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IPENUCHOBHIE

B nocaehHee BPEMH HHTEPEC K LENHGEIM (HENPePHBHWM) APOGAM 3HAUHTEND-
HO BOJPOC, O YeM CBHIETEALCTBYIOT MHOTOUHCJEHHHE MEMAYHAPOAHBIE KOH-
depennus, NocBECHHbIC HeNPePSIBHLIM ADOOAM UAH TecHO CBA3AMHEIM C HHMH
annpokcumaiuam  [lage, a Taxike BLIXOA HWECKOALKHX Momorpadmii no
nanHoft Tematuke [56, 73, 75, 77, 81, 90 u gap.].

Toxanyii, HauGonee SARIKHUM K [ENHEM ADOGAM SRJASTCH pasfien Teo-
pHH OpHOAWKeHus (yHKIuE, [Je paccMaTPUBAKTCE PanHOHAMAbHble TIpHOIM-
MeHUST O CBOGOAHHIMA HOMIOCAMH. 37ech NMOAYYEHH HHTEPECHHE PesyJbTaTh
O CBA3H CTPYKTYPHBIX CBOHCTB (YHKIHH CO CKOPOCTBIO CTPEMJEHHS K HYy-
M0 HAWAYYIIHX DALMOHAJbHHX npubmexenni [23, 26 » gp.], ycrasgsaens
CKOPGCTH  CXONHMOCTH annpokcumaunii [lage (cm., nanpumep, [24, 25, 46,
53]), HcemegoBaHnl pPAUMOHAJALHEE N HAWJYUIOHE palnoOHAAbHmEe OpPHOGJMIKE-
HEs HekoTopmX GyHKu®H KR Knaccor Gyekanit [21,31,51,54,63, 72 » ap.].
HoppoSunit Gubanorpaduieckull ofsop No annpokcamanuaM [lage Asaomes
s [74). Onuaxo TecHoll B3aMMOCBA3X MeXKXY UENHEIMH ZpoSaMu N pauno-
HAJLHEIME MPHOMMAKEHRAME B HacTOAULEE BPEMs elle He YCTaHOBIEHO.

Copops o mempepuiBHHX Zpo6AX, Mul CPABHMBAGM WX ¢ TaKUMH Cpej-
CTBAMH NpejCTABNCHHA aHANHTHYeCKHX (PYHKuMA, Kak pagel HAH GecKoHeys
Able OpoudsefleHHA. EciH cremenHefl psg, npeicTaBAAOMEBA GHATHTHYECKYIO
DYHKUHIO, CXONATCA B KPyre, PERHYC KOTOPOTO OOPEAGNSETCS PACCTOSHHEM
Jo Onnmalinero NMOMIOCA, H PacXojHTesi BHE ITOLO KPYrd, TO pPE3NOMEHHH
OCHOBHEIX 3/1eMeHTapHEX (yHKUMA B Uenusie ApoSH, KaK NpaBHIO, CXOAAT-
cA BO BCell KOMILIEKCHON INIOCKOCTH 33 HCKJAIOYEHHEM TOMOCOB $YHKIHM,
Ojanako ofimux TeopeM B 3TOM nJane eme He yCTaHoBAeHo. Henpephbhme
Apobu  NpefcTasisAT He TONLKO TeopeTHUeCK:il MHTepec, HO H SBASIOTCS
XOpPOWMM annapaToM BLIMHCAHTENLHON MaTeMaTHKH, ¢6/1a7a0muM cBOHCTBOM
MajIoro  BakOIJIEHHA TIOrPelHOCTH B npodecce Buuucaexuil. PaspaGorans
s(QeK THRHLIE anlGPUTMBL a9 [ojcdera KodpQUUREHTOB HenHnx apoded
A HX ROOXoAAWpX npobeil.

B rTeopuu HempepusumX apoSefi cyulecTBYIOT ABa HAIPABAEHHS: Teope-
THKO-UHCJIOBOE KW aHannrTHueckoe. [lepBoe HampapieHHe 3aHHMaeTcss H3y-
qeHueM pPEryJspHeIX LemHeX Apofefl, KOTOphie o0pasyloTcs NpH  Pasno-
HEHHH JEACTBHTENLHBMX HHCeT no aaropdtvy Erxauna. 3pecs, riaBHboiM
00pa3oM, H3YH4eTCH CTeNeHh MPHOMNMKEHHA ¢ MOMOLILIO fA-ff anmpoKCHManThl,
paccMaTPHBAIOTCA NPRJIONKEHHA OenHbiX ZpobeR ANS peilseHna AHODaHTOBHIX
ypabrenni. Bosewrol pasgen npeacTaBisieT MeTpHUeCKAs TRCPHS HeIPephiB-
HBIX RpoGefi,

Bropoe Hanpas/ienHe aaHuMaeTcs H3YUEHREM TAKHX BOTIPOCOD, Kak pas-
Jnoxesns GyRKA B NenHee ApolH, YCTaHoBJeHWe OUEHOK NOTPelHoCTH
NpuOIAMEHHA ¢ MOMOIIBID M-X ANNpOKCHMAaHT, HCCAefOBaHHe CBOHCTR (yHK-
ouH, npeAcTaBHMLIX COOTBETCTBYIOIHMA THIAMM HENpPEPHBHLIX Apobeli, ycTa-
HOBJIEHHE IIPHSHAKOB CXOZHMOCTH H BBIUHCAHTE JBHOR yeTodurBocTH. Kpowme
TOTO, 37eCh PACCMATPHBAIOTCH pa3fiMaHble [PHMEHEHHA nenHplx  apobelt o
aHande AJs AHATHTHYECKOTO NpPOROJMeHHs (GyHKOnf, [PM WCCJAeROBAHHN
yCTOAMUBOCTH MOAHHOMOB, JAS YCTAHOBJAEHHA cbasedl ¢ npofiemofl momen-
TOB, ¢ OPTOTOHAJbHHIMH DOJHHOMAaMK H T. O. i

ToapoGHsft ucTopyueckuflt 0f30p, NOCBAICHHWA UENHHM IPOGAM, HAA0-
weH B padoTe (81}, riae orMevaercss Gombluoil BKASL DYCCKHX MaTeMaTHKOB
I1. JI. Yetwimena [68, 69], A, A. Mapkosa [40] B co3janne aHanuTHYecKol
TEOPHH HeNpepuBHbX Apoled.
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B TeopeTHKO-YHCAOBOM HANPABJEHWR A48 uesell TeopHH uncen GHLIH
NOCTPOeHsl MHOrOMepHble OOCOUEeHHS HeNpephBHLX ApoSed. Ecay uennue
ApoGH TNDHMEHSJANCH TIPH PelleHHM JAHHeRHmX jHoGaHTOBLIX ypanHeHHS ¢
ABYMS TepemeNHoiMy HAn ypabHerufi [lems, To ycaoxuehue AnodanTtosmx
ypaBHeHMl WM pacCMOTpPEHHE CHCTeM AWCPAHTOBBIX YPABHEHHA eCTECTBEHHO
NPHBOJMIO K Gonee OOGMIKM, YeM M¢NHHe JpodH, KOHCTPYKLHAM. OmHuM u3
HauGomee ypauHelx ofoGueHal abasgercs anroputM  Hro6u — [Meppona |79,
86], KoTopHil MOMHO IPHMEHHTB TaKXe W B aHaym3e AN TpHOAMMKEeHUS
BeKTOp-hyHKUKE oflHOTO nepemeHHoro (cM., Hanpumep, [48]).

HMenospaya unrepnperaunio nenkod ApafH B Buje rpada H pacematpi-
Bas Gonee ofmue rpadbl THma jepesa, B. SI. CxopoGoraTbko Aan ompeje-
ZeHRE MHOTOMEPHOID aHANOra HenpepulBHof ApOGH, KOTOPH B IMepBOX ny-
GAWKAINM [OJTYYHNT Halnanke BeTsuwefica nertofi gpodu (BU). Hexoropuie
UaCTHHIE CJyuau BETBAMIEXCA LeNHelXx Apofedl BeTpeyaguch H paHee: Ha-
npuMep, B pabote [88] nepuogmveckan BLLIL Bosmmkaa KaK KOMOO3HuHA
MHOTOMEpHHX oTOGpamendit JKykorckoro.

®YHIaMEHTANbHOE RHAYCHHE B TEOPHH LENHHIX ApoGefl HMeOT pekyp-
DCHTHHIE QOPMYJIH AJA 44CAMTeNel M 3HaMeHareqefl NOAXOZAMIKX JpoJeft.
[TostoMy BHOJHE €CTECTBEHHO, YTO NepBse mwarH B Teopun BLUL 6blin
Hanpas/eHbi HA NOACKH aHANOTMYHHIX (QOPMYa A9 BETBIIUHXCH LeIHSX
jpobeli. Pasdnie BapuaHTsl TakHX dopMmya Seid yeraHosmenst B [19]. QgwHa-
KO #3-3a CBOEH FPOMO3AKOCTH OHZ OKa3aanch Mally(eK THBHHMH TIpH HCCAe-
Rosanuu cxoauMocts BILIL, X0T# HECKOJnKO TepBLUX NMPHIHAKOR CXOLHMOCTH
OBJIH  YCTAHOBAEHBl HMZHHO TakuM myTeM (cM., HampaMep, teopemy 3.1).
Bonpot cxogMMocTH JOAIrce BpeMa OcTaBAMCH OTHPHITHM. B To e Bpems
BeHCh PazpaoTKH N0 NpUMeHeH#ic ammMapara BLJ B Teopun sucen — s
npeAcTanAeHHd ajiredpaduecKHx HppalHOHAMbHOCTeH BHCHIMX cTemedelr [19,
49], zaa pewenus awodanToBHX ypasHenuil [39], B TeopHn BepodTHOCTER —
LI H305pakeHHd BHXOJHSIX BEPOATHOCTEH AMCKDETHOTO MAPKOBCKOrO Gpo-
‘necca [19], B BHUHCAHTEABHON MaTeMaTHKe — JAs pPOIIEHHS CHCTEM JHHEHk-
ubiX anredpaduecKHX ypaBHernd [44], xasm paspaSoTkd HeddHeiHBIX YHCIEH-
HHIX MeTOZOB peilenda auddepenuualpHnix  ypaneeuud o ux cucrem [20,
38, 50 u np.], B aHaan3ae — A NpHSTHKeHHT (YHKURE MHOTHX mepemed-
HeX [19, 27, 34, 58], gand pewenusa npoGiemel MoM2HTO3 [18], B TeaHHKe —
IAA cHETe3a MHOrOMOMIOCHHKOB {28, 76), pas mocrpoenus maTeMaTHuecKoR
Mofenu tparsuctopos [30]. MHoFHe M3 3THX peayisbTaToB MIMOMEHH B MO-
sorpaduax [19, 56], a rawxe crTaTbAX, ONYySAHKOBAHHEIX B KypHale
«BecTHuK JILROBCKOTO MOAMTEXHUYECKOTO HHCTHTYTA» (CM., Hampumep, Ne 141,
150, 169, 173, 182).

Dannas MoHorpadMa nocBAuleHa aHAMHTHYECKOH TEODHH BerBALIUKCS
nenBux Apobeil. [AaBHOe BHMUMaHHE yleiseTcd BonpocaM OSOCHOBAHHA amia-
para BIJI, ncesegoBaHuo CXOAMMOCTH YHCAOBBIX H HEKOTOPHX THIOOB (PyHK-
HHUOHAJLHEIX  BeTBAMKXCA LENHHIX Jpobefi. B Hauaje xaxjofi riasm npH-
Be/leHa AHHOTAUMA HAJNOKeHHOro B Hefi mareprana. [losTomy Ha xapakrvepuc-
THKE COdepMAHHA OCTAHABJAMBATBCH He OyaeM. Do BBefenHn v OpH cchur-
KaXx H3 BBeleHHe NPHUMEHAETCH OJMHADHAA HYMepauui.

OcroBHbe pe3yAbTaTH, H3J0XKenHele B MoHorpaduy, NOKIAN6IBANHCH Ha
pa3I¥UHEIX CEMHHAPAX ¥ KOH(QepeHUHIX, MHOrHe H3 HHX MYGJHKYHOTCA 3/leCh
BlepBule. [loab3yfch CiyuaeM, apTop BbIpaaeT KCKpeHHIOW 0aarcfapHOCTS
BCEM YY4CTHHKAM CEMHHAPOB, MDHHABIIHX aKTHRHOS YYacTHE B O6CYKJASHHH
peayaLTaTOR PaSoTol, 4T, KOHEYHO, CHOCOSCTH02al0 YAYUIICHHI HVIOMKEHMA
matepnana. OcofeHHO XoTeJoch OB OTMETHTh IHeHHHE 3aMEUaHHA H moXe-
nauud, BrckasaHnuee C. M. Hugonsckaw, JI. 1. Kyapasuenum, B, K. Msa.
zukom, A. H. Crenanuo™, A. H. faywaycxacom, A. A. Toasgeprom.
ApTop BHipamaer Takxe rAYGOKYI0 Grarogaphocts B, f. CkopoSoraTexo 3a
nocToAHHOe BHHMAHKe K palore B H. C. Dojnap sa momomls MpPH fogroTos-
Ke PYKOTNHCH K nedaTH.



BBEIEHHE

BerBauiuecs nensvle ApobH ABAFKTCA MHOTOMepHHIMH 06o6ie-
HUAMH OENHLIX MJIH, KaK HX euMle Ha3bBaioT, HempephiBHBIX
ApoGel. JInTepaTyphl HA PYCCKOM SI3HIKE, TOCBALIEHHOH LeMHBIM
Ipo6aM, OyeHb Mado, GoJsiee TOro, 3TO KHHIH CTAaporo H3JaHus,
OpeacTasafioilNe B HacToswlee Bpema GHOAHOTpadHIECKYIO
penkocTs. HMumewomuiics 37eck npo6es AOMKEH BOCIOMHHTE TO-
TOBAILMACA B H3jaTeabCTBe «MHp» IepeBop Ha pycCKHE s3bIK
MOHOTpa(HH HM3BECTHBLIX CMEUHaNHCTOB B 3Tofi ofiacTH ¥YuabaMa
B. Dxoyrca u B. . Tpona [81]. Mnl npuBeseM HexoTOphie
CBeJICHHSl M3 TEOPHM UenHHBX Apolel, Janeko He NMpeTeHxylolHe
Ha MOJHOTY WM CHCTEMATHYHOCTb, HO B KaKOH-TO CTelleHH He-
ofxoaumble A4s1 yao6cTBa YHTaTens.

Henpeprisayio apofe onpefefHM ¢ HOMOLWLLIO KOMMO3WIIHH
ApobHo-1nHeRHBIX OTOGpameH Kl

(@) =b+2, t(@)=ap(be+2)7" (k=12 ..), (1)
roe a;, b (i=1,2, ..., j=0,1, 2, ...) — KOMITEeKCHble
yHcaa; Z — KOMIVIEKCHAs nepeMeHHasi, npuuem a; =0 (i =1,
2, ... Ilyems

To@) =1,(2), Tp(=Tu 1 (f(2) (k=1,2,..). (2

Llennodét 1pofbic HasnlBaeTCA MNpelen mocaenoBaTedbHoCTH T (0)
npH k—»-oc, T. €. BelpaKeHUe BHJa

b0+b a:_az . (3)
1+b2_!_._. +ﬂ3
bk'f“'_'

Has yaobHo# H 3KoHOMHOH 3anucH (3) OyaeM B IaibHel1leM
NpHMEHATh COKpallleHHble 0003HAYEHHA, npenioxeHdnie Pog-
KEPCOM

Y R | Bk 4
U N T *
CywecTByloT, HO, K COXANCHHIO, MHOTOUHC/IEHBRE, 0603HAUEHHA
nenHwX Apobefi (3), cxoanble ¢ o6o3HAUEHHSMH, NPHMEHSEMBIMH
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Mui ke, cneays moworpaduu B, fl. CkopoGoratnka [56)], gis
samHcKH apobu (3) Gymem npHMeHATb 0603HAUEHHE

bn + ££s 'H . (5)
Koneunrle HenpepoiBHbte 1poGH
= » -9-£-= ! =
fo=bot D g = bt = (h=1,2 ..) (6
bg + te . + Baj

Ha3LIBAIOTCR N-MH MOAXOAAWUMH ApoGSMH HIM A-MH ANOpOKCH-
MaHTaMH LenHoi apobH (5).

Ilpu usyyenn uenHwmx apofeii, Kak npaBu/o, orpaHHyeHuHe
a0 (i=1, 2, ...) ciumaerca. B sroM cayuae momer Bos-
HHKHYTh HeoipefenerHocTs: f, = 0/0. Torpa 6yaem rosopurs,
4TO [, He HMEeT CMEICJ]a.

Henuaa apofp cXoAHTCH, ec/iH BCe ee NOAXOASILEE ApobH
HMQIOT CMBICT HJIH JIHMIIb KOHEUHOE YHC/IO0 NOAXOAMMHX apobeit
HE HMeeT CMBIC/IA M CYUIECTBYeT KOHeUHHIH Mpefen mnocjenoba-
TEABHOCTH [, TIPH 1 —= 00,

Kamayio #7-10 2unpoKCHMaHTY MOXHO [IPeICTABHTb B BHJE
OTHOLIEHHA

fo= g (7)

npuueM A Beluucdewus A, u B, —n-ro uHCAHTE]R W 3HaMe-
HATEJS CHPABEJTHBLE PeKYPPEHTHLIE opmyarl [63, 67]

A= bn.An—l + anAn—e' By =b,Ba1+ @By o(n=1, 2, o) (8)
NMpH HAYAJBHBIX YCJIOBHAX

A, =b, A.,=1 B,=1 B_,=0. (9

Jlansan MoHorpadua TMOCBAIEHA aHANHTHYECKOH TEOPHH BeT-
BALHXCA UenHblXx ApoGed. Ilosromy BO BBeJeHHH NpHBelaeM He-
KOTOpHI€ PEe3y/ibTaThl 3TOTO HANDABICHHA B TEOPHH HEMNPEPHIBHBLIX
apoteft.

lennole npo6H, y KOTOPBIX BCE COOTBETCTBYIOHIHE almpok-
CHMaHTH COBHAaJAalT, HA3bIBAIOTCA SKBHBAIEHTHHIMH. [1poH3soms-
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Hyto 1pobb, SKBHBaNeHTHYIO (5), MOXHO 3amucars B BHme [87]
* p_.04
b,+ D —fb—‘-‘—, (10)
=t PP
rle p; — HEeKOTOpHIE OTJIMYHEIE OT HyJMd KOMIVIEKCHHE YHeaa,
po= 1. Ecnn obosraunte C,, D,—n-fi wucaurens u n-fi ana-
MeHaTenb 1po6u (10}, 10 CHpaBe,ElJIHBI:I cooraowenns [67]

Co=0P2 ' PuAns Dy=pipy- 0B, (n=1,2,...). (11)

Has uenHuX poGefi © MONOXKUTENBHBIMH WIEHAMH ChipaBefl-
JIHEO CBOHCTBO BHJIKH, BHIpaXKeHHOE CHCTEMOH HEpaBeHCTB

For < fopre << fojs1 < fopns (12)

rie k, j— npousBObHEIEe HaTypanbHbie yucaa. Bonpoc cxomw-
MOCTH TaKHX Ipobefl ROTHOCTBIO penraeTes clie [yIOMHM Kp HTEPHEM.
Teopema 1 (3eiinens [92]). Henpepoisnan dpobb

~ol
bo'l‘“fgl_b;“’ (13)

saeMenmamy Komopol Aessomes  JedCmsumensusie  HOAOKCH-
meabrbie 4ucaa, cxofumea moeda u moasko moeda, Kozda
pacxedumen pad

Y b, (14)
{=]

K uneny Haubonee ynoTpeCHTENBHHIX KJaCCHYECKHX NPH3HA-
KOB CXOEHMOCTH UEIHHIX JApoDell OTHOCATCA, KDOME KDHTepHH
Selizenn, ueofxopuMulit npHusHak cXogumocti Koxa [82], no-
CTaTOYHLIE TIPH3HAKK cXolumoctd Bopumtegoro [101], Caewmn-
ckoro — [punrcrefima [58, 89], Teopema Bau Pueka [97] u ma-
paBonugeckne Tteopemul [Bl]. Kpome mnepeumcaeHHBIX cyinect-
ByeT OTPOMHOE MHOMECTBO JAPYrHX ApUSHAKOB CXOZRMOCTH (oM.,
umanpumep, [81, 87, 1007, a Takme [66, 78, 96] u ap.). Cof-
cTBEHHO, §OJRMIAA  yacTe Beex pabor U0 HemHeIM  JApoDaM
NOCEAIIEHA BOOPOCY HX CXOJIHMOCTH.

Cnezya {81], zamuM onpeaeneHne OGMAACTH 3MEMEHTOB, 06
JacTH 3HadeHRH H o6JacTH CXORMMOCTH IemHof apoGu (B), re,
He orpanuyMBas oOOWHoCTH, nonoxum by = 0. Ilocmepoparens-
HOCTH HemycThlx MHOXecTB {€2,} u {V,}, Takux uto O s5Q, =
cxC @ =V, (k=1,2, ..., i=0,1,2 ...) Ha-
SHIBAIOTCA [10CJI€/10BaTe1pHOCTAMH ofJlacTell 3neMeHTOR H obnac-
Tell sHMayeHHid wmenuoit ApoGH (C -— pacllMpeHHAs KOMIJIEKCHAast
IWIOCKOCTD)

a4
ha
fe=i b‘

(15)



eca
%EEV-i g (@, b)eQ, (n=1, 2, ...} (16)

tﬂ(Vﬂ]g Vﬂ—l ﬂ'ﬂﬂ <aﬂ’ be}EQH (n = l’ 2’ e ')‘ (17)

MHorHe H3 CYLIECTBYIOIIHX TNPHSHAKOB CXQMMMOCTH UeNHHX
apoGell ¢ KOMIMIEKCHBIMH 3JIEMEHTAMH HABJAIOTCH [pH3HAKAMH
tHna ofnactell cxoanmocTd. HocnepoeatensHocTs ofinacrel sae-
mentoB {Q.} (n=1, 2, ...) Ha3blBaeTCA MOC/IENOBATENBHOCTHIO
ofnactefi cxonumoctd apodu (15), ecst yemosua (a,, b,) €S2,
(n=1, 2, ...} ofecneyuBaior cxoguMccTs 3toil aApoGu. Hame
APYCHX paccMaTpusaloTes cayua: Q, =Q((n =1, 2, ,..) (1poc-
Tas obnacTb  CXoEMMOCTH), Qg1 =0, Qi =9Q, (k=1,
2, ...) (cnapenssle ofJacTy CXOAHMOCTH), B uwacTHOCTH, OTBET
Ha Bofpoc O HauCoJbilel KpyroBod o6gacTH  CXOJHMOCTH
€ 1eHTpPOM B HauaJie KOOPIHHAT 2eT CAERYIOmAf TeopeMa.

Teopema 2 (Bopmurcknii [101]). Ecsu dan yennod 0pobu

(145 a8} (18)

f=3

ede ¢, (2) — KoMnaeKcHble hyaryul, 3adanHele 8 oBaacmu
D <, sunoanawmen ycaosus

le(@ <7 (=23, ..)), (19)

mo
a} dpobs (18) pasnomepuo cxodumes ¢ D;
6) obaacmbio sHaueHutl A8Anemcs Kpye

|z—"%5] < %3 (20)

8) xkoHcmauma Y/, e (19) u obaacme (20) asrsomes wous
AYRIUML, M. e. KOHCIMAHMY HEeAb3RA Yseaudumb, a ofiactin
YMEHB WL MY,

Cregyowas TeopeMa B JIHTepaType HMEHYeTCs TeopeMol
[Ipuarcrefiva [89], xora 6bina ycranoBaena CremtHHcxiM [58)
Ha 10 ner panslie. AHaJOTHYHa# TeopeMa Obla yCTAHOBJEHA
raxe A. A. Mapkoseim [40] ana nefic TBHTeNLHBIX 9J¢MEHTOB.

Teopema 3 (Cnewmnckuit — Hpunrcreiim [58, 89]). Llennas
Opobe (5) ¢ KOMRACKCHBIMU dAeMenmami cxodumes, ecau

|bg) > lanl+1 (n=1,2, ... 1)
s n-x annpokcumanm cnpagediuso HepageHCmeo
lfn|<1 (n= 1) 2) ..-). (22)



Teopema 4 (Bau ®aex [97)). [Tycms 0aq ssemenmos yen-
nod dpobu (13) swinoansromes ycaosus

b0, largh|<<3—e (i=0,1,2 .., (23
2de & -~ npoussorbrne KAK Yeo0no Majsce Oelicmeumenbroe yuc-

A0 (O<a<-g—).

Toeda

a) n-g annpoxcamanma f, dpobu (13) yOossemeoprem yc-
20610

fo#0, largf,i<5-—e& (I=0,1,2 ..)

6) cyuiecmeyiom KoHedHbLe Mpedeabl HefMubiX U HEwe mMAbLX

annpoKCcUMarm;
8} Orn cxodumocmu uenwol Opobu (13) neobxodumo u do-

cmamoyno, 4mobst pacxoduarcs pao
LA (24)

[Toapobunifi 0630p no OfHOMY H3 CUEHb BAXKHLIX HarnpapJe-
HHIl B HCCNEIOBAaHMH CXOAHMOCTH menmHBIX apobefi, Tak HasbiBae-
MbIM mapaGo/qiueckuM TeopeMaM, H3JI0XKeH B MoHorpapum (81].
Mu chopMyanpyeM mepBblff, NONYYeHHbIl B TOM HaflpaBIeHHH

pe3yaLTAaT.
Teopema 5 (Ckort — Yoan [911). Mroxcecmso moyex S = (,

CUMMEMPULNOE OIMROCUMEAbRO OedcmenumerbHol 0Ci, ABAREMCR
obaacmuro Cxodumocmu yennol 0pobu

(1 +D %)"1 (25)

r=2

mozda 1 MoAbKO moeda, Ko2da S — OepaHueHNOe MHONECIIBO,
npunalaexawee napaboauneckol obaacmu

P={zeC:|z|—Rez < 1/2}. (26)
Boaee mozo, ecau a, ¢ P (k= 2,3, ...), mo dpobs (25) cxodumesn
mozda u moasKo moeda, koeda

a) cyuiecmsyem undexc p, maxod ymo a, = 0;
6) ace a,5=0 u pad (24) pacxodumcsa, ede

=1 a, =001 (p=1, 2, 3, ...). (27)

Teopema 6 (Kox [82]). Fcau pad (24) cxodumesa, mo yen-
Han Opobo (13) ¢ KomnaexcHbimu 9remenmamu pacxodumos,

g



Hoaee moeo,

lim Aﬁk = Fﬂ' "m A2h+l = Fl! (28)
- ko
;im B%k === GO’ lim ng.'.]_ = G1
~+ oo k=+co
4 BHINOAHACMCA COOMMHOEHNE
F.G,— F,G, = 1. (29)
Teopema 7 [100). [lepuoduuecxan yennas Opobe
a a a

T T+ T
cxodumces daa Kawmcdozo a €, 9a UCKAOWEHUEM MOYEK @ ==
=1/4—¢, 20e c¢— npousosenoe OQelicMBUMEALROE HONOKCU-
MEAbHOE WUCAO.

[Tpu moxasaTeabcTBe CcXORMMOCTH wenHsX gpofeit cymect-
BEHHO HCIOJB3YIOTCA ABa (pakTopa: BO-IEPBbIX, HaIHYHE DEKyp-
PEHTHRIX cooTHOUleHHH (8), BO-BTOPHIX, TO, YTG COBOKYMNHOCTh
ApoGHo-nRelAkX oToOpamenuii ofpasyer rpymny. 3aMeTHM, YTO
HM DIEPBOE, HH ETOPOE HE HMEET MecTa JAjA BETBAUIHXCA liem-
HEIX apofel,

OjHuM H3 METOZOB J0Ka3aTeNhCTBA CXOZHMOCTH UEMHHIX
apobell sBAfEeTCS] METOH, OCHOBaHHBIA Ha mpuMeHerun dyHIa-
MEHTaJbLHBIX HepaBeHCTB. Tak, Owin (cM., wanpumep, [100])
JOKazanLl TeopeMnl 2, 5 # MHOrMe Jpyrve. DyieM TOBOPHTB,
4T0 HenpepwiBHas ApoOb (25) ymoeserBopser (QyHIAMEHTAJLHBIM
HEDABEHCTBAM, eC/JH CYMIECTBYIOT TaKHe IeHCTBUTE/IBbHbIE YHCIa

f, >0, uro ansa anemeHTOB JApoCH &, BBHUIGJAHSIOTCS HEPABEH-
CTBa

ra]aﬂ+an+l+ Ilbrnrﬂ—zlapl'f"lamll (p=1, 2) )r (30)

rThe a, =r,=r_; =0,

Teopema 8 [100]. Ecau daa yennod Opobu (25) svitnoans-
W0MeA QYHOaMERMAALHEE HEPABEHCMEA, MO 6CE MN-€ IHAMEHA-
meau B,=50 u cnpasedausa oyenka

n—l

fa—inl< 3 1ty oot (31)

CylecTBYIOT jABe HHTepnperanuy ¢yHIaMeHTAJbHEX Hepa-
BCHCTB.

] uuTepnpeTanu A ecan niaa Apolu (25) BLmoaHAWOTCH
¢yHIaMeHTaMbHLIe HepaBeHCTBA M Pl

§1 flrzr. o T

cXoAHTCs, TO uenHas apobb (25) cxomurcs.
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Il nuTepupeTauus: ecau aas apobu (25) semoansOTCA
¢ynnameHTanbHEI HepaneHcTa (30), rae nepsoie ABa HepaBeH-
¢TBa CTPOTHE, TO CYUIECTBYIOT NpPEHESH YEeTHHX H HEeUeTHHX
roaxonsiux apodeii.

Mpamep 1. Tlpy BbINOAHEHHH Yyc/A0BHH TeopeMbl Bopnur-
ckoro uennas AapoOb (25} ynosaerBopsier (yHAAMEHTANLHBIM
uepasercteaM (30), rae 7, = p(p + 2)7!, OpH BBINOJHEHHH Yc-
JOBHIT napaonnyeckoll Teopemsl r, =1

PaccMOTpMM  HEKOTOpPHIE THOBI Py HKLUHOHAIbHBIX  LEMHBIX
npofei.

Henpeprieaas jpole

(b4 7+ D —oo )" (32)
! Vi TRy ,

rae a;, b, — KOMIVIEKCHBIE WHCHA, 2, -— KOMIUIEKCHhIE MepeMeH-
HEle, HASLIBASTCH HOJOKHUTENLHO ONPeeNleHHOH, ecad HeoTpHua-
TeAbHO ONpPeleeHs JeACTBHTEILHEIE KBaJpaTHUeCKHe (POPMbL

n—1

L hki—2 Xeabide > 0(n=1, 2 ., (33)

rae B, =1mb,, o, =1Ima, (k=1 2, ...)— opoH3BoibHbE
JEHCTBUTENbHEIE YHC/A.

Teopema 9 (Yoan —Berueas [100]). Lenwas dpobe (32)
noroxcumenabHo onpedesena mozda u moasko mozda, kozda
BOLNOARAIONICA YCAOBLA:

a) Be>0(k=1, 2, ...}

6) cywecmayrom Oelicmeumensine aucra g;00 < g, < |

§i=l, 2, ...) makue, wmo oy = PPr1l —ge1)gr (k=1

Teopema 10 (100}, Ecau yennan Gpofe (32) nosoxcumend-
HO onpedeaena, mozda n-e suamenameas B,(2)=£=0 (n=1,
2, ..)e obaacmu Imz, >0 (i=1, 2, ...}.

[Tennast apo0s (32) Hazwigaercsi J-ApoObio, eciaH Bee 7, = §
{(i=1, 2, ..), rae ;— koMmekcHas nepemeHHan. [logpoOHbIit
0630p, MOCBAUICHHBIA [IOMOMHUTEABHO ONpeleTeHHEIM npolaM
n J-npoGam, usnomen B MoHorpaduu [100]. Boabuioe BHEMaHHE
[i3y4eHHo geficTBuresbuux J-apobeft yaensau I1. JI. UeGrimes
[68, 69] n A. A. Mapkos [40].

HenpepuieHaa apolp BHIA

o ] — ~1
(1 + b (Bl B)™ (34)

k=1

rae 0 < g, < 1, z€(}, Haswlpaerca g-apobbio.



Teopema 11 [100]. Hennas dpobs (34) pasnomepuo cxo-
dumca Ha xancGom xomnaxme obaacmu

C={e2ec:z25=—1, |arg(z+ 1)|<<n}.

Ham OyayT HeoOXORHMMB! HEKOTODHle CBeleHHs O UENHbIX
nocaenoBaTeaLHocTaX, Oonee nogpoCHO H3NOKEHHHE B MOHO-
rpagun [100].

[TocnenoBarenbHOCTh I€HCTBUTENBHBIX HECTPHUATENHHLIX UH-
cen {a,} HasHIBAETCS LEAHOH, €CNH CYHIECTBYIOT TaKHe JefcT-
BUTEJLHEE 4YHCA

D<g, <l (n=0,1, 2 ..)), ur0 a, = (1 — g,_,) &»
k=1, 2, ..).

Uucna g, (n =0, 1, ...) nasulBaloTCs napaMeTpaMu LENHOH G-
ciefoBaTeArHoCTH. [lapamerTprl onpelensiorcsl HeOAHOZHAUHO.
Onmako AnA KaXkAOH HemHOH NMOCAeIOBATENBHOCTH {a,} BCEP,II&
CYIIECTBY IOT TaK HasblBaeMble MBHHMAJILHEIE TaPaMeTpHl /i, (n =
» 2, ...) H MaKcHMaJbHEle TnapameTpel M, (n =0, 1 2, }
Takhe, 4TO ap=(1—m, ) mp a,=(1—M, )M, lk—-l
Juamy g, <M, (n=0, 1, 2, ..) ana Bcex Apyrux
SHAU¢HHI TNapaMeTpOB JaHHOH LeNHOH nmociefoBaTeNLHOCTH, Mu-
HHMANLHBIE M MaKCHMaJbHEE NapaMeTPH ONpelensfoTcs OfHO-
3HayHO No opMyaam
0, ectu m, =1
_"{ (1 —m,)? ec.vm:"n<l(p"_1 2 )
1
(35)

Mp==l‘—‘ d;ﬂ-] _ ﬂp,;-l-g _ a,01+3 L (p=0, 1, _"). (36)

My = 0, Mpay
ps1

Ecau {a,} — uenHas nocnenosaTeNbHOCTb, Y KOTOpofl a,>>0
(k=12 .., tom,=M, (p=0, 1, 2, ...) Torga n TONBLKO
TOrja, Koria pacXomHTcs psA

on F
L=
1l —m; -~
b=l i=1 ‘
Hocaegosatenshoers {o?} aBnAeTcA LENHOR TOTAA H TOJBKO

TOTMA, KOTAa A8 BeeX AeficTBHTe bHsIX 3HaueHUl &, (i =1, 2, ...)
HEOTPHLATEALHO ONpelesieHEl KBajpaTHiecKHe (OPMEI

Fl=-]

2&9—22a9§p§p+1}0(n—2 3 )

Ecmu {7} — nennas nocaexoratenbHocTs H f2 < of (B =1, 2,
...}y To {B}} —lennas nocneROBaTEIBHOCTD.
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Perynspuoit C-apo0bio HaswiBaeTcs ApoOb BHaa

| + D S& (37)
p=1 |
rae a,%<0 (k=1, 2, ...) — KoMnIekcHele 9Hcna, 2€ (.

S-apobsio HaspiBaeTcs npobn (37), rae a,>>0. OueBHiHo,
yTo g-Apofb fABJASETCS YacTHBIM chiyyaem S-Ipofin.

Hanlonee xapakTepHBIMM M yNOTpeOHTEABHBIMH MPHAHAKAMH
cxouumocte C-npoGedl sBasiorcst Teopema Ban ®aexa o npe-
JAeMbHO TEPHOJHYECKHX LelHBX aApoOsX, KOrga CymecrByer
lima, npu k-»co, u KapanounHas Teopema [81].

HOasn S-gpobeit xapakTepHoll sBAACTCS CASAYIOUIAA TeOpeMa.

Teopema 12 (Cruartbec [601). Jas yenwod dpobu (37), ede
gk>0 (=1, 2, ..)), 2€ [, cnpasedauset credyrouiue Hmee pog-

eHuA!

@) wemuote U Hewemubte nodxodawue Opobu (37) pasHo-
MEPHD CXOOAMCA Ha KaxcdoMm Komnaxme obaracmu

G={z¢(: |argz|<<m}

K (pynryun, eoroMopdnott 8 G;

6) yenwuaa Apobe (37) cxodumea x 20i0MopPrHOb hyaryuy
a8 G moeda u moavko mo2da, ko2dz pacxodumcea pad (14),
20z b, (i =1, 2, ...) onpedeasiomea cocaacno (27);

s} ecau yennas dpobe (37) cxodumca @ Kaxkod-aubo mouke
oGaacmu G, mo ouxa exolumces 8 Kaxdold mowke obaacmuy G.

KpoMe nepeuscIeHHHIX CYLISCTBYIOT ¥ JOPYTHe THIM (YHK-
NHOHAALHLIX Henuuix ApoGeli, nanpumep T-apobu [81}, zpolw,
y KoTopuiX pasnarawrcs Qydkuuu kjacca I'epraorua [64, 100]
H Ap.



Taasa 1

OUPENENEANE A YNEMEHTAPHBIE CBOHCTBA
BETBAMAXCA HENHLIX JPOBEA

CymecTBYIOT /BA MOAX0AA K ONPEAE/EHHIO BETBAUTHXCHA UEMHHIX
npotefl. X pOHOMOTUYHO NepBHiM OB NORXOA, KOTOPHIE npezao-
xun B, . CxopoSoratbko {56, 57). On ocnoBan na npumene-
HHH TeOMETPHYECKHX mnoHATHl Tvna rpados. Bropoit moaxon,
npeanoxennri I1. M. Boarapuykowm [19], Hcrnosb3yer KOMNOSHIHH
MHOTOMEPHBIX JIPOOHO-NHHERHLIX OTOGpaXKeRHH.

Mu JajuM onpejenteHHe BETBALMHXCA UenHelx Apobeii ¢ N
BeTKaMH BeTBJaeHHs (N ¢ §), crenys eropomy nojaxoxy. B §1
PacCMOTPCH TaKiKe aliTOPHTM pasfoxkeHHs HATypPalbHOIC YHcia
k no crenceam N ¢ OTMHYHBWIME OT HYAS Ko3PbHUNERTAMH,
KOTOPHI!l MCTIOJIB3YeTCA AIA OnpelefeHHS OJHOTO BAKHOTO LA
JalNbHeHmMero H3JoKeHHs THIa QUIYPHEX noaxomsuwmx Apobe,

B § 2 obocHoBanm QopMyaBl A7 yHCJTHTENeHd W 3HAMEHaTe-
nefl noxxonsmux ApoCeft B EHAe onpeneautenel, Koropuie OyayT
CYIeCTBEHHO HCMOMB30BATRCH B IVI. 4 175 oNpefeseHHs W H3Y-
9eHHA CBOACTE MHOrOMEpHEIX MOJOMHTENBLHO OnpesedeHHbiX
npoGefi. Tlosromy BosHukAa HeoOXORUMOCTb B HX cTporoMm ofo-
CHOBaHHMH. PaHee aHaMorHYHBIE COOTHOILEHHA OBNIM IPeAJOKEHb
B. 1. Mmoinoeeim  [32], npaspa, Ges ykasaums dopMya jaas
ofmux uneHoB onpenenutesed,

B § 3 ycranosnena dopMysa pazHocTH IBYX He ofs3atedbHo
COCeHHX NoAXOAAmHX JApoGeli (3.3), KoTopas CYIIeCTBEHHO
HCOOAB3YETCH NPH HCCAENOBAHWH CXOIAHMOCTH BETBAILWXCH LEMN-
Huix gpobeii. Tlepeoifi Bapuant dopmyssl tHna (3.3) OpeMIoKuI
M. 5. Onexcus [15]. Hanpuefiwee ee ycoBepmeHcTBoBatue Gruio
ocymecrereno J. H. Boanapom u H. A. Hepamgopckum.

YereepThtfi nmaparpad MOCBSILEH 3KBWBAICHTHHM npeofpaso-
BaHMsAM BeTBsmmxca wuenwux apofefi. I1. M. Boamapuyk [19,
¢. B5—56] pokasan, uro BIIJ] (4.2) skBupanenrna (1.9). On-
HAKO, KAK MOKa3WBaeT NPHMep, NPOUSBONBHOE 3SKBHEAJEHTHOE
npeobpasoBanme npobu (1.9} menw3s samicath B BHIe (4.2).
YCeTaHOBNEHE HeOOXOAMMEE H AOCTATOUHBIE YCJAOBMS, YTOOH
B BHjle (4.2) MOxHO GLIO SaNMHCATh IPOUSBOJNLHOE SKBHBA/ICHTHOE
npeotpazoparke BILI (1.9).
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B § 5 HamoxeHH pesyJbTaTHl, [OCBSILEHHHE OGMACTAM 3/e-
MEHTOB H 00JacTAM 3HaveMHi I BETBSLWAXCH LENnHHX ApoOeit.
Teopemnt 1.12—1.14, 1.20, 1.2] 6bu yetanomaenw E. A. Bon-
rapoBudeM. B coorseTcTBYIOILHX pa3paboTKax okasagach TnpH-
MeHHMOH METOAHKE HCC/eN0BaHHA dHAJMOTHYHBIX BONDACOE
B TeopuH ueonwX apobeil [80, 81].

§ 1. Onpenenenne seTeAmeiica nennoit Apotn.
Hopxoxamue apobn

Ecan iy, i, ..., i, — HeKoTOpHE Habop HHAEKCcOB ({, =1, N,
p=1, k), To ¢ Uenablv coRpalleHHs 3aNuCH B JanpHebweM Oy-
JeM OPUMEHATh MyJAbTHHHZEKC

i(R)y=1iyig... 0 (1.1y
Tyers by, buy, aiy (R =1, 2, ..., i, =1, N)— komnaekc-
gole uHeha, gy (B=1, 2, ..., i,=1, N)— kommiekcHe

nepeMeHHble, mpHueM &0 (k=1,2, ..., =1, N) u
nycTsb '

Bg(21y Zgs oo Ty ==byF 21+ 2, + - F 2y, (1.2)
Ly ety Zupzs v - 0 Zien) = i (D =+ 2e0m + <+ +
dzin)™ (B=1,2, ..., i,=1 N)

€CTh HEKOTOpas COBOKYIMHOCTH N -MepHbIX ApOCHO-THHEeRHBIX

oroGpaxkenuii. Ofozuauum zﬁg, pektop H3 CF (p=N", rER)
BHIA
200 = Zr. o1 Zigpteaatzr 0 0 Ziganne. ) (1.3)

et
r r r

B YacTHOCTH,

) —
z =201 T e 2NN---N)’
—— —_— —
r r 7

rae KoMmnoHenTs Bektopa (1.3) Zigyyn (e=1. N, s=1,7r)
ecTecTBeHHLIM 00pasoM  YOOPSAOYEHBl, T. €. Ziggng) ~3 Zighmirk
e a{ry—=3m(r) n n{r)—<m(r), ecam n,<IMm; WIH CYILECT-
pyer Taxoll uupekc s (l <s<<r), 9ro n,=m, (p=1,s) »
ns+1<ms+1'

ITycts

wigy = L (B Ua=T, N, k=1,2,..). (1.9
Onpezesmim wiy cornacuo (1.3). Torma no amamorun c (2)
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PACCMOTPHM KOMIOZHUAM N-MepebiX Apo6HO-IHHEeRHHX O0TOGpa-
smenuit

To(zD) = £, (20), Ty (20 = Ty, (w®) (k= 1, 2, ...) (1.5)
# nocaeposatenbHOCTh {7, (0)}, rae O Geperca H3 cooTBeTCT-
BYIOWEr0 MNPOCTPAHCTBA, DBHIYHCAHM fABHbIE BHIPAXEHHA A/
T,(0) (R=0, 1, 2, ...}. Hueem
T4 (0) =1, (0) = by,
Tz = f @My =t (¢, @MY, ..oy £ (0.
[losromy

N
T, (0) = £,{¢,(0), ..., tN(O))=bo+2 gf'l"

iy=I

Hanee
Ty (@®) =Ty (@) = {, (L (@), ..., @)=
= to{tl (tn(zﬂ})s L] fw(zg.flv)r))' tea tN (fm (Zf\}}), ee g
tn (AN
Ilostomy
To(0) = to(Ea (i (O} « oo £ (00 vy Ly (6 (O) oy

N
a
Ew (O) = by + Z 7
a
bt Y g

=1
H T. A., HCnoAs3yd o6osnavenua (1.1), EmeeM
N

T4 (0) = b, + it . (1.6)

N
()
ij=1 bt(l)+ Zb -+ N
L=t 1@ '.+ Z it
br

fp=1

Cuuraem, yto T, (0) HMeeT cMBICH, eclH B IpoLecce CBOpAauf-
Bapus 1pobu (1.6) y Hac He BO3HHKHET HeonpejeseHHOCTH /0,

Mur npeanonaraem, uto 1/0 = oo, /oo =Qu —:I)l-]——aoi—{-- v

a Q
+-F =5 ¢ecau n>1. Eean cymecrByer Takoit maGop MH-

ZEKCOB iy, {4, . .u, i 4TO by =0, TO, AAA TOTO YTOOH
Ipobb (1.16) uMena cMmica, HeoOXopumo, YTOOLI ‘

big—i %0 (f=T1, N, j#=1i4).
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Bersamitecs nennof apoGeio ¢ N BeTKaMH BeTBAGHHA HAIK-
BaeTCH BBIpaKeHHe

N
a1
by -+ 7 = » (L7)
i
=l bl'(l)+z b N
iyt ‘(2)+

2 ﬂtw
Db

KOTOpPOe 00 ZHaNOTHH C (4) H (5) KOMNAKTHO 3anMHIEM B BHOe

N
a a Y
b, + i {2 \" s L
bf(l)'l"zb{(g)'i“"'"‘f-ii:lbi(kj 4+ .. ( 8)
HAH B BHAE
N
a.
b, + D b:w i (1.9)

k=1 itk
fk-—-[

Sameuanue 1.1, Onpegenan BUJ ¢ N BerkavH BerBienus,
Kak KOMIO3HIHio N-MepHbIX apobHO-muefinaix oroOpaxennti (1.2),
MBI €CTECTBEEHO IIPeinoJarajy, Tak ke Kak 3TO JENaercs B Ofr
HOMepHOM chygqae [81), uro Bee

ai#0 (p=1, N, k=1,2, ...). (1.10)

Bnpens, paccMatpupas BIJ (1.7), 6yzem nonyckaTs H BeIpOK-
ReHHple caydan, Korjga orpasndenust (1.10) cuumaiores.

Beckoneynyrr BLJL (1.7) cneayeT NOHMMATL KaK nNpelet
peipaxkernfi (1.6) npu k& — co. Tlosromy npefnonaraeM, 4TO,
HauuHas C HEKOTOpOro HoMepa R,, Bce nocneAyione T,(0)
HMEIOT CMEICJ,

Snementnl gpobu (1.7) ayy HasHBaOTCA k-MH YacTHBEIMH
UHCTHTENAMH, by — B-MM  UYacTHHMH 3HaMeHaTensmH, by —
CBOOOJHEIM YJIEHOM; OTHOIICHHSH Qypm/bipy HA3LIBAIOTCA E-mn
YACTHEIMH 3BEHBLAMH. Coaoxynnoc*rb BCEX k-X speHbeB oOpasyer
k-t stax BerBsumlefica uemHoit ugpobn (1.7). Koneumwe BIL]
Buaa (1.6)

fo=by h=bi+ D 2 L (n=1,2, ..) (L1])
]

HE3LIBAKTCA A-MH NOAXOAMMIHMH APOOGAMH HJAH N-MH &NNpoKCH-
manTamn mpobx (1.9),

SRR,

VASTRTYY Afe:rz'eit ‘*mrzu ‘

5-534
2 g i o
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IMycts {i,} — duxcupoBauuwi# Habop wuHAeKcoB (k= 1, 2,
very tp=1, N). OOuynas nemnas apobb

p Juw _ % % {0
o=t P by T byy b by oo
HaswiBaeTca (i, ip. ..., fp, ...)-BETKOH BeTBAIIEACA uemHON

Ipobu (1.9). Tlop nnuACH KoHeYHOA BeTKM, T. €. KOHedHoH
LenHoil ApoOH, NoApasyMcBacM KOJIHUECTBO ee STaKel.

XapaxTepHoil ocofenHHoCTRIO #-H noaxopsinell apobu (i.11)
BILL (1.9) sBaserca To, 4TO Bce ee BEeTKH HMEIOT 1 dTaxed.
[Moaxogniye npoGH MONKHO KOHCTPYHPOBaTe M Tak, uToObl ee
pasJIMYHbIC BETKH HMeJNH He o0f3aTeNbHO OJMHAKOBYIO JTHHY.
Tarue annpoKCHMaHTH HA3HEBAKWTCH (GHIYDHBIMH MOIXOLAUIMMU
apobsvu BILI (1.9). ®urypupie annpokcHMaHTH MOXHO KOH-
CTPYHRpOBaTh M0-paspoMy. B HekOTOPHIX 3afAayax OHH BO3HH-
KaloT BnoJime ecrectsenHo [1, 34].

MMpumep 1.1. Ilpeanonoxkum, uro Kaxkjias HoBas QUIYp-
Haf noAXoAfuas Apo6e oOpasyerca fo0aBaeHHEM NOC/IEAY HILEro
speHa B ecrecrsensoil samice BILJ (1.7), T. e.

i

T a " a a
f0=b0’ f1=b0+'ﬁ» f2=b0+"'&_:'+_b:,...,
N

N
o o ~ a.
=by+ N =h w oL
fN 0 bftl) fN+i 0 by ayy bt{l]
i by

=1 1 {=2
JIerko npoBepUTh, UTO B STOM clyuae k-n dhwuryphas annpo-
KCHMaHTa f,— 3T0 5-1 00BYHAd TNOAXOAAWas Npo6b, B KOTOPOH
BCE 5-€ YACTHHIE 3BEHLA, CICLYIONHE 338 Qrs/brs), 3aMeHeHbI
Ha 0/1, rie MHAGKCH fy, 7y, ..., t; ONPERENSIOTCA U3 Pasio-
WEHHA YHCAa kB mo cremeHsaM N C OTIHYHEIME OT HyJas KOS-
i HeHTaMR

E=r N4 r N2 oo br (lgr, <N, p=1,5). (1.12)
JleficTBHTENBRO, PAacCMOTPUM MHOMKECTBO {y HaGOpPOB MHAEKCOB

i(phraei,=1, N, p=1, 2, ..., u ynopsajgouum ero cnejyio-
wuM obpazom:

i(p}—3jlg), ecnn p<<g,

i(p)—21(n), ecan i <ji, (1.13)

£(p)—3i(p), ecau cymectsyer r(l < r<{p), uro

ik=‘ik(k =Lr)m Lrer << Jra1:

[Iponymepyem aieMeHTHl MHOXecTBA [y C yueToM BBeZEHHOTO
BHIDE MOPRJKA M BLIYHCAHM, KaKOH HOMED NONYYHT STeMEeHT
r(s). KonnyecTBo ssieMeHTOB j{p), rAe p<<s Gyger N - N? 4
-« o+ 4+ N1, MHOxecTBO 3nemeHTOB j(S), HPEMWECTBY IOLIHX
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r(s), pasmenum Ra rpymmer I rpymma—3aro r(s)=r{s—1)j,
rue fo<rg, I rpymma— 970 r(s)=r(s—2)j,_,j, the j_,<<
<l re1 J, TPOH3BOJNBHOE H T. A. $-A Tpynma— sTo f(s), Tle
j1=<Cry, a Bce ocTranbHBle f, NpoH3BOALHEE, KonHyecTBo 3ne-
MeHTOB B Kaxjoll rpymnme Oyzner coorBercTeeHHo (ro—1),
N{re_,—1), ..., N¥1{r;,—1). CiegnoBareibHo, 3JeMeHT
C HHIEKCOM r {§) HOJNIYYHT HOMep

B=N+N 4o N, — 1) N (rq— 1) + o
+ N =D+ = NV L N2 e g

Mul npuxoznM K pasaoxenuio (1.12).
Tarkum ofpasom,

N N N
7 iy Tits—1y \ %)
fo = by + 2 Fo 2 = M}
¢ - by + -+ 4+ el bis—n -+ et by /'
1= 6=1 s

(1.14)

i) ) - {ai(s)/bnsw ecn i(s)K r(s)
rae ﬁk(b,-(s) 0/1, ecan i(s)s—r(s),

d9HCAO S, HHIEKCH fy, I3, ..., Iy OUPEJIENSIOTCH MO AITOPUTMY
(1.12), a nopagox Ha MHOMKecTBe MRJEKCOB— coryacHo (I.13).

Hoxaxkem, uto KoshdHIHEHTH ry, s ..., r; DPASTOKEHHS
ygena £ no amroputMmy (1.12) maxomsres onHosHadHo. Jloxa-
apiBaeM OT nporHeHoro. Ilycrn uucno £ mMeer 1Ba mpejcras-
JIEHH

k=Nt LN Ly (Ter, < W, p=T1,9),
h=rN RN bl (e eV, p=Ts),

[MpeanonoXum, uTo S>>s', TOrAQd, MCXOJsi M3 NEPBOTO IMpel-
CTaBJIERH A, TIONYUHM OLeHKY &k > N* 14 N2 . ... 4+ 1, a ma
BTOPOTO — ONEHKY R < NS -L N¥—1 L ... L N. Mu npuxosum
K npotuBopeunio Ns=1 - No=?f ... L1 < N9 L N1 L...L
4+ N ¢ ycnosuem s>s". CnepopatensBo, s=s". He orpanu-
unBan OOIIHOCTH, CUNTaEM, WTO ¢, >*;. 10OTAa, MOBTOpsAA aHa-
JOTHUHHE COOOPaMKEHHs, HONYUMM k 5 r N1 4 V5% L N3 4
doen LRI NS LNY L N2 L ... - N, 4T0 OpOTH-
BOPEUHT VCJAOBHMIG Fy>>ry.

Tak kax ;A8 NPOHIBGABHONG HATYDAALHOTO uUHCa k cyile-
CTBYET 3JeMeHT f(S) MHoXectBa [y, HMCIOWMI NOPALKOBLI
HoMep £ HJIH, Kak OHiIO mOKasaHo paHee,— IOPAAKOBLI HoMep
N1 r N2 4 ... J-r, To oOTCIOAA CJEAYET, 4YTO R =
s= r N* 1 7 N5 |- - .. 4 r.. D10 NoKasHiBaeT CYLIECTBOBAHHE
pasaoxenus (1.12) ana npoussosbnoro k€ R.

§
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Mpuemep 1.2. OnpemesnuM  k-10 OHrypHYIO NOAXONALLYO
Zpo6s F, BeTBsuefica uenuoi Apobu (1.9) kak komeunyio BILI,
COZepKAUlYI0 BCE T SJIEMEHTHl iy, Bypy, CyMMa HHHEKCOB Ko-
TOPBIX §y+iy+ o+ i<k, T e

‘(ﬁ)

re ¥ ( x(m) {a:(p)/bi(p)' e_C-“H it i+ Fip <k
Vi O/, ecam iy iy 4 - F i >k
Hpobu f, u F, uMeoT cMbicjl, €CJIH B Npollecce HX CBOpPa-
UHBAHHA He BOSHHUKHeT HeornpedenexHocTs 0/0.

§ 2. Mopmyan qua wncaureneii u saaMenarteneit
TOJIXOIAINNX apobeii

Tak kak noaxopsuine apo6u (1.11) u (1.14) BeTBAmelics wen-
Hoit npobu (1.9) cBssaHbl COOTHOLIEHHEM

fo=T0 (2.1)

I=N+N* 4 ... + N, (2.2)

T0 ¢ nenblo H3bemaHWA rPoMO3IKMX (OPMYMUPOBOK mnoa k-
nofxoaamedt apoGero BLJL (1.9) B nauHom naparpage Gynem
MOHHMATh (PHTYPHYIO MOAXOAAUIYIO HPOOH fi.

CHayana onuleM anropdT™ cBopaduBanus Apobu (1.14).

a 4 .
Bripens sanMch =4 Gyner ofosHauaTh paBeHCTBO ABYX Ipo-
Ceil H BBHIO/IHEHHE yc.nomaﬂ a=c¢, b=d. Toxzaecrro

n

bol—[bk‘l‘g ﬂ: [T 2

a b=l r-l =1, ki
Ly (2.3)
[] o
k=l
sanvuieM B COKPAIEHHOM BHJE

b, -+ 2 (2.4)

i=]
[lponece ceopauwBamua zpoSu (1.14) npomsBosnTcs no caedy-
I0IIEMY PEKYPPEHTHOMY aJITOPHTMY;

fu=

rjie

HI

d
3

(2.5)

tl:l;l 1
a



rae

z N
Lk =p 4+ Y} )
= — Y ~
Bk {y=i bi(]) (2.6)
H
N
2iim) - 2 2 sma-1y? tima1y (2.7)
bitm , b m 1ybiim41y F ity
Imy1=1
(i =1, N, m=5—2, 5—3 . 1),
fO/I, ecau e(s-—l)}-r s—l),
o E b'(s) secaH i{(s—1)=r({s—1),
f[Sul) ={7 =| {5} (2.8)
bl(.'i'-—]) N
2 M) ecqm i(s—1)=3r(s—1I).
=l b:(s)
HHpeKcH ry, f,, ..., r, ONPeRENAIOTCA H3 DasJOeHHA YHCAA
1 2 s p p

k no anropurmy (1.12).

Daxruuecky anaroput (2.5)—(2.8) Beruncnenus noaxogsmen
Apobu (1.14) skBHBaZlesiTeH TOMY, YTO MBl BHIIOJHSEM [0CTE-
neHHoe ceopaudBaHne apobu (1.14) cHH3y — BBEpX TakuM ofipa-
30M, YTO HHKAKO® M3 OTHOWEHHH djum/bim) MM Qy5/bys) NpH
9TOM HEe 3aMeHAeM eMy COOTBETCTBEHHO PAaBHEIM OTHOLIEHHEN
Pim [(Pbitm) UM pays/(pbrs), TRE p#0, 1, m=1, s—1,
fp=1, N, k=1, m, i(s)-=3r(s). Eciu xe OpH BLIYHCJECHUH
BLLA (1.14) mo anropur™y (2. 5)—(2.8) BMecTO Qimy H bim
(W ayy H bi(S)) B3ATb padm} H pb&(ml (nan B0ysy M pbi(ﬁ) nipH
OBHOM JIONYCTHMOM Halope HHIEKCOB, a BCE OCTAJbMBIE 3Je-
MEHTH OCTABHTb (€3 HMIMEHECHHH, TO OKOHUYATENBHO NOJTYYHM

7 pAs
P By

fo =

Yeemutens ornoniehns (2.6) ﬁk Ha3bIBaeTA B-M UHCIHTEIEM,
sHaMeHaTeab B, —k-M 3HameHareseM (GUIypROf noaxoasied
apo6u (1.14), E,, ABJIAETCA TIOJHHOMOM OT MepeMeHHBIX b,, Qip),
b;’(p), a Ek—HOﬂHHOMOM OT IEePEMEHHLEIX i}, bf(p), 34 HCKJIO-
wenem aqy (I, =1, N), rae i(p)=3r(s). k-t uncaurean A,
H k- 3HaMeHatelb B, noxxogsmes apo6u (1.11) coorBeTCTBEHHO
paBubt A, =7, By =B, rie | onpezeaserca corxacho (2.2).

2]



YeranoBHM GOPMYJHL ANA BHUHCICHHA YHCTHTENER W 3Ha-
Menartenefi noaxoasumx ppobeit BLLJ (1.9). IHpeasapureasno
paccMOTpHM AHANOTHYHBIN BONPOC AMA IEMHOH ApOGH

by+ D - (2.9)
=l

.4

Vmeepudenue 1.1 [100). n-e uHCAUTEH W n-e 3HAMEHATENH
penpeprBHoil apobu (2.9) BrRHCAAIOTCH N0 (OPMYJaaM

A=A B, =AY n=1,2, ..., (2.10)

rpe A¥ (=0, 1; n=1, 2, ...)— TpexanaroHaNbHHE OMNpe-
JeNUTENH, COCTABJACHHBIE H3 SaeMeHToB RpotH (2.9):

b, a,, 0O 0 0 . ..
—1 by @, 0 0 . e 0
0 '—l bk+2 ﬂk+3 0 - . a 0

LI ] L N e T e R e L I T )

0 0 0 —1 b,
0o 0 0 0 —1 b

(=}

AP = (2-11)

n

JokaszaTeabctso. Packpesas onperenuteas AP mo
NOCAEHEMY CTOMOIY, TOJYyUHM PeKypPPeHTHOS COOTHOIIEHHE
AP = AP - a AP, k=01, =3, 4, ...). (212

£ = -

Ecay nonoxuTh
AP =b,, A9 =1, AP =1, AYN=0, (2.13)

TO, KaK Jerko NIPoBepHTb, cooTHoweHHa (2.12) 6yayr Bmnos-
uarsed nupH k=10, 1, n=1, 2. Cpapunsaa Qopmyas (2.12)
H HavaibHbie sHausenAua (2.13) c (8) # (9), coorBeTcrBeHHO YGekK-
Raemcst B cupasegiusoctd (2.10).

YeranoBuMm mns perssiefica uvennoit npobn (1.9) dopmyns
tHna (2.10). 3aech BO3HUKAIOT HEKOTOPblE TPYJIHOCTH B CBA3H
¢ orcyrcrBHeM s BLLJ| peKyppeHTHRIX cooTHoweHHH BHAA (8).

Paccmorpum MaTpunbi

Cy Ciger » v Cip
Crig s C « « .« C N

Cho||Cme Gmnnc -Gl o1 k=1,2..),
Cri Chtr1 o T

(2.14)

3/IEMEHTH KOTODHIX cBs3aHel ¢ KommnoHedtamu BILA (1.14) cre-
Aytoui#m o6pasoM. Ecad p — DpoH3aBoJbHOE HaTypaNbHOE 4qHCJIO,
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rakoe uTo | € p <k W HHACKCH [y, [y, ..., J, Ompesensiorcs
H3 PasfoXeHus uucaa p no anropurmy (1.12)

p=pN" LN Lo <N, n=1, m),

(2.15)
70
o= biom_ (p =T, B, (2.16)
cﬂﬂzaf(m)fm“’ ecn p=1, &, 9=PN +ims =1, N,
(2.17)
Cop = by, Cp,==ay (g=1, N}, (2.18)
to=—1(g=1,N), cpp=—1, ecmt p=T1, &,
g=pN + iy, =1, N, (2.19)

Cpg = 0 BO BCEX OCTAIbHBIX CAyuasnX.

[MTpumep 1.3. B KauecTBe WIIIOCTPALIHH PACCMOTPHM CJaY-

yali N =2, k= 7. Toraa no anropurmy (1.12) Haxoxnum & =
=1.2241.2+41. CnefoBaTeqbHO, C;; = Uyy; H

b a a 0 0 0 0 O

—1 b 0 ay a, 0 0 0

—1 0 b 0 0 ay a, O

0 —1 0 by 0 0 0 ayy

¢ o —1 0 0 b, 0 0 0

0 0o —-1I 0 0 &, ¢ 0

0 0 —1 0 O 0 &, O

0 0 0 —1 0 0 0 &y,

OTMeTHM HEKOTOPble KOHCTPYKTHBHBIE OCOGEHHOCTH MaTpPHLL
C%, nenocpencTeenHO crieayiOmue M3 OMpEASJEHMUS,

Caoticmeo 1. Kampeit ¢-fi cronben marpuust C? (g=1, B)
cpedH BCEX VIEMEHTOB, DaCNOJICXKeHHBIX BHIE IJaBHOH juaro-
Ha/lH, COOEPHHT caMoe DoJjblllee OfMH OTJHYHBIH OT Hyna afe-
MEHT Cp,, KOTOpHII ompegessiercd cordacHo (2.18), ecnmn p =0,
WIH cordacHo (2.17), ecan p = 1, rae p HaxoiHTCA M3 pasiao-
MEeHHS

g= PN +imr 1<ipan< N. (220)
Takum obpasom, onpegensin p u3a (2.20}, nMeeM
Crg=0, ecin Qg r<p, p<<r<Iq. (2.21)

JleHCTBHTEIBHO, H3 YCIOBHA r<p Caelyer, uro r+l<p
u Nr+N<Np. llosTomy g=pN + i, > Nr+N+i, .>
>Nr+ N u coriacHo ompejeneHHI0 MaTpult Cf siement

23



Crg=0. AHanoruuno, ecim p<<r<Cq, 0 p<r—1 1 pN <
<rN—N. [lostomy g=pN + i, <t N—N+i,,,<rN+
+ ! H TaK KaK ¢>>r, TO COMIACHO ONpeleNeHHI0 MATPHIE!
(2.14) ¢,4= 0.

Ceoticmeo 2. Kawxaud g¢-# croafen marpuunl C%, conepxa-
muA Ha IV12BHOH AHArOHAAH YaCTHLIE 3HAMEHATEIH HOCNeAHHX
TYNHKOBLIX 3BeHbeB k-it mopxoasmes apobu (1.14), uMeer Ruxe
TAaBHOM THaTOHANH BCe 3JleMeHTH, paBHLE Hydlo. Ecan

B=r N 4 N2 e o,

pasioenre yucaa B no anaroput™y (1.12), To, ucxoxs u3 onpe-

JeneHun R-H ¢GurypHol noxxoxsiuedr npoGu (1.14), sameTum, 4T0

YACTHBIE 3HAMEHATENH MOCAeLHHX TYNHKOBBIX 3BEHBLEB OyAyT

umern cormacuo (1.13), (1.14) nopsaxoeeie HOMepa ¢, ylOBJe-

TBOPAKILHE OLEHKe

N2 rg N8 e b <G I NS NP2 ey
(2.22)

Toraa ¢, =10, ecin g<<r < k, § yAOBJETBOPAET HEPABEHCTBAM
(2.22), IleficTsuTenbHO, yuMTHIBASM OrPAHHUEHHA HA g, TOMYUHM

g N2 N3k oo r R L

[Toaromy
Ng+tip,» NV r, N2 oo fer, (N i, N>k (2.23)
rie 1l <i,<N. Tak xak cormaceo (2.19) c,,=—I1, ecau

g<r<k, r=Ng+i, l<i,<N, u ¢,=0 B nporusHom
cilyuae, Iie g<r <Rk, 70 B cuny (2.23) umeeM &, =0 any
BeeX g<lr < k. . 3

Teopema 1.1. k-e qucaumeau A, u k-e snamenamesy B
k-& gpueyprotd nodxodawed Opobu (1.14) semsaujedca yennoi
Opobu (1.9) sewucasiomen no gopmyran

Ap==detCt B, =detC’ (k=12 ..) (2.24)

2de C% (i =0, 1)— mampuyn suda (2.14).
ﬂOKaBaTEJ'IbCTBO Te€OpEMEl IIPOBEAEM METOLOM MaTeMaTHYeCKOH
HHAYKIHE 10 R,
pH k=1, 2 umeem

rl by all
—é_lgb +_ﬂEbub1+az=__‘= —1 b
By * by by by !
by a a
A + it I S
Ay _pL oy g bibbatabetas, (=1 0 b
5 =htg s, Bibs =T o
‘ 4



Mpeanonomum, 910 A, =detC y B =detC? paa n < k.
Hokaxem cnpasesntnsoctp cooTBETCTBYyIOW X QopMysn Ans n ==
=k + 1. Pasnoxum ducno k mo anropurmy (1.12)

E=r NV r N3 oo by, (I, <N, p=1,5).
Torna

a) k- 1=r N L, N2 ... oy 4], ecan r,<N;
6) k1 =Nl 4 7N (NS, 4 1) X
X N> N1 NSm=2 4 .. ], ecim cymecTByeT m{m=
l,s—1), rakoe, uto r,=N, (p=m+1, s), r,<<N;
B) R+ 1=Nf N1f ... L Nf ], ecmu r,=N{p=1, ).
IlyeTs ¢4, 441 0. HoKasaTenscrBo Bo BeeX TPex CJyvasx
OpOBOEHTCA aHaJoTHuHO. s onpeleseHHOCTH PacCMOTPHM Cay-
uai a).
Bsenem ofospauense

Gris—tyr 1

b:(s—-l) == br(s—.—l) + (225)'

br(s—-l)r’—l—l
3aMeTHM, 4TO COMaCHO IPEATIONOKEHHIO ris—iyr 41 = Cpyq, pay ¥ 0-
PaccmoTpuM BerBsryloca uennyio apobn (1.14), y kotopo#
Br(s~1y 3aMEHEHO Ha bl(s_1;, 2 BCE OCTAIBHEIE SNEMEHTH OCTaB-
neHtl Ge3 mamenenns, u oGosHaumM wepes A; a B, ee k-# unc-
JAHT&Ib H 3HAMEHATENb COOTBETCTBEHHO.

ANmpokCUMaHTy f,,, MOMHO 3anHcaTh B Buge (1.14), ecnn
BMECTO ApoCH

Lris—I)

-
5
a
P
= =11
B3SiTh efi paBHOE OTHOWEHHe
Brs—Prs—1y 41

r
s
a
r{ s—1)f
blsm1y?s -+ 2
2 (=1 41 b A
s =1 r{s—1)]

210 cpasy cnenyer u3 aaroputma (2.5)—(2.8) cBopaumBaHH®
BLL, (1.14) n sameuanus nocae gopmyas (2.8). TNosromy

Ay = btemir 1143y Buy = briomiy 1183 (2.26)

2%

br(s—l)rs-H




Onpeseanteab det C‘f,’+ ' sammmem B Buze

det CH —
by .. O 0 ... 0 0
0... Ur(s—1) ar(s—z}rs_l-[-l R b
— 0. .. bfls—l.‘l 0 e e - Qrg ar(s——-l)rsnl-l
0 « s = 0 br(s-Q)rs_l-l-l s o+ e 0 0
0. .. —l 0 ... by 0
0 v ox e —-I 0 . s s 0 br(s_[)rs_I.l
2.27)

Ys ceoficte 1, 2 MmartpHum CH‘ clefyeT, 4TO NOCHAeAHHA CTOJ-
el COAEPIHT CamMoe 6o.nbmee IBa OTNHYHEIX OT HyJs SneMeHTa
Qr(s—r 1 H b,.(s_l), +1. OTO Me caMoe OTHOCHTCH M X OOCHen-
Hefl CTpOKe. BhtHeceM H3 nocieaHero c¢ronfua OTAHUHHIA OT
HyaAs MHOMMTeNb brs—ne 1. ECIH K cTOXGMY, cofepwaliemy
SNEMEHT b,(s_l,, ,I[OﬁaBHTb nocienufi cronben, npeaBapuTEILHO
pasfeseHHBIE Ha brs—nyr, i, _TO COTVIACHO NPE/NONOKEHHIO HH-
JAYKUHH TIOMYdIHM b,(s_n,- 1A%, uto pasho 4, B cuay (2.26).
Ecmi xe brsmnyr 41 =0, 10, cBopayuBas Jpole

ar(s—l)
r+1
(s—1)/
o+ Z i
r(s 1) - br(s—-l)!
110 anroput™My (2.5)—(2.8), nonmyunm
rs
0. b
0 _ “r(s-.urs-;-lL]l r{s—1)f
r = 7 .

I.

Gris—lyr 1 ;rll bris—1yy Br(s—yr+1 Il—ll bris—by;

Tpeanonoxum, 4ro
r
S

Oris—lir +1 !_—_li bris_n; %= 0. {2.28)

Tlycrb m =k —r,. Paccmorpum m-10 OHTYPHYIO NOAXOASUIYIO
npoﬁh BILA (1. 9) B cMmeicie onpefeneHusa (1.14), B _KoTopoi

$BEHO @,s—1)/brs—1y 3ameneno Ha 0/1, u obosmaunm C, u D,
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€e - YHCIHTEJH W 3HaMEHATeJqH COOTBeTCTBeHHO, Torna
COIVIACHO 3aMedaHHK nocae (opMyan (2.8) umeem

{ re
I k1 = ar(s-l)rs+l H br(s-l;;Cm,
¢ . (2.29)
- 5 ~
! B.H-l = ar(s—!)rs—{—l n br(s—l),r'Dm-
fe=1

Crpoka onpenenureds (2.27), cofepxauman by _r), HMEET Cnpasa
OT 5TOro 5/eMeHTa BCe HYJH, 3a HCKIIOYEHHeM, BOBMOXKHO,
TOCACAHHX rg + | BIEMEHTOB &ris—1)l, Qre—1)2: - -+ 2 Qr(s—1)r -
Kaxanii n3 nocaegux rg+ 1 croabuoB corjacHo cBodcTaaM
matpui C:*! myeer camoe Gosbluee ABa OTIHYHBIX OT HyJs
SJeMeHTa. ~

IOag m-ro uucaurens C, COMMACHC MPEANONONKEHHIO HHAYK-
und crnpasesanBa dopmyna C,, = detCy', rae BMECTO @ps—i
# bys—1y B3sgTo O u 1 cooTBercTBeHHO. PacKphiBaf ONPENeNHTENb
detC]' no croabuy, coaepxaweMmy b—n==1, yOexaaemca
B TOM, 4TO OH paBeH B C/lyuae, KOTAZ Ors—nr+1=10, onpeze-
autento (2.27), neneHHOMy Ha BolpameHHe (2.28), ecau ompe-
aenaurens (2.27) npeABapUTeNBHO PACKPBITA IO  NOCASHHEMY
croabuy, nocaeiHeR CTPOKE M OCTAaBUMIHMCA MOCJAEXHHM 7
¢To6IAaM. .

Vaursas (2.29), noayuum A,y = detCet.

Ecan

r

B
Qris—tyr 41 I'! bris—y; =0,
J=

TO, Kak JErko sametute BIUI f,., He uMeer cMeiCha, T. B,
Apy =0, B;=0 B stom cayuae mnz (2.27) cmeayer, uTO
det C¥™ toxe pasen Hymo.

Ecan & -+ 1 onpenenserca no anroputmy 6) HAH B), TO J0-
Ka3aTeTLCTBO IPOBOAHTCSH COBEPLIEHHO aHAOTHTHO, NaXKe HEMHOT0
npoule. B

Vmeepacoenue 1.2, Berpawascs apobe f, (1.11) umeer
CMBIC/1 TOTJa H TOJABKO TOTAA, KOTJa

(detC))? + (det CHy2 o 0,

rae [ =N 4 N* ... + N&
Y meepncdenue 1.8, Bersauanca uenHas 1pobs f, (1.14) HMeer
CMBICJ TOTJa M TOJBKO TOTJAa, KOTrja

(det CH2 + (det C? 5 0.
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§ 3. Mdopmyaa pazHOCTH HBYX MoxXoAsIMX Apodeil.
CeoficTRO BHAKU

YcraHoBHM  OPMyJly  PasHOCTH ABYX nofxoxsmux japoCefi
fo— [m: KoTOpad B jadbHefiureM Oyjer cyluecTBEHHO HCIIOJNB3O-
BaTbCA NPH H3YUeHHH cXoiaumoctH BLLJ.

Beesem pexyppeHTHO CcOKpalieHHbe 0603HadeHHS

N
a
QI = biyy  Qtn = by + v ~Hoth, (3.1)
— ARy
f=
rnes=1,2, ..., p=1 s5—1, ak_.! N, k=1, s

Ilycts n>>rm, Torza, yuursiBas (3.1), Ha mepBoM luare no-

JYZHM
a
f — b + :‘ftl) _( + i};:))
Z A ! Z on

6=l

Ly {1}
= — Z oo (Qr(l) i)
i) 1(1}

[
AxanornuHo ang NMPOU3BOJILHOFO r <M YyCTaHaBIHBAETCA COOT-
HOLIeHHE

i) 2oL
G — QR =— E —— e (Qit )y — Qi) (3.2)
Q1 QUeh )

[ocnenopaTensHO NpHMEHAs coOTHOWeHHe (3.2) M yuHTbiBas,
uTo
N
a
(1) im-+41
Qttm)'_Qi(m)= — '
Q(ﬂ)
f{m-41}

{ =)

m+1

nocsae (m -4 1)-ro mara OKOHYATENLHO NOJYYHM
N 1

n AGn
fn—fm = (_l)m Z 1 = . 3.3

()
tll ‘zv PLETYY £m+1_] I_I Q i) ﬂ Qi(n

IIpn BblBO,IEe cpopmy.m (3.3) ecrecTBeHHO MpeAnoJaraercs, 4ro
Bee Qith =0 (i, =1, N, r=1, s, s=n, m),

28



Ymeepacdenue 1.4, Tlyere anementamu BILT (1.9) asna-
[0TCA MNOJOMUTENbHHE JeRCTBHTeNbHLIE YHCTA. Toraa cupasep.
JIHBC CBOMCTBO BHJIKH, BHIDAXKEHHOe CHCTEMOH HepaBeHCTB

for << fort2<<[foj+1 < faim1s (3.4)

rae k, j—Npox3BOJBHBIE HATYpasibHBEE UHCIA.

HdokasareabcTBo. Tak KaK Bce agyy >0, Qi >0
(i,=1, N, r=1, s, s=n, m), ro, noox#s B dopmyne (3.3)
n=2k-42 m=2k umu n=2j4 1, m=2j—1, ybexpnaemca
B TOM, YT0 YeTHHE NOAX0AsAUUEe Npo0H MOHOTOHHO BD3PACTANOT,
HegeTHblE MOHOTOHHO YOmBaloT, LEcan B (3.3) nosoxuts n =
=2+ 1, m=2& unu n =2k, m=2j--1 B 3aBHCHMOCTH OT
Toro 2j -+ 1 =28 wmm 2f 4+ 1 <C 2k, To yOexRuaemca B TOM, 4TO
foj+1 = for nasL NPOM3BOMBHHIX HaTypanbHeX j u k. B

§ 4. OxBuBanNeHTHLIE NPEolPASOBAHNA BETBAIMAXCH
HelubIX apodeii

Tlpec6pasopanue BILJ], He HsmeHstoLlee BeTHYHH NOAXOASLLHX
ApoGeit, Ha3LBaeTCH SKBHBANEHTHHIM. BeTBalilnecs nenysie AposH,
Yy KOTODBIX BCe COOTBETCTBYIOLIHE &NNPOKCHMAIHH COBNAAaloT,
HA3LIRAIOTCH SKBHBAMEHTHHLIMH,

HamomuuM, 4TO MpouU3BOJbLHOE SKBHBANEHTHOE npeolpasoBa-
HHEe LenHoH apobu (B) MoXHO 3amucaTbh B Bujie [87)

o PP
o B, o
rie po=1, pp=0(k =1, 2,...) — Opou3BOJbULIE KOMILIEKC-
Hule THCA,
Jlerxo npoepHTh, uto BIJ

N
N i Per—1)Piy
b,+ D 2:,__“_’{,<_l_(_h, (4.2)
=1 10 Pice)

the Py =1, Py =0 (i =1, N, k=1, 2, ...) —npon3sone-
Hble KOMIJIEKCHBIZ YHCJIA, OSKBHBAJICHTHA BeTBawefica uemHofl
apobu (1.9), Lcnun o6osnauuTh n-e noaxoxsmue ApobH (1.9)
H (4.2) uepes f, H f, COOTBETCTBEHHO, TO BLIIONHAIOTCA TOM-
JlecTBa

fo=fn (n=0,1,2,..). 4.3)

Ho re Bcskoe skBHBaseHTHOoE npeoSpasosarue BLLI (1.9) Moxso
sanucars B Buie (4.2), ecsam TpefoBaTh TOMLKO BHINOMHEHUA
Toxiects (4.3).
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B KauecTBe KOHTPNPHMEpa JIOCTATOYHO PACCMOTDETH NENHYIO
1polhb

& a a

I13+1 410 4.-2
rie a % 0. Ecmn Kampoe g pacuucaTs B BHIAE CYMMEl @ ==
= %—a -} g—a HIH Q== % a -+ Tsa, NOJNy9HM JIBE 3KBUBaAEHT-
FLle BETBAIHCCH LenHule Apo6H ¢ JByMS BeTKaMH BeTBJEHHA

I 2,
Tz T T, z,
bt Lt
Ti—a lz-a
i 3, ° T, 3.
H'Hf. +1-:. 1'*‘1-:. +1-:.

. . . .

Hu oany ws stux apoGefi Hembsss npeoGpazoBaTh B IPYTYIO,
HCTIOB3Ys SKBHBAICHTHBIE Ipeobpasopanis (4.2). deficrerTenbHo,
B 3TOM CJyyae JOJKHEI BHIMOJHATHCH, HAaNPHMEp, NPOTHBOPEYH-
Bble paBeHCTBa

1 1 1 1
FE=TWiolr yan | TET 3 Wi
1=1'p1’ 1=1.p,

e 0y = 1, a0,
Bmecte ¢ BILJ (1.9) paceMoTpHM npoH3BOJLHYIO efi SKBH-
Ba/JEHTHYIO BETBALYIOCH LENHyI0 IpoGhb

l &
oo af
by+D Yy —2- (4.49)
k=l Py bun

o TR
H of0sHAuHM f,, f. ee k-e mopxoasipe apofH, ompenesseMLle
no (1.I1) u (1.14) cooTBeTcrBenHo. M3 onpeneneHua SKeuBa-
JIGHTHOCTH CJefyeT, YTO AOMIKHO BBIMOMHSATLCH DPABEHCTBO

fo=fr (=0,1,2, ...

Ho sroro eille He nocratouuo, urodel Apo6s (4.4) npunana Buz
(4.2) npu HekoTOpsiX sHaueHHsX Py, (i, =1, N, k=1,2,..).
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Ymeepacdenue 1.5. TIpOHSBOMLHOE SKBHBANEHTHOE Npeodpa-
sopanue BIIIL (1.9) moxBo sanucats B BHAe (4.2) Torna M TOJBKO
TOTIa, KOTja Yy HOaHHOH H efi SKBHBaNeHTHOH JPoBH COBMagaioT
Bce (HrypHue moxxoafuive mpoBu BHaa (1.14), T. e.

fo=Tr (k=0,1,2,...). (4.5)
Hoxkaszareascrro. [lpeanonoxuM, 49To NpoM3BOTLHYIO
mpofp, skBuBarieHTHylo BLIJ (1.9), MOXHO npeicTaBHTh B BHAE
(4.2). Torxa, rocnefoBaTenbHO CcOKpalasn k-1 (UIypHYIO TOA-
XoaAmylo Apoby fp BILJL (4.2) ma omIHuHHeE OT HyJA wMcna
Py (P=1. 5, i{pySr(s), s, ry, 1y ..., 1, ONpesenAIOTCA
cornmacio (1.12)) nerko yGempaemca B crmpaeemiusoctd (4.5).

Hokaxem ofpaTHoe, T. €. YTO CYIIECTBYIOT OTJIHYHBHE OT
HyJs umcaa p,,., Takue, 4ro

b* = b (4.6)

* . *
am = LpPap—1Prns Yy = PuwPrny

rae i,=1, N, k=1, & o Py = 1. Heficreurentuo, "z
paBeHCcTBa [, — [; CIefyeT, uto a,/b, —aj/b] nam afja, =
= by/b; =p,. Ecan af =0 u b} =0, To Heo6xoAHMO &, — O
u by 5= 0. Torga p, = b}/b, %= 0. Ecam af =0, b} =0, 10 p,—
MPOM3BOMLHOE, OTJIHUHOE OT HyJas uucho. Ecad ke b =0,
® £
al=£0, to p,=afa;==0. HOE)TOMYN @y = &Py by = bipy,
TIE Pyg, = 1, p, 0. M3 paseHctBa f, = f’: H y#e IOK33aHHOTG
CNelyerT, uto a} = P00y b% = byp,, rae pp==0 u 1. n. Ta-
KuM oOpasom, dopuyan (4.6) npu £ =1 copaseanusol.
[Mpeanonarag, 4ro cootHowenusa (4.6) sepun npu k <n,
JOKaXKeM HX crpaBeaninpocTs mpH k=n -+ [, Iycte m =N +
+ N2 N I(m)=11...1. Paccmorpum durypHyo mnoj-
m

T
XOQAImy0 Apobb f,,; H TIEpPenuiueM ee KOMIOHEHTHl C yYETOM
{4.6), tne £ < n. BHnos#as nocTeeHHoe cOKPaileHHe CBepXy —

BHU3 HA OTJHYHHE OT Hyas wicaa o, (p=1,n, i,=1, N}
H Henosssys papencteo (4.5) npn k= m 4 1, moayuum

Oy — I
@ fmat) Afun+1y Primy
by + o Gl Prm
T gy fom bty
OTKY 2
Sty im0/ Pam Tt _ ety _
bﬂm-{*[) b?(m+l) ’ Cremy Q1 m+1) bl(m-H) Im+1y”
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Tosromy

b*

L 3 -— —
Bimt1) = Crmg1PromPrimtty  Olontty = Primsn?

fim41)y

¥ T
rae Pr,.,, 5 0. YunTeBas paBeHCTBO frsz = Fmag H yHe HOKa-
3aHHbIE COOTHOIUEHHs Ans @, ., W by . aHaJorHuHeM oGpa-
30M YCTaHABJHBAIOTCA (OPMYJIBI

* — * —
B2 = Cym2P 11z Phemyz = Promal umye

d T. 5. Jlerko saBepiiaeM NOKa3aTellbCTBO TEODEMHI, yOeduB-
anick B ¢npapennusoctd (4.6), rae A=m 4 1.

YunTbiBas 3aMmeyaHue nochae dbopMmynsl (2.8), HecqokHO A0-
Ka3aTh CPABELTHBOCTD COOTHOLLEH i Buja (11) asA BeTBAUIHXCH

uenmsix apoGedt. Ilycts A}, B} — k- uncantens u k-it 3HaMe-
Hatean apobu fk. Torna crnpasemiussl GHopMyJIEl

Ak = pNp® ... p(S)Ak’ Bk = p(l)p(g) e p(S)Bk (k =1,2 ., D
rie

v — p. (p=T1, E—1), pio =
p [!;[ i \P ) @ S-l;[r(s) Cus

fipon3BeeHHA OepyTca [0 BCEBO3MOMKHEIM JIONYCTHMEM Habopam
HHAEKCOB, S, Fy, g, ..., f; oupenensiotrea coryacko (1.12),

Ak, B, — cornacno (2.6). B wactHocrn, u3 (2.2) crenyer, uro
Af =pp® ... pWA, Bf=plp®...o®WB, (=1, 2, ...,

rie p(.D) ]_l pf(p) (p = l k)
Eciu B (4 2) uHCeaa Py, Tono0paTh cmeudanbHbIM 06pasoM,

10 Apobbs (1.9) moxHO npusectH K Gojee npocroMy BHAY, He
H3MeHAA BEJHUHH ee anmpPOKCHMAaHT.

Tak, ecan Bee ayy =0 (i, =1, N, k=1, 2, ...}, 10, mOA-
craBisist B (4.2) p,,., MOCHAEIOBATEABHO HafieHHBIE H3 CHCTEML]
ypaBHeHHH

1193

LGPt =1 =1 N k=12, ..., p, =1), (4.7)

nonyuum BILJ, sxpupanentHyio (1.9), Bce yacTHHE YHCIHTENH

KoTopofi paBHH eauHHUe [19]. PemeHwe cucTeMHl ypaBHehHii
{4.7) sanuweTcs B BHIE

& —
b= []@e) " =T F k=120 @3

a2



CrenoBare/ibHO, €CIH Bce dyy = 0, To, noAcrasus B (4.2) Prsy

BRIYHMCTEHHbE Mo Gopmyaam (4.8), moayuum BLII, sksuBasneHT-
ayo (1.9)

N
- 1
b D _—, .
0 +k-=l E LI (4.9)
!'k=l
TS
k —
digy = bigw [] (@)= (=L N, k=1, 2 ... (4.10)
p=

Ecmn me Bee by 20 (i, =1, N, k=1, 2, ...), T0, noxcrae-
asa B (4.2)

Oy = Byp)™ (=1, N, £=1,2,..0), (411)

npeoGpasyem (1.9) x skeusaneunrnofi BIJL ¢ uyacTHuLIME 3Hamena-
TeNAMH, PaBHRIMH ejmHHue [19],

N
pud Citry
b+D Y e (4.12)
ik=l
e

iy = Qigpbimbio—n (=1 N, k=1,2,..., big = 1).(4.13)

§ 5. IHocaegosarensuoera odaacreii BACMEHTOB
R obaacreii 3avenmi

PaccMoTpHM  noc/IefoBaTeILHOCTR HENYCTHX MHOXecTB {2;4)
H {Vup} (R=0,1,2, ..., {i=0, {,=1, N, k>1), rae
Bee P#EVigsC 8 O+#Qp=0C X, € — pacmupennas
KOMII/IEKCHAS MJIOCKOCTD.

[ocnegoBatenvuocTs { £y} Ha3bIBaETCA NCCRAOBATENLHOCTBIO
obaacret anementoB, {Vy,} — nocnefoBareqaeHoCTBIO ofGaacTedR
sHaveHHH, COOTBeTCTBYIOMHX {Qypn}, maa BLLI

N
= 8 )71
ao(bﬂ-l-kg ET‘_(M—) ' (51)
ik-ll
ecan
G
Fn €V - (5.2)
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A (@i, bipd€Quw (=0, 1, 2, ..., i,=0, i,=1 N,
k>1),

B EViw (5.3)

by + Y
tepr™

A IPOMSBOMBHEIX  Vj(eity € Vigtty H {Ginys buwd €y (R =0,
1,2 ...,i,=0,i,=1, N, k> 1). Ycaosre (5.3) ¢ yuerom
oﬁosuaqennﬁ {1. 2) {1.3) B nanpHefiiem Oyzem 3amuceIBaTH
B BHIE

{l
tiw (Vi) = Viw-

Ecmn {Vy} — nocnenopatensHocTs o6aacTell sHayeHui, COOT-
BEeTCTBYIOIIEX MOCNENOBAaTEAbHOCTH obnacTefl snementoB {Qipyl,
M eclH IS KaKnoft nocaepopatenbnocTd {Vig} ofmacredl sHa-
YeHHH, COOTBETCTBYIOWHX {Qug}, HMeeM

Vi(k)EVf(k) (k=0, 1, 2, e ey i0=0, t'k“——l, N, k>1),

To {Vyp} HasbiBaeTcs Hamayumell mMocaefoBaTeNnbHOCThIO o0aa-
creil 3HaueHHA.

Ananoruuno {£;,) HaswBaeTcs HawIyulrel INOCAEN0BATENb-
HocThE) ofMacTell sMeMeHTOB, COOTBeTCTBYHOLIER MOCAER0OBATEMh-
Hocti obnacrelt 3navennii {Vyy), ecan mna npowuseeAbHo# no-
C/IeOBATeNLHOCTH o6nacTell 3NeMeHTOB {Lip ], COOTBETCTBYIOMIHX
{Vig}, BEINMOMHSMIOTCS yCNOBRA

Q‘:(k)-':'-gffk) (k=03 lr 2: CECEE i0=0, ikﬁl, N, k.;bl).

Teopema 1.2. [Tycms (S} — nexomopas nocaedosamens-
Hocms obaacmed anemenmos u {Vyn} — Hexomopas nocaedosa-
meabHoCcmb coomgemomeyrouiux obaacmed sHawerull. Tozda

1) Gas npoussoavtozo m = k

a:‘f(:} Evi(k) (k=0r I, 2, L | iﬂ=0’ ik=l’ N’ k}])’
Qige

ecan {Qyp, bi(p))Egi(p) (k < P, iu =0, ip =1, N, p=
=k, m) u Qi) onpedeasomes cozaacno (3.1), npunen Q) = by;
2) noCAE00BAMEABHOCHTD

d
W“k) —_—{ Q(m) {a.(p,, bl’(ﬂl)E Q[m), p k n, lp = 1 N} (5.5)
{183}

(k=0,1,2, ..., {,=0, i,=1, N, k=1, m>»k—npous-
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B0AbHOE) RBAAEMCA  NOCALJ0BAMEALROCIIGIO  HauAywuux obaa-
cmeti suauenuil, coomaememeyrowinx Qi)
Hokaszareapcrso. 1. Tlpy m=%k cornacho (3.1)
Qifl = by u (5.4) cosmagaer c (5.2). Jna XoKasaTenncTha
HCTIONIB3YEM METOJ MaTeMaTHUeCKOH HHAYKIMH M0 p =
=m—k. Ilycre a,,-(,,/Qﬁf},E Viy AN TIpOH3BOJBHBIX Habopos
MHIOEKCOB, TAKHX, 4T0 8§ —r < p. Toria a;(n,/QE{,’,)EV;(n,, rie
HHIEKCH MPOU3BObHHE W j—n = p 4 1. JlehcTBHTENBHO, CO-
raacuo (3.1) umeeM

Gy Zi(m)
mo N :
%uen 5 %itn-+1)
o + )
Qi(n—]—l)
in+1==l

OcraeTcs y4ecTh npejnofioKeHHe HMHIYKUHH A csolficTeo (5.3)
oBnactel sHaueHHA.

2. To, uro nocnexosarenbrocts {Wiy) sBAsieTcA nocaeno-
BATENBHOCTBIO oOnacrefi arauennit, cpazy caeayer M3 (5.3)
u (3.1). Ecam {Vy,) —npousBonsHas nocienoBaTedbHOCTb 00-
JacTeli 3Hauenuii, coorsercTBylomux {Qun), T0 M3 (5.4) caenyer,
uTO

Wip <= Vip.

Mostomy {Wiy) — Hanayumas nocaenoBaTeibHOCTb oOnacred
2HAYEHHH. I
OGozraunm K MHOXKECTBO

K ={V:V<=(, V—saMrayToe MHOXKecTBO, 3V —
OKPYXXHOCTh JHGO npsimast).

Teopema 1.3. ITycme €y} — nocaedosamenvrocms obaacmed
saemenmos, {Viuu) — coomsememeywwian nocaedosameisHocme
oOracmed sHawenul u esedenst 0OOIRAULHUA

Kﬂ = Tn (V("I-!'l)) (n = 0, 1? 2, . -)s
ede T, onpederniomes no pexyppenmnoll popuyse (1.5),
L(VO)y=a,(by+V,+Vy 4 --- L V)T,
i (Vi) (le=T, N, k=1, n)
onpedesaromes cozracno (1.2), Vi, s600smen anaroeuano (1.3).
Toeda _
1) KmeK, =V, (n=1,2, ... (5.6)

—

2) nyems Vyn €K (k=0, 1,2, ..., i,=0 i{,=1 N,
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k> 1), npuden 328 xamdozo nabopa undexcos iy, 8y, ..., ey
BBINOAHACTICA OQHO U3 YCao8ull:

a) sce Vyy (i, =1, N)—samrxuymsie kpyeu,

6) ecau cywjecmeyem i,, 4mo Vi — exeutnocms xpyea,
mo éce ocmanvrvie Vi (=1, N, j+1i,) obasameasro
SAMKHYMBIE KpYeu, npuyem

N

Ly > 2 Fitp—1)
=171

2de ryy— paduycol Kpy208 & COOMBEMLMBYIOMUYX 0O0AACHAX
8) Vim (i, =1, N) aubo kpye, aubo noayniockocine, npu-
HeM Yeon HOKAOHO 6CeX NOAYNAOCKOCIel Kk QedemaumenbHol ocu
odur 4 mom oxe.
Ecau npu Hexomopom n, muoxeciso K, asisencs samxny-
mein kpyeom, mo ece K, (n > ny) — samxHymete Kpyeu.
ITlyems R, u C, obosnawarom paduyc u wyeump rKpyea K,,
moada cywecmayrom npedenst
[im Rn = R, lim C" = C.
i 00 n—+m=
HokasateabcTBo. 1. Henoawsya obosnaueHus (1.3)
# (1.5), umeem

K.ru-l = Tn+1 (V(n+2)) =

T g ()
=1ip ( b(ﬂ+1)+ 1V{n+1) + 2V(ﬂ+1) + - + Ny(ﬂ.}.l) ) L]

rie V"tV —pexrop Buaa (1.3) ¢ QUKCHPOBaHHBIM NOCJAELHHM
MHIEKCOM R, T. e.

O = (Vi e Viaze « o s Van. v
R St e
n+41 n4l1 n+l
JnA KakJof KOMIIOHEHTH BEKTOPa
ot

pint+1) + IV("-H) 4- 2V(fl+1) + .. +Nv(n+l)
8 cuay (5.3) BBIIOJIHAETCA yCJOBHE
‘ Lint1)
bing1y + YVinet ¥ Vimrnz + 0 F Vepon

otKkyAa caepyer (5.6).

2. Bumonnenwe yonopufi a), 6), B) rapanTHpyer TO, 9TO
K,eK. Ha (5.6) cneayer, uto R, MOHOTOHHO yGhiBaeT AJd
n > n,. H3 nepasencrea

: ICn+m""CnI < Rn+m‘—Rn
caedyer, 4to cyuecteyer limC, npu n— co.

= Vo,
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Crenywomasn TeopeMa YKasblBaeT, KaK DOCTPOMTH |y} 1o
sajanHol nocneaosatenbHOCTH {Viw), Koraa Bee Vg — Kpyru.
Teopema 1.4. [Tycmo {Vip}— nocaedosamestnocme «pyace

Vi ={weC:{w—Tin| < pinl 1Tl <puy (5.7
(=0, 1,2, ...,i=0 L=1, N k>l

Qe = (@ewy» bewy) 1] aum (Biwy + Tig) —
— Doy ([ e - Ty P — 05 ) -+l aes | 075, < pigy ( iy -+
+I‘l(k)l2'"_ ¢(k)) (=0, L ... y bg =0, lk—'l,N,k>]),

(5.8)
y
20e Tiy = L Tign Ofr = N Picetu-
Tet1=1 J

Tozda {Viw) sgagemca nocaedosameavrocmvry obaacmied
BHaxerud, Covmeemcmeyowux nociedosamesbnocmu obaacmetd
snemermog {Qip}.

HoxazaTtenbcTBo. Bee Qi 7 &), TAK KaK B CHITY BTO-
poro HepaBeHcTBa B (5.7) HepapeHctBe (5.8) BrIMOIHAETCH DPH
aipy = 0. U3 (5.8) caenyer, aro HeoxomnMo |bye - Iim! >

L]
> Qi Econ aigy #= 0, 1o

Lo + T >0k, (5.9)

O6nactb Sygy = bigy + 3, Vigty, TAE paccMaTprBaeTcs aplid-
o=l
MEeTHUECKAsI CYMMaA MHOXKeCTB Vig.py), ABSETCS KDYIOM € LEHTPOM
B TouKe by - Tiy U paanycom p?’(k, Yenoene (5.9) rapanru-
pyer 10, uto 0 § Sigpys €CAH @iry 7= 0.
CriezoBatenbHO, MHOXKECTRO 1/Sf(k) seasiercst KpyroM. Ecan

Vi = arg (busy + Tiw), 10 TOUKH
% % .
Cury = biwy + Ty — pusy xp ((iw)s
*® * ,
iy = bigey ~+ Tigey + piw €xP (i)
SBJSIOTCH KOHIAMM JAHaMeTpa Kpyra Sz H NLO3TOMY B CHIY
KOH(OPHOCTH APOOHC-THHEHHOTO OTOGPAMKEHHS, TOUKH l/c;(,g].,
1/dyz) siBaAIOTCA KOHLAMH AHameTpa Kpyra 1/Sum.
PaccMOTPHM KPYT  Qiqx)/Sisy U 0003HAUHM  Pipy) H Gosy €I0

Pajuyc M ICHTP COOTBETCTEEHHO. ¥ YHTHIBAS SHAUEHHA AR Cyk
H dir), HMEEM

* R _ —x
Pitk) = i | Pt Qi) = 250y ey + Licey)
- ' * TR} —_ > real
Vosgy + Loy P— 02y - Mugey + Ty 1" — Py



Jlns BEINOJNIHEHHS YCJOBHA (5.3} HeoOXOAHMO, YTOGHI
[ Loy ~ qun | + Pany < pick)-
[Tocne HecnOXKHBIX BbHIYHC/ICHHH oTciofa monyuaeM (5.8). g

Teopema 1.5. [flycmo (Vi) — nocaedosamenvrocms noay-
nAOCKOCmEl

Vi = {w:Re(wexp(—if)) » — Puwts P >0
k=0, 1,2, ...,i=0i,=1, N, £>1) (5.10)
u
Qitey = iy, bigwy? 1| Quey | — Re(@uey exp (—i (e + Pet1)) <
< 2Pt 1Re (Bicy €xp (-—iWs1)) — pits]
=01, ...,4=0i=0 N k>1), (5.11)

N
+
ede pip = XN  Pietn, A< < (k=0,1,2...)
1=

Toeda (Vi) ssasnemca nocaedosamerbrocmoro obaacmell
anaqenud, coomsemcmeyrouux nocaedosamendroctnu obaacmet
snemermos |Qum).

JoxazarenabcTBO. YCI0OBHA

Re (bugy exp (—ipi1)) > piy (=0, 1, ...,
i,=0, =1, N, k> (5.12)
ABNSAIOTCH HEOOXOAMMHIMH JIsl TOro, 4ToGhl oGMacTh (5.11) ume-
na cmuica. Ecam cnpasepiuso (5.12), 1o Hepasenctsa (5.11)
BRINOVIHAWOTCA, KOTAA iy == 0 H noatoMy Luxn 7= .
Iyere
Re (Digy €xp (—itbe1)) = Pltn- (5.13)
Torna
Ly (Vith) = {w:Re (wexp i (Vo — arg asg)) > 0}, (5.14)

[lpu BrmosHeHnu papenctsa (D.13) oGmacth (5.11) 6yser he-
HYCTHM MHOJXECTBOM JIHIIL B TOM C/lyuae, eCAH arg i = P+
+ ¥.y1. Bunonmesne nocreamero paeencrsa ¢ yuerom (5.14)
rapautApyeT Brmodenne (5.3). Tak kak 0€ Vg4, T0 oTCIOAa
cleXyeT cnpaBelHBOCTE (5.2).

ITycts

. *
Re (b1 xp (—0e 1)) > pigsy.
Jlerko nocusTaThL, 9TO B 3TOM CAydae

L (Vith) = {w €0 | w— el < pun},



cae
| i¢g))
2 [Re (byqyy XP (—iv,1)) — Pyl
Cigry = Digw €XP (I (81 Qiey — Pet1))-
Torza ycioehe (5.3) Oyner BHINOJHAThCH, €CAH Cigy € Vi
W ANA PACCTORHHA OT TOUKH Ciy KO IPaHHLB 0GMAacTH Vi,
crnpapeyINBO HepaBeHCTBO Iin (| Cig — Viwl, Viw € OV iun) > Puw-
[MoncrapAsi 3HaueHHe O/ Cyxy B (5.10), monyuum
—Re [aigy exp (— (0, + Pe)) <
. *
< pigwy [Re (bup €Xp (— iett)) — piw].
Aro mepapeHctso caeayeT u3 (9,11). OGo3naunM dyy) TOYKY M3
8V i, ANA KoTOpoH
| digay — Cigp! = Min{| cuwy — vigw |, Vi € WV in)-

Pigy) ==

HecnoxkHo npopepHTh, 49TO
iy = eXP ((PR)—Dugy + £ 1 (Cigny XD (—iPs)]

| diey — €y | = Pacy 08 {arg @iy — Vet — i) + puy.

Hepasenctso |diy — cuw | > Puw sxsrpanertHo (5,11).JH
O6nactu 3neMeHTOR Aas B

-l

N
|1+ D Y, X (5.15)

—1
P el

ofiosHaYuM Eiy, T. €. TPeANONOEKHM, YTO
af(k)eE-f(k)Em (k=0! 1,2, ..., £o=0o (= I, N, k> I).
Ananornyno uepes Gy Gyaem o6o3Hayath o0JacTH S/ieMeH-

To8 BLLIT

—1

N
L 1
b+ D E:b""" . (5.16)

TlpuBeseM HekoTopele ciencTsHs Teopem 1.4 u 1.5.
Caedcmsue 1.1, MHomxectea

Vl‘(k)={w':lw1<%} {k=0: 1, 2: Y
=0, ix=1L N, k> 1),
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E;w={w:|w|<$] (k=0,12 ...,

i0=0' ik= l, N, k> l)
ABJAIOTCA COOTBETCTBYIOMMMH o8/1acTAMH 3HaueHHA H obmacTis

mu anementos BLLI (5.15).
Caedemaue 1,2, MHoxKecTBa

1
V:(k)={w:]w|< T}’
Qo = {(auws buwd | buwl > Nlawy | 4 1}
k=0, 1,2 ..., 0 =0, iy=T, N, k1)

AIBASIOTCA COOTBETCTBYIOWMMH o6MAcTsME 3Haue HHE H obaacTaAMH
anementos BILI (5.1).

Credemsue 1.3. MHoxecTBa

Viy = {w:|w| < pgn}

N

1

Gy = jwi|w] > 2 Prgetny + 5
fpt1=t

(6=0,1,2 ...,#4=0 ip=T, N, &3 1)

ABAAKTCA COOTBETCTBYIOIIUMH 00facTAME sHaueHME H obaacrs-
MH sjemeHTOB ana BILA (5.16).
Caredcmseue 1.4. MHoxecrsa

Viw =V (a) = [w: Re(wexp(—in) > —%J cosa},
- Eypy=E(a)= [w: | @] — Re (wexp (—2ia)) < 2-Iﬁ~ cos? a}
k=0,1,2 ...,0=04L=1N,k>1),

14 T
rie — 5 <a<< % » ABJAIOTCA COOTBETCTBYIOWIAMH obaacTaMs

asayeHHll H obnacrsamu smementos BILIL (5.15).
Muoxecteo E () sBnsercsa mapaboamueckofi ofnactbio, ors

paHHYeHHOR mapaGonofi, npoxojsiuled uepe3 TOYUKY ~— ;},—v
€ OCbI0 BRONb Jayga argw = 2ot H (OKYCOM B TOYKE — I:‘V *®

x cos® o exp (i2e).
PaccMoTpHM BONPoC © HAHAYYINAX 06/acTAX SAEMEHTOB.

40



Teopema 1.6. [Tycms (Vi) —~— sadannas nocredosamens-
nocmy obracmed us [, yoosremeopAIOAR YCA0BUIO: ecau

N N
—1€ X Vigsn, mo 00€Vyy u ecat o€ Y Vigrn,
fk+;=] ik+l=l

mo 0&Vyy, ede paccmampusaemes apupmemuueckas cymma
obaracmeid,

ITycme
Edy=1 {il +w) Vi weViy L
N
2N ViganNi—=1, o}}N Ve, (5.17)
=
ede k=0,1,2, ...,i=0 =1, N, k>1, [—1, co}—

MHOXCeCmEo, cocmoawee u3 Oéyx movex —1 u oo,

Ecau sce Ejyy + &, mo
1) nocaedosamesvriocme {Vyy) feasemes nocaedosamens-
nocmei0 obracmell 3Hawenud, coomeemcmsyowux nociedosa-

measHocmu obaacmeld 9AeMEHMOE {Ef(k,} dan BUT (5.15);
2) {Ekw} — Housywman  nocaedosamenvrocms o6 sacmert
sneMennos, coomeememsyowan nociedosamensiocmu obaracmetd
auaueruid {Vin}.
Hokaszateabctso. Ycaoswe Eiyy # @) ABISeTcH Heol-
XONHMEIM AMa obaacrefi sneMeHToB., Ma onpeneneHus Eﬁk, cJe-

ryer, aro Eyy,y Vi, Takmm obpasom, ycsosue (5.2) Brimon-
HACTCS,
*
[lyets auy € Eigy Gigy # 0, TO AR NPOHSBOMNBHOTO @€ Vi
CYILECTBYET Uy € Vi, UTO iy = tw(l + w). CaenoBaresbuo,
AN NPOH3BOJMBEBIX Wig41) € Vigpr) TaKHX, 9TO

N
W= ¥ Wiy #E—Il, oo,

Ippr=l
HMeeM
iz i) uw (1 4+ w)
=l+w'= l+w =quV!(k)-

N

3

14 L Papt1y
Ik-{-l-l

C ygerom ycnosuit TeopeMur monyunM fym{(Vih) S V. Takum
ofpasoM, NYHKT 1) poxasan.

Hokaxem nysxr 2). [lycrs {Eiy}— nponseoibHas moche-
JOBaTebHOCTE OOAacTell MeMEeHTOR, COOTBETCTBY IOIIHX 0O/1aCTAM
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anavennt {Vyu}. Torza cormacuo (5.2) umeeM Ejyy < Viyg. s
{5.3) cmepyer, UTO M7 NPOH3BOJBHOIO Ay & Eiy U NPOH3BOML-
HEIX Wietn) € Vigetn)

i)
— € Vun.

ul
1+ L Pitht-1)
1=l

CnenoparenbHo, Eig < Eiy M BCeX HAGOPOB HHAEKCOB. |l
Teopema 1.7. [Tycme {Viyy}— sadannas nocaedoeamens-

wocmo obaacmed u3 [, ydoeaemeoparou,as Yeao8uw, €Cau

N
o€ Y Vigty mo 06V

e+1=1
u nyemo
N
* 1 1
Gl = 1] {V———w:we vierdf ) Viue-t-u—{m}} N v—
[¢:3] = l'k+l=l (&)

(k=0,1,2, ...,0=0i,=1, N, k>1). (5.18)

Ecau ece Giy %= &, mo

1) nocaedosamensnocme {Vyy} Asrsemca nocaedosamend-
HoCmbR O0AGcmell anaueHull, CoOmeemcmayowux nocaedosa-
menpHocmu ofaacmed saemenmos {Giw} 028 BILI (5.16);

2) {Gﬁk,}—uauﬂytemaﬂ nocaedosameabrocms  obaacmell
SAEMEHIM 08, COOMBEMCMEYIOWLX nocaedosarmerprocmu obracmed
sHauerud {Vyp}.

JlokazaTeNLCTBO NPOBOIMTCA AHAJAOTHYHO  ZOKA3ATENhCTRY
npeabinyiieit Teopemol. Jleficterrenpho, M3 onpexeneHus (5.18)
caenyer, uto Gy S 1/V i, nostomy 1/biy € Vi H, Takum of-
pasoM, BumoJHseTCH (5.2).

[Tyets by €Ghyy, TOTAA ANA  TPOH3BOALHOTO W € Vi
CYIIECTBY €T Uw€ Vi, UTO by = (1/ttw) —w.

Caenopate/piio, AAS NPOU3BOABHBIX Wity € Vig41), TaKHX,
yTOo

N

N

W= ¥ W=,
bet1=t

HMeeM
N —1
(btua + X wi(k+1)) = (b + @)™ = 4w € Vi
ik.H=I
1
TlosroMy tu (Viih) S Vie.
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Myers {Gig} — NPOU3BOMBHAA NOCAEOBATENLHOCTh o6acTelt
9N1€MEeHTOB, COOTBETCTBYIOIIHX NOC/EAOBATENLHOCTH o6aacTed
sHauenuit {Vi}. Torma cornmacro (5.2) umeem Gip S 1/Vi,.
Hs (5.3) caexyer, 4T0 AJR NPOHSBOMBHOTO &y € iy M mpoH3-

BOMBHHX W@i(x+1) € Vigt1)

N
1
biw + E Wi+ €5 -
1= e

Crenosarensio, Gig S Giy. W

Caedcmeue 1.5. Jlns Toro aTo6bl nocaegoBatensHocTs {Vig ),
yaoBeTBopsollas ycioBuaM TeopeM 1.6 mnu 1.7 6uwia mocse-
JOBaTeJbHOCTbIO obaacTedl sHaueHuil, COOTBETCTBYIOMHX MOC/e-
JoBatesbHOCTH obaacreil anemenTos { £y} ans BILL (5.15) wm
{Giw} mna BLLA (5.16), HeoGxoaumo u xocraTouHo, 4robhl BCe
Efw = & unu Bee Gig + & coorBercTBenHo, rie Eng, Gig
onpegenstorcA B TepMuHax {Vip} cormacho (5.17) man (5.18).



Faasa 2

METOAB! MCCIENOBAHMA CXONHMOCTH
BETBAIAXCH IERHBIX JAPOBEH

[TpobneMa cxoauMOCTH LENHBLIX WAM BEeTBAUIRXCHA MNENHBIX [pO-
fefl saknOUaeTcd B TOM, UTOOW Ha OCHOBaHHH HHGOPMALMH
o KoapdruneHTax ApobH ClenaTh BRIBOJ O ee CXOMHMOCTH HJH
pacxoanmoct. Henonpsysa ocofule cBoficTBa CXOAHMOCTH TOJ0-
mopduex dyERuRA {22], a1y 3anauy MOKHO HeCKOJbKO Y-
pocTHTh. Ecsm, Hanmpumep, noaxojsmue ApobH ABIAKTCA rO-
AomopdHEIMH PyHKUIHAMH B of1acT D, To AaA HOKa3are/beTBa
PaBHOMEPHOH CXOAMMOCTH APoGH BHYTpH D pocraTouno noka-
32Tk PAaBHOMEPHYIO OrPaHHYEHHOCTh BHYTPH ToH ofnacTe M Hc-
CNeA0RaTh CXOAHMOCTH HA TNEKOTOPOM HofMHCoXecTBe D,
Y Crmuarpeca |60] B kauecTse NOAMHOMKECTBA PacCMAaTPHBAETCSH
KpyT, v Buram |99] — GeckoHeyloe MHOMECTBO TOYEK, HMEIO-
mee npejespHyo TOUKY BHYTpH ofmzctu D. Hansnefinmm pas-
BATHEM BOINPOCOB CXOAHMOCTH roqoMop(HeX GyHKIME ABAALTCH
PEefeHHe MOHTEJeM TaK HASLIBAGMOTO HOPMANBLHOTO cewmeficTBa
aHaMNTHYECKUX (Pyhkuui [42].

MeToguxa uccleoBaHHS CXOAHMOCTH NOCHELOBATENBHOCTH
rolioMopHEIX (PYHKUMEA OXHOTO nepeMeHHOTQ B NPHHIENE nepe-
HOCUTCAl M Ha (DYHKIEH MHOTHX flepeMeHHRLX. TpyIHOCTH, KOTO-
pHle 3jech BOSHHKAIOT, B OCHOBHOM CBA3ZHLI C TeopeMol e.ilH-
CTBEHHOCTH. MoHTenb [42] nceaepoBanl HopMaJbHEe ceMeiicTBa
aHANHTHYECKHX (QYHKIME ABYX NepeMeHHHX.

B pabotax A. A. I'onuapa w E. A. Paxmanosa (cM., Ha-
npuMep, [53]) 3T pesysbTaTEI NOJYUNAW AanbHeflniee paspHTHE.

3 CXOAMMOCTH MO €MKOCTH BHYTPH oOJaCTH [e1aeTcs 3aKJIo-
jeHHe 0 PaBHOM ePHOMN CX0AMMOCTH NOCeI0BaTEIBHOCTH FOAOMOpPd-
HEIX HAH MepoMOpbHBEIX (GYHKIHE BHYTpH o6aacty. A, A. lonyap s
paGore [24] ycTaHOBHJ NPHHUMTHAABHBIA Pe3y ILTAT: H3 FOJMOMODd-
HOCTH AMAroHabHbIX annpokcumanui Ilaje enyTpr o6aacth, yaos-
JETBOPAIOMEH HEKOTOPHIM LOMOJHHTENBHEIM OrpaHddeHudsM, Clie-
IAVET HX PaBHOMEPHAS CXOAHMOCTh BHYTPH 3Tofi o6aactH. ITn
coo0paXkeHHs NepeHOCATCA H HA HEKOTOPHE THIH (DYHKLMOHAML-
HHX HeRHEX Apofefl, Hanpumep ha apofu Uefumnnera, npucoesu-
HeHHHIe ILenHble Apo6H. OOHako B ofmeMm caydae gHAJOHYHOE
YTBEPMACHHE AJA NenHbX apobelt HeBepHO: H3 TOAOMOPHHOCTH
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ele He CJeIYET CXOAUMOCTb. B KawecTBe KOHTPNpHMMepa noCTa-
TOYHO B3sTh S-1poGb
-z
by+ D 3
=l "k
rae b,>0 (k=1, 2, ..)), z NpHHAANEIKHT DPOM3BONLHOMY

KoMnakTy obnactn G = {z€C: 20, |argz|<<n} upan 3, b,
k=1

cxoaurcd. Torga ans s37of Apndu cyllecTBYIOT KOHeUYHHE Mpe-
Ieasl UETHREIX H HeYeTHHIX noixoasuux apobefi.

CrefoBaTe/bHo, OGMHE METOAL HCCJIeADBAHHA CXOAHMOCTH
f10C/1eJ0BATENEHOCTH MOAOMOPMHLIX QYHKUHA yOpouaiT, Ho He
cHuMaloT TIpotieMy CXOAHMOCTH HENHBIX HIH BeTBALLMXCA [eT-
ueix apofefi. TlostoMy 3amaya wWCeTeIOBaHHR CXOAHMOCTH, [0
KpatiHefi Mepe JNOKANbHON, NEenHHX ApoOell HAM BX MHOTOMEp-
HEX o0o0medHt ¢ Y4eTOM CTPYKTYDHRIX ocofeHHocTell aTOro
annapara sBASeTCH akTyanabHol. Kpome TOro, yeaosua roaomopd-
HoCTH MOAXOAMMIMX Apobefi Toxe KedarefpHo (HOPMYJIHPOBATH
HA fA3bIKE 31eMEHTOB IeNHHIX HJIH BeTBAI(HXCH IENHBIX Ipofeli.

Tpu HecneJOBAHUK CXONUMOCTH HelpepBIBHHIX Apobelt cyime-
CTB2HHO HCMOAB3YIOTCHA JHHeHHBE peKYyppedTHEIE COOTHOMIEHHA
IN4 uHcAHTeqel H aHaMeHatedeH MOAXOAMIDHX ApoGeft W TOT
takt, uT0 ApoOHO-JHHelHBe OTOODAKEHHS, JeXallle B OCHOBE
nocTpoeHHs npobd, ofpasyloT rpymny, ec/if B KauecTBe TpYI-
nopofi OUepanyy paccMaTPHBATL KOMMO3UHHIO oTOOpameHui.

Jas BLLI pekyppeHTHBIE COOTHOWEHHA, aHamoruunme (8),
HecnpapedAHBs, COBOKYIHOCTE MHOIOMEPHHIX IPOGHO-THHENHBIX
otobpamennil Toxke He ofpaayeT rpynnbl. Takum oGpasom, pas-
pabotka oOBmIMX MeTOACB HecjeAoBaHHA cxoaumoctd BILI apaa-
eTCA  aKTyalbHOol sajageft.

B pa6ore C. B. Creuknna u Il JI. ¥Yapanosa [59] H3uqo-
JKEHHl DE3YJbTATH, NOCBALUIEHHEIE CXOXMMOCTH DANOB, rle IO
NoBE/le BHIO NOATIOCAE0BATENBHOCTH YACTHBIX CYMM HA HEKOTOPOM
noaMHoxecTse £ fejaeTcsl 3aK/MoUeHHe O MOBeACHHH HA STOM
NOAMHOMKECTB? WAH Ha BceM £ BCeX UacTHHIX CyMM. DTH ucche-
JOBAHHS NPe[CTaBAAIOT AAs Hac Goabwoil HuHTEpec, Tak Kak
YCAOBHS CXOIHMOCTH HJM PacXGAMMOCTH BeTBSMIMXCS UENHBIX
Jipodefi, Kak NpaBHIO, (OPMYJHPYIOTCR Ha fA3biKe DacXoAHMOCTH
WIH CXOZHMOCTH PANOB, COCTABMAEHHHIX ONpEJeeHHBM 00pa3oM
H2 37eMeHTOR Apobu.

B §1 oopeaenenn pasamunbie BHAM cxogamoctH BLLI, jo-
KasaHbl [gBe TeOPEMbl O B3aHMOCBA3H OesycaoBeoll B durypHo#
cxonuMoctH ¢ obblyHoA cxoxumocThie AnA BLLI ¢ nonoxuTtens-
HBIMH 4l HAMH,

B §2 mamo onpejenende U PacCMOTPEHE! OpHUMEpH MaKCH-
maHTHOH H MaxopautHofi BLLJ, namo onpejeneune anamora
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QYHAAMEHTANBHHX HepaBeHCTB. STH MeTORH GYIXYT NPHMEHATH-
Cfl TIPH HCCJAENOBAHMH CXORHMOCTH BETBALIMXCA LENHEIX Apobei
€ KOMIVIEKCHEIMA KOMIOHeHTaMH,

[Ipu uccnencpannn cxoaumoctu BILIL ¢ mOMOXHTETLBRMH
9JeMeHTAMH HCNOMB3YIOTCA HEeKOTOPHE CrelHalLHble HepABEHC TR,
IOKa3aTeabCTBY KOTOPHIX NOCBSAIEH § 3. DTH HepaBeHCTBA NPeICTAR-
JSIOT TaKXKe camocrosrenbHelfl uarepec. B paborax P. M. Mu-
XampdyKa LJA HMX YCTAHOBJEHH KOHTHMHYA/JBHbBIE aHBaJoTH.

B §4, ncronbaya cxeMy AOKasaTeqbCTBa TeopeMbsl MoHrens,
H3MOKEHHY10 B nepeoM H3zaHuu yuebGHuka B, B. [lla6ara [70,
71], npuBeneHno NOKA3aTeNLCTBO MHOTOMEPHOTO aHaiora STOH
TEOPEMHI.

§ 1. Pasmmanne pagm cxoqrmocts BT

Paccmorpum BILJ[ ¢ 4HCAOBRIMM KOMIJIEKCHBIMH 3JeMEHTAMH

N
o a.
b, D ) 1.1
o+k=l‘,k2=1bi(k) ( )

Brpene GyaeM BCErAa npepnoJaraTh, TOBOPA O Pa3/HYHLIX BH«
JAax CXOJMMOCTH BeTBALHXCA LENHHX xpobeii, uTo BCe HX noj-
XoaAllHe APoGH HMEIOT CMEIC] HAH JIHUWBL KOHeYWHOe YHCJIO NMoj-
Xonamux gpobelt He HMeeT CMEICJA.

losopar, uto BILI (1.1) cxogurcs, ecsu CyWeEecTBYeT H KO-
HeueH TIpefies IMOCJAENOBATEJABHOCTH €€ NOoAXOAfIMIHX apoGeit
(1.11) rn. 1. Beawuuny srtoro npemena Gy JeM Ha3HIBATL 3HAuE-
EHeM GeckomeuHoit ppobu (1.1), Berssmasca uenxas apobe
(1.1) pacxomutcs, eciH OECKOHEUHOE YHOAO €€ MOAXOAALIHX
Ipobefi He HMeeT CMBICTIAa HJH He CYIIECTBYET eIHHOIC KOHeu-
Horo npefena nocregoBatesbHocTH {fi}, #am lim f, = oo npu
k—» o0, Uz cBofictea BrakK (3.4) ra. 1 cieayer npennomenue.

f1pedaoncenue 2.1 [57]. BILIA (1.1) ¢ DeACTBHTEIBHEIMH TO-
JOKHTEALHEIMH KOMIOHERTAMH CXOAUTCHA TOrJa H TOJNIBKO TOLAE,
KOrjaa

klim(fﬁk-f-l — fa) = 0.

HMHuorna yinofHo pacemaTpupaTh Godee ofllee INOHATHE CXO-
zamoctd BLLZ, xoropoe, caeays Q. [leppory [87], nazoeeM
CXOAHMOCTBIO B HIHpokoM cMmuicie. Bynem rosoputek, wro BILZ
(1.I) cxoaurcd B IIHPOKOM CMBICNE, eClH CYILECTBYeT fpefen
nocegoBatensrocTH (1.11) ror. | npu n—> oo (BO3MOXKHO, paB-
HEIE GEeCKOHEYHOCTH)
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BeTeAmuecs uenmnnie apo6u BMaa

N
w a.
(*
Fimy = bigmy + D N i 1.2
pmtt = B {1.2)
ip=1
(m=1,2, ..., in=1,N) HasupaoTca M-MH OCTaTKaMH

BILA (1.1).

Berpamasca denHas Apobb (1.1) HasmBaeTcsi GezycaoRHo
cxoasuedics, ecau cama Apobs (1.1) cxogwTea o mce ee m-e
ocratkd (1.2) cxoasres (m=1, 2, ..., in =1, N). Ecin
BLiJ (1.1) cxoaurcs, a HEKOTOphIC €8 QUTATKH PacXoiATcd, Te
OHA HA3LIBAETCH YCMOBHO CXOjJdANleficH,

Teopema 2.1 [5]. Jas BLT (1.1), y xomopod saemenma-
MU ABASLONCA  QeiCrmeumenbHble NOAONCLNIEAbHBE qucad, 6es-
Yea0B8HAR cxodumocme aKeueAAermHa 06btunol cxodumocmi.

Hoxazareasctro. Heofxopumo TOJMBRKO AOK23aTh, YTO
H3 cxozumoctd BLLI (I.1) caexyer CXO,ELHMOCTI: BCex ee m-x
ocrateoB (1.2), tae m=1, 2, ... , =1, N, k=1, m.

PaccMOTpHM BeTBsIYoCH LeNHYI0 Ipobb

biqy + D 2 b‘(k) (ii=1, N) (1.3)

(=1
u 0003HAYHM €e f-€ anNNPOKCHMAaHTH f}f). H3 ceoficTBa BHJKH
(3.4) ra. 1 nna BILJ (1.3) cnelyer, 4To CYLIECTBYIOT KOHEUHBIE
npeAe/ibl

lim f:(u = Gi)» llmfzm = Fry)

m—+ o2
H BHINOJHSIOTCH HEPABEHCTBA
Gy < Fuy  (ii=1, N). (1.4)
Tak rax BUJ (1.1) cxoxutesa, 10
Gy __ “fm
b + Z Fioy
Iy=1

ChnenoBatesbdo, B cuny (1.4) ans npouseossHOro i (i =
=1, N} Fyy =0y, 4YT0 3KBHBaJeHTHO cXoldumocTH BILI
(1.3). AHamoruyHo nokaselBaerca cxoinmocte B (1.2) ana
NPOH3BO/THHOTO  HATYPAJbHOTO /7 H MPOH3BOJBHOTO Hafopa HH-
IOEKCOB iy, fgy vuu » ime

47



Bynem rosoputs, uto BIL (1.1) cxomures abcomoTHo,
€CHH CXOAMTCS PHA

S e —hil (1.5

COCTABJCHHBIN M3 ee nojxoAsmux Apobefr (1.11) ra. 1,

[yeTs {(f);}—ﬁexo'ropum ofpazoM ynopsAOYEHHadA Nocne-
AOBATENALHOCTL MPOH3BOJBLHEIX QJ'gryprIanoJlxgnmuax Zpobeii
B (1.1). Bosmoxmno, O,=f, uan ®,=F, (em. (1.14),
(1.15), rn. 1), Ho He oOs3ateapto. OGosHaumm my, W M, Mu-
HMMA/JbHYI0 H MaKCHMAa/AbHYIO AJMHEI BeTBeH noixojsuled apob
®,. Tlpeanaraercsa, 4T0 M1~ 00 OpPH R —- co.

B_y,ueM rosoputh, uro BIUI (1.1) cxogurca ¢urypuo, eciu
Bee @p (R =1, 2, ...) HMEIOT CMBICT WM JHIUB KOHEYHOE uMC-
ao @, He HMeeT cMbICTa, MUHHMAaJbHAA JJIHHA M1, BeTOK K-i
dburyphofi moaxonasaulel ApoGH CTpeMHTCA K GeCKOHEUHOCTH NPH
k-» 00, CYIIeCTBYET W KOHEYCH NpeAe] [OC/AeZ0BaTe/bHOCTH
©, mpu k— oo,

OcTaHOBMMCS BKpaTue Ha B3auMocBasn urypHofi B oOHU-
Holi CXOAWMOCTH AAS BeTBAUIMXCH NenHEX Apobefi ¢ moaoxKu-
TEMbHEIMH HIeHAMH.

Teopema 2.2 [3]. Ecau BI[A (1.1) ¢ noaroxcumervroimi
Oeticmeumeasib My KOMNOKERMAMU CXO0UNMCA, MO OHA CXodum-
€2 (hueypro u K momy e npedeay.

HdoxasareascTo. Pacemorpum kKoHeuynyto BILI

N
2p4-1 a;
(&)
w1 =b,+ D = (1.6)
fP'l' 1] ot {Z—l bi(k] ’
=
rre biw = buy (R <2p} B byopiy) > buotyy (=1, N, k=
=1, 2p4 1)

Oas BILI (1.6) no ananoruu c (3.1) ra. 1 BBesem cokpa-
wennbie o6osHauenns Qi . MeTonoM MaTeMaTHueCKOH MHEYK-
IHH JIETKO MpPOBEPHTH, UTO

~(2p+1 2p41) A o

QE(S@I:H)) > }(gg—-l-l) (k=0, m).
[TostoMy fapt1 < fop4i- M3 cBoficTea Buaxu (3.4) ri. 1 cremy-
€T, 9TO fop < fopr1.

Jlssi MPOHSBOJIBHOTO CKOJB YTOAHO GOJBLIOrO HoMepa R cy-
WIECTBYET TaKOH HOMep p, 3aBHCAIIMA OT &, 4TO AJs ECeX 72 »
> & cnpaBejyiHBa OLEHKA

fap <}n < fappi. (1.7)
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Yucno p BLIOHpaeM M3 YCJAOBHA
24+l <min(me:in > k) <2p4 2.

Tak KaK Hp—> 00 NPH =00, TO H p—> o0 OPH 1 — oo,

Ouenxa (1.7) cheayer u3 npefplIyIHUX DacCyskIeHHH, ecan
BBECTH _ COOTBETCTBYIOUIHE nepeobosHateHHA TaKUM  o6pasoM,
qro6bl fn = fipy1. [103TOMY U3 OGLIHOH CXOAMMOCTH B Cuay
npennoxenus 2.1 Burexaer, wro BILM (1.1) cxomurcs uryp-
HO H K Tamy ke mpezeny. IR

O6patHoe yTBep:nesHe, Boolille rosopsi, HeBepHO. B kaue.
CTBe KOHTpupuMepa joctatouHo easte BILI ¢ noaoxutenpus-
MH ZeHCTBUTEIbHHIMH 4/eHaMH, (GUI'YDHBIE NOIXOAfAIME IpobH
KOTOpOfl COBNAJAIOT ¢ YeTHHIMH HAH HEUeTHLIMH II0AXOSIlHMH
apofamu. Tlpenenn! yeTHBIX HJH HeYeTHHIX NOAXOISILHX Apobel
BCerja CYLIECTBYIOT, caMa e fpofb MOMXET CXOJHTLCH HIH
pPacxoauThCs. N _ R

3amewanue 2.1. Ecom @, =f, (k=1, 2, ...}, re fia
burypHas noaxofsmas jpobp omnpexenserca coryacHo (1.14)
ra, 1, . T0o B cuay Tteopemsl 2.2 m cootHoweHHit (2.1) ra. 1
cxoaumocts B (1.1) ¢ nonoxuTeNbHHIMH 4leHAMH 3KEHBa-
nedTHa OOBIYHOH CXOAHMOCTH, .

HYCTB bo(z)’ al'{k) (2)’ bl’(k) (Z) (‘[k = l! N: k= 1; 29 .« -)‘—
HeKoTOPBI Habop KOMIJIBKCHHX (PYHKUMH, ONpeleneHHuX B 06-
aacty D ", 2 ={z,, 25, ..., 2n). PaccMoTpuM QyHKilHOHAE-
uyro BILI

Byp (2)
1 bi(k; (2

N
bo(@)+ D X, (1.8)

b=

n obosHaumM f(2) ee k-0 amnpokcumanty, Ag(2), By(2)— k-8
YHCAHTENAb H 3HAMEHATE/» COOTBETCTBEHHO.

ByneMm rosoputs, uto BLLIL (1.8) paBHOMepHO cXoauTcs Ha
MHomecTBe £ D, ec/M HauMHAA C HEKOTOPOro HOMepa 7,
Bcoay Ha £ B,(z) %0 (k > n,) ¥ nas upoussosbHOrO &0
CYUleCTBYET TaKOH HOMEeP #iy > 1, YTO JJI9 BCeX #, M >N,
H TPOM3BOJBHOrO Z & E BLINOJHSETCH HEPaBEHCTBO

| fn(2)— [ (2)] <<e.

Ecan Bce C(Ka3aHHOR BhILUE CHOPABEIAHBO IS [POH3BOJBHOIO
muOoMecTBa £ € D, To rosopsit, uro BIIJ (1.8) paBHOMepHO
cxoamrca BHYTpH ofmactn D. 3pech cumpBoa E & D osnaua-

€T, uTo Ec D, rne E — samuixanue £,
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§ 2. Meron MasropanT. AHAIOr METONA
dysnaMenTANRHAX REPABEHCTR

Hdas Toro 4Tob6el yOeAHTBCA B €CTECTBEHHOCTH NPHBEAeHHBIX
HWKe onpegeneHuli, H3AOKeHHuX B paBore [10], BcnomuuMm, aTo
M2KOPAHTHBIM pAXOM Inf dYHKUHOHANLHOT® PAAA

kgl fk(z)s (21)

rae fo(2) (k=1, 2, ...)— koMnrercHne QYHRUHH KOMILIEK-
CHOTO NEePeMeHHOTo 2, 3ajaHHEle B HeKoTopoH o6aacth D, na-
3LIBAETCH YUCNOBOH PR

’g‘:] ag, (22}
rae a,>0 (k=1, 2, ...), Takue, 410
e@l<ar k=1, 2, ...). (2.3)

Ecmu ofoshadkts S, ¥ $a n-¢ uacTHbie CyMMsl psizos (2.1) n
(2.2), To ycnosue (2.3) MOXKHO NepemncaTb cAefylowHM 06-
pasoM:

]Sk""—sk_,llg‘sk—sk_tl (kzl, 2, ...). (2.4)

Onpenenenne (2.4) ectecTBento 06obaeTcs M HA BETBANIHECH

nenHbie Apobu, ecym mox S, M s, NoApasyMmeBars k-e MoAXoxs-

mue ApoBH JauHOH W MaxopauTHol BIIJL cooTeeTcTEHHO.
Berpsinasics nenwas mpo6b

Ny
n iy
d,+ D ¥ & (2.5)
=1, i
=1
C YHCJAOBEIMH KOMIVIEKCHBIMH 3%JEMEHTAMH HA3bLIBAETCS MAKCH-
Mantoft (mumumanTto#l) BILI (1.1) wmn (1.8), econ ans npowus-
BOJILHOTO HEOTPHLATENHHOTO UEJOTO YHCAZ B cnpaBejIHBO CO-

OTHOIUEHHe
FOARY-A (1 Fel = |ge)) (2.6)

@l <lgel (5] > gl (2.7)

rae N, €N, #e obssarenvho pasnoe N, u fy, f.(2), g,— k-e
annpokcumantel BILZ (1.1), (1.8) u (2.5) cooTBercTBeHHO.

IMpumep 2.1. HecnoXHO nNpoBepuTh, YTO MAKCHMAHTaMB

HITH

N
b+ D Y 37:; (2.8)

k=l i

==]



¢ MeficTBUTENbHEIMH MOJOXKUTENLHEIMH SJEMEHTAMH  ABJAIOTCH
HenHue APo6H, T. e. N, =1, Buia

N N N
byt Gy Byt it Bt o (2.9)

HIH

N N N N
b0t T Bk OBt e (2.10)

4 MHHHAMaHTAMH — LIeTHRIE ,E[P06H BHI3

N N XN
bt Bt mt Bbamt @10

HJIH
by N N N N (2.12)
B+ 0+ B0+ e,
rae N —uucho serox Bereaenusst BLJL (2.8) u
=.m_in(bf(k):l‘p =], N, pP= 1, k), ﬁk= max(bg(k) . ip = 1, N,
p=1, k) —coOTBeTCTBEHHO MMHHMaNbHBIE H MaKCHMAa/bHBIA
anementnt BILJL (2.8) na k-m 3Taxe, MHHHMYM H MaKCHMYM
GepyTCA MO BCEBOIMOMKHHIM HaGOpaM ITHIEKCOB i, fay vy i
Kax/ABR M3 KOTOPEIX He3aBHCuMO nmpoberaeT 3HayeHua ot | no N.
Ha cxomumoctn makcumautsr BILI (1.1} waw (1.8) eure He
CelyeT CXOAHMOCTL JaHHOR apobwu,
Bersamasca nenkas aApobs (2.5) ¢ KOMINAEKCHBIMYE YHCJIOBHI-
MH 3JAeMeHTAMM HasHBAeTCs MaxopaHToh (MmHOpantoi) BIL
(1.1) nm (1.8), ecu CymECTBYIOT TaKoe HenTpHUATeJbHOE UH-
ClI0 n, M TIOJOXKHTENERHAsi KoHCTanta M, uro JAA BceX Lenux
n, m» f, CIPaBeIIHBO COOTHOLICHHE

{fa—Fml <M|€n_'gmmfn_'fm] » Mg, —gn|) (2.13)
WK

{fa(2) — fu (@) < Mlgn_gm‘(lfn(z)“’
'_fM(z)]>M|gn‘—gm]), (2.]4)

rae N, €N, He cobssatenpHo cosmagaiomee ¢ N, u fo, fa(2),
gn—n-¢ nopxonsmue apo6u BLL (1.1), (1.8) u (2.5) coor-
BETCTBEHHO.

QueBHAHE CHAEAYIOUIHE YTBEPKIEHHS,

fTpedacocenue 2.2, Ecau maxoparra (2.5) BILA (1.8) cxo-
" AUTCH, To caMa Apobs (1.8) paBHOMepHO cXoAHTcs B obaacTH D.

ITpedacocenue 2.3. Ecan maxopanta (2.5) BILO (1.8) cxo-
Autcst abcoTHO, TO cama apobb (1.8) cxoaurcs aGeosioTHO
H paBHOMeEPHO.
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Mpumep 2.2. [lorkaxem, uro maxoparrofi BILI (I.1)
€ KOMMJEKCHBIMA KGMIOHEHTAMH, YIOBJIETBOP AOIHMH YCAOBHAM

Lo = Nlaw|+1 (ie=1 N, k=12 ...), (2.15)
seasgerca BLIJT .

bo+ D Z ALY (2.16)

b=, by

HeficTpuTennto, ecliH Aad B[I,[[ (2.16) no amanoruu ¢ (3.1)
ra. | BBeCTH PeKyppPeHTHO COKpalugHHBe 0G03HAYEHHSA

N
-~ - | a |
Qb = bia |, Q= b | — 3, =2 (2.17)
tp g =I Qtw+ll

(s=1,2, ..., p=1s5—1, i,=1,N, k=1, 5), T0 mero-
AOM MATeMATHUCCKOH HHAIYKUMH JETKQ [OPOBEPHTh, UTO

| Q| > Q> Nawn] (& =s,
S-—‘l, ey 1, ik=1, N). (2-18)

JeHdcTBUTENLHO, OPH £k = § HMeEeM
|Q] = lbuo | = Q> N|agel + 1> Nlayy 1.

[Ipeanonarana, urn uepaeencrso (2.18) cmpaseaanBo npu n =
=k -+ |, noxamem ero cnpasennﬁBoch npu n = k. Hmeem

ety
|Qita = bigs + 2 @ > | iy | —
£y =1 {41}
| Ay | | &; 1
. 1) > [bﬂ(k)( _ Z “‘((34-1) —
=t | Qhghryy ! Qe+

frt=!
i
= Qih > bl — 1 > Nlays |-

Caenobarearuo, Qf’:i)l') =0, Q> 0. INosToMy mast pasuocreii
ABYX mnoaxoasinux apoGefi B (1.1) u (2.16) fn—fmn, gn—
-—gm, rie A >m, MOXHO BOCHOJTb?,OBaTbCH dopuynolt (3.3)
ra. 1. Hveem

et

m-1

[T 2]
=1

Nin—in] < <

o by o byt | ﬂ HQidy | I'l ]Q[m)

N




N -1

]!—l (=) |
< (_1)m+1 Z P | =~ (g — 8m)-
LA o -——-l I—l Qi(k) n Ql(k)

Bropoii meton, kotophiii Mbt ﬁy,H.EM HCIOAL30BATh NPH HCCHe-
AoBanuH cxouumoctd BILJT, xoTs u TecHO NPUMBIKAOIHE K Me-
TOAY MaKOPaHT, BCE € B HAEHHOM OTHOLIEHHH ONMKe K U3BECT-
HOMY B TE€OPHH UenHbix npofefi meroay (PyHZaMeHTANBHBIX HE-
paseHcTB (cM. (30)). Ero 10CTOHHCTBOM SBJSETCA TO, YTO OH JAET
BO3MOMHOCTh OHEHHBATL CKOPOCTH CXOAMMOCTH BETBAUIHXCS Iel-
HBIX apoteii.

Bynrem rosoputs, uro aas BLLO (1.8) puinoassioTca fyHia-
MEHTAJbHEIE HePABEHCTBA, ecad

Qo =0 (=T, 5 =1 N, s=1,2 ..) (2.19)

H CYmMEeCTBYIOT NOJOMHTENbHbLIE KOHCTaHTH p, (k=1I, 2, ...}
TaKHEe, 9TO

(1) (2)
o
Qith

<p (s=1,2..), (2.20)

i,=1
N
R (2)
a'(f;’)(z) < Prt1 by (2) + Z "f;,"” (2.21)
Qi1

el kD)

’.k+1=1

(e=1, N, k=135 s=1, 2, . ).

11 pednomcenue 2.4 [37]. Ily(:'rb zna B (1.8) Bmimoans-
IOTCs pyHAaMeHTaabHEe HepaBeHcrsa (2.19)—(2.21).

Torma (1.8) paBHOMepHO cxopuTest B obmactd D, ecnH,

['1o, =0, 6onee Toro,
k=1

m+1 ’
1f@)—TIn @] < l:l Pes (2.22)
rae f(z) —sHayenne Geckoneunoit BILI (1. 8), fm(2) —ee ma

annpoKCHMAHTA.
HokasaTenbcTBo. YuurhiBaa obosmauenus (3.1) ra. 1,
yeaosus (2.21) sanmwytea B Buze

N
G4y (2)
o W | *5)
‘.k+1=1 i(ky ~ig+1) .

Tak kax Bee Qi #0, TO AN pPasSHOCTH ABYX NOAXOMSMULHX

533



apotefi f, —f. BLLIT (1.8) (n>>m) Bocnonbsyemcss Qopmysof
{3.3) ra. 1. 3andcaB NpoM3BEJEHHA, CTOSIIHE B 3HAMEHaTesisX
dopmyant (3.3) ra. 1 B BHze

r
Tk 13 (Qﬁgk) Qrn) TT (QIF - QM)

k=

—

ecTH m = 2r, HIH B BHJE

r—1
Qi ﬂ (Qf3h—n Q8 D{ (QV % Qiad+1y)s

el m =2r— |, nocae HecJIOKHBIX BHIKAAAOK € yuerom (2.23)
n {2.20) umeem
m+-1

[ate)—Fm @1 <1 o0
OTKyja NpeieAbHEIM MEPexcaoM NpH 7 —- oo NoayduM (2.22).

§ 3. Hepasencrsa THOA cpeJHHX rapMOHBEYECKUX

Mycrs RY. — MHOXECTBO A YROPAROUEHHEIX AEHCTBHTEABHAIX IIOM0-
HHTEJIbHHIX UHCEN, T. €,

3 . —_—
Ri={xix=(xy %3 ..., Xn), x>0, (=1, n}.
Beesem Ha R} DOKOMIOHEHTHO apuMETHUECKHE  OIepailHu

1
x+y, Ax,rae AE R,
CpejHUM FaPMOHHYECKHM fi AefiCTBUTENBHEIX MOMOKHTENLHBIX

qHCed Xy, Xy, ..., X WIM 37emMenTa x€ R} HasuiBaercs wHCAO
: ~1, -1 —15- :
Xep=n(x1 +xp + -+ x5 )7L
Teopema 2.8 {6]. [Tycms x, y¢ RY., moada cnpasedauso we-
pasencmao
Xep -+ Yep < (x - y).cpr
KOMOpoe MONCHO SANUCAN 6 aKeusasermnol (popme
1

(X Y+ (21 < (“; e+ (3.0)

Hoxkaszateancreso. Hcnodssyem METOJ MaremaTHYecKof
uHaykunn. [Ipu n = | HeparencTBo (3.1) ouesupHO, Hpu a1 = 2
OHC MPOBEPAETCA HETOCPEACTBEHHO € MNOMOULBIO I/eMEHTapPHEX
BBIYHCAEHMUH,
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-1 -1 - e - -
Beeas 0603HAYERHS Xn—y = Xuoy 4 Xn', Foti = yks 4yt
d HCIIOJIB3YS TPENOJONKERHe HHIYKUAH, HOMyunM
1 n . i n-=2 1 1
—1\—1 —1y- —1, =—1y-
(iZl o)+ ( s Yi )= (El xR x) T+
= = =

n—2 n—2

+ (él it ‘9;"11)’1 < (?;«l O + Y o+ Fo) ) <
< (él (x: 4+ g1

[locnennee nepapenctso cieayer H3 (3.1), roe n =2 u BMecTo

Xy Xay Yy, Y, TOJOMEHO Xp—y, Xpy, Yn—1, Yn COOTBETCTBEHHO.
[Tocnenorarensde npuMeHas (3.1), NPHXOREM R OCHOBHOMY

HepapeHcTBY [6].

- Teopema 2.4 (ocHoBHOe HepaweHCTBO). flycmb xW) = (x4,

Xop, - .- Xnj) (j =1, &) — nexomopan cosoxynuocme 9remen-

mos RY. Tozda

x(i))c,,

k
Y <
=1 1

uan 8 sKsusasrenmnoll popme

Ek (an ) = [if‘.] (]Zk: ) ) (3.2)

[=: £ = =]

T

Ymeepadenue 2.1. Iycte x¢ RY; Torsa umeer Mecro pas-
JOKEHES €NHHUIEL
n

=¥ (i o (3.3)

=1 i=1

Teopema 2.5. fTycms x, 8€ RY. Toz0a cnpasedauso nepa-

eeHCcmao
n

2’(6; + ;;{r <o (3.4)

I=t

' HoxraszareasctTro. B ocuosHoM Hepapencrse (3.2) sa-
MeHHM %2 Ha n, n Ha n+ 1 1 BeeieM obozRAYeHMe

x”=i—‘;- (i, i=1,n) Xupy, ;= 51_1 (i=1n). |
Hcnonsays nepasenctso (3.2) ® pasnoxenne ennHuiH (3.3),
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NOyYHM

2(6,4_2:5)‘ v x‘fjﬁié(xzixw)ﬁl)ﬂ:

=1 f==l =1 {== i=1 j=I

Caedemeue 2.1 [15]. Tlyers x € R u 8 — HeoTpHUATENbHOR
IefiCTBUTEJBHOE HHCAO0: TOT/a

n

Yo+ 3 <y (3.5)

=] {=1

PaccmoTpyuM Teneph BONPOC 06 YCTAHOBNEHMH OLEHKH CBEPXY
AAA BuIpaXeHui

So+ 30 0+ £ 0.0

rze 8, y — nefiCTBHTE/LHbIE HEOTpHIATEABHEE YHCaa; X, y € R
TpyaHocTH, KoTOpHIE 31€Ch BO3HHKIOT, XOPOLIO NPOC/IERHBAIOTES
yie 1ag n = 2.

Teopeua 2.6. Cnpasedauso nepasencmeo

(148407 (1 + 3+ )+ (148403 (1 4y 457
< max{(1+ 81+ 2@+87TE@ -+ 37

20e § 20, vy> 0, x>0, y>0-—npoussorvrbie delictaument-
HblE HUCAQ.
Hokasartearcrtro. OueBugHo,

max {(1 + 871 (1 97 22+ 62+ )7 =
{(1 + &1 497, ecam dy< 2,
1224 82+ )Y, ecan Sy > 2.

[Ips BrinonHennH ycnosus &y > 2 HepareHcTBO (3.7) ¢ nOMOMBIO
SJIEMEHTAPHEIX BHIYHCJEHHI JIETKO NPHBOAHTCA K BHAY

(g + 272y —2) (y— 2) + 2 (x5~ + 271y — 2) (1 + 6) X
X (149 + (2 + 21— 2 [2(1 + )+ (1 +8) (By—2)] +
FWHI—DRU+ )+ + (=2 >0 -
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Econ e 8y < 2, o (3.7) mpeoGpasyerca X oqeémmomy Hepa-
BEHCTBY

(g™t + 271y —2) (1 + V(1 +8) + (x + 51— 2) (1 + 6) +
F@F =D+ N +FE+OE+NE—5) >0 m

Hepagerncrea tuma (3.7) OyAyT NpPHMEHATBCA B CcAeAyloileft
FJaBe A% MNOJYYECHHA OUEHKH PasHOCTH MeXLY NoIXOAAUIHMH
ApoGAMH BeTBALHXCSA HEeNHHIX Apofed ¢ MeficTBUTENLHLEIMH NOMO-
KMTeJILHBIMH 3jemeHTaMd. OHM paccyMTaHHl Ha MHOTOKDaTHOE
npumeHenne. Bua mapamerpos 6, y oyeHb rpoMo3pkHil, M ycTa-
HOBJIeHHe HepaBeHCTB &y » 2 Han v < 2 g Hammx neted
He MpeJCTaBlseTCs BO3MOXKHBIM, [TosToMy nBY3sHauHoCTh NIPaBOWH
yacTH (3.7) Aaa Hac coBepineHHo He npremieMa. CienosaTenbHo,
Heo6XoAHMO YrAyGHTh NpaByIo yacTsh (3.7), He YCJAOKHAA OYeHb
ee BHJa, ¢ LK J06HThCHA eJHHOTC AHAMNHTHYECKOTO BhIpaXe-
nuda. Tak kak

G+ 4+ D=4y + 14+ 897

228 @+ =(0Fy+2+ 58

TO, nmoaarasa &y =2z, § + v =0 u o6o3Hauas ofpaTHYIO BEJHUHHY
K Jesofi yacrh (3.7) w, HepasencTBo (3.7) sanumesm B BHIAe

b4 142, ecr D22,
w >

b2 —!——;—z, ecan 2 < 2. (3.8)

Ecnan B mnockoctu (z, w) Hauepruts ofnacte (3.8), 10 Hcxona
M3 reoMeTpHYecKHX coobpazkeHHit sCHO, 4T0o HanGosee NpoCToH
obnacTblo, HMelleH eIHHOe aHaNHTHYECKOe BBIDaXKeHHe H CO-
aepxamefi (3.8), amaserca yraoeas oGnacTs

w>b+1++52 23>0 (3.9)

Torna mepapenctro (3.7) s3anumercss B Buje
(F+04+07 0 +v+ )7+ 0 +3+) M M +v+y ) <
<(1 T SR T (3.10)
Moxuo ycranosuth H 6otee TOUHOE HepaBeHCTRO, e (3.10),

€C/IH OTPaHHYMBaTh w CHH3y rHnepbojofi I', mpoxonsime#l gepes
Touky (0, &4 1) B mnockocTH (2, w) B HMEIOWEl B KauecTse

1 ,
ACHMIITOTH NpAMYI W =0+ 2 - 72 Torga nonyuuM Hepa-
BEHCTBO

57



A+ 8402+ 949y + (1 + 84+ )21 4y 51y
-1
<(8+r+ ) yorreysin

KOTOPOE MMEET CJIOXKHBIH BHA, He MPHrofHHE 21 MHOTOKPAT.
HOTO NMPHMEHEHHS.

Teopema 2.7, 142 npoussonbibix HeOmpiyamenbibix dadcmati-

menbroix wucea 8, y u saemenmos x, y € R cnpagedauso Hepa-
BEHCHBO

1

2(5*‘) ) ( _,‘,,;;‘}d <(t+8+9+2). @

f=l
HdokasareascTBo. B ocHoBHOM HepaBeHnctBe (3.2) 3a-
MeHHM £ Ha 1, n Ha 4 ¥ BBegeM oBo3HAuveHHA
n

o=@t = (B2 =X

=1 f=

n n
-1 -1 —_
x4f=|§1;’-:) (2;;—1) (i=1n).

Henonnays nepamercrso (3.2) H pasiomenve epunuuy (3.3),
NOJYYHM
n " n n n 1
i Y ( i’z]' -
;[ww;xﬁééy Y )(j}:y,)
n 4 n

= 5 (87 < [ 7)™+ (5 )™+ (8 20)

=1 i=1 i=1 i=t

Ee= LU (5" < SIVH" x
xE(Zi—i)

3Hak <« B HepaBeHcTBe (3.11) CleAyeT 3aMeHHMTh 3HAKOM CTPO-
£oro HepapeHCTBa <<, eCIH 12> 1.

[Tosropsn  doKasatenscTse TeopeMsl 2.7, nomyuum Gonee
ofiilee HepaBeHCTBO, KoTopoe OyZeT NMpHMEeHATHCA HDH YCTAHOB-
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JAeHHH npusHaka cxogumoctH BILIL ¢ nonoxuTtensHeMu Kommo-
HEHTaMH, 3KBHBANEHTHOTO AOCTATOUHOCTH KPHTEPHA SeMeJm
Caedcmsue 2.2. JI18 NPOH3BONBHEIX HEOTPUUATENLHEIX Ael-

CTBHTeNBHHIX ducen 8, ¥, p H SnemenToB X, yE€RY cnpasen-
JIUBO HepﬂBeHCTBO

S[+o Yz Y w N (S u]" <

J==1
<& +o4v+ u)“- (3.12)

Teopema 2.8, [Tycms 8, vy, p— npoussosrsnsie deticmsumens-
Hbte Heompuyameasnsie wicaa u x, y€ R, maxue, 4mo evinon-
HAemca 00HO U3 ymaauu-

) X1 KXy < - K Xn B Yy B Yy >0 > Yn
uau

0) %, 2%, 2 X U Y1 <Yy <0 < Yn.

Tozda cnpaaeafzuso Hepasencmao

i[l +62"' +72“+u Z"‘\ [,Zl I)] <

i=1 =1
4(‘+6+7+nﬂ . (3.13)

Hokasatenbcrbo. 3aMmeTHM, uTo HepaseHctBo (3.13)
ABJsIeTCs YCHIeHHeM HepaBencTsa (3.13) npu BBefeHHH JOTIOJIHH-
TeJNbHLIX OrpaHHYeHH Ha mapameTpel.

Ias onpeneneHHOCTH NPeANONOMKHM, YTO BLIOJHACTCS YCIO-
Bue a). [lokakem, uTo B 3TOM CJydae HMEeT MECTO HePaBeHCTBO

73 abi< (g;'; 2) (gl by), (3.14)

rne a; = /%, b; = 1/y;. U3 ycaosus a) TeopeMnl caeayer, 4To
cyllecTryeT Tako# HoMep r (1l < r < n), 410

nag—-E a=0 (k=1,n,
(3.15)

na,.-—--‘Ela;.go (k=rF1, n).

Hepagpencteo (3.14) sanmueM B 3KBHBaNeHTHOH dopMe

n

: " n
Y o(nae—Y a) e Y 6(Y ar—nay).
=1 hemrtl i=



Tak kak

r n n [
Y (nax—Y a)= ¥ (¥ a—nay),

k=1 i=| k=r4!1 =1
To H3 ycaoBha by < by < ¢ - < b, HemennenHo chepyer (3.14).
[NoBropaAs JfoKa3aTeqbeTBO HpedBAVINEH TEOPeMH ¢ YUETOM Hepa-
pecTBa (3.14), Merko yGexiaeMcs B CNpaBejJlBOCTH HEPABEH-
crea (3.13). A . )

Sameyanue 2.2, Kak BHIHO H3 LOKA3aTeNAbCTBa Teopemnut 2.8,
YCONOBHE MOHOTOHHOCTH HNOC/AECI0BaTEIbHOCTH b,: B NPeAloioxe-
HHH, 4TO MOCAe0BATEJIBHOCTh @; MOHOTOHHO YOBIBAeT, MOMKHO
3amennTb Ooslee caaluIM YCJOBHEM, 4 HMEHHO

max(b;:i=1, r)smin(b;:i=r+1, n),

TAe r ONpeAesifeTcs TakuMm o0pasoM, uTo0Ll BHIMOAHAOCH Hepa-
BeHCTBO (3.1B).

Mz npuBegeHHOro JOKA3aTeJBCTBA 33KJAIOYAEM, YTCQ €CHH Q-
C/IeIOBATeJIBHOCTH &;, D; OZHOBPEMEHHO MOHOTOHHO BO3DACTAIOT
K yOHIBaOT, TO HepaseHcrso (3.14) caenyer samMeHHTh Ha Hpo-
THBOMOJIOKHOE.

Teopema 2.9 [8]. fTycme 8-— neompugamenvroe Odelicmat-
measroe wucao, x¢ RL. Toezda cnpasedauso Hepasencmso

n

2(6+12%)_1>(6+ L (3.16)

=1 i=1

HorasatenbcTBo. CHayana HenoCpPeACTBeHHOH mnposep-
Kol y0exjaeMcs B CIpaBefJIHBOCTH HEPABEHCTBA

(1 +6+Ax+§)ﬂ+(1+6+x4y+%) "
> (1 +6+Axffy)_l, (3.17)

rie §> 0, A> 0, x>0, y=>0— NpoH3BONBHbIE AEACTBHTENDb-
Hele uucaa. [locne HecaoxuHX Beuncaenu#l (3.17) npuBoauTes
K BHAY ’

6‘2+26+26Ax:_yy>0.

Hepapencreo (3.16) zoxamkem MeTOAOM MareMaTHUYeCKOH HHAYK-
upd, [Ipy 7 =1 310 HepaBeHCTBO OUYEBHIHO, NPH # =2 OHO
caenyer u3 Hepapenctsa (3.17), tne A =0. Bsoan ofosnauenns

~-] —— R | -~ Xpo1 X,
Tl =g Toe Xy = ot HCNO/Ib3ySl HEDaBEH-
Zn_y+ % .
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etBo (3.17), rae A=x" 447 o0+ X =gy, y=
== X,, H NPEANONOKECHHC HHIYKIHH, NMONYUHM

n—2
Z(ﬁ+2"‘)‘* pr 3z e
i=l1 l—l ;-—] ks
n—2

+p+Y = zm]” (6+Z""+”"-‘+1) >
i=1

n—2 n-2 n=2

3L Y S P

i=l —

o 1y

§ 4. Muorovepnrii anaxor Teopemns Monrean

Ilycte D —nexoropas o6macte B (°. ByneM roBopuTb, 4TO
MHOkecTB0 K KOMIakTHO mnprHHagaexkuT ofnactu D (K e D),
eciu K < D, roe K — 3aMpikanue K. PacemotpiM  nocienosa-
TempHoCTy F ={f,(2), z€D, m=1, 2, ...} ronomoppHux
¢yuxunit B D. Tlocaenosareschocts F HasblBaeTcs paBHOMEPHO
OTpaHHueHHOH BHYTpY D, ecniu AaA NPOM3BONMBHOTO MHOMXeCTBa K,
KOMIIaKTHO TNpHHajdexanlero D, cymecrByer KoHcraura M =
= M (K), Takag urto

[Fn2) | <M

ans Beex z¢€ K w Beex f, e F.

CewmeflcTBO ¢yHKuMH F HasbiBaeTcHl PABHOCTENEHHO Hempe-
PLIBHEIM BHYTPH D), €¢I 3fA NPOH3BONBHOTG [NEHCTBHTENBHOTO
¢>>0 u npoussoibHOTO MHOXKecTBa K & D uaiiferca Taxoe § =
= 0(g, K)>0, uro

m (@) —fm (2 | <e

anas seex 2', 2°, Takux uro |2 —z2"|<<6, 2', 2"c K W Beex
fm€F, tne

n
7 =2l = (F, 1o — 2P
- i=

CemelictBo (yHkuui F HasblBaeTcd KOMOAKTHRIM B D, ecau
H3 NOCAEJ0BATENLHOCTH hyHKILUI 5TOrO cemeHCTBA MOKHG Bhijie-
JMTh [OANOCAENOBATENILHOCTD {f,,. |, PaBHOMEPHO CXOAAULYIOCH
Ha IPOH3BOJMBLHOM MHOXecTBe K & D.

B cayuae n =1 copaBegnuBul cJaejyiol(He KJIacCHYeCKHE
peayJibTaThl, YCTAHOBMEHHbIE CcoOTBeTCcTBEHHO B 1894, 1903,
1807 rr.

61



Teopema 2.10 (Cruatvec [95}). Tycme F ={f,(2), z€D,
m=1,2, ...} — cemelicmao zoromoprotx Gpyrxkyud & obaracrmu D
u pad

o

X In ) 1

PABHOMEPHO CXO0UMCA OAR 8CeX 2, NPUHAOAEHAUUX IAMKHY-
momy kpyay K,e D.

Ecau nocaedosameavrocmy wacmusix cymm pada (4.1) pos-
HOMEPRO ozparuvena euympu D, mo pad (4.1) pasromepro
cxodumea Ha rxascdom muoxecmee K e D x ynxyuu, eono-
Mmopprod 8 D.

Teopema 2.11 (Burtasm [99]). Ecau nocnenoBatenvuocts F
byurumi, ronomopdupx B oGnactH [, KOMHAKTRA M CXOAWTCA
Ha HekoTOpoM MHOzecTBe A D, HmelomeM, 10 Kpafieli Mepe,
OJHY NpefeNBHYIO TOYKY, NpHHaadexamylo D, To ara mocJe-
JOBATEALHOCT PABHOMEPHO CXOJHMTCA HA KaxJOM MHOMECTRe
KcD.

TFeopema 2,12 (Moureaw [41]). [Han moeo umobvr mHOXce-
cmso ynryuil F, 2oromopneix 6 obaracmu D, 6sir0 xomnakm-
HUM, HeoOxodumo u docrmamouno, wmolst oHO GBA0 pasHoMep-
HO o2panuqenHbim euympu D. _

B Hactosimee BpeMs NIHPOKO NPHMEHAETCA CJEAYIOLLas HH-
Tepupetaunst 3Tux TeopeM (cm. [81]).

Teopema 2.13 (Cruarvec — Buramu). flycms F ={f, (2),

zeD, m=1, 2, ...}—cemeticmeo eoromoproix ynryuil
8 obaacmu D [, makux, amo [, (2)=a, [, (2) = b daa ecex
2¢D, m=1,2, ..., 20e a u b— komnaexcrioe yucaa (a = b).

ITyems A < D — Geckonenroe MHOMECMBO MOYEK, UMEIOUUX
no xpatinelt mepe 00RY npedesbhyio mouky, npunadremawyo D,

Ecau nocaedosamensnocmes F cxodumes K Kouneqrnomy 3sHa-
HEHUI0 Oas ecex z€ A, Mo oNa pasroMepHO cxodumca Ha Kaw-
dom xomnaxme obaacmu D Kk 20a0mopprold gynryuu ¢ D.

PacemorpuM BONpoc 0 MHOTOMEDHOM aHAJIOTE TEOPEME O KOM-
NaKTHOCTH cemeiicTBa rosoMoppubix ©yHKuniA. Ilpu srom Gyaem
HCTIQNB30BATE  MeTOOHKY JoOKasarenbcTBa TeopeMul MoHTens,
ApesioKeHBYIo B mepsoM Hsganuu paborm [70].

Teopema 2.14. Ecau cemeticmeo ¢ynryui F = {f, (2), €D,
m=1, 2, ...}, eonomoppnttx 8 D= (", pasHomepHro ozpanu-
qeno euympu D, mo u cemelicmgo pyHxyul

Of m )
F{={ fBz:z)’ z¢D, m=1, 2, } (i = 1,n)

pasHoMepro ozparuyeno enympu D.
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HokasateascrBo. Ilycts U — nponssoasnuiy MOAHKpYT
Takolt, uto Ue D : v

U={z:|z;—a;!<r;, i=1, !‘I}.

Torza nocTpoHM moOMHKPYT

Ve=l{e:log—a;| <R (=1, n},

takoll, uro Ve D u Ry>r; (i =1, n).
CornacHo uaTerpansiol hopmyae Kown [71] a1 npousBosb-
HBIX 2€V ¥ fn €EF HMeeM

afs, @ _ 21_) j" j’f,,,(glgz, eo, En) dE,...dEn (=T, 7)
t n y ]
SR T RS & S
k=1

rae I'—ocros nonukpyra V. Ilyers 2€U. Tak xak |f, (B)] <
<M(V), ro

M (V) n 2nRy
PO | ST
@mn (R — rd) T[] (Re —r8)
gl

CreacBatenbHo, A0KA3aHa pABHOMEPHAs OTPAHAYEHHOCTL F
B nomikpyrax. Ilyctk K & D. Ilokpoem K noaukpyramu. HMa

3TOTO TOKPEITHA BEAEIHM KOHEUHOE HOAICKPHITHE {Uv}i,:;. Ilycte
M (K) = max (M; (U,):v =1, s).

Torna aas scex z€ K u npoussosbhoit [, € F uMeeM

O L —
1229 < Mi(K) (=T, m).

Teopema 2.15, Ecau cemelicmeo ¢ynryuli F 20a0MophHbix
8 D= {” pasnomepro ozpanuneno snympi D, mo oxo maxwce
i pasHOCMENneRND HenpepsisHa anympu D.

Howrasareanctio. [lycte K & D. Ofo3raunm uepes 2p

paccTosiHHe MeXJIy 3aMKHYTHIMH MHO:KectBamH K # 0D, T. e.
2p=inf{]z—El:2€ K, £€aD},
a vepes
K® = | {z:lz—z|<<p}.
EX
Ovuepuano, K & D. Ha Teopemm 2,14 caeayer, 9TO cyuecT-
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syer koHcramra M, uro nis Beex 2€K® uH  npoMsBOILHOM
fm€F

Ofm
dz;
» Ilyerb 2°, 2" — npousBosbHule ToukH u3 K, Takue, uto [2° —
— 2" |<Cp. CoemuHiM HX oTpeskoM mpsmoii. Ecau 2€[2', 27},
TO, OUeBHAHO, 2 € K. Tak Kag

<M (i=1n).

n
of w ’
Y ilzdn =,V —in @),
iz', 21 i=1

TO

(&) —T (@) < 5. Elg’;—:”lldzf|<ﬁ42]z£’—zi.
=i

{z", "] i=l

CornacHo HepaBeHCTBY ByHsKoBcKoro — J1lIBapua
7t ——
;llzt —z |« Vn|z"—2].
Takum oOpazom,
!fm(z”) '_fm (2,)| < MVFTIZ”—-Z",

Ecan 6 = min{ TO OTCIOAA CJEAYer PaBHOCTEHeHHAN

&
s p},
genpephieHocTh. M
Teopema 2.16. Lcau cemeticmso gynwynut F, eosomopprsx
6 D ([°, pasnomepno ozpanuueno enympu D, mo oHO Kom-
nakmuo 6 D,

HoxasateabcTro, Jiokamem CHaqalia, 4TO eCJH [OC/AE-
JIOBATENBHOCTD f,, (2) CXOZHTCH B Kama0H TOYKE HeKOTOPORQ MHO-
skectBa E < D, Bclogy nmanotrHoro B D), TO oHa PaBHOMEPHO CXO-
auTcs Ha KaxioM Ke D, @ukcupyem 22>0 H MHOMKECTBO
K& D. Hcrnoapsyst pasHocCTEIEHHYIO HEMpepulBHOCTL ceMeficTBa
F, Buibepem paszbuensie D Ha runepryCbl ¢ TpaHaMH, napajviein.
HBEIMH KOOPAHHATHHIM IJIOCKOCTAM, H HACTOJNbKO MEJIKHMH, YTOORI
AT mpou3BoabHBIX 2, 2"€K, 2, 2"€4q,, rae g,— omua H3 mpo-
HYMEPOBAHHLIX. THNEPKY 008, BHNOAHSJIHCh yCAOBHSA

lim YV —fa@) <35 (m=1,2, ..).

MuoxectBo K 1noxkpoem KOHeYHWM YHCJOM rrnepkyGos g, (p =

=1, 5). Tak xax E Bcwoay miotHo B D, To B Kaxiom 4y
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Hafizerca Touka 2 EE. Tak kax fe (2) cxomurca Ha E, 10 cy-
mecTByer takoe gueao N, urto

!f.r (Z(p)) - fn (z(p)) l <’§'

s Bcex r, n>»> N H kakporo 2MEE (p=1, 5). Ilycts 2 —
[IPOH3BOJILHAS Tuuka M3 K. CyuectByeT Touka 2P € E, koropas
JEXKHT B TOM Xe runepxyGe, arto u 2. Torna ghsi Bcex 7, n > N
HMeeM

Vel =@ < [/ () —F, @M 1] @) —fo (2 [ +
+ lfn (Z(p‘) _fn(z)l <&

Orciona clenyer, 9To NOCNENIOBATEALHOCTh f,, (2) PABHOMEPHO
cxoantcs Ha K.

Teneps nokazkeM, UTO H3 NPOMIBOJBHONR MOCE 0BATENLHOCTH
[m €F MOXHO BHLIEMNTL NOANOCJAEAOBATENLHOCTE, KOTOpas CXO-
JIHTCA B Kamnof touxe MHOXecTsa F — D, BCOLY NAQTHOrO
B D. B xauectse £ BpiffepeM MHOMKECTBO TOYEK Z = (21, 25, -« - »
2 ED, 2, = x, iy, (=1, n), Tagux, uro Xy, Y, paunUc-
naneieie uucaa. [lyere £ == {w};. OueBnpno, E cuerHo u BCiO”
oy nnotHo B D. UmncaoBas nochefoaTespROCTE [, (w4) orpa
Huyena, Tak Kaxk wy c: D. Vs wee BuizeanM cxosumyiocs nox
HOCNEAGBATEMEHOCTh

fa (@) =lny () (E=1,2, ...

Uncnopas nocnefoBaTeNbHOCTL [y (w,) orpanmuera. Hs wHee
BBLIE/HM CXOAALLYIOCA NOANIOCAEAOBATRIBHOCTD fi2(2) == fu,1 (2).
[TocnenoBatensuocTs fio(z) cxomurcs no Kpaiinell mepe B Tou-
Kax wy H @, B T. A. IlocTpoum nocnenoBaTensHOCTh GYHKIMHA
Fen (@) (Bon=1, 2, ..).

JlHarcHaABHAA HOCMEN0BATE/ILHOCTD

fll(z)! fez(z)- sy frm(z), aas

CXOLHTCA B KaXAO# TOuKe w,€ E, Tak Kak Nno MOCTPOCHHIO BCe
yaeHn 37T0fi NOCJAEZOBATENbHOCTH, HAYpHasi ¢ k-ro, CXOAATCH
B Touxke w,. W

Sameganue 2.3. B oObIYyHON GoOPMYJNHPOBKE, KaK H3BECTHO,
OJHO H3 BaXHLIX CBOHCTB ronoMophHBIX (YHKNUA — Teopema
€IMHCTBEHHOCTH HE TePEeHOCHTCA Ha MHOTOMEPHHH cJaydai,
Hanpumep, byuxuus f(2) =z, ofpamaerca 8 wyap B (2n—2)-
mepuom muoxectse (26" 12, = 0}, HO He paBHa HyJIO TOX-
JIECTBEHHO,

OnHako BepHO Taxkoe yTsepxaenue [71].

[lycrs f(2) — ronomopdras ¢yrknus 8 obnacta D ez 7,
2,€D. Torpa f(z)=0 zas scex z€¢D, ecan f(2)= 0 B Hexo-
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Topoil 2n-MepHOH OKDECTHOCTH TOUKH 2, win f(2) =0 B Heko-
TOpOH fi-MePHOA AEHCTBHTENBHOR OKPECTHOCTH TOUKH 2y, T. €.
Ha muoxectse {21t +iyeD =" lx— x| <<r, y=y,}, nm
f{z) =0 B HexoTopoli MHEMOH OKPECTHOCTH TOUKH Z,, T. €. Ha
maokecTe {z2ix+ (WED S, x=x,, |y—y,|<r).

Teopema 2.17. fHycms F = {f, (2), 2z€D, m=1, 2, ) —
noCcALO0BAMEALHOCID 20AOMODDHbIX Pynkyul 8 obracmu D =
", pasHoMepHo o2panuuensbix exympu D,

Ecau f,(2) cxodumes e kamdoti mouke muomecmsa A< D,
ABAAIOWE20CN 2M-MEPHOU OKPECHINOCHBIO, mM-MepHOL Oelicmesu-
MEABHOL LAl M-MePHOL KOMNABKCHOU OKDECIMHOCMBIO MOUKL
2,€D, mo [, (2) cxadumes pasHOMEPHO HU NPOU3BOALHOM MHO-
acecmee K € D xk eoromopdprold ynryun 8 D.

Hoxasarenpcrao. M3 npepnaymesi teopemet caemyer,
YTO W3 MOCJCACBATENLHOCTH f,, (2) MOKHO BHASAHTL MONHOCE-
NOBATEALHOCTE fmk(z), PaBHOMEPHO CXOAALLYIOCH HA {IPOH3BOJL
woM wMmHOXectRe K & D. CorjacHo MHOTOMEPHOMY aHaAQry
reopemtr Belfiepwrpacea [71] [{z) = lim},,(2) saBaserca rovso-

Ere+-vo

moppaof dyuruuer 8 D. Jlas npouseoabHoft ToukH 2€ A B cuay
YCHAOBHHA TEOpPeMbl HMeeM

Jim [,y (2) = £ (2).

Ilycts S —nponsBosbHOE MHOMKECTBO, Takoe, uro S& D n
S>K YU A, Beegem oboznaueHye

8 =sup{{f, @ —f (), 2€S), 8=Iims,
Ecmun mul gokakeMm, 910 8 =0, TO cMOMXKeM 3aK/MIOYHTL, YTO

f (2) paBHOMepHO cxomurca Kk f(2) Ra S. Tlyers o< Py << v+ —
NOCAEA0BATESLHOCTL HHIEKCOB, TAKHX, 9T0

& ==i!llil bp,.
Ws nocnepoeatensHocty {fp,(2)} BbigennM noanocierosaredb-
HOCTb, PABHOMEPRO CXOAsINyiocs Ha kKaxioM K' &€ D, B uact-
HOCTH M Ha S, ¥ aHaawryueckodi- pynkuun B D. [yers f*{2)—
npefen aToll nocneposaTenbHocTH. Tak kak f*(2) =[(2) naa
npousBoAbHOro z€ A, 10 [*(2) = f(2) ana npoussoasHOrO 2€D
B CHAY TEOPEMH! €JMHCTBEHHOCTY A48 T0oJOMOPDHEIX (yHKLHA
MHOTHX nepeMeHBHX {71].
Takum oOpasom, § =0, Tak Kak

lim 8, = 8= sup(1/*(2) ~/(a)], 2€5)=0. M
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OPABHAKN CXOIOHMOCTH BETBAINOXCA RENUEBIX JPOBER
¢ TIOCTOAHHLIMH 3JEMEHTAMH

C yueroM METOJOB, H3/JOKEHHEIX BO BTODOM IVaBe, 37ech OYAYT
yCTaHOBJIEHBl NpH3HaKkH cxopumocts BILI[, aneMenramu KOTOPHIX
ecTb JeHCTBHTE/IbHBIE MWAH KOMIAEKCHEIE YHCJIZ K KOTOpBIe
ABAAIOTCA B OCHOBHOM JalbHeHIIHM pa3BHTHEM AHAJIOTHUHBIX
pe3yJIbTATOB, HAJMMKeHHBIX B [56].

Heperie npusnaku cxoaumoctr BLLIL npuseneHn B MoHOTrpa-
¢un (19], rie ycraHOBJEHO HeCKOJBKO JOCTATOYHBLIX [pH3HAKOB
cxognmoctd BILH ¢ mOJI0MHTENBHEIMY 3/IEMEHTAMY 00Wero BHAA,
paHee H3MOXEHHHX B [55], MOKa3aHa CXOAMMOCTh NEDHOAHYECKOH
BLLI ¢ nonoxuTeNbHHIMH WJIeHAMH, HCCREAOBAHA CXOJHMOCTh
BLLA cneuuanbHoH KOHCTPYKIHH, SABIASOWEHCA pasIomKeHHeM
norapuhMudeckod NpoHaBOAHOA PeWeHUs OAHOH KpaeBoH 3ajauu
Adas  oOplkHOBeHHOrO JHGdepeHIHANLHOIO ypaBHEHHN BTOPOro
nopsgka {cm. rakxke [52]). llepene npusnaku cxomumocts BILJ
ofinero BHAa (OPMYMHPOBANHCE OUYeHb rpoMo3ixo. OHm CBH -
TEJBCTBYIOT O CHOMHOCTH caMoroe ofbexra HceaepoBanuit, B
KauecTe npHmepa paceMotpum BLLJ ¢ monoxuTenbHEIMH KOM-

INICHECHTAMH BHAAa
N
ff) E (1.1)

Ilyers (cM. (2.4) . 1)

I(R)

1}

i (n)

N
E =T W, k=17
L(n—}-l)
lfl+

Pacemorpum (n - 1}-10 anmpokcumanry BUI (1.1) u ynopazo-
unM corsacHo (1.13) ra. 1 ee yacTHIHO CBEPHYTLIE 3BeHDL

ﬂn...l a]...m aNN--»N
" n n )
% Y y e, ———— (1.2)
1.l Leosi2 ONN.N
L RS— [
n n n

§* a7



Tlycrb r — IMPOM3BOMNBHOE UEN0Ee HHLAO Ogre< Nt v o=
= 1, #) —Npou3BOABHBI Habop HaTYpajibHbIX YHCEN, TAaKHX, 4TQ
l i <<jo<l-++<<jr< N®, ecu r > 1. Paccvorpum duryp-
HYIO TIOAXOASIyo APolhb BLA (1.1}, coRmajamoinyio ¢ ee n-of
annpPOKCHMAHTOH, y KOTOpoli n-e 3BeHbst /by sameHeHb Ha
@it/ Biny coOTBETCTBEHHO (I = 1, N, B =1, n) 1 3BenbA, uMel-
mue B (1.2) nopaakomrie HOMEpa fy, fay s+ s fr, 3AMEHEHB

0
Ha 0/1. OGosnayum uwepes A, (hfz fr) H B, (fljz s fr) ee

fi-e YHCJAUTENH W 3HaMeHaTeqH,
Teopema 3.1 [B5]. BLO (1.1) cxodumca, ecau

, 1 0
l—[bs(n)>1+§;j23n(flj2 fr)[;lcf(m (=12 ...,
(%3] ¢

1]
ede npousegOenus Oepymes no eceso3MoxcruiM Habopam uxOek-
cog iy, Ly ..., Lny, CYMMUDPOGQHUE NpONEBOOUMCA RO 8CE603-
moocroim O <r < Nmu fy, foo ooy jr Cotmy= Qimy, eCau i(n)
6 (1.2) umeem odur u3 nopaldkossix HOMEPOS [y, fy, oy Jr U
Ciny = bimy 6 npomusnos cayuae, B, — n-# sHamexHamess Opo-
6u (1.1).

Ilpu wcenemoBanun cxogumocty BLIJ BosHHKMH 6Hodbide
TPYAHOCTH, B CBS3H C OTCYTCTBHEM N/l HHX JHHEHHBIX peKyp-
PeHTHHIX cooTRomerRudt TtHna (8). Bce nmoucku B 3rm0 BpeMms
ObIH HalpaBJCHBEl Ha yCTaHOBJACHHE Takhx Qopmy.. Paznwe ux
BapuaHTH Oklad  opeggoxednl B, §H. CropoGoratsko [57],
H. ¢. Kawohfnukom, M. I, Ilycromensunkosmm (cMm. [19],
c. 51—56). Onnako H3-3a GOABHIOA TIPOMO3AKOCTH HX OPHME-
HEHHE AJIA HCCACKOBAHHA cxofumoctH BILUJL oxasamock sarpys-
HHTeNbHBIM. ABTOp B pabore [l] nokasal, 4To OTHOLIEHHE IBYX
JIHHEHHO HE3ABHUCHMEIX PEIUEHHH JHHEHHLIX PEKYPPEHTHHIX yPaB-
HeHH i

Un = QnYn—y + balin—s + Bnfn—s (1.3)
ABNAseTCs BeTBAmefica Nenuol Apofiblo ¢ ABYMS BETKAMH BeT-
BACHHR cheuuansHoro Buxa. CrefopaTeNbHo, A TOJICHETA
yycaHTeN el M 3HaMeHarenell moAXONAW HX npodeil ofuiero BHia
BeTBAMMXCA Lenunx Apobeil Qopmysant tama (1.3) Hecnpaeen-

JIHBHI.
OGosHauuM oy H Pp MHHHMAABHBIA H MaxKCHMAJbHEIA &-H

yacTublli- saHamenaress BIUIL (1.1), 1. e.
or=min(bigy i, =1, N, p=1, 8), Bp = max by : {, =
=1L N p=18), (1.9
FIe SKCTPEMYMBI GEpyTCA MO BCEBO3MOXKHEIM Halopam HHIGKCOR
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in fay + s I, KOKUBH W3 KOTOPBIX HC3aBUCHMO mpoGeraer
apHaueHns of 1 go AN,

Hopmiii noaxos npH uccaepoBanuy cxoaumoct BLLI, uenonp-
aylomuit gopmyny tuauma (3.3) ra. 1, npeanoxen B padore
II. Y. Bograpa v M. fl. Oanexcupa [l5], B xoropofi Gmuio
ycrasosneno, uro BIL (1.1) cxomutes, ecnu psaa

Y, oot
k=1

DACXOLMTCS, Iie oy onpeleadiorcs coriacHo (1.4).
B patore [8] 610 ycTavosneHo, uto BLLI (1.1) pacxoautes,
ecal CXOLMTCH Pl

"1 8

B,

b=

rae P. ompenensiores cormacHo (1.4).
Bosuukna sajgauya: GYXeT JH YC/OBHe

Yap=o0
k=1
AocTaTouHbM Aaa cxoxuMocty BILI (1.1)?

B nacrosumee BpeMs 3Ta 3ajaua elle He pEHIéHA H Bee Te
NpH3HaKH, KoTOpele NMPHBeeHH B § 1, ABAOTCH OTAENLHLIMH
aTanaMH ee peweHud. B wactHoCTH, M)A UenHEIX Apofed yora-
HOBJIEHA TEOPEeMa, YKBHBANICHTHAS Kpurepuio 3efijens.

B § 2 paccMorpeHml NPH3HAKH CXOAHMOCTH BETBALMXCA
LeNHBIX Apofelil ¢ HeoTpHUATeNbHBIMH 3JEMEHTaMH. 3aMeTHM,
yTo Teopema eHlens LA TAaKHX HenHbX apobell yxe He cmpa-
BeJIUEA.

B § 3 MccnenopaHa CXOAMMOCTE BETBAIMMXCA HeNHBIX Apofeit
¢ KOMIOJAEKCHBEIMH YHCAOBRIMH BJeMEeHTaAMH. YeraHoBrens MHO-
roMepubie avanorn teopem Bauw @exa [97, 98], Bopmutckoro
[101], TTpunrereiiMa [89], Cnemnnckoro — ITpunrerefiva [58, 89],
Koxa {82], napatonuueckofi Teopemtl [81] u xp.

B § 4 naxo onpepenenne obgacrefi cxoaumoctd ans BILJL,
Hecenenopan Bonmpoc o6 OKPeCTHOCTSAX M NQAHKPYTOBHIX OKpecT-
HocTax cxoauMocTH Ans BILTI. Pacemorpen KOHTpIpHMEp, Ino-
crpoernnidi E. A, BoarapopuueM, ykasblBaiomuil Ha To, 4TO,
Kasanoch OHl, B €CTeCTBeHHON (OPMyJAHPOBKE IPH3BaK CcXOLH-
mocTn Jlefitona — Yoana [83] o cnapeHHmx o0MacTsAX CXOHe
MocTH He nepeHocuTcAa Ha BIZ. B § 5 paccmoTpenn oGaactu
yeroflupsocry BLLIL.
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§ 1. TIpusnara cxonnmocrr BIIT
¢ DONOMKHTEIbHBIMA WICHAM

Ha aspike cXOZMMOCTH WIH PacXOAMMOCTH PSAIOB, COCTABACHHBIX
onpejeneHHbIM obpasoM H3 aiemenroB (1.4), cqaopmy.uupyem
NPUSHAKH PACXOZHMOCTH HIH cxogumocta BLLIL (

Heodxonnmbie npH3HAKE CXORAMOCTH

Teopema 3.2 [8]. BUL (1.1) ¢ noroxumersrtamu wreHamu
pacxedumces, ecat pad

> P (1.5)

k=i

exodumen, ede Bp onpedeantomes cozracuo (1.4).
Hoxasarteascrso. Hs dopmya (3.3) v (3.1) ru. | coe-
ZY€T, uTO

foma1 — fam =
N m
= o 1y (2|
- 2 Q<2m+u “ (Qfth QG ’” (QFFL Qi) 1=
| #7% PN f?niu{-lﬁl ol fomm] e
N ) om~+1 N Q{s) )
O -
= >_.| Q@I n (bftk—an}e) + E ..(si_‘k’__) :
by g ooy ipmaer== “n a2 =1 Qf(k——nf
rae
s o
S=2m+k*2[—§] (k= 2,2m +1). (1.6)

IMycts s ompeneasiercsi corsacuo (1.6) n
Mp = max (bigp—nyQith i ig =L N, p=T1,8), £=2,%m + 1,

[Tpu ouneuxe cHH3Y BrIPakeHud
N N

5 s 3
= Qe

BocnosbayeMca HepaseHcTBoM (3.16) ra. 2. TlocsepoBaresnho
NPHMEHAR 3TC HEPABEHCTBO, NOAYUHM

2m4-1

fomir —fom » C k[_! (14 Me)™, (1.7)
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rae C — MonokuTeNbHAS KOHCTAHTa, TAKas, YTO
& 1
@m- 1y, -
04121 (Qixy” Y
1=

B uacTHooTH, Kak chaeayer w3 cBOACTRAa BUJIKM, B RayecTee C
MOXKHO B3fTb BTOPYl0 moaxoiswyio apo6e BILIL (1.1} Ges cmo-
GOLHOTO uiaeHa.

Jlerko npoeepuTh, yTo MaxkcumaHToft (cm. (2.10) rn. 2) aas
BILT Q% sensiercs nensas npo6b
N N N N
ﬁk+ﬁ+m2+'6 doee g, = Bet Bepat o0+ B
Tar xak
2m4-1 2m1

Y Mo X Be—t{Be 4 Beyat o+ + B9,
k=2 k=2

TO U3 cxoaumocTH paga (1.5) caeayer, urto

_ 2m-1-1
m Y Mp<oo.
M-+ p=2

[TostoMy B cuay HepaBeHCTBa

2m41 2m41
[1(1+ M) <exp( 3 M)

u ouenxy (1,7) saxmouaem, yro BLLI (1.1) pacxopurcs. B
Teopema 8.3, BLJ (1.1) ¢ nosoxumervrbimu <ACHAMU
pacxodumes, ecau

2l
. N N N N
lim " o (k N 2 4 2 g )<oo, (1.8)
fit=s o0 zﬁ (P +ﬂk+1+ﬂk+g T B,
k=
20e N — uucao eemox semeaenusn opobu (1.1), a, u Pe onpe-
deastornes coeaacro (1.4), s— cozracno (1.6).
JHogkasarteawcTBo. [loBTOpAs J[0KasaTeNbCTBO NpeAbl-
aymeit TeopeMel, Gojiee TOMHO BGHIYHCAHM MaKCHMAHTY AfA BilAd

Qi rae s onpepensierca coryacko (1.6). Hmeem

N N

(5 b E L 2 ! <

Qi = buy + Doty + + o0 F &l By
1= igual ‘

i



< Bp+ 2 “““+ 2 ﬁk+2+ +2

1k+1-‘ o=t is=‘l

N N
Bk + o 8 p B
k—|—1+ T
Ocraercs TonbKO 3amernThb, 9to npefen (1.8) mcersa cyme.
¢TBYeT, TaK KaK ¢ YyueToM cBofictRa BuJRH (3.4) . 1 Bce
YreHs, CTosnue NOX 3HakoM cyMmupoBaruf B (1.8), ¢ pocTom
m MOHOTOHHO Ro3pacTair. i

I{OCT&TO‘]HHO HPUERAKR CXORAMOCTH

Teopema 3.4 [9]. BLZ (1.1) ¢ Oedomaumenbuvimy noroxcu-
MeALHBLMIL SAEMEAMAMU CXOOUMCR, ecau

2m+1
i NN N MY
111141}1 k_‘E‘Z Q1 (ak + Bk+l + Tyrs + ﬁk-{-s + + as) = 0o, (]9)

20e N —uucro semox dpobu (1.1), o, By onpedersiomes co-
enaceo (1.4), s— cozaacho (1.6).

JdoxasaTteascTBo. lloBTopaa Hauano [AOKa3aTeNLCTBE
TeopeMe! 3.3, MOAYUHM

N
: uﬂ+ 1 Q“k) -1
fomtt — fom < W My +
Q t(k-—llf
LALPTON Y PR LD p=2

rae s onpefeaserca coraacHo (1.6) m
iy = min (Gie-nQip iip =1, N, p= 1, &), £=2,2m F I,
Ipu ouenke cepxy Bb[pa}KEHHfl

5 e 5

=1 :(k—lll

Bocnosssyemcs HepapeHcrsoM (3.5) . 2. Tlocnenomarensuo
NpHMEHAA 3TO HePaBeHCTBO, MOJMYYHM
2m-F1

N
f2m+1“f2m<0” N ¥m,

h=2

15 -
rxe C ~— nonoXute pHas KORCTanTa, Takas, uto Ci 5_] (Q‘2m+ "1,
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B gacTHoCTH, Kak clejyeT H3 CBOHCTBA BHIKH, B KayecTee O
MOJKHO B3ATb NEPBYI0 NOAXoAAMYI0 ApoGs BLLA (1.1) 6e3 cpoe
GoIHOTO 4JeHa, _

Briumcanm munamanty BLUJL Qf} (s onpemeasercs cornacwo

(1.6))

v
Qith = bipy + Z P 2
t(.t+1} bysy

‘k+1— =}

N N
>Gk+§ +°‘k+1 %'F"'-l-a-

Ecau BeecTd offo3HgyeHHe

N N N
el = ol gD k) (110)
TO ANs PasHOCTH ABYX noaXxoaamux apobeit BILI (1.1) nonyumm
OUEHKY

2p4-1 N
f2m+1——f2mécnm. (L.11)
£=e2

PaCCMOTpHM ABa BO3MOXHBIX Chaydasy

a} cymecTByer OecKOHEYHOE KOJMUYECTBO WYJIEHOB [MOCIENO0-
BATELHOCTH /1 (S5}, OFPAHHYEHHLIX CHH3Y HEKOTOPHM YHCJIOM F}
6) Hm rei(s)=0.

§= 00 Ber @

B cryqae a) umeem

N i
f?m-}-i-f?méC(m) f

rae f{m)— co mpu m— oco. Cregomarensno, BILJ (1.1) cxo-
IHTCA.

B cnyyae 6) nocnenoBaTeALHOCTE 74— (S) OrpaHHuEHA CBEPXY
HEKOTOpLIM uHcAoM R, TAK 4TO

N TR (%) <1 __rk-l (s)
Ntr_a® Nr,_ (s N+ R
re_1(8)
Taxkum obpazom,
: om-1-1
famt1— fam < Cexp {— NTR E It (s)}.
k==l



H3 yeaoeua (1.9) cneayer cxoaumocte BLLIL (1.1}. Kak u npn
IOKaszaTesabCTBe TeopeMbl 3.3, sameTum, uro npened (1.9) scerga
CYLeCTBYET.

Teopema 3.5 [9]. BLA (i.1) ¢ noroxcumensuoisy Komno-
Henmamu cxo0umesn, ecau pacxodsmca psdut

kglak’ (1.12)
= N N N
;gak—l(ak-}‘m_'_@_i_ma_l_ ) {1.13)

Hoxasateabcrso. Yeaoswe (1.12) B cumy &kpurepwus
3eiineann (reopema !) sAiBAgercs AOCTATOUHLIM ZAA TOTC, HTOOHI
gnensl paza (1.13) umenn cmbica. [loraskew, qto pacxoiuMocTh
paza (1.13) skBHBaneHTHa shnonHenrio yeaosusi (1.9). Jan
3TOrO BBELEM COKpalleHHHE OG03HaueHHs:

it k_!( k ﬁk+i+ak+2+ﬁk+3+"')

[lyere smnonasercs yeaosue (1.9). Tak xak ¢ ygeroM ofos-
Hauenu#t (1.10)

(£=2,3,...).(1.14)

om-4-1
2 re1{s) =
F=2
2m--1 N y v y
= Gy (o + p 2 N
;2 ) 1( k+ﬁk+l+“k+2+ﬁk+3+---+as)
1
S atx MK Ny
< 2 O:k—l( t+0+ak+2+0 +.__+%)_
k=2

2m—1
22 Ly (Ge 4 Cppz 4+ o0 s,

fra=

10 pag (1.12) pacxoaurcs # nosroMy wiens psasa (1.13) umetor
cMbica. M3 cBoitcTBa BHAKH clegyeT, YTO rp—1 ()< re_j(k =
= 2, 2m — 1) n, cnezopareasto, paa (1.13) pacxonures,

Hao6opor, us pacxopumoctu psga (1.13) creayer, uro mas
[IPOH3BOJBHOTQ HHIAEKCA S, M NOMOKHTENbHOH KOHCTaHTH M
CYUiECTByeT TaKoH HOMep H,, YTO

By
Yt M.
k=25,

Hs cxoanMocTy memHulx Apolefl rrai (% = §,, n,) cAexyer, 4To
A7 TPOH3BOJIbHOTO &>>( CymecTByeT HOMeD s, TaKoH, 4TO
Pt — Fai (S) <& (R == 8p,1,).
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Tarknm obpasom,

2 rot(8) = E e—1 ~— 2 [ra1— re—1(s)]| >

k=5, k=35, k=35,

>Mm8(nu'—30) > %:

ecaH & HeoOXOAMMO B3ATh HOCTaTodHO ManuiM. [loaToMy Bhi-
nosugerca ycaosue (1.9). B
PacemoTpiM HenpepuiBHY IO I[poﬁb

b+ D 5 (1.15)

km]

rie b, (k=1, 2, ...)— neficTBHTeNL NI NOJNOKUTEIBHBIE YHCA,
Ipumensna gas gpobu (1.15) teopemm 3.3 u 3.4, noayuum
KPHTepLi CXOAMMOCTH, SKBMBAJCHTHEIX Kpurepuio 3efifens.

Caedcmeue 3.1 [11). Uennaa apoGe (1.15) ¢ monoxuTtens-
HblMH YJEeHAMH CXOAMTCH TOTAA ¥ TOJABKC TOTA4, KOTA4

2m-+1

I
Y, b (bk + bk+l + bzt oo 4B ) o, (1.16)

pe=2

rie s onpeaensercs cornacho (1.6).
YuyreiBag kpurepuit 3efinensa u cnmepcreue 3.1, noayuum

YTBEPK ASHHE.
Caedcmeue 3.2, PacxopuMmocTs pajga
Y by
k=1

¢ HeHCTBHTeNBLHLIME INONOKHTELHBEIMH 4JIeHAMH 9KBHBAJeEHTHA

BHIOM HeHHIO Ycaoeua (1.16).
Teopema 3.6 [6]. BLT (1.1) ¢ noroxumensnbimy warenamu

cxodumes, ecau pacxodumea pad

Y @Sei, (1.17)
L

20e oy onpedeasiomes cozaacHo (1.4) u
Se=op+N"1ap o+ N 2p gt - FN1E=D2gp_ o 1y0y. (1.18)

HJokasaTeabcTBO, YyuThiBad (opMy/ay pasHOCTH MABYX
noaxonsmux apobefi (3.3) rm. 1 ana BLLI (1.1}, nMeem

N
fompt—~fm= 3 [1 Q"""'*”]‘[ Q). (1.19)
ign Lagsny Sgpm gyl

k]
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,

[lpexnonaras, urto Beaze B JadpHeMneM iy, Iy o .0, lomag —
NpoH3BOABHLI (PUKCHPOBaHHBH Habop mHgekcoB (i, =1, N, k=
=1,2m -} 1), BBeneM cokpaileHHbe 0003HauEHHs

Q= O = Qi b = by (120
Q(2m+1)
b , (1.21
Z G Z =% ’
(2m Qf

i(k) iy ’
= _— == Eg’ . (1'22
Z (k-—l)": Q‘ ¢ )

HCHOJII:BYH METOA MaTeMaTHYecKod HHAYKIHH, ILOKB}KQM, qTo
281

nponasesena [ ] Qi (1 < $<m) sBIAIOTCA ROJHHOMaMH OT
k=1
nepemensuiX §;, {(k =1, 25+ 1) # napamerpa Qiys,, BUZ2

2841 -
k]:l: Qu = PioyQupe s + Rigeyq (s =T,m), (1.23)

rﬂe szszpfgs (Ei,a Ef,v LA ] Efgs)l R(25+1=Ri28+1 (gf,, Eiﬁ ML €525+1)_‘
NOAHUHOMBL OT COOTBETCTBYHUWL HX NEPEMCHHBIX, YIOBJACTRODAIIHE
PEKYPPEHTHEIM COOTHOMEHHAM

Py = (bigy by + §13) Prggy + bip Ry
Rf2s+1 =__§_‘_2_s+1 (brgg o Prgs_y + Rigg 1) (1.24)
(s=1,m)
NpH HaYaJbHBIX YCJAOBH X
Rf1=0’ P;°=1. (125)
HeiicrBuTtensio, npe s =1, y'—IHTbIBaH (3.1) ra. 1, noayuum

Q:,Q:,Qi, = (b;,Qr + E ) Q=

T=1

N o N 2
= {bib1, + Vo) e+ ==
1=1

T=l

= (bs,br, + 81, Qi -+ b1, Bs, = Pi,Qi, + R,

Ipepnonaras, uro cootHowenns (1.24), (1.25) sunmoaxsiores
BJIA TIPOH3BOJIBHOIO § < 7, MOKaXKeM HX CHpaBelJIHBOCTbL TIpH
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s=n+ 1. Hmeenm

2n+3 I
!_l 1 Qi = l'l Qi Qs 45 Qign gy = (P ion Qg + Rignyy) X

X Qt2n+2Q‘2n+3 (P ‘2nbfm+1szn+2 + P; ionSignyy 1
+ R*2n+lQ‘2n+2) Qigpgs = [(bfzn-;-lb i2nyo T+ §f2n+2) P ton +
+ bi2n+2Rf2n+1] Qizn+3 -+ §f2n+3 (b ='2n+1P gy Rign.;.;) =
=F f2n+2Qf2n+3 -+ Rf9n+3'

AHaJOTHYHO MOMKHO J0Kd3aTh, UTO
2542

1 Q= szs-l-lG‘zs-;-z + Riggyp (5= LLm—T 1), (1.26)

F-E

rae Pfgs+]= fas+1 (Ef;r gi‘; ee §E2s+1)' R525+2 = R[25+2 (Et:" §s’,, ey
s Blo, _,_2) -— BOAHHOMBI OT COOTBETCTBYIOUIHX T€DeMEHHHX, Y A08-
JICTROPAIOIIHE PEKYPPeHTHBIM COOTHOLICHHAM

P ggp1 = (bizs+1b‘2s + E‘zs+l) p tye T bf25+1Rizs’
Ri?a—i—? Ei25+2(b‘2sP‘25—l + ths) (s= 1,m—1

OpH HaYaJAbHLIX YCJOBHAX

iy (1:27)

=1, R, =0. (1.28)

[lycrb piy 1 r;, 970 Te e Pi, u Ry, nns KOTOpHX B pe-
KyppeHTHuIX cooTHowennnx (1.24) u (1.27) emecro xamgoro

b, B3ATO COOTBETCTBEHHO o (s =1, 2m + 1), rae
o =min(bysy:ja=1, N,n=1,s).
Hmeem
Piyy = (@os—109s + &in) Prgg_y + Xy Pig 1, (1.29
{ Figgry = Biggy1(Fos—1Pipg o T Fig_y) S = I'm, ri, =0, pi,= 1

H
Pigsyy == (@as10os + Bipy 1} Prye g + Qo5 117 45, (1.30)
{"i?s,;.g == §£'25+2 (Raspigy 4+ rin), s=1,m—1, p, =1, r,=0.
Torna, yuntniBas dopmyny (3.1) ra. 1, uveem
2+
1!;[1 Qip > Py Qomi + Figyyy,

am
!L Qiy > Proy_ am + Tty

(i



H, CAENOBATENBHO,
N

fomg1 — fom < ¥y Q) pe,, Fomar +
f1as o By =l
+ rf?m-{-])—l (pfgm—laz'” + r"gm)—l =
N

N
== 2 (Qé, )-1 (pl'gm__]a?m + rigm)-l E [pi2ma2m+l +
L, tae een s gm=1 fom41=!

-+ gig,,,_H (a2m—1pi2m_2 + rfem—l)] -1,

Ecom pacnwem gy, ,, wenoassya ofosnavenss (1.21), o x no-
cAeRHell cyMMe€ NPHMEHHM HepageHcTRo (3.5) ra. 2, To noAyyHM

N
f2m+l ""f2m = Z . ; N (Q;})-l (Pigm_lfxgm +

Ly, iy vsn, bppy=

+ rty) [Pty @omtt + N (RometPigy g + Fig )7

WJH, PacKPLIB CKOOKH,

N
hntr—fon s B N Q) (Gansi@onDlgy iy +
tep el

+ N ai’ma%-zlpfzm-ipfzm-z T oy 1 Plom” tom T
+ Noton1Ptgny "ty + NOtomPto, iz + Nl 1o ). (1.31)

Burpaxkeniie, crosiiee B npasoit vact HepasenctBa (3.31), ofo-
snaunM Qon. C neabio usGexalusl TPOMO3AKHX 3anucell popma-
JHIYEM AJITOPHTM MOJYUSHHA OUleHKH CBEeDXY AJf PasHOCTH ABYX
COCeHMX NONXOoAAMUX Apobelt fomsi—— fom. B Doy Bhzesum
TIOCJEHIOW CYMMY TO fgm. Menmosbays pexyppedTHble hopMysibt
(1.29), (1.30), sannem Bhpakenue AAs pr,, W Tty, W OpHME-
HHM K BblieneHHoH cymme uepasenctso (3.12) ra. 2, mpeasapn-
TENBHO PAaCnHCAB 3Ha¥eHue A nepemedduix &, W & cornace
Ho obosHavenuam (1.21) u (1.22). Bupaxenue, -B KoTopoe
npeobpasyercs My, npu 5Tov 06o3HauHM Doy PoOpMaTbHO
nepexol oT Vo K Dam—y 3aKAI0U2ETCHA B CASAYIOEM: OTOpaCKH-
Ba&M CYMMHPOBAHHE MO NOCAEIHEMY WHIEKCY iym, BHIPAXEHHSA
ALy, + BEly,, + CBiy ki, + D, crosmue B anamenatenax Moy,
3aMeHsiemM BopaxeHusMH A 4 B 4 C - N~1D, 1. e. noacTaB/iseM
Bipy =By == 1, a cBoGosHEt uneH B8 N pa3 ymeHbluaem.
Hanee nosropsieM 3Ty e NPOLEAYPY H NPH MNEpexoie oOT
Doy 20 Pop—z u 1. 4., or D, 20 O, BRMOTETENLHO. OKOH-
YaTesqpHO NOJYYHM ONEHKY

fomtr = fom < CP7H (@y@y, « .., Q2mt1)s {1.32)
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rae C—rRoHcTanTa; Play, @y ..., Gomy1) — NOJHHOM OT nNepe-
MEeHHBIX Oy, Gy, . .. , Gam41. ¥ CTAHOBHTh 5BHOE BhIDaMeHMe [
Py, &y, ..., Gomgr) TPyaHo. IlosToMy orpawuuumca Gogee
rpy6oit olleHkol, octaids B P(oy, @y, ..., Gomty) TOABKO
qNEHEl He BHIUE BTOPOH CTENEHH OTHOCHTEJNLHO [EPeMEHHBIX
L2 ) aea eoes Qmaels

[pocsenum, Kak OyayT H3MEHAThCA craraeMele B Npasoi
yacTH HepapeHcTBa (1.31) npu nmepexoze oT Mo, kK @) ¢ yueTOM
ONHUCAHHOIrC BBILIE ANTOPHTMA H B NOPEINOJONKEHHH, HWTO BCE
¢JaaraeMpie, SABJAAKOLIHECH NOJHHOMaMHM BhILIE BTOpOﬁ CTEINeHn
OTHOCHTENLHO MEPEMEHHBIX €y, O, . . . , Gamsl, OTOPACHIBAIOTCA.
Jns 3Toro JocTarouHo NOJAYYATE (OPMVJH, B KOTOpHIE Npeob-
pasytorest npH nepexoge oT O, K Dg..; BHpaxeHnd

Qi _1Pigs FfPip_of tyr CjPiplty, EjOnle, Ty

rae j. n— npousBOJbHBE HATYPaJBHBIE YHCJIA, He TNPeBOCXolf-
mue 2m 4 1. Tlyers

%/, ecau k weTHoe, ] &, ecaM k ueTHoe,
Ny = &/, €caH & HEYeTHoe, M = Ey» €CTH & HeYeTHOE.
Torna npr nepexone ot D, k Dp_, BLIpakeHHe
a’laﬂpfk_lpik = OiGnPi,_, [(ctroep—1 = T]fk) Pty..o + akrfk..hgl
npeobpasyercs K BHAY

ajan,l’!k_gpik___l ]
a BHIPAMKEHHE

QiPry_of 1y = %1Pty oMy (Fe—2Pty_g + Tigy)
K BHIY
O k2Pt 3Pip g+ RjPly_gf g
Bripamenua
e, 1= O [ Mey) Pip_g+ Ol e, (1 Wi, (Oe—aPry g+ "igg)

H
CfQal iy ity = Rfnl iy, 1 ( @y oPiy_a+ Fep_o) iy

COOTBETCTBEHHO NpeoGpasyloTess K BHRY

O jOleen2 Pty pPiy g T QP l ty g + RO T8, o

cc,anr;k_grgk_l.



Tenepy HeTpyaHo mocuuTtaTh, coBepuiue 2m — 1 nepexop oOT
Do k Oom—y, 0T Py & Dy v 1. 4., 0T D, g0 O, ¢ yue-
TOM HaYafbHhIX 3HAYEHHH AAS p;, W fi, 9TO BHIPAKEHHE

PigyPiog 4 | %2m+1%0m + N Qzm@Eom—1 gy 1 Plop_o
npeofpasyercss K BHAY
Oam4-1%2m — OgmClam—1,

a BoipaxKeHype

Ot 1 Pl by + NOCom 1 Prggy oty + NPl Figyy_y
K BHLY

Gomp1 (N Y02m o 4+ N7%lom_g + < -+ + N—mig,)
+ Gom—i (Gom—s -+ N Yom g + N 2a9mg + -+ - - N0}
4 Qo (N Ygmes + N 2005 -+« + N—7tiq))
i, HAKOHEN, NocJejHee ClaaraeMoe
Nro, rig, 4
npeofpasyercs K BUAY
Com—2Sam—1 + Clom—3Som—s + -« -} 4,5,

rae S, (k==1,2m —[) onpegensiorca coryacHo (1.18).
Cnenopare/bHO, OKOHUATERLHO MOJYYHM OLEHKY
241 2m-

N
N -1 -1
fomtt — fom < 2 oy ( 2 0‘:'3;—1) < C( 2 afSi-—r) ,
f=1 1 ¢ =2

=

rie C —NpoH3BO/LHAS KOHCTAHTA, TAKAA, 4TO
N
.:21 N@Qi)r<C
—

(B WacTHOCTH, H3 CBOHCTBA BHIKH cAeAyeT, uTo B Kauvectse C
MOMHO B3Tb NEpEylo nogxoaamyio npeGn BLLJL (1.1} Gez cso-
GopHoro tusiena, ymHoXeHnayilo Ha N), B

Sameuanue 3.1. Teopema 3,6 sBAsAeTCA MHOTOMEPHEIM aHa-
JIOTOM JIOCTATOUHOCTH KpHTepHA 3efinens. [eficTBurenbHo, npH
N =1 uwacruple cymmet pana (1.17), Kak Jerko nocunrarb, npe-
0o0pasyloTes K BHALY

2m m m
E 0 Se—1= (E a2k~|) (2 Sog)
=2 =l =1
241 m+1 m

2 Skt = ( 2 azk—l) (E om)
k=2 ps] k==l



M nosToMy pacxoiumocTb pafa (1.17) skeueanewrna s ¢ yae
N = | pacxoaumoctH psaga (1.12). Ty

Caedemeue 8.53. BIUIA (1.1) ¢ nonomxuTenbHEMu 4IeHaMu
CXOJHTCH, €CJH CYMECTBYeT Takoe [en0e HeOoTpHIATe/bHoe
UHCJO R, 9TO DPAd

Y ctyiont (1.33)
el

PacXOARTCH.

AdokazaTrenbCcTBO ciaeayer Ha Teopemsl 3.6, ecau mpen-
BapuTeabHO ugeHn paAfa (1.17) neperpynumpoBaTs no crene-
uam N. B

Y cTAHOBAM HHTErpaNbHEL MPH3HAK CXOAHMOCTH BeTBAUIEHCA
penuofi apobu (1.1) ¢ momoxuTenbieIMy 3aeMelTamu. JAs aToro
npeaBapHTeJabHO HalHM  OIpenreseHHe KOHTHHYaJbHOTO aHaJ0ra
BILI — unterpaneiofl nenHo# apo®u [56, 62].

[lyets b€, ar-(£7), b.(£) (r =1, 2, ...) — HelnpepHIBHLIE
KOMIIEKCHEIE PYHKUHH B r-MEPHOM anepKyﬁe K, =Ia, br,
fr={(#,¢,, ..., {r). DeckoHeuHyi0) HHTErPaJbHYI) LEIHYIO
npoBb ONpefenHM Kak npesen Bmpax{eﬂﬂﬁ

a, (" dt,
°+D5 o ()
b

r==oi a
_ bo + S ab, (M) dey (1.34)
¢ 1 aq (12) dt,y
b‘m+§ B+
ak(tk) dty
S b, (F)

a

npu k—oo, Jna sanucu OeckoHeyROM HHTErpanbHOR wemHOR
Apobu 6yaeM HCHOAB30BaTb 0G03HAUEHME

&
= 0o, ()b,
b{,+£“f g (1.35)

Jpobs (1.35) cxonn'rca, eC/IH CYILECTBYET H KO HeueH mpenen
NOCAEN0BATENLHOCTH €6 noaxoAsmux apoded (1.34) npu &2 —-oco.
B pabore [41] ycraHoBieH HeoOXoAHMBIR NPHIHAK CXOAUMOCTH

HHTETPanbHOH LelHORA npoﬁn
b

= ai,
1.36
% +£1 J 8, (F) (1.36)
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C NOJIOK UTENTbHBIME SeMeHTaMl b, > 0,6, (1) > 0 (r= 1, 2, __'_),
aHaforHYyHbLl Teopeme 3.2 maa BUJL.
Teopema 3.7, Ecau psad

i max (b, (IN: ' cK;) (1.37)
=l

cxodumes, mo uxmezpasbnas yennas dpobs (1.36) ¢ nosoxcu-
MEASHBIMU KOMIOHEHMAMU POCXo0umes.

Teopema 3.8 [11] (HuTterpaibabili NpH3HAK CXONHMOCYH),
Hyceme K, = {0, NI" —r-mepusiti 2unepxy6 u b, (19, £ = ({,,
oo o 8 (r=1,2,...)— nososumensbroe Henpepoisrse hynK-
yuu 6 K, maxue, wmo

br (lr) = b:‘(n (ir = Ws = 11 2) v -)
I
Tim max (6, () : 7€ K,) max (67 (7)1 7 € K) < o00. (1.38)

Toeda BHH

°° {

b+ D ¥ (1.39)

C NOAOKCUMENDHBIMU SACMEHIMAMU CXOOUMCR, eCAlL UNMeepab-
Has yennas Opobe (1.36) cxodumen.

HNokasateasvcrBo. M3 yenosus (1.38) cneayer, uto cy-
mecTByeT Kocraita M >0, Ana KOTopofl BHINOJHAKTCA Hepa-
BEHCTBA

max (b, () : e K) s Mmin(b (i) :17€K) (r=1,2,...).
Ecnu a,, B onpepensiorcs cornacHo (1.4), To, odesnaHO,
max (b, (f): ¥ €K) = P, min (b, (IN: FEK) < o
H, CJIe10BaTeLHO,
prsMea, (r=12,..)).

IMycre unrerpaipHas nendad gpobe (1.36) cxoaurca. B cuay
teopemsl 3.7 pax (1.37) pacxosures. IToaromy paa (1.12) pac-
xomuteA. Tak Kak P, » @, To u paa, (1.5) pacxoaurea. Cxo-
zumocTe BILI (1.39) caenyer ua Teopemur 3.9.

Heodxonmmble B A0CTATOUHEBIE NPHIAAKE CXONHMMOCTH

Teopema 3.9 [11). Ecan 0aa BHJZ (1.1) ¢ Oetlicmeumens-
HBLMU NOADNCUMEABHBIMI KOMROHEHMAMY CYUECmBYem KoHe-
manma M >0, makxaa, wmno

Bo< Mo, (E=1,2,..)), (1.40)



ede oy u P, onpedessiomen coeracro (1.4), mo smq dpobe cxo-
dumca moeda u moabko moeda, kozda pacxodumcs pad

Y B (1.41)

k=1

JdoxazatenbcTBo. Pacxomumocte paga (1.41) smasercs
HeoGxonumbM yenosueM cxomuMoctr BILJL (1.1) B cuny Teope-
mbl 3.2, Ocraetcs a0KasaThb J0CTaToMHOCTh. M3 HepaBeHcTBa
(l.‘_40() cne,z;yer, 9TO AN NPOU3BONBHBIX HATYPAJIbHBIX WHCEN #
Rinei

Bor - o e v
# U gy + Borga + @t oo +Ban
N N N N
< Mo _
2o + Porp /M - Mgy 1 By /M + -+ + Moy,

=M(

N N N N
— 1, (1.42
o+ Bogry 1 g0t Bopyg -t o0 %n) ( )

rjie B NOCHeIHEM DABEHCTBE HCMOJB3YIOTCH SKBUBATEHTHHIE TIpe-
obpazoBarun(4.1) . 1 ¥ popyy = M, poppo = M1k =i, n—1),
poi = 1.
Lennas gpobs
N N N N
R - A

B CHJY YCJOBHI TeOpeMB H KpHUTepH 3edzens cXOguTca, Y4H.
ThiBass ciaeacTsHe 3.1, umeeMm

e P N N
il LRI v FE rer S it
f=
m
N N N AT
=1

Mz nmepasencte (1.40) u (1.42) cnenyer, 4To BEIpaMeHue, CTOA~
mee moa 3HaxoMm mpegena (1.43), oueHMBaEeTCH CBEPXY BhHIpaxKe:
HHEM

2m41
N N N
M k22 akil(a'j'—l_ﬁk_-[-l'l'a—;?"l' .;_OTS) ’

rae s onpegensercs cornacho {1.6). [lostomy us ycnosua (1.43)
caepyior yenopus (1.9) ® B cuay Teopemn 3.4 CXOAHMOCTD

BLLI (1.1).
6* 83



Teopema 3.10 [9]. Ecau dan BI[J (1.1) cnoaowcumeﬁbﬁbmu
Oelicmetumenb i  FAEMERINAMY  CYUEcMeyem  KOHCMARMA
M > 0 maxan, umo

Bo < Mgy, Bop<Ma, (B=1,2,..)), (1449

20e a, u P, onpedessiomen coaaacro (1.4), mo BUA (1.1)
cxodumesn moeda u moavko mozda, koeda pad (1.41) pacxodumes.
JokasartenbcTBo, HeolxoauMocTh cliejyeT H3 TeOpeMH
3.2. JorazaTesabcTBO AOCTATOUHOCTH OCHOBAHO Ha MpPHMEHEHHH
teopemnt 3.28 (cm. § 5). PaccMoTpum mNocaen0BaTeNbHOCTH

! 1 1 i
b=t N7t T O + V7B gy oy + o0 (1.49)

[ 1 i 1
Ty= P+ N, +£’&'+2+N_lak+3+m+ ved?

HMEIGIIHE CMBIC] B CHJY YCNOBHH TeOpeMBl H KPHTepHsa 3efineds
CXOJHMOCTH lenHnX Apolef.

BoamoxkHn nsa ciydas: lim f, =« >0, lim f,=0. B nep-

- e v
BOM CJyYae fOCAeNoBaTeNbHOCTh {f,} OTpaHHuUeHa cHH3Y. Yam-
ThiBas yeaosue (1,44}, sakmogaem, gTo pacxoiumocts paja (1.41)
SKBHBaJMeHTHA pacxogumoctd paaa (1.12). Hs orpansuesHocTH
CHH3Y TOC/AER0BATEALHOCTH {{5} H PACXOAHMOCTH NOCEAHErO PAja
caepyer BhioaHeHue ycaosus (1.13). TMostoMy B cuny TeopeMbl
3.5 B (1.1) cxonures.
. [lloxaxem meToaoM OT APOTHEHOTO, 9TO BTOPOH cayyall B ycno-
BHAX TeopeMbl He umeer mecra. Ilyers lim 4, =0 n {{,}—
A==

NIOANOCIe [0BATENLHOCTS, CTPeMAMancs K ydao. [osromy gas apo-
H3BOJILHOTG KaK YTORHO MaJjloro AeficTBHTeNMhHoro uucaa € >0
CYIIECTBYET HOMEP 7, UTO A4S Bcex 7 > 7, HMeeM [, <eE.

Tar Kag

(1.46)

N
l.f?ﬂ = o, + Tk o
n

CnelloBatenbio, AAs OPOU3IBOABHOTO Kak YrOAHO GOJLIIONO AeHCT-
BHTEIbHOI'O YHCna K > e cymecTsyer Homep fy, 4to Ty 41 » K
Ena seex 7> ng. Ilyers n, = max(n,, n,) u k,, = 5, Torza paa
BCEX 7 = fy HMEEeM

y TO lim Tf?n'f" =00,
R+ o0

_ I Thpt1 — byt » K—e,
B TaCTHOCTH,
|Ts+1""‘”ts|>K"‘"e- (1.47)
O6osnaunm yepes ;(2p), Tsq1(2p) — 2p-e annNpOKCHMAHTH! OEN-
Helx apobedt (1.45) u (1.46) cooTsetcTBeHHO. B cmay cxoau-
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moctH (1.45)Yw (1.46) ana yxe BLIBpaHHOTOC £ CYIMIECTBYET TAKOE P,
qT0
L—E(2<e, T —Ta(2p) <e.

Takum ofpaaon,

[T —td <« Ty — Top (Zp) + 4 —£:(2p) + | To1 (2p) —
—1,(2p)| < 28 + | T (2p) — L (2p) .

YuautoiBaa yTtBepxicHue TeopeMbl 3.28, rne N =1, a,, N7,
Clsi2, N_lﬁs.i_;;, e ooy Ospnp — TOUHLIE, @ ﬁg_H, N_ths_,_Q, ﬁs-{—&!
N7ltspa, ...y Pstopyl — COOTBETCTBEHHO NpHOMIKCHHBIE 3Hade-
HHA YACTHHIX 3HaMeHartesedl menuoii apobiu, umeem

Iﬁs —a
ITot1 (29) — 1:(2p)] < (2(2p) max {2 wtnt],
ARG

] N-las—f-?m - N_lﬂs+2m—l | N_las+2m - N—lﬁs+2m—l

I+ I_IE <
i

N—IBS-I-Qm--l N_lﬁs+2m-—l
| —a -
<1y (2[)) max [ -Bs+1+2k 527 | , tﬁs-!-zm 1 s-}-2m 1}4 E(M-I—l).
0<h<p l Qstok Cstom
lsmap

C yuetom (1.47) npuxoauM X NpOTHBOPEYHBOMY HEPAaBEHCTBY
K—e<|To— 1| <e(M+3).

§ 2. Ipnsnaen exogamocra BILT
¢ HEOTPHIATEIbHEIMI DAEMEHTAMI

Yceranosum npHanaxku cxoawmoctn BUJL ofmero Bnxa

N
g a
b+ D Y} 512 (2.1)
k=12 Tife)
g =
¢ HEOTPHIATENBHLIMH KOMIOHEHTaAMH iy 20, byp » 0 (i, =
=1, N, k=1,2,,..) 3amerum, yro a1 uenuux apofett (1.15)
C HEOTPHLATENBHEIMH 4YJeHaMUu KpuTepuii 3efizeqas yxe He
cnpabeanmuB. Tak, uenuad mpofs
L1l
0 +b+0+0ba+04 .-
¢ NPOH3BOJLHBIMH b, > 0 (R =1, 2, ...} pacxoaurea.
Teopema 3.11, ITycms xomnonenmanu BLJ (2.1) reasiomes
Heompuyamenbibie Oedcmeumesvrvie wucaa by = 0, aip >0

(i =L,N,k=1,2, ...}, ydossemeopaiouue ycrosuam:

8



a) cywecmeyem Homep k,, maxoti, 4mo Gan kandozo Habopa

undexcos iy, iy, .. ., iy o =1, N, p= 1,k k> &), npu Komo-
pom by = 0, enpasedaugo nepasencmgo by >0 (=1, N,
HES fk);

6) pacxodumes pad

2 6;2, (22)
=1
a0e

b; b
6k=min(M:f0=],N, p=1,k+l), (2.3)

i)

Tozda BLA (2.1) cxodumca.

HNoxasarteabcTBo, M3 pacxognmoctu paga (2.2) caeayer,
YTO CYLIECTBYET NOANOC/eAOBATEBKOCTD {R;}, 1aKas, uTO §, 7 0
(i=1,2,...). B panvhefimen™, npeanonarast uHIeKC f QHKCHpPO-
BaHHBIM, OyaeM Hcnoas3oBaTh ofosHaueHne n = R; IllosToMmy
npa kamaoM GurcHpoBanHoM j Bee bimy = 0, bynpy = 0 (i, =
=1,N, k=1,n41) Tak kak aip+0 (i,=1,N, k=1,
2,...), TO, HCIOJB3ys 3KBHBaJMeHTHble npeolpazopanus (4.2)
ri. 1, BILIO (2.1) nprsegem k Buay (4.9} ra. 1, rpe dyy onpe-
aenasiores cornacHo (4.10) rn. 1.

Moaxonnmue zpofu fi B (4.9) rr. 1 umeror cmbiea o
OpHHUMAIOT KOHEeUHEle 3HAYeHH:, eClH S == k, == ky. JleficTBuTeb-
HO, NpH n =k, Bce dyn > 0. $opmansio seoas ana BL (4.9)
ra. 1 ofoszHauenus tuma (3.1) ron. 1, a umeHHO!

N

Kin = dimy Qi = dup -+ (2.4)

fpep1 ==L
roe (i, =1, N, k=1, n) 1 HcnoAb3yA MeTOL MaTeMaTHYECKOH
HHOYKUHH, yOempaeMcn B TOM, UTO BCe Qf’?ﬁ) OT/IHYHEI OT HYJA

H NPHHEMAIOT KOHEeYHHle 3HaueHHs, T. €. Qé{‘k’)E(O, oo). Cnesnosa-
TeJLHO,

N
1
=b —_—
fn=1b,+ ;_:! & €0, ).

Tax kak Bee dym > 0, din41y > 0, TO, YUHTHIBAA yCAOBHE a), AB-
asiolieec HeoOXOAMMEIM A TOFO, 4TOGH noaxonsiide ApoGH
Jo(s > k;) HMeJH CMEIC/I, MOJAYYHM

AWE©, ®) (=T, N, p=1,n n==k, s> n).
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VauTHEBAA, YTO

N
- b !
fs= by + 2 dpy + Z Qi+ o+ E di(n--h +Z Q%"

= =1 P i

H HOBTOPAR MPeRubLAyNIiME PacCy:KIAeHHSH, UPHBEJGHHEE AJaA Nof-
xoaawedl apobu f,, 3akmouaeM, uto f, € (0, o0), ecan s » k.
Bwmecre ¢ BILM (4.9) 1. 1 paccmorpum BLLI

N
b= |
b°+f£‘ ;2, dyy e’ (2.5)
k=

rie € > 0 — npoHsBoJdbHOE JEHCTBUTENBLHOS YMCA0 H 0003HauHM
ee $-10 noaxoxswyw apoSe B cmuicae {1.11) ri, 1 uepes fi(e).
Tak xak saementamu BLIJL (2.5) apasiorcs neficTBHTEBHEIE
OJIC JKHTebHbElEe YHCaa, TO AAs 3ToH apceOH CopaBefIHEO CBOI-
cTBo BHAKH (3.4) ra. |

For () < fopa (8) < Fojet (8) << fojmr (&) (R FER).
[lockoMbKY CYULECTBYIOT KOHeuHbe npegpeawr lim f.(e) = f,, TO
. g=0

A8 noaxoaawux apobedt BIIIL (4.9) ra. 1 cnpaBenauso cBoiicTBO
BUJIKH

fon << forgr < foppr < foy—1 (R, JERN). (2.6)

Orciona caenyer, 4To A/l JoKasareqabcTBa cxoaumocTh BILTL
(4.9) ra. 1 gocratoudo xokasate, 4TO fupt —fy,—0 npu j—
00, y‘-IHTl:IBaH (3.3) ra. 1, panee anHﬁToe 0bo3HAYeHHE N =
k; u To, 4TO Q>0 (i,=1N, p=1,%, k=15, s=n,
n -+ 1), sMeeM
(—I)ﬂ
frgr—fa = 2 ]—l Qsm.]) n Q(”’ . (2.7)

g, iy .0 n+1—l rast

3anumem npoM3BeleHHs, CToAlKe B 3HaMeHaTensx (2.7) B Buze
m
(r+1) (1) -1 {
Qi kl;l: (Qfsh’ Qiain) ]'l (Qitde—1) Qid),
ec/H n = 2m, vaM B BHJE

¢
Qcm (e QBerry) l_l Qs QFEh™),
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ecan n=2m-1. Yuurhipasn oGosnavenns (2.4), mis s- n,
n--1 H §POH3BOJABHOTC HAG0PAa HHUEKCOB iy, gy ..., brgl
(r+ [ < s) umeem

% +0
Qitn A+ = dip Qi+, + 2 Nk
jam1 CHN
v i Qt(r+1)
bmin(d;(,)d;(,ﬂ,;lpzI,N,p=l,r+l)+ —
=1 Qf(rn
Ha (4.10) ri. I crenyer, uTo
bynb;
ditryigrny = —9-LED |
itr-+1)
Takum o6pasom,
N n--1
(s f(k
|fapr —Fn] < 2 (Qrly)™? n (6k—1 + EQ(M ) ) »
1y, £y evesiny1=l =2 j=1 {s—Di

rie
_ {n + 1, ecmu n -+ & neuerHoe,
$ = 1n, ecsi n + k ueTHoe.
[MocaenopateanHo nprMeHsas mepaseHcTBo (3.5) ra. 2, xak
H DPH AOKa3aTeJbCTBE ‘TeopeMul 3.4, MOMYUHM OLEHKY

N
|[far1—[nl<C ]—[ N6’

f=l

OTKYJA C YUETOM PACXOJHMOCTH psga (2.2) sakmaouaem, 4To
BLL (2.1) cxoaurces,

Teneps pacemoTpum obmufl cayyall, Koraa HEKOTOPHE Qyy=0.

Teopema 3.12. [lycme xomnonenmanu BLI (2.1) ssasomen
Heompuyameaptole Odetcmeumensnole wucaa by = 0, iy > 0
(is=1,N, £=1,2,...), yaﬂemeopﬂtou{ue yeaoetam:

8) ap +biy#0 (=1N, k=1, )i

6) ecau cywecmsyem maxod ua60p uuaefccoa P PH
(p=T1,N, p=1,k, £ >2), wno biyy = 0, mo npednosazaemcs,
umo ece ocmavhvie bigp; ¥ 0 (f = 1, N, j==1i);

8) b;(l, >0 (i, = I, M N)

Toeda BH,ZI (2.1) cxodumecn, ecau 6uinoARAemcs 0OMO 43
Oeyx ycaosull: aubo cyuwecmsyem maxold Homep k, wino eéce
aiy=0(ip=T1,N, p=T,R), aubo pacxodumeca pad

Y 8,
=1



20e 8, onpedeasromen coeracro (2.3), npuuem me Habopsl uH-
dexcoe, npu KOMopux Que4n =0 npu munumusayuu (2.3) e
yuumsieaomes.

JdoKasateabcTBo. Jlerko nposepHurs, yqumsaﬁ YCJIOBHSR
a)——B) TeopeMbl, 4To Bee pobH (3.1} . 1 Qfff umeror eMbica
H Qf(k)E[O o| (e =1Nk=1,2,...,m> k). Tak kax by, >
>0(i, = T, N N), 10 Q‘U,E(O oo]. [TosToMy m-e annpoKCHMaHTHI
frm (m =1, 2 ...y BLLE (2.1) HMeloT CMBICA ¥ OPHHUMAIOT KOHEY-
HLIC 3HAYEHHS.

Pacemorpum BLLIL

o i _I_g
by+ D 2 L (2.8)

k=1 i e’

rlie & — NPOU3BOJLHOE AeficTBHTE/NBHOE MOJOKUTEIBHOS YHCNO,
1 0003HaUMM ee §-10 aMNPOKCHMAHTY B CMBIC/e (1.11y ra. 1
yepez fs(e). Kak u B mpeapiaymeil Teopeme, npejesbHbM Oepe-
X0OOM 0O g, cTpeMsnemcs K wywo, aas BLUL (2.1) yeranaeau-
BaeM CBOFCTBO BHAKM (2.6).

Ecan npyu HEeKOTOPOM Hafope HHIGKCOB gy = 0, To corsacuo
YCJAOBHAM TeopeMbl Dy %= 0 1 1nosromy Qfﬂe, €(0, +00] (5 = R).
ClIeNoBaTeNbHO, Qry/Qity = 0 (s > B) U s-10 moaxoasmyw apolhb
BILI (2.1) momuo =sanHcaTh B BHAE

Rifk—1

f,;=bf,+k£31 Z LN (2.9)

ik

rie 0< myp—1y < N, ayy 5= 0, NpuueM OpeAnonaraercd, uTo eCii
BEPXHHME HHJAEKC CyMMHpoBaHHS OGoaLlle HHXHEro, TO CyMMa
paBHa Hymo. UHcaa ryg—y He 8aBHCHAT OT 8.

Ecnu npu rekoropoM #m Bee = 0{i, =1, N, p=1, m),
TO AJNA OPOHSBOJALHOIO § > M fi=fm—1 W cxomumocts BLLJL
(2.1) oyeBmunua.

[Tyctb npu kampom k=1, 2, ... cywecrsyer Ha6op HHIEK-
COB iy, Iy, ..., ip UTO Ry > 1, Torma obosmavenus (2.3) ume-
IOT CMBICJ, TAK KaKk Habop HHIAEKCOB, IO KOTOPLIM MpPOHCXO-
JHT MUHHMM3AUH, AB/ISETCA HeNYCTHIM MHOMECTBOM. $-10 ammpo-
kcumanty BILJ, (2.1) sanumweM B BHAC

, =D
f-b-f—D 2 — (2.10)
te
te=
rae dgyy onpenenserca coraacHo (4.10) ra. 1. U3 pacxoaumocti
pana ( 52) CEAYET, UYTO CYLIECTBYET [OANOCAeR0BATENBHOCTE

89



{k;}, rakas, uro 6,”#0 (f=12...). Iycte m==~;. Torna
digm) > 0, dimaty >0 (le=1, Mgy, k=1, m +1). Tlosromy

Q% >0, rae s=m,m-+1 H PAcCMATPHBAIOTCH JIOMyCTHMbIE
Ha6opb1 HH,ueKcoB iy, i3+ .., I Torza
i) (D) Rigm)

fm-«}-l_“fm:}: Z 2 mrl (_l)m

R m—+1) m)
P el l'l Qith

o | re=]

[NoBTOpsf [OKA3aTeABCTBO Npelbliyliell TEopeMbl ¢ YUETOM
uepaeeHeTBa {3.5) ra. 2 ¥ HepaBeHCTBa

X -1 n N
_;(6“*';?;) <SS R <tFN
rie n< N, i >0, § = 0, noayuuM QUeBKY

AI
|fm+1'—fm|~€cnm;

k=l
OTKYJa € YYeToM PacXoAHMOCTH paja (2.2) crenyeT CXOAHMOCTH

BLLI (2.1).

§ 3. Ipuzmarm cxogumoctn BI[]
€ ROMILICKCHLIMH KOMIIOHEHTaMRA

PaccMoTpHM TECPEMY, KOTOPAsA NePeHOCHT JAOCTATOYHBIE NPH3HAKH
cxoaumocTH BLLI

ol 1
DY - (3.1)
= e
p=l e, R
C MONOMHTEJLHEIMA SieMeHTaMd byy >0 (8=1,2,.. ., =

=1, N) Ha Tor cayuali, Korja Bce uacTHhie sHameHnareau (3.1)
ABAAIOTCA KOMILIEKCHBIMHE YHCAAMH, TMPHHAAAEKAUAMH 06AACTH

Gs={ze[c:z=,b0, jargz|<32‘——e], (3.2)

IJie €-— NpOM3BOJIBHOE KaK YTFOAHO Majog MOJONKHTeNLHOe Aef-

CTBHTE/bHOE uHCI0 (<2 s<121— . OHa #ABNsieTCA MHOPOMEPHEIM

anajoroM TeopeMbt Ban Diexa (teopema 4).
Teopema 3.13. [Tycme ace wacmnme snamenamesn BLLI (3.1)
npunadaexam obaacmu (3.2). Tozda

&0



1) kaxdaz m-a annpoxcumanma fn (m=1,2,,.) BOA
(3.1) npunadaescum obaacmu (3.2);

2) cyujecmsyiom Koresnsie npedebt HeMHoLX fon u Hewemnoix
fen1 noOxo0siyux 3pobed npu n-»oo;

3) BHT (3.1) cxodumca, ecau npu sgedenun 0003Haverusi

o, =min (| byy|2i, = 1. N, p=ﬂ),
p=max{|buyl:i, =1, N, p=1, k)

BBINOAHAEMECA OOHO U3 yoaosull:
a) pacxodumca pad

aa

2 %Sy
k=2
2de S, onpefeasemen coenacro (1.18);
~ NN N N
]im L (oc _) = ,
me et il G AP pr sl e IONIE S ke

20e 5==2m + k—2[k/2];
8) unmezpaabtan yennaa Qpods

D {5t (3.9

cxodumesn, 20e b7, tr=(t, Ly ..., 0) (r=1,2,...)—se
npepoigHble NOA0KHIMervHbie DYHKYLL 8 euneprybe K™ = [0, N,
maKyue, 4no

br(l:r):Ib“nl (ir=l,N, f=1,2,...)

Tm max (6, (¢7) : ¢ € K"y max (67" (#7): 47 € K7} < o0. (3.4)

¥

Hoxazateanctso. Ecna by €G,, 10, 0UeBHAHO, 1/bimy €

N
€0, (bi(m—lj"!- Z b—[-:;;]EGg H T, A

{m=I
CoefoBaresbno, NYHKT 1) BEUIONHAETCA HPH TMPOHM3BOJLHOM

0<Ze <g .
Pacemorpum BLJL

N
R N 1
D ¥ @ (3.5)
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ade

bue (2) = | by | xp (Ven?), Vi = arg by, {(€C, I=V—L
flycmes

|Rez| << 1 4 &(x — 2. (3.6)
To2da
jarg by ()] = g Re2l < {3 — e} (1 4 o) = 2 £
1
=58

CneposartenbHo, By (2) €Gs, rae 6=—;l, eCAH 2 mpHHanIe-

wur obnaactd (3.6). Ilostomy = cuay nynrra 1) sakmouaewm,
gT0 BCe M- moaxopsawue apobu BILI (3.3) f.(2)(m=1,2,...)
AIBASIOTCA FOMOMOPPHBIMH (BYHKUHAMH 2.

PaccMoTpuM 06J1aCTh

D={zc@Qi|Rez| <<l +e(n-—2e)71, |Imz|<1}.

Ins z €D u nocnenoBarensHoctd ronoMopdueix dydkuub {f,,(2)}
BHIIOMHAIOTCS yeaoBHsa Teopembl Crumtbeca—Butami (cM. Teo-
pemy 2.13), rae, Hanpumep, a = —I, b= —2.
[Tyerb 2€A u A= {w: Rew =0, |Imw|<1}. Torna BUL
(3.5) samumerca B Buje
N

p ¥ .1, (3.7
=l bigy

rae by = | bupw | exp(—7,,,Imz)>0. HMs csoficra Buaxu (3.4)

ra. 1 cnengyer, aro ans BILUL (3.7) Bcerga cyniectayroTr mnpe-
ZeJbl UeTHBIX H HeweTHHIX nmoaxoxamux npofed. Ilosrtomy B cuny
Teopemsl  CTHaATbeca—BHTaAH CYywecTBYIOT npelensl  fy, (1}
H fopu1(l), T. €. BEINONHAGTCA MYHKT 2) TEOPEMBL

JlokaxkeM NYHKT 3) B NpeAncJICKEH HH, 4TO BBINOJH AETCS Y CA0-
BHe a).

ITycts z€A durcupoBaHo H

& =min(bun: i, =T N, p=T1,%), f, = max (buyp: ir =
=T, N, p=T1,%).

Tak Kak &, > exp(—n/2)a,, P, < exp(n/2) By TO
"f:_l
Gy Sy € gy (&k + Ny o+ + N [ 2 ]&kaz{k"]]).
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u B cany Teopems 3.6 u ycnosws a) BILI (3.5) cxoautcs Ans
gaxporo 2€ A, M3 Teopembl Cruarbeca—Burany CAeAYeT, uTo
BLLJ (3.5) cXOAHMTCA Ha KamAOM KOMOakTe obiactu D, B yacr.
HOCTH B TOUKe Zz = l, UTO paBHOCH/IBEO cXofguMocth BLLIT (3.1).

[Tyugr 0) JOKA3LIBAETCH aHAMOTHYHLIM 00Pa3oM ¢ yueToum
teopem 3.4, Crunrtbeca—BHTaAH U HEpaBeHCTEA

2 1
i N N N

N

2 ak—l(&k+5“Hl+a_k+2+ﬁk+3+ _;_u,]-é

k=32
ot 5. o N Y AN

< e ak—l e ak‘i— --E _:r_[ ,_1! _

Zz € 2Bk+,+e2ak+2+...+e2c¢s
L=

2m+1

k=2 =1 Bovi +BupotBopst - +a

M3 cxozumocru mHTerpanbHol uwenHo#l japo6H (3.3) caeayer
B CHJY Teopembl 3.7, aro pacxoautcs pag (1.37). ¥Ycaopue (3.4)
9KBHBANCHTHO TOMY, 4YTO CyulecTByeT KoucTahta M >0, raxas,
uTO -

max (b, (") : " € K’y <« Mmin (b, (#): € K7).

Tak kak

ELY

max (b, (FY1FEK)Y» P, >e 2B, min(b, (I 1 €K <
F13
<a <e’y,,
10 B, < Me™a,. H3 pacxoammocru pama (1.37) cmeayer pacxo-
AMMOCTb psifa
pi-»

YuurteiBas Teopembt 3.9 u Crunrbeca—DButasmu, sasepaem
J0Ka3aTeNbCTRO TEOPeMBl.

Crnezylouian TeopeMma SIBJISETCS MHOFOMEDHBIM aHAJIOrOM Teo-
pemn Bopnutckoro (Teopema 2).

Teopema 3.14 [4, 7). Ecau daa BT

N
)X c‘—‘l“)l (3.8)
] T

ip=l

1+2



208 Cy ) = KOMNALKCHBIE UCAQ, BHINOAHANMER YCAOBUA

eyl < a=NU(1—1), O<t< S G=TF, k=12, ),
mo (3.9)

1)y B (3.8) cxodumen;
2) cnpasedausst OyeRKu cKopocmit cxodumocmit

(1 =20 7 (1 — (" [(1 — -7 — gn-m)
Ifn fml [(l—t)"ﬂ——t"“][(l—t)mﬂ — gl

ecau Diti<< 5 2 ) (3.10)

28172
2(n—m)
Vo= Tnl < Zr im0

ede n>m u f,—k-n nogxopawan apobe BLLI (3.8);
3) snawenus Opobu (3.8) u etex ee nodxoOawux Opobetl
npunadasexcam obaracmu

lz—(1 =21 < £(1 — 7)Yy (3.12)

4) npedeasnoe xoncmanma « = 1/(4 N) u coomeecmeyroujan
obaacmb sHanenuld AGARIOMCA HAUAYHIUMUY, . €. KoHCmanmy
HEAb3A Yeeaunlmb, @ 0bAGCML YMERbUILIMD,

Hokazateabcrpo. IlokaxkeMm, 9To mnpH BHIIOMHEHHH
yenosus (3.9) maxopantoft BLLI (3.8) sBnsercs nepuoguvueckan
HenpepuiBRas ApoOb

1 10=8 t(1=1 . (3.13)

T—" 1T =" 1T ..,

1
.ec.nul_-z—, (3.11)

OGoznauum P,,, Qm, g, COOTBETCTBEHHO rm-i UHCINTEND, m-H
SHaMeHaTeNb H M-10 anipOKCHMAHTY npobnr (3.13). Ucnonbsys
METO[ MaTeMaTHYECKOH HHAYKIHH C YYETOM PeKyPPEHTHRIX (op-
Mya (8), nerko joxasarh, 4TO
Q,=(1—=8"F+t{(1=O)"14 21 =52 .0
e HIM (m=1, 2, ..)), (3.14)
Pop=Qnuo (m=1,2, ... (3.15)

1
Hz (3.14) caeayer, uto Q, >0 ma O<i < 7 - ITosTomy nog-
xonamue apobu (3.13) SBARIOTCA MOJOMMTENBHBIMH 4HCAAMi,
T.e. g, >0 (m=1, 2,

Ecnn aas BUA, (3. 8) BRECTH OGOSHAUCHHR, AHANOTHUHLE
(3.1) ra. 1, u B npeAnONO¥KEHUH, HTO BCE Q;(k) %0 (s =m—1,
n—1), npaMeHnTL METOAHKY, NPHBOASILYIO OPH YCTAHOBAEHHH
¢opMysIEl PasSHOCTH ABYX NOXONAIMHX APoGeR n-r0 M M-Io RO-

9



paAnkoB (n>>m), TO, KaK Jerko NpPOBEPHTh, B HaHleM cNydae

NONyuHM
m
ad =07 [T e
fo— = Z =" 3
— -1
i";‘,,..,,im=1k];! e kDUQ% !

rie

) (o) _ i)
Qi = Q ]+ZQ§?1, (s=m—1,n—1). (3.17)

iy=l

Hcnonrsyst MeTol MaTteMaTHYeCcKOR MHAYKLHH, AOKAXEM, 4YTO
NpH BHIMOJHCHHH YCJAOBHI TeopeMEl IJis NPousBoJbHOre Habopa
MHJEKCOB iy, i3 ..., iz H IPOM3BOJLHOTO HATYPANBHOTO S > K

|Q] > hems (B <5, s=1, 2, ...), (3.18)
rae h,— m-f anmpoKCHMAHTA LenHof npoﬁn

]_-t(ll—t)_t(ll——t]—tfl;—t)_”.. (3.19)

®ukcupyeM s. IlpopoauM uHOykumio no k. Ilpa k= s umeem
Qity =1 =h,,

[lpn & = s—1 nonyunm

N
[+
| Qi | = ’1-1— Y fT‘s"> I — NN (1 — ) = .

fg=1

[ycrs HepasercTeo (3.18) Brmoansercs mpu k=n 4 1. [Hoka-
MKEM €ro CrnpaBeAJIHBOCTh mpH & = n. HMveem

N
Cint) t(l—8 _
1+ Z W—!Z&]'—;‘-—— -—-hs_k,

1Qfy | =
int 1 s—k—1

1=l
TaK Kak h,=g;l, >0 (=0, I, 2, ...).
BaunmeM tdopmyny THna (3.16) ans venpepeiBHO#E Apotu (3.13)
m (1 — fym

n m—I '
|| LT ) [
k=0 falk

En—Em=
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Yuyrpipan nepapeuctso {3.18), ooayuum

m

N
l_ll D eim
2 k='

lfn_“fml‘ |

m—k
{m=1)

m
{n—I1) i ol
Ty by oo s iyl [T gy |
=0 k=0

(]l — t)m
< L =g~ n

m—1

n
[ =1 [] Am—s—t
Pl k=0
1

Tax kak nepuomuueckas uenHas apoSb (3.13), rie O< i< =,

cxonutea {(cM. teopeMmy 7), To 3akmouaem, 9T0 BLUIT (3.8) rakme
CXOIHTCA H COPaBeAJHBa OlEHKa

il — Hm
1fo — | < ) , (3.20)
k]:l0 i Eo st

YuurbiBag, 9TO Ap == 8ty = Qup1/Qp, mOSYUHM

i (=" Qe
Vo — Il < a0 : (3.21)
Ipn £=1/2 umeem Q, =2""(p+ 1) u ouenka (3.21) npeot-
pasyerca B (3.11). Ilpn 0 < f<C1/2 B (3.14) caenaem sameHy
{ = x"1, torna .

INCE VN N et o O
Qp— xp + x.D + xp + +xp_
=Pt

2 (x—2)

¥

rie x>>2. Bosppamasch K nepeMeHHol f, NOJYYHM
Qo= [t — " — T (1 — 20, (3.22)

Toacrasaaa (3.22) B Hepasenctso (3,21), moAyu#M OUEHKY pas-
HOCTH JBYX NOAXOAAULHX ApoGelt, coBnazaromylo ¢ (3.10), Ouenxu
(3.10) u (3.11) rounnie, Omm pocruratotes ans BLLI (3.8),

y KoTopoll gy, =~—N"U([—f) (=1, 2, ..., k=1, N).
ChpaeeIHBO HEPABEHCTEO

1 — 20 [(1 — fr~m — fa=m —o
i .._(t)ni-l _) [t(ﬂ”] [()l — Fyrl _]rmul < (l—872",

0<t<<1/2, (3.23)
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KOTOpOe /IerKO YCTaHABIHBACTCH, €CAH BBECTH 3aveny g =—
= {1l —£)7t n ygecth, uto 0 < y<C1. [eftcrsutensho, B stom
caydae (3.23) CBOAMTCA K OYEBHJA HOMY HepaBeHCTRY

Q—-p(l—y=" <l =y (l—y ), a>m, 0gy<],

Hz (3.23) crenyer Gonee npospauHas, Ho H GoJee rpy6as oLeHKa
Vo= fml < (T =8y lm. {3.24)

Hokaxem nyrkr 3). m-to annpokcumanty BLJL (3.8) samu-

ueM B BHIE
Y -1
[{13] -
=(l T+ E:Q(m_!,) =(l +©)*
=

D

Has (3.18) u (3. 9) clelyeT, uTo

ey | tI—-—t
lw|<Z Q(m—”l ¢ )=t(1""t)gm-;'

s

fy=l

OGosHaynm g 3Ha4eHHe CeckoHEYHOH memHofl apo6m  (3.13).
[Tocnenoparenvuocts {g,,} MOHOTOHHO Boapacraer. J[leficTer-
TeIbHO, Tak Kak Q,>0 (m=1, 2, ...), To, yuurmsas (8),
uMeeM
_Pm_ Puy (=) [—2(1 — f))m?
En = B T 0 T Uy Qs

CnezoBarentHo, |w| < (1 —f)g. Tak kak g =[1 —{(l — ) g]7?
TO, YYHTHIBafA, 4TO OpH ! = (O g=1, pelnas KBaapaTHOe ypap-
HEHHE OTHOCHTE/NBHO g, noayuuMm g = (1 -—{)7t, Iloaromy

1] o1 <

> 0.

OTKYJa TIOC/e HEeCTOXKHBIX BBIYMCIeHHE caexyeT (3.12).
Hoxamem n. 4). To, wro koHcranra a = 1/{4N) sBasercs
Haunydwmed, caeayer ys ycnoens, uto BILM (3.8), rae cum =

=—c(iy=1, N, k=1, 2,...) u ¢>1/(4N), cormacio Teo-
peme 7 pacxoauTCH.

O6nacts |z —4/3| < —2~ ABAfeTCA Hauayumel, Tak xax sHa-
gerne BLLJ (3. 8) y Koropoi'i ey = € (i, = 1, N) cyyp=—-1/(4N)

(ipb=1, N, p=1, & k> 2), pasuo (1+2Nc)‘1 Ecnn [¢| <
< l/(4N) TO Hamqueﬁ obnacTeio 3yayeHHH JaHHoit BILLJL

2
ABJAETCS O0/acTh [z —4/3| < 5. @
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Samenarue 3.2. Tlyers BRIMOAHAIOTCS YCAOBHA Teopemur 3.14.
s onenox (3.11), ecam tm-;-, wn (3.24), ecnn Ot << 1/2,
cnenyer CXODHMOCTDL pAjfa

ngalfrul - fn

CnemosarenwHo, ecaun gasi BIL (3.8) ¢ koMnnekcHmMH wact-
HHIMM UHCJIMTENSMM BROJHsOTCH ycnosua (3.9), To oma a6co-
MOTHO CXOJHTCA.

Teopema 3.15. [lycmos dasn Bl[ﬂ.’

[
b+ D Y, 3.25
PR o

20e by, cyp (=1, 2, ..., iy =1, N)— Komnaexcnoie wucaa,
BHLNOAHAIOMES YCAORUS
o) <« N7y (1 — 8y y) (=1, 2, ..., &x =1, N, i;=0),
(3. 26)
8w R O0< g, <L gy =8 =0{k=1,2 ..., {=1N)
(3.27)
waz
gt(k)E[R’ O<gttk} < o= 8o == 0 (=1, 2,
cer Bp=1, ). (3.28)

Toeda BH (3.25) abcomomuo cxodumea u ee obaacmmbio
Brauenun asasemces gpye: |z —b,) < 1.

JdokasaTedAbCTBO. Hoxamem yTo Maxopanroil BLJ
(3.25) sBnserca BLLI

— N gy (1~
Ib I+ D E gf(k}l itk 1))' (329)

k_l

Jna BILA (3.29) BeeaeM coxpaileniible peKyppeHTHLIE 0G03Ha-
yenusi, aHanoruyune (3.1) ra. 1

=Ny (1 — &)
V= = 1 A ' 330
Qi Qffhy =1+ 2 1 &3 (3.30)
n+1—
rie (s=1,2, ..., p=15—1, ip=1, N, k=1,s). Mero-

JOM MaTeMaTHYeCKO# WHAYKIHH AOKaXKeM CHpaRelIHBOCTDL Hepa-
BEHCTB

1G] > 0 5=1,2 ..., k=T.5, =1, N) (3.31)



Gh>8m (s=1,2, ..., k=175 =T, N), (3.3
ec/I® BHTOMHAIOTCA orpaHHueHus (3.27);

P>y 6=12 oo, k=15 in=1N), (3.33)

ecJd BHINOJHAOTCs orpanuuends (3.28).
Tpu %k=s nepasencra (3.31)—(3.33) ouesnznnt. [lpam
k=s5—1 HMeeM
N N

|Q%?§—Ul = 1_£EI |ci(3)| » | 2 N-lg;(s) X

s=1 . {s=1
s (1 — 8amy) = Qi
3amensa g, SAUHHNEH, MOTYUHM (3.32) nan (3.33), rae k=

== § — 1
MMycrs mepaBercrea (3.31) —(3.33) BunosHswTCA NpH k& =
= p+ 1 <s. Joxkaxem HX CNDPaBEJIHBOCTL TpPH k= p. NmeemM

N N
C1ip1) | ¢ipth |
Q) :‘1 2 ekl |y E et
Ql= |1+ X o, Q50|

fot1=t fot1=1
ol -1
o B e Cotw)l b
> 2 = .
Qi+o )
fp41=1

VunteBas, 4To B_cHay olieHok (3.32), (3.33) Q) 41,50, n 32
MeHSA gy, 1, HA 0% 1y, nomysum (3.82), .(3.83) npu k& = p.

CraefoBarembyo, Bee Qi #= 0, EJ‘:’?L:)-O. Boeno/b30BaBILHCh
dopmyaoft (3.3) rm. 1 ansa pasHOCTeH moaxoAAwMX Apobeit BLLT
(3.25) u (3.29) f,—fp # &n—8&m) TRE AZ>m, TOTYYHM

n41

N
T ! euw!
ey

Ifn_fm|< 2 o ™ =i
e[ 19
=1 =1

i:’ Igr es bty =I e k)
N m-+1
(=D [ 2w (L —Lie—1)
< (=)™ e =
f‘, fg, an g im+1=| Nm+1 []l é(‘?}” k]-l[ Q(if;))
= (én _'ém)'
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Taknum 06pazoM,
1&“&J<&—ébn5m- mﬂ)

[MocsenoBATEABLHOCTh g, MOHOTOHHO YOLIBA€T M B CHAy Hepa-
BeHctB (3.32), (3.33) orpaﬂmeﬂa CHH3Y

gtm
gn =10, :+Z zm > bl —
I(I)
£y=21
TosToMy npenen g = llmgn CYLECTBYEeT H KOHEeUeH.

ABconoTHas CXOAHMOCTI: {3.25) cnenyer u3 HepapeHcTBa
{(3.34). YunreiBan (3.32) wan (3 33) u ycaoBus (3.26), umeem

Ie, i
Z 0 < (3.35)
:ll)

L,—-l

Moaromy obnacte swasennit BULJ (3.25) npunagaexur KpyTry
|z— b, < |. Ilokaxcem, uro oOHa coBiTajaer c 3THM KPYroM.
[Tyctb ¢ -— npoM3BOABHGE KOMIMEKCHO® YHCTIO, TaKoe 9TO [c <<1.
Toraa mepeast annpokcumanra f, BUJL (3.25), y kotopo# ¢, =

= N~%¢ (i, = 1, N), a ece ccTanbible Gy ~— FIPOU3BOJILHBIE KOM-
IJIEKCHbIE UHC/A, YHOBJASTBOpSAOLiNE yCJIOBPIHM (3.26), npunn-
maer aHauenue by +c¢. Ecmm ke |c]=:1, 1o BLJL (3.25),
Y KOTOpoh ¢y, = (2N) e (i;=1, N), ¢ = —1/(4N) (i, =
=1, N, s-_ 1,k &k } 2} yaosnereopseT orpaHHyenuaM (3.26),
I o, Y

e g,,,~ 5 [cl 2 s 8 =7 =1 N, £>2) u opu
suMaeT 3Havenne b, 4-c. M

B Kayecree caegcTenil TeopeMe! 3.15 noayumm gpa npluzhaka
CXOAHMOCTH, KOTOpbIE MOMHO HHTEPNPETHPOBATL KaK MROroMep-

uple obobmenna teopemsl CaemmHckoro—IIpuHrerefiva (reo-
pema 3).

Teopema 3.16. [43]. Bemeﬂugaﬁm yennan 0pobe

b+ D Zb“’“ (3.36)

kal (k)

C KOMRACKCHBIMU HHUCAOBBIMI SAEMEHMAMU, YOOBACGO PAIONUMY
yecaoauaM

]bl(k}l>ia£(k)r+N (f&: s N, k:], 2, :--)' (3-37)
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abCoAomHo cxodumcea u ee 06AQCMbI0 3RAYEHUS agagemen xpye

le—b,| < N. (3.38)

,U.oxaaa'r_gﬂ_b cTpo. HMs ycnopus (3.37) caenyer, urp
by =0 (=1, N, k=1, 2, ...). Hcnonbsya sKsHBaneHT Hile
npeofpasosanns (4.2) rn. 1 npusenem BILI (3.36) x suay (3.25),
rae

e ai‘(k) _ Ty, o
C‘-‘k)—-m (k—l, 2, ey lk—l,N,b;(O)-——l).

ITycrs

Ta‘-(kﬂ
&y = ey RV

Toraa 0 < g4, <<1 u B cuay (3.37)

i) | a1
I{"f(.!e)l< (la:‘(k) H_N) (i a:’(k—l)i -+ N) =N g:‘(k)(l ‘_gf(fa._[))’

ecnn k> 2 i ey | < gy, = NN'gy, (1—g,), tre g, =
= g, = 0. Tlostomy BLLI (3.36) aGcomoTHO cXoAHTCS H e€e
obnacth sHaueHMii coaepxurca B kpyre (3.38). B Takofi dop-
MyaupoBke Teopema 3.16 Ooiia yeranoenena H, A. Hepawkos-
cKuM [43].

Horaxkem OoJpllee, a HMenHo, 4TO O0JMacTb 3HaUeHu# APOOH
(3.36) cosnamaer c (3.38). IlycTb ¢ — MPOH3BOJIBHOE KOMIWIEKC-
HOE YHCI0, TaKoe wTo [c|<CN, 7Toraa neppas annpOKCHMaHTa
fi BLUI (3.36), y xoropoi &gy =Nec(N—|e])?, biw =
= N\CI(N—‘CD_I +N (i]_ = 1) N) a[(k)’ bi(k] (iﬂ‘—:’ 11N1 P =
=1, &, & » 2) — NpOH3BOJILHEE KOMILIEKCHREIE YHCAA, YAOBJET-
BopsiollHe ycaoBuAM (3.37), npHHHMaer sHaueHue b, -t C.

Ecau xe ¢ = Ne?® (—n <@ < n), To paccmorpum BL, yaos-
AETBOPAIYI0 cooTHOwenuam (3.37),

N
¢y exp (i) '
bt Z AL (3.39)
L=lgy+N+ D e
k=2 Pyt €p+ N

rﬂe.ck>0 (=1, 2,...). Ona sxeupanentHa nenHoft ApoGH

b0+"g_;lg-—-g2(l]—-gl)_g3(1rg2)__..., (340)
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y Kotopofl g.= €,{¢, 4+ NY?! ¥ 3HaueHHe KOTOPOR COTNIACHO

[100] pamrO
=Y k
b,+c[1—-(1 +zﬂl—_{ig7)-l]. (3.41)

keal i=1

Tak kag
-]

) k o0
& -
Zl—l i-—gi= EN kl—laf'
=1 {== =1 =l
ro BUI (3.39) npuHumaer 3Hauenwe b&,4-o0, ecan paa
2 &

Y. N =[] ¢, pacxogutcs. M

k==} f =]
Teopema 3.17. BLA (3.86) ¢ KkomnieKcroimi HUCAOG6IMU
aAeMeHMamit, YOOBAEMBOPAIOUILMIE YOAOBUAM

Vo] > 1@ IN+1 (=T, N, k=1, 2, ...), (342
abcomomHe cxodumea u e¢ 00A0CMbI0 SHAYEHUL ABARLMCA KpYe
Jz—b,l < 1. (3.43)

HoxasarteabcTBo. [loBTOpiB Havyalo JAOKa3aTembCTBa
teopemn 3,16 u B3sas

gi(k) =N l ai(k;I(N ] ai({;)] + 1)-1!
yGegumcs B 1o, yto O < g, <<1 H

lag gl 1y ! -1
Byl Wlag,l¥1° N0, (1 —2):

IC k) I =
TAE Guq) == Lo = 0, a TakxKe

I ey ! M1
W Sl e I F D g 7D N71gy i (1 — gy

le

Mostromy coraacro Teopeme 3.15 BLUL (3.36) aGeomorno cxo-
autea W B cuny (3.35) ee ofinacth 3HaueHHH CONEPKHTCSI B Kpyre
(3.43). Jokaxewm, 4T0 OHa COBMAJAET C ITHM KDPYTOM.

Eciu ¢ ~— ipon3BOIBHOE KOMIIEKCHOE 9HCJI0,TaKoe, uTo | ¢ |< |,
TO nmepBas moaxopmwmas apobn f, BLULI (3.36), y xkoropoi

i jet T
G, =gy N b=y 1 =1 N},

By biawy Gp=1, N, p=T1,%, k > 2)—nponssoiibhtie Komn-
NEKCHEIE 9HCHa, yAOBIeTBOpsomne YeiaoBHsM (3.42), npuHuMaer
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sHaveHne &, 4 ¢, [Tyete c=ef (—n<o< n). Paccemor-

pum BLLIL
[ 'C
b ‘*‘Z : ; (3.44)
NC+l+k 22N0k+l

rie ¢,>0{k=1, 2, ...). Ona BKBHBa.TleHTHa LUENHOH JpOGH
(3.40), y koropohi g, = ch(ch 1)71. 3navenne BLLI (3.44)
paBHo (3.41).

Tak Kak

\‘nl—gi_ZNkl—lc"

=) f=x| k=l {=]

to BIJ (3.44) npunumaeT 3HaueHuMe by -0, ecnu pan
o k

Y N [] e, pacxonntcs. m

fe=] =1
Husxe Mpl npHBeJeM HEKOTOPHIE CexCTBHA TeopeM 3.15—3,17,
Caedemeue 3.4 [45]. BLL, (3.36) abcomoTHO CXOIHTCH, €CMH

CyILecTBYIOT TaKue JIeHCTBHTEIbHBIE WHeaa py >N (4 =1, N,

k=1, 2, ,..), UTO BLINOJHAIOTCA HEpaBeHCTBA
a1 Pay—=N . T
il Sl [ W —— I = 1, N ' 3.45
bat) < Put) (& ) (3.49)
Qg Pyy— N
=1, N, p=1, & £ >»2). (3.46
( bia—ibury|  Pup—t }Pi(k)( P P= >9-{ )

JloxasateabctBo. Bmecre ¢ BILJ (3.36) paccmorpum
efl 3KBHBAJCHTHYIO BLL[[

=

o

VY L Pige—1)Pue
by+ D -%__)L, (3.47)
: -l T wrPice)

L=

rie puy =1, Py #=0 (ip=1, N, k=1, 2, ...). Ecamn noao-
HUTb Py = PunlOiny (fp=T1, N, =1, 2, ...) u K #poGH
(3. 47) DPHMEHHTb NPH3HAK ACCOMIOTHOH CXOLHMOCTH, W3/IOMEH-
Helft B Teopeme 3.16, yGexpaemcs B ToM, uto ycuaobua (3.37)

B 3TOM CJyya€ SKBHBAJEHTHHI g’CJ]OBHHM (3.45) u (3.46). @
Caedemsue 3.5. BILI (3.36) aGCOROTHO CXOAMTCH, €CHIH Cy-

IUECTBYIOT TakHeé [AeHCTBHTEJBHLIE YHCAA q{w>l (=1, N,
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=1, 2, ...), uTo BEIMOJHAIOTCA HCPABEHCTRA

m] =l TN 3.48

}bj(]) < N‘[i,'(l) (Il 1 ): ( . )
L) Gy — ; T —

=1 N, p=1,E k>2). (349

brp—nburs| — NVasgpmnyin (7 P >2). (349

Hokasatenbcreo. Ecan B (3.47) nonoxuts p,, =
= Guulbury k=1, N, k=1, 2, ...), 10 ycnous (3.42) reo-
pemst 3.17, samucaunere gisa BLLA (3.47), skeHBaneHTHOR Apobu
(3.36), npeofpasytorca kK BHAY (3.48), (3.49). W

Samevarue 3.8, Caeperena 3.4 u 3.5 serko ycrauwaniuba-
IOTCH HENOCPEJICTBEHHO u3 TeopeMw 3.15, ecnw BILI (3.36)
¢ TOMOILLBIC SKBHUBANIEHTHHIX NpeolpazcBaHHfi DPHBECTH K BHAY
(3.25) 1 noAoKHTL

g = 1—2 Cupm=1——
k) pi”” itky qt(k)

cooteeTcTBeHHO ({,==1, N, k=1, 2, ...). Ecam Xxe B cnex
cteusx 3.4, 3.5 nonoxute

(=T, N, E=1,2..),

Py = Fupy =

I—gyy’ t— gi{kl

TO NOJAYYHM yCJIoBHe, skBHBateHTHOe (3.26) ¢ orpaHnyeHHaMu
(3.28) ornocutenbHo g,,,. Cnenopatenbuo, Teopemsl 3.156—3.17

B HEKOTOPOM CMBICJIE SKBHBAJEHTHHL.
Credcmsue 3.6 [10). B

N
- |
+0 VY.L 3.50
k=1 .‘-‘, “e ( )
¢ YHCJIOBBIMH KOMIMIEKCHLIMH saeMeHTaMu by (i, =1, N, k=
=1,2,. ) afiCOMIOTAO CXOAHTCS, €CJIH
2k -+ (Na%)— KN k=12, ...), (3-51)

rne N — uneno eerok pereaenns BLL (3.50) u
ap=min(|bmlii, =1, N, p=1,%.  (3.52)

Hokasateancrso, Hepaeenctso (3.51) caenyer us yc-
nosuit (3.48), (3.49), ecan NONOKHTDL

—a =1 (a=T, N, k=1 2, ...} &

Qgze—ty = Tiey = %arr Ligey
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Caedemeue 3.7, B (3.50) ¢ uHC/JIOBLIMH KOMIJIEKCHBIMH
snementaMu by (=1, N, k=1,2, ...) abeonioTHo cxoxunres,
ecin

agpl +(Na,, JT< N (=0, 1,2, ...), (353

rie o, omnpeieasiotes coryacHo (3.52), a; = a,.
JdokaszareapcTro. Hepapercrra (3 53) crenylor Hs
(3.48) n (3.49), ecnH NONOKHTD

Tigetry = Tiony = a0 q,m=a1. i = =1
(ir=1, N, k=1, AN |
Pacemorpum BLLI
[ I -1
1D f_w») 3.
(14D Yo%), (3.54)

l’k=1

rae ¢, (iy=1, N, k=1, 2,...) — KoMilAeKCHble YHCAA, YIOB

neTropAKIIMe  yeaoBuaM (3. 26) A orpanuuennsm (3.27) Ham
(3.28) orHocHTeNBHO g, Tak Kak COIMIACHO Teopeme 3.15

sHayenne apolH, obpaTHoH K (3.54), Momxer OBITE paBHO HYJHO,
TOo 6e3 [ONOJHHTENBLHBIX OFPaHHYEHHH MOXHO JHMUb TOBODHTB
O CXOAHMOCTH B mIHpoKoM cmeicse BILJL (3.54).

Teopema 3.18. BLL (3.54) ¢ wucaosvimu KOMNACKCHBLMIE

aaemenmami Cyy, (£, = 1, N, k=1, 2, ...) abcoaomso cxo-
dumcAa, ecau Cnpasedausot yeaosus (3.26), ede 0<gi(m =
=g, <1, 0<g,.m-<l (ik—-l Ny k=1,2,..) vau O
< gm<1 (i.=1, TN, k=1, L)ou oﬁftacmbro FnaueHul
smoti Opobu s8AREMCR KpYye
le—g' 2—go) M < (1 — gl g5 (2—go)'.  (3.55)
JdokasateabcTBo. AHANOrHUHO, Kak B NpH AOKazaTellb-

cTBe TeopeMul 3.15, Nerko yCTaHABNHBAeTCA, YTO MAaXKOPaHTOH
BILI (3.54) siBasercs BLLJ

(l | Z g —N-1(1 —gz'(k—”)g‘(“) (3.56)

fk-=l

Ecan 6eCK0HeT-lHyIO BIJ,I_I (3.56) unm ee n-10 aNNpPOKCHMAHTY
3amucath B BHAE

Nlgyy,
= (1 _(1 “go)w) 1: w"‘z
| — N ! (l"—g:u))gt(m

=t l —_—
i.==l

0B



To B cHAy yTBepwaenus Teopemsl 3.15 |w|< 1 M nostomy
Il —zl < g, OTEyl2a ¢ nOMOLIbI0 3JIEMEHTAPHHIX BHUHC-

neuudl nonyuaem (3.55). AbcomorHas cxomumocts BILJ (3.54)
cegyer M3 tore, uwro annpoxcumanthl BILJL (3.56) ofpasyior
MOHOTOHHO BO3PaCTaOMLYI0 4 OrpaHHYeHHYIC CBEpXy TOC/eN0Ba-
TeqbHeCTh. B
PaccMOTpHM YMEJIOBYIC ROCHEROBATENILHOCTh {4}, FAE @), =
= Nmax (|c,, |tip=1, N, p=1, &), Cppy — dMementh BUJL
(3.54). Hpe,H,HO.HO}KHM, yto {a,} — IeMHas NOC/IeI0BATEbHOCTD
um{n=0,1, . ) — ee MHHHMaNbHEE napaMeTpst (eM. (35)).
Pacemotpum uenHyzo Epolin
boom (—mgmy (—my)my
i—T1— r — i —

(3.97)

Teopema 3.19, [Tycmo saemenmamu BL 7 (3.54) ssanomen
KOMNAGKCHBIE e Cup (D=1, N, R=1, 2, ...), makue,
4o ROCALO08aMEALHOCMb

apy=Nmax(|¢\:ip=1T,N, p=T8) (k=1,2 ...) (3.58)

AGARCIMCR  YenAHol  noLAeBoSAMEALHOCMEI € MUHUMARBHBLMY
napamempanu m, (p=20, 1, 2, ...), yOossemsopuioyunu
YCAOBUAM

Oxmy<<l (p=1, 2, ...) (3.59)

Toeda BHL (3.54) abcoawmuo cxodumea, ecau  Cxo-
dumen pad

I+ L l‘llmf 1 —~m)1, (3.60)
l /=
Buanrnue Oecxoneunold B (3.54) u scex ee nodxodauye
dpobeit npunadacocum obaacmu
lz2—TEr—1yY<sT(T—-1E2T -1, (3.61)

20e T —cymma pada (3.60).

Hdoxasarteancrso. [loxaxem, uro wmamopamrot BILJL
(3.54) ssnsercs uenxas ApoGb (3.57). Ecmn pas apoGu (3.57)
BBECTH PEKYPPEHTHO COKpAaleHHHe O003HaUEeHHA, aHaIOTHUYHbIe
oGoznageruam (3.1) ro, 1

~ - [ —
Qgs)____l, Q;Js)=1__ml,%’._m_p} (s=0,1, 2, ...
| o

nlp:O! S—I)'
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TO METOAOM MaTeMaTHyecKoli MHIYKIHUM MO aHAJOTHH ¢ JoKasa-
TenAscTBOM HepareHeTB (3.31), (3.32), unerko nporepserca, uyto

Q> &7 (k=05, (=0, i, =T, N, p=T7R), (3.62)
QP >my, (k=0, s). (3.63)

CrefoBaTeNbHO, vaf;i;#o, Q>0 (k=0, s). Ecnu ofosHa-
yury, k-e annpoxcumantel BILJ (3.54) u uenmolt apo6u (3.57)
uepes f,, p, M yuecTh (opMyJy PasHOCTH IBYX NOAXOMSIIHX
npobefr (3.16), to ana 1> m NoJAy4UM OLEHKY

Ifn_ffnl‘épn_pm' (364)

AficomoTHas cxogumocts BLLJL (3.54) cnexyer H3 toro, uro
MOCTeIOBATeLHOCTL {p,} MOHOTOHHO BO3DAacTaeT M OrpaHHyeHa
CBEpXY.
[yete Ay u Be— k- uMcauTens H 3HAMEHATENDL APOGH
my  (l—my)mg (Il —mgbm,

]_ 1 ] (3.65)

Hcnoab3ys pekyppeHTHBIe coOTHOWeHHA (8), merosoM MaTeMa-
TUUECKOH HHAVKUHM Jerko nposepum, 9to (em. [100])
Be=(0—m)(l —my) ... (I —m)+my(l—my). ..
von (I=m) +mumy (1 —mg) .. (L —mp)+ oo Fmymy.. .y,
A= By — (1l == m)(l —my) ... (1 —m,).

Nosromy

%
A—k=1--(1 +2 p mt(l-—mr)'l)hl-

% p=) =

Tak kak B cHay oueHok (3.62)
N
€y ! m, Ag
Q(s) i ) S s
[ e TP B

f1=]

TO, 3anucas Oeckoneuuyo BILJL (3.54) win ee anmpokcHMaHTY
B BHJE

N
Sy
z2=(14w)? rae w= N . ,
G
iyl 14 2 l—'_f.’.
£ == .

nMeeM |w| < 1 —T" wan |71 — 1| < 1 —T"1, orkyna ¢ no-
MOLULLIO 3NEMEHTAPHBIX BHUHC/AeHMH noAyuaem onexky (3.61). @
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Teopema 8.20. Ilycme dan BHI (8.54), e8¢ cupy(is =

=1, N, k=1, 2, ...)~— KOMNACKCREE HUCAL, GBINOAHAIOMCR
Yeaosus
Nleww) < gt[k)(l _gt(k—l))
(k=1,2, ..., ix=1, N, i, =0), (3.66)
gi(k)E[R 0 gi(k)<l iy ™ go=0
(k=1,2, ..., k=1, N). (3.67)
Tozda BLI (3.54) cxodumen, ecau cywecmsyem maxoe
HAMYpasbtioe 4UCAO 1 U Haéop undexcos iy, Iy, vov 4 In
(ix=1, N» k=T, n), umo Sy =0 uau
Neypy = — 8iy (1 = ity (3.68)
HdoxasateancTB0. BILA
N
Q=1+ D ¥ e
Remptl ip=1"1
(p=0,1,2 ... ,iy=0,ip=1, N, p> 1)} (3.69)

cornacuo Teopeme 3.15 cxoasdrtes W UPHHHMAOT SHAYCHHM:A, NPH
Hagaexamue Kpyry |z— 1| < I — g, DAeMEHTH (i) 3anH-
ueM B BHIE

oy = N71g 0 (1 — 8rp_y)) Xivns

rae | x| < 1 B cuay ycaoshs (3.66).
Ecmn BILI, (3.54) pacxo,umcs{ 10 HeoOX0AHMO

Nlgxiy
_1+§1 G- =0. (3.70)

Tax xax |l <1 1 coraacso (3.32) | Q| > gqy» TO paBe:
cteo (3.70) paBHOCHABHO TOMY, 4TO

[, =1, gi“’, =1 g O _ (iy=1, N).
'IQL‘U)I i)
(3.71)
Us yenoswst 1Qiy— 1] <1 — g, ¥ (3.71) caeayer, uto
Qupy = 8y ¥y =—1 (i, =1, N}. (3.72)

IockoabKy

N
Nl %)
Q=141 —g,,) 3, —pt@
{ T —gy) = Ug

108



10, yuuThBaa {3.72), mmeem
N

NG %)
D G 1~

fy=x]
OTKYJa, MOBTOAS Te e DacCywIeHusl, NOTYIEM Qi = g0,
Xy =—1 (=1, N, k=12} u 7. 1

PacxoaumocTn npoﬁu (3.54) >KBHBAMCHTHA BHUIOJIHE HHIO
yCJIOBHH

Quy = gy Xiy = = 1 (3.73)

npH ECeX BO3MOXHHIX Habopax wunaexcop. [lostomy shnonnenue
ycaopus (3.68) rapaatupyer cxogumocTs BILL/L A1 (3.54). Tak kak

Q,@:;&O (k-O 1, 2,... , to—-O Ek"*] N k;l), TO
ycaosua (3.73) He 6y;1yT BHITIOJHATBCA, €CAH [PH HEKOTOpOM
Ha0ope WHHEKCOB iy, iy, ... , Iy Gim=20. W

Teopema 3.21. BI{Jl (3.59) ¢ Komnaexcreimu 4@cmmbisy
qucrumenrtmu cy (in=1, N, k=1, 2, ...} abcosomuo cxo-
dumcea, ecau 0aa npoussoxzbnoeo namypanbﬂoeo nou npous-
804bHO020 Habopa uHdexcos iy, Iy, ... , in 6HNOAHIOMCS
ycaosus

n
B lown| <N (@ =T ¥, k=T, a=1,2, ..). (379
=]

HokasatennctBo. llokaxeM, yTo CYWECTBYIOT Takhe
JeficTpUTeNAbHEE YhicAa O < Sir) <l {f.=1,N, k=1, 2, ..},
8w = 8o =0, ur0

[Cigl = N—lgt(k) (1— gi(k_]))' (3'75)
Heiicteutentio, Tak KAk |¢qy |<CN™L, T0 MOXHO NOJNONKUTH
Nlei) =gy Torma O<gy, <<l (i=1,N). Iycrs

Loy (Be=1, N, k=1, n) yme uailzens. Yyutesan (3.74),
uMeeM

Nlcimy<l —kgl Nlcqnl =1 _élgi[k)(l — Biggmy) =
=1—g,, _,Engm (I —&ye) =
= (=) (1 —gi)— X g1y (1 =&y} <

= (1 - gf(g)) - kgs gt{k} (I - gf(k._l)) =
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n
= (l - g:‘(g))(l —gim}— k§4 iy (l _gi(k—l]) <

<(! —gi(sm)—k;; qu,(] —gf(k—!)) < -
AR 4 (I “gi(n_..];)(l Hgi{m} < (l - gi(ﬂ))'

[Mosromy cyutecrByeT Takoe feficTBuresibHoe uwHodo 0 <
= g;(n+1)< 1, uro Nlci(m}-l]l = g{(,;.{.[)(l '_'gf(,,))-

Ecnn mexoTopwie (i paBHH HYJO, TO, 3HAUHT, g, =0
i exeaumocts BLLZ (3.54) cnexyer u3 Teopemor 3.20. [lyers

Bee cimy =0 (le=1, N, k=1, 2, ...). Toraa, nonoxus

G =1—sup( ¥ Nicplii,=1, N, p>k+1) (3.76)
* skl

B=0, 1,2, ..., ip=0, iz=1 N, k= 1), nmeem
(1 _gr{k...n) & = (sup E Nieip |) (1 — sup E Nlew ) »
p=Rk p==k-41

> (N|cigl+sup X Nlawmh(l—sup ¥ Nicpl) =
p=k-}1 p=k+1

> Nlcwm|+sup B Nepl(I—sup X Mo > Nleas |-
pa=k4-1 b=k

Yauteeas (3.76), noayunM 0< g, =go<<l, 0<{gy, <l
(fk=ﬂl_,—ﬁf, k=1, 2,...) Toatomy lc;y| < N72(1—g,) X
X gy (fy =1, N} e ] <N —gp_)) Gy (B =2, 3, ...

,ip=1, N, p=1, k. Eemm g,>0, o B (3.54)
cxoanresi cormacuo teopeme 3.18. Ecau xe g, =0, To cXold-
moctt BLLJL (3.54) chenyer w3 Teopemsl 3.20.

B sagmouenne oTMeTHM, uTO Teopemal 3.15-—3.21 ABagioTcs
MHOUOMEPHEIMH ~ aAHAJIOTaMKH  MPUSHAKOB CXOAMMOCTH LEDHBIX
apoGel, B uwacTHoctw Teopema 3.15, caeacrsua 3.4, 3.5~
ofobmenne npuskakoB cxogumoctd Ileppona |87], Teopem
3.16, 3.17 — npusuaros cxozumocTH Crenmnnckoro — Ilpure-
reiiva [58, 89], teopema 3.19— mMHOTOMepHBI aHasjgor nNpH3-
naka Banm Onexa [98], Teopema 3.20 —mpusnaka ¥Youna—
Ilefinowa [85], Teopema 3.21 — ofollmenue npH3HAKA CXOMH-
mectd Koxa [82).

Crejiyiouide JiBe TeopeMbl ABISIOTCA MHOTOMEPHSIMR aHa-
Joramy napaSonuueckoll Teopemsl. [loapobubifi 0630p no 3ToMYy
Bonpocy usnoxen B [81].
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Teopema 3.22, Hycmb saemenmer BIN (8.64) ¢iwy (lo=
T, N, k=1, 2, ...) npunadaexam obracmu

={z€[[;:|z|—Rez<(2N]'1(1—e)}, (3.77)

ede e — xax yeodno maaoe Oedcmeumensroe wucao (0<<e<<1),
N —qucao semox semsaenus BHJ (3.54).

Tozda

1) cyujecmeyom koneunste npedesst demusix fon 1 Heuem-
HoLX fanpr noGxodawux dpobed;

2) B (3.54) cxodumcsa, ecau ewnoansemcs 00HO u3
deyx ycrosull: aubo cywecmayern maxod nomep k, umo sce

Ciwy =0 (ip=1, N, p==1, k) aubo pacxodumes pad
S 6, (3.78}

ade & = min{l/jexp|:ip =1, N, p=1, k), npuvem me Ha-
bopot  undexcoe, npu KOmMorvix Cum =0 npu MUHUMUEAULL
HE PacCMarm pueiomes;

3) ofaacme smawenuit BIHH (3.54) npunadasexcum kpyey

[z—11<1. (3.79)

HoxaszarensctBo. 3ameTn™, uTo rpanunefi obaactu Pg
Apasietcss napaGoia ¢ GOKycoM B Hayajse KOQOpAHHAT ¢ OCBIO
o 1—e

BIOAb Jy4a argz =0 ¥ C BepWHHOA B TOUKe — —

Kaxiaplil OTIM4HEE ot HyJs 37neMEHT Gy BILA (3.54)
NpeCTAaBHM B BHje

Citwy = | Cigry | €XP (ii},

e —R<tp<n ni=) —I. B obaactu

Qo ={z€( |Imz)<C§, |Rezl<C1 + 8}, (3.80)
rae 6 — npousBonbHOE HefiCTBHTELHOE YHCJAO, TaK0e, YTO

(1 4 8)?exp (nd) << (1 — )3, (3.81)
paccMoTpuM GYHRIHHE
0 , €CNE gyy = 0,

Sitwy (2) = {|a;(k) | exp (ieum2), ecu Cupy %= 0

(lr=1, N, k=1, 2, ...). [lokaxem, uto ¢ (2)€ P,, korza
Z€Qs, Tae P, onpene.nﬂeTcsl corgacHo (3.77), ecitd NONOKHTH
e=0. Ec.nu Qumy =0, TO, OYEBHAHO, Cip(2)EP,. Ilycrn
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vy ¥ 0 ¥ 2=x+4{y. Toraa, onyckas HHIEKCH ¢ UeNbIO
€OKpAIeHHA 3anuCeHd, Monxyyium

{e(2)|—Rec(2) =|c|e~= (] — cos ax).

Tak kak [Cl(l—COSC&)-{.IQEE, 10 |e(2)]—Rec(2) <

l—e .31 —cosax
<N l—cosa ~
I/Icc.nenyem Ha SKCTPEMYM BhHIpakKeHHe
- .
l—cosaxy g
Mia, x)= l—cosa L1
Sih 7&.

rle —n<a<n, a0, |x|<14 86 [Hocratouwo orpanu-
guthea caviaem O0<a<n, O0<x <146 Eom O0<a<
<a(l 4871, To dyukuns V' M{x, x) Mo aprymMeHTy X MOHO-
TOHHO BO3PACTAET H NOITOMY

sin L a(l 4 8)

2

VM, x)< = M(a),

sin — a

2

M (o) — moHoToHHO yORBawmas (QYHKUHS 00 @, TaK Kak

o |
cos - cos §o:([ + 6)

M (@) =

1
7 Z ((1 +8)tg g —
sin“?

—tg2 +6))<0,

eeqn O<<a<<n(l + 8)"1. CaenoBarenbHo,
sup(M(a):0<<a<<n(l 4+ 8) 1) =

sin %a(] L8
.:llm = 1+6.
a0 sinia

Ecmm ke n(l + ) '<ca<n, Ogsx<146, 10

.1 o1 .
sin —2-ccx/sm-2— o < sm‘l—z(T_I—-_-—s-}— <1486,

.0
TaK KaK sil x > x, rje O<xxg I,

Taxum o6pasom, Bufupas & cormacuo (3.81), nMeem
le(z)| —Ree ()<< (2N)™.
{12



Paccmorpim BLLI

N
0 Sy (21
(1+ 5 Y @)™, (3.82)

k=1
o=l

YuuwreBag cnepcteue 1.4, rae oo =0, yGexnaeMcs B TOM, uTo
ofnacth 3xavennit BILA,

N
i Cray (WL
w1+ 5, ¥ 4)

fk=]
NPHHAAEKHT TOAYIIOCKOCTH
Rez>—(2\)1,

OTKyZa caeayer, 4ro obaacteio assavennii BUJ, o6patnoifi
K (3.82), apasercs moaymJIOCKOCTh

Rez>%.

[Mostomy snaueHms noaxonawnx apoGeit BLLI (3.82) npuuaz-
Jaexar obnacTy
_ lz—1|<< 1. .
Otosnaunm f» (2) — n-10 annpokcumarty BILJ (3.82). Ogesnano,
fa(2) {n=1, 2, ...)—ronomoppHubie dywkauy B obractun Q.
,i'l.ﬁﬂ 3TOH NOCAEACBATEALHOCTH BEINOJAHAIOTCA YCAOBHA TEOope-
Mel 2.13, rge, Hampumep, a=—1, b= —2.
[ycte 2€A uw A={2€(: Rez=0, |lmz|<<8). Torma
BILZ (3.82) sanuiierca B BHAE
N oL
o “ -1
(1+ D Y %), (3.83)
k=t |
]
rue
. 0 , BCHH Oy == 0,
City) = [cak,]exp(—-am)y), eCIH Oy 7= 0.

Js yeranopaeHus cxoanmocta BILT

p Cihy
1+ D —_ (3.84)
k=] 1
.!'k~——.l
obpatrofl k (3.83), mocmosbayvemca Teopemoit 3.12. ¥enosus
8) — B) 3TOH TeopeMbl BLINOJHSIOTCH OYEBHAHLIM 0Opa3oM.
Ecou cywectsyer Takoft HoMmep &, uTo BCe Cig =0 (ip =

=1, N, p=1,%), 10 Beeom=0(i,=1, N, p=1, k),
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nosroMy BLLI (3.83) cxoauTes u NpHEAMAeT OTAHUHOR oT HYJMR
anayermne. Ilostomy BLLJ (3.82) cxoaurcs.

Tak kak
8k=min(5§(7f,: ip=1, N, p=1, k) » Spexp(— n8),
T0 B CHay ycnoBua (3.78) paa

X b
k=]

pacxogutes H B BIL (3.83) cxozurca.

M3 reopemm Ctuatbeca — Buranu caenyer, uto BILI (3.82)
cXOJUTCA HA KaxkaoM KoMuaxkTe ofnmactu (3.80), B gacTHoCTH
B TOYKe 2z = 1, u9To paBHocuanHO cxoaumocTH BLLI (3.54). M3
cBofictsa BaxH (2.6) caenyer, 4To BCEraa CywmiecTBYIOT KoHey-
Hble Tipefesisl UETHBIX H HeUeTHWX noaxopsuwux apobedt BILT
(3.83). Kax u paHemre, npumenssa 1eopemy 2.13, nerxko y6ex-
ZaeMca B cnpaseaarBocTH aynkra 1). B

Crenyiomast TeopeMa sBadercd oO0oflleHHeM TOJAbKO 9TO
NOKa3aHHO# Ha cJay4yall mopepHyTOH Mfapabognueckoll 0GIacTH.

Teopema 3.28. [Tycme asremenmer BLA (3.54) cip(ie=

=T, N, k=1, 2, ...) npunadsewam obaacmu
Po,, ={2€([: |2| —Re(zexp(—2y0) <
< (2N —e)cos v}, (3.85)

1
2de — -g—< Y<5, e—Kax yzo0r0 saaoe Jedcmeumensros

noaoxcumeavroe wucao{0<"e < 1), N — aucao semox semeienus
dpobu (3.54). Tozda

1) cyujecmsyiom KoHeuHbie npedendt 4eMHbIX U HEHeInHbiX
nodxodauitux dpaofed BI[H (3.54):

2) BUO (3.54) cxodumca, ecaw 861n0aHAemcs 00RO u3
dsyx yocaosuii Aubo cywecmayem maxkoi Homep R, umo ece
cwy=0 (ipb=1,N, p=1, k), aubo pad (3.78) pacxodumes;

3) obaacmo snavenud BII (3.54) npunadzexcum Kpyey

1 T, 1 1 -1
|z—§(1—-;—-cost exp(—-*W)]é; -5(1 -—-'5003'}’) .

{3.86)
JokasareascTro. BILJ (3.54) sanumes B BHAE
( o ia? )“‘1
14+ D Y &) (3.87)
Bl et : ‘

g .
T. &, DOJOKHM Cum = aim (ip=1, N, k=1, 2, ...
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C yuerom toro, uro |[2%]—Re(z?)=2(Imz2)?, ofracts
(3.85) B TepMuHax w, rae z = w?, npeofpasyeTcs K BHMAY

. 1 11—
Gey={weC:Im(wexp(—im) 1 < 5 V Stcoss]. (3.88)
Kaxawil snement a4 BLUL (3.87), npunaanexamuit obaac-
TH {3.88), npencraBuM B BHOE Qix = buw exp (i) 4 idyy, rae
bray, dim €ER 0 |din] < 21 ]/I "ATE . Pukcupyem v:|~;[<-’2£ .
[lyete 6 — peficTeRTenbHOE NOMOXKHTEMBHOE yHeao (0<C8<C 1)

Takoe, 4T0 |y 4 6[<—g . B o6aactu

Soz{zem:l-—6<lz|<1+6,

—y—O0<Cargz<§, ecn vy 0, }
—8<Cargz<<— 1y 8, ecmn 90, |
onpeJesiM QYHKIHU
A (2) = by exp(i9) + idiwy (=1, N, k=1,2, ...).
OueBHnHO, Qyp(2)€ G, ye, ThE Y* =y - arg2 H |*] <—g .
Yuursipas caescteue 1.4, yGexpaemcss B ToM, 4To o6JaacTh

anauenuii BILII
N 2
*® ey (20171
dv@(t+ D ¥ 0l
= ige=1

(3.89)

NPHHARIEHHT NOAYIIAOCKOCTH
V ={we [: Re(wexp(— iy*)) > (2N) 1cos y*}.
Orciopa crenyer, uTo ofimacts swawenuit BILJ, oBparwofi
K (3.87). npunaanexur o6aacTH
W= {wel: Re(wexp(—iy*)) >1— —;Tcos 71
[Mostomy sHauerms noaxonsmux apoGelt BLLI (3.87), kax
JIETKO MOACYUHTATb, MPHHANJIERKAT KPYTY
1 ! & o Fayk 1 1— L * -
z— g |l —gcosy¥| exp(—iv)|<<3 5 cosy*) .
(3.90)

O6osnaudm [, (2) — n-¢ annporcumantw BLUL (3.87). [as
nocaenosatenbHoctd {f. (2)} rosoMopbusix dpynkuxl B oGmacTH
Ss BuMOMHAIOTCS yCJOBAS TeopeMmu CTuartheca — Butann, rie,

g* "3



manpumep, a=—1, b=—2 u A={2¢8y argz=—7}.
Ecan z€A, To afy (2)€Pe, Tae P. onpejeaseTcs CormacHo
(3.77). PacxomzumocTb pafa (3.78) 3KBUBaJIEHTHA AJS KaKaoro
z2€ A pacxoRMMGCTH psla

Y(min 21 :i,,=l,N,p=1,k).

Taxk KAk z= | —xkomnakt ofract® Ss, To cxoaumocts BILI
(3.54) conenyeT u3 Teopemw 2.13.

§ 4. Ofxacram exopmmoctn BIHJT

[MocrenoBateasHocTh obaacted sgementos {4} (8 =0, 1, 2, ...
o, lyg=07, =1, N, k> 1)(cMm. § b ra. 1) HasumBaercs mno-
CleI0BATEABHOCTRIO obactell cxonumoctd BLLI

N
o 3 al’(k))—l
a,l b D = 4.1
oot B X 58 (8.1)
=
€CJIH YCAOBHE (@ipy, Dipy} € Quy (R =0, 1, 2, \u i,=0, i,=

=1, N, & » 1) ofecneuusaer cxonumocts BLLJY (4.1). Anano-
THUHO ONpedetuM NOCAeA0BATEAbHOCTD OOJacTell CXOJIHMOCTI
{Eiw} ans BUJL supa (3.54) wau nocnenopaTenbHOCTh ofnac-
tefi cxoguMmoctu {Gyy} ana B puna

N

(b D ) - (4.2)

k==1 ; b.!'(k]

=1

MoxHo, ecTecTBEHHO, paccMarpuBaTh U Apobu, ofparuse K (4.1),
{3.54) unn (4.2).

Ecow Qupy == Q (wmn Eyy =L, unu Gip = G) npu peex
BOSMOMHBIX Haflopax HHIEKCOB, TO HazoeM Q (wmm E, naw G)
npoctoli ofinacreio cxoguMoct. Ecan we Quop = Q,, Qipe—1y =
=0, (un Eygyy = E,, Ejppmy = E1, 1o Gigey = Gy, Gior—r) =
= (G} npu Bcex BosMOMKHBIX Ha0opax HHIEKCOR, TG Ha30BEM
cbractu Q,, Q, {nau E,, E,, nau G,, G;) cnapensapMu obJac-
TAMH CXOJHMOCTH,

Hanpumep, B cuny teopemn 3.13 npocToft ofaacteio cXo-
auvoctd  BLLJ (4.2) sBaserca 0pou3BoJbHEI KoMmakT K
obaacth

{ZIE(I,‘,:?-:#O, larg z] < ;——a,- O<e<g %}
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Mpocrofi ob6nactvio cxomumoctn BILIL (3.54) avnsercs Kpyr

1]
ez <o)
uTO CAeAyeT H3 TeopeMu 3.14.
Kpyr
K={z€C:lz—al<r}
Ha3HLBAETCH OKPECTHOCTBIO CXOAMMOCTH Toukd a €, ectn K —

npoctas ofaacts cxopumocty BLUIL (3.54) nau (4.2). U3 teo-
peMel 7 c¢Jefyer, 4To ecams a €D, rae

D={fEEC, 2#=--71A7. arg(z+ﬁ)[<n}, (4.3)

To BLLI (3.54), rae Bece ¢ny = a, pacxornrca. [losromy nas
BILIL (3.54) ectb CMBICA paccMaTpHBaTh OKPECTHOCTH CXOAHMO-
CTH TOJLKO TOYeK a€ D), rae D omperensercs cornacHo (4.3),

Teopema 3.24. Eciu a — KOMHAGKCHOE 4UCAO, MAKOe, 4mo
1

largal<<m u [a|>4N , (4.4)

mo obaacme

E = ’ . — __l._ 1/2)
1zE([] |2 a;<r<mual+Rea1 i {4.5)
Agasemcs Okpecmuocmoio cxodumocmu BH I (3.54).
Eean ne

lal < g3 (4.6)
mo kpyz
E::{ZE(C: ]z—a|<r<,a+ﬁ” (4.7)

Asasemea ok pecmnocibly cxodumocmu BUJ (3.54).
JokaszateabcTBO GPOBOJMTCA [0 CXeMe, [PeaioiseH-
uofi B pabore {811, n ocHopaHo Ha cBolicTBax mnapabos H yT-
pepagnenuio teopemsl 3.23. Ecam a= 0, To yrBepKicHHE TEO-
pembl CACAyeT M3 MHOroMepHOre aHasqora npusnaka CcXoa¢MOCTH
Bopnurckoro (reopema 3.14). Ecan xe a %0, 10, B3%B ¥ =

= % arg a, nocrpouyM napaGosauyeckyto obnacts Pg, Buaa (3.85),

rae e= 0. Ocraercs OTHICKaTe PaAMyC KPyra, Kacaioulerces
rpaHuus 0Py, ¢ UEHTPOM B TOUKE &, MHCNCAB3YS METOAMKY,
pacemoTpeHnyio B [81). YTBepxknenne teopemel 3.23 rapanThi-
pyer CX0AMMOCTB B KaxnoM komnakte K ofmactu Pg,. [lostomy
YUNTLIBAA NPOU3BOJBLHOCTL €, BO3bMEM HECKOJBKO MEHbIIHMH
pazuycel moayueHHbX kpyros. H ' '
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B panuHefiireM HaM DOHano6uTCA TeopeMa O HOJWKpPYrosof
OKpecTHOCTH cxofuMocTH. [loankpyr

Ky=1{2eC"12=(20, 23 .. - » 28),
f2;—ail<ry, i =T, N}
Ha30BeM NONHKDPYroBoil OKpecTHOCTRIO cxoiuMocTH BILJ (3.54)
nau (4.2), ecan ycaosue
|Ciws — i} < 1y, Wl | by — Qi < 13,
k=1,2 ..., i,=1,N) (4.8)
rapartapyer cxogumocte BLLZ (3.54) nwm (4.2).

{3 MHOroMepHOro amajora npHsHaka cxoauMocTh Ban @neka
(teopema 3.13) caepyer Takas Teopema.

Teopema 8.25. Fcau a=(a;, Q5 ..., ay}EQ" manue,
Hwno

Rea,> 0 (k=T1, ), (4.9)

me obaqacmo
Gy = {2€ Tt | —ai| < ri<<Rea;, i=1, N} (4.10)
AGAAEMEC  NOAUKDY2080U  okpecinocmbie  cxodumocmy BHJ

(4.2).
M3 Teopemsi 3.23 chenyer rTeopema.
Teopema 3.26. Ilycme a = (a,, a, ..., Gy) —HEKOMOPAR

mouKa ua (CN maKas, WMo CYecmsyem y2on ¥ (Ivl <_r:2_)
o obaacme

Py, =lz€[ i1z —Re(zexp{—2iy))<<(2N) tcos®y} (4.11)
codepicum mourn a.(k=1, N).

Tozda muoxcecmso
Ex={2eC" |z —a;| < rn<min(a;: —w|:w€dPs)} (4.12)

SBARCMCA  ROAUKPY20508 Ok pecmuocmeto  cxoBumocmu BLJ
(3.54).

OnHuM H3 nepssIX  PE3YAbTATOR, KACAIOWMXCS  ClapeHHbIX
ofi1acTed CXOLHUMOCTH AJiA HeNpepelBHuX Apobefi, sBAAETCH Cfe-
pywowan Teopema JlefitoHa — Yoana [83].

*® 4
Teopema 3.27. Lennaz Opo6s D ¢ Komnaexcubimu uuc
=1

R0BULMU SACMERMAMY CXOOUMCA, €CAU
1 25
lay.| < 7 |az] = 7 k=12 ...
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B ectecteennoil GOPMyNHPOBKe, a HMEHHO
jaig—n | < 8, @il > M k=1, 2, ... i,=1, Ny, (4-13)

rae e >0, M > 0— mexoropbie ReHCTBHTEIbHEIE [10JIOM HTE/be
HHle YHCaa, 3Ta TeopeMa He mepeHocnrea Ha BLLIL Buna (3.25).
Jns npousBOMBHEIX K&K YTOAHO MaJOro € ¥ Kak YrozHo 6onb-
mero M MOXKHO NOCTPOHTH HPHMEP PacXOAslIeiCH BETBALIEHCA
nenHoit npofu Brpa (3.25), aneMeHTH KOTOPOH VIOBAETBODPSIOT
yenoBuam (4.13). Huxe npusesem npumep Taxofl apo6M, no-
crpoeruelfl E. A, Bonataposuuem.
[Ipumep 3.1. BIJI ¢ gBymMs BeTKaMH BETBACHUA

?
[ O
D Y e 4.14)
Rewe=l] l
!'k=l
€
The €= Cippyl = F, O = Ciyapa = — T Cier—11 = M, cuopz =
1 .
=cp=1—=M, Cigper==Cyp= -—-2—-—-M(£k= I, N, k=1,
2, .. .), pacxopuTCH. J1efCTBHTENILHO, NETrKO I[ORCYHTATh, YTO

Bce ueTHnle anmpokcHMaxTet BLLJL (4.14) parHnl oo, Tem He
MeHee JeMEHTH YAQBAeTBOPAOT ycaoBuio (4,13), rae emecto M
Heobxonumo B3ATe min(M, | M— 1.

§ 5, Odaacrm ycrofiumeocra BILJL

OAHMM W3 BaKHHIX CBOHCTB HENPePRIBHEIX Apofell W HX MHOTO-

MepHEIX 0000l1eHn# ABAReTCs! CBOHCTBO BHIYMCAHTENBHON YCTOM-

yHeocTH, Hapsay ¢ MHOTOUHCJCHHBIMH NyOJHKALMAMH, [OCBSA-

I HHEIMH CXOAHMOCTH, HMMEeTCS CPaBHHTENEHO HeMHOrO pafor,

r/Je M3JAraloTCs PesyJIbTAaThl IO J@HHOMY Bompocy (oM., HamnpH-

mep, [19, 29, 56, 81], a raxxe 12, 43, 45, 47] n zp.).
PacemorpuM Koseunsie BILA

N
n -1
F=a,(60+ DY fu) (5.1)
p=1 = bigy
k
H
No.
~ fn n . -1
J=a, (ba+ D 2 M , (5.2)
=1 bugy

aas Koropux 00aacth Q= [ X [ aABafeTcA OOMAACTBIO 37EMeH-
TOB, T. &

(Qigyy by €R, (i Dup)€Q
(k=0,1,2 ..., i,=0, fo=1, N, k>1). (5.8)
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Iycrs ROMNOHEHTH BILO (5.1) u (5.2) ceazaHuW COOTHOWE-
HAsIME

g = (1 + %) @um, Buwy = (1 + Buwy) bicwy (5.4)
HIH

ey = (1 4 cap)ans, buy = (1 4 Buw) biws (5.5)
rae(k=0,1,2,..., iy=0, f,=1,N, k» 1) Hdpols (5.2)
6y eM HHTepPNPETHPOBATh KaK NPHOMHKEHHYI W/IH BO3MYIUEHHYIO
orhocHTeabHo BUI (5.1). Uncma oygy, Big BHIR i Pue
HA3BIBAKOTCA OTHOCHTEJBHEIMH NOTPEHIHOCTAMH, a YHCAA

Aty = ayy— argyy Abigy == by — bigw (5.8)

alCOMOTHEIMHE HOPPEIIHOCTAMH BJEMEHTOB Qi M Dy COOTBET-
CTBEHHO, Mpi, €CTECTBEHHD, MPEnmoOMaraeM, 4YTo B COOTHOMIe-
Husix (5.4) 8ce Gy 0 u by =0, a B coorHomerusx (5.5)

BCe ai(k) 5&0 H bj(k) % 0.
Iycts
Af = f—F, F=(14+8)f, f=1+8F (5.7)

¢ ECTECTBEHHLIMH OrpaHHYeHHAMH [ =0 uad f:,\eO, rae sTO
HeofXxomumMo,

[IycTh
A = max (| Aauy |, |Abyp s
k=T, 1, ij=0, ip=T, ¥, p=T, B
v =max {} &y || Buw ), | oeem |, lﬁi(k]:
thk=0,n, i,=0,i,=1, N, p=1, k).

(5.8)

OGsactb aneMeHToB £2 HaspBaercs obsacteio abco/moTHOR (0T-
HocHTesmbHOH) ycTolivmeoctd BLLI (5.1), ecam cyuwecTByer
JefCTBRTENbHAR NOJ0XKHTEALHAA KOHCTanTa C, saBucamaz or Q
H He 3aBuMCsnlaa OT n, 4TO

[Af] < CA (18] < Cy). (5.9)

Teopema 3.28 [5[. Obracme G== (0, - co) ss8as2€mCa 00-
Aacmpro omuocumessrold ycemotdusocmu BT

. |
(b0+ b ¥ )7, (5.10)
=1 o Cun
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npuses

iy=0, ,=T'N, p=T, %) (5.11)

# Pigst1y =0, ecau n=2s.

HoxasateancTBo. CHayaja OTMETHM HEKOTOP:ie Ha-
BECTHEIE CBONCTBA OTHOCHTEMRHEHIX morpemnoctedf. Jna yinoberea
HX (OpPMYAHPOBKH OGO3HAYMM OTHOCHTE/BHYK NHOMPEIHOCTE
yHucaa a qepe3 8(a) wm 8(a), T. e. 8{a)=a mau ﬁ(a,) =&
(cM. (5.4), (5.5)). CnpaseanuBbl COOTHOUIEHHS

Iﬁ(é1 @) < max (|8(a}|:i=1, n),

18(2 o) < max{(|8(ay): i =T, n), (5.12)
B(a)= —8(a)(! +8(a)), 8(a) = —B(a)(! + B(a))™
‘ (5.13)
6(%) = b8(a) 4+ (1 + 8(a)) 6 (2),

75(%) = 8(a) + (1 +38(a)6(t), (5.14)
rje npeanoJaraercs, uTo a0 >0, a; >0, a>0 b>0
a;>0 (i = 1, n n).

IIeHCTBme.ano,

1803 @)= |El(a:—-ai)1( Y )t s
E

2[6 )|~ <max(18(a)|:i =1, n).
l. 4y

AHAJIOPHYHO TIPOBEPAETCH BTOPOE HEPABEHCTEBO B (5.12), Hance

a—a_a—a(+8(@) _ —8()

8O~ == T = T
6(-“— _ —lab) +(ajh) -ab+ab
. b alb ba

—GB ab (T a
L8 "bj” 8(a) + 2 §(5) =
= 6(a) + (1 4 8(a)) 3(2),
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B yacTHOCTH,

5(.!1;]___3(5), 8(%—)=6(b). (5.15)
OTHOCHTENMBLHYI0 [NOrpeIHOCTs OpH  Bhivucaedaux B/ Qﬁ?,g,
{eM. (3.1) ra. 1) oBosmaumm 8y. Toraa nocaegoBareanHo

fIpUMERAA cooTHOWeHHA (5.12), (5.13), {5.15), momyunm
18] = 18an | < max (B . [8un) <

< max (IBUL | Bectsy s |81(2)|4

< max ﬂﬁa |ﬁx(1)| Baar |, 180 ) <« -+ <

19 Y20 fs

< max (I ﬁ!‘(?k) |y !ﬁf{?k-l—l) l ; k = 0! [n/QI’ io = 0)
=1, N, p=1,4&).
Teopema 3.29. O6racme

E={reCilz| < N1 (1 —1), 0<t< 3l ©.16)

fAeagemes obiacmeio abconomuol yemoduusocmy BLI
N

’ oo -1
f={1+ D aif’) , (5.17)
k=l‘. =1
K

apudem

C<N({l—n2 (1 -2

HAoxasarenecTBo. Hcnoapsya pexyppeHTHEe 00o3Haue-

HHS THOA (3 1) ra. 1 ans BIA (5.1), (5.2) n npeanosaras,
gro Bee Qfh =0, QP =0 (k=01 i, =0, ip=1, N, k=
= 1, 1), ycTaHOBHM (OPMYJH AnA aGCOMIOTHOR TOTPEelHCCTH
Af. Ha & [epPROM IIare HMEeM

Af _ f f _ ay a, Aao a Q(Dn) - Q(On)
= I e e == o — 0 ———— e
Q(on) Q'(jn) Q(Om Q.(;”)Q(J”
i ] “ (n}
= A o Ak Z @ (a7, @ity = @11) Qi)
D -~
o ey 2 dPealiey,

IMocnenosaTebho MpHEMeHAA PEKYpPPEHTHOE COOTHONIEHHe

af(k)Qf(k) — Q0 = A Qith — aiwAbiy —

_ E %y {ai(k+1)thk+l)_at‘(k+l)Qf(k+1)}
'[k+l=‘1 Q"(k+1 1(k+”
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€ YYETOM TOTO, UTO

~ln) ~ ) n
A Qi — Qi Qi = Aayy Qiiny — ai(n)Abitn).
OKOHYATEPHO DOMYYHM
Qi Aay — a,Ab,

Af = Q;“)éé")

m—1

(— 17 [Qf Ay — ;mAbym] [T 2y

p=0
.(b.18
+ E Z n (Q(n) (n) )

=1 ), 10 St Qi)

B wacrnocru, gns BIM (5.17) sta ¢opmyna NpHMET BHA

n N A m—1
. ai(m) Gig)
Af_z 2 o l_[ QM 0 A (5'19)
m=l i, i,, ....:’m= Qi) =0 “fR i(k»

Tlpumenns oueHky (3.18) ana Q“k, " Q“k,, YUHTHIBAA YCHOBHE
{5.16) u coorrnomenne Ay = Qpy(/Q,, HMeeM

n

1 m— 1
1471 4 YT O

1
nm [] ny
=] k=0
n
=NA E fm—i U — f)m_lQn—an—m-HQn—fl' (520)

m=|

Hcenoawaya Jaerko npoeepsiemoe HepaseHcTBo (I — ()% Q, < Qp+k
# yray6aas nociejHiow onelxy, noayunm [Af| <« N(1 — £

x (1 —20)71A,

Fean xe { = -é » TO, nojctasasna B (5.20) Q, =27 (p 4 1),
noaysum oneHky |Af| < {4/ Nn(n -+ 1)(n+ 5)(n+ 2)"A. A

dopmyna THia (5.18) cHauana 6elra yerakoraena T, H. Onno-
BoMOBOH {47] A/1A HHTEr pANBHEIX LenHuX gpobefil. [lepBrifi Bapuant
takoro TtHna diopMyael 6bl1 npemdoxker B pabore [2]. Bonee
oApoBHO $TOT BOnpoc paceMoTped B [G6].



Taasa 4

HEKOTOPBIE THIThI ¢YHRIHOHAJBHLIX
BETBAIIAXCA LEOHBIX IPOBEH

B pamuofi raase BSejeHH pa3jMYHEIE THOR (YHKLHOHAMLHBIX
BETBAWMXCA UeNHHX Apofel, paccMOTPeHH! HX CBolicTBa © ycTa-
HOBJAEHHL NPH3HAKH CXOLUMOCTH. MeTonuKa UCC/Ee0BAHHR YHC/Q.
Beix BLLZL nepeHocHTcs ¥ Ha (ymklnoHasmsHele BITJ.

B § | ycraHoBAeHE NpPH3HAKH pABHOMEPHOH CXOAHMOCTH
¢yurwnonaabanix BLLJ ofimero Buma, B 9aCTHOCTH MOJYUEHO
yCHIeHHe AefiCTRHTENLHOrO aHaaora napalo/HuecKoll TeopeMbl,
paHee YCTaHOBJeHHOro B pafore [37] (cm. yeaoBre (1.8)).

C yueroM opMya IAA uxcanTeNell M 3HaMeHaTesell noaxo-
asuux apofefi B BHAe onpezenutenell Bo BTOpoM naparpatde
JaHO onpefeNeHHe H PACCMOTPEHB CBOHCTEA NOJNGKUTEABLHO ONpe-
fenenvnix BLUJL. 3pecs yaanocs nepenecTd Ha MHOTOMepHb
cayzafi MHOTHe pesyabTatsl, VCTaHORMeHHEE B MOHOTpadyu
Yoana [100], B yacTHOCTH BBeJeHBl MHOTOMEpHEIe J-1pobu, H3Y-
yeHbl CBOMCTBA M YCTAHOBJEHBl NPHSHAKH CXONMMOCTH OTPaHH-
YEHHHIX M JeHCTBHTENLHEIX MHOTOMEPHBIX J-xpoefl.

B npogomkenue necaenosannil wncaosnix BLLI (cM. Teopemn
3.15—3.21) B § 3 nano ompenesierile U YCTAHOBJASHB TPHIHAKH
CXOAMMOCTH MHOIOMEDHEIX g-Apoled.

B § 4 paccmorpelbl mHOromepHule peryasapeue C-apobu u
S-zpoCu, ycTaHOBAEH TNPHHUNND COOTBETCTBHA M LOKA3aHBI HEKO-
TOPhi€ MPH3HAKH CXOAMMOCTH,

OpuuM H3 BO3MOKHBIX (NOCO00B pasnomenust Gyuxii,
3a/laHHBIX KPATHGLIMH CTENEHHBIME PANAMM, B BeTBRULHECH LIETHLIE
ApPOGH SAIBJAETCA MOCTPOEHHE TaK Ha3EIBAEMEIX COOTBETCTBYIOMLHX
BIO. Takwe apofu Goinp yerauoesenws X, M. Kyumunckoft [34],
Mapdu u O. oxoxos [84]. Heckonbko npyras cTpyKTYpa co-
orsercTbyiomnx BLLI 6bwna npeanioskera B, Cemawko [93, 941,
B § 5 paccMOTPeHH NPH3HAKH CXOJHMOCTH COOTBETCTBYHCILHX
BeTBAINMXCA LeNHHX japobefi.

§ 1. Ilpuanaxn paBEOMeEpHOii cxoAuMOCTH
dynsuponansanx BHE
TlpeametoM Hawmx ofcyxaenndt Gynyr BLUI suxa
N
Op (2)
gl &—:‘1 by 3

by (2) + (1.1)
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WK BHAJ

e@se+ B 3 200
@16+ D Y ! (1.2)
1k=l

iw @

The dzyy (Z), bf(k) {2) (k=0! lr 21 LI ) I‘l‘) = On ik = IT-A’Tu k > 1) —
HeKoToprfl HaGop KOMMEKCHEIX dryHKUMEA, ompefeleHHbLX B of-
JacTH D ", z=1(2, 25, ... , 2,). Obosmaumm [e(2), A, (2),
By (2) — k-10 annpokcHMaHTy, k-t ukcnuTesnb waH k-B 3HaMena-
teab B (1.1) nan (1.2). _

Meronnka ucenerosanua cxoauMocty yneosbx BILI B npun-
uune nepeHocHTes M Ha ofmue (QYHKUHOHAAbHLIE BETBAIHECH
uenHble APoGH. YCTaHOBHM JIHIIL HEKOTOpDHIE A0CTATOUHbBIE NpH-
sHaKH paBHOMeDHoll cxomumoctu B (1.1) wmu (I.2), ucrons-
gy;li onpeéaeneuue PaBHOMEPHOH CXOZHMOCTH, JAHHOE B KOHIE

1.

Teopema 4.1. [Tycmy womnonenrmnamu BI[J (1.1) ssasromea
Heompuyamenbabie Oelicmsumenvusie  Gynkyun auy (2), by (2)
(i,=1, N, k=1,2, ...), sadannwe ¢ o6racmu D < [R" u ydos-
ASMAOPAIOUE HCAOSUAM,

Q) cyiyecmayem MAKal NOACHCUMEAGHAA KOHCMAHMA b, 4o

0an ecex 2€D by (2) » 60 Ifil,Nl;___
6) aim(2) Fbupl2) =00, =1,N,p=1,k k=23, ...

oo, 2EDY;
8) ecau cywjeemsyem mouxa 2,€ D u mabop undexcos iy,
iz, ey fk (ip: 1, N, p"-—= l, k‘ k = 2}, Yrho b[(k)(zo)= 0, mo

npednoagzaemcs, 4mo éce ocmanvHste by (2,) %0 (=1, N,
f = i&).

Tozda BILA (1.1) pasnomepro cxodumica 8 oOracmu D, ecau
sbinoanAemca 0010 us dsyx ycaosiudl: aubo cyuecmeyemn maxod
Hosmep k, umo sce iy (2} =0(i, =1, &, p=1, k, 2€D), aubo
pacxodumes pad

3 8. (1.3)
k=1
2de

6k=inf(-i&ff§);'::—z;’(—z):i,,=l, N, p=T, &1, 26D,

npusem me HAbops: WHOEKCO8 U mMe SHaueHUN RepesMerHod 2,
npu Komopstx Gysny(2) = O apu musumMesayuy He paccMampisa-
omes.

llokasaTenbcTB0. W3 ycaoBuil a)—B) caefyer, uto k-e
noaxogsauue Apobu fy{2) HMEIOT CMBICH, T. €. HE BLIPOMJAIOTCH
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g2 orucienne 0/0, ecaw uX BuGuCAATL 1O anropurmy (2.6)—

{2.8) ra. 1.
Cnenys CXeMe J0oKa3aTeibcTBa TeopeMbl 3.12, npuxoHM

K OHEHKEe

| Fmtt (2) — Fm (2)] < -;- ”Nﬁ-ﬁk'

F=1
TosToMy, yuHTEIBas CBOHCTBO BHAKH
for (2} < fort2(2) < fopr1(2) < for—1(2),

re R, j — NpoOH3BOJIbHBIC HATYPATLHEIE 4HCMA, 3AKJI0YaeM, UTO
BU (1.1) pasHOMepHO cxomutesi B obractu D, ecau pax (1.3)
pacxogurca. K

Caenyloinas TeopeMa 6hla ycTaHoBIeHa B pabote [37] B npen-
nonoxeuun, yro 0 < £ <7 1/2,

Teopema 4.2. [Hycmo saemenmamu B[ (1.1) ssagwomes
Delicmeumensubie (ynKyuu, 3adanHble 8 Hexomopod o0aiacmu
D= R® u ydosremsoparusue yeaostam:

a) cywecmeiyiem Heompuyamenrvran konemanma M 2= 0, umo
4R acex z€D

& (2) . T
e, @ <M (i=1, N); (1.9)
6) buw(2)=0(k=1,2 ... ,l,=1, N, 26 D}, (1.5)
8) cywecrmsyem Heompuyameavras xorcmanma (0 < 1 <
< 1/,), maxas, wmo 048 scex ze D

i (2) + 4t (1= >0 (k=12 ..., iy =T, ¥). (1.6)

Toeda BI O (1.1) pasHomepro cxodumea 6 obaacmu D, ecau
ebinoanAemca 0010 ua Jsyx yeaceud: aubo cyugecmayem maroil
Homep k, umo ece iy (2)=0 (i,=1, N, p= 1,4, 2¢ D), aubo
pacxodumes pad

; g, ecan 0 <CY/,, (1.7)
=1
aubo :
lim Y = oo, o t=172, (1.8)
20e k=1 .
8 = inf (| dipany (D) 138, =1, N, p=1,k+ 1, 2€ D)

_ (k41 (2 - =0 M
At () = bier (@) by (O k=12 .... h=14A)
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nputesn e Haboper UNOEKCOR U me SHAUEHUR nepementol 2, npu
xomopuix iy (2) =0, Apu Munumusayuu He paccmampuea-

fomes.
Hokazateanbcrtso. [loKaxeM, 9TO IPH BLNOJAHEHUE yc-

aosai teopemnl A4 BILJ (1.1) sunoausmiorcs ¢y HIamerTann-
nele HepasencTBa (2.19)—(2.21) rin. 2. Cravana y6eaumca B tom,

qyTo

Qih/bin (2) > s >0 (=1, N, k=15, s=1,2, .)(’I 9
)

rae A, —m-3 annpoKCHMaRTta uenHofi Apobn
i1—0 t1—8 =0

—_— 1 e 1 —_— sy

1

— 1

McnoapsyeM MeToj MaTeMaTHYecKoH HHAYKUHH no k(k == s, §—
—1, , 1) npu gamjioM (ukcupoBanHoM s. Hepasererro (1.9)

npu k= s oueBHAHo. [lycTh OHO BRINOMHSETCH AJ% BCEX 71,
Takux, 4T0 k+ | < n < & Torga npu n=k HmeeM

Qs o Z _ Gw® R g
by @) Qi(k—i-l)‘lbf(k+1) @

a0 (2) ’

OuenuM cBepXy BLIpaKeHHe Zl o

N N
Z gy 2| Z 21y (2)( 1 MN  MN
- 9% f=1 by @ Qi @ B T

TaK Kak hs — MOHOTOHHO yﬁBIBaIO!.U.EH TIOCNe A0BATEILHOCTE R
lim A; =k == (1 — () (cM. nokasaTenmbcTBo Teopembi 3.14). Crie-

=00

JoBaTeqbHo, py= MN/(1 —{). Ocranphbie pR(k=2,3, ...)
HUWeM B BHAE 041 =L (L &), Torpa wepasercrBo (2.21)
TJ. 2 SKBHBANGHTHO HEPABEHCTBY

N
a 2)
s, Z ety @ <,L(b;w 2)+ Z ai(k-H) {z"

feprt Qi(k+l) (}z+l)

B1= 1k+i_
N

-V “_f<k+'>(z’J) (1.10)

e | Qi

1

fpr
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Beipakenye, CTOSIEe CREBA, OUEHHM CBEPXY, CTOAlLEe cripasa —
cuu3y. CpabHuBasi NOJydYeHHHE BHIpaXKeHHd, Haitem QopMyny
ana L.

B cJayuae, KOTZA BCe Quutp (2) % 0, HMeem

N @ N
gy 2
v —Q‘r ék = 2
ol 1(41)
ik_l_lﬁf ik+|=1
) N

Yty (B bigryy (2 bigy (2
fo;.{.]) T ft-1) @

bty _ o @ N

(s} =R
Cietn g=ri—1
]

N

b= fet1=1

d (4]
> b 1+ iUe'H)
oo (’ Z Qv g1 2
hep1 =1

N
iy @1 o (1— ¢
— ¥ G b ()| (1~ =)
, Qite+1 ey @ Smp—1

< by (2)
fpr==!

Gy @[ gy )

\bt(k) (2)] +

@
Qret1)

ik—{-l*

OTKY 8

2l —B\ by DN
L | by (2) I (1 — h:_k_l)) o f;:e)

§—jp==]
HJTH
L= N{(Hgpy ~2{(1 — £))1. (1.11)

Ecyu ke HeKOTOpHIe @41y (2) = 0, T0, TaK KaK Bee Qelyy, # 0,
3aMeHfieM BRIPAKEHHA Qi (2)/QF), ), LI Qrgyn (2) =0, ny-
JIRMH M, [eperpynimHPOBEIBAA OCTABINHECH OTHOUIEHHA, HOJYYHM
(1.10), rae Bmecro N meofxoxnMo B3sate Ny <« N, Ectn Ny =0,
Te cyMMBl B (1.10) HctesamT n 370 HEpABEHCTBO OCTaeTCsl Crpa-
BegaupbiM npH L = 0. B ofmem cnhyuae B gauvecte L jgocra-
TOYHO B3ATh BhtpaxkeHHe (1.11).

Ecnn npu pexkotopoM & H mpousBosibHOM 2 € D Bee ayy, (2) =
=0 (ip,=T1,N,p=1,N), 10 Tak wak Qi =0 (s==4& k+
+ 5, ...), mmeem f(@)=[f(2) (s=k E+1, ...) n cxo-
anmocts BLJL (1.1) B 9TOM calydae oueBMiHa.
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Mycrs 0 < £ << 1/2. Torza, y4uTEIBasK, ¥T0 £, — MoHOTOMAO
YOHIBAIOILAS OCASAOBATEIBHOCTE H lim Am = (1—1), B kagecte

=+ o

L JZocTaTouMO B3ATH YHCIO
L=N{1—81(—207", (1.12)

Pasromepuas cxoaumocts BILIL (1.1) B sTOM chnyuae cnenyer
H3 npepnowenna 2.4 n OLEHKH
m
MN L ’
h@—la@ <) |55 <mh (113

=]

eC/aH yuecTb, uTo L ompezpeasiercs coriacso (1.12) u pag (1.7)

pacXoAnTCA.
Mycre ¢ = 1/2. Yuurweaz (3.14), (3.15) rr. 3 u r0, uTO
By = Quy1/Qy Boipakenye (1.11) ana L mpeoGpasyeM Kk BHRY

L= Ly=2N(s—k).

Ecau m = 2r, TO, NOBTOPAA JIOKa3aTeJLCTBO Npeasnoxenua 2.4,
NOAYYHM
im/2]

ON (m— 2k 4 |
Fa@) = ()] < 2MN [] gy it —
k=1
it IN {n — 28)
n—
X IN (n—2%) - 63 (1.14)
b=l
ecay e m=2r —1, noayunm
Ifn(z)_fm(z)l <
L P (m — 2E) /2] N (n— 2k — 1)
§;2MNI—|I W n— 20 15, l_! N — = DT oy "
ks k=
(1.15)

Yeaoeke (1.8) sKEHBANCHTHO BRIMOJHEHHIO, MO Kpalinefl mepe,
OJIHOTO M3 JABYX YCAORHIL

[m/2]
lim Z T N 1.16
mon A TR (1.16)
HJIH
[(m—1)/2}
lim 2 = oo, (L17)

x|
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Mycrs ANs onpenefeHHOCTH CnpaBeHJHBO cooTHoleHue (1.16),
Torna, e3se m = 2r, u3 ouedxd (1.14) B cHIY NPOH3BOIBHOCTH
n cmoxeM saxsgognts, uro BIIJL {1.}) pasHomepHo cxomurcs
B ofinactn D. deficTeuTeNBHO, €CIH § ¥ 1 ~— NPOHIBOMLELIE Ha-
TypaJibHHIE MHCAA, TakHe, UTO A >S2> M, TO

Un@—FAN < [ a (@)~ [ (D) +1:(2) — fm(2)|- W

Teopema 4.3. BIUI (1.2}, 20e ayun(2), buny(2) (=10,1,
2, .o iy =0, iy=1,N, k> 1)— komunsegcuste Gynxyuu, sa-
Oaunse 8 obracmu D < [0, pasromepro 4 abcomomio cxodumen
6 obaacmu D, ecau
a) byp (=0 (k=0,1,2, ... iy =0, {,=T1,N, k=1,
z¢ Dy;

6) cywecmsyrom Oedcmeumensrvie kKoncmanmot M >0u 0 <
<@t<lf2, umo

Gy (2)

by {8 bygpyy (2
k=1, 2, ..., =LA, bl’(ﬂ!(z)= bﬁ(z)’ ZED),

% (2) <M, 2¢ D.

<= NY(—f

By ()
JlorazarenncTBO caenyer u3 ouetox (3.10), (3.11) ra. 3, ecan

npeasapuTensao BLUI (1.2) npusectn x Buay (3.8) ra. 3, me-

[ONB3YA SKBUBAJeHTHble npeolpazoBanus (4.2), (4.11) ru, 1.

§ 2. Doxo:xareannao onpegenennsie BI.
Muoromepnsie J-ipoGn

Pacemorpum BLL supa

N
2
bz, DY 2B @1
O by F oy )
£y=t
rae by, i, Qi (fg=1, N, k=1,2, | |} durcupoBannmie
KOMIJIEKCHBIE 9MCna 2y (=1, N, k= 1,2, .., )—Boobwe
FOBOPS, HE32BHCHMBIE KOMIUIEKCHHIE nepeMeHHEe. TIycTh 2 = (2,
Zgr Zare o0 Zyp Tpnse o Zigeyy + - +) 0003HAYAET BeCKOHEUHOMEDHMH

eektap, 4,(2), B,(2), [,{2)— n-fi uncautTens, n-il sHaMeHaTE D,
n-10 annpoxcumanty BILJL (2.1) coorsercreenno.
PaccMOTPHM CHMMETPHUHBIE MATPHIE

Cti Cy, {41 e ee Cip .
C ¢ cee € .
A N ThEE=0,1,k=1,2, ..)), (2.2)

Cri Choikl o1 Cpp
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T. €. MaTPHIb, YAOB/ICTBOPSIOUIHE YCAOBHIO Cpp = Cyp (P, g =

= i, k), 3/IeMeHTEl KOTOPBLIX CBA3AHL! ¢ KOMNoReHTamu BLLI (2.1)
caeaylomuM obpasom:

Coo= by + 201 Cpp = bjgmy + 23y (P=1,%).  (2.3)

Coty, = —Qi,, Cpg = —Qjipdig gy (P =1,k g=Np+ img1 < k,
1 < iy, im41 < N), (2.9)
rae WHAEKCH jy, |, ... j, ONpeAeAIOTCA M3 PasNOKEHHA YHeaa

p no aaroputmy (1.12) ra. 1

D= lem“[‘}‘ fQNm_Q""‘ e "]‘fm (1 < jn \(@N, n= rf?l), (25)
¢py == 0 BO BCEX OCTaNBHBIX CJAydasix, Korzaa g > p. (2.6)

Jlemma 4.1, n-e snamenamean B, (2) u n-e qucaumesn A, (2)
BL I (2.1) ewuucastomen no popmyrom

Bn{2) = det Cy5, An(2) =detCys, 2.7

20e Cis (i = 0, 1) — cummempuunbie mampuyor euda (2.2), sae-
MEHMbL KOMOpoix onpedeaatomes coeaacHo gopmyran (2.8)—
(2.6) u

g= (Nrt1 — 1)(N — 1)L (2.8)

HDokasatenwcrBo. Mz Teopemur 1.1 caeayer, uro
B.(2) = det C, A,(2) = det (i,

rae s onpereasercss corjaacHe (2.8), a B marpuuax (2.14) ra. 1
BMECTO KAMAOTO &jmy bjom mONMOMEHO —al B bym + 2jum,

COOTBETCTBEHHO. DvieMeHTH MaTpul, C; (i = 0,1) ofosnauum c,,.
[logaxkem, uro

det Co; == det Cs. (2.9

IlycTh Cpg — MPOH3BOJBHEIN (PUKCHDOBAHHBIT SNIEMEHT MaTPHILH
Cos (O < p<<g<s). Ecam ¢ = Np +iny1 HA NPR KAKOM oy
(1 < fmy1 < M), TO, COTVIACHO OMNpENEJIEHHI0 MaTpPHIL Cos u Cj
HMEEM Cpg = Cgy = Cpp = Cgp = 0. T1yCTh p, = 0 — wacTHHI wlC-
JIHTe]b MOCAelHero TYHKOBOTO £-T0 38eHa f, (2). B stoM cayvae
Ng + imyo>>s 109 OPOUSBOMLHOLO imts (1 < imgs < N). ¥MHO-
#WuB g-# cronCen M pasjenuB ¢-}00 CTPOKy Marpunsl Cos Ha
—Cpqy MOJTYYHM MaTpuny Doe, 2218 9N€MEHTOB KoTopol dy; cnpa-
BeJJHBEl COOTHOIUEHHS d;; == ¢;; TpH BceXx HaGopax MHIEKCOB,
KpoMe dpg == Cpy, dgp = €5 1 det Cos = det Dog. Ecam ¢ =0 1
NG + im42 < § TpH RAKAOM imyo (1 < imy2 < N), TO paccmor-
PHM UYHCJIOBYIG MOCHNEIOBATENBHOCTH

f1=Nq+im+2. r2=Nr1+im+a, e ,fk=Nrk_1—|—fm+k. c ey
. (2.

2.10)
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rae [, — npousBOJNbHE QHKcHpoBaHHLI Halop unmexkcoR | <«
< i, g N, pz=m+2 Tax kak {r,} —mMoHOTOHRO BO3pacTalo-
maﬂ NocJ/e0BATeNLHOCTD, TO BmﬁepeM HHIeKc £ TakuM ofpazom,
qrO0B £, << S<fe41 OpH BeexX iy=1, N, v=m-+2,k+ 1.

Paznenum g-10 cTpOKy H ymHoXuM ¢-fi cronlel, a Taxike
paslesNuM BCE ry CTPOKH H YMHOMHM BCE ry CTOAOIM (v =1, &,
iy =1, N) matpuuni Cos Ha —cp,. Ilpn sTOM mOAYYHM MaTpHLY
Dy, onpenenarenb kKotopoll paeH def Cp; H 3JeMEHTH KOTOPOH
d;; cOBOazaloT ¢ COOTBCTCTBYIOUIHMH 3JeMeHTaMH Matphib Cig
d;p = ¢, 3@ HCKIIOUCHHEM dpg = Cpg, dgp = Cyp.

Ecan e npu HeKoTOpoM pHG=Np+ imny1 (1 < iny < N)
Cog = Cgp = 0, TO, moJiOKUB B Cps BMECTO Cp; B Cgp HEKOTOPOE
yucso x %= 0, noayuum marpuny Co, (x), onpeaenurenn KoTopol
HEMpepLIBHO 3aBHCHT oT r. [loaromy

det Cos = Hl’l;l) det Cos (). (2.1D

Jasi Cos(x) moBTOpAA NPeAbIAYIYIO NPOLEeRYPY, NoAyuaeM Mar-
puuy Dos{x), y xoropoii dy = ¢;; ana Beex i, f Kpome dpy =
= —x*, dopp = —1. Yerpemnan x-»0, moayuum d,,q = Cpgy dgp ==
= . Eca COOTBETCTBYIONLYIO NPULEAYPY IPOASIATh JJA KaK-
JOTO 3MeMeHTa Cpy (0 < p<<q < 5) marpuunl Cops, TO JETKO
ybexaemcs B chpaselansocTd (2.9). W

B xauecrse wamoctpauun sanmmem detCo (N =2, n =2,
E="1)

by-4-2, —a, —a, 0 0 0 0
—a, b4z, 0O —ay,,  —ay, 0 0
—a, 0 b4z, O 0 —ay, —a,,
Cp=ll 0 —a, O b4z, O 0 0
0 —a, 0 0 biat-2y 0 0
0 0 —ay 0 0  bytz, O
0 0 —a,, 0O 0 0 byyt2s
[yets X = (xg, Xy, --¢ s Xys oo s Xogmys -+« 5 Xpppy ) — BEK-

N st

n
T0p M3 ([, SAEMEHTH KOTOpOro ymopsjodeHs coraacuo (1.13)
ra. 1, a § == (Nt — 1) (N — 1)1, PaccmoTpum cucreMy JUHEd-
HEX ajrebpanueckn¥ ypaeHeHuf

CosX = 0. (2.12)

Kaxnoe p-e ypapHeHue cucTembt (2.12) yMHOXHM HZ Xjm), TJe
BHAEKCH fy, fay « .. , f, ONPENENsAOTCA M3 pas/oKEHHA HHCHAA p
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no amropatmy (2.5), Xjm =%, ecan p= 0. IIpocymMmuponap
BCe YpaBHEHHs, NOJYYHM

n N n N
X 2 (baw + zew} | Xew 12— X Y amyx
b0 i, =1 b=l iy, fyeinn, ip=l
" (XewXree—1 — Fup + xip—1) = 0, (2.13)
TAE Xi(g) = ¥,. [lonoxum
f’i(k) =1Im b;(k), Yy = Im Zitk) (k = 0, 1, 2_: ey io =2 0, f,‘, ===
=1, N k=), (2.14)

Qigy = Imag(k) (tk= 1, N, k= l, 2,

——
-

[peanonosum, YTO NpH YCAOBHAX

y:w>0 (k=0,1,2, .. ,i{,=0, ip=1, N, k=1),

2.15
E 2 lxim 2>0 ( )
p=0 £y, lgrenrs
BHIIOJHACTLH HepaBEHCTBO
n N n N
V.
hX Y Gty ixeP—Y Y wmx
Bl by, gurer, (=1 ESUiy, iyl =
X (Kr Xige—1y ~+ FrpyXie—ny) > 0. (2.16)

Jlemma 4.2. lpu swnoanenuu ycaosud (2.15) nepasercmao
(2.16) sKeusarenmAHo HeompuyamesvHol onpedeaernocmuy Oed-
cmaumensHotl Kealpamuueckot dopust

D) = E 2 _ Puntly —

k=0 t. .

—2 E Z % i Ei—n 2= 0, (2.17)

o= A Mo

20e Eig) = &, Eiwy ~ npoussosbrobie deticmseumenvrote HuCAd.
Hokasareabctso. [lycTs Bamoanseres (2.16) ana npous-
BOJIBHBIX KOMILIEKCHBIX YHCEJ Xy(p), 9TO YAOBJETBOPAIOT COOTHO-
wennsaM (2.15). B vactHoctu, HepaBeHcTRO (2.16) BHINO/HAETCH
H TOTJa, KOTJA Xy ==Ei4u. [logcrasus B nepasenctse (2.16)

BMECTO Xy MeHCTBHTENbHBIE uHCAa Eim (fg =0, i =1, I,N, k=
=1, n) u nepefiia K npeaeiiy B o0enx yacTsx HepaBeHCTBA fMpPH
Yuw = 0 (i,=0, i,=T1, N, k=1, n), noayum (2.17).
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Iycts Beinoanserca yeaosue (2.17) M OyeTh Xy = Hihy -+
Livyy ((,=0, i,=1,N, 8= 1,n). Toraga nesyw uacTp He-
paBencTBa (2.16) MoxHO 3anycarh B Bile

N

O (u) + () + )..u 2: Y | K I

iy e k=‘

OTKYZa B cMay yenoBrf (2.15) caeayer cnpasensmsocts (2.16).

Berpamanca nendas Apobb (2.1) HasbBaeTcA NOJCKHTENLHO
OrnpefecHHOf, ecaH AAd ECEX HaTYPaabHLIX 1 ¥ AeACTEHTEIbHEIX
G (R=0,1,2, ... ,i,=0,iy=1,N, k= 1) neorpuuareisio
onpefeneHbl KBaapartuueckre dopmn (2.17).

Teopema 4.4 [11]. Ecau BLUJ (2.1) noromumensro onpede-
aena, mozda ece B, (2)+#0 & obaccmax Imzge >0 (i, =0,
fp=0, i,=1, N, k=1, n).

HokasateancTro. B nemme 4.1 Sui0 yeranosneno, uto

B, (2) = det Cos. Onmpenemrens det Cos #= 0, ecau cuctema (2.12)
MMeeT TOMLKO HYJISBOE PellicHHe. PaBeHCTBO(2 13) siBagercs caen-
CTBUEM cHCTeMbl ypasueuuil (2.12). Ecuu MBI MokaxeM, 4To {2.13)
B YCJIOBHAX TEOPEMEL BRITOJIH SIETCA TOTAA 11 TOABKO TOT 13, KOT4a Bee
Xup =0 (7y=0, 7 =1, N, k=1, n}, Toraa, OueBHIHO, 4TO
cHeTeMa a.nreﬁpauqecmx ypasuerud (2.12) uMeer TOMBKO TPUBU-
anwHoe pemenne. Ecau peinogrserca (2.17), To B cHAy nemmu
4.2 semoanseTca (2.16) npu KamnoMm HatypageHOM 7. Cnejo-
BaTeJbHO, paBeHCTBO (2.13) MoKeT BHIIOIHATLCA TOF A4 It TOJABKO
TOr4a, Korga

N

"
) E ’xs'(k.) l2 =0, W

E=00y, £y, oo s (==l

Teopema 4.5[11]. BIL T (2.1) asademea noaoscumensto onpe-
OcaeHHO, eCAll SLINOAHAIOMER YCAOBUA

fl) Bf(k) O(k'_'OI 2 aio=0v ik_—:I:Nrk;]);
(2.18)

0) eyugecmasyrom maxue Gedemsumenvrois ucaa O < gy < 1
(k=1,2, ... .ip=1,N), uro

a‘?{k) = N B 1yPem (1 — gig—n) Liep (2.19)

ede i,=1,N, k=1,2, vl =0, g, =0, ays, Puy onpe-
OenAOMEC CO2AACHO ( 2. 14)
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HdokazatensncTBo. [lycTh BRINOAHAITCA YCAOBHA (2.18)
u (2.19). Toraa (2.17) sanuuiercs B BHAe

N
. 1 — gf(k—l) 1/2
Z 2 —x— Bie—n|  EBup—n *

k=l 1:1. i.,..-, ':k=1

N
+ (gupbun) Bl + X ](1 — gum) B,y > 0,

L P

rae «--» GepeM TOrAa, KOTAA iy < 0, H «—», KOT 12 Oy => 0. Wi

Sameqarue 4.1, Ycnorue (2.18) smBasercs Takxke H HeoOxo-
aumbiM zaas toro, yroOu BLLI (2.1) 6nina nosokuresHo onpe-
Jenennoil. JlefAcreurenvHo, ecaB B (2.17) nonoxuts Eym 3= 0,
a Bce ocranbHue Ejp = 0, To HepaBeHcrro (2.17) npeolpasyercsi
K BuAY PumE},, > 0, oTkyaa crexyer (2.18).

Ecau ke npu HekoTopoM HabGope HEAEKCOB Piy = 0, To paa
BpimosIHeHHs yeaoBua {2.17) neobxomnmo, uyToOH oy =0 H
uprry = 0 ((pey == 1, N), HeficrBuresbto, ecau B (2.17) nono-
HMHUTD Ergy 7= 0, & 5= 0, @ Bce ocraneHble Eiem = 0, TO Momy-
M Bre—Ep...;, — 2uwlinbue—y > 0. OTci0a B ciay npons-
BOJBHOCTH Ei(pmn), Eupy CNEAYET, YTO HeoOXORHMO oy = 0. Ana-

JIOFHYHO TIPOBEpSIeTCs, 4T Cigeqn = 0 (ipp1 =1, N).

Koneuno, moxuo ¢dopMyavposath HeoOXOIMMEIE U NOCTATOY-
Hble YCJI0BHSA MoJIoRuTeALHOH onpenenentoctd BLILIL (2.1), ucnoas-
sya Kputepult CH/BBeCTpa HeOTpHUATe/NbHOH oONpefeeHHOCTH
KBaAparTuuyeckyX ¢opM. OnHake 3T yC/aoBHA 6YAYyT OYeHb Tpo-
MO3LKH. .

3ameruM Takxe, uto B cinydae N = 1 yenosna (2.18), (2.19)
ABAAOTCH HEOOXOAUMBIMH H JOCTATOUHEIMH,

Teopema 4.6, Ecau npu HexomopoM rHAMYypAA6HOM I KGQ-
dpamuneckan popma (2.17) neompuyameavno onpedesera, mo
Kead pantuneckan gropuma

n N
@’ {§) = 2 2 - ﬁf(k)gf(k) -

b=01y, iy, ik

n N
—2Y ¥ aipbebie— (2.20)

=l by, Ly =]

ede |y | < | | (=1, n, iy=1, N) maxwe sersemcsa wne-
ompuyamenrsHo onpedeseHHol.
HNokasareasctBo. Durcupyem npoussonbHH Habop

REHCTBHTENBHLIX qHCen Eum (R =0,n, ig=0, ir=1, N, k=

1%



= I, n), B npocrpatctse [R * rae s onperendercs corsacuo (2.8),
PACCMOTPHM IHMCKPETHOE MHOMECTEO TOYEK

Qe {nn=0p MM oo My - oo > Wam <o s Myn ab
"
Niw = =+ iy
ITycts

min (@ (N): n€Q) =D (n*), n*e. (2.21)
Merozom OT mpOTHBHOTO MOKaXeM, YTO /1A NPOH3BOJBHOTO HA-

6opa MHAEKCOB iy, iy, ..., i, ({, =1, N, p=1,n)
az’(a)n??p)n?rp_l) > 0. {222)
[Tycrs npu HekoTopoM HaOope HHIEKCOB fy, fi, ... » Jo HMEEM

& Mo Mp—1) < 0.
OnpenesM BekTop N' € Q caexyoum obpasoM:

n}(p)ip+1...fr = n}ﬁ(p)ip..!_l...t’ (r = p "'" 1; n, i,- = lr N),

ity = Njip» BCE OCTANBHBIE Migy = —"Nip.
Jlerko noacuurars, 4TO TOrAa

D (') = (%) + 421 Vo Mip—1»

YTO NMPOTHBOPEYHT MHHHUMAaJbHOCTH dopMel O (1*).
PaceMoTpuM KBagparHuecKkyw dopmy

n D
(_].) = 2 .
® kgﬂ i, :‘,,g, Iy=1 PraoSicy
n N
=23 X e Gt (2.23)
P N Py

Herpyano nposepHTb, 4TO
min {@ (1) : 1€ Q} = min {D (n): € QY = D), 7€,
Ecsm, HanpuMep, NpH HexcTopoMm Halope HHIEKCOB &y << 0, TO
i Mo Mie—b = | o) | Mo (—No—1)-

Hanee, usmMeHAA 3HaKH B Nfp [0 ANTOPHTMY, [PENJIOKEHHOMY
Bbillle, @ MMEHHO! 3aMeHsf My Ha My, yOexpaeMcs B TOM, YTO
tdopma (2.23) npuuEMaeT TO Xe 3HayeHne. AHAJOrMYHYIO Npo-
LeAyPY LEnaeM C KamABIM oy << 0. BeeseM no anasorsd ¢ (2.23)
KBagpaTHueckyio dopmy @' (£), rne @' (§) onpezessercs cornacHo
(2.20). Ilycts

min (@ (1): 1€ Q) = min (P’ (), n€Q) =’ (i), e
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Tax kak
feuey [ NunTnmty > 0, [t | NipWe—n > 0

MNin = =+ &y Tew = ity
0
TetwMige—1) = TNewNie—1)
NPH BCEBO3MOXHHX Habopax HHAeKCOB. CIe10BATENLHO,

@' (&) > min (D (n):n€ Q) = D' (/) » O(¥) >
> min{D(n), nE Q).

Samenanue 4.2, Ycnoue (2.19) Teopembl 4.5 MoxKeM Tenepk
32MEHHTD YCJIOBHEM

afy < N W nyPron (1 — gie—1y) Lo, (2.24)

rie gy =0 O<gupe<l (B=1,2, ..., ix=1, N).
PaCCMOTpPIM HEKOTOPBIC NMPHMEPEI MOJCHHTENBHO CnpeieseH-

Heix BILA.
flpaumep 4.1. Paccmorpum BLLH,

(H—DZa%y (2.25)

¢ KOMIITEKCHBEIMH UacTHEIMM UYHCAHTeNsaMu. Mcmoaeays axBuBa-
JieHTHBIe npeoOpasopanus (4.2) rui, 1, mpuBeleM ee K BHAY

L+D Z ‘m)l (2.26)

k=l =t

2
TMyers aipw = cuw. Tak kak | 28] — Re(2%) = 2(Im 2)?, To ycno-
BHe (2.24) B HalleM ciyuae 3amHIUETCH TaK:

[aig | —Reaiy < 2N (1 — gie—1y) gumre

Ecnu nolokHTh guy = 1/2(k =1, 2,..., =1, N), T0 mpu-
xoauM K napalomuueckofi ofgacti: | 2| — Rez < (2N)7L,
I'Ippmep 4.2. Tlycrp wuwactunie wuucqmrenu BILJ (2.25)
SIBASAIOTCH AeHCTBHTENbHBIMH OTPHUATE/ILHBIMH HHCNAMH. Toraa,
ec noaokuTh B (2.26) ayy) = (iciw)®, TO ycaosme (2.19)
B HallleM CJyuae 3alumieTcs B BHAE Qg = — N71(1 — gygemny) X
X @ M NpHXOZHM K BETBAWLMMCA NEITHBIM EPOOAM, pace

CMAaTpHRaeMEIM B KoHIe rj. 3.
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Jlemma 4.3. [Tycmy
N

-]
a
t = L) (@) = iy + 21y — Z ﬁ:‘, (2.27)
ippr=1
r=012,...,i,=0,1i, =1, N,p> 1) — Hexomopas coeo-

KYnuocmy — MHO2OMepHbX  OpobHo-auneldrbix  omobpascenudl
u nycmb

¥, = Im ZO>0 Yy = Im Zywy = 0, ﬁg(k) = Im bf{k] 0,
04a ey = Im ayy) sbinoansemca yerosue (2.24), 20e 0 < gim <1,
KpoMe moeo,

Imwipty > Bup+0&ip+u (i =1, N, k=1, p+1}. (2.28)
Tozda
Imt > Bupygup + Yim- (2.29)

Nokasateasc Teo. [lycts Bee g >0 (p=1, 2,.

s i, =1, N) n nyere M =N"1(1— gi) Prp -+ N7 i
Torga, yuuTblBast yCJIOBHS JIEMMbl, HMeeM

-2
Im @iy = M 2540,

Iostomy
. @iy | 8o}
Wip-+1) + M oM
HI
Ciprn | 1 | 1
ST (2.30)
Sy, | 2M| T IM
Paccmorpum o6pas (2.30) npn orobpaskennu @ =z, uoayqum
2
a-
Im :};{L!"L < M.
tp+1)

[TosTomy

f(p+
Imtip) = Bigpr -+ Yimy — Z Im === T— > GioPun-
fp1=!

[Tepexons B nocnenHeM HePaBeHCTBE K Npefely NpH Yigm — 0,
MOJIYYHM

N
Biip 1)
Buny — 2 Im === 5 grmbia-
Up-t1)
bp1=1
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ClenoBaTeNnkLHO,

N
3
%o+
Im tipr = Puor + Yitor — Z Im 22 s gy + ZipBio- M
; | i1
o1

Jlerko nposeputh, uTo o6pasom noaymiockoctn Imw » y, +
+ 2,8, =0 npu oroSpaxenuu I_,(w)= w1 gprnerca KPyr

. i 1
K_l' w+ 2(y0+ﬁogo)l< 2 (Yo + Bogo} (2'31)

Oboznanum K, ofpas ofnacTy
Im Pipt1) > ﬁi(ﬂ“{‘l)giw-l—l) (k = l-a P + I, ik = ]-n N)
npu oTeOpakeHuH

I
Tj'J (w{p‘i'l)) = 7 3 ,

Oy
bo —I— Zo —_ N P
b 2y
oty + 2y — Z P

7=l ey + fg —

N
. z
. 2 2ttm
- N
as +l
1=l i+ 1)
P byt Z

) i1
zp-il-l:]

rae @@+ onpepensiercs cornacao (1.3) ra. 1.
[pn Bemoanenud ycnoBuit Jemmsl 4.3, yuurhiBas (2.29),
nmeeM

iyl

(2.32)

K-lf_:_’KneKl ?.Kzz_)"' (2-33)

Tak kak T,(o0)=f,(2), 10 f,(DEK,(p=0,1, 2,...).
Teopema 4.7. Ecau daa BT (2.1) swnoanstomes ycaoeus
(2.24), eoe

Buwy > 0, By + >0, i » 0(k=1,2, ..., L, =1, N},
(2.34)

Mo ee p-e ammpOKCHMaHTH f,(2) yAOBAETBOPAIOT COOTHOUICHHAM
Imf,(2) <0 |f,(2)| < (@ +Bogo)t (P=1, 2,...). (2.39)

Teopema 4.8. Ecau daa BLT (2.1) ssnoanaemcs ycaosue
(2.24), ede -

B >0(p=0, 1,2, ..., i,=0,i,=1, N, p>1),(2.36)
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mo-p-e snamenamens B, (2} (p=1, 2,...) BUT (2.1) omausnet
om Hyaz ¢ obaachiu :

Imz;(k,>0 (k=0, 1, 2, ..., ig= 0, L=1L N Fk>1).(237

lokasarenbcrBo. [lokakeM, 4TO OPH BHIIOJHEHUH Y¢-
soBuil (2.36), a Takke B NPelNOJIOMEHHH, 4TO

n N

yox pE0(n=1,2..) (2.38)
E=01,, ty,1cer {p=1
kBagpatHyeckue dopmul (2.17) O (E) > 0. [lycrs
(@iw)? = Pur—nBier) (1 — Zie—y) ey
(k=1,2, ... ,i,=014,=1 N).
PaccmoTpuM KBagpaTHuecKyio (opmy (2.17), rae Bmecro kaxjaoro
iy B3ATO Ojy, B 3aNMIIEM ee B BHIE

N
D' (8) = g But2 + ), [ (l—_Nﬂ l3o)u2 Eo = (geBeey)'72 Esm] +

iy==l

N
+ E [ (l _“Ngfm ﬁf(ll)% Eupy + (guobPia)t’e Eiey ]2 e

1y, fy==l

Y
I —gitn—yy 12
+ Z [(+ Buay]  Ein—n &

by fgeenes Iy=1

+ (gimBeon e Bem]® + .

N

)y o (I —gun) ﬁi(n)gzm-

pigreass by

Orciona, yanteBas (2.36) w (2.38), umeem @' (E) > 0, Tak xak,

ecaH &y —NepBas OTJIHYHAA OT HYJs KOMIIOHEHTa BEKTOpa

E=1(% &1 .- s ENN..N)ERS, Tle S ONpepessieTcs COMMIACHO
n

(2.8), To Boipaxenue

P — gip—1) 1/2 1 o0
‘—N““"ﬂi(k—-l; Bzt + (Brn@iw )2 Bum | >0,
[NoBTOpsas koneu pokasarenbcTBa Teopembl 4.6, HMeeM

@) > min((IJ(E):n691=min((f)'(n):n69)=
=0(®{) > D' (H) >0,

rae Q, 7, @, T) onpeneseHsl npu AoxasarTeabcTBE TEOpeMEl 4.6.
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Ocraerca 10KasaTh, UTO B Npeanonoxenuax (2.37) cnpapen-
JnBo HepaeeHeTBO (2.16). Ecan

Np=tipFitp k=012, ... ,i,=0, i,=1, N, ka1,
TO JeBas uacth (2.16) samutletcs B er,e
(u)‘!‘(D () + 2‘ ; 2 yt(k)’x,(k),

S10 Beipakenue Gosblue HYJIA, TAK Kak (D(u) >0 nm O{(v)>0
1 BCE CJIATAEMBIE HEOTPHLATEALHEL.
[lo ananorud ¢ UENHBIMH JJ.[)OﬁﬂMH (cm. (32)) B suma

af(k) )
(bo+ twt D Z ) (2.39)
rae t=0Cnt, ... »Ey)EQY, %, — He3aBHCHMas KOMIJIEKCHAfl
nepemennas mad Qymgumusa o7 § ({o= f({n & - .., {y)), HasO-

BeM MuoromepHoll j-ApoCeio. Ecau cyulecTByer Takaa AeHCTBH-
TesqbHas MONOKHTEABHAR KoucTanTa M >0, uro

M
NG (2.40)
(k=1,2, ... ,i,=1,N, p=0,1,2,...,i,=0, i,=1, N,
p = 1), To Apobs (2.39) masobeM orpaHuyeHHON, a MHHUMAMAb-
noe umeao M, npu kotopom cnpasennnBo (2.40), ompepennm
KaK T'PaHHIY MHOTOMEDHOI orpaHudenHoi J-apolu.

Teopema 4.9. BLJ (2.839) oeparuuena moezda u mosbKo
moeda, xoeda cywecmayem Geﬁcmeumenbnoe yucao H>=0, 4mo

n N

Y ¥ bumvien — 2 2 _, (egyVs ety +

[ By | <—_, oun | <
14-2 VN

=04y, bo,ion, Lyt s I Moo

[ N n N Y

+ug—ntiw) <« H(Y X lud,l E Y ]U,(k, )
k=01{,,..., 1'k=I k=01...., Ik

(2.41)

0428 RPOU3BOABHBIX KOMIAEKCHBIX HUCEA Uigy, Vi) U MPOU3BOAL-
HO20 HAMYpPAABHOLO R.

HdoxasareabcTtBo. Heo6xoaumocTh. K nepoft yact
(2.41) npumMennM HepaBeHcTBO ByHskoBckoro—IIIpapua. C yuerom
(2.40) mosyumM

!+2]/'N(Z Z |“t(k),)/2(2 L ],m,f) +

ke=06y .00 "k=l =0y ipg=l
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n N

SN ) E N e

E=11y,.. "k.=“1 R=0dyaen., g=1
n—1 N 1 r% N 1y
i 2 2 2 2
+ (kgo i,,..;x‘k-——] u“k) ') (k=l 2 =] ’ U“k’ ') ] )

Mu npuxoamM x (2.41), rne H < 3M (1 + 2V V)L,
JdocTaToOuyHOCTE. Hycrb BHINOJNIHAETCH  HEepaBeHCTRO
(2.41). Ecmu azech MOROKHUTL Ujyp = Upp = 0 npn Bcex Bos-
MOXHBIX HaGopax MHIEKCOB, 34 HCKIIOYEHHEM fy, {,, ... , Iy, TO
nonyIHM | byey | < H. TIonomuB ujp = 0, 32 UCKIIOYSHHEM U g,
H Uyp = 0, 32 HCKIIOUEHHEM Ujge), NONYUHM |ain{ < . Ilo-
sToMy cnpasenmuso (2.40), rze M =(1 -2V N)H. &
Munumansuoe uucao H, mpu KOTOpOM cnpaseaneo (2.41),
Ha30BEM HOPMOH orpammeﬂﬁoﬁ MEOromepuoi J-apotu (2.39).
Hopuma He ofszareqsHO cobnajaer ¢ rpanuned. Pacemorpam BLLA

{2.39), v koropofl Bce ayy =—;— buw = 0. Toraa noayuum, uro
He1, M= 't2VF
’ 2 *

Teopema 4.10[11]. Mnuoeomepran ozpanuuennan J-dpobo
(2.39) ¢ epanuyed M pasnomepno cxoumces ¢ odracmu |G| »
> M (i=0, ¥).

HorazateabcTso, Henombays skeusanenThrle mpeoGpa-
soBanusf, apolb (2.39) npuseaeM K Buny

i+ b5 2"

3
rae dy(2) == (b, + 2,)7Y, digy (2) = — i) k
R dy(2) o 1207 dun Byp—ry + 2, ) (bi(ka'*‘zik)( =
=1,2, ... =1, N,i,=0).
B cuay yconoBuit TeopeMe
M 2V N

|bigry + 21| }IW_I—F?VN: TR

CaenoBatenbHo,
2V N ML+ 2V NR 1
|do(2) | < MI+_2]/_W' | diry (2)] < L =15
1

YTeepxueHue TeopeMbl ClefyeT H3 Teopemsl 4.3, rae = 75 - |
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Myers B = (8 & o BN oovy Baeys ooy B )ERS
8) n "

§ onpenenfeTcsd coraacHo
N

(2
lB=( % g

k=01,, f,...., [k

Iyets 0 « @ << 2n. Onpeneanm
h

N
_YO (@) = inf { 2 E I Im (b;‘(k)eie) §fm —_

Hell=L1, nal k=04y; iy,0.u, iy=
n N
—2 ¥ hX Im (arwe'®) Erplue—n] - (2.42)

k=14, fa,00a4 J'ks:]

Teopema 4.11. Muozomepras ozpanusennasn J-dpobe (2.89)
PagHOMEPHO CXOOUMCR HA NPOUSBOALHOM SAMKNYMOM 02paHu”
yenrom muoocecmse usz [(Nt1, paccmonnue Komopozo do ewi-

nyKA020 MHONECTEA
Ko=1212=1(24 21, ... » 20)ECY, 2u=x.+ iy,
X, 8in0 +y,c080 < YV (8), 0B <2, k=0, N}
(2.43)

RORCHCUMEADHO, .
HokazareabcTBo. IlycTh a==¢® Paccmotpum BLLI

N 2 -1
20 - (f] ¢ a[(k))
al aby+ 4o+ D iz_l B Fh | o (249
o=

sksusazentnyio BLLI (2.39), rae A; == af; (i =0, N). Hopmu
y BILJ (2.39) u (2.44) omunaxoBH. [TosoxuM

oy (8) = Tm (aaiy), Bim (0) = Im{abyy).

Torpa us Ttoro, wro BILJ (2.39) smasercs MHOroMepHoit orpa-

HHueHHOH J-1po0bio, CAeLYET, UTO CYIECTBYET KOHCTaHTa Y(O),

VI KQTOPOit
n

N
L (Bao(8)+ Y (0) B —

k=015 0y, .03 ik=
n N
—2) PX %z (B} Biey Bie—n > 0,
E=1lgs gy ans ¢ p=1
rae n=1, 2, ..., By — NPOH3BOJbHLIE AEHCTBHTENLHLIE UH-

caa. Coortnomenne (2.45) cnenyer us uepasencrsa (2.41), sa-
nucangoro s BILIO (2.44), rae wiy = vyp = B (R=0, 1,
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2, .y ly=0, =1, N, k> 1) u Toro, uro |2|» —Imaz.
Ecnu BMecto Y (8) B3snte — f, to BMecro (2.45) crexyer
B3ATH NPOTHBONOJIOMHHOE HepaBeHCTRO. [loatoMy |Y (8) < H,
0 < © << 2m, rae H — nopma mHOroMepuolt J-apobu {2.39). Co-
oTHoWwenne (2.45) Oynmer BHIIOAHATHECS, €CAH BMecTo Y (B)
B3ATL Y, (0), rae Y,(8) onpepensercs corsacuo (2.42). Oue-
sipHo, [ Y, (0) < H.
CrenaeM 3aMeHy nepeMeHHBIX

he=iY (@) + m (=0, N). (2.46)

Iz (2.45) cmenyer, uro BLJL (2.44) aBnsercs INOJOXKHTEIbHO
ormpeiesneHHoH BeTBAllelicA nenHoR ApoOblo OTHOCHTENLHO nepe-
MeHHREIX M,. Va teopemul 4.7 caenyer, uro, ecau § >0 u Imn,»
> 8 (=0, N) (Bnoane nocrarouno, urodur Imn, = 6, Imn; >
>0 (i=1, N}), o z1a m-x annpoxcuMant BLLI (2.44), co-
BOajaromiux ¢ m-Mu annpokcuvantamy BILIA (2.39), copasensmpo
CODTHOILIEHHE

FESUVE S (2.47)

Yenosue Im 1, » 8§ (B = 0, N) sxBuBatenTHo yeaosuio Imi, »
> YO+ & wm xsin® - g,c080 = YV (O)+ 8, ecma L=
= X5+ (e, 0 < @< 2.

OnpegenuM MHOMKECTBO

K={z=1(2, 2y, ..., 280YECYT" zp= x, ¥+ iy
Xp8in®@ 4 y,c0580 < Y (0), 002, k=0, N} (2.48)

Jlerko nposeputs, uro K — BBRIOYKJIOe MHOMecTBO. Hyan Beex
sHameHatenef B, ({) BLLA (2.39) npuHamnemar MHOKECTBY K.
[Mopxoxsmuue BLLA (2.39) paBHOMeDHO OTpaHHYEHH HAa NPOH3-
BOJILHOM 3aMKHYTOM OCpaHHUEHHOM MHOXECTBe, PacCTOSHHE KO-
Toporo Ao K nonomurtenvho. Ecm B (2.48) BMecTo Y (9)
B3ATh Y4 (8), To moayuwm wmHOMkectso K, CornacHo Teopeme
4.10 BLLI (2.39) cxormres B cbmactn |L;|» M (i =0, N).
B cuny (2.47) fm () (m=1, 2, ...) aBAstorca ronoMopdubivMH
$YHKIHAMH HA [OPOH3BOJBHOM 3aMKHYTOM OTDAHHYEHHOM MHO-
#ECTBe, PACCTOAHHE KoToporo .o K, MOJOKHTEILHO. YTeep-
xiaende Tecpembl 4.11 cneaver us Teopemu 2.17. W

Caedcmeue 4.1, MuoromepHan orpannueH#as J-a1pobs ¢ Hop-
Moft H paBHOMEpPHO CXOLMTCHS Ha TPOH3BOJBHOM KOMOakTe 00-
aactn |t >N (i =0, N).

Sameqarue 4.8, Tlyets snementhl by, biy, @y (k=1,

2, ..., iy=1, N) crpanuvuerHofi MHOTOMepHC# J-npobH (2.39)
ABJSKTCA JNEeHCTBHTENBHLIMM uMcsiaMH. Tax Kak B 8TOM cayydae
Bi(k) (9} == bi(k) sm @, Oy = Qi SN @, TO Yﬂ (0) = Yn (:IT) = 0.
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YunteiBas orpanuuenve (2.43), nmeeM y, <0 (2 =0, ), ecny
0=0, u >0 (k=0,N), eciu B =n. Caezosarensuo,

Yy, =0 (k =0, N) u K, — BoinykJioe MHOXECTBO Togek 1€ [[V+!,
AJsi KOTOPHIX

Immy=0, |Ren:| < H (i=0, N). (2.49)
Muoromepnas J-apoOe (2.39) HasbiBaeTcs jeficTBHTENBHOH,
ecny KosbhHLHeHTE by, biw, Qun (R=1, 2, ..., L= LN)

apadoTeA ACHCTBETENbHEIME uucaaMn, [leficTBHTe bHAsA, MHOTO-
MepHasa J-Apo0b BCeTrAa NOJNOKUTeAbHO onpejencHa, Buecte ¢ BIIJ
(2.39) paccMOTpHM IKBHBAMEHTHYIO eit BETBALLYIOCA UenHY0 Apo6b
N -1
o __a?
—|—b—t+ D ¥ 1 (2.50)

- By — L
fem] fpm| 113] N

KOTODA#R ABAACTCH TOXKE (ONOKETeNbHO onpelenexHodt. [Tostomy
B CHAY Teopembl 4.4 f-e 3HaMeHaTeNd nOAXoAUEX ApoGeH
BL (2.39) Ba{t)# 0 B_ofmactn Img; >0 (i =0, N) wan
g obmactn ImE <0 (i =0, N).

W3 zameusnus 4.3 B Teopemst 4.11 caegyer Takas Teopema.

Teopema 4.12, [elicmsutitenbtan 02paruaeHian MHOEOMED-
nang J-0pobe (2.89) ¢ nopmoti H pasromepro cxodumes & xasi-
doil oepanuuenrol samxrymod obaacmu uz {V+, paccmondue
xomopoii 9o obaacmu (2.49) nososcumensro.

Hccneayem CXOARMOCTbL AeACTBHTENBHOH MHOTOMEPHOH J-
npoby

N -1
% —a?
D Y =@, (2.51)
Rl et

G +

Teopema 4.13. Heilcmautnesbhas 02panuyenHas MHo2omep-
Has J-0pobo (2.51) umeem nopmy H < 1, ecau

afm < N1 — gie—0) Gier» (2.52)

20e Oég;(k)-.gl (k=0, 1, 2,..., fomo, ik=1,N,k>1)p

gim =g =0.
NokasaTeabcTB o, Foan BemoansmoTes yeiosus (2.52),
TO, YUHTBHIBasi 3amevanne 4.2, npeem

N

N n
pX :E?"" —2) ) | | @ity | Bity Ste—y > O

k=01{yi bgi var s ik E=liyalgt vuns 8=
(2.53)

n
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ag TIPOM3BOJIBHOTO HatypaidbHoro n =1, 2, ... H NpoH3BOML-
HBEIX JACHCTBHTENBHBIX WHCEN Eyy. OTciONa clefyer, 4To

N N

n
2
2 X | @i | Zisy Boe—nr | < 2 Y G
=1 igf Loy can i ipg= 1 i“ P lk—l
Iosromy
N

1 & 2
2[2 2 | 2ty 1 Boen Bremn | < 23 Y |t

k=1 Iyy fys . fip== k=0 iyg I oun s !k=]
(2.54)
AJs NPOH3BOJBLHHIX KOMIUIEKCHBIX uHcen Eyy. [loacraensa B

(2.54) By = uyw -+ fvyy ¥ npeanonaras, uro Jul =1, ||| =
= 1, noAyuuM

7 N
) Xl w Vig—n + i Vi) | < 1
k==l ya fgp vy lk=1
(2.55)
HJH
n N
|E 2 . @t |(Bigo Dige—n) + Sigeeny Ui(k))] <
G=1 84y gy oo s =l
& o e
= (E L u((k)) / (Z 2 U?(k))m,
E=04yy - dy=l B0y, o fp=1

TEE Uigy Uiy — DPOH3BOABHEIE JAefiCTBHTeNABHMBIE umcaa. B yact-
HOCTH, MOXKHO B3fATb BCe iy >0, U;y >0 (=0, 1, ...,
lh=0, i,=1,N, k> 1)

Takum o6pazoM,
n N

Y aww e vie—n | 1ty 1 vun 1) < [ a2l
k==l dye vee s ik=l

otkyfia caenyver (2.41), rze bip =0, tip, vy (k=0 1,

2, ..., 0,=0, i,=1, N, & » 1)-—nponsBoJbHLIe KOMILJEKC-
Hole yncsa H H=1, ®

Teopema 4.14. B[ (2.51), ede ayp (R=0, 1,2, ...,
ih=0, i,=1, N, k» 1)— Qelicmeumenrvrste uucaa, yodosie-
maopaoujue Hepaserncmeam (2.52), LECY Y, pasnomepro cxo-

Qumea Ha kamlom Komnakme, paccrmiosniie Komopozo do of-
AacHi

Img =0, [Rets] < 1 (i =0, N) (2.56)
NOAOIHCUNMERBHO,

146



§ 3. Muoromepuse g-npoGn
Pacemorpum BLLJL Buaa

gl —g )2
B - D 2 (8 lt(k-sl) (T (3.1y
k- lk=1
WIH BHjAa
1 —ginty) 2 ™1
(l + DZ i If(k 1) ma)) , (3.2)
k—li

['Il% boeﬁ.:» i (kzol L2 ..., iﬂ=0r =1L N k> 1)—
JeHCTBHTENLHBIE KOHCTAHTEI, TaKHe, 4TO

O‘Qgi(k)'gl(k=0, 1, 2, o.-,'io=0, ik=l,N,k}1),
(3.3)
Ziy R=1,2, ..., ip=1, N} —poofime roBopsa, He3aBHCHMEIE

KOMOJeKCHbIE MePeMEHHbIe, B YaCTHOCTH (YHKUHM MHOTHX Ie-
PEMEHHHIX.

[yets 2= (21, 25, ..., 2v) EC¥, poGu Buaa (3.1) wm
(3.2), ¥ KOTODBIX BMECTO KaMHOTO Zyy MOJOMKEHO 2, COOTBET-
CTBEHHO, N0 &HAJOIHH C OAHOMEPHBHIM cayuaeM (oM. (34)) Oy-
IeM Ha3hIBaTh MHOT'OMEPHHIMH g-IpOOAMH.

Ha reopemn 3.15 caeayer Teopema.

Teopema 4.15. [Tycme Oas BL O (8.1) ewinoanawomes ye-
A08uA

£=0,0cgw<l k=12 ...,5=1N (39
i
2=00<gw<1 (=T N, k=12 ..) (3.5
Tozda BL IO (3.1) abcoaomuo u pasHomepro cxodunica,
ecau
|2l < N7 (i, =1, N, k=1,2, ...} (3.6)

M3 rteopemst 3.20 crmepyer teopema,

Teopema 4.16. [Tycme dasa BL O (3.2) emnoansromes yc-
aosus (8.4) u (3.6).

Toeda semeawaaca yennan Opobs (8.2) cxodumca, ecan
CYUeCMEyem MaKoe Hamypaibhoe wucs0 n 4 Habop uHOEKCC:
iy iy «vn v in (=1 N, k=1,n), wmo gun=0 uwiu
Zim = —N7L

Hs Teopemur 3.18 caepyer Teopema.
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Teopema 4.17. BI[JI (3.2) abcoamuo . pasHOMEPHO CXO-
dumca, ecau swinoanstomes ycaosus (3.6) u

0<gs<l, O gip<<! mnn 0<< guy < 1
(k=1,2 ..., ix=1, N). 3.7)

OpHako aaa ykasawHoro tuma BIJL MOXHO YCTaHOBHTE
u Bonee ofimme yTBEpHIeHHA,

Teopema 4.18. BLUA (3.1}, 043 Komopod ebinoAnaomes
yeaosua (3.4) uau (3.5), abcoaomuo cxodumces, ecau 948 npo-

iagoabno20 Habopa umOexcos iy, iy ..., i (ip=1, N,
p=1, k—1)

N
Izi[zg(ﬂisl (t=1,12 3 ..) (3.8)
=
BILI (3.1) cxodumen abcoromno i pasHOMEpHO, ecat, Kpome
moeo,
=z l—mk
I_l mk - Ol (3‘9)
=l
20e
my = min(gip:ip=1, N, p=1, &). (3.10)

NokasarenbcTeo. Mcnoapsys cxeMy, nNpesioMeHHYIO
npn joKasarensctse Teopemsr 3.15, sierro nposeputs, uro BLLUT

N
st - 1 — grn) 2im |
6l 4+ D Y T C Bra) iy @.11)

= ikal

apaserca maxopauroit BLLIL (3.1). B gacTHOCTH, €l BBECTH
0603 HAYEHHA

N
A0 (s ~Ziprn O — Zuo) 2oy
Qo =1, Q=1+ 2 R et

Cip+1
s=1,2 ..., p=s5—1s5—2, ... 1, i,=1,N), (3.12

TO MO AHAJOTHH MOXHO YCTAHOBHTh HepaseHcTBa (3.31) — (3.33)
ra. 3 n yGemuthcs B CrPaBENHBOCTH OUEHKH (3.34) ra. 3,

rae f». gp—k-e noaxogsmue apo6u BILI (3.1) u (3.11) coor-
BETCTBEHHO.
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Hna n>>m cnpapeanusa gopMyaa
m-41
FI 8igy (1 — s 1) t2en!
- - k=1
grs""gm=—' m+1“() Tt N .
{m
biadgi con s (m_i_lﬁl &l:ll Qi?k) kl:! Qi(k;

N

(3.13)

Tak Kak g, — MOHOTOHHO YOLIBalOmas H OTpAaHMNEHHAR CHM3Y
noc/e 10BATeNBHOCT, TO OTCIOAa cleayer abCOATHAA CXOaH-
mocth BILJ[ (3.1). Ecim B (3.13) npumenuts oneuku (3.8) u
(3.32) wm (3.33) ™. 3 M yuecThb, uTo
! gl'(k)é]_mk,
Eim "y,

TO HOJYYHM

- - i l—m
gm—gn<n ——t, (3.14)
=l Ok

Fie i, onpeaensAnoTcA cornacHo (3.10). B

Teopema 4.19. BLJ (3.2) abcoawomno cxodumesn, ecau 6bl-
noauswomen ycacsun (3.7) u (3.8). BILA (3.2) cxodumes ab-
CORIONIHO U POBHOMEPHO, €CAU, KPOME HO20, 6bLAOAHAEMCA
ycaoeue (3.9).

Hoxasatenbctro. Mexoas us oumenok (3.32) — (3.34)
rn. 3, cnpaeepausbx gaa BIL (3.1), rae npukstn 0f603Have-
Hua (3.12), yGexnaemcs B ToM, uro ofnacTeio 3Hauenundt BILJT
(3.1) sBnserca kpyr |z—b,| < 1—g,. ITostomy npuvennma
METOAMKa [OKa3aTeNbcTBAa TeopeMul 3.18, oTKYZa caepyeT nep-
Bas 4acTh Teopembl. BTopas wacte TeopeMul CNeiyeT H3 OLEBKH
Tuna (3.14). iy

PaccMoTpRM BOTPOC O BO3MOMHOCTA pactiupenua o0JgacTH
cxonumocti BL (3.2) nyTem ucnoapsoBanma TeopeMbl 4.14.

Teopema 4.20. BUJ

N
(1 +D M} 3.15)

b=t !

i =1

20e iy — Oellcmeumendnbie qucaa, yoosremeopaiouie yeaoel-
am (2.52) pasnomepro cxodumca 8 KaxucOod ozparusenHol
samsuymod obaaemu us GNF!, paccmosnue xKomopod do 06-
Aacmi

Imz;=0, |Rez|=>1 (i=0,N) {3.16)
NOACHUNTEALHO.
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Ecmu & Teopeme 4.19 nonomum gum = 1/2 (=1, 2, ...,

i, =1, N}, to noayuum oColuwenne teopemul 3.14.
Caedemeue 4.2, BUJ (3.8) ra. 3, rae ¢y — KOMIIEKCHBI®
YHCA, CXOJONTCH, echH

MVicwl< g (k=12 ..., (=T N, p=T, F=0D.

ik=l

(3.17)
§ 4. Muoromepume peryaapusie C-apobm,
MuoromepHEIe S-gpotn
Berpsuntiecs nenssie apolu Biuga
Y a b4
1+ D ¥ Bk (4.1)
=l 1
I
HIH BHAS
ad a z, \—1
= it By
(1+D2 : ‘) : (4.9)
=1
. I;‘csl
rae g =0(k=1, 2, ..., i, =1, N) — kouIeKcHbe YHCTa,
2=1(2y, 25, ..., zN)E(DN HA3KIBAIOTCA MHOTOMEDHBIME pETY-
NSIPHBIMH C-npobamu. Ecnu me a; >0 (=1, 2, ..., ;=

=1, N), 2z€C¥, 7o gpoSn puna (4.1) win (4.2) Syzem Hasbl-
BATL MHOTOMEPHEIME S-apo0aMH,
[Tyers L — dopmansusit N-gpaTublii crenenHoll pajy
N

L=1+ HE_I Lo Lo= 2 lc;(n; 25, Zi, .. 2y

[ll fg' N

(4.3)

BILA (4.1) mau (4.2) nazwlBaercsa COOTBETCTBYIOULEH CTeneHHO-
My pagy (4.3), ecan

N
'\ % * A1 *
f,-e‘—L = L Lm Ln = L ] CoimZiyZi, oo an

n=k-1 i,, fgr a Ep==t

(=1, o) (4.4)

T. €. KaKJAas #-A ANNpOKCHMAHTA BLLEL (4.1) mau (4.2) f,

thopmasbHO pasnaraercs B crenennol psag Buaa (4.3), coenana-

oAl ¢ pagoM {4.3) mo Qopmam A0 CTeneHH R BKMOYHTENbHO.
Haa onmpegenenHocta paceMotpuM BLLI (4.1).
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Teopema 4.21. Jaa mnuozomeprod pezyraproii C-dpobu
(4.1) cyusecmsyem  eduncmesennvti popmaronnti N-xpamupil
cmenennod pad (4.3), 0aa komopozo sma dpobs 6ydem coom-
BCHCMBYowel.

Hoxkasarteascrso. Jas BIJL (4.1) onpepenum, crne-
aya (3.1) ra. 1, puipamenus Qi) (k=1, n, jp=1, N, n=
=1,2 ...) JHpobul /Q}?,:) topmanbHo pasnarawoTcs B N-
KpaTHBle cTeneHHble paabl BHAa (4.3). Ilycts paam

. N
LP =14 ¥ LP LW Y Bz, ..z, (4.5)
n=l |

s dganen, fn=

ABAAOTCH  (DOPMANLHBIMH - DA3AOMKEeH MM  R-X  annpoOKCHMAHT
B (4.1). Yuntwipan (3.3) ra. 1, maa r>m uMeem

N ml

D" [Tz,
— E i=t
fr —fm - o m-+1 :

T
. {m) (r)
[P SR ;!;ll Qi Dl Quger

CiejoBaTeqbHO, IAS1 TPOF33QJIBHOIO £ > M 11a KodpbuiHeH-
T0B (4.5) crparesauskl COOTHOIUEHUA

oy =clmy=cun (l,=10 N, p=1,n n=1, m).
ITosromy pag (4.3) ABAseTCA COOTEETCTBYIOWIHM Z2poGH (4.%).
ENHHCTBEHHOCTb CJE/AYeT H3 TOFO, 4YTO KOIPBHIMEHTH ) (o
pasnomenun k-f annpokcumanrs f, BLL (4.1) B dopMannnsli
N -kparuptfl creneHHOH psp (4.5) onpelensmwored oaHosHauyHo. M

Teopema 4,22, [Iycme (4.1) — pezyarphas MHO20MepHAR
C-0pofis, maxas, 4mo
limp, =0, (4.6)

f—oa

20¢
Be=max(|amlii, =T, N, p=1%). 4.7)
Tozda

@) 0a1 npousseabhoze noaocumensiozo wucra M cyuge-
cmayem Homep n, saeuctmutdt om M, wmo BLJ

o X gz
1+ DV _”E_k_) 8
( +k="t“1 1 (4 )
e

cxadumen pasROMepHO K 20A0MOPPHOL QyuKyuU 8 noAukKpyze
|z, l<<M (i =1, N);
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6) BUI (4.1) cxodumen k yuxyuu f(2), sesvowedcs
MepoMOPHOL UAL MONCTechbenno pasroll BecKOHEYHOCMIL.

HdokaszarensctBo. [Haa sagamHoro M cymecTtpyer
HOMep n, 4TO A4A BCeX K > 1

|| < AMN) (i, =T, N, p=T1,%, k> n).

[lyurr a) caenver H3 teopemm 4.3. Jasa AoKasateancTsa
oyHKTa 0) LOCTATOYHO 3aMeTHTs, 4Tte M -—nmpoussoashoe o
dbyHKuHH, ompejieNleHHLe B PA3JHYHBIX HOJHKPYTax, ARJIKIOTCA
AHAJHTHYECKHUM NPOJOIKEHHEM APYT /pyTa. @

Teopema 4.23. [lycmv (4.1) — pecyarnapran MHozoMepHAA
C-3pobb, maxas, umo KOMAAEKCHME WUCAQ Op =0 (m =1, N)
AGAIOMER  COOMBEMCMECHNO EOUHCIMBEHHOIMI — NPedenbrbiMi

moKka M nocaedosameavrocmel {Qrmm) k=1,2, ..., i,=
=1, N), m. e.
lim ¢ gy m = o, (= L), (4.9)
U nycmo
Poy = Pay, X Pay X +++ X Pay — (4.10)

Gexapmosoe npouseedernue obaacmel

Py = {wea: +|w]—Re (wexp (arg o, — 29) ) << ‘é%]

(4.11)

ede (m= 1, N), v— npoussorsroe OJedcmaumensnoe 4ucao,
makoe, 4mo |y|<<n/2.

Toeda

a) ecau K — npouseoabnsild komnaxm Pqy, mo cywecmayem
obaacme Qxc ¥, makas, wno

KcQxc Py, (4.12)

u rnomep n, sasucauusd om K, wmo BIZ (4.8) pasnomepno
Cxo0umes HGQ NPOUSBOALHOM KoMrarkme Qg K& dyukyuu,
eoaomopdinotl 8 Qx;

6) BUA (4.1) cxolumea & gyuxyun [(2), mepomop prod
¢ Py, uan pasnod GecKonednocmu.

JioxaaaTe.nbc'rBo. Econ MHOMecTBO K HECBA3HO, TO
BNOXKHM ero B cBasuulft komnakr K'. Onpegeaum K' kak mHo-
JKECTBO TOUEK OTPe3KOoB, COSRHHAIOIMHX Touxkd K ¢ HavanoM
KOOPIHHAT.

O6osHaunM U, (2) OTEpHITHE NOJHKPYr
U, = {weg¥:lw—2|<r, i=1,N}
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Iokpoem K’ noaukpyramu U,(2), rae r, Bo3bMeM HacTONBKO

MafeiMK, 4ToOb Bee Uy, (2) < Poy. BuliesMM KoHeuHoe mnof-

TIOKPHITHE
U, (), U, (2®), ..., U, (z®),
raie B¢ K’ (s= I, o). Q_ﬁosﬂaqHM 3aMHIKEHHE MHOMKECTB
Uy (29) (s=1, p) uepes U®,
Hyers

Pit = it (| W,y — 2, |1 0 € 0Py, |2,,— 200 | < 2r,0),
rae P, onpeneaserca cornacio (4.11) ra. 3, m==1, N, s=

=1, p. BoasMeM HOMep n HACTOMBKO OOJBUIEM, YTOGHI AAf
BceX % > n— | BLHINOJIHANHMCE HEPABCHCTBA

[af(k)m_am|<p!£:) (2rm+ |2}:) )‘1 (m= 1! N)'
TOf}la IIpH TeX Ke 3HaYCHHAX HHACKCOB

()
laf(k)mzm'_amzml<pm ) ZEU(S’.

CrenosarensHo, {J® sBIfeTca MOAHKPYTOBOH OKPECTHOCTHIO
cxoauvocTu BIL/L (4.8). Dnemental a; 412,y BILT (4.8) ppu-
Haanexar napabonnueckoit ofmacru (4.11) ra. 3. Tak xax
oGnacre sHaueHHA (4.8) B 9TOM cJayuae COJEDPXMTCA B Kpyre
(23.1876) ra. 3, TO yTRepXJeHHA &), 6) CACAYKT H3 TeOpeMbl

Teoema 4,24, ITycme (4.2) — muoeomepras S-0pobe, max
umo

Q>0 (.l'k"—=-1,_N, k=1,2, ... (4.13)

u G— nexomopan obaacme uz V¥, codepmawas Oelicmeu-
meabryio N-MepHyto oKpecmuocib

A={zeC"V:Imz, =0, m<Rez, « M,i=1,N},
(4.14)

2fe m, M — Qedcmeumenbuse nOROICLINERHBIE HUCAA,

Ecau e obaoemu G sce nodxolawue Opobu (4.2) pasro-
MEPHO 0ZPaAHLMEHbE, MO

Q) uemHbie U Hedemubie QIINPOKCUMAHMBL CXOORMCA pPABHO-
MEPHO HO Kaxdom komnaxkme obsacmu G K& eoromopdiod
hydaxcyuu & G:

6) S-0pobe (4.2) cxolumcs pasHoMepHo HA KaxcOoM
rwomnaxme G k eoromopproti gynryun 8 G, ecau pacxodumen
pacd

v min(al ti,=T,N, p=1, k). (4.15)
#=1 LB
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JdorkasaTeabcTBO cJaeiyeT u3 Tteopemul 2.17. Ecan
z€A, 1o BILI (4.2) cxonurcs corsacHo teopeme 3.12. M
Teopema 4.25. B

(1+ b ’_‘*”‘_‘ﬁﬂe;l)_l, (4.16)
=1, 1
eae Zf"=20=‘—1,af(k)>0 ”~ .I_’—A?n k=1123 "')! z=(zl'
2y, s IRYECN, pasnomepro cx0BUMCA HA KAKCIOM Komnagme
obaacmu
Rez; >0 (i=1,N), (4.17)

ecau pacxodumcen pad (4.15).
HoxaszateabcTro. Hcnonsays skpuBanentHele npeclpa-
zopanug, BILJL (4.16) npueenem kK BHAY
N
- _ -1
~ift+ D ¥ T (4.18)
L=

rae & =i, b, =iz). Ilpab (4.18) ABIAETCR NOJORHATENBHO

onpeneneHHoli wHoroMepHofi Jf-gpofbio. Ycnosne (2.35) Teo-
peMsl 4.7 rapaHTHpyeT PABHOMEpHYI0 OTpaHHYEHHOCTh ee Moj-
xogawHx apobedi. Jas 3aBepuleHHA LOKA3ATENLCTBA JOCTATOYHO
80OCMONL30BATECA YTBEPKICHHEM MNpeAbAyMel TeopeMEl.

$ 5. JIsymepubrie coorsercrayiomue BIITT

Hanomuum, 110 BUJL HaswiBaeTcR COOTBETCTBYIOUWIEH KpaTHOMY
CTENIEHHOMY DALY, ec/iB pasioiKeHHe ee n-H noaxofamel apotu
B CTeNeHHOH pAJ COBMAAAET C MCXOJHKIM DAIOM 10 RCeX uje-
HOB CTENEHH N BKJIIOYATRIBHO. ME YKaMKeM HEKOTOpHE cre-
unaspEble  KoHeTpykuud BIL, cooreercrBylowmux nsofinoMy
CTENEHHOMY DAY :

L+ X ayriyl. (5.1)
7=

3Tt aNrOPHTMEL MOXKHO PacCMAaTPHBATB KAK aJTOPHTMBI Pasfo-
sednn DyHKUHHA, 33JaHHLX B BHIE KPATHLIX CTENEHHLIX PAJOB,
B BLLA, B pa6orax [34, 84] Griny ycTaHOBREHB (BOpMYJbLl ANA
Bolgucsienun komnoHeHnT BLIJ, cooreercrrytomedt pagy (5.1),
B BHJE OTHOIUEHWR ONPeAeAMTENed, cocTaBienHmx u3 Koahdu-
uuettoB (5.1) 2TH apobH HMEWT BHA

A ! T cpti, i% €5, a+ty
l+®°+:‘211+®:"®‘—p91 1 +.Dl—)'l 5.2
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Hasopem n-fi annpokcumanToft BILJL (5.2) pmpaxkenne

N L;3
fo=1 4O 4 Dﬁi’:ﬁ, 5.3)

rae
oY — D Cpr i fy Coortib (k=1,2 .. (5.4

T e 0

[n/2] — uenas vacTh n/2, €D§°’=0, T. € H-9 [oAxoasauan
npobb sBAserca GurypHofl nmoaxonsuwed apobbio Brga (1.15)
ri. 1. Ona cozepxur Bece Te 3nementsl ¢ BHLJ (5.2), cymma
MHIEKCOB KOTOPHIX [ 4 j < .

Hpyraa mogens BUJ, coorBercrayomeil pagy (5.1), Gblia
npejsioxkeHa B pabore [93], a HMERHO;

R g boy
b Pt B + 2T -9
rae
Fl.jzpélw, pm:élielﬂ (i=0,1,2 ...
(5.6)

Onpexenum n-o annporcumanty B (5.5) xar xowewnyo BU L,
collepxallyio sce Te saeMents by BLUJ (5.5), cymma umaek-
cOoB KOTOpHIX { -+ f<n, T. €.

i — 1+ FEP 4 B by ] bogt

=1 14 ,c[(n—n/?] e T:_{-—E]W’ , (8.7)

re Fi—g’, F.S’?—k-e noaxoasuwpe apobu unenHwmx aApobedt (5.6)

. (5.8

Fo bﬁ-!-f- p*¥ Fi — B by, p4i%Y
‘ 9—1 1 =1 1

UpHYEM F = FP =0, econ £ < i.

Beteawmasnca nensaa aApobe (5.2) wan (5.5) cxoaurca, ecau,
HAYHHAA C HEKOTOPOro HOMepa #fi, > 1, BCe ee noaAxozsmue
ApoBy (5.3) mnu (5.7) MMEIOT CMBICA H CYLLECTBYET KOHCUHKI
npejfieJ nocje0BaTe/JbHOCTH anipoKCHMAHT.

ITo aranorun ¢ (3.1) r1. 1 BBeAeM PeKYPPeHTHO COKpAILEH-
Hule 0603HaquHﬂ

—2 5— Cil, i41%5Y [
Q(s 1. l+q)( 2#’)+#ﬂt}2’(;:0, l, 2, __.,[%]_'l)
i
(5.9)
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IpH HA4Ya/JbHBIX 3HAYECHHAX

@ =1+0P =1, j=I[s2.  (5.10)

C y4eToM METOMMKM, H3MOXKeHHOH B § 3 . [, merxo ycraHaB-
JuBaercst GopMysa PasHOCTH ABYX MOAXOALAUHX Apobed f, u
for (> 2r)y naa BILI (5.2) {12]

3
_’1 (—1)7 (@2 — P20y (xy)t kl_ll Crp
fﬂ - le' = Z I = +
poar n (er-gk)Q}an_zk))
fx=]
r+1
(— B {xy)r+t rl Ckh
+— k= %, (5.11)

2% s 2%
Qg [ Q™
= k=

rae
0, ecy n= 2r -1,
%= 1, ecnu n>>2r 41,
+
H UPOM3BENEHHHA, Y KOTOPBIX BEPXHHI HHJAEKC MeHblle HHXHero,
CYHTAIOTCS! PABHLIMH ejuHHIe. [lpH ycTaHOBACHHH (OPMYJIL!
(5.11) ecrectsenHo npeanonaraercs, yTo Bee QF 5£0.

Anamornuto pas BLLA (5.5) ycraxaeaneaercs Qopmyda
B OPERACACKEBHH, UTO n>>m

2
fo—fn = F&'™ — FE™ +
{
%t (;:gjf']m—i)/ﬁ}) _ FEEW—“)/QJ)) n ka

m
[’l @™ - Q5"

{e=1

* (n—k) k
Qu® . Qi—~k
!:I ( ¢
m+l m+l
{— [ynygm+l n b0 (— Iymymt n bﬂk
+ mL + 1 fn" . (512)

Q n—=z) Q(m—k) Q(n—k} . Q{m—k}
e 1 K L

=1 = =1

ede Fi§ u F§ onpedeasiomes ¢ nomowyplo pexyppenmusx cooms
rowenud (5.8), a Qi™, Q8P —¢ nomowsio pexyppenmusix
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coomnoel

s—k
o b
At =1l T 4 2 08—

) (k=0,s—1, s=12, ...),

= (5.13)
QP =1+Fuy*® +L3:_i.!1ia Qi =1
Qe
(k=0,s-—1, S=1,2, ...).

[Ipr nokasatesnbcTBe ¢opmyant (5.12) npeanonaraercs, uTO
Bee Qf5¥ 520, Q™ 40.

Paccmorpum npusHarm cxofuMocTH cooTeercreyiomux BLLI,

Teopema 4,26 (12, 13). BT (5.2) ¢ delicmsumesbHolmu
wucr0eeimy Koxpduuenmany ¢ (i, j=0,1,2, ..., i+j»1)
POABHOMEPHO CX0AUMCA & KA dod oeparuuenrot obracmu u3 R2,
ecai

a) cywecmayem roucmanma p(0 < B<C1/8), amo

Cirp, X+ P >0, 0, 5y +P =0,
g B> 0(i=0,1,2 ..., j=12 ...% (514

6) rospuyuenmol Ceyy,p Ceeg1 UMEIOM HE 8bltue  KaK
ROAUROMUAADHOUL poctt NpH [— oo, M. @. CYWEecmeyent maKoe
ramypaibhoe qucao p, wmo Nmi—P max (ci+1, 15 Cr,i41) = 0;

—» 00

8) 0aa npoussosbrozo undexca i(i=0,1,2, ...) pade

¥ n, () pacxodames, ede

n=2

3 (1) = max { | Cass, ¢y |6 nti]s [Canl)s (5.15)

k&
npusem ux sacmusie cymmel ¥, %, (i) npu Kaxdom i cmpe-
n==2

Mamca K BeckoHednocmit npu k—» oo He mMedaeHHee, «deM
(In k)l+e, ede e > 0 — npousaosbroe delicmeumeabroe Kax y2odHo
MAN0E QUCAO.

JdogasateancTB0. Bocnomwayemcs dopmyaoir (5.11).
Jlng storo cHayana mpoBefeM HEKOTOpble OUEHKH, YTOOHl yOe-

RuTheA B ToM, uto Bee QF 220, Us yenopust (5.14) caenyer, uro

Lpaf > 1——2 Y T—g*0
l_rF
B
1—.
G=0,1, ... k=12 ...) . (5.16)
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Hemomesys  skeuBanentHHe npeofpasoranns ¢ yuerom (5.[6),
apobe Q¥ npheeseM k BuAY

[5’2] c”xy -

feitt 1 4 P2

821 ¢; (%, &)

b s,

f==i-1

Q;s-m —14 (Dss—-'m' +

= (1 4+ Of ™) (1 +

rae
Cy (x, y) = CpixY (1 I (‘D}S;—i?f-]-?))-] (I + {D?_i,n)_l

(j=~.i+1,i+2,...,[%]). (5.17)

Torna B cuay yenosua (5.14) u ouenkn (5.16) nmeem
e(x, ) » —B(1 —4P)™. Tak kax a=f(l —4p)1<C1/4, TO
1P > VT—3pf1 ———\ =

| — ————

[+2
1'"1—._

= L (V=T + VT=8p) =0. (5.18)

JloKas3aTeqscTBO MPOBEAEM 110 CXeMe, H3MOKEHHOH B Teopeme
4.2, ncmoss3yss MeToOA THHa (yHAAMPHTAJBHBIX HePaBeHCTB
(2.19)—(2.21) ra. 2,

Jna oueHKH cBepxy BhIpaxeHH

ICD‘(_EI‘—QI) _— (I)gl—?i) l

BOCNONBIYEMCH qupmy.noﬂ
2r=—20) Froee 2
q);' - —— (DS ) _

N Dram2i1 . | 2redi
- -
x [T e yrTT ey
] =
= Gr—u: 2r—2iH + 5= ) Zr ot )
n Q(Qr-—m') n Q(lr:TQI) nl Q(2 'rt—m n Q(ﬂ—?:‘)
j=1 = =l

(5.19)
rie BE¢IeHH PEKYpPeHTHO COKpalleHHble 0603HAueHHS

. c X o ¥
AT = 1+ i, U= 1+ g(:ﬂ;g (5.20)

npy HavgaJlbHBIX 3HaueHHAX
e 2 —2
A =5 =1, s=2n

158



dopmyna (5.19) ycranaBanpaeTca aHanoruyHo dopmyae (3.3)
ra. | 8 mpeanonoxenun, uro Bee Q5 P40 (p=1, 2).
Ilyetn

Vi-i—j. = Vi, i = j= W + (5.21}

DTN

ECNIH XCiyj, 1550, Yoy, 14y 5= 0, XY == 0 {i = b_,_;', j= ],_J").

Torna CnpaBeanubBhl OLECHKH

L S, 4 L

Lty | [ i (s l SLTFv
(5.22)

Citi, *
Q(s-Ei) Q(s—m

rae

7, ecnH j HeyeTHoe, _
_{2!’. ecma j wernoe, L =2 —4p+ VT —4dp

JelicTeuTesbHO, nepBoe H3 Hepadercrs (5.22) akeBHBaneHTHO
HepaBeHCTBRY

Citr, i* I<L([]+ Citi, 1¥

{5—21) {s—=2¢)
A ey

Vit s

Crpi, ¥ _
__’ Qi(js_’—_’m U (5.23)
s !

KOTOpOE CJAelyeT H3 OUEHOK

1 1 2
\Qii;”’\él__ B 1+ vi=4’
1——B__
=
Citi, i* Cite. *
| ] + Q=S72:) _'] Q;—iﬂ: >
>1— "’55 = VT=.

'*"——r

Ananoruuno noKasbiBaeTcsi M BTOpOe HepapeHcTBo B (5.22).

CJIE,RDB&TEJI]:HD B YCNOBHHAX TeQpeMbl CNpaBefi/iiBa OLEHKa
r—2. H—2{
|OF ™ — | <

2r=2¢1

L
Cr, X —_—
1+V’1 (l +1, X I ! LT Vigr s

] =
2r—%1i

+len eyl [ —_L——) . (5.24)

=2 LtV ety
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Teneps yOenumcsi, HCMOAB3Ys aHANOTMIHBE COOGPAXKEHUA, UTO

CaiXy i* .
Q(s_g,f;z(,wm < Ty, U=23....n (5.2

rre L*=2(1 -8B+ V(I —8p)(1—4P)™L, v;; onpenensworcs
corniacio (5.21). Hepasencrso (5.25) caeayer us ouenku (5.18)
W HepaBeHCTBA

Y CoXy G XY
1—|—(D§s_12"+2)+ /i i
(5—2/) (s—2))
) <
2
lm —— ] — —r——
B o

T, -

=Vl-—413]/1—4c¢=]/1-—8f5,

ec/ TpPeABapHTEJLHC BBIHECTH 3a CKOOKy MHomuTteas (1 +
+ OFH ) u Bocnoaw3cBaThes oueHKO (5. 16), obo3HayeHHAMH
(5.17) ¢ yuerom Toro, uto a=B(1 —4§)™ u ¢(x, y) > —o.

ITockoasky BLLI paccmarpuBaercd B orpaHyuyeHHOH o6sacTd,
TO CYLIECTBYeT JEHCTBHTEABHOE NOJOXKHTeNbHOe uHcao M,
Takoe, uto |x]< M, |yl< M. Tlycre M, = max({c,41, ¢|s
;s 14+11). Torma, yumreiBas (5.11), (5.24) u (5.25), npuxopum
K OLEHKe

|fn%f2r|'--

BM3 oy
(14+V T =2 V1—~4B+V1—8ﬁ)2

2r—2;4-1

XZM{““W“"J( l—! L+‘I:H-i.r +

j=

2r—2i4-1 L IM r--1 L
Cyq *
+ l;! Lt 4 ) - Vi—4p--¥Vi—8p r_=2’~*+"n ’
(5.26)

HOCﬂE}lHee cJaracMoc CTPEMHTCA K HYAI0 IOpH 7—- 00, TdK KakK
r+1

1
1 1
I IL*‘J‘ v, <~EXp( E )-éexp( *ME 2 ICHI)
=2

j=2 J=2

H paf Z |7t | pacxoantes.
j=

Ua ycnoeus 6) teopemn caemyer, urto M; < K,r?(i = 0,r),
rie K, — KOHCTaHTa, He 3aBHcAman OT .
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Myers K =min{(L*- M)*2, (L-M)) n p_ oGosnasaer
nocJieiHee CaraeMoe B NPaBoH 4acTu HepaseHcTBa (5.26). Torpa,
yrpybaas oueHky (3.26), nomyunm

et

r 3

|fn“f2r]€K22rp3XP(—K }: ﬂ;(i))‘i‘?r%
=0 j==2

< P ol (] 1,

rae K,, Ky;— koHctanTel. Hs nochefilell OUEHKH CAEAYET, 4TO
|jn—7for |0 mpu r— o0, M
Teopema 4.27 [16]. BHA

o0 N =1 o (x y)
@ &ﬁi% = D fptiit® 9
(1+ O+‘.£)1 |.+(D,_ L] q)l' pD=1 1 +
= ¢ X,
+ D i IJ'H’( Y ,
p=l
ede cy (x, y)— Komnaexcubie pynxkyuy, sabannsie e obaacmu
D ( @2 pasHomepHo cxodumen & obaactnu D, ecau cyuwgecn-
syem OefcmaumesvHas noaoxcumerstana koucmauma B (0 <
< p<< 1/8), umo

beo (e ) <B (6, j=0,1,2, ..., i+]j>1) (5.28)

Snauenue dpobu (5.27) u ecex ee annpoxcumaHm npunad-
Aexcum Kpyey

(5.27)

|z—( =R < R(1 — R,
R=1—5 (VT4 + 1/ T—85). (5.29)

HoxasareancTBo. OnpenennM n-10 annporcuManty BLIJL
(5.27) xak BeJHYHHY, 0OparhHyl X (5.3), rle clenaHsl cooTBer-
eTBytomue nepeobOsHauCHHA sieMeHTOB. MCloab3ys MeTOMHKY
puigoja dopmyast (3.3) M. | Ans pasHocTH ABYX NOIXOASNIMX
npobeit fo v for (n>>2r) BILIL (5.27), noayuum

(it ((D(‘n—zt) . ®§2r-—2t)) ﬁ
k=1

| Ckk (x| y)
fn— for = 2 ﬁ (Qgr—%) Q(’f:—-zk)) +
0

=0 i
r+1
(=D [T ere (e 9 0, ecnu n=2r +1,
+ r k=1r+l x” xr = 9 | (5'30)
[—] er—Ek) n Q=2 l, ecu n>2r + |1,
2=0 k=0
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rre O~ Q= (s == 2r, n) onperensiorca aHanoruaHo (5.4)
wit (5.9) r (5.10) ¢ coorBeTcTByIOIMMH nepeoOo3HAYEHUAMHM
saeMeHToB ApoGu. Ompepensa faasn BLJ (5.27) Bemuunnu

Q87 (k= 1, 2, ...) araroruuno (5.20} u Hcnombsya dopmyay
rma (5.19) ¢ yueToM TOro, 4TO B NMpeAMNO/OMKeHHAX TeopeMbl

Q5] » 1____%_?'3.____='L__ "2‘““‘ k=1, 2),

uMeeM
|®‘;2r_m n-=-2l)| < 2B(4pyr-0(14- VT — 4ﬁ)_4(' . (5. 31)

YunreiBas (5.18), (5.31), ¢ nomolplo sJeMEHTapHHIX BbIYHCIE-
HAHA TONAYYHM

lfn—For| <« K[4p(VT—4+VT—88)""], (5.32)

rre K — KOHCTaHTa, He 3aBHCALIAA OT 7 H 7.
BIOA (5.27) npexcrabuM B Buje

r= (1 4o, w=®,4 D ey

=1 VO
Tax kak
_ 2 2
ol < B T n Vi

_l__..ﬁ__
1—1

=1—o(VT—4+VT—8)=R

TO ¢ MOMOWIBIO 3/ICMEHTAPHEIX BHYHCACHHH noayuuM (5.29). W
Borpoc motoueuno#t cxogumocta BLLJT (5.27) ceoawtes K ue-
CAEJOBARMIO CXOAHMOCTH uHC/oBHX BILL

-1 ® i
(l+®.,+Dlj_=‘¢,) , O = ;21 "ﬁ”+D et (5.33)

TJE di; — KOMIJIEKCHBI® THCJTA.

HanuM onpepneneHue annpPOKCHMAHT apobu (5.33), wcnonbsya
KOMIO3HUHH HPOGHO-JIHEAHBIX OTOGpPaXKEeHHH, & TaKKe NOCTPOMM
geTHYI) M HeyerHyio uwactH BILJ] (5.33) u wccnenyem X cxo-
BHMOCTh, PaccMoTpHM IpoSHO-anBefnne oToGpakeHus

@)= +aw)?, i%j, i, j=0 1,2, ..., (534
t“(x’ Y, 2) = (1 “+ @, 11X G, 1y -}.—diiZ)-l, i=1,2 ...,
(5.35)
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H KOMIO3MIHH 3THX OToOpameHu i
Tt o= tiga,tbigs, i .. i (1),
T pmi =t 142 bt gs oo b i (1),

(=0, [E]—1. k>0 ks2 (5.36)

Torna, onpenenss n-e annpokchMantel BILI (5.33) kak apo6u,
obparrme k (5.3), rae x=y=1, cj=ay (i, j=0,1,2,...,
i+ = 1), nomyuum
f2n = [11 (T2n, 0+ TO. 2m tzz (T2n--1. 1y Tl, ==ly 2 a0y
tan{Tnrt, net, Tamt, ntts tngr, a1 (0, 0, O))0L),  (5.37)
f2n+l = tl]. (T2n+l. Oy TO, 2n-1 tzz (Ti’n. I Tl. b T
trm (Tn+2, f==1y Tn—-l,n+2a tn+l,n+l “s ]' 0))')' (538)
e n=1, 2, ..., fi=&,(1, 1, 0). Bnopeap dopmynr THna
(56.36), cUMMeTpHYHEIE OTHOCHTE/JbHO MEPECTAHOBKH HHIEKCOB,
6yleM 3aiHCHBAThL B BHRE

Tyt 0 = bigo, 0 tiga, 0 o Lt t (1) (5.36%)
Cnenys Cruathecy [60), mOCTpOHMM YETHYIO M HEYETHYIO YacTH
BLLO (5.33).
Jpofs
D P —Bu4 D othfy pThrt (539

=0y pmt Bogis i | p=t Bi, ot

HaskIBaeTCA yeTHoH (meweTHoi) uwacthto BLLJL (5.33), ecnu ans
ee r-x AMIPOKCHMAHT g

nooay i n—i o i n—i %y
gn=D o, FI'"™0 =fu+ D gt D P (5.40)
=0 F} p=tPipp s o=t Pritp
CTIPaBeTHBO PABEHCTBO gn = fom, (=1, 2, ...) (@ = font1,
?‘5?» ?3;), 1, 2, ..))), roe fn—n-a noaxoasmas ApoSs B
J1a noaydyenus sBHEIX (opmyn Ans KodpdunHenToB &y By
B ¢opmynax (5.36*) bMecto Kommosuumii otoSpamennii f; pac-
CMOTPHM KOMIO3HUMH OTOGpameHHl Si,, rae
( —a 9
Sp, 2 (W) = lzp_1, oitog, 2 (@) = 2l +1,
) w2 V4ag, q, gc - 8o, 2@
$r, 2041 (W) = tor, 20 1forty, 204 {0) =
- —fyr, 2141
L+ ag, oppr + gy, t®
k=i4+2, n—i, r=i+2 n—i+1,

omsgkaMﬂ
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Ecau tenepn 8 (5.37) Bmecto Ty B3ATH
Ton—oi, 2i= lor4e, 2 Sit2, ot - Sn—i, 2 (1),
Ton—ormt, 2641 = E2it3, 0041 * Sigo, 2601 Sn—i—1, 2041 (1)

(0454[%]—1, n=2, 3, )

to aas dersof wactu BILI (5.33) nmoayunm dopmyast
By =1, Pirr,i=14ar4o: ou=au
Ol == —Qpp—i—2, Bopmim=1, 1, Pri=1-+
-+ Qop—1—t, 1 + QBap—i, 10
e i >0, h—i > 2.
AHaZOrHYHO JOKA3BIBAETCH, YTO AJIA HEYETHON wacTH crmpa-
BeAHBE (HOpPMY/ibl

O =1, @u=o0au, Pu=1- ¢+ a, i
Ot = —Qgpmii, (opmisi Par = | b Qopq, 1 + Qogae1—s, ¢ (5.43%)
k=i, i=01,2, ..

YcraHoBHM NPU3HAK CXOLMMOCTH METHOH H HeueTHOH 4YacTH
BILI (5.33) Tuma Bropoft pHTepnperaumy (PyHAAMEHTALHLIX
HepaBeHCTB (CM. 3aMeuaHHe NocAe TeopeMut 8).

Bvaem roeoputk, uto ana BLL (5.33) cnpaBennueel GyHpa-
MEHTaJIbHBIE HEPAREHCTBA, €M CYUIECTBYIOT TaKHe NeHCTRHTE/D-
Hete uneqa rp >0 (6, f=0, 1, 2, ..), 0<<y<C1/2, uro

a) rull 4 acpr, ¢ + ar, 410 | > 2rg max (V [au],

Ve, ei1) +max (lae, s e )
6) rivr, ¢l & aoge, il = g, o+ ¥ ' repr, el Qs el
B) rego, o]l 4 @rgo, i Qega, o] > 2rcqa, i 7at Arye, <]

+laes o |; (5.44%
V) Cogg, el D amg o F Qg el > rigg, itigje, | Qg o) +
Flag i, J= 38

H \
B jael < (1—29% (=0, 1,2, ..).

Teopema 4.28 [14]. Ecau dsn BIHJ (5.33) cnpasedauest
pyndamenmanenoe wepaserncmea (5. 44%). mo ee wemmuan u
HewemHas wacmu abCoAOMHO cXo0amces.

JdokazateascTro. Hevernas wacThb nOCAE 3KBUBAJEHT-
HHX 0pecOpazosaHdil NPUBOAHTES K BHAY

~

o -~ oo £ N % o '
D at.:ﬁ , F,=1D p+i. D i p4i , )
=0 | + £y A +p=1 1 (5.45)
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rie

[y = (1 + @y + aol)-lr

G = ay (I 4~ ag, i1+ @1, )7+ @, 04 ar, 1)L,

Gitl, = — 41, i@eto, t (1 @iy, s + @, e0) 2+ aigo, +

Y o 4s, )7t (5.46%)
Gf—f—p § = = lopti—1, (2ptq, i(l -+ Qgpi—2, { - Qoptiy, x‘) 1

x (1 + Aopty, ¢ + A2prit1, )7L

(p=2 3 ...,i=0,1,2, ..)

Beeaem oboznauenuns

Gu=1l—max{|am, | [, e} rufl +aier, e+ ag e 74
Eort,i =1 —|aoypiiyii]- [-"2p+s,t| I+ aspqs, ¢ + aopqits, o]t

=012 ..,i=0,1,2 ..). (5.47%)
M3 dyanamentaipnax HepakeHCTB (5.44%) cneayer, uwro 0<Z
<gl'i‘-‘§l D'ggp+11--.l (p""‘l 2, ey l=—0 I 2 )H

YTO CHpPaBsejfiHBbl HEPABEHCTBA

- i N 1 .

Ia'00‘< goo: Iafl|< 4 gl‘—l 185 (lm 1; 2| -..),

Joiy s, il < byl — gy, 0 &itit , (5.48%)
(I=Il20'-'Dl—07112,...,k1——2,k/=l,j>2),

Cﬂe,ﬂOBaTe-ﬂbHO CYLLECTBYIOT KOMIIAGKCHLIE YHCJIA 27, TAKHE, UTO
|zej)] < 1 ({,j=0,1,2, ...) u uro0

. 1 .

Qoo = T Zoolopr it = —g, Le—giZzu (E=1,2,.0),

ditf, 1= Ryl —gryj, f) 8uti. i4iid (5.49%
(=12 s 0= 0,12 0 b= o by =1,/ > 2)

BIL (5.45) MoXHO 3anucaTh B BHJIe

1 -1
1 1 w 7 811, 182y

[(2) = 5 8oa%os| 1 + 5 Fola)+ D i , (5.50)
f=t I+5F2)

rie
”(1—8’+_,i]g+,3+,
Fi(z)———le pillpfipfi+
1— 2
pADl( &y, p+;_11)g1 P+, pi ) (551)
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OfosnauuM uepes fn(2), FP (z) —n-e anmpokcumamts BLJT
(6.50) u (5.51} n BBefeM peKyppeHTHO 00O3HAUEHHS

QA @) =1+ g FEO A+ Q———-——-?i_f,.‘_-,‘,*(‘z), ¥ (2) = 1( = 0,5=T):
(5.52)

c yqemw{ {6.52) nmerko ycraHaBausaeTcsi (POpPMyJa PasHOCTH
apyx noaxogauikx apobei BUML (5.50) [a(2) u [, (2), rae n>>r
fn@—1r(2) =

R
(— 1t (F}en_k] (z)wp(;e'—k)(z) [‘L 55“

{=
= r +
2 [1182 @ - Q=" ()

k=0 R
-1
(— i )r+l ” &H
e . (5.53)
ﬂg Q7 2) {[‘{1} Q@

Paccmorpum BUJL f{—1), 1. e. BUL (5.50), vy Koropoit
BMECTO KaMKJIOTO 2;j; B3ATO -— |, W noXakeM, uto OHZ SBJACTCA
maxkopaHToit apobu (5.50), Yuurhizas ceoictsa g-ppodeft [100]

w opumyay tina (5.19), YCTaHOBACHHYIO IR pasHocTH Fi? (2) —

— F{™ % (2), nerko yBewmpaemcsa B ToM, uTo Fy ©(—1) no n
IpH KamkJoM (HKCHPOBAHHOM £ MOHOTOHHO yOLIBagT M

[P Q= @l < P (= ) = F{ % (= 1). (5.59)

Hcnoneaya meToA MaTeMaTHUeCKOH HHAYKHHH, NPOBEPHM, YTO

W@ > ¢ =1 > 5 ga>0, (5.55)

L PE2 (= 1) » gus (5.56)
oTtkyaa ¢ yueroM (5.49%) umeem
@ —F @</ (=) —fa(—1).

Hpo6e fo(— 1) ¢ nomoumipic SKBHBANEHTHBIX RpeolpasoBaHyuit
upuBELeM K BHAY
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Tak Kak

_uz —14 —1/
fat=1 > +7 + 71 +.-=—h

10 HeyerHas 4acth BILL (5.33) alcoaloTHo cXOAMTCA,
Beeia 0603HAYEHHA

Girt, i =1 —|@po i|lrer, 1 4 Gegn, o |I72, (5.57%)
Goti, 0= 1 —lazptip, i (rapti=t, i 1 + @opiteat, s + Q2o ef] ™!
(p=23,...,i=0,1,2, ..)

¥ JIOBTOPSs MPHBEJCHHbIE BHILUE BHIKJAAKH, YeTHYl 4YacTh BILJ
{5.33) sanuweM B BHAE

-1
D .
rae
g1, e, ¢
14 D| —Epti, i p1+i+l.t p+it+l, i
p=l
+ &1, 14121, 141

1+ D (I —g, ptd) gti pebiA120, pitl
p=l

mlz <l O0<guel (hi=012 ..., %) 0<y<y.

HetpyzHo ycTaHOBHTb, YTo Maxopaurofi BILI (5.58) spagercs
uenHana npobp

O—Q_D

i=l

lazl(l ‘"2Y)"2)
1 1

koTopas abcoMOTHO CXOAMTCH cOrJacHO TeopeMe 2 u sameua.
auto 3.20.

Hakonen, chopmyaupyem 1Ba npuiHaka cxojumoctd BILI
Buaa (5.5), ycranoBnensele B paGote [94].

Teopema 4.29. Bemoawasca yennas 0Opols

bos
P Foo + D |‘|‘Fto+:211+Fct'

20e

w b © b
Fu= D !H[i'{, For= Dl"_‘;“ ¢=0,1,2,..),

p=l p=
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by (I + = 1) — komnaexcwbie wucaa, cxodumea, ecau
! ! 1
bpl< g b il < g5 borii| < g (=23, ...,
i=0,1,2,...,7=12, ..). (5.59%)
Teopema 4.30. Bemssuyaaca yennaa dpode

ES 1 L 1

D,
b+ F

==

(i=12.) (5.60)

p=1"i4p, p

ade b;; (i= 1,2, ...,f=0,1,..., {>]) — komnaexcree wcaa,
pacxodumest, ecat:

a) yenuste Opobu Fno (i=1,2, ..)) cxodamea;

6) MoO0yau n-X QnnpoKcumanm Henpz puisdolx dpoded Fp
PASHOMEPHO RO N 02ZPANUYEHBL, M. €, CHWECMEYOMm HoACGHCH-
meAbHble KOHCMAarmet b;, makue, @mo ]Fﬁ-’é’[ <b (i=1,2,...,
n=1,2 ...

oo
d

8) cxodumon pad %, by

i=]

Teopema 4.29 aBnsercs aHanoroM IIPH3HAKA CXOJAHMOCTH
Bopnurckoro, teopema 4.30 — mepemM HeoOXOAMMEIM NPH3HAKOM
cxozuMoctd BLLJL ¢ KoMMJEKCHBIMH KOMIOHEHTaMH.

Kpome nepeuncjeHHHX CYIICCTBYIOT W APYIHMe [pH3HEKH

CXOJIHMOCTH ABYMEPHEIX cOOTEeTcTBYlommnx BILI (cm., Hanpw-
Mep, [36, 617}
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