonyyaem
e = (3/2) [n® VF/(RH). (6.2.12)
B TpeTbeM MopaaKe Mbi uMeeM
i@ (— @ + ke, — yk¥) + 02 H(— V + ¢, — 3v&7?) +

+n, +B[ikl Y nt topge 4 Y gt
P P

+ Biyking; 0 =0. (6.2.13)
Das | = 0 nonyuaem
2 [(co— V)@ + Bl i 0 ] =0; (6.2.14)

3TO MOXHO NMPOHHTErpHPOBATL H NOJAYYUTH

(co— V), ©) =R 9 (—oo, 7)] +B[In" "}~ F()]=0,
(6.2.15)

rae F(tv)=|ntD(—o0, 1) |2 IIpeanonaras, ato N9 (—o0, 1)=10 u
ucnonbaysa (6.2.11), naxoauM, uro

% Ozt — i'éh" (bR —F]. (6.2.16)
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Jns [ = 1 nonyuuM ypaBHeHHe
N D 4 ikB [n N 0@ 0 | gt =D g2 a1+ 3ikyny V=0, (6.2.17)

KOTOpOe NMPHHHMAET BHA

(L1 Qie, L2 L1 (1, 1) g

i _ m"_.)[l n® D[ —2F]n )+31kyn“ Ye=0. (6.2.18)
Has F =0, 4T0 COOTBETCTBYET C.AYy4Yai0 JIOKAJAH3OBAHHHIX pelIeHHi,
370 KyGuueckoe ypasHenue llipénunrepa. MuorouncieHHble SKCnepH-
MeHTa/JibHhle NMOATBEPXK/AEHHS MHOTOCOJNMTOHHOrO B3aHMOAERCTBHEA HO-
BEPXHOCTHHX BOJMH (Ha rJayGOKOA BOAE) B COIJAacHH ¢ KyGHYeCKHM
ypanHennem LUpéausrepa Obian nojyvyess B pabore [75).

XoTa peyb 1A TNaBHHIM 006Pa3oM O COJHTOHHHX pPeUIeHHAX, 3a-
CNYyXHBaeT KPaTKOro PacCMOTPEHHA H CTaldOHapHas ¢opMa BOJHH,
TaK KaK OHa JIETKO AAeT BHIIEYNOMAHYTOEe AHCHEPCHOHHOE COOTHOLIE-
HHe, 3aBHCAlllee OT aMIVIUTYAN. PaccMorpum pewenne (6.2.18) B Buge
NtD = Aexpli(KE—Qr)], Takoe uro F=|A|% Tlpeanonaraemas

¢bopma n'V apasercs pemenneM ypasuenus (6.2.18) npu ycnosmm,
YTO YROBJIETBOPSETCA AHCNCPCHOHHOE COOTHOIUEHHE
Q=—3ykK? + 221 4F, (6.2.19)

Bosspauascs x (6.2.1), BHAHM, 4TO C TOYHOCTBIO A0 NEPBOrO NOPAAKaA
10 ¢ CMelleHHe MOXXHO 3amHcaTbh B BHAe

n=2eA cos (xx — &), (6.2.20)
rae -
®= ek,
& =w + eKV +&%0. (6.2.21)

Bunro, uto Teneps yaoGuo monoxute A = 1/2. Hcenoasays (6.2.7) n
(6.2.11), HaxoAHM, UTO HMeEeT MECTO COOTHOIIeHHE

@ — l 2 9 g2

m=1- g (Ax) +T€W‘ (6.2.22)
KOTOpOEe COAEPIKHT AMNVIKTYAHYIO NONPaBKY NEPBOro MOPAAKA K AHC-
NepCHOHHOMY COOTHOWIEHHIO ANS BOJH Ha Boje [117].

6.3. HOHHO-3BYKOBHIE BOJNHbLI B NJASME # YPABHEHHE
KOPTEBETA — IIE ¢PH3A

PaccMOTpHM HOHHO-3BYKOBHIE BOJIHH, T. €. PAYKTYalHUH NMAOTHOCTH
HOHOB B JBYXKOMNOHEHTHOR NJlaame. B npoctoit ¢H3HueckoN uHTep-
NpeTauyuH, HOHb SBJSIOTCR HOCHTEJISMH HH3KOYACTOTHHX (AYKTYauu#
MJIOTHOCTH H CKOPOCTH BONH3H MOHHOM NJIa3MeHHOA YAaCTOTH, a 3JeK-
TPOHH, CJIeAys 3a ABHXXCHHEM HOHOB, COXPaHSIOT NPUGJIHIKEHHYIO Hefl-
TPaJbHOCTh JIOKAJbHOTO 3apaja. BHCOKOYACTOTHBIMH OJYKTyaUHAMH
BOJIH3H 3NEKTPOHHOR Naa3MeHHOM 4acTOTH Mu npeneGperaem. Ocros-
Hble YDaBHEHHA HMEIOT caenyowkR sug [103]:
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COXpaHEHHE MJIOTHOCTH HOHOB:

an "

SV Av)=0, 6.3.1)
rie A; ¥ v; CyTb YHCJOBAs INIOTHOCTb H CPeAHSI1 CKOPOCTb HOHOB CO-
OTBETCTBEHHO,;

COXpaHeHHe KOJIHYeCTBa ABH)XKeHHA HOHOB H 3JICKTDOHOB:
= dV( -
Aymy - =Zer [E — vV py,
(6.3.2)

- d =
nemc'z‘% = — efl,E — Vp,,

rfie me B m; CyTh MaccH 3JeKTPOHOB H HOHOB COOTBETCTBEHHO, —¢€ —
3apsAA 3NEKTPOHA, Ze — 3apfA HOHA.

[Ipennonaraercs, 4TO 3JEKTPOHHOE JAaBJeHHe YAOBRJETBOpsieT ypas-
HeHHIO COCTOSHHA p. = N.kT. Mn GyaeM paccMaTpHBaTh Ciyyad HU3-
koft Honno#t Temnepatypol (Ti <€ T.) n nonoxum T, = 0. Taxum obpa-
30M, NOAPa3yMeBaeTcCs, YTO COOTBETCTBYIONlee YPaBHEHHE COCTOSHHS
HOHOB HMeeT BHJ p; = 0. dnexrTpuueckoe noje E, ycranaBnusaloueecs
BCJIC/ICTBHE HENOJIHON HeATPaNBLHOCTH JIOKAJALHOTO 3apAja, yLOBJAETBO-
pfieT ypaBHEHHIO

V « E = 4ne(Z, — A,). (6.3.3)
Tok B njaasme onpeaneaseTcs COOTHOUIEHHEM
j=e(Zav; — ANv,). (6.3.4)

Mu GyaeM paccMaTpuBaTh TONBLKO CAydal OTCYTCTBHA TOKOB B Mias-
Me, caefoBaTeabHo, j = 0. Ilponssonuas no spemenu or (6.3.4) c uc-
noab3oBanHeM (6.3.2) maer

E+ - vp.=0, (6.3.5)

rne Mu npeneGperaeM uaeHOM (m./mi)Z%A;/f., MHOTO MEHbILUHM exH-
HHUN (me/m; = 10-3),

BeesieM Temepn Ge3apasmepHbie nepeMeHHHe x’ = x/L, 1’ = wot,
B=~FkT,Efel, n=#fi/n,, n.=r./Zny n u=vfogl, the L=
== (kT./4nZe*ny)"/* — pe6GaeBCKHA pafKYC 3NeKTPOHHOrO 3KPaHHPOBa-
HHA H ©p == (4nnoZ2%e?/m;)!/? — nounas naaamennas yacrora [103].
Is cayuas npoCTPAHCTBEHHOTO M3MEHEHHS TOJILKO B HANPaBJECHHU X
cucrema (6.3.1)—(6.3.3) ceoaurcs k caeaywiled:

57 + 52 () =0, (6.3.6a)
H+u=E, (6.3.68)
E+ 7“.%:_7= 0, (6.3.6¢)
0B

5? - ] — n.‘ (603-6‘1)
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Ipexcae yeM NpHCTYNHTbL K aHANH3y BO3MYlleHu# cucteMun {6.3.6),
3aMeTHM CHawajla, 4YTO B mNpefiefle NOJHOX HeATPa/nbHOCTH 3apsafa
(1. e. n=n.), ypaBrenus (6.3.6b) u (6.3.6¢c) maior

u ou 1 0n
Bt ud 2. (6.3.7)

Tenepr HMeHHO 3TO ypaBHeHHe M ypaBHeHHe (6.3.6a) noauocteio
ONHCHLIBAIOT ABH}KeHHe HOHOB. Pellledus 3toff napH ypaBHeHu#, Kak
M3BECTHO, XaPAKTEPH3YIOTCA BO3PACTaHHEM KPYTH3HH (POHTA HM-
nyJbCa H B KOHEYHOM HTOre o6pasoBanHeM yAapuofl Bonnm ([110],
paaa. 6.1). Kpome roro, u3 (6.3.7) M JHHeapu3oBaHHOH GOpMH
(6.3.6a) mMu Haxoaum, uTo MoAM Dypbe IR MJIOTHOCTH H CKOPOCTH
B BHAe

n=14 dne!*¥¥-ot) = fuel®'x'-0'"") (6.3.8)

MOTyT CYWIECTBOBATE TOJLKO B TOM caydae, Koria @’ = k', Takum
oGpa3oM, oTHOWIeHHe o' /k’, aBasalolleecs ¢a30BOf CKOPOCTbIO BOJH B
(6.3.8), B MHHeHHOM Npelesie He 3aBHCHT OT yacToTh. CJefoBaTeNbHO,
B 3TOM NpejeJe BONHH ABAAIOTCA HEJAHCNEPrHPYIOLIHMH.

Cefiuac Mbl BepHEMCs K NOJHOA CHCTeMe 4YeThipeX YypaBHeHBH
(6.3.6). Kak noka3ano HHXe, JHHeRHBII BapHaHT 3THX YpaBHEHHMH
NPHBOAHT TeNepb K pacnpocTpaHeHHIO BOJH ¢ Aucnepcheit. Kpome Toro,
BMecTO 06pa3oBaHHs YAAPHOH BOJHH MOXMET TMOABHTbCA CHMMETPHY-
Hull CTAUHOHAPHHIH NpoduAb NJOTHOCTH (OLHOCONHTOHHOE peuleHHe
ypaBHenus Koptescra — ge ®pusa). Mu cHOBa, ciefoBaTesbHO, Ha-
XOAuM, UTO 06pa3oBaHHe COJHTOHOB MOJHO paccMaTpHBaTh Kak pe-
3yabTaT 6ajaHca MeXAy YKpPYYeHHeM HMIyJjbca 6jarofapa HennHefi-
HHM 3GdeKTaM H ero pacnybiBaHHEM BCJEACTBHE AHCIEPCHH.

Ecau mMoam @ypoe (6.3.8), a Taxkike BhipaxeHHA

ne=1+ dn.et W~ E=bEe! K'¥'-u't) (6.3.9)

MOACTaBHTb B JHHeapu3oBaHHWA BapHawT ypaBHennit (6.3.6), moay-
YHTCA AMCTEPCHOHHOE COOTHOIUEHHE

Viem(o//kP=1— 0 (6.3.01)

Ina o €1 MOXHO NOJIb30BATHCA NPHOMHNKEHHHM COOTHOUIEHHEM
B = &' 4 ©%/2. Torna ¢asoBuil YjeH B KaXAOA H3 IKCMOHEHT NpH-
met BuR i[o (¥’ — ')+ 0’3x'/2). Kak B B pasa. 1.4, yaobuo smecTH
HOBbie He3aBHCHMHE NepeMeHHHe, BKJAoyaouine 3TOT 3¢ dexr aucnep-
cuu. Bonee aetanbHo stor Bonpoc 6yjAeT paccMaTpHBaThed B pasn. 6.5.
INonaras E=w'(¥—¢) u n==03x, HaxoAHM, YTO cCHCTEeMA
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(6.3.6a) —(6.3.6d) npmmM aet BRZ

ag =+ e (nu) + o ——(nu)—- (6.3.11a)
_mfi’i+mu[6§ + o7 "“] E, (6.3.11b)
o 0"e + @ 916.=_n£, (6.3.11c)
,as E |22 aE —n—n, (6.3.11d)

BBesem Tenepb passioxeHus TeopHH BO3MYLIEHHA
n,=1+4+a0"nM 4 0"n® 4 ...,
n==1-4 oM 4 @"n® 4 .
=0 4 o"uy® 4 ...,
E=aED 4 o'SE® 4 |

To, uT0 riasHble uieHH B pa3noxeHHd E H u JOMKHH MMeTb NAHHYIO

3aBHCHMOCTh OT @', OYeBHAHO W3 ypaBHenn#t (6.3.11c) u (6.3.11b) co-

oTBeTCTBEHHO. Tenepb onpeldesHM J[Ba BKJaja €CaMOro HH3KOrO IO-
psaaka B (6.3.11). YpaBHeHHA caMOro HH3KOro NOpPsjKa HMEIOT BHA

(6.3.12)

an'h du'? o
—_—— Pl —_ = F
at a ED,
o (6.3.13)

3t _ E(l). nal) — n(‘l) = 0;

3 HUX caeayer, yto n{) = n) =4, Tak Kak Huxe GYAyT paccMaTpu-
BaThCA TOJbKO CTALHOHApHBlE pelleHHA, MPOH3BOMbHON QYHKUHeHR OT
1) MHl npeuedperaeu B caenyiowem nopnm(e HaxXoAHM

E +
u(?) +u ) %‘r,: E( )
o . (6.3.14)
an onlV
i Aa:. = — n"EW — EO),
(1)

Hs sTax ypaBHeHHit Jierko noayuuts ypasHenne aas u(), Mw npuxo-
AuM K ypaBHeHH0 Kopresera — e dpusa

n m
_gn_+um ogg +1 6;4;, =0, (6.3.15)
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Benomunasn, wro utV = n) y posppamasch K pa3MepHHM NepeMeH-
HBIM, MOJIYYHM CTAlUHOHAapPHOE PelIeHHE

iy — g = 0 ngn® == 81 sech? (E5.2), (6.3.16)

rie 6n=1(3/2)co”ny B V= owol/(l1 —8n/3n) =~ woL (1 4+ 6n/3n,).
HuMeem Ttaxxke (L/D)?=(8n/6no) (1 —8n/3no)? =~ 8n/6n,. Us stux
COOTHOLIEHHA CHOBA NOJy4YaeM CTAHAAPTHHeE Pe3yJabTaTH TEOPHH CO-
JIUTOHOB — WIKPHHA cOAHTOHA (A D) yMeHbmIaerca c pocroM dn, a
CKOPOCTb COJNIHTOHA V pacter ¢ pocroM dn. Buuio nmoayueno 3kcmep-
MEHTaAbHOe TNOATBEPKAEHKE STHX Pe3yJbTaToB, a TaKXKe pacnajga MM-
nyasca, 10A06HOro TOMY, KOTOpnit H3o6paxeH Ha puc. 1.2 [58].

6.4. KNACCHUECKAA MOREJIb OJHOMEPHOR TEOPHH AHCJIOKALMA —
YPABHEHHE SINE-GORDON

Hekortopuie u3 sBaenufi, HabMiofaeMbX B CJl0e aTOMOB TBEPAOrO
TeJ1a, ONMHCHBAIOTCA KJAACCHYECKOA MOJAenablo, CocToslleR H3 UenoukH
YacTHLl, COCAHHEHHHX APYr ¢ APYroM npyxuHamu. Bausauue coceauux
cjoeB aToMOB (CyGecrpara) MOZe/HpYeTC MepHOAHYECKHM NOTEHIHa-
aoM. [Ipocredieli paBHoBecHoN cuTyauueh spisiercs Ta, B KoTopoh
B Ka¥Joff BnajHHe NOTEHLHaJla HaxoAuTcAd OAHA udacTHua. OnHako
fajsaHc NOTEHUHANBLHON SHEPrHH MEXNY 3Hepruefl NPyXKHH H 3Heprueft
NepHOAHYECKH MEHAIOLErocs NOTEeHUHANa MOXET NPHBOJAHTL K APYTHM
paBHOBecHBM KoHHrypauusm. B wacTHOCTH, KaxAas nocsepymoulas
YacTHNA LENOYKH MOXeT HAaXOAHTbCA BCe JAaJblile OT COOTBETCTBYIO-
Wweft BNafguHH noTeHuHana. Ha HekoTOpOM paccTOAHUH HeNOYKa MO-
eT OHTb PacTAHYTa (HJAM CXKaTa) Tak, YTO THCNO YACTHI MOXET GHTh
Ha OAHY MeHbuie (Hau Coablue) uucaa BnaauH. Takas xoHpurypauus
Ha3bHBAETCA OTPHUATENbHON (MOJOKHTENBHOR) RHCIOKALHER.

YTo6H NMOJHOCTHIO ONHCATh AWHAMHKY NENOYKH B paMKax Kjaacch-
YeCKOH MOJie/iH, PACCMOTPHM PSIA YACTHIL MacCHl /71, COEHHEHHBIX APYT
C JpPYroM AHHeHHHMH NPYXKHHAMH, NpPHUEM NOCTOAHHHE NPYKUH &
OJMHAKOBH. YacTHUH CKO/MB3AT NO CHHYCOHAANbHO roQpHPOBAHHOH
MOBepXHOCTH, TAK YTO MEPHOAHYECKHA NoTeHuHan obecneunBaercs CH-
saoit Taxectd. CBOAKA pe3yJbTaTOB NO CTaTHKE W AHHAMUKE TaKOM
MeXaHHYeCcKOA cHCTeMHB 6nJja fiaHa B cepHH cratefl dpanka u BaK jep
Mépse ([40], [41]); Mu Gyaem agech caeaoBaTh HX noaxony. O6cyx-
IeHue CBSI3H MOJeNny ¢ MAaKPOCKONHYeCKHMH CBOACTBAMH TBEpAOro Tena
MOXKHO HafiTH B paGorax [60] u {100].

TcomeTpus cucreMu nokasaHa Ha puc. 6.2. Huxe nepeuncnsiores
pa3fiHYHHE BeJHYHHH, BXOLALlHe B OnpefesfloliHe YPABHEHHS:

a =nepHox cybtpara,

b ==DNpPOMEXYTOK MeXAy YaCTHUAMH IENOYKH NpH HexedpoMHpOBaH-
HOM COCTOSIHHH COeARHAIOIUX MPYXKHR,

X, ==n0/N0XeHHE n-i YaCTHUH,

%, = nojoxenue n-fi Bnajuub = g (n 4 3/4),
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Xn = Xp — Xn == CMellleHHe n-K YacTHUH OTHOCHTENLHO n-H BNaju-
HH, Vg = nNoTeHUuaAbLHAs 3HEPrHa YaCTHL B NOJe TaXKecTH = mgh X

X Z (l -+ sin 2“:(" ) =mghz: (l — cos—z’;ﬁ).
Vi = noTeHuuansHas omeprus nedopmanu NPYXHHH ==

=3k Y Kat | = (X + O =1k 3 (X, +1— X —a+ 5.

B onpenenennsx Vg u Vi cymma Gepercs no BeeM 4acTHUAM UENOYKH.

2}k 7
z 6
5
1}- 3 :
2
1
0 1 1 | | 1 | 1
7 2 3 4 5 6 7 8

Pue. 6.2. Jlucaoxauus Ha LenouKe Mace, PacMONOKeHHHX B CHHYCOHAAMLHHIX Bra-
ZLHHAX,

Beona oGosnauenus § =x,fa, Py=af(b —a), W =2mgh u [;=
== ka?2W, HaXxOAKM, YTO NOJNHAN NOTeHUHaJbHas 3Heprua V == V4 V,
MoXeT GhITb 3anHcaHa B BHAe

V=WEY G —t—P5'f + W 2, (1 —cosnl,).  (B.4.1)

PasnuuHbie BO3MOXHBE DaBHOBeCHHle KOHQHIYpallHH Macc mnoJayya-
I0TCA NpPH pEelleHHH CHCTEMB ypaBHeHHA, BO3HHKaIOWHX, ecad AV /dt,
MPHHATL PABHBIM HYJIO. 3aMeuas, uTo Kaxaoe §, BcTpeuaercs B (6.4.1)
B ABYX COCEAHHX YJ€HAX NEPBOA CyMMHI, NONYYHM

av .
= 2w (X, — 2, +%,.,) +aWsin 2a8,=0. (6.4.2)
[Tostomy aonycTeMbie paBHOBecHbe KOH(HTYPauHH SBAAIOTCA pelte-
HHAMH YpaBHeHHHA
Cort — 2p + Loy = -;—, sin 2ng,. (6.4.3)
Q
TToyunTeasHO ReTaNbHO PACCMOTPETH NPOCTOE pelleHHE ITHX ypas-

uennii. Ecan sub6paTh no. ABa COCEAHHX 3HaueHHA AR Lo, H lo, H3
(6.4.3) ;erko nosnyyaloTca Apyrse cmellleHHs. B kavecTBe npumepa
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nofoXuM Lo =0 u Bubepem §; u I, tak, uto {2 = 1/2. Ilonarasa B

(6.4.3) p==1, Haxoaum, uto
L= < ys (6.4.4)
I n sin ng,

Ecau tenepr nonoxutb §) = 1/8, 10 (6.4.3) nmacr {3 =17/8, {+=1,

ts =9/8, e =3/2, {7 = 15/8 u 1. . Ha pnc. 6.2 npusesen rpadux

3THX PC3YABLTATOB, a TaKXe AWArpaMMa, NOKAa3hBAIOUIAf Pacnosoxe-

HHE MacC OTHOCHTE]bHO Bnague noreduuana. Ha paccrosuuu S5a ects

HECOBMAAeHHEe — YHC/IO MACC HA CAHHHLY MEHblle YHCJa BNaJHH.

ITpu MeAJleHHOM H3MEHEHHH § OT ONHOrO MNOJIOKEHHS K ApYroMy
MOXHO 3aMEHHTb NHUCKpPETHHE 3HaYeHHS §n, HelPephIBHO MEHSIOUHMCA
napameTpoM L(n) H BBecTH pa3dnoxerHe

d 1 d*
I A o = S

MoxHo 310 pasnoxenHe o6opBaTb NocJe BTOPOK NPOU3BOAHOM, Tak
KaK 3TOT YJeH JaeT MepBHA HeHCYe3aoWHA YJeH NPH MOJCTaHOBKE
Pa3HOCTHOTO BbIPaXKCHHUA B (643) TTonyuum

L . — sin 2n5. (6.4.5)

dn? 210

[TpH HHTErpHPOBAHHK 3TOrO BHPAXKEHHA NONE3HO NOHATHL cMbiea db/dn.
Tak kak
a4 xavi—*n __ Xnpy—Xn—a __ Xpti—Xn
d a a a

—1, (6.4.6)

Mbl BHAWM, 4TO d{/dn sBaserca Be/WUHHOH, Ha KOTOPYI0 H3MePeHHOE
B €AHHHLUAX @ PAcCTOSHHE MEXAY COCeJHHMH YaCTHIAMH HpeBHIaeT
enutuny. Ecan nonoxuts di/dn=¢ npu { =0, T. e. rae coceatue
MaCCH HaxoAsiTcA BO BNaJAMHAX NOTeHuHaNa cybcTpara, nepeHil HHTe-
rpan ypasuenus (6.4.5) npumer Bua

( )_ "‘;’;"”‘C. (6.4.7)

Yrobb paccMmoTpeTb NPOCTOfi npumep, NPeinofoxuM, 4to € == 0, Tak
YTO BAAJH OT AHCJOKAUHH YACTHLUH HAXOAATCA BO BnagHHax. Toraa

dat sin nf
o=y (6.4.8)

PacTaxense 1enoYkd (yMeHblieHHe NJIOTHOCTH) COOTBETCTBYET NOJIO-
XHUTeAbHOMY 3HaKy, H TOJNBKO 3TOT cJyuyafi MW GyfeM paccMaTpHBaTh.
Huterpupys u nosaras npoussoabdo §=1/2 npu n =0, noayuum
an/lo=In(tgat/2), unu

[= -:— arclg (envhs), (6.4.9)
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Tlostomy B o6GiacTH pa3mepom [, cmewmenne pacter ot O go 1. Taxum
o6pasom, B 310l 06JACTH YHCAO HACTHU HA €AHHHIY MeHbILie YHcJaa
BNauy B noteHuua’ne cybcrpata. Mu BuRHM, YTO /o ABASETCHA MepoH
NPOTAXEHHOCTH NMCJIOKALUHN B eAHHULAX 4.

M3 (6.4.1) nerko mony4udTh NOTEHUHANBHYIO DHEPTHIO, CBA3AHHYIO
C AHCJIOKAlHeH, 3aMeHsAA CYMMY NO AHCKPETHHM 3HaYeHHWAM [, HHTe-
rpanom no £(n) n ucnoawsys (6.4.9). Torga B npeznonoxenun 6ecko-
HEYHOH MPOTAMEHHOCTH HEeNOYKH MOXKHO 3aNHCaTh

V=0Ww §du -g%)z+—%W §dn(l—cos2n§)=

=W S dn sin? sy =2 (6.4.10)

Tenepp o6paTHMCS K pacCMOTPERHIO OBUNCEHUA YACTHL UEMOYKH.
Kuneruyeckas 3Heprua HENOoYKH pasua

Fm Y (G = ! ma? PN (A (6.4.11)

Torna narpanxuan L = T — V gaer ypaBeeHHe ABHXeHHs p-fi Maccu
B BHJeE

aL oL
=) —- 2= =0. 6.4.12
a%p ) atp ( )

Hcnonbays ans noTeHuuasnbHoi 3nepruu BupaxeHHe (6.4.1), uaxo-
JWM, 4TO

ma'l, + 2W (— Lpar + 20 — L) + aW sin 2nL,=0.  (6.4.13)

B HENpEepLIBHOM npenene, BBEAEHHOM Bhillie, 3TO YPDaBHE€HHE€ NPHHH-~
MaeT BHA

2 G2 2
G5 -+ o7 sin 25 =0, (6.4.14)

rae ¢ = ka®/m. Ecan BBeCTH Tenepb HOBYIO 3aBHCHMYIO NepeMeHHYI
¢ =2n{, a TaKXKe He3aBHCHMBbIe NepeMeHHHe u =nn/fly v v = nct/lya,
NONYYHTCA YpaBHEHHE

g—:‘:-—%;%=sin o, (6.4.15)

T. €. pacCMOTpeHHOoe B pa3a. 5.2 ypasuenue sine-Gordon. Tenmepb Mbr
BHJHM, UTO OJHOCONHTOHHOE pellieHuHe

o=4arctgem@-p0, m=(1 —p3)""? (6.4.16)

npusefienoe B (5.2.11), onuceiBaeT paBHOMepHOe nepeMelleHHe AHC-
NoxKauu, saBaemoii popmyaon (6.4.9).
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[Monnas sHeprua E, cBA3aHHana ¢ ABHXXYLUIHMCH MO MeNOYKe BO3-
myulenueM, papia E =T+ V. B HenpcpuiBHOM npelene 3T0 Bhipa-
JKeHHe NPHHAMAeT BHA

E—llgi an (20 + 1w § arn(—‘;%)2 +5 W {dn(1 — cos2t) =
= ’L'i S dudt (u, v), (6.4.17)
Tae

H=5 [(cu)2 + (0,)*] + (1 — cos ). (6.4.18)

Mu yxe Buean B pasf. 5.2, uto \ dudf =8m=8(1 —p?) %,

€C/iH ¢ JaeTcsi ONHOCONHTOHHHM pewenneM (6.4.16). CnenosarensHo,
CBSi3aHHAas C JABHXXEHHEM OJHOTO COJHTOH2 3HEpPrua pasHa E; =
== Eo(1 —p*)-'/2, rae Eo— sseprua rnoxos V, naHHas B BHIPayKEHHH
(6.4.10). Pe3aysnbTaThi MHOrOCOJHTOHHOrO PelIEHHR, O KOTOPHX mNa
peus B pasa. 5.2, MOTYT GHTb LENHKOM NEPEeHeceHnl Ha 3ITOT cayuad.

6.5. BbIBOP NMAPAMETPOB PA3JOXEHHA

Mu BCTpeTHAHCH C PAAOM NPHMEPOB, B KOTOPHX 3BOAIOUHOHHOE
vpaBHeHHe GbIO MOJNYYeHO ROC/e 3aMeHb NEPEMEeHHHX BHAA

t=e'(x—ct), T=2¢b, (6.5.1)

tae ¢ < | U A9 TNOCTOAHHEIX & H f} BHOPAaHH HEKOTOpLle 3HAYEHHA.
Ceiiuac Mbl PacCMOTPHM NPOCTOfl NpHMep, KOTOPHA AOJKEH NOMOYb
BHISACHHTb CBfI3b MEXLY NMOCTOAHHBIMH @ H f M NOJNYHAlOWUMCH 3BO-
JIOUHOHHBIM YypaBHeHHeM. DyaeM caemoBaTb MeTony, H3J0XKEHHOMY
B pabote Cy u lapanepa [106].

B kauccTBe NPOCTOr0 NMPHMCPA, KOTOPHH B COOTBETCTBYIOWIMX Mmpe-
Zenax MOXET NPHBONHTb K OAHOMY W3 [BYX HENHHEAHHIX 3BOJIOLHOH-
HbIX YypaBHEHHH, pacCMOTPHM BblyucjieHHss pa3s. 6.3, cBazanHbe c
HOHHO-3BYKOBLIMH BOJIHAMH, YYTS NpH 3TOM BA3KocTb. Ecin B onuca-
HHUe NBUIKEHHS MOHOB BKAIOYHTH (O6BEMHYIO) BA3KOCTD, WICH AaBJCHHSA
8 nepsoM H3 ypaBueuuht (6.3.2) samenurcas Ha p—(4/3)udv;/dx
(Yusem [117]). CHoBa nmpexnonaraeM MajJoCTb HOHHOA TeMnepaTyphl,
TaK 4to p; = 0. BBoaa Ge3spaaMmepHue nepeMeHHHE, HCNOAL30BAHHLE
B pa3a. 6.3, HafiaeM 4YTO ypaBHeHHe COXPaHEHHS KOJHYECTBa ABHKe-
HUA HOHOB NMPHHMMAST BHA

(2 +uds)=nE+820. (6.5.2)

rae 8 = 4u/(3mingwel?). Uto6H NOHATL CMHCA NapaMmeTpa §, MOXHO
3anHKCaTh Ming KaK MacCoOBYIO MJIOTHOCTh p; H 3aMEHIHTb wol Xapakre-



6.5. Bot6op napaserpos pasAomenus 195

pHCTHUecKOA ckopocTbio Up; TOrIa HMeeM

=4 v
d=Forr- (6.5.3)

B AnHaMHKe KUAKOCTH BeNHYHHA, 0OpaTHAas STOMY OTHOIUEHHIO, Ha-
auBaerca uxcaoM Pefinoanaca [12].

Yro6n nepenncath ueThpe ypasHenus (6.3.6) B obuiem Buae, pac-
cMotpensoM Cy u T'apanepoM, BBeieM cHayasa NOTEHUHANBHYIO QyHK-
uuio E = —,. Ilonaras ¢ =0 B paBHOBECHOM COCTOSIHHH, rjie n =1,
MOXHO npouurterpupoBath (6.3.6c) u noayuntp n, = e®. Tenepp 3anu-
meM (6.3.6d) B BHAE

F (nv L 2 Q’xx) =n—F— Q= 0. (65.4)

CootHowenna (6.3.6a) m (6.5.2), Bupaxkarouie COXPaHeHHe Macchi
H KONUYECTBA ABHXKEHHUS, MOXKHO OGBeIHHHTL B ypaBHeHHe

(nu); + (nu? 4 P), =0, (6.5.5)
rane
Pe=e® — L(q.) — du,. (6.5.6)

[Moanexawmne aHanu3y veTHpe ypaBHeHHS — 370 ypaBHeHHs (6.3.6a)
# (6.5.5) Bmecte ¢ (6.5.4) u (6.5.6).
BBeneM Tenepb passOXKeHUs TEOPHH BO3MYILEHHH
n=1+4+en"4en?+4 ...,
u=euV 4 eu®4 ..., (6.5.7}
=1V 4 eZp?P 4 ...
H PacCMOTPHM CHayaja TOJIbKG JHHeapH3OBaHHble ypaBHeHusa. Toraa

COXPAHEHHe MacChl M KOJHYECTBA JBHIKEHHSA BHIpaXaeTcs COOTBET-
CTBEHHO ypaBHEHHAMH

4 ul =0, uP+oh=0. (6.5.8)
Xora panHoe B (6.3.6) TouHoe sHHeapuU3OBaHHOE COOTHOLICHHE MEXAY
nM u @V umeer Bua V) =@ — ¢f}), MB paccMOTPHM MeTOA BO3MY-

IeHHA, B KOTOPOM HeJHHEHHOCTb, AHCCHAALHUA M AHCNEpcHs (ABa mo-
ciaefHux 3 deKTa BHPAKAIOTCA YieHaMH C NPOH3BOAHLIMH Bpoje @)
paccMarpuBalOTCA KakK BO3MylueHws. Takum o6pa3oMm, Mb npegnona-
raeM HajuHYHe JHHERAHOTO cooTHOWeHHa Mexay nV u ¢, 1. e. npocto
nh = @), Ml yBRANM Jallee, 4yTO Nocje BBEAEGHHN NPeoGpPa3oBaHHUA
koopauHat (6.5.1) unen @) neficTBUTe BHO BOMAET KaK monpaeka 6o-
Jlee BhicoKoro nopajka. Tenmepb muwl Haijem, uro n!" yaonersopser
JAHHEAHOMY BOJIHOBOMY ypaBHehnio nil)—nll'=0 u ananoruuno u‘®

B o,
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CocpeloTOYHM BHHMAaHHE HA pelleHHAXx Aas n'Y) TUna Gerymux
BOJIH H TIOJIOXKUM
nM=nt(x — cf). (6.5.9)

Tenepb paccMOTPHM MeTOA BO3MYIUIEHHA ANA ydeTa MOAu(HKauuuM pe-
IIeHHs, BHI3BAHHON HaJH4YHeM HeJMHefRocTef, AHCCHMALMH H RUCHep-
cun. [lpexnosiokum, 4YTO pelleHHe MEAJEHHO MEHAETCA B CHCTeMe
KOODAHHAT, ABHXYyLUeACA CO CKOPOCTbIO BOJHH ¢ (KOTOpPas B 3TOM
npHMepe paBHa exuHHuUE), B 4T0 al!) gBAsercs GyHKuUHell NepeMeHHHX
t u 71, BBedeHubix B (6.5.1). Toraa npousBosHHe CBA3aHH COOTHOLUlE-
HUSIMH ,

7;2;_.30-‘%-. Fa’——»eﬂ—a%——e"g (6.5.10)
# ypPABHEHHR COXPaHEHWA MACCH M KOJHYECTBA JBHMKEHHS NpeoGpa-
3YIOTCA COOTBETCTBEHHO. B YPABHEHUA

eP-%n, —m + (nu)y =0, (6.5.11a)
&b (nu), — (nu) + (nu? + Py =0. (6.5.11b)
TakuM o6pasoM, pasnoKeHue No BOIMYLUIEHHAM GyAeT BeCTHCh NO Ie-
JIOYHCIEHHBIM CTEHEHAM e, eC/iH NoNoXKUTb B —a = 1. Tenepb MoxHO
BHINKUCATb YeThipe ypaBHEHHS, NMOANCIKALlHEe HCCJACLOBAHHIO:
en, — ng -+ nug -+ ung =20,
enu, — nug + nuuy + Py =20,

1, ; 6.5.12
P=e? — - e () — deu,, ( )
F=n —e®+eg, =0.
¥YpaBrenuss nepBoro NOpsfKa HMEIOT BHA
— nél) + u(&n =0,
— uﬁ" + pg) =0, (6.5.13)

PO =¢gh, a0 —gh=0,

Tlocne HHTErPHPOBAHHA MEPBHX ABYX COOTHOUIEHHA HMeeM nAll)=—u(V==
=g’ = p"), Tlponssoabran ¢yukuua or { TyT or6polueHa, Tak Kak
HaC HHTEPECYIOT TOAbLKO T€ HMINYJbCHHE PELIEHHA, KOTOpHE MpH
£ — +o0 obpawaiorcs B Hyab. Ec/in B ypaBHeHHSX ANA BEAMYHH BTO-
poro nopsAka HCNOJAb3OBATh PaBEHCTBA ANA BEJAHYAH MEPBOro MOpsA-
Ka, MH NOJYYHM

n!'l) — n(? + 2"(‘)"(!“ + u?) = o’
n(‘l) -— ug) + P?) == 0’

PO = g %(,,m)e — de*~'n{h), (6.5.14)
F® = — g — _; (R + s =inl = 0.
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Tenepp K3 3THX ypaBHEHHR JIErKO NOJAYYHTb OAHO YypaBHelHHe, CO-
Repxaiuee toibko n). OHO uMeeT BHJ

1 1
nh 4 n“’ng“ ok det~'n{) + 5 e’“"n‘e‘g; =0, (6.5.15)

TloatoMy npu yuere BSSKOCTH, T. €. npH § %= 0, BKJIafl caMOr0 HU3KOro
NopsiAKa nojyyaercs Aas o == 1. Torga wieH ¢ TpeTbedl NPOU3BOAHON
uMeeT 6osiee BRICOKHA MOPAZOK, ¥ Mu HM npeHeGperaem. B stom cay-
Yyae MJIOTHOCTb YAOBJIETBOPAET YpPaBHEHHIO

1
nh 4 ,,u)ng) — 5.6,,&):0, (6.5.16)

sasnBaeMoMy ypaBnenneM Bioprepca (Vusem [117]). Xora y uero
HET COJIHTOHHBIX pelleHHil, 3TO HeJHHeHHOe IBOJIOLHOHHOE ypPaBHEHHE
ob6aafaer uHTepecHOl ucTtopHeil, n OHO 6yJeT CHOBA KpPaTKO PaccMmo-
TpeHo B rJ1. 8.

C apyroft cTOpPOHH, €c/iH NpeHeOpeyb 3QPekTaMH BAIKOCTH, T. €.
CuHTaTh, 4170 8 = 0, TO MoOnNpaBKa caMoro HH3koro nopsanka B (6.5.15)
nojyvaercs B cayyae a = 1/2. Toraa

1
n +"(”"(a” +.2.,,(‘l&=0, (6.5.17)

a 370 ecTh ypaBHeHue Kopresera — ne ®Ppusa. B o6oux cayuasx mu
BHAMM, YTO eCJH npeHebpeyb HeJNHHEHHOCTbIO H AHCCHNALHER HAH AHC-
nepcHef, TO BOCCTAHABAWBAeTCs HEBO3MYUICHHOE pelUeHHe, TaK Kak
TOrAa MH noayuuM n{) =0, tak uyro n")=n" (), kak B (6.5.9).

Bonee o6muii MaTpRYHBIA BapHaHT HCMOJb30OBAHHOTO 3/ieCh MeTOAa
MOXHO HafitTH B pabotax [108] u [78].
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TIPMNIOMKEHMSA I

B ra. 6 MB paccMOTpesH HeKOTOpHeE (QH3HYECKHE CHTYauHH, A%
ONMHCAHHA KOTOPHIX NPHUrOAHB HaHGoJee H3BECTHHIE CONMTOHHHIE ypaB-
HeHHst. DTH ypaBHEHHN MOIJIH GbTh 3aTeM pelleHH C MOMOILBIO METO-
0B, OMHCAHHbIx B8 NpeAblAyliux raasax. OLHAaKo NUHEAHLle ypaBHe-
BHA, HEOOXOAMMHE AN pelleHHs YKa3aHHLIMH METOAAMH, NPHXOIH-
0Cb BBOAHTb HECKOJIBKO HCKYCCTBeHHO, 6e3 kKakoro-au6o obocnosa-
HHA, NOCKOJbKY HX CBA3b C (PH3KUECKHMH COOOPaXKEHHAMH, NpHBOAS-
WHYMH K Pa3AHYHLIM HeJiHHeHHDIM 9BOJIIONUOHHHM ypDaBHeHHAM, Ona
#eoueBuAHOH. Cefluac Mbl PacCMOTPHM ABa NpHMEpa, B KOTOPHX ¢H-
3UYECKHE WM FreOMeTpHUYeCKHe coOOpaxeHnn Hal0T HE TOJbKO COJNIHTOH-
Hble ypABHENHR, HO H COOTBETCTBYIOIULHE HM JIHHEAHBIE YDaBHEHHS.

B nepBoM npuMepe peub HAET O ABHXEHWH BLOJb BHXPEBOA HHTH
ciiupadbHoil neriv B hopme HutH. HUuTh MOXHO ynono6uTs HennoCKoOl
KpHBOA B NpOCTPAHCTBE W, TakWM 00pa3oM, OMHCATb YPaBHEHHAMY
Ceppe — ®peinie, T. ¢. cHCTeMO AHHeRHHX AuddepeHtHanbHLIX ypaB-
HeHHHl, HAa KoTOpuX Ga3upyeTcs TeopHA HENJAOCKHX KpuBmx ([34],
{105]). B cBow ouepean ypaBuenusn Ceppe — ®pene Moryt OuiTh fe-
pemucaHnl B TOM e BHAe, 4TO H ypaBHenns 3axaposa — [llaGata aan
Merola o6paTHOil 3aRauu paccesaHus. B 3TOM npuMepe 3BOJIOUHOHHOE
ypaBHeHHe OKka3biBaeTca KyGuueckum ypashenuem Llpéaunrepa. OG-
CYyKA2€TCA KPAaTKO H CBA3b HEKOTOPHIX APYFHX COMUTOHHBIX ypaBHeHUf
CO CAHPANbHLIMH KPHBHIMH.

B1opo#i npumep Kacaercsa pacnpocTpaHEHHS CBETOBOTO HMNYyJbca
B atomHoli cpelle. [lokaswsaerca, yto ypaBHeHne Llipéaunrepa mas
MAEAIN3NPOBAHHLIX ATOMOB CPeibl CHOBA NPHBOAHT K JWHeAHMM ypas-
HeHHsim Meroaa 3axapoBa — llJab6ata ana obpartHoft 3agaun pacces-
uus. B npenene, ecau npenebpeub ABHIKEHHEM aTOMOB, 3TO ypaBHenue
cBOAUTCA K ypaBHeHuio sine-Gordon. OfHaKO €C/IH COXPAHKTH ABHIXKe-
RHE aTOMOB, MH 1I0/IYYHM NpPHMEpP pacNpOCTPaHEHHA COJNHTOHOB, KO-
TOpPOE B HEKOTOPHX OTHOLIEHHAX OKa3nBaeTcA Gonee OGLWIMM, HeM TO,
€ KOTOPbHIM Mbl OOBIYHO CTA/JIKHBAMHCh.

CoanTOH Ha BHXpPEBON HHUTH

PaccmoTpum  ABHMEHHE TPEXMEPHON H30AXPOBAHHOR BHXpeBOA
wutd. Ecu HHTb He HAeanbHO NpAMas, TO Ha Hell cka3bBaeTcs ABH-
KeHHe MHAKOCTH, BEHI3BaHHOe ee cOOCTBEHHO 3aBHXPEHHOCTLIO, U OHA
ABHKETCA, TAKHM O0pPa3oM, B HEKOTOPOM CMHBICJIE CaMOCOr/acOBaHHO.
Mu HauHeM ¢ KpaTkoro oGCyXAeHus NPHOMHKEHUN, HCAONb3YyeMbIX
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NpH 3aAaHHH OGLIMX THAPOAWHAMHUECKHX YpaBHEHHA 1aa paccMoTpe-
HHA 5TOR 3ajgauun. Mm Gyaem caemoBats Merody Datuenopa (([12],
<. 509).

7.1. CAMOHHAYLLHPOBAHHbIA BHXPb

BeKTop 3aBHXPEHHOCTH @ ONpeAeAdeTCA COOTHOWEHHeM o = VX u,
rie u— BEKTOp, 3aJa0lUKA noje cKopocTedl KHAKOCTH. Kak ykasusa-
Jioch B pas3f. 6.1, ans HeCXKUMAEMON KHUAKOCTH ypaBHeHHe COXPaHCHHA
macch cBofuTc K V-u = 0. Takum o6pa3oM, ypaBHEHHS, onpeaesio-
1He u, HMEIOT TOT JKe BHA, UTO ¥ YPaBHEHHS, ONPENENfOLIHe BEKTOp
MAarHuTHOrO 10/ B B MarHuTocTaTHKe, H MOTYT OHTDb PELICHB TEMH XKe
meTtoaamu. Ecan ¢ nomoutbio onpefesenns u = VX A BBeCTH BEKTOp-
BH# MOTEHUHaJ, TO NpH yciaoBuu V- A=0 (nuxe Gyaer nokasauo, 4yto
UMeeT MeCTO HMEHHO 3TOT chyyaft) moayunm

©=VXVXA=—VA. (7.1.1)

B Geckoneunom o6beme KHAKOCTH, e MOBEPXHOCTHHE WHTErpanH He
RAOT BKJAaja, peileHue 3TOro ypasueHus umeer Bua ([62], c. 141)

1 , o)
H NO3TOMY
u=yXA= Lgdar'—-—-—-—"""x""" (7.1.3)
== - T=rF . 1.

Yro6H yGeAuTbcA B TOM, 4TO OTCIORa caeayeT V-A = 0, samerum
CHayaha, yTo V/o = 0, Tak Kak o = V)X U4 H JuBepreHuus poTopa
TOXAECTBEHHO paBHa HyJIo. TakuM o6pa3om, uMeeM

VA= {erve v(i=mr) = —w {ave v (r=p7) =
=— V(7 5) = - | 8 e =0 (1)

HOCKOJILKY HET NOBEPXHOCTHHIX HHTErpasios.

Ecnn npeAnonoXuTb, 4TO 2aBHXPEHHOCTb OrpaHHuYena TpyOkok c
oW As10 NOnepeyHoro ceveHnss dA W BeJHUYHHA ee nonepek TPyGku
nocrosinHa, T0 ypasnenne (7.1.3) npHHuMaer BHA

R r—r)Xe 1 (r —r’) X 81
== n SdA_——II'—I"I' = —E!-SdA'MS_I':‘I‘_' (7.1.5)

rfie 81 — npupauleHHe AJHHE B HANPABJAEHHH HHTH.
Ilupkynauus BHXPA onpeaensercs $opmyJoh

I‘-_-Sv-ds=-Sva-ndS=S|0|dA, (7.1.6)
] S S

rae ds — npupalleHHe AOAHHB BAOJb KPHBOf, OKpyXKaioilleA BHXpeBYIO
Tpy6KYy, S — naomwaab TpyGkd BHYTpH KOHTYpa c. Takum obpasowm,
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ypaBuerne (7.1.5) npuuumaer Bua
I S (r =) X 81

u(r)=-— 4n fr—c' P

(7.1.7)
TAe HHTerpasn Gepercs BAOML BHXPEBOI JHHHY.

UYtobH onpesesinTb CaMOMHAYLUHPOBAHHOE ABHIKEHHE BHXPS, HYKHO
BBIYHCAHTD HHTerpas B (7.1.7) aas Touek nons BGAM3M Buxpsi. Ecan
Mbl MONBLITZEMCS PACCMOTPETb BHXPEBYIO HHTb KaK GECKOHEYHO TOHKYIO
KPHBYI0, TO MNO/NYYHM, YTO Pe3yJbTaT JOTapHPMHUECKH DPaCXOAUTCS.
Ecan 6paTh uuTerpan BAOAb HHTH A0 GECKOHEYHOCTH, MBI TaKkKe
CTOJIKHEMCS € JorapHdMUYecKoil pacXoAUMOCTDIO,

Pic. 7.1. CerMeHT BHXpeBOR HHTH.

Paccuorpnm KPHBOJIHHERRYI0 4aCTb HHTH W anNPOKCHMHPYeM ee
Ayro#t OKpYMXHOCTH. BeKTopn r K r’ noxa3aHn Ha pHc. 7.1. B kauectse
TPeX CAHHKHUYHBIX BEKTOPOB BHOHPAIOTCH BEKTOPH KacaTesabHOH t, HOp-
Maan n u 6uHopmanu b. BexTop mons r npeanonaraercs MannM, HO He
6ecikoHeq O MaanM. Ecan HUTD JeXHT B maockocth 1—2, xak noka-
33HO Ha PHCYHKE, TO

r'=xt4 x;n=Rtsin6 4 R(l —cosb)n, (7.1.8)

rae R — paauyc KpuBH3HN HHTH B Touke 0. Jaa Maanx 0 310 npu-
GNHXKEHHO PaBHO

r o It + 5 uln, (7.1.9)

rae {= RO u x=1/R ecTb KpUBH3HA HMTH. TOrZa C TOYHOCTLIO 10
nepBoro nopsjaka no xl

dr’ =81 = (t + xIn)dl. (7.1.10)
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3ateM HaxoaHM, YTO
(r—r)Xol= [x;,n + wlxgt — (x, + -;— ul’) b] dl. (7.1.11)
B6au3u AUTH MOXHO npeHe6peub BEAHMUYHHAMH X H X3 H HOJIYUHTb
(r—r) X 81 = — 5 xd®b dl. (7.1.12)
MoXHO TaKxXe 3anHcaTtb
Ir—r" P~r? 4B, (7.1.13)
rae r’ = x3 + x3. MH npeHeGperaH UNCHOM XXz, MANHM NO CPaBHEHHIO

c exuHuuedt, ¥ mpeanonoxuan, yto x! K 1. Tenepp (7.1.7) 3amuch-
Baercs B BHAE

¢ L
—_ I (=—(uwmd T _pa
== 47t S' (r’ [’)Sﬂ 4n (S' (” + 12)3/2 . (7. l. ]4)

Kak orMmeuajoch paHee, 3TOT pe3yJbTaT JOTrapHPMHUECKH PACXOAHTCA
npu r = 0. Mbl nosyyaeM JorapH(pMHYECKYI0 PACXOAHMOCTb H B Bepx-
Hem npepeae L. Hus L/r >> 1 HaxoauM, 4TO CKOPOCTb BOJAH3H BHXpR
paBHa

U b (m——— 1). (7.1.15)

TakuM 06pa3oM, CKOPOCTb B BHXpe HanpaBjeHa no GuHopMaan b u
DpONOPUHOHAJNbHA KPHBH3He HUTH. OTOXIECTBASieM Tenepb 3Ty CKO-
POCTb €O CKOPOCTbIO BHXpeBO#t HHTH. EcaH s — NNHHA, H3MepeHHAR
BAOJb HUTH, a X (s, {)— palRyC-BEeKTOpP TOYKH HHTH, TO

ax
u=2%. (7.1.16)

BBoAst HOBYIO BPEMEHHYIO KOODAHHATY

v=ti=(n2%-1),

umeeM GX/9¢' = xb. Bnpeap spems GyaeM M3MepATh STHM CHOCOGOM,
HO onyckas WTPHXH. TakuM 06pa3oM, ypaBHEHHe ABHIKEHHS HHTH
UMeeT BHA
)8
25 =xb. (7.1.17)
Cefivac MH BbiBeleM ypaBHeHue, onpejeasiouiee PopMy HHTH npH
TAKOM YPaBHEHHH ABHXKEHHS.
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7.2. ABHXEHHE HHTH

CMelleHHe pajinyca-BeKTOpa BAOJNbL HHTH JaeT eAHHHYHHA BEKTOP,
KacaTeJIbHbIl K KPHBO#; TakuM o6pasoM,

ax
W =t. (7.2.1)

Kak nokasalo B 3JieMEHTAPHBIX H3JN0MKeHHAX Teopun Kpusmx ([34],
¢. 16; [105], c. 29; [62], c. 278), KacaTeabHHH BEeKTOP H BEKTOPH b H
n (nXXb=1t) ynosaersopsior ypaBHeHnam Ceppe — ®Ppene

ts=xn,
ng=th — «t, (7.2.2)
by;=—1n,

rie % — KPHBH3HA, T— KPyuYeHHE KPHBOH, a MHIAEKC S O3HauaeT Aud-
¢$epeHUNPOBaAHHe N0 AJHHe KpHBOH. EcaM %X H T 3ajaHbl B Kaxnoh
TOYKE KPHBOH, TO ee popMa (C TOUHOCTbIO RO MOJIOKEHHA B MPOCTPaH-
CTBC) Ompejenfercs eAHHCTBEHHHM 06pa3oM.
Mbi cefiyac 6yneM celOBaTh H3JIOXKEHHUIO paboTH [51] # nokaxew,
3

YTO KOMIIIeKCHas BeauuHHA Y (s, §)=x(s, f)exp|i S ds’t(s’, t)], co-
0

AepiKautas Kak %, Tak H t (H, TakuM 06pa3oM, NOJHOCTbIO OMpeae-

ngouwas GopMy HHTH), yAOBJETBOPSAET YPaBHEHHIO

. 1
iy +‘pss+’2‘[ 1o+ AB}$==0, (7.2.3)
KOTOpPOe MOXeT tGHTb npeo6pa3oBaHO ¢ NMOMOUIBIO NOACTaHOBKH ¥ =
=1pexp[— if2 Sdt'A (t')] B KyGuueckoe ypasheune Llpéauurepa
0

(6.3.1).

Hac oco6cHHO uHTepecyeT HMMEHHO cBfi3b ypaBHeHuit Ceppe —
®pene (7.2.2) ¢ KybuyecknM ypaBHeHnueM LIIpénunrepa, nockoJibKy H3-
BeCTHO, 4TO YypaBHeHHs Ceppe — (dpeHe 3KBUBaJEHTHb YPaBHEHHIO
Pukkatu ([34], c. 25). Mu yxe Bugeau B pasi. 2.12, KaKk MOXKHO
npeo6pa3oBaTh ypaBHeHHe PHKKATH W NOJAYYHTb JHHeHHble ypaBHe-
HHSl TOrO THNA, KOTOPHE HCMOJb30BAJHCh NPH DEIICHHH HEJHHEHHBIX
3BOJIIOLHOHHLIX ypaBHeHHHA MerodaMn O6paTHOR 3ajlauH paccesHHs.
Tlostomy B RauHOA 3amaue 3TH ypaBHEHHS TNOABATCA €CTECTBEHHHM
o6pasom.

Urobbul yBHAeTb, OTKyAa OeperTcsi KOMNJNEKCHAs BeJHUMHA, YAOB-
JneTBopsoilas ypaBHeHuio LlIpémunrepa, 3anuuieM cHayana ABa mo-
cnexuux ypaBHeHus Ceppe — ®Ppene (7.2.2) B koMmniekcHoft ¢opme

(n 4 ib); + iv(n 4 ib)= — xt. (7.2.4)



7.2. deuxcenue Huru 203

Brogs
N = (n + ib) exp (z S ds’r). (7.2.5)
0
s
b =xnexp (i S ds'-r). (7.2.6)
0
OJIYUHM
= — Pt (7.2.7)
BmecTo (7.2.4), a nmepsoe u3 ypaBuennfi (7.2.2) MOXHO 3anKcaTb B BHAe
t, =%(¢‘N + $N°). (7.2.8)

3Be3nouka 03HAYaeT KOMIIEKCHO-COMPAXKEHHYIO BeJHYHHY.
[Tonyuum Temeph ypaBHeHHMs NMPOHU3BOAHBLIX No BpemeHH oT N u t.
M3 onpenenenns t umeem

t; =(X,); = Xs = (%b); =xb — »1n. (7.2.9)
Tak kak
%sb — xtn = Re [x; (b 4 in) + ixt (b + in)] =
= Re[i (%, + ixt)(n — ib)] =

= Re (i,N") == (W,N' — ¥N), (7.2.10)
TO NPOH3BOAHASA KaCaTeJbHOTrO BEKTOpa 0 BpEMEHH paBHa
t, =5 (%N — ¥;N). (7.2.11)

B ofuem cayyae npou3BoAxas no speMend or N npeacrasiser co-
6oit nuHeinyo komGunauuio N, N* u t. TTostomy MoxHO 3amHcaTb
N;=aN + N* + vt, (7.2.12)

rie o, f ¥ p AOMXKHH OuTb Haiifenn. V3 onpeaenenns N u oproro-
HaJbHOCTH Bektopos t, n u b jJerko Haxoaum, 4TO

N-N=t.N=0, N-N'=2 (7.2.13)
IMoacunrniBas npoussefenus (7.2.12) na N, N* u t, nonyunm
28=N.N, =5 (N-N);=0, (6.2.14)
a Takxe
2a=N*-N,. (7.2.15)

Takum o6pasoM, nonyuaeM
2(a+a’)=(N-N*), =0 (7.2.16)
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H, CJeAOBATEJbHO, HAXOAUM, UYTO & — YHCTO MHHMas Beauuuxa. [lo-
noxuM @ = iR, rae R peficrButensHo. Hakoren, Tak kak (N-t), =0,
TO

v=t-Ny=—N-t,=—2N-(3,N'—¥)N),  (7.2.17)

HAaH Y= — iP,. ATaK, MH OKOHYaTe/bHO MOAYyHaEM

N; =iRN — i} t. (7.2.18)
IMpoussogunan no spemenu ot (7.2.7) u no s or (7.2.18) naior
N,=+5%0N — 5 bo,N — ¥ t, (7.2.19)

Ny =N (iR, — 5 9.4") — 7 bbN' — #(R¥ + ¥.).  (7.2.20)

TIpupaBHMBasR KOMIIOHEHTH 3THX J[BYX BHIDaKeHHH, HAXOAHM, YTO

R, =(1/2) (¥"Y, + ¥¥;), nau

R=5[19F+A()], (7.2.21)
rae A(f) nossiserca B pe3yibTaTe HHTErPHPOBAHHA H
¥ — %, — IR =0. (7.2.22)
KoMmO6HHHPYS 3TH pe3yAbTaTH, NOJYUHM YpaBHEHHE
i%e + o+ [ 9P+ A(O] =0, (7.2.23)

KOTOPOE MOXHO NpHBECTH K KyGHuecKomy ypabhenuio IlIpéaunrepa
(5.3.1) ¢ nomownio npeobpa3opanus

¢
U= pexp [— + S dr’'A (t’)]. (7.2.24)

0

OZRHOCONUTOHHOE pelleHHe 3TOr0 ypaBHeHHs Owso gano B (5.3.13).
PaccmoTpuM ¢u3nueckufi CMBICA 3TOTO pellleRus B JaHHOM KOHTEKCTe.
CpaBHenHe 3Toro pewenus ¢ (7.2.6) u (7.2.24) nokasmBaer, 4To

»x == 4f sech [2B (s + 4a)],
T=— 2aq, (7.2.25)
A(l)=8(a®—pA)t.
Takum o6pa3oMm, pelieHHe NpeacTaBaseT cOGOf CHHPAJIbHYIO KPHBYIO
C NOCTOSHHBIM KpyueHHeM —2a H KPHUBH3HOH %, YMeHbllaiolliefica oT

MaKCHMaJbHOTO 3HauveHHs 4B B Touke s = —4at g0 0 npn s— 4-o00.
OTa eAuHHYHAR NMETAS COHPAJLHOrO ABH)KEHHA NepeMellaeTcs BAOAb
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BHXpeBOA JIHHHH €O CKopocTbio —4a = 21. Hrak, nopapox annun
Bo3MyuleHHs (2B)~' = 2/xmax. Ha puc. 7.2 nokasan npumep ¢ a ==

x
as
1))
-2 2 x
-a3 (6)
&
+1
L
_qf/-) @
$ t —f— T

-2 2

+-1

Puc. 7.2. (2) ®opma BHXPEBOA HHTH, COOTBETCTBYIOULAS OAHOCOJNHTOHHOMY peLIEHHIO
KyGuqeckoro ypabhenus Lllpénuurepa, v =1, »x = 2sechs. (6) [Ipoekuua xkpusof
Ha NJOCKOCTD &y). () Ipoekuna kpusofi Ha naockocty (x2). (C paapewenns Awme-
PHKBHCKOrO GH3HYECKOTrO HHCTHTYTA.)

=—1/2 u B=1/2. JonoanuTebHne PHCYHKH NpHBeAeHH B paboTte
51}.
[ ] 7.3. ©OPMA OLHOCOJHUTOHHOR HHTH

®opMy KPHBOM MOMXHO CUMTaTb MOJHOCTHIO ONpeAeseHHON, ecan
MH 3HaeM KOOPAHHATH paaHyca-BeKTOpa X(s, {) OTHOCHTE/JIBLHO HEKO-
TOPOH CHCTEMBl KOOPAHHAT. B npuHuune onpejesneHHe ITHX KOOPAH-
HaT NpH 3aJlaHHbIX KPHBH3HE W KPYUEHMH KaK (QYHKUHAX AJIHHBH AYTH
$ (1 BpeMeHH ! B HAHHOMA 3afaye) OTHOCHTCA K CTAHAAPTHBIM BHIYKC-
JICHHAM S7eMeHTapHOR Au(pdepeHuUNnaNbHON reOMETPHH, XOTH H Tpe-
Oyer peileHHA ypaBHeHHs PHkxaTtH, MH 3JeCb TOJBKO OmHuIeM B 06-
mWHBX 4epTax 3T0T MeToA. Bonee nosnoe o6GcyxaeHne 3Toro Bompoca
MOXHO Haiitn B [105] u [34].

OTHeceM KPHBYIO K NPSMOYTOJMbHOA CHCTEME KOOPAHHAT, OPHEHTH-
POBaHHOM TaK, YTOOH HEBO3MYLICHHHIE UYaCTH HHTH COBMaJanu ¢
ocbio 2. TpH CAMHHYHBIX BexTOpa MOryT GHTh NPEACTABJEHH B BHAE

t=if, +jl; + ks,
n=in; + jn, + kns, (7.3.1)
b = ib‘ + jbg + kbs.

Tak kak X; = t, umeeMm
s s s

x=Sl,ds. y=S¢,ds, z=St_-,ds. (7.3.2)
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Hauano koopAKHAT BHOHpaeTcs npoH3BoabHO. KoMnoHenTH kacarens-
HOTO BEeKTOPa OIpeJeNISIOTCA H3 pemleHHs ypasueHu# Ceppe — Ppene
(7.2.2) npu YCaAOBHAX £ — | NPH §— =00. ITH BeKTOPHHE AudPepeH-
1{Ha/ibHHIE YPBBHEHHS 3KBHBAJEHTHH TPEM CHCTeMaM CKaJspHBIX
ypasHeHU#

lig=nny,
Nigs= Tb( — Xt(, {= l, 2, 3, (7.3.3)
bis=— .

Kaxnas u3 >THX cucTeM HMeeT NepBblii Huterpan & -+4n?4b2=1.
Pesynbrarol crepennst ypasenui Ceppe — ®@pene K ypaBhenuio Puk-
KaTH 6blin cymMHpoBaHul Jfzenxaprom ([34], c. 25). Ceegenne ocHo-
BAaHO Ha TOM, YTO 3TH {IepBbie HHTCIPaJb MOTYT OHITb 3aNHCaHH B BHAE
npousseaenus ({4 in)(t —in)y=(1 —>b)(1 4+ b). (Mumekc i B nocse-
AYIOUUX 11peo6pa30BaHHAX H3JAHIIEH H OYyAeT ONyCcKaThCs, NOKa He
6yayT noJyuyeHbl OKOHYaTCALHbie pesysabraThl.) Ecian BeecTH dynkuun
@ H ¥ C NOMOLIbIO ONperesIeHHN

t4in 146

=T =T (7.3.4a)
1 o t—in __ 145
—';——‘P—l_b = T¥in’ (7.3.4b)
TO MOXHO NpPOCTO BHIPa3uTh £, n u b yepe3 ¢ K x. Haxonum
_1—ox —ltex ot
= o=y N=ig= b o—n" (7.3.5)

Onpencanm Tenepb AuddepenunanbHule ypaBHEHHS, KOTOPHM YHAOB-
JNeTBOPAIOT PYHKUHH @ H x. OHH IKBHBaNeHTHH ypaBHenuam Ceppe —
®pene (7.3.3). duddepenunpoBanue ypaesiennit (7.3.4a) u wncnosb-
3oBanue ypaBHeHhil Ceppe — dpeHe naer

®n — ixt + ith ™

ty+in t+in _
="y ta—pr =" 1=~ T=5 %=
. T (ib — on)
= — % +__i:-T—' (7.3.6)
Ha (7.3.4a) noayyum Taxxe
np=-5i[l +b—g*(1 —b)]. (7.3.7)

Hlckmouan n u3 nocaeauero paBencrsa (7.3.6), HaXOAUM, YTO. b TakKe
HCKJIO4AeTCA, H MBI NPHXOAHM K ypaBHeHHIO PuxkaTu

e+ g + 3 it (1 — ¢?) =0. (7.3.8)

Haxonum, uto % YROBJIETBOPAET TOMY XKeé CaMOMYy YPaBHEHHIO.
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CBOlKa TNPOCTHX CBOMCTB ypasHeHus PHkkaTh Opina AaHa B
pa3n. 2.12. B uacTHOCTH, O6llee pellieHHe BCErAa MOXKET OHTb NpeA-
CTaBJIeHO B BHJe

. P+ Q
%= eR+S”

rae Tenepb BOCCTAHOBJIEH HHAeKC i. Kaxaoe ¢; ABAAETCA MOCTOSIHHOH
HHTerpupoBanus, 1 Qyukunu P, Q, R u S (omnu n Te Xe L1d BCex
KOMIIOHEHT) cyTh PyHKuun s (4 { ). BhpaxkaTb KOMHOHEHTH Kacarelsb-
HOro BekTopa f; uepes P, Q, R u S — Aesio AOBOJIbHO A0JrOe; AETANLHO
9Ta npouefypa obbacHena B kuure [105]. Koneuno, B OKOHYATEJNbHOM
pesysbTaTe €CTb HeOJHO3HAYHOCTb, AONYCKaIOllas PAa3jIHYHbiE OPHEH-
TallHH KOOpPAMHaTHOM cucTemb. Kax nokasano B paborax no augpde-
PEHUHANLHOM reOMEeTPHH, OfHA H3 BO3MOXHOCTEH OPHEHTALHH MPHBO-
JHT K COOTHOILEHHAM

1=

(7.3.9)

P R — (Q*— SY

2r
__ i[Pr— R+ (Q'— 8]
ty= T . (7.3.10)
fa= RS — PQ
3 T .
rae
T=PS—QR. (7.3.11)

Uto6H A8 OAHOCOJHTOHHOM KPHBOH MOJYUHTH pyHxunu P, Q, R
H S, Mbl KOMKHB HaHTH obliee peureHue ypaBHeHHs Puxkkatu (7.3.8)
npy % =4fsech[28(s+4af)] u 1=—2a IloacranoBku E==
=2@(s+ 4at) u v=—a/p cBoanT ypasHeHHe (7.3.8) K ypaBHeHHIO,
paccMorpeHHoMY B ynp. 26 ra. 2. Tam xe npuBefenn ¢ynkuuu P, Q,
R u S, Bxopauue B oblice pelreHHe.

Ecau no stum pesyabratam, ucnoabdya (7.3.10), cocTaBHTb KOM-
MOHEHThl KacaTeJdbHOIO BEKTOpa, Mbl [OJIyYHM, YTO HHTerpanam (7.3.2)
NPHHHMAIOT BHA

s

x=St,ds=—-2hSdg-gg—-(sechgsinvg)=
0

I

0
— 2h sech s sin vs,

s 8
y—2h= S tyds = 2h S % 3‘35- (sech cosvE) = (7.3.12)
'] 0

I

2h (sech s cos vs — 1),
s

2=Slgds=s—hths,
(1]

rae h=[f(v*+ 1)]-'. D10 napamerpuueckoe npeiacrabieHxe OblI0
HCNONIh30BAHO MNPH NMOCTPOCHHH KPHBBIX HAa pHC. 7.2.
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7.4. APYTHE COJIHTOHHBIE YPABHEHHA

[Mpeaviayiinii npumep npuBea K Kybuyeckomy ypasueruio IlIpé-
Aunrepa 6sarofaps KOHKPETHOMY BLIDAX<EHHIO CKOPOCTH HM3MEHEHHs
pajuyca-BeKTOpa, a HMeHHO X: = xb. TO KOHKpeTHOe ABHXKEHHE NpH-
BEO B CBOI0 OYepeAb K COOTHOWeHUW t;=xb—xtn (7.2.9). Ecan
He BHOGHpaTb ckopocTh X: cmenuasJbHbiM 006pa3oM, a NpPOCTO B3ATh
o0llee BHIpaXKeHHe BHAA

t;=A'N 4 AN* 4 put, (7.4.1)
TO NOBTOpeHHe BblYHC/NeHHH, npuBogaunx K (7.2.18), nokasmBaer, uTo
Mbl AOMKHB moTpeboBath u =0 u A= —y/2, rae y — ko3pPpuuuenr

npu t B (7.2.12). Ilo-npexHeMy cnpaBeiJHBH H APYTHE paHee nOJy-
YeHHHC pe3yJbTaThi, 2 HMeHHO f =0 u a = iR. Ecan cnoBa npupas-
HATb ABe CMEMIaHHHe BTOpHle npoussosHnie oT N, MH Haifiaem, 4To

¥+ v — lR"P =0, (7.428)

I, . .,
Ri=5i(y$"—v'¥). (7.4.2b)
B npumepe, KOTOpHi#t npuBesn kK Ky6uuecKkoMy ypaBHeHuio LlIpéaun-
repa, Mb NONYUHAH P = —iPs. ITO COOTHOILEHHE AAN0 HHTEIpPHPyeMoe
ebipaxkenne Aas Rs. Ilpeanonaras apyrde uHterpupyemuie GopMbl mias

Y, MOXHO C ABHXXEHHEM HENVIOCKHX KPHBBIX CBA3aTb APYTHE 3BOJIO-
UHOHHLIe ypaBHeHHs. PaccMOTpMM ypaBHeHHe, KOTOPOE CJIeAYeT H3

BbiOopa
v =Fb + ik + avss, (7.4.3)

rae [— pedAcTBUTeNbHAA QYHKUHA, a R H a — AeHCTBHTENbHBE TNO-
cTosHHbie. TO Gosee obllee BupaxKeHHe ANA Rs CHOBA JIETKO HHTErpH-
pyeTcs, H MH [OJy4aeM

= — kI OP ++ia (VP — $9}) + T (©). (7.4.4)
TorAa 3BONIOUHOHHOE YpaBHeHue (7.4.2a) uMeeT BHA

By () + kb + abess + 5 k[P P O+
+yal Py, — g avty —iTp=0. (7.45)

Tenepn COCPeOTOYHM BHUMAaHHE HA 3BOJIIOUHOHHHX YDaBHEHHAX,
COlepKAUMUX TOALKO §, |P| H NPOH3BOZHHE OT P; NMOITOMY MHl HOJK-
Hbl HCKJlOUHTb 43 (7.4.5) uiaen \p"’\p;. Dro JNerko caenatbh, nojaaras
f=F(¢p, $*) u Tpebys, utobu Yaf/d¢p* = (1/2)ay?. Toraa, nockoabky
[ neficTBHTENbHO, HHTErpHPOBAHHE 3TOTO COOTHOWICHHA AaeT

f=galyl+e, (7.4.6)
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rAe ¢— nefiCTBHTeNbHA® NOCTOAHHAS, Temepb ypaBHeHHe AnA ¢ NpH-
1HMAeT BHA,

b+ 5 @l 0P e+ s+ s + Oy + o iR Y —iTH=0. (7.4.7)

3To 3BOMIOUUOHHOE YPaBHEHHE M CBA3aHHHE C HUM JIHHEAHHE ypaBHe-
HHSL TIPHBOZMTCH B COOTBETCTBHE €O CTAHAAPTHHIM BHAOM 3aMeHOR
u==(1/2)pe—:, [Tonyunsileecsi ypaBHEHHE IJA U COAEPKHT UJEHH
c u U us. KoapduumuenTol npu sTHX uneHax cytb i(cn —ikn?—an®—T)
u (c— 2kn — 3an?) coorsBercrenno. TakuM o6pa3oM, SBOJIOLHOHHOE
ypasHeHHe yrmpollaercs, ecid Mu BuGepem ¢ u I' Takum o6pa3som, uro-
6bl 3THX 4JIeHOB He 6u10. JINf 3TOrO HYXKHO, YTOOHI

¢ =2kn 4 3av?, (7.4.8)
I' = kn? + 2av?. (7.4.9)

Toraa 3BONIOUHOHHOE YpABHEHHE HMeeT BHI
u,+3A1u?lu, +iB| u? |u + iCuss + Duge; =0, (7.4.10)

rae A=2a, B=238an+*%), C=4k+3an u D==a. Buauxo, urto
Ko3¢¢HUHeHTH yAOBJeTBOpsiioT cooTHoweHuio AC = BD. 3soaio-
uHoHHoe ypasHenue (7.4.10) c aTuM orpanndeHHeM Ha Ko3pduuHenTH
Ha3nBaercs ypanHeHHeM Xupotn [53]. Ilpp A=D=0 (1. e. npu
a =0) oHo cBOAHTCA K KyOuueckoMy ypaBHeHHio LlIpénnnrepa, a npu
k+3an =0 (1. e. npu B=C =0)— x MOAUDHLUHPOBAHHOMY YypaB-
Henuio Kopresera — ae ®dpusa.

Jlunefinte ypaBHEHHA, CBS3aHHHe C ypaBHeHHeM XHPOTH, MOXHO
MONYYHTH, CNeAyA NMpoueAype, HCMOMb3oBaHHOfA B pa3f. 7.3. CHauana
JAHHeAHbIe BEKTODHWE ypaBHeHHA npeobpasyiotTcs B ypasHenHe Puk-
KaTH, KaK npu nonyvewuu (7.3.8), a 3atem 3to ypaBHenHe PHkkatH
upeo6pa3yeTcA K CTAHAAPTHHM JAHHEHHKM YypaBHeHHAM 3axapoBa —
llla6ara nas ob6paTHO# 3afauM paccesHHf, kak B pasi. 2.12. JIuuei-
Hble BEKTODHbIE YPaBHEHHS HMEIOT BHJ

Ns = wt’

to=5 (6N + $N) @410

N, =iRN -+ yt,
ty=— £ (v'N + yN°).

Kaxnas ua tpex komnoueut (7.4.11) u (7.4.12) oGaamaer mnepBuM
uarerpanoM suga |N|2+ £ =1, rie reneps N — ORHA H3 Tpex KOM-
nonent N, ¥ ananorwuHo aas £ Ecau nonoxuts N =u - iv u 3anu-
carb nepBufl uuterpan B Buae (44 v) (u—iv)=(1+¢)(1 —1), 1O

(7.4.12)
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HalAeM, YTO QYHKIIHH

p= _"lf_'t" (7.4.13)

- =Ll =g (7.4.14)

VAOBNETBOPAIOT ypaBHeHHAM Puxkatu

1 .. 1
s— g VP — 5 9=0,
1. | (7.4.15)
¢ —iRp + 5 V¢ + 5 v=0.
ITpoueaypa 3zmech Ta 3Ke, KOTOpas HCNOJb30BaJach NPH MOJYUEHHH
ypaBaenua Pukkatn (7.3.8).

Ecan nonoxuTte ¢ = w,/w,; 1 cnenoBaTb npoueaype, NpuMeHeHHORA
B pa3A. 2.12, MBl NOAYYHM JIHHe#Hble YpaBHEHHSA

1
Wys == 0} \l’wm

L (7.4.16)
Wy =— 5 bw

1. 1
wyy = 5 iRw, — 5 ywg,
1. 1 (7.4.17)
Wy == 3 YV w; — 7 iRw,.

HcnoassoBasnbie npu noayvenun (7.4.10) noacTaHoBku ¢ = 2ue™s, a
TaKXe v) = w,e~"M/2 3 vy = wye™*/? RAIOT AHHeHNe YPABHEHHA CTaH-
RapTHOro BHAa. B 4acTHoCcTH, npu n == 2{ HaXOAHMM, 4TO

U5 + L) = uv,,

Uge — iUy = — u°0, (7.4.18)
H
1
vy =7 iRv, — 5 ju,,
. - (7.4.19)
Uy =7 Yy u —5 iRo,
rae
y=ve ¥ =4(aluP -+ kf + 4al?) + 2 (k + 4at) u, + 2au,,,
=—2(k + 4at)| u ? + 2ia (u"us — uu;) + 4kE + 16a23. (7.4.20)
Ilpu a =0 n k2= —1 BuOBb nOAy4yaem ypasuenue lllpénunrepa (5.3.1)
H CBfi3aKHHLIE C HHM JIHHeHHble ypaBHenus (5.3.5), a AnA Ae#CTBH-
TeNbHOro u U a =1, k = —6% -— Moau¢uuHpOBaHHOE ypaBrerue Kop-

{gaegz;——zxe ®pusa (5.1.7) u coorBercTByollde JHHEAHME ypPaBHEHHS
.1.9).
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C noMoIpi0 ONMHCAaHHOTO 3Aechb B OOUIMX YEPTAX METOAA MOXHO
Takxe NOJY4HTb ypaBHeHHe sine-Gordon. IIpm paccMOTpeHHH KPHBBHIX
MIOCTOSIHHON KPHBH3HB! %o NMOJYYHM, UTO 1 =xgexp(io), rae o (s, )=

s

= S v(s’, {)ds’.Ecan Bmecto (7.4.3) ucnoab3oBath Takxe y = const =

]
==y, T0 (7.4.2b) naer Rs = ye*osin 6. Kpome Toro, (7.4.2a) ceoaunres
kK R =0, u nostomy yaosnerBopsier ypaBHeHHI sine-Gordon B Buae
Ost = Yo%p Sin o.

[ToyuuTenbHo TakXke paccMOTpeTb 3TOT NPHMEp, HE HCNOAb3ys
KOMINMEKCHHX o6Go3naueHuf. Tak Kak TpHaja eXHHHYHBIX BEKTOPOB
n, b u { IBHXeTcA Kak TBepXoe TeNo, TO 3aBHCHMOCTb 3THX BEKTOpPOB
OT BpeMeHK MOXCT GbiTh 3anucaHa B Buae [45]

t+QXt,
b, =Q Xb, (7.4.21)
n,=Q X n,

rae Q = ot + wb 4+ w;n. BoaMoxHa TakkKc COOTBETCTBYIOLLAA BeCK-
topunas ¢opma ypaBHeHRit Ceppc — ®dpene. Mol MOXeM 3anucath
ts=d Xt u tak manee, rae d— sextop [ap6y, d = 1t -} xb.

[TpupaBHHBasi cCMelIaHHHE NPOU3BOAHbIE ¢ ==ts;, bsr=by u
Nge == Ny5, MONYHHM

L) T,

of T Tgs 0%

at l¢)

5 —5"?* = — %Wy, (7.4.22)
o]

e = Ty — %O,

Ecau paccMaTpyBaTbh KPHBHE MOCTOAHHON KPUBH3HB, @ TaKXe TPH-
HATb ) = 0, MH HafjeM, YTO MOXHO NPOHWHTErPHPOBATh MepBoe K
TpeTbe M3 ypaBHeHHR (7.4.22) M noay4uTh ©;=c0S0, W3 =Sinc H
1=20,. Tenepb BrOpoe M3 ypasHeHui (7.4.22) npunHMaer BHA

Oy = — ¥ Sin 0. (7.4.23)

IlanbHeiillee pa3BUTHE 3THX reOMeTPHYECKHX COOGpa)keHHA GHAO BH-
noaneno JlakiiManaHoM [76] u Peitrepom [95].

Pacnpocrpaneuue KOTEPEHTHOr0 ONTHYECKOro HMNyasca

BoraThiM HCTOUHHKOM 3aAay O pacnpOCTPAaHEHHH HeJHHEHHHX BOJH
CJAYXKHT B3aHMOJENCTBHE HHTEHCHUBHOIO CBETOBOTO H3JYYeHHS C pas-
JMYHBMH BHAAaMH BellecTBa. YUTo6u BuAENHTh MHOTOUHCJIEHHbE THMH
AIBJICHH#, MOTYIUMX HMETb MeCTO, GbliM MpPCAJIOKEHH Pa3JHYHBE MO-
Henu aTOMHON cpeabi. B uacTHocTH, ec/iM 4acToTa CBETOBOW BOJIHH
MOYTH TOYHO PaBHA YaCTOTe ICPECXOAA MeXAy ABYMA 3aceieHHLIMH
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3HEPreTHYeCKHMH YPOBHSIMH aTOMOB BellleCTB3, TO MeXJAy CBETOM H
BEIHECTBOM MOXET MNPHCXOAHTb CHJbHOE PEe30HAHCHOe B3aHMOJAeH-
cTBHE.

IIpu TeopeTHuECKOM OMHCAHHH 3TOTO PE3OHAHCA YACTO MOXKHO mpe-
HeOpeyh BCeMH JAPYTHMH 3HEPreTHYECKHMH YPOBHAIMH aTOMOB M pac-
CMaTPHBaTh B3aWMOJeACTBHE CBeTa ¢ TAaK Ha3bBaeMbiM JBYyXYpOBHe-
BbiM aToMOM. KBaHTOBas TeopHs ABYXYPOBHEBOTO aTOMa OTHOCHTEJbHO
IpocTa, a pacCMOTPeHHe CBETOBOH BOJHH B PaMKax KJacCHYECKON
3JEKTPOAHHAMHKH NlaeT HOMNOJHHTeAbHOE ynpoulense. Takoe aonyue-
HHe ONMpaBAHBAETCA W3YHEHHEM IOYTH BCEX NpPOABJEHHA B3aHMOZeEH-
CTBHSi HHTEHCHBHBIX CBETOBHX MNYYKOB C arOMaMH. B paMkax 3THX

Hemoynux > Asyxyposnessie amoms >
Oaubarowad Q:ubawwas
oX0gHOZ0 OMXOGHO20
umnymea uMnyasca

Puc. 7.3. Cxema sKcnepHMeHT2 NO PAcNpOCTPAHEHAI0 ONTHICCKHX HMMYJbCOB.

yNpOLUEeHHA MOXHO NOJHOCTbIO PAacCMOTPETb PE30HAHCHOE B3aHMO-
HXeACTBHe HHTEHCHBHOTrO cBeTa ¢ BellecTBoM. Kak Mbl yBHAaum, onpe-
Jensollne ypaBHCHHA 3TOH TEOPETHYECKOH MOJAeNH NPHBOAAT K elle
OLHOM CHTYalHH, B KOTOPOR MOTYT NOSBHTHCA COJNHTORBI.

HHTeHcHBHOE HCCNeAOBaHHE CHJBLHOTO PE30OHAHCAa [MpHBeJAO K
Ha0/MIOAEHHIO COJHTOHHOTO MOBEAEHHA KaK B JKCIEPHMEHTAaX, TaK H
IPH YHCAEHHOM peUleHHH onpefeaslomux ypastueHudi (Mak-Koan u
Xan [82]). HononxutenpHble pe3yabTaTH OHIH NoJydeHH B paGorax
[92] u [44]. OddexT Ha3nBaeTcAs CaMOMHAYUHPOBAHHON INpo3pay-
HOCTBIO.

Ha puc. 7.3 nokasana 6J0K-cXxeMa THNHYHOH 3KCMEPUMEHTaJIbHON
ycranoBku. CBeTOBOH HMIyJibC 3apaHee 3aJlanHOH (OpMH BXOAHT B
o6s1acTh, COAEPIXKALLYI0 ABYXyPOBHEBbe aTOMB. MHB NpPEANONOKHUM, YTO
cpeloft AIBAAETCA a3, XOTA HEKOTOpHe 3IKCNepHMeHTH Ohiin mpose-
AeHBl Ha TBEPABLIX Tesax. 3aKafuMcs BOMPOCOM, KakoBa dopma 3toro
HAMOY/bCa NOCNE NPOXOXKAEHHA 4Yepea CpeAy NPH MOABJIEHHH €ro Ha
ApyroM Kosuie. Mu yBHAMM, 4TO oruGaiolias CBETOBOH BOJHH MOXKeT
BeCTH ce6A Kak CONHTOH.

Teopernyeckan MOAedb 3TOr0 mpouecca OocO6EHHO HHTEepecHa, No-
CKOJIBKY OHA [aeT He TOJbKO HeJHHefinbe 3BOJIOIHOHHLIE YPaBHEHHS,
obaanaiolilie CONHTOHHBIMH CBOACTBAMH, HO H JIHHeAHHE YypaBHEHHS,
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pelieHHs KOTOPHX NOJAYy4aioTcs MeTOAaMH OOGpaTHOR 3ajauu pacces-
HHA. TakuM 00pa3oM, HaM He HYXHO BBOAHTb HE3aBHCHMO JIHHeAHHE
YPaBHEHHA, XOTA 3TO MOXHO CleJaTh, YTO NMPHBEJO OH K JHHEAHHIM
YPaBHEHHSIM, HECKOJbKO 6osiee OOGUIHM, YeM Te, KOTOPbie BBOAHJIHCH
H3 QH3HYECKHX COOOpaXeHHH.

Koseuno, Bce TeopeTHuecKue MOAeNN HMEIOT CBOH OTPAaHHYEHHS, H
B JaHHOM cJlydae OJHHM H3 HEJOCTATKOB MO/eJH ABJAETCS OTCYTCTBHE
BHPOXAEHHHX ypoBHe#. XoTs ObiyI0 HaffeHO, YTO YHC/IEHHbIE PelleHus
ypaBHeHuii, NOAY4alOLUUXCH MPH BKJIOYEHHH B HHUX BHPOXAEHHBIX
yposiefl, 06GHapyKHBAIOT HHTepecHbie COJHTOHOMOJAOOHHE fABJEHUR
[32], aTH ypaBHeHHs eule He OuliM peuleHH HHKaKHMHM aHaJHTHYe-
CKHMH Meronamu. Bee xe oun 6ynyr Gersio paccMoTpeHH B pa3f. 7.13.

7.5. ONKCAHHE S3JIEKTPOMAIHHTHOIO NOJA

BeKTOpH 3/1eKTPOMAarHHTHOTO TNOAf, XapaKTEPH3YIOUHEe CBETOBYIO
BOJIHY, OIIHCHIBAIOTCH YPaBHEHHAMM Maxcae.rma, KOTOpHE MK 3amH-
meM B BuAe (cM., Hanpumep, [62])

VXE=—+12 (7.5.12)
VXB="%) 4222 (7.5.1b)
V- E=4np, (7.5.1¢c)
v-B=0, (7.5.1d)

rae D = E 4 4nP, P — nonapusauus cpeaH.

Tak kak peus MoAAeT O pacCHpOCTPaHEHHH B MPOCTPAHCTBEHHO OAHO-
POAHON, 3JNEKTPHYECKH HEATPaJbHON Ccpele, MOXHO IMOJOXKHTb p =
== f==0. EAHHCTBEHHHM HCTOUHHKKOM CBETOBOH BONHB B Cpele fAB-
Jasercst Toraa uJen nojaapusaund P. [Toaspusauns BO3HHKaeT BCJACH-
CTBHEe OTKJOHeHHA (OPMBH aTOMOB OT HAEaJbHON cdepHUcCKON CcHM-
MeTpHY, B TO BpeMsl KaK CaMoO OTKJOHEHHE SBJIAETC] CAECACTBHEM 3JIEK-
TPOMArHHTHOrO MOJS CBETOBOH BOMHW B cpede. MIMeHHO 3TO B3aumo-
neficTBHe CBETOBOMi BOJHB €O CPEAON BBOAMT B 3ajauy HeJHHed-
HocTb. CBeTOBasi BOJHA YAOBJETBOPACT BOJIHOBOMY YPaBHEHMIO, KOTO-
poe MOXHO MoAYyuHTb, Geps potop ot (7.5.1a) u ucnoabsys (7.5.1b).
IMoayyaem

VE —— SE. _ Az 0P (7.5.2)

Ecan ucnosbp3oBaTth onucanHylo Buiue 3aBucuMocts P ot E, ot 3To
ypaBHEHHe OKa3HBAETCA HENHHCAHMM.

Teneps COCpeNOTOYHM BHUMaHHe Ha pacnpocTpaHeRnu ¢poHTOB
IJIOCKKX BOJIH M Ha IJIOCKONOAspu3oBaHHOH BoJue. ITpu 3tom ynpo-
IleHHH JOCTHTHYTO Pa3yMHOE COOTBETCTBHE MEXAy TeopHcH u IKcme-
PHMERTOM, M B HACTOSILIHI MOMEHT YZOBJIETBOPHTENBHO MOXeT GHTH
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PACCMOTPEHO JIHUIb ONHOMEPHOE paclpOCTPaHeHHe COJHTOHOB. Tak
KaK UPONOJKHTENbHOCTh CBETOBOr0 HMMYJAbCa BapbHPYyeT OT HAaHO-
cekyna (10—° ¢) po nukocekyna (10-'2 c), a NpOAONKHTENBLHOCTL CBe-
TOBOTO WHHKJAA COCTABJASeT MO MOPSAKY Beawunus 10-15 ¢, to paxe
caMble KOPOTKHE HMIYJbChl COAEPXKAT MHOFO CBETOBHIX wWKJAOB. [lo-
3TOMY pa3yMHO 3anucaTth Beauunny noas E(x, f) B Bune GucTpo
ociuaaupyiouleit Gerylieil BoJHH ¢ Gojiee MeJIEHHO MEHsIOIeHCs OTH-
6atoleit. MOXKHO Takke HONYCTHTh MejJIeHHOe H3MeHeHHe (asn Hecy-
el BOJHH M 3aMHCaTh

E(x, )= & (x, t)cos [kx — of + @(x, 1)]. (7.5.3)

Meanennne nameHenus & u @ Ha macwtabax AJHHB H BPeMeHH O3Ha-
YaloT, 4To

o0& o0&

H a”anoruyno Aas @. OkasniBaercs, YTO NPHOJHIKEHHBlE ypaBHEHHs,
onperensiouine & H @, npolle, YeM BONHOBOe ypaBHeHue (7.5.2). Pac-
CMOTPHM CHauajla PeaKkuuio cpelibl Ha TAaKoe 3JIeKTPHYECKoe MOoJc.

7.6. AIBYXYPOBHEBbIR ATOM

Kak vnomuHajoch paHee, peub lofifler 06 HAeaNH3HPOBAaHHON cpe-
Ze, cocTosllell W3 aTOMOB, Y KOTOPHX €CTb TOJILKO ABA JHEpreTHye-
ckux yposH#. [Ipennoaaraercs, 4To pasHOCTb HePTHA MeXAY BEpXHHUM
YPOBHEM @ W HHXHHM b NpPHGJM3HTENBHO PABHA YACTOTE Najaloilero
caeTa ¢ == 25vo. TakuM 06pa3oM, NMpPeAnoNaraeTcs BHINOJHEHHBIM
ycaosie pesoHanca E; — Ep = howas = hwo, TAe A — MNOCTOAHHAS
Tlaanka, fenennas #a 2n. Toraa MoXXHO 3anMCaTh BONHOBYIO (YHKIHIO
aToMa B BHIe 3aBHCAllefl OT BPeMeHH JIMHeAHOA KOMOWHAaLWH HOPMH-
POBAHHBIX BOJIHOBBIX QYHKUUH 1415 ABYX YPOBHe#, T. e.

Y (r, ) =a(t) ¥, (r) + b(t) b (r), (7.6.1)

TIe S]\btl Pdv=1, a=a, b. Hopmuposka ¥ o3Hayaer, uTO
{vvar={1ordc={(avr+1omPar=tap+bE=1. (762

Pa3HocTb 3ace/leHHOCTeR AJISl np TAKHX aTOMOB B €NHHHYHOM O6beMe
pasHa

n=ny(§(apaP—1bb PYdr=no(laf—1bP).  (7.6.3)
BonnoBas (yHKUHA YAOBJIETBODPSET HeCTALHOHAPHOMY YypaBHEHHIO
Wlpéxunrepa

Hy=in2Y (7.6.4)
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rie npeAnojaraercs, YTO raMHAbTOHHaH H coaepxuT usen
~—(h*/2m)V?, onuCHIBAIOIUHE BHEIWIHIOWO TPAHCIALHMIO aToMa, died Hy,
ABNAIOINACA raMHJbTOHH2HOM cBOGOAHOrO aroMa, W uiaew H, =
= —d-E, nofBasoiKica BCJAeACTBHE B3aHMOAEHCTBHSA aToMa ¢ ma-
Aawuei cseToBofi BOJMHOA. 3Aech d-— JHNMOJBHEA MOMEHT oneparopa

Ans artoMa, d = —er, rje e— 3apsj 3JEKTPOHZ H T — BHYTpPEHHSsA
atoMHas koopiaunara. IIpexnonoxum, yro d napannenen E, tak uro
H;=-—dE. Torna noaspusauus aToma

p={v@va (7.6.5)

Ecau npeanonoxuTb, 4T0 y aTOMa HET NOCTOSIHHOTO JAHMMOJBLHOTO MO-
MEHTa, TaK 4TO Sd-np.,rtp.,=0, a==a, b, T0 (7.6.5) cBoauTCA K Cae-
AylollleMy COOTHOMIEHHIO:

p=po(a’b +b'a), (7.6.6)
rae

po=—e S diprp, = —e S dvi,ré,.

Ypasuenne [llpéannrepa moxer 6uTb npeo6pa3oBaHO K nape ypae-
HeHuA Ansa aMmiautyR a(f) u b(¢) npu HCNOJABL30OBAaHHH CBOMCTBA OPTO-
TOHAJIbHOCTH, OGHIYHO NPOSBJAAEMOro BOJHOBHIMH (PYHKUHAMH, T. e.

S\p;ipb dtv=2,,. YmHoxkas (7.6.4) Ha g, HHTETPHPYH 1O BceMy Npo-
CTPAHCTBY H 3aTeM NOBTOPAS TY Ke NPOUEAYPY AIA Ps, NOJYUHM
a; + iva=—iVb, (7.6.7a)
by + ioyh = — iVa, (7.6.7h)

rae 0 = Eq/h, @p=Ep/h 1 V=—-poE(x, t)/h. Tlone E(x, t)— 3710
nojie B MecTe HaxoxX/JAeHHs aTtoMa. Tak KaK aTOMHbIe CKOPOCTH MHOTO
MeHbllle CKOPOCTH CBeTa, 3TO pasjinyHe npeHeGpe:KMMo MaJjlo, 3a
HCKJIOYeHneM GLICTPO MeHsowuXcs $a3oBbHX YAeHOB. ITOT BONPOC BO-
Bcell ero noJiHoTe 3J4echb OGCYXAaThC He OyfeT, NMOCKOJBLKY 3TO 3a-
HANO OBl CAMIIKOM MHOTO MecTa; cM. [82], [67]. Has artoMma, ABHXY-
1erocst ¢0 CKOPOCTbIO U, MK BBOAHM raJjiujieeBy KOOPAHMHATY Xg H Ja-
60paTOPHYIO KOOPAHHATY X;, CBA3AHHbIE COOTHOILEHHEM X; == Xg - vf.
Toraa noae B atome jpaercst popmyJoi

E(xp, t)= & (x, ) cos [k (x, + vt) — ot + @(x, 1)]. (7.6.8)

Pa3asuyne Mexay KOOPAHHATaMH NpHeGPEKHMO MaJo M MeLTeHHO
MCHSAIOIINXCA aMMAHTYAR & H $asn @, HO 418 GLICTPO MeHsouielca
4acTH (a3n OHO BBOAHT AONJEpPOBCKOe cMellleHHe Aw = kv. Ecau Mu
nosoxum B (7.6.7)

a = iv, exp[— io, (t — x /c) + it Aw/2],

b= vsexp[— iwy (t — xfc) — it Aof2] (7.6.9)
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W NPEANOJIOKHM, UTO HHTEHCHBHOCTb NOJefl, reHepHPYeMHX Ha BTOPOfi
rapMOHHKe 2w, ROCTATOYHO MaJja, TaK YTO HMH MOXHO npeHeGpeusb,
Mbl NOJAYYHM

o
2k

v+ ";' iAoy, = e'®g,, 7.6.10)
7.6.

1.
Uy — 5 i A0y =— % e~leg,,

TakuM 06pa3oM, HAXOAHM, YTO U; H Uz YAOBJETBOPAIOT ypaBHEHHSAM
TOro TUNa, KOTOpu# 6ba HCMONL30BaH B MeTofe 3axapona — llla6Gara
Aas obpaTHOR 3aAauH, C TOU TOALKO paSHuyed, 4TO nepemennne npo-
CTPAHCTBA U 8PEMEHU NOMEHAAUCH MECTaMU.

Ycaosue HOpMHPOBKH (7.6.2) npunumaer Buf |vi|2+|vg|2=1, u
HOPMHDOBaHHAsl Pa3HOCTb MJIOTHOCTH 3acesieHHOCTH J¥ =n/n, paBHa

”=IU|I2—102I2. (7.6.11)

Cornacio (7.6.6), noasphH3auus aToMa C AOMJEPOBCKHM cMelle-
HHeM Aw NpUHHUMAET BHEK

p==p, {__ ivage“’ (t—x‘/c)-—l Awt + .. .}.
3anmucusas @ = kx; — ot 4 @, RaX0AUM, 4TO
p=po(€ cos D + & sin ©), (7.6.12)

rae $yHKuMH ¥ u & (orubaioiine nOASPH3IANHH) AAIOTCH COOTHOLIE-
HUAMH

% (Ao, x, t) = i (v1v3e—'® — vV]v.e'®),

Z (A, x, t) = — (viv3e~1® +} v]v:e'®), (7.6.13)
Buano, uto y nonspu3anui, HHAYUHPOBAHHOA B aTOMe CBETOBOM BOJI-
HOfl, eCTb KOMMOHEHTa C aMMAHTYAOR po¥, Raxoaslascs B dase c
3/eKTPHUECKHM IOJIeM CBETOBOH BOAHBI, H KOMIOHEHTa C aMNJAWTYAOR
po?, dasa xortopoli cmeueHa Ha 90° oTHOCHTENbHO ¢a3n CBeTOBOW
BO/MHb. KOMNOHEHTH noaspH3auvd ¥ u & CPaBHHMH N[O NPOAOJIKH-
TEJIBHOCTH C MeAJeHHO MeHAouelica orubaoniefd 3J4eKTPHYECKOro
noan &(x, t).

7.7. YPABHEHHA MOJEJH

Tak Kak aToMH pacnpejeseHn MO CKOPOCTSIM, €CTh COOTBETCTBYIO-
ee pacnpefeseHde 1no cMmemenusm 4actor Aeo. Ecan ny— uucao aro-
MOB B eRHHHLE 06beMa H pacnpegeseHne NO CMeIEHHAM 4acToT (cKo-
poctaM) 3anaerca dyuxkunelt g(Aw), To NONHAA MONAPH3AUHA Ha elH-
HHUY o6bema ecThb

P(x, t)=n, S d (Aw) g (A0) p (A, x, {)=

=ny(p (Ao, x, 1)), (7.7.1)
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Jlomansle CKOGKH { ) HCNOAB3YIOTCst AN OGO3HAUEHHS BeJAHYHHMI,
ycpeaHeHnoft no pacnpefiesienuio g (Aw). Pyrkunsa g(Aw) gacro npex-
nonaraercsa rayccosofi; npumep ee 6yaer paccmorper B (7.11.9). Unen,.
COOTBETCTBYIOIUMA KCTOYHHKY B BOJIHOBOM YypaBHeHHH (7.5.2), saB-
JfeTcA BTOPOR NPOH3BOXHOA 3TOr0 BHPaXKEHHA MR NONAPHIAUHH.
IlpeneGperasg MeAJieHHON 3aBHCHUMOCTbIO OT BpeMeHH B (PYHKUUSAX Oru-
Gapollnx @ B P, nMeeM

-~ — 0P = — nw} S d(Aw) g (Aw) (% cos ® + P sin @) (7.7.2)

Ecnn nopcrasute none E(x, t) B Buze (7.5.3) B ypaBuenue (7.5.2) n
npenebpeus BTOPHIMH NPOH3BOXHBIMYH MEAJEHHO MEHSIOUHXCA BEJIHYHR
& u @, 2 TaxkKe NPOU3BEAECHUAMH BHAA & (@i, MH MOJYUHM, 4TO KOI(-
¢uuneT npH unenax cos® u sin @ cOOTBETCTBEHHO YAOBAETBOPAIOT:
‘YpaBHEHHAM

S+ ¢ 3% = 2nny00py (P (A, , 1)), (7.7.3a)
a
& (5% +cT2) = 2nneope @ (A0, x, 1) (7.7.3b)
S1H ypaBHEeHHA MOXHO 3alHCaTb B KoMiulekcHoR dopme

G+ o 5r) (B =2mnopy (7 + ENew.  (1.7.4)

Ypasuekns (7.7.3) uan (7.7.4) HyXHO peiuaTb COBMECTHO C ypaBHe-
HHAMH Anq U, H Uy (7.6.10). C ncnons3oBanneM onpeneneunst (7.6.13).
STH NMOCJAeAHHe ypaBHeHHR AaloT ¥ u &. Bosiee yno6HoR Ans HekOTO--
pHX Lenell NpoueRypol ABAAETCA HENOCPEACTBEHHOE NOJIyYeHHe ypae-
HeHHR AN BpeMeHHOM 3aBHcuMocTH dyukunin P u €. Huddeperuupys.
(7.6.13) n (7.6.11), nonyunM ypaBHeHHS

P =LA +(80 +9) ¥, (7.7.50)
Hy=—2T g, (7.7.5b)
€ =—(0+9)2, (7.7.5¢)

KOTOpHeE YacTo Ha3uBaloT ypaBHennamn Baoxa [16] '). Caeayer orme-

THTb nofobHe ypasxenut Bioxa u ypaprenn#t Ceppe — dpene,
Hurepecer uwacTHufi caywait ypaewenust (7.7.3) n (7.7.5). Ecam

g(Ao)— vetHasn, a ¥ (Ao, x, t)— HeueTHas PYHKUHH Aw, TO HCTOYHHK

')} MNpu noayuennn (7.7.5) mu npeneGperar sddexTaMn CTONKHOBEHER, NPHBOAR-
IWHX K 32aTYXaHHIO B YJeHAX MONADHU3AUHH W 3aceneHHOCTH. EcH BKJANTHTL CTOAKMHO-
BeHHA, JeBble 4acTH ypaBHeHHR (7.7.5) samensiores na P+ P[Ty, S+ (£ —1)T,
u @+ ¥/Ty coorBercTBenno, rae T — BpeMs CTOJNKHOBEHHR AJA CTOJAKHOBHTELHOR
penakcaunn H Ty (o6muno Ty € T)) — Bpems cTOAKHOBellHA AAR cOHBAOMKX a3y
cronkrosenufi [6].
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@ B (7.7.3b) pasen Hymio. TakuM 06pa3oM, MOKHO paccMaTpHBaTh 3a-
L44H PacnpOCTPAHCHHA, IAe HeT udMeneHuil da3n. Ilpocredimnii npu-
Mep 3TOTO cJAyyash NOJYYHTCA NpPH npeHebpexeHuy JBHXKEHHEM aTo-
MOB, KOrfa onpenensiioniHe ypaBHeHHA MOryT GHTh CBelleHbl K ypaB-
Heruio sine-Gordon. Cefiuac MH pacCMOTPHM 3TOT cJay4ail.

7.8. HENOABW)XHBUE ATOMDBI — NPENEJ SINE-GORDON

HexatouaeMm TpaHCASAUHOHHOE JBUKEHHE aTOMOB, BBOAS 8-DYHKUHIO
Iupaka n sanucuBan g(Aw)=5(Aw). U3 (7.7.5c) Buaiuo, uto ecan
nonoxnts € (0, x, 0) paBHoil Hyma0, oHa octanerca HyjeM. Beoas
HOBYIO 3aBHCHMYIO NMepPeMeHHYI0

& =p,&/n (7.8.1)

C Pa3MepHOCTbI0 4YACTOTH, HAXOAHM, HTO ONpeAeaAI0llHe YpaBHEHHS
HUMEIOT BHI

%’ + c%il—_- Q29 (0, x, 1), (7.8.2a)
0P ~3
2 =8 (7.8.2b)
%4:1= — &9, (7.8.2¢)
TAC
2
Q2 — 2"";"’0”_0 (7.8.3)

¥ OYHKUHH A H P BHIUHCASIOTCA NMPH HYJ€BOM CABHre dactot. Jlsa
NOC/eAHHX yparHeHHA B (7.8.2) uMmeloT nepBHit uuTerpan A2+ 92 =
== ], TaK 4TO MOXXHO 3amHCaTb

P=4sino, A ==%coso, (7.8.4)
a TaKxe
&F=2. (7.8.5)

t
3anucusas o(x, t) = S dt'& (x, 1), Tak uTo O(X, —00) obpamaerca B

-00

HYJb, MW BHAHM, 4TO0 A (0, x, —~0)= 1. 3TOT npeaen OTHOCHTCA K
COCTOSIHHIO CHCTEMB OO NPUXOAa UMNyJabca. BepxuHit 3HAK cOOTBeT-
ctByeT N = (na — np)/ne = <1, 4TO OTHOCHTCA K CAYYAI0 H3HAYAAD-
HOH MHBEPCHOM 3aCENeHHOCTH HepreTHUeckuX yposued. Toraa wa mpo-
XOAAUIYIO Yepe3 CpeAy CBETOBYIO BOMHY cpefa MeACTBYeT KaK YCHJH-
Teab. HHXHuU 3Hak GepeTcs, KOrda aTOMbl cpeAbl HAXOXATCA Ha HHXK-
HeM ypoBHe. Kak MH yYBHAMM HHIKe, TOJbKO B 3TOM NOCJAERHEM cayuae
BO3MOXHO PacnpocTpaHeHHe YCTOAYHBOrO COJIHTOHA.
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Beoasa npeo6pasoBanue KOOpAKHAT

E=Qux/c, v=Q(— x/c), (7.8.6)
o3Hausawuee, 410
2 ') 2 Qrad a

HAaX0AHM, YTO NEPBOE U3 ypaBHeHH#A (7.8.2) npHHHMaeT BUA ypaBHeHuA
sine-Gordon
d%c

For — + sino, (7.8.8)

rle HHXHHA 3HAK OTHOCHTCA K YCHAHTENIO, 2 BepXHHA — K aTTeHy-
aropy, ecan o(x, —oo)=10. Kak MW yBHAUM HHXKe, MOJYYEHHbEC B
rJ. 5 MHOTOCOIMTOHHHIE pelleHHA ypaBHeHus sine-Gordon B AaHHOM
KOHTEKCTe HMeIOT NPOCTOA pu3nyeckHA cMbICA.

Paccmorpnm cHawana ycTOAMHBOCTb OLHOCO/IMTOHHOrO pelleHHs
o =4 arctg[exp(at = £/a)], rae Bepxunii (umHKHHA) 3HAK Gepercs
npH BepXHeM (HHXHeM) 3HaKe B ypaBHeHHu sine-Gordon (7.8.8). Bu-
paxesHoe 4epe3 Oe3pasMepHyl0 NepeMeHHYI0 3JAEKTPHYECKOro mno.Js

u=_&/I (7.8.9)
STO NocCJaeAHEC YpaBHEHHE MOxKerT ObLITh 3aNHCAHO B BHlE
Ou/d% = + sin o. (7.8.10)

B6au3sn 3apuero ¢poura uMnysabca (1. €. NpH {-» 400} o npuHHMaeT
00

BHJ, S dvu(E, T), 4TO MOXHO pPaccMaTpuBaTh Kak MIOWAAb MOX MPo-
-00

¢Gunem umnyasca. [IAs OAHOCOJNHTOHHOTO pelIEHHA 3TOT HHTerpaj pa-

Ben 2n. [l0o3TOMy OZHOCONHMTOHHOE pCLUCHHE 4acTO HA3HLIBAIOT 2n-uM-

nyascoM. Ecav niomass nmoa MMnyabcOM HECKOAbLKO Goabtue 2m1, Tak.

4710 0 = 2n 4 &, TO

S =tsin@rte=ze. (7.8.11).

Ins Bepxuero 3Haka, COOTBETCTBYIOLIEro yCHJaHTeN0, du/0t > 0, yrto
NPUBOAMT K AaJNbHEAIIEMY YBeJHYEHHIO NIOLWLAAH, B TO BpeMsA Kak AJA
aTTeHyaropa (HHXHHH 3HaK) Ou/df <0 ¥ o yMeHbluiaerca A0 2m.
AHanOrHYHO, NPH ¢ == 27 — & NJOWaAbL pacTeT O 27 AN aTTeHyaTopa
H YXOHAHT OT 21 AJA ycuauteas. CrleloBaTeNbHO, AJAOWAAb 27-HM-
MysibCa YCTOHYHBA TOJbKO B aTTEHyaTope, TakK YTO TOJLKO B 3TOM CJY-
yae MOXHO OXHAATb MOABAEHHA coauToHa. [lanbHeRiliee noHHManHe
YCTOHYKHBOCTH NJIOMIAAY MOXHO MOJYYHTb, PACCMATPHBAR ABHXY LIHECS:
arombl, 4TO GyAeT CAeNAHO B CjeAyiollleM pasfene.
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Hannune cONHTOHHHX $IBJCHHA NPH B3aHMOAEACTBHH KOrepeHTHOR
CBETOBOH BOJIHB ¢ [ABYXYPOBHEBEIMH aTOMaMHK IOHRThb Jerko. Eciau
NepBOHAYAJIbHO aTOMbI HAXOAATCA B HH)KHEM aTOMHOM COCTOSIHHH, Ne-
pedHHl (POHT CBEeTOBOrO HMMNYJbCa NPHBOAHT K HHBEDCHH 3aCeieH-
HOCTH H, TAKHM 06pa3om, ocaabnnercs, B TO BpeMA Kak 3aJHHA QPOHT
BO3BPALLAET aTOMbl B NEPBOHAUYAABbHOE COCTOSHHE C IOMOWBIO CTHMY-
JIIPOBAHHOTO H3JiydeHHs. JTOT HPOLECC MOXET PeajiH30BaTbCfl TOJAbKO
B TOM CJyyae, eciin o6e HHBEPCHH NPOHCXOAAT AO TOTO, Kak aToOM
CMOXeT MCNbITaTh CTOJKHOBEHHe, NPHBOAsALlee K moTepe (a3oBoll Ko-
FCPEHTHOCTH AaTOMHBIX BOJIHOBHIX (YHKUHA # najaioliei cBeTOBO#
BOAHB. MMnyiasc nonxken takke 6biTh AOCTATOYHO MHTEHCHBHBIM A5
MHBEPCHH 3aCe/IEHHOCTH, HHa4ye OH NpocTo ocaabiaseTca Takum obpa-
30M, KaK MOXHO OblIOo OB OXHIATh AJS pacnpocTpaseHHs caaboro
cHrHaja B arreHyartope. Ecan ycs0BHS npoilecca BRIIOJHEHH, TO OKa-
3LIBAETCH, YTO (KaK NOKa3asHo B KoHUe pa3a. 7.10) ycranasaubaercs
CTAllHOHAPHLIH NPOOHAL UMNYJbca ¥ UTO Orubaiollas 3TOr0 HMmyJbca
pacnpocTpaHfercss 3ateM 0e3 3aTyXaHHR CO CKOPOCTbIO, HA HECKOJbKO
1OpAAKOB MeHbLIeH Ha30BOH CKOPOCTH CBeTa B cpefe.

[Tpoduab cTauHOHAPHOrO JMEKTPHUECKOrO NOJs, BO3AEHCTBYIOUIEro
Ha 3Ty HHBEPCHW, sBJsieTC NpodHAeM OAHOCONHTOHHOTO pPeLIEHHSA
ypaBHeHus sine-Gordon jgns  arreHyaTopa, a HMEHHO O =
= 4 arcig[exp(at — t/a)]. IIpodpuab noas umeer BHA

3’=—”,‘16’=Q%‘1’_—=%sech[—t—:x—m]. (7.8.12)

Tp

rae t,,——-(aQ.)'l H
1 1 !
1= (1 + ). (7.8.13)

Ecan naomaanr uMnyabca MHoro Gosblue 2n, HHBEPCHA 3ace.1eH-
HOCTH MOXET NPOHCXOAMTb noBTOpHO. Kaxkzasa o6nacTb Hmnysbea,
BCTPeyaollanca co cpeflod, HAXOAALIEHCS B OCHOBHOM COCTOSIHUH, OY-
JeT ocnabaaTbest, a Kaxaas 064acTb HMNyabca, B3aHMoAeficTByoias
¢ UHBEPCHO 3acesieHHOM cpellol, GyfeT YCHAHBATLCA. MOXHO 0XHAATD,
YTO NO Mepe TOro, KaK 3TOT Npouecc NonepeMeHHOro yCHAEHHA H 3aTy-
XaHHA GyleT npOAONIKATbCA, HMINyabc paculenurcA. Pacnaa Ha aBa
COJINTOHA TNPHBOAUT K NpoduisaM noJs, NoRoOHHIM npoduiaam Ha
puc. 1.2. ApankTudeckoe BHpPaXKeHHC JJS 3TOTO pellleHHA nosyuaercs
N3 ABYXCOJHMTOHHOro pemtenus (5.2.37).

B nauHoO#t 3amave HrpaloT posib H OCUHANATOPHLIE PELUEHHs THNA
TeX, KOTOpHle mpelcTaBjJeHH Ha pHc. 5.2. mnyascw ¢ oTtpuuartens-
HHMH 3HauYeHHAMH & JAONMYCTHMBbI, TAK KAaK OTPHUATEJbHHE 3HAYEHHR
& MOXHO HHTEPNPETHPOBATb Kax H3MeHeHHe Ha x ¢asm Hecyllei
BOJARHN HMMOyJAbca. 3Ta HHTEPNPETAUHA COrJacyeTCR C ypaBHEHHEM
(7.7.3b), xoTopoe NOKa3nBaeT, YTO e€ciH & CTPEMHTCA K HYyJI0, TO
MOXHO O0XHAATh, YTO (a3a MeHseTCA AOCTAaTOYHO OucTpo. IMosuas
NJIOWAAb NOJA OCIHJANATOPHHIMH HMNYJLCAMH, NOAOGHHMH TeM, YTO
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naiores Qopmysnoft (5.2.19), pasna S & di = (py/h) {o(x, )+ o(x,

— ©0)], 4 OHK MOryT, TAKHM O6pa30M, CUHTATHECA HMIIYJLCAMH C HyJc-
BOR MJIOWIAZBIO.

Haxkouen, ynomsaneM ycuautens, Kak ykasniBajoch BHile, B 3TOM
ciyuyae COAMTOH HeycToiuuB. HekoTophe BaxHoie 4epThl YCHJCHHA
KOTEPeHTHHIX ONTHYECKHX HMOYA6COB ONHCHIBAIOTCA PEILEHUAMH CO-
BeplieHHO MHOro Tuna. COOTBETCTBYIOLIHM peLIeHHEM SABJAAETCA aBTO-
MOJeJIbHOE pellenHe, onHcanHoe B pasfa. 5.2. [lpoduas uMnyabca no-
Ka3aH Ha puc. 5.5, 6. 13 puc. 5.5, a u 8, BuAHO, 4TO ¢(00)— @ (—00) =
=g, H pelleHHe 4acTO HA3HBAETCS N-UMOYJAbCOM. DTO pelrenkHe Gyaer
CHOBa paccMOTpeHo B pasa. 7.11.

7.9. ABH)KYUIHECA ATOMbI H TEOPEMA MJIOWAJLER

PesyabTatl pasn. 7.8 [AeMOHCTPHPYIOT CYLUECTBEHHbIE HeJHHEH-
HOCTH PacnpoCTPAHEHH KOTEPEHTHOro ONTHYECKOrO HMIMYAbCa B HX
npocreiiwei gopme. Tak kak onpegeasioliee ypaBHeHHe ABASeTCA
ypaBHenueM sine-Gordon, To 3ajaya MoxeT GbTb noApobHO npoana-
JIN3HPOBaHA C NOMOILIbIO M3BECTHHX (ONHCaHHBIX B pasi. 5.2) peuwe-
HH# 3TOrO ypasHeHHs. MoOXXHO Tak)Ke BBECTH COOTBETCTBYIOILHE JH-
HeiiHble ypaBHeHHS, KaK 3T0 OHJO CxenaHo B pasi. 5.2, w nepeiltd K
aHanau3y oO6paTHOH 3ala4H paccesHHs.

Pacnpoctpanenue Teopun Ha ciyyaft JBHKYUIHXCS aTOMOB M nepe-
MeHHOR ¢a3nt obecneysBacT NaJjbHelinice YTOYHEHHE, NMPHBOAsIICe K
60Jjiee y0BAETBOPHTEALHOMY COrJIACHIO MEXAY TCOPHEeH W 3KCnepuMeH-
ToM. Kpome Toro, ¢ nossnenuem B ypaBHenusx (7.6.9) wu (7.7.5) na-
pamerpa paccTpoAKH Aw, ypaBHeHHs, OnNHCHIBawOWHe (GH3HKY 3ajaul,
CaMH yXe HMMEIOT BHJ, KOTOPHA MOXHO NPOAHAJIHIHPOBATH METOLOM
o6paTHOR 3afauH. ITO CHTyalLHs, aHAJIOTHYHAA ONHCaHHOA B pa3d. 7.4
AN COHDPAJAbHHIX KPHBHX. B 3TOH CBA3H csaeayeT OTMETHThL nogoGHe
MeXAy ypaBHeHHaMn Baoxa (7.7.5) u ckanspHOf ‘KoMnoHeHTo#t ypas-
uenunt Ceppe — ®pene (7.3.3).

B sToMm pa3gene Mu yureM napaMmerp paccTpoitkn Aw, HO NMO-nNpex-
Hemy GyReM npeHeOperaTb MeRJIeHHHMH H3MEHEHHSIMH ¢dasn ¢(x, f).
Sror nocaenuuft unaeH GyaeT paccMOTpeH 8 CJeayiollleM pasfene NpH
BBeJleHHH GoJiee obluero Meroaa oGpaTHoft 3afaYn PaccesHH.

Ilpexxge uem u3ywaTh npoduaH UMNYJLCOB, MOJY4YHM GYeHb Npo-
CTOe COOTHOWeHHEe, MOKa3nBalolllee, KaK PacNPOCTPaHeHHe HMIMYyJbca
B aTTEHyaTOpPax H B YCHJAHTEJNAX BJIHAET HA NOJHYI0 NJOLAAbL NOA
HMIIYJIbCOM, ONPEJEIEHHYIO BHpaKeHHeM

o(x)=20 S dt& (x, t). (7.9.1)

Pesynbrat, nasuBaeMulii Teopemofi miowmagefi, raetr obillee APeACTaB-
JieHHe O MHOTHX 4YepTax 3TOro mpouecca [82].
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Teopema naowased MoxeT Guitb moayuena u3 (7.7.3a). Hurerpa-
Pyf MO BpeMeHH, NOJAYUHM

%2_=_2:m:m—cm§ Sdl Sd(Aw)g(Am)g’(Am, x ). (7.9.2)

[Tepenuitem noawiHTErpasbHOE BHIpAaXKEeHHE, 3aMETHB CHa4ana, 4To H3
(7.7.5a) u (7.7.5¢c) MOXHO NOJYYHTb

S eitet (P 4 i) = eld £ (Mo, x, ) & (x, 1). (7.9.3)

Mul OnATH NONOXKHAM PABHBLIM HYJIO YaeH @(x, ¢), NOCKOJNbKY, Kak
yKa3wBaJoch pavee, M npeHeGperaeM uaMeHeHHsAMH ¢a3ul. Fhrerpu-
poBanue (7.9.3) u pasjenienue AefCTBHTENbHOA H MHHMO# uacTelt Raer

t
P(Ao, x, t)= Sdz'é?(x, ) K (Ao, x, f)cosAa(f —F).  (7.9.4)

Ecan noacraBuTh 3T0 BHpaXkeHne ana & B (7.9.2) H noMeHsaTh nops-
JIOK MHTerpupoBanus no f u ¢/, uTo norpebyer yKasaHHOrO H3MeHEHHS
npeaesos, Mh noJiyinm

do 2nn P8 ¢ < -
=t Laru, vy { dba)g(8a) & (x, )X

-0 -0

X K (A, x, ')\ dt cosAo{t — ). (7.9.5)

e g

TMoxacrasasas B nocienHuii uHTerpan t=t¢—1 H BCNOMHHAA, YTO
o«

nb(Ao))=S dv cos Aoz, HAXOAHM
0
40  2n’ngegoag (0) C x
= S dr& (x, 1) X, x, '), (7.9.6)
T. €. H3MeHCHHe MJIOIMAaZ¥ NMPOHUCXOAUT TOJBKO 33 CYET Pe30HAHCHHX
atoMoB. Buipaxeuusn aas A (0, x,~t) 4 u(x, ) OBAH -NONyYeHH B
pasa. 7.8, rae 6u0 HaitgeHo, uro & = 90/, a Takxe K (0, x, t)=

= 4 ¢05 6. C 3THMH mpeAcTaBJeHHAMH HHTerpaa (7.9.6) moxer GHThb
BBIYHC/IEH, H MbH liMeeM

a9 1 —+ ycuaurens,
4x =k gacoss, artenyatop, (7.9.7)
rae
4n°n@gpag (0)

o= —LEN (7.9.8)
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QusnyecKH# CMBICH NOCTOSIHHOA o CJAEAyeT HeNoCPeACTBEHHO H3
JMHeapH3OBAHHOTO BapHaHTa ypaBueunit (7.9.7), B KoTopoM sin@ 3a-
mensietrca Ha 8. Toraa BuAHO, YTO MUOULaJb PACTET HJIH YMEHbLIAeTCs
Ha xapakTepHoil aauHe a~'. B npeaeae, xoraa g(Aw) npespamiaercs B
6-pyHKUHMIO, TAK YTO BOCCTaHaBNuBaercs mpefes sine-Gordon, MH Ha-
xoauM, uto g(0) cTaHOBHTCA O6ecKOHeyHOH, 3 XapaKTEpPHCTHYECKas
IAJHHA CTPEMHUTCH K HYJIO.

Pewenue ypasuenna (7.9.7), ynosaerBopsiollice YCnoBHIO 6 = 8
NpH X = Xo, HMECT BHA

8 (3=t (Dew[x(e—n] 39
H cXeMaTHYeCKH H306pakero Ha puc. 7.4.
9
—\
———————————— n >——
= —3n ———
\
B 2] = T —
~———x
i 1 t 1 .ng [
-2 -7 4] ! 2

Puc. 7.4. Teopema naowagei — rpadgux pemenns suaa (7.9.9). (C paspewenns Awme-
PHKARCKOro (hH3HYECKOro HHCTHTYTA.)

Tak kak ypaBuenue (7.9.7) cosepiKuT ABa 3HaKa, 3T0 PaKTHHECKH
ABa pa3anyHbiX AuddepeHuHaNbHHNX ypaBHeHus. [lBa peuleHns 3THX
VPaBHeHHA MOXHO YBHAeTb Ha PHC. 7.4: €CJH YHTaTb JAHarpaMmy
CHpaBa HaJeBO, TG MOJYYHTCA pelieHHe ANA 3HAKA NJIOC (YCHJIHTENb),
ecay cJeBa HanmpaBo — AJAA 3Haka MHHyc (arreHyarop). CiuemoBa-
TeJIbHO, B YCHJHTEJE GeCKOHEUHO MaJjas njowanb 6yne'r BO3pacTaThb
RO 7, a B aTTeHyaTope Jio6as NACIIaAb MeHblle nt 6yler yOHBaTh 10
Hyasa. TOT BTOPOA Pe3yJbTaT AONYCKAaeT He TOJbKO XOPOIIO H3BECTHOE
3aTyXaHHe pachpoCTPAHSIOUIErocs B aTTeHyaTope HMIYJbCa, HO Tak-
e H 3BOJIOUHIO €ro B HEHYJeBOH HMIYJbC C HyJeBOA NIOLAAbIO, T. €.
HMOYJABC, AJMY KOTOPOro moJIHasi IJollakb Noj orubaioule# paBHa
HYJIIO, HO NJIOWAAb NOA 3Heprued WMmmyabca (~&?) He paBHa HYJIO.
310 BO3MOXHO, KOrjza mNJAOLIAAH IIOR TOJOXHTEJbHHIMH YYaCTKAMH
oruGaloineii HMNYJIbCa PABHH MJOLIARAM NMOA OTPHLATENBHBIMH Y4acT-
KkaMH. Kak yKa3snBaJoch BHIIe, YYacTKH C NOJIOXKHTENbHOA H OTPHUA-
TeNAbHOA orubaloulesi — 370 npocTo 06aacTH, B KOTOPHX y Hecyliei
BOJHH OTHOCHTE/MbHAs pasHocTh a3 paBHa 180°. B artenyarope mio-
WAaAH HavYaJbHBIX HMAYJbCOB B MHTEepBaje OT x A0 3t GyAyT 3BOJIO-
ILHOHHPOBAaThb B CTAUHOHAPHHA 2R-HMNYALC CAMOHMHAYUHPOBAHHON
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npo3pauHocTH. Ha pHCYHKe HOKa3aHO TaKke, YTO B YCHJAHTesJe 2%-HM-
NMyJAbC HEYCTOYHB M OyleT 3BOJNIOLUHOHHPOBATHL JH60 B ;-, AHGO B
3n-BMNYyJbC.

Puc. 7.4 OTHOCHTCA TOJIBKO K ROJNROA MJIOAAH HMNyAbCa W He AaeT
HHKaKOA HHOOPMALHH HH O BO3MOXHOM pacnaje HMNyJbCa Ha ABa
HJIH Gojlee HMIYJIbCOB TOH XXe MOJIHOH NJOWLARH, HH O TOM, OyAeT JH
HEeNMpepLBHO YCHJIHBAIOIIHACA J-UMINYJALC COXPAHATL MJOLIAAbL 7 MO-
CPEJACTBOM CYXKEeHHS HMIyJbCa HJR Xe NOCPEACTBOM Pa3BHTHA OTPH-
HaTeJbHBIX YYacTKOB oruGarouef.

7.10. PEIMEHHE METOINOM OGBPATHOR 3ALNAYH

Ypapueuus (7.6.9) mna ABYXypOBHEBOTO aTOMa MOXHO peUIHTHb
MeTOAOM o6GpaTHOM 3aRaud AJAs cHcTeMH 3axapoBa — IllaGara. 3rot
MeTOA B HecKo/lbko Gosee o6uielt rnocranoBke GyAeT KPaTKO H3NOMeH
B pasa. 7.12. 3aech MH ncnoab3yem MeToA o6paTHOft 3axavH AN ypas-
Hehns llpénunrepa ¢ KOMIIEKCHBM NOTEHIHAJIOM.

Hcnonb3ys npeo6Gpasosanue, ynoMsHytoe B ri. 1, BBerem crHavana
HOBBIE 3aBHCHMblE NMepeMeHHHe y H 2 C MOMOIIbI0 COOTHOIIEHHR

y=0, + Uy, i2=v; — v,y (7.10.1)

B Ge3pa3iMepHyi0 nepeMeHHYI0O BpeMeHH tv = Q({—x/c), rae Q 3a-
naHo ¢opmynoit (7.8.3). Cornacuo (7.6.10), BoBHe nepeMeRHble y H 2
yJAOBJIETBOPSIOT ypaBHEHHAM

1. .
Yyt 5 ivy =1, z,—-;—xuz=-—ny. (7.10.2)

rae
n= (7.10.3)

Hu= g/ﬂ, Kak B (7.8.9). Cnenys npoueaype pasa. 1.5, naxoaum, uro
ypaBHEHHA BTOPOro NOPAAKa HMEIOT BHA

Y+ P —P)y=0, 2z, +(n*—¥")z=0, (7.10.4)
rae ¥ — KoMIJeKCHHR norexuHan

= — o (u? + 2iu,). (7.10.5)

Ham HyXHO Tak)e ONMpeAeNHTb PaHHUHHE YCAOBHA ANA GyHKuuR
y w 2. Qas arrenyaropa notpebyeM, utobn a—>0 v |b|—1 npn
1——oo (T. €. 10 npuxona umnyabca). CoraacHo (7.6.9) .u (7.6.10),
9TO B CBOIO Ouepelb O3Hayaet, 4to vy — 0 H va—- ™%, Takum o6pa3sowm,
Yy ¥ 2 U3MEHAIOTCA KaK eM® npu {— oo, NO3TOMY 43 onpeaenerus ¢yx-
NaMeHTaNbHLIX pellennit ana ypasuenns Upémunrepa (2.84)
(2.10.7) BuaHO, 4TO y H 2 MpoNOpUHOHANbHH f2{—, &, 7).
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[peneGperas 3aBHCAKEM OT NPOCTPAHCTBEHHOA KOOPAMHATH ¢aso-
BbHIM MHOXHTEJEeM, KOTOPHHA He BXOAHT B BHUYHCJEHHSA, MBH MOXeM MoO-

JOXKHUHTD
y(, &, t)=af,(—n, & 1), (7.10.6)

rae o —mnoctosiHHas. TaK KaKk HayajabHOe YC/OBHE NMDH T—>-—00 M
onpeaeagioline ypasuenus (7.10.4) ynoBneTBOPAIOT COOTHOIIEHHIO
2*(n, §, v)=y(—, §, 1), Moxuo nonoxuts 2* (0, § 1)=afz(n, & 1).
Bupaxan v, u v, yepes y M z, naxopum, yro (7.6.10) u (7.6.12)
IKBHBAJEHTHH COOTHOLICHHIO

-/P—i9’=y2'="‘fz(—'l» g, T)fZ(nv & T)' (7l07)

eclH NONOXKHTh o == %4, [lpu 1— --0co 3TO BHpaxeHHe CBOAUTCA K
K= —1.

Hnsn ycunrurean norpebyeM, utobm |a|—1 u 6—0 npu 71— —oo.
OTciona HAXOMHM y ~ e~ 2 ~ g—inT; 3T NMOKA3HBAET, YTO & H Z NMPO-
nopunonanbHet fo(n, E, t), M CHOBA mNpPUBOAMT K COOTHOLIEHHIO
2*(n, &, 1) = y(—n, £, 7). Bosepamasch K caydaio aTrenyaTtopa, 3ame-
HaeM, UYTO NPH T— 400, T. €. NOC/Ae NMPOXOKACHHS HMNYJNbCA, MOXHO
HCII0/Ib30BaTh COOTHOIIEHHE

fﬁ (—'71. E, T)=
=cp(—n 8 fi(—=n & )+ (= 8fH( & 1) (7.10.8)

Yro6ul NONYYHTH CTaHZAPTHHIE BHIPaXKEHHR TEOPHH paccesiHHa (T x>
——1), AeJIHM HA Cj3 H HMeeM

T(""""]v g)fﬁ('— 7, €1 f)-‘—_’
= Rp(—n, &) fi(—n.% )+ fi(n, &, ©) —> Rpe~'" +e'". (7.10.9)

T-> + 00
Ecan MH XOTHM paccMoTpeTh npouecc pacnpocTpaHeHHs 6e3 moTepb
(T. e. cONMHTOHH), TO pellleHHe nocje MPOXOMAEHHS HMMYJNbCA CHOBA
ROMXHO cTpemuTbesi K a—0, |b|— 1. Kak yxasuBanoch Bhiule, 3TO
03HavaeT, 4To y ~ e+MT y, cnesosatenbho, B (7.10.9) HYKHO MONOXKHTH
Rr(—n, £)=0. Coraacno (2.816), sto 03HayaeT, yto R, = 0.

Takum 06pa3om, BHAHO, YTO (PH3HUECKHEe COOOPAXKEHHA NI AAHHOA
8ajlayd AAI0T eCTeCTBEHHYI0 MOTHBHPOBKY CBfi3H OOpallleHHs B HYJb
Ko3(pOHIHEHTOB OTpaKeHHs ¢ pacrpocTpaHeHHeM Ge3 notepb (conu-
TOHHHM). I8 HecoNuTOHHOro pacnpocTpaHeHHss Rq(—m, E) He obpa-
WaeTCA B HYJb, H HYXHO ONpefesisiTb NMPOCTPAHCTBEHHbIE M3MEHEHHs
koapuunenTa oTpaxenna. Itor Bonpoc OYAET paccMOTpeH nocae
TOr0, KaK MH AAfUM CBOAKY YPaBHEHHH, HYXHBIX A/A peuleHHs obparT-
HOft 3a7a4n paccesiHHS.

B pasa. 3.1 6ns0 nOKa3aHo, yTO MOTEHHHANA MOXHO NOJAYYHTB H3
BHIpaXKeHHA

PE =2 A (r, i B), (7.10.10)
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KOTOpOe fBJisieTcs 3anuchio ypaBHeHusa (3.1.4) B o603nHaueHHAX AaH-
Hoft 3ajaun. Pynkuusa A.(7, f; ) ynosjersopsier ypapHenHio (3.2.8)
B BHJE

AEED+QE+HED+ {da @ H D+ =0
- (7.10.11)

Henonviya (7.10.5) w orgeass AeficTBHTEBHYIO H MHHMYIO 4YacTH,
HMeEeM

W, ) =— 8Re%A,_ (tr, 7, &), (7.10.12a)
u® t)=—4ImA; (s, 7; §). (7.10.12b)

IpocTpaHcTBeHHAsA 3aBHCHUMOCTh KO3Q(UUHEHTa OTpaXKeHHA NOaY-
YyaeTcsi U3 PacCMOTPEHHA ONpeAeJsilollero ypaBsHeHHst B obJjacTax, rae
HMnyanc Maa. B nunefinofi ob6sacTu, Koraa HMNyJabc TOABKO YTO Ha-
yaJ NPHXOAHTb B HEKOTOPYIO TOUKY &, MOXHO NPEANOJOXKHTb, HYTO
N, & 1)=+1 aas ycunurena u —I1 —qns arrenyaropa. Toraa
ypaBHeHus Bnoxa (7.7.5) B GespaamepuoMm BHle ¢ ¢ =0 cBoaATCH K
CACAYIOLUHM:

Pt V)==2u 1)+ 2%, ¢ 1),

(7.10.13)
?1 (7‘1 E! T)=— 21‘? (']v gv T)'

Mu MoXeM Takxke fnpeHebpedb HHTErpajoM B ypaBHenun Map-
yenko (7.10.11), nockoJbKy OH SIBASETCH HeJHHeAHBIM YJEHOM H MNO-
sToMy Maa npd Majom &. Toraa npu t—-—oo NOJAYYHM

u® v)=—4ImA.(r, 1; §) = — 49, (21; §) =

= — 4i[r, @2, &) — X, m,e "], (7.10.14)
rae
r@n )= { SLR.(n, t)erv (7.10.15)

Hm,== l‘CQJC]Q.

Tak kak u(k, 1) Re#tcTBuTeAbHO, H3 (7.10.14) BHAHO, uTO r. ANR
PacCMOTPEHHOro B 3TOM 3ajaue KOMNJEKCHOro MOTEHLHana ¥ JOJKHO
ObITh YHCTO MHUMBIM, 3 BEJHUHHH M, LOAXKHH OHTb JHG0 YHCTO MHH-
MbiMH, au60 BeTpeyaTbes NMApaMK, CHMMETPHYHO pacrnosarasch OTHO-
CHTEJNbHO MHHMOH OCH.

Tenepb MoxHo pewnTh ypaBHenns (7.10.13) oTHocuTensno & u @,
BHPAa3uB HX uepe3 u. JIna ydyera BKiAaZa B HeNpepPHIBHLIA CNEKTpP NOA-
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crasum B (7.10.13) npeacTaBienne Geryliefl BOJHH B BHA®

P, L T)= S £ G nerei-ts, (7.10.16a)
Tt )= [ LB nerot-ts,  (7.10.16b)
@ = | gra@erwi-us (7.10.16¢)

-0

H HamaeM, 470 .
T =k g

[MToactaBnsAst B BONHOBOE ypaBHEHHE
du
T).§_=(5?¢), (7.10.17)

apasiouleecs Ge3pa3MepHbiM BapuaHToM (7.7.3a), MB nojyyaeMm JIuc-
NEePCHOHHOE COOTHOUIeRHE

k(D)= i;(f,—_‘—w-) (7.10.18)

[pn BoiuKCIeHHH HMHTErpaja B ofmepauHH YCPeLHEHHS MOXHO H3Ge-
XKaTtb CHHI'YJlﬂpHOCTeﬁ, 3ameyas, YTo KOHeYHbi€ BpEMeEHa peJlaKCauHnH
B (7.10.13) norpeboBanu 6m 3ameun { nHa { -+ie. Teneps MOXHO
Hcnons3oBatb (7.10.16¢) u (7.10.14), utobu 3anucath i (—2f)e* 20 —
—2iR (%, t). CnexoBaTenbHO, NPOCTPAHCTBEHHANA 3aBHCHMOCTb KO3(-
GHIHCHTA OTPaXeHHS AAeTCH COOTHOLIEHHEM

RL(L, E)=R, (g, 0)etr (=208, (7.10.19)

rae k(—2t) moayuyaercs nu3 (7.10.18).
AHanoruyHoe pacCMOTpeHHe BKJaJ0B CBA3aHHBIX COCTOSIHHA B cay-
4ae aTreHyatopa AaeT

MalCns 8 =110 (s Ocxp(— 5 Lk {Fgr)).  (7:10.20)

PaccMoTpHM Tenepb BPUJIOKeHHe 3THX Pe3YJbTATOB K HEKOTOPHM
NPOCTHM 33aJa4yaM pacnpoCTpaHeHUS KOrepeHTHHX HMMYJILCOB.

YyCTO MHOrOCOJHTOHHHE pelleHUas MOryT OHThb NOJyYeHH C He-
nosnb3oBaHneM Bupaxenud aan A, (3.3.15). B o6o3HayeHHNAX RaHHOrO
pasjena

a : Im (det V
u=4;{[m[ln(detV)}}=4 %arctg[k%((&i—v}-], (7.10.21)

rie V— N X N-martpuna V =17+ M, npusenennas 8 (3.3.7).
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JAs OJHOCONUTOHHOrO pellleHHA ¢ MOJNIOCOM NpH § =ia/2, rie a
JAefiICTBHTEIbHO, HAXOAHM
T

Ve=1+ S dv'm, () e~ (7.10.22)

[Monaraa m; (k)= ic(E), rke c(}) MeACTBHTEJBHO, M HCROJb3YA
(7.10.20), monyuum

. c(0 1
V=1+4iNexpfa ( (s3] @102
Torpa oru6alontas noas uMeer BHJA
g0 2 (s —
F=REs=07 =Tsech[~(1—L)]. (.1024)
rAe T, = (aQ)~! ¥ CKOPOCTb HMNYJibCa U AAETCA COOTHOLIEHHEM
c 1
f=1+ (m) (7.10.25)

Ecan ans ycpeaHeHus ucnosiv3oBath g(Ao)== §(Aw®), To nepsoe BH-
paxenue aas ckopoctd (7.10.25) cBoaxTCcA K BHpaMceHHIO IJsA CKO-
poCTH, NoJayueHHOMY B npefede sine-Gordon, (7.8.13). Tor xe peuent
MOXeT ObITb HCIIOJNb30BaH MJIA BKJIOUEHHS HEOAHOPOAHOIO YIUHPEHHS
B PasjH4YHble MHOTOCOJIHTOHHHE pelleHHs YypaBHeHHA sine-Gordon.

Tlonyuennan cxopocts v (7.10.25) MoXer ObTb Ha ABa HJH TPH
nopsiaka HHxe $a3oBoil CKOPOCTH ¢ cBeroBOfi BoAHH B cpepe. [lpuse-
ZeM YHCJIeHiIbie 3HaYeHHs, XapaKTepHble /s KCNEePHMEHTAJbHHX pe-
3yabTatoB {44]: wp ~ 10" ¢!, ng ~ 102 cM~2, py ~ 6X 101 exn,
CIC, w%w=7X10"% Toraa Q3 ~ 2X10% c-2 Takum o6pa3om,
(Qtp)% ~ 3000, T. €. CKOpOCTh Orubaloilell yMeHbLIaeTCA Ha TPH INo-
pAAKa, TaKk KaK QYHKUMA, yCpeAHEHHasi MO YaCTOTHOMY pacnpejedne-
HHIO, NPHBOJAHT K MHOXHTEIO NOPSAKA eAHHHIH.

Mu BHZENH, YTO CBOHCTBA COJHTOHOB MOTYT OODBACHHTh PAR Bax-
HHX XapaKTePHCTHK PacnpPOCTPAHEHUA KOTEPEHTHOTO ONTHYECKOI'O HM-
nyabca B aTrenyatope. IlonHoe peiueHHe ypaBHeHHsi MapueHko, BO3-
MOXKHOS B YHCTO MHOTOCOJIHTOHHOM CJyd4ae, a TaKXKe 3aTyXaHHe Heco-
JIHTOHHOT'Q BKJaja B pellleHHe, NPHUBOAHT K BeCbMa YJOBJIETBOPHTE/]b-
HOMY ONMHCAHHIO HeJHHeRHOro pPacHpPOCTpaHeHHs B artTeHyaTope. Kpo-
Me TOrO, HMNYJbC, IJIOL(aJb KOTOPOTO HHXKE HEKOTOPOro OmpejeJieH-
HOrO nopora n-UMnyJabca, NPOCTO ocaabasercs, Kak CHIHaJa Majioft
SMIUIHTYAN. B 3TOM cayuae HeanHeRHue 3 deKTH CTAHOBATCA COBCEM
HecyuiecTBeHHMMH. KpoMe TOro, B TeOpHH COBEPLIEHHO €CTECTBEHHO
BO3HHi{8€T NOHATHE HMMY/JbCa HYJIEBOH IJIOWIAAH, H ITOT HMIYJbC
HabJI0AaNnCH IKCIIepHMeHTaNbHO [47].

Kak u B pasn. 4.4 (cayuait ypasueuus Kopresera-— e ®pusa),
nocAe ONpeAc/IeHHS MOJIOCOB, CBASAHHHX ¢ KO3pPHUUURHTOM OTpaxe-
HUS HAYANBHOIO MPOGHJIA HMNYAbCA, MOMXKHO MNOJYYHTb KOHEUHbIe
aMANHTYAW uMDyJabcos, [lapu NOJIOCOB, CHMMETPHYHO PAaclOOXKEH-
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HBIX OTHOCHTEJIbHO MHHMOH OCH, ONpeJeAsiioT CTPYKTYPY BO3HHKAIOUIHX
OpH3epHHIX pelleHHA.

7.11. PACBPOCTPAHEHHE B YCHJHTEJE

INockonbKy, Kax MH BHAeaun B pa3d. 7.8, CONMTOH He #ABJAAETCR
YCTOHRYHBOH MOJIOH pPacnpoCTpaHAIOLIEroCH CBETOBOTO HMIYJibCa B CJy-
Yyae HHBEPCHON 3aCeNIeHHOCTH, MOXKHO OXHAATH, YTO PACNPOCTPAHECHHE
HMIOYJAbCa B YCHAHTeJE NOJHOCTBIO OTJHYHO OT PachnpocTPaHEHH B
arteHyatope. B 3TOM caydae, KaKk MOXHO OXHAATb, ARANH3 TaKKe
GoJsiee TpyleH, TaK KaK HeCOJIHTOHHAS 4acTb pellleHHs Tenepb He ocaab-
JfieTcs, a yCHIHBaeTCd, H NO3TOMY ee Helb3s oT6pachHBatbh. Mmnyasc,
NepBOHAYaNAbHO MaJbiit, 6yReT yCH/IHBaThCA A0 Te€X MOp, NMOKAa HesH-
HeHHbhle 3QPeKTH He CTaHYT AOMHHHDPYIOIHUMH.

Oauako ecTb cayua#f, NpoaHaJu3UPOBATL KOTOPHA O4YeHb MPOCTO.
B pass. 5.2 MBl BHAENH, YTO aBTOMOAE]bHOE pelUEeHHE YDPaBHEHHSN
sine-Gordon naer npoduab umnynabca, o6aanaiolero cBOACTBaMH, KO-
Topnie MH TpefyeM OT ni-HMnysabca B ycuaurtene. Ilokasaunee Ha
pHC. 5.5 pe3yabTaT MOTYT GHITb HeNOCPEACTBEHHO MDHMEHEHH K cay-
4410 YCHJIEHHS HMIYJAbCa B npefese OTCYTCTBHA HEOAHOPOAHOTO YIUH-
peunst (T.e. npu g(Aew)= 6(Aw)). HaM HYXHO NPOCTO HHTEPNPETHPO-
BaThb puc. 5.5 kak rpadux 3aBHcumocTH Q-'&/E ot Ev. M3 arux pe-
3y/JIbTaTOB MOXHO BBLIBECTH 3aKOHHW MepecyeTa [Js pacnpoCTPaHEHHT
AMNyabca B ycHautese 6e3 norepp. Tak kak abcuucca orubaiouied
HMMyJibca paBHa T, TO NPOAOMKHTENbHOCTb HMIYJbCA COKDaUiaeTcs
NUHEAHO C POCTOM PacCTORHHUs, MPOALEHHOro HMNyabcoM. [Ipu atom,
nockosNbkKy €-'& ==o’, aMniuTyaa orubaioutefi uMnyabca JAHHEHHO
pacTer ¢ pacCTOSIHHEM.

B pasa. 3.4 M BHAeaH, 4TO «0Gpe3aHHHA» NOTeHUHaN ¢ KO3DDH-
UHEHTOM OTPAaXEHHSN, BHPAXEHHHM Yepe3 PAaUHOHANbHYIO (YHKUHIO,
MOXeT OHTb NPOAHANH3KPOBAH MOYTH TAK XKe JIErKO, KaK H YHCTO
MHOTOCOJIHTOHHOC pelleHHe. YpaBHeHHe MapueHKO MoOXeT 6bThb pe-
IIEHO MEeTOAOM, AHAJOTHYHHM HCNOJL3OBAHHOMY A Ge3oTpa)kaTesb-
HBHIX NIOTEHLHAJNOB NMPH YHUCTO CONHTOHHOM pacnpocrpanenHn. Caeno-
BaTeJbHO, TNPH aHAJIH3e PACHPOCTPAHEHHS UMIYJbCOB B YCHJAHTENE
«o6pe3aHHbie» NMPOMHAH HAYaAbHHIX HMNYJbCOB KAaXYTCA MNPERNOYTH-
Telbhee. OAHAKO BCJAEACTBHE AHAJUTHYECKHX TPYAHOCTeH, CBA3AHHLIX
C 3aBHCALUUM OT BpeMeHH (Pa30BbHIM 4IE€HOM B KO3b)HUHEHTEe OTpaXKe-
HHR, pacnpocTpanesue Naxe 3THX HaAYaJbHHX npoduiefi HMNyabLCOB
NPHXOAHTCA PAcCMaTpuBaTh npubamkeHHo. Ceilyuac MB pacCMOTpHUM
NpHMEp, NMOKa3nBAIOWKH, KaK ¢ IIOMOIIBIO 3THX «O0PE3aHHBIX» MMOTEH-
[HAJIOB MOXHO HCCAEN0BATh HEKOTOpHE CBONCTBA, KOTOPHIX ChaeayeT
OXHKAATb OT PACNPOCTPAHEHHA HMNYJbcOB B ycuiurtene. OxHako npw
BHIIONHEHHK 3TOTO aHAaJH33a HYXKHH CHJbHhlE alNpPOKCHMAlHH, H NpH-
MEp pacCMaTPHBAeTCA TOJBKO OAS TOTO, 4ToObl NOKa3aTh, Kak C Mo-
MOLUbIO TaKHX NPHOJHMKEHHHX NpoLEeAYP MOMXHO NOJYYHTH Pa3yMHHe
pesyabTaTH.
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OAHEM M3 caMBIX JIETKHX IJIsi paccMOTPCHHA ABAAETCH ﬂp0¢ﬂnb
HayaJbHOrO HMNYyJbCa

& (0, t)=2u(t — 1) sechr, (7.11.1)

rae u(t— To)— elHHHYHan cTyneHuyaTtan ¢yHKuus. IIpn H3MeHeHHH T
OT —oco R0 —+0o0 MJIOWAaAb NOX HMINYJAbCOM YyMeHbIlaeTci OT 2n A0
Hynsn. Coraacro (7.10.5), cootBercTBylOmuf KOMIUIEKCHHA NOTeHUHAN
HMeeT BHI

P(0, v)=— g u(t —to) sech? (5 v +i 5) — id(z — w) sech zy.
(7.11.2)

Paccmorpum pemrenue ypasnenus [lpéaunrepa (7.104) c¢ stum
KOMILUTEKCHHIM MNOTeHUHaJOoM. PyHXaMEeHTa/IbHHM DpelIeHHeM, CBOASA-
muMes K e~MT npy 1——oco H, TAaKUM OGpPa3OM, ONHCHIBAIOUIHM, CO-
riacHo pesyabTtataMm pasi. 7.10, HHBePCHYIO 3aCe/IeHHOCTb Tepea NpH-
XOAOM HMMyJbca, fBAfeTcA pewende f2(m, +v; 0). Boxbwofi untepec
npeacTaBasioT KodhduuHeHTH cij(n, 0), CBA3LBAIIHE pA3NHUHHE
¢ynnamentanbebic pemenus. Tak Kak noteHuHan ¥’ sgsasercs «oGpe-
3aHHBIM®, @ TaKXe COAEPXHT 8-PYHKUHIO, STH KOIPPHUHEHTH MOryT
ObITb Cpa3y e NOoJAyuYeHH MPH HCMOJAL3OBAHHH pPe3ynnLTaToB ynp. 23
ra. 2. TIpy © > 1o notenuman cogurcs Kk —(1/2)sech?B, rae 6 =
=1/2 -+ in/4. Toraa dyHaaMeHTasbHHE pellleHHs Aaworca B ynp. 16
ra1. 2. B yacTHOCTH,

& (2in 4- th 0)

fr(n, v 0) = —7"— (7.11.3)

Sto dyHAaaMeHTaAbHOe pelieHHe A8 «Heo6Pe3aHHOro» MOTEHUHaAa.
Hcenoabsys pesyabratat ynp. 23 ra. 2, HMeeM

fa(n, 0)= et frw A +Un—a %0 (74

2in *
rae Tenepb a= — isecht,. [losnarasa 6,=r1y2 -+ in/4 u 3ameuyasn,
uyro 2a th 8, = sech?8,, naxoaum, uro
- 2in — th
E(n, 0) = —g—. (7.11.5)

AHaNOrHYHO MOJNYYUM

- - ge~HMn
Ey(n, 0)=—2&np(—n, 0)=‘2—m:r- (7.11.6)

Ilpn BuiBOAe 9TOrO pe3yJabTaTa Mbl HCNOAbL3OBaJAH COOTHOUIEHHE
a+th8;=thv,. Toraa ko3¢pPpuuveHT ortpaxenus R (v, 0)=
== Jg(n, 0)/&12(n, 0) umeer BuA

1 2% sech v,

R O)=—3 3T mpte" (7.1L.7)
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Hcnonbsys ana npeoGpasoBanus ®Pypbe ¢opmyay (2.8.32) u ann
NPOCTPAHCTBEHHOA 3aBucHMocTH ¢opmyay (7.10.19), naxomum, uto
Ha NMPOHM3BOJILHOM paccTosiBHH § B cpene

_ 1 dn e~ (s=2t0)+ik (-2}
L@ 0=—3 S 2% T 4+ @2)tht,

(7.11.8)

Das o> 0 HavanbHHA HMOY/bC MeHbIE N-HMOYJAbCAa H TOMIOC B
NOAKHTErPaJbLHOM BHPAXKEHUH JEKHT B HHXHeR moxynaockoctd. [das
1o << 0 cJiefiyeT BKJIOYHTb BKJAj OT NOJIOCA, KOTOPHH Tenepb JNEeXHT
B BepXHell MONYNNOCKOCTH. JTor Gojlee CJOXKHHA caydyaft sfech pac-
cMaTpHBaThca He Gyner. Hauuune monocoB B BepXHEHA NOJNYNIOCKOCTH
npuBefieT K NOsBJEHHIO MHOTONHKOBHX YCHJEHHHX HMIYJbCOB, HabJio-
RaBIUMXCH NPH YHCAEHHOM pelieHny sToh 3afaun ([55], puc. 4).

YacroTroe pacnpenesieHHe HEOAHOPOAHOro YIIHPEHHS 9acTo mpen-
noJjaraerca rayccopuiM. Toraa B 6e3pa3MepHOM Buie

i (n) = 272 (730
&) ek 7, (7.11.9)

rae T2 wnasbiBaeTcss BpeMeHeM  HEORHOPOAHOR  penaKcaluH, a
o0
X dng(n)=1. Bpema T2 saBaReTcA MepOR 3aTyXaHHA NPOPHASA UM~
—00
nyanca BcaeACTBHe 3Q(exToB AHCNEPCHH (WIHPHHA NMOJOCH) H OMHCHI-
Baer o6paThHmoe aBaenne ([48]; [1]).
Tenepn nocrosanuas pacnpocrpadenns B (7.10.14) npunuMmaer BHA

t(ar;)? S dzw (2)

. T
R L2 (goeritis)
rae AAS TOro, uto6bl y6paTh CHHTYASPHOCTH C AeACTBHTENLHOA OCH,

6nij10 BBefleHO GeCKOHEYHO MaJoe 3atyxanue. OyHkuus w(z) asasercs
KoMnJaekcHOH (yHKIHeR omnbok (4]

o

k@) =—

(7.11.10)

w(z)=e“’(l+72—’iT—Sdte"). Imz>0.  (7.11.11)
[1]

Tak Kak MHuMasa 9acTb w(2) aABAsercs HedeTHOR ¢yHkumed 2, ee
MOXHO A06aBHTb K NOAHHTErpasbHOMYy BuipakeHHuio (7.10.14) » no-
Ayunth Hyrerpan (7.11.10). ®ynxkuus w(z) HMeeT cJjeaylolide npe-
AenbHble GoOpMbL:

w(z)=1+

2iz

; V,’T * l' 2t (7.11.12)
W(Z)=—v’_‘_—(-;+ Py + . IZ‘»[-
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ChnenoBaTesbHO, Ha MOJNYOKPYXHOCTH GECKOHEUHOTO pajHyca, Jexa-
Ied B BEPXHEH NONYNAOCKOCTH, QYHKIUHA w(2) CTPEMHTCA K HYJIO KaK
z7' u unrerpan (7.11.10) MOXHO BHUYMC/IHTD C NOMOWbI TEOPHH BHI-
yetoB. Tak xak w(z) aHaNMTHYHA B BepXHeH NMOJYNJIOCKOCTH, MOAYYHM

k@)= — 3i+/7 QTiw (5 tOT3). (7.11.13)

B npemene QT3>> 1 rayccoBo pacnpenenesne (7.11.9) mnpespa-
waetca B §-pyukuMio, v 3ajlaya cBOAMTCA K ypaBHeHHio sine-Gordon,
KaK NMOKa3aHo B pa3A. 7.8. 3Aech Mbl PacCMOTPHM TOJIBKO NMPOTHBOMNO-
JIOXKHBIA npefe o4eHb 6OJIBLUIONO HCOAHOPOAHOTO ywHpennn QT; < 1.
ATOMY c/yyal0 COOTBETCTBYET MepBoe H3 Bhipaxenufl (7.11.12) ans
dyukuun w(2). OkaspiBaercs, YTO, HECMOTPS Ha TO, uTO pyHkuus R(L)
B (7.11.8) uHTerpHpyeTcs mo BCeM §, HCIOJAb3OBaHHE AAS W (2) TOJNBKO
anNpPOKCHMalHH, NpefHa3HaYeHHOH AJA MAaJHX apryMmMeHToB, NPHBO-
IHT K OXXHAaeMbM pesyiabrartaM. [lonaras w(z) = 1, Mpt HaxoauM, uro

k(—20)=—(1/2)iA/nQT; = — ing(0) u
r (& 1) =e%r, (0, 7), (7.11.14)

rae y=2ng(0) = 4nQg (0). B GespasmepHoft ¢opme 3asucsuA OT
NpPOCTPAHCTBEHHOR KOOPAHHATH MHOXHTeNb B (7.11.14) paBen e%*/2,
rae o — Ko3QPHUHEHT MAHHEHHOTO YycuAeHHs, NaBaeMbii dopmynor
(7.9.8).

Tenepn ouenb npocTo BuUMCAHTL HHTerpan (7.11.8) W noayunrs

7L, )= ie¥u(x — 2xg) sech exp [— (v — 2w) th %] (7.11.15)

Tak KaK 3aBHCHMOCTb OT § TOJIBKO napameTpHYecKas, TO, He NPUHAMas
ec BO BHHMaHHe, MH HaxXOAHM, YTO Temepb ypaBHeHHe Mapuenxo
(7.10.11) npunumaer BuA

u

AL (v, 2)+ _;. Be-1ME+athe _;_ B S dsA, (v, s)e~0m u+a tha — g,

z (7.11.16)

- rae
V=T —1;,, 2=0—1, S=Y—T (7.11.17)
p = e¥t sech 1,. (7.11.18)

Huxnuft npenen B (7.11.16), paBHHil —2, a He —oo, RBJIAETCH pe-
3ynbTaToM «0oOpe3aHusi» npoduan uMnysbca. Tak KaK NPOCTPAHCTBEH-
HYI0O 32BHCHMOCTb KO3Q(HUHEHTA NPOXOXKAEHHA HENErKo IOJYYHTb
HCNONbL3yeMbiM 31€Chb METOAOM (XOTSl 3TO MOXHO CAENaTb C MOMOLLBIO
Gonee obuiero McTOAA, KOTOpHA OyldeT ONHCaH B CHAEAYIOlleM pas-
Zene), Mbl He MOXeM NnepefiTH, Kak B pasi. 3.4, K NOCTPOCHHW rg H
3aTeM NOJIyYHTb PELIEHHE HHTerpaibHOro ypasHenua (3.2.7), B koro-
pom uHTerpaJs Gepercs B npeaenax or z A0 oo,



7.11. Pacnpocrpanesue 8 ycuaureae 233

Ouesnnno, urto ypaBHenwe (7.11.16) ympomaercs, ecin ¢ camoro
Havana BuGpaTth A.(v, 2) B BHIe NPOH3BEAECHHS

A;(v,2)=F (v, 2z)e-Rzthw, (7.11.19)

Auddepenunpys no z coorBercrayliollee ypaBHeHHe aas F(v, 2), no-
JY4HM

aF(D. Z) +_|_isF(v. _z)ezﬂlﬁ=0. (7.11-20)

Iocnenyiomee AHQJQ)epeHunponauue 3TOr0 YpaBHEHHS H HCKJIIOYeHHe
0F (v, —2)/0z ¢ nOMOIIbIO YpaBHEHHs, KOTOpPOe NOJy4aeTcs H3
(7.11.20) npu 3amene z Ha —z, Aaer

(gr —thw 2 — 1 #) F (v, 2)=0. (7.11.21)

70 ypaBHEHHE HMeEET PelIeHHs BHAA eW?, rae
b= (thtod), (7.11.22)
&= (th? 7 4 B?)'2. (7.11.23)

HMs (7.11.18) BugHo, 90 Kak B, Tak u b 3aBHcAT oT §. TakuM oGpa3soMm,
corjacyo (7.11.19) u (7.11.22), ana pemenus ypaBHeHHs Mapuenko
(7.11.16) A.(v, z) yRo6xo BHGpaTh B BBAE

AL (v, 2)=a(v) et 4 b(v) e8P, (7.11.24)

IMomcranoska 3atoro BHpaxkeuus aas A, B ypaBHeHHe MapueHko naer
~so\~!

a(0) = — +some — —i) (7.11.252)

b(v)=— 5—2F—a(o). (7.11.25b)

Tak xak, coraacuo (7.10.12b), u = —4ImA.(z, v, ¥), HaxomuM, yTO

(7.11.24) naert BHpaxeHHe aaa npopnan saexrpuqecxoro noas B BHAE
L) e ~bo

u(gi T) = p (6 - th 10) [ (6 — th '0), + p, ] . (7-1 1.26)

Xapakrepune rpadHKkH 3TOro BHpaXKeHHs NPHBOAATCA Ha pHe. 7.5.
Monunas nmnomans uMnyasca pasual)

e(a)—§ dou (v, ) =

=2x—4 arctg (m) (7.1 1.27)
V Ipr BuuHCAeHAH NAOWMAAH MH HCROML3OBAAH COOTHOLICHHe

S dx (b6 + ce~%%) ) = :# arctg (¢2* 4/bfc ).
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Puc. 7.5. Ycunenne ncxoanoro npoduia uMmnyabca siga (7.11.1) npH.pasunx 3nade-
HHAX To: () To == 0, n-nunyanc; (6) %o == 1, Hadaabhas nuoOWaAb MPHOAHIHTEALHO
pasia 0.45. AHanuTHuecKHe BHPaXMeHHR ANA STHX KPUBHX AAOTCR GopMyJaMB
(7.11.26). Bespaamephbit susefinifi NMpPHUPOCT y paBeH elHHHUe B O6GOMX CAyHanx.
(C paspewensss AMepHKaHCKOro PHIHIECKOTO HHCTHTYTA.)

]
STOT pe3y]bTaT MOXHO NepenHcaTh B Buie tg (-5 0) == e% cosech T,
YTO B CHAY TeopeMH naowiageR (7.9.9) 3KBHBaNICHTHO BHPAMEHHIO

tg [30@)] =et-tg [ 0] (7.11.28)

Mprn & cTpeMsaumeMca Kk OeckoneunoctH, O(§) crpemurca k s Ana
0 << 1 << 00. Kpome ToOro, npu 1o, crpemsuemMcs k 0, 8(E) crpemurcs
K n ang Beex E.

7.12. METOA OBPATHOR 3AJIAYH

PacnpocTpaHenne KOrepeHTHOro ONTHYECKOFO HMMyAbca HaeTr Mo-
YUHTeAbHHH NpHMEP HCMONb3OBAHHA METOAa OOpaTHOM 3ajaud /IS CH-
creMn 3axapoBa — llla6ata. 1ot MeTom GoJsee yaoGeH, KOria Mu
yaepxuBaem B (7.5.3) $pa30BHil 4eH, NOCKONbKY BhpaXKeHHe AJAA KOM-
TVIEKCHOrO MOTeHuua a, HeoGXOAUMMOe NPH HCHOJb3OBAHHH OMHOKOMIIO-
HEHTHOTO MeTOAa, CTAHOBHTCA TOTAa O4EHb IPOMO3AKHM. Jlerko noka-
3aTh, YTO NPH HaJHyuWu ¢$a30BOro ujeHa ypaBHeHHa Baoxa (7.7.5)
MOXHO 3anucath B Gespa3MepHOM Buze

Ay -+ 2inA =aA, (7.12.1a)
Ar =2\ =N, (7.12.1b)

K= — 5 (@A +ar?), (7.12.10)
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rae, Kak H paHblue, n = Aw/2Q u

A= (S + D) e, (7.12.22)
u=ueo = (22 ) ete. (7.12.2b)

Kpome Toro, ypaBuenuss MakcseJqsia, KOTopuie paHee CBOJMJIHChH K
ypasnenuio (7.10.17), Tenepb NpHHHMAIOT BHI,

2
'ai'g =) (7.12.3)

Kak Mu Buiean B ra. 5, o6HYHOe HCNONb3OBaHHE MeTORa o6paTHOM 3a-
Aaun ans cecreMu 3axapoBa — lllaGata Bkaoyaer B ceGs paccMoTpe-
HHE 3aflayH Ha COOCTBEHHHE 3HaUeHHd AJIA CHCTEMH H3 ABYX ypaBHe-
uufi. IIpy naHHOM MPHMEHEHHH 3TOro MeTofa YAOGHO NMOMEHATb POAs-
MH KOODAHHATH NPOCTPAHCTBa M BPeMEHH NO CPABHEHHIO C TeM, Kak
OHH HCROJb30BaHCH paHee. TakuM 06pa3om, Mbl BBOAHM ABe QYHKUKH
U| H Uy, YAOBJIETBOPAIOLIHE YPABHEHHAM

. 1
Uy + oy = 5 0, 7.124)

: 1 .
Uge — QU = — 5 &0,

rAe i — npodHJab KOMIUIEKCHOTO moJif, npuseReHund B (7.12.2b). Te-
neps HMEHHO NPOCTPAHCTBEHHHE MPOH3BOAHHE U1p H Ugg MOTYT OHTH
BHpPaXeHH yepe3 NuHefiHHe KOMOHHALHMH U H Uz, KaK 3T0 Gnso che-
JIAaHO [JS NPOH3BOAHOA NO BpeMeHH B pasi. 5.4. Temepb HyXHO noka-
3aTb, YTO MPHPaBHUBAS BTOPHIe CMEIIAHHHE NPOH3BOAHHE Ujgy = Ujrg
H Ugpy == Upcp, @ TaKKe TpPebyd, 4TOGH YHAOBIETBOPAJIHCH YPaBHEHHS
Makcpesta — Boxa, MH npuxofuM K ypaBHeHHIO [y =0, T. e. K He-
33BHCHMOCTH COGCTBEHHOFO 3HAYEHHA OT MPOCTPAHCTBEHHOA KOOpAM-
Hatel. CheayeT OTMeTHTh, YTO XOTA JHHefiinle ypaBHenua (7.12.4)
MMEIOT TOT XKe BHJA, 4TO H ypaBHenusa (7.6.10), uro aBsnseTcs ocHOBOH
AJi9 NpHMeHeHHs B pa3j. 7.6 MeToAa o6paTHOA 3ajaauy, HHTEpNpCTaUHa
ypaBHeuud (7.12.4) cosepwienHo uuas. Cayxallee napaMeTpoM B
(7.12.4) coGerBenHoe 3HaueHne § oranyaercs ot n=A0/2Q B (7.6.10).
Xora 43 dusHyecKHX coobpaxeHufi AOMKHO OHTbL ACHO, UTO v He 3a-
BHCHT OT E, 3Ty HE3aBHCHMOCTb HYXHO NpPOAEMOHCTPHPOBATh AN BBC-
JenHoro 3fiech napamerpa {. [IpenmylecTBo HCNOAB3yeMOro B 3TOM
pa3jiesie METOA COCTOHT B TOM, YTO €ro NO-TIPeKHEMY MOXHO HCHOMb-
30BaTh A/ pellieHHN ypaBHeHHs sine-Gordon, nosBisiouierocs B npe-
fene g(Aw)==6(Aw) npu Ae—0. B 3TOM npegene Heib3A NOJBIO-
BaThCA NMpeALAYL(HM MeTOACM (Tak kKak n—+0), XOTs Nosy4yeHHHe B
pa3n. 7.6 passiMYHBIE MHOrOCOJNHMTOHHBIE DElIEHHA CBOASTCH K COOTBeT-
CTBYIOWIHM pelleHHsM ypaBHenus sine-Gordon B npenene g(Aw)—-
»G(AO)).

Haz ypasHenut Bnoxa nuHeiluble ypaBHeHHS JJIA Uy H Ugy C NTOAXO-
AauHME Kospduurenramu A, B u C MOXHO NOJYYHTH HemoepeACTBEH-
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Ho. CHavana k oGeum uyacTaM ypaBuenus (7.12.1a) npu6GaBum unen
2iCA u 3andileM 3TO ypaBHeHHe B BHAE A+ 2iCA = 2i(§ —n)A 4 anf.
Tenepb pasfenum 310 ypaBHeHue Ha 4i(n —§ — ie) ¥ ycpeauns noay-
YeHHOe yp4BHEHHe N0 HEOXHOPOAHOMY YIIHPEHHIO. Majni MHHMBIA
Y/eH B 3HaMeHaTene MNO3BOJAAeT M36eXaTb NMOAHHTErpaNbHHX BHIpa-
XeHHH# C CHHIyJfipHHMH 3HaMmeHaTeasMH. (ONHAaKO OKOHUYATENbHHE
PE3yNbTaT HE 3aBHCHT OT 3TOTO YXHUIPEHHA, H MOXHO HCHOJb30BAThH
TaKKe HHTerpaj B CMHCJe IVIaBHOrO 3HaueHHs.) B KoRme KOHUOB MH
HONYYRM

B+ 20B = 5 iy — A, (7.12.5)
rae
A=—q [ fElLatD, (7.12.62)
_ i ( dgmirt i
=g | SO ebd (7.12.6b)

Ipn BuBoge (7.12.5) Hcnons3oBaHO BOJHOBOEe ypaBHeHwe (7.12.3).
Pesyabrar (7.12.5) nyxuo cpasuuBath c¢ (5.1.36b). Ilpumenenne Toi
¥e NMpoueAypH K ABYM nocieaHuM ypaBHenuam (7.12.1) npusoaut K
ypaBHEHHSM

Co— 20C = — yui — T'A, (7.12.7a)
+= 5 (@B +uC), (7.12.7b)
rne
P d k‘ ' &
c=q | ferety, (7.12.8)

Coorsoutenns Mexay A, B n C, Bupakennsie dopmynamn (7.12.5) u
(7.12.7), umeroT TOT XKe BHA, 4TO H (5.1.36).

[Mepefiaem Kk BHBOAY ypaBHeHHH, BHPaXAlOWKX Uip H U KaK JH-
Heilubie KOMOHHAIHH U) H Uz, YMHOXas ypasuenna (7.12.7b) u (7.12.5)
Ha U, ¥ U3 COOTBETCTBEHHO H CKJIAaAbIBast, MOJYUYHM

2 (0 A+0.B)+iL(0,A+ 0B) =g i+ 5 E(0C—v,d). (7.12.9)

C Hcnoab3oBaHueM 0603HayeHu#

VYt = Av, + Bu,, (7.12.10a)
Yt =Cu; — Av, (7.12.10b)
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ypaBHenne (7.12.9) npunumaer BHX
(P — o) + R (b — o) =5 B(br— o) (7.12.11)

rlle uleH HyUy/2 ORI HCKIIOYEH C NOMOLIbIO NEPBOrO H3 ypaBHeHuH
(7.12.4). Ananornynas komGunauus (7.12.7a) u (7.12.7b) npusoaur
K ypaBHEHHIO

—aq;(\l’ze — vgt) — &L (ot — V) =— -17 @ (b —ow) (7.12.12)

Taxk kak (7.12.11) n (7.12.12) umeior TOT Ke BuA, 4TO K (7.12.4), pe-
WeHHe AOIKHO GHTb MPONOPUHOHANBHO Uy H Us. MB MOXeM 3anHcaTh
b — o=@ ¢o,

Yot — 0t =npE, D)2,

che QYHKUMA p noanexur onpexenenuio. Mcnonsaya (7.12.10), naxo-

LHM, 4TO
o3 =(A —p) v, + Boy,
v =Cv, — (A + ) vy
Oyukunio p(§, §) MoxHO onpenejurb BHOOPOM aCHMNTOTHYECKOro
BHA2 OYHKUHA U] H Uy EcsiH cBs3aTh vz ¢ HHXKHHM AaTOMHBLIM YPOBHEM

(cocrosnnne b), kak B (7.6.9), To B cayuae aTTeHyaTopa HYXHO pelge-
HHC, B KoTOpoM Uy —0, |va|—1 npu t—> —oco. Taxoe pewenne — 310

(7.12.13)

(7.12.14)

pemeuue( 1 e®*, nansoe d¢opmyaon (2.11.6). Tak kak Toraa
fpr T— —oo GYHKUMH U, U U2 O6pamaiotca B Hyab, (7.12.4) naer
1 — 00
BED=—AQE —o) =5 (T 712.15)

rae GHJIO HCNOJAbL30BaKO BBeAeHHoe B (7.7.1) o603HayeHHe yCpeAHEHHS.
Mu  6yaemM paccMaTpuBaTb TOJLKO RPOCTPAHCTBEHHO OAHOPOAHBIN
cJayyait, nosToMy nojoxum A (n, g, —oo)= —1.

IMpupaBunBasa Temepb CMellaHHbie BTOpbLlE NPOH3BOJAHLIE QYHKUHR
U; U Uy, HaxoZuM, uTo &g = 0. KoxeyHo, Mbi MoOrsiH Obl NMOJYYHTH fpe-
ALIAyiue pe3yabTaThl Gosiee OGHIYHHIM OyTeM, UCXORA M3 (7.12.4) u
(7.12.14) n nokasnBasi, YTO TPeOOBAHHA Uypy == Uieg H Uzpg = Usqg
03Ha4awT, Y10 §¢ =0, npH yCJOBUH, UTO yHOBJETBOPAIOTCH YPaBHEHHA
Maxkcseana — baoxa u ko3gduunentsl A, B u C yaoBieTBOpsioT ypas-
HeuuaM (7.12.5) u (7.12.7), ecan 3TH GyHKuUMH 3aaHul B BuAe (7.12.6)
u (7.12.8) u ([43], [3]).

Ecau { =1, TO QYHKUHH U, H U, CBOASTCH K TeM, KOTOpHEe GHJH
HCnoJab3oBanb B (7.6.9). UTo6W noJAyuHTh COOTBETCTBYIOLIHE Ha4ajib-
HhHle YC/JOBHA ANA TNOTJollaolel cpelbl, ONPeaesSHM

()=e=()-(5) oo
vz—w—d’z—_q’;' 12:10)
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rae @ onpeneneHo B (3.9.7). Toraa HaxoAHM, YTO yCJIOBHEe HOPMHPOBKH
NPHHHMAET BHA

o P +1oy F)t-n=(ﬁ31%"" PP )g—n=1. (7.12.17)

Hrak, HHBEPCHIO 32CEeJICHHOCTH H NOJAPH3aAUHIO MOXHO 3anucath B
BHAE

N=—(lo,P—]v, lz)t-n =(9,9; + q’l&’?)t-m (7.12.18a)
== 2(003)gay =2(P,P )t (7.12.18b)

Kak u B pasg. 7.10, Mbt noaydaeM npodsb NoAs H3 TOFO ypaBHe-
HH MapueHKo, KOTOpOe BKJiOYaeT B ce6sl HHTErpHpPOBaHHe MO Npef-
uIecTBylOliefi 3BONIOLMH pelieHH oT —oo Jo t. [lpucnocabausas pe-
SYJbTATH, NOJYYeHHble B pa3A. 3.9, kK 0603HaueHHAM JaHHOro pa3jgena,
MH HMeeM A v > ¢

T

A6+ § da nHe ¢ +6Y=0,

—A(nLGEH+Q+HLE+ (7.12.19)
+ {aracrine @ +6p=0,

rae

Q(ze)=r.(z8— ‘Z éf:::: g et (7.12.20)

OTH pe3yabTaTH CIeAyOT B3 npeoGpasoBanus Pypbe ot (3.9.8b). HUc-
noab3ys (3.9.10), umeem R, (k, &) = —c,, (k, )/c,,(k, E)=c], (k, E)fc,,(k, E)
H

© dk ¢y (B, E)
ru(z, §)= S Fe'"—;:—:-m. (7.12.21)

HUs (39.3) orubaiomas KOMMNJIEKCHOrO NMOJAA AAETCA COOTHOLICHHEM
g=u(t, 1)/2=—24,(1, v; ).

Tenepr paccMoTpHM 3aBHCHMOCTb KO3D(HUECHHTA OTpaXeHHS
ri.(z, £) or npocTpaHCTBEHHOR KOOpAUHATH. BMecTo TOro uto6m cHoBa
NPHMEHHTb METCJl, HCNOJb30BaHHbIA B pa3d. 7.10, Mol 6yaeM caeaosats
npoueaype pador [2] u [3] M paccMOTpuM nuHeHHble YpaBHeHHR
(7.12.14) B npegene t— +oo. Kak ykasuiBanoch Bhollle, MB HCNOJAL-

syem ¢yngaMentanbHoe peutenue §. Takum o6pasoM, MB nosaraem

vy . o . e
DD oum
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Hs (3.9.9a) nonyyaeM cooTHOlleHHe

% *
"‘=""( w.) “ v)'

npeaenbHas GopMa KOTOPOro HMeeT BHA

é z::’( _ Z::,_:‘ ) (7.12.23)
310 03HaYaeT TAKKe, YTO
e ( c:f e-,:’ ) (7.12.24)
Tenepsb anueitnuie ypasHenua (7.12.14) nMelor BHR
Pit=(A+ A% + BF (7.12.25)

Pt =Cq —(A— A) P
rae A_ naercsa BupaxeHueMm (7.12.15). B npenese v — - oo 3T0 paer

ciie=(A, + A_)ch — ciz lim (Be¥tv),
>+

7.12.2
cin==—ch lim (Ce-%#tv)— (4, — A_)ci ( 6)
TP+oo
Hcnonsays npeaenvhnie GopMu
KE N +oo)=le,F—lcpf
A€, M, + o0)= "T (2c12ciie=%%), (7.12.27)
> +00

KOTOpHE, TaK Xe KaK W ycJAOBHe HOPMHPOBKH |ci|?+|ciz|2 = 1, cre-
aywot u3 (7.12.18), Mu HaxoauM, uto (7.12.6a) u (7.12.15) aator

2
A++A_=__l.l( lf:,c('-'—”u)' .
A, — A =—L(JumP ) (7.12.28)

2" \n—{—ie

Hcnoabays COOTHOLIEHHS
= = i —0),
: (7.12.29)
et . P
Hm =ind(Q) — .

> +oo Q
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RJ8 IrJAaBHOrO 3Ha4€HHA MH NOJNYyYaeM TaKkKe

¢13(n) ‘—‘:1 (n) e &-m7

n—{—ie

lim (Bettt)=gi { dng(n)

<> +oo —

—.—.—-’5—8(@)012({)0:1@)4-— hm P Sdng(n)cmc“[ﬁ;_"':'_z—_lj_l]=

=—Ze@e@ch@®)+5 pgmum+

- _
+3 [ agmaen im [£52=1] -0 (7.12.30)
H
lim (Ce=2#%%)= — ng (t) c11 (¢) c12 (})- (7.12.31)

TP +oo

Torpa nanuefinnie ypaBuenns (7.12.26) cmoastea k AnddepeHunann-
HHIM ypABHEHHAM

2
cin = -;-tdz _,"cl’éﬂlliu>’ (7.12.32)
. 1./ lenmP o
|u—21011 n_;_')
pellleHHsl KOTOPHX HMEIOT BUJ,
- & ' ’
e (n, §) = cii (n, O)exp (3 &3 -‘—cf"l te >) (7.12.33)

ciz(n, &) =ci2(n, 0)exp ( 2 l§< |€u a — ie >)

Toraa koapdHueHHT OTparkKeHHA MOXKeT OHTL BHpPaXKeH B BHJIe

e (0, B)
(. B)

ro(n¢) = =i Oexp(5 & (-——5)) @1230

3roT peayabTaT caeayeT cpaBHUTH ¢ (7.10.19) u (7.10.20).

Ynpaxuenue |

IMokaxure, uro npexe6peran B (7.2.6) u (7.12.8) uneHom ie M paccMaTpuBas HH-
Terpajnl B CMbICJE TJIaBHOTO 3HAYEHHH, MOXHO NOJAYYHTH BHpaXKeHve A KO3IPDH-
uHeHTa orpaxcenns re(n, §) B Bune (7. 12. 34).

Ynpaxrenue 2

KOHC‘!HHE 3HAYECHHA BEPXHEro H HHXHEro )pom{en 3aCeNEeHHOCTH RalTCH BhIpa-
weHuAMH Ma(n, § +400) = |ey(n, & +0) )2 u as(n, & +o) = |ci2(n, & +oo0) |2
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Iokaxure, uto
fg( E + o) =n, (1,0, +c0) [n, (n, 0, + o) e™EM 4 1 (n, 0, 4 00)] ",

ny (M, & + ) =1, (1,0, + o) [n, (1, 0, + o) e™REM 4 (n, 0, 4 00)] .

[ToxkacHTe TaKiKe, YTO Pa3HOCTbL KOHEUHHX 3HadeHufl 3aceneHHocte®t A (1, §, +-oo) =
=n,(n, & + o) —n, (1, § + o) nueer sun
I 4 Mpe~ oM

14+, ¢ =2 ’
AL o) =2 e

rie No=A (n, 0, + ) [3}
Haxoneu, aaBicuMocTb Kaxaoro waesa cymmu (7.12.20) or npocrpascreennoft
KOODJAHHATH RaeTcs BHPAaXKeHHeM

Caa(kp §) _ €5 (R 0) ! 1
CpkpB)  E(kp0) T (? % <7,:m>) (7.12.35)

Tenepb ypasHenus, onpefensiouine 3Ty 3agauy, chopMyaHPOBAHB
NOJIHOCTBIO, H ISl MOJYYEHHS MYJbTHCOJHTOHHBIX peIleHHH MOXKHO
CHOBa MPHOETHYTh K paHee HCNOJb30BaHHHIM MertodaM. Kak Bceraa,
BHATH 3a MNpefc/b MHOTOCOJNHTOHHHX pelleHHH — TpyAuasa 3ajava.
C pesynbraTaMH, OCHOBAHHWIMH Ha TePBOHAYAJbHO MPAMOYTOJLHOM
npoduie HMNybCa, MOXKHO 03HAKOMUTBCA B paGore [70].

Ynpaxuenue 3
Tlokarture, 9T0 OAHOCONHTOMHOE pewenne ypaeHenns (7.12.9) naer

@ = 4Pe ! MRHI0THO) gouy (v — 287 + ),

rAe k; w=a 4 if, % =—; (1(m— kg —ie)) =p 4 iv B icss (0)/é13 (0) = e-¥+10,

Coxpaumoumecn BEJHYHHBI

B pasa. 4.5 MH BHAeNH, UTO HCMONB3YSt HECKOJABLKO NMEPBHIX COXpa-
HSIIOULKXCH BeJHYHH ypaBHeHHs KopreBera — e ®pH3a, MOXKHO Jlerko
A TOYHO BHYHCJIHTb AMIIMTYAH COJHMTOHOB, NOJYYAIOIINXCA H3 FNALKO
MEHSIILHXCA npopuaeR HavaibHHIX HMOyJbcoB. Jlo Tex nop noka
B OKOHYaTeJbHOM pe3ynabTaTe He NMOABJAIOTCA PelleHHs THna GpH3epa,
HCNOJIb3YA 3aftaHuble dopmynamu (2.11.57) u (3.9.28) Beauuunun g,
ANA 3ajad Ha co6CTBEHHME 3HAYEHHS [Jd JABYX YPaBHEHHH, MOXHO
aHAJIOTHYHYIO NpOUEeAYypy NPHMEHSATb K APYIUM COJIHTOHHWIM ypasHe-
HuaM. [TofB/eHHe COXPAHAOIWMUXCSA BEJAHYHH CBA3AHO C 32BHCHMOCTHIO
OT BpeMeHH KO3(QdHuueHTa C2, ABAAIOLIErOCs BeJHYHHOH, 06paTHOM
KO3 PHUHEHTY NPOXOXAEHHUA B COOTBETCTBYIOLLEH 3ajaue PacCesHUA.
B mannom npuMepe (rae KOOpAWHATH NPOCTPAHCTBA U BPeMeHH MoMe-
HSJIKCh MECTAMH) KO3)OHUHEHT |3 3aBHCHT OT NPOCTPAHCTBEHHON KO-
opanHaTte (7.12.33). Mm yBumWM, 4TO 3Ta 3aBHCHMOCTb CBAi3aHa C
3Hepruefl, KOTOPYIO TepsieT MMIYJbC NPH NPOXOKAEHHH dYepe3 cpeldy.
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Jlaxe ecau ko3pdHUHEHT Cjp GoJibllle HE MOCTOSAHEH, TO, HECKOJBKO
o6o6uiafn Ha 3TOT CJAy4YaH HCHOJNb3yeMHH paHee METOMA, MOXHO IO-
fIpeXXHeMYy NOJNYUYHTb HHPOPMALHIO O KOHEYHBIX 3HAYEHHAX AMINIHTYA
COJIMTOHOB H3 BEJIHUHH gn.

Mpucnocabausas (3.9.26) k o0603HAaYeHHHEM HAHHOTO MNpHMepa,
nMeeM

@Y, @)= | drg. & ). (7.12.36)
Hcnoawsysa (3.9.27), noayuam
2C, @)= | arigf=7  ariap. (7.12.37)

Juddepenurpya no § H ucnonbsys ypashenns MaxcBensa — Baoxa
(7.12.3) u (7.12.1c), nonyuaem

ana_cg=—-;— S d'r-g;-(ﬂ’(ﬂ, £ )=

=— (L +)+ 1), (7.12.38)

TAe, NOCKOJbKY MH PacCMaTpPHBaeM NOTJOWLAIOWIYI0 cpelly, MHl MNpH-
Haan A (0, E, —eo)= —1 u noa A (n, §, +o0) nonHMaeM 3Ha4YeHHE
HHBEPCHH 3aCeNEHHOCTH B TOUKe § Mmocjie TOro, Kak MMMYJbC MPOXOXHT
yepe3 3Ty TOUKY. B KoHUe KOHUO08 npodHJbL HMOYy/abca NpeBpauiaeTcs
B NOCAEAOBATENLHOCTb COJNHTOHOB, KOTOpHeE AR GoJblinX 3HaueHuA §
nawor A (n, t, +oo) 3unauenue, paBroe —l. 3T0 BHAHO H3 TOYHOrO
3Havenns 1+ A (n, & +o0), npusefsennoro B ynp. 2. Ecan Teneps
npouHTerpuponatb (7.12.38) mno E u wucnoabsoBath (7.12.36) ans
n =1, noayuum

o 3
{ degi (0, v~ | drg, 0, =— 3 {0+ # (. & +oop. (7.1239)
- 00 0

CoraacHo pesynastaty ynp. 2,

13 -1
Sd§(l+m)= 2 1n['"‘”°+"+"°°’° E“]. (7.12.40)
]

g 2

rie No= N (n, 0, +o0). [Toka He peileHa 3agaua, 3TOT NOCAEAHHA
YeH, T. €. HHBEPCHA 3aCEJIEHHOCTH Ha .NOBEPXHOCTH pPa3fena, rjae UM-
nyJabC BXOJAHT B CpeAy, He u3BecTeH. ONHAaKO eC/H NMPEANOJOKHTD, YTO
HMIYJbC OKa3HBaeT BO3JlefiCTBHE TOJNbKO HAa aTOMbI, PACCTPOEHHBIE HA
BENHYMHY, OOPaTHYIO IUHPHHE HA4YaJIbHOIO HMMYJbCA, K YTO 3Ta HH-
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BEPCHA 3aCeNeHHOCTH Bupaxaercs ¢yunruuer Iaycca, To MOXHO
3anucathb

Ho=— 1 +26(J:‘_)e“""°", (7.12.41)

TAe Tp ABAAETCA MepON MOJAYWIHDHHL HMIYJAbCAa H € — NapaMerp, Ko-
Topuil GyfeT onpene/ed BnocaeAacTsHd. Ec/in Ml MpeAnoOIOXEM Aanee,
uyto € € 1, To ANa Gonpuwinx £ MH HmeeM H3 (7.12.40)

oo

S dE(1 + A) =in% e~ (7.12.42)
(1]

H (7.12.39) nprHHMaeT BHX

] L]

S dvg, (oo, 1) — S dvg, (0, t)=———f—;. (7.12.43)

- 0O -0

MOXHO TaK)Xe NpOJe/aTh aHAJOTHUHBIE BBIYHCJIEHHA C g2 M g4 [an
YNpOIIEHHsT 3THX pacCyXAeHHA uccneayeM cayda#, kKorga ¢asa He
MeHsieTcs 1o Bcemy npoduaio noas. M3 (3.9.28) npu ¢ = a/2 =u/2,
rie u AeACTBHTENbHO, HAXOLHM, UTO

g = ut — 4 (),
g5 = 37 [4° + 8 (e — 2002 (u ] (7.12.44)

Hcnonbays ypaBuenns Maxkcsenna — Brioxa, MOXHO mnokasartb, 4TO

o0

@) 55 C® =5 | dvg-[32m24 — auix] =

=27 [1 + #(n, § + o), (7.12.45)

rae GHI HCNOAb30BAH TOT (PAKT, UTO B KOHLE KOHLOB DelIeHHe u npe-
BpalllaeTcst B MOC/AeN0BATENbHOCTb JIOKAJH30BaHHLIX HMIIYJIbCOB, TaK
YTO 4 OfpaulaeTcs B HyJAb NPH T— 4=0o. KpoMe TOro, aHa/JoOrH4Hble,
HO Goslee yTOMHTEIbHEE BHIYHCJIEHHS MOKA3hBAIOT, YTO

@iy %%_ =5 | dTIB4N + 6uls — B(u PN —

— 3% + 160°u. P + 640K + 16nuC) =
=2n'[1 + X (n, §, + o)) (7.12.46)
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TaksM o6pa3oMm, MH nOJNyYaeMm

< 2
d1gs (0, 7)== S dnle ™™ 0 = «/4: (7.12.47)

vy

"S’ dtgs(oo, T) —

S dtgg (oo, 7) —

—00 ]

g8 g8

< 2.2
dvgs(0, H)=2 { ann'e TR 1/35-18' (7.12.48)

Ecan npeanoJsioxuTb, uTo Npodu/b HAYaNBHOrO BMNYJbCa HMeEeT BHA
eo T
u(0, t)—msech (?) (7.12.49)

# YTO KOHEYHHA HMNYAbC COCTOHT H3 HECKOJNLKHX 2%-HMNYJAbLCOB, TO
MOXHO 3anucarthb

N
@ Vs Y (agsech[a, (r—w — )], (.12.50)
A=t

rae N —uucao 2n-uMnysbcoB. 3eCh U; — CKOPOCTb HMNYJbCA H T; —
¢as3oBniii useH i-ro umnyabca. Haxomum, uro (7.12.43), (7.1247) u
{7.12.48) MOXHO NMpeACTaBHTb B Bule

N
S =t 3 (2)

nel

N
—2 1
You=r"2 1 (7.12.51)
A=}
N
s __ 8(r'—5ri+7) 480y
2, *n =5 3r? T
n=1
rpe
X, = 2an —_ 20',’[‘[0
n # (0, Y)max 6, '
y =2, (7.12.62)
0
r=-.

Ons 3n << 6y << 5n, cornacHo TeopeMe NiowWajef, CAeAyeT OXKH-
AaThb NOABJEHHA ABYX HMNYJAbcoB, H B (7.12.51) ucnonnsyiorca nsa
nepBbix ypaBHeHus npu N = 2. Kak ToJbKO NoJIyu€eHO y, MOXHO Onpe-
NeNUTb AMIOAHTYAbL ABYXCOJNHTOHHOro pemeHusi. UToOHM BBUHCAMTL
H TeM caMbiM BBelleHHHH B (7.12.41) napamerp £, MB 3aMeTuM, 4TO
aas 6p = 3n OAMH H3 KOpHeR ABYX ypaBHEeHHA JOJIKeH OHTb paBeH
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Hymo. 3TOT pe3yastat GyAeT rapaHTHpPOBaH, ecjau BnOpaTh y Tak,
47066 X9 = 0 npu 6 = 3n. Yucsennoe peende nokasmsaer [97], uro
AJIA 3TOTO HY¥HO, uToOW y==0.673. Tak Kak y CBSI3aHO C 3acejieH-
HOCTLIO, OCTalolllefici HHBEPCHOR Ha NOBEPXHOCTH pasnena, rae UM-
NyJabC BXOJAHT B cpefly, MOXKHO Gbii0 6H 0XHAATb, 9T0 OHO 32BHCHT OT
HHTEHCHBHOCTH mnajaioulero uMnynbca. OAHAKO 3TA 3aBHCHMOCTb OKa-
3HBaeTcs oyeHb cnaboft. Uro6w yGeRHTbCS B 3TOM, MBI HCNOJB3yeM
OZHO M TO JKe 3HAYeHHEe y B PeHICHHW BceX Tpex ypaBHenwuf (7.12,51)

2x Jx 4x Sx .74

Puc. 7.6. AMNAHTYAH HMOYJALCOB, NUAYHEHHWE H3 3aKOHOB COXPAHEHHA NPH ydeTe
nepeHoca sHeprHu B cpeRy. KpyXKamu noxasakm pesyabTaTh YHCACHHHX pelueHuf,
nposeaennnx M. O. Ckannu 1 &, A. Xoudom.

npu Sn << 8p << 7 ¥ OTMETHM TO 3HayeHHe Op, NMPH KOTOPOM CaMuift
MaJnfi u3 Tpex KopHed obpainaercs B Hyab. HafileHo, uTo 310 3Ha-
yenne 0o paBHO Oy = 5.05x%, a 3TO OveHb GJHM3KO K 3HAYEHHIO 57, KOTO-
poe TpebyeTcs no Teopeme naouiaped.

Ha puc. 7.6 nokasans noiyuuBllieecs reOMeTpPHYECKOe MeCTO KOp-
HeAl H TOYKH, ABJSIONHECA PE3YJbTATOM YHCJIEHHOTO PelieHHs ypaBHe-
uuft Maxcmeana — Bnoxa. Tak kak y = 0.673, 3anauenne ero/4/n, Ko-
TOpPOE HYJKHO HCIOJb30BaTh Npu nonydexuu (7.12.42), paBHo npub.iu-
autesnbHo 0.6. XoTs MOXHO CUHTATh, YTO 3TO 3HAUEHHE CJHLIKOM Be-
JIHKO AJS ONpaBAaHHA CAENAHHOA pH nosyyeHHH (7.12.42) annpoxcu-
Mauuy, OHAKO COIVIACHE C YUC/IEHHBIMH PE3YJbTaTaMH, NPHBEAEHHBIMH
Ha puc. 7.6, aaer Go/ee 3HAUHTEABHHIA KPHTEPHIT CIPaBEANHBOCTH 3TOR
NpoleAypH.

7.13. BbIPO)KAEHHE YPOBHER

CamoHHAYHHPOBAHHAS NPO3PauHOCTL (T. €. PACNPOCTPAHCHHE ONTH-
9EeCKHX COJIHTOHOB) Tpebyer CyliecTBOBalUHA NPOPHAS HMOYAbca
& (x, {) ¥ MaTpHYHOTrO 3NeMEHTa po, TAKHX, YTO

2\ U& (x, t)=2nn. (7.13.1)
F
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K coxafenuio, y GONbUIHHCTBA aTOMHBIX cHCTeM Habamoofaeics BH-
poXJeHHe YPOBHCH. JTOT TEPMHH HCIOJAb3YyeTCH AJIA ONMHCAHHA CHTYa-
uHH, B KOTOPO#t ecThb Gonee yeM OfHA BOJIHOBas QYHKUUSA ANS OLHOTO
H3 yposHell a WaHM b (MAH QA KaKAOro U3 HHUX). MaTpHUHLIH 3JIeMEHT

d*r$rp,, MMeBIIKA B NMpeAIIECTBYIOLEM PACCMOTPEHHH B pa3f. 7.6

eAHHCTBEHHOe 3HAYEHHE Do, MOXKET Tenepb UMeTb PRI Pa3JHYHHX 3HA-
YeHH#, 3aBHCALIMX OT PasJHYHBIX BOJHOBHX QYHKLHII, CBA33aHHBIX C
ypoBHSIMH @ ¥ b. Ecan ectb pas/iMuHble MATpPHYHBE 3J€MEHTH, CBA-
3bIBalOLIHE PC3OHAHCHBIE YDOBHH, TO B 00lleM cayyae He GyaeT TaKoro
npoduas uMnyjbca, KOTOPHH MOr OH YJAOBJETBOPATh YCJAGBHIO
(7.13.1) ans Bcex pa3aHYHLHIX MATPHYHBIX 3JeMeHTOB. Takum obpa3om,
B obuleM cayyae Hesab3s OXHAATh CAMOMHAYHHDPOBAHHON npo3pay-
wocti. Ectb ABa cnocoba monwitaThest OGOHTH 3TO 3aTpydHenue. Ilep-

BHIl COCTOHT B TOM, uTOOH mnoTpe6GoBaThb Sé’dt=0. Jna HeBHPOXK-

JICHHOIO cay4yan B npegese sine-Gordon Jerko noJiyuuTb aHaJduTHue-
CKHe BHIpAXKeHUR A npoduield noas, yROBJAETBOPAIOIUHX TaKOMY
orpaiHuueHHio. ITo GPH3CPHHC pellieHHs. B BHIPOXKASHHOM ciyyae OHH
yvaoBaersopsitor ycaosuio (7.13.1) ans n =0 npH a06oM 3HaYeHHU
MarpH4HOro ajaemenrta. Iloka 4To B ciyyae BHPOXKIEHHR YDPOBHEA He
noJydeHbl aHaJHTHYECKHE pelleHHs ypaBHeHHA C MMNYJbCaMH HyJe-
Bofi maowany. OQHAKO YUCJEHHHE H IKCNEePHMEHTalbHHe pPaccMoTpe-
HH$l [10Ka3aNH BO3MOXKHOCTb Takoro moaxona ([56]; [47]).

Cefiuac Mb pacCMOTPHM BTOPOH cnocob6 NpeoNOJieHHs 3aTpynHe-
HHI, CBA3aHHBIX ¢ BHpPOXAeHHeM ypoBHef. XOTS 3KCmepHMEHTasibHO
CHTYalLlHS OYeHb OrpaHHYHTEJIbHA, OHA TIPHBOAMT K HHTepecCHOMY 0606-
enuio ypasreHHsn sine-Gordon. HMimes B Buay npocrtoit npumep, pac-
CMOTPHM BHPOXKACHHYIO ABYXYPOBHEBYIO CHCTEMY, NONOGHYIO TOH, KO-
Topasi nmoka3ana Ha pHc. 7.7. DBoslee KOHKpPETHO, NPENNoONOKHM, 4TO
BOJHOBHE (PYHKIHH HMEIOT BHA

Yam (7, 8, Q) =uy(r) Pl (cos0) '™, —I<m<I, (7.13.2)

rae P (cos@) — npucoenHHeHnse NOMMHOMH Jlexauapa; ananornuxoe
BhIpaXKeHHe 3anHchBaeTcs AAs coctosHHs b, I/, m’. Ilpeanoaaraercs,
YTO K pe3oHaHcy C Najaollefi BOJHOA NPHBORHT TOABKO HEKOTOpOE
3HayeHue [, TaK YTO NpH 3aAaHUH BOJHOBOA PYHKUHH 3THM KBAHTOBHM
YHCAOM MH Gylem npeHe6GperaTb. MoxHO 60 GH BKJIOYHTb B pac-
CMOTpEHHE M CNMHHOBHE COOCTBEeHHble (PYHKIUH, HO HX BJIHAHHE JIETKO
y4ecTb, H MO3TOMY cefiiac OHM pacCMaTPHBATbCA He OyIdyT.

Ecnu cHucreMy KOOpPAMHAT, B- KOTOPOR H3MepsloTCcA YraH 0 u o,
B3ATh TAKHM 006pa3oM, 4To6bl Ochb 2z GHJIa HampaB/jeHa N0 NOARPU3A-
UMy nagawouiero (NJOCKONOAAPH3OBAHHOTO) 3J1EKTPHYECKOTO NOJSA, TO
BHIYHCJAEHHE MATPHYHLIX 3JIEMEHTOB OKa3biBAeTCHA OY€Hb NMPOCTHIM. MH
JIOJXKHB PACCMOTPETb MHTErpasjn BHAa

Pop= S ¥, (— er - E) ¥, sin 0 dr dO do. (7.13.3)
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Tax kak r-E == rE cos 8, uuterpupoBanue no ¢ tpeGyer, uTo6u m’'=m,
a HHTerpupoBanue Mo 0 —uTobH [ =I[4 1. 3T0T nocaemuufl pesyinb-
TaT CjaeayeT M3 DPEeKYPPeHTHBIX COOTHOMIEHH# H CBOACTB NOJHHOMOB
Jlexxanapa [4]. (Ecan BKJIOYHTb CHNHHOBOE KBAaHTOBOE 4YHCAO S, pe-
3yabTal pabeH j= 1[4 sc j =j4 | uau 0.) Tenepb nosiHan BOJHOBaA
QYHKUHA CHCTEMB MMEET BHJ

¥ =2 (@n¥an + bmbsm), (7.13.4)

rae
Yom =1U, (r) P;"l (cos8) eim'

Wom = Uy (r) P (cos ) &'™.

[Ipeanonaraercs, 4To TOALKO 00Ka M3 Bo3MOXHocted ! — I+ 1 npu-
BOAHT K Pe3OHaHCy ¢ majawouteft cBeroBoi Boauo#. [ToacraBasas noa-

(7.13.5)

m={
m=1—1
al . .

* L]
m=={+1
m=-l
m'=1
m'=l—/

31 . I
m'=-U+1
m'=-y

Pue. 7.7. [pumep pacnonOXKeHHS SHEPTeTHYECKHX YpPOBHeA NS BHPOMACHHOR ABYX-
YPOBHeBON CpezH.

Hyl0 BonHOBYI0 yukuuio (7.13.4) B ypasuenne Ilpéaunrepa ifip: =
=(Ho+ V)¢ n nocrynas kax B pa3a. 7.6, nonyuaeM ypaBHeHHs

iRy = EfQpm + bmpmE,
My =Eein + bup (7.13.6)
ihbm= Eybrm + ampmE,
rne
P = S a*’y,, (— ercos0) ¥, (7.13.7)

ClenoBaTe/bHO, CBA3aHB TOJABLKO OfAHHM d T€ Xe 3HAYEHHA m, H Mhbl
HaXOAHM pAA OJHOBPEMEHHO NPOHCXOAAIHX CYULeCTBEHHO He3aBHCH-
MBIX MEPexonos.
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[lonnas nonapu3anng CHoOBa AaeTcsl BHpaXeHHeM

P= S dri, (— er) ¥, (7.13.8)
IOaa BoanoBoit ¢yuruud (7.13.4) 370 BHIpa)KeHHe NPHHHMaeT BHA
P=Y pr (ambm + brmaim), (7.13.9)

YTO ABJAAETCA OYEBUAHMM o6oGiuenuem (7.6.6). Ins Kaxzaoro us nox-
ypoBHe# Gyner napa ypaBHeHHHi TOTrO e BHA3, 4TO OLUJIH MOJyYeHH
B HeBulpoXJeHHoM cayuyae (7.8.2). Takum obpasoM, M noayyaem

Pn_sagy
at m»
7.13.10)
0NXm _  Pm (
ot =1 &n

ANA KaXAoro snavenus m. Ecau npexnoJioXHTb, 9TO BCe BHIPOMMAEH-
HBe ypPOBHM PaBHOBEPOSATHH W 4TO AJaA AaHHOro / ectb 2/ 1 ypos-
Hefi, BHITEKAIOWMX M3 CBOACTB NPHCOEJHHEHHWX NOJHHOMOB JlexaH-
apa, To nepBuii uHTerpan cucremu (7.13.10) Gyner umers BHA

Pht Nm=1 - (7.13.11)
3anucniBas
1
P = — —mi—siN O,
20+ 1
v (7.13.12)
N = — o COS Oy,
NONYUHM
In g Bm, (7.13.13)

Bmecro (7.7.3a) MH Tenepn uMeeM

1

& oF

5 +0'5*;=2ﬂﬁo<°oZPm9’m =
-1

1] 4
=‘79:—:L%°TZ””' sin [—,’;- Sdt’é’(x, t’)]. (7.13.14)
-1 -0

Yo6HO MPHHATH, YTO Pm == XmP, IIe p— HaBROO/bUICE HS 3HAYEHHN
pm. Toraa

08 | 08 _ _ onnwp
ot +c o o Zn,,, sin (x,0), (7.13.15)

rae
r

o, t, =2 S dr'® (x, t'). (7.13.16)
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Ecin BRJIIOYHTb B PACCMOTPEHHE CNMH, TO CyMMHDOBAHHE MO /M NPoO-
BORHTCA OT —j 1o -+j. Hakoneu, nonaras ¢ =t —x/c u Bcnomuuas
onpenenenne Q? (7.8.3), umeem

% __
axot’ c1/2l+1 me sin (x0). (7.13.17)

Ana Aj= j— j/ = 41, 0 u3BecTHO, YTO %X, HMEIOT CJeAylOllHe 3Ha-
YeHHuA ([26 c. 63):

i ifl:,ﬂ')'_” Aj= —1,
Ry = i;‘- Aj=0, (7.13.18)

l(i+l)i"’ m*'? . Ai=1.

Ilns Hawkx ueneh WHrepecen cayuai Aj =0 (nasuBaemuii Q-nepexo-
AaMH), LA KOTOPOro pa3fiHyHble %m KPATHH HaHMeHbWeMY 3Haye-

J

E

-0 — 0

~1

why
Puce. 7.8. Craunonapuufi npodunn mmnyasca (7.13.21) ans Q(2)-nepexona.

#uo. Toraa Bo3MOXeH NpoduabL ONTHYECKOro MNOJA, KOTOpH# o6pa-
ulaeT OAHO BLIPOKAEHHOE COCTOAIHHE OJMH Pa3, APYroe — ABaXIbé
HT A, 4 MB TeM CaMblM NOJYyYaeM CaMOWHAYUHPOBaHHYI0 NpO3pauy-
HOCTb MPH HAMAHYHH TAKOTO THNA BLIPOXKACHHN YPOBHEN.

[pocreiium nBaAsieTcA cayvan j = 2, Q(2)-nepexoa. Toraa x—2 =

=—2, w =—1, =0, %=1, %9 =2 u ypasuenue (7.13.17) npu-
HHMaeTr BHA
d%c 202 . 1 .1
Py abaden e smo-{—-a-sm-;a). (7.13.19)
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Jlerko HafiTH, 4YTO CTallHOHapHOe pelleHHe O ==0(f— x/v) uMeer
sua ([99], c. 566)

o(t —£)=—4arcig [/5 cosech ( t—xfo )] 1320

Tp

rae cv =1+ (4/5/2) Q%cp?. CoorBercTBylOIMan orubaomas 3aeKTpH-
Y4eCKOro noJja paBHa
do 445 sech (w/tp)

P00 -
Aa at Tp 1+ 4sech?(w/t))

=295 eeh a[sech (4'— + a) + sech (—1 — a)], (7.13.21)
Tp Tp Tp

rae ch2a =9. Jror pesyanTaT rpaduyeckn u3obpaxkeH Ha puc. 7.8.
BonbwHe 3HAa4YeHHR j NPHBOAAT K CTALlHOHAPDHHM pelleHHAM ¢ 60Jb-
WHM YHCJIOM NHKOB B npoduae umnyabca [94]. Uncnennoe pewenne
3ajayd B3auMoieficTBHA ABYX Takux uMnyabcoB (Byanad u Kompu
[18}) nokasbiBaeT, 4TO aMMJIHTYAH NHKOB MOFYT QJAyKTyHpoBaTth. Tou-
Hbleé aHAJTHTHYECKHE BHIPAXKEHHS, ONHCHIBAIOLIHE 3TH B3aHMOJEHCTBHS,
eite He noayuvenn. [locseanHe aBTOpH Bce Ke HalAelOTCA MNONYYHTb
COJIHTOHb C BHYTPEHHHMH CTENeHsiMH CBOGOAM,
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NPEOGBPA3OBAHMUSA BIKNYHAA

B rn. 2 mu Bupenn, uto pewenue ypasuenus llIpénunrepa ans
noteRunana V(x) = —v sech? x MOXHO BHIPa3HTh Yepe3 3JleMeHTapHble
¢yHkuuy, ecan v =n(n-+ 1), rae n-— NONOKHUTENLHOE WEJOE MHCJIO.
OTH crnelHaNbHbie 3HAYEHHs 71 COOTBETCTBYIOT 6€30TPakKaTENbHbLIM NO-
TEHUHANAM H JAI0T TaKXe HavaabHble Npodua¥ UMMYJALCOB, Pa3BH-
BAIOIIHXCA B YHCTO MHOFOCOIMTOHHhE pelleHHsi ypaBHenns Kopre-
Bera — e ®pusa. Hauwnaa ¢ n =0, tak uto V(x)=0, MOXHO no-
CTPOHTDb 3TH CHELHAJbHbBE NMOTEHUHANB H pPElIeHHA COOTBETCTBYIOMIHX
ypaBuenu#t IlIpéaunrepa ¢ noMouibio NpocToro MeToaa, paapaborau-
HOro B 1. 2.

[IpeacTaBasieTcss ecTeCTBEHHBIM BONPOC, CYLIECTBYET JH NPOCTas
Teopus npeo6pasoBaHHi, CBA3LIBAIOWMX 3TH pelleHHs B 6oaee no3o-
Hue MOMEHTH BPEeMeHH HX 3BoJiouxH. Mbl cefivac H3JIOXKHM Takyl
TEOpHIO npeo6pa3oBaHHA He TOAbLKO JJs ypaBHcHus Kopresera —
e ®pusa, HO U A HEKOTOPHIX APYrHX HauGoJiee M3BECTHBIX COMHTOH-
HuIX ypaBueHuA. ns ypaBHenus sine-Gordon, koTopoe AaBHO BO3-
HHKI0 B AHG¢epennnanbhoi reomerpuu ([34], c. 284), ypaBHenus
COOTBETCTBYIOUIHX Npeo6pa3oBanuii 6uini nonyuennl A. B. Bakayuaom,
H npeo6pa3oBaHHA TOTO THMA, C KOTOPHIMH Mbl GyAeM BCTpeyaThCs,
CTaJIk U3BECTHH KaK npeobpasoBanus Bakaynaa. O630p auTepaTtypu
B 3TOH 06/acTH, OTHOCAIHACA K GojNee PaHHeMY MepHOAY, OHA naw
B cratbe Typca [46] u Bocnpousseaen Muypoi ([86], c. 77). Ha-
JeX/a Ha TO, 4TO APYrHe COJIHTOHHBIE ypaBHEHHd TakxKe GYAYT HMCTb
npeobpaszoBanua D3kayHna, Obla peajiu3oBaHa TOJBKO HeflaBHO,
nocie TOro Kak Yoaksuct u dcrabpyk [116] noayunau npeodpasosa-
Hue BaknyHaa ana ypasuenns Kopresera — ne ®pusa.

Oxnun H3 HaHGO/Nee MHTEPECHHX PE3Y/NbLTATOB 3TOR TeopuH npeol-
pPa3oRaHHA COCTOHT B TOM, YTO OHd NPHBOZMT K NpoOCTOR opmyse
CyNeprno3uunH — TeopeMe TepecTaHOBOUHOCTH, MOCPEACTBOM KOTOPOIT
H3 ONHOCONHTOHHBLIX peleHHA MOMHO NPOCTHIMH aNreGpaHyecKuMu
TIPHEMAMH 110CTPOHTb MHOTOCOJHTOHHBIE PELICHHS.

8.1. MPEOBPA3OBAHHE B3KNYHAA AJS YPABHEHHA
KOPTEBETA — 1E ®PH3A

B pasn. 2.6 Mbl paccMoTpesnn COOTHOLIGHHE MEXAY MOTEHUHANaMH
B AByX ypasuenusx HIpéauurepa, xoTopble 6blMM CBA3AHL TakuM 06-
Pas3oM, 4TO pelLieHHe OJAHOrO YDaBHEHHS! SBJAJNOCH JHHeAHOH KOMGH-
Hauuen pellleHHst APYroro ypasHCHUS W NEPBOHl NMPOH3BOAHOR 3ITOro
pewcHHA. Bosuukune B pesysnbTaTe NOTEHUHANB ObIIH HaYaNbHHMU
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YCNIOBHAMH AJA YHCTO MHOTOCOJHTOHHHIX peilleHHH. PacnpocTpanum
Tenepb 3TH coofpakeHus Ha Cay4al NOTCHIHAJOB, 3aBHCAIIHX OT na-
pameTpa, npnieM norpebyeM, uTOOH COOGCTBERHOE 3HAaYeHHE OT 3TOrO
napamerpa He 3asuceno [115]. M3 Hawux npeabiyHX paccyxAeHui
Mbl 3HaeM, 4TO CBA3b MEXAY ABYMs TaKHMH IOTEHUHANaMH 0O3HayaeT
COOTBETCTBYIOILYIO CBSi3b MEXIY ABYMs pelleHHAMH ypaBHeHHs Kop-
teBera — fe ®pnsa. Mu Haligem, 4TO 3Ta CBA3b ABJAAETCH CBA3BIO
crenHanbHOro BHAAZ, OHAa H3BeCTHa kak npeobpasoBanne DBakayHna.
Paccmorpum aBa ypasrenus lIrypma — JInysuans

Yex=[A+o(x )]y, 8.1.1)

we=[A+¥(x, ) w, 8.1.2)
CAe W ¥ Y CBA3AHH COOTHOLUCHHCM

w=A(x, 1, Ay + ¥, (8.1.3)

Ecna A¢ =0, pyHKIHH @ H $ MOTYT, KOHeYHO, OHITL ABYMS pelue-
imamH ypasHenna Kopresera — ¢ ®pu3sa. Tak Kak B 9THX ypaBHe-
HHUAX ! SBJAETCA NPOCTO MapaMeTPOM, MH MOXEM CJeAOBaTb B TOu-
HOCTH TOA XKe Npouenype, Koropas Obiia HCMOJb30BaHa B pasa. 2.6.
3aMeuasn, 4TO Tenepb HHTErPHPOBAHHE BBOJLHUT NPOH3IBOJbHYIO DYHKLHIO
BpPeMeHH, Mb HaxoAHM, 4To A(x, ¢, A) HONKHO yAOBJIETBOPATH ypaB-

HEHNAM
2A: t+9—$=0, (8.1.4)
A— A, —p=A14(), (8.1.5)
KOTOpHE COOTBETCTBYIOT ypaBHeHHAM (2.6.5) u (2.6.6). Ecan crona
BBeCTH JUHeapu3ylolee npeobpasopanne A =—§g./7, mul naiinem, uto

§ ynosnersopsier ypasHenuio (8.1.1), rae A 3ameneno na A(f). Tak
KaK Mbl HaJjlaraeM OrpaH{yeHHe, cOCTosLlee B TOM, YTO coécmeliuoe
3HayeHHe He NOJKHO 3aBHCETh OT BPeMEHH, Mhl BHAHM, uTO A(f)
JONKHO GHITb MOCTOSHHBIM.

Ecan Teneph BBeCTH NMOTEHUHAJbHble PYHKUHH C MOMOIUBIO onpe-
nenenuit =2, u $=2,,710 (8.1.4) MOXKHO 3anucartb B BHJe

=1@—2). (8.1.6)

B KOHEYHOM CyeTe HAac HMHTepPecyloT NMPOCTPAHCTBEHHBIE NPOH3BOAHHE
z u 2, paomHe @ 4 . CrenoBatenbHO, MOXHO B ypaBHeHHH (8.1.6)
or6pOCHTb MNPOH3BOJIBHYIO GYHKUHIO BpeMeHH. BBoaa oGo3nauenne
p = 2x, HAXOAHM, 4TO ypaBHeHHe (8.1.5) MoxeT 6HTbL 3anHCaHO B BuAC

pHp=m+glz—2F 8.1.7)

rae m=—2\ 4, KOHeuHo, p =1, p’ = @. TakuM o6pasom, MH noay-
yaeM HenuBeiinoe AnddepeHunanbHoe ypaBHEeHHe NepBOro NOpPsSAKa
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(ypaBnedne Puxkarn), cBs3nBaiolmiee ABe (QYHKIHH, KOTOpPbie TECHO
CBA3AHH C pelleHHsAMHu ypaBHeHus KopreBera — e ®pusa. Ecau npexn-
NOJIOXHTb, 4TO t YJAOBJeTBOpsieT ypaBHeHHI0 Kopreera — e ®pusa
BHA2 Pt — 69« + Yrxx = 0, TO 2 YAOBNETBOPAET yPaBHEHHIO

2, —3(2, + 24, =0; (8.1.8)
aHAJIOTHYHO ANA 2’

Ypasuerre (8.1.7) paer cBf3b MeXZAYy NPOCTPAHCTBCHHHIMH NPOH3-
BOAHBIMH 2 H 2’. UTOGH NMONY4uTh BHpaKeHHe, CBA3HBaIONlee HX Mpo-
H3BOAHbIE MO BPEMEeHH, MOXHO cHayana TnpoaAH¢PdeperHpPOBaTL.
(8.1.7) no BpeMenH, a 3aTeM NPOHHTErpHPOBATH NO X:

2,4+ 2= S dx(z —2') (2, — 2}). (8.1.9)

HUcnonbaya (8.1.8) u BBOAA o6o3Hauenns u=2z2-+42', v=z—2/,
MOXHO 3amHCaTh

, 3
24+ 2t = S dx [?(v’), u,—vo,,,]. (8.1.10)
C nomourbio (8.1.7) H MHTErpHpPOBAHHA MO TACTAM NONYYHM
’ 3 1
2, + 2, = 7 (l«i“)2 — 00, + 0} (Dx)2=
=2[P+pp’ + (P — (2 —2')(2,,—2L,) (8.1L11)

Oxonuateaptni#t pesyabtar (8.1.11) BMmecte ¢ (8.1.7) cocrasaser
npeoGpasosanne BarayHaa ans ypasuenns Kopresera — ge ®pusa.
Ecan u3BecTHO peilenHe 2’ ypaBHeHHA Tperbero nopsiaka (8.1.8), to
Apyroe pelleHHe z MOXXHO WOJYYHTb, pellas ypaBHERHs mpeo6pa3ona-
nust Baknynaa, T. e. ypaBueHnue nepporo nopsaka (8.1.7) u ypasHerue
roporo mopsaka (8.1.11).

B kauecTBe mpOCTOrO NMPHMepPa HCNOJb3OBAHHSA TEOPHH 3TOro mpe-
06pa3oBaHHA MOXHO Ha4aTh C MOACTAHOBKH TPHUBHANBHOIO DelIeHHs

z,=m+ 52, (8.1.12a)
2, =2p%-- 22,, = 2mz,, (8.1.12b)

rAi¢ IPH MOAYYeHHH mocieiHero Buipakewus B (8.1.12b) mu mcmoss-
30BafN CBA3b Zxx = 2p u3 (8.1.12a). INocse unterpuposanns (8.1.12a)
M OnpejeJieHHA TPOH3BOALHON (PyHKUHH BpeMeny no (8.1.12b), umeewm
2’=08 (8.1.7). Haxoaum, 4t0 z yIOBJIETBOPAET YPABHEHHAM

z=—2nth(xx— 4x%), lz|< 2%, (8.1.13a)
2" = — 2 cth(xx — 4%), [2°]> 2%, (8.1.13b)
rae m=—2x2 BuaHo, uTo QYHKUMA @ =2, NABNAAETCHA EAHHHYHBIM

cosuToHOM ypaBHenus Kopresera — ne dpusa. Pemenue. 2® B kauecTse:
OIHOCOJIHTOHHOrO HEe WHTEPECHO, MOCKOJAbKY NpH Ry = 4x3f OHO pacxo-
RHTCH, HO MO3XKE OHO OKAXKETCS MOJe3HHM.
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IMonyuennoe pewenue (8.1.13a) morso 6W Temepp HrpaTh poJb
pewrenusa 2’ B (8.1.7), a paa 2z morsio 6 ObiTh NOJIydeHo Apyroe pe-
weHne. ITa Npoueaypa NoBJAeKAa 6H 3a cob6ofl HHTerpKpoBaHHe GoJsee
cnoXHoro AuddepedunanbRoro ypaBHeHusi, 4eM ypaBHeHue (8.1.12a).
K cuacTeio, Gojee CJIOKHBIE pelleHHS MOXKHO MOCTPOHTh HAMHOrO
npoute. MX MOXHO NONYYHTb C MOMOLIBIO NPOCTOR GOPMYyAH cymep-
NO3HIMH, BooOIle He TpeGyiotlefi AONOJHHTENbHOrO HHTETPHPOBAHHS.
Yro6bi NONYYHTH TaKyio GopMyJay, KOTOpas H3BECTHA /IS YPaBHEHHA
sine-Gordon kak Teopema nepecTanosouHocTH ([34], c. 286), Mu pac-
CMOTPHM CHayaJa [Ba pelleHHs 2, ¥ 2z, noJayyamoluecs u3 (8.1.7),
€CJAH HCXOAHTb H3 pelleHHs Zg ¢ ABYMS Da3JIHUYHHIMH 3HauYeHHAMH m.
“Torza MH uMeeM

p1+ po=m, +15(z|“‘20)2v (8.1.14a)

P2+ po =y + (22 — 2% (8.1.14b)

Ecan cHoBa Hcnonb3oBaTh ypasHeHue (8.1.7), HO ¢ p; BMecTo p' u my
BMECTO m H 0603HAYHTb HOBOE pellleHHe Yepe3 2g;, MOJYIHM

P12+ P|’=m2+%(212—21)2- (8.1.15a)

AHaNOTHYHO MOXKHO HCIOJIb30BaTh Po BMeCTO p’ H m; BMeCTO m, 4TOGh
NOAYYHTHL pelleHHe, KOTopoe Mbi O003HauuM uepe3 zy,. Toraa umeem

P+ pr=mmy + 5 (20 — 2" (8.1.15b)

Kak MW yBHAHM HH2KE, MOXHO [OJIOXHTb 212 == 22;. TaKUM 06pa3om,
ecad suivects (8.1.14b) us (8.1.14a), a takxke (8.1.15b) uas (8.1.15a),
Mbl MONYYHM JBAa Pa3/NHYHBIX BHPAXKEHHS ANd p— pp. [IpHpaBHUBas
B2 BbIpaXieHUS [AJAs 3TOH PA3IHOCTH M NOJAras 2,2 = 23 = 23, MH
TPHJCM K YHCTO a/re6pantieCKOMY COOTHOLLIEHHIO
23———20———--2—-('2"1—’_—;%2-. (8.1.16)
Ecaun Mu naudHeM c peuienHs 2o==0, 3TOT pe3y/abraT cpa3sy xe
NPHBOAHT K ABYXCOJIMTOHHOH ¢opMyse ans ypaBHenHa Kopreeera —
ne ®pusa. Bonee KOHKPETHO, NPEANONOKHM, UTO X; > K2; H 32T€M HC-
noab3yeM BMecTO 2, BeqHuyuHy 2* n3 (8.1.13b), a BMecTo 2; Mcnoab-
ayem (8.1.13a). Tako#f BHOGOp pelIeHHi HCKJIOYAET MOABJEHHE HYJs
B 3HaMeHaTesie Gopmyan cyneprnosuuny (8.1.16). B yactHocTH, BRGOp
MOCTOSIHHHNX m| = —8 U my = —2 gaer

23=—6[2 cth (2x — 32f) + th(x — 4¢)]~". (8.1.17)

ITpocrpancTBeHHas NMPOH3BOAHASA 3TOr0 pEIUEHHS SABJSETCA ABYX-
conntonuofi dopmyaott (1.3.25). 3tor Meroa 6ydeT TaKXKe HCIONb3O-
BaH B pa3a. 8.2 11 NOPOXAEHHS MHOIOCOJHTOHHBIX pelleHHH ypaB-
Hexua sine-Gordon.
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Cnpanen.unnocrb TeoOpeMhl nepecTaHOBOYHOCTH

Jlio6oe nOKa3aTeNibCTBO TEOPEMH MNEPeCTaHOBOTHOCTH OCHOBAHO Ha
PaBeHCTBe 2j; == 23;. IJTO PABEHCTBO JIErKO YCTaHaBJNHBAeTCH, €CJR
HHTEPNpPETHPOBAThL PellieRHA y H W KaK NpPeACTABHTENbHHE PELIeHHS
3anav paccesnda. EciH MH MoOXeM DOKa3aTh PaBEHCTBO HEKOTOPHIX
JNaHHBIX PAaCCesiHHA, TO HA OCHOBE TeOPHH OGpaTHOR 3aJauH pacCesiHHSA
MOXHO MOATBEDAHTb, YTO B 3TOM CJyyae PaBHH H CaMH PacCeHBaIo-
He norenuuann [38].

[Tpeanonoxum, uto y(x), pemenne ypassenus (8.1.1), nponopmu-
poBauo Tak, kak B (2.2.1), 1. e.

y<=etu+Ro(k)e—,n, X —»— 00,

(8.1.18)
ys, =T, (k) e'**, x —>+ oo,
rae k® = —A.
Ins  NOKaNH30BAaHHHX MOTEHUHANOB PR ]x]-> 00 ypamHenue
(8.1.5) npunumaer Bup A? — A, = . 3anucuBas A =k? uMeeM pe-

wenne ans A B Bule A = —k; th[kix 4 C(f)]. Takum oGpa3om,
Ac=Fky, X —» — 00,

As=—Fk, x—>-+ oco. (8.1.19)
MoXHO NONYYHTL aHANOTHYHHIM 06Pa30M NPOHOPMHPOBAHHOE pelle~
HHe JJAs W, COOTBCTCTBYIOWIEro pelleHH1o ypasHesns (8.1.2), sanucoi-
Baa w = K(Ay + y.), rae K nonxno GHTh BHGPaHO TakK, YTOGH CHOBa
NOJIYYHTb MajaIOLLyI0 BOJIHY eJHHHYHON aMIHTYAN., U3 (8.1.3) umeem
COOTHOUIEHHE

we =K [(k, — ik)e'** + (k, — ik) Re~*], x—— oo, (8.1.20)

KOTOpOe IOKA3nBaeT, 4TO AJA NMOJNYYeHHS Mafaolledl BOJHH €JUHHY~
HOM aMIMIHTYAH HyXHO Bu6paTh K B Bule K = (B, + ik)—. Toraa npu
X — 400

w>=-%:;—;ﬁ-ro(k)em=mk)em. (8.1.21)

OueBHAHo, 4T0 noc/AeAylOllee NPpeo6pa3oBaHNe PElEHH @ B HOBOC pe-
ureHHe ¢ R = ky AacT KO3 PHUHENT NPOXOKAECHHUS
Ry — ik ( Ry — ik
Ta=ti7a (hya)To (6.1.22)
Tak Kak ajare6paHyecKHe MHOMHTENH KOMMYTHPYIOT, TOT e pesy.b-
TaT NOAYYHACH Obl, €cH Ob npu nonydeHud Tpy wieHn Ry u ky Oulau
B3ATH B oOpaTHoM mopsake. Hyan aByx xosdduuueHToB mpoxoxie-
HHA TaKXe€ PacnoNioXeHH B OAHHX H TeX e TOYKAX NJAOCKOCTH &
(c TeMH Xe BHYETaMH), H, CIEROBATEIbHO, MOXKHO C/eNIaTh BBIBOK, YTO
pacceHBaOliHe MOTEHUHANH 2Zjax H 221x, KOTOPHE MOXHO NOCTPOUTH
10 3THM NaHHHM paccesHHs, TaKXXe pPaBHHI.
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8.2. MPEOBPA3OBAHHSA B63KJAYHAA AJSA HEKOTOPbIX
APYFHX 3BOJIOUHOHHBLIX YPABHEHHRA

[Tpeobpasosanns D3kaynaa s HeJAUHERHHX 3BOJIOIHOHHBIX
YPaBHEHHH, CBA3aHHHX C JHHeAHOH CHcTeMOR

Uiz + icvl =qU,,
Uge — LUy == — qUy,
rie g — ACACTBHTEJNbHAs BeJHYHHA, MOXKHO MOJYYHTh NyTeM NPOCTOro
obobuienus Ha cayyafi AByX ypaBHeHHH To# npoueAaypH, kotopas 6uia
HCNoJNb30BaHa AnA ypaBHeHusn KopreBera—ge ®pusa B npeanay-
mem pasfene. Moxuo 6u0 6H TaKXKe OnpeleiHTb npeo6pa3oBaHHs
B3kaynraa IA# OAHONO YPaBHERHA C KOMIIEKCHHM MOTEHUHAIOM
[115]. Beeaem RONONHHTENbHYIO CHCTEMY JHHEAHWX ypaBHeHHH
Wi+ ifw, =oQuw,,
Wy — LWy = — Quy

(8.2.1)

(8.2.2)
H AONYCTHM, YTO W H U CBA3AHH COOTHOUIEHHEM

(2)=(:)+“(2) (8.2.3)

rie & ectb 2 2-maTpHua c 3neMmeHtamu ay. Hcnoaways (8.2.1),
MOXHO COOTHOWeHHe (8.2.3) nepenHcath B BHJE

w, = Av; + Bu,,
wy = Co, + Doy, (8.2.4)
the A=ay—i{, B=ai+q, C=an—qu D=ayu + . B cayuae
aj = —aiz, Tak yto C = —B, noacranoBka (8.2.4) B (8.2.2) naer
Ax = (q - (P) B'
B,=—2i{tB — qA D,
x g 9A+ o (8.2.5)

C,=2i{B +qA— oD,
D,=(¢9—9)B.

OTH ypaBHeHHs uMeloT nepBuie uHTerpanan AD + B2 = () u A—D=
= 2g(t), o3navaiomue, 4to B? = f? 4 g? — (A — g)*. CnenoBarennHo,
cootHowenHe (A +4- D), = 2B (g — @) MOXHO nepenucarth B BHAE
A o
'\/h* — (A — g)z q Q. (82.6)

Tlonaraas ¢ =12, @=2; W HHTErpupysa, nojyvaeM A=g+
<+ hcos(z—2'), B=hsin(z—2') u D=—g+ hcos(z— 2’). Ilo-
CTOsIHHAS HHTerpHpoBanus BmOpaHa TakK, 9ro6m B o6pamaJsocs B
HVAb npH obpallleHun B HyAb z H 2Z'. ITosaraem AaA NpocToTH g ==
= h = 1/2, u n3 BToporo u Tperbero ypasuennit (8.2.5) nmoayvaem

(2 + 27, = — 2if sin(z — 2'). 8.2.7)
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310 ypaBHeHHe NEPBOro NOpAAKa, CBASHBAlGUlee z H 2/, ABJAETCA
OIHHM H3 ypaBHeHHHl npeoGpasosanuii Bsknynga. JIpyroe ypaBHeHue
npeoGpasosanuit bakaynna, ceaspisalolliee BpeMcHHbE 3BOJIOUMH 2
# 2/, 3aBHCHT OT pPacCcMaTPHBaeMOro 3BOJIOUHOHHOIO ypaBHeHHsA. 3To
COOTBETCTBYeT TOH pOJIH, KOTOpYl0 HrpaloT B Merole 3axapoBa —
[Ja6ara Ase napw JAuHcAHBX ypaBuesufi. [Ipu u3/N0XMeHHH MeTon2
o6paTHO#l 3aauH MB HAULIH, 4TO cHcTeMa (5.4.2) Ans mpocTpaHCcTBeH-
HOR 33aBHCHMOCTH OAHA H T2 Xe AJs BCeX YPaBHeHHH, B TO BpeMsl Kak
cucteMa (5.4.1) Ans 3aBUCHMOCTH OT BPeMEHH COAEPKHUT KOIGuUH-
ent A, B u C, 3aBuCcsillHe OT paccMaTPHBAEMOro 3BOJIOUHOHHOTO
ypaBHEHHS.

lMpexae yem mepediTh K KOHKPETHOMY CJAyuaio, OTMETHM, 4TO BH-
fIACHBAas CHCTEMY YeThipeX ypasHeHHH, MOAOGHHX YPaBHEHHAM
(8.1.14) u (8.1.15), mut nonyuum, yro u3 (8.2.7) cieayer rteopema
nepecranopoyHocTH. Ilocne npumeHeHHs TPHIOHOMETPHUYECKHX ¢op-
MYJ nojsyuaeM

23— 20y __ a +ﬂ‘, 22— 2
e (255) == (GZa) e (252). 82.8)
rae a; = —2if;, B 3tom pesysabTare ecTh BHGOp 3HAKOB, TaK Kak

AuHefiHbie ypaBHeHHs (8.2.1) cBA3aHW C 3BOJIIOUHOHHLIMM YPaBHEHHS-
MM, /I KOTOPHX (PYHKIMS —2 SBJINETCA pPeUIeHHEM, eClH HM ABAfeT-
ca ¢yuruus 2. Ilpn BubGope B (8.2.8) HuXHero 3Haka noaydaercs
CTaHAapTHHH BHA TeOPEeMB NEepecTaHOBOYHOCTH AJIR YpaBHEHHs sine-
Gordon. Pewenue g3 = z;,, KOTOpoe MOXET OLITb NOJYYEHO H3 Teo-
pemn nepecraHoBouHocTH (8.2.8), npuMeHseTca K pEWICHHAM BCex
3BOMOUHOHHBIX YPAaBHEHMH, KOTOPHIM COOTBETCTBYIOT JIHHeAHHE ypas-
Hens (8.2.1). Kak yxassBasoch Bbillle, Pa3/iHYHsi MEXAY DasHHMH
CONMMTOHHHIMH YPaBHEHHSMH ONpeAensioTCs ypasHeHHeM npeobpaso-
BaHHs, CBA3HBAIOILKM APOH3BOAHLIE MO BPEMEHH.

fipumep — ypasuenue sine-Gordon

B pasn. 5.2 Mu BHaear, yro ypasHeuue sine-Gordon o =sing
cBA3aHO ¢ cHcTeMoil 3axapopa — [lla6ata, ecain B cucreme (8.2.1)
MONIOXKHTb ¢ = —0,/2. B Hamux Tenepewnnx o060O3HAYEHHAX, Tae
g = 2, 3TO O3HAY2eT, YT0 z = —a/2 u 2’ = —a’/2. Tenepp Mp Mo-
Xem 3anHcaTbh ypaBHeHHe AJa npeo6GpasoBarus Bsknyupa (8.2.7)
B Bule

'«17(0; + 0%)= — 2i¢ sin (o——zo—l—) . (8.2.9)

Ouddepenunpya 8TO COOTHOWIEHHe MO BPEMEHH H 3aMeyas, UTO © H
o’ yRosaerBopsaIOT ypaBHeHHio sine-Gordon, nonyyum

sin ¢ + sin ¢’ = — 2i{ (¢ — ¢'); cos (i'-;—‘i) . (8.2.10)
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O——@

@)

(6)

Puc. 8.1. Ouarpamvuoe npeacranienne npeobpasoparufi Bskayxna: (2) oauHownoe
npeofpazobakine no ¢opmynam (8.2.11); (6) nocrepoBarenbHOCTh Npeobpa3oBanuB
ANA TeOopemH nepecranoBoynoctH (8.2.8).

Puc. 82. Juarpammsoe npeacTaBieHHe MOCNENOBaTeJbHOCTH Mpeobpasopanult Doxe
JAYHAQ, DPUBORALLER K TPEXCONHTOHHOMY B3aHMOAEHCTBHIO,
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58
t=-50
o °
55
¢=—-Q5
0\
35
t=0
%
0 ]
&5
¢=Qs
°
0
&5
t=50
g /\
-20 20

x

Puc. 83. TpexconuTonHoe B3auMomefictpHe &is ypanuieHus sine-Gordon.

. . . g’ g—a’
[Moab3ysice TOXKAECTBOM Sin ¢ + sin ¢" =2 sin (3-'—;——-—) cos (~—-2-—-)

¥ nonarasg 2if == —a, no1yuyuMm Apyroe ypaBHeHHe Npeol6pa3oBaHHA
Bskayupa: ,
3 (0, — ol = sin (255, (8.2.11a)
Tenepb 3T0T pesynbrar Bmecte ¢ (8.2.9), KOTOpoe Temepbr MMeeT BHA
-;—(ax +0})=asin (—"—72—°—L). (8.2.11b)

naet npeobpasoBaHHe Bakaysaa aas ypaBuenus sine-Gordon. HUmen-
HO 3TH ypaBHeHHMs OBUJIH TOJAY4YeHH D3KJIYHAOM TUPH pacCMOTpeHHH
3anauu IHQepeHuHanbHON reoMerpun ([34], c. 284).
Hcnoab3osanie ypasHewnfi npeoGpa3oeanus (8.2.11), a rtakxe
TEOpPEeMH MepecTaHOBOYHOCTH (8.2.8) asna noayueHns Tex peleHHd,
KOTOphle Tenepp Ha3nBalOTCA MHOIOCOJHTOHHHMH pelleHHAMH YpaB-
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Henust sine-Gordon, Haganocy ¢ pa6orw Curepa [98] (1953 r.).
B uwacTtHOCTH, no TeopeMe nepecraHoBouHocTH (8.2.8), caeays Me-
TOAy, HCNOMbL3YCMOMY B NpeAnjylleM pasjiene Ais ypaBHerus Kop-
Teera — fe ®pusa, nojsyuaem ABYXCOJHTOHHME DELUCHHA YpABHEHHS
sine-Gordon. OgHako B 3TOM c/yyae HET PAcXOAAIMUXCA peLICHHI,

Yro6u BBIATH 3a nNpefeJn ABYXCONHTOHHOIO peLIeHHS, WHOTAA

Puc. 8.4. InarpamMHoe 0peacTasjeBHe npecfpa3oBankfi BoxayHza aas Bsizaumogef-

CTBHS ABYX OpPH3epHHIX PeuleHHA MOARENupOBanHOro ypashenus Kopresera — xe
®pusa (cpasHuTE C puc. H.2).

yA06HO BBECTH AHarpaMMHoe npeacTaBJjeHne nNpeolpa3oBaHua D3kAyH-
na (8.2.11). Ilpeo6pa3oBanne OT pelieHHsl O; X PELIEHHI0 O; C Mmapa-
MeTPOM d, npexcTaBJsieTcs, KaK mnoka3aHo Ha puc. 8.1,a. Ha
puc. 8.1, 6 noxasana AMarpaMMa TeopeMbl NepPeCTaHOBOYHOCTH, Mox-
HO OOBENHHHTL 3TH JAHArpaMMH H NOJYYHTb aHAJNHTHYECKHE BhIpa-
KeHWs, ONHCHBAaloile B3aHMOAEHACTBHe 6oJsiee YeM ABYX COJIMTOHOB.
Ha puc. 8.2 npuseideHa axarpaMma, COOTBETCTBYIOULASl DeEIUEHHIO oy,
TPEXCONMTOHHOMY pellennio ypasHenus sine-Gordon. Ha puc. 8.3 no-
Xa3an npUMep NPoHASR HMOYJbCa.

STy Ke AHATPAMMBl MOXKHO HCNOJIb30BATh TAKXKE IIPH HOCTPOEHHH
DellenHd  MoaMPHuUupOBaHHOro ypabHeHHs KoprteBera — ge ®pusa,
TIOCKOAbKY TeopeMa nepecTaHoBouHocTH (8.2.8) upnMennma u x 3ToMy
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ypaBHeHu10. HaM HyXHO TOXbKO Hauarb ¢ peuwieHHa 2=0 u noct-
POHTL OAHOCOJHTOHHHE pelIeHHs, HMeollHe TOT e BHA, 4YTO U pe-
wenne (5.1.22). dnarpamma BaauMofgefcTBRA ABYX OpH3aepHHX pe-
WeHH# nokasaHa Ha pHC. 8.4. 3aMeTHM, YTO MOCTOAHHHE B BepXHeH
NOJIOBHHE PHCYHKAa BHOPAHH TaK, YTO OHH KOMIIJIEKCHO CONPAXEHb
NOCTOAHHEIM, MOMELICHHHM B 3€PKaJbHO CHMMETPHYHBIX TOYKAX HHX-
Hell MONOBHHM PHCYHKAa. IJTOT MeroA OHJ HCNOJAb30BaH NpH noJy-
YeHHH ABYx OpH3epHBIX peilleHHH, NOKasaHHBX Ha puc. 5.2. [Toab3yscs
3THM METCIOM, Mh MpOABHraeMcs liaraMH ¥ usberaem BHUHCAEHHS
GoabuwHx onpenennTesnen.

8.3. BOJIEE OBUHE NPEOBPA30OBAHHS B3KJIVHIA

PaccmMoTpennnie B AByX NpeiunfyIiyMx pasienax npeo6pa3oBanus,
pH KOTOPHX HCXOAHas (QYHKUHA 2' M npeo6pa3oBaHHas (YHKUHA 2
YAOBNETBOPSIOT 00KOMY U TOMY e AH(EPEHIHANBHOMY YDaBHEHHIO
B YaCTHHX NPOH3BOAHMX, ABAAIOTCH CINEUHAJbHBIM KJAaccoM npeobpa-
3oBaHuit Bskaynna. B obiieM caynae dyHKUHH z H 2’ MOryT yLOB-
JETBOPATL Pa3/iHUYHLIM ypaBHeHHAM. Kpome TOro, Heo6s3aTesibHO,
4TO6H Omaa kakas-1H6o cBf3p ¢ ypaBrendem llrypma — Jluysuaas.
B 3tom pasnene Mb KpaTKo paccMOTpHM paspaGoranHbiii Kiaspsnom
[23] MeTOoA moOCTpoeHHA Kak paHee pacCMOTPEHHBIX NpeoGpas3oBaHHH
bakayHna, tak u npeo6pa3oBanuii Gosee obulero BHAA, Koraa (yHK-
UHH 2 H 2’ yAOBJETBOPSIOT Pa3JHYHBIM AH(PepeHutaJbHEM ypaBHe-
HUAM B YaCTHHX NPOH3BOJAHBIX.

PaccMotpum npeo6pasosanun BakayHza, cBasmBalolHe aubpbe-
PEHUHAJbHBle yDaBHeHHs BTOPOTre MOPAAKAa B YacCTHHX MPOH3BOJHBIX
Buga Rr+Ss+ Tt + V=0, rae r=2ex, S=2zxy, L=2y u R, S,
TnV—QyHKunn X, y ¥ 2, a TakXKe p H g, tle p =2, § = 2y. Ta-
KOTO THMa ypaBHEHHS YaCTO Ha3WBalOT ypaBHeHHAMH Momxa — AM-
nepa. [Tpeo6paszoBanns Bakaynna, cpasbiBalouiHe ABA TaKHX ypasHe-
HHA BTOPOrQ MOpsAAdKa, 3ajal0TCA napoit AHQQepeHUHANbHHX ypaBHe-
HHi NepBOro nopsanka

p=Ff@z2,0,9, q=9@ 2,60, 9q) (8.3.1)

Knaccudukauua pasAHUHBIX THINOB NOJAYYalOWHXCA npeobpasoBanui
TpebyeT 1eTaJbHOr0 paccMOTpeHus. 3To 6o npoaenano Kaspsnom
(1903) [23] u noamroxmeno B pabore [46]). Kpartkuit 0630p coaep-
Kutca 8 xHure Qopcafita [39]. B HekotopHX cayuasx 3to Gosee
npocToe npeobpas’oBaHHe, Ha3biBaeMOe KOHTAKTHHM. B apyrux cay-
YagX OHO HasbiBaeTca npeobpaszosanueM D3kaynaa. ®opcaiit noka-
3an Takxke ([39], c. 441), uTo npou3BoAbLHO BMOpaKHOE ypaBHEHHe
Monxa — Amnepa Heab3s cBf3aTh ¢ npeo6pasoBanHem Daxkiyuaa,
{HyXH0 uMeThb BO3MOXHOCTb YLOBJETBOPHTb HETHIPEM YpPaBHEHHAM
C TPEMSl HeH3BEeCTHBIMH.)

Das onpenenexisi | 1 p 3aMeTHM cHauaaa, YTO YCJAGBHE HHTeEr-
2UpYeMOeTH (T, e DusfECTBO  CHEeWAHMBK  BTODHIX  TDOH3BOANBIX)
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Tpe6yer, yto6bl GyHKUHK (8.3.1) yHOBIETBOPAIH COOTHOIIEHHIO
=92 _ 9% (8.3.2)

3aMeyast, 4To Kax/[1as H3 yeThipex MepeMeHHuXx 2, 2’, p" # ¢’ 3aBHCHT
OT x H y, v 0603HAYas WTPHXAMH YacTHHE NPOH3BOLHBIE, HMEEM

py="19+ 9 + s+t (8.3.3)

AnanoruyHoe BhIpaKeHHe CIOpaBefHBO AAA ¢ Hcnoaways (8.3.1)
AAS HCKJIOYEHHS P U ¢ U TPYNANDYA WieHH, HaXOJHM, 4TO

Q= — ‘Pp’r' + (fp’ - (Pq') s’ -+ fq’t, - CP;'P' + fz’q, + fz‘p - ‘pzf =0. (834)

Cuntan QYHKIHIO 2 H3BEeCTHOH, MH BHJAHM, 4TO NOKA MO KpaiiHed
Mepe OAHH L3 KO3pHLHEHTOB [y, @, HAH fy — @y He paBeH HYJIO,
ypasHeHHe (8.3.4) ssasercs AHdQepeHIHANbHbIM YPaBHEHHEM B 4Ya-
CTHHIX NPOH3BOANBIX ANS PYHKUHH 2.

Mpumep — ypasnenue JinyBuaas

B xauecTBe npHumepa nocrpoenuss meroioMm Kuaspsna npeobpaso-
BaHHA DB3kaynja, CBA3LIBAIOWEr0 ABa PA3JHYHLIX YpaBHEHHs, MoJy-
YHM npeo6pa3oBaHue MeXAy HeJNHHeAHHM YypaBHeHneM JluyBuaas
s’ =¢° wu auHeflunim ypasuenuem s =0, [locaeanee ypasHeHHe siB-
JAeTC BOJHOBBIM YDAaBHECHHEM B XapaKTEPHCTHUECKHX KOOpAHHATAX.
OGuiee pewieHHe BOJIHOBOrO YpPaBHEHHS, BhIpAaX<eHHOe uyepe3 JBe Npo-
H3BOJbHBE (QYHKILHH, KOHEYHO, H3BECTHO. MBI YBHAHM, UTO HCNOJb3YS
npeo6pa3osaiive Bakaynaa, MoxKHO nosyynTh obiulee pelieHHe YpaBs-
nenua Jinysuans.

Tak Kak ypaBHeHue JIMYBHANA COAEPXHT §’, Ho He r’ uam ', u3
YCAOBHS COBMECTHOCTH (8.3.4) Mbl oOxHmaeM, 4TO @y =fy=0 u

for — @y #0. UTaK, Mn HayHem c ypaBHeHHil npeoGpa3oBaHHs BHAA

p=f, ', p’), (8.3.5a)
g=9(z, 2/, ¢'). (8.3.5b)
Mpoussoanas no y or (8.3.5a) naer
s=fq+fq +ys. (8.3.6)
Ucnoabays (8.3.5b) n 10, ut0 s =0 K s’ == e, HMeem
0=f.0+frq +fye*. (8.3.7)
Jlse npoH3BoAHEe NO ¢’ A3IOT
f@yq=0. (8.3.8)

310 o3Hayaer (MOCKOMABbKY f. 3aBMCHT riaBHnM o6pa3oM oT z), uYTO
@ ABNAETCH JAuHeHHOH ¢ydKuHeR ¢'. AHAJOTHYUHHM 06pPa3oM  MOXKHQ



8.3. Boaee obujue npeobpasosanus Baxsynda 263

MOKa3aTb, UTO [ siBAAeTcA JHHeAHON QyHKuHed p’, H MOXKHO 3anHcaTh
p==a(z,2")p' +mz, '), (8.3.9)
g=alz, 2')¢' +p(z 2').

Kak yka3nBaJoCh BHlle, Mbl AOMKHH HAJ0XKHTb OTpaHHYeHHe fp, —

— @q. =a —a 7% 0. MoxHO H36exaTb OTHOCHTEJbHO CKYYHOrO aHa-
JH3a M JleTKO MOJAYy4HTh NpocToe npeobpasopanue, nonaras a =1,

a = —1. Toraa ypasuenns npec6pasoBanus cyTb
p=p +m, 2) (8.3.10a)
g=—¢q +ulz, 2) (8.3.10b)

a ycnosue coBMecTHOCTH (8.3.4) 3anMchBaercs B BHfe
Q@ 2 p q)=

=2e" — puy +q'my +m(—q" +p)—p(p' +m),  (8.3.11)
The Gl HCMOAb30BaH (akT, uTo z’ yAoBAeTBOpsieT ypasHeruio JIny-

suans. Tenepp HeH3BecTHHe (YHKUHH M H | ONpeReNsIOTCA K3 pac-

CMOTPEHHS Pa3/HYHLIX MPOH3BOAHMX OT . B wacrHocTh,
Qy = — (ur + 1) =0,
qu=fnz:— mz=0' (8.312)

C 3THMH COOTHOLIEHHAMH BHpaXkeHHe AN 2 CBOAHUTCA K CJeAYIO-
uemy:

Q:==pm, — mp, + 2¢* =0. (8.3.13)
Kpome toro, ypassenus (8.3.12) sasnsorcd auddepeHuHaAbHEIMU
YPaBHEHHSIMH B YaCTHBIX POH3BOAHLIX, HMEIOMHMH pellleHHA

m(z, 2')=m(z +2'),

b, 2)=ple—2). (8:3.14
H3 (8.3.13) M MOXeM NONYYHTH
Q, =pm,, — mp,, =0. (8.3.15)
Ecaun seectu HOBHE He3aBHCHMBIE NlepeMeHHbe
u=z+2, v=z-—2, (8.3.16)
To ypasHeHnue (8.3.15) MoXKHO 3anHcaTh B BHAE
%%:-&-‘%:-—k’, (8.3.17)

rle nepeMeHHHe pa3feneHn M k? > 0 aBaseTcs MOCTOAHHOA pasie-
nenus. (BuGop 3Haka cooTBeTcTBYyeT AEACTBHTEJSbHHM MOKa3aTeNaAM
JKCNOHEHT B ypaBHeHHH JInysunas.) Taxkum o6pasom, BHpaxXeHHs
LJIS MM U | HMEIOT BHA

m (u) = beks -} ce~*,

B (v) = petv 4 ye—t, (8.3.18)
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Tenepo, ucnons3ys (8.3.7), MOXBO onpefesHTb NOCTORHHLE HHTErpH-
poBanusa b, ¢,  u y. Haxozum

k (Bbe?tz — Bre~2kZ' |- hye-2k2’ — yee?tr) 4o =0, (8.3.19)

STOMy ypaBHeHHIO MOXHO YAOBJETBOPHTb, BuGupas anbo k= 1/2,
B=c=0u y=—2/p, aubo k=—1/2, b=9=0 u p = —2/c.
ITpu nepeoM BhIGOpe NOCTOSRHHHIX MH MOJAY4YHM npeobpasoBaHHue B
BllAe

p=p' 3 bel'Datz)

g=— g = Zotmies, (8.3.20)

ITocaeannit BHIGOD NOCTORHHWX AaeT TO XKe CaMoe ORHOMapaMeTpH-
yeckoe npeo6pasoBanue-bBakaynaa.

Ypasuenus npeo6pasoBanus (8.3.20) Moryr OBTbL HCNMONL3OBAHH
A8 MOJyyeHHs oOulero peuwleHuna ypasueHus Jluysuana. C atof
1e/bl0 3aMeTHM CHauaja, 4to obluee peiieHHe BOJHOBOTO ypaBHEHHA
s =0 MOXHO 3anucaTh B BHle Z = X(x)+ Y(y). Nonmarasg § =
=¢"*?, nuneapusyem ypasuenus npeobpa3oBaHHA H MOJYUHM

Lo+ XL belx+1IR,
1o ) (8.3.21)
Gy~ V=1 e-(X+Y)2,

Obliee perieniie 3THX JHHeAHHX ypaBHEHHH Jerko onpexensiercs.
Ecnu nonoxits eX¥ = (2/6)0'(x) u e~¥ = by’ (y), 10 HaxoauM, 41O
obluee petenie ypaBHeHNs JIHyBHANA HMEET BHA

o 8 ()2 ()
e =2 F R ®3.22)

B asrom npumepe, rae ¢ nomoubio npeoGpasosauus Bakayraa
ypasHenHe JInyBHAAA npeobpasyercd B MPOCTOe JA#HERNOC YpaBHEHHe,
floflyyeno ofilee peiieHHe HeJqHHeRHOro ypasHenus. Has npecGpaso-
BaHHA HeAHHeAHOTO ypaBHEHHR B caMoro cebs, Kak B Cayyae COJH-
TOHHBIX YPABHEHHH, METOA AaeT TOJILKO YacTHbie pelIeHHus,

Hssectbl HekoTOpele ApYyrHe npeo6pa3oBaHus DPasiHuHHX Aud-
epeHHaNbHBIX YpaBHEHHA B YACTHHX NPOM3BOAHWX, H MOXHO HO-
Ka3aTh, YTO OHH ABJAKTCA NPHMepaMi npeoGpasopanuil Bakayuaa.
Heausefinoe ypasnenne Broprepea 2; + 2’z + 2, = 0 cBssano ¢ an-
HeAHbIM YpaBHeHHeM AHPQY3HK 2: 4 Zxx == 0 nocpexcTBoM npeobpa-
sosanus ([39], [54], [25])

2’ =22 (In2). (8.3.23)

B o6o3HayeHHAX MAHHOrO pa3aena 3TO COOTHOILLUEHHE 3KBHBAJIEHTHO

p=-yzz, (8.3.24)
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Kak uameueHo s ynp. |, #cnons3oBaHHBil Boille METOA MOXINO
TUPHMEHUTD 5 NONY4YeHHs JONOJHHTENbHOTO YpaBHeHH:

g=—+ (@ +p2). (8.3.25)

Ypasnrenns (8.3.24) u (8.3.25) cocrasasioT npeoGpasopanue Bakayh-
Za, cBA3nBalolllee ypaBHeHue DBioprepca ¢ ypabHenHem anbdysun.

B ra. 5 mu- Bupenu, uto ypaeserue KopreBera — e PpH3a H Mo-
muduurposaHHoe ypaBHenue Koptesera — ae ®Ppusa cBaszaHH fnpeol-
pasoBahvem Muypnl. Urto6n noayuntb npeoGpasosanne DBsakaynaa,
MOXKHO NPHCOEAMHHTH K Npeo6pa3oBaHHi0 Muypn OTIOJIHHTENbHOE
ypaBHenne, Dta npouenypa Hsaaraercs B ynp. 5.

Ynpaxrenue |

Hcnoawaylite meton Kaspssa a7 onpeneienus Buaa COOTHOWEHHA ¢ = @(p', 2,
2’), KOTOpae HY)XXHO NPHUCOCAHHHTL K Npeo6Gpa3oBaHHIO p=3 22’, 4TOGH MOAYHHTB
npeo6pazopanne Bakaywaa, cesamBaioulee ypasHeHHe Bioprepea c ypasHendem aud-
oy3ud. Tlokaxute, 4TO peayabTaT MOXeT OuTb npeiactasien B BrAe (8.3.25).
Ynpaxnenue 2

Mpeobpasosanue Bskaysaa aan moanpuuupopantoro ypasHenus Kopresera —
Je ®pusa cOCTOHT H3 ypaBHewHs (8.2.7) u ypaBHeHnsi AAR NPOH3BOAHOH no Bpe-
MEHH, KOTOpoe MOAKHO NOAYIHTh TaK XKe, Kak Obac nonydeno ypasHewue (8.1.11)
aas ypasnenus Kopresera — ae Ppusa. INoxaxure, 4To peayanrat nmeer sug [113]

(2 + 20 = — 8 {(2cx — 24s) cos v + [(22)" + (2:)] sin o},
rae a= —2if u v =2z — 2’. [Toxaxnure, yro npu 2’ == 0 2 = 2 arctg exp (ax — a*).

Ynpaxuenue 3

HUcnonvayfite Metox Knspsua gas  nonyuenun npeobpasosanus Bsknynaa
(8.2.11), otobpaxaioulero ypaBHense sine-Gordon s == sinz B ce6s. Jaa npocroTh
noJsioXKuTe, YTO NpeolGpasoranne uveer sua (8.3.10).

Ynpaxnenue 4

Tokaxute, uto noacraroska I' = tg [(z + 2')/4] npespautaer cootHoWeRH p 4=

+ p' = 2asin[(z — 2’) /2] B ypaBHenue Puxxartu

Te+al — 5 p (1 +T2) =0.

flps nanphefiwem npeobpasopanuu I' = w,/w; 5T0 ypaBHEHHE MOXHO 3aMEHHTH JH-
HEeAHbIMY YPaBHEHHAMI

1 1
W x + 7 aw =5 pwy,
1 i
Wax —? aqwg = — ?pw;.

AHaI0THYHNeE COOTHOLUEHHS MeXAy npeo6pa3oBaHHAMH DBakayHAa W JuHeAHHMR ypaB-
HEeHHAMH O6GpaTHOM 3aZayH PACCERHHA MOXKHO MOJYYHTb AAS APYrHX 3BOMIOUHOHHEX
ypaBuenuf [86].
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¥npamrnenue 5

3anuwATe ypaslenue Kopresera—zxe Dpusz 1 MOAK(HURPOBAHHOR YPaBHEHHe
Kopremera — ne ®pusa B BHAe 2, +62° z F2=0 ¥ 2, — 6222x + 2oy =0
COOTBETCTBEHHO H PaccMOTpHTE npeodpaaoaaﬂne Baxnyﬂna MeXAYy STHMH RBYMA
ypasrerusmyu B Bune 2, =f(z, 2’) u z, =g (2, Z, zx. z“). Henoavsyite metoz
Knspsha ans nonyueHns npeoGpa3oBaHHA Bsknynna
zx=2"+(2)%,
’
2=z, —2(22;,+ 2'z,).

INepsoe K3 aTHX cooTHOweHHA aABasercd GOpMOA npeobpazoBanus Muypu,



fnasa 9

TEOPMA BO3MYLLEHMA

®uanyecKkHe CHTYaUHH, NPH ONHCAHHH KOTOPHX MOABJAIOTCA CTaH-
AapTHble COJNMTOHHbBIE ypaBHEHHs, OueHb HAealH3HpoBanHHe. Bkio-
yeHue 3¢ ¢eKToB, HMEIOUIHX MeCTo B 6oJjee PEaNHCTHYECKHX 3IKCIepH-
MEHTAJbHHX CHTYallHsX, OCOGEHHO pa3nHYHBX (OpM AHCCHIAUHY,
NDHBOAHT K YpaBHEHHAM, OTJAHYAIOLIMMCA OT CTAHAAPTHHIX COJNHTOH-
HuX ypaBHeHHi. Ecny gofaBounbie yjenn B ypaBHEHHAX B HEKOTO-
pOM CMBICAE MaJbi, MOXKHO OXHAATb, YTO N0 KpadHed Mepe ans
HEKOTOPOrO Haua/ibHOrO WHTepBana BpeMeHHM HX BAHAHHE Ha Dasiuy-
HBEe paHee pacCMOTPEHHble COMHTOHHBIE SIBJCHHS MOMXeT ObiTh Ma-
JuM. B 2TOl raaBe Mbl H3JIOXKHM TEOPHIO BO3MYIULEHHH, KOTOpaf npH-
MEHHMa K YypaBHEHHAM, cJerka OT/JHYalolHMcs OT ypasHenua Kop-
TeBera — e Ppusa u kybuueckoro ypasHenus Upénuurepa. Hano-
)KeHHe OCHOBAHO Ha HeAaBHHX pe3yabratax Kapnmana u Macnosa
[69], rae meroAn BO3MYUlEHHA OWJIH NpPHMEHEHH H K HEKOTODHIM
APYrHM COJHMTOHHBIM ypaBHeHHAM. B 3Tofl cBA3W MOXHO 06paTHThCA
takxe k crarbe Kayna u Helosana [71] u Gonee nosaunei cratbe
Kapnmana [67].

YPABHEHWE KOPTEBETA — NIE ®PM3A

9.1. OCHOBHBIE YPABHEHHS
PaccMotpuM  Bo3MylleHHOe ypaBHeune Kopresera — e Ppusa

B BHIE
uy — 6un, 4 uy,, = eR (1), (9.1.1)

rie e € 1 u R(u) —Hekoropas 3ajaHHas OYHKUHA pewerua. Tu-
MUYHHMH NpHMepaMH cayxaT dyHKurA eR(u4) = yu, pawomas npo-
cToe ofiicaiHe JHCCHNATHBHOrO mpotecca, H QyHkuua eR(u) =
= y0%u/dx?, sBopsias AHOdy3nonHble 3Q(PEKTH, CBA3AHHBIE C ypas-
HenHeMm Bioprepca (cm. pa3n. 6.5 n 8.3).

W3 matuux npeaniAyliHx paccyxjeuuit 8 ra. | u 4 Mbl 3Haem, 410
BHpa)eHHe -—6uu, 4 Uyxe MOXHO 33NHCATL KAK KOMMYTaTOp onepa-
topoB L=D?—u u B=-—4D% 4 6uD + 3u,, rae D= ép/dx. Ha
npeAbiayLlero aHa u3a cheayer taxxke, uro (9.1.1) Moxuo sanmucate

B BHJe
u;—{L, Bj=¢eR(u). (9.1.2)
Oneparop L no-npexsemy ynostersopser ypabsHenwuio Ilrypma —

JlnyBuans
Ly=»hy (9.1.3)
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¢ TeM OT/HYHEM, yTo cobCTBEHHOEe 3HAaueHHe A Gojbluie He siBaAseTCA
He3aBHCAWHM OT BpeMeHH. Kpome TOro, smpaxenue By Goablie He
paBHO y: PakTHyecKM B noCJAeLyIOlleM aHaJlH3e BO3MYUIeHWH pa3-
HocTh ® = y: — By Gyaer urpath byHZaMeHTaJbHYIO Poib. Mu Hail-
AeMm, YTo onpejesaeHHe @ NPHBOAHT K BHPAXKEHHSAM, OMHCHBAIOUIHM
BPEMEHHYI0 33aBHCHMOCTL A, a Takxke KO03(Q(HUHEHTOB NPOXOXKIEHHS
H OTpaxkenns, oGyCNOBJEHHYK BJAHAHHeM Bo3mywieHHa eR(u). Hud-
¢depenupys no spemenn (9.1.3), MOXHO NONyYHTh ypaBHeHHe Aas @.
Benomunas, uto L = —u¢ H ucnoab3ya (9.1.2) /s HCKIIOYEHHSA Uy,

noNyuHM .
(L—2)O=eR()y +rwy. (9.1.4)

Mu paccMOTpHM 310 ypaBHeHHMe KaK AJisl pelieHHH CO CBS3aHHHIMH
COCTOSIHHAMH, TaK W AJA pellleHHH paccesHHs. B ciayuae cBA3aHHmIX
COCTORHHUA Hac TINaBHMM OGpPasoM HHTepecyeT BpeMeHHAs 3aBHCH-
MocTh A(f). OnHako pelueHHss PacCefHHA BKJ/IOYAIOT B ce6A OTpaxe-
HHE H TPOXOXK/IEHHE BOJHHW C 3afaHHLIM BOJHOBBIM YHCJIOM, najaio-
Weit na noredunan u(x,t). INagaomans u paccesinHas BOJHB HMEIOT
O/IHO H TO e BOJIHOBOE€ YHCJIO, C/JIel0BaTe/bHO, A He 3aBHCHT OT Bpe-
menn £ Taxkium obpasoM, ans pewennit paccesHus A+ ==0. KoHeuHo,
KO3 PHUHEHTH OTPaXKeHHsi H paccesiHus 3aBHCAT OT L.

YpaBnenue (9.1.4) MoXer paccMaTpHBAThCA KaK HEOAHOPOLHOE
andpoepennnanbioe ypaBrenne Aaa @. Penienne ans @ MOXHO mo-
CTPOHTL H3 PpelIeHHH oaHOpoAHoro ypasHenns (L —A)® =0 c no-
MOUIbI0 CTaHAAPTHOrO MeTOAa BApHAWlK napamerpob. Bsexem o¢yu-
faMeHTanbibie pewenus fi(x, &;{) u f2(x, k; t), KoTopnie sBAAOTCA
PelUICHHAMYU OAHOPOAHOK ApYroii yactH ypaBHenus (9.1.4), koraa u
ABaserc pewenHeM ypasHenHs (9.1.1). AcuMmnToTHuecKie cBOMCTBa
fi 1 f, e xe, uto n B (2.8.2). TaKk KaK & HeH3BECTHO, GpyHAAMEHTAb-
HbhIC peuIeHHs TaKMXe HeH3BeCcTHH, HO OHH OGYAYyT MOJydYeHH NpPHGAH-
XeHHO, Koraa O6yler H3JIOXKeH MEeTORA BO3MYILEHHH.

PaccMotpum fleranbuo pewienne (9.1.4) mas dysrumu @, ces-
3aHHOe ¢ (yHAAMeHTa/JbHHM peliesdeM f,. 3anuchBas y = h(t)f;
H BCMOMHHAsA, 4TO NMPH obpauleHHH U B HYJb BHpaXKeHHe Aas B ceo-
autea Kk —4D3, naxonuM, 4TO

Q=y;— By 7 (b +4ik°h)e='*, (9.1.5)

[Tonarasa cHoBsa h(t)=h(0)e“"", MH BHAMM, uto @ o6palyaeTca B
HYJAb npH X~ —oo, Torna ecsqn Bo3MylLleHHe o6paulaercs B HyJb, pe-
1eHue § CBOZUTCA K PellleHHIO A HeBO3MYILEeHHOTO Cayvas.

C npyroi CTOPOHH, NPH X—> | 0o COOTHOWIEHHE MeXAy f; u [,
(2.8.7a) npHBOAHT K CJeAylOlIEMY:

O 5737 A [crae % + (cyyy — 8ikdcyy) et*5]. (9.1.8)
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[MepeiiieM K YCTAaHOBJIEHHIO CBA3H MeXIy BPEMEHHOR 3aBUCHMOCTHIO
Cii K Ci2 U Bo3MmyuieHHeM eR(#). 310 MOXHO cAenarth, paccMoOTpeB
peiteRHe @ A1 NPOMEXKYTOYHHIX 3HAYCHHH X.

Has POH3BOJILHEX aHavenufi x peweHHe (9.1.4) MOXHO 3amucatb
B BHJE NHHERHOH KOMOHHAUMH f; u fy

O=a(x, &, ) fi(x, k; 1)+PB(x, &, 1) fo(x, k; {). (9.1.7)

CrangaprtHoe npumeHeHHe K (9.1.4) meroma BapHalHM flapaMeTpos
naer

ok § axGlf, (¢, &5 OF, (9.1.82)

a=

p=— g { dXG@ I, & D (¥, ki ) (9.1.8D)

rae 2ikcy; = W|fi; fo] n
Gw) { eR () + A, nna cBA3aHHHX COCTOAHHH,

eR (u) nns peweHu# paccesHus. (9.1.9)

BuaHo, uto pemense ana @ obpaimwaerci B HyAb KaK IpH
x—>—oo, Tak 1 npu e—0. [Ipu x— 4 oo coornowenua (9.1.7) u
(9.1.8) narwor

h(¢ 3 ,
® 535 Tes [e § ax'G 0 ho(fy — cut) —

— Cppe ks de’G(u)f,f,]. (9.1.10)

TIpupaBHuBas koapoHuHeHTH Npu e*** B (9.2.6) n (9.1.10), mMoxHo
NONYYHTh ypaBHEeHHs, NalOUIHe 3aBHCHMOCTb Cjp H €13 OT BPEMEHH.
PesyJ/ibTaTt ¥iMeeT BHI

cur— 8oy =~z | d¥GWh(¥, k HAE, —ki 1), (O.111a)

EC ,
cor=5 | IXC@h(, ks O] (¥, & 0. (9.1.11b)
B cayvae pewenuii paccesnus, rae G{(u) = eR(u), Hac uHTepe-

cyer Ko3(p(QUUHEHT OTpaeHis, ABAKIOUWMICA OTHOwWeHHeM ¢11/Cia.
Hs (9.1.11) naxoanm, uto

(&), - 8ie (2) = — g de(u)f’ (9.1.12)

2k22
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Ha pelieHHst co CBA3aHHHWMH COCTORHHAMH, rie G (u) = eR(u) 4
+ 2:, MBI JOJKHB ellle HaJOXHTL OrpaHHYeHHe Cj2(x) =0, Tak urto
fa(x, ix) = en(ix)fi(x, ix). Bropoe u3 ypasuesnda (9.1.11) npu
A= x? 1 k= {x Tenepp naer

S dx’'R (u) f.f, (', ix 1)
= — T2 . (9.1.13)
S dx’B (", ix; 1)

- 00

B nepeom u3 ypasuenust (9.1.11) dynkuus f, (x, —k; t) cuury-
JAfipHa B TOYKAX MOJIOCOB, COOTBETCTBYIOUIHX CBA3aHHBM COCTOSHHAM,
[3710 BuAHO M3 peilleHHs ¢ OAHMM MOJIOCOM, NpHBegeHHoro B ynp. 15
. 2 wn (9.22a).] Opnuako npn Hcnodb3oBaHHd [ (x, —E) ==
= [fa(x,R) —enfi(x, k)] /c1a u packpuiTén noayuuBuieficAd Heompe-
ZeJICHHOCTH NpH & — (X, MBI IO/IYYHM

00
e

— T ) WXR@ R0 X

3,
cyyy — 8x’cy =

X 2 12 (B)— ey () fy (B)] o (9.1.14)

rle TOYKa O3HAyaeT MPOM3BOAHYIO mo k. UneH, comepxauuh ¢y (ix),

He BXOAHT B 3Ty HOPMYJY, MOCKOABKY OH YMHOXKAaeTcs Ha HHTerpan

8 (9.1.11a), koTopuii ofpaliaercs B HyJb, TaK KaK AAS CBA33HHHIX

cocTonuuil e = 0. Kpome Toro, oTcyrcTByer 4ijeH, NpPONOPUHOHA/b:
o

HbI As, TAK KaKk OH IPOMOPLHOHAJEH S dx (fgfl — fifs)- 310t nocnea-

- 00

Hiil HHTerpas, Kak ormesasoce B ynp. 17 ra. 2, mponopuHonanen
BPOHCKHAHY W (fi; fz) [:'_'f:, KOTOPHIH AJS CBA33aHHBIX COCTOSAHHA 06-
pallaeTca B HY.b.

[Moayuusuwinecs Bupaxenus (9.1.12)—(9.1.14) cayxar ocHosoh
aHanu3a Bo3MyweHuit. M3 ux CTPYKTYpH fCHO, 4TO MOXHO Hayath
NOCTPOeHIie BO3MYLIEHHBIX Pa3J/IOXEeHHH [0 CTeneHSAM €, HCNOAb3yd
NOA HHTErpa;iaMi HeBO3MYIUEHHble BupaxeHHs aas f; u fo. Cefuac
MBI npojJenaeM 3Ty NPOUEAYPY AN OAHOCOJIHTOHHOIO pelieHHS.

9.2. BOSMYILEHUE OJNHOCOJIUTOHHOTO PELIEHUSA

¢ylmamemanbuue pelieHus, CBA3aHHHE C HEBO3MYILEHHHIM efH-
HHYHLIM COJTHTOHOM, fIBASIOTCS PCLICHHAMH YDaBHCHHA

R —uw W =0 (9.2.1)
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¢ us(z) =—2u?sech?z n z==ux (x —{). Tenepp 3aBucuMOCTp napa-
METPOB COJIHTOHA x H £ OT BpeMeHH onpejenseTcs BO3MYLIeHHEM
eR(4). HUs ynp. 4 ra. 3 umeem

thx
fi(x, &; t)=_g___(,l:__i_§:th__z)_' (9.2.2a)

—ikx (p __
hmm0=i—4%§ﬁ2. (9.2.2b)

Kpome Toro, Tak xax B ofliem cjyuae BO3MYyUIeHHOe pelleHde He 6y-
HeT 6e30TpaXKaTeJbLHLIM, MBI OXHJAaeM, YTO BO3MYIUIeHUEe NpHBEAeT K
BO3GYKAEHHIO HENpPEePLHBHOTO ClEKTPa BOJR,

Boamymenne napameTpos CBR3aHHOIO COCTORHHA

Has nojtoca npy R = ix umeeM

Fi(n) = %e"‘i seche, (9.2.3a)

fa (ix)=—é et sechz (9.2.3b)
H, TAKHM 00pa3soM,

cMM:%%%wM. (9.2.4)

Boamyuenne co6cTBEHHOTO 3HaueHus nosy4aerca Hs (9.1.13), xotopoe
NPHHHMAET BHA

Wy m-—— 2';‘- “S dzR (u,) sech?z. (9.2.8)

3aBHCHMOCTb (Pa30BOro uneHa ot BpemenH §(f) [oyyaeTch H3 3aBHCH-
MOCTH OT BpeMeHH C)1(ix) u coorsowenus (9.2.4). Hcnoansyem cha-
yaaa (9.2.2) u nonyunm

zd;‘ [Fa(R)— cyy (92) 1 (A) g o = — ;“-e"‘ seche (xx + % sh Qz) . (9.2.6)

Torpa (9.1.14) BMecTe ¢ COOTHOMIGHHEM Ciir = (2R: «v 2xE;) 62}, KoTO-
poe caeayer H3 (9.2.4), naer

§i==40® — i—r S dzR (u,) sech? 2 (z + %sh 22) . (9.2.7)

Ml nonoxuan Takke, 4T0 6i2(ln)==(2ix)~', TaK Kak Ciz(k)=(k —
—in) [ (k + ix).

B kadecTse npHMepa HCIOJIB30BAHMA ITHX Pe3yAbTaTOB PACCMOT-
PHM B/HSIHHE SATYXaHHA Ha OAHOCOJMTOHHOE peiuenne. ITosoxum ans
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3toro &R (us) = —yus = 2yn?sech?z. CoorHourexne S dzsech'z =4/3
npuBoauT (9.2.5) K BHAY % == —2yx/3 uau )
% () == npe ~2¥'B, (9.2.8)

Tak Kak % NponopuHOHaAbLHO KaK aMIIHTYAe, Tak H o6paTHOA UIHpHHe
CONUTOHA, Mbl ONpPeAENHIH CKOPOCTb, C KOTOPON COAHTOH pacn/inBaercs
Il 3aTyXxaeT ¢ POCTOM BpeMeHH.

Tak Kak noawHTErpaabHoe Buipakenne B (9.2.7) — neuerHas GyHk-
uns, M Umeem §; = 4%2. Hnrerpuposanne naer

E()= % [ — ()] + &, (9.2.9)

rae % ({) naerca supaxenuem (9.2.8). OTMerum, uTo npu y—0 MH BOC-
CTaHaBJHBaeM Pe3y/IbTAT A/ HEBO3MYIUEHHOro COMUTOHA, E==4x? <+ §,.

BoaMyureHHs B HeNMpepHIBHOM chneKkTpe

Ml MOXeM OXHAATh, 4TO peuleHHe ypasHeHus Kopresera—pae
dpu3a, asasiouleecs BO3MYIIEHHEM OIHOCONHTOHHONO pelleHus, Gyaer
HMETb BHA

u(x, {)==— 2x?sech®z + du, (9.2.10)

Flle 3aBHCHMOCTL ¥ H { OT BpeMeHH GhIa MojyueHa Bbille, a ujeH du
NOABASAETCA BCJAACTBHE BO36YKAeHHA HENpepHBHOro cnekrpa. as no-
ayyennsi 64 MOKHO BepHYTbCSl K ypaBHeHuio Mapuenko (3.2.7)

QR(x"*'y; l)=AR (x' Y 1)+ S dleR(x’ +!/, i) AR (X, x,v ’)=09

X
(9.2.11)
TAe ANA eAHMHIYHOr0O CONTHTOHA

cn [ dk cu(k, t) con (i 1)
Qe )= | G oipgret—i S (9.2.12)

Tenepp Mbl noNOKHM Qg = Qs + 8Q, rae Qs u 6Q o6o3navaioT BTOPOQ
1 nepeui uieHbl B Bupaxenuu (9.2.12) coorBercrBenHo. Ecau Mu 3a-
nuwem Takke Ap(x, y) = As(x,y)-+8A(x,y) u B unTerpaze B ypas-
HeHHH Mapuenko npeneGpexxeM npoH3aBejeHHeM OoJiee BHICOKOro Mo-
paaka 0A40Q, mn Hafinem

8A(x, ¥; t)+S dx'Qs (¥ +y; )OA (X, 23 )= (%, ¥ 1), . (9.2.13)
rae

W(x, gi )=—0Q(x+y; ) — S dx’As(x, x5 1) 8Q(x", y: 1). (9.2.14)
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Hs yup. 4 ra. 3 umeem

Qg (2) == 2xe* B-2), (9.2.15a)
m" (B -x-g)
As(x, y)=— W. (9.2.15b)

Pewaem ypasnenne (9.2.13) otsocurenpsHo 8A(x,x) u Hcnonbsyem
COOTHOLUEHHE

du(x, ()= —2-2-8A(x, x; ). 9.2.16)
Uto6ul moayuuts A (x, x; ), ymHoxuMm cHauana (9.2.13) na e u
NPOHHTETPHPYEM OT X A0 oo, DTO Jaer
o S dy =¥ (x, y: {)

S dye=*8A (x, y; t) == prw . (9.2.17)

x

3areM, Hcnoabays onpenenenue Ag(x, y), HMeeM

8A(x, y; t)=e**As(x, y) de’e"‘"‘F(x. Y D+ ¥(x, g, 1). (9.2.18)

x

UYgen ¥ (x, ¥; {) MOXHO BHIPa3uTh vuepe3 cyfc;;. HMcnoassys s
(9.2.10) Bupaxenue (9.2.15b) n onpenenennue

oo

dk R, ¢t .
0(x, = | greter Sl (9.2.19)
HaXOAHM, 4TO
- C dk cu . Agx+y)
\I’(xt ¥ t)“" S ‘3&"‘:8“(""”)[[ - —TTIT_]‘ (9-2.20)

Toraa 0A (x, x;t), cornacro (9.2.18), sanHcuBaeTcs B BHAE

A , 2
8A(x, x; t)= S %%‘i—e""‘ [1 —-—2—(_:—‘.:—)] (9.2.21)
3ameyas, uTO
A (x, x) k4 ixthz
. S —
= T ——l( P, ). (9.2.22)

MOXHO HCNOJAb30BaTh (9.2.16) u (9.2.21) M nOAYyYHTb OKOHYATE/bHBIH
pesynbrat

=0, 4 dk cu ongyouzk k4 inthz\2
Ou =2x% P S I o ¢ KE+20zk/x (__——k-{r-i% ) . (9.2.23)
-4
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Pewaa (9.1.12), HyXHO onpemenWTs OTHOWIEHHE p==¢);/c; ¢ TOu-
HOCTBIO A0 MEPBOro NOpsfka no & B mpaBod yacTH 3TOr0 ypaBHEHHA
MbHl HCIIOJIb3YyeM BHIp2XKeHHe HyJseBoro nopsiaka Ve = (k—ix)/(k 4
<+ ix) u BMmecTO [, ero npeactaBnenue (9.2.26). Haxonum, uto

Py — 8ik%p = s | dzR@)e- b (k — inth 2. (9.2.24)

Ias pacCMOTPEHHOTO BHIE NMPUMEPa, a MMEHHO &R = —yu, HMeeM
, yhle ROy

P — 81k3p = %(I:_—x_x)_’— I (-;‘-) ’ (9.2.25)

rae % (f) u §(f) nawrcs popmyaamu (9.2.8) u (9.2.9) coorsercTBEHHO, 2

[(p)= S dze~%P% sech?z (p — i thz)% (9.2.26)

dtor MHuTerpas MOXeT GbiTh 3aMHCAH B BHAE CYMMHB TPEX HHTErpanos,
I=p¥, —2pl,— 1, rne

o«

1, =2 S dz cos 2pz sech?z = 2np cosech np, (9.2.27)

oo

=2 S dz sin 2pz sech?2 thz = p/,,
0

0

Iy

I,=2{ dzcos 2pz sech?zth’z = £-(1 — 2p7) ;.
0

HHTel"pprﬂ Mo 4acTaM, JIETKO YCTAHAB/IHBAEM CBSA3b MeEXAy IBHMH
HHTerpasJaMH. Haxoaum, yto

1{p)=— —25’5- p(1 4+ p* cosech np. (9.2.28)

Hurterpupopaniie ypasuensua aasa p (9.2.24) ¢ 3aBHCHMOCTAMH X n
t oT BpeMeHH, 1aBaeMbHMH cooTHOweHHAMH (9.2.8) u (9.2.9), 6u/0 Gu
OuYeHb CJOXKHO. BMeCcTO 3TOro Mul NMpeanonoXxum, uto?) y# < 1, u 3anu-
wem %=x, 0 E=4%X% 4 E. Torna p(f) cpasy xe onpesensercs, u
AJS HavyalbHOTO ycaoBHS p(0) =0 MH HaxoauM, uTO

TN [emst _ e—ﬂi’"‘g‘ ] (5.2.29)

()= cn(®) Ty
cp(t) 12k (R% + 3) sh (suk/x)

» HexanHo OwIO NOKa3aHO, 9TO HYXKHO BKJAIOYHTH NONpaBowHuA uqnen [67).
Onnaxo STa MONpaBKa He BAMAET HA XaYeCTBEHHHE Pe3ysbTaTH, KOTOpHe GyAyT samech
NONYYeHH.

2 Jlns ReTanbHOTO DPACCMOTPEHAS Pa3THYBLX BPEMEHHHX MaciuTaboB 9TOA 3a-
Raun cmorpy paboty Kapnmana [67).
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Cnepyer oTMeTHTh CHauasla, YyTo 3To NpuGAHIKEHHOE BHIpaXKeHHe
as p(f) uapywaer obwuii pesyabrat ¢11(0,f)/ci2(0,¢)——1, nony-
uyeHHnd B ynp. 15 ra. 2. Oavako Mul HafiaeM, YTO NMPOU3BOAHAsA MO z
B (9.2.23) cayxuT aas toro, yToGn BBECTH B MOAHHTErpajbHOe BhIpa-
KeHue (9.2.23) RonosHHTeNbHHHA MHOXHTeNb R H TaKHM o6pasom che-
NaTbh MOAMHTErpajbHOe BhIpaKeHile JOCTaTOYHO HEeYyBCTBHTEJbHBIM
K MajakM 3HayeHHAM R, uToGH npeasifyliee BoipaxenHe p(f) nasanc
yaosJeTBOpHTeNLHOe onucaHue du. Jas Gosnee noapoBHoro obeyxie-
HHS 3TOTO BONpPOCA UHTAaTeAb MOXeT o6paTUThCs -K pesyabTaTaM Kapn-
mMaHa u Macaosa [69].

Yro6bl noayunTh MPHOAHIKEHHHA BHL O#, MH 3aMETHM CHauaaa,
YTO BHE OKPECTHOCTH COJIMTOHA, I'IE BKJAA 33 CYET BO3MYLIEHHS Hal-
Gosiee HHTepeceH, MOXHO Npene6peus B th z MedseHHO! 3aBHCHMOCTBIO
ot 2. Jlanee samerTuMm, 4YTO MOAbIHTerpanbHoe Bpaxenne B (9.2.23)
6BICTPO OCUHJAMHDpYeT AnA Goabiuux k. Takum o6pasom, MH nmoaaraem,
YTO AOMHHHMPYIOWHHA BKJMal B TOABIHTErpanbHoe BbipaxeHie Oyner
RaBaTb o6aacts B6AH3H k= 0. Ecau annpokcHMHpPOBaTh aMMIHTYAY
noAbIHTerpajbHoro Buipaxenus (9.2.23) B o6nactH B6AHIM k=0 u,
KaK YNOMHHANOChL BHIle, NpH AHGGepeHLUHPOBAHUH MO 2 npenebpeup
MCIVICHHOM 3aBHCUMOCTbIO OT 2 B th 2, TO HaxoxuM, 4TO

.
du=5=F(x, 1), (9.2.30)
rane

dh kG-t (esu”t __e-“*"tz)’) (9.2.31)

F(x, )= Sz—m——k——

- 00

# MHOXHTenb th?z 6uA DPHHAT paBHHM efHHHIE. JIErko NOHATL CMbICA
¢ynkuun F(x,f), paccMaTpHBas cHauala NPOU3BOAHYIO

bd

oF 1 it(x- ik —tixgt

P g § gt (o i) =
-0

o

=L § agcostx— 1) + 21— 8(x — to — ) =

0
= __l__. Jx—2% _ W)
@™ Al [ (anua‘] 8 (x — & — dnt), (9.2.32)

rae Ai(x) — dynkuns Diipu [4]. Ha nepsoro Bupaxenus (9.2.32) mu
BHAHM, uTo npu ¢ — 0 BHpaeHsue, copepxatee GyHkuuio JipH, npe-
Bpawaercs B §-¢yHKuHo. Ecin npeanosoxurb, 4To BO3MyLIEHHE MpH-
BeneHHoe B dopmyae (9.2.30), o6pautaercs B HYJb NPH X~ —oo, T.€.
AaJIeKO No3alH HMNYJbca, TO

(x—Eal(3t)1/3
F(x, )= S dnAi(m) —0(x —g —4x%), (9.2.33)
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rie 0(x) —o6uynas crynenuataa ¢yHkuua. Ecte Tabanum uurerpa-
n

n0B ot GyHKusn Jiipu [4]. Ipu x << 0 ¢pykKuus S dn’ Ai (v') ocuua-

-0
JHpyeT OKOAO Hyas k npu x =0 amnanTylda gocruraer 2/3. Ilpu
x >0 oHa MOHOTOHHG pacTeT A0 eAHHuuUb. CJuefoBaTedbHO, (YHK-
unua F(x,{) nmeer sui, nokasaHwwfl Ha puc. 9.1. Takum o6pasom,
BHJHO, YTO YJI€H Bo3MyuleHHsi B ypaBredun (9.1.1), papHbift — yu, co3-
AaeTt NJA4To NOo3aill coluToHA. IT0T 3dPekr HabMI0AaJ/CA NPH YHCTIEH-
ubix pewennax [93].

Flx, )

10

—

4:;: x-fo

/AVA\//\\/

Puc. 9.1, Illeand nosann connToHa B pElIEHHH BO3MYyUleHHOro ypasHenus Kopre-
Bera — Ae Opu3a ue — 6uux + Uszs = YU.

Tosnpko 4YTO NOJSyYeHHHe Pe3y/NbTaTh NO3BOJASIOT IOHATb, KaKoe
BJHAAHHE OKAa3biBAeT BO3MYIlieHHe HA NapaMeTPhl CBA3aHHOTO COCTOSHHA
(CONMHTOH) ¥ Ha HenmpepHBHHH CleKTp (NNaTO 38 COJNUTOHOM), YKa3a-
HHe 00 OTHOCHTEJIbIOA BeJIHYHHE KaXAOro H3 3THX BKJaAOB B IOJNHOE
pelleHHe MOXHO NOJIYYHTb, lIepENHCHBAsA CHauaja 3BOJIOIHOHHOE ypaB-
HeHHe B BHAe

Uy 4 (— 3u? 4 uyg)e = — yu. (9.2.34)

Takum o6pa3oM, MAOWAAL JOKAAH30BAHHOTO PELIEHHS AOMKHA YAOB-
JNIETBOPATH COOTHOLLEHHIO

5 Vavumn=—y { deuix, ) (9.2.35)

ﬂ.ﬂﬂ OAHOCOJIHTOHHOIO pelleHHs Mbl HALUJH, YTO

u(x, ()= — 2u?sech?z + 5= F (x, 1). (9.2.36)
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3aMmeyas, yTo, cornacko pHc. 9.1, naowafp moa dykuued F(x,1t)
npH6ANKeHHO paBHa 4%}, MBE HaX0QuM, 4TO

{ dxu=—ax) +5 v (9.2.37)

-0

Taxum 06pa3oM, ¢ TOYHOCTBIC 4O MEPBOTO NOPAAKA M0 Y NpaBas 4acTh
ypasuenus (9.2.34) paBHa 4yxo, B TO BpeMsl KakK Ji€Bas 4acTb CBOAHTCA
K BHIPajKeHHIO

gi (_ de—2v8 | % Yxof) = -g- Vg + % g =4yx,.  (9.2.38)

Takum o6pasoM, BKJIai NiaTo 3a COJNHTOHOM B CKOPOCTb H3MEHeHNS
nJOmaAH NOA BO3MYIUIEHHEM BO BPeMEHH COCTaBJSET OAHY TPeTh 06-
wei ckopocti. JlanbHefilee ofGcyxnenHe I3THX Pe3y.abTaTOB MOXKHO
HaHTl B HayuHOM NuTepaType, UMTHPYEMOH B Hayaje 3TOM I/1aBbl.

¥Ynpowmennas npoueaypa

Mub Ham, 4TO BO3MYLLEHHE 33 cueT /ieMndHPOBaKHHA 04YeHb NPOCTO
Bauser Ha (OPMY COJIHTOHHOro peweHds ypasHenHa Kopresera—ae
@pusa. MoXKHO OKHAATL, YTO TAKOH NMPOTTON PE3YNbTAT MOMKHO BHIIO
6ul noayunte H 6oaee nenocpeacTBeHHbiM 06padcM. Ceiyac Mbl noka-
XKeM, KaK MOXHO HCTOJIb30BaTh 3HEPTHIO, a TaKXe APYrHe COXPaHslo-
Hecs BeHYMHBI AN HeBo3MylieHHore ypabHenus Koprtesera — ne
®pH3a, aHATH3HPYA 3aTYXaHHE COJNHTOHHOTO DPEUIEHHS! RPH HAJIHYHH
neMndHpPOBAHNA.

Ias Hauana 3aMeTHM, UTO COXPAHSIOIMAanCA BeJHYHHA g, NpHBe-
neHHas B ¢opmynax (2.8.51), nponopunoHalabHa 3HEPrHH, COAEPIKA-
wefics B peuenny ypasHeHHst Kopresera — e ®pusa. Urobu nokasathb
3TO, WMCHOJb3yeM ONHCAHHYIO B pa3a. 2.1 mpoueaypy H BBeleM MJOT-
HOCTb JNlarpaHXHaHa, H3 KOTOPOH MOXHO BBHIBECTH HEBO3MYLIEHHOE
ypaBuenne KopreBera — e ®pusa. C 3THM JnarpasXHaHOM cBs3aia
MJIOTHOCTb TAMHALTOHHAHA, ABJAAIOIAACA MJIOTHOCTHIO 3HEPTHH.

Ecan npuHaTh, uTo 4 = @, 70 NJOTHOCTL JarpaHKHaHa AJs ypas-
Henus Kopresera — e ®pusa (4.1.1) pasua

L= — 5 00+ (0 + 5 (@ (9.2.39)

Tak kak nosiBAfeTcA BTOpas NPOH3BOAHASA, YpaBHEHHE ABHXKEHHUS cJe-
ayer H3

D (OBN, 3 02\ O 0Z N\ 9T _
at a@,) dx 0q)x) dx? (6@xx) dp =\ (9240)
C BHIUIeNPHBEACHHBIM JATPAHKHAHOM 3T0 AaeT

Pr: — 60,@yy + Prpyes =0, (9.2.41)
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a 3TO, ecIH CHOBa BBECTH U ==¢., €cTb ypaBHeHHe Kopresera — ae
®pusa (4.1.1) Ges saryxauus.
[MnoTHOCTL raMUJIBTOHHAHA paBH2

B=g fr —F=— (@) — 5 (@l (9.2.42)

Toraa sHeprus pelieHHs paBHa
oo L] oo

& = S dx X = — S dx (u3—}-%u§)= S deg, (9.2.43)

CBa3nlBad 3TOT pe3y/abTaT ¢ g4, MBl MPOHHTErPHPOBAJIM M0 YaCTAM H
npede6peraH NOJAHLBIMH NPOH3BOJHHIMH.

Ina nesosmyuleHHOro ypaBHeuus Koprtesera — ge ®pusa & =0.
Ceituac MH onpedeaum 3Heprulo ypasHenns Koptesera — ne Ppusa ¢
3aTyxaHHeM TeM )Xe BulpaxehHeMm (9.2.43) u onmpegenuM, Kak OHa Me-
HAeTCA C TeueHHeM BpeMmeHH. HMcnosb3veMas mnpoueaypa MoJsHOCTHIO
aHaJIOTHYHA TOM, KOTOpPas NPHMEHANACh At OMHCAHHS AeMNPHPOBAHHA
MeXaHHYeCKOro OCLHAJSATOPA NPH HAMHYKHH COMPOTHBACHHSA.

Ilns OAHOCOJIMTOHHOTO peuIeHHs Mbl HCNoAb3yeM u == —2x?sech2z,
3amMeuasn, uto xdx = dz, HaxoAuM

& = -- 8%’ S dz (sech'z — 2sech®2)= %Qu’, (9.2.44)
1aKk 4to &, =32%'%,.
C npyro#t ctopous, u3s (9.2.43) umeem

8=~ dx 300, +9.,9..) =
=— S dx Q. (39} —9,,,) =
= S dx @y (69, Pxx — Prxxx) =
~v{dram, (9.2.45)

Tak xak 3TOT pe3yAbTaT yKe NPONOPUHOHANEH Y, MK /A BHYHUCAEHHA
HHTerpajia HCNO/Jb3yeM HEBO3MYLUIEHHble peuleHHA H noayuyum &;==
= —(64/3)yx°. [lpupasHuBas nBa Bupaxenus & MH HMeeM paHee
NOJyYeHHbI Pe3yabTaT ®¢ == —2yx/3, KOTOPHf NPHBOAUT K BHIpaXKe-
o AAA x, naBaeMomy dopmynoi (9.2.8).

Eitte nerue noAyuHTb 3TOT Pe3y/abTaT, HCNOAb3Ys COXPaHSIOLIYIOCA
BeJIHYHHY go. Jlasblefillee pacCMOTPEHHE 3TOr0O NOAXOAA B CBA3H C BO3-.
MyuweHHHM ypaBHenneMm sine-Gordon MmoxHo HafiTH y Mak-JTadauua
u Crorra [83]}.
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Ynpaxcrenue 1

Tonaras R(u) = yurr, MOXKHO PACCMOTPETb BO3MYLIEHHE B BHIe AHDQY3HOH-
HOro 9neHa. [loKakHTe, 9TO TeNepb Napamerp, ONPEACNRIOUHA WHDPHHY CONHTOHA,
YAOBJETBOPAET ypaBHeHHIO ¢ = — (8/15)yx>. g‘lonyume STOT Pe3y/bTaT, HCMOAbIYS
COXPAHAICUIHECS BeAHYHHDL.

KYSBMUYECKOE YPABHEHME LUPEAUHIEPA

9.3. OCHOBHBIE YPABHEHHA

MoxHo pa3pafotaTp H MeTOA BO3MYUIEHHA AN 3BOJIOUHOHHHX
ypaBHeHu#, CBA3aHHHX C PACCMOTPEHHOM B FJ1. D 3anavedl Ha co6CTBEH-
HBle 3HAYCHHS AAs CHCTeMb ABYX ypaBHeHHA. DTOT MeTOA sAB/seTCH
JHIbL HeGoMblIHM 0606LIeHHEM METOAA, HCMOJbL30BAHHOTO B NpeANAy-
HX pa3fenax Ans ypabHenus Koprebera — ne ®pusa. B xauectee
npuMepa PaccMOTDHM BO3MYylieHHOe KyGuueckoe ypasuesue LIpénuu-

repa
M+ Uy + 2| ul?u=ieR (u). (9.3.1)

Haunem ¢ nocrpoenys onepatophoii GOpMH 3TOro ypasHeHHA (M
€r0 KOMIIEKCHO-CONpAXKEHHOro), cootsercTBylomed (9.1.2) ans ypas-
HeHHst Koptesera — ae ®pHsa. Mo icnosib3yeM onepatop, noNyYeHHbIH
B ynp. 3 ra. 5, a uMeHHO

A 2.(1 0)02 ‘(0 u) _(—lu!’ u,) 9.3.9
=2\ 1 )02 o)P— i qup) ©32

rae D = d/dx. HcnonbayeM Takike onepatop

L (l O) (0 u) 9.3.3
T\0 —1 b- uo0)' (9.3.3)
KOTOPHI! MOXKHO HaiiTh, nepenucas (5.3.2) B Buae
Lv=huv, (9.3.4)
v
rae v(vl) H A= —if. Toraa noayuum
2
0 i(uey+2ulu I’)
(£, A’—(—z<u;,+2a'|u|2) 0 . (035)
Tak kak L;=— U, rae
U (0 * ) 9.3
=\, o) (9.3.6)
MB MOX<eM nepenucaTbh ypaBHeHHe (9.3.1) H KOMMAEKCHO-cONpAXKeHHOe
eMy B BHIE
U,—I[L, Al=¢R, (9.3.7)
rae

0 R
R = (Rt 0 . (9-3.8)



280 T'a. 9. Teopus so3myuienud

Brnonue aunajoruuso BuBoay (9.1.4) HaxoauM, uTO npoH3BOLHAA MO
Bpemeny oT (9.3.4) NPHBOAHT K BHIPANKEHHIO

(L — A)D =G, (9.3.9)
rae ® = v, — Av,
G { eR -+ A/ naa cBA3aHHHX COCTOSIHHA,

eR AJsl pellleHUR paccesHud (9-3.10)

u [ — eaunnunas 2 2-matprua. PaccMoTpuM ¢dyHAaMeHTalbHOE pe-

ewenne ypanuenus (9.3.9), nponopuHoHagbHOE e~ oy
p yp ponop 0 p

x——oo., Takum o6pasom, nonaraem v ==Hh({)g(x, k), rae ¢ —
dyHnaaMeHTabHOE pellieHHe TOro THMA, KOTOPHI OHa  onpepened
B (2.11.15). Hcnoawsys npesenshyio ¢opmy A npu x— —oo, rae
u =0, HaX0AHM, YTO

1
O Sx(h+ 2ik’h)(0 )e""" 9.3.11)

i, TakuM obpasoy, h(f) = h(0)e-2%¥¢,  Tlpu x, cTpemsalemcs K oo,
N0y uHM

®—> (?)e”‘"h(l) (cne — 4ik2e,)) + ((l))e“’“‘h () ciag, (9.3.12)

rae Mbl HCMO530BAIH COOTHOMIEHHS MeXAy ¢ H P, KaHHOe dbopmyno#n
(3.9.8a), u npeienbnne Gopmnl

0

\Px-:; ( )eux'
1

{l"x_-:: ((l))e-lkx.

Tenepb 3aBHCHMOCTb Cj2 OT BpeMeHH, a TaKXKe BLI3BAHHAA BO3Myule-
HileM JOMNOJHHTEJIbHA® 3aBHCHMOCTb OT BPEMEHH ¢)j, onpenensloTcs
peuwreriieM ypaBHeHus (9.3.9) ans NpoMeXYTOYHHIX 3HAYEHUH X, Kak
310 6Bl10 clenaHo aaa ypasHenus Kopresera — ae ®dpusa B pasa. 9.1.
Hcnoab3yem cHOBa MeTOA BapHallH¥ MApaMeTpoB H 3amiliem

O =ap + fop, (9.3.14)
rie ¥ # ¢ — ¢ynnamentanpHbie pelleHHss OAHOPOAHOR YaCTH ypaBHe-

Hua (9.39), a @ u f — dysxunH, noanexaine onpenenenuro. Iloacra-
HoBKa (9.3.14) B ypaBuenue (9.3.9) naer

Ka, v + Kp,¢ = Gu, (9.3.15)

(9.3.13)

rjie Mol NOA0XHJ/H

e} %)
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Insa pewenus ypasienna (9.3.15) yno6so ssecTH
. CPz) . \Pz)
) . .3.17
Cornacio (9.3.16) u onpepenenuro BpoHckuana (2.11.18), umeem
N P
FKo=(on o) _3 )=~V @ O=—ca (6319

My nawan Takxe, 4To $ K¢ = 0. AHAJOCHUHO MH HAWAW, YTQ
@TKq: =0 uﬂ:’ K@ = ci2. 9TH COOTHOIIEHHA OKa3HBAIOTCA YAOGHHMH
N5 onpefeneHus ax H Br. YMHOXas ypaseerue (9.3.15) no ouepeamn
Ha 7 u {7, Mu ToTuac XKe noayuaem
— ¢'Go
Oy ==
e ! (9.3.19)
Gu
Bo=~.
Takum o6pasom, pemenue aaa @, obpaulaiomieecs B Hyab npH
X~ —o00, HMEET BHA

x x
@ =$(¢ S dx'§7Go + ¢ S dx'\iz’Gv). (9.3.20)
Ecan BHIYHCAHTD 3TOT pe3yabTar Npu x—> <00 H NpHPaBHATH KOIDPH-

0 1
UHeHTH npu | | )e”"‘ H (0 )e'”‘" TeM, KOTOphie GhJIH NOAYYeHH B
(9.3.12), To nafinem, uto

o

e — 4iktey = — | dv'¥rGo, (9.3.21a)
Cras = S dx'$7Gy. (9.3.21b)
Yro6m 3anucartb npu noayyenuu (9.3.21a) Bhiparkenne
— ¢ + e ¥ = —ci (B2, 1), (9.3.22)
MH Hcnoab3oBaiu (3.9.8a) u onpepeannn
¥ = (%2, ). (9.3.23)

IMonaras ¢3¢ = 0 B (9.3.216) n ucnoanays G = eR(u) -+ A, mut noay-
YHM 32aBHCHMOCTb COGCTBEHHOIO 3HaueHHs § ==Kk, OoT BpeMmeHH. Bcno-
MpHan faHHoe B (9.3.8) onpepenende R u 3ameuas, yto A= —if==
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== —{Rn, MH MOJeEM NEPEMHOXKHTb MATPHIH B MOAWHTErPaJLHOM BH-
paxKeHHH n cBectH (9.3.21b) k Buay

kpy=— 522 : (9.3.24)

QyHKUHH @) H @ NOACYHTHBaANICA Npu § ==k, rae $HG NponopuHo-
HaJIbHH.
IIpn Bnyucaennn nepsoro u3 ypashenua (9.3.21) BuaHO, uTO

<
¢yukuns 7 CHHTY/NApHA B MOJIOCAX B BepXHeH NOMYIIOCKOCTH, COOT-
BETCTBYIOILHX CBSI3aHHHM COCTOSSHHSIM. 3TO OYEBHAHO ANA peleHHf
C ONIHHM TNOJTIOCOM, KOTOphle GyayT npHBefieHH BnocaeACTBHH (popmyna
(9.4.5)). Onnaxo, renoabsys (9.3.8a) M BHuUHCAsA NMOAYYEHHYIO HeO-
npefeennylo gopmy npu §—>k,, nosyuum

cyyy — Aikie, = — ':l_, S dx’ [R% (@2 - cu‘i’z) +

-00

+ Roi(pr —cub)]ye  (9.3.25)

rie TOYKa O3HAyaeT NpoH3BoAHywo no {. dra mpoueaypa aHaNOrHYHA
TOW, KoTOpasi 6b/a ucnonb3oBaHa npH noayvenud (9.1.14). Pesyabrat
polpaxkeHHnlft B (9.3.24) u (9.3.25), co3naer ocHOBY TeOpHH BO3MYyllle-
HHA AN NnapaMeTpoB CBA3aHHHX cocTosHHA. Cefiuac MH paccMOTpHM
HCNOJIb30BaHHe 3THX (GOpMYyJ NpH aHaJH3e H3IMEHEHHS ORHOCOJAHTOH-
HOTO PelleHHA 32 CYeT AHCCHMALHH.

0.4. SATYXAHHE EAHHHYHOIO COJIUTOHA

OG6wufi BHA ONHOCOJHTOHHOTO pelleHHs, COOTBETCTBYIOUWIErO HYJIO
dyukuny €2(L) npr L=~k =a | ip, rae p >0, npusenen B ynp. 4
ra1. 5, a HMEHHO

u,(2) =2pe-*®sechz, (9.4.1)
rAe renepn

z=2(0[x—t0) (9.4.2)

0= “ﬁ"(’,)z 1 8(1). (9.4.3)

Kak u B ynp. 4 ro1. 5, npn OTCyTCTBHH BO3MYLIEHHA & =@y, =f,, &=
= — 4ol + const H § = — 4(a} + 53) + const. Kpome Toro, npuseaen-
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HHe TaM (yHIaMeHTaJbHHE pelieHHs MOryT GHTh 3aNHCaHH B BHJe

o e" ¢ p—a—iBthz
‘P(x, kn t)_ k'—kr (—-—iﬁe‘esechz )‘ (9-4'4)

el*o (——iﬂe""sechz) (9.4.5)
k—t \k—a+ipthz /)’ o

rae 0 onpepensercsa dopmyaoit (9.4.3) u
o =T;Tr7 +E(0). (9.4.6)

Y(x, k; f)=

3aBUCHMOCTL OT BpeMeHH AAf Beaugud § # O, Tak XKe Kak aas a v B,
onpepensiercs Bo3MyuleHHeM, Ecau Hyab c12(8) pacrnosoxen npu
{=h =a+4iB, 1O dyHiaMeHnTaipHbE pelleHHd CBOAATCHA K cCJae-
AyIOWHM:

o (x, by t)=—;—e-lh‘osechz(_;—;)v (9.4.7)
$(x, ki 1) = et sechz ( N 2,_‘9 ) (9.4.8)
3areM MH HaxOAHM, YTO
cu ()= B0 = O — —por-ikeris. (9.49)
Mu umeeM Taxxe
ca@=W @ =5 (9.4.10)

u noatoMy ¢z (ki) = (2k;)~. Tenepb 3aBHCHMOCTb COGCTBEHHOTO 3Ha-
YeHHS OT BpeMeHH JaeTcA ypaBHeHheMm (9.3.24), KOTOpOe CBOAHTCA K

by = S dz sech?z (Re*+1® + R'e~2-19), (9.4.11)
Paspensia AeACTBHTEAbHYIO H MHHMYIO 4aCTh, NIOJY4HM

o=~ +elm S dz Re'®sechz th z, (9.4.12a)

Be=-geRe | dzRePsechz. (9.4.12b)

B xawecTse npocToro MpHMepa HCMOJNL30OBAaHHR] 3THX Pe3yAbTaToB pac-
CMOTPHM BJIHAHHe 3aTyXaHHA Ha eAMHHUYHBIH COJNMTOH. 3artyxaHnue
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MOXKHO BBECTH, pacCMaTpHBasl ypaBHeHHe

Iy +uy, +2\ufu=—iyu (9.4.13)

TakuMm ofpasoM, eR = — yu,, uau eRe'®= — 2Bysechz. Torpa wmu
HaxoauM, 4ToO Bi=—2yf u a; =0, TaK uro

a=ua, B=Pfe". (9.4.14)

Taxum o6pa3oM, KaK H B ciyuae ypasuewnss Kopresera — e Ppusa,
CONUTOH PACINLIBAETCS U 3aTYXaeT.

Hameuenne ¢asul conurona noayuuM n3 (9.3.25) npeapapuTebHO
Henoab3osas (9.4.9), uTobu 3anucaTh

Cryp== e~ [9 (R k + RiEy) — id,]. (9.4.15)
Buiyucasnsa (9.3.25), tpeGyeM, uTo6n
Py (P2 — ) = — ;—'e“"“"*’”"i‘f” sechz (ae’ sechz — %b— » (9.4.16)
@y (P — yphy) = — % e—i0-2Aki+id gech 2 (ae"‘ sechz + EIB-) .

Pasgenas B (9.3.25) neficTBUTEJLHYI0O H MHHMYIO 4acTH, MOJYYHM

§,=—4u-§-‘iﬁ2 Re S dz z sech z Re', (9.4.17a)

8 =20k +4 (& — ) — 5y Im Sdzsechz(l—zthz)Re“’. (9.4.17b)

HAns BBelenHoro Bwme BO3MylleHHs eR = —yus o6a uHTerpana
B (9.4.17) o6pamalotcs B Hyan. Torza E,=—4da, u §,=2af, +
+4 [0 — B?(1)], rae B(¢) naetca supaxenuem (9.4.14,). B pesyasrate
HHTErPHPOBAHHA NOAYYHM

= — 4aof + o,
2
8= —da¥ — -'i% (1 — de~¥!) + 202, (9.4.18)

Ipu y-—0 370 cBOAHTCR K pe3y/AbTary AJA HEBO3MYUIEHHOrO Cayvas,
npiBeAeHHOMY B ynp. 4 ra. 5.

3aBHCHMOCTb IapaMeTpoB o H B OT BpeMeHH, onpefeasiouan ¢op-
MYy OLHOCOJNHTOHHOrO pelleHHs KyGudecKoro ypasuenusi LlIpéauurepa
€ 3aTyXaHHeM, MOXeT GHTb TaKXKe OnpejeseHa ¢ NOMOWLIO COXPAHSIO-
IHXCA BEJHUHH, CBA3aHHBIX C HEBO3MYLIEHHNM ypaBHenneM, I1pn atom
HCTIONb3YETCH Ta JKe NpoueAypa, YTo K Ans ypasHenus Kopresera — ae
®pusa B npeanayilem paspene.
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H3 (3.9.28) noayuum

2iC, = §°gl dx=

|uPdx, (9.4.19)

(20 Cy= S g dx=

(laff—{u,P)dx.

Kak MOXRO BHAETb, HCHIONB3YS IVIOTHOCTb JdarpaHMuana & =uu —

1 o
— 3 (¢'u,—uw) — (@u);  nocneanee H3 ITHX BEIPANKEHHI COOTBeT-
cTBYeT 3uepruu pewenns. Hurerpan no BceMy npocTpaHcTBy o;’ COOT-
BeTCTBYIOUIE NJOTHOCTH TaMHJIbTOHHAHA %’=u,—a— +u;-a——.--— 4
u u
t t
OKaanlBaeTcsl MPONOPUHOHANbHEM Cj. '
Ina oanocoauToHHOro peutenusi u = 2fe-%sechz, npusenennoro

9.4.1),
» (044 2iC, = 8, (9.4.20)
(20 Cy = 328 (% Bt — a?).

Ecan npeanofoXHTb, YTO ¥ yLOBJeTBOPAeT KyGHUECKOMY ypaBhe-
Huto Ulpénuurepa ¢ satyxanuem (9.4.13), To npou3soAHAsA MO BPeMEHH
ot Cy u C; naer

2iCy=—2iy | lupdz,

@PCy=iv | @'y~ uin)dx. (9.4.21)

Ecau npHpaBHATL NPOM3BOAHYIO no BpeMeHH oT Cy, 3afannyio dopmy-
nok (9.4.20), ee BHpaxKeHHIO, mosyyeHHoMy H3 (9.4.21), MBI cHOBa
NonyduM COOTHoleHHe f¢==—2yf., AHa/NOrHYHOE pPAacCCMOTpEHHE Ci¢
npuBoauT K oy =0, TaKk 49TO BHOBb NOJYYalOTCs o06a pe3y.bTaTa
(9.4.14).

Tenepb anaforuf ¢ TeopHeit BO3MylleHHH AAS ypaBHenus Kopre-
Bera — e dpusa oueBHAHa. PaccMoTpeHHe HempepHBHOTO CHEKTPA
TaKXe AHaJOrHUHO DACCMOTpeHHio anas ypaBHeHus Koprtepera — ne
®pu3a H 31ech u3naraTbes He Gyner. DTOT BOMPOC, PABHO KaK M A0-
NOJNHHTebHEE NPHMEPH BHYHCAEHHS BO3MYUIEHHH, MOXHO HAATH B
Hay4Ho# JIHTepaTtype, UHTHPOBAHHON B HayaJe 3TOM rjasHl,
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