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BbIJAIOHMIUNCS MOJIbCKHU MATEMATHK
BAUJIAB CEPNIUHCKHH

(K 85-nemuto co Onst poscoerius)

Yetpipraauartoro mapra 1882 r. B Bapumase B ceMbe Bpaua KoHcranTuHa
CepnHHCKOrO PONUJICA MaJsIb4HK, KOTOPOMY AaJjH ABa uMmeHH: Baumas ®pan-
IHCK. DTOMY MaJbUHKY CyXKJAeHO OblIO CTaTh OAHHM H3 KPYNHEHIIHX MOJh-
CKHX MaTeMaTHKOB.

O6pasoBanne Bawnas Cepnunckuii nmoayuusn B Bapmase. 3mece ©OH
OKOHUMJI TMMHA3HIO # YHHBEPCHTET.

Hesaypsannele crnoco6Hoct CepnuHCKOro 06HADYXKHJAHCh DaHO, NOBHI-
IIeHHBI XKe MHTEPEC K MaTeMaTHKe HaMeTHJCH JIMIIb B NOCJACAHHX KJaccax
TMMHA3MH TOJ BJAHAHHEM ABYX €ro COYYeHHKOB, BJAJEBIIMX HEKOTOPHIMH
pasfiesaMu BbICIIelf MaTeMaTHKH, H MpeKpacHOro yuyuTeas MareMaTuku Bijo-
g3umMexa Baozapckoro. Ilocnenuuit 6bl OueHb BBICOKOTO MHEHHs] O MaTe-
MaTHyecKux crnocobHocTsx CepnuHckoro. B rumuasun y CepHnHHCKOTO OBLIO
ellle HECKOJbKO 3aMeuaTebHbIX yuntesaell. Tax, ero yuureneM (GpaHiyscKoro
aspika Obi1 K. Anmeds, Brnociencteuu npodeccop BapuraBckoro yHuBepcH-
TeTa.

Cpenn cBepcTHHKOB CepHUHCKOro 1o MMHAa3uu Oblio HeMaso Croco6-
HEIX Jiofefi. M3 kaacca, B kotopom yuniacs CepHHHCKHE, BBIILJIO 3aMETHOE
YHCA0 Y4eHBIX K JesiTeJdell KYJbTYPhI, H3 KOMX OTMeTHM H3BECTHOTrO acTpo-
Homa Tazneyma DanaxeBuua.

Yxe B WIKOJMbHBIE roanl CepnUHCKUH NPOABAAN GOJMBIIOH HHTEpec K 00-
IECTBEHHbIM JAesaM. BMecTe ¢ HeCKOJIBKHMH CBOHMH ADY3bSMH OH OpraHH-
30BaJs TalHyl0 LIKOJMY IJIsi MaJbYHKOB U3 paboueii cpempl, Jta XOpOLIO 3a-
KOHCIIHDHPOBAaHHAS LIKOJAa HA NPOTAKEHHH DPsia JIeT YclellHo TOTOBHJA
CBOHMX y4allUXCs K 9K3aMeHy 3a ueThipe KJacca rMMHAa3uH.

3



B 1900 r. Cepuusckuil MOCTYnHa Ha GH3UKO-MAaTeMaTHUECKUH (BaKy/b-
rer Bapmasckoro yHuBepcuTeTa, KOTOPBIA B Ty NMODPY MPeACTaBJSA COGOIl
MoJI0f0e yuefHOe 3aBelleHHe C NPENOjaBaHHeM Ha PYCCKOM si3biKe, CYllecT-
BOBaBIllee BCETO OKOJIO TPeX JecsATHJIeTHii!,

Crnemyer 3ameTHTb, 4TO INOJAKH, HMEBUIHE BO3MOXHOCTb YUHTbCS B
CTapUHHBIX MOJLCKAX YyHUBepcuTeTax (B KpakoBckom u JIbBOBCKOM),
OXOTHO IIIM H B HOBBIH yHHUBEPCHTET. TPYRHOCTH, KOTOpPbi€ HCHBLITHIBAJ
YHHBEPCUTET B INepBLle TOAbl CBOEro CYLIECTBOBAHHSA (OTCYTCTBHME TpajaH-
Uuii, XOPOIUMX HAayyHO-MeJarorndecKux KaipoB H Jp.), BCKope Oblau Tpe-
OJ{OJIEHBL,

AxTuBHas u pasnoobGpasHas AeATeNBHOCTH paGOTaBIINX 3/1eCh MaTema-
tukos M. A, Aunpeesckoro, H. H. Anekceesa u H. §I. Conuna Ha mepsoit
craguy, a 3areM B. A. Anucumosa, H. H. 3ununa u I, @. Boponoro nos-
Bosusia yxke K KoHny XIX B. npubu3nTh YpOBeHb NpPENCAABAHUA MaTeMa-
THKH B BapuraBckoMm yHHBepCHTeTe K YPOBHIO TIpENOJaBaHHA MaTeMaTu-
kH B yHuBepcHTeTax llerepbypra, Mocksr, Kazanu, Xapbkosa, [lepnra
(Tapry) 2. '

Haubonbuiee Biusnue Ha CepnuHcKoro okaszan nutoMen [letep6ypreko-
ro yHUBepcuTeTa npodeccop MaTeMaTHKH, BIOCAEACTBHU YJIEeH-KODPEecHoH-
gdent Poccuiickoi Akanemnun Hayk, [eopruit ®enoceesnu Boponoit (1868—
1908). HestenpHocTs Boponoro B Bapuiasckom yHHBEpCHTeTe Hauasack B
1894 r. u nmpomosKasach TaM ¢ HeGOJLIIHMH TepephiBaMu J0 €ro Ge3spe-
MeHHO!I cMepTH. BopoHoil — mepBOKJACCHEIT YUeHBIH, Ha TPyAaX KOTOPOTO
JIEKUT TleuaTh reHHaabHOCTH. Bwmecte ¢ 'epmaHoM MHHKOBCKHM OH sB-
JseTcs co3jareseM reoMeTpun uHces. IoyBokde ¥ BakHbie pe3y/JbTaThl Obl-
JY TIOJyueHbl UM B aHAJIMTHYECKON TeOpHH YHces, a TakKKe B TEOPHH aJjre-
Opanueckux uncesa. Ero mpobsemaruka paspabarbiBajach B Hallell CTpaHe
B. A. Benkospim (1900—1962), B. H. Hesnone (pox. B 1890 r.}), . K. Dax-
geeBbiM (pox. B 1907 r.) u Ap., a Takxe 3apyOekXHBIMM MaTeMaTHKaMH.
[, ®. Boponoft npunazanexan K Ilerep6yprckoil mkoJe Teopuy unced, H B Hell
OH 3aHUMAaJ OJHO M3 CaMBIX BHUIHBIX MECT.

* CeprnuHCKHil NpocaylIan HECKOJbKO JIeKIHOHHBIX KypcoB y Boponoro u
BBIIOJMHHJ CBOIO NEPBYIO Hay4yHYIO paboTy MO aHAJMTHYECKOH TEOPHH dHCes
B Ayxe Hiell © MeTOA0B BopoHOro Ha TeMy, NPeAJOKeHHYIO MOCHCIHHM NJIf
KOHKYDCHBIX CTY/eHYeCKHX coynHenuil, [lonpo6ubiii oT3bis BopoHoro na sty
pa6ory On1 Hameuaran B VI Bolmycke «BapmiaBcKux yHHBEPCHTETCKHX H3-
Bectuil» 3a 1904 r. BopoHoi#l xomartalicTBoBajd 0 NMPUCYXKACHUH CepnuHcko-
My 30J10TO#l MeJajd U 00 OCTaBJEHHH €ro Ipu yHHBEpCHTETe IS MOJArOoTOB-

! 3107 yHMBepcHTET GBI cO3faH Ha Gase [VaBHOM WIKOJHI, CYUIECTBOBABIIEH B Bapma-
Be B 1862—1869 rr. C mauaga XIX croserus no 1832 r. B Bapmase GbLT HOJbCKHE yHU-

BepCHUTET. i
2 Cp: C. E. Benosepos Marematnka B PocrosckoM ynusepentere. Her.-mar. uc-

caen., Boin. VI. M., Tocrexusgar, 1953, crp. 247—352.
4



KH K npotdeccopckomy 3panHo. Ma Boponoro CepnHHCKMH BCIOMHHaer
Bcerjla ¢ Gonbmot TensoTol !,

Coxpanuics aunsioM CepnuHckoro o6 OKOHYaHHH yHHBepcuTera. Hu-
’Ke MBI BOCIDOH3BOAMM TEKCT 3TOTO HHTEPECHOTO NOKyMeHTa, MOANHCAHHO-
ro pekropoM Bapmasckoro ynusepcurtera II. A. 3unoBeIM u 3a JekaHa
(dusrko-MaTeMaTiyeckoro Qaxyabrera npogeccopom H. H. 3ununbim (co-
HOM H3BeCTHOTO PYCCKOro XHMMHuKa akagemuka H. H. 3ununa).

AUTTIJIOM

Coser Mmnepatopckoro Bapmasckoro YHuBepcutera cUM 00bsiB-
Jjser, yto Bamnas @pannuck (2-x umen) Koncrantunosuy CepnuHCKHI,
IIOCTYIIHB B 4YHCJO CTYAEHTOB BapiiaBckoro YHHBepcuTeTa B Hayade
1900/1901 yuebuoro rona, BHlcayman B TeueHne 1900/1901, 1901/2,
1902/3, u 1903/4 yueGHBIX roZOB IOJHBIH KYpPC HAYK, NPENoLaBaeMbIX
Ha YeThIpeX Kypcax MaTeMaTHueckoro ornenenust Pusmko-Maremaru-
yeckoro PakyabTera Cero YHHMBEPCUTETA, H Ha OKOHUATEJIbHLIX HCIbI-
TAaHUAX 0Kasad chaeaywlive nodHanusa: B Ieomerpun, Ananuse, Teopun
unces, Teopuu BepositHocreil, Mexanuxe, AcrpoHomuH, ['eonesun, Ma-
TemaTudeckoil (¢usnxe, OneITHON Quanke, @uanueckoil reorpadunu u
XumuH — otsnuunble (5); B Pycckom A3biKe W cOYMHEHHH—XOpoIuo (4).
ITucbMenHslf ero oTBeT oueHeH 6aanoM b (oTsiMyHO).

Hpe,CLCTaBJIeHHOQ 2Ke UM COYHHeHHe, NToJg MOE€BU3OM «Summas Ha
n<s

temy: «O cymmupoBanun psaga 2tv(n)f(n) npu ycaosuy, uto t(n) npex-
n>a

CTaBJSIeT UHCJAO Pas3JjoXeHWi n Ha CYMMy KBaJpaTOB JBYX LIeJBIX UYH-
cesr» B 3aceganun Cosera 27 Masg 1904 rona, HarpakeHO 30JI0TOI0 Me-
naneio. Ilocemy on, CepnuHCKHI, corjgacHo npumeuadHioo k § 96 Yuu-
BepcHTeTCKOro ¥craBa npusHan Pusmko-Maremarudeckum Paxyibre-
TOM JOCTOHHBIM yueHO} cTeneHH KaHaupaTa W, HA OCHOBAHMH I. 3 J. A
§ 48 VHHBepPCUTETCKOTO yCTaBa, YTBepXKIeH B 3Tof cTenenu CoeeroM
Yuusepcurera 19 Uions 1904 roga. Beaencrsue cero, r. Cepuunckomy
HpPeIOCTARJSIOTCS BCe NMpaBa M NpeuMylllecTBa, 3akoHaMH Poccuiickoi
HMIIepHH cO cTeleHblo KaHAugaTa coefuHsIMEIe. B ymocToBepeHUH ye-
ro gan cefi aumiom or Cosera Mmnepatopckoro Bapmasckoro Yuu-
BepCHTETa, C NpHJIOXKeHHeM YHuBepcHTeTckoil mneuatu. [, Bapmasa,
Anpeas 1 gusa, 1905 rozna.

Mocne okoHyaHus yHusepcurera CepOUHCKUI OpenofaBas MaTeMaTHKY
B JBYX TMMHa3usax Bapmiapbl. YuuTeJbckast JeATeIbHOCTb €ro Oblia Hempo-

1 Bopono#t ymep 20 nos6ps 1908 r. Cnycra Tpu nust CepnuHCKuil — JoueHT JIbBOBCKO-
rO yHHBEDCHTETA — OJHY H3 CBOHX JIEKUHH [0 DacCOMCAHHIO 3aMeHHJ Jekuuefi o BoponoM.
Sra aekuus ony6ankoBaHa B XKypHaie «Wiadomosci Matematyczne», 1. 13, 1909, crp. 1—4.
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JOJDKUTENbHOH, Tak Kak B 1905 r, mocne saGacroBkd yuauiefics MOJONEXKH,
K KOTOpOH OH NMPHMKHYJ, eMy NpPHILIOCh NOKHHYTh BapuaBy. Cepnuuckuii
NOCTynu/a Ha ¢uaocodckoe orfenenue fAreanoHckoro yHusepcurera B Kpa-
KOBe, Tie paboTaan ABa H3BeCTHLIX IOALCKHX Martematuka: CraHucnas 3a-
pem6a u Kasumup JKopaBckufl; nepBHfl GBI CIEUHAJHCTOM B TEOPHH HH(D-
(depeHUHANbHBIX YPaBHeHHH, BTOPOil — B o6mactH reoMerpuu. Yxe B 1906 r.
CepruHCKHil cfa] 5K3aMeHBI [0 MAaTeMaTHKe, ACTPOHOMHH U ¢uI0CODUH,
o6s3aTe/bHble JJs COHCKATENsl HOKTOPCKOH CTeNeHd, U HA OCHOBAHHH AHUC-
cepranun «O cyMMHpOBaHMH psAfa Z_Z(mz—l—nz)» MOJIYYHJI YUEHYIO CTeneHb
mint<x

nokropa ¢umocoduu. ITo Bosspamennu B Bapmasy CeprnuHckHi npenojgaer
MareMaTHKy B YaCTHBIX CPeAHHX IIKOJAX, B YYUTEJIbCKOH CEMHHADUM H HA
Kypcax, UTPaBIINX POJb MOJLCKOro yHHBepcuTera (Bapmasckuii yHusepcu-
teT B 1905—1908 rr. 6bl1 3aKpBIT), U 3HAYMTEJIbHYIO YaCTb CBOETO BPEMEHU
NOCBAIaeT HAayyHO-Hcc/aeqoBaTenbckoll pabore. B 1906 r. mosBuiach ero
nepBas neuatHas pa6oTa (Ha MOJbCKOM si3blke) moj HassanueM «OO oxHoit
3ajfade U3 TeOpPUH acHMIToTHYeckux GyHkuui». [lo cBoefi mpobGaeMaTuke 4
MeToxy sra pabGoTa npHUMBIKaeT K pabore BopoHoro ¢ Takum e HasBaHHeM,
ony6aukoBanHol B 1903 r. 8 xypuane Kpemie Ha ¢paHIy3CKOM S3BIKE.
HHTepecHO OTMETHTB, 4TO 3TOT XKe MeMyap BopoHOro OBLT OJHHM H3 OT-
NpaBHBIX NYHKTOB /151 BBIJAIOIIMXCA HccaefoBanuil akagemuka M. M. Bu-
HOTPajoBa.

B ynomsuyro#t paGore CepnuHcKUH BEIBET (OPMYJY, MNO3BOJSIONIYIO
NpUGIHKEHHO BBIYHCJATh yuca0 TodeK A(n) ¢ LenouncJeHHBIME KOOPAHHA-
TaMH X, y B Kpyre x2+y?<n. ®opmyna Cepnunckoro?! umeer BuI:

A(n) = wn + OC/ 7).

B npyroii pa6ote, HaneyataHuoil B 1909 r., oH npensioxuJg HOBYIO acHM-
NTOTHYECKYI0 GOPMYJIY, HaOIIYIO YHCAO HENbIX ToYeK B mape x2+4y?+22.n.

O6e 3Tu paGoThl U MHOTHe APYrHe uccienopaHusi CepnHHCKOTO BBIIOJ-
HeHBl B cTusie [leTepOyprckofl MKOJB, XapaKTepDHBIMH 4YePTAMH KOTOPOTO
SBASIOTCS YeTKasi MOCTAHOBKA KOHKPETHBHIX BOIPOCOB M NOBeJleHHE pellieHus
3ajaun 1o «anropudma» — GopMyJbl, YI0OHOH AJMA BHIUMCIECHHUS.

B 1907 r. CepnuHcKufi omyG/JMKOBa/J ONSITh TOJNBKO OAHY pabory, Ha
9TOT pa3s M3 aHa/JM3a M Ha (paHuysckoM siseike. Haunnas c 1908 r. uucao
ero meyaTHEIX paGoT OBICTPO pacTeT, TeMaTHKa UX CTAaHOBHTCH BecbMa pas-
HOoO6pa3Hol, OHH MOSIBJASIOTCA Ha fA3BIKaX NMOJbCKOM H (ppaHIYy3CKOM, NpH-
yeM nocseannm CepIHHCKHUI MOJIb3yeTcs Bee dalle d yanie. B 1948 r. B cnuc-
Ke TMeyaTHHIX pa6or CepruHCKOro sHauumiaoch 512 memyapos u 15 moworpa-

1 3anuch f(t) = O(g(f)) osHauaer, uTo AIa Beex AocTaTouHo OOABMINX ¢ BeImoJ-
nsetcn HepaseHctBo | f(#) | <Kg(f), rne K —mexoropas mnocroauHas. [lpusenennas
teopema CepnuHCKOTO Gbina CHOBa gokazama B 1913 r. uaBecTHHIM HEMEIKMM MaTeMma-
tugom 3. Jlangay.



¢uit ¥ yyeG6HHKOB. Brigatomuiicst Bka1ax CepNMHCKOTO B HayKy GBI BHICOKO
OlLleHeH €ro COOTE€YeCTBEeHHHKAMH M MaTeMaTHKaMM Bcero Mupa. VI matema-
THYEeCKHHl Cbe3]l NOJbCKHEe MaTeMaTHKH NPOBeJH oceHbio 1948 r., cormectus
ero ¢ 40-j1etHeM yHHBepcHTeTcKoH gesitenbHocTH Cepnmuckoro!. Muoro ten-
JABIX cj0B OB10 cKasaHo 3aech B afgpec Cepnunckoro. Ot matemartuxos Co-
Berckoro Cotoza wo6unsipa nosnpasuan A. H. Koamoropos. On cxaszan: «Ot
nmenn Axagemnt Hayk CCCP u MockoBckoro MareMaTHyecKoro 0BILecTBa
s npuBeTcTByl0 nmpodeccopa CepnHHCKOTO ¢ COpOKajeTHEM HayyHOH Jed-
TeNbHOCTH.

CoBeTckHe MaTeMaTHKH BLICOKO LEHAT HayyHele palorbl npodeccopa
CepnuHCKOTO M €ro 3aCJyrH KakK co3AaTens NOJALCKOH MaTeMaTHUeCKol HIKO-
JIbl, 3aHSBIIEH BHIHOE MECTO CPelIH MHPOBBIX HAVUYHBIX LIKOJ.

ITosBonbre moxesatre Bam, Baunas KoHCTaHTHHOBUY, MOJTHX JeT
JanbHeled NPOXYKTUBHON pPaGoThi».

O6usne pa6or CepnMHCKOTO, HOYTH (haHTACTHYECKOE YHCJIO HX, HE 103-
BOJISIET 3aJePKHBAThCA 37eCh Ha OTAEJNbHBIX paGoTax W BBHIHYKIAET Xapak-
TepH30BaTh €r0 HAyuHOe TBOPYECTBO B caMbiX o0umuX yepTax. JIuiIb B BHIE
HCKJIOUEHHS] MBI OCTAHOBHMCS 3]1eChb Ha XaPaKTePHCTHKE UeThipeX H3 JeBATH
paGor, ony6aukoBaunuix Cepnuackum B 1908 T.

Dtn pannye paborhl CepmUHCKOro, KaK M €ro IepBas neyatHas paGora,
npHMeyaTeJbHB B TOM OTHOLIEHHH, UTO B HHX CPAa3y Ke pacKpPLIBaeTcs Ma-
TeMaTHUecKoe JapoBaHie aBTOPa H €ro BeCbMa BBICOKAs HayyHas KBaJH(H-
Kauusd.

B 6Goaewoit paGote «O cymmupoBanuu psiza 2t(n)f(n)..», B ocHOBY
kotopoii CepnuHCKMIA TNOMOXKUA CBOE CTyACHYECKOe COYMHEHME, Cpemm pas-
JIMYHBIX apH(pMeTHYeCKHX Pe3yJbTaTOB Mbl BCTpedaeM OLEHKH LJIS CyMM
puAa

X

S (), ¥, ¥ ),

n= n=1

rae v(n) u tg(n) 0603HAUAIOT COOTBETCTBEHHO YHCJIO Pa3/OKEHHUH 7 Ha 2 U
8 KBaApaToB,

B npyroit pa6ote noa nassanueM «O06 ofHOM cayyae OKHGOYHOro NpH-
MeHeHUs NpaBHAa YMHOXKeHHs BepostHocTel» CeprnuHCKHIl TOKa3niBaeT, 4To
BEPOATHOCTh TOrO, YTO JBa HATypa/JbHBEIX UHCJa, He NPEBOCXOASIIHX 1, fB-
JSI0TCS B3aUMHO NPOCTHIMH, paBHA

o é} p(k) [—2—]2

1 VI Polski zjazd matematyczny. Jubileusz 40-lecia dzialalnosci na katedrze
uniwersyteckiej profesora Waclawa Sierpinskiego, Warszawa, 23. 9. 1948¢. Warszawa,
1949, 94 ctp.



(rme cumBos p o3HayaeT Qynkuuo MeEGuyca, a KBagpaTHele cKOGKH — Le-
JYI0 4YacTh), BONpPeKH TOMY, 4To coobumiaer Il. Baxmanm B cBoefi kHure
«Die analytische Zahlehtheorie» (Leipzig, 1894, crp. 430).

Hopeiit knaccuueckuin pesynabrar CepnuHCKHE mosyyaer B pabore
«O pasnioKeHHH LebIX YHCEJ Ha PA3HOCTb IBYX KBA/JPaTOB». 3eCh OH MOKA-
3aJ1, YTO YHCJAO Pa3IHUYHBIX NpPeJCTaBJeHHIl HATYypaJ/JbHOrO YHCJIA 71 B BUIE
PasHOCTH ABYX KBajApPaTOB PaBHO YABOGHHON PAa3HOCTH MEXKIY YHCJOM ueT-
HBIX U YHCJOM HEYETHBIX JeJuTenei n,

B roant yye6pr CepNHHCKOro B YHHBEPCHTETax ellle He H3yyaduch BOI-
pochl Teopun MHoxecTB. O Tpylnax OCHOBONOJOXKHUKA TEOPHH MHOXKECTB
Feopra Kantopa (1845—1918) muorHe MareMaTUku AUG0 HHYErO He 3HAIU,
aubo UMesH JHIIb CMYTHOe npeicrasjerue, OTKPHIB COBEPUIEHHO CaMOCTO-
arenbHo B 1907 r. ogun JyuoGonwuiTHelimull Qakr 3 Teopuu MHOXKects, Cep-
NUHCKUE Hamucan o HeM B I'éTruHren Banaxesuuy. Ilocnemnuit cpasy xe
OTBETHJ/I TeJerpaMMolf, TeKCT KOTOPOH cojepiKasJ OAHO JHIL CJI0Bo «KaH-
TOp», U BCKOPE NPHCJaJ COOTBETCTBYIOLIYIO AuTeparTypy. C aroro Bpemenu
OJHHM M3 IJIaBHBIX npeiMeToB 3aHATHII CepIMHCKOTO CTAHOBUTCH TeOpHs
MHOXECTB C €e BLIXOJAAMHU B TOIOJIOTHIO, TeOPHIO DYHKIUH NeHCTBHTENBHOTO
IepeMeHHOTO, MaTeMAaTHUYECKYIO JIOTHKY M Jpyrue 06/acTH MaTeMaTHKH.

ITepBass pa6ora CepHNHHCKOrO 11O TEOPHH MHOKECTB Gblia ONyGJHKOBa-
Ha B 1908 r. nox HaszpaHueMm «O0 oxHoll TeopeMe Kanropa»; B Hed CepIiun-
CKHIl Jaa HalileHHoe HM He3aBucuMo oT KaHTOpa HOKa3aTenbCTBO H3BECT-
HOH HBIHE KaXKAOMY CTYZEHTY TeOpPeMbl O TOM, YTO IIOJIOXKEeHHEe TOYKH HA
IJIOCKOCTH MOKeT ObIThb ONIpeJesieHO OJHHM AeHCTBUTENbHBIM YHCJIOM, U3 Ye-
rO y:Ke JIErKO c/ieflyeT 5KBHBAJEHTHOCTh MHOXKECTB TOUEK MPAMON U MIOCKO-
CTH, ¥ BOOOIE POCTPAHCTB JIOOOr0 YUC/1a H3MEPEHUH.

B nanvHefimem CepluHCKHI IOAyuusa OOJbLIOE KOJHUECTBO BaXKHBIX U
rIyGOKUX Pe3ysbTaTOB, OTHOCAIIMXCH KaK K aGCTPaKTHON TeopuH MHOXKECTB,
TaK H K ee TOMOJOTHYeCKHM NPUJIOKEHHAM (B CBSI3M C MCCAENOBaHUEM IIPO-
GJeMBl pa3MEpPHOCTH), a 0COOEHHO — K NpobjaeMaTHKe, NOTPAHUYHON MeXAy
COGCTBEHHO TeopHeld MHOXKECTB U MaTeMaTHUecKOl JIOTHKOH. 3/ecCh B MepBYio
odepelb cJeNyeT OTMETHTb H3ydyeHHe (caMum CepmHHCKHM, a 3aTeM H €ro
MHOTOUHCJIEHHBIME YUEeHHKAMH) OOIIMPHOrO KJacca Ipes/0XKeHHH, SKBHBa-
JIGHTHBIX 3HAMEHHTOH KOHTHHYYM-TrHIIOTe3e KaHTopa ¥ Tak HasbiBaeMoH ak-
cuoMe BbIOOPAa TEOPHH MHOXKECTB, M T€OMETPHUUYECKUX CJAeJCTBHH 3TOfl aKcH-
OMBI, HOCAILUX 3a4acTylO BHelllHe NapajfoKcajbHBIH xapakrep L.

[Tepy CepnuHCKOro HpHHANJIEKHT Gojiee JecATKA KANHTAJIbHBIX TPYROB
IO TeOpHH MHOZKECTB, T€OPUM (QYHKIMA W TONOJOrHH, B TOM YHC/e CTaBllHe
yxKe KJaccuueckuMd MoHorpaduu «Legons sur les nombres transfinis»

! Togpobuee o6 atoit mpobiaeMarnke cM. A. @penkens u M. Bap-Xuanaen Oc-
HOBaHHMS TEOPHH MHOXKECTB, nep. ¢ aHra., M., <Mup», 1966, ra. 11; NepBOHAYAJbHEIE CBEfCHUS
MOXKHO Takike Hafit B KHuXKe Ceprunckoro «O TeOpHM MHOXECTB», PYCCKHH HepeBOA KO-
Topoit B 1966 r. moJsoxuJ Hayano cepun «Maremarunyeckoe npocsemenue». — [Tpum. ped.
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(«Jlexuuu o TpaHCUHHTHBIX YHcJIax»), ony6iaukosanHaa B 1950 r. B ITapu-
xe, u «Cardinal and ordinal numbers» («KapaunasbHble n nOpsAIKOBLIE UHC-
Jaa»), seimenmast B 1958 r. B Bapumase.,

Hauano gesrenbnoctu CepnHHCKOTO B MaTeMaTHKe GBLIO BecbMa yaau-
HBIM, ¥ OH BCKope npuobpen uspecTnocTh. C ocenn 1908 r. Cepnunckuii pao-
TaeT BO JIbBOBCKOM YHHBEPCHTeTe, KyJa €ro NPUIJIACUJ TOTHAMIHUI DEKTOp,
creNnaaucT No Teopuu aHajautuyeckux dynkuuit Y. Tlyxuna, ¥Yxe B cneny-
1olleM yueGHOM TOAY OH HPOUHTAJ KypC JEeKUUH mnoj HazsaHueM <«Teopus
MHOXKECTB», KOTODHIH, KaK CBHAETEJbCTBYET YEIICKHI HCTOPHK MATEMAaTHKH
I'sugo ®erTep, OBLT NEPBLIM B MHPE CAMOCTOSITEJBHEIM VHHBEDCHTETCKUM
KYPCOM TEOPHUH MHOXKecTB., K 3TUM JIEKIUSM CTYAEHTH TPOSBHIH 0COOBIH HH-
tepec. Il HEKOTOPHIX M3 HHUX 3TOT Kypc onpejenusa o0aacTb, B KOTOPOH
no3JHee OHU NPOCAABUIANCE KaK BU/Hble HccaefoBatead. Cpeau NepBHX yue-
uukoB CepnuHckoro Opinu cTyAenTsl O. Hukonabim, Tenepr npodeccop oaHo-
ro U3 amMepHKaHCKUX yHHBepcuTeroB, H C. Pyxepuy, nosgnee mpodeccop
JIBBOBCKOTO YHHBEpCHTETA H PeKTOop AKajgeMHHU BHeIIHefl TOPTOBJIH, YOUTHIM
HeMeIlKo-(pallluCTCKUMH 3axXBaTyukaMu B 1941 r. BMecTe ¢ HECKOJbKHMH Je-
catkamu npodeccopoB JIbBOBA.

B 1910 r. JIbBoBCKHI yHHBepcHTET npucBoua CepnuHCKOMY 3BaHHe IPO-
deccopa, a cnycers rox Kpaxkosekas Axajgemusi Hayk Harpaguia ero 3a Tpy-
abl, ony6ankoBanHele B 1909—1910 rr. Ha DoJbcKoMm A3EIKe. [lesiTeNbHOCTD
CepnnHCKOTO TpUBJIEKaeT BHHMaHHe MOJOJABIX TaJaHTJIMBBIX MATeMAaTHKOB.
B 1913 r. o JIbBoB npubsliun C. MasypkeBudu, UTOGH NPOHTH Y HEro JOKTO-
paHTypy, H 3. SIHHIIEBcKHull, yKe NMOJIYUMBLIMH cTeneHb jpokTopa B Ilapmx-
CKOM VHHBEPCHTeTe 3a paboTy IIO TONOJOTHH. Kpyr yueHHKOB U COTPYAHHKOB
CepnuHCKOTO, MPOSIBISIONIUX HHTEPEC K TeOPEeTHKO-MHOMKECTBEHHOH TeMaTH-
Ke, 3aMeTHO pacllupsieTcd, u 31ech Bo JIbBOBe, ropofe, BxolsnieM Torjxa B
cocraB ABcTpo-BeHrpuu, 3apoxkjgaercs HoBas MaTeMaTHYecKas IHKOJNa —
Ulonbckas.

ITpumepHO B 3TO Xe BpeMst B Pocci BO3HHKAET HOBAas MaTeMaTHYeCKas
wkoaa — MockoBckas mkona Teopud QYHKUUE AeHCTBUTENBHOTO TepeMeH-
HOTO.

Hnen TeopeTnKo-MHOKeCTBEHHON MaTeMaTHKH NMPOHHUKAH B PYCCKYIO JIH-
TepaTypy yxe B caMoM HadaJje XX Beka. K sTomy BpeMeHH oTHOCHTCS Iep-
BHIfl Kypc JIEKLUHIl IO TEOPUH (PYHKUUI AefCTBUTENIbHOTO NEepPeMEHHOTO, Npo-
yuTanebil B Mockosckom ynusepcutere B. K. MioaseeBckum, omy6auKoBa-
Hue B 1907 r. M. Y. JKerankuHelM Marucrepckoii muccepranuu «TpaHChH-
HUTHBlE uHCaa» ¥, HaKoHel, mosAsjieHWe B 1911 r. smamenutolt pabOTHL
. ®. EropoBa «O nocie10BaTeNbHOCTH H3MEPUMBIX (YHKIHIS.

Pemaroniee sgauenye jJ5 BO3HHKHOBEHUS] HOBOH MaTeMaTHYeCKOH IIKO-
Jbl HMeNa eATesbHOCTb B o6saactd Teopun ¢yuxkunii H. H. Jlysuna (1883—
1950), yuennka . ®. EropoBa mo MockoBckoMy ynuBepcurery. Csou mep-
Bble pabotel (oHu nosBasitorcst yxe B 1911 r.) Jlysun npucsiiaer u3 IéTTHH-
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reda u [lapuxa, rae na nporsxenun uersipex Jger (1910—1914) on cayma-
eT JeKUMH KPYNHeHIMX MaTEeMAaTHKOB M BeleT WHTEHCUBHYIO HAYUHYIO
pa6ory.

Mosirenne B 1915 r. nokTOpckoit Auccepranuu Jlysuna <«HHTerpan
TPUTOHOMETPHYECKHH PAN» OKa3aJo CHJIbHOe BJIWSHHE Ha JaJbHellllee pas-
BuTHe Teopuu ¢yuxuui. [lo-Buaumomy, ¢ storo spemenn JIy3us cTaHOBUTCH
NPU3HAHHLIM [1aBOK MOCKOBCKOH MaTeMaTHYeCKOH IIKOJIBI, Cpa3y 3asBUB-
el o cefe BHIAAKIIMMUCS HCCAEJOBAHHAMH CaMoro JIysuHa M €ro ydyeHu-
koB: II. C. Anekcannposa, [I. E . Menbmosa, M. §I. Cycanna u A. 1. Xun-
qUHa,

[Tonubiii pacuser wKogbl Jly3suHa MNPHXOAHTCH Ha COBETCKHA MEPHUOL,
KOTfa, Hapany ¢ paGoramu JlysuHa H ero nepBbIX YYEHHKOB, HOABJIAIOTCH
paboter A. H. Koamoroposa, M. A. JlaspenrbeBa, Il. C. Hosuxona,
IT. C. Vpricona, JI. B. Keageiu 1 Apyrux nccienoBaTtesei.

Bnusnue MOCKOBCKO! LIKOJMBI Ha Pa3BUTHE MaTeMAaTHKH B Halledl crpa-
He CTaHOBUJIOCH Bce GoJiee M GoJiee OLLYTHTENbHHM B CBA3H C IPOHHKHOBE-
HYEM HJeHl TeOpUH MHOXKECTB B (pYHKUHOHAJNBHLIA aHaJH3, TEOPHUIO BepoAT-
HocTeft, Teopuo AubdepeHUHaNbHbIX YPAaBHEHUN U B APYTHe OTPACIU Marte-
MAaTHKH.

Bnusnue MOCKOBCKO! IIKOJBI CKa3anoch H HAa Pa3BHUTHH MaTEMAaTHKU
3a pyGexoM. «OcOOEHHO 3HAUUTEJBHBIM ObLIO BAUSHHE HA TOJBCKYIO MaTe-
MATUKY, TAe BO3HUKIA CHAbHAA IIKoJa teopuu ¢yakuuit (B. Cepnunckuf,
I'. Mrefiurays, C. Masypkesuu, A, Paixman, A. 3pirmyus, C. Banax u np.);
OHO CKa3blBAJOCh H Ha TBOPYECTBe (PPAHUY3CKUX, AHIIUACKHX, HEMELNKHX H
AMOHCKUX YUeHBIX» L.

Haydyras w JjurepatypHas AearenbHocts CepnHHCKOTO yXKe B CaMOM
Hauase nmoJayuaer B Ilosbiue Bhicokoe mpusHasue, B 1913 r. Kpakosckas
Axkapnemus nayx npucyxpaaetr Cepnunckomy npemuio 3a «Oyepx TEOpPHH MHO-
skectB», a B 1917 r.—3a monorpaduio «Teopusa uucen». O6e KHHrH GBHLIH
ony6/iuKOBaHb B BapuaBe Ha monbcKoM sisbike: nepsas B 1912 r., sropas
B 1914 r.

B nauasie nepsoil MupoBoil BoitHbl CeprnuHCKHH OblI HHTEPHUPOBAH (Kak
rpaxianut r. JIbBoBa, BXoAALLEro TOrAa B coctas Ascrpo-Benrpuu) u nan-
paBien B r. Barky. Ho anecy Cepnunckuii mpoOblyi CPaBHATENBHO HELOJTO,
rak kak JI. ®. Eroposy u B. K. MnojaseesckoMy nocijie GOJBIIMX XJIOTOT U
ycuuuit yiadoch MONYUHTh AJs HEero paspemieHne Ha XHTeabcTBo B Mockse.

B 1915 r. Cepnunckuii nprexad B Mocksy, rie Ha NPOTAXKEHHAM NOYTH
TpexX JeT OH MPOJO0JKAaJl CBOIO HayuyHYIO U JIUTEPATYPHYIO AEATENbHOCTH H
MMeJ 10JIC3HBIe KOHTAKTH ¢ PYCCKHMH MareMaTHKaMH. BO3MOXHOCTB oflie-
uusa ¢ CepIMHCKMM pajosala MHOTHX MOCKOBCKHX MareMaTHKOB. Tax,

LA T IOmKkesnuu, Marematuka, B xH.: «Mcropusi ecTeCTBO3HAHHA B PoccHu», 1. 2,
M., usx-so AH CCCP, 1960, crp. 194.

10



I1. C. AsekcanapoB (B To BpeMs cTyldeHT Jlyauna) sameuaer, 4To OH 6bL1
CyacTAuB, KOria ocewbio 1915 r. emy JoBejoch NoKAajgbiBaTh O CBOe#l Nep-
BoH HayuHoll pabore B mpucyrctBHE Cepnuuckoro!, C 4yBcTBOM G0sbLIOH
6narofgaproctd CepnuHCKHI BCIOMHHAeT 0 BHHMaHHH M 3a60Te, KOTOphIe
ObTH TPOSIBJEHBl K HeMy EroposbiM, Miion3eeBCKMM H JIDYTHMH MOCKOB-
cKkHMHU MaTeMaTHKamu, Ho cosepiesno ocoboe 3Hauenne nas Ceprunckoro
HMesia BO3HHMKIIAA 31ech Oogblliasg ApY:KOa MeKAy HUM u JlysuHbiM?, dra
npy:kGa, OCHOBAHHAs Ha OOMIHOCTH HAYYHBIX HMHTEpPECOB, 3aKpellsleHHas COB-
MECTHBIMH HCCJIENOBAHUSIMH M pe3y/bTaTaMy, CAY:KHJIa HCTOYHHKOM BJIOX-
HOBEHHS AJs 000UX MAaTeMaTHKOB HA NMPOTSKEHHU HECKOJNBKUX AeCATHIETHI,
o caMoli cMepTH Jlysuna.

B Bsarke u B Mockse CepnHHCKOTO HE MOKMIAJd MBICJAb O CO3JaHUHA
IIOJIbCKOTO YHHBepcuTeTa B BapuiaBe. 37lecb OH TOJATOTOBWJ TMEPBbLII TOM
«MareMaTnueckoro aHaausa» B JBYX dacTsax W onyGaHKoBajn ero B8 Mockse
Ha ToJibCcKOoM s3bike B 1916—1917 rr. Dra gHura Gelia nepensfana B 1923 r.
B Bapmage u Ha HPOTAXKeHHH Psifa JeT CAYXKHAa yueOHBLIM rocobueMm s
NOJbCKHX cTyHeHToB. 3a 1915—1918 rr. CepunuHckuM OBLIO ONYOJIHKOBAHO
36 pabor (U3 KOUX yeThipe COBMECTHO ¢ JIY3MHBEIM), T. €. CTOIBKO XK€, CKOJb-
KO 3a YeThlpe NPeBIAYNINX IoJa.

Becnoit 1917 r. u3 noJsibcknx raser, enxoasamux 8 Mockse, CepnuncKuii
HeOXKHAAHHO y3HaJs, uto Kpakosckas Akamemus Hayk u3bpaja €ro CBOMM
YJeHOM-KOPPEeCNOHAEHTOM. DTO H3BecTHe ero oueHb oOpagosaqao. Bckope
nocie Okradpbckoil pesodsionun CepNUHCKHE BO3Bpalllaercs BO JIbBOB H
nprcTynaer K padore B ynusepcurere. Ocenpio 1918 r. on nosnyuaer xaden-
py BO BHOBb co3naHHoM BapmasckoM ynusepcutere, B Bapmase Cepnun-
CKHMH 3acTajl CBOUX Ipyseil npodeccopos 3. numesckoro u C. Masypxesu-
ya, ¢ KOTOPBIMU OH Cpasy Ke HPHUCTYNHI K OCYLIECTBJEHHIO POrPaMMHl pas-
puTust MatemMatuku B [Toaeme. B 1919 r. 514 Tpn marteMaTHka NPUHAU pe-
IIeHde O CO3JAHNH IEPBOro B MUpe CIEelHaTH3HPOBAHHOIO MaTEMaTHUECKOTO
wypHana «Fundamenta Mathematicae», mocBALIeHHOTO TEOPHH MHOMKeECTB,
TONOJIOTHH, TEOPHH (PYHKIUI NEHCTBHTEIbHOTO NepeMeHHOro u MaTeMarHue-
ckoit joruke. Toria MHOPMe BHEHBIE MaTeMaTHKH (CPedd KOTODLIX OBl
A. JleGer) He BepHJHU B yCHeX 3TOro HauMHAHUA, UM Ka3aJjoch, YTO XypHal,
UTHOPUPYIOWUH OCTasJbHLIe OTPAcIH MaTeMaTHKH, He OyNeT KH3HEeCTOHKHM.
TlepBuil ToM xyprana moasuiaca B 1920 r., uepes HecKOJbKO MecHAleR INOC-
Je cmeptd 3. SIHHIIEBCKOrO — OMHOTO U3 ero ocHoBaTenelt. Hauaroe geso
CepnuHckuil npononxkan ¢ Masypkesuuem 10 cMepTH nocjensero B 1945 r.,
3aTeM HeJlerkve 00SI3aHHOCTH pejgakTopa oH Bbimoanssa ¢ K. KypaToBckum,
B TocJeAnNe XKe oAbl CepnuHCKU fABJASETCH NOYETHHIM PEJAKFOPOM KypHa-

1Cm: P, S. Aleksandrow. O wspbdipracy polskiej i radzieckiej szkoly mate-
matycznej, Wiadomosci matematyczne, VI, 1963, crp. 177.

2 Coxpanunach Qortorpadus, Ha KOTOpOH cuaTe Eropos, Jlysum u Cepmunckuil. CM.:
«Hcr.-Mar. uccnen.», Bum. VIII. M., 1955, crp. 70.
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" Jqa, a Kypatosckuil — pesakTopoM. DTOT KyPHAJ CBHIrpan GoJblIylo pOib B
pasBHTHH MaTeMAaTHKH He Tosibko B Ilosblle, HO H BO Bcex crpaHax, Ve €io
zanumaioTcs. Eule B 1935 r., Korja Boimen 25-if TOM XKypHaJja, OfHH aMe-
PUKAHCKHIl MaTeMaTHK ckasas, uTo Hcrtopus «F. M.» siBjisiercss oHOBpEMEH-
HO MCTOpHel COBPeMeHHOH TeopHH (QYHKIHI IefCTBUTENBHOTO MepeMeHHOro,
a B 1962 r., xorga Beimes 50-i1 Tom, Il C., Anexcaunpos sassuJ, uro wobuaei
TOro KypHa/la sBJseTcA NPa3IHUKOM I/ MaTeMaTHKOB Bcero Mupa. Cep-
NMHCKHI Kak-To 3ameTHJ, yro B 50 tomax «F. M.» conepxurca 1500 pa-
6ot 420 pasaHYHBIX aBTOPOB, B TOM uuciae okosao 300 3apyGexubix, cpe-
1M KOTODBEIX HEMaJo KPYMHefIIMX MaTeMaTHKOB coBpeMeHHOcTH, Jlymaercs,
YTO B 3TOI CBA3H YMECTHO MOAYEPKHYTh 0COOYIO II€HHOCTb BKJala HMOJbCKHX
M4TeMAaTHKOB H, B YaCTHOCTH, caMoro CepmnuHCKOro, KOTOPOMY U3 YHOMSHY-
toix uM 1500 paGor mpuHantexar 262.

B 1921 r. Cepnutcku#t Gpl1 n30paH HeHCTBUTEAbHBIM UjeHoM T10/ibCKOM
Axkagemuu HayK. Bo MHOTHX cTpaHax Mupa o6panialoT BHUMAHHE Ha ero He-
KJIOUUTENBHO BBICOKYIO TBOPYECKYIO aKTHBHOCTb, BLIAAIOILHECH JUTEpaTyp-
Hble, NeJarorHueckue W OpraHu3allHoOHHEIE crocoGHOCTH. CepnuHCKuil MOJY-
yaeT MpUIJAIleHdss OT MHOTHX 3apyOexkHbix yHuBepcuTeroB, OH uxTaeT JeK-
nun B CrpacGypre, CopGoune, fccax, DBproccene, )Kenese, Basene, IIpare,
Bynanewre, PuMe u B apyrux ropogax. Mmsa CepmnuHCcKOro ObICTpO MpHOG-
peraer OTPOMHYIO NONYJspHOCTb. B MaTeMaTuuecKyio JUTepaTypy MPOUHO
BOULTM TEPMHHBL: «YHHUBepcaabHas Kpusag CepuuHckoro», <«TpeyronbHas
kpuBast CepIUHCKOTO», «S-KOHTHHYYM>» U IP.

B rozsl Bropoft MHPOBoit BoliHbl CepnHHCKHII He Npexpallaj HayIHYIo
paGoTy W faxe INpenojaBat B HOANOJIbHOM yHuBepcuTere Bapmasel. Oce-
Hpio 1944 r., Xorma HeMelnkue BolicKa Hava/au cxkurarb Bapmasy, Cepnun-
CKHIl BBIHYXKJEH OBbLT MOKHHYTb IOpoi. 3aGOT/IHBbIE JPY3bsi BHIBE3JIH €r0 B
MexyBcguil yesa.

B ¢espane 1945 r., nocse ocBoboxkenus Ilosblun coBeTCKUMH BOHCKa-
mu CepnuHCKuil MemIKOM oTnpaBusicad B KpakoB. 3xechb ero Bo BTOPOH pas
nputoTra $lrensoHekuil yuusepcuter, OH TPUCTYIHJI K UTEHHIO JIEKIWMH H
cTaJs 1neyarath CTaTbU M KHUTH, HANUCAHHBIE UM BO BPEMsI OKKyNaluHu. 31ech
3Ke OH CIIYCTS HeCKOJbKO MeCslleB BO30OHOBHJI H3TaHHe XypHasda «F. M.,
KoTopoe OblI0 IpepBaHO BOHHOIL,

C ocenn 1945 r. Cepnuuckuil B Bapmase, 11 cuoBa 60JbLIOH TPYX 1O
BOCCTAHOBJIEHHIO YHHBepcuTera. CHOBA JEKUHH B Pas3JIMUHBIX YHHBEPCUTETAX
Espons, Uunnu, Kananw, CIIA, goxiansl U coofuieHHs Ha CHMIIO3HYMax
¥ cbesaax. JesTenbHocTh CeplHECKOTO MoJydaer BBICOKYIO OlleHKy B Ilojb-
ckoit Haponnoit Pecniybunke. B 1949 r. emy 6blna npucyxaena I'ocynaper-
BeHHAas NpeMus NepBol crermeny, a B 1951 r, 6ulna BHOUTA Meflallb ¢ Gapeiib-
ebom CeprnuHcKOoro 1o cayyaio 20-jeTHsT HCIOJHEHHS HM 00f3aHHOCTEH
npencenatens Bapmasckoro nayunoro o6utectsa. B 1952—1957 rr. Cepnun-
CKuii 6bla1 Bulle-nipeauneHToM Ilosnbckoil Akagemuu HayK. B ampene 1957 r.
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DH IPHHSI yyacTHe B IOOHJeflHOH HayuHo#l ceccun AkajgeMmun Hayk CCCP,
nocesamenHol 250-etnio co AHsA poxaeHus JI. inepa. B Tom Xe roay ou
Bo300HOBU/ H3jaHHe «Acta Arithmetica» — eqMHCTBEHHOTO B MHupe XKypHa-
714, HOCBSIIIEHHOTO TOJBKO BOIPOCAM TEOPHH YHCEJ.

B nocnexnune 20 jiet Teopus uuces CHOBA 3aHHMaET BUIHOE MECTO B Ha-
YUYHOH H quTepaTypHol pabore CepnuHCKOro. MHOTOUHC/AEHHbIE Pe3yabTaTH,
noayueHHble CepIIMHCKHM H €ro yueHUKaMH, HanGoJjlee BBILAIOMUMCH U3 KO-
TOpBIX aBasieTcss Anapeil llluHunens, zamerHo oforalaloT COKDPOBHILHHILY
TEOPUM uhces1, B OCOOEHHOCTH TaK Ha3biBaeMOM 3/71eMEHTAPHON TEOpUH UYHCEJ.

Ceityac, XKak ¥ B npouable rogsl, CepnuHCKUil NeYaTaer OpUruHalbHbIe
CTAThbY, H3TAET Cepbe3Hble W monyaspHble KHUTU. Cnucok paGoT, onysJuKo-
BAHHBEIX MM, CONlep:KUT yxKe Gosee 700 naszsannit, Cpeau Hux cseime 30 Mo-
Horpaduii, yueGHUKOB H MOMNYJSPHBIX KHHIKEK.

VHUBEPCHTETH! AECATH ropoaos: Amcrepnama, bopao, Bpouaasa, Jlax-
xHay (Mupus), JIeBoBa, Mocksbl, Ilapuxa, Ilparn, Coduu u Tapry npuc-
Bounn CepmuHCKOMY cTeneHb JokTopa honoris kausa., CepnuHCKuUE — BHlle-
npencenarens MexaynaponHot Axkaxemuu ¢uiaocodbun HayK, NOUYETHBI
wien Doarapckoit, HranbsiHcko#l, Jlumanckod, [lapuxckoi, Pymreiackod,
Heio-Flopkekoil, HexocaoBaukoil 1 Apyrux axkagemui Hayku. OH Takxke I10-
geTHBEI uieH JIOHAOHCKOTO MaTeMaTUYeCcKoro OO0IIEeCTBA W MHOTHX JPYILHX
Hay4HbIX OOLIECTB,

Ransias Cepnunckuil — crapefimuii akazemuk Iloabmu., OH BocmuTan
TPH TOKOJIEHUs] YYEHUKOB, CPDENH KOTOPHIX HEMaJO KDYIHHIX MAaTEeMaTHKOB.
Ero HenpepriBHAast TBOPUECKas AeATEIbHOCTb Ha MPOTHIKEHHUH IIECTHRECATH
JeT C031ana CJIaBy IMoabcKol Hayke, CepnuHCKHIl 110 OPaBy CUUTAETCA OT-
[OM TI0JIBCKO IIKOJBI MaTeMaTHKOB,

H. Meavruros



DJIeMeHTapHYI0 TeOPHIO YHCesa CJIeAYeT CYUTATh OLHHM
U3 HAaWIyHIIHX HpefMeTOB AJs NepBOHAYAJLHOIO MaTeMa-
tHyeckoro o6pasosanud. Ona TpefyeT oueHb Majo HpelBa-
pPHTEJLHBEIX 3HAHUH, a NPeAMeT ee NOHSTEH M OJH30K; MeTO-
JBl paccyxAeHUH, NpUMeHAeMble e€l0, HPOCTH, OOIM M He-
MHOTOUMC/IEHHBI; CPEJd MATEMaTHUECKHX HAYK HeT paBHON
efl B oOpalleHHH K eCTeCTBEHHOH 4eJIOBeueCKol JoGo3Ha-
TeJAbHOCTH 1.

I[MPEAUCJIOBUE IMEPEBOIYNKA

Teopus uncen 3apogusnach 1aBHO, elle B ApesHell 'peuunt, Ho paspuBa-
Jach KpafiHe MelJeHHO. Dosbluoil u yCTOHYMBLIH HHTEpec K ee mpobiemam
B 3HAUHTe/bHOH Mepe Obl oOycnosiaer nearenbHoctbio 11, ®Pepma (1601—
1665). Kak camocrositenbHas Hayka TeOpHs HHCesa NOJYYHIa CBOe TEPBO-
Haua/JbHOe odopmseHue aumb B XVIII B. B MHOTOYHCneHHEIX paGorax
JI. Ditnepa (1707—1783). Crenylomell BaxkHeflllell BeXOH B ee HCTOPHM Obl-
aun vccnenoBanus K, @, Taycca (1777—1855) u ero nocnenosarteneil. Bodb-
110e 3HAUEHHE JJiA PA3BUTHS TEOPHH uHcel] UMenau Hccdenosanus [1. JI. Ye-
OpiieBa (1821—1894) u nesofl naeaab PyCCKUX H COBETCKMX apH(METHKOB,
npuHapIexamux kK [lerepOyprckofi MateMaTHUeCKOH LIKOJAE WJH TPOJOJ-
JKAWIIMX ee caaBHble Tpaaunud. OOIMen3BecTHO MHPOBOE 3HAaueHHe BKJana
B Teopuio yucea M. M. Bunorpanosa, [O. B. JIunnuka, JI. I'. Illuupensmana
U JPYrHX COBETCKHX MAaTeMaTHKOB. Doablune 3acayrd B Pa3sBUTHH TEOPHH
YHCEJ HMEIOT U COBPeMeHHEle 3apy0GexkHble MATEMATHKH.

B HacTosilllee BpeMsi TeOpHs uuce — OOUIUPHAN U TPYAHAN 06JaCTb Ma-
TeMaTHKU. OHa pasBHBaercs B Pa3JHYHBIX HANPAaBJEHHUSX M HCIOJb3yeT pas-
HOOOpa3Hble METOIbl U CPENCTBA.

IIpencraBasgercs BHOJHE eCTeCTBEHHBEIM, uTOGLI (aKThl, NPHUHALIEKAILKE
apudMeTHKe, 0GOCHOBLIBAJINCH «3J€MEHTaPHBIMU» METOIaMH, T.e. IIpH IOMO-
111{ JIMIIb apUGpMETHUECKUX U 3/eMeHTapHoanre6pauueckux cpencrs. B ognmx
c/Iyyasix 370 TpeOoBaHMe BBIIIOJHSIETCS CPABHHTENBHO JErko. B Ipyrux xe
cayuasix MOUCKM 3JIeMEHTAPHBIX J0KA3aTeJbCTB HOCAT 3ATAKHOH XapakTep, H
He BCerja MM CONyTCTBYeT yclex. B cBoe Bpemsl 0oJbliloe YAHBJAEHHEe B Ma-
TEMATHYECKOM MHPe BLI3BAJM 3J€MEHTApHble pelieHus TIYOOKHX mpobiaeMm
TEOPHH uuces, HaigeHHble ApTuHoM, Ban mep Bapaenom, B. A. Benkosbim,
10. B. JlunuukoM, CennGeprom u ap. Ilpeasnoxennpie HMHU DellleHus OYEHb

1 910 BhickasmBaune I'. X. Xapmu (Bull. Amer. Math. Soc., 35, 1929, crp. 818) Cep-
IHHCKHI NIOMECTHA B KadeCTBe smurpada K csoei Kuure «200 3ajay 0 SNEMEHTapHOR Teo-
PHU UHCEJ», H3JaHHOH Ha IOJNBCKOM S3LIKE.
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TPYAHEL. YUTOGH NMOJHOCTBIO MOHATH M YCBOHTb HX, Ha)Ke XOPOWIO MOAro-
TOBJIEHHOMY YHTATeJI0 IMOpPOil TpebyeTcss MHOTO BPEMEHH HaMpSIKEHHOro
TpyAa.

3ajauH, pacCMaTpHBaeMbie B aHHOH KHHTe, NIPHHANJIEXKAT S/1€MeHTap-
HOH TEODUH YHUCEJ M, KaK MPaBuUo, ABJISIOTCS IEMEHTAPHBIMH H B OGLIYHOM
cMbICae 3TOro cgaoBa, [To3ToMy 3HauuTesNbHAs YacThb KHUTH JOCTYMHA LIHPO-
KOMY KDYTy uuTareneil. B KHure U3pefka BCTpevaloTCs TPYAHblE 3afaud, U3
KOTODBLIX HEKOTODhIe ellle HeJaBHO pacCMaTpUBAJUCh TAKHMH BHAHBIMM HC-
caenosarenamu, kak Ceprnunckuit, dpaém, Hluunens u np. HoMepa tarux
3a/la4 OTMeYeHB! 3Be3JIOUKOH.

Opurnaan 3Toit Kuurd, nogBuBiluiics B [loabie B 1964 r., comepikan
200 ¢ aumuuM 3agad. B Hacrosllee H3ganue, KpoMe 3THX 3a7ad, BOLLIO ele
OKOJIO COPOKAa HOBBIX 3a/ad4, NMPHCAAHHBIX MHE aBTOPOM.

OTa KHHUTaA He sIBJsIETCS 3aJauyHUKOM no Teopuu uucend. Oua He comep-
KHT TPEHHPOBOUHLIX NPUMEPOB U 3a7a4, HEOOXOAUMBIX AJsi YCBOGHMS Xa-
KHX-TO pasgetoB yueSHo# mporpaMMbl, OIHAKO 3aaUH U KpPaTKUe pelleHud,
HNoMelleHHble 3/eCh, yuyaT OYeHb MHOTOMY, TaK Kak, (GOpMHUpYsi MaTeMartH-
yeckoe MblIJIEHHE, OHNH CO3[4al0T H3BECTHBIE NpPEINOCHIIKH JAJs CaMOCTOs-
TeJbHOI paboOTHl B 3J1eMEHTaPHON TEOPUH UHUCe] U CIOCOOCTBYIOT NPHOGpeTe-
HUIO TaKWX HaBBIKOB, KOTOpEle OYAYyT NOJEe3HH B JI000H OTpaciH Marte-
MAaTHKH.

B HacTosilleM M3MaHMH COXPaHEHBl CCBUIKH aBTOpa Ha MoHOTrpaduue-
CKYIO H KYDPHAJBHYIO JUTEPATYPY HA NOJBCKOM U JPYTrUX HHOCTPAHHBIX S3bI-
Kax. 3naHud, HEOOXOAUMbIe /s YCHEIIHOH paGoTHl Haj OTHAEIbHBIMU 3ajaa-
YaMU, UHTATEJb MOXKET MOUYEPTHYTh U3 CACAYIOIIUX KHHT MO TEOPHH UHces:
1) WM. M. Bunorpagos, OcHOBE Teopuu uucesa, 7-e usn. M., 1965;
2) A. A. Byxwra6, Teopusi yuces, 2-e usa. M., 1966; 3) L. X. Muxeaosud,
Teopua uucen, 2-e uag. M., 1967. Uutatesnio Takke GYAYT MOJE3HB! ABE KHUTH
B. Cepnunckoro B pycckom nepesofe: 1) O pelleHHH ypaBHEHHH B HeJBIX
yucaax. M., 1961; 2) Uro Mpt 3maeM H 4ero He 3gaeM O NPOCTHIX yHcaax. M.,
1963.

[To mMoe#l UHUIIMATHBe 3/1€Ch MOMEIIEHbl B KAaueCTBe NMPHUJIOXKEHHS JABa H3-
BJIeUeHHs] B pycckoM mepeBoie u3 KHuru B. Cepnunckoro «3dmemeHtrapHad
Teopus uyuced», uagannoi B Bapwase B 1964 r. Ha aHTIMICKOM s3BIKE.
B nepeom nsBieueHuu HaeTcd M3J0XKeHHe BECbMa 3JIEMEHTAPHOTO JA0Ka3a-
TeJbCTBA NocTyJata BepTpauna, npunaniexautero I1. Opaémy, a Bo BTopoM—
nokasarenbctBo. Teopembl lepka, npunapnexaniero CeprnuHCKOMY.

B kHure mmeercss HECKOJbKO NMpHMeUYaHUWH, HAHCAHHBIX MHOw0. OHU OT-
MeUueHbl HOMEPaMH B KBaJPaTHBIX CKOOKax.

Sl BeIpaxkaio cBOe YyBaxKeHHe W NPH3HATENBHOCTh PERAKTOPY KHHTH
IOpuio AnekceeBuuy I'acreBy, leHHble yKasaHHUsg KOTOPOTO OBIIH yUTEHEI
MHOIO Ha MOCJEeAHeM 3Tane paGoThl Haj PYKONHMCHIO 3TOH KHUTH.

H. Meavruros



SAQDAYH

1. Jeaumocth uyncen

1. Hafitu Bce HAaTypaJ/ibHBle UMCAA 71, MJIsT KOTOPBIX YHCTI0 n2+1 menurcd
Ha n+1.
2, Hafitn BCe Lesble uucCia x =+ 3, Takue, uto ¥x—3 | x3—3L
3. Hoxasate, yto ecin 7{a?+07, rae a u b—ueasie yncia, 1o 7| a u 7|b.
4. JoxasaTh, uTO CYIIECTByeT OECKOHEUHO MHOTrO HATYpa/bHBIX yHces 11,
Il KOTOPHIX 4ucyio 4n2+1 nenurcs 0JHOBpPeMeHHO Ha 5 u Ha 13,
5. Jlokasath, 4TO AJs1 HATypaJbHBIX f umeeM 169 3%+3 —26n—27,
6. Iloxasath, 4TO 19|226H'2 43 nna k=0,1,2,.. .
7. okasatb yrBep>kaeHne M. Kpafiunka o tom, yto 13]270437.
8. Hokasate, uto F ,|2"" —2, rne F, =2% +1, n=1, 2,... .
9. loxasarh, uTo CyIeCTByeT GeCKOHEUHOEe UHCJI0 HATypaJbHBIX YHCEN
n, AJs1 KOTOPHIX 722 |27 -1,
10. ToxasaTk, 4TO €CaHU R — HeYeTHOE uUHCAO, a 71— HaTypajbHOe, TO
272 2t 1,
11. Hokasarts, uto 11-31-61]201—1.
12. Jokasath, 4TO AJisi HATypaJbHBIX M U a>1 nMeeM 2:

am — 1
(ﬁ’ a—1 ) = (a—l, m)
13. JlokasaTb, uTo JJs KaxAOT0 HaTypajbHOro 4ucjia n uucao 3- (154
4254+ . .. 4n® pmenurcs Ha umcao 134234 ... 4
14. Ha@itu Bce HaTypaJbHble UHcaa 1> 1, s KOTOPHIX YHCIO 1n4-9n
+ ... 4+ (r—1)" neanrca Ha n.

t CuMBon alb uutaercs Tak: «a EeMMT b» M 03HauaeT, 4TO UHCIO b nmenutcs ma umc-

+10 g Be3 ocratka. — ITpus. nepes.
2 CamBon (@, b) osHayaeT HaHGOJBIIRI O
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15. VccreoBath, sl KAKHX HATYPalbHBIX 7 KOTOPOE M3 IBYX UHMCeN
a, = 2" —2"M 1y b, = 2P 42" 1 penures u koropoe He fe-
JUTCA Ha 5.

16, JoxasaTb, uTo AJis KaXX[AOTO HATYPaJbHOTO HYHCJAA 7 CYIIECTBYET
TaKoe HATypa/JbHOE UHCJIO X, UTO KaXKABl U3 WIEHOB GECKOHEYHOH NOC]eno-
BATEJNbHOCTH

v.\'f
X1, kvl 2 4, x5 41,

IeJUTCS Ha A,

17. llokasarte, 4TO CyLIeCTByeT OGeCKOHEUHO MHOTO HEeUYeTHbIX HHCel 7,
IJIst KOTOPBIX HH TPH KAKOM YETHOM X HH OJHO M3 yuceJ GecKOHeuUHOH mocie-
JI0BaTeJbHOCTH

x4 1, a7 o + 1,

He JelUTCs Ha 1l

18. lokasath, UTO AJsl BCeX HATypaJbHbiX 71 nMeeM n?| (n + 1) — L.

19. okasaTh, UTO /A BCEX HATYpaibHEIX 1 nMeeM (21— 1)2|2(2"~Da 1

20. JokazaTp, 4TO CyUIeCTBYeT GECKOHEUHO MHONO HATYPaJbHBIX YHCe]
fn, Takux, uto n| 2"+ 1, u Ha#TH Bce Takue IPOCTHIE YucIa M.

21%, Ha#Tn Bce HeueTHHIE yucaa A, Takue, 4to n |37 - 1. ,

22*, JlokasaTb, 4TO AJ5 KaXKJAOTO HATYPaJbHOTO yHucjaa a>1 cyliecTBy-
eT GeCKOHEUHO MHOTO HaTypajibHbIX Uucea 7, TAKuX, yTo n|a” 4 1.

23*. Jlokasartbh, yTo cyllecTByeT GecKOHEYHO MHOro HaTypaJbHLIX YH-
ceJ 1, LIS KOTOPHIX 1|27 + 2.

24, Haiitu Bce HaTypaJbHBle 4HCaAa @, 175 KOTOPHIX uucao al®41 ge-
autcst Ha 10.

25*, JlokasaTb, 4TO He CyLIeCTBYeT HAaTypaJbHOTO uucaa n>1, A1 Ko-
Toporo n |27 — 1,

26. Hafitu Bce HaTypaJbHble UMCia 71, JUIsST KOTOPHIX 3[n-2741.

27. JokasaTp, UTO AJs KaXKJOro TPOCTOTO HEUeTHOro UWCJa p CymlecT-
ByeT GECKOHEYHO MHOTO HaTypaJbHBIX Yuces 7, AJs KOTOpBIX p| n-27+ 1.

28. JlokasaTh, YTO JJsi Ka)KAOTO HATypaJbHOro 4Hcaa 7 CyLecTBYIOT
HaTypa/bHbIC YHCAa X>>n U Yy, TAKHE, 4TO X*|y¥, HO X t y L.

29. JlokasaTb, 4TO cyllecTByeT OeCKOHEYHOe 4YHCJ/I0 HaTypasbHBIX YH-
cen 1, 4Js KOTOPHX 4YHcao n?-—3 JTednTcsd Ha TOYHBIL KBagpar, OOJbIIHi
€IWHHIB], H HAHTH HaVMeHbIlee W3 TAKHX HAaTyPaJbHBIX YUCeN A,

30*. JlokaszaTh, YTO 1Jid HedeTHHIX n uMeeM f |27 — 1.

31. Jlokasarb, UTO B GeCKOHEUHOH MOCaAeJ0BaTeJbHOCTH

2" —3 (n=2,3,4,...)

cyuiecTByer 6eCKOHeYHO MHOTO YJICHOB, AeJAINIHXCA Ha 5, H 6ecKOHeYyHO MHO-

! Unraercs: «x He AenuT y». — [Ipum. nepes.
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ro gensuluxcsa Ha 13, HO HH OJHH YJIeH 3TOH MOC/JAeJOBATeJbHOCTH HE JeJHT-
cstHa 5-13.

32* Ha#itn n1Ba HAHMEHBUINX COCTABHBIX UHCJA M, TAKHX, 4TO n|2" — 2 H
n|3r—3.

33*. Hafitu nanMeHbllee HaTypaJbHOE UMCIO 7, Takoe, uto n|2n—2,
Ho n 1 3"—3.

34. Hafitn HauMeHblllee HaTypasabHOE YHCJO 71, TaKoe, 4To 7 +27 — 2,
HO n|37—3.

35. Jloa xaxaoro HaTypaJbHONO yHcjaa @ HalTH COCTaBHOE YHCJO H, Ta-
xXoe, uto nla"—a.

36. lokasatp, 4TO ecau [/ LENbIX uuced @, b u ¢ umeem 9|a3-fb3+c3,
TO 10 KpaiiHefl Mepe OfHO u3 4ucen a, b, ¢ neaurcsd €Ha 3.

37. JlokasaTb, 4TO ecqH AJIS Ueabx uucea a, (R=1, 2, 3, 4, 5) nmeeM:

3 3 3 3 3
9[a1+a2+a3+a4+a5,
TO 3](11(12(1304(15.
38. [lokasats, uTO €Cly X, Yy U Z— HATypajdbHble udcna, (x, y)=1 u
x2+4y?=2% 10 7|xy, u 4r0 ycaoBue (x, y)=1 ABasercs 31ech HEOGXOLUMBIM.

39*. IlokasaTh, YTO CYILECTBYeT OECKOHEYHO MHOTO IMap HaTypaJsbHBIX
yHcead X, Y, TAKHX, UTO

x(x+1) y(y+1), xty, x+1ty xty+1, x+1ty+1,

YU HalTH napy HAaUMeHBIIHX TAKHX YHCeN X, Y.

40. {ns xaxXA0r0 HATYpPasAbHOTO uyMcaa §< 2D, a TakkKe AJ uucaAad §=
=100 HailiTu HauMeHblllee HaTypaJbHOE YHCJIO Ns, HMeEKLIee cymMMmy UuQp,
paBHYIO § (B AECATUYHON cHCTeMe CUHCJEHHsS), U Jefsueecs Ha S.

41*, Jloka3aTth, 4TO AJds KaXAOT0 HATYPaJbHOTO YHCaa § CYLIECTBYET
HATypaJbHOE YKCJIO 1 ¢ CyMMOH UHGD s (B JeCATHUHON CHCTeMe CUHC/IEHHS),
Aendiieecs Ha S. '

42*, Jloka3aTh:

a) 4YTO KaxKJ0e HaTypasibHOE UHCJIO0 UMEeeT HAaTypaJbHbIX JeJNuTeNedl BH-
na 4k-+1 me Menbuie, yeMm Buga 4k-3;

6) 4To CcyllecTByeT 6eCKOHEYHO MHOTO HATypaJbHBIX UHCEN, HMEIOLIHX
HATypaNbHHX Jdejutededt pupa 4k-+1 croabko ke, CKOJBKO H BHAA
4k+3;

B) 4TO CylUlecTByeT GeCckKOHEYHO MHOrO HaTypaJ/IbHBIX UHCEJ], HMEIOUIHX
HaTypaJbHBIX genuteneit upa 4k+ 1 Gouee, uem suaa 4k+3.

43. Hoxasarp, uto ecau a, b, 1 ¢ — npousBoJbHbIE Le/Abe YHCA], a 71—
HATypaabHOE YUCJA0 >3, TO CYMIECTBYeT UeJoe UUC/IO0 k, Takoe, UYTO HH OJHO
u3 yucea kR+a, k+b u k+c He mejurcd Ha n.
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Il. BzaumMHO mpocThie Yyncja

44, JlloxasaTtnb:

a) uro (n, 2% + 1) =1, gua n=1,2, . .

6) uyTo cyllecTByeT GeCKOHeYHO MHOIO HATypaJbHBIX YHCeNd 71, IJS KO-
TophiX (n, 27—1)>1, u naiiTH HauMeHbIllee U3 HUX.

45, [loxasaTb, UTO mpu BCAKOM liejoM k umcia 2k+1 u 9%44 asasior-
csl B3aUMHO NPOCTBIMHU, a a5 uucesg 2k—1 u 9&+4 mahty ux BauGosabuiuii
o0LUA JenuTeNb B 3aBUCHUMOCTH OT LEN0ro uuciaa k.

46. [lokasaTb: a) yro cyuiecTByer OeCKOHeuHas BO3pacralouas nocae-
JIOBaTeJbHOCTh NONAPHO B3aUMHO NMPOCTHIX TPEYTONbHBIX UHCEa (T, €. uHcen
¢ __n{n+1)
T2

0) 4TO CYNIECTBYeT GeCKOHEYHash BO3DPACTAIOLLAsl TOC/IeL0BATENbHOCTD
IONAapHO B3aHMHO NPOCTHIX TeTPa’ApajbHbIX uucen (T. e. uucen Buja Ip=
= n(n1) (n+2), tre n=1,2, . . . ).

47. JloxasaTb, 4TO ecaH a U b — pasiuyHble Uesble YACAA, TO CYUIECTBY-
eT GECKOHEYHO MHOTO TAaKMX HATypaJbHBIX YHCEJ 4, uTO 4Hciaa a+n u b+n
SIBJSIIOTCA HATYpPaJbHBIMH B32MMHO MPOCTLIMH.

48*, JlokasaTb, YTO ecu a, b ¥ ¢ — pasjiduHble leJble YHCIa, TO Cylle-
CTByeT OECKOHEYHO MHOro HaTypaJbHBIX UHUces] 7, TAaKUX, YyTo uHucaa a-+n,
b-+n u c+n ABAAIOTCA NONAPHO B3aHMHO NPOCTHIMH.

49, MaTh NpuUMep TaKUX YeThpeX pas3/jHUHbBIX HATyPaJbHBIX uncesa 4, b,
"¢ ¥ d, Lig KOTOPBIX He CYLIECTBYeT HH OAHOI0 HATYpaJbHOrO 4ucaa f, Ta-
Koro, uro6nl uucaa a+n, b+n, ¢+n u d+n Ovlauy Obl TONApHO B3aUMHO
TIPOCTHIMH.

50. JokasaTe, 4TO Kaxmoe HaTypasbHOe uucao >6 sBJAsAeTcs CyMMOM
JIBYX B3aUMHO NPOCTBHIX HATypaJbHLIX yucea > 1.

51*. JloxasaTb, 4TO KaxK10e HATypaJbHOEe UHCaA0 > 17 ABjsercs CyMMoH
TPeX HaTypasibHLIX NONAPHO B3aMMHO TPOCTHIX uucea >1 u uyro wmcao 17
5THM CBOHCTBOM He obJajaer.

52* JloxaszaTb, UTO Ka)XjJoe UETHOe UHCA0 2k AJsi KaXXKJOTO HaTypalb-
HOTO 4HC/a M ABJASAETCS PasHOCThIO NBYX HATypaJbHBIX YHCEJ, B3aHMHO IIPO-
CTHIX C M.

53*. JloxasaTb, YTo U3 mocjenoBaTeabHocT PuboHauun (onpepense-
MOH YCHOBHSIMH Ui=Us=1, Upjp==UntUny Haga n=1, 2, ... ) MOXKHO
u3BJeyb GeCKOHEUHYI0 RO3pPaCTAOUIYIO NOC/AeLOBATENbHOCTb ¢ NONAapHO B3a-
HMMHO IPOCTHIMH YJIEHAMHU.

,rme n=1,2,...);

111. ApudmeTHueckue Nporpeccuu

54. loxaszatb, 4TO CYIIEeCTBYIOT apudMeTHyeckHe IIPOTPeCccHH HPOHU3-
BOJILHOH NJIMHBI, COCTABJIEHHblE W3 PA3JHYHBIX IONAapHO B3aHMHO IIPOCTHIX
HaTypaJbHBIX YHCe.
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55, JlokasaTh, 4To M/ KaXXAOTO HATypajsbHOTO uyucaa R MHO2KeCTBO
BCeX HaTypaJbHBLIX 4MCeJ 7, Yy KOTOPBIX 4YHCJAO HATypaJbHBIX JeauTesed
KpPaTHO K, COJePXKUT OeCKOHEUHYI apHdMeTHUecKYIO IIPOrpeccHIo.

56. Jloxasartb, yTo CymecTByeT GECKOHEUHO MHOTO CHCTEM HATYPaJbHBIX
qhCes X, Y U 2, LI KOTOPBIX udeaa x(x-+1), y(y+1) u 2(2+1) cocrasasior
BO3pacTaloILyI0 apu¢dMeTHUECKYIO [IPOTPECCHIO.

57. HafiTu Bce mpsiMOYTOJIbHBIE TPEYTOJBHHUKYA, CTOPOHBI KOTOPHIX BhIpa-
JKalOTCH HAaTypaJbHBIMM HHCJIaMH, 00pasyiolldMu apHbMeTHUeCKyo INpo-
rpeccHio.

58. Haiitu GeckoneuHy!0 BO3pacTalOUlyl0 apH(PMETHYECKYIO IPODPECCHIO,
COCTOSILYIO M3 HATyPaJIbHBIX UHCEJ, HMEIOUYI0 HAUMEHDbIIYIO PasHoCTh U HE
COMepKAILYI0 HA OJHOTO TPeyTOJLHOrO YHC/IA.

59. Hafitu neofxoiuMoe M LOCTATOUHOE YCJAOBHE TOTO, yToOBl apudme-
THYeckas nporpeccus ak+b (k=0, 1, 2, . .. ), rie a u b —wHaTypaJjbHbBE
unesa, coiepixasna GecKOHEYHO MHOrO WIEHOB, AB/SIOMHXCST KBaipaTaMi
HATypaJbHBIX YHCeJ,

60*. JloxasaTh, 4TO CYIIECTBYIOT apH(MeTHUECKHe NPOTPEeCcCHH IIpOu3-
BOJIbHOI1 JI/IMHBI, COCTABJCHHBIC U3 PA3JIHUYHBLIX YHCEJ, SBJISIOMUXCSA CTeNeHs-
MH HaTypaJ/bHBIX YHCeJ C HaTypa/JbHBIMH NokazaTedsaMH > 1.

61. dokasath, uTo He cylllecTByeT OeCKOHeUuHOH apH(pMeTHUecKo#i Ipor-
peccuu, cOCTaB/JAEHHON U3 PA3JIMYHBIX HATYPaJbHBIX YUCEJ, KaXKAbli 4/eH KO-
TOPON SIBJASIETCA CTENEHBIO HATYPaJbHOTO uucaa ¢ HATypaJbHLIM NoOKasa-
Teqem > 1,

62. [lokaszarh, yTo He CYLIECTBYeT UYETHIpex INOCACAOBATEABHLIX HATy-
paJsIbHBIX UHCeJ, Kakaoe U3 KOTOPBIX OblI0O OBl CTEelICHbIO HATYpPaJbHOrO YHC-
Ja C HaTypa/abHBIM IToKaszaresjem > 1.

63. /lokasatp s/aeMeHTapHO, 4TO B KaxKAO# BO3pacraiollell apHgpMeru-
UeCKOl NpOTpeccHH, yjieHaMH KOTOPOH ABJAKTCA HaTypasabHble uHcaa, Cy-
LIeCTBYET OTPE30K IIDOU3BOJBHOH IJAHHBIL, COCTOAINIHHA TOJBKO H3 COCTABHHIX
qUCeI,

64*, loxaszaTh 3/71eMEHTAPHO, 4TO €CiAu g W b — HaTypaJbHble B3aUMHO
IPOCTHIE UHCAA, TO HJIs KAXKIAOTO HATYPaAJbHOTO yHcaa m B apuPMeTHYeCKOH
nporpeccuu ak+b (k=0, 1, 2, . . . ) cymecrByeT 0ECKOHEYHO MHOrO uje-
MOB, B3aUMHO IPOCTHIX C M.

65, Jloxasarp, uTo A/ KaKAOr0 HATYPAJbLHOIO YHCAa S B KaXKAO# BO3-
pacramwineil apapMeTHyeCcKOil NPOrpeccud, cocToslled W3 HAaTypaJbHLIX YH-
CeJl, CyLeCTBYIOT YKCJ/Ia, Y KOTOPBIX NepBble s Uu(p MOTYT OBITb NPOH3BOJb-
HEIMH (B AECATHYHOH CHCTEME CUHC/IEHHA).

66. HaiiTu Bce Bospacraromue apuHdMeTHUeCKHE HPOrPECCHH, COCTOf-
HiYe H3 TPeX WieHOB NocJejoBaTeabHOCTH Pubomadyud (cM. 3afauy 53), u
NOKa3aTh, YTO He CYHIECTBYeT BO3pACTAlOUIMX apH(PMEeTHUECKHX MocjaefoBa-
TeJbHOCTEH, COCTOSI[MX M3 YeThipex WIEHOB NOCJAEA0BaTeNbHOCTH Pubo-
HaYYH,
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67*, Haiitn Bospacraolnyio apudpMeTHYECKYIO NMPOTPECCHI0 C HauMeHb-
el pPa3HOCTbIO, COCTOSILYIO M3 HATypa/ibHbIX UHCEeJ H He COAEPKALLYI0 HU
OJHOTO YHc/Ia MOCAeN0BaTeNbHOCTH PUOOHAYYH.

68*. Haiitu nporpeccuro ak+b (k=0,1,2, ... ), tae a u b — B3aum-
HO IPOCTHIe HATypaJsbHble yuc/ia, He COoAepiKalllyldo HU OJHOTO YHcaa mocie-
JoBaTebHOCTH PuboHayumy,

69. JokasaTp, uTo B Kax a0l apudpmMeTnueckoil nporpeccuu ak+b (k=0,
1,2, . .. ), rle a u b — B3auMHO DIPOCTble HATypaJbHBIE YHCJA, CYLIECTBY-
eT 6eCKOHEYHO MHOTO UJIEHOB, IIONAPHO B3aHMHO IIPOCTHIX.

70%. HokasaTk, 4TO B KaXKH0# apu¢pmMeTHueckoii nporpeccuut ak+b (k=
=0, 1,2, ...), roe a u b — HarypaabHble YHCAA, CYILECTBYET GECKOHEUHO
MHOTO YJeHOB, HMEOLIUX OJHHAKOBBIE IPOCTHIE AEMHTENH,

71. U3 reopembl Jupuxse, coraacHo KOTOpOil B Kaxioll apudmerHue-
ckoll mporpeccun ak+b (=0, 1,2, ...), rie a u b —nHarypasabHbie B3a-
VMHO IPOCThIE UMCJ/a, CYIecTBYeT 6ECKOHEYHO MHOTO MpPOCTHIX uuces [1], BhI-
BECTH CJAeJCTBHE: B KaXKJIOH TAKOI MPOrPeccHH st KaXKA0r0 HATYpaJbHOTO
yncaa § cyllecTByeT GECKOHEYHO MHOTO UJIEHOB, ABJAIOLIMXCH NMPOU3BeAeHH-
SAMH § pa3JHuHbIX IPOCTHIX YHCE,

72. Haiitu Bce apudmernueckde mporpeccuu ¢ pasHoctbio 10, cocrof-
mue H3 Gosee yeMm ABYX NIIPOCTBIX YHCes.

73. Haiiti Bce apudmeruyeckre mporpeccuu ¢ passocreio 100, cocros-
mye u3 Gosee YeM IBYX MPOCTBHIX YHCEJ.

74*. Hafitn gecATHU/eHHYIO BO3pacTalollyio apudMeTHyecKyio mnporpec-

* CHIO, COCTOSIINYIO M3 NPOCTBIX YHCEN, OCAe NI u/eH KOTOPONl €CTh HauMeHb-
liee BO3MOXKHOE IIPH 3THX YCJAOBHAX YHCJO.

75. Jlath npumMep OeCKOHeUHOH Bospacraiouiefi apudMeTHuecKoi Mpo-
rpeccu, cocrosilell W3 HaTypaJbHBIX 4uces, HA OQHH WieH KOTOpOH# He fB-
JISETCS HH CYMMOI, HH Pa3HOCTBIO ABYX NPOCTHIX YHCel,

IV. IlpocTthie ¥ CoCcTaBHbIE yncaa

76, JlokazaTh, UTO AJAS KaxXKJIOrO YETHOrO 4Hcia n>6 cyllecTByioT IpO-
CTBHIE YMCJIA P ¥ ¢, MeHbIle n—1, Takue, yto (n—p, n—qg)=1,

77. Hafita Bce nMpoCThle yyc/a, ABASIOLINECT OZHOBPEMEHHO CYMMaMH H
Pa3HOCTAMH ABYX IPOCTBIX YHCEN,

78. Hality Tpy HaMMEHBIIMX HATYpaJbHBIX UHCAA 7, TAKUX, YTO MEXKIY
n u n+10 HerT HY OJHOTO NPOCTOTO YHC/a, a4 TAKXKE TPH HAMMEHBHIMX HATY-
paJbHBIX yHcAa m, TaKuX, uro Mexay 10m u 10(m+1) Her Hu oxHOro mpo-
CTOTO YHCJIA.

79. okasarb, UTO Ka)kjaoe NpOCToe uyucao supa 4k-+1 sBiserca aad-
HOH THHOTEHY3H INPSAMOYLOJIbHOTO TPEYTOJBbHHKA, CTOPOHLI KOTOPOTO BHIpa-
YKAIOTCS HATYPAJIbHBIMH YHC/IAMHU,

80. Hafitn weThlpe pelueHHs ypaBHeHUs p?+1=¢2+4r2 B UpPOCTHIX UHC-
Aax p, q, r. !

21



81. [loka3aTh, UTO ypaBHEHHE
p2+[]2=l’2+82+t2

He UMeeT pelieHHH B MpOCTHIX 4UHucAax p, 4, 7, S, L.
82*, HaiiTn Bce pelleHus B NPOCTHIX YHCIAAX P, § U r YpaBHEHUS

p(p+1)+q(qg+1)=r(r+1).

83* Hafitu npoctele uydcaa p, ¢ W r, Aas KOTOpbX uucaa p(p+1),
g(g+1) u r(r+1) o6pasyoT Bo3pacTawllyio apHPMETHIECKYIO IIPOrPECCHIO.

84. Hafitu Bce HaTypaJsibHble yucia 7, AJds KOTOPHIX KaxXAoe H3 LIecTH
uucesa n+1, n+3, n+7, n+9, n+13 u n+ 15 ABJAgeTCA NPOCTHIM,

85. Hailitn Bce umennie uncaa R >0, fisg KOTOPLIX TOCAENOBATENBHOCTD

k+1, B+2, . . . k+10 comepxkutr HauOO/bIIEe YHCJAO0 MPOCTHIX YUCEJ.
86. Halitu Bce uesaple uncaa k>0, A1 KOTOPBIX MNOC/AEIOBATENHHOCTD
k+1, k42, . .. kE+100 comepxut Hanboabllee YUCJAO NMPOCTHIX UHCE/.

87. Hality Bce coTH# mocJseoBaTeNbHBIX HATypal/ibHBIX 4YHCEJ, COonep-
JKalUX 10 25 NPOCTHIX YUCEJ.

88. Haiitu Bce nmpocThie uncaa p, Takue, uto p|27-41.

89. Halitit Bce oTpeskn HaTypasabHOTO psAna, cocTosimue u3 21 uncaa n
coeprkaliue M0 8 NPOCTHIX UKCEJ.

90. Hafitn Bce udcsa p, MJg KOTOPHIX KAXIOe U3 IIECTH yucen p, p--2,
p+6, p+8, p+12 u p+14 asagercs NPOCTHIM.

91. /loka3aTb, 4TO CYIIECTByeT 0€CKOHeUHO MHOTO Map DPasjHYHBIX Ha-
TypaJbHbIX YHCEJ M U A, TAKUX, YTO, BO-NIEPBHIX, UHCJIA M M # HMET OLHH
U Te JKe NPOCTHe NEJUTENH M, BO-BTODLIX, uHcaa M1 u n+1 uMmeror oxHu
U Te Xe NpOCThie HeJHTelH,
nn-+1)

2

92. Haiit BCe mpocThle yuc/aa BUAA —1, rae n — maTtypaJabHoe

YHCJO,
93. Hafitu Bce mpoctsle yucaa Buja 1,+1, rae n — HaTypaJjgbHOe 4HCHO,
aT, = n(n+é)(n+2)
94, JlokasaTp, 4TO AJs KaXJXOT0 HAaTypPaJbHOrO yucjaa § CyIecTBYeT Ta-
KOe HaTypaabHOE UHCHAO 71, UTO YHCao 27— uMeeT He MEHEEe S PasiIMuHBIX
NPOCTHIX JAeNuTesNeH.,
95. Hafitu 1sTh MpOCTHIX YHCeJ, SIBJASIOUIMXCA CyMMaMmH ABYX OuKBaj-
" patroB HATypaJbHLIX YUCEJ,
96. [loxaszaTb, uTO CyluecTByeT GECKOHEYHO MHOT'O [Iap MOCJAe10BaTENbHbIX
HPOCTBIX YHCeJ, KOTOpble He SABJSIOTCA NMapaMH NPOCTHIX YHCen-OnH3HelNoB.
97. Onupasice Ha Teopemy Jlupuxie o6 apH@MeTHYECKOH NPOTpeccHs,
0Ka3aTh, YTO CYHIeCTByeT OeCKOHewHO MHOTO IPOCTHIX YUCe], He Npunaiie-
JKaUlUX HH K OAHOM Mape NPOCTHIX YHCEI-0JH3HENOB,
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98. HaiiTi nsATh HaMMEHbLINX HATYPaJbHBIX YHCENT N, JAJA KOTODPHIX UHC-
J0 n?—1 sBJfAETCS NPOH3BEJeHHEM TPeX Pas3JHUHBIX MPOCTHIX YHCEJ.

99. Haiity nATh HaHMEHBLIMX HATypa/JbHbIX YHCEJ 7, M/ KOTOPHIX YHC-
Jo n?+ 1 sBAsieTCA NMPOH3BEJEHHEM TPeX Pas3JHYHBIX MPOCTHIX 4HCes, H Hail-
TH TaKOe HAaTypa/bHOE 4HCJO M, AAS KOTOpOro 4uciao n+41 asnsercss mpo-
u3BeJeHHeM TPeX PAasJIMUHBIX HEUeTHBIX NMPOCTBHIX YHCEJ.

100. Joka3aTb:

a)® 4yTo CPeAM KaXKAbIX TPeX MOC/AeL0BATeNbHBIX HAaTYPaJbHBIX UHCeN
>7 no KpaliHefi Mepe 0oJHO HMEeT XOTsl Obl ABa pPAa3/JHYHBIX MPOCTBIX JHe-
JIUTENS,

6) uto M3 KaXAblXx 24 noc/aeNoBAaTEIbHBIX HATypaJbHBIX uHcesJ > 6 mo
KpaliHel Mepe OJHO HMeeT XOTs Obl TPU Pa3/MUHBIX OPOCTBIX JeJuTessd.

101, HaiiTy naTh HauMMeHbHIMX HATypaJbHBIX YHCea A, IJs KOTODBIX
Kax/Joe u3 uucea n, n-+1, n+2 ABasgercs mpoussefeHHEM ABYX Da3JIHUHBLIX
IPOCTHIX YHces, ¥ J0Ka3aTh, 4TO HE CYIIeCTBYeT UeThipeX MOCAeL0BaTeNbHbIX
HATYPa/JbHBIX YHCEJ, KaxKjaoe H3 KOTOpHIX OBbJIO OBl INPOU3BeJeHHEM MIBYX
Pa3IUyHBIX NMPOCTHIX UYHCe/]; MPHBECTH NMpHMeP, AOKa3blBAKOUIHHA CYHIECTBO-
BaHHE YeThpex MOCJAeNOBATEJbHBIX HATypaJbHBIX HHCeJ, KaxkK[0e H3 KOTO-
PBIX MMEET TOUHO JiBa PA3JHUHBIX IPOCTHIX [AEIHUTEJI.

102. JloxasaTb, 4TO TeOpeMa, COIJIACHO KOTOPOHl CYILECTBYeT TOJNbKO
KOHEYHOe YHCJIO HAaTYPaJIbHBIX YHCENT £, A/ KOTODBIX KaXKJoe M3 YHCeJ A ¥
n-+1 uMeer TOJILKO OJHUH NPOCTOH [A€JAHTE]b, PABHOCHJLHA TEOPEME O TOM,
YTO CYIECTBYET TOJbKO KOHEUHOE YHMCJIOo NMPOCThX uncen MepcenHa v TOMb-
KO KOHEuHOe YUCJ0 NPocThiX uucesn Pepwma.

103. Hafitn Bce umcaa Buza 2%—1, rAe n-—HaTypaJbHoe uHCIO, HE
GoJibllie MUJIJHOHA H SBJASIONINECS TPOU3BEAEHHAMU ABYX NPOCTHIX YHCEJ,
M [[0Ka3aTh, YTO ©CJH rn ecTb YeTHOe uHuciIo >4, To uucjo 27— apasercs
NpON3BEEHNEM 10 KpaiiHell Mepe TpeX HaTypaJsibHBIX umcea >1.

104. Ucnonwsys 3ajmauy 50, A0Ka3aTh, YTO AJA BCEX K>3 UMEET MECTO
HEPABEHCTBO P k41 + Pri2 < 1P - - Py (TIE pr €CTb k- 1O MOPAIKY IPOCTOe
YUCJIO).

105. OGo3HauuM IJig HATypaJbHBIX n 4yepes ¢, HaHMEHbillee IIPOCTOE
YHCNO0, He ABJfOLleecs jenureneM uncaa n. Wcmoabsys 3agauy 104, poka-

34Tb, UTO OTHOLIECHUE i’:— CTPEMUTCsI K HYJIIO, KOTla 11 HEOI'DAHHUYECHHO BO3-

pacraer,
106, JIokasaTh 3JeMeHTapHO, UTO U3 TeopeMbl HebblllieBa, COracHO KO-

TOPOH AJsi HATYPaJbHBIX n>1 MeXay n U 2n COLepXKHUTCA IO KpaHHeh Me-
pe 0JHO NpOCTOe yucjo [2], BHITeKaer TeopeMa O TOM, YTO I/ KaXJOro Ha-
TYpaJbHOTO YHCJa n>4 MeXAy 7 H 2n COZepPXHTcS XOTd OBl OJHO YHCIIO,
ABJAIOLIeecs] TPOU3BEAEHNEM ABYX Pas/HYHBIX MPOCTBIX YHCEJ, a IJISl HATy-
palbHHX n>15 Mexay n U 2n COmepXKHUTCS IO KpaiHell Mepe OJHO UMCIO,
ABJSIOlLeeCs POU3BEJEHNEM TPeX Pas3JIHUHBIX MPOCTHIX YHCEJ.
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107. Joxasatb JeMeHTapHO, 4TO H3 TeopeMmbl UebbiieBa CaeAyeT, yTo
51 KaXKJOro HaTypaJbHOTO YHC/JA § IPU AOCTATOYHO GOJBIIHX HATypasb-
HBEIX fi MeXAYy n U 2n CONEPKHTCA IO KpalHell Mepe 04HO YHCJO, SBASOOILE-
ecsl IpPOM3BeJeHHeM § PA3JIMUHBIX IPOCTBIX UHCEN.

108. Jloxasatb, uTO Cpely uuceJ OECKOHEYHOH NOCJaefoBaTeabHOCTH

1, 31, 331, 3331, . . .

CyliecTBYeT GeCKOHEUYHO MHOTO COCTaBHBIX UHCeJ, M HaliTu HauMeHbIlee U3
HUX. ([ns pemieHus BTOPOH YaCTH 3TOH 3aJauH MOMKHO MCNOAD30BATH MHK-
poduabM, COfepKAUIUN BCe NPOCTHle yucaa A0 cra MuiHoHos: The First
Six Million Prime Numbers. The Rand Corporation, Santa Monica, publi-
shed by the Microcard Foundation, Madison, Wisconsin, 1959. dtor muk-
podUIBM HMeeTcsl, B YaCTROCTH, B OndauoTeke MuTeMaTHUECKOr0 MHCTHTY-
ta [lonbekoit AkageMuu HayK).

109. Haiitn HauMeHbllee HATypaAbHOE YHCAO 1, LIS KoToporo nt4 (n+
+1)% ecTh cOCTaBHOE YUCITO.

110. Joxasarb, urto cpexu uucen 10743 (n=1, 2, . . . ) umeerca Gec-
KOHEYHO MHOTO COCTABHBIX.

1 .
111. okasarb, 4yTo A/ Beex HATYpasibHbIX n>1 WHCI0 —- (2ir+t2.L 1)

ABJISIETCS COCTABHBIM,

112. Jloxaszars, uTo B mochaenoBatedbHoctn 27—1 (n=1, 2, . .. ) cy-
IIECTBYET OTPE30K TPOU3BOJBHON IJMHBI, COCTOSINHI TOJBKO U3 COCTABHBIX .
quces,

113. JloxasaTtp omH6OYHOCTh YTBEDPKJIEHHS O TOM, YTO H3 KAXKIOro Ha-
TYpaJbHOTO YHCJQ, 3aNUCAHHOTO B JECATHYHON CHCTEME CUHCJIEHHsI, MOMHO
HM3MEeHHUB TOJBKO OJXHY ero Uu(]py, DOMYUUTL IPOCTOE YHCJIO.

114. Toxkasate, uto Teopema Uebwimesa Y, corsacHo KOTOPONl 1Js Ha-
TYpPaJdbHBIX n>1 MeXAY A ¥ 2n CONePIKUTCH TO KpafiHeli Mepe OJHO NpocToe
uncao !, papHocuabHa TeopeMe T, 0 TOM, YTO AJsI HATYpaJbHBIX n>1 pasmao-
XKeHue uucaa nf Ha NpOCThie COMHOMXKHUTENHN COZEDKHT XOT Obl OAMH mpoc-
TOHl COMHOXHTEJb B NepBOH cTemeHH. PaBHOCHIBHOCTD OGEHX TeopeM Io-
HUMAeTCsl B TOM CMBIC/e, UTO U3 KaXKAON M3 HUX JIeTKO BBIBOAUTCH Apyras.

115. Mcnoan3ys TeopeMy O TOM, UTO [Jd HATypaJdbHBEIX 22>5 MEXAy 1 H
2n comepxKUTCA TO KpafiHell Mepe ABa pasJMuUHBIX NPOCTHIX YHCJA 2, 10Ka-
3aTh, UTO AJs JIOO0ro HaTypaJbHOTO uxcia n>10 B PasOXKeHHH uHcaa n!
Ha TPOCTble COMHOXKHTEJNH HMeeTcs: XOTs Obl ABa PA3JIHYHBIX MPOCTHIX COM-
HOXKUTEJISl B IEPBOY CTEIEHH. :

116. Onupasice Ha Teopemy Jlupuxse o6 apupMeTHIECKOH Iporpeccuy,
LOKa3aTh, 4TO JIs KaxKAOTO HATYpaJbHOTO YMCjia M CYHMIeCTBYeT Ipocroe

! Cwm. cnepcreue 1 na ctp. 183 — [Tpum. nepes.
2 Cm. teopemy 2 ma crp. 152 — IIpun. nepes.
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YHCJIO0 p, TaKOe, YTO Kaxkaoe u3 uuces p—l u p+1 uMeer Gojee ueMm n pas-
JHUHBIX HATYpaJbHBIX JeNuTesed,

117*. Onnpasce Ha Teopemy [upuxse 06 apudmMeTHuecKol nmporpeccuy,
J0Ka3aTh, YTO AJIf KaXKAOTO HAaTyPaJbHOTO 4YHCJ/IA 7 CYILECTBYeT NpPOCTOe
YHCJI0 p, TaKoe, YTO Kaxjoe us uuces p—I1, p+1 u p+2 umeer He MeHee
yeM /1 PA3JIHYHBIX NPOCTHIX AeHTeNel.

118. JlokasaTh, YTo €CJaH 1 — HeueTHOe yHcJo >1, To yucaa nu n+42
o6a ABJSIOTCA MPOCTBIMU TOTJA M TOJIBKO TOTAA, KOrZa yucao (n—1)! ne ne-
JUTCA HH Ha n, HY Ha n+2.

119, Onupasce Ha Teopemy Jupuxie o6 apudmeTHYecKOfl Mporpeccuy,
J0Ka3aTh, UTO /s KaXKAOrQ HATYPaJbHOTO UHCJIA #M CYIIECTBYET [POCTOE
YUCJI0, cyMMa IHGp KOTOPOro B JAECATHUHON CHCTEMe CUHCAeHHs OoJablie
yeM m.

120. Onupasce da Teopemy Jupuxsae o6 apupMeTudeckoil mporpeccuy,
J0K23aTh, UTO AJAS KaXKJIOTO HATyPa/JbHOTO uYKCJga Ml CYIeCTBYeT MPOCTOe
YHCJI0, B U30GpaKeHUH KOTOPOro (B AECATHYHOH CHCTeMe CUUCJEHUSI) HMe-
ercsl no xpaliHell Mepe m HyJell.

121. Hafitu Bce npocThle yucsaa p, Takue, 4TO CyMMa BCeX HaATypaJbHBIX
menutesell uncna p* ABASETCA KBAaAPaTOM HaTypaJbHOTO yucJaa.

122, {ns xaX/Ja0ro HATYpadbHOrO uuchia §, Takoro, uro 2<s< 10, nafi-
TH Bce NMPOCTHE YMCJAa, ¥ KOTOPHIX CyMMa BCeX HaTypanbHBLIX Je/uTejel
eCTb §-51 CTEMeHb HATypaJsbHOTO 4HCIA,

123. Ioxasartb TeopeMmy JIMyBWJJIg 0 TOM, YTO [JJs HPOCTHIX YHCe]
p>>b npu HaTypasJbHOM m paBeHCTBO (p—I1)!4+1=p™ HeBO3MOKHO.

124, Jloka3aTb, uTO CYIIeCTBYeT GeCKOHeYHO MHOTO IIPOCTHIX YHCEN ¢,
TAKHX, 4TO NIPH HEKOTOPOM HaTypaJjbHoMm n<<qg q|(n—1)!+1.

125*%, Tokasatb, uTO MJs KaXJOro LeJoro yucaa R==1 cyuecrByer Gec-
KOHEUHO MHOrO HATYPaJbHbIX UUCe] A, JJsi KOTOPBIX 4ucao 22 " +k sBaser-
¢ COCTaBHBIM,

126. Jloka3aTb, yTo cyLlecTByeT OECKOHEYHO MHOr0 HEUYETHBIX YHCeJ
k>0, nas KOTOpBHIX Bce YHC/a 22" 4+ k (n=1,2,...) 9Bas0OTCT COCTAB-
HBbIMH. .

127. [lokasaTh, uTo BCce umcaa 271118 gl 7 gbnt? 4 3
910 +1 4 19 iy 925F2 L 9] rpe n=1, 2, . . ., ABJAIOTCH COCTABHLIMH.

128*, JlokasaTb, 4TO CYIIECTBYeT OeCKOHEYHO MHOT'0 TAKUX HAaTypasb-
HBIX yHcesa k, uto Bce yucaa k-2"+1, roe n=1, 2, ..., ABJIAIOTCI COC-
TaBHLIMH.

129*, Onupasicb Ha pemleHye 3afaun 128, nokasatb Teopemy dpaéma o
TOM, UTO CylllecTByeT GeCKOHEUHO MHOrQ HATypaJbHBIX HEYETHBIX yHcea R,
IJ KOTOPBHIX KaxkKAoe u3 uucen 2"k npu n=I1, 2, ... saBisgercs coc-
TaBHBIM.
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130. /loxa3aTb, uTo ecayu R - CTeneHb uHcsaa 2 ¢ HaTypaJbHbBIM II0KA33-
TeJeM, TO MJIST JOCTATOYHO GOJBINMX 71 Bce uHcaa k-2%" +1 gBASIOTCA cOC-
TaBHBIMH.

131. Mns kazkzmoro HatypaJpHOro uucaa k<10 mafiTH HaHMeHbllee Ha-
TypaNbHOE YHCJIO 1, 4Jis KOToporo k-2% +1 ecTh uucaIo cocTaBHOE,

132. Hafitu Bce HaTypasbuble uyucaa k<10, sl KOTOPHIX KaxXEKOe H3

unces k-2% 41, rne n=1,2, . . ., €CTb YHCJ0 COCTABHOE.
133. JoxasaTh, 4To AJig HATYpaJbHLIX n>1 Bce uHc/la —5,1)—(22”“+22"+,

1) aBAsOTCS COCTABHBIMA.

134. Jloxasarse, uto cpenay unces (2224132422 rae n—=1,2, . . . , uMe-
eTcsi 6eCKOHEYHO MHOTO COCTaBHBIX.

135*%, lokasaTp, uTO AJs Ka)K[IOro HATYPaJbHOTO YHCHA4 @, TAKOro, 4TO
1<Ca<< 100, cymiecTByeT mo Kpa#Hell Mepe OAHO HATypaJbHOE YHCJI0 n<Ib,

AJist KOToporo uucio a?” +1 siBjsercs cocTaBHBIM.

136. JoxazaTh 3/JeMeHTaPHO, 4TO CYHIECTBYET OECKOHEUHO MHOrO HeyeT-
HBIX YHCEJ, ABJASIONINXCS CyMMaMH TpexX pas/HYHBbIX NPOCTBIX 4YHCead, HO He
SIB/SIOMIMXCS CYMMaMH MeHee YeM TPexX NPOCThIX UHCel.

137. JJokasarth, uTO HE CYLIeCTBYeT MHOTOWIeHa f(X) ¢ UeNbIMH KO3(-
dunuHentaMu, Takoro, uro f(1)=2, f(2)=3, f(3)=>, Ho uTo LAA KaXKAOTO
HATYpaJbHOTO yHcaa m>1 cylecTsyer MHoOrowieH f(X) ¢ palHOHAJbHBIMH
KoapPuunHerTamu, Tako, uro f(R)=p; naa k=1, 2, . . ., m, rue pr—k-e
N0 TOPSAKY MPOCTOE UUCJIO. '

138*. M3 uyactHero ciayuas TeopeMbl JlHpuxje— IJf KaxKAOTo HATy-
paJjbHOTO uHcaa m B apudMeTHueckoll nporpeccun me+1 (k=1,2, . . ) cy-
LeCTBYeT GECKOHEYHO MHOTO TPOCTBIX uHCeJ] ! — BBHIBECTH CJAEJACTBHE, YTO
IJIST Ka¥K0TO HATYPAJbHOTO YHCJAA A CYIIECTBYeT MHOTOWIEH [(X) ¢ LeTBIMH
ko3 uunentamu, takof, uro f(1)<<f(2)<< ... <<f(n), npuuem Bee 91U
3HAUEHHs] — NPOCTble YHCJIA.

139. lats mpuMep HpuBOZMMOro MHoroustena f(x) (c ueanimu xo3bdu-
IHEHTaMH), KOTOPHIH AJst M pa3/JHYHBIX HATypa/JbHbIX 3HAYEHHIl X naer m
Pa3JHUHBIX NPOCTHIX UHCEJ.

140. JoxasaTb, uto ecau f(x)— MHOrouseH cremnesu >0 ¢ LeJbIMU Ko-
s¢duurentTaMu, To cpaBHenue [(x)=0 (mod p) paspemrnmMo A GecKoHey-
HOTO YHeJIa MPOCTHIX p.

141. [loxasaTb, YTO NpH HATYPAJbHOM n YCJOBHE, UTOOB 4HCI0 27|
OBIIO TPOCTHIM, He SIBJAAETCH HY HeoOXOAHMMBIM, HA JIOCTATOYHLIM IJis TOrO,
yTo6bt uricao 22" 41 Gbiio mpocTeiM (BOnpekd TOMY, 4TO mumer Bapxospe:
H.Varcollier. Nombres premiers, nombres avant-premiers, Presses
Universitaires de France, 1965, ctp. 15).

! DjemenTapHoe HOKa3aTenbcTBO 3Toit Teopemb man A. Porkesna. Cm.: «L'Enseigne-
ment Mathématiques, VII, 1961, crp. 277—279.
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V. OuodanToBsl ypaBHEHHUS

142. JoxkasaTb 3jJeMeHTapHO, uro ypaBHeHHe 3x2—T7y?+4+1=0 wumeer
GeCKOHEUHO MHOTO pelleHHil B HATYpasabHBIX YHCJAAX X U Y.
143, Halitu BCce penleHus B HenBIX 4HCAAX X, Y yPasHEHHUS

2034 xy—7=0

U J0Ka3aTb, YTO OHO HMeerT OECKOHEUHO MHOTO peme}mﬁ B palHuOHaJbHBIX

[IOJIOKUTEJBHBIX UHCAAX X H Y.

144. Hoxkasarh, uyTo O/ KaXAOH cHCTeMB! ABYX HATYDaJbHBIX uucea m
U 1 CyLLeCTBYeT JMHelHoe ypaBHeHHe ax+by=c, rie a, b u ¢ — ueable yuc-
Jla, HMelllee B HAaTypaJdbHBIX UHCJIAX X U Y TONBKO OJHO DelleHHe: x=m,
y=n.

145. JoxaszaTh, uTo IAJs1 KAXKIOTO HATYPaAJbHOTO YHCAA M CYUECTBYeT
JuHelHOe ypaBHeHHe ax+by=c, rae a, b, ¢ — Uenbie YuCIa, UMeLIee TOY-
HO M pelleHUl B HaTypaJbHBIX YHCAAX X, Y.

146. {oxasathk, 4ro ypaBHeHHe Xx2-+y?+2xy—mx—my—m—I1=0, rae
m — JlaHHOe HaTypaJibHOe YHCJIO, MMeeT TOYHO /M PelIeHHH B HAaTypaJsbHBIX
qyucaax X, y.

147. Jloka3aTb 3JeMeHTapHO, 4TO ypaBHeHHe

(1) 2 (x4 1) 2= g2+ 1
, AMeeT GeCKOHeYHO MHOTO pelleHHi B HaTypasJbHBIX YHCAAX X, Y.
148. Haiitu Bce pellieHus ypaBHEHHS
B+ (x+ 13+ (x4+2)3=(x+3)3

B LeJblX YHCcaax X,
149. loxasaTp, 4To AJIS Ka’KIAOrO HATYPaJbHOTO YHCJA 72 ypaBHEHHe

(x+1)84+(x42)3+ . .. +(x+n)3=y43

VMeeT pellleHHe B UeJAbIX YHCAAX X U Y.
150. Hafitu Bce pelueHUs1 ypaBHEHHUS

(x+1)%+ (x+2)°+ (x+3)3+ (x+4)3= (¢ +5)®
B IleJIBIX YHCIAX X.
151. Hafitu BCe pellleHus] ypaBHeHHs
(x+1)3+ (x+2)34+ (x+3)3+ (x+4)3= (x+10)3
B PalliOHAJBHBEIX YHCJIAX X.
152. Jokazare, 4TO ypaBHeHHe

x(x+1) =4y (y+1)

He HMMEeT pelleHHH B HaTypaJbHBIX UUCJIAX X, ¥, HO KUMEET OECKOHEUYHO MHO-
ro peme}mﬁ B MOJIOXKHUTEJNbHBIX PAlUOHAJbHBIX YHCJIAX X, Y.
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153. [lokasaTh, uTO MJAS KaXKJAOro 3aJaHHOTO LeJAOro uucaa i ypaBHe-
Hue n=x2-+y?—2z? uMeer OECKOHEYHO MHOIO peLIeHH{ B HeJblX YHcaaX X, Y
2, 66abmKx uyMcaa 1.

154. Haiitn Bce peilleHHst ypaBHeHHs 2™ —3"=] B HaTypaJbHbIX UHC-
Jax miu .

155. Haiitn Bce pellenus ypaBHeHHs 3" — 2™=1 B HATypa/bHbIX YHC-
Jax m u .

156. [lokasaTe, yTO CUCTEMaA NBYX YpaBHeHHH x2+4-2y2=22 9x24y2=1{>
He MMeeT pellleHHil B HaTypaJbHBIX YyHCAAX X, Y, 2, L. .

157. Onupasich Ha TOXKIAECTBO

[2(3x+2y+1) +1P—2(4x+3y+2)%= (2x+1)2—242,

J0Kasath, 4To ypaBHeHHe x?+ (x+1)?=y2? nveer GeCKOHEUHO MHOro pele-
HAU B HAaTYpaJbHBIX UUCAAX X U Y.
158. Onupasacp Ha TOXKIECTBO

[2(7y + 121 +6) P—3[2 (45 +Tx +3) + 1P = (29)2—3(2x +1)2,

JI0Ka3aTb 3JeMeHTapHOo, YTO ypaBHeHHe (x-1)3—x3—=y% umeer GeckoHeuHo
MHOTO pellleHUii B HATYPAaJbHBIX YHCIAX X H 4.

159. [loxazaTb, UTO CHCTEMA HABYX ypaBHeHMH x2-45y?=22 b5x24y2=1{?
He UMeeT pelleHHH B HaTypaJbHBIX UHCclax X, Y, 2, L.

160. JIoxkasath, 4To CHCTeMa JABYX ypaBHeHHH x2+6y?2=z2 6x2-+4y?2={2
He HMeeT pellileHU# B HATYPanbHBIX YHcaax X, Y, 2, .

161, JlokasaTh, 4To CHCTeMa ypaBHeHUH X2+ Ty?=22 Tx?+4y?=1? umeer
pellieHvsi B HaTypasbHBIX YHCAAX X, Y, 2, I.

162. Jloxasath TeopeMmy JleGera o ToM, uTo ypaBHeHHe x*—y3=7 ue
¥UMeeT pellleHu#l B HATYPaAbHBIX YHCIAAX X U Y.

163. J/loxasaTb, 4TO ©CJIH ¢ €CThb HEUeTHOe HaTypaJbHoe YHCJ0, TO ypaBs-
Henve x2—y3= (2¢)3—1 He uMeeT pelleHUil B leablX UHCIAAX X, Y. '

164. Pewnts 3agauy MelicHepa HaxoXJeHHd BceX pellleHH# B Hary-
pasibHbIX YHCAaX X, Y, 2, I CHCTeMBl IBYX YpaBHeHHl Xx+Yy=2f 2+I=xy, rae
x<y, x<Lz<t. Jlokaszathk, YTO 3Ta CUCTeMa HMeeT OEeCKOHEUHO MHOrO pelie-
HU B HeAbIX yucaax X, Y, g, L :

165. JlokasaTh, 4To AJs HATypaJbHBIX H YpaBHeHHE Xi-+Xo+ . .. +
+Xx,=%x1Xs . .. x, UMeeT 0 KpaliHe#l Mepe OJHO pelleHHe B HATYPaJIbHHIX
UHCAAX Xy, Xz, . . . , Xn.

166, dns xaxxnoil 3a7aHHON mMapsl HATYypaJbHBIX YHCEN & M N yKasarh
crnoco® HaxOoXKJIeHHs BceX pelleHHii ypaBHeHMs X" —Yy"=0 B HATYDaJbHBIX .

yucaax X H Y.
167*. loxasaTthb, 4TO €cji¥ p eCTb NpoCcToe UUCIO, 1 — HATYPAJIbHOE Yuc-

JI10, TO ypaBHeHHe
2(x4-1)=p>.y(y+1)
He UMeeT pelleHull B HaTypaJbHBIX YHCAAX X, Y.
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168. Halitu 1Ba pelleHHsl B HATYPaJbHBIX YHACJAAX X U Y ypaBHeHUs
y(y+1) =x(x+1) (x+2).

169. Mmess nyig DaHHOTO LIEJIOTO YHCIa R pellleHde YPaBHEHUs x2—2y2?=

=4 B LeJBX YHCJAAX X, Yy, HAfTU pellleHHe ypaBHenus *—2u?=-—F B IeJHIX
yucaax i, u.
170. a) [okasaTs, yTo ypaBHeHHE
2—Dyp=22

JJIs1 KaXXKA0ro LeJqaoro D nymeer GecKOHEUHO MHOTOQ pememm B HATypaJ/JbHbIX

ynpcgaax x, Y, 2.
6) Hokasarb, uto ypaBHeHue |-x?+4y2=2% nmeer GeCKOHEUHO MHOTO

pellleHUH B HATYpPaJbHBEIX YUCAAX X, Y, 2.
171. Jloxka3aTb, YTO ypaBHeHHe

xy+x+y=2%

pa3pelinMo B HaTypaJdibHBIX UHCIaX X, Yy H HMeeT Npu YyCJAOBHHU X{y TOJbKO
OJIHO Tako¢ pelicHue.

172, Jloka3aTs, UTO ypaBHeHHE
x2—2y?+8z=3
He HMEeeT pelleHHH B LeJbiX uucaax X, y, 2.
173. Hafitu Bce pemleHust B HATYpPaJbHBIX UHCAAaX X H Y YpPaBHEHUs
P—x(x+1) (x+2) (x+3)=1.
174. Haiitu BCce pellienusi ypaBHEHHS
+yi+24+x+y+e=1
B palyOHAaJBHBIX YHCHAX X, Y, 2.
175. [lokasaTb TeopeMy Diijiepa: ypaBHeHUe
dxy—x—y=2>*
He UMeeT DelleHHH B HaTypaJsbHBIX uncaax X, y, 2 [3] — u xokasatk, uTo OHO
uMeerT 6ECKOHEUHO MHOTO DelleHHil B LEJEIX OTPHLATENbHBIX UHCAAX X, Y, 2.

176, Jloka3aTh 371eMeHTapHO (He ofpainasch K Teopuu ypaBHenus Ile-
Jsi), yto ecau D=m241, rie m —HaTypasbHOE UHMCIO, TO YPaBHEHHE

x*—Dy?=1

nmeer OECKOHEYHO MHOTO pellleHUHl B HaTypasbHBIX YHCAAX X, Y.
177*. HafiTn Bce pelileHust ypaBHEHHS

Yr=x3+ (x+4)2
B LIEJBIX YHCAAX X, Y.
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178. [Ina xaxJA0ro HaTypa/JbHOTO 4HCJIA M HANTH BCe PELIEHHs ypaB-
HEeHHA

x y z
y Tt =m

B LENBIX UKCAAX X, Y, 2, OTJMYHBIX OT HY/s H NONAPHO B3AMMHO NPOCTHIX.
179. Jokasate, uro ypaBHeHHe

He HMeeT pelleHHil B HaTypaJsbHBIX UHCIAX X, Y, 2
180*, [lokasaTb, UTO ypaBHeHHe

LT ST
y+sz2

1

He UMeeT pellleHHH B HAaTypaJbHBIX YHCAAX X, Y, 2
181. Ha#iTn Bce pelieHus ypaBHeHHS

AT
LRI

B HAaTYPaJbHBIX UHCJIAX X, Y, Z
182* Jloxasatw, yTo 119 m=1 u m=2 ypaBHeHHe

3

B+yP+B=mxyz

HE EMeeT pelleHuii B HaTypaJbHBIX YHCJIAX X, ¥, 2, U HAATH BCe ero pelleHus
B HATYpaJbHHX YHCAAX X, Y, Z JJg m=3,
183. Joxa3satb, uTo Teopema Ty, corniacHo KOTOPOH He CyHIeCTBYeT HaTy-
PAABHBIX YHCEN X, Y, 2, AJI KOTOPHIX
d Yy = =
v + z - x
paBHOCHJIbHA TeopeMme Tp: ypasHenue ud4-v3=w? ye uMeer pellleHHA B Ha-
TypanbHBIX YUCaaxX 4, U, @ (B TOM cMbIcae, uTo U3 Kaxno# us reopem Ty u Ty
MOZKHO JIETKO BBHIBECTH APYTYIO).
184*. JloxasaTb, YTO ypaBHeHHUE

—+ -+t F+ =
He MMeeT DelleHHil B HATypaJbHBIX YACJAAX X, Y, 2, {, HO UMeeT GeCKOHeuHO
MHOTO pelienufi B IesablX YHCAaX, OTJAUUHHX OT HYJd.
185*%, [loxasaTp, YTO ypaBHeHHe
X y 4 t
R M
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He UMeeT pelleHUH B HaTypasbHBIX YHCJAAX X, Y, 2, ! aasg m=2 u m=3, u
HaiTH BCe ero pelleHHss B HATYPAJbHHIX YHCAAX X, Y, 2, t aasa m=4,
186. Hafitu Bce pellleHHs B HarypaJbHHX 4YHChaax X, y, 2, f, rue
Ly <z!, YpaBHeHHUdA

Tttt =]
187. Joxkaszath, 4TO AJg KaxX/J0ro HATypaJbHOTO YHCJa S YpaBHeHHe
1 1 I
TR T
uMeer KoHeuHoe >0 UHCJIO DellleHHil B HATypaJbHbLIX YUCIax Xy, X2, . . . X,.
188*, Jloka3saTb, uTO JAJ51 HATypaJbHOIO YHCIA $>2 ypaBHEHUE
1 1 1
Tttty =1

HMeeT pelleHHe B HaTypaJbHbIX BO3pACTAOIIUX YHCAAX Xi, X2, . . . , Xs U UTO
eC/IM YMCJIO BCEX TAKUX pelueHHH 00o3HauuTh uepe3 [, To Aaa s=3, 4, . . .
HMEET MECTO HePaBEHCTBO loy1>>/s.

189. JloxasaTe, UTO €CJAH S €CTh HaTypaJbHOE UHCI0 552, TO YpaBHEHHR

1 1 1

UMEET pCUICHHE B TPEYroOJbHBIX YHCHAAX Xy, X2, . . . , Xg (T. €. Juc/Jax Bujaa

t”=#l—) , TLE N — HATyPaJbHOE UMCIO).

)
190. [loxasate, uTo Al KaXKAOI0 HATypajbHOrO 4HCIA 7 YHCIO —-

NpencTaBUMO B BHIE CYMMBI 72 YHCeJ, OOpPaTHBHIX Pa3/HUHBIM TPEYTOJBHBIM
YHCTAM.
191. Hafitu Bce pelueHHs B HaTypaJbHBIX YUCJAaX X, Y, 2, { ypaBHeHHSA

1 1 1 1
Tt tatE=1
192, Ha#itu Bce HaTypaﬂbexe yHcnia s, AJds KOTOPHX ypaBHeHHe

1
—Z + 2 + ...+ prhe 1
2 N
UMeerT 1o KpalHell Mepe OJHO PellleHMe B HATypPaJbHBIX YHCAAX X1, Xgy..., Xs-
193. Hdokasats, yTo And Ka}KJ.IOI‘O HATypaJbHOTO UHcJaa §>>1 ypaBHeHHE
1 1
2 = 2 =t

xg X1 .»2 x5

HMeeT peHieHHe B HATypaJbHHIX YHCAAX Xp<n< ... <X;.
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194. [Joka3aTb, 4TO 4HCI0 | Hesb3s IIPeJCTABUTh B BHIE KOHEYHOH CyM-
MBI YyHCes, 0GPaTHBIX KBaJPaTaM Pa3/MUHEIX HATYPA/IbHBIX UHCEN, eClH YHC-
JO UX 6om>1ue 1.

o 1 ’
195. Hafitn passoxeHHe YHCIa - B KOHEYHYIO CyMMY 4uces, 06paTHBIX
KBafpaTaM pas/JHYHbIX HATYpaJbHbIX HHCE],
196*. {oxasathb, 4To AJf KaXKIOTO HATypa/JbHOIO 4YUC/Ia M IpH LOCTA-
TOUHO GOJIBILIOM HATYDaJbHOM S yPaBHeHHe
1 1 1
— + — +...+xm=1

X1 Xy s

HMeeT 10 KpafHel Mepe OJHO pellleHue B HATYPAJbHBLIX YHCHAX X1, Xo, .. ., Xs.
197. JloxazaTb, 4TO JIs KaXKJAOT0 HATYPaJbHOTO yucjga § ypaBHeHUe
1 1 1 1
—— + =t .. = =
X )cz xs XS+1
HMeeT OGCKOHEYHO MHOrO pellleHHIl B HaTypaJbHBIX 4YHCJAAX Xy, Xg, . . .
xS) x8+1
198. Ilokasars, ‘-ITO ,II.HH Ka/0r0 HaTypaJbHOTO uilcia S>3 ypaBHeHue
1 1
——3- + & + ..o ==
Xl X

3
Xs X541

2

HMeeT 6ecKOHEeYHO MHOTO pelleHHH B HaTypaJbHBIX dYucJaax X, Xg, . . .

y, X5y Xst1.
199% Haiitu sce pemienns B LeJbX YHCAAX X, Y, Z CACTEMBL ABYX ypaB-

HeHUH
x+y+z=3, B+yt+23=3.

200. VccnenoBaTh 3/eMeHTApHO, A/ KaKHX HATypaJbHBIX UHCEH N
ypaBHeHHe '
3x+by=n
HMeeT 110 KpaHHel Mepe OJHO pelieHHe B HATYPaJbHbIX UMC/Iax X, Y, H AOKa-

3aTh, YTO YHCJAO TAKUX pellieHuii BO3pacTaeT HEOPPAHHUEHHO BMECTe C 7,

201. a) Hafitu Bce pellleHus B HaTypasbHBIX UMCJAAX N, X, Y U 2 ypas-
HEHHS

nr 4+ n¥ =n?
6) Haiitu Bce peluenust B HATYpaJbHBIX YHCHAAX 71, X, Y, 2 ¥ | ypaBHeHus
IZ'V—{—IZY + n¢ = nt.

B) HaifitTu Bce pemieHus B HaTYpaJbHbIX YHCJAAX X, Y, 2 H ypaBHeHHﬂ
4% 4 4y + 47 = 41,
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V1. Pa3nble 3apaun

202. JfoxasaTb, YTO €cJjiM lesoe 4uciao £ MOXKHO INpPEACTaBHTb B BHIE
k=x2—2y% tje x U Yy — HaTypa/JbHble YHuC/IAa, TO CYILEeCTBYyeT OeCcKOHEUHO
MHOTrO Daa/JU4HBIX CIOCOOOB MPENCTaBJeHHs €r0 B TAKOM BUJE.

203. /lokasaTb, 4TO HH OAHO uuc/a0 Buja 8k+3 unu Bupa 8k+5, rae
k — uesoe uncJa0, He MPEACTABAMO B BHAe x2—2y2, Tlie X ¥ y — leJble YACA.

204. Jlokasatb, YTO CyH[eCTBYeT GECKOHEUHO MHOTO HATypasbHBIX YHCE
Buna 8k+1 (=0, 1, 2, . . . ), npeacraBumMbix B BUAe X2—2y2 rie X U y—
HATypaJbHble YHC/4, 4 TakKKe TaKHX, KOTOpHIE Helb3sl NMPEACTABUTh B TAKOM
BHUJE, U HAUTH HaWMeHblllee H3 MOCTACIHUKX.

205. J{okazatb, yro nocaedHsia uudpa (B AeCATHUHON CHCTeMe CUHCIIe-
HHs) YETHOTO COBEPIUEHHOTO uMcJaa Bcerga uau 6, uau 8.

206. Jloxa3aTb TeopeM%/ AHHMHTa, cOTJIacHO KOTOPOH €c/iu B UMCJIHTENE

01010101
110010011
NpPOU3BOJBHEIM OCHOBaHHMEM g (Tle g —HaTypaibHOe 4Hc/I0, GoJbllee e1MHU-
UBl), CpeiHIoOn UUGPY | 3aMeHHTH JMIOGBIM HEUeTHBHIM YHCIOM CNeIyIOUUuX
ADYT 3a APYTOM €IHHML, TO 3HaueHWe ApoOU He M3MEHHTCSH:

U B 3HaMeHaTeJ e JIpO6I/I , 3allUCAHHBIX B CHUCTeéME€ CYHCJEHHA C

101010101 10101110101 1010111110101
1100111110011

110010011 11001116011

207*%, [loxasaTp, 4To cymMa Hudp yncaa 2" (3aMHMCaHHOrO B JecATHU-
HOIl CHCTeMe CUHNCJA€HWs!) HEOTPAHHUeHHO BO3PAcTaeT BMecTe ¢ n. (Dta 3a-
naya Obliia noMeilleHa B xKypHaste «Matematykas, 1962, Ne 3 (73), ctp. 187,
3amaua 690.)

208*, Iokasath, uTo ecau R —.Jai000e 3ajaHHOE - HaTypa/dbHOe YHCIO,
6oJiblile eIHHHLBL, ¢ — J100as uudpa necITHUHOH CHCTEMbl CUHCACHHUS, TO CY-
IIeCTBYET HaTypaJjbHOe YHCJO A, TAKOe, UTO k- OT KOHLA Uudpa B JecaTHu-
HOM pa3JI0XKeHHH yucaa 2 "ecth C.

209. JTokazaTp, YTO YeTHIpe Hociennue HUPpH ducesa 5* (n=1, 2, 3,...)
COCTaBALIOT TMEPUOTHUECKYIO TIOCAEIOBATENLHOCTE, ONpefeadTh Nepuo] "
BLISICHUTD, SIBJSIETCS M OH YHCTHIM [4].

210. Jloxasarb, YTo AJs KaXIOTO HATypa/JbHOTO YyHcAa § HepBble §
mudp AecATHUHOrO pasJoKeHUd KBALPATHOTO YHCJAa MOTYT OBITb MPOH3-
BOJILHBIMH,

211. Jokasartp, 4TO nocaelHue UHGPH (B AeCATHUHOH CHCTEMe CYHCIIe-
HHS) uHces n"" (n=1,23, ... } COCTaBIAIOT NEPHUOANYECKYIO NOCIEA0-
BaTeJbHOCTb, HAHTH NMEPUON U HCCJAeN0BaTh, SIBJASIETCH JAU OH YHUCTBIM,

212. Jloxa3aThb, yTO B KaxXA0H GeCKOHeyHON NecITHUHOH JApoOu CyllecT-
ByeT MOCJef0BaTeJbHOCTh NECATHUHBIX 3HAKOB MPOU3BOJIBHON JJIHHBI, KOTO-
pas B pasjoXKeHun JpoOH BCTpedaercs GeCKOHEYHO MHOTO pas.
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213. a) Hasa KaXKAOro HaTypaJbHOrO YHCJIA k2 npexcraButh YHcao 3%
B BHJe CYyMMbI 3% ciaraemsix, sIBJASIIOUIMXCS T10CAEN0BATENbHBIMH HATYPAlibs
HbIMY YUCJAAMH.

6) Hoxasatb, 4To Hu OxHO u3 uyucea Pepma F, = 2" +1, rae n—Ha-
TypasbHOe yHcaA0 >1, He MOXKeT OLIThb NPEACTABNEHO B BHIe CyMMBl ABYX
NpPOCTHIX YHcel.

214. Hoxazartb, 4TO AJA KaXKAOTO HaTypPanbHOTO 4HCaa S>1 cyinecTsy-
eT HaTypaJbHOE YHCJAC s, TAKOE, YTO [UIA HATYpPaJbHBIX 112> Ml; MEXKAY YUC-
JaMH 1 W 2n colepXKHUTCA 10 KpaliHefl Mepe OJHa S-A CTeNeHb HATYpPaJbHOTO
yyCIa, 4 HaUTH HaUMeHbIINe Yucaa m  ojast s=2 1 4ag §=3.

215, JlokasaThb, 4TO CYLLeCTBYeT II0CJA€e0BATeAbHOCTL MPOU3BOJbHON
IJTUHBL, COCTOSINAS M3 TOCJEeA0BATEJbHBIX HATYPAJbHBIX 4HUCE], HH OJHO U3
KOTODBIX He fIBJSIeTCS CTeleHbI0 HATYPANbHOTO YUCJA € NIOKA3areneM CTelre-
HY, OOJBIIUM €IUHHIIBL.

216. Hafitn BRIpa:KeHHe njs 7-ro wieHa OeCKOHEUYHOR MOC/TeMOoBATENb-
HocTH #,, (n=1, 2, . . .), onpeneJeHHON YCJAOBUSIMU: Ui=]1, Uy=23, U, +2=
4Uun—3U, Ag n=1, 2 ...

- 217. Halitn BeIpaxkeHne AJis1 n-ro wieHa GECKOHEYHOH TOCJeJ0BATe/b-
HOCTH, ONPEIEJEHHON YCAOBUAMU: U1 =@, Up=b, lpfeo = 2Upi1 — U, LA
n=1 2, -

218. Hafitn BHIpaxKeHHe MJIf n1-TO YjeHa OSCKOHEUHOH MOCAEJ0BATEIb:
HOCTH, ONMpeleJeHHOH YCAOBHAMHU: U=, Us==b, Upto=— (UnT2Upnitt)} IS
n=1, 2, . . . UccrnenoBath yacrable ciayyau: a=1, b=—1 na=1, b=--2,

219. Hafitu BrIpaKeHHe AJs n-ro yjgeHa GEeCKOHEUHOH TMOCJAEA0BATE]b
HOCTH, ONpPeIeJCHHOHN YCJIOBUAMMU: Uy=a, Usy=0, Upr2 = 2, + Unii.

220. Halitn Bce uensle uncna @==0, o6jafaonine cBoiicTBOM a%” =g
s n=1,2 3, .. ..

221*. YxaszaTb cnocoG TOJYUEHHs BCeX Nap HATypajbHBIX UHCEN, CyM-
Ma M NpOH3BeJeHHe KOTOPBIX SIBJAIOTCH KBAAPATAMH HaTypasJbHBIX uHcel.
Onpeneauts Bce Takue nmapwl yucen < 100.

222, Hality Bce uienn nocieaoBatenbgocty ®udonavun << 10000, spas-
foluecs KpaipaTamMu (KyGaMu) HATYPaJbHBIX YHCEJ.

223*. Jloka3aTp TeopeMy Xorarra, COTNJIAacHO KOTODO#l KaXJxoe Hary-
pajbHOE YUC0 IPEACTABUMO B BHIE CyMMBI DasjHUHbIX UJEHOB MOCJeROBa-
TeapHocTH OuboHayuu.,

224, Jloka3aTh, UTO /Sl WIEHOB U, NOCJAEI0BATeIBHOCTH QPubonauuy
npu n=2,3, . . . HMEET MECTO COOTHOMIEHHe Up = Un—1 * Bnt1+ (— 1)1,

225, JlokasaTb, 4TO KaxKjoe leJioe YHCI0 MOXKET OBTb MPENCTABIEHO B
BH/Ie CYMMbl MATH KyGOB He/bIX YHCeN GecKOHeuHbIM YHCJIOM CHocoGos.

226. JloxazaThb, 4TO YuCJ0 3 MOXKeT ObiThb NPEACTABICHO B BHAE CYMME
qeTHIpex KyGOB LEMbIX UHCEN, OTIHUHbIX OT Hy/fl H @NHHHIEL, GecKoHeyHbIM
4HCJAOM CNocoBoB,
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227. JlokasaTb 3JeMEHTapHO, YTO CYILECTBYeT GeCKOHEeUYHO MHOro HaTy-
pajibHBIX YHCeJ, KOTOPble pa3jaraioTcd B CYMMYy 4YeThIpeX KBaJpaToB pas-
JMYHBIX HaTyPaJbHbIX QHCE M0 KpaliHell Mepe ABYMS pasAHYHBIMH crniocoba-
MH; Ta XKe 3aiaya mo OTHOMICHUI0 K CyMMe YeThipex KyOOB.

228. JlokasaTb, YTO /s BCEX HATYPAJbHBLIX M B KaXKJIOM Pa3/0kKEHHH
yHucaa 4™-7 Ha CyMMY YeThblpeX KBaJpPAaTOB IeJblX HeOTPHUIlAaTENbHbIX WHCEs]
KaMJIoe 13 3THX uucea —=2m—1

229, Hafltu nanmenblllee HaTypaJbHOE UYHCAO =2, ABJASIOHIEECs] OTHO-
BPEMEHHO CYMMOH fIBYX KBaJApaTOB HATypPaJbHBIX UHCe] M CYMMOH JABYX Ky-
60B HaTypa/JbHBIX UUCed, U J0Ka3aTb, YTO CYLIECTBYeT OECKOHEYHO MHOIO
HaTypajibHbIX YHCeJ, pasjaraeMbiX OZHOBPEMEHHO H B CYMMy ABYX KBalpa-
TOB, H B CYMMY ABYX KyGOB HATypaJ/bHblX B3aUMMHO IIPOCTHIX UYHCEJ.

230. HoxasaTb, 4TO AJIs1 KaXJOr0 HATyDaJdbHOTO UHC/ia § CYLIECTBYeT
natypanbHOe UHCIA0 n>>2, ABAsolleeca aad k=1, 2, . . ., § CyMMOH ABYX
k-X cTelleHell HATYpaJbHBIX YHuCeJ.

231*. lokasaTh, 4TO CYLIECTBYET GECKOHEUHO MHOLO HATYPaJbHBIX UH-
ceJi, He ABJSAINUXCA CyMMaMH JABYX KyOOB Ile/]bIX YHUCEJ, HO ABAFOLIHXCA
CyMMaM# JBYX KyOOB PALlHOHAJbHBIX IIOJOXKHTEAbHBIX YHCEJ.

232*. Jloxas3aTh, YTO CYLIECTBYET OECKOHEUHO MHOI'O HATYPaJbHBIX YU-
cedl, SIBASIOIIUXCH PA3HOCTSIMH ABYX KyOOB HaTypaJbHBIX UHCEJ, HO HE $B-
JSIOLUMXCA CYMMaMy ABYX KyO0OB HaTypaJbHBIX YHCEJL.

233*. JlokasaTh, uTO AJA KaXKIOMO HATYPAABHOTO uuciaa R>1, k=£3, cy-
IIeCTBYeT OCCKOHEYHO MHOIO HATYPAJbHBIX YHCENd, KOTOPBLIE SBJAAIOTCI Pas-
HOCTAMH ABYX R-X CTelleHeld HaTypaJbHLIX UHCes], HO He SBJIAIOTCH CYMMaMH
JBYX k-X CcTenieHeH HATYpaJJbHBIX UHCe.

234. Hafitu HaumeHblllee HATYpaAbHOE YHCJA0 A > |, A KOTOPOTO CYMMa
KBa/APaToB MOCAeI0BaTeNbHbIX HAaTYPadbHbIX Yicesa OT 1 J0 n Oblia 6bl KBaA-~
paToM HaTypaJbHOTO UHCJHA.

235. a) HaszoBem mpaBH/IBHOH CTeNeHbIO Ka}K,ELOG yHeJa0 Bujpa al, rie a
M b —natypanbnble yncaa >>1. Halitu Bce HaTypaJ/bHble YHCHAA, ABJIALIH-
ecd CyMMAMH KOHEUYHOro (2=1) uuc/ia NpaBHJbHbIX CTEHCHeH.

6) JloxasaTh, uTO KaxK10e HaTypaabHoe uHcao << 10, orauuxoe or uuc-
Ja 6, ABJAEeTCA Pa3HOCTbIO JIBYX {PABUABbHLIX CTENEHEH.

236. /loka3aTp, UTO JJs KaXK/JOTO IPAMOYIOABHOTO TPEYrOJbHHKA, CTO-
POHBI KOTOPOTO BBHIPAXKAIOTCS HATYPAJIbHBIMH 49UCAaMH, M AJA KaKIOro Ha-
TypaJbHOTO 4HMC/Ja 1 CYLIECTBYeT TAKOH MOZOOHBIA TpPeYrONbHUK, KaxK1ast
CTOPOHA KOTOPOTO BBID2)KAETCs CTeTMEeHbIO HATYPAJBLHOTO UACAA C HATYpaslb-
HBIM ITOKazaTeaeM =11

237. Hafitu Bce maTypaJjibubie udcaa n>>1, 1as KOTOprX (n—D)4+1=n2"

238. JloxasaTh, 4TO NPOH3BeNeHME ABYX IOCAGAOBATEJNbHBIX TPEyroJb-
HBIX UUCEJ HE MOXKET ObITb KBaJAPATOM, HO JAJAS Ka’KAOTO TPEYTOJBHOIO YHC-

+1 ,
. Ja tn=—"—(”—2—)~ CYLIEeCTBYeT BECKOHEUHO MHOTO OOJBIIUX HEro TPeyroJbHBIX

yuced lpy, TAKHX, UTO YUCAO fn-L, ABJASICTCS KBAJpaTOM.
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239. lokasate (He moJab3ysick Tabauuefl gorapudMos), 9TO YHCIO
Fiais=2"""" 41 uveer Gosee uem 10%2 nudp, u Hak™H umcso uudp uucaa
5-219%74-1 (koTOpOE, KAK H3BECTHO, SBJSETCS HAMMEHDBIIHM IPOCTHIM A€JH-
TedeM dnucaa Figs).

240. Tloacuurath, CKOJNbKO LM{p HMeeT 3anuch yucsaa 223 .1 g’ jgecd-
THUION cUCTeMe CUMCIeHus (3TO caMoe OOJbIIOEe MPOCTOE YUC/I0, U3BECTHOE
B HACTOAIEE BpeMd).

241. Tloacunrath, CKOAbKO UM(p UMEET 3anuch dyucia 2122 (Qu23__)
B JIeCATHYHON CHCTeMe CHHCAeHHS (3T0 caMoe OOJBILIOE COBEPIIEHHOE UHC-
JI0, U3BECTHOE, B HACTOsAILEE BpeMd).

242. Jlokasatb, 4To 4uicao 3! B JecATHYHOR CHCTEME CUMCAeHUs HMeer
fo.1ee ThiCAUM UHQP, U NOIACUUTATh, CKOJBKUMH HYJIAMHU OHO OKaHUMBaeTcs.

243*. VccaeaoBath, 405 KaKHX HATYPAJbHBIX m>>] CyLIeCTByeT MHOIO-
uged [(x) ¢ meanMi Ko3(QQHLMEHTaMH, KOTOPHI NPH J€TeHHH Ha m TpH
OIHUX LeJbIX 3HAUEHUAX X AaeT B ocTaTke {, a TP BCceX APYTHX LEabIX X Ka-
er B ocrarke 1.

244. Hanitu pasaozxenue B LeNHY 1pobb uucaa 175, rae
D=](4m>+)n+m]2~44mn+1,

M 1 n—HaTypajbHbie Yyucaa.
245. Haiitn Bce narypaabuble uncaa n<.30, aas xoTophix ¢ (n)=d(n),
rae @(n) — Qyskimsa IJAgepa, a d(n) —UKUCAO HaTypaJbHLIX JejuTene
yncaa n.
246. JloxasaTb, uTO AJIA KaXKIOTO HATYPaJbHOTO uHcjaa g MOXKHO Kax-
10€ pauHOHAJbBHOE YHCA0 @ > MPEeICTABHTh B BHIAC

oy 1
(U‘:(iﬂ" T) (I - k—;—lf) (1 Fﬁ),

rie k-—HarypaabHoe YHCJAO >>g, a S — leJ0e HeoTpHUIlaTeIbHOe YHUCHO.

247*. Jloxasate TeopeMmy Idpaéma u-lllypanbu, corsacHO KOTOPOH Kax-
10e [eNoe YHCA0 B MOMKHO OeCKOHeYHBIM 4HCJAOM Cloco00B NPEACTAaBUTH B
BUIe h=-4124224- . . . 4=m? rje M -—HEKOoTOpOoe HATYyPaJbHOE YHCJIO, a
3HAKW «—=» BHIOUPAIOTCS COOTBETCTBYIOLUINM OOGDA30M.

248. a) Ecau [(x) — MHOTOWIen ¢ neabiMu K03 (p(QHIMEHTAMH U ypaBHe-
Hue | (x) =0 umeer ueablli kopenb, To cpasrenne |(x)==0 (mod p) umeer
OYeBMIHO, peulenue I1st KaxKA0T0 IPOCToro Moxyas p. JLoKasaTe Ha mpume-
pe ypaBHeHus NepBoH cTellenu ax-4-b6=0, uto ofparHas TeopeMa HeBepHa.

6) [loxasaTh, 4To eciau mpH HeaAbix a u b cpasnenue ax-+b6=0 (mod m)
paspeinmo 415 KaxkA0ro HATYPaJbHOTO MOLyJAd m, TO ypaBHOHUE ax+b=0
HMeeT pellleHHe B LeJIbIX YHCAaX. .

249, IokasaThk, uTo cpaBaesue 6x2-4+5x41=0 (mod m) UMeeT pemienue
JUIsi KaXkAoro HaTypajdbHOTO MOAyJasi m, HecMoTpsd Ha TO HTO ypaBHeHue
6x2-4+-5x41=0 He uMeeT peUIEHNH B LEJBIX YHCIAX.
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250. a) [Jokazartp TeopeMy ®PepMma: ecsim p — NpPOCTOE YHCJIO0, TO KAKABII
543 mpocroit pesnuTesb uucaa 2P 41 nMeer ¢popmy 2kp+-1, rge k — Hary-
panbHOE YHCIIO.

6) HokasaTbh, 4T0 cyuiecTByeT OeCKOHEUHOE MHOMXKECTBO HATYPaJbHbIX
yycen, ABAAIOLINXCA CYMMAaMu ABYX TPEYTOJbHBLIX uxcea (T. €. Yucea BUAa
¢ - nntl)

2

" ,rae n=1,2, . .. ), a TakxkKe CyMMaMHl JBYX KBaJIpParoB HaTy-

PAaJNbHBIX uHCed.

B) JlokxasaTb, uTo CymecTByeT OGECKOHEUHOE MHOKECTBO HaTypaJsbHBIX
yHced, KOTOphie SBAAIOTCA CyMMaMH ABYX TPEyroAbHBIX YHCe’d, HO KOTOpbie
He ABJAITCH CYMMaMH JIBYX KBaJpaTOB HATYpPaJbHBIX YHCEJ,

r) [okasath, 4TO cyuiecTByer GeCKOHEUHOE MHOXKECTBO HaTypaJbHLIX
YKCeNa, KOTOpHIE fBASIOTCH CYMMaM# ABYX KBaJADAaTOB HATypajbHBIX duces,
HO He ABJAIOTCA CYMMaMH ABYX TPEYTOJBHBIX YHCEJ.

n) HokaszaTe, uTo cyliecTByer GeCKOHEUYHOE MHOMKECTBO HaTypaJbHBIX
4uCes, KOTOPHIC He ABAAITCA HH CYMMaMH 1BYX TPEYTOJbHBIX UHCEN, HU CYyM-
MaMH JIBYX KBaJpaToOB.

e) aiitu Bce pellleHust B HATYPAJbHBIX YHCJAAX X U Y YPaBHEHUA

2+ (x+1)2=y



PEIUEHHS 3AI0AY

1. JenumocTs yuces

1. CyuecTByeT TOJAbKO OJZHO TaKOE€ HAaTypanabHOe uucio n=1. JleficTBHU-
TeabHO, Tak Kak n?+1=n(n+1)—(n—1), 10 U3 npeanoaoxenus n+ 1\ n2+
+1 caexyer, uto n-+1|n—1, a nocaennee AJs HATYpaJbHBIX A BO3MOMKHO
JHIOb TOTZa, Korna n—1=0, 1. e. Korga n=1.

2. Ilycrs x—3==1 ectb mesoe uncao 0 ,raxoe, uro t| ({#4+3)3—3. dro
yCJIOBHE PaBHOCHJIBLHO YTBepKJAeHHW, uTo f|3%—3 nan £[24. Taxum obpa-
30M, HEOOXOIUMO H JOCTAaTOYHO, UTOOLL § OBLIO LEJOUYHCACHHBIM JeJUTeJeM
yhcsaa 24, T. e, OAHEM H3 uncea %=1, =2, =3, =4, =6, =8, =12, +24. Or-
cioaa aas x={ -+ 3 nojyuaeM cieaylomue sHauemug: —21, —9, —5, —3,
—1, 0,1,2,4,5,6,7,9, 11, 15 u 27.

3. Keanpar nesoro yucaa, He Jessilerocs Ha 7, maeT TPU JAeJeHHH Ha 7
B octatke 1, 2 unu 4. IlosToMy cyMMa JBYX TaKHX KBaJpaToB JaeT B OCTAT-
ke 1, 2, 3, 4, 5 unu 6. CuegoBaTeqabHo, ecJyd @ ¥ b Takde Liesbie YHCHAa, UTO
7\ a?+ 0% To oaHO M3 HUX, a 3HAUUT, H Apyroe OyneT KpaTHO 7.

4. Takumu sBJASIOTCS, HANpUMep, BCe HATypaJsbHbIE UHCJA f, COCTaB-
Jsomue apudmerdueckyo nporpeccuio 658456 (k=0, 1, 2, . . . ); nei-
CTBHTENbHO, eciin n=60k+4-56, rme k& — nenoe uncao >0, o n=1 (mod 5)
u n=4 (mod 13), orkyna 4n2+1=0 (mod 5) u 4n>41=0 (mod 13),
tak yro 5|4n241 u 13]4n2+1.

5. JlokasarebCTBO TPOBOAUM NpH MOMOIIM MaTeMaTHUYECKOH HHAYK-
oun.  Mmeem 169|38—26—27=676==4-169. [Hanee wumeem 33+ _
—26(n+1) —27— (3%+3 —26n—27) =26(3%+3 —1). Ho 13|33%—1, orxy-
ma 13 | 3%+ [ cremosaresbro, 169 | 26(3 %17 —1). Orcloma ToTyac Ke
BHITEKAET J0KA3aTeJbCTBO MOCPEACTBOM MHAYKLHU IO 1.

6. Tak kax 26=64==1 (mod 9), to m1a k=0, 1, 2, . . . uMeem 2%==1
(mod 9) u, snauur, 2%712:=22 (mod 9), OTKyAa, YYHTHBAs, 4T0 00e YacTH
CpaBHEHHS — yeTHble ukcaa, noaydaem 20:+2=2%2 (mod 18). Hrax, 26++2—=
=18¢{+22 rpe ¢{— uenoe uncio > 0. Ho cornacHo MaJgofi Teopeme ®epma
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218=1 (mod 19), otkyna 2 =1 (mod 19), ana =0, 1, 2, . . . u, caeno-
BaTenbHo, 22F T = 218¢+4 — 01 (mod 19), oTxyna 92%k+2 | 3 o 4+ 3=0
(mod 19),uw. u T. 1. 4

7. Ha ocHoBanuu manoii Teopemnt Pepma 2'2=1 (mod 13), orkyna
200=] (mod 13), a tak kax 2°=6 (mod 13) u, sHauur, 2'°%=—-3 (mod 13),
TO Haxonum, uro 29=-—-3 (mod 13). C apyroii croposnl, 3=1 (mod 13);
cnepoBatenbHo, 3%==1 (mod 13), orxyna 3°=3 (mod 13). Takum o6paszom,
2704 37=( (mod 13), uan 13|270437 u, u 1. 1.

8. Ilpy momomm MerToga MaTeMaTHUeCKOH HHIYKHHH MOMKHO JIErKo

10Ka3aTh, 4YTO JJig HaTypadbHmx s umeem 2"=n+1, orxyia cae-
n

n+1 2
myet, uto 27+42%" . mostomy 22 —1)22 — 1. CaenosaTelbHo,
n

n
Fp=2 412" —qjo’ —p2 o =2 2 omymaF 2" — 2,
9. U T. A.

IMpumeuanwne T.Banaxesuu npuaepkupajcs muenns, uro depma, HCXoxd H3 yera-
HOBJIEHHO# JCJIHMOCTH Fni2Fn—2, CAeNaJ CBOE TNPeANoJOMKEeHHEe 0 NPOCTOTe BeeX uuces Fa
(n=1, 2, . .. ). Bo Bpemena depMa cuurajach NpaBUJIbHOA KHTaliCKasi TeopeMa, COIMIACHO
KOTOPOfi BCAKOe HATYPaJbHOE UHCIO M>>1, YAOBJACTBOpPsIOWEE YCAOBHIO M |2™—2, ecTb npo-
cToe. D70 AeHCTBHTE]bHO BEPHO AJA HECKOJNBKHX COTEH NEPBBIX HATYPaJbHBIX uuces. Ho sra
TeopeMa OKa3blBaeTcsl HEMPABUJBHON yiKe i ywcaa m=341=11.31, o yem Torga eme He
6bl10 U3BectHO [3].

9. Taxkosrul, Hanmpumep, Bce uncaa 3%, roe k=1, 2, . . .. OTo MOXKHO AO-
Ka3aThb IpH INOMOILHM METoJa MaTeMaTHYecKoifl HMHAYKUHH, HCIOJB3YS Ccles
Jylolliee pasJjoXKeHHe Ha MHOMKHTEJH: o8kl | ] = (23k+ 1) (22-3"—23k+1),
A€ BTOPOH COMHOMKHTENb, paBHEIl 4%° 4+ 2 — (2%* 4. 1), neantcs ma 3
(TaK Kak 43* npu AeJeHHH Ha 3 maer B ocrarke 1 ¥ 1O mpeanoJioxe-
nuio 3| 23% 4 1),

10. DTo cnpaBenarBo aasa n=1, Tax Kax KBajJpaT HEYETHOTO UYUCJa NpH
nenenuy Ha 8 naer B ocratke 1. Ilpenamosoxum, 4To mpH HeUeTHOM £ s
HEKOTOPOTr0 HaTypaJbHOTO /1 HMEEM 2”2[ k2" — 1, Torma k%" = 2++2 ¢ + 1,

n+41 :

rie t —Ienoe 4MCI0, H, 3HAuMT, k2 =(2rF2f1)2=2214 2 L o0ty ]
= ont3(Qnti g2 4 ) - 1, oTkyna 273 kYT — 1. [loxasaTenncTBO mOJy-
yaeTrcss NpH NOMOIIM MaTeMaTHUYECKOH HHIYKIHHU.

» 11, OueBunHo, KOCTATOUHO AOKA3aTh, YTO KAKAOE U3 NPOCTHIX UHCeS
11, 31, u 61 gmeamr umciao 20¥—1. Hmeem 2°=—1 (mod 11) un 10=
=—1 (mod 11), orkyna 10°=—1 (mod 11} u, snauur, 20°=1 (mod 11),
205=1 (mod 11}, tax yro 11| 20"%—1,

Hanee, 20=—11 (mod 31), orkyna 20°=121=—-3 (mod 31); caeno-
_BarenbHo, 20°=(—11) (—3)=33=2 (mod 31), orkyza 20'*=2°=1 (mod
31), rak yro 31}2015—1. Hakonen, 3¢=20 (mod 61), otKyaa no ma/oi Teo-
peMe ®epma moayuum 2015=35"=1 (mod 61), Tak uro u 61|20"5—1.
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a™ —1 .
12. Hyctp d = (_atT_ , a— 1). Onupasce ua TOKIECTBO
m__1 !
-‘-lm—z(a”'—‘-—l)Jr(am—?—l)—}-... +@a—)+m )
"M yyuTeiBa#, uTo @ — 1|a*—1 nag k=0, 1, 2, ... 3axawovaem, uro
dlm. Ecau ©pl uyncna a—1 u m uMmean oOwuil fgeaurean 6>d, TO

o a™— am—1
na ocuosaudu (1) Mbl 3akaoudan 6w, 4TO 3| a—_——ll M YHCIA ——
1 a— 1 umeroT ofmuii geauredb & >d, uTo uckawueno. Orcioaa cie-
ayer, uTo d ecThb HauboJbuiuit oOuUMHA jAenutenb uucen a — 1 u m, u.

u T. I
13. Kak #3BecTHO, /it HATYPaJbHBIX 1 UMeET MecTo dopmy.ia

134234 .. +n3=_______”2‘”4+ Iy

(KOTOpPYy10 MOXKHO JIEKO J0Ka3aTh, HAIpuMep, NP NOMOINU MateMaTHye-
ckoft nHAyKunK). Ilpy nmomouy MatTeMaTHUeCKOH MHAYKIMM JErKo TaKwxe /10-
'XKa3aTh, 4TO JJf HaTypaJbHBIX 71 clpaBefauBa dopmysa

I 2 b = n? (n A 1)2(202 4 20— 1),

Us stux $opMya crenyer, uto
3P+ 24 ... 4m) o,
R G S CR

OTKY/Ja HelOoCPeACTBEHHO BBITEKaeT CBOHCTBO, O KOTOPOM HJAET Peub.
Cp. «Matematyka», 1955, Ne 5—6 (38), crp. 73, samaua 375.
14. MckoMble uHcaa — Bce HedeTHbe yuchaa > 1. JlefcTBUTENBHO, ecaH

1
. N — HeyeTHOEe YHUCIA0 > 1, TO g eCThb HaTypaJleoe qHUCJI0 u  aasa

n—1
k=12 ... ,—5 > KdK JIETKO 3aMeTUTh, n|k” - (n—k)" (Tak kax
(— k)" == — k7). CaepoBaTtenbHo, n|l7+ 274+ . . . 4+ (n— 1)~

[Tycte Tenepb n-—4YeTHOE YMCAO U NYCTh 29— BBHICUIAS CTENEHB
ABOHKY, jAeasimas n (4dcio s HaTypansHoe). Tak xak §</2% To aas
YeTHBIX £, OYEBHAHO, 29| k", nad HEUETHMX XKe & (YHCAO KOTOPHX B

nocaejposareabioct 1, 2, ..., n—1 paBHo—’—;—) HA OCHOBAHHM TEOpe-
MBt Diiaepa umeem 2° '=1 (mod 2%), Tax uto M k" =1(mod 29 (udo
2-1|n), otkyaa 1743 4. .. 4 (n—8)* + (n— 1)'= 2 (mod 2).
[Tostomy, yudThBast, uto 27+ 474 ... 4 (n—2)"=0 (mod 2%), umeen

ln-20 4 ..+ (2 —1)"= = (mod 2)).
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Ecau Tenepp mnpeAnonoxuTb; 4To 2|17 421+ .. - (n—1)", 70,
TaK Kak 2°|n, MBl [OAYYHM CpaBHeHHe Oz—g— (mod 2%), u3 koToporo -

n
caenyer 2¢| —5 ¥ 2971\ n, 4TO IPOTUBOPEYUT onpeLeneruio uucaa s. Mrax, .

eCaM n yetHoe, To Kt 17+ 274 |+ (n— 1),
IIpumevanwue Ipu nomomu Manoil teopembl Peprta AMOKHO JIETKO 110Ka3aTh, 4TO
eclH f— MpocToe Yucao, To n|l17—14-27-14f . . 4+ (n—1)"~14-1, ogHako Mbl He 3HaeM

HYM OJHOTO COCTABHOTO YMcJa A, A/ KOTOPOro YKasaHHas JAe1iMOCTb HMeda Obl MecTo.
I'. Jxyra yrBepX/AaeT, YTO TAKUX COCTABHBIX uxceJ, MeHbIIHX 1019°% wer, u BBICKA3aJ mpei--
HoJOKeHHe, YTO HX BOOOGIE He CYHIeCTBYeT.

15, Paccmorpum 4 cayuas:
a) n =4k, rpe k— Harypaasuoe uucJjgo. Torga
a, =281 _2%+1 L 1=2_—-2 4+ 1=1 (mod 5),
b, = 28+l L 2421 1 1 =2} 24 1=0 (mod ),
uoo 2*=1 (mod 5), orkyna 2* =2% =1 (mod 5);
6)n 4k -1, rae =0, 1,2, ... . Torna
= 28k+3 __Q%+2 L 1 =8—14 + 1=0 (mod 5);
bn = 28k 4 2442 L 1 =8 4+ 1 =3 (mod 5)
B n =4k-+2, rne k=0, 1, 2 . Torpa
a, = 28kt5  24k+3 |- | 52—8 + 1:0 (mod 5),
b, = 2%+5 1 24+3 1 1 =2 1+ 8 4+ 1=1 (mod 5);
r) n=4k+3, rne £=0,1,2, .... Torna
a,=28++7 __2%tt + 1=8-—1-4 1=3 (mod 5),
b,=28+7 L 2%+4 L 1 =8+ 14 1=0C (mod 5).
Takum o6pasom, uncia @, AelsaTcs Ha S TOJABKO Aasg n=1 uiu
2 (mod4), yucna xe b, neasitcs ma 5 toabko mis n==0 uau 3 (mod 4).

W3 uncen a, u b, Bcerna OJHO U TOABKO OJIHO JEIMTCA HA 5.
16. docratoutno nmoaoxuTh x=2n—1. Torma, Tak Kax KaxKaoe u3 yucel

X (Y3
X, x*, x* , ... ABJSIETCSH HEYETHBIM, HalgeM, uro 27 =x + 1 ecTp jde-
JIUTENIb KaXAOro H3 4Hces OECKOHEUHOH mnoche10BATEJbHOCTH X + 1,
X
A AR R ¢

17. TakoBbl, Hanpumep, Bce MpoCTLie yucaa p suxa 4k+3. ,D;eficmmenb-

HO, AVIS1 UETHBIX X KA LBl W3 UIEHOB MOCAEIOBATENBHOCTH X, X%, X¥
€CTb uYeTHOe 4uchao. [lostomy eCJII/I OBl KaKOH-HUOY b YJeH nocnelLOBa-

TeJBHOCTH Xx*- 1, x5 + 1, xr + 1, ... okasamcad OB JEJANIHMCH -
Ha p, TO OPH HEKOTOPOM HaTypajbHOM m MH umeau Ob p | x** 41 y,
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cnenoBateasno, (x™)2=-—1 (mod p), 4TO, Kak H3BECTHO, HEBO3MOXKHO
(rak kak —1 He dBJAAeTCH KBaAPATHYHBIM BBIYETOM NPOCTOrO MOAYJsA
p=4k-}3).

18. 13 pasnoxenus !

(1»{—n,)”=1+(’;)n+(;>n2+...+(2)n”

caenyer, 4to Aas n>>1 (410 MOXKHO OpeANoJaaraTb, Tak xak 12|2-—1) Bce
YJIeHbl, HAUMHAs C TPETLEro, COAepkKaT COMHOXHTE/b 71 B CTENeHH ¢ [I0Ka3a-
'11 ) n=nd

Taxkum o6pasom, n2[(l +-n)* —1, 4. u T. 1.

19. Ha ocHoBanuu 3agauu 18 nis HaTypasJbHBIX M UMeeM:

m?|(m <+ Iy® — 1.
[Mostomy mnpun m=2n—1 wumeem (m--1)m=27C"~) yu  3Hauur,
Y3

(2" — 122 =br —1, u. u 1. I

20. Mmeem 3[2°4-1. Ecaum e 1upH HEKOTOPOM HATYPaJbHOM M

m 9ﬂl
3m2% 41, 102" =3m.k—1, rae k-—HaTypaipbHOE WYHCJIO, OTKyAa

Sl

23 —_ (3mk__1)3 — 33m,k3___32m+1 ,k2+3nl+l,k_ ] = 3m+1t_ 1’ ruae
+1
t— Hatypaabnoe uucao. CaenoBaTenLHo, P L1 =3mt+1.f T, e,
1
3”1+1]23m+ + 1, oTKy1a npd NMOMOIIM MaTeMaTHYeCKOH HHIYKIIHM 3a-

n
kaoyaem, uto 3m|(2° L1 gmam=1, 2 ...
CymecTBytor, ONHAKO, U Apyrde HaTypasbHble YuCaa 7, YAOBJAETBOPAIO-
me TpeGosaHuio 1] 2% +1. JelicTBUTE/NbHO, €CAM NPU HEKOTOPOM HATY»

n
pasibHOM n uMeeM 22|27 -+ 1, 10 mmeem Takxe 2"+ 1|22 +14- 1, Tax xak
ecan 2¢ 4 l=~Fk-n, rie k& — HarypaabHoe YHCIO, OYEBHJHO, HeueTHOE,

To 27 4 1| 2F7 4 ] = 22" +1 -+ 1. Tak, us Toro, uto 9|2’ -1 crenyer, uto
5132518 - 1.

[peanonoxuM Tenepw, 4To £ ecTh NpocToe uucao ¥ n|2" +1. Torxa
n|27—2, yro pHTeKaeT M3 Maao#t Teopembl Pepwma, H, CJAELOBATENBHO,
n|3. Orcoga n=3, Tak Kak n—upocroe umcsao. Mrax, 3/2% 4 1.
Cunenosate b0, CYHIECTBYeT JHIIL OAHO HNPOCTOE YHUCJIO 72, TaKoe, YTO
n|27 4+ 1, umenuno n = 3.

TeJeM >>2, BTOPOH ¥Ke WIEH ecTh (

] ' k
1 31ech CHMBOJ (Z)-—HHOC ofo3naucHue GHHOMHanbHOTrO kKo3dduuuenra Cn_v

Boo6ime ke 3TOT CHMBOJ yrnorpefaserca B (ojee LIHPOKOM CMBICAC, a HMEHHO,
(n) _nn—D(n—2)...(n—k+1)
k) 1.2, %

n
BellecTenHoe. MHoraa NPHMEHSIOT # CHMBOJ (O ), nojaras ero paBHHIM efuHuue. — [Ipun.

, rie B—leioe MOJOKUTENLHOE YHCIO,a 1 —

nepes.
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21*. CymiecTByer TOJBKO OIHO Taxoe HeueTHoe uHcao n=1. [leficTBu-
TeJIbHO, MPEeANOJIOXKHM, YTO 7 €CTh HeYeTHOe uucao >1 u yro n|32+1, n
MycTb p — HaUMeHbIIHH# NPOCTOH jaenuTedb yucaa n. OUYEBHAHO, p OTJIHYHO
oT 2 u 3 u nosromy p>3. Ilyctb § — nokasaTesnb, KOTOPOMY NPUHALICKHT
uncso 3 no Moaymo p. Torma umeem p|3°—1 u, tax xak p=>3, p|3P~1—I1, u
p|3**—1, zaxmouaem, uto 3|p—1u 3|2z, Ecam 8 ecTp HeueTHOe
yucao, 1o 8|n, orkyma, Tak Kak O6<{p, a p-— HAHMEHbMHUH NPOCTOH
JefiuTenh 4ucaa n, caeiyer, uto 8 = 1 u, 3Havur, p|3' — 1, 4TO HCKJIIO-
yeHO, Tak Kaxk p > 3. Takum o0pa3om, 3 eCTh YeTHOe YHCJIO, 8 =2k, 1
TaKk Kak 3|2n, To kln H, CJeJ10BaTeJbHO, £ ecTb HeueTHOE YHUCIO.
[Ipeamonoxenue, uro £ = 1 paer 8 =2, tak yrto p|3% — 1, oTKy1a p = 2,
yTo HCkmoueno. Taxum obpasou, £ > 1 u k<8< p, 4TO HEBO3MOKHO,
TaK Kak k|7, a p ecTr HAUMEHBWIHI IPOCTOH jAenHTeab 4HCAA M.

[Ipumevanue, Dta NO CYHMECTBY uacTb 3alaull 430 M3 mpBeHfnapCcKkoro Kyp-

naxa ,Elemente der Mathematik® (r. 18, 1963, cTtp. 89). Peurasn ee, O. Pofitrep zaa
JA0Ka3aTeabCTBO Oodee caeaywooueilt ofmweil teopeMbl (cm, TaMm ke, cTp. 89-—90).

Ecau a ectb Takoe HaTypaJbHOE YHCHAO, YTO @+ 1 He SIBJASETCS CTENeHbIO
nsoiiku (1. e. a==1, 3,7, 15, 31, . . . ), To cyllecTByeT GeCKOHEUHOE YHCJIO
HATYPAJbHBIX 4HCe] 7, YAOBJCTBODSIOUMX YCI0BHIO n|an+1 .

Bor noxasatenbcTBO 3TOH TeopeMHl (HECKOJBKO OTJAHYHOE OT JA0Ka3a-
tejbcTBa Politrepa).

[Tockoabky uncao a+1 He ABJAAETCS CTENEHbIO JABOHKH, OHO JOJIKHO
uMeTh npocToil neautens p>2. Urak, pla+ 1. JokaxeMm Tenepb cienywo-
HIVIO JIEMMY.

JleMma. Ecan npst HEKOTOpOM IiesioMm R > 0

k
pk'l‘l ‘ af +‘ 1;
rage @ -— HaTypajibHOe 4YHCIO 1, p— HeueTHOe TIPOCTOE HHCIO0, TO
k1
pk+2 ! ar + 1.
JNoxkasatenbcTBo. [Ipeanonoxum, 4To mpu HEKOTOpoM ueaom & >0

k
prriiar 4- 1. Tlonaras " = b, naiigem, yto prtt| b+ 1, oTkyia b=
—1 (mod pkt!)., Tak Kak UYHCIO p HEUueTHOE, TO

a* L =br 4 L= (b Dort— b - — b+ 1) (%)
u tak KaKk b=—1 (mod p*') u Tem Goaee b=—1 (modp), To b¥=1
(mod p)u P?-'=—1(modp) naai=1,2, ..., orkyna bp~1—br—2 -1 .

—~b+1=14+14+ ...+ 1=p=0(modp). Mrak, BTOpoil COMHOXKHTEIb
1paBo# yacTu Gopmyasl (¥) AENTUTCH HA p, a TaK KaK IePBblH COMHOXH-
k+1

Tenb NEJAUTCH Ha pktl) To p**2|a” + 1, 4. u T. L
Hcnoassysa noka3aHHYIO JeMMY, NIPH NOMOIIH MaTkemaTqucxoﬁ HH-
LyKIIHH yCTaHaBJHBaeM, 410 ecau pla + 1, to pktila?” + 1 u nostomy
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1¢M BoJaee, pklal’k +1 aag k=1, 2, ... . Takum o6pa3oM, CyllecT-
-ByeT 6eCKOHEYHO MHOTrO HATypaJbHBIX YHCEJ 7, A5 KOTOPHIX nla® + 1.

22*, Coraacno TeopeMe PoiTTepa, 10Ka3aHHON B MpHMEYaHHH K Npefbl-
Iyleil 3alaye, NOCTATOYHO NOKAa3aTh, YTO Ui KaXKJAOr0 HEUETHOTO YHC/Ia
.a>1 cyulectsyer OGECKOHEUHOE YHCJIO HATYPaJbHLIX uHcesq £, TAKHX, YTO
nla” + 1. O1HO M3 HHMX, OUEBHJHO, €CTh YHCJIO 2, TAK KaK B CHJIy He-
yeTHOCTH a uMeem 2|@? -+ 1, npuyem a? KaKk U3BECTHO, eCTh UHCJO BH-
na 8k+1 wu, 3zHauut, a?41=8k-+2=2(4k}1) sBasgercs yABOEHHbIM
HeyeTHBIM yucjaoM. JloxaxkeM Temnepp CIeAYIOIIYIO JeMMY.

Jlemma. Eciu a — HeuerHoe unene >1, s u a®+1 gapaswores YIABOEH-
HBIMH HEYeTHBIMHM YHCJIaMH H §|as4-1, TO cyllecTByeT HaTypajbHOE YHC/IO
§,>>8, TaKkoe, 4To §;, ¥ a% + 1 gBAAIOTCH YABOCHUBIMM HEYETHBIMHM UYHC-

.JamMu H sjlast 4 1.

JdokazareancTBo. [TockoJdbky sja’ -+ 1, npuuem s u a’+1 aB-
JAIOTCH YJABOCHHBIMU HeUeTHHIMM 4YHCIAMH, TO o+ 1 = ms, tae m—
HeuerHoe yuciao. Otcioxa o + lla™ + 1, wim a® 4 l\a“s“{‘1 -+ 1, npuuem,
TaK xak @+ 1 ecTs wernoe umeno, 10 a® Tl L1 ectn VABOEHHOE He-
YETHOE YHCJO.

Urak, ana s; = a® -+ 1 umeewm s;las + 1, npuueM s, U a% 41 aB-

CJISI0TCH VIBOEHHBIMH HEYeTHHLIMH uHcJIaMu M (Tak Kaxk a>1) § =a’-+

+ I>s.

JleMma gokaszana. Ecan Tenepb Mbl IPpUMeEM §=2, TO B CHAY HEUETHO-
CTH YHCJIA @ YCJAOBHE JieMMbl OyIeT BHIIIOJHEHO H TeM CaMbIM OyjeT ycTa-
HOBJIEHO CYUIECTBOBaHHe GECKOHEUHOr0 YMC/aia HaTypaJBHBIX YHCeN N, 175
KOTOphIX nja” 4+ 1.

23*. IorameM, uTO €CJAM M -— YETHOE YHCJAO, Takoe, 4yto nj2* +2 u
n—1)2* +1 (uro cnpaBesauBO, HAIPUMED, Aasg 7 =2), TO U AT YHC-
Ja n, = 2"+ 2 takxe umeeM n4|2% 42 u ny — 112 4- 1.

JleHCcTBUTENBHO, ecan A|27 4+ 2 M 4MCAO A YeTHOE, TO 274 2 = nk,
rie k— HEUeTHOe YHCJIO, H, CIELOBATENbHO, 27 -4 1]27% 41 = 22"+2 1 |
TaK 4TOo Ias n; = 2" 4+ 2 umeem n, — 1]2% 1. Ecan xe n— 1271,
To 2* + 1= (n— 1)m, rae m — neyerHoe uucyao, u 21 4 12¢-Om4 | —
=221 41, orxyna 27+ 2]22"+2 2, uau n,2m + 2.

Tax xak n;, =27 2>n, To cymecTByeT GECKOHEUHOE MHOKECTBO
YETHBIX YHCEI A, YAOBJETBOPAOIKX HameMy ycaosuio. Hexoas wg
3HAUEHHA N = 2, Mbl HOJYUYUM YKAa3aHHBIM CIIOCOOOM IOCJECA0BaTeAbHO

‘gucaa 2, 6, 66, 296 L2, ... . OjpHako 3THM NyTeM, Kak 3aMeTHJ Bunp-
luennep, HeNMb3g MOJAYYHTh BCe HATypa/lbHBIE YHCJAA 7, AN KOTOpPHIX
n\2" + 2. Tak, nampumep, 946|2°4¢ 2, u6o 946 =2-11.43 wu 11|25 -+
1250189 1 =995 {1 orkyma 1129642, u 27 =128 =3.43 —1, or-

Kyna 43]27 4+ 1 u, Tax Kaxk 945 =7-135, Taxxe 43|27°135 4 1 — 005

44



F41]2%6+2. Cp. ¢ pemennem Bunpmennepa moeit samaun Ne 430, nomeineii-
HoM B xkypHase “Elemente der Mathematik” (r. 18, 1963, ctp. 90).

24. Ecan a — HaTypasabHOe YHCJIO, ¥ — OCTATOK OT HAEJNEHHs YHC/Aa a Ha
10, To a!®+1 genutca ua 10 Torma W ToJbLKO TOrga, Korpga uucao ri®f-1 ge-
autcst Ha 10. Takum o6paszom, BMeCTO r Mbl ZOMKHBE 6paTh TONBKO yncsia 0,
1, ., 9, Ia KOTOPHIX, KaK Jerko yGexjpaemcs, ToJAbKo yucaa 39941 u
710—1—1 aenmc;{ na 10. Takum oBpasoMm, Bce HATYpaNbHBIE UHCHA @, JUIsT KOTO-
puix uncao a1 genutcs Ha 10, cyTe HaTypasdbHble uucaa Bujga 10k+3 u
1047, rae k=0, |, 2,

25%, ﬂoxasareanTBo A. Munnens. Ipeanonoxum, uron>1nn{2% —I1.
[Tycto p — HauMeHBINWI NIPOCTOH deauTedsb YuCida n B 6 — mokazartesb, KO-
TOpPOMY NpHHAMJIEXKHUT ducao 2 mo moxynawo p. Torma pi2° — 1, |21"I —1
(Tax xaxk pln[?” -— 1 u, 3HAUYUT, eCTh YMCIO HeueTHoe), p|2" — I, TaK 4UTo
8lp —1 ud | nu caenosarenvuo, 3<p. Ho 8>1, TaK kax Henb3s JO-
NyCTHTh, 4YTO plQl—l = 1. CnenoBateabHO, YUCJIO 7 HUMEET JAeaH-
Teab >1 u <p, a 3HAUUT, TAKKE H IPOCTOH AEJUTEJSbh C 3THUM CBOM-
CTBOM, YTO HAXOAHUTCHA B IPOTHBOPEYHM C ONpeAEJEHHEM YHCcaa p.

26. OueBUAHO, YHCAO N He MOXeT ObITh Kpatibim 3. Ecan n npn nene-
HUY Ha 3 jgaer B ocratke 1, To uncio 27+ 1 K0OJAKHO GBITH KpaTHO 3, a 3Ha-
YHT, YHCJAO A NOJXKHO OBITb HEUETHBIM, T. €. 7 JOJKHO OBITH UACJAOM BHIa
641, rne £ — neaoe yuciao > 0. Ecau ke 1 IIpH JlesieHWd Ha 3 faer B oCTaT-
Ke 2, To yucao 227+ 1 70JXKHO JeJUThCS Ha 3 H, CJAeHL0OBaTeJbHO, 1 HOJXK-
HO OBbITh YETHBIM, T. €. ObITh uHcJaoM BUfa 6k+2, roe k=0, 1, 2, . . .. Takum
o0pa3oM, Bce HATypasdbHbIE YHCJIA n, AJd KOTOPBIX 3| n-2741, cyTh uHcAa
n=6k+1u n=6k+2, rne k=0, 1, 2,

Cp. «Matematyka», Ne 5 (4 ) 1947 CTp 65, 3aymaua 516.

27. Ecan p ecTb IPOCTOE HEUETHOE YUCHAO U

n=(p—1) « (k-p+1),

rae k=0,1,2, . . ., 10 n=—1 (mod p) u p—1|n, orkyaa, cornacuo manon
teopeme Pepma, 27=1 (mod p) u, cregosatenwho, n-27~4-1=0 (mod p).
Hp umeuanune. M3 sron 3aJauyd BBITEKAET, UTO CYLICCTBYET GeCcKOHeUYHOe YHCAO CO-

CTaBHBIX uHcesl BHAa n-27-F1, rie n— natypaapHoe 4duciao. Uucsma sToro BHAA Ha3HIBAIOT
yucaamu KasneHa.

Hoxazano, uto Bce 3TH uucaa Aaas 1<n<141 geagoTcs cocTaBHBIMY,
Ho jpast n=141 uucao n-2"41 npocroe. Mst He 3HaeM, uMeeTcHd JU CPeiH
uyncen KanjeHa GeCcKOHEYHOe UHCJIO MPOCTHIX.

28. Tlyctb n— maHHOE HaTypaJbHOe UYHCIO, k-— HaTypaspHOe YHCJO,
GoJiblice eIMHHIBI H TaKoe, uTo 2¢>>n, u p — npocroe uucio >2F-1.%. Tax
Kak k> 1, o pas x=2% y=2p, oueBuaHo, x 1y, HO x*|y¥, un6O x*=2k?2
Uy = (2p)?, npuuem 2p>2k.k. Taw, Hanpumep, umeem 44|10, Ho
4 +10; 88122, Ho 81 12; 9°|212, wo 9t 21.
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29, VI3 pasyioxeHU#l Ha NPOCTble COMHOXKHUTeNdn 12—3=—2, 22—3=1,
—3=2.3, 42—-3=13, 52—-3=2-11, 62—3=3-11, 72-—3=2.23, 82-—-3=61,
92-3=2.3.13,102—3=97, 112—-3=2.59,122—3=3-47, 132—3=2-.83, 142—
—3=193, 152—-3=2.3.37, 162—3=11-23, 172—3=2.11-13, 182—-3=
=3-107, 192—3=2.179, 202—3=397, 212—3=2.3.73, 222—3=13.37,
232—3=2.263, 242—3=3-191, 252—3=2.311, 262—3=673 u 27>—3=
=2-.3-112 caeayer, 4TO HauMeHblllee HATYpaJbHOe UYHUCJAO 71, HJd KOTOPOTO
n?—3 penuTcsl Ha KBaJpaT HATYPaJbHOTO 4uCAad, OOJBIIETO eIUHHIILI, €CTh
n=27.

Tak xak 112|272—3, 1o n 112| (274+121%)2—3 maa k=0, 1, 2,
OTKyJHAa CJeAyeT, 4TO CyUleCTBYyerT 0ecKOHEeUYHO MHOTO HaTypaJdbHBIX HYHUCeT N,
JUIS1 KOTCPBIX UUCA0 72—3 JEJUTCS Ha KBaApaT HaTypaJbHOro uucsaa >1.

Mpumeuvanne (A. Munnens). MoxXHo A0Ka3aTh, 4TO AJs KakJOr0 HATYPAJBLHOTO
YHCIA M CYILECTBYET UeJOoe YHCAO @, TaKoe, UTO HH OAHO M3 uucen 12+4-a, 22-+a, .. . m2ta
He ACJUTCA HH Ha OAUH KBajpaT HATYpPAJbHOTO 4HCA4, 6OJIbLUeI‘O CJIHHHIDbIL MO}KHO Takze
J10Ka3aTh, UYTO €CIH f(X) eCTh MHOTOWIEH C LE/IbIMH KO3(h(QHUUHEHTAMH, TO CYIIECTBYET GecKo-
HeYHOe MHOXKECTBO HATYPaJbHBIX uHcea X, AJs KOTOPHIX UMCaIo f(X) uMeeT KBaJpaTHHIR Je-
JINTENDb, GOMBIINA eIHHULLEL.

30*, Ecau n — mnarypajbHoe 4ucao, 70 @(n) |n!. JlefictBuTenbHO, AMA

n=1 310 04eBUIHO, ec/iH Ke n>1 u n=g;-q;*- ... - 47 ectb pasjomeHue

qncaa n Ha NPOCTHIE COMHOKHTENH, TLe ¢ <{y < ...< q, TO @(n)=
2y ty—1 a,—] ay—1 A= ap—1

=g gy g (gD (g, =), g T g g, ! n,

qg,— 1<qk<n, otkyra g,—1<<nm g, —1<qg,—2<<...<q,—1
SIBASIIOTCH PasJWUHbIMH HATYPAJbHBIMH YHCAAMH, MEHBIUHMH 7, Tak YTO
(.= D(g.—1) ... (g,— 1) [ (n—DL

Otrciona ¢ (n) | (n—1)! n=n!.

Ecan n ecTth ueyeTHoe uucjgo, To (corjacHo TeopeMe Jiaepa)
n|2#m — 1127 —1 orkyaa n|2" —1, u. u T. 1.

31. Ha ocuoBanun masnoir teopemel Pepma 2¢=1 (mod 5) u 2=l
(mod 13). [Moatomy, yuutniBast, 410 2°=3 (mod B5) u 2*=3 (mod 13),
6ynem uMerh 2%+3=3 (mod b) wu 2'*4=3 (mod 13) nags k=0,

, -.. . Takum oBpasom, 5| 24e+3 — 3 n 13)212+4 3 naa k=0, 1,2, ... .
Tax kak 25=—1 (mod 65), to 2!>=!1 (mod 65), orkyzna gntiz_3 =
=27 —3 (mod 65). U3 nocaeanero cpaBHeHHs BHIHO, YTO I10CJAEJ0BATE/b-
HOCTb OCTATKOB OT JeJieHust Ha 65 umncea mociaefoBaTeabHOCTH 2°—3 (n=2,
3, . .. ) ABJIsAETCA NEPUOAMUECKOH ¢ JBeHaAlaTHWIeHHHIM nepuomoM !, ITo-
3TOMY, uTOOBl J0Ka3aTh, YTO HH OAHO u3 uwncen 2"—3 (n=2, 3, ) HE
JdenuTcs Ha 65, HOCTATOYHO NOATBEPAUTh, UTO HHM OJHO H3 UHCEN 2"—3 rie
n=2, 3, 13 He JesuTcs Ha 65. Kak jerko nogcumrarth, UHCAA 3TH TpU
zLeJerHH Ha 65 JaI0T COOTBETCTBEHHO ocratky 1, 5, 13, 29, 61, 60, 58, 54, 46,
30, 63, 64, HH OJHO W3 KOTOPBIX He ABJSAETCA HYJeM.

! Cm. npumeuanue [4] ma crp. 140. — Hpum. nepes.
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32*, Kak ussectdo (cMm., Hanpumep: W. Sierpinski. Teorfa liczb,
u3j. 3. Warszawa-Wroctaw, 1950, ctp. 61), yeTbpoMsA HaUMEHBLUIHMH COCTAB-
HBIMH YHCJAAMU 71, 1Js KOTOPBIX n | 2" —2, apasiorcs uucaa 341, 561, 645 u
1105. dast uucaa 341 umeem 341 4 33! —3, tax Kak no manoii Teopeme dep-
ma 3%0=] (mod 31), otkyna 3%°=l (mod 31) u, cnegoBartesnpHO, 34! =3U
(mod 31). Jaaee, Tak xak 3¥=—4 (mod 31), 10 FP=—64=—2
(mod 31), orxyna 3= —18 (mod 31) 1, 3mauur, 3% —~3=31_3=
= — 21 (mod 31), orkyaa 31 43*! — 3 u TeMm GoJee 341 = 11.31 + 3342 —
—3. Oganako 561 =3-11-173°'—3, rtak xaxk 11|3""—1, orxyza
11]3%0 —1 u 113 —3, a raxme 17]3°— 1, orxyna 17|33 —] =
=350 —1 u, caenoBaTenbHo,l7|3%! —3. Urak, mauMeHbuIee COCTABHOE
YuCJaAO 7, TAKOE, uTO 1|2"—2 u n|3"—3, ecTh ynca0 1 = H6l.

Yucao 645 He sBaASETCH AeauTeseMm uucaa 3%4° — 3. JleficTBuTENBHO,
645 = 3.5.43, 32=1 (mod 43), orkyjpa 33 15=1 (mod 43), 36°==l
(mod 43), orkyna 3%5=23! (mod 43). [lanee, 3*=-—5 (mod 43), cae-
joBarenbuo, 3%=-—45=—2 (mod 43), 3'2=4 (mod 43) u 3¥=108=
=22 (mod 43), orkyzaa 3% —3=19 (mod 43), 1. e. 43 t 364 3.

Yucao 1105 aBaserca nesnuredem uucaa 3119 — 3 tax xax 1105 =
=5-13-17; 3*=1 (mod b), orxyaa 3"%=1 (mod 5) u 5|3"'% — 3, na-
aee, 32=1 (mod 13), orkyaa 3" =1 (mod 13) u 13]3'1% —3; Hako-
nen, 3'*=1 (mod 17), orkyna, tak kak 1104 = 16.69, 3% =1 (mod 17)
¥, caepoBaTespHo, 173119 — 3.

Takum oOGpasoM, ABYyMS HAHMEHBIUMMH COCTABHBIMH UHCJIAMH A, AJs
KOTOPHX n|2"—2 u n|3* —3, aBasworces uucaa 561 u 1105,

Hpnme'{aHHe. MBI 1ne 3HaeM, CYLEeCTBYET JIU 6eCKOHEYHOE YHCJAO COCTABHBIX YH-
cen n, Jas KOTopeix n|27—2 u n|37—3. [1oJ10KHTeALHEIH OTBET HA 3TOT BONPOC BHITEKAET

13 oaHoit runotesnl IIuHuUE 0 NIPOCTEIX uKeiaaX. JJs IpOCTHIX ukcea # 06e JeJHMOCTH HMe-
I0T MEeCTO corjacto masoil Teopeme depma,

IlcepnOmpOCTHIMU UHCAaMH MBI HasblBaeM COCTaBHble Uucsia A, JJAsT KO-
Tophix n]27—2. A. PorkeBuu nokasaa (Sur les nombres pseudopremiers de
la forme ax+0b, Comptes Rendus Ac. Sc. Paris, 7. 257, crp. 2601—2604),
4TO B KaxJaol apudmerndyeckoil mporpeccuu ax-+b (x=0,1, 2, ... ), rae
@ 1 b—uarypanbHble B3aHMHO IIPOCTBIE 4KcJa, CyHIecTByer OeCcKOHeYHoe
YUCJIO0 NCEBAONPOCTHIX uncel [6].

33*. Taxk kak nt3"—3, To Ha ocHOBaHMM MaJo#l TeopeMbl Pepma 3ak-
JIOY4aeM, YTo A JOJIKHO ObITh COCTABHBEIM uHchoM. HaumeHblee e cocTaB-
HO€ YHUCJO 71, AJs1 KOTOPOro n|2"-—2, ectb 341. B pemenuu sagaun 32 poka-
3aHo, uto 34113%!1—3. Taxum ob6pa3oM, HauMeHbIlee HATypaJabHOE YHCIO 1,
Takoe, 4to n|27—2, Ho nt37—3, ecTb 341.

Ilpumeuanune A. PorkeBuu [0Kasaj, UTO cymiecTByeT OECKOHEYHOe HHCJIO HATY-
paJbHBIX YUCEJ 7, KaK YeTHBIX, TAK U HeUeTHBIX, TaKHX, UTO ni2r—2 u n4$37—3.

MoxXHO HOKasaTb, YTO HauMeHblee HaTypadbHOe YHCIO 7, JMIA KOTOporo n|27—2,
n|3"—3 u n{57—5, ecth anciao n=237-73, a u3 oanok runoress Illunnensa o npocTsx yHcAaX
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MOKHO MNOJAYYHUTH CJICACTBHE, COIVIACHO KOTOpOMy TaKHX 4HceJ HMeeTcd GeCKOHEUH® MHOro.
(Cm.: A. Rotkiewicz. Sur les nombres composés tels que n|2" —2 et nt3%—3.
Bulletin de 1a Soc. des math. et phys. de Serbie. XV Beograd, 1963, crp. 7—11).

34. TakoBbiM gaBAsdercs uHcaA0 n=6. [elicTBUTeNnbHO, ecau 71 27—2,
TO 1 JOJ/IKHO OBITh COCTaBHBIM 4HUCJA0oM. HanmeHblllee cocTaBHoe 4UCJIO €CTh
4, Ho 4 t+ 3*—3=78. Cienymollee cocTaBHoe yucao ectb 6, npudem 6+ 26—
—2=062 u 6]3%—3, Tak Kak 35—3 ecTb yeTHOE YHCJO, KpaTHOE 3.

[Mpumeuanue. A PoTkeBHY MOKa3aj, yTo CyIIECTBYeT GECKOHEYHO MHOLO COCTAB-
HBIX YHCEJN 71, KAK UeTHBIX, TaK H HeYeTHbIX, Takux, 4to n|3"—3 u n t 2"—2.

35. Ec/iu a ecTb cocTaBHOE 4HCJI0, TO MOMXKHO IPHUHATb A=a, TaK Kak,
oueBUJIHO, a | a*—a. Ecau a=1, To MoXHo npuHiITh n=4, Tak Kak 4 [14—1..
Ecuu a ecTb npocroe udcjao >>2, TO MOXKHO NPHHATh 7=2@, TaK KaK B 3TOM
CAyyae UHCJAO Q SIBASETCA HEeUETHBIM H UeTHOe YHMCI0 a®* —a, aensuieecs Ha
HEUeTHOE @ U Ha YUCJIO 2, AenuTes HA 24,

Ocraercs paccmorpers caydall a=2, 31ech MOXKHO NPHHATh n=341=
=11-31, Tak kak 341]|2%%—2, yT0 MOXKHO J€rko A0KasaTp CAeAyIolHM 00-
pazom. Mmeem 11]210—1=1023, orkyma 11|2%0—1 u 11]|2%1—2. Imeem
rakxke 31=2°—1|2%0—1 orkyga 31|23 —2 Uucao 2%—2 geaurcs Ha mpo-
ctole yuceaa 11 uw 31, a, sHAYUT, TakkKe Ha UX NpoHu3BeaeHHe 341.

Ilpumevanune M. UYunonna goxasan (Sui numeri composti P, che verificiano la
congruenza di Fermat a?—1=1 (mod P), Annali di Matematica, 9, 1904 ctp. 139—160},
4TO A7 KaXKAOro HAaTypa/bHOTO YHCJA @ CYLIeCTBYET GeCKOHEYHO MHOrO COCTaBHBIX YHCESd 11,
TaKux, 4to fn|a”—1—I1.

A. llunnens nokasand, uTo A KaXKAOro WHEJOT0 YHCAA @ ¥ KaXKJAO0ro HaTypaabHOro
uMcla /M CYWEeCTBYIOT PasjuuHble NPOCTHE YHCaa p>>m MU §>>m, Takue, uto pgla?i—a. Cum.
Rendiconti del Circolo Matematico di Palermo, VII, 1958, ctp. 37—4l.

Mnr He 3Haem, cymiecTByeT JH OGCKOHeyHOe YHC/IO COCTABHBIX 4YHCeN 7, TaKHX, 4TO
nja®*—a pas xaxioro ueaoro uyucjaa a. Haumenblnee W3 TakMX yHCeNn N1 eCThb YHCIO
561=3-11-17. U3 oguoit runotesnl LluHIeas o npocTeix uHcaax cAeLyeT, YTO TAKHX COCTAB-
HBIX YHCEJ 1 nMeeTcsl GeCKOHEYHO MHOTO.

MoxHo nokasath (cM. A. Porkesud, Rendiconti del Circolo Matematico di Palermo,
VIII, 1959, crp. 341—342), uto Ajs KaXKAOT0 HATYyPaJbHOTO YHC/IA @ CYyLIeCTBYeT GecKOHeYHO
MHOTO YeTHBIX #, AJs KOTOpHX nla™—a, a Takxe (cm. A. PotkeBnu tam ke, crp. 115—116),
4TO JJ8 Ka)kKA0TO HATYypPaJbHOro a>>1 M KaKA0ro HaTypalbHOTO S CYHIECTBYeT OeCKOHeuHO
MHoroI HaTypAaJbHBIX 71, SBJSIOUIMXCS NMPOH3BENEHHsIMHY § PA3JHYHBIX NPOCTBIX UNCE], TAKHX,
gro nlan—1.

36. Ky6 uesoro yucaa, He Ae/sAllerocs Ha 3, AaeT IpHU deseHHH Ha 9 B oc-
tatke | uau —!. Ecau 6b1 HE OMHO U3 LEJBIX 4MCeN @, b U ¢ He 0Kas3aaoch
Jdeaamumcs Ha 3, To yacao a®+ 53+ ¢® npu menenun Ha 9 nasaJo BB OCTATOK
31 =1 =1, KoTOpsIfl HHU NpH OJHOH KOMOHHALHH 3HAKOB He SBJAETCH HHC-
JoM, kpatHbiM 9. 3Hauut, ecmn 9)al+4-b3+¢3, 1o 3labe, u. 1. 1.

37. loka3zaTeabCTBO COBEPIUEHHO aHAJOTHYHO NPHUBEACHHOMY B IPELbI-
AylleM pellleHHH, TaK KakK uncao =1 =1 +1 *+1 *1 uu npu oAHOH KOMOH-
HallHH 3HAKOB He JAeauTcs Ha 9.
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38. Vcaosue, uro (x, y)=1, siBaserca HEOOXOAUMBIM, TaK KaK, HaIpH-
mep, 1624-202=5% oanako 7 + 15-20. Eciu ke (x,y)=1 u x, y, 2 TaKoBH,
uTo X24y?=2% TO, KaK M3BECTHO W3 TeOPHH ypaBHeHHs Iludaropa, cyuie-
CTBYIOT HaTypaJibHble YHCJIa M W #, TAKHE, YTO, RanpuMep, x=m2—n? y=
=2mn, 2=m?+n2,

[Ipennonoxum, uto 7 4 ¥ H, 34auuT, 7t mu 7 + n. Kax jgerxo noacuu-
TaTh, KBAAPAT I1€/10TO YHC/IA, HE JeJsIerocs Ha 7, jaeT mpu JAEJEHUH Ha
7 Bocratke 1,2 unn 4. Tak kax uu ogHa U3 cymm 12, 144y 2--4 »e coB-
najaer HU ¢ OJHUM H3 yKa3aHHDBIX OCTATKOB M He KpaTHa 7, TO M3 paBeHCTBA
22=m2--n? caelyer, 4TO YMCaa M U 1 AOJKHBI TPy JeJeHHH Ha 7 1aBaTh
OJMHAKOBbIE OCTATKH, OTKyHa CJAeAyeT, uTo 7|x=m2—n2.

39*. TaxoBwl, HaTIpUMep, YHCIA

x=36k+ 14, y= (12k+5) (18k+7),

roe k=0, 1, 2, .. .. ]JleficTBUTeJNbHO, KakK Jerko TPOBEPUTb, 371€eCh
x(x+1) |y(y+1), Tak kak x(x+1)=2-3. (12k+5) (18%+7) =6y u 6|y+1.

Uucao y He pelMTCa HaA X, TaK KaK X — YeTHOe UYHCJIO, a4 Y — HEUueTHoe.
Hanee, x+1+y, Tak kak 3|x+1 u 3ty; xty+1, Tak kak 18k-}7|x u
18%-+7|y u, caepoBateanno, 18k+7 ty-+1. Hakoneu, x+1 + y+1, Tak xax
12k+-5|x+1 u 12k+5|y u, caexosatenbno, 12k45+y--1.

Hasi k=0 Mbl 37ecb noaydaeMm x=14, y=35, DTu uHcaa, Kak MOKHO
JIETKO J10Ka3aTh, COCTABJASAIOT Napy HAUMEeHbLIAX «.iryPastbHBIX YKces, obJaa-
NALHX 3aJaHHBIMHA CBOHCTBAMH.

40. dns s<10, ouesunno, n,=s. Jlaaee, ucciaeaysl MocJef0OBaTe bHbE
KpaTHBle uucaa S, Jerko HaigeM o= 190, n;;=209, n;2=48, n13=247, n,=
2266, 5= 195, n16=448, fl17=476, nig = 198, 11192874, n20=9920, fl21:399,
n22=2398, n23=1679, 71242888, I’L25=—‘4975.

Haxkonen, umeeM #300==19999999 999900. eficrBUTeJbHO, [Be MOC-
JefHHe LUHGPBl KaXKAOT0o UUC/a, AeJNdIIerocss Ha CTo, AOJMKHB ObITh HYJISMH,
CyMMa e UHGp KaxKIOro HaTypaJbHOTO 4HcAd, MEHBIIEro YHcaAa
199 999 999 999, kak Jerko 3aMeTHTb, MeHbllle CT4.

Cp. D. R. Karpekar. Scripta Mathematica, 21, 1955, crp. 27.

41*. Tlycrb s — naHHOe HATypasbHOeuHeno, s=2% -5* -f, rge o u f —
Liesible HEOTpUUaTe bHBle UHCJIa, {— HATypaJbHOE UUCJIO, He Jesslieecss HU
Ha 2, HH Ha 5. Ha ocHoBanuu Teopembl Jiiepa umeeM 10¢ =1 (modf).
[ycts n— 100+, (1090 4+ 1026 4 . 4 105°¢()). Uncio n neantes na s,
tTak kKak 2% 5% |10+ wm  10¢) - 10%0 4 | 4- 10%%0) = =0 (mod ¢)
(u6o t|s). C apyroél CTOPOHEI, SICHO, YTO CyMMa Hp 4YKCaa 7 (B HECSATHY-
HOH CHCTeMe CYMCJEHHSI) COCTaBJISIET S.

42*. a) TeopeMma, OueBHJHO, BEpPHA, €CJAH YHCJO HE HMEeT HH OAHOTO
IpoCcTOro Aenuress BUAa 4k+ 3. IIpelanosoxkuM, uro OHa cCHpaBelJHBa MJs
BCEX HATypaJbHBIX YHCEJ, HMEIOLIHNX B CBOEM Da3JioKEHHUH Ha NPOCThie COM-
HOMKUTEJIHU B NEPBBHIX CTENEHAX (CJIeL0BATENbHO, He 06S3aTeNbHO Pa3/JHUHBIX )
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§>==0 npocThIX COMHOXHTeNeH Buaa 4k-+3, H OycTb # — HaTypaJbHOE YHCIIO,
HMelollee B CBOEM Pa3J/IoXKeHHH Ha IIPOCThle COMHOXUTeNH (B MEPBHIX CTele-
HAX) S+ 1 mpocteix comHoxkuTenel Buaa 4k+3. [Tonoxum n=mg, rie m s
CBOEM Da3/I0XKEHHWH Ha I[POCTHe COMHOXHTENIH B IePBHIX CTENeHAX HUMeeT S
NPOCTBIX COMHOXHTenell Buaga 4k+3, a ¢ — npoctoe uncao Buga 4k-+3.

IlycTh g 03HauaeT YHCAO HATYPAJdbHHIX AeMUTeNeH wucia m Buga 4k+
~+1, a A-—uncao HaTypaJbHBIX AenuTenedl uucaa m Buga 4k+3. B cuny
NpPeANONOKeHHsI, OTHOCSIIEr0CS K YHCIY S, UMeeM g==A.

HarypanbapiMu geanretsiMu Buaa 4k-+1 uucaa mg sasasiorcsi, O4eBHIHO,
HATypaJbHBle OeJauTesNd Bupa 4k+1 uncna m, KOTOPHIX uMeercs g, W IPO-
H3BEeJEeHHS YHC/Ja § Ha KaxKABII M3 HaTypaibHBIX JeduTeNefi BHAa 4k+3
yucsa M, XOTOPHEIX Umeercst A.

Takum o6pasom, HaTypadbHbIX Jeauretell Buia 4k+1 y uucaa m-g Oy-
ner g+h.

HarypanpuoiMu peautedssmu Bujga 4k+3 uucaa m.gq sBasioTCcs HaTy-
pasbHBle Jeautenu Buna 4k+3 uucia m, KOTOPHX HMeeTcst A, ¥ IpoU3Bese-
HHA YMC/IA ¢ HA KaXkIBlil U3 HAaTypaJbHBHIX jenuTes]edl Buga 4k+1 ducna m,
KOTODHIX UMeercsi g (Cpeiy 5THX NPOU3BeLEHHI MOTYT OBITh Takue, KOTOPHIE
ABJASIOTCA JeauTensiMu Buma 4k+3 gucioa m).

Taxum, 06pa3oM, YHCI0 BCeX HATYpPAJbHbIX Aenautesefl Buga 4R+ 3 uuc-
Jla m-qg OKasblBaercss <<A--g (HOo Moxer ObiTh B < h-g).

B nio6oM caydae TeopeMma chpaBefJuBa AJAs uMcnaa m-eq. Ilosmomy,
NpHUMeHsAd MaTeMaTHYecKylo HHAYKIHIO 10 UHCAY S, MBI 3aKJ0YyaeM, 4dT0 OHa
cnpaBeJ/iuBa JJIsl KaxKAOro HaTypaJbHOTO yucaa fl.

6) YUucao 32+~! (rge n=1, 2, . . . ) AMeeT HaTypa/JbHBIX JeJuTeseH
suzia 4&+1 (KotopeiMu asasiiorcs uncaa 1, 32, 3% . . . 3%"7%)  CTOJABKO Xe,
CKOJIBKO H HaTypaJbHHIX Henntenefl Buia 4k+3 (KOTOPBHIMH ABASIOTCS 4YHC-
aa 3, 33, 35 ..., 3N,

B) Uuncao 3% (rme n=1, 2, . .. ) umeer n+1 HaTypaJbHLIX JAejHTe-
aeit Buga 4k-+1 (kotopeiMu sABAsiioTcst umcsa 1, 3%, 3% . . ., 3**) H TONBL-
KO A HaTypaJbHBEIX Jenurtenelr Buia 4k+3 (XOTODLIMH ABJISAIOTCA YHcaa 3,
3%, ...,37" Y. Bce n+1 menurenefi uucna 5" umeror Bupm 4k-+1, u Hu

OLMH M3 HHUX He uMeeT BuJ 42+ 3.

43. O603HayuM yepes 7y, rs H 73 COOTBETCTBEHHO OCTATKH OT JeJIeHHs Le-
JBIX dnceq —a, —b u —¢ wa n. Tax xax 5T¥ yHcaa NPUHAAJIENKAT MOCAENO0-
Batenbdoctn 0, 1, 2, . . ., n—I1, rae n>3, TO B yKa3aHHOH NOCHE/OBATE/Nb-
HOCTH HaliIeTcs YHCIo r, TAKOe, YTO r=-ry, r#rs U r=rs. JlonycTum, uro -
n| a+r. Torna, yuutniBasi cpapHeHue —a==r; (mod n), Mbl Hafilem, uTo
n\ r—r;. Ho r u r; sBasiorea menbivu duciamu > 0 B <n; CJIe0OBATeNbHO,
eCJIH HX Pa3HOCTb JAEJHTCS Ha 7, TO AOJKHO OBITB =Ty, UTO NPOTHBODPEUHT
onpeneJeHnio yucaa r. [Jogo6HEM o6pasoM Mbl HOKaXeM, 4TO n f{ b+ru
ntc+r. Takum o6pazoM, MBl MOXKeM HPUHATD k=r.

50



11. B3aumHo npocThle yucia

n
44. a) Kak u3BecTHO, KaXIu# >1 geauress uucna F,=2% 41 (rae
n=1 2 ...)ectb 4yucao Buia 2""?k -1, rae k— HaTypaJbHOE YHCIO

(cm., manpumep: W. Sierpinski: Elementary theory of numbers.
Warszawa, 1964, ctp. 343, teopema 5). Tak Kak s HATYPAJBHHIX 7 H &
20t% 41> 2 4+ 1>n, TO KaxIAHH >1 aenurtenp uHcaa F, ecTh
yucjao, 6oabuiee n. Otcooda (#, F,)=1, 4. u 1. 1.

6) Jlerko ycranasausaeM, uto (n, 2"—I1)=1 paa n=1, 2, 3, 4, 5 u uro
{6, 26—1)=3. Takum o6pa3om, HaHMEHbILEE YUCIO 7, O KOTOPOM HJET PEUb,
ecTh n=~0.

[anee, tTax Kax 3|20 —1]2% —1 aas k=1, 2, ...
eM, uto (6k, 20 —1) >3 aaa k=1, 2, ... .

45, Yncna 2k+1 u 9%+4 saBagiorcss B3aMMHO TIPOCTBIMH, TaK Kak
9(2k+1)—2(9k+4)=1. Tax xax 9%+4=4(2k—1)+(k+8) u 2k—1=
=2(k+8)—17, To (9%+4; 2k—1) = (2k—1; k+8)=(k+8; 17). Eciu k=
=9 (mod 17), ro (k+8; 17) =17. B nporusHoM xe cayuae 17 + k48 u, cies
nopareabho, (A+8; 17)=1. Cnegosatenvno, (9k+44; 2k—1) =17, ecnu k==
=9 (mod 17) n (9%+4,; 2k—1)=1, ecint k=£=9 (mod 17).

46. a) IlokaxeM BHauaJle, YTO eCJIH /I HEKOTOPOTO HATYPAJBHOTO UHC-
J1a m AMeerc M TPEYTOMBHBIX unces ay<<as<l . .. <a,, NONapHO B3aUM-
HO TMpPOCTHIX, TO CYIIECTBYeT TPEYroJbHOe UYHCJAO {>Qm, TaKOe, YTO
(t, ;uas- ... -am)=1.

JleficTBUTENBHO, NyCThb @=a;-ds* ... +@,; uiciaa a+1 n 2a+1 aB-
(2¢ +1) (22 +2)

2

TO 3akKjioda-

Y

JFIOTCS B3aHUMHO IIPOCTBIMH € 4. UHCIO @ 1 = fogy1 =

=(a+ 1)(2a+ 1) ecry TpeyroapHoe UHCJIO0 > @,, IPHYIEM B3aUMHO
IpOCTOE C @ U, CAef0BATeNbHO, C KAXKABIM H3 UuUCead &y, Ay, ..., A,

Orciofia cAefyerT, UTo ecii Mbl HMEEM KOHEUHYIO BO3PacTalomyio Tociaes
J0BaTEeJbHOCTh TPEYTOJLHBEIX YHCeJs, TONapPHO B3aUMHO NPOCTHIX, TO BCerja
CyMeeM HalThH TPEYTOJbHOE YHCJAO, IPEBOCXOJsAIlee 3TH YHCJIA U B3aUMHO
NPOCTOE C KAXKIbIM U3 HHUX.

Buifupast Bcerna HauMeHbIIEe TaK0e TPEyroJbHOe YHCIO0, TMOIyYuM Gec-
KOHEUHYIO NOCAEIOBATENbHOCTD {1 =1, fo=3, £4=10, #;3=91, £5,=253, . ..
TPEYTONbHEIX YHCEJ, TONAPHO B32aUMHO NMPOCTHIX.

[Tpumeuwanue TpeyronpbHEIM uYHcaAaM HOCBALIEHA HAYUHO-TONMYJAADHAS KHUra aBTopa:
“Liczby tréjkatne”, Warszawa, 1962, ctp. 66.

6) TlokaxkeM BHawaJe, 4TO ecJH JJf HEKOTODOTO HATYPaJbHOro 4HCIa

m TerpasfipajbHble YHCHa @3<dp< . . . <IQy NONAPHO B3aHMHO IPOCTHI,
TO CYILECTBYyeT TaKoe TeTpasjpanbroe uucio T, uro (T, a;-as- ...-a,)=1L
JlefcTBATENIBHO, NYCTh A =Q1+Q2* . . . *@Q,; YHCIO

T = Toar1 = (6a + 1) (3a + 1) (2a + 1)
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B3aHMHO IIPOCTO C @, a CJIeA0BATENbHO, B3AUMHO IIPOCTO C KAMKJABIM U3 4HCe
Qi, G2 . .., Qm, NpuueM T >a=ap.

Hrak, McKOMYl0 OeCKOHeuHYl0 BO3pacTaiolllylo TOCJEL0BaTEIbHOCTD
NOMapHO B3aUMHO MPOCTHIX TeTPas3]pajibHblX YHCEN MOMKHO NMOJYUUTD TIPH MO-
MOIIH MaTeMAaTHUECKOH MHAYKLHH, ecJid Mbl NIPHUMeM B KayeCTBE e NEPBOTO
ynena yucao T1=1, u, umMes yxe (IpH NaHHOM HaTypasJbHOM M) M WIEHOB,
SBJASAIOMNXCA TeTPA3ApaJbHEIMH NOTIAPHO B3aHMHO NPOCTLIMH YHCJA2MH, TIPU-
mMeM 3a (m-41)-11 wieH HauMeHbLee TeTpasApalibHOe yncsao, Gojbllee M-TO
yjJeHa Halllel NOCJA€J0BATeNbHOCTH U B3aHMHO IIPOCTOE ¢ KaXKABIM H3 yiKe
Haligenubix m unces. Iloctymas Takum 06pazom, Mul MOAYYHM CJeAYIOULYIO
OecKOHeYHYI0 BO3PACTaIOULYIO NOCJAeN0BaTe/bHOCTb. TETPasAPalbHbIX UHCe,
KasKAble BA M3 KOTOPHIX SIBJISIOTCS B3aUMHO NPOCTLIMHU:

T1=1, T2=4, T5=35, T17=969, e e

Hpnmel{aﬂne. Pasnuunbie CBEICHHA O TETPA3JAPaNbHBIX UHcJaxX 4YHTaTeJb MOXKET
naiitn B Moeit kuure: «Liczby trojkatne». Warszawa, 1962, ctp. 53—61; Tam ke Ha cTpauu-
e 64 npuoAuTcH TabIMIA HAUMEHBIUHX CTa TeTPA’APAaNbHBEIX 4HCE.

47. Ilyctb @ u b — pasauyHble Hesible YHcaa, npuueM a<<b, U mycTh n=
= (b—a)k+1—a; nasg nocTaTouHo GOMBIIAX HATYpaJbHbIX B uncao n 6yxer
HATYpaJbHbIM; HaTypa/dbHbIMH OyayT ©u uHoIa a-bn=(b—a)k+1 u
b+n=(b—a) (k+1)+1. Ecau d|a+n u alb+n, to d|la—b u, Ttax
kaKk dla +-n=(b—a)k+1, 10 d|1 u, crerosatenbno, d =1. Taxum
ofpasom, umeeM (a+n, b +n)=1,

Cp. «Matematyka», Ne 4—6 (54), 1958, crp. 55, 3anaua 487,

48%*. [TockoabKy @, b ¥ ¢ — pasanuHble Hesable yieaa, o A= (a—b) (a—
—c) (b—c) ecTb LeJoe 4HCIO, OTAMYHOE OT HYJAS u oT = 1. OBo3HauuMm ue-
pes qi, s, . . ., §, BCe NPOCThle 4HCaAa >3, ABJAAIONINECH JENUTENSIMHI YHC-
aa h.

Ecau zBa uau Gosee u3 uucea a, b, ¢ ABJAAOTCA UYeTHBIMH, TO MyCThb
r=1, B NpOTUBHOM e cjayuyae nyctb r=0. SicHo, yTo mo KpalHe# Mepe nBa
U3 ukces a+r, b+r, c+r 6yIyT HEYeTHLIMH,

Ecau a, b v ¢ ipu fesleHny Ha 3 TAlOT PA3JHUYHBIE OCTATKH, TO MOJOXKUM
ro=0, ecau e ABa ujau 6oJiee U3 yuces a, b, ¢ 1pu feeHHN HA 3 NAIOT ONHH
M TOT JKe OCTATOK — 0603HaUHM ero p, — T0 MOJ0XKUM ro=1—p. SlcHo, 4ro B
KazKIOM cayuae IO kpaiineil mepe aBa us wucen a-ro, b+ro, ¢+ry me ne-
JasiTcs Ha 3. \

Iycrs Teneps i o3nauaer ogno us uucea 1, 2, . . ., s. Tak xak ¢;>3,
TO cOIJIacHo 3ajaue 43 CyLIeCTBYeT IeJoe YHCJAO r;, TAK0E, YTO HH OJHO H3
yucen a+ r;, b+ r;, ¢ r, ue genurcsa na ¢; Ha ocsoBaHuHM KuTtafickoil
TeopeMbl 00 ocraTkax [7] sakJjwyaeMm, 4TO CYIECTBYeT 6eckoneugoe
YHCJIO HATYPadbHBIX yMcea A, Takex, uro n=r (mod 2), n=r, (mod 3) u
n=r; (mod ¢;) masai=1,2,...,s .

TokaxeM, UTo uncaa a--n, b-+n, c-+n MONApHO B3AUMHO Npocthi. Jlo-
UyCTHM IPOTHBHOe, Hanpumep, uto (a+n, b-+n)>1). Torna natizercs npo-
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cToe uHcao ¢, Takoe, uto gla-+n u qlb+n, otkyna gla—b, a suauut, q|k
1 h= =1, Tak xax n=r(mod 2) u Tak KaK 1o kpaiiHeii Mepe ABa U3 yuces
a+r, b+r, c+r, XKak Mbl 3HaeM, SBASIOTCA HEUETHBIMH, TO 110 KpaliHel Mepe
aBa U3 uyHcea a-+n, b-4n, c+n rTakxke HeueTHble H, CJIEHOBATENBHO, §==2.
Tax kaxk n=rp (mod 3) u no xpafineil Mepe ABa u3 uucen a-ro, b4-ry, c-+ro
He Jeadarcsd Ha 3, TO Mo KpalHeH Mepe ABa U3 uucena a-fn, b-Fn, c+n rakxe
He JeJATCH Ha 3 H, CJeJ0BaTenbHo, ¢==3. [laJjee, Tak Kak ¢ siBAsgeTCS OAHHM
M3 MPOCTHIX JAeduTesell uucaa /i, To Temepb MOXKHO INOJOXHTb §=¢;, rle i
noJyuaer ojgHo M3 sHauenuii: 1, 2, . . ., 5. Ho roraa, yuutbiBas, uto n=r;
(mod ¢;), nau n=r; (mod ¢) W uTO HH ORHO U3 uHCea a-+r; b-ry,
cr; He peautcs Ha ¢y 3akjiouaeMm, YTO HH OJHO u3 uucea a-+n,
b+ n, ¢+ n He JIGIUTCA HA ¢,;, WIH HA ¢, BOIPEKH IIPEIION0NKEHHUIO,
urto gla +n u glb+n. Taxum oOpasom, Mb JoKasajau, uto (a-+ 7,
btn)=1.

opo6upiM ofpazom Mbl AokaxeM, yto (a+n, c+n)=1 u uro (b+n,
¢+n)=1. Urax, uucna a+n, b+n, c+n gBAAI0OTCA NONAPHO B3aMMHO IPO-
cThIMH, Tax Kak TAKHX HATYPaJbHBIX 7, MJs KOTODBIX 3TO HMEET MecTo, Cy-
IiecTByeT GeCKOHEUHO MHOTO, TO TPENJOKeHHOe J0Ka3aTelbCTBO MOXKHO
CUMTATh 3aKOHUYEHHLIM. '

49. TaxoBbl, HanpuMep, unucia a=1, b=2, ¢=3, d=4. JleficTBUTEBHO,
ISl HeYeTHLIX M YUCaAa a-+17. U C+n yeTHble H, 3HAYUT, He B3aMMHO MpO-
CTHie, a 1Jd 4YeTHBIX n unucaa b+n u d+n deTHble W, 3HAYUT, HE B3AUMHO
IPOCTHIE,

50. Ecau n— HeueTHoe yuciao >6, to n=24 (n—2), npuuem n—2 —
HeyeTHOe yueao >1 u umeem (2, n—2)=1.

A Bor nokasareabcTBo A. MOHKOBCKOTO A/s1 Y€THOTO 71>>6.

Ecau n=4%k, nie k& — natypaibHoe uuciao >1 (rak Kak n>6), To n=
= (2k—1) + (2k+1), npuuem 2k+1>2k—1>1 (tak xak k>1), uncna xe
2k—1 u 2k+1, 6yayun 10C/AeA0BATE/NLHBIMU HEUETHBIMU 4YUCAAMU, SBJIAOT-
Csl B3aUMHO NMPOCTLIMH.

Ecan xe n=4k+2, rne k — narypanabHoe yucao >1 (rak xak n>>6), 10
n=(2k+3) + (2k—1), npuuem 2k4+-3>2k—1>1 (rak kKak k>1). Uncia xe
2k+3 u 2k—1 ABAAIOTCA B3aHMHO MPOCTHIMH, TakK XKak B ciayuae 0< d|2k 4-
+ 3 u d|2k~—1 6p0 66l d|(2k + 3) — (2 — 1), uan dl4, a tak xax d —
JeJuTealb HeueTHOTO YucJja — LOJIKHO OBITh YHMCJIOM HEUEeTHLIM, To
3akaouaem, uto d=1u (2k+ 3, 26—1) = 1.

51%, Ecau n— ueTHoe uucno >8, 1o n=6k, n=6k+2 unu n=6~+4,
IpHYeM B TMepBHIX ABYX CAyuasix 2 €CThb HATypaJbHOE 4uc/a0 >1, B TpeTbem
ke cayuae k — HatypaabHoe uucio. UMz cdopmyn 6k=2+43+[6(k—1) +1],
6k+2=3+4+[6(k—1)+1], 6k+4=243+4+ (6k—1) nerxo BbTekaer, UTO
eCcTh CyMMa Tpex HATypaJbHBEIX YHcesa >, mOnapHO B3aHMHO IIPOCTLIX.

Hycre Teneps n— HedeTHoe 4ncao >17. 3aech BO3MOXKHBI WECTb CAY-
yaen: n=12k+1, 12k+3, 12k+5, 12k+7, 12k+9 u 12k+ 11, npuuemM B NP~
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BBIX TPEX ClAyyasiX X eCcTb HATypaJbHOEe YHCIO >1, B Tpex Ke OCTAJbHBIX
k — natypaabnoe uucqo. Mmeem 12k+1—[6(k—-1)—1]—|—[6(k—1)—|—5]—|—9
rae yucna 6(k—1)—1, 6(k—1)-+5 u 9 — Gosnbuike enuHUIHI U NONAPHO B3a-
HMHO NDPOCTHIE, TAK KaK NepBble ABA H3 HUX He JENSITCA Ha 3 U ABJIAITCHA
B3auMHO npocteimu (160, ecau d|6(k—1)—1 u d|6(k—1) 45, to d|4, a 06a
yHCJla HeYeTHBie).

Ecin n=12k+3, To n=(6k—1)+ (6k+1) +3;

ecan n=12k+5, To n= (6k—>5) + (6k+1) +9;

ecan n=12k-+7, to n=(6k+5)+(6k—1)+3

ectn n=12k49, To n=(6k——1)+(6k—|—1)+

ecan n=12k4+11, o n=[6(k+1) 5]+[6(k—{—1 —{—1]—{—3

B xaxaoM cayyae, Kak Jerko 3aMeTHTh, Mbl HMEEM TPU caaraeMblx >,
[OMAPHO B3AHMHO IIPOCTBIX.

Yucno 17 ne obmajgaer oGcyKAaeMBIM CBOHCTBOM, Tak Kak ecau 17=
=qa-b-+c, To BCe Tpu uncaa @, b 1 ¢ (Kax yucna, O0IbLINE eUHHIILL H II0-
NapHO B3aUMHO NPOCTHIE) AOJKHB ObIN Obl OGBITH HEYETHBIMH W PAa3JHYHDI-
Mu. Yaursieag ke, uTo 3+54+7=15<17, 3454 11=19>17 4 yto B caAyvae
3<<a<<b<<c az=5, b=7, ¢=9, otkyma a+b-+c=54+7+9=21>17, mu
JIErKO YCTAHABJIUBAEM, UTO YHCJIO 17 He jaer HU OJHOTO pPa3fiorKeHUs.

52*  Jlanum 3jaechb A0Ka3aTe/bCTBO, Clelysl Hiee IMuguens (cp. A
Schinzel Demonstration d’'une conséquence de ’hypothése de Goldbach
Compositio Mathematica, 14, 1959, ctp. 74—75).

Ilycte k 03Hauaer pmaHHOe HaTypaJdbHOe YHCJO, M — HaTypaJbHOE HHC-
JI0, pas3JjioKeHHe KOTOPOT'O Ha IMPOCTHle COMHOXHTEJNH HMEeT BUJ M=
=q1q* - ... - gls. Tlyets f(3) = x(x + 2k) u nycTb i — oaHO 13 yncen 1,
2, ..., s. Ilpepnonoxenue, 4to ¢/|x(x-+ 2k) UpH BCIKOM LeAOM X
OPUBOLUT K NPOTHUBOpPEUYno. [ledCTBuTEe16HO, TOTda Agasi X = | MBI @o-
ayuunu 66 g2k 4+ 1 n JLJIH x=—1 ¢J|2k — 1, oTkyia HAILAH OB, 4YTO
g2k +1) — (26 — 1) = 2, a cienoBaTeNbHO, BBUALY ¢;|2k-+ 1, noayuunn
Gel ¢;]1, uTo HeBo3MOXkHO. Takum o6pasoM, cyllecTBYeT Ilejoe ae0 X;, Ta-
Koe, uTo ¢t X; (x:4-2k) =f(x;).

Ha ocHoBanum kutaiickoii TeopeMel 00 ocTaTKax cymeCTByeT HaTypasb-

HOE YHCJIO X, TAKOe, UTO Xo=x; (mod ql) qaa i=1, . ., §, 4TO jpaer
féxo) =] (x:) =0 (mod q;) aas i=1, 2, , S.
Urak, (f(x,), ¢) =1 naa i =1, 2 .., S, OTKyJa, YUHUTHIBasT pas-

JOXKEHHE UHC/ia M Ha NPOCTHE comaommema HAXOJUM, 4TO (f(X,),m)=
=1 nau (xo(xe+2k), m)=1. CiaenoBaTesbHO0, €CAH MBI HOJOXHUM Q=X+
42k, b=x,, To Gynem umeTb 2k=a—>b, rae (a, m)=1 u (b, m)=1, uto
JI0OKa3blBaeT CNpaBeNJUBOCTL Hallleil TeopeMbl.

MMpumeuvanue Ecam K unenam a u b Mul npubapuM Kakoe-HHOYIb KpaTHoe wucaa m,

TO AJs 4hcaa 2k==a—b MBI NONyuAM HOBOE INpEJCcTaBjeHHe B BHAE DA3HOCTH JBYX HATy-
PaJbHBIX 4YHCeJ], B3aHMHO MPOCTHIX ¢ /m. Takum o6pasoM, Mbl JAOKa3aJd, YTO KaX[oe YeTHOe
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YHCI0 AJA JM0BOre HATYDPAJBHOTO YHCHAA M uMeeT GecKOHEWHOe UMCJO NPEJACTaBJEHHIl B BHIe
PasHOCTH ABYX HaTYpaJbHBIX YHCEJ, B3aHMHO IIPOCTHEIX C M.

Mbt e 3HaeMm, sBASeTCA JH KaXKJ0e YeTHOE YHCJIO PA3HOCTBIO ABYX MPOCTHIX YHCE.
Us onuoit runoresst Ulnnnens o npocThIX UHOJIAX BHITEKAET, 4TO KaXJ0OC YETHOE UHCJO Npef-
CTaBHMO B BHIE DPA3HOCTH ABYX NPOCTHIX UHCeJT OECKOHEYHBIM UYHCIOM CIOCOGOB.

53*. IlpoBenem 10KasaTeJbCcTBO, cienys A. PorTkesuuy.
Ecnu U, ectb n-fi unen nocienoBaresbHOCTH PUOOHAUUM U €CAH M U

n — uarypaasuble yncna, 70 (U, U,))=Um »n (cm. W. Sierpinski,

Teoria liczb. Czesc II. Warszawa, 1959, ctp. 280)!. IMostomy (U;=1, !)
ujieHbl 6€CKOHEUHOH BO3pacTamllel 110¢ae]0BaTeIbHOCTH
U U U

P1> TP TPy

k
nonapHo B3aHMHO NPOCTh. BMecTo pp 3gech MOXKHO B3ATb 2% -1, Tak Kak
m n
IJs1 HATYDAJbHBIX M ¥ N==m, Kak u3pectuo, (2% -+ 1, 22 4+ 1) =1L

111. Apudmernueckue nporpeccun

54. Ilyctb m — maHHOe HartypajdbHoe uncao >>1. Uucra m!-k+41, rue
k=1,2, ..., m, ABJASIOTCS NONapHO B3aHMHO MPOCTBIMH, TAaK KaK €CJU bl
IpU HaTypadbHHIX k u [, rie R<</<Cm, urcao d>1 Gblio OBIUM AeaHTEIEM
upcen mlk-41 n ml-1, To MOXKHO OBINO Gbl CEAaTh CAEAYIOIIHe 3aKaue-
Hus: d[[(mlk+1)—k(ml+1)=I—k<<m, l<<d<<m, otkyna d|m!, u Ha-
KoHell, ockonbky d|mlk+1, to d|1, Bonpexu Tomy, uto d>1.

55. TakoBbl, HanpuMep Bce 4ieHb! apudMeTHueckoll nmporpeccun 2+
42kt (rpe t=0, 1, 2, . . . ), Tax KaKk B pasjloxkeHHe uucaa n= k{421
Ha IPOCThIE COMHOXKHUTENM YHCAO 2 BXOIUT B CTEMEHH ¢ moKasareaeM k—I1.
Orcrona npu nomomu GopMyJaEl sl 4uncaa HATYPaJbHBIX JeduTenell HaTy-
pPajdbHOro uucja cpasy ke oOHAPYXKUBAEM, YTO YHUCJIO HATYPaJbHHIX AENHTE-
Jell uncaa n fjenutces Ha k.

56. 9To umeeT MecTO, HapUMep, IPH J1IOG0OM HATYPATBHOM X ¥ y=>5x+
+2, 2=7x+3, tak Kak Torga uucaa x(x+1)=x24+x, y(y+1) =250x2+425x+
+6 u 2(z+1)=49x+49x+12 cocraBiaAwT apHOMETHYECKYID TPOTpPeccHIO
¢ passocrtbio 24x2+24x+46.

I pPuMeuUaHHueE. MoxHo JA0Ka3aTb, YTO He CYLIECTBYET UEeTbIpEX HaTypadbHBIX qHucea
x<<y<<z<f, nas Korophx umcaa x(x-+1), y(y+1), 2(z+1), t(t+1) cocrapasnu 6b apud-
METHUECKYIO IIPOTPECCHIO. ﬂeﬁCTBHTe-HbHO, ecan 6bl YKa3aHHble HHUCJAa COCTaBJAANH ZPHQ)METH'

YecKyo MPOTPECCHIO, TO KX YeTHIPEXKPATHBE, YBEJIHUCHHEIE HA eAHHALY, T. e. uncaa (2x+4-1)2,
2y+1)2, (22+1)2, (2¢-+1)2 Takxke cocraBasjiu 6b BO3pPaACTaOLLYl0 apHbMeTHUECKYH NpO-

! Cm. rakxe: H. H. Bopo6nen. Uncaa dnbonauun, usn 2, «Hayka». M., 1964,
crp. 24. — IIpum. nepes.
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TPeCCHIO, BOIIPEKH TeopeMe ¢>epma, no KOTOpOﬁ He CYLECTBYET YeThipex pasvaHYHbIX KBajpa-
‘TOB HaTypaJbHBIX YHCEJ, COCTAaBJAIODIHX apn(omemqecxy}o nporpeccuro (CM., HanpuMep,

W. Sierpifiski. Teoria liczb, Czesc II. Warszawa, 1959, ctp. 123).

W3 3ajgaun 56 caenyer, uTo CyllectByeT GeCKOHeuHOe uucao apudpMerH-
YeCKHX I[POTPeccHil, COCTaBJEHHBIX M3 TpPeX TPEeYroJbHbIX uyucesa. MOKHO -
TakKxe [10Ka3aTh, 4TO CYILECTBYeT GECKOHEYHOe YHC/AO BO3pactalollux reo-
MeTPHUECKHX [IPOTPeccHif, COCTaBJEHHBIX M3 TPEX TPeyroJbHbIXx dHcesa. Ta-
KOBBIMH SIBJSIOTCS, HAallpUMep, nporpeccn ty=1, f3=6, f3=236; f3=062% fyp=
———635, f49=352; f49=352, tg4=35-204, t238=2042.

57. Ecan cTopoHHl mudaropoBa ' TpeyroJlbHHKA COCTABJAAIOT apHpMeTH-
YecKyl0 MPOTPECCHI0, TO Mbl MX MOXKeM 0003HAauuTb uepes b—r, b u b+,
rae b u r — HaTypa/bHBle uyHcaa, TaK 410 (b—r)24b62= (b+r)?, oTkyAa
b=4r, yto Kaer NpAMOYTOJBHBIH TPEYTOJABHUK CO CTODOHAaMu 3r, 47, br, rae r
MOKeT ObITh JI0ObIM HAaTYyPaJJbHEIM YHCJIOM. Takum oGpasom, J0boi nudaro-
POB TPEYroJbHHK, CTOPOHBI KOTOPOTO COCTABJASIOT apH(PpMETHUECKYIO MPO-
rpeccuio, NoJayyaeTcs B pe3yJbTaTe YMHOKEHHSI CTOPOH TpeyroJbHHKa 3, 4,
5 Ha HaTypaJ/bHOE YHUCJIO 2

1 .
58. TpeyroabHble uucaa fn= 47 (n-+1) SABIAIOTCA YHCAAMH HEUETHBHIMH

ana n=4u+1 (u=0,1,2, . . . ) nuetHsiMu Aaa n=4u (u=1, 2, ... ).
ITostoMy kKaxkpaasi U3 ABYX IPOTPECCHH ¢ Pa3HOCTBIO 2 cofep:KHuT OecKOoHed-
HOe YHCJI0 TpeyroabHbix uuced. Ilporpeccus ke 3842 (k=0,1,2, . .. ) ue
COIEPIKUT HU OJHOrO TPEYrOJBHOIO uyHcja, Tak Kak ecau 3|7, 1o 3|fy; ana-
JOTHUHO, ecan n=3u-+42, rne u=0, 1, 2, . . ., To 3|f,; HaKoHel, ecau n=

=3u+1, rne u=0,1, 2, ... 1O tn=9u—(u—;—~l)—+ 1 u, cJjaegoBaTebHO,

TIpY JeJeHud Ha 3 jaer B ocrtatke 1.

59. Heo6xonnMo U nocTaTouHo, Yyrofu uucao b OBLIO KBaApaTHUHBEIM
BbIUETOM MOAYAs . JleficTBUTEbHO, €C/I¥ IIPH HEKOTOPOM HATypaJbHOM X H
HekoTopoM LeaoMm k=0 x®=ak+b, to x¥?=b (mod a) u b ecTb KBazparuy-
HBIA BblYeT A Moayast a. O6GparHo, ecau b ecTb KBaApaTHYHLIA BBIUET s
MOAYJASA @, TO CyHIeCTByeT GecKOHeuHOe YHCJIO HATyPaJbHBIX 4HCEN X, TaKuX,
yro x2=b (mod a) u, caegoBartesbHo, x2=ak-+b, rae k ecTb uea0e uucio,
a NOpH NOCTATOYHO GOJBLIOM X — HaTypaabHOe.

. 1 IludaropoBelM Ha3bIBaeTcsi MPSMOYTOJBHEI TPEYrOABHHK, BCE CTOPOHLI KOTOPOro
BHIPAKAIOTCA HATypaJbHbIMH uyHcAaMH. — [pun. nepes.

2 U3 pemenus 3ajayd BHAHO, UTO BCe TPEYTOJNbHHKH, yAOBJAETBOPSIOLIHE €€ yCI0BHIO, NO-
JOGHBEI TPEyrosbHHKY co cToporamH 3, 4, 5. HanpammuBaercs ecTeCTBEHHBIH BOIPOC, BePHO M~
00paTHOe yTBeDXK/AeHHe, T. €. BCe JH Takue TPRYTOJNbHHKH YJOBJETBOPAIOT NOCTABJICHHBLIM
ycaopHsaM. [lockobKy BBIGOp eAuHHIB MaciiTaba MNPOM3BOJEH, TaK HTO OTBET Ha 3TOT
BONPOC, KOHEYHO, YTBEPAHTENEH, TO YCJIOBHE L EeJOUHCAECHHOCTH CTOPOH TPeyroJbHUKA
B 3TOH -— 10 CYlIeCTBY YMCTO T€OMETpH4YeCKOH—3ajlaue OKasbliBACTCT Hecymiec T-
BE€HHBIM, U H3/J0KEHHOE 31eCh €€ pelleHne IPOXOAUT NpH JIOOBIX MONIOKHUTEBHBIX e i ¢ T-
BUTEeJdbHBb X 3HaueHUuAX b u r.— [pum. peo.
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60*, IlpuBenewm 3fech AokadateabcTBo A. HluHuens.

ITyctb p, — k-e no nopsaaxy npoctoe uucao. Ilycts s —mo6oe nary-
pa/nbHoe YMCJI0 M MycTh P=pip;- . . . -p,. CormacHo KuTalckoil Teopeme
06 ocraTkax, AJs KaxXKIO0ro HATYPaJbHOTO R=IS CYIECTBYET HATYDaJbHOE
YHCJIO g, Takoe, uto ap=0 (mod P/px) u ax=—1 (mod p;). Ilycts Q=
=1%.2% . . .§%. Uncna kQ (k=1,2, ..., §), OUEBHIAHO, COCTABAAIOT
BO3pacTaoUlyo apudMeTHUeCKYl0 MPOrpeccuio, YHCJI0 YIEHOB KOTOPOll pas-
Ho s. 113 onpenenenus uucen ap (k=1,2, . . . , 8) caeayert, uto px|ar+1 u
pr|an mas Rs~n, rae 1 — HAaTypasbHOE YHCIO <IS.

Taxnum obpasom, uucaa

a+ 1 an
Dp s Pk
Qk =k IT~n
n=1
n=#K

ABJAIOTCA HATYypPaJbHbIMM H, KaK JErKO NPOBEPUTD, kQ:Q‘Zk ans k=1,
2,...,s 1. e uncaa kQ (k=1, 2, ..., s) fABAAIOTCA CTENEHSIMH HATYy-
paJbHBIX YHCEJ C HATYPaJbHBIMH NOKa3aTeIsIMH 1.

61. TeopeMa, KOTOPYIO MBI NOJKHBI JOKa3aTh, paBHOCHJbHA TeopeMe,
COTJIaCHO KOTOPOH B KaXKaoil O6eCKOHeYHOH BozpacTalouleli apudpMeTHUecKol
pPOTPeccHH, COCTABJAEHHON W3 HATYpasbHBIX uMces, CyLIeCTByeT 4J/eH, He
SIBASIOLIMACS CTENEHDI0 HATYPAJBHOTO uMcjAa ¢ HATYPaJbHBIM [OKaszare-
aem >>1. Mraxk, nyers a-k+b0 (k=0,1,2 . .. ) — OeckoHeuHas apupme-
THUYECKas TPOrpeccHd, I'ae a U b — HaTypasbHble YHCJA.

CyliecTByeT NpocToe YUucao p>a+b.

Tax xax (e, p?) =1, To ypaBHeHue ax—p?y=1 uMeeT, KaK U3BECTHO, pe-
IeHWe B HATYpaJbHBIX yucaax x, y. [1ycts k= (p—>b)x; 4uci0 3TO, OUEBH[I-
HO, HaTypaJbHoe (Tak kak p>b) u ak+b=p?y(p—b)+p, rakum obpasom,
uneH ak-+b Hawell MponpeccHy AJNUTCA HA HPOCTOE UHC/AO P, HO He AeJUTCH
Ha p® ¥ NMO3TOMY He MOXer OBITh CTENEHbI0 HATYDPaJbHOTO 4YHC/IA C HATy-
paJibHBIM HoKasarteaeM > 1.

62, M3 yerbipex NOCAeAOBaTEeJbHBIX HATypaJ/bHBIX YHUCE] OJHO AONKHO
ObITh uiicAoM Buaa 4k+2, rae & — uenoe unciao =0, a Takoe YUCI0, Kak
YeTHOe, He Jessilleecst Ha 4, He SIBJAsteTCS CTeleHbI0 HATYPaAbHOTO HUCAA C
HaTypaJbHBIM [TOoKasaTesjeM > 1.

ITpumeuanue. A, MOHKOBCKHMII [0Ka3al, 4To He CYLIECTBYET TpexX HOC/IeLOBaTe/b-
HBIX HaTypaJbHBIX YHCEJ, KaXKJoe U3 KOTOPHIX ObIO 6Bl CTeNeHbl0 HATYpaJbHOrO uHcAa ¢
HaTypa/JbHbIM NOKasaTeseM =>1; A0Ka3aTedbCcTBO 3Toi TeopeMsl TPyAHO {cM.: «Colloquiumr
Mathematicum», 1962, IX, erp. 297). CymecTByIOT, 0ZHAKO, ABA NMOCIAOBATENbHLIX HATYPAdb-
HBIX 4HCJ18, KaXKA0€ U3 KOTOPHIX SIBJASETCS CTeNeHblO HATYpaJbHOTO YHC/Ia C HATYPaJabHBIM MO-
KasatejeM >>1; TakoBnl yHcaa 8=2° u 9=3% Bonpoc Karanaua, cyuecTsyior Ju apyrue
napbl TaKUX [OC/JI€XOBATENBHBIX HATYPAJAbHBIX YHCEN, OCTAETCH OTKPLITHIM,

A. PoTkeBnu J0Ka3aj, YTo €c/Id JABE CTENEHH HATYPaJAbHbIX YHces, OT/HYHble OoT 8 u 9,
HMEIT MoKasaTead >>1 ¥ OTJAHYaTCs OfHO OT APYroro Ha €AHHHWLY, TO 06a 3TH HATYypasb-
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usle yncaa npesocxoast 1000. (Cm.: «Elemente der Mathematiks, 1961, 16, ctp. 25627, Teo-
pema 1). PorkeBnu noKasal TakxXe, UTO €C/H LeJble YuCaa X, Y, O0AbuKe 1, W NpoCcTHE yHCIA
2 u ! yIOBJIETBOPAIT YPaBHEHHIO X*~y'==1 H He 06pasyIoT cHCcTeMY x =3, y==2, 2=2, [=3,
To x>10% u y=>108.

63. DTo BLITeKaeT HEMOCPEACTBEHHO M3 3anaud 60, Ho MOXKHO Mpenso-
JKHTb U OoJlee IPOCTOE AOKa3aTenbcTBO. [lycTh M — namnoe HaTypafibHOE

gyucno >1 u nycts ¢; (i=1, 2, . . . , m) — Takue NpocThle YHCIA, YTO A<
< g1<ga< . .. <4m
Ha ocHopanum kutTaficko#l TeopeMsl 06 0CTaTKaX CyMeCTBYeT HaTypafb-
HO€ YHCJIO0 X, TaKoe, 4To ax=—b—aj (mod q;) g j=1,2, ..., m Or-
2 . .
CI0fa qjla(x+])+b o j==1,2, . . ., m n, CIeJIOBATENLHO, M MOCAEA0BA~

TeJbHBIX YJEHOB Iporpeccu ak+b, a umenuo a(x+j)+b naa j=1, 2,.., m
ABJIAIOTCS COCTABHBIMU UMCAAMY,

64*. OueBuHO, MOXKHO NPEAINOJI0KHTD, YTO M1 €CTh HATypaJbHOE UHCIO,
Gonpinee efuHUUbl. [TycTs P — npou3Be/leHHe BCEX Pa3JIMUHBIX IIPOCTHIX je-
JNUTeNell yucaa /M, KOTOPhble SIBJSIOTCS JeJMUTEJNIMA UHCIa @; €CJIH XKe TaKuX
uer, 1o nycth P=1. Ilycts Q — npousBelenne BceX TeX HPOCTHX AeauTesel
YHCJA M, KOTOpBle SIBJSIOTCA JeNUTeNsIMH uncaa b, a ec/u TaKOBBIX HET, TO
nyctb @=1. Tak xax (a,b)=1, to u (P, Q)=1. Ilycte, nHakonen, R — npo-
H3BeJeHHe BCeX TeX MPOCTHIX JejHTeNell ucaa M, KOTOPEIe He SBJSIIOTCS Je-
JUTENSIMU HU YWcia @, HU uucia b, a ecim TaKOBHIX Her, nyctb R=1. Oue-
Buznno, (R, P)=1u (R, Q)=1. v

[TokaxeM tenepb, uto (@PR-+b,m)=1. B camom Jene, eciu XONYyCTHTD
TPOTHBHOE, TO HaflJeTCst MPOCTOe UHCJIO p, TaKoe, uto plm u plaPR+b.
Ec/u npefnoaoxuthb, uro p|P, To B cuay p|aPR+b, p|b u, snauut, p|Q, so-
npeku Tomy, uto (P, Q)=1. Ecau npeamonoxurs, uto p|Q, 10 p}b u, sua-
uut, plaPR, 4uT0 HEBO3MOXKHO, Tak Kak (a, b)=1, (b, P)=1 u (b, R)==1.
Ecau npeanonoxuTh, Hakosen, uro p|R, To p|b u, snauur, p|Q, Bonpexu Tq-
My, uto (P, Q)=1.

Wrak, Mpl nokasanu, uro (aPR-+b,m)=1. Orcioga creayer, uro
(a(km~+PR)+b, m)=1 paa k=0,1,2, . . ., T. e. uto B Halllell Mporpeccuu
HMeercs OECKOHEYHOe YHCJIO UJIEHOB, B3aUMHO IIPOCTHIX € M, 4. U T. [,

65. Ilycts @ u b — Harypagbuble yucja, npudeM b — nepBeIf ujnen na-
mwel nporpeccHu, a-—ee pasHocTb. OGo3HAyMM Yepe3 ! OCTaTOK oOT
JeleHus uucaa b Ha a; umeem b==qf--r, rae {—mnenoe yucao =0 u r — nesoe
uncao, 0<<r<<Za. Tlyctp s — m06oe HarypajbHOe UHCHO, Ci, Ca, . . ., Cs—
NPOU3BOJIbHAS NOCAERA0BATEIbHOCTh LU(D AeCATHIHON CHCTEMBI CUMCJIEHHS,
rae ¢;5<0, n nyctb N ecTb S-3HAYHOE UHCJIO, UHPPBHL KOTOPOrO MO MOPSIAKY
CYyTb €y, €2 . . . , Cs.

CymiectByer, O4eBHAHO, HATypalbHOe UHCIO f, TaKoe, 4To 10">2q(¢4-

107
-+1) u, crano GwuTh, Takoe, uTO qncno—Nali——t 6yzer =>1.
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. Y2
[lycte k— mauMenblliee HaTypasJbHOE YHUCHO, OOJbIIee & —L

173

Torga k—1<< Na~10 —1 Hu, cIe0BaTeNbHO, k-4 1T N———lo 49— t<_~_(NH)10 —
—1, Tax Kak 10">2a.

Urak, umeem N-.10"<<a(k+t)<<ak+at+r=ak+b<<a(k+it+1)<<

< (N+1)10"=N.10"4-10", oTkyna caefyeT, 4To IepBble § UUPp uyucaa
ak—}—b COOTBETCTBEHHO T€ Ke,4YTOH nepsole s uudp udcaa N, T. e. ¢y, ¢o, ..., Cs

66. Ecau yseHbl Uy, 4 U Um NOCTenoBaTebHOCTH PuboHAUYH cocTaBad-
I0T BO3PACTAIOU[YI0 apHPMETHUECKYIO MPOTPECCHIO, TO JIOJIKHO OBIThL ;> 1,
[>>2 (rak kak Us=1), Mm>3 0 Um=t+ (Wi—Ur), OTKYLA U< U4 U< -+
+u1+1:ug+2, T. €. Upm<Up. CJIe,[IOBaTeJIbHO, um<u1+1, a TaK KaxK Uy >l
OTKYJA Um == ligt, TO Um==Uip1, OTKYAA (TaK Kak [>2) m=[41. Takum 06-
PasoM, Up==2u—Un=1u— (Up1—U) =U—U 1 ==U;5, OTKYRa k=[—2,

Wrax, ecan wieHsr Uy, t; 4 Uy, nociaegosareabroctdy PuboHayun cocras-
JSIOT BO3PACTAIOUIYI0 aPH(PMETHUECKYIO NPOTPECCHIO, TO AOIKHO ObITh [>2,
k=[—2 u m=[-+1. C npyrofl CTOpOHHI, NpH a0GOM HaTypajbHoM [>>2 yuc-
Ja Ui, Uy W U4y COCTABJISAIOT, KaK JIErKO IPOBEPHTD, apUPMETHYECKYIO MPO-
TPECCHIO C PA3HOCTBIO Ui

[yers n— Harypanproe uncao >>[-41. Torna n=[+2, oTryna Uy =t
U Un—U = Uo—U =1, >t (Tax Kag [>2).

[TostoMy HHWKaKas BO3pacramllas apu@MeTnyeckas NpOrpeccus He co-
CTOUT H3 4eThipex Y/IeHOB MocjaenoBaTeabHocTH PuboHaud,

67*%. UsBectHo (cm.: W. Sierpinski. Teoria liczb, Czesc I1. Warsza-
wa, 1959, cTp. 279, 3agaua 4), UTO ecyin M — HATYPaAJbHOE UHCJO, TO OCTATKU
OT JIEJIeHHs] Ha M TOCJAeIOBATENbHBIX dnces PuOOHAYUM COCTABASIOT HEPUO-
JUYECKYIO I0CAe0BATEJIbHOCTh ¢ YHCTHIM Hepuojom t. Hasx m==2,3,4,5,6,7
OCTATKEZMH NPHU HeJeHWH Ha M IOoCJeLoBATeAbHBIX urces DPuOoHayun sipJs-
IOTCST COOTBETCTBEHHO YMcsa (BBIIMCHBAEM 3/eCh HECKOJIBKO HEPBLIX UJIEHOB,
a He BCe uJeHBl TepHoaa):.

g m=2: 1, 1, 0,

g m=3: 1,1, 2 0, .

s m=4: 1, 1, 2, 3, 1, 0,

g m=>5: 1,1, 2, 3, 0, 3, 3, 1, 4, .

g m=6: 1,1, 2, 3,5, 2, 1, 3, 4, ,5,
g m=T7: 1, 1,2, 3,5, 1,6, 0 6 5

’ ’ » ’ )"'

Tax Kak s KaxkIOTo K3 HATYPaJbHBIX YUCeJd m<S7 Mbl 3J4echb UMeeM
BCE BO3MOZKHbIE BHIUETHl 10 MOJYJIO /71, TO MBI 3aK/JIOYAEM, UTO B KaXKIOH U3
apuMeTHUECKHX TPOrpPeccHil C PasHOCTbI0 M<T7 COAEPIKHMTCS GECKOHEUHO
MHOro utrices Pubonauun.

* Cum. npumeuanne [4] wa crtp. 140. — [Tpus. nepes.
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Hokamenm Teneps, uto nporpeccus 8&+4 (=0, 1, 2, . . . ) He coxep-
YKUT HYM OJHOTO WJeHa mnocJegoBatesHocTH PnOoHAaYyH.

Tak kak ty=uy=1 U Unps=un+uny a1 n=1, 2, . . . , TO Jerko Ha-
XOJHUM, UTO YHCAA Uy, U, . . . U4 AAIOT TIPH Ae/J€HHH HA 8 COOTBETCTBEHHO
£Je/IyIollYe OCTATKH:

1? 1? 2’ 37 57 O! 5) 5? 27 77 1’ 07 17 l'

Orcioaa BuiHo, uto 8|ujz—u; u 8|ujs—u,. Taxum 00pasoM, MOMKHO
€Ka3arTh, 4TO JJIA n=1 uMeem 8]un+12—un H 8]un+13-un+1.

[Ipeanosio®kuM Teneps, 4TQ NOCHAENHHE ABA COOTHOMEHUS BHINOMHSIOTCS
1151 HEKOTOpOro HatypaabHoro n. Toraa 8|upittniiz— (Untns1), BIH
8| tnt1s—Unte, UTO (TAK KaK 8|Uni1s—Untr) AOKA3BIBAET, YTO HALIH COOTHO-
LIeHHST HUMeloT MecTo ais uHcia n-1. Orcioga HHAYKIHEH Mo 7 noayuaew,
YTO 8|un+12—un aast n=1, 2, . . .. TeM camMbIM N0Ka3aHO, 4TO NOCJACLOBA-
TEJBbHOCTh 0CTATKOB, [0JyYaeMblX MPU IeJAEeHUH HA 8 MOCAeI0BATeNbHBIX Yl-
ceq Pubonayuy, SBJSETCS NEPUOAHUECKOH ¢ UHCTHIM JBEHAINATHUJICHHBIM
TIepUOOM,

Paccmorpenue moay4eHHO! Bhllle NOCAeN0BaTeALHOCTH OCTATKOB OT Je-
Jlenusi Ha 8 MepBhIX YETHIPHAALUATH WICHOB NOcaenoBaTenbHOCTH DPubonayun
TI0KAa3bIBAET, UTO OCTATKAMU MOTYT OBITH Tosbko uucaa 0, 1, 2, 3, 5 u 7. Tax
KaK cpeld OCTATKOB Her yHcea 4 u 6, To B fporpeccusx 8k-4+4 u 8k-4-6 (k=
=0, 1, 2, . .. ) He cofep:KUTCS HY OAHOTO UJeHa mocjejoBaresHocTH Du-
QoHauyd, JTO, OUEBHIHO, apudMeTHUECKHE MPOTPecCHH (COCTABJISHHBIE H3
HATYypaJbHBIX UHCEJ) C HAaHUMeHblUell BO3MOXKHOW NpH 3THX YCJAOBUSX HATy-
paJsibHOH Pa3HOCTHIO,

68*. Takosa, HanpumMmep, nporpeccus 11k4-4 (B=0,1, 2, . . . ).
[TocTynmas Tak xe, KAk NpH pelleHHU 3a4auu 67, Mbl 3[€Chb JIETKO J0Ka-
ZKeM HHAYKuuelt 1o n, uto 11 uppo—u, anga n=1, 2, . . ., OTKyja cieny-

£T, UTO MOCJeJ0BaTeIbHOCTh OCTATKOB OT JejeHusl Ha 11 mocsenoBaTe/bHBIX
qyces QuboHaUYYH ABAAETCH MEPUOAUUECCKOH C MAECSATUYNEHHLIM [EPHOLOM.
IMocnesnni, Kak Aerko y6eAuThes, eCTh mocae1oBaTenpHocTh 1, 1, 2,3, 5,8, 2,
10, 1, 0, B xoropoil Het uucaa 4 (a Takxke yncea 6,71 9).

69. Tlpeamo/I0KKHM, YTO MBI HMEEM 7 UJIeHOB Halllefl IIPOrPecCHH

aky+b, aky+-b, . . ., aky+0b,
ABAFIOMINXCS TIONaPHO B3aUMHO MPOCTHIMH (/51 =1 MOXKHO TPHUHATH k==
=1). Tlycre m= (aki+b) (ake+b) . . . (akn+b).

Ha ocHopanum samauy 64 CylIIeCTBYeT HATyPaabHOE YHCAO Rnpq, TAKOE,
410 (@Rpp1+b, m)=1 u, cienoBatenbno, (akni1+b, aki+b)=1 naa i=
=1,2, ..., n Taxum o6pasom, uncia

akH—b, akz—l—b, Ce ey akn—l—b, aan—{—b
ABJSIIOTCH MOUAPHO B3aHMHO NPOCTHIMH.
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Hrak, GeckoHeuHas MOCJAOI0BATEABHOCTh HATYPANLHBIX YHCea Ry, ko, . ..
onpesneseHa NMOCPEACTBOM HHIAYKIUH, GECKOHEUHAs Ke NOC/eN0BATeNbHOCTD
aki+b (i=1, 2, . .. ) ecTb nocJeA0BaTeJIbHOCTh UJIEHOB Hallell mporpec-
CHH, SBJASIOMIUXCS TOMNAPHO B3aHMHO TPOCTHIMHU.

70%, Ilycte d==(a, a+b). Torna a=dai, a+b=dec, rue (a, ¢)=1,
¢>1 (rak ¥ak d=<a u dc=a-}+b>a). Tak Kaxk (@, ¢} =1, To o Teopeme
ifinepa c¢@ =1 (mod a,), orkyza ¢*¥%) =1 (mod a;) M1g HATYpPaJIbHBIX
n, T. e. ¢n¥@__| =¢,a,, rae t, — HATYypaJbHOE YHCJO, KOTOpOe MOXKeT ObITb
CKOJIb yrogHo GosbiiuMm (TakK Kak ¢>1 u 7 -— IPOH3BOJBLHOE HATYPaJbHOe
uici10), npuuem  a(cty+1)-+b=da,-ct,+dc=dc"s@+l Takum oGpasom,
yjed Haieft mporpeccuu a(ctp-+1)-+b (xoTropbli MOKeT GbITh CKOJb YO
HO QOJIBIIHM) HMEeT TOJBLKO Te H [LPUTOM BCe TE NMPOCThle AeJHTENH, KOTOPbie
SIBJSAIOTCA MPOCTBIMH JeJUTeNAMU uncia de>1.

Wrak, B Halllell porpeccuu COAepX UTcA OECKOHEYHOe dYHCJAO UJIEHOB,
HMMEIONIHX OJ(HIl ¥ Te e TPOCThIe JeJUTeNH.

Cp. G. P6lya. Mathematische Zeitschrift, 1, 1918, ctp. 144.

71. U3 reopemn Jupux/e HemocpeACTBEHHO CJEIYyeT, 4TO TeopeMa, KO-
TOPYIO Mbl XOTHM 10Ka3aTb, crpaselauBa aasa s=1. [lycts remeps s — naH-
Hoe HaTypaabHoe uuciao, [lpeanonoxum, uTo Teopema cipaBexauBa JAJIs YHC-
ga s. Takum o6pasom, eciu (a, b) =1, To cyllecTByeT yucjo Ry, Takoe, uTo
ako+b=qiqs . . . qs, TAE G1<TGo<< . . . < {§s ABIAAOTCH OPOCTBIMHM YHCIA-
mu. CornacHo Teopeme lupuxye cyuecTsyer 6€CKOHeUHOe YMCJIO HATYPasb-
HBIX UHCEJ B, Takux, uTo ak-1=g ectb MPOCTOE UKCIO =>(;.

Has t=q1qs . . . gskR+ko umeem:

at+b=qqy . . . qak+akyt+b=qiqy . . . gs(ak+1)=q.92 . . . g9,

T. e. Teopema cnpapeaausa aas s+1. Takum obpaszoM, uuaykuueld no § ye-
TaHABJAHBAETCs] COPABENJIHUBOCTH TeopeMbl [ KaXJAOro HaTypaJbHOrO
qucaa S.

72. Ecau p — mpoCTOe YHCJI0, TO U3 Tpex uucea p, p+10 u p+20 oxno
Bcerga geaurcs Ha 3 (Tak kKak p4-10=p+1 (mod3), p420=p+2 (mod 3),
U3 Tpex XKe MoCJeLoBAaTeNbHBIX IleJBbIX YHCeJ OAHO BCerja AeauTcsa Ha 3).
TlockosibKy BCE HAlUW YHCAA SABJASIIOTCH NMPOCTBIMH, TO OJHO U3 HUX, O4€BH/HO,
HauMeHbllee AO/KHO 6bIThb uHcaom 3. Hrak, p==3, p4-10=13, p+20=23.
Takum o6pa3oM, cyliecTBYeT TOJBKO OlHa apH(MeTHUYecKas MPOTPECCUST C
passocTbio 10, cocTaBneHHas W3 Tpex NMPOCTHIX YHCEJ, WMEHHO Mporpeccus
3, 13, 23.

Hanee, nerko noxasath, 4TO He CyllecTByeT apudMeTHuecKoil mporpec-
€HH ¢ pasHoctbio 10, coctosimesl u3 uernipex (mau Gosdee) mMpOCTHIX UYHCe.
JefictBuTenbHo, ecau O6ul npocrtele uucaa p, p+10, p4-20, p+30, . . . coc-
TaBJANN TAaKyK NPOTPecCHIO, TO MO A0KA3aHHOMY OBLIO OBl p=3, UHCJIO XKe
p+30=33=3-11 He siBJIACTCS NPOCTHIM.
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ITpumeuanue H3 onnoit rumoresnl A. llluHueas o mpocThix uHcaax cliefyeT, 4To
CyIiecTByeT GeCKOHEUHOE YHCIO NPOCTBIX UHCEN p, IS KOTOPHIX unciao p--10 TakKe mpocroe,
wanpuMep 7 u 17, 13 1 23, 191 29, 31 u 41, 37 n 47,61 u 71, 73 u 83, 79 u 89.

73. Taxkux nporpeccuil Her, Tak Kak u3 uHcexa p, p+100 u p+200 Bcer-
Aa ONHO AEIWTCH HA 3 M, 3HAUUT, eCAH OHO IIPOCTOE, TO AOJKHO OBITH YHC-
jgom 3. Ho ecan p=3, to uncmno p+4-200=203=7-29 ne gpasercs OpOCTHIM.

ITpumewanne AHAJIOTUYHO LOKA3HIBACTCA, UTO HE CYIUECTBYeT nporpeccHi ¢ pas-
Hocthelo 1000, cocTosimiuX W3 TpeX HaAM 0oJiee MPOCTHIX uMces, Tak Kak 1003=17-59 ecTb yHc-
Jo cocrapuoe. M3 runortesnl llIMHIeNs BBITEKAeT, YTO CYIIECTBYET GecKOHEUHOE YHCJIO MPO-
CTHIX YMCEJ p, MId KOTOpHX uuciao p--1000 Takke ecTs npocroe, Hanpumep 13 u 1013, 19 u
1019, 31 u 1031, 61 u 1061, 97 n 1097, 103 u 1103, 1039 n 2039.

74*. Ecau 6Bl pa3HOCTb Hallefl Oporpeccuu ObLIA YHCJAOM HEYeTHBIM, TO
BTOPOH uJjieH 3Tofl IpOrpeccHu OBl OBl YMCAOM UETHBIM, 4TO HEBO3MOKHO,
HOCKOJIbKY TI'POTPeCCHsl CcOocTaB/leHa U3 JeCSiTH IPOCThx upcena. Hrax, pas-
HOCTb Hallleli IPOrPecCHH €CTh YHC/I0 YeTHoe. Ecan Obl mepBbIM wieHOM IIPOo-
rpeccuy OblJIO YUCAO 2, TO CAEAYIOINUM YJIeHOM OBIIO Gbl YHCJAO YeTHOe COC-
TaBHoe. TakuM 06pa3om, MepBbIl u/leH NMPOTPECCHH eCcTh 4HMC/0 MPOCTOe He-
YETHOE H, CJeJ0BAaTENbHO, BCe YICHBl IPOTPECCHH (BBHULY YETHOCTH PAa3HOCTH
NPOTPECCHH) ABJSIOTCA YHUCAAMH NPOCTBHIMH HEUETHBIMH.

HMspectna caenyromast teopema B. TeGoabra: Econ n dnenos apadmern-
9eCKOll NPOTPecCHy ABJAAIOTCS NPOCTHIMH HEUETHBIMH YHCJAAMH, TO PA3HOCTb
NPOrPecCHd AGJNHTCA Ha KaxJoe NMpocToe qucao < n (cM., Hanpumep: W. Si-

erpinski. Teoria liczb, Czesc II. Warszawa, 1959, crp. 348, teopema 3).

M3 stoii Teopemnl cnenyer (ans n=10), 4TO pa3HOCTb Hallel mporpec-
CHM JOJIKHa OBITH KpaTHa udcaaM 2, 3, 5, 7 u, cjefosarenbHo, yuciy 210.
ByneM uckate BHauase apudMerHueckyw NOpoOrpeccur ¢ pasHoctbio 210,
COCTaBJEHHYIO M3 JlecSTH BO3MOXKHO HaWMeHBUIHX NMPOCTHIX UYHCEJ.

Tak xax yucao 210 (pasHoCTb nporpeccuu) Jenurcs Ha 2, 3, b u 7, To,
OUYEBUAHO, HH OJHO M3 3THX UYHCeJ He MOKeT OBITb NMEePBHIM YIeHOM Hallefl
nporpeccuy. Hucso 11 TaxXe He MOXer OblTh UM, TaK KaK B TAKOM cllyyae
BTODPBIM uJeHOM OblI0 6Bl cocraBHoe uncao 221=13-17. Mrak, nepswii
ujeH Halell mporpeccurd >>11 u Mo3TOMY HH OJHH WIEH Hallled NMPOTpeccHH
He neqautes Ha 11, Uucso 210 npu nenenun Ha 11 maer B ocrarke 1. Ecay 65l
MEePBHI uieH Iporpeccun TNpH jAeseHuyd Ha 1] gaBaJ ocTaTok =1, To ¢ Kax-
ABIM CIeAYIONUM YIeHOM OCTATOK yBesquunsajcs Obl HAa 1M, caeloBaTenbHo,
OJIMH_M3 YIEHOB HalleH Mporpeccuu okasascs Obl AensumuMmcs Ha 11, yro He-
BO3MOXKHO. 3HAUHT, NEPBHIf 4jeH Halelf IPOTPECCHA AOJKEH IDH NejeHUH
Ha 1] gaBate B ocratke | H, 6yyun 4UCJOM HEUETHBHIM, JOJKEH ObITL BH/IA
22k-+1, rne k— HaTypaabHoe uucgao. [locnefoBaTeIbHbIMH NDOCTRIMH 4YHC-
JIAMH 3TOro BUjAA ABJsATCH 23, 67, 89, 199, . . ..

Ecnu 6bl nepBuIM 4seHOM Hallefl IporpeccHH OBIIO YHCIO 23, TO IIeCThIM
ero wjieHOM GHLIO GBI cocTaBHOe uncio 1073==29-37. Ecau Gbl nepebim wie-
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HOM Halllelf mporpeccuHd 6bLI0 uMcao 67, TO YETBEPTHIM €ro WIEHOM 6BLI0 Gbi
cocTaBHoe uucio 697=17-41. Ecau Gul HepBbHIM 9/IeHOM Hallell Nporpecchu
Obw10 uHca0 89, TO BTOPHIM ero ujJeHoM ObLIO0 OBl COCTaBHOe uucao 299=—
=13-.23. Ho ecau B KauecTBe NepBOTo 4YjeHA Halliell MPOrPECCHH MBI BO2b-
Mem uncao 199, To moayuum nporpeccuio ¢ pasHoctblo 210, cocTosmyo H3
JeCATH MPOCTBIX UHCEJ:

199, 409, 619, 829, 1039, 1249, 1459, 1669, 1879, 2089.

dTo u ecTh nporpeccus ¢ pasHocTeio 210, cocTaBaenHas H3 AECATH BO3-
MOKHO HauMEHBIIHX MPOCTHIX 4HCEes.

[IpeanonoxkuM Tenepb, YTO MBI HMEEM BO3DACTAIOLLYIO apH(METHULCKYIO
HOPGIPeccHio ¢ pa3HoCThIO 7, OTAMYHOH oT 210. B TakoM cayuae, Kax Mbl 3Ha-
eM, r HOJXHo ObTb XKpaTHBIM 210 # oriuuydbiM oT 210, Tax UTO BO BCSIKOM
cayuae r==420. Ho Torma yxe BTOpOil wieH nporpeccun 6ogbine yem 420 1,
3HaunT, Gosblle yeM BTOpol wieH (T. e. 409) HalileHHOH BHIIIE MPOrPECCHHU.
CnefoBaTenbHo, AadbHelllIHe WIeHbl IPOTPECCHH U NMOAaBHO Gyayr Oojabuie
COOTBETCTBYIOIINK UJEHOB HalleH NpPOTrPeccHy.

Taxum oOGpa3oMm, HaHIeHHas HaMH JeCATHYJIeHHAs apHpMeTHUecKas
nporpeccus ¢ nepBbiM wieHoM 199 u pasHocTbio 210 ecth JecATHU/IeHHAs
Bo3pacramlas apudmMeTnyecKkas NPOTPECCHS, COCTaBAeHHAA U3 IPOCTHIX YH-
ceq, nocjeHee U3 KOTOPBIX SB/JSETCH BO3MOYKHO HAaUMEHBIIHM,

[Ipumeuanue ApndMernyeckas BO3pacTalowas NPOTPEcCHsi, COCTOSIIAA K3 MpPOC-
THIX YHCeJ H MMelolias HauboJbllyIo JJKMHY, M3BeCTHAs B HAcTOsALlee BpeMsd, ecTb TPHHALNA-
THY/IEHHAs! nporpeccusi ¢ NMepBuIM wieHoM 4943 u pasuocteio 60 060, nafizennas B. H. Cepe-
JMHCKHM ¥3 MOCKBLI.

M3 runoressr uHmens o npocTbix yucaax cjaeayer, UTo cyllecTByer Gec-
KOHEYHOe YHCJI0 TPHHAANATHUIEHHBIX apu(pMETHUECKHX IIPOTPEcCHil ¢ pas-
HocThio 30 030, cocrosmux u3 npocTthix yucesa (cM.: Acta Arithmetica, IV,
1958, ctp. 191, Cy,4). OgHAKO HU OXHOMN TakOll POTPECCHH A0 CHX TOp He
HaleHO.

75. Takopa, Hanpumep, nporpeccus 30k + 7 (k=1,2, 3, ...).

HefictBuTensHo, ecau, gonyctum, uro 30k-+7=p-gq, 1o, Tax xax 30k--7
eCTh HeYeTHOe YUCJO, OJTHO U3 YHced p U g OyAeT UeTHHIM H, CJIel0BATENbHO,
Kak npoctoe, 6yJaeT paBHO 2, Tak 4TO, €cid, Hanpumep, §=2, to p=30~k}
-1 5==5(6k-}1), 4TO HEBO3MOKHO, ecjJH p-— HPOCTOe UHcHa0. Ecau XKe MBI
JonycteM, uto 30k+7=p-—q, rae p u ¢ — NPOCThle yucaa, T0 6yner §=2 #,
cnepoBatenbno, p=2302+9=3(10k+3), uro TaKXe HEBO3MOXKHO.

[Tpumeuanune Moxuo foka3aTh (XOT 3T0 M TPYAHOE AEJO0), YTO cymiecTByer Gec-
KOHEUYHO® YMCJIO HYETHBIX UHCeJ, BJAAIOIMXCSH OJHOBPEMEHHO H CYMMAaMH, M PA3HOCTAMH ABYX
NPOCTHIX 4Hced. A u3 ofHoi runoTesnl LluHuesas o NpocTeIX YHCIaX C/IEAYET, YTO CYILECTBYET
6GecKOHEUHOe YKCJIO HEYETHBIX yucesl, SIBJSIOMMXCS OLHOBPEMEHHO W CyMMaMH, H Pa3sHOCTAMH
IBYX npocthix unces. Cum.: W. Sierpifiski, Sur les nombres qui sont sommes et différences
de deux nombres premiers, Publikacje Elektrotechn. Fakulteta, Ser. Mat. i Fiz. Beograd,
84, 1963.

63



IV. MTpocTeie 1 cocTaBHbie ynucaa

76. JloctaTouHo B3ATh p=3 u ¢=>5. Ecai n ecThb yerHoe yucao >6, To
n—1=6 u p<<qg<<n—I1, npudemM n—p=n—3 U n—g¢=n—>5 ABJAIOTCA MNO-
CJleqoBaTe/IbHLIMY HEYETHBIMH YHCJIAMH Y, 3HAaYUT, B3aHMHO OPOCTEIMH.

77. CynlecTByer TOMIbKO OAHO Takoe MPOCTOe YHcao: 5. B camom nede,
JOMYCTHM, YTO NPOCTOe YHUC/AO 7 ecTh OAHOBDPEMEHHO M CyMMa, ¥ Pas3HOCTb
JBYX NPOCTHIX yHcesa. Hueso r, oueBHIHO, AOMXKHO ObITH GOJbLIe ABYX, H MO-
3TOMY 7 €CTb HEUeTHOe NPOCTOe uucao. Hajee, Tak Kak r ecTb U CyMMma, H
pasHoCTb ABYX NPOCTBIX YHCE], TO OAHO U3 HHUX JAOJKHO GbITh HEUETHHIM, &
JAPYroe YeTHBIM, T, €. YUCIOM 2,

Urax, umeeMm r=p-42=¢—2, rlle p U g SABJILIOTCA HEUeTHbIMH TNPOCTHI-
mu gucaamu. Ho torpa p, r=p+42 u g=r-+2 sBAFI0TCS TpeMs MNOCIeL0Ba-
TeJbHBIMH HEUETHBIMH OPOCTBIMH YHCJaMH, 4, KaK H3BECTHO, CyLIecTBYeT
TOJIBKO OJHa takas TpoHka: 3, 5, 7 (Tak KaK M3 KaXKJbIX Tpex MOCJAE/0Ba-
TeJbHBIX HEUCTHBIX YHCE] OLHO AOJKHO ObiThb gessdauumMcs Ha 3). Takum os-
pasoM, umeeM r=5=3+4+2=7—2.

78. n=113, 139, 181; m=20, 51, 62. )

79. Cor.iacHo H3BecTHOII TeopeMme Pepma Ka)KAoe NPOCTOE YHCJIO BHAA
4k+1 ecTb cymMma ABYX KBAJApaToB HATypa/JbHBIX YHceJ (CM., HALPUMEp:
B. Cepnuncxuii. Uro Mbl 3HaeM U Yero He 3HaeM O NPOCTHIX UYHCJAAX.
Teopema 17). IlosTomy st Takoro p p=a2+5b2, rjge a u b — HaTypanbHbie
YHCsaa W NPUTOM pas3jiHuyHpie (Tak Kak p — HeweTHOe), Hanpumep, a>b. O1-
ciona p?>= (a®>—b%)%+ (2ab)?, 1. e p ABasieTCs THMOTEHY30H NPSIMOYTOJBHOTO
TPEeYroJbHHKa, KaTETaMH KOTODOTO SIBJIOTCA HATypaJbHBIE udcaa a?—b? n
2ab. Tax, 5?=32+42, 132=52+122 172=152482%, 292=212420%

80. 1324+1=724112, 1724-1=1124132, 2324+ 1=1324192, 31241=
= 1124292,

Npuseuanne YUz toxaecrsa (5x413)24+1= (3x+7)2+(4x411)2 caenyer, uro ec-
Jau uncaa p=>5x+413, g=3x+7, r=4x+11 sasasiorcs npocteiMu, TO p*+41=¢%+r% U3 oz-
HO# THUTOTE3LI I_UI/IHU,EJlﬁ O TMPOCTBhIX YHCJaX BbITEKaeT, YTO TAKHX CHCTEM TNIPOCTHIX yYHCeq
CYHIeCTBYET GeCKOHEYHOe MHOXKeCTBO.

81. 3aMeTuM mpexnae BCEro, 4TO €CJAHU p, ¢, 7, S U I SABJSIOTCA MPOCTHIMH
yucaamu u p24-g?=r24s24-1?, To Ka¥moe U3 u4ucesq p U ¢ OTIHYHO OT KaxK-
noro ua uucena r, s U t. JdefictBuTespHo, ecau Obl ObljIo, HALIPUMED, p==r, TO
Mbl TIQJYUHJIH 6Bl ypaBHeHHe g2==s?-{?, He HMeiollee PEIIEHHH B IIPOCTHIX
yHcnax g, S, L, Tak Kak uucaa s W [ He MoOryr Obitb o6a Hu wuer-
HBIMH, HY HEYETHBIMH (B JIIOGOM U3 3THX CiydaeB ObLIO Obl §==2, 4yTO HEBO3-
MOZKHO, TaK Kak mpaBas yacte >>4). Ecay xe B3ATb s=2, T0 uucio 4 6ynger
Pa3HOCTBIO ABYX KBAAPATOB HATYpPa/JbHLIX YHCE], 4TO HEBO3MOKHO,

Ecan p?4-g2=r24-s2412, To Bce uucaa p, ¢, r, S, t He MOTYT 3Jiecb GHITh
HeyeTHLIMH. ECJiH p — 4eTHoe, CJIeNoBaTebHO, p==2, TO YHCJA ¢, r, S, t Joa-
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JKHBI ObITh HEUETHBIMH, & TAK KaK KBaJpaT HEUETHOIO uyHcJ/a MpH AeJeHHH Ha
8 #aeT B octaTKe 1, To JieBasi yacTh NpH JeJeHHH Ha 8 maBana Gbl OCTATOK D,
npasas ke -— OCTATOK 3, UTO HeBO3MOKHO. Ecnu uncaa p u g o6a neuerHsle,
TO JleBast 4aCTh NPH JeJleHHH Ha 8§ Jaer OCTaTOK 2, a2 B NpaBOd yacTtH, KakK
JIETKO 3aMeTHTh, TOJbKO OJHO H3 YMCe] MOXKeT (M JOMXKHO) OniTb YETHBIM,
ranpumep, r=2. Ho toraa npasas yacTb NpH JeseHHH Ha 8 Aaer ocTaToK 6,
YTO HEBO3MOXKHO.

82* Pemienue naiineno A. Hlunnesem.

CyulecTByer TOJBKO OJAHO Takoe pemrenue: p=¢=2, r=3 Uro6H 3TO
NOKa3aTh, HailgeM Bce pelleHust ypaBHeHus p(p+1)+4-g(g+1)=n(n41),
rae p B ¢ — NPOCTble uhcaa, 1 *Ke — HaTypasbHoe YHC/IO. YpaBHeHHE Halle

JaerT:
p(p+1)=n(n+1)—q(q+1) = (n—q) (n+49+1),

npuueM J0MKHO OBITh n>¢. OTCi0Aa, Tak KaK p — IIPOCTOe 4UCJIO0, HMEeM
pln—q wan p|n+g-+1. Ecau pln—gq, ro RoMXHO OHTH p<in—¢, OTXKyma
p(p+1)<<(n—q)(n—g+1) u, crenosarenvno, n+g-+1=<cn—q-1, 4o He-
Bo3MoxH0. Takum o6paszom, p|n+g-+1 u, 3HauuT, NP HEKOTOPOM HATYpPaJb-
HOM &

n+q+1=*kp, oryna p+1=~k(n—q). (1)

Ecau 6pl 6bi10 k=1, TO Obl710 68 149+ 1=p u p+1=n—q, oTkyna
p—g=n-+1u p+g=n—1, 4TO HEBO3MOIKHO.,
Wrak, £>1. U3 dopmya (1) nerko noayuaem:

29= (n+q)—(n—q) =kp—1—(n—q)=k[k(n—q)—1]—1 — (n—q) =
= (k+1)[(k—1) (n—q)—T1].

Tak xak 2>=2 u, 3vauur, k4123, To U3 nOJy4eHHOTO paBeHCTBa, Je-
Basg 4acTb KOTOPOTO HMeeT TOJbKO HaTypasbHble Jenuteaun 1, 2, g u 2q, Bbl-
Tekaer, 4t0 k-4-1=q uau k+1=2q. Ecau k4-1=g, 10 (k—1) (n—q) =3 u,
3Hauut, (§—2) (n—q)==3, uro gaer aubo g—2=1, n—g=3, orkyna ¢=3,
n==06, k=qg—1=2 u, B cuay (1), p=>5, 1160 ¢—2=3, n—g=1, orkyna
g=>5, n=6, k=4 u, B cuay (1), p=3.

Ecin xe k4-1=2q, 10 (k—1) (n—q) =2 u, suauur, 2(¢—1)(n—q) =2,
oTKkyAa §—1l=1 n n—g=1; caengosateibno, =2, n=23 u u3 (1) Hailigem
p=2. Vrak, npyu HaTypajbHOM 1 UM€eM TOJIbKO CJedyIollye pelleHus B Ipo-
CTHIX YHCJIAX P H §:

l.p=¢=2,n=3,2. p=>,¢9=3,n=6 u 3. p=3, g=5, n=6. Bce tpu
udcsa p, ¢, n ABJSIOTCH NPOCTHIME TOJBKO B MEPBOM CJydae.

n
Opuseuaunune. Eciu uepes £, = .i(__;;]_). Mbl 0G0O3HAuYHMM A-€ TpeyroJgpHoe

YUCAO, TO JOKA3AHHYIO TCODPEMY MOMHO CHOPMYAHPOBATh TaK: ypaslieHue f, 4 f;= ¢,
UMeeT TOAbKO OIHO PCIIEHHE B NPOCTHIX UHCAAX: p=¢q =2, r =3,
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83*, TaxoBpl, HanpuUMep, npoctoie ynucaa p==127, ¢=23697 u r=>5b27.
Y6enutbcs, 4TO 3TO NPOCTble uMc/aa (HANpUMep, IPH NOMOIUM TaOJMIBl IPO-
CTHIX uHcen), a 3areM, uto uucia p(p+1), g(g+1) u r(r41) cocrasasior
apudMeTHYECKYIO NPONPECCHIO, He IIpelcTaBiser ocoboro Tpyma. A BOT cHo-
€06, Ipy MOMOIIY KOTOPOTO MOXKHO MCKATh TAKHe MPOCTHE YHC/AA.

U3 serko npoBepsieMoro TOXIecTBa

n(n+1) + (41n4-20) (41n-421) =2 (292 14) (290 15)

cJelyeT, uTo NpH HatypaabHoMm n uucaa n(n-41), (29n4-14) (29n-+415) wu
(41n4-20) (41n+21) cocraBnsior apudMeTHyeckyio mnporpeccuto, Ecau Gol
IIDH HEKOTOpPOM HaTypa/JbHOM 7 uncaa n, 29n-414 u 411420 Bce Tpu OBLIH
NIPOCTBIMH, TO MBI HMeJH Obl TPH HCKOMBIX UHCJA,

Taknm o6pasom, HYKHO BMECTO A NOJCTABJATH MOCJAEIOBaTeNbHble HE-
YeTHBbIE MPOCThIE YHCJIa ¥ NPOBEPATh, OyAyT au 06a unciaa 29n+4 u 41n+20
npoctbiMU. HalMeHbIINM TaKUM YHCJAOM A ABJAAeTCs n==127, KxoTopoe u npHu-
BOJMT K pelleHHIO, mpeloxkeHHOMY Bblle. OXHAKO Mbl He YTBEpXKAAEM, YTO
yKa3aHHBIM COcO6OM MOTYT OBIThb HA#WIEHBl BCe TPOWKH IIPOCTHIX YHCEJ,
YIOBJETBOPAIOIIYE YC/AOBHIO Halllefl 3afayi.

Mpumeuvanue U3 oxgnoil runoresst lllunnens seiTekaer, uTo cyumecrsyer Geckoney-

HOEe YHCJIO NPOCTBIX YHCeJ A, AJAA KoTophX uucaa 29n--14 m 41n-+20 sBasioTcs ofHOBpeMeH-
HO NPOCTHIMH.

Hamy 3anauyy MOXHO cOpMY/JIHPOBATh ellle TaK: HAUTH TPH TPeyroyb-

HHIX UHCJA C IPOCTHIMH HOMepaMM (HHAeKcaMH), o6pasyromux BO3pacTao-
HIyio apudMeTHUECKYIO NIPOTPECCHIO.

84. CymecTByeT TOJBKO OJHO Takoe HaTypasJbHoe uuciao; n=4, B ca-
MoM jgedne, i n=1 uyncao n+3==4 cocraBHoe, g n==2 uucjo n+7=9
cocraBHoe, 1 n=23 uucjo n-+1==4 cocraBHoe, A n>4 Bce HaIX YHUC-
Ja >>b u no KpaliHeil Mepe OJAHO M3 HUX JNeJNUTCs Ha D, TaK Kak yucaa l, 3,
7,9, 13 1 15 npu neneHuu Ha 5 AAIOT COOTBETCTBEHHO OoCTaTKu 1, 3, 2,4, 3 u
0, T. e. Bce BOBMOXKHBIE OCTaTKH, OTKyJa CAeAyeT, uro U uucaa n-+1, n43,
a+7, n+9, n4+13 u n15 npu genenun Ha 5 AaIOT Bce BO3MOXKHBIE OCTATKH
H, Ce0BaTeNbHO, XOTS OBl OJHO M3 HHUX JeJHUTCS Ha O H KaK 4ucyao, 6oablee
naTtu (Tak xak n>>4), aBiasercsd coctraBHHM. Ho ang n=4 MB n0oJyyaem
npocTele uucaa o5, 7, 11, 13, 17 u 19.

INpumeuanue Ms oxnolt runoreant Ilunienss o npocruix udcaax BHITEKAeT, yTo Cy-
[LIG(‘TByeT GecKOHEYHOe UHCAo HaTypaJ/JbHbIX unuces 71, HOJ5 KOTOPBIX KaxKao0e H3 NTH YHCead

n-+1, n4+3. n4+7, n4+9 n n+13 asaserca npocTuiM. Takoswl, nanpumep, uncia n=4, 10, 100.
Cp.: W. Sierpinski. Bull. Soc. Royale Sciences Liége, 1962, ctp. 319, Ps.

85. CymuiecTByeT TOJbKO OTHO Takoe uucio: k=1, Jlna Hero mocnefona-
TeJbHOCTh

BRI, k42, .. ., E+10 (1)
COJIEPKUT MsATh NPOCTHIX uucen: 2, 3,5, 7, 11. Ias k=0 u £=2 B mocjeno-
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paTenbHocTd (1) uMeeTCs TOMBKO WO UeTHIpEe NPOCTHIX uuena. Ecnu ke A>3,
TO B nociaenoBaTenpHocTu (1) Her uncaa 3. Kak u3BsectHo, cpelu Tpex mo-
¢Iefl0BaTe/bHBIX HeueTHHIX 4HCesa Bcerga ORHO AesuTcst Ha 3. Takum o6pa-
30M, B MOCAeN0BaTeNbHOCTH (1) cylllecTByeT Mo KpaliHeil Mepe OLHO Heuer-
Hoe cocraBHnoe uucao, [lajsee, B mociaeaosartenbHOCTH (1) Bcerga umeercs
0STh YETHHIX UHCEN W, 3HauuT (1as k>>2), coctaBHEIX. Mrak, B nocnenosa-
TesbHOCTH (1) mas £==3 MBl HMeeM 1O MeHbIUEH Mepe IIECTh COCTABHBIX Uil-
ces H, caeoBaTebHO, He BoJlee yeTbipeX MPOCTHIX YHCe.
) [Tpumevaunue [locarenosategbHocTs (1) COAEPXKHT NO YeTbIpe MPOCTBIX YHCAR JJI%
k=0, 2, 10, 100, 190, 820. M« ue 3HAeM, CYHILCTBYST AK OeCKOHEUHOE UYMCHO TAKWX uucen R.
W3 opno#t rumoressl uH1ena 0 NPOCTBIX UHCAAX BBITEKAET YTBEPAHTEJBLHBEII OTBET HA 3TOT
BOIIpOC.

86. CymiecTByeT TOJNBKO OJHO Takoe 4HCJI0: R=1. [l Hero mocaeno-
BaTeJbHOCTD

EL1, bL2, ..., E4+100 (1)

comepxkut 26 mpocthix uucesa. Has k=0, 2, 3, 4 nocaenoBaredbHocTs (1)
conep:KUT nmo 25 npocTelx uHcesa. Takum 06pasoM, majee MOXKHO NOJaararb
k=5. ITocaenosatenpuoctb (1) comepxkut 50 ueTHBIX YHcea, KOTOpHlE /s
£>1 Bce cocraBuble, OHa cozepxut takxke 50 MoCAeI0BATENBHBIX HEUETHBIX
yHCces, CpelH KOTOPBIX MMeeTcsl 10 KpaifiHeli Mepe 16 umces, KpaTHBIX 3, H,
3HaunT (a1 k>>2), cOCTaBHBIX (TaK KaK B KaxKJOH TPOHKe IOCJAeA0BATe/b-
HEIX HEUeTHBIX YHCea eCTb OJHO YHCIO, feasuleecd Ha 3). [Toxcuntaem teneps,
CKOJIBKO MMeeTcst B moc/aenoBaTenproctn (1) 4uced, nefsIuxcs Ha 5, HO He
nensiuxcsl HU Ha 2, HH Ha 3. TakoBriMu aBJAsOTCA Bee yuciaa BHaa 30i4v,
rae ¢ —uenoe yncio =0, a 1 —onuo us uucen 5 u 25, CocraBuM u3 Bcex
YHCEN 3TOro BHAA O0ECKOHEUHYI0 BO3PAacCTalOUIyI0 TOCAE70BAaTeIbHOCTD

5, 25, 35, 55, 65, 85, 95, 115, 125, 145, 155, 175, 185, . . ., (2)

n-# 4jieH KOTOpoit 00O3HAUUM uepe3 U,, JIerko NPOBEPHTb, YTO Unte—Un <l
<100 gast n=1,2, . . . .llycTb 4, — HanGOJBIUHI YNieH MOCJAeL0BaATENbHO-
CTH Uy, Uy, . . ., He npeBoCXoAsimuil £ Torga GyneM MUMeTh Up <R <Unpi1<<
< Un+6<Un--100<Ck-+4+100, orkyna Bunmo, YTo B IocnaegoBareabHocTn (1)
HMeeTcs Mo KpaiiHell Mepe IIecTh udceq focjaegoBarenbHoctH (2) H, ciaemo-
BATEJNbHO, 10 KpaliHell Mepe IeCTh Yuces, AeAAIIUXCA Ha 5, HO He Jeaqulus-
csl HY Ha 2, HY Ha 3, KOTOpble st R>=5 Bee SBAAIOTCH COCTARHLIMU UHCIAMU.

[Moxcunraem, HakoHel, CKOJAbKO B mocjexoBatesnsHocTH (1) uMeercs
ypces, DeJfIUHXCsS Ha 7, HO He JeJsILUXcs HH Ha 2 Hu Ha 3, uy Ha 5. Taku-
MH OyayT Bce uncaa Buga 210f4- v, roe 7 — oano u3 uucen 7, 49, 77, 91, 119,
133, 161, 203, a t — uesoe unciao ==0. CoctaBuM M3 BCeX UHCeJ 3TOTO BHAA
6ecKOHeUHYI0 BO3PACTAILYIO 10C/AeL0BaTeJbHOCTD

7,49, 77, 91, 119, 133, 161, 203, 217, 259, 287, . . ., (3)
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n-il wien Xotopoil 00O03H4uUM 4epe3 Un. JIErKo IpoBepuUThb, YTO Unts—Un<<
<100 mag n=1, 2, . . . . Ilyctb v, — HAUGOJBMIHI uleH NocJef0BATE/b-
HOCTH Uy, Uz, . . . , He mpeBocxoiswuit k& Torna 6yzeM HMerb Un<Shk<<
T Ut <Vny3<<0n+100=£4-100; oTkyna BusnO, 4TO B HOCIE10BATEIBHOCTH
(1) nmeerca mo xKpafiHell Mepe Tpu uucaa HocaenorarteabHoctd (3), T. €.
no xpaliHedl Mepe TPU YHCJAA, OAAIUXCA Ha 7, HO HE AeNAILMXCA HH Ha
2, HU Ha 3 ¥ HH Ha 5, KoTopble M k=7 Bce SIBJSIOTCA COCTABHLIMH.

Orciona caenyer, uro g k=7 B nocjenosareqpHocTd (1) UMeeTcs 10
kpafigeii Mepe 50+416-+6+4+3=75 cocTaBHBIX yucesa H, CJAEJIOBATETbHO, HE
doaee 25 npoctbix ynuced. asg k=>5 u k=6 nocaenosarenabuocts (1) comep-
2KHT, OUEBHJHO, COGTABHLIe YHCJIA Uz, Us H Uy Takum obpasom, aas k>1 no-
c/le1oBaTenbHocTh (1) comep:xuT He Gosee 25 MPOCTHIX UHCEJ.

87. CymecTByer TObKO LIeCTh TAKUX COTEH, a UMEHHO Te, MePBBIMU UJe-
HaMu KOTOpbiX ABJSIOTCH unciaa 1, 3, 4,5, 10 u 11.

HokazaTejbCTBO 3TOIl TEOPEMBl BHITEKAeT M3 CJAeAyIOUIed JeMMbl: As
k>11 cpemn uncen k, k41, .. . k+99 nmeerca mo kpaiinefi mepe 76 uu-
ced, Jeasguuxcs va 2, 3, 5, 7 uau 11,

Jas noxkasaTesbcTBa JEMMBI COCTaBHM OECKOHEUYHYIO BO3pacTaiollylo
nocJ1e10BaTeIbHOCTh HAaTypaJbHbIX uHces, Aejdiluxca Ha 2, 3, b, 7 uan 11.
Ecau ymeso y cooep:KUTCsT B HallleH MOCJAeI0BAaTEIbHOCTH, TO B Hel Takxke
cogepxkurest uucao y-+2310, u maobopor (rtak kaxk 2310=2-3.5-7-11).
[IycTtb vi, y2, . . ., Ys—BCe HaTypajbHBle yHciaa, He npesocxojsiue 2310
U neadiiuecd Ha 2, 3, b, 7 wan 11, Torma Bce uucaa Hallel MOCJaeL0BATE]b-
HOCTH copep:Katcsd B § apudmeruveckux nporpeccusx 231064y, rae i=I,

2, ...58 (=012 ... Teneps A0cTATOUHO BBLINHCATh BCe HATYPa/jbHble
yucaa, ne npepocxodsmue 23104100 u genswunecs wa 2, 3, 5, 7 uan 11, u
y6enuThes, 4To B KaxA0M coTHe uncea &, B+1, . . ., B+99 mas 1<Ck<C2310

¥MeeTcs Mo KpafiHell Mepe 76 uMcesa U3 BEIIMCAHHOI MOCJAEM0BATEJbHOCTH,

[Mpumeuanue Tpydnee 6bLI0 OBl JOKA3aTh, UTO CYUIECTBYCT JIHIIbL KOHEUHOE UHCJIO
HATYPalbHBIX YHce] £, A5 KOTODBIX B NOCIELOBATeAbHOCTH &, B+1, . . ., k99 comepxur-
cst 24 npocteiX uucia. M3 oawoir rumoresnt HluHpesas BbITEK@eT, 4TO CYLIECTBYET GECcKOHeUHO
MHOTO HAaTypaJ/bHBIX YHCed &, A/ KOTOPBIX 3Ta IOCAEJOBATEIBHOCTb COAEPHKHUT 23 NpPOCTHIX
yncaa.

88. CymiecTByer TOJAbKO OZHO TaKoe IpocToe yuciao: p=3. B camom ne-
Jie, eCc/IM p— npocToe UYMCJa0, TO Ha OCHOBaHHMH MaJofl Teopembl Pepma
p|2P—2 u ecau p|2P+1, 10 p|3 u, caegosaresbHO, p==3.

89. Jlemma. B xaxkjgoM oTpeske HaTypaJbHOro psja, cocrosiueM uz 21
yucda, uMeeTcsl Mo KpadHell Mepe 14 yuced, Je/AIIHXCA XOTg Obl Ha OAHO H3
yucen 2, 3 uau b.

HoxaszarteabcTBo. B Kaxnom orpeske HaTypaJbHOTO DPsifd, COCTOS-
meM U3 21 uucaa, coaepxuTcs 1o Kpakined mepe 10 uucen, neasuuxes na 2,
H no kpaineit mepe 10 mocaegoBarenbHbIX HEYETHBIX YHMCEJ, CPEIH KOTOPHIX
nMeeTcsl XOoTs Obl TPH uucaa, Aeasuuxcs Ha 3. TakuM oGpasom, ocraercs
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NMOKa3aTh, YTO B KaXK/JOM OTPe3Ke HATyPaJbHOTo psa, COCTOALEM u3 21
YHCaAQd, COAEPIKUTCA MO KpakHeH Mepe OJHO YMCJO, Nedsiliieecss Ha D, HO He
densiuleecst HU Ha 2, Hu Ha 3. [1ycTh v 0O3HAYaeT ocraToK OT HeJNeHUs yhcaa x
Ha 30. Torma x=30f+4vy, rae ¢{—unenoe uucio =0,a yv=0,1, ..., 29
Ecan y<Cb, To x<C30f+5<<x-+20 u uncsao 30f+45 ecTb 4HCIO NOCAE0BATENb-
noceru x, x+1, . . ., x+20, neasilleecss Ha b, HO He AeJslleecss HU HA 2, HU
Ha 3. Ecan ke 5<ly=<C25, 1o x=<L30¢+25<x+420 u uucao 30425 ecTb yneao
nocJjenoparenbHocTd x, x-H1, . . ., x+20, neasueecs Ha 5, HO He HeJsdlle-
ecst HU Ha 2, vu Ha 3. Ecjn, HakoHel, 25<Cy<C30, to x<<30{+35<<x+20 u
yucao 30£-4+35 ecTh umca10 NocAeAOBaTEABHOCTH X, X1, . . ., x-+20, neas-
nieecs ma 5, HO He Jeqsiieecs HH Ha 2, HU Ha 3. Mrak, JeMma goKaszana.

13 Hale# eMMbl HEOCPEACTBEHHO CASAYET, YTO B KAXKI0M OTPE3Ke Ha-
TYPANBHOTO PAfA, cocrosineM u3 21 uucaa, Jwo6Goe U3 KOTOPBIX =5, Mbi UMe-
eM 10 MeHblIell Mepe 14 COCTaBHBIX YHCEJ H, Ciael0BaTeJbHO, He Gogee 7
npoctbix unces. Hag x=1, 2 u 3 B nocrenopatenapHoCTH X, X-}1,

, X420 Mbl UMeeMm o 8 NPOCTHIX 4ucen, a juid x=4 u x="5 umeen 1o 7
npocTulXx uncen. Takum o6paszoM, B NOCAEI0BATENBHOCTH X, x-1,
, X420 MBI UMeeM O 8 NPOCTBIX UKCEJ TOJABKO s x==1, 2 u 3,

90. CymecTByeT TOJbKO OJHO Takoe uncao: p=>5, Kak Jerxo mpose-
pUTh, 34€Ch He MOXKeT GhTh p< 5. Jlisi p=>5 Mbl uMeeM 3jechb NPOCThIe YHC-
aa b, 7, 11, 13, 17 u 19. Ecau p>5 u p=5k, tiae k — HatypajbHoe UHCJI0, TO
p — coctaBroe uncao. Eciaun p=>5k+1, to uncno p-+14 neaurcss nma 5 u no-
ToMy cocraBHoe. Ecau p= 5k+2 TO uuCa0 p+8 geaurca Ha b W noromy
cocraBuoe. Eciu p=>5k+3, o 5|p-+12 u, snauur, p-+12 ecrp cocrasHOe
uncao. Hakonern, ecan p=>5k-+44, 10 5|p-+6 u unciao p-+6 — cocrasHoe.

91. TakoBbl, Kak JIeTKO IIPOBEPHTb, IJIsI HaTypaJbpHbIX k>>1 mnaper
m=2F—2 u n=2~(2—2), nas KOTOPHIX M-+1=2r—1 u n41=(2F—1)2,
IMpumeuvanue [1. Dpaém N0OCTaBHA BONPOC, CYLIECTBYIOT JIH JAPYTHE TAKHE TAPL

Cwum.: P. Er dés. Quelques problemes de la Theorie des Nombres, Monographies de 'Enseig-
nement Mathématique, Ne 6, cTp. 126, 3azaua 60 1.

9.
92, CyuwiecTByeT TOJbKO ABAa TAKMX NPOCTHX yucaa: 2:73 — 1l ub=

+1
=‘32—4—1 B camom 1eue, —’z(n—QQ—I :—;— (n—1)(n4-2), a 119 n=4

gucaa n—1} M n+2 ofa >2, mpHYeM OIHO M3 HHUX UYETHOE,
93. CymectByer TOJABKO TPU TAKUX NpocThiX uncaa: T+ 1=2, To+1=

2
=5 u T3+1=11. JleficTBuTenbno, 115 n>=4 nveeM Tn—i—lzﬂ%n—‘—m ,

t Ha Bonpoc I1. Dpaéma MOXKHO JaThb yTBepAUTebHEI orBer. Helasno A. MOHKOBCKHIX
coofmua mue napy uucen m=75=3.5%, n=1215=5-35 paa koropeix m-1=22-19,
n4-1=26.19. — ITpum. nep. :
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npuuyem n+3>6 u n?4+2>>6 u au6o u3 uucen n--3 u n2-42 oxHo ueTHOE, a
Jpyroe IeauTcs Ha 3, nubo OJIHO M3 HUX HeJHTCs Ha 6.
94, TaxoRo, HANpUMED, UUCIO

n=(pz—1) (pa—1) . . . (Pers—1),

T4K KakK Ha OCHOBAHWH MaJsol Teopembl PepMa uuciao 27— meautcs TOTAA
Ha KaXJ0€e U3 MPOCTHIX UHCET Pg, P3y + « - Psti.
95, 2=14F14, 17=144-2% 97=2%43% 257=1%+}4% 641 =24} 5%

IMpumeuwanue. Mz omsoit runoresnt HIuMHHEAA O MPOCTRIX wmCaax BBITEKAET, UTO
cyulectsyeT GeCKOHEYHO MHOIO MPOCTBIX YHCEN, SIBAAWIINXCA CyMMaMH ABYX OHKBAApaToB
HaTypaAbHBIX 4Hcesd, H, ofmée, 4TO AN KaXKAOLO HATYPAJbHOrO udcia f CYIIeCTBYET

GecKOHEeuHO MHOTO NPOCTHX uncea Bufa a2 452", rie @ u b — waTypamdbuble uucaa.

96. ITycTb pr — k-e Mo MOPSAAKY NPOCTOE UUCJO H MyCTh Py, Ans HATY-
pasBHOTO UHc/Jda 7 03HAuaeT HauboJbllee NPOCTOe uucao <<6n--1. Tak Kak
uyhceaa 6n+4-2=2(3n+1), 6n+3=3(2n+1) u 6n+4=2(3n+2) asasgiorcs
COCTaBHBIMHU, TO $ICHO, UTO Pp -+ ==6n--5 u, cienosatensiio, Pr,-1 — pkn>/
= (6n+45)—(6n+41) =4, T. e. mocaenOBaTeNbHble NPOCTBIE YHCAA Pr, H
Pr,+1 He COCTAaB/IAIOT mapy MPOCTLIX YHCEN-GIH3HENOB. :

Taxk Kak Pr,+1 ==6n-4-5, a n MoxKeT OBITh JIOOBIM HATYPAJIbHBIM YHCIOM,
TO TakHX Map YHCeNX P, Pk,+1 CYLULECTBYET GECKOHEUHO MHOro. 3aMeTHM,
O/IHAKO, YTO B TaKOH Nape py , P, +1 Py, MOXKeT OBITb OOMBUIUM YHCJAOM
U3 HEKOTOPOH Maphl MPOCTBIX UHCEJ-GJHBHENOB, a4 Pp +1 — MEHBLIAM UHCH
JIOM M3 HEKOTOpOH APYro#l napsl IPOCTHIX YHceJ-0/1M3HeloB; HANpHMep: A4
n=1 Pr, =7 ectb OoJbllee U3 Naphbl YHCe-0JM3HENOB b H 7, a Pr =11
eCTb MeHblllee H3 mapbl uncen-6susHenos 11 u 13; nag n=2 Pe, =13 ecTb
Gonbuee 13 nape 11 u 13, a pkn+1=17 €CTh MeHbllee W3 napo 17 u 19;
mia n=17 p, =103=6-1741 ecrp Ooapwee u3z maper 101 u 103, a
Pr,+1=107 ectb meHbliee u3 napu 107 u 109.

97. CorsacHo teopeMe [lupuxie o6 apuMeTHUeCKOH NIPOrPeCcCHH B MPO-
rpeccun 15247, rne k=1, 2, 3, . . ., conepxKurca OeCKOHEYHO MHOIO IIPO-
CTBIX ymces. Hu 0qHO M3 3THX YMCeJ He NPHHALJIEXKUT HH K OJLHOH mape npo-
CTHIX yucea-61u3Henos, Tak Kax (152+7)+2=3(5k+3) u (1584-7)—2=
=5(3k-}1) (mockonbky £>>0) — cocraBHbHe UHCAA.

98. Ecsin o711 HATypaJbHOI'O yHcaa N YUCAG n?—| ABJASAETCS Ipou3Beae-
HHEeM Tpex PasjHyHbIX NMPOCTBIX HHCE, TO, TaK Kak 22— =3, unci1o n f01K-
HO Guith >>2. C Apyrofl CTOPOHH, n JOJAKHO OLITE UETHBIM, TAK KakK HHAUe
o6a coMHOXKHTeJs NpaBoil yactn paseHcrsa n’—Il=(n—1) (n41) 6ok 60
YETHBIMH U 0Ka3aJoch 6bl, uto 22|n2—1, Ilpn stom uucna n—1 u n--1, Koro-
pele 06a >1 (rtak kKak n>>2), He MOTYT OBITb 0062 COCTaBHBIMH, HGO B 3TOM
clyuae 4ucao n?-—1 He sIBJseTCA NMPOH3BEAEHHEM TPeX PAa3HBIX NMPOCTHIX YH-
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ceqa. CinenoBarenbHo, OAHO M3 uHced n—!1 H a4l H0AXKHO OLITL NPOCTHIM,
Ipyroe e -— IpOU3BeJdeHHEM ABYX Pas/JH4HBIX INIpocThX yuced. as rn=4
umeeM n—1=3, n+1=5, 1. e. ycioBHe 3TO He BbINOJHsETCS. AHAJOrHUHO
g n=0, tax xak n—1=>5, n+1=7. Ina n==8 umeem n—I1=7, n--1=32,
Hagan=10 n—1=3% qnan=12 n—1=11,n+1=13. Jaga n=14 n—1=
=13, n4+1=3-5.

HauMeHbluee HATYpadbHOE UUCIO A, A8 KOToporo n2—1 gaBasercd npo-
H3BeJeHHEM TPeX PAa3JHUYHBIX NMPOCTHIX UHCE], ecTb YHCA0 n==14, I1jas KoTo-
poro n?2—1=3.5.13. Tax xak 16?*—1=3-5-17, To cienylomuM TaKUM UHC-
JoMm n gapigerca n=16. Tak xak 182—1=17-19, 202-—-1=19-21=3-7-19,
TO TPETBUM 0 MOPSAKY TAKUM uHcaoM # spiasercsa n=_20. 3arem umeem 222—
—1=3.7-23, u, 3HauUT, yeTBEPTOE HCKOMOE uucjao ecTb n=22. IlocTynasa
TaxuM 06pasoM jaJee, Jerko HallieM, 4To MsATOe HCKOMOE YUC/I0 eCTh 1=232,
Iast Koroporo n®—1=3-11-31. Urak, naTel0 HauMeHbIIUMH HCKOMBIMU YHC-
Jamu apJstiotes 14, 16, 20, 22 u 32,

pumeuvanue M3 oanoit runotess Hlunuens o npocTbiX 4ucaax CleiyeT, 4To TaKHX
quces n CYLLIGCTBYET 6eCKOHEUHO MHOI'0 H 4TO BOOGHle AJiss KaxXAoro HaTypaJbHOI'o YHCIA
§>>1 cymecTByer GeCKOHEUHO MHOI'O HATYPaJbHBIX YHCea n, M KOTopbix n’—Il asasercs

IpOU3BeJeHHEM S PA3JIMUHBIX MpPOCTHIX uuced. OueBHAHO, Miad s=2 uucaa n—I1 u a+1 pawor
TOFJia Mapy HPOCTHIX YHCE-GJH3HEIOB.

99, TIaTbl0 HaUMEHBIIHMHI HATYPaAJILHBIMI YUCAAMY 7, I/ KOTOPBIX YHC-
Ja0 n?4-1 siBaseTcss NPOU3BEEHHEM TpPeX Pa3jMuHBIX MNPOCTBIX COMHOXKHTE-
Jedl, apiaAoTca uncaa 13, 17, 21, 23 u 27. 3aech mut uMeem 132-4-1=2.5-17,
17241=2-5-29, 21241=2-13-17, 2324+1=2.5.53, 272+41=2.5-73, Jasn
n=112 umeem 1122-1=5-13-193.

Mpumeuvanue M3 ognoi runotess lllunnens o npocTeix uucaax CAeAYeT, 4TO AJs

Ka)XJIoro HATYpaJbHOIO YHC/Ja § CyulecTByeT GeCKOHEYHO MHOTO HATYPaJbHBIX YHCea 1, AJA
KOTOPHIX uHc/I0 n?+1 sBASeTCA NMPOH3BEXCHHEM § PA3JTHUHBIX NPOCTHIX YHCEJ.

100. a)* Tlpeamoso:kum, UTO Kaxk[A0e W3 TpeX HATYpaJbHbIX UYHUCeN 1,
n-1, n+2, rae n>7, HMeer TOJBLKO 1Mo OZHOMY npoctoMy geautento. Torga
HH OJIHO H3 3THX YMCEJ He JAeJIUTCS Ha 6, 1 MO3TOMY YHCJO A MOXKET GBITh TO/Ib-
Ko Buna 6k4-1, 62-+2 nau 6k4-3, rae k — HaTypaJbHOE UHCJIO.

Ecnu n=6k41, t0 uncso 6k+2, KaKk yeTHOe ¥ HUMEIOUIee TOABKO OAUH
NPOCTON AENNTeNb, JOJKHO OBITh BUAA 2™, e M — HATYpaJbHOE UHCIO >3
(Tak xak n>7 u, 3HauuT, 6R42=n-41>8). Yucro xe n+2==6k-}3, kak
Jefslleecd Ha 3 U MMemollee TOAbBKO OAHH NPOCTOM AEeJUTENb, TOMXKHO OLITh
BHAa 3%, Te S — HaTypaabHoe yHcao >2 (TakK KakK 6k+3=n+42>9). [lpn
3TOM AOJIXKHO BBINOAHSITbCA coorHomenke 3*—2m=1. Ho nocaennee ypas-
HEHWEe MMEeT B HaTypaJbHbIX YHCJAAX § U M1 TONBKO ABa pelleHHsd: S=1, m=
=1us=2, m=3 (cM. 3agauy 155). CrenoBaresnbHo, cayuail n==6k-}1 sB-
JISIETCSl HEBO3MOXKHBIM.

Ecin n=6k+2, To no/mxkHO GBITh: n+1=6k+3=235, r1e s=2, n-2=
=6k44=2™, re m>3, u 2»—3s=1. Ho ypasnenue 2m—35—=1 umeer B

71



HATYpaJbHbIX YHCJAAX M ¥ § TOABKO OJHO pelilenne: m=2, s=1 (cM. 3a1a-
uy 154). CnepoBatenbHo, H caydail n==6k-|-2 ABAs€TCS HEBO3MOKHBIM,

Haxonen, ecan n==06~k-+3, T0 X0JKHO 6bITh: n==23%, rjae =2, n-+1=2m,
rae m>>3, 1 2m—3%=1, 4T0 ONSTh HEBO3MOXKHO.

Taxum o6pa3oM, NpeIIoJOKeHHe, UTO AJsi HaTypPaJbHbIX A>>7 HH OX-
HO W3 yHcea n, n-+1 1 n-+42 He uMeeT ABYyX HJu Gojee Pa3/JIHYHBIX IPOCTHIX
genautejefl, IPABOAUT K NMPOTHBOPEUHIO, :

Ho nasa n=7 umeem n4+1=2% n+2=232 u, anauur, KaKaA0e U3 uyuCes
n, n+1, n+42 AMeeT TOJbLKO 1O OAHOMY NPOCTOMY HENHTEI.

6) Ecau k& — natypasbHoe uucio, To uncaa 6(6k-+1) u 6(6k+5) ume-
10T 110 KpaiiHell Mepe MO TPH NPOCTBHIX AeJNUTeNs, T. €. KpoMe 2 U 3, o Kpafi-
Hell mepe ellle MO OJHOMY HDOCTOMY JIeduTenio (Tak Kak ydcaa 6k+1>1
u 6k+5>>1 He geasitca HU Ha 2, Hu Ha 3). OGbeavnsia B OgHy HOCIEI0BA-

TeNpHOCTD ABe nporpeccuu 36k+4-6 n 36£+30 (k=1, 2, . . .) u nmpunucas
K ee Hauady uydcjao 30=2-3-5, nonyuum GeCKOHEUHYIO MOCAef0BATEIbHOCTD
30, 42, 66, 78, 102, . . ., 36k+6, 36k+30, . . ., rge pasgocTh ABYX mocie-

JOBaTeAbHBIX UNeHOB paBHA 12 uaw 24 u rhe KaXX/bi#l ¥3 YAeHOB HMeeT MO
KpafiHell Mepe TPH PA3AMUHBIX NPOCTHIX JeJHTES.

n=33 (n=3-11, n+1=2-17, n+42=5.7),

n=85 (n==5-17, n+1=2-43, n+4+2==3-29),

n=93 (n=3-31, n+1=2-47, n+42=5-19),

n=141 (n=3-47, n+1=2.71, n+42=11-13),

n=201 (n=3.67, n+1=2-101, n4+2=7-29),

He CYLIECTBYET UeThIpeX MOCACAOBATE/NbHBIX HATYpaJbHBIX HUCEJ, KaX-
0e U3 KOTOPHIX ABJAAJOCH OBl OpousBeAeHUEM ABYX PasAWUHBIX IIPOCTHLIX 4H-
ceJ, TaK KaK M3 UeTBhIpEeX MOoc/JeA0BaTEe/AbHbIX HAaTyPaJJbHBIX 4HCeJ OJHO BCET-
JAa JeJadTcda Ha 4, HpI/I‘MepOM YEThIpeX MnocaedoBaTe/IbHbIX HATypaJ/JbHbIX Yu-
ceJ, KaXJaoe H3 KOTODPBIX HMEET TOYHO JABa DAa3JHUYHBIX TNPOCTBIX ZeJNTeJs,
aBasiorTes uncgaa 33=3-11, 34=2-17, 356=5-7, 36=22.3% -

[MpuMeuaHHue Mpl He MOKEM [0Ka3aTb, UTO CYIECTBYeT GECKOHEUHO MHOTO HaTy-
pa/IbHBIX YMCEJ 71, AJSA KOTOPBIX KaXkK1oe M3 uHcea f, n+1, n+2 sBAsSeTC NPOM3BeJeHIeM

ABYX Pa3JIHUHBIX NPOCTBIX YHCEJN, YTO, OJHAKO, BhiTeKaeT U3 OAHOI rumoTessl Ulnnnens o npo-
cThix wucnax (em.: Acta Arithmetica, 4, 1958, ctp. 197, caeactsue Cr).

102. IlpeanosaoxuM, UTO CYLLeCTBYeT GECKOHEUHO MHOTO HATypaJbHBEIX
qpces f, AJs KOTOPHIX Kaxkioe H3 uucend u U n-1 HMeeT TOJIBKO OAMH IpO-
crofi menutenpb, Torpa, cuutas n>>1 W yyuTblBasl, YTO OJAHO H3 4YHCEJa 7 4
n-41 aBiasercs YeTHHIM, a JIPYroe — HEUeTHHIM, Mbl JJs HEKOTOPOTO Heyer-
HOro mpoctoro uucaa p Gynem uMerb ph—2m==1, rie k 1 m sBAsAOTCH Ha-
TYpaJdbHBIMH YHCJAaMH, OTKyza pF=2m41.

V3BecTHO, 4TO umcao MepcenHa =>1 He MOXKeT OBITb CTeNeHbIO HATY-

paJbHOrO yMcaa ¢ mokasarteaem >1 (cm.: W. Sierpinski. Teoria liczb,
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Czesc 11. Warszawa, 1950, cTp. 374, ynpaxueHnue 9); clenoBaTeNbHO, ec/u

pr=2m—1, 10 k=1, T. e. 2"—1=p ectb Npocroe unca0 MepceHua.
. Ecau xke pF=2m+1, 1o aubo k=1, u Torga p=2"+1 ectb mpocToe
yucno Pepma, aubo ke £>1, u torma 2n=pt—Il=(p—1) (p*1+4p*2+
+ ... +1), opuuem m>1, oTKyAa cjaeayer, uTO £ QOJNKHO OLITb YETHBIM
yucaoM, k=2[, rne ! — HaTypaJbHOe YHCJIO, U, 3HAYHT, 2= (p'—1) (p'+1).

Takum obpasom, yucaa p'—1 u p'41, orauuaromuecss Ha 2, DOJ/KHBI
obiTe cTenensaMu 2. [loatomy pl—1=2, p'4+1=4, caegosarenpno, p'=3, or-
Kkyna p=3, 2m=2.4==8, suauur, m=3, uro gaer 3?=2%-}-1.

Hrax, Mbl 10Ka3zanu, yTo ecayn Add n>>8 unucaa n 1 n-+1 UMEIT TOJAbKO
10 OJHOMY IPOCTOMY JEIUTeJ]I0, TO J160 7 ecTb npocrtoe uucio MepceHna,
a160 n+1 ecrs mpocroe uncao Pepma. Haobopor, ecain M,,=2m—1 ecrb
npocroe yucjo Mepcenna, 10 qucaa My, 1 M,—1==2" uMeIOT TOALKO HO OJ-
HOMY TIPOCTOMY AeJHTe o, ecin ke Fr=2%" 1 ectb npocroe unciao Pep-
Ma, TO Kaxaoe u3 umnced Fr—1=2" u F, uMeioT ToabKo 10 OJLHOMY TIpoC-
ToMy peauresio. OTCiOfa BHITEKaeT CIPABEIJHMBOCTb Hallel Teopemul, Cp.:
W.Sierpinski. Colloquium Mathematicum, 6, 1958, ctp. 209,

[Tpumeuanne. Iloka Mbl 3HaeM TONBKO 29 HATYpaJsbHBIX YHCeJ A, LA KOTODBIX 7
H n+1 HMeT 1o OQHOMY HPOCTOMY AejuTe 0. T1ATh HAMMEHBIIHX H3 HUX: yucaa n=2, 3,
4, 7, 8, nanboablilee xKe H3 HUX eCThb YHCjJo n==211213_],

103. Umeem 22—1=3, 2*—1=3.5 u 2%h—=(2k—1) (2*+1). Ecn 6u
st n=2k>>4 uncno 2?*—1 Gb10 6B Npon3BeAcHNEM ABYX MPOCTHIX YUCET,
To yncaa 2F—1 u 2841 nosKHe 6b1ad 661 ObIT MPOCThiMU. OQHAKO U3 TPeX
uncen 2P—1, 2k iy 2841 oxHo (u mpuTom He 2*) KpaTHO 3. A HOCKOJLKY NpH
k>2 00a unucaa 2*—1 n 2*41 npeBocxogdAT 3, To X0Td Obl OJHO U3 3THUX YH-
cen — coctaBHoe. MTak, aia n 4eTHBIX >4 uucaa 27— SABJASIOTCS NMpOoU3Be-
JeHHSIMH MO KpaiiHell Mepe Tpex HATYpaJbHBIX uhcea >1 1

s n deyeTHbIX HMeem 23—1=7,6 25— =31, 2"—1=127, 29—1=7X
X73, 211—1=23-89, 23— =8191 — npocroe uncno, 25—1=7-31-151; unc-
aa 2171 u 2'9—1, Kak U3BECTHO, SIBJASIOTCS NpocThiMu, 22'—1=72.127-337,
a 28—1 ectp yxe yncyao > 108, Takum o6pa3zom, MBI OGHAPYKUIH BCe 4HCAA
Bupa 21, rme n=1, 2, 3, . . ., koropele Menbie 10% u KoTOpBIE ABASAIOTCS
NPOU3BEIeHHSIME ABYX TPOCTHIX YHCE], a4 MUMeHHO uucaa 24—1=3.5, 2°—
—1=7-73 u 21'—1=23-89.

IIpumeuvanne. U3 yucen MepceHHa, OOAbLIMX MHIAJIMOHA, NPOH3BENEHHAMU HBYX
PA3JMUHBIX OPOCTHIX uhces siBAsOTCA uneaa M, =2"—1 pas n=23, 37, 49, 67 u 101. Mul He
3HaeM. FRISETCSH JIH MHOMKECTBO TAKHX YHCeJ KOHEYHbIM HJM CEeCKOHEUHEIM.

104. Tax xak k=3, To pipz . . . pp=p1peps=2-3-5>6, u mnosro-
My, corjiacHo 3apmaue 50, pips . . . pr=a-b, rxe uucna a u b oba >1,

! TIpuBeAeHHOe pacCyKAeHHe NPHHALIEKUT nepeBofuuKky. — I[Tpum. ped.
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B3aHMHO IIPOCTHI M, CJI€0BATE/IbHO, B3AHMHO NPOCTHl TAKXKE C HX CYMMOH
Py P2 . . . pr. HHCTa @ M b UMEIOT pasnuuHble TpocTHe JeJUTEH; nycTh pla,
g|b n npeanonoxum, uro p<<g. Tax Kax (p, pyps . . . pr) =1, TO P=Prs1,
OTKYJla, YUMTBIBasl, 4TO g >>p, HMEEM ¢=pPp+s. CJenoBaTeqbHO, TaK Kak
p+q<a+b, TO ph+1+pk+2<p1pz <o+ Pry 4. H T. O.

105. [TycTs m — nPOU3BOBHOE HATYpaJbHOE YHMCIO >3 U A — HATY-
pasbHOE UNC/I10, TAKOE, YTO 1>>P; Py . . . Pm. CyNIECTBYET HaTypasbHOE YHC-
a0 kz=m>=4, Takoe, 4to

Pipe . . PRSA<<PiP2 ... PrPrer (1)

Ecan 6u1 ObI0 Gy == Pryy+ 1 > pryy, TO O ONPEOEISHUIO YUCAA §n KAK-
o€ U3 YUCeTd Py, Pa, . . . , Pret OBLIO OBl jeuTeJeM uHCIA f, OTKyAa
RZ=pip2 . . . PrPr+ty, YTO mporTHBOpeudt (1). TakuMm o06pasoMm, ¢n<<prii+
+ 1 <<pr+prys, 8 TAK KaK 2224, T0o cornacHo 3agaue 104 gn<<pip2 . . . Pr—s

1 .t 1
orKyna B cury (1) noayuaem —%f’— < o <F <E . Hrak, mur nokazasu, uto

upu a000M HaTypadbHOM mM>3 Aad n>>pips . . . Pm »Zli <-712—, OTKYyZa

dn

Ciaeayer, 4TO OTHOLICHKE e CTPEMHUTCA K HYJIIO, KOT A 71 HEOrpannyueHHo BO3-

pacraer.

106. Ilycte n — HatypanbHOe uncao > 4. Toraa qméo n=2k, rae k—
HaTypaJbHOe ydcjao =2, aubo n=2k+1, raie k— HaTypaJbHOe UHCIO > 1.
Ecnn n=2k, k>2, 10 cormacHo teopeme UelbimieBa CyllecTByer mpocroe
HCN0 p, TAKOE, uTo k< p<C 2k, IpHueM Tak Kak p>k>2, To p>=>2. Orcoaa
n=2k<<2p<C4k=2n u, TaK Kak p>2, 2p ABJAAETCS NPOHU3BEICHHEM HABYX
Pa3JHYHBIX INPOCTHIX YHCeN MU NPHTOM n< 2p< 2n. Ecaum xe n==2k+1,
£>==2, To cornacuo TeopeMe UelspllIeBa CymecTByeT NPOCTOS YHCIO P, TAKOE,
yTo R<<p<<2k, oTkyna 3<Th+1<<p<<2k u n=2°+1<<2R+2<C2p<4h<C
<4k +2=2n; crenoBareJbHO, CHOBa n<2p< 2n U 2p sBJjsieTcs NPOU3BeJe-
HHEM JBYX Pa3JIHYHBIX IPOCTHIX UHCEJ.

[lycrs Temeps n o3Hayaer HaTypaabHoe yucno >15. Ecmn n=16,
17, ... ,29, 1o mexay n u 2n cogepxutcs yncso 30=2-3-5. Taxum obpa-
30M, Jajiee Mbl MOKeM mpeanosarath, uto n#>=30. Mrak, umeem n==6k-+r,
rae k — HatypaJbHOE YHCJIO =5, r e eCcTh OCTATOK OT AeJeHHA 7 Ha B, Tak
uro 0=Cr<Ch. CornacHo teopeme Uebolmea CYIIECTBYET NPOCTOE UUCIO
p, Takoe, uto k< p<C2k; caegomatenbno, p>b, u k+1<Cp<C2k, orkyna
n=06k4r<<6(k4+1)=<<2-3-p<<12k<<2n, tax uto n<<2-3-p<<2n u 2-3.p
ecTb NPOU3BE/leHHe TPEX PA3JHUHBIX MPOCTHIX YHCEJ.

107. Tlyctb pp, — k-€ Mo NOPSIAKY MPOCTOE YHCAO, S — JaHHOE HaTypalb-
Hee yHucao >>1, n-—HaTypajbHOoe 4YHCAO >p; P . . . Ps. JLOKAKEM, 4TO
MeXIy £ U 2n CORepXHUTCS Mo KpafHeil Mepe OIHO YHCJIO, ABJSIOUIEECS IPO-
H3BeJeHHEeM S Pas3JIHUHBIX IPOCTHIX UHCE,
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HyCTb n=~Rpipy . . . Ps—1-+r, TOe r— OCTATOK OT JEJeHUd uucjaa 1 Ha
PiP2 . . . Ps—1. 3Iechb B>ps (TaK Kak n>pipz . . . ps) U O<<r<<pypsz . . -
. . ps—1. CornachHo reopeme YeOnimena cymeCTByeT TIPOCTOE YHCJIO p, TAKOe,
410 k<p<2k OTKyJa p=>ps U B+ 1<"p<<2k, otkyma n=pp, . Ps—1R+
Fr<pipr -« . Pooi(BH1)<pips . . . peap<2pipz . . . Ps-1k<<2n, TaK uTO
n<<pips . . . ps_l p<<2n, mpuueM TaK KaK p>=>ps TO p1p2 . . . Ps—4 p ABAA-
€1CH TMPOH3BEIEHHEM S PA3JHYHAIX MPOCTHIX UHCEJ.
108. Jlerko nNpoBepHTh, UTO A-BIM YJIEHOM Hallell MOCAef0BATEIbHOCTH 18-

JARETCT  YHCJI0 —%—(10"—7). Hmeem 102=15=—2 (mod 17), orkyjaa

108=16=—1 (mod 17) wu, snauyur, 10°=—10=7 (mod 17), a Tak kak
106=1 (mod 17), to 10¥*+9=7 (mod 17) aas £=0, 1, 2, . . ., cnenosa-

TEJILHO, 17]—:15—(1016’*+9—7). Orcioga sakjouaeM, 4YTO 4HCJIA %—(101‘3“9——7)

ana k=0, 1, 2, . . . ABASIOTCS COCTABHBHIMH (TAK KaK BCE OHH == 3 (10°—
—7)>17). MOHKOBCKUH NpH NOMOIIU TaOJULBLI NPOCTEIX YHCEJ YCTAHOBUJ,
YTO YHcaa —3—(10"—7) g n=1, 2, 3,4, 5,6, 7 u 8 ABASIOTCH NPOCTEIMU.

Taxum 06pa3oM, HaUMEHBLIMM COCTABHLBIM YHCJIOM YKA3aHHOIO BHAA fABAfA-
!
ercst yncao— (10°—7) =333 333331

Hanpamupaercs Bonpoc, CyUiecTBYIOT AU ApYyrue COCTABHEIE YHCjaa yKa-
3aHHOTO BHJA, KpOMe TeX, KOTopble Mbl Hauuid. Mcxoms H3 cpaBHeHHS
104=5 (mod 19), noayuum 10*=25=6 (mod 19) u 102=63=7 (mod 19),

a Tak kak 10% =1 (mod 19) mna k=0, 1,2, ..., 10 lgl_;_(1018k+12_7)

g k=0,1,2, ..., TakuM o6pa3oM, HaAIPUMEP, UUCIO %(1012—7) 1BJIS-

eTCsi COCTABHBIM,

Heu3pecTHO, CYUIECTBYIOT JU APYTrUe NPOCTHIE YUCIa PacCMaTPHBAEMOro
BHJa, KPOMEe TeX, KOTOphle ObLIM yKa3aHbl BhIIIE, H HMeeTcsl JH UX 0ecko-
HEYHO MHOTO.

109. UckoMmoe uncao A==5, Tak KaK uuchaa 144-2:=17, 2:434=97,
344-44=337 u 4*+54t=_38E1 sABJSIOTCA OPOCTHIMH, a b4+64=1921-=17-113.

110. TakoBbl, HampuMep, Bce ynucaa 10%+44-3 rpe k=0, 1, 2, . . . , TaK
K&K Bce OHH KpaTHul 7. JleHCTBUTEIbHO, NETKO NPOBEpUTH, uto 104=4 (mod
7), a Tak Kak 1o mMaJjof reopeMe ®Pepma 108=1 (mod 7), To (a1s HaTypaIb-
HbiX &) 108+44+3=10*+3=443=0 (mod 7). 4

[T pumeuasnue Heuspecrno, cymectsyer an cpeau uucen 10°43 (rge n=1,2, .. .)

6eCKOHEUHO MHOTO NpocThiX. [IpocThHIMY SIBAAIOTCA 3TH Yucaa s n=1 u n=2, Ho npu n=3
u n=4 ouH cocTtaBHble (TaK kKak 1003=17-59 u 7]|10%+3).

111. M3 ToxaecTBa (Ans HATypaJbHLIX 1)
24n+2+ 1 — (22n+1_2n+1+ 1) (22n+1+2n+1+ 1), (1)
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3eMeuaHnsi, yto 5[22+41|2in+241 u uro AMA HATYPAJBHBIX n>] HMeeM
2mmH__gn+lp | =2t (2n—1) 4122834+ 1=25, cjaedyeT, 4TOo 10O KpaiHe#
Mepe OAMH U3 COMHOMXKMTeJAeH MpaBofl yacrtd paseHcTBa (1) nmenwrtes Ha 5 o
npH Aenennd Ha 5 (B ciyvae n>>1) gaer uacruoe, 6oabiuee efuHunsl. OTCIO-

i
A4 CAENyeT, 4TO ‘{HCJIO—S—(24"+2+ 1) pas n=2, 3, . . . ABJAgeTCA NpOU3BEL-
HHEM JBYX HAaTypaJbHBIX 4Hceaq >>1 M, 3HAUUT, eCTb UHCJIO COCTABHOE.
Cp.: Matematyka, 1957, No 3 (47), crp. 49, 3amaua 501, u tam xe:

1958, Ne 4—6 (54), crp. 72—73.
112. IlycTs m — npou3BoJbHOE HATypaJbHOE uHcA0 >>1 u MmycTh

=ml+k rae k=2, 3, ..., m Tak Kak 3aece k<<m!+k u k|m!+&, 10
Qb < 2mith ] g 2k—1|2mtk—] W, 3uaynr, uncaa 2™tk —1 Gynyr co-
CTaBHbBIMH as k=2, 3, ..., m. TahHM o6pa3oM, Mbl HMeeM OTpPEe30K MO-

caenoBateabHocTd 27—1, cocrodiuii U3 Mm—1 COCTABHBIX UHCE.

113. Bosbpmem, Hanpumep, uucao 200. YToGwl NOJYYHTb U3 HETO NMPOCTOE
uHCJI0, HeOOXOAMMO B HeM U3MEHHThb NOCJAefHIow LHQpPY Ha HeuerHywlo. Ho
31201, 71203, 5]205, 3{207 u 11]209, Taxum o6pa3oM, N3MeHeHHEM TOJNbKO
onHoll nudpbl u3 uncaa 200 HeAb3A MOJAYUYHTH MPOCTOE YHCJIO,

ITpumeuanne HeussecTHo, MOMHO JIM MOAYYHTh NPOCTOE YHCJAO H3 KAMAOTO HATY-
pPaJbHOro 4icaa NOCPeACTBOM H3MEHeHHst ABYX cro Uudp.

3aT0 JIeTKO [0Ka3aTh, UTO CYIIECTBYyeT OECKOHEYHO MHOI'O HATypasbHbIX
wuces 1, TAKUX, YTO U3MEHEHUeM OfHOA (kakoii-1ubo) uudpul uucaa n (3anu-
CAHHOTO B JECATHYHOH CHCTEMe CUHCJIEHHS) HeJb3s IMOJYUHTh M3 HEro Ipo-
croe yucao. Takossl, Hanpumep, uncia 1=2310k—210, rae k=1, 2, 3, . . .,
TAK KaK B 3TOM C¢Jyuae HYXKHO Oblyio OBl M3MEHHTDb NMOCIEAHION LHPPY HHT-
qaa n (T. e, HyJb), OUYEBHAHO, Ha OfHY M3 IUdp: 1, 3, 7 uaH 9; npu 3T0M, KaK
qerko nposepute, 11|n+1, 3|n+3, 7|n+7, 3|n+9 u, Takum obpasom, IpH
H3MEHEHHH OJHON HH(PEI YHCIa 7 MBI BCerja MoJyyaeM COCTaBHOE YHCJIO.

114. Tlpeanoaosxum, uro Teopema Y cupasemauBa. Teopema T, odeBwu/I-
HO, cnpaBeAanuBa aas n=2 U n=23, Mrtak, npeanosoXuM, 4To n ecTb HaTy-
paJsbHOe yucjio >3. Ecau n — veTHoe uHea0, n==2k, TO, TaK KaK n>>3, UMe-
eM k£>1 u cornacHo teopeme Y CymiecTByer MpOCTO€ UHCJO p, TAKOE€, UTO
k<<p<C2k, oTkyna p<<n<2p W, 3HAYUT, p ABAAETCH AENHTENEM TOJILKO Of-
HOrO COMHOXKHTeENs1 p NpoM3BedeHus nl=1-2. . .. -n.

Ecan xe n=2k+1, rae k—narypajibnoe yncao >1 (tax kak n>3),
TG cornacHo Teopeme Y cylecTBYeT NMPOCTOE YMCJO P, TaKoe, 4To R<p<T
<Z2k<In, otkyna k+ 1<{p; caegoBateabho, 2k+1<C2p u p<<n<<2p H, KaK
H BhILlE, 3aK/JIOYaEM, YTO p BXOJZHUT B PasjoxkKeHHe uHucaa nl Ha NpoOCTBlE CO-
MHOXKHTENH ¢ NoKasaTeaeM 1. Takum o6pasom, Mbl A0KasajH, uTo U3 Teope-
Mbt Y BHITekaeT Teopema T.

Ipennonoxum Tenepb, uto Teopema I cuOpaBelaHBa H MycTh 7 — HATY-
panpHoe umcao >1. CorsacHo TeopeMme I’ CYIeCTBYeT INPOCTOE YHCIO P,
BXOAsIlee B Pas/oxKeHHe uucia (2n)! Ha mpOCTLIE COMHOMKHTENIH ¢ MOKa3sa-
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reneM 1. Mrak, umeem p<2n<C2p (tak Kak ecau 6bl 6bI0 2p<I2n, TO B
rpoussenenne (2n)!=1-2. ... -(2n—1)-2n BXOAMIH OBl COMHOXHUTENH p
W 2p H, CI€0BATeIbHO, YHCJAO p BXOAHJO Obl B Pa3/OxKeHHe 3TOTO NIPOH3Be-
LeHHS Ha NPOCTHIE COMHOXKHTEJH C IOKasaTeqeM ==2 Bompeku teopeme 7).
Orciona n<p<Z2n. Taxum o6pasoM, us teopeMbl I BHITeKaeT Teopema 4.
Teopembl ¥ u T paBHOCHJbBHLL

115. B pasnaoxkenuu uncaa 11! Ha npocTble COMHOXHTEAN uncaa 7 U 11,
O4EeBHJIHO, COAEPKaTcA B nepBux crenendax. ClenoBaTenbHO, fajiee Ml MO-
JKEM Ipeanogaarars, 4To n>>11, TaK 4To, KaK B clyuyae n=2R, TaKk H B cjyuae
n=2k-1, Oyner k>>5 1, 3HAUUT, COrJACHO Teopeme, CPOPMYJIHPOBAHHON B
YCJAOBHH 3aJauM, CYIeCTBYIOT ABa DPAa3JHUHBIX TPOCTHIX Yucaa p u g=>p,
TaKHe, UTO R<Ip<Cq<<2k. OTCiofa B KaXJIOM CjJydae HUMeeM p<lg<In |
p=k-+1 1, 3HauuT, B KaXKAOM cjaydyae 2¢>>2p>>n, Ha OCHOBAHHH Yero 3a-
KJilouaemM, YTO Kak NpocToe YHCI0 P, TAK H NPOCTOE UUCIO ¢ BXOIHUT B PasJfo-
ACHUE yucaa 7! Ha NPOCThIE COMHOXKHUTENHU C NOKasareaeM .

UTto ke Kacaercs uncaa 10!, To B ero pasJjioxeHHe Ha NPOCTble COMHO-
KUTENU BXOJHUT C IIoKa3aTeaeM | TOJbKO MPOCTOE YHUCIO 7.

116. IlycTb n — naHHOe HaTypasbHOEe uncyao. CorgacHo Teopeme [IHpHX-
jge 00 apudMeTHuecKOH NPOrpeccHH CYLIECTBYeT MPOCTOE YHCJI0 BHJA
p=61k+2-32""" 1 rpe k —marypaabHoe uncao. Orciofa (Tak Kak 27—1>>n
1A HaTypanabHbiX n) 3*|p+1 u unciao p+1 umeer Gosee yeM 7 Pa3IUYHBIX
HAaTypaJbHbLIX Aeautenelt {Hanpumep, uucaa 1, 3, 3%, ..., 3*). CorgacuHo
ke reopeme Jisiepa HMeeM 392" =1 (mod 27), orkyna 27|3%"7" —1 u,
3Haunt, 2*|p—I1 u uncao p—1 umeer Gosee ueM 1 Pa3JIUYHBIX HATYPaJbHBIX
neaurenell (Hampuwmep, uneaa 1, 2, 22, . . ., 2%),

117 *. Ilycte n — paHHOe HATypaJ/bHOE UYUCHAO, & p; — i-€ MO TOPSALKY
npocroe uncao. Ha ocHOBaHUM KHTaHCKOA TeopeMhbl 00 OCTATKAX CYIIECTBYET

HATYpaJbHOe uHcao b, Takoe, uto b=1 {(mod pips . . . pn), b=-—1 (mod
Pn+tPat2 - . . ,Dzn) u b=-—-2 (mod Pont+1 Pontz - . . psn) Tak xak
(b, pap2 . . . psn) =1, T0 cornacHo TeopeMe [Iupuxje CyllecTBYeT HATYpa/b-
HOE YHCAO R, Takoe, UTO YHCAO Pp=piPs . . . Pspk-+b siBASIETCA NPOCTHIM.
B rakom cayuae p;|b—1 mas i=I1, 2, ..., n; caeposaTenbHo, p;|p—I
s i=1,2, ..., nupi|b+l aasi=ntl, n+2, . .., 21, otxyna p;|p+
+1 gna i=n-+1, n+2, . . ., 2n u aHajgoruyHo p;|p+2 maa i=2n-t1,
2n+-2, . . ., 3n. Takum o6pa3om, Kaxjaoe u3z yucea p—I, p+1 u p+2 ume-

€T 110 MeHbIlell Mepe 1 PasJHYHBIX NPOCTHIX AeJuTeNes.

118. Ecau npu HaTypaabHOM M uucjao m! NEJHTCA HA HPOCTOE YHCJIO P,
TO p NOJIKHO OBITH AEJHTENeM N0 KpafiHell Mepe OQHOro W3 COMHOMKHTeNel
npousBeleHua m!=1.2. . . . .m u, 3Haunt, p<m. [Toaromy ecau uucao m!
JHEJUTCA Ha HATypaJbHOe YHUCJIO0 @M, TO @ JOJXKHO ObITh COCTAaBHBIM UHC-
sioM. Takum oOpasom, ecau Obl mpH HartypastbHOM n>1 unciao (n—1)! ge-
Jinjaoch Obl Ha 7 WM Ha A-+2, TO YHCJA0 7 UAH n+2 Oblo Obl COCTaBHBIM.
CanepoBaTenbHo, yCeJOBHe 3a[a4u SIBJAsIeTCS] HEOOXOMHMBIM,
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TlpeanosoxuM Tenepp, 4TO A/ AAHHOTO HEYETHOrO uHcaa n>1 uyueso
(n—1)! ye genaurcst HU Ha N, HH HA N+ 2,

JlokaxeM, yto yucaa n H n+2 6yAyT UPOCTHIMH., 3Jech A0CTATOYHO
NPEANONOXKUTb, 4TO N>=7, TaK Kak Aad n=3 U aaa n==5 unucaa n U n+2
o6a ABAsOTCA NPOCTHIMH, Ecan 6bl 7 6bL10 COCTABHBIM YHCJAOM, OBLIO ObI
a==ab, rge a H b — HarypanbHble uHcaa <7 U, 3HAYUT, a<<h—1 u b<<n—1,
T. € yucia @ 1 b Obuiv OBl COMHOXMHTENsIMM TpousBeaenus 1.-2. ... X
X (n—1)=(n—1)!. Orciona B cayyae as=b Mbl uMmenn 6bl n=ab|(n—1)!,
4TO NMPOTHBOPEYHT NpPEeANONONKeHHI0, B cayvae a=b O6bl10 6b n=a% u Tax
KaK 1 — HedeTHOe yucao >1, 10 a=3, caenosaTtenbio, n=a%22>3a>2a, ot1-
kyna 2a<<n—I1. Takum ofpasom, YHca @ U 2a ABJASIOTCA Pas/HYHBLIMH
COMHOXKHTENAMH  npoussBeieHus (n—I1)!=1.2. ... :(n—1), oTKyZa
n=a*| (n—1)! Bonpekn npeanosoxennio. Mrax, 4ucio n npocroe.

Ecau 661 uncso 742 6610 cocTaBHBIM, Obl10 Obl n+2==ab, rne a U b —

HaTypaabHble 4HMcaa =1 M BBUAY HEUYETHOCTH YHCJA # HEYeTHhe, caefoBa-
TeNbHO, =3, OTKYyHAAa, TaK Kax n>=7, a<g n;—2 < fg—l

Urax, 2a<tn—1; nonobunim ke obpaszom Halizem, uto 2b<<n—1\. Ecan
a u b— pasnuunble YUCAA, TO OHH SBJSIOTCS PA3JUYHLIMH COMHOXKHTEISIMH
npouspefenusa 1-2. ., .. . (n—I1)==(n—1)!, OTKyna BOIpPEKH NpeINOJIOKE-
auo n+2=ab|(n—1)!. Eciu ke a=>H, 10 a u 2b SBAAOTCA PASJIUYHBIMH
COMHOXKHTENSIMH Npou3BefeHus (n—1)!, oTkyJa cHOBa BOHpPEKH HpeanoJio-
xKenvo n+2|2ab} (n—1)1.

Takum 00pa3oM, ycjOBHE 3a1a4H BJASETCH NOCTATOUHLIM.

119. Ilyctb m — nauHOe HaTypanabHOe uucsao, Tak kak (10m, 10m—1) =
=1, To Ha OCHOBaHuH TeopeMmbl upuxie 06 apudMeTHUECKOH MPOrPeCCHH
CyllecTByeT Takoe HaTypaJbHOe YHCJAO R, uTo uuciao p=—10mk+10m—1 ecTh
npocTtoe uucao. Tak Kak Bce m mocjefHUX nudp uucaa p, OUEBHUIHO, pPab-
ik 9, TO OTCI0AA CeAyeT, UTO CyMMa Bcex nugp uucaa p Gogblie m,

MIpumeuyanue. A. MOHKOBCKHI 3aMeTHJ, YTO TeOpeMa OCTAETCH CHPaBEUIHBOH B
J06oi cHeTeMe CYHCAeHHs ¢ HATYPAJAbHBIM OCHOBaHHEM §>>1; uto6bl yOeRMTbCS B 3TOM, LO-
CTATOUHO B URJIOKEHHOM Bbille N0Ka3aTeJblTBE 3aMEHUTL YHCAO 10 uucnom qg.

Cp. W. Sierpifiski. Sur la somme des chiffres des nombres premiers, Rendiconti
del Cireolo Matematico di Palermo, ser. II, Tom X, 1961; P. Erd 6s. On a problem of

Sierpifiski, Atti Acad. Nacionale dei Lincei, vol. 33, 1962, cTp. 122—124.
Mur me 3HaeM, BO3pacTaeTr Jiu HEOTpaHMueHHO cyMMa UH(p NPOCTOro uyucia BMecTe €

CAMHM YHCJIOM.

120. Ilycth m — nanHoe HaTypajbHoe uucqo, Tax xax (10mH, 1)=1,
TO Ha OCHOBaHHH TeopeMbl Jupuxje o6 apudpMeTHUCCKOH NPOrpeccHy cyie-
CTBYeT HaTypaJ/bHOEe YHCJIO R, TakKoe, yTo 4ucao p==10mHk-+1 npocroe. I1o-
caefHuMu m-1 Hupamu yUCaa p, KAK JerKo 3aMETHTbh, ABJAIOTCHA M HyJeH
¥ Ha XOHIle ennnuna. Takum 00pasoM, B 3anHCH IPOCTOrO YHC/IA p B AECATHY
HOH CHCTeMe CYHCIEHHs HMeeTCsi o KpaliHelt Mepe m HyJ&ell, 4. 4 T. 1.

Cp.: Matematyka, Ne 3 (73), crp. 130.
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Tipumeuvanne HenssecTro, cyimecTByeT JH AJAS KAXKAOTO HATYPaJBHOrO Yucia m
TaKoe MpPOCTOe YHCJIO, 3aHCh KOTOPOrO B AECHTHUHON CHCTEME CYHMCJIEHHSI HMEET B TOUYHOCTH
m uyaei, g m=1 HaMMeHbIIHM TaKHM TNPOCTHIM dHciAoM siBagercs 101, gas m=2 Tako-
BbIM sBagercs 1009.

121. Ecau p ecTb npoOCTOE YHCJIO, TO CyMMa BCeX HaTypaJbHBIX AeJHTE-
Jgei gHcaa p* ectb L+ p+p24-pi+4ph Ecnu 1 +p+p2+p3+pt=n? rie n —
HaTypaJsHOe YUCAO, TO, KaK JAErkKo MPOBEPHUTDb, BHIIOJNHSAIOTCS HEpaBeHCTBA

(2p%+p)2<< (2n)2<(2p2+p+2)2,

M3 KOTOPHIX BhITeKaeT, uto (2n)2= (2p2+p+1)2, 1. . 4n2=4pt+4-4p34-5p2+
+2p+1, a TaK Kak 4n2=4(p*+pd+p:+p+1), T0 DOMKHO OBITH P>—2p—
—3==0, orkyza p|3; caenosarenpHo, p=3. IleACTBUTEIbHO, AJIA p==3
umeeMm 1-+343243+34=112, Taxum 06pazoM, CyUECTBYET TONABKO OJHO
IPOCTOE UMCA0 p=23, YIOBJETBOPAIOIEE YCJIOBHIO 3a4ayH.

Cp.: Matematyka, 1958, Ne 3 (53), cTp. 55, 3agaua 482,

122. [Ipocroe yHCO p UMeEET TOJBKO ABA HATYPAJbHEIX jejautensi: 1 u p.
CireoBaTenbHO, €CJM CyMMa BCeX HATYPaJbHBIX JeJHTeNell MpocToro 4ucia
P €CTb §-f CTeneHb HATYPAaJbHOTO UHCAA 71, TO 1+ p=n%, oTKyla p=ns—1==
=(n—1) (n*14+ns—=2+ ... +1). 3necb n>>1 u AAg s==2 nepBuil COMHO-
JKHTeJb NPaBOi YacTH NOCJeJHEr0 paBeHCTBA MEHBILE, yeM BTOPOH COMHO-
XKuTenb, TakuM o6pasoM, 3[ech MBI UMEEM pa3JjioKeHHe TPOCTOrO YHcaa p
Ha NPOHM3BeJEHHe JBYX HATYPaJbHBIX COMHOMHTEJEH, MepBhIl M3 KOTODHIX
MeHblIlle BTOPOrO.

Orciona ciaenyer, uro NepBLIM COMHOXKHUTENEM sBasercs 1, 1. e. n—1=1;
clefoBaTeNbHo, n==2 1 p=25—1. Takum o6pa3om, Ajas KaKAOTO HATypa/b-
HOro $>=2 cylIecTByeT He 6osiee yeM OJHO MPOCTOE YHCJIO, YAOBJETROPSIOIIEe
YCOBHIO 33/laYH, B TaKOe UHCAO CYHIeCTBYeT TOTAA W TOJbKO TOTAA, KOULa
ypcao 25—1 apgasercsa npocteiM. Has s=2 sto 6yger unuciao 3, gas §=3 —
yAcao 7, A §=—>5 — uncyo 31, maag s=7 — uncyao 127, a qna s=4, 6, 8 u
10 Takux UpPOCTBHIX UWCeN] HeT, TaK Kak udcqaa 24—1=3.5, 26—1=32.7,
28—1=3.5.17, 210—1=3-11-3] aBAA0OTCH COCTABHBIMH,

123. s mpocTeIX uHcesn p=>b nMeeM:

—1

2<<

OTKyZa

(p—1)2=2- 2L (p—1) | (p—1)!.

Honyctum, 4To /IS NPOCTOTO YHCaa p=>5 NPH HEKOTOPOM HATYPaJbHOM
M HMeeT MeCTO PaBEHCTBO
(p—D) !+ 1=pm; (1)

TOornaa ‘
(p—1)2lpm—1,
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OTKyna, pa3fenus oba yucaa Ha p—I1, HalineM, uro

p~1|pm—i+pm*2+‘. .. +p+L 2)
Ho p—1|p*—1; caenoBatenvHo, pt=1 (mod p—1) mas k=0, I,
2, ... ,orkyna pmi4pm2+ . .. 4p+1=m (mod p—1). Teneps B cuny

(2) PIMeeM p—1|m, otkyra m=p—1; ciegpoBartejbHO,
pr=pri> (p—1) P> (p—1) ),

oTkyna pm>(p—1)141, uyto npoTHBOpeuUT HalleMy npeanoJsoxeHuio (1).

124. CoraacHo teopeMe JluyBuaas (cm. zapauy 123), ecan p — npocroe
QHCJI0 >, TO MPH HATYPAJbHOM 1 HEBO3MOXKHO paBeHCTBO (p—I1)!1+1=p™
Heuernoe uncio (p—1)!4+1>1 u, sHauuT, uMeeT MPOCTOll HeUeTHBIH MHeJHU-
Tesb ¢5=p. Y3 coordoutenus g| (p—1)!+1 caenyer, uro ¢=>p—1 u nostomy
(rak kak g==p) g>>p. Tenepp, yuuTeBas, UTO p MOKET OBITH NPOU3BOABHO
GOJBIIMM NPOCTHIM UYHCJAOM, Mbl MOXKEM 3aKJIOYHTb, UTO MPOCTBIX YHCET (g,
JJ KOTOPHIX Npu Hekoropom p<<g ¢|(p—I1)!141, cymecTByer GecKoHEUHO
MHOT0.

125 *, TlpuBegem szaecy gokasarenbctso A. nnmens.

Ilycts @ — npou3Bo/IbHOE HATypaJbHOE 4HCIAO, kB — meaoe uucao z=1.
MNycts k—1=2%h, rge 2* ectb HauBhHICIIASA CTENEHb ABOMKH, mensmas k—I,
U A — HeueTHOe YHCJIO, NOJIOXKHTEAbHOE MM OTpHIATesbHOe. BriGepem Ha-

m
TypajsbHOe 4HCAO # TAK, 4YTOOWl BHIIOJHAJIOCh HEpaBeHCTBO 22 >a—~R, U
nycth [ — HaTypaJdbHOe 4HCI0, TAKoe, uT0 [Z=s W (Z=m. Ecau 6o uncno

2y ps " L r~a 6 6 ;
= BIJIO COCTaBHBIM, TO MBI UM€EJIH OBl COCTABHOE YHCJO 34

1
naHHOro BHAa >>a. Wrak, mpeamonoxum, yTe uHcao p=2% +k sgBasercs
npocteiM. Tak kak [>=s u k—1=2%h, 10 p—1=2%" h-—1=2%h,, T7ic Ay
ecTb HeueTHoe yuciao >0 .

Ha ocnoBannu teopemnl Ditepa 29" =1 (mod %) u, 3Hauut (TaK Kak
p—1=23ky), 25+9h)=2s (mod p—1), orkyna, yuuTeBas, uyto />=s, noayia-
em 2i+et) =2 (mod p—1).

Janee, Ha ocHOBaHHHM MaJiofi Teopembl DPepma

g2ito) 4 p=92' 4 k=0 (mod p)
U Tak Kak 2He) =91 1o 28T L~ 02t 4 b py y ypeno 22777 1k ectn

cocTaBHOe @, tak Kak p=22' +k>22"4k>aq.

Teopema norazaHa, AHAJIOTHYHYIO TeopeMy OJs1 k=1 MEl He B COCTOf-
HHUM I0Ka3aTh, TAK YTO MLl He 3HAEM, CYHIECTBYET Jii GECKOHEUHO MHOTO CO-
cTaBHBIX uncesa Pepma.

3ameTuM 3Jecb, UTO NpeasoxKenue, Goaee cnaboe, ueM AOKa3aHHOE Bbi-
mle, a HMEHHO, YTO JJ/s Ka)KJOro Leaoro yucja k cyulecTByeT N0 KpaiiHed
Mepe OfHO HATypaJbHOe UMCJIO 7, TAKOE, uTo uucao 2% -k saBjserca cocras-
BEIM, Obisio yeranoBaeso B 1943 r, M. Pefinepom kak uactaeft cayuaft ognoit
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JOBOJBHO CJOKHOH TeopeMmbl (cM.: American Mathematical Monthl, 50,
crp. 619—621). Urobul 3To cnaboe npeanoxkeHue MOJYYHTh M3 HaIlero, jo-

bJ
CTATOYHO (AJsg £=1) 3aMeTHTB, UTO YHCJIO 2% 1 sBasieTca COCTaBHBIM, je-
JaamumMcs Ha 641.
126. TakoBel, HanpuMmep, Bce uucaa k=6¢—1, rge f=1, 2, . . ., Tax

KaK [JIs1 KaXK/0T0 HATypaJbHOTO YKucaa n uucao 2°° npH festeHud HA 3 faer

B OCTaTKe 1; ClefOBATENbHO, uncio 2% +k=2" —146f, Oyaiyuu KpaTHHIM
3 u >3, aBagercsa COCTaBHBIM,

127. a) Tlpu HarypaabHOM n 4ucao 227—] geauTcs Ha 3, MO3TOMY UHC-
Jo 22nH-—2=2(2?"—1) genurcs Ha 6 H, 3HAUUT, 2"H=6k+2, rae & —Ha-
TypanbHoe umcao, Otciopa 22 +3=(26)k-22+3522—!—350 (mod 7),
1ak wro 7[22""" 43 jpas n=1, 2, ., mpuuem 22T 4399 1357,
Takum obpasom, yncia g2 +3 SABJSAIOTCSA COCTABHBIMH s n=1, 2,

6) IIpn HaTypasbHoM n 2n—1=16"—1=0 (mod ' 5), omyna
[0]|2¢n+1—2 Urak, 2inH=10k+2, rge k— HaTypaJbHOE YHCJO, H IO3TOMY
2V L 7= (210)k22 4. 7=9224-7=0 (mod 11). Takuy oSpasom, 11]2:*'"" +
+7, npuuyem 9215l 1 7> 9% 7> 1. CnenosarenbHo, yucaa 227 +7
ang n==1,2, . . . Bce cocTaBHbIe.

B) Hpn HaTypaanOM n umeem 26n=(28)%=1 (mod 7), 1. e. 7|267—1
u 28|26n+2—22 orkyna 26n+2=28k-}-4, rae k£ — natypanbnoe uncio. Orciona
2857+ (928)R.24=16 (mod 29); caeroBaTEIbHO, 29]226"4-2 +13, npuuem
92n+2 | 135,098 + 13> 29, Tak uTo uncaa 22 142 1 13 SBAAIOTCH COCTABHbI-
mu aas n=1, 2,

r) Ilpu HaTypaJIbHOM n (29n=1 (mod 11), otkyma 22[2!n+—2 y
ngatoMy 210mH=22L+4+2 rpe k— HatypaJgbHoe uuciao. Ortcioaa g2i0n+!
= (22)k22=4 (mod 23) u, smauut, 23]2¥%" " 419, a tak kak 227 +
4+19>923 qaa n=1, 2, . . ., To uncaa 22" L 19 gaa n=1, 2, . . . Bce

COCTaBHbIE,
) Tlpu marypanbiom n 2= (2%)2n=(—1)2"=1 (mod 9), orkyra
9|26n—1 u 36]26n+2—22 Tax uyro 26n*t2=36k-+4, rae k£ — HaTypaJbHOE YHC-

a0, CaegoBatennro, 22%'1? = (23%)k.16=16 (mod 37), 37]2*"** +21, npu-

6n+2 6n-+2
yem 22%7% 4+91>37 ;g n=1, 2, . . . u, 3Hauut, uucaa 2277 +21 aas
n=1, 2, ... Bce COCTaBHbIE,
Hpumeqaﬂne. Hu JJ OJHOIo LEJOro 3HAadeHHd k Mbl He B COCTOSIHHH J0Ka3arTh,
4To cpean umcen 22"+ k (n=1, 2, . . .) uMeeTcsl GECKOHEYHO MHOI'O MPOCTHIX.

128 *, Kak u3BectHo, uncaa Fpn=2%"+41 sBIAIOTCT NPOCTHIMHU A5
m=0, 1, 2, 3, 4, uucio ke Fs=641-p, rue p — npocroe uucao >2¥+1=
=F,. Kpome toro, tak kak p|Fs 1o (p, Fs—2)=1, 1. e. (p, 2%2—1)=1.
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CornacHo KMTaHCKO# TeopeMe 06 OCTaTKax CYWECTByeT GecKOHeUHO
MHOTO HaTyPaJbHBIX YHCeN &, Y/IOBJETBOPAIOMIUX CPABHEHHAM

k=1[mod (2%—1) -641] u k=—1 (mod p). 8}
JlokaxeM, 4To ec/qH £ ecTb HaTypa/JbHOe YHC/IO =>p, YAOBJIETBOpPAOUIEEe
cpapHerusm (1), To uucna 2-27+1 (n=I, 2, . ..) Bce cocTaBHblE,

Uncno n MBI MOXKEM HPEICTaBHTh B BUAe n=2™(2{+1), rne m u {—
neaste yucaa =0. Ilycrs Bravane m —onno u3 umcea 0, 1, 2, 3 uau 4.
Ha ocHopanuu nepBoro u3 cpasHeruit (1) umeem:

k-2n 4 1=22"CtH0 4 | [mod (22—1) ]. )

Tak kak aag m=0, 1, 2, 3 u 4 F,,|2%2—1 u F,|22"@H+D4 1, 10 cornacuo (2)
F|k-2741, a 3naunr, suny k-27-+1>k>p>F, uucio k-2r-1 apasercs
COCTaBHBIM.

Ocraerca paccMoTpeTs cayualt, korra m=6. Tenepb 28|n, ciemosaress-
HO, n=28.h, rge A — HaTypa/abHOe uHcio, [Ha OCHOBAHHH BTOPOrO U3 CpaB-
nennit (1) nmeem k-27+1=—922"" 1 (mod p), a TaKk Kax p|2¥° +1]22°—

—1 [226'h —1, 10 p|k-27-F1 u, cnegoBarenbHo, B CHAY &-27-1-1>>£k>>p, yuc-
J0 k.27 41 sABJSIeTCA COCTABHBIM,

Hrax, uncaa k-2741 sBASIOTCS COCTaBHBIMH JJast n==1, 2, 3, . .., 1
u T g Cp. W. Sierpinski. Sur un probléme concernant les nombres
k-2n+41, Elemente der Mathematik, XV, 1960, ctp. 73—74 [8].

ITpumeuvanue Mbl He 3HaeM, KAKOBO HAaHMeHbllee HATYpPasJbHOE YHCIO K, LA KO-
TOpOro XKaxjoe u3 uucena k-27<4-1 (n=1, 2, . . .) sBAfAeTcA COCTABHHIM.

129 *, [lpexne Bcero 3aMeTHM, uTO B JOKA3aTeJbCTBE, PACCMOTPEHHOM
B 3afade 128* MoxHO OpIO K cpaBHeHusM (1) mo6aBuTb cpaBHeHue k=1
(mod 2), tax yto nosxydunach 6bl ciefyiouas teopema I: cymiectsyer Gec-
KOHEYHO MHOI'0 HEYeTHBLIX YHCesa K>>p, TaKHX, 4TO KaxKJpoe H3 yucena k-204-1,
rae I=1, 2, . . ., AeauTCcs mO KpalHeli Mepe Ha OJHO M3 UIECTH IPOCTHIX
qucen

Fo, Fy, Fy, Fs, Fu m P (3)

(rme p>F,). O6o3Hauum uepes Q mpousBejeHHe BCEX LIECTH yHcea (3).
Tak kax 310 HeueTHOe yHCa0, TO 299Q ==] (mod Q) H Tem GoJee 2#(Q) =
=1 (mod ¢), rae ¢ osnayaer mo6oe nz uncea (3). Ilyctb n — nponsBonbHOE
natypasnsHoe uucno. Coraacio teopeme T (mas !=n[@(Q)—1]) wuucao
k-20e@Q—1 4| nenwtcs mo kpafiHeli Mepe Ha OJHO M3 uHcen (3); HasoBeM

ero ¢g. Taxum o6pasom, k-2 76(@-11 4 1=0 (mod g), OTKyAa, YMHOXKHB 06e
YacTH CpaBHeHHs Ha 27, moayuum k-20¢(Q +2r=0 (mod q). Orciona, yuu-
TEIBas1, uTo 2°(@ =1 (mod ¢) u, smauur, 2"¢@) =1 (mod q), Halinem, uto

k+2"=0 (mod ¢q), a Tak Kak £>>p Hu, cl1eloBaTeJIbHO, k>q n k+2r>q,
TO U3 [10CTEeJHEro cpaBHEHHs BUAHO, 4TO B+-2™ eCTh COCTABHOE YHCIIO.
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Mrak, cymecrByeT 6eCKOHEUHO MHOTO HEUETHHIX HATyPaJbHLIX uHcen k,
LN KOTOPHIX yHcaa 27 4-k, roe n=1, 2, . . . , BCe ABJAIOTCS COCTaBHBLIMH.

130. Ilycts k=2™, rie m — HaTypajbHOE UHCJO, H MYCTh M=25.A rpe
s — 1esoe uBea0 =0 U /1 —HeueTHoe uncao0. Torga k- 22" 4 1=22"2"=s+h)
+.1 ¥ Tak Kak Aasi n>s 4yuca0 27S-+4 ecTb HeueTHOe HaTypaJbHOe, TO
2% +1|k-2%" +1; caenosatenbHO, TOCKOAbKY I n>s k-22" + 1> 2% 41,
yneso k-22" +1 npu n>>s sBJfAercs COCTaBHHIM (AeasimuMcs Ha 22° +1).

B wacTtHOCTH, ecqiu k ecTb CTeneHb ABOHKH C HEUETHLIM NOKAa3aTeJeM, TO
Bce uncaa k-2 +1, rpe n=1, 2, . . . , deasrcs Ha 3.

131. Ona k=1 n=>5, tak Kak uncia 22" +1 ABAAIOTCA NPOCTHIMH AJS
n=1,2 3,44 641|225 +1, 7. e 22 41 ecTb COCTABHOE UHCJIO,

HOasa k=2 n=1, tak kax 3|2-22+1.

Hns k=3 n=2, rak xak uucao 3-22+1 npoctoe u 7|3-222+1=49.

Hlns k=4 n=2, rak Kax 4-22+1=17 npocroe u 5|4-22% 41,

Hasa k=5 n=1, Tak kax 3|5-22+1.

Haa k=6 n=1, tak kak 5|6-22+1,

Hdns k=7 n=3, Tak xak 7-224+1=29 u 7-2%° 4 1=113 spasorcs npo-
CTHIMH uyncaamu u 11]7-22° 41,

Ilna k=8 n=1, rak kak 3|8-22+1,

Oas k=9 n=2, Tax Kax 9-22+1=37 — mpocroe uncao u 5[9-22 +1.

Has k=10 n=2, rtak xaxk 10-224-1=41 — nmpocroe uucjio u
7]10-22* +1.

132. M3 pemenust 3apaun 131 caenyer, uro uncaa k=1, 3,4, 7,9, u 10
He YIOBJIETBOPSAIOT NOCTaBJEeHHOMY ycaoBuio, He ynosaeTBopsier eMy u uuc-
70 6, Tak Kak 6-22° 4+1=97 ectb mpocroe 4Hcao. 3aTo uHeaa 2-2%" 41,

5.22" 41 n8-2" +1 masin=1, 2, . . . ABJSIOTCA COCTABHBIMH, TaK Kak BCe
OHH JeJisiTcsl Ha 3 M OoJiblie yeM 3.
Mpumeuaunune. Ecau £=3f(+2, rae =0, I, 2,..., To Bce uucaa k-22"4]
(n=1,2,...) Aeastcs HA 3 U COCTABHBIE,
1 n+1
133. Uucaa T(Q2 192" +1) nna n=1, 2, . . . gBAAIOTCA HaTypaJb-
HBIMH.

Ecnu n—dernoe unciao, to 2»=1 (mod 3), tak uro 2"=3k+1, raue
k —Hatypa/ibHOe yucaI0, oTKyaa 22" = (2%)*.2=8k-2=2 (mod 7); cneno-
Barenbo, 227 = (22")2=4 (mod 7), orkyaa 227" 42" 4 1=4+2+1=
=0 (mod 7). Ecnu xe n — HeuetHoe, 1o 27==2 (mod 3), 3Hauut, 2" =3k -
+2, rae k—uenoe uncao =0, orkypa 22" =2%+2=8k.4=4 (mod 7) u
22" = (22" )2=42=2 (mod 7), Tak uro 2¥""' 422" 41=244+41=0
(mod 7).
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1 n--1
Wrak, uncia —(2° 422" +1) nas HaTypadbHBIX n AeJATCA Ha 7, 2

TaK Kag AJ4 HaTypaldbHbIX n>1 oHH 21—(223 —}—2'22 +1)=81>7, 10 ana
3

n=2,3, . .. OHH COCTaBHBIE.

Cp. ¢ reopemoit Muxanaa Ultudensa (XVI B.); cm.: Elemente der Mathe-
matik, 18, 1963, ctp. 18.

134. TaxoBel, HanpuUMep, Bce YHCJAa J4HHOH B YCJOBHH TOCJA@L0BATENDb-
HOCTH, fJist KoTophix n=28k+1, k=1,2,3, . . ..

B camom jfese, na ocuoBanun wMmano#l teopempt Pepma umeem 2%8=l1
(mod 29), orkyaa aaa k=1, 2, . . . 22%k=1 (mod 29); crexoBaTenbHo, AI4
n=28k+1 umeem (227+1)2+22=25+4=0 (mod 29), 1. e. 29] (227 +1)2+
+ 22, nmpuueM MOCKOABKY AJsl HaTypasbHOro k uucao n=28k+41>29, 10
(227 +1)2422>29. Orciona caeayer, uro uucaa (22n+1)2422 ans n=28k+
+1, rne k=1, 2, . . . , Bce cOcTaBHHIE,

135% B cayuae a mesernoro >>1 umcaa a?’ +1 (n=1, 2, .. .) xax
yeTHble >>2 BCe COCTaBHLIE] TAKUM 00PA30M, Mbl MOXKEM IIPeAION0KUTh, UTO

a ecTb vetHoe uncao. Mmeem 641(22° + 1, ceposarensuo, takme 641[42" 41,
641[1623 4+ 1. Jlasnee, Jerko aokaxewm, uto 17]22° +1, 17]42+1, l7|623 41,
17182° +1, 17107 +1, 17112 +1, 17]14®° +1, 17]20° 41, 17]22% +
+1, 17]24% +1, 17]26%° +1, 1728+ 1, 17]302+1, 17]32%" +1.

Yrolul, HATPUMeEp, AOKa3aTh, 4TO 17]28%° +1, ucxomum ua cpasHeHHA
28=11 (mod 17), orkyna 28=121=2 (mod 17), uto naer 28%° =2 =
=—1 (mod 17), tak uro 17]28" +1.

Ha ocHoBaHuM MOJYYEHHBIX pe3yabTatoB Aas k=0, 1, 2, . . . uMeem:
17) (38R +2)° +1, 17) (34k+4)2+1, 17| (34k+6)° +1, 17| (34k+8)? +1,
17] (346 +10)2° +1, 17} (34k+12) 41, 17](34k+14)° +1, 17| (34k+
+20) 41, 17](34k+22) +1, 17| (34k+24) +1, 17| (34k+26)2" +1,
17] (34k+28)"° + 1, 17] (34k430)2+1, 17| (34k+32)2" +1,

Tenepb, npuHUMas BO BHHMaHHe, 4to 5|18 +1 n uro 13]342+1, mbl
MOKEM 3aKJIOuUMTb, uTO JAJS KawKAOr0 HATYpaJbHOro 4ncia a=s100, 3a
HCKIIOYeHHeM, OblTb Moxker, uncen 50, 52, 68, 84 u 86, cyilecTByer Hary-
paJbHOE YHCJA0 N5, IS KOTOPOro YHcao a?” + 1 SIBAsercst COCTaBHbLIM.

Ho 502+ 1=2501=41-61, 5]52241, 5|682+1, 257|84%-+1 u 13|86%2+ 1.
Takum o6pasoM, A% KaKAOro HaTypasibHoro uuchaa a<< 100 cymecrByer Ha-
TypaJbHOe YHCI0 n<<6, TaKoe, uTo Yucao ¥ + 1 sABASETCS COCTABHBLIM,

Illpumeuanune. A. llunuens mokasajd, yTo AJisi KaxKJOTro- HaTypaJbHOro YHcIa d,

TaKoro, uTo 1<a< 2%, cyllecTBYeT HAaTypajdbHOe UMCAO n, Takoe, 4To uucao a2’ +1 sizasercd
cocraBubeiM (cm. Cotloquium Mathematicum, X, 1963, crp. 137—138).
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HeunssecTHO, OJs1 KaxKJAOrO JU HaTypaJbHOro yucaa a>>1 cyuecrsyer
HATypaAbHOE YHCJIO 11, TAKOe, uTO uucao a*’ + | sIBJSETCs COCTABHBIM; Mbl He
B COCTOSIHMH pa3peuiuTh 3TOT BONPOC, HANpHUMeEp, AJAA uucaa a=2"".

Ho MBI B COCTOSIHHH [10Ka3aTb, UTO HJif a=22""" yycno a2+ 1 sapmer-
CSl COCTABHBIM, H JaXe 3HaeM ero HAWMEHBIIUHA NPOCTOH JeHTeNb: O- 21947+ 1.
Cum.: B.Cepuunckuil, Hro Mbl 3HaeM H 4ero He 3HaeM O MPOCThIN YHCaAX.
®usmarrus, 1963, crp. 67.

136. Kaxaoe mpocroe wueiao >>5 umeerT Buj 30R+r, rie k— nenoe
uucao =0, r ke ectb ojgHo 3 yucea 1, 7, 11, 13, 17, 19, 23 uau 29. Tax kaxk
NPOCTHIX uHCea cyliecTByer GeCKOHEYHO MHOrO, TO IO KpaliHell Mepe Js
OJHOTO M3 VKA3aHHBIX BOCBMH 3HaueHHH 7 cyllecTByeT O€CKOHEUHO MHOTO
npocThiX yHces Buga 30k+r, rae K — HarypaabHoe uHca0, Takum oGpasom,
IOCTATOUHO PACCMOTPETh BOCEMb CJEAYIOLIUX CJYyyYaes.

1. CyutectByeT GecKOHEYHO MHOro npocThix uces sujga 30k-+1. Ilycrs p—
OJIHO H3 HHX H NyCcTb n==74 194 p; n — HeyeTHOE COCTABHOE YHCJO, TaK Kak
n=74+19+30k+1=3(10k+9). Hucao n ecTb cymMma TpeX pasJHYHBIX NIPO-
cThiX unces (Tax kak p=30k-+ | — npocroe 4uc/0, CTAHYHOE OT 7 ¥ 19) u n
He SIBJSETCS CyMMOH JABYX NPOCTBIX UHCeJ, TaK KaK OAHO M3 HHX [OJXKHO
6b1/10 OBl GHITb YETHBIM, T. €. YHCJAOM 2, H, 3HAUUT, Obl1o O n=230k+27 =
=q+2, rae g=5(6k+5), 4TO HEBO3MOKHO.

2. CymectByer GeCKOHEUHO MHOTO mpocThiX unces BHia 30k+7. ITycrs
p>>7 ecTb OIH® M3 HUX H IycTb n=7-}13-4p; n — HedeTHOE COCTABHOE YHC~
70, Tak Kak n=30k+27=3(10£+9). Ono npeacraBasier co6oli CyMMy Tpex
pasJIMuHBIX MPOCTBIX YHCEJ, TAK Kak p==37, U, HaKOHel, YUCA0 N YAOBJIETBO-
psieT 3aJldHHBIM YCJOBUSIM, TaK Kak n—2=30k+25=>5(6k+5).

3. CyuectByer GecKOHEYHO MHOTO TpocTHIX uucea Braa 30k+11. Ilycre
p>>11 ectb onHO U3 HuxX W nyctb n=11+13+p; n — Heuernoe umnco,
SIBJSIONIEECS CYMMOH TPeX pPasJIMuHBIX NPOCTHIX uHcesa. YHucao 7 yaosaer-
BOpseT 3ajaHHbIM YCJAOBHSAM, TaK Kak n=30k435=5(6k+7) n n—2=
=3(30k411).

4, Cymecrsyer 6eCKOHEYHO MHOTO mpocThiX yncen supa 30k+13. Ilycts
p—onuo u3 Hux, Torga n=3+11+4p ecrb HeueTHOe 4YHCJIO, ABJSIOLICECS
CYMMOH TpeX pasJiHuHBIX MPOCTBIX yHcesa. UHCIO 7 yI0BJAETBOPAET 3a]aH-
HBIM YCJIOBHAM, Tak kak n=3(10k+9) u n—2=5(6k+5).

5. CymecTtByer 6ecKOHEUHO MHOTO NMpPOCTBIX uHces Buaa 30k-+17. Ilyctp
p ——OAHO U3 HUX U myctb n=3+7+p. Tak kak p=3(10k+9) u n—2=
=5(6k+5), To uMCa0 N YAOBJAETBOPSIET 33 aHHBIM YCJAOBUAM.

6. CymecrByer GeCKOHEUHO MHOTO mpocThiX uHcen Buga 30k419. Ilycrs
p — OJHO U3 HUX U nycTb n==3+5+p. Tak Xe, KaK U B NPeAbIAYIHEM CJIy-
4ae, 3aK/IK04aeM, YTO YHCJIO A YAOBJETBOpSET 3aJaHHBIM YCJIOBHAM.

7. CymiectByer 6eCKOHEUHO MHOTO MPOCTHIX uHcen Buga 30k423. Ilycts
p—OJHO M3 HUX U nmycTb n=>5+4+7+p. Tak kak n=5(6k+7) n n—2=
=3(10k-+21), To yncnO n yIOBJNETBOPSET 3aJaHHBIM YCHOBHSIM,

85



8. CymecrByer 6ecKOHEYHO MHOro mpocThix yucea Buaa 30k+29. Ilycts
p-—onHO u3 HUX H myctb n=>5+314p. Tak kKak n=5(6k-+13) u n—2=
=3(10k+-21), TO uncao n YZOBJIETBOPSAET 33 1aHHEIM YCJIOBHAM.

Teopema nokasana. Cp.: W. Sierpifiski. Glasnik Mat.-Fiz. i Astr,
cep. 11, 1. 16, Zagreb, 1961, crp. 87—88.

137. Hpennonome YTO CYLIECTBYET MHOrOuJeH f(X) ¢ LeJbIMH KOS(b
dunuentamu, rakolt, uro f(1)=2, f(2)=3 u f(3) =5. Torga g(x)=[(x)—
—2 eCTb MHOTOYJIEeH C neablMd KoddguuueHtaMmu, TakoH, uto g(l)=0 n,
3HAUHT, g(x)=(x—1)A(x), rjie h{x) — MHOTOUJIeH C LeJBIMH KO3(QHIHEH-
TaMH.

Tax kak [(3) =5, 10 g(3)=[(3)—2=3 u, caenoratespuo, 24 (3)=3.
Ho nocsnennee HeBO3SMOXKHO, TaK Kak A(3) ecrthb Lesoe 4HCIO.

Ilycte Teneps m — manHoe HatypaabHOe uucao >>1. Toraa

(x=D(x—2) ... (x—m)

gk(x) x—Fk ?
rae k=1, 2, . . ., m, ecTb MHOrouJeH cTenenu m—1 c neapimMu kKoshumy-
edramu, OueBHIHO, gr(x) =0 JJas KaXA0ro HATypaJbHOro UHCAa X<,

OTJIHYHOTO OT &, a gr(k) — uenoe uncao 0. ITycts fr(x) = gkiz; s Tr(x) —

MHOTOUJIEH CTeNCHH m — | ¢ palHOHaJbHBIMH Ko3(hdHuuUHeHTaMH, npUUeM
[r(x)=0 ans KaXAOro HATYPAABHOrO yHCAa X<Im, OTJUYHOrO OT &, H

[n(k) =1.
Ilycts reneps
[(x) =psf1(x) +pofa(x) + . . . +Pmfm(¥).
3aech, 04eBUAHO, f(X) — MHOrOWJeH ¢ PalHOHaJbHBIMH KO3 (dUIHeHTaMH,
npuuem [(k) =py ang k=1, 2, m.

138 *. ,L[oxasaTeJIbCTBo . BpOBKHHa Ilycte n— DaHHOE HATypaJbHOE
uucgao. ONpefeNuM HaTypaJbHble uHCaa fp A HATYPadbHBIX k<{n mocpen-
CTBOM HHAYKIHH CJIELYIOIIHM 06pa3om.

ITyctb fy=1; npeamosoxuM, 4To NpH AAHHOM HATYpasbHOM R<Cn Mbl
yiKe ONpeAeNHIN HaTypaJjbHoe 4Hcao fp—y. Ha ocHoBaHHM Teopemnl Hupuxme
O MPOCTBHIX YHCJIaX B apH(PMETHYECKOH NPOTPECCHH CYLIECTBYET HaTypaJbHOE
yueao fy, TaKoe, UTO UHCJIO0

gr=(k—1) (n—Ek) 1 +1
SIBJSAETCS NPOCTHIM M, B cayuae R>>1, oHO GoJblie Yuciaa
(F—2) ! (n—F+1) Vpy+ 1. »
Mraxk, uucna gy, g2 . . . , gn mpocThie, IpUYEM §1<§2< . . . <<{n.
Mycers f(x)=1+ "ﬁl ()i G=DO=d) . . . Cemm)
=

x—j
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f(x) ectp MHOrouneH creneHH <<n—I c ueabIMH Ko3QPHULHEHTAMH M, Kak
JIETKO TIPOBEPHUTD,
[(k) =1+ (k—1) 1 (n—k) ty==gqp.
139. TaxoB, HanmpuMep, MHOTOUJIEH
[(x) =[(x—p1) (x—p2) .. . (x—pm)+1]x,
riae pr — k-e I0 MOPSAKY TPOCTOE YHCJIO.

Snecw f(pr) =pr o1 k=1, 2, ..., m.

140. Ecau 651 cBOGOAHBIH used MHOrOujeHa [(x) ¢ HeABIMH K03 PHLH-
edTaMu Obi1 paBeH 0, To Mbl uMmeau Ob f(0)==0 u cpasuenue [(x)=0
(mod p) Obl10 6Bl pa3pelmInMo A5 KaxkI0ro Moayas p. Mrak, npeanosoxu,
uT0 CBOGONHEIl W/IeH @p MHOTOUsNeHa [(Xx) He sBasercs HyndeMm. Tax kak
[(aox) =aof1(x), roe fi(x) — MHOrousen ¢ UeabiMH KO3 PUIMEHTAMH, CBO-
OonHbIIl YleH KOTOPOTO €CTb eJHHHIA, TO AOCTATOYHO A0KA3aTb HAIUy Teope-
MY TOJbKO JAJA TaKHX MHOTOYJEHOB,

[lycts n — NpoH3BoJbHOE 3aJaHHOE HaTypanabHOoe uHcao. QueBHIHO,
n!|fi(n!)—1, rak uro fy(n!)=nlk+1, rme k— uenoe uncno. Kax ussectno,
aGcoJIoTHAS BEMHUMHA MHOrousneHa fi(Xx) (cremess xoroporo >>0) Bospacra-
er HeorpaHuueHHo Bwmecre ¢ x. [losToMy mpu pocraTouHO OOJABIIOM 7
|fi(n!) |=|nlk+1|>1 u yucao nlk+1 umeer npocrofl gequtenn p. Tak kak
plnt-k+1, To p>n, a tak Kak p|fi(n!), To cpasuenne [i(x)=0 (mod p)
paspeniuMo AJsf IpocTtoro Moaynas p>>n. Ho n-—npoussoabHoe HaTypasb-
HOe YHCJI0; CJeIOBaTeNbHO, cpaBHenue fi(x) =0 (mod p), a 3HAYHUT, TAKKe H
cpapuenue [(x) =0 (mod p) paspeminMo A1 GECKOHEUHOTO uHc/aa MPOCTHIX
qucen p.

141, YcnoBue He sapJjsercsa HeoOXOIHMBIM, Tak Kak uucao 234+ 1=32
coctaBHoe, a uncao 2% 4+1=257 npocToe. YcIOBHe He sBJISETCA IOCTATOU-

HBLIM, Tak Kak uncgao 284-1=257 npocroe, a uncao 22° 11 cocrasroe (kKaK 10-
Kazaan B 1909 r. Mopxen u Becrepn). Hpyro#i npumep: uncao 2641 npocroe,
a uncao 2 2° +1 cocrasnoe (xak gokasan Cendpumx B 1953 r.).

V. JuotantoBbl ypaBHeHHs1 [9]

142. U3 roxkpecTBa
3(55a+84b)2—7(36a-+55b)2=23a2—T7b2

CIelyeT, YTO €CJHM HATypaJbHble YHCIa X==a U y==>b YJOBJETBOPSAIOT YpPaB-
Hemnno 3x*—7y?+41=0, To 3TOMy YpaBHEHHIO YIOBJETBOPSIOT M OGOJblIHe
HaTypaJabHBle yHcaa: x=>55a+84b u y=236a+55b, a Tak Kak eMy YJOBJET-
BODAIOT uHcaa X=3, y==2, TO OHO, OYEBHJHO, UMeeT GECKOHEUHO MHOro pe-
HIeHHH B HATYPAJIBHBIX YHCAAX X, Y.
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143. Tak kak x(2x2+y) =7, TO YHCJIO X IOJKHO OBITH LEJbIM JeJIUTe-
JieM uHcaa 7, 1. e. ogHuM u3 yHcea 1, 7, —1, —7. IloacraBasiss 3TH 3HaAYeHHA
B Hallle ypaBHeHHe, IONYUUM 175 § COOTBETCTBYIOHIHe 3HAYeHus: 5, —97, —9,
—99. Takum oOpas3oM, Halle ypaBHEHHe HUMeeT yYeTblpe pelleHHsT B IeJblX
yucaax: (1, 8), (7, —97), (—1, —9) u (—7, —99).

Ilyctb Teneps n o3Hauaer NPOM3BOJNLHOE HATypaJbHOE YHCIO =>5u

7 98
nyerb X=—, y=n—-_ . Tax xak n>5 u, 3HauuT, n>>6, T0 3TH UNCIa pa-

UOHAJEBHEIE TONOMKUTENbHbBle U, KAK JerKO NPOBEPHTh, OHH JAIOT pelienue
ypaBHeHus 2x34-xy—7=0.

144. Ilycte m u n— paHHbIEe HATYpaJbHble YHCJIa U NYCTb @ K b—ﬂBa
PA3NUUHBIX NPOCTHIX uMcaa >>m+n. [lyers c=am+bn. Cucrema x=m
Y="n, OUEBHJIHO, YAOBJETBOPSET YpaBHeHHIO ax-+by=c.

Ilpeanonoxum, 4To CyllecTByeT ApYras CHCTeMa HATYpaJjbHbIX UHCEN X,
Y, VAOBJCTBOPSIOLIAS 3TOMY YPaBHEHUIO. 34eCh, OUCBHJHO, He MOKer OHTb
OJHOBPEMEHHO X==m H Yy >>n WId X>>m, y==n, TaKk Kak Torpa ObLIO Obl
ax+by>am+bn=c. CanepoBatejbyo, I0MXKHO OBITb Jub0 x<<m, Jaubo
y<<n. Ecau x<m, 10 M—x ecTb HATYpaJbHOE YUCAO, MeHbIllee M, U TaK KaK
ax—+-by=am-+bn, 1o by=a(m—x)-+bn, orkyna ciexyer uro b|a(m—x).
Ho a u b— pasauunble npocThle uncaa U mostomy b|m—zx, Tlocaenuee xe
HeBO3MOXKHO, TaK KaK Mo CHpefe/enuio uncaa b umeem b>m.

AHaforuuHelM 00pa3oM J0Ka3biBaeM, YTO H MPEANOJOKEHHE y<In HYXK-
HO 0TOPOCHUTD.

INpumeuanue. Kak Jerko 3aMeTHTh, He I/ KaXKAbIX ABYX CHCTEM HaTypadbHBIX
YHCEeJ CYIIeCTBYEeT JHHeHHOoe ypaBHeHHe ax-+by=c, ThAe a, b u ¢ — ueasle yucaa, Aast KOTO-
POro TOJMBKO 3TH [BE CHCTEMBI CJAYXkAaT PemIeHHsMH B HaTypasabHbiX uHcaax. Ho, kak nerko
MOKHO J10Ka3aTh, BCErJa CYLIECTBYeT TAKOe YPaBHEHHE BTOPOH CTeNeHH ¢ LeJbMH Ko3ddu-
L[HeHTaMH.

145. TakoBreiM ABJsieTcs, HAlpuUMep, ypaBHeHHe X+ y=m+1, Koropoe,
KaK JIeTKO 3aMeTHTb, HMeeT B HATYpPaJ/bHbIX YHCJAAX X, y TOYHO M DelleHuk.

x=k, y=m—k+1, rae k=1, 2, . .., m,

MMpumeuvanune. Kak u3BecTHOo, He CYyUIECTBYeT JHHEAHOro YpaBHeHHs ax-+dy=c,
KOTOpOoe umeno Gbl KoHeuHoe >0 udcno pewleHudl B UeJMbIX yUCIaAX X, Y.

146. dus f(x, y)=x*+y2+2xy—mx—my—m—| BLINOAHAECICT TOXK-
JeCTBO

flx, y)=(x+y—m—1) (x+y-+1).

Tax Kak AN HATypasbHbIX X ¥ y x+y+1>0, to f(x, y)=0 Torma u
TOJIBKO TOTAa, Korga x-4y-—m—1=0, IlosroMy, KaK 3TO CJefyeT H3 pelle-
Hus 3ajxayy 145, ypaBHeHHe f(x, y) =0 HMeeT TOYHO M PelIEHHH B HATYpaJb-
HBIX HCaax X, Y.
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[IpumeyaHue MHorourey oT ABYX NepeMeHHHIX [ (X, y) SABJAACTCA NPHBOIUMBIM.
Hanpaurnpaetcs Bonpoc, AJIS Kax<AOTo JH HAaTYyPaJbHOTO YHC/IA 1M _CYLIECTBYET HENPHBOLH-
MBIH MHOTOYIeH BTOpPOH creneHu F (x, y), Takol, uto ypaBHenue F (x, y) =0 uMeer Touno-
m perieHuii B HaTVPaJbHBIX YUCIAX X, Y. TaK BOT, MOXKHO JI0Ka3aTh, UTO /s KaXJIOTO HATy-
paJbHOro YHCJIa m CYIECTBYET HATypaJbHOE UHCAO Oy, TAKoe, 4TO ypaBHeHHe x24yl=a,,
HMeeT TOUHO M pellleHHiH B HaTypasibHBIX yuciax x, y. VIMeHHO MOXHO I0KasaTh, 4TO 3TO
TaK AJA Qop—1=2-52%=2 1 a5, ="5%F~1 rne k=1, 2, 3, HO ZOKa3aTeabCTBO HeJerkoe.

3aMeTHM 37ech emle, 4To, kak pokasan A. Ilunupens, aas xaxkjgoro
HATypaJbHOrO 4HCda M CyUIeCTBYeT MHOTOYIEH BTOPOU cremeHu f(x, y), or
mepeMeHHbIX X ¥ y, Takoll, uTo ypaBHeHHe [ (X, y) =0 HMeer TOYHO M pelleHuit
B neaslx uncaax. Cm.: A, Schinzel. Sur I'existence d'un cercle passant
par un nombre donné de points aux Coordonnées entiéres. L’Enseignement
Mathématique, 1V, 1958, crp. 71—72,

147. Kax jerko npoBepuThb, €CJIH YHCIa X H § YAOBJICTBOPSOT ypaBHEHHIO-

(x—1)2+ (x+1)2=y>+1, (1)

TO
(2y+3x—1)24 (2y+3x+1)2=(3y+4x)2+1.

Taxkum o6pasom, U3 KaxKAOro pellleHus ypaBHeHus: (1) B HATypaJbHBIX.
YyHuCax X H Yy Mbl [0Jy4yaeM pellleHHe TOTO Ke ypaBHeHUs B OOJbUIMX HATY-
paJibHEIX uHcaax: 2y+3x n 3y-+4x, a Tak KaK OHO HMeEeT pellleHHe B HaTy-
paipHbIX uyHCcJaX ¥x=2, y==3, TO OHO HMEET, CJeL0BaTeJbHO, OECKOHedHOe-
YUCJI0 TAKHX pelleHuH.

148. Ilonoxum, x=1¢+3. Torpa Halle ypaBHEHHe NPUMET BU[

21 (124 3t+21) =0,

KOTOpOE MMeeT TOJbKO OJHO pElIeHHEe B BeIIeCTBEHHLIX YHC/AaX, HMEHHO =
=0. O1ciona CJAeNyeT, YTO Hallle YpaBHEHHE MMeeT B BEIIeCTBEHHBIX YHCJAaX
X TOJIbKO OJHO peLIeHHe: x=3.

[puyveuanue MOXHO L0Ka3aTh, 4TO BCEMH DCLIEHHSIMH YDaBHEHHS
B4 (x+r)3+ (x+2r)3+ . .. H[x+ (n—1)rP=(x+nr)3
B HATYPaJBHBIX YWCJAAX X, 7, 1 SIBJSIOTCA TOJMBKO n=3, x=3r, rae r-— moboe HATypajbHOE-
YHCIIO.

149. Ecau n=2k—1, rjge k£ — HaTypasbHOE UHCJIO, TO, KAK JETKO NMPOBE-
puTh, X=-—£k, y=0 sBJseTcA pelleHHEM Hallery YpPaBHEHHS; €eCJHH XKe
n=2k, rne k—HaTypa/JbHOe YUCJO, TO X=—R, y=—=4k SIBASAETCH PElIeHHUEM.
Hallero ypaBHEHUS,

[Mpuyevanue Hmelorca u Apyrue peluenus, HanpuMmep aaa n=8§8: x=—3, y=6;
g n=25 x=—11, y=20; nas n=1000: x=1333, y=16 830.

150. B 3agaHHOM ypaBHEHHH KO3(QQPHUUHMEHTH npH X3, x2 U X LeJATCHE
Ha 3, a cBOGOAHBIN uJjieH ecTh —25, T. . UHCJIO, He feasieecs Ha 3. Orcrona
CIeAyeT, UTO Hallle ypaBHeHUe He UMeeT pelleHyil B UeJblX yicaax X.
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151. ITocpencTeom 3ameHn x=={¢+10 Halze ypaBHEHHe NEPEXOAHT B
ypaBHeHHe

3¢ (£2+40¢4-230) =0.

Tax xak ypaBHenune #2-4+40f{+230=0 He uUMeeT pellleHHI B palHOHAb-
HBIX YHCJAaX, TO AONKHO OblTh {=0 u, TakuM o0pa3oM, Hallle ypaBHeHHE
HUMEET TOJbKO OJHO pelIeHHe B PalHOHAJbHBEIX yucaax: x= 10.

152. Ecan Obl npyu HaTypadbHbLIX ¥ U y Obio x(x+1)=4y(y+1), 10
Mbl HMeJH Obl:

3=[2(2y+1)]2— (2 +1)2= (4y—2x+1) (4y+2x+3)

H, TakuM 06pasoM, uucio 3 G0 Gbl KpaTHBIM HATYPAaJbHOMY uucay 4y -+
+2x+3, 1. e, uncay, GOaBIIEMY, UeM OHO CaMoO, YTO HEBO3MOKHO,
3aro, KaK JEerko NPOBEPUTh, IPH HATypasdbHOM n>1 nas

3n_3;~,,__2’ :3n+3;“n_4 nmeeM X(x-+1)=4y(v+1).

X =

5 2
Hanpumep, n1s n=2 unMeem x=—5-, y= -3-. Takum oGpasom, naie

ypaBHeHHe uMeeT O€CKOHEUHO MHOTO DelleHHH B pallHOHAJ/bHLIX IOJOKHTeb-
HBIX 4HCaAaxX X, Y.

153. Joxa3aTedbCTBO HEMOCPEJCTBEHHO BLITEKAET H3 CJAELVIOUIHX ABYX
TOK/IECTB:

Ok —1= (202—k)2+ (2)2— (2L—k +1)?,
k= (2124 21—k)2+ (21 +1)2— (22+2/—k+1)2

1751 BCEX NEJBX R ¥ A HaTypaabHbX [ >k,

154. D710 ypaBHeHHe HMeeT TOJbKO OJHO pellieHHe B HAaTypaJbHbIX YHC-
nax: m=2, n=1. HehcraureabHo, tak Kak 3*=1 (mod &), to ans HaTy-
panbHbIX k2 uMeeM 3%+ 1=2 (mod 8) u 3%1+1=4 (mod 8), orkyna cie-
LyeT, YTO NMPU HaTypadabHOM 7 4Hcao 3"-+1 He ReJUTCS Ha 8 wu, 3HauyuT, He
aeauTcss Ha 2™ nis HatypanabHoro m>=3., Takum oOpas3om, ecaM NpH HATY-
pajbHBIX M M n UMeeM 2m—3"=1, TO NO/KHO OHITb M<I2, TaKk 4TO JHUOO
2—37=1, 4TO HEeBO3MOKHO, JAubo 22—37=1, yro paer n=1.

155. DT0 ypaBHeHHe HMeeT TOJbKO B4 pelIeHHST B HATYPaJbHBIX UHC-
aax: n=m=1 u n=2, m=3. JLelcTBUTEAbHO, €CJH 1 — HEUETHOE YHCJIO
>1, 1. e. n=2k+1, rae k — HaTypaJbHOe YHCJO, TO, TAK KaK 3%=1 (mod 4),
umMeeM 3*+t=3 (mod 4), orkyna 2m=3"—1=32%+'—1=2 (mod 4); cue-
foBaTtenbHO, m<{1, T. e. m==1, a TaK Kak 3"—2m=1, To ¥ n=1, Ecau xe
n-—4eTHOe YyHCI0, n=2k, TO uUMeeM 2Mm=3%k—]=(3"—1) (3*41). Takum
o6pasoM, JABa NOCAEAOBATEJbHBIX YETHHIX uyHcaa 3*—I1 u 3:+1 sBasiorcs
CTENeHsIMM yhcla 2 H NO3TOMY 5T0 yHcaa 2 u 4, Tak uTo R=1, n=2 u, Ha-
KOHell, m=23,
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156. [IpennoJsioxuM, yTo Halla CHCTEMa MMeEeT pelleHHe B HaTypalbHLIX
uHCcNax X, Y, 2, £. MBl MOXKeM 3Iech IPeANoNoXHTh, 4T0 (X, y) =1 Tak, xak
B caydae (x, y) =d>>1 mul paspenuan 6pl o6e 4acTH HAlIHX YPaBHEHHH Ha
d?. Urak, no xpalHe#l Mepe OIHO M3 YHCeR X H y ABAAeTCA HedeTHHIM. Ho He-
YyeTHBIMH He MOFyT ObITh 00a 4YHC/Ia, TAK Kak TOUJA JieBble 4acTH HAMIUX
ypaBHeHH{l IpU JlesieHHH Ha 4 JaBaju Gbl B OCTaTKe 3, YTO HECOBMECTHMO ¢
T€M, YTO OHU SBJASIOTCH KBaapataMHd., OQHAKO eCcaH, HaOpHUMep, X — UETHOe
YHCJIO, TO y HE MOMKeT ObITh HEYETHBIM, TAK KaK TOTAA JeBas 4acTb MepBoro
ypaBHEHHs TIPH AesNeHHH Ha 4 faBaja Obl B OCTaTKe 2, UTO HECOBMECTHMO C
TeM, 4TO OHa siBJasieTcs kBaapatoM. Taxkum oGpas3oM, B JOOOM ciayuae Mbl
OPUXOAHUM K IPOTHBOPEUHIO,

157. Hawe ypaBHeHue, KaK Jerko NPOBEPUTDL, PABHOCHJILHO YPaBHEHHIO
(2x+41)2—2y>=—1, xOoTOpPOE MMEET B HATYPAJbHBIX UHCJAX DeElleHHe X==3,
y=>5. TTostomy U3 ToXJecTBa CJIELyeT, UTO €Cjad HATypasbHble YHCAa X H Y
VAOBJAETBOPSAIOT HAUlEMy YPaBHEHHIO, TO €My YAOBJETBOPAIOT H Odabline
gyueaa: xy=3x+2y+41 u y;=4x-}+3y-}-2. CienopartesqbHo, paccMaTpuBaeMoe
ypaBHeHHe HMeeT GeCKOHEUHO MHOIO pDelleHHH B HaTYPaJbHBIX YHCIAX X U Y.
Tax, nanpumep, aasg x=3, y=>5 MBI NoJyYuM pelleHHne: x1==20, y1=29.

158. Hame ypaBHeHHe, KaK JIETKO NPOBEPUTb, PABHOCHIBLHO YPaBHEHHIO
(24)2—3(2x+1)2=1 u oxHO U3 ero pelleHul ectb x=7, y==13. IlosTomy u3
TOXKAECTBa CJAEdYeT, 4TO eCJid HaTypaJbHble UHCIa X U y YAOBJETBODPSAIOT Ha-
HIeMy YpaBHEHHIO, TO €My YAOBJeTBOPAIOT ¥ O0abiude uncaa: xy=4y-+4+7x--3
u y;=7y+12x+6. Caregoparensto, ypasaenne (x4 1)3—x®=y? umeer Gec-
KOHEUHO MHOTO PElleHHHR B HATypaJbHbIX YHCAax ¥ H y. Tak, nalnpumep, Aad
x==7, y=13 Ml nojyuum peltenue: x;=104, y;=181.

159. [Iposenem mnokasaTenanctBo, caenyst umee 5. Bposkuna. Ecau Ol
CHCTeMa HalllMX YpaBHEHUH HMeJa pellilcHHe B HaTyPaJ/bHbIX YHCAAX X, Y, 2, L,
TO OHa HUMeja OBl M Takoe pelleHue, B koropom (%, y)=1. CkaanawiBas mo-
YJIEHHO HAllH ypaBHEHHA, NMOJIydyuMm 6 (x2-4y?) =22+12, oTKyja Clelyer, 4To
3|22+ Tax kKak KBaapaT IeJIOro YHcjia, He jensileroca Ha 3, Aaer IpH
IeseHHH Ha 3 B ocTaTKe |, TO yucsia 2 U ¢ He MOTyT ObiTh 00a He LeALIBMHCA
#a 3. Ho rax kak 3|22+, To ecau OZHO M3 4Mces 2, { AeJHTCS HA 3, TO K
npyroe nenutcd Ha 3. HMrak, o6a unucna z u £ peasitcsl Ha 3 U, CIefOBaTeNbHO,
npasast yactb paBeHcTBa 6 (x2+y2) =22+ 2 geantcs Ha 9. Ho torpa 3|x2+ 42
U, 3HauuT, 0ofa 4Hcaa X U Yy HeNdsITCs Ha 3 BONPEKH NPEANOJIONKEHHIO, UTO

(x, y)=1.
160. 3 mammux ypaBHeHHH cjefyer, uro 7|z%+1£2, orkyna (cM. 3aza-

uy 3) 7|z u 7|f; caemosarensho, 49]7(x2+4-y?), otkyna 7|x u 7|y. Urax,
CHCTEMa HAIIHX YPaBHEHHA He MOXKeT HMeTh pelleHH, B KoTopuix (X, y)=1.
Ho B Taxkom ciyyae oHa He MOMKeT UMETh pelleHHil B HAaTyPaJabHBIX YHCIAX X,
Y, 2 t, TaK KaK ecnu (X, y) =d>1, 10 d|z u d|¢, Trak uro, pa3menus uucia
X,y,zutHnad, Mb IONYYUM DELICHHE Xy, Y, 24, Ly, MJIS Kotoporo (xi, y1) =1,
4TO HEBO3MOXKHO. :
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161. PemrenyeM HallUX ypaBHEHHUH B HATYPAJbHBIX YHCJIAX ARJAETCS, HA-
fnpHuMep, cucTeMa uHcesa: x=3, y=1, z=4, {=8_8,

162. Ecau 6bl y OblIO uyeTHBIM YHCJAOM, TO X2 OGblIo OBl YHCJAOM BHA
8k—4-7, uro HeBo3MoxkHO. Ecan xKe y 6bL10 Gbl HeueTHBIM uHCIOM, y==2k-+1,
TO Mbl UMean 6bl X2+ 1=y>4-28= (y+2) [ (y—1)2+3], orxyna (2kR)2+3|x2+
~+1; Ho uncao (2k)%+ 3 uMeer npocroil genruTenb BHAa 4¢3, CleL0BATENBHO,
TaKOfl JeJHTeJib JI0JKHO HMETb M UHMCI0 x2--1, 4TO HEBO3MOIKHO, TaK Kak
(v, hH=1. ' ~

163. Nmeenm x2+41==(2¢)3+y*= (y+2¢) (y>—2cy—+4c?) = (y+2¢) [ (y—
—)?+43¢c?]. Tak xak ¢2=1 (mod 8), 10 3c?=3 (mod 8) u ecu y HeueTHOE,
TO y—¢ 4eTHoe U (Y—c)2+3¢2 ecTb UHcAO Buaa 4k-+3 U, CAeNOBATE]bHO,
HMECT MpOCTOR je/UTesNb TOrO JKe BUAA, KOTOPHI SBAACTCA JAeHTeseM UHc-
Ja x?4-1, uto HeBO3MOKHO. Ecin ke y yeTHoe, TO O6BLIO OLI X2= (2¢) 3+ 1*—
—l=—1 (mod 8), yro HeBO3MOxKHO. OTCI0a CJIedYyerT, YTO CYILECTBYeT fec-
KOHEYHO MHOTO HATYpPaJbHBLIX YHCEJ, He MPEACTAaBUMbBIX B Buje x2—y° rjpe X
H Y — ueable yucaa.

164. Ilpennonoxum BHauase, uyto x==1. Torga uMeem ypaBHeHHe ]
+y==zt, z-+i=y, otkyna zt=z-4¢+1. Orcioga caeayer, uto zs=1 (raxK xak
z==1 gaso Out {={-2, uTO HEBO3MOXHO). Ecnu 2=2, to =13, orkyaa B c-
Jy y==z--t y=>5, 4To [Jaer pelleHHe Hallell cHCTEMbl ypaBHeHUH: x==1,
y=>5, z2=2, t=23. Eciin 223, 10 {22>=3 u umeeM 2=2;+2, t=14+2, rie
zZ1zlu hz=1, otkyaa zt= (21+2) (41 +2) =z + 221+ 20 +4 =2+ H+T=
=z -{+3 Bollpeku TOMY, uTO 2f=zg+7f+1.

[Ipeanoaoxum Ttenepb, urto x=2, Toraa z2=x=2. Ecan z=2, 10 2}
+y=2t 24-i{=2y, orkyaa y=t=2. Takum 06pa3oM, B 3TOM ciyuae ObLIO
Obl X==y==2z=1{, uTO JaeT pelieHNe Hallel cucTeMbl ypaBHenuii. Ecan 2>2,
TO, TAK KaK {Z==2, OyaeT U {>>2 U MOXKHO NOJOXKUTE 2==2;+2, =102, rie
2121 U= I, OTKYyJa = (Z1+2) (f1+2) =zil + 22+ 24 +H4 =2+ 0L+ T=
=z--{+3. Ho, Taxk xax x=2, uMmeem 2+y=zf, z+{=2y, oTkyga 2t=2+

+.§:2£_ Takum 06pazom, Obio Ghl —Z‘%t— +2=z2t=2z+1+3, orkyna z+{+

4 2<C0, 4TO HEBO3MOXKHO.

[lpeanonoxum rtenepb, uro x>2, 1. e. uto x=>=3. Torna z2=x=3 u
{>=2>=3. CienoBaTteqabHO, MOXKHO NONOXKHTb 2=2;-}2, =1;+2, rae 21>=1
U t1> 1. OTC}Oﬂa 2t= (Zi—f—Q) (t1+2) :Z1f1+221+2f1+4221+f1—|—722+
+£+43. [TozoGubiv ke 0bpasom H3 ¥x==3 n Yy==x>=3 noayuum xy=x-+y-+3.
Ho z+f=xy. CnenoBareibHo, 2zt =z+t+3=xy+3=x+y+6=2146, uto
Hepo3MoxkH0. Takum oBpa3oM, cHcTeMa HAaIIHX JBYX YDaBHEHHH HMeeT B Ha-
TypaJbHbIX YHCAAX X, ¥, 2, {, Te X< 2<[, TOJBKO ABa pemeHus: x=1, y=»>5,
z2=2,t=3u x=y=z=1t=2. :

INpumeuvanne CHcTeMa HaWHX ypPaBHEHHI HMeeT GeCKOHEUHO MHONO DelleHHil B
eTblX 4HCAAX X, y, 2 U 1. . DpOBKuH 3aMeTHJ, 4TO TAKHe DelieHHs AalT uHcaa X=z2=0,
t=y, y — moboe. MOHKOBCKHH Ke 3aMeTHJ CJelYIOIHe PellleHHs Halleli CHCTEMBl YpaBHEHHI:
X=t=—1, y—moboe, 2=1—y.
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165. lna n==1 uMC/I0 Xy MOXKET OblTb NPOH3BOJBHBIM. J{1a n=9 x,—
=x,=2, [l1a n>>2 peuieHHeM OyIeT Xij=Xe= ... =Xp p=1, Xx,,=2
Xp=n. CyLeCTBYIOT, OLHAKO, H ADyrHe pELICHHs, HaNpuUMep Aisi n=>5
X1=Xo=x3=1, x,=x5=3. TakuM 006pa3zoMm, Mbl MOXKeM CKa3aTb, 4TO AJs
KayKJ0T0 HaTypasIbHOTO 4YHCJa A CYUIeCTBYeT A HATypaJbHBIX 4HCENI, cymMMma
KOTOPBIX PaBHA HX MPOH3BELEHHIO,

166. Eciau n=1, TO BcéMHU pelleHHSIMH yPABHEHHS X—}==a B HATypa.b-
HBIX YHcJax ABJAATCH y — Jaodoe HatypasabHoe, x=a-+y. Ecau n ectb He-
yeTHOE yHeao >1, TO

a=xn—yn= (x—y) (X" IHx"2y+ ... 4 yn?)
n—1
u, Tak Kak a>0, x—y>=1, to xn~'4yn-1 <Ta; caegopateapno, x<<}) a u
n—1i
y<< V@, u, 3HauuT, LOCTATOYHO MPOBECTH KOHEUHOE YHCIO0 npoo.

Ecau n==2k, rne k— HaTypanbHOEe UYHCJIO, TO @==X"—yn=—=yx2h__12h—

= (xh—yh) (xF4-y*), omyga, BBH%Y a>0, xk—yh==1; caegoBartegbHO,

xhyh<la, u, 3na9uT, x<Ya u y<ya, Tak uTO U B 3TOM CJiyyae JOCTATOYHO
NPOBECTH KOHCUHOE YHCJIO MPOOD.

167 *. JoxasareabctBo A. Ilunnens. Ilycrs p — npocroe uucao, n—
HATYpaJsbHOe YHCIIO; NPEANONOKUM, UTO HATYpAAbHbIe YHCIA X U Y YAOBACT-
BOPSIIOT ypaBHeHHO x(x+1)=p?" .y (y-+1). Tax kak uncaa x u x+1 B3aum-
HO MpPOCTbie, TO UMeeM aAnub0 p2*|x, aubo p**|x+1, rak 4yro B nM0GOM caydae
x+1=p*. Ho Haule ypaBHeHHe PABHOCHJIbHO yPaBHEHHIO

pr—l=[p"(2y+1)+ 2x+ 1] [p" Cy+1)—(2x+1)].

Tax kak JieBasg 4acTh 3TOrO PaBEHCTBA U NEPBbIl COMHOXKHTEAb MPaBoil
9aCTH SIBJASIOTCS HATypaJbHBIMHU UACAaMK, TO U BTOPO COMHOKHUTEJIb NPABOH
4acTH JoJKeH ObiThb HaTypasabHbIM uucioM, Orciofa ciaepyer, urto p2r—]1>
>2x-41 u, sHauur, p>»>2(x+1). YuursiBas Ternepb HallleHHOe Bbllle HEpa-
BEHCTBO X+ 1 = p?", noayuum p2n >2p27 410 HEBO3MOIKHO.

168. x=1, y=2 (rak kax 2-3=1-2-3) u x=5, y=14 (raK Kaxk
14.15=5-6-7).

Mpumevanune J. Mopaean nokasaj, yro APYruX pelieHufl B HATYPaAbHBIX HHC-
Jax Hawe ypapuenue He umeer [10].

169. Mumes B Buny TOKAECTBO (¥—24)*—2 (x—y)2=— (¥2—2y%), MOKHO
NOJNOKUTE [=Xx—2Y, u=x—1y.

170. a) Jloxa3aTeabCTBO BLITEKAET HEMOCPEACTBEHHO H3 TOMXK/IECTBA

(m2+4Dn?)y2—D (2mn)2= (m2—Dn?)2,

JlocTaTo4HO /11 HPOH3BOJIBHOTO HATYPAJbHOTO uKcsla n BbiOpaTh HATY-
panbHOe YHCJIO M TaK, YTOObl BBIIOMHSIOCH HepaBeHCTBO m2>Dn? u npu-
HSITh

t=m2+Dn2, y=2mn, z=m2—Dn2,
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6) 3ro cienyer HEMOCpPeACTBEHHO M3 TOXKJECTBA
14 (2n)24-(2n2)2=(2n2+1)2 na n=2,3, . . . .
Tak, nanpumep, 1+424+8=92, 1+624182=192,

ITpumeuanue. Jlerko TakkKe JA0Ka3aTh, uro AAA JIOGOTO WeNOTo 4YUCAA & ypaBHe-
Hue k+x2}y?=2? umeer GECKOHEYHO MHOTO PeIIEHHH B HATyPaJbHBIX YUCIAX X, Y, 2

Iocratouno 3a X npueaATh moboe uucao > |k|41, yetHoe, eciu 2 — HederHOE, M ueuer-
HOe, eclid £ — HeTHOe, U NPHHATH:

k+x2—1 k+x21
s el

Cp.: W. Sierpiniski. Teoria liczb, wyd. 3. Warszawa — Wroclaw, 1950,
cTp. 92 (ynpaKueHue).

171. Hame ypaBHenne paBHOCHIbHO ypaBHenuio 2% + 1= (x+1) (y+1).

Tak xak unciao ®epma Fs=2% +1 SIBJISIETCH, KAK H3BECTHO, NPOU3BELeHAEM
IBYX NPOCTHIX UHCeJ, MeHbIllee U3 KOTOPHIX ecThb 641, To ypaBHeHHe Hallle
HMEeT TOJLKO OJHO pellleHHe B HATYPaJbHbIX YMCAAX X U Y>==X, HMEHHO 10~
JytaeMoM npu x=>640,

Ilpumeuanue. HHTepecHo 3aMeTHTh, YTO O HEKOTOPHIX YPaBHEHHSIX BTOpOH cTe-
TNeHn ¢ ABYMS HCH3BECTHBIMM Mbl 3HaeM, YTO OHM HMEKT TOJABKO OAHO pPeHIeHUEe B HATYDAAL-

HBIX UHCAAX X H Y==X, ORAHAKO (TOJIbKO H3-32 TEXHMYECKHX TPYAHOCTE[) Mbl He B COCTOSIHHH
ero nafitTn. Tak ofcrouT Aeno, Hampumep, ¢ ypaBHeuueM xy-x-y-+2=210, .

MbI He 3HaeM, HMeET Ju ypaBHeHHE Xy+x+y=—22'" pellleHHe B HATYPa/bLHBIX WHCTAX.

172. Ecan y — uetHoe uncho, 10 x2=3—8z+ 2y® npx nejeHun Ha & gaer
B OCTaTKe 3, UTO HEBO3MOXKHO. Ec/IH Ke y ecTh HedeTHOe uucjao, y=2%k+1,
rie k— uenoe yucao, 1o x2—=3—8z+4 8k2-1-8%£+2 npu neneHuu Ha 8 maer B
OCTaTKe 5, 4TO TaK:Ke HEBO3MOKHO, TaK KakK KBAaApaT HEUETHOTO 4Hc/a NPH
Jesenuy Ha 8 gaer B ocTaTke 1.

173. [lycte x — npou3BOJIBHOE HaTypaJbHoe yHcjao. Kak Jerko mpose-
pPHTD, HMeeT MeCTo TOXAecTBO X (x+1) (x42) (x+3) + 1= (x2+3x+1)? Tak
4TO COTJIACHO HalleMy ypaBHeHHI0 y=x2+3x-}-1. lTak, Bce pellleHUS HALICTO
YpaBHEHHS B HATYPAJIbHBIX UHCAAX X U Yy NOJYYaloTCs CAeAYIOUHM 06pa3oM:
X — IpOU3BOJNbLHOE HATYpaJbHOE 4UCHO0, y=x%*+3x+ 1.

174. YpaBuenne x*+y2+224+x+y+2z=1 He MMeeT pelleHHH B pauHo-
HaJbHBIX YHCAaX, TAK KaK OHO, KaK JEerko IPOBEPHTb, PABHOCHJABHO YpaB-
HEeHUIO

(2x+1)2+ (Qy+1)2+ (22+41)2=7

H, 3HaUHUT, YHCIO 7 OblIO OBl CYMMOH KBaJpaTOB TPeX PALHOHAJbHBIX UHCE.

IloxkaxeM, 4TO rnocjaefHee HeBO3MOXKHO, JlefcTBUTENbHO, ecad Obl YyHC-
Jio 7 6b110 6L CYMMOH TPeX KBaJApPaTOB pallHOHAJNbHBIX 4HCeJ, TO IOCJe TpH-
BeJleHHSl HallMX YHCces K oOleMy 3HaMeHAaTesdo Mbl M0NyuyHJd Obl ypaBHeHHE

2+ b242=Tm?, (1
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rie a, b ¥ ¢ ABJAAIOTCS UENbIMH YHCAaMH, M Xe YHCI0 HaTypajbHoe. Takum
o6pas3oM, cyuiecrBoBajo Obl HaUMEHbIllee HATYpPaJbHOE YUCIAO M, A KOTO-
poro ypaBHeHHe (1) MMeer pellleHHe B LleLIX 4HCJIaX a, b, c.
Ecau Ger m ObLIO YETHBIM YMCIOM, M=2n, Tle n — HaTypaJjbHOE YUCJIO,
TO mpaBasg 4acTb ypaBHeHHd (1) nmeannach Obl Ha 4, OTKyZa MBI JEerKo 3a-
KJamoudan Ovl, 4TO BCce TPH uHUCIa @, b U ¢ AOJMXKHB OBITH YETHHIMM, T. €.
==2a,, b=2by, c=2cy, rle a1, by n ¢y — neanle uncaa. Tak kak mé=4n2, 1o,
CleJIaB BCe 3aMEHbl B ypaBHeHHH (1), Mbl noayunau Gui:

ai + b: 4 ci=7n2,

rjen — HaTypajbHOE YUCI0 <M, BOMPEKU TOMY, UTO 71 — HaMMEHblllee HATY-
pajibHOE YHCJI0, UIST KOTOPOro 7m2 ecTb CyMMa TPeX KBaJpAaTOB HENbLIX UHCe.

Hrax, m ecTb HeYeTHOE UHCJIO U MOITOMY UHCA0 m? NpH AejeHHU Ha 8
JaeT B OCTATKe 1, H, cJiefoBaTeJNbHO, NpaBad 4acTh ypaBHeHus (1) opu pene-
Hud Ha (8) zaer B ocratke 7. Ho, xak H3BeCTHO, HH OJHO TaKoe UHCJIO He
IpefCcTaBUMO CYyMMON TpeX KBaJpaToB LEJBIX YHCE.

Cp.: Matematyka, 1952, Ne 2 (19), crp. 58—59, samaua 192.

175. Ecniu 6B HaTypanabHBEE 4McAa X, Y, 2 YAOBJETBOPSAIN YpPaBHEHHUIO
4xyy—x—y=22%, Mel uMenu Owvl (4x—1) (4y—1)=(22)2+1 u HaTypaJbHOE
gucao 4x—1>=3 uMeno 6vl npocToil peaurenb p suna 4k+3. Takum ob6pasom,
BHINONHSJIOCH OBl cpapHeHue (22)2=—1 (mod p), orkynaa, Taxk Kak p—=—4k+
+3, M umeau Obl (22)P~i= (22)2%t)=—1 (mod p), 4TO HPOTHBOPEYUT
MaJgoi Teopeme Pepma,

Ho ecin n o3HayaeT mpoHM3BOJIbHOE HATypaJbHOE YHCIO H X=—1, y=
==—bn?—2n, z=—bn—1, T0, KaK Jerko NpoBepPHUTb, YHCJa X, Y U 2 YIOBJET-
BOPSIOT YpaBHEHUIO 4xy—x—y=22,

176. Jlerko npoBepuTh, UTO AJSA HATYpPaNbHBIX m W giasg D=m?+1 ume-
em (2m241)2—D(2m)?=1. Eciu xe npH HATYPaJbHBIX X U Y UMeeM x2—
—Dy2=1, 10 cOrJacHO TOKLECTBY

(4 Dy?)*—D (2xy)*= (x*—Dy?)*

TaKXe HMeeM x: ——Dyi =1, rae xy=x34+Dy? u y;=—2xy — HATYpaJbLHBIE
qpcaa, 60abInNe, ueM X U Y.

Orciona BbITeKaeT, HalpuMep, uto ypaBHeHue x2—Dy2=1 umeer 6ecko-
HeyHO MHOrO pellleHMil B HATYpaJIbHBIX uHcaax X U y gaa D=2, 5, 10, 17, 26,
37, 50, 65, 82.

177 *. YpaBHenue y?=x%4 (x+4)2 uMeeT JBa OYEBHUAHBLIX peEIIEHUS:
x=0, y=4 u x==0, y=—4. IlpuBesemM Tenepb n0Ka3aTeJbCTBO (NpUHAL-
Jaexaimee A. IllMHuesni0) TOro, 4yTo 370 ypaBHEHHE He WMeeT PelleHHil B Iie-
JbIX yucaax x, y, roe x=0 (cp.: Acta Arithmetica, VI, 1961, ctp. 470—471).

IMpeanosoxum, 4to Lenble yHcaa ¥x%=0 H y YAOBJETBOPSIOT HalleMy
ypaBHenHio. Torna umeeM:

= (y—x—4) (y+x+4). (M
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Orciona, tak Kak x50, uenole uncna y—x—4 U y+x+4 10aKHH ObITH
otauuHbl ot Hyad, Iycrb

d=(y—x—4, y+x+14). (2

Ecau 651 uvcno d HMea0 HedeTHHIT IPOCTOH RenuTesdb p, TO Ha OCHOBA-
Hun (1) ™Mbl 3akmounsan Gbl, 4TO plx, a Tak Kak pld, 10 BBHAY (2) —uTO
ply—x—4 u ply+x+4, caenoBareabto, p|2y, OTKyjga BBHIY HEYETHOCTH P
ply u pl4, uro Hesoamoxkuo, CiexoBartesbHO, d He HMEeT HEYETHOTO TPO-
CTOTO AeJINTENS W TO3TOMY d SIBAAETCs CTENeHbIO ABOHKH ¢ UEABbIM MOKa3a-
TeqeM =0.

[Tpeanonoxum, uto 16|d, Torna, na ocHoBanuu (1) u (2) nmeem: 28| x3,
orkyaa 2%|x u, Tak kax d| (y+x+4)—(y—x—4) =2x+38, 10 16|8, uro He-
Bo3moxkHo. Takum obpasom, 16 t 4.

[Ipeanonoxum, uro d=2. Torma y—x—4=2m, y+x+4=2n, rae
(m, n)=1. Ha ocroBaunuu (1) u (2) naiigem, 4to 2|x, a cief0oBarteabHO, TaK-
ke 2|y. Ho 2y=2(m+n), otkyna y=m++n, 3Hauut, 2|m-+n, 4to BBUAY
(m, n) =1 ngoxaswelBaer, uTo yHcaa m U n 06a HeuerHbie, Takum obpasom, Tak
Kak x¥==4mn, 10 8 t X3, 4TO HEBO3MOXKHO (BbILIEe OBIIO OOKa3aHO, 4TO 2|[X
n noaromy 8}x%). Urak, d==2,

IMpennonoxum, uro d=4. Torpa y—x—4=4m, y-+x+4=4n, rie
(m, n) =1. Takum o6pasom, BBuLy (1) x3=16mn, orkyaa Beitekaer, uto 4|x
1, 3HAYHT, 4fmn, H, TaK Kak (m, n) =1, 0QHO U3 YHCeJ M U n KejJUTCST Ha 4,
a Jpyroe HedeTHOE,

Ho, tak kax 4|x u 4=d|x—y—4, 10 4|y=2(m+n), uTo HEBO3MOKHO.
Urak, d=£4.

Tak xax 16 + d, d==2 n d5%=4 u Tax Kak d ecTb CTeNleHb ABOHKH, TO
0CTAIOTCs ellle TOJAbKO ABa cayyaa: d=1u d=_§.

Ecau d=1, to u3 (1) u (2) caenyer, uro uucna y—x—4 u y+x+4 98-
JAI0TCS KyGaMu LedqblX 4ucen, y—x—4=a? y+x+4==>0% orkyna Beuny (1)
x=ab n 2x+8=03—a3. 3jecv He MOxKeT ObITb a=2>0, TaK KaX Torga OLIJIO
6p1 x=-—4 u u3 ypasHeHua y?=x3+ (x-+4)? BolTerano O0nl y2=-—432 uro He-
BoaMoxHO. Tak Kak x=ab, To umeem 2ab+8=03—a%= (b—a)[(b—a)2+
+3ab], orkyna caexnyer, yto ecau db—a=1, to 2ab+8=143ab, Tak uro
ab=7; crefgoBaTenbHo, x=7 U y*=7°+112=464, yTo HEBO3MOXKHO, TaK KaK
yuciao 464 wHe sBasercs ksaapatoMm. CuoegosartenbHo, ecan ab>0, To
b—a>0, otkyna BBHAYy b—az=1 cienyer, uto b—a=2 u 2ab-+8>6ab, tax
uyT0 ab<<2 u, 3HauuT ab=1, oTKyjga a==>b, 4TO, KaK H3BECTHO, HEBO3MOKHO.
Ecau xe ab<<0, to aubo a>0, b<<0, orkyna a®—b3=a’4}(—b)3=a24-
+ (—b)2=—2ab Bompeku TOMYy, urOo @*—b3=-—20b—8<C—2ab, nubo Ke
a<<0, b>0, orkyaa, Tak kak b3=qa3-}-2ab-}8, naitpem b*<<8, snauur, b=1
n a®+2a+7=0. llocaeanee >Xe HEeBO3MOMXKHO, T2K KakK ypaBHeHue f3-}-2f-|
+7=0 He umeer peuleHuit B HeanlX yucaax. Mrak, ponxHo 6uite ab==0 n,
3HauuT, ¥=0, BOpeKH npeanosoxennw, uro ¥x7*0. Takum o6pazom, Hepos-
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moxer u cayuaft d=1. OcrtaeTcss paccMOTpeTb TOC/AEAHEEe MPeANOJOKeHHe:
d=38.
Hrak, na ocHoBanuH (2) umeeM y—x—4=8m, y+x+4=8n, rae

X
(m, n) =1, u, 3nauur, coraacuo (1) x3==64mn, 1. e. (7)3=mn, OTKYAQ, TaK
Kax (m,n) =1, cieayer, yTo Yucjaa M U 1 gBAAI0TCA KyOAMY LenbiX yuces, Ha-
X
npumep m=as3, n=>0%, OTKyJla 4 =ab n 2x+8=8(n—m) =8 (b3—a?), rak

uro ab+1="5b3—a? ScHo, uto 37ecp He Moxer ObTh a=>0. Takum oGpasom,
jb—al=1. .

Ecan ab>0,10 b>>a u b—a=1, a tak xak ab+1=0%—a’= (b—a) X
X [(b—a)?+3ab] =>3ab, To HalineM, uto 2ab< 1 Bonpexu Tomy, uro ab>0.
Hanee, tax kax 4ab=x==0, To ocTaercs pacCMOTPETb NpPEANOJOKeHHE
ab<<0. Urak, ¢ ogHolt cropoHsl, |b—a|=1u |b*—a?|=|b—a| | (b+a)2—
—ab| =—ab; ¢ apyroit e cropoHb, Tak Kak ab<C0, nmeem |ab+1]<<C
<C|ab|=-—ab. Taxnm o6pa3omM, paBeHcTBO ab+ | =0%—a® HeBO3MOKHO,

Mrak, noxasano, yro ypaBHeHue y?=x%+ (x+4)2 He HMeET pemIeHUA B
IeJbIX uncaax xs=04u y.

178. Haure ypaBHeHHe DaBHOCHJIBLHO YpaBHEHHIO X2+ y2x+22y=rmxyz
B I&IBIX YHCJIAX X, Y, Z, OTJHUHBIX OT HYJs M NONAapHO B3aHMHO MpPOCTBIX.
V3 storo ypasaenus BuITeKaer, uto y|x%z, z|y2x, x|2%y, a tax xak (X, y)=1
u (2, y)=1, 10 (x%z, y) =1 4 no3TOMY W3 TOro, uto y|x22, caenyer y==1.
[Tono6ueiM obpazom HaifpeMm 2= %=1, x=-1.

Ecau uucia X, ¥y 4 2 HMEIOT OAMHAKOBble 3HAKH, TO U3 HAlIero ypaBHe-
uus noayuum 1+ 1+1=m u, spauur, m=3. Ecan 6bl U3 yucesa x, y, z 1Ba
OBIIO MOJOKHTEABHBIX U OHO OTPHIATENBHOE HJH ABa OTPHLATENLHBIX H OfI-
HO TOJOKHTENbHOE, TO M3 Halllero ypaBHeHHs BbiTEKado Obl (Tak Kak x=
=41, y==1, z=-1), uTo M, BONPEKU NPEANOJCKECHHIO, €CTh UUCAO OTPHU-
narteabHOe,

Hraxk, pasg HaTypaJbHBIX M ypaBHEHHe

y z X

UMeeT pellleHHe B UeJblX YHCIAX X, 4, Z, OTJHUHEIX OT HYJS U NONAapHO B3aUM-
HO TIPOCTBIX, TOJIbKO [JIsl M=23 U UMEET TOTja TOJbKO TaKHE ABA PEUICHHS:
x=y=z=1u x=y=z=—1. Jlng HaTypaJbHbIX }Xe M==3 Halle ypaBHe-
HUE He UMeeT PelleHHH B UEeABIX uKcaax X, y, 2, OTJAWIHBIX OT HYJIs U NOoNapHo
B3AUMHO TPOCTHIX.

R4 Z
179. Taxk xaxk 5 ~§— = 1, TO panuoHa bHBlE HOJNOKHTEJbHEIE YHCI
x 0y z .
SRS M - HE MOIyT ObITh Bee << 1; ecau e xoTs1 OBl 0HO H3 HUX =1, TO

LI AT N
y+z+x/l’
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T. €. JJeBasl YaCTb 5TOr0 HEPaBeHCTBA He MOXeT OBITh paBHa | HH AJs KaKHX
HaTypalbHbIX UHCeN X, Y, 2.
ITpumeuyanHde 3naunTeNbHO TpyAHee OLIIO OBl A0OKa3aTb, UTO HAlle YpaBHeule
He MMeeT pellleHHH B LeJwx uuciaax 70 [em.: Acta Arithmetica, VI, 1961, crp. 47—52,
crp. 469, u Tam xe, VII, 1961/62, ctp. 187—190].
180* JlemMma. Ecau @, b 4 ¢ — BellleCTBEeHHBIE MOJOKUTENbHbIE YHCAA,
He BCe paBHble MeXAy coboH, TO
a-+b4c\®
(L) > abe. (1)
HoxasateabcTBo. Ilycts @, b, ¢—He Bce paBHble Mexay coGoH
NOJI0KUTEAbHBIE YHcaa. Torga CylecTBYIOT NOJOKHTENbHBIE YHCAA U, U U W,
He BCe pPaBHble MeXIy co0oH, Takue, uto a==ud, b=103 c=w?.
HmeeM TOXAECTBO

ud+uvi4 w3—3uvw:—; (u+ov+w) [(u—0v)2+ (v—w)2+ (w—u)?].

Tax KaK He BCe 4MC/Aa U, U ¥ @ MeXAy cofoil paBHbI, TO MOCAEIHHN CO-
MHOXKUTEIb NIPABOH 4aCTH TOXKAECTBA €CTh YHCJIO MOJOKHUTEIbHOE H, Caejao-
BaTEJIbHO,

w3+ 03+ wi>3uvw,

OTKYyAa

(———”3+Ug+w3 )3>u303w3. 2

Tax xak w?=a, v®=05, w3=c, To HepaBeHCTBO (2) nxaeT HepaBeHcTBO (1) H,
TaRinM 06p213OM, yCTaHaBJ]l/IBaeT CHpaBeI[JU/IBOCTb JEMMEI.

W

X
Ilycrs Tenmepb x, y U 2 — HaTypaJbHble uucaa. Ecau OB uHcsa 3

A o
-X—ObI.HI/I BCE€ paBHbl MeXKAY CO6OI/I7 TO, TaK KaK OHH MNOJOXKHTE&JIbHbBI U IIPO-

H3BeleHHe HX paBHO 1, Bce OHM AOJKHBEI Oblid Obl OBLITH PaBHBL | H MBI
HMeJH Obl:

ad D2 =5
3 + z+x 3> 2.

X Vv 2 o
Hraxk, ne Bce Tpu umcaa 0 T Tx Mexay coGoil paBHbI; HOATOMY B

CHJTY JIeMMBI

['>5 -+ 5=

[+
OTKyJa
Sttt e>s
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Taxkum o6pasoM, ypaBHeHHe

X ¥y z
y + 5+ =2
He HMeeT pelleHHil B HATYpasibHbIX YHCJIAX X, Y, 2

181. TlpennosoKuM, 4TO HATypaJbHble YUCAA X, Y, Z YAOBJIETBOPSIOT Ha-
X
leMmy ypaBHenHo. Ecau He Bce TpH uncaa —, -

2 ~ o
~> — Mexjy coGofi paBHbI,
TO, KaK MBI 3HaeM U3 penieHust zajgayu 180, Oynert:
x y z
7 + 5+ > 3.

X
Takum 06pa3oM, JOKHO GbITh — = -

= % U 3 HAllero ypaBHEHHs
caeayeT, 4TO KazKJOe M3 3THX YHcesa paBHO l, Tak uro x=y=2z. B arom
cayuae

X y z . .
4L+ =114 1=38

Hrak, name ypaBHende umeer GECKOHEUHO MHOrO pelieHuil B HaTypaJb-
HbIX YUcJaax X, y, 2. Bce pellieHHsa 3TOro ypaBHEHHs] B HATYpaJ/bHBIX UHCAAX

Mbl OOJAYYHM, NOJIO2KUB yY=—=2==4X, TI¢ X — [IPOU3BOJIbLHOE HATYypaJbHOE YHCJO.
Ilpumeuanue. Mb He 3HaeM, HMECT Jiu yPaBHeHHE

X y z
E R

pellieHHs1 B HAaTYPa/lbHLIX YHCaAdX X, y, 2. Taxkoe peuleHne uMeeT ypaBHEHHe
X y 2
y Tt =5

nanpumep x=1, y=2, 2=4, a TakKe ypaBHeHHe
x y z
y + z T T 6,

nanpumep (xak Hawea §I. Bposkun) x=2, y=12, z=9.

182 *, Kak 3amerna A, Hlunnens, ecan A JaHHOTO HaTypaJsbHOTO 4YHC-
Jla m HaTypajbHble UHCjIa X, Y, 2 YAOBJIETBOPAIOT YpaBHEHHUIO,

X3+ Y3+ 28=muxyz, (1)
TO .
x2y y2z 22X :
y2z + 2tx x2y . @
J1eldcTBUTENBHO,
Xy X oy ¥ 2x 2
yz o xyz’ 2x xyz’ xty  xyz'’
7*



a Ha ocHOBaHuHU (1)
x3 3 23
xyz xyz xyz

Taxnum o6paszom, us 3amay 179 u 180 Buitekaer, uto gt m=1 u m=2
ypaBHenHe (1) He MMeer pelleHHH B HAaTypasbHBIX YHCJAAX X, Y, 2, M3 pelle-
HUA Ke 3anadn 181 caenyer, uto Ang m==3 ypasHeHue (1) HMCET TOIbLKO pe-
LIeHNs], B KOTOPBIX x2y=y?z=22x=n, Tle 1 — HeKOTOpOoe HATYDPaJbHOE YHC-
Jgo. Ho torna x%y-y’z-22x=n3, uan (xyz)3=nd, oTKyla xyz=n U TakK Kak

y=n, 10 —— =1, 1. €. 2—=x [anee, Tak kak y2z=n L1, 1. 0 x=
y_‘7 x—v--—- ¢ 3 y—,TO ——-,—y

Urak, noaxHo 6biTh x=y=2. Bee pemeHus ypapuenusa (1) aaa m=3
B HATYpa/JbHBIX YIICAAX X, Y, 2 Mbl IONYUHM, NTOJOXKHUB y=2=Xx, TAe X — [IPO-
YU3BOMLHOE HATYPAJILHOE YHCIIO.

183. INpexanosoxum, uto Teopema Iy cupaBeniuBa. Ecan 661 Teopema T
fbljla HeBepHA, TO CyllecTBOBAAW Obl HAaTypaJbHBle yHcaa U, U U @, TaKHe,
y1o ¥+ v3=w5, U, MOJOKUB X=Uu?0, y=0v%Ww, 2=W>l, MLl BONDEKH TEOpeMe
T, umenu ool

v2 ud--y? w? ¥

x L y w2y +02w u? -+ -
y oz T owvw | w T ovw wu  uvw  uvw X

Wrak, Mbl A10Ka3aJ/H, 4To U3 TeopeMel 1y BbiTeKaeT Ty (3TO AOKa3aTe/b-

creo Haues lunnens).
[Ipeanosioxum Tenepb, uro TeopemMa Iy HeBepHa, Torja CyLleCTBOBaJN

P X Yy 2 )
Obl HATypaJbHble YHcaA X, Y, 2, TAKHE, 4TO — =~ = H, sHauut, xz+
+y2x=2z2y. Ilyctp x%z=a, y2x=0>, torga 22y=—a+b n ab(a+b)=(xyz)2
Ilycrs d=(a, b), tak uto a=da,, b=db,, rae (ay, b1)=1. Umeem a+b=
=d(a+b1) n abi(a1+bi)d3= (xyz)3, orkyaa Haxoauwm, uro d3|(xyz)? m,
3Haunrt, d|xyz, Tak 4To xyz==d{, The {— HATypaJbHOE YUCJO.

Taxum obpasom, aby(a;+b1) =13, a Tak Kak uucaa a;by u a;+0b; asas-
IOTCS TIONAPHO B3aHMHO NMPOCTLIMHM, TO OTCIONA, KaK 113BECTHO, BbITEKAET, 4TO
a=u?, by=0v3, ay+by=w?, rie u, v U w— HaTypaJbHble yucaa, Otciona
Boripeku TeopeMe Tp nmoayuacys ud+ovd=w? Taxum 06pasoM, Mbl LOKa3aJjH,
4YTO U3 TeopeMbl I BLITCKAET Teopema 1.

Hrak, teopembl Ty n T, BHITEKAIOT O4HA H3 APYFOH, CJAEA0BATEIbHO, 9TH
TEOpeMbl PABHOCHJBHBEL, 4. H T. .

[MTpumeuanue Teopemy T, MONMHO IOKa3aTh 3JeMEHTAapHO (XOTA 3TO H TPYAHO).
3uauur, cupaBefauBa ¥ teopeMa 7.

X z ¢
184 *. Ecan umncna x, y, z, { HaTypaabHble, TO YUCI2 KR —z—, - B

PaurOoHAJJAbHbIC [TOJIOKUTENbHBIE, NPOUZBEACHHE XK HX DABHO L. HOSTOMy OHH
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BCE YeTbIpe He MOryT OblTh MeHblle eguHHUIbl, Ho ecan xora 6bl 0XHO M3 HHX
=1, To cymMa HX ecTb YMCJIO >>1, 3HAUHT, PaBEHCTBO

X y 2 t

y + 2 + z + X
OKa3blBaeTcs HeBO3MOXKHbIM. Takum o6pa3zoM, Mbl J0KAa3a/aH, 4yTo YpaBHCHHE
He HMeeT pellleHHH B HeIbIX MOJOKHTEeNBHBIX UHCAEX X, Y, 2, L.

JlokaxkeM Tenepb, 4yTO Halle ypaBHeHHe MMeeT OECKOHEUHO MHOTO pelie-

Huil B Heablx yucaax =0, C 3TOl LeJblo AOCTATOYHO NPOBEPUTbL, 4TO OHO
VI(OBJAETBOPSACTCA YHCAAMHU

x=-—n?, y=n?(nt—1), z=(n*—1)2?, t=—n{(n>-—1),

rie 1 — NPOH3BOAbLHOE HATypaJibHOe uncio > 1.
185 % Jlemwma. Fcau a, b, ¢ u d — nosoKuTEAbHBIE UNCAA, HE BCe paB-

Hble MexXay co6ofl, To
(‘ij_l’_%_c‘_dr ~ abed. (1)

JloxazaTeabcTBoO. [IpeanoaoxuM, uto @, b, ¢ ¥ d — MOJ0KUTED-
sble uncaa u, Hanpumep, a==b. Torga mu6o a+cs=b+d, mbo a+d=+b+c,
TaK Kak ecad Opl 6bl10 a+c=b+d u a+d=0b+c, To OO0 OB a—b=
=d—c=c—d, otkyna a—b=0 BOnpeKkH NPEANOJOKEHHIO, YTO a=~b.

Ecau, nanpumep, a+c%b+d, to nycts u==a-c, v=>0+d; umeem u==0,
caenoBaTeabto, (u—uv)2>>0, uto paer u2-+02>2uv u, 3HauuT, (U+40V)2=
=2+ 02+ 2uv>4uv. Ortciona (a+c+b+d)2>4(a+c)(b+d), a tak kak
{(a+c)2=4ac, (b+d)2=4bd, To nmeem:

(a+b+c+d)i>42(atc)2(b+d)2>4%abed,

4TO M 1aeT HaM HepaBeHCTBO (1).
Hrak, semma nokasaua.
Ipeanosoxum tenepb, 4TO AJas HATYPAJbHOrO YHC/IA M1 ypaBHEHHE
X Y z ., t m
y T T T T

HMeeT pelleHHe B HATypaJbHBIX umcjaax X, y, 2, f{ IlpousBeldenue Haiux
YyeTbiPex cjaaraemblX, pallHOHAJBHBIX U NOJOMKHTEIBHBIX, paBHO 1; ecau Obl
BCe c/1araeMble OblIH MeXKAY cOoO60i paBHbl, To Obl0 Obl m=4. [TosTomy ecan

X
M — HaTypaJbHOE UHCJIO <4, TO He BCE YyeTbipe NMOJOXKHUTEJNbHbIC YHCIa —y— 5

t o
”;, T X MexKAy cobof PaBHLBI U COIVIaCHO JIeMMeE

2

l/x Yoo 2 Aty 2
TKT+T+t+x)J>y z t x_l’
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OTKyZa
X y z t
T+T t 4+ >4

OTciona cieflyer, 4To Hallle ypaBHeHHe He MMeeT pellleHHI B HATypaJb-

HBIX YHcaAax X, Y, 2, ¢ OO HATypaJdbHBX m< 4 M uTo Aasg m=—4 uMeeT
X F4

TOJIbKO TaKHe PeILleHHs], B KOTOPLIX BCe ueThipe yHuC/a 5 y?, > 5 Mexay

coboil paBHH H, CJeJ0BaTeNbHO, PaBHH 1, OTKylla x=—=y=z==1{.

Hns m=4 Hame ypaBHeHHe uMeerT OECKOHEUHO MHOTO pellleHHil B Ha-
TYpasJbHbIX YHCHAAX X, Y, 2, . Bce 3TH pellleHHsT MBI MOXKEM IOJIYYHTh, MOJIO-
KUB y=z=1F==X, T[€ X — IPOH3BOJIbHOE HATypaJbHOE YHCJO.

186. 3xech J0MKHO ObIThb X<I4, Tak KaK B Caydyae x>=D Ha CCHOBaHHUH
HEPABEHCTB X< <2< Obl0 Ol

1 1 1 1
_— — -

4

< 1.

S

3aech Takxe, OUEBHIHO, JHOKHO OblTh x>>2. Takum o6pas3oM, moa/ekKar
PaccMOTPEHHIO TOABKO TPH cayuast: x=2, 3 u 4.
[TpeanonoxuM BHauajae, uto x=2. Torga umeeMm 3iech ypaBHeHHE

1 1 1 1
_ =
y oz 0t 2 - (1)
Taxk kak y=Cz<{f, TO UMeeM —- > , OTKyjga y<I6, a, ¢ APYroil CTOPOHH,

1
Ha ocHoBaHuHu (1) umeem T < —5 C/IEJLOBATEBHO, Yy>==3. 3HauuT, 4UCI0 Y

31CCh MOXKET IPUHMMATH TOJNBKO Cledylomue 3HaueHus: 3, 4, b uau 6.

1 1 2 o
Ecan y=3, to =5 T T‘g —- OTKyJ1a 2= 12, a tax Kak, ¢ Apyroi

1 i
CTOPOHBI, &> ——, TO HYHCJIO Z MOXKeT IPHHAMATb TOJBKO 3HAUCHHS
2=—7,8,9,10, Il wan 12.
1 1
Hast 2==7 —7 = 7, OTKyla =42, 4T0 JdeT pelleHHe HALIEro ypaBHe-
HUsl: x=2, y==3, 2=7, t=42,

Onsa z2=38 —;—: 714—, OTKyZa f==24, yTo AaeT pellicHue Halllero ypasHe-
HUsl: x=2, y=3, 2=38, =24,
1 1 :
Hast 2=9 - = 1§, OTKyaa t=18, 4T0 Jaer pelleHHe HAUIETO ypaB-
HeHHS: X=2, y== 3 z2=9, t=18.
Iansa z=10 - —11—, oTKyAa =15, uto maer pemeﬂne Haumero ypas-
HeHus: x=2, y—3, =10, {==15,
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I[Jm z=11 !

5

-= ‘ng’ yro a5 ! jaer ApoOHOe 3HAuUeHUE H MO3TOMY He
JlaeT peluleHHdA HaIlero ypaBHEHHMA B HATYpaJbHbIX YHCIAX

1 R

Has z=12 — =75 » OTKyAa {=12, yTo maer pelleHHe Hallero ypas-

HeHHSs: x—2, y=—3, z—=12, t=12.
I I 1
Ecmn y=4, 104 = —

1 1
s <
. 7 5, 0TkylZ 2<% 8, a Tak Kak—
Clel0BaTe bHO, 2>4, TO UHCJIO 2 MOXKeT IPHHHUMAaThb TOJBKO 3HaueHus 5, 6
7 uau 8.

4/2’

28

uyto 1791 ¢ gaer ApoOHOe 3HAUeHHe H TO3ITOMY He
AAaeT PElieHHsl HALIETO YpaBHEHUSI B HATYpaJbHbIX 4HCAaX
1
dng 2=8 —

7 g OTKyJla {==8, uTo jaeT pelleHHe HALIEro ypasHe-
HUsi: x=2, y=4, z=38, t—8
Ecnu y=5, 10—+ = — + — t < -~ OTKyja 2< 5~ » CIEOBATENbHO
2<C6 H, TaK Kak Z>J-—5, 3aKmouaeM, UTO Z MOKeT IPHHHMATb TOJbKO 3Ha-
yeHHus: b nian 6.
Has 2=5 —tl— !

{5 » OTKyIa t=10, 4to maer pellieHHe Hamlero ypaBHe-
Husi: x=2, y=>5, z=5, {=10.
1 2 .
Hiusa z=6 - 75 » 4TO MM { paer ApoOHOe 3HAYEHHE H MO3TOKY HE
JaeT pellleHUsT HAUlero ypaBHeHHS B HATypaJbHBIX UHCIAX
1 1
Ecmn y=6, 10 5 =— —~ » OTKyla 2<<6, a Tak Kak 2Z=y="6

= _
TO HaXOnuMm, uTo Z==06, OTKyna f=0, 4To ngaer pellleHHe HAIIero ypapHe-
Hus: x=2, y=6, z=6, {=6.

Vrak, Mbl paccMoTpesn cayyallh x=2 ¥ OJHOBPEMEHHO AOKa3ajH, 4TO
pasHeHue (1) umeer B HAaTypaAbHLIX uMcaax y, 2, { (rae y=tz<.f) 10 p
wennit: 3, 7, 42; 3, 8, 24; 3, 9, 18; 3, 10, 15; 3,12, 12; 4, 5, 20; 4, 6, 12;
4,8,8;5,5,10u6,6, 6.

[Ipenanmonoxum Temepb, YTO X

x==3. Torna noJyyaeM ypaBHeHHe
1 1 _2

Tt r=g

- 2
=

OTKYJIa, B CHIY y<l2=<l{ —3~

— CJIe/I0BaTeNLHO =S

5~ H nostomy y<<4.
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Tax xak 3=x<Cy, T0 y MOXKET NPUHHMATb TOJbKO 3HAUCHHA 3 WJH 4.
1 2 1
Ecau y=3, 10 umeem 7+T:T » OTKYlla — > —~ » CIEOBATENBHO,

1 1
2<C6, a Tak Kax —Z—<-3—, OTKyJa 2>3, TO Z MOXKEeT NPHHUMATh TOJbKO 3Ha-

ueHus 4, 5 uau 6.
Hns z=4 nafigem {==12, 4To faer pellleHHe HALIEro ypaBHeHHS: X=23,
y=3,2=4,t=12.

. 15
Hnsi =5 Hajfigem {== -, 4TO He [aeT peUIeHUs Hallero ypaBHEHUs B

HATYpaJibHLIX YHCAaX.
Has z=6 naligem =6, 4TO JaeT pelleHHe Hallero ypaBHeHI/IH x=3,

y=3, 2=06, t=6 l
Ecan y=4, 1o umeem ——+ 152 —2—, OTKyAA z=<< <5 a Tak

KaK 22=y=4, TO LOJIKHO 6bITb 2_4, OTKyJa {==6, uto naeT pemeHHe Ha-
HIero ypaBHeHHs: x=3, y=4, z==4, {==6.
IHpeanonoxum tenepb, uTo x=4. 371ecb Mbl HMeeM YpaBHeHHe

i i 1 3
- e =
y + z 't 47
3 3
OTKYZa, TaK KakK y<=2<Il, —4—<—y—, CIe0BaTe/IbHO, §<I4, a TaK Kak y=
1 1 2
=x=4, 70 MoxeT ObITb TOJBKO y=4. [TosToMmy —z—+—t—: 5 <, » OTKY-

la 2<<4, a Tak Kak zZzy=4, T0 2=4, 0TKyZAa [=4, 4TO maer peuleHHe Ha-
wero ypaBHenusi: x=4, y=4, z=4, t=4.

Mrax, paccMoTpeB Bce BO3MOXKHBIE CIyuaH, Mbl NPUXOAHM K 3aK/IKYe-
HHIO, 4TO Hallle ypaBHEHHe UMeeT B HaTypPaJ/JbHBIX UHCAAX X, Y, 2, [, The X=Z
sCy<Cz<!, 14 peueHnnii:

x, 4y 2 t=2,3,7,42; 2, 3, 8, 24; 2, 3,9, 18; 2, 3, 10, 15; 2, 3, 12, 12;
2,4,5,20;2,4,6,12; 2,4,8,8; 2,55 10; 2,6,6,6; 3, 3,4, 12; 3, 3, 6, 6;
3,4,4,6u4,4,4,4.

npl/lMC YaHHE. PACCMOTDBIIHOE 31€eCb YPABHEHHC HMEET OpHMEHCHHE TIpW
pelienny 3ajlaun O 3aMOJUCeHHH MJOCKOCTH NPABHILHBIMH MIIOrOyroJgbHHUKaMH. CuM:.
W. Sierpinski. O rozkladach Iliczb wymiernych na ulamki proste. Warszawa,
1957, cTp. 31—42,

187. Hasi xa0oro HaTypaJbHOro 4Hcaa § Halle YpaBHEHHE HMeer Mo
KpaliHell Mepe OJIHO pellleHHe B HaTypaJbHBIX uMcJax, HalpHMep Xy=2dp==
= . = Xs=S5.

Urobh JI0Ka3aTh, 4TO OHO UMeeT KOHEUHOE YHCJIO pelleHud A KaxKA0ro
HATYpPaJbHOrO YHcja S, jokaxem Gosee o0MYIO TeopeMy, UTO M KaXKIOTO
pPalUOHAJBHOIO YHUCAA @ W A8 KayKAOro HaTypaJbHOro yuc/aa § ypaBHeHUE

11 1
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yMeeT KOHeuHoe ==0 UMC/I0 pellleHHH B HaTypPaJdbHBIX 4HCAAX X1, X2, . . . , Xs.
JlokasaTeJbCcTBO 3TOH TeopeMBl IpOBeleM IMpPH IOMOINH HMHAYKUHH IO
usicay s. Teopema, oueBHAHO, BepHa aas s= 1. [lycTb Teneps s o3Hauaer faH-
HOe HaTypaJbpHOE YHCJO0; MPEeANOJOXKHM, YTO TeopeMa Hamla AJdA Yucaa S
cnpaBeasnuBa. [IpeanosoxumM Temepb, YyTo HaTypaJsbHble uHcaa X1, Xz, .
, Xs, Xs+1 YIOBJIETBOPSIIOT YPaBHEHUIO
T 2 (1)

Xy Xg X X5

T/ U eCcTb JAHHOe PAalHOHAJNbHOE UHCJA0, OUEBHAHO, [OJOXKHTEJbHOE.
[Mosaras, uTo X <Cxe<< . . . =CTXs=<"Xgu, MBI Ha ocHOBauuu (1) Haiigewm,

1 s-+1
qTO 2&, OTKYda Xj\u— , TAKHUM o6pa30M, HUHUCJAO X1 MO2KET IMPHHH-

MaTb JHIIb KOHEUHOE YHCJI0 pa3AHYHbIX HATYPa bHBIX SHAaUEHHH.
BriGepem s x; KakKoe-HMOYAb M3 STHX 3HAUEHHH; TOTAa AJA S uHuced

Xo, X3, . . ., Xsp1 OyIeM HMETb ypaBHeHHe
1 1 1
— 4+ — . = — — 2
P + e + o 0 (2)

rjie NMpHu BEIOpAaHHOM yiKe Xy, IpaBas 4acTh ecTh AaHHOe DALHOHAJbHOE UHCJIO,
W, 3HAYUT, 0O NPEANOJOXKEHHI0O O CIpaBelJHBOCTH Hauled TeopeMmbl AAdA S
yuces OHO HMeeT KOHeuHoe =0 uHcio pelleHHH B HaTypadbHBIX YHCAAX
Xy, X2, . . ., Xs, Xs41. HHO TAK KaK Xy MOKeT APHHUMATb TOJAbKO KOHEYHOe yHc-
JIO HATYypaJbHBIX 3HaYeHHH, TO OTCIOa BRITeKAaeT CIPaBeUBOCTb HAllIeH Teo-
peMbl AJjs s+ 1 unced.

STuM U 3apeplliaerTcsd UHAYKTHUBHOE J0Ka3aTeJbCTBO TEOpPeMbl,

188 *. Jnst §==3, KaK JIerKO IPOBEPUTb, HMeeM DPelleHHe Hallero ypas-
HEeHHs B HATypaNbHBIX BO3PACTAKIUX YHCAaX X3=2, Xx,=3, x3="06. Ecau npu
JIAHHOM HaTypaJibHOM S>3 HaTypaJbHble UHCIA X1<Xz<C . .. <Xs; yAOB-
JIE€TBOPSAIIOT HalleMy ypPaBHEHHIO, TO, TaK Kak S>3, uMeeM x;>>1 U mostomy
2<C2x < 2x9<C . . . <(2x;. 3ameyaeM, uyTo uMcaa (=2, l,=2x;, (3=
=2Xs, . . ., te=2Xs4, ley1==2X; COCTABJAIT BO3PACTAIOHIyI0 [OCJE0Ba-~
TEJBHOCTD HaTypaanmx gucesa H leOB.HeTBOpHEOT ypaBHeHHIO

R R vt ()

TaxuM oGpa3om, MBI yiKe ¥MeeM ls pasJiMyHBIX pelnenuil ypasHenus (1)
B HaTypaJbHbLIX BO3pacTAOWUX YHCHax fy, fs, . . . , ts, fst1. CieloBaTenbHO,
lst1=1,, OTKyna caenyer, qTo IJIST KaXKJA0TO HATYPAJbHOTO 4HCjaa §>=3 ypaB-

HeHHE —— + — + ... - — =1 uMeer no KpaiiHeil Mepe OJHO pelICHHE B

HaTypaanmx BospaCTaroumx qHCaIax Xy, Xz, . . . , X
Hans s=23 Hallle ypaBHEHHE HMEET TONBKO OJHO pellleHHe B HATYPaJsbHBIX
Bo3pacTamolyuxX uHcaax. JleficTBUTENbHO, 31€Ch JIOMIKHO OBITH X3>>1; caeno-
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BaTEJbHO, X;>=2, a ecaH Obl Obl10 X123, Mbl UMeH Obl X2>=4, X325, OoTKy-
1 1 1,1 1
na }T+Z -+ ;;—< = —4-+—5— <1, uto HeBosMOKHO, UTaK, x1=2, Xo =
1 1

i 1
xﬁ\X3<2A+—4

1
=3, a B cayuae X;>>4 Oblio OBl X3==5, oTKyJa N +

1 .
+—5<1, uTO0 HeBO3MOxkHO. Taxkum o6paszoMm, xg==3, OTKyda X;=06 u, 3HAUHUT,

ls=1. Ho [,>>1, Tax kKaK ypaBHeHHUE 1—+ L -+ L —{—L =1 umeer B HATYy-
Xy Xo X3 X4
paJbHBIX BO3pacTAIOLUX YHcaax peuledus 2, 3, 7,42 u 2, 3, 8, 24 (umeer Tak-
e U Apyrue pellicHHs).
Mrak, nanee Mpl Moxem mojarath, uro s==4. B takoMm cayuae ypas-
HEHHE
1

1 1

— g g =1

X1 + Xo + + Xs—1
UMeeT 110 KpafiHell Mepe OJHO pelleHHE B HATYpaJbHBIX BO3pacTaiolliX YHC-
Jax X <lxe< . .. <UXs—y, a TOCEMY uucaa =2, =23, [="0xy,
t,=06x;, . . ., ls41=0Xs—y ABAAOTCS HATYPAJbHBIMH BO3PACTAIOUUMH UHC-

JaMH, YIOBJETBOPSAIOMMMH ypaBHeHHIO (1), npuueMm 3To pellieHHe OGYAET OT-
JHYHO OT KaxKAOro M3 [s pellleHuit ypaBHenusi (1), MOJy4eHHLIX paHee, Tak
KaK TaM BCe YHCaa OBLIM YeTHbIe, 3/leCh Ke YHCIO fp==3 eCTb HeYeTHOe.
Taxum ofpaszom, lei =0+ 1, cienoBartensuo, lspy >>0s LI s==3, 4. U T. 1.
nn—+41
189. Ilyers th= ——(—;—_—) — n-e TPeyroJbHOEe uHCca0. Kak Jerko npose-
PHTB,

1 1 1 1 1 1 1 1
w=b e tgty byttt

[ostomy manee MOKHO MpeAnonarath, YTO § — HATYpPaJ/bHOE UHCIO ==5.

Ecan s ectb HeueTHOe yncio, s=2k—I1, rie £ — HaTypaJbHOE 4HCAO =3, TO

1 . 1 E4+1 2 2 2 2

n TR + i 4 2.3 +ggte T Y + 5 =
ol 1 1 1 1 1 2

=2z - )+ =)+t (= - B =y

rje Jepast yactb ecTb cymma (k—2) + (k+1)=2k—1=s unces, o6paTHbIX
TPEYTOJILHbIM,
Ecau e s ecth ueTHOE yncsao, s=2k, rjae k2 — HaTypaabHOe 4yuciao =3,

TO B ciyuae k==3 —tﬁ?: 1, B cyuae xe >3

2 | 1 1 k1
Tt Tttt o1 + 5

1 N 2 2
=5 t3rt+tgyttom ttE=b
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rae JeBas 4acTb ectb cymMma (k—1)+ (k+1)=2k=s unces, oGpaTHBIX
TPEYTONbHLIM.

Cp.: W. Sierpinski. O rozktadach liczh wymiernych na ulamki
proste. Warszawa, 1917, crp. 30.

I 401 1 -
190. IlpunuMasi Bo BHUMaHue gopmyay Tk_QkT_“TKiT) oast k==
=1, 2, . . ., JerKo NpOBEPHTb, YTO JJ HATypaJbHBIX 1
1 1 1 1
n ty + tn-1 +ooe Tt ton—1

191. SlcHo, 4TO HH OAHO M3 HATYpAaJbHBIX UHCeN X, Y, 2, {, YIOBJETBOPAIO-
IUX HalleMy YpaBHEHHIO, He MOxeT Obith paBHO 1. Taxke HH OJHO U3 THX
yuces He MoXeT OBITH =3, TakK Kak, HaOpuMep, B cayuae x=3, y=2, z2=2,
{==2 Mbl UMeaH Obl:

I

X2 . y2

1 1 1 3 31
wrtw=95tT=%<L

UyTO HeBO3MOXkHO, Takum o0pa3oM, JOMKHO ObITh X=y=2=1[{=2; 3T0 —
eINHCTBEHHOE pelleHHe Halllero YpaBHEHUA B HATYPAJbHBIX YHCJIAX.

Cp.: Matematyka, 1958, Ne 1 (51), crp. 64, sagaua 460.

192. MckoMbIMH YHCJaMH S SBJASIOTCSA yuchaa S==1, 4 U Bce HaTypaJbHbIe
yucsa s>=6, das s=1 umeem oueBnanoe pemtende xy=1. daa s=2 u aaa
§=3 Halle ypaBHEHHe He HMeeT pelleHUH B HATypaJbHLIX yUcaax, Tak Kak
HCKOMBIE YHCa AOJDKHBL OblIH Obl ObITH =1, ciefoBaTeabHO, =2, 144 Ta-
KHX K€ YHCeJ Xy, X», X3 MBI UMeeM: '

Hns s=4 umeem pellieHHe Xy=Xxy—=x3=x,—2.

Hns s=25 Halle ypaBHeHMe He UMeeT pellieHHH B HATypa/bHBIX YHCIAX.
JleficTBUTENIBHO, €cad OBl CHCTEMA YHCOJ Xq<TXy<CX3<lX,<IX; COCTapJslia
TaKoe pellleHHe, TO JOJXKHO OblIo OBl OHIThL X122 U X< 3, TaK KaK B cjaydae
X1==3 Obl10 OHI:

1 5

1
5 4+ L. —}» -_— < —9— < 1
X X
1 1]
Urak, D0MXKHO OBITH X1==2; CJEJ0OBATENbHO,
1 - 1 1 1 3
2 + 2 + 2 JT 2 = _4— )
X X pY X

2 3 4 5
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4 3
otkyna x2<<3. Ho 5 < > CJel1oBaTelbHo, Xe=2H
1,1 11
P 2
3 1 1 1. ]
Orcrona x3<<3. Ho T<T’ 3HAUHAT, X3=—2 0 —+ — = - 4TO  He-
x X

4

BO3MOXKHO, TakK KakK x,>=2 U X5 =2,

Jas s=6 Haule ypaBHeHHE, KaK Jerko NPOBEPUTb, HMEET Pelllenue M—
—Xz—X3—2 X4—X5—3 Xg=—= 6.

s s=7 Hallle ypaBHeHHe, KaK Jjerko IPOBePHTb, HMeeT PElIeHHe Xj—=
:x2=x3:2, Xp==Xs=Xg=X7=4.

Jag s=48 Haille ypapHeHHe, KaK JieTKO IPOBEPHTDL, UMeeT pelleHHe Xi=
=Xo==X3—=2, Xo=X5=23, Xe=7, X7=14, x3=21. [Ipeanonoxum Tenepb, 4T0
JUTsi HEKOTOPOTrO HATyDaJbHOro yhcjia § ypaBHeHHE

1 1 1
— — e e . —_—————— 1
t: + tz }’" + tz

1 2 S
1 4
HMEET pellleHHe B HATYPaJbHBIX UHCAAX fy, fo, . .. , L. Tak KaK —== 975
sl
s
TO ypaBHEHHE
! € ~1— 1 4 ! = ]
2 ' 2 i B 2
.Xl xﬂ xs_!_.;
HMeeT pelleHHe B HAaTypPaJbHBIX UHCAAX Xy=ft;, Xo==ls, . . ., Xeoy=1lsy,

xszxs+1:xs+2:xs+3=2ts-

Hrak, ecqn Halle ypaBHEHHe paspeliiMO B HATypaJbHBIX YHCAAX [/
HEKOTOpOro HaTyfaJbHOr0 YHCJ/Ia S, TO OHO Pa3pellMMO B HaTypaJibHbIX YHC-
Jlax [ yheaa §+4-3, a Tak KaK OHO pazpeumrumo aasd s==6, 7 14 8, To oHo paz-
peluMo [Jis KaXKAOro HaTypaJdbHOro uuciaa $S==6 (M, KpoMe TOro, emle, Kak
Mbl IOKa3aJ, 1Jda ulceq s=1 un s=4).

193. Hast s=2 370 BepHO, HOO, KaK JEIKO NPOBEPHTD,

1 1 1
i22 “‘152—7L 208 - (1)

Ilpeanono:um Tenepb, YTO Halle yTBepXKAeHHE CIPaBeAHBO /sl HEKO-
TOPOro HATYPANBLHOTO YHCAA S==2, T. €. UTO CYIIECTBYIOT HATYPaJbHble ynCHa

X< ... <X (2)
TakKue, 4TO
1 1 1 1
2 = 2 + B -1'-- s + z (3)
xn X, xz Xg



[Iycts yo==12xp, y:==20x; nmna i=1, 2, . .., s, yspu=10x, Torma
coraacHo (3) u (1) umeem:

1 1 1 1
= —_— ——
'2 '2 | 2 b A 2
'\u )1 'vz yS—}-l
Jlerko BuAeTb, 4TO BCe YHCAA Yo, Y1, - - - , Ys, Yot Pasdiauunpl. [leiict-

BHTEIbHO, YUHTBIBAs (2), uMeeM yo<lyi1<T . .. <Us—1<Y,. Kpome TtOro,
Yo<UYst1 M YiF~=Ysp ANA i=1,2, . . ., S5, TaK KaK B IIPOTHBHOM cayuae

1 1 1 1 2

2 = 9 B > 2 -*" 2 =~ )

«\'0 I_Zxa yl, yS%l 15_‘_)50

4TO HEBO3MOKHO.
Taxum o6pa3oM, AOKa3aTeNbCTBO HOAYyYaeTcss HHAYKLHeN 1o uueay s'.

Mpumeuanue. Il. Ipréuw Aokasan, 4TO 115 KaXAONO DalMOHAALHOIO UHCI1a
w2

w, tie 0 {w < 5 — 1, CYHIECTRYIOT HATYPAALHBIC HHCAZ MK X3<Xe< ... < Xp,
1 1 o1
TaKue, UT0 W= — — =
x X X,
1

JloxasarespctBo dpaéwa we Gulao onyéaukosano (cM. P. Erdos. Quelques prob-
{émes de la Théorie des Nombres, Monographies de I'Enseignement Mathématique,
1963, Nt 6, ctp. 135, sazaua 75) [I1].

1

38MCTHM, UTO yxe I.14 4duc.jaa T HeJlerko Haliru COOTBETCTBYyHOUIEE DPasiao-

wenne (cM. 3anauy 195).
194. TlpeanonoxuM, 9TO NpH HEKOTOPOM HATYpPaJbHOM 7 > |

1 1 ) 1
1="‘—2'+—T_T'+ T
X X

*n

rpe x3<xe< ... <Xn,— HaTypaJbHble UHCJA.
Tak xak n>1, 1O 3gechb MAOMXKHO OblTh X, >1 U xp=k+1 nas
k=1,2, . .., n; ci1e10BaTeJbHO,
1 1 ] 1 1 1
1"7+x2+-~-+7<§+32 +-~-+W-
s n

1 1 1 1 .
Ho ) < R T R R opas k=1, 2, ..., n, otkyna
1

<= () e ) ==
4yTO HEBO3MO2KHO.

i Hpnseneﬂnoe 37eChb J0Ka3arteJbCTBO COXEPKHT CYILIECTBEHHble HCNpaBJAEHNA, TPHHAA-

Jexallne nepesBogunky. — I1pum. ped.
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1 1 1 1 1 11 I
195. T=2T+§+2?+6—2+—7?+—9?+ﬁ5+1424m+

1 1 i 1 1 1 1 1
+ 5+ 5 oo (TIPOBEDKa: 7 + 1 + o — 56 g =3

OCTaJNbHBIE CJaraeMble JIETKO NPUBOAATCA K OOlieMy 3HaMeHaTemo 362).

Mbl He 3HaeM, CylecTBYeT JIH pasJjoxKeHue 4yHucaa o B CYMMy MCHEE

yeM 12 unces, 0OpaTHLIX KBaApaTaM Pa3jiHyHLEIX HATYpaJbHBIX unces [12].
196 *. Ilyctb m — naHHOe HaTypanbHOe yncno, Jlasa s=2™ naiie ypas-
HeHHe HMeeT PelIcHHe B HATYPAJbHBIX UHCAAX X{==Xs== , .. =X;=2.

Hy'CTb Telnepb @ — AJAaHHOE HATYpaJibHOE YHUCJIO, IIPEANTON0KHM, UTO HALle
VpaBHEHHE HMECT DCIIEHHe B HATYpPAJbHLIX UHCAAX AJAs JAaHHOIO HATypaJb-

HOTO §, T. €. 4TO Hal"my"fcsx Taxkue HaTypaJbHble #y, fg, . . ., I5 UTO
1
1 am
a TaK Kak —o = g, T0 A Xy==1, Xo=1ls, . . ., Xs—g=lsy, Xs=Xop1=
§
§

= .. .= Xepo™ —y==als cnpaBe,quBo PaBeHCTBO

=t Rt ot =1

i s 4 am —1

Taxum oGpasom, eciu Hallle ypaBHEHHe MMeeT pellleHHe B HaTypaJbHBIX
uncjiax JJd UHCIA S, TO OHQ MMEEeT TaKXKe pelleHHe B HATYPAaJbHbIX YHCIAX
Iasi udciaa S-+am™—1 u, BooGime, majisa dyucia s-+(a™—1)k, rme k-—rupo-
H3BOJIbHOE HaTypaJbHoe uncao, OTcoaa, nonaras a=2 1 a==2m—1, Hal[eM
(mns s=2m), 4TO Hallle ypaBHeHHe UMeeT pelleHHe [Js KaXKAOoro yucjaa

s=2m 4 (2m—1) k4] (2m—1)m—1]1,

rae k u [ — npon3BOJIbHBlE HATYypaJabHLIE YHCTA.
Yncna 2m—1 u (2m—1)™—1 gBjasiorcsi, 04€BHAHO, B3aHMHO NIPOCTHIMH.

OT1ciona Ba OCHOBaHHH TeOpeMbl, fokazanHo# B kuure: W. Sierpinski.

Teoria liczb, Czesc II. Warszawa, 1959, c1p. 10, caencrsue 1!, BhiTekaer, 4To
KayKJ0e ROCTaTOYHO GOJblIOe HATYpaJbHOE YHCJAO eCThb YMCJA0 BHAA

(en—1) k[ (2m—1)m—1]/,

rle k u [ — HaTypaJibHBE YHCaa,

1 Ecom @ u b — Harypasbible B3aMHO NDOCTHIE WHCAA, TO KaXKJAOE HATypa/bHOE UHCJIO
n>-ab upeicraBuMo B BHjJe Ai=ax-by, rae x U y — HarypanpHbie. — [Ipum. nepeas.
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Otciona CaeayeT, 4yTo Kaxaoe A0CTATOYHO foJibLIoe HaTypaJbHOE€ 4UCA0
SIBJIETCS TaKxXKe 4YHCJIOM BHIa

o (2n—1) bt [ (27—1)m— 1]

M, 3HauuT, AJAS KaXKJ0ro TaKoro HaTypaanoro YHCIa § Hallle ypaBHeHHe
paspellHMO B HATypPaJbHBIX UYHC/aX,

197. OueBUHO, JOCTATOYHO [OKa3aTh, YTO Halle ypaBHEHHE UMeeT s
Ka)KI0ro HaTypaJibHOro UYHCJa § 1Mo KpafiHefl Mepe OJHO pelleHMe B HaTy-

panbHbIX YyHCAaX Xi, Xa, . . ., Xsyq, TAK KaK, yMHOXKasl BCe 3TH YHCJAA Ha
IPOM3BOJILHOE HATYpPasbHOE YMCJIO, Mbl TaKKe IOJNYYHM pelleHHe Haulero
ypaBHeHHs.

Hast s=1, oueBU/IHO, UMEeM pellleHHe Xj==Xp==1.
s s=2 umeeM pelleHHe
1
BT, T T

HYCTb TEeNepb S — AAaHHOE HaTypaJdbHOE YHC/IO0; UPEANOJ0KHM, UTO Halle
YpaBHECHHC HMEET pelieHHe B HaTypaJbHbIX HHC/IAX

1 1 1 1

-+ =+ ... T s
£ t o
Taxk kak
1 ] , 1
(12f2 = (156, (2089
TO HaTypajbHEle uucnaa x;=12f; nasa i=1, 2, ..., s—1, x,= 15, Xspu=
=20¢;, Xepo=12¢;yy Gynmyr YROBJIGTBOpHTb ypaBHeHmo
1 1 1
2 + 2 + + 2 2 b
X, X2 Xsr1 Yot

TdK YTO MCKOMOe J0Ka3aTeJbCTBO MOJAYyYaeTcsl HHAYKIHEHN 0 YHCay S.

198. ocraToyno pnokasarb, 4TO s KaXKJIOrO HAaTypasJbHOTO 4YHCAA
$§Z=3 Halle ypaBHEHMe HMeeT MO KpaliHedl Mepe OJHO pellleHHe B HATypaJb-
HBIX YHMCJAAX Xy, X2, . . . , X5, Xgpt. JIS1 $=3 OHO HMeeT pelIieHHe

i
T T e 1

(koTopoe nosyuaeTcst B pesyJabTaTte AejeHus o0eux uacrtefl paBeHcrBa 374
+434-5%=06°% na 60%), a n1s s=4 oHO MMeeT penleHHe
LRI B . I _ 1
(5-7-13)3 (6-12-13)® T (7.12:13)® 7 (5-7-12-13)3  (5-7-12)3
(xoTOpoe moJyyaercst B peayJbTaTe HedeHHs o6eMx wacrell paBeHcTBa 13+
+534+-734123=13% na (5:7-12-13)3),
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ITycTb Tenepb S O3HAYAET JAHHOE HATypaJbHOE YHCJIO >=3; ApPeAmoJo-
UM, YTO Hallle ypaBHeHHe JJIf UMC/ia S MMeeT pellleHHe B HaTypaJbHBIX YHC-

J1ax,.T. €. YTO CYyLIeCTBYIOT HaTypanbHble uncsa ty, o, . . . , ls Ls+1, TAKHE, YTO
1 1 1 1
v + v e - =
1 2 s ts+1 ‘
Ilonaras x;=10¢; aas i=1, 2, ..., s—1, x;3=12¢;, xs01=— 15t;, Xe3a=20¢,
Xsy3=10fs41, TOAYUHM: '
1 1 1 1
B} + 3 + (IR + 3 = =3
xx xa x5+2 J(S-{»3

Takum o6pasom, ecau Hallle ypaBHeHHe pa3peliNMO B HaTypaJbHBIX UHCIaX
ILJIS YHCAa S, TO OHO TaKiKe paspellHMO B HaTypaJbHBIX yHcAaX A YHCIa
54+2. OTcioa, TAK KaK OHO Pa3pelluMo B HATYPadbHBLIX udcaax AAs S==3 H
s=4, 3ak/A04aeM, UTO OHO PA3PemHuMo B HATYPaJbHBIX YHCIAX /IS KaxIO-
ro HaTypaJbHOro uucaa $>=3, 4. u T. 1.

[MTpumeuanne MoxXHo JOKasaTe SMeMEHTapHO, YTO MJIst s==2 Haiue ypaBHeHHe He
“MeeT pellieHuil B HATYPAABHBIX YHCNAX (AOKA3ATENBCTBO TPYAHOR).

199 *, Pemenue, Haligennoe A, [unnenem. UmMeeM ToxK1eCTBO
(x+y+2)i—(*+y3+2%) =3 (x+y) (x+2) (y+2). (1)

Ecau x, y, 2 — ueasle yHcaa, x+y+z=3 u x3+y*+23=3, T0 Ha OCHO-
BaHuu Toxjaectsa (1)

8= (x+y) (x+2) (y+2) = (3—x) 3—y) (3—2), (2)
a Tak Kak x+y+z2=3, 10
= (3—x) + (3—y) + (3—=). 3)

H3 (3) caenyet, uto cpeau yucea 3—x, 3—y, 3—z aubo Bee, 1460 TOMB-
KO 0JHO yeTHoe, B mepBom cayuae corsiacHo (2) Bce OHM MO abcOMIOTHOH
BeJIMYMHE paBHBl 2, a Ha OCHOBaHMHM (3) paBHBl 2 M Torja x=y=z==1.
B npyrom cayuae, coraacHo (2) oaHo u3 ymcea 3—x, 3—y, 3—z mo abco-
JIIOTHOH BEJHMUHHE PaBHO 8, OCTasbHbIe XKe 10 a6COAI0THOH BeJHYHHE PABHEI
1, cnenoBarenbHO, Ha OCHOBaHMH (3) OQHO W3 HUX paBHO 8, a OCTaJNbHLIE PaB-
ool —1., CaenoBaresbHo, x=—5, y=z=4, wau x=y=4, z2=—75, aubo,
HakKoHel, x==4, y=—>5, z=4.

Takum o6pasoM, Hallla CHCTeMa ypaBHEHHH HMeeT B MLEe/JbIX 4YHCIaX
X, Y, 2 TOJbKO UeThlpe pemenus: x, y, z=1, 1, 1; —5b, 4, 4; 4, —5, 4; 4, 4, —5.
. 5Cp.: American Mathematical Monthly, 69, 1962, ctp. 1009, sagaua

1355,

IIpumeuanue. HeussectHo, uMeer Jm ypaBHeHHe x3-4-y°--2°==3 eme pellenusa
eJbIX YuCJax X, Y, 2. KpOMe ueThpeX, HaliAeHHBIX 37eCh

112




200. 3pech, OueBUIHO, AONKHO ObITh n>>=8. Ecan n=23k, rge & — Ha-
TypajbHOe YHCJIO >>5, TO Al x=k—>5, y=3 wumeeM 3x+5y=n. Ecau
n=3k+1, rpe k— HarypasbHOe YHCI0 >3, TO AN Xx=Kk—3, y=2 nmeem
3x+5y=n. Hakoneu, ecaun n=3k+2, rae k — HarypasbHoe yucao >>1, TO
a1 x=k—1, y=1 nmeeM 3x+5y=n. OTciona caenyer, 4To Halle ypaBHe-
H{e UMeeT 1o KpafHeHd Mepe OJHO pellleHHe B HATYPAaJbHBIX YHCJAAX X, § JAJs
KaskK/J0ro HatypaJbHOoro uvcaa n>15. Takum o6pa3oM, ocraercst HCCae40BaTh
elle ToAbKO uuena n=38, 9, 10, 12 u 15. [lna n=_8 umeem peulenue x=y—1.
Haa n=9, 12 u 15 nawe ypaBHCHHE He HMeEeT peIleHH{ B HATYypPaJbHBIX
YHCIAX X, Y, TAK KaK B 3THX C/I1ydasX Mbl uMenu 6l 3|5y, cienosarensio, 3|y
u 15|56y, otkyna n=3x--5y>5y=15, yto neposmoxHo. Jjs n==10 naue
ypaBHEHHe TaKXKe He HMeeT DeHIeHHH B HATypaJbHBLIX YUCA4X X, Yy, TaK Kak
torxa G6euto 6b 5[3x, orkyaa 5|x u 15|3x, cnenoBateabHo, n=3x+5y>>15.

Wrak, nauie ypaBHeHUe HMeeT N0 Kpafinell Mepe ONHO pellleHHe B HATy-
paspHbiX yucaax X, y AAA BCeX HATYPAJbHBIX 4Wcea 71, 34 HCKJIOUeHUeM 4YH-
cenl, 2 3,4,5,6,7,9, 10, 12 u 15.

Cp.: Matematyka, 1954, Ne 4 (32), cp. 54, 3agaua 390, u W. Sier-
pinski. Teoria liczb, Cz. 11, 1939, ctp. 14, ynpaxuenne 2.

ITycTb Tenept m — OpOM3BOJLHOE HATYPAIbHOE YHCA0 H MYCThb 71— HATYy-
pagabHOe uncgao >40m. Torna ypaBHeHHe 3X+45y—n uMeeT peuUleHHC B Ha-
TypaJbHBIX UiCAAX Xg, Yo, H3 KOTOPBIX XOTs Obl OJHO HOJIXKHO ObITh > 5m,
TaK KaK B ciyuae Xo<dm # Yo<om Obo Onl 3xp-+5ye<c40m<<n. Ecau

Xo>bm, 10 masi k=0, 1, 2, ..., m udcna x=xo—5k U y==y,+ 3k ABJIA-
I0TCSl HATYPaJbHLIMH H YAOBJETBOPAIOT YPaBHEHHIO J3X-+5y=3xg~+dyo=1.
Ecan xe yo=>>5m, to nnsg k=0, 1,2, ... ,muucaa x==xo+5k u y—=yo—3k

SIBAAIOTCA HATYPaJbHbIMH H VIOBJETBOPSAKT VpaBHeHHIO 3x-+5y==n. Takum
o0pasom, nociaefnee LI n>>40m pMeer Goace ueM m pClUIeHHH B HATypaJib-
HBIX UHCAAX X, Y, W, 3HAYHT, 4lC10 TAKUX PCLUCHHUI HALICTO YpaBHEHHS BO3-
pacTaer HEOrPaHUYEHHO BMeECTe C A,

201. a) n=2, y=x, z=x-+1, roe x — NpoOU3BOJbHOE HATYpAJLHOE YUC-
Jo. JelcTBuTensHo, A1 HATYPadbHBIX X HMeeM 2%-2%=2%+1_ C ppyrofi cro-
POHBI, TIPEANONOKHM, YTO [ HATYPAJBHBIX 7, X, Y H 2 HMEEeM n*+n¥=n2.
Mbl MOXKeM cyHTaTh, UTO X<ty< 2. 31ech He MOxkeT ObTh =1, cjenoBa-
TeJbHO, n>=2. UmeeM n¥=n?*—n¥=n>(n—%—n¥=%) oTKyda @ *—n¥=*=1,
Ecan 6Bl 6b110 y>>x, Mbl uMeJH Obl 72| 1, uro HeBo3MOxkHO. Takum o6pasoM,
Yy==X, OTKyaa n**=2, caenoBaTenbHo, n=2, z—x=1. WUrak, n=2, y=x,
z=x-+1

ITpumeuzHuue YpaBHeHue n*--n¥=n? nonyusaercs u3z ypapueuns depma x"-+yn=

=2", ec/li ROMEHATb POJISAMH OCHOBaHHA H moka3arein creneHed. Cp. Mem. Real. Acad.
Sci. Art. Barcelona, 34, 1961, ctp. 17—25.

6) Ilpexmonoxkum, uto HaTypa/bHbIE Yucaa 7, X, Y, 2 U ¢ yIOBJETBOPS-
10T YpaBHEHHIO
n*+nv+-n=nt, (N
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r'7le Mbl MOXKEM CUHTAaThb, UTO X<Ly=_2<f. 3gech He MOxKeT OuTh n=1. Eciun
n=2, 1o u3 (1) Mbl nonyuum 14-2¥—*42—x=2—% oTKyma BHAHO, 4TO He
Moxer ObThb y>x. Takum obpasoMm, y=x, otkyga 2-}-2:*=2%= 4ro,KaK -
JIETKO 3aMEeTUTh, faer 2—x=1 H, caeloBaTesbHO, i—x=2, Hrax, ecau n=
=2, TO DOJ¥KHO OHITb Yy=x, 2=x-+1, {=x+42 H, Kax Jierko NpOBEPUTh, IIPH
BCAKOM HATYPaJbHOM X 2%-4-2%4- 2%+ —2x+t2

[pennonoxum nagee, uto n==2, caegosarenbio n>=3. CornacHo (1)
umeeM |-n¥—=4nr—*=np!—% oTKyJa 3akJ04YaeM, YTO 37eCh NOJKHO OBHITb
Yy==x, uTo Jaer 2-Fn**=n!"% a Tak Kak n>2, TO NOJXKHO ObTh 2—x==0;
cregoBareNbHo, 3=nt"*, yro gaer n=3 u t—x=1. CuejgoBarenbHo, ecJd
12, TO LOJKHO ObITb n=3, X=y=2, t=x-1. Jlerko npopepuTb, 4TO NpH
NIPOU3BOJBHOM HATypasJbHOM X 3*¥4-3°3%=3~+,

rak, OKOHYATENBHO 3AKAI0UAEeM, 9TO BCeMH petleHusaMu ypaBHeHus (1)
B HATYPaJ/JbHBIX UHCAAX A, X, Y, Z U I, THe X<Cy<Tz<{, apasiores n=2, y=
=x, z=x-+1, t=x-+2, rae X — NPOU3BOJILHOE HATYpaJbHOE 4UCI0, aAubo
n=3, y=x, =x, t=x-1, rae X — IpoOU3BOJIbHOE HATypaJbHOE YHCJO.

B) M3 peulenusi nmpefblaAyIlell 3ajaul HENOCPEACTBEHHO BLITEKAET, YTO
ypaBHeHUe 4%-4-4V4-42=4! He uMeeT pelieHUNi B HATypaJbHbIX UUCIAX X, Y,
z u t. JlefictBurennpHo, ecd Obl Takoe peuieHHe CYIHECTBOBAJ0, Mbl HMENH
Obl 22°4-22Y-22: =22f i B cayvae X<<ys=Lz<{! H3 DellleHHd Npeabiayliell 3a-
Ja4d BBITEKAJNO OBl, 4TO JOJXKHO ObITb 22—2X=1, a 3TO HEBO3MOKHO,

3aMeruM, uTO Halle ypaBHEHHe MOXKHO MOJYYHUTh, TOMEHSIB POJISIMH OC-
HOBAHUS ¥ IOKa3aTeau cTeleHell B ypaBHeHHH x4 yi--zt=1% OTHOCHTE/IHHO
KOTOPOTO JO CHX [Op HEH3BECTHO, HMEET JIH OHO pellleHHe B HATypPaJbHbIX
YHCAAX X, Y, 2, t WIH Ke HeT, 4To mpepnojaran Disep [13].

V1. Passsie 3agauu

202. [Joxa3aTeNbCTBO BBITEKAET 3wi0CPEACTBEHHO H3 TOMKACCTBA
(3x+4y)2—2(2v3y) = x2—24

M 3aMeuaHusi, 4TO AJIsT HATYPAJBHBIX X H y umeeM 3x-+4y>x n 2x+3y>y.

203. Ecay npu menblx x 0 y uncao x2—2y? spJsieTcss HeueTHBIM, TO YHC-
JIO X IOJKHO ObiTh HEYdeTHBIM H, CAefoBaTenbHo, x2=1 (mod 8); B cayuae,
KOrja y— ueTHoe 4Hcjo, 242==(0 (mod 8); B cayuyae, KOraa Y — HeUerTHOE,
2y?=2 (mod 8). Taxum o6pa3oM, ecail x>—24% ecTb HeyeTHOE YHCJIO, TO
x2—2y2=-1 (mod 8); T. e. Opy LPABIX X H y 4uCJH0 x2—2y% He MOXKeT OblTh
urenoM Buja 8&-+3 man suga 8k-5, Tne % -—- 1enoe uuco.

204. I1pu npou3BOJbHOM HATypaJsbHOM # uncao (2n-+1)2—2-22, kax Jer-
KO 3aMEeTHTb, €CTb UncJ/O BHAA 8k--1, rae £ — uenoe uncno>=0. Hanee, ume-
eM: 1=32—-2.22 §=02—-2.62, 17=52—2.2% 25=152—2-102, oaHako 4HCJIO
33 HeBO3MOXKHO NpeJNCTABUTh B BHIe x2-—242 rjie X H y — HATyPaJbHbBIE YHC-
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aa. JlokaxeM, UTo HU OfHO uucao Buma 72{4-33, rae £=0, 1, 2,..., He mpexn-
CTaBUMO B BHIe x>—2y2 rje x U y — Ueable yHcaa. B camom gene, mpexmo-
JOXKHUM, yTo 721433 =x2—242, rpe f, X U Yy — Uesble YHCAA. 3aMeyaeM, UTo
JieBasi 4acTb PaBEHCTBA JeJHTCA Ha 3, HO He menurtca Ha 9. OTcloia ciaenyer,
YTO HHM OJHO M3 YHCEJ X U y He AeJuTcs Ha 3. leficTBuTENBHO, ecd 3|x, TO
3|y, a ecan 3|y, To 3|x; HO TOra MpaBas 4acTh HAWIEro PABEHCTBA Ae/UIACh
6bt Ha 9,-4TO HeBO3MOKHO. MTak, uucha x ¥ y He fgenfATcd Ha 3, OTKylHa, Kak
MBIl 3HaeM, CJefyer, 4TO uucia x2 u y2 npu AeJeHuu Ha 3 HAIOT B ocTaTke 1 H,
3HAYUT, YUCA0 x>—2y2 NpHU HeseHuy Ha 3 JaeT B ocraTke 2, YTO HEBO3MOXKHO,
TaK KakK JieBasi 4acTb HAlIero paBeHCTBA AeJUTCS Ha 3.

Taxum obpasom, cyuiecrByer GeCKOHEUHO MHOrO HATYpPasdbHLIX YHCeld
Buga 8k+41 (rme k=1, 2, . . .), He SBAAOINUXCS YUCIAMH BUAA X2—242, T1e
X U y—leNble Yucaa, H HauMeHbllee U3 HUX eCcTh yHCca0 33=8-4--1.

205, UerHble coBepllleHHBle YHCAa — 3TO YUCiAa BHAa 2P-1 (2P—1), rae
p u 2P—1 —npocrele uncna (cM., Hanpumep: W. Sierpinski. Czym sie
zajmuje teoria liczb. Warszawa, 1957, ctp. 136). Juas p=2 umeem unciao 6.
Ecau xe p>2, To p — npocroe uncjio Bujga 4k2-+1 uan 4k-43.

Ecnu p=4k-+1, 1o 2P1=2% =16 u nocnexnsas uudpa umcaa 271
eCTb, OUeBHAHO, 6, MOcJaenHsAs Ke HAPpa yucaa 2P—1==24H__1=2.]16~—]
ecTb, KaK J1erko 3aMeTHTb, 1. Takum o6pasom, mocsae Hsas uudpa npousseie-
Hus 2P 1(2p—1) ects 6. Ecau ke p=4k-+3, 10 uncno 2P 1=24r+2=4.16%
1 nocaennsas uudpa sroro uucaa ectb 4. Ilocaennsas xe uudpa wicaa 27
ecTb 8, W moaTomy mnocjaenHss uudpa uucaa 2P—1 ectp 7. CaenoBartenbHO,
nocaeusaa uuppa wyucaa 27~ (2P—1) (xak NpoH3BEACHHA UHCJA C TOCTEN-
Hel nudpoh 4 Ha uucao ¢ nocaenued mudpoi 7) ectb 8.

Taxum o0pasoM, TeopeMa HOKa3aHa.

ITpumeuanue Heckoabko TpyaHee A0OKA3biBAaeTCs TeopeMa O TOM, 4TO GejId HOe-
JNefHAR LH(ppa COBCPLIEHHOrO yHcJa e€cTbh 8, TO ee npeanocaeaHas nudpa ectb 2.

206. 3naueHue Haillell ApoOH IpH OCHOBAHHMH g €CTb

l+g2+gt+ g+ g8
It+g+gt+g" +g°

I HYXKHO [0Ka3aTh, UTO AJs KaXKJIOTO HATYPaJbHOrO 4HCJIAa £ OHO paBHO
apobu

L g2+ gt + g8+ ... gtk gttt )
l4-g + gt + g8+ ... + g?k+2+g2k+5_+g2k-\ 6
paBeHCTBO ApoGefl BHITEKAET M3 TOrO, YTO, KAK JIETKO MPOBEPHTH, IPOU3BELE-
HHSI UHCAHTeNs KaXAOH M3 ABYX Apo0edl Ha 3HaMeHaTeldb APYroil Apobu

Mexay coboit paBubl, Cp. S, Anning. Scripta Mathematica, 22, 1956,
cTp. 227.
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It paMeuaHHue. H BPOBKI/IH 3aMeTuJ I, 4TO AJ HATYPaJbHBIX k CcnpaBedJqHBE TOX -~
JAeCTBa
@4 g g+ . gttt g tip g to= (l—g+4g°—g '+ g4) (1 +g+g%+ ... +g%+2),
l_’_g+g4+g5+ . +g2h+2+g2h+5+g2k+6: (1_g2+g4) (1 +g+g2+ L + g£k+’.)}

Ha OCHOBaHMH KOTOPBIX Apobb (1) mas k=1, 2, . . . paBHa xapobu
l—g+g—g +g
I — gz + g4

H TMO3TOMY C¢ 3HaueHye He 3aBHCHT OT HATYpPaJabHOTO 4YHCIa k.

207*. A, Ulunnens aoxkazan Gosaee ofilyio Teopemy, WMEHHO, UTC eciit
g — ueTHoe HaTypaJbHoe YHCAo, He aeasuleecs Ha 10, To cymma undp uucia
g" (3aNHCAHHOrO B JNECATHYHON CHCTeMe CUMCJIEHHSI) BO3pacTaeT HeOrpaHu-
ueHHO BMmecTe ¢ h. Bor ero pokasartenbcTso.

OnpeneauM OeckOHedHYIO MOCJAEAOBATENBHOCTD LesblX uiiced a; (i=0,
I, 2, .. .) caenyromuM o6pasoM: ay=0 u gag k=0, 1, 2, ... nycre

Qp41 O3HAYAET HanMeHblilee HaTypaJdbHOE YHCIO, Takoe, yTo 2ak’71>10ak
(TakuMm obpasoM, a;=1, ag=4, az=14 u . 0.).

Nrak, umeeM ao<<a;<<as<< .

Hokazxem, 4To eciy NPU HATYPaJbHOM R n=ay, TO CyMMa UH(p uHcaa
g" 6yner =k. Ilyctp ¢; —uudpa AZecATHUHOrO pasjioxKeHHst YHCaa g", CTOS-
masa npu 104, Tak kax g ecTb YeTHOe uucao, To 27| g™ U Tak Kak n>=ay, TO

a a. a .,
2 ‘\ gr nas i=1,2, ..., k. Ilosromy, yunTteiBas, uro 2 ‘] 10 ¢, umeem:
1

a; R a,—
2 ”cai_l-lo R

Ecnn 6b1 pist a;—1=<<j<Ca; Bce UHGPH ¢; ObLIM paBHbl HYJIO, TO MBI HMe-
JIH OBl:
1

_1_1~100i_1_ +...+CO

9% l Ca

I, TaK Kak co>=0,TaKkxe

“1—1_1

1o <10

OTKyaa 9% 10" 1 BOMPEKH ompefeleHHI0 uucaa a;. ChaeloBaTeqbHO, 1O
KpaliHell Mepe OAHa U3 HHOD ¢j, e @i1<<j< a;, OTJHYHA OT HYJA.

Ho nocnensee 3akaouenne copaBelynBo misd i=1, 2, . . . , k; ciaenosa-
TeJBbHO, YHCJA0 gNn WMeeT Mo KpafHell Mepe k& uudp, oTANUHLIX OT Hyas. [lo-
TOMY s AOCTATOYHO OGoablIUX n (11 A==qp) cymMMma IUbp uucaa gm He
MeHbIIe NPOH3BOMBLHO 3aJaHHOrO HATYPAJBHOTO uHCAa £ H, 3HAYHT, CyMMa
uuep yncsaa gr BO3pacTaeT HEOrPAHHUEHHO BMeCTe C 71, U. U T. I,

[Mopo6ubiM obpasom, kak 3aMetus IlInHNEnb, MOXKHO JOKa3aThk, YTO eC-
JIH g — HaTypaJbHOE HEeYeTHOE YHCJIO, Aedsdlleecss Ha 5, TO CyMMa LU(p uuc-
Jga- g™ BO3pacTaeT HeOTPaHHYeHHO BMecTe C 11,
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B uacTHOCTH, H3 AOKasaHHO# 3mect TeopeMmbl Ulunnens caenyer (ans
g=2), uro cyMMa LH}p yucjaa 2™ BO3pPaCTAET HEOTPAHHYEHHO BMECTE C A.
OnHako oHa He BO3pacrTaeT MOHOTOHHO: HampuMmep, cymma nucp uucaa 24
ecTb 8, cymMa xe uudp uncsaa 24 ecrb 7, a cymma uH@p yncaa 2° ectb 5; cym-
ma uucp uucaa 2° ectp 8, cymma e uudp uucaa 21 ectb 7; cymma unop
yucaa 216 ectb 25, cymMa ke nugp uncaa 2V ectob 14.

208*, NoxasareabctBo A, llIunuens.

[lycte £ — naHHOE HaTypasnbHOe uuciao >>1, a ¢ — NpOH3BOJNBHO 3alaH-
Has wHbpa AeCATHUHON chucTeMbl cuncienus. Tak Kaxk £>>1, TO Mbt JeTKo f0-
KaxkeM (HalpuMep, NPH NOMOIIM MaTeMaTHYeCKOll HHAYKUHH), uyto 101>
>2.2%

10%—1

[lycrs ¢ 03HAauaeT HaMMeHbLICE Le0e YHCI0, TAKOE, UTO [Z=C: —57— 3

TOra
10k 1051
l‘~‘\c-—f2k—~ + 1, otkyaa ¢ + 1<c-—~2w,5——§—- 2.
M3 nenblx HeoTpuLATeNbHBIX uHdcesa ¢ W {-}1 mo KpaliHeil Mepe 0AHO He
JesquTcs Ha b; obGo3HauuM ero yepes u. Takum obpa3oM,

10k—1 10P—1
TTok = U ‘<C‘ ok —:“ 2}

U Tak Kak 2-2:<710*1, to gag [=2F-u uMeem:
c-10AtT < (1) 105,

OTKYZa BHMJHO, 4TO uHcaA0 [=2F.y umeer £ uudp, neppas u3 KoTOpbIx (uaH,
HHaue roBops, k- OT KOHHA) ecTh ¢ (3Ta UH{pa MOXKET OLITb M HYJeM).
Tax kak [=2%-u, To umeem 2*|/, a U3 ONpepC/ICHHST YHCJIA U CHENyeT,
yro 5t u, Tak yro ([, 5) =1,
Kax usBecTrO, ynCa0 2 siBjsiercd NepBOOOPA3HHIM KODHEM [IJIsi MOAYJsH

5% (cm. mampumep: W. Sierpinski. Sur les puissances du nombre 2,
Roczniki Polskiego Towarzystwa Matematycznego, 23, 1950, crp. 246, nem-
ma). Tak kax (/, 5) =1, To cyuiecTByeT HaTypajbHOE YHCIO N>k, TaKOe, 4TO
2n==/ (mod 5%). Ho 2*|/ u 2%|2", nostomy Takmke 2"=/ (mod 2*). Takum
obpasom, 27==/ (mod 10%), T, e. £ mocaeaHnx nudp YHchaa [ COOTBETCTBEHHO
Te e caMble, UTO W y Uucaa 27,

Otcropa cnenyer, 4To k-s1 OT KoHIla nHdpa uucaa 2 ecTb ¢, 4. U T. 1.

I[Ipumevanne. IlocaensnMu uethipbmst UUPPaMU CTENEHH ABOHKH HE MOTYT OBITh.
nudps 11lc, rne c=2, 4, 6 uau 8, Tak Kak HH OAHO H3 uncea 1112, 1114, 1116 u 1118 ne ne-
AHTCA Ha 16.

B uutkpoBannoii Bbimie paGoTe Mbl pokasanu (Ha cTp. 249), yTo TpeThs M BTOPAsA OT
KoHla uudpsl yucaa 2%, rae n=3, 4, . . . , MOTyT GbITh NPOH3BOJbLHbIMH. TaM Ke Mbl HO-
Ka3ajid, 4To eCjid M — NPOH3BOJbHOe HATYpaJbHOE YHCIO, a B — Uncjio ero uudp, To cyie-
CTBYET HATYpa/JbHOE YHCJO N, TAKOE, UTO £ MePBBIX UHQP uHciaa 2™ COOTBETCTBEHHO Te XKe
caMbie, 4To H UMQPEL yucaa m. i
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A. Portkesny pokasan (Sur les chiffres initiaux et finals des nombres an et arbn,
Rendiconti del Circolo Matematico di Palermo, 12, 1963, ctp. 150—154), uro ecan a — nau-

@ B
HOe HATypaabHOe wiHcdIo >>1, Takoe, uto (g, 10)=1, 2 u §. — HauBHICIIHe CTEMEHH YHCE]
2 u 5, menawye a*—1, u y=max(c, B), T0 Aaa mobeix ABYX MOCJeNOBATENbHOCTEH UHP

(BecaTHunofi cucTeMbl) Qi, @z, . . ., Om U by, b, . . ., bp cyliecTBYeT NPOH3BOILHO Oonbioe
YHCJ0 S, TaKOe, YTO /1 MEePBHIMH LH(PaMH uxcaa a® ABIAOTCH NOCAEHAOBATENIbHO d1, 2, . . .
... Gm M Ha MecTax c HOmepaMu Y-k, y+A—I1, . . ., y+1 oT KoHma CToAT nociaeloBa-
TenbHO uudpht by, ba, . . ., ba.

209. las HaTypaabHeIX n>=4 uMeeM 5ntt—5n—5n(5t—1)=57.16-39;
caefoBaresbHo, brHi=5" (mod 10000), oTkyaa BhITEKaer, 4YTO IOCJEAHHE
yeThipe UU(PH NMOCAEI0BATENbHOCTH b (n==4, 5, . . .) COCTaBJAIOT UeThl-
peXuJIeHHbI!l MepHOl, UMEHHO caefyiomuil nepuox: 0625, 3125, 5625, 8125.
DTOT MepUOJ He SIBJSETCS YUCTBIM, TaK Kak uhcia 5, 52=25 u 5°=125 ne
IpUHALNEKAT eMy.

210, Ilycts s — gaHHOe HaTypajJbHOe YHCJO, ¢y, Cp . . ., Cs— MPOU3-
BOJIbHASI MOCAEKOBATENbHOCTL § LUGP HeCATHUYHON cHcTeMmbl. IlycTh m=
=(C1C2 . . . Cs)10 €CTH S-3HAYHOE UYUCJO, NHPPAMU KOTOPOTO SIBJSIOTCH IOC-
JeJI0BATeJIbHO €y, C2, . . . , Cs. BbIOepeM HaATypaJibHOe UHCJIO £ Tak, 4TOOL!
6e10 2Ym << 1051, u nycts n=1[10*)Ym] 41, rae [x] — naubosbiuee nenoe
yuesao =< x. UmeeM:

10y m<<n<10*Ym+1,
OTKYyZa
102 - m<<n2<< 102 - m+4-2- 105 m—+1 << 1025 m A4 10214 1 < 10% - m—10%% — 1
cjae10BaTeJbHO,
102+ m << n2<< 102 m-4- (102%—1),

(0102 ... c00 ... 0)10<n2< (0102 .o ce99 ... 9)10,

re u HyJell, u AeBATOK 1o 2k. OTcioma BEITEKAeT, YTO HepBBIMH § nudpamu
upcsaa A% ABJAAIOTCS NOCACIOBATENBHO ¢, C - . . Cs.

211. Eciu n— HaTypadbHOE UYHCAO, TO uHciao ntt¥—pr=—npnn(n?—1)
xequTcst Ha 4. JleHCTBHTENBHO, eC/i # — UeTHOe, TO 4|n™, ec/n Ke n-— He-
yerHOe, TO 1'% ecTb UHC/AO HeueTHOE W, 3HAUUT, ero Keaapat n? npu geneHUd
na 8 maer B ocraTke 1, oTkyna 8|n2—1.

Takum oGpasom, asaa JoObIX HaTypaabHHIX 11 uncaa art—n? u uncma
(n+20)+0—nn neasarcs Ha 4.

Ho eciu a u b ABnfoTcA HATypaJbHBIMU YUCAAMH, TAKHMH, 4TO a>>b
u 4|a—>b, 1o 1as HaTypasbHBIX 1 UMeem 5|n®—n®. B camom gene, a==b--4k,
rie k-—HaTypajabHOE YHCIO, Tak uTo n®—nb=n®(nt*—1). Ecau 5|n, 10
TiePBblA COMHOXKUTE/b IPABOH YaCTH PAaBEHCTBA JeJuTCs Ha b,  ecin ke 5 ¢t 7,
TO Ha OCHOBaHWH MaJioil TeopeMb Pepma HMeem ni==1 (mod 5), orkyna.
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' n**=1 (mod 5) u, 3HauHT, BTOPOH COMHOXKHTEJb NPABOH YaCTH HaIlero pa-
BeHCTBa JesuTtcs Ha 5. Mtak, Mbl JokasaJ/u, 4TO eclii @ U b ABJASIIOTCS HATY-
paJbHbIMH YHCAaMH, a>b u 4|a—b, To [ HaTYPaJAbHLIX 1 uMeeM 5|ns—n?
H, oueBHaHO, Takxke 5| (n+20)2—nb. B uacrdoctd, ama a= (n-20)n7+2,
b=nn, Kak foKasamO Bbille, 4]a—b, caenoBatenbHo, 5| (n4-20)+20 T _
—n"| a TaK Kak NpaBasi 4acTb 3ToH GOPMyJibl €CTb BCEra UHCJAO YeTHOe
(rax xak upcya n U n-+20 ABASIOTCS OJHOBPEMEHHO YETHBIMH HJIM ORHOBpe-
MEHHO HEeYeTHLIMH), TO AJSI HATYpAaJibHBIX 11 HMeeM:

10| (n4-20) (20" t® __ pn”,

OTKy[a CJefyeT, 4To 4Hcaa (n-{—20)("+20)"+2O u 1" UMeIOT OHY M Ty e
nociensiow uuppy. TakuM o6pa3om, nocaen0BaTeNbHOCTb, COCTOSILIAST H3
nocJeHHX HUGpP uHcen n"" (n=1, 2, 3, .. .), ABJsIeTCH IEePHOAHUYECKOH,
NpHYeM ee NepPHOJ YMCTBHIH, cogepxanwil He Oosee 20 umenos, Kak Jjerko
TOJACUHTATD, TRPHOA COAEPXKUT TOUHO 20 UJIEHOB, KOTOPLIMHU ABJASIOTCA NOCTe-
L0OBaTEeJbHO LHHPPHI

1,6,7,6,5,6,3,4,9,0, 1,6, 3,6, 5, 6, 3,4, 9,0.

212. [lycTh m — npOH3BOJAbHO 3aflaHHOe HaTypadbHOe YHcao. PaszobbeM
OaHHYIO OECKOHEUHYIO HeCSITHUHYIO [po0b Ha OTPe3KH, o M UMD B KaKI0M.
Takux orpeskos Oymper OeckoneyHo MHOro. C ApyTOH CTOPOHBI, pPa3THUYHBIX
CHCTeM, COCTOSIIIMX H3 m UUGp, cynlecTByeT TonbKo 10™, 1. e. KOHeuHOe UHC-
qo. CaenosaTesnbHo, X0Ts Obl OfHA M3 3TUX CHCTEM JIOJIKHA IMOBTOPSTHCS
37lech GeCKOHEUHO MHOTO pas.

Cp. Matematyka, Ne 1 (18), ctp. 50, 3anaya 269.

Mpumeuanuc Jlasg uppanuoHasbHbiX yHcea V2, 5T WIH € Mbl 1d7Ke He 3HAeM, Kakas
unppa nosroprercss GeCKOHEUHO MHOTO pa3 B (PeACTABJSIOMHX HX GeCKOHEUYHbIX [LecsTHY-
HBIX APOOAX, XOTS KaXJ10e H3 3THX UHceJ, KaK Jerko MOXKHO J0Ka3aTb, COAEPIKHT MO Kpaii-
Hell Mepe ABe Pas/NHuHble TaKue MHQPHL

213. a) Ecan
Ph= (1) 4 (n4-2) + . . . 4 (1438,

TO
38 =3t - 34 (34 1),

3k
2
nocsefoBareJbHbBIMUA HaTypaJIbeIMI/I YyUCJAaMH, HauMeHblIee H3 KOTOprX eCThb

YHCJI0 A1 = 31?;” . Tak, nanpumep (s k=1, 2, 3), 3*=2-43+4, 3*=54
+6+ ... +13, 3¥=14415+4 . . . 4-40.
Cp. M. N. Khatri. Scripta Mathematica, 20, 1954, crp. 57.
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6) Uncaa F, (n=2, 3, . . .) neuernne, [ToaToMmy eciau 6bl uucio F,
Gbl10 6Bl CYMMOfi [IByX IPOCTHIX YHCEJ, TO OJHO W3 HHUX ObLIO Obl YeTHHIM,
T. €. YHCJOM 2, a ApYroe, T. €. 4ucao F,—2, 6pl10 661 npocTeiM. Ho

Fp—9=2%"__|= (22n—1_1) (22n~1+1)

a8 n>1 ecTb COCTABHOC UHCJO, TAK KAK TOrja 22"l _ 1>3.

214. Kax H3BCCTHO, eCaH @ U b — HONOKHUTEebHble BeleCTBEHHbBle YHC-
Jia, Taxue, uto b—a>>1, T0 MexAy a ¥ b jexur no Kpalinell mMepe OgHO Ha-
TypajbHoe uucao. JledcTBHTENILHO, TAKOBHIM sBJsieTcs uucao [al-+1, rae
[x] — HauGonbiuee ueaoe uncao <<x, u60, KaK H3BeCTHO, MMeem a<< [a]-+
+1<Cat+1<b (rak xak b—a>1).

[Tycte § — gaHHOe HaTypaapHOe yncao >1. Torna

1

= § S

(7 —1)
eCTbh [OJOKUTEJNbHOE BElIeCTBeHHOe uwucao. Aad  HaTypadbHBIX  Al>
HMEeM:

s

" Ty
OTKYyIa
V> u VYT —1)>;
Y71
CJAeJ0B4aTeJbHO,

i MO3TOMY CYHIECTBYeT HaTypaJbHOe uMcjI0 R, TAKOE, UTO

V n < BE<y2n, otkyma n<<ks<<2n.

Takum 06pasoM, 3a m; Mbl MOXeM NPHHATL uncao [ps]-+1.

Hnsa s=2 umeem [po] =05, u yxke Mexny 5 u 10 comepkurca xBaapar-
Hoe yucao 3% a MexAy 4 U 8 HeT HH OJIHOrO KBaJPaTHOIO YHCIA.

Cue10BaTeIbHO, HAUMEHBIIEE YHCJI0 My ecTh H. Jlerxo Ovl10 Obl mojaCYHU-
TaThb HaUMeHbHIEe YHCJTO M3, OHO PaBHO 33.

215. Iycte m — npousBosibHOe HaTypaabHoe uncio. CornacHo kuraii-
CKOl TeopeMe 00 OCTaTKaX CYLRIECTBYyeT HaTypasJbHOE YHCIO X, TAKOe, uTO
aasa i= 1, 2 m

x=p;—i41 (mod p:?), (1)
Toe p; — i-e 10 NOPSAKY NPOCTOe UHCIO.
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OTpesok HATypaabHOTO PALA YHCEJ, COCTOAIHN H3 M qicen: x, x4 1,

, X+m—1, obnagaer 3aJaHHBIM CBOHCTBOM, TaK K4aK COIJAcHO (1) LLJIH
=1, 2, .. ., muMeeM Xx+i—1= p,k +ps, Tae ki — ueaoe uncio, caeno-
BaTeJbHO, Imcno x-+i—1 jeautcss Ha IPOCTOe YHCIO pP; HO He NEJUTCS Ha
p? ¥, TakuM o6pa3oM, 3TO YHCJO He MOXKeT OblTh CTENEeHbI0 HATYDPAJbHOro
yHcada ¢ HATypaJbHbIM NOKasaTteaem > 1,

216. u,=3""! ana n=1, 2, ... .]JlokasareJabCTBO JierKo NMPOBOAUTCSH
IIpH INOMOUIH MaTeMaTHUYeCKOH HHIYKIIHH,

217. up=(2—n)a+(n—1)b ana n=1, 2, . ... Jlokasareabcrso .er-
KO IpPOBOJUTCS MPHU MOMOLIH MaTeMaTHYECKOH HHAYKIHH,

218, up=(—1)"[(n—2)a+ (n—1)b0] nmna n=1, 2, ... . Qopuyaa
CIpaBef/HuBa, Kak Jerko NpoBepuTb, ana n==1 u ang n=2. Ilonaras, uro
IpH HEKOTODOM HaTypaJbHOM 7 OHA CHPaBeANUBA A Un U AASL Upty, TPH
IOMOIIH (QOPMYJIbL Upio=— (Un—+2Upnt1) MBI JerKo yOEAUMCS, YTO OHA crOpa-
BeJUIUBA AJS Upio. 1aKUM 00pa3oM, N0KA3aTENBCTBO MOJYYAETCHd HNPH HOMO-
HM MaTeMAaTHYeCKOd UHAYKUUH.

B uacthocetH, mig a=1, b=-—1 nmeem up,=(—1)"H u pig a=I,
b=-—2 NOAYUUM U, = (—1)n+1 n.

219, = [3n-24 (—1)7*]at L3 ()" ]b gan =1, 2,
3, ﬂoaa3arenbcmo NPOBOJAHTCS MO UHIYKIUK.

220, CyulecTByer TOIbKO ABa TAKHX HeablX udcsa: a=1 u a=—1. Jler-

KO TpOBEPHTH, UTO 00a 3TH UYHCJa YAOBJAETBOPAIOT 3a4aHHOMY ycaoBuio. M3
3TOrO YCAOBHS AAd n==1 noayyaercs, 4t0 a?=a. Taxum obGpasoM, ecau Obi
a ObLJIO LEJbIM YUCAOM =2, Mbl UMeJIH Obl a“>a2>a YTO HEBO3MOKHO,

Ecau xe 6bL10 OBl a<<—2, Mbl UMenn Obl |a®| = <1, uTo Taxkxe He-

la I(ll
BO3MOXKHO, TaK Kak @®==a u Aas1 a<<—2 |a*|=|a|=2.

221 *, HyCTb a u b — npoH3BOJNLHBLIE HATYPAAbHEIE YHCaa, €2 — RanboJb-
Wil KBaApaTHBIN neauTendb yucaa a*+40% u a*+4-b2=~k-c% Honome x=a%k,
y=>b2%. Torna x+y=a*k+b2k= (a®4b*) k= (kc)> n xy= (abk)>

JlokaxeM Terepb, 4TO BCce Napbl HATYPAJdbHBIX 4HCeJ, CyMMa H MpOU3-
~ BeJIeHHEe KOTOPBLIX SIBASIOTCS KBAAPAaTaMH, MOXKHO IIOJIyUHTb TAKUM MyTeM 1pU
COOTBETCTBYIOLIEM BbIOOPE HATypaJbHBEIX uHcen a H b.

Hrak, NpefnonoxkuM, uro X-+y==z>% xy=1*, riae z u ! ABJSIOTCS HATY-
pasbHBIMI UHCTAMH, [lycrs d=(x, y) u nycrb ¢4 — HanbOJbLIUKA KBajgpar-
HBIl fgennTeap uucaa ; Takum o6pasoM, d=#kc¢) , rae k-—HaTypaljbHOe
yycd0, He Aedfileccs HH Ha OIMH KBaApaT HaTypaJsdbHoro uncaa =1, Mmeenm
x=dxy, y=dy,, rae (xi, y1) =1, TaK 4TO U3 paBEHCTBA X~} =22 CIeAYyeT, UTO
(x14y1)d=22%, orkyna d==k-c}|22, a Tak xak u4MCJ0 R He NEJIHTCS HU Ha
OfIMH KBAJPAaT HATYPAJbHOrO uncia =1, 1o kcy|2; ciieoBaTeNbHO, Z==RC2y,
rjie 2y — HaTypaabHOE YHUCJIO,
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Orciona (u+y))d=x-t+y= zzzkch zf:kdzi , OTKyla Xi+yi=kz],

12 .

Xiyy= 7 U3 UYero BBHIY (x1, y1) =1 caenyer, 4To UHCIA Xy U Y SABJIAOTCA
2

KBaApaTaMH, X1=a;, yizbi, caenoBaTeibho, x==dx;=k(c,1)2, y=dy=

=k (c1b,)2 TaK 4TO, NONOKUB @==C1a1, b=C1b;, OyaeM uUMeTh x=ka?, y=Fkb?,

npuueM a?4b2= (¢;1a,)2+ (c1b;) 2=’ (x1411) =k (€121)2; TOJNOKHB C12;==C,

OyneM uMeTh a4 b2=kc?, npUUeM NOCKOJBbKY YHMCJIO k He [AeJUTCS HH Ha OLHH
KBaApaT HaTypa/JbHOro uucaa =1, To uncnao ¢? spasietcss HaH6ONbILUM KBA -
paTHEIM feautenem yucaa a?4-b2. Beemu mapamu HaTypaabHbix uucen =< 100,
CyMMa U NpOH3BeleHHe KOTOPbIX — KBaaparHl, siBafwores: 2, 2; 5, 20; 8§, 8;
10, 90; 18, 18; 20, 80; 9, 16; 32, 32; 50, 50; 72, 72; 2, 98; 36, 64.

222. Ypenamu mnocaepoBateapHoctd Pubonaqun =104 (onmpeneneHHOH
YCIOBHAMU Uy==Up==1 U Upta=Up—+Unys Aas n=1, 2, . . .) ABASIOTCS 11O
mopanky: 1, 1, 2, 8, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584,
4181 n 6765, Cpeau HUX KBajupaTaMn ABJAIOTCHA TOJAbKO yHCHa y=Uy==12 1
wip==122, Ky6aMH e SIBJSIOTCS TOJbKO YHCIA Uy=Us=13 u 1g=2% [14].

Iipunmeuvanne M3 rabauner nociaenosarenbibix dicen Pubonayuu U HX pasioxe-
HUH Ha IpPOCTBle COMHOKHTENH, KOTOPYW onybJaukoBan SlpaeH B cBoefi pabore: Recurring
sequences, Riveon Lematematica, Jerusalem, 1958, cienyer, uto He cymecTByeT unceqa Pubo-
rauyn >144 u <C10'S, ABJAAIOIUMXCH CTENEHSIMH HaTYpaJbHBIX YUCeJ C NokasareaaMmu > 1.
Mer He 3HaeM, cyHIeCTBYIOT JIM Takue 4Hcaa >> 144,

223 *. JlokaxxeM MHAYKIHeH# MO HOMepPY A, 4TO TeopeMa Xorarra clpa-
BeJJINBA JAJs KaXKJI0TO HATypaJbHOTO uHcaa << iy, OHA BepHa miad a==1, Tak
Kak =1, u nist n==2, rak KaK Us=—1, a Tak¥ke W1 n=23, TaK KaK Uz=2.
IlycTs Temeps n— HaTypaJbHOE YHCAO =>2 A NYCTh Ka)KJ0e HaTypa/bHOE
YHCJI0 <Iipn TPEACTABJEHO B BHAEe CYMMBI PAa3/JHUHBIX YJEHOB MOCAEO-
BareapHocTH @ubonayuu. [lycts A -—Takoe HarypaAbHOE UHCIO, YTO
Un<k<Ttnyy. Ecan OBl 6bLI0 B—1tin => tly 11, MBIl HMeJH OBl Uny =R > Un_1-
~+ttp=tn41, uTO HeBO3MOKHO. Caenoparenbuo, 0<<h—u, << t,—y.

Taxum oOpas3oM, HaTypa/JbHOEe YHUCIO0 Fk—U, OKa3blBaeTcss CyMMOIll
pPasJHYHBIX YHCEJ MOCAeIOBaTeJbHOCTH PUOOHAUYH, NPUYEM Cpelrd HUX HeT
YHCAA Hy, TAK KAK R—Up << Uy < Uy, OTCI00a CAEAYET, UTO R==(R—1l,) -1,
ecTb cyMMa pas3anudblx udces Pubonauun. Mtax, Mel DOKa3ajH, 4To Kaxkaoe
HATYPAJbHOE UHCAQ =S Upiq MOXKHO MPEICTABHTL B BUAE CYMMBI Pa3zJTUUHBIX
yyuces nmocaenosareqbHocTd PuboHaduu,

Taxum ofpasom, TeopemMa XoraTTa AOKa3aHa HHAyKUHEH HO 7. :

Hanpusmep, l=uy, 2=u;3, 3=w,=uitus, d=u+us S=us=us+tus,
6=u}us, 7=tz us, 8=ug=—us+us, 9=ty+us, 10=1us+us.

224, JToxa3aTeabCTBO NPOBEAEM MHAyKIHeh o nomepy n. Hamwa dopmy-
Na cnpasejauBa Aas i=2, Tak kKak 12=1.24 (—1). Ilpeanosoxum, uto
OHa CpaBelIMBa sl HEKOTOPOro HaTypaJbHoro uncia nz=2. Toraa

wh=tp_ytnp+ (—1)71
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Orcrona

L]
n+1

=Uni1(Uni1 — W) — U, = Upp1-Up 1 — U, =(—1)",

3
Uy — Uy lnyz = U, — U, (U + Upyr) =

YTO JOKasblBaeT CNPaBEeMIMBOCTL Hamied GopMyasl puast gucaa a-H1.
225. Tlpex e Bcero 3aMeTHM, UTO M3 TOXKJIECTBA
6t= (t+1)°+ (t—1)°+ (—1)*+ (—1)°
cjellyeT, 4TO KaxKAoe HeJsoe THCIO, Jesuieecs: Ha 6, ABAseTcs CyMMOH YeTH-

pex Ky0OB LledblX 4Hced.

Tax kak npu KaxKJA0oM LeJIOM R ¥ IPOU3BOJBHOM HATYypPaJbHOM A JJis
r=0, 1, 2, 3, 4, 5 Kaxnoe u3 uucena 6k-+4r—(6n+4r)® nenurcd Ha 6 (TaK KakK
6|r*—r pna meawlX r), TO OTCIOAA CJEAYET, UTO KaXKA0€ IIeJ0e YUCIO MONKET
OBITb NPENCTABJICHO B BHJe CYMMB HSTH KyOOB LesblX uHcea OeCKOHEYyHBIM
YHCJIOM COCOGOB.

Cp.: W. Sierpinski. O rozkladach na sumg¢ pieciu szescianow, Wi-
adomosci Matematyczne, III, 1959, 121—122.

IIpumeuanne Bruckasano npegnojoxXenue (TPOBePEHHOe AN BceX HAaTYPaJbHBIX
ypcen << 1000), 4To Kaxpoe 1ejoe YUCAO MOXKer ObTb NPEJCTaBACHO B BHAE CYMMBbI YETHIPEX

KyGOB LeIBIX YHces GecKOHeuHbIM yucaoMm cnocofos. Cm.: A. Schincel, W. Sierpinski.
Acta Arithmetica, 4, 1958, crp. 20—30; A. Makowski, ram xke, 5, 1959, crp. 121—123.

226. DTO BHITeKaeT HENOCPEICTBEHHO U3 TOXKJECTBa
3= (4-+24n3)34 (4—24n3) 3+ (—24n?%)34 (—H) 3
man=1,223 ...
227. J1oKa3aTeabCTBO BHITCKAET HEMOCPEACTBEHHO M3 CJEAVIOUINX JBYX
TOXKAECTB AJf HaTypasabHbIX [>8:

(E—8) 2+ (F—1) 2 (t1) o (148) 2= (1—T) 2 (1—4) 2 (F+4) 2 (£47)°

u

(E—8) - (E—=1) 4 (£ 1) (4+8) 7= (E=T) 2 (E—4) - (+4)3+ (47)

228. Ilpenno/oxuM, 970 IPH HEKOTOPOM HATYPanbHOM /11 HMeeM 4M.7=
=a?+ b2+ c?-+-d? roe mo kpaidHeH Mepe OJHO U3 YHcena a, b, ¢, d, Haupumep
a, =0 u <<2m1 3gech He Moxer OblTh a==0, TaK KakK TOTAa YuHcJa0 4™.7
6bl10 Obl CyMMOH Tpex KBaJpaToB IEJABIX YHces, YTO, KAK M3BEeCTHO, HEBO3-

mMoxHO, {CM., HanpuMep: W, Sierpinski. Teoria liczb, wyd. 3. Warsza-
wa — Wroclaw, 1950, ctp. 90, Teopema 14). Takum obpaszom, m>1 u a=
=2k (2{—1), Tae k£ — 1esoe HEOTPULATENbHOE YHCJI0 <m—2 W ! — HaTy-
panapHOe uucao. OTcioaa

4m.7—[28 (26—1) |2==4R[4m—r.T— (8u-t1)] =4* (8v+7),
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TIe ¢ U U SIBJSIOTCS LUeJbIMH uHcJAaMH (Tak Kak k<Cm-—2, otxkyaa m—k>=2),

H, CJIeJOBaTEJBHO,
4k (80+T7) = b2 242,

4TO, KAK H3BECTHO, HEBO3MOXKHO (CM. Ta M XK e, Teopema 14).

Mpumeuanue. Jlerko aokazarb, yro unc1o 4™-7 (rle m — HaTypaJbHOE HICI0) Aa-
€T no kpafigell Mepe OLHO Das/JOKeHHe Ha CYMMY 4eThipeX KBAaApaTOB HaTypaJbHBIX 4lice.l,
TakK KdK

gm .7 == (2771)2_;’_ (2m)Z+(2772)2A;_(2m+1)2

229. [ecTbl0 HAaUMEHbIIMMH HATYpPaJbHBIMH uHCAAMH =2, NpeICTaBH-
MbIMH B BHAe CyMMBl ABYX KyOOB HATypadbHbIX UHCeJ, SIBJSIHOTCSA, Kak Jer-
KO 3aMeTHTh, yncaa 134-23=9 231 23=16, 13-}-33=28, 234+-33=235, 33+ 33=
=54, 131-4°=65. Hu onno uz uncen 9, 16, 28, 35, 54 He siBasIeTCS, KaK Jer-
ko y0enuTbcs, CYMMOI JBYX KBAAPAaTOB HATypafabHbLIX YHCEI, 3aTO
65 = 1282

CnenoBatenibHO, HaUMEHbIIee HATYpPaJbHOE 4HCAO >>2, sBJAsouleecs
OJHOBpeMeHHO CYMMOH JBYX KBAaAPAaTOB HATYDPAJbHBIX UUCEJ H CYMMOIl ABYX
Ky60B HaTypaJbHBIX UHCEJN, €CTb YHCI0 6.

UToObl I0KA3aTb, 4TO CyIIecTBYyeT OCCKOHEUHO MHOTO HATYPaJbHBIX 4YH-
cedl, SIBAAICINUXCA CYMMaMH JIBYX KBAJApaTOB H BMeCTE ¢ TeM CyMMaMl JBYX
Ky0OB B3aHMHO IIPOCTBIX HATYPaJsbHLIX YHCEJ, JOCTATOUHO 3aMETHTh, YTO NPH
HATYyPaJbHOM B UMeeM:

1+26k: 12+ (23h)2: 13+ (22k)3.

230. Taxopo, HanmpuMep, yucao 1425 rax kax k|s! aas k=1,2, . . ., s.
OueBHAHO, BMECTO YHCJA S! 371ech MOKHO B35ITh HauMeHblllee o0Llee KpaTHoe
yucea 1,2, . . ., 8.

231 *. TaxoBbl, Hanpumep, Bce uncaa 6-8" (rme n=0,1,2, .. .).B ca-
MOM JeJjie, HU OJHO TaKoe YHCJI0 HE eCTb CyMMa ABYX KyOOB LeJBIX uuced,
TaK Kak B CjJIyyae n YETHOrOo OHO NpH JesdeHnn Ha 9 daer B ocrarke 6,
B CJyuyae ke 1 HeueTHOro — jgaer B ocratke 3 [rak kak 8=—1 (mod 9)],
a cyMmMma JIByX KyOOB He MOKeT [aBaTb B octaTke 3 Wid 6 (a taxkxe 4 uau 5),
TaK Kax KaXablll KyO Iiesioro yucja Npu AesdeHUH Ha 9 paer B ocratke 0, |
unu —1, ciaefoBaTespHO, cyMMa AByX KyBoB —ocratku 0, 1, —1, 2 unu —2.

OnHako, KaK JEerko NpoBEPHTD,

6=(3r) + (ar)

OTKyaa

6.81 — ( 17-2n)3 (37.2ﬂ)3.

21 21

Takum oGpasom, yucna 6-8" (n=0, 1, 2,...) SABJAIOTCA CyMMaMH ABYX
Ky0GOB palnuOHaJbHbIX TOJOXUTENbHBIX YUCE.
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232 *, Jloxkasareabctso A. [Uunnens.

TakoBH Bce uncaa 7-8", rae n=0, 1, 2, . . .. JlelicTBUTEJbHO, ¢ OXHOI
CTOPOHDI, 787 = (27+1)3—(27)3 nnq n=0, 1, 2, . . ., c ApYyTOil XKe cTopO-
HbI, MBI IOKa2K€M, 4TO H¥ OZHO 13 yHcea 7-8" (n=0, 1,2, . . .) He ap.’ser-

cA cyMmmoil xBYX KyOoB HATYPaJbHBIX yHCeI. JIeTKO NPOBCPHTH, UTO 3TO Tak
111 n=0u n=1. Ilpeanono:xum Tenepp, uTO CyUIECTBYET HATYPAJbHOE YHUC-
JI0 H, TaKoe, uto 78" sIBJAAETCS CYMMO#i ABYX KyOOB HATYpAJLHBIX UHCET; MBbl
MOXKeM NPeANOJNOKHTL, yTO A O3HavyaeT HaUMEHbIlee U3 TAKHX HAaTypaJbHLIX
HCeJ; HTak, n>=2 u

780 = yi= (rhy) (g0

TJe X ¥ Yy —HarypaJsapHble uicaa. Tak Kak 3jech JeBas 4YacTb €CTb UYHCID
yeTHOe, TO uucaa x u y Jaubo ofa derHele, 1HGO 06a HedeTHbI,

Ecout 661 OHU Obli HEUETHBIMH, TO HEYETHLIM ObLI0 OBl U YHCAO X2—xy-|
~}-y?, a Tak Kax JeBas 4acTb UMEET TOJNbKO JBa HEUETHBIX HATYPAJbHBIX fe-
Jdrteasi: | ¥ 7, To Mbl UMeaH Obt AU00 XP—xy-Fyt=1, aubo xP—xy--y2=7.
B nepsowm cayuae Oblio Obl x34y3=x-y U, 3HAUUT, TAK KaK X U Yy — HATY-
paJdpHble uncsaa, Obi10o 6Bl X==y=1, cjgefoBaTeabHO, 7-87=2, 4T0 HeBO3-
MOXKHO. Eean ke x2—xy-+y2=7, 10

(2x—y) 2 +3y*= (2y—x) >+ 3x2=28,

4yTO jAaeT 3x2sK28 u Jy?<<28, caef0BaTeNbRO, X<L3 U Y=L 3, oTKyAa x°+ <<
<54, 4TO HEBO3MOXKHO, TaK Kak x|+ y*=7-8=7-8%

CaenoBaresnbHO, ¥ U y o0a yeTHble: X=2xy, y=2y,, T1€ X1 U Yy — HaTYy-
pajbHble Uucaa, H, Tak Kak 7-8"=x3-}4y3 umeem 7-8""1=ux3-y%, uto npo-
THUBOPEUHT OMpeAeJEeHRIO Yucaa A.

Taxum obpaszoM, Mbl L0OKa3aJju, uto uuciaa 7-8* (n=0,1, 2, . .. ) 06-
JalaloT 3aJadHbIM CBONCTBOM,

I pumeuyalilie. D,oxasano, 4yTOoO CyHlECTByeT OCCKOHEYIIO MHOro HaTypadbHBIX YUHCE]
1, He AedaIHXcsl Ha KY6 HaTypaJbHOTO yHcaa >1, KOTOpbi€ HE ABJMAIOTCA CYMMaMH JABYX
KyOOB pallHOHAJ/IbHBIX 4HCes (fOoKas3aTeJbcTBO TpyaHoe). Taximu unciaaMu =S50 asasiorces 3,
4, 5, 10, 11, 14, 18, 21, 23, 25, 29, 36, 38, 39, 41, 44, 45, 46, 47.

Uieno 22 ecTb cyMaa ABYX Ky0oB paUHOHANLHBIX YHCEd, HO ¢ OOJbILHMH 3HAMEHATEe-
JISIMU:

2] + (o)

Cm.: E. S, Selmer. Acta Mathematica, 85, crp. 301, u Tam e Tabauum Ha
cTp. 354 u 357,

233*. Hoxasateanctso A. llunnens.

TakoBbl uncaa (2:—1)27k rpe n==0, 1,2, . . .. JlelicTBUTEJbHO, TAK KaK
(2k—1)2nk = (2nt1)k— (27)k 10 oOCTaeTcs AOKa3aTb, UTO ypaBHEHHE
(2F—1) 2nk=ykt-0k (1)
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He HMeeT pellleHHH B HATypPaJIbHBIX UYKCIaX 4 M 0. ITO CIOPAaBeIJHBO [Jd
n=0, tak Kak *-}1F<<2k—1<C2h-}-12

Tlpeamnonoxum, 4To CYNIECTBYIOT HATypaJbHbBIE YyHCcaAa A, A KOTOprA
ypaBHeHne (1) umeer pelieHHe B HATYPAJbHBIX YHCAAX 4 H U, U IIYCTb 11—
HavMeHbllee U3 HUX. Ecau 661 uHcaa 4 u v Obid 06a ueTHble, 4=2u,, V=
=2vy, To corsiacHo (1) MBI HMenu Obl:

eV ok k
(25 —1) 20—Dh= 1" 4 o}

BOIIPEKU MPeANooXKeHHI0 0 yHcae n. CienoBaTeslbHO, TaK KakK JeBasf 4acTb
ypaBHeHusa (l) ecTb UHCIO YeTHOe, TO YHCAA U U U JHOJNKHBI ObITh 00a He-
YeTHEIE.
[Ipeanosioxum, uro £ ectb HeueTHoe uucjo >>3. Torpa uz dhopmysner
uk 4 vk
utv
rjie B IpaBoil 4acTH Mbl HMeeM & csaraeMbX, KOTOPbIe BCe HEueTHbIE, CAeRy-
€T, UTO JieBas YacTh €CTb YHCJAO HEUueTHOE, 4 TaK KaK OHa SIBJSETCS JejuTe-
JgeM uncaa (2k—1)27% To

= gkl — k=% 4 ph=50% — 4 vk

uk + Uk
ut v
MEl MOxKeM mpeAmoNoKUTh, uto U =v, Toraa
uf + y*

A .
T 2 U 5

< 2F — 1.

k

—1
claefoBatenbHo, vh1< 2% orkyna v<<2¥ 1 <3 (Tak xax #>3), a Tak Kax
v — HeyeTHoe, TO v=1. ’
Orcwpa

kL gk

i R A o UGS P

TTo = a3T X (u—1) > (u—1F"1 .
Takum obpasom, (u—1)*1<2* uro maer u—1<I3, OTKy/1a BBULY HEYETHO-
et 4 u=1 uau 3. Cayuall u==1 HEBO3MOKeH, TaK KakK IPHBOJIHT K PABEHCT-
By uk-+vk=2, xoropoe nporusopeunt ypasHenuwo (1). Cnyuait u=3 raxxe
HEBO3MOXKEH, TaK KaK faeT:

uk +v% 31

u-+v 4

4yTo Goablie, yem 28—1 (mas £>>3).

[Tpennonoxkum tenepb, 4TO £ ecTb ueTHOe HaTypaJbHOE uHCA0. BBHmy
HEUETHOCTH YMCeN U U U YMCJI0 uk-4ov* gaer npu geneHHd HA 4 OCTATOK 2, 4TO
HEBO3MOXKHO, TaK Kak JieBasi vactb Gopmyanl (1) nenutcsa Ha 4.

Teopema pokasaHa.
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IMpumevanne (A PorkeBuua). JIng KaXzoro HaTypaabHOrO uuciaa n>> 1} cymecrt-
ByeT 6eCKOHEYHO MHOTO HaTYPAJBHEIX YHceld, SBJSIOUHXCH CYMMAaMM HBYX #-X CTeHeHel Ha-
TYpaJIBHBIX YHCEJ, HO He SBJSIOHIMXCH DA3HOCTAMU ABYX N-X CTeneHel HaTyPasbHBIX UHCE.
Dokasateabctso. Ecm 2{n, To gas HaTypanbueix k u [ uacno (2k41) 74 (21
+4-1)® ectp cymMmMa ABYX n-X cTeneHell HaTypaJbHBIX 4YHces, HO, GYAYYH YHCJAOM BHAA
4f{+2, He ecTh Pa3HOCTb JABYX KBaApaTOB M, 3HAYHT, HE €CTb PA3HOCTb ABYX N-X CTeleHel
HaTypanbhbix unced. Ecmn we 2 T n, To uncaa (27 -+1)27k=2:+0n 4 2Ry e k=0, 1, 2.,
He SIBJSIOTCS PasHOCTAMH ABYX n-X CTeMeHeli HaTypaabHBIX uHces. JeficTBHTesbHO, eciu Gbl
x

Eoito (27-41)27k=x"—y", rge ¥ W y (X>y) — HATyPaJbHBIE YHCIA, TO HHCIA xlzm

y
I yI:W 6biaM Obl HATYDPANbHBIMH U He MOrad Oul ObITh 006a UCTHHIMH, OTKyIa
,

n

x -y
MBI JeTKO Hawmal Obi, 41O QT—‘_._‘_, a Tax Kak
X1—M%N
n n
, x"—y
(2" + 127 — (x,9)"(x1 — y1) ——t
Xy —¥1
n i1 n n
: x"—y X —Yy .
TO oKaszaJoch Obl, 4T0 —L1— "1 | 27 L 1, orkyna —— "+ < 27 { L.
X1 — V1 X1—W1
n__ yn n_1
Ho -+ . .71 > x > 3" 1 (460, KaKk 1erg0 3aMETUTb, HE MOWeT ObITH X1 = 2, Tax
1 ) ?
X1— W

KaK roraa Omao 6el y; = 1 u, 3nauur, 27 — | ,2”+ I, uto neBosmoxkno). Taxum 06-
pa3oM, 6bln0 bl 3 leon I, 4TO HEBO3MOXKHO AJASl A= 3.

234. M3BecrHa Gopmyaa

P+%+H.+¢:MMM?+W

Taxum o6pasom, HEOOXOAUMO HAUTH HaWMeHbillee HATYPAJbHOE YHCJO
n>>1, nas kortoporo n(n-+1)(2n4+1)=6m?, rge m — HaTypaJbHOE UHCJIO.
Paccmorpum 3neck 6 cayuaes.

1. n=6k, Tne k-—HatypanbHOe uucyio. Hauie ypaBHeHHe NpUMeT BHJ
R(6k41) (12k+1) =m?, 3pech COMHOXKHUTEAH JIeBOH YacTH NONAPHO B3aWM-
HO TIPOCTHI M, 3HAYUT, BCE HOJIKHBI OblTh KBagpataMu. Ecau k=1, To 6k
He sBAsercsd KBajapatom. Cuenyomui nocae 1 ksagpar ects 4. Eciu k=4,
To 684+1=252 12k4-1=72 u, TaguM obpasom, masa n=6~k—24 cymma 124
+224 . .. 4242 agasgerca xkBagpatom wucaa 70.

2. n==6k-+1, rae &£ — narypasbHoe uncsao. Mveem:

(6k+1) (3k+1) (2k+1) =m?2

u Kaxaoe u3 umcen 2k--1, 3k+1, 6241 (koropble momapHo B3AUMHO MpPO-
CTBI) MOJMXKHO OLITb KBaADATOM,

HanmeHblree HaTypaJbpHOE YHCIO R, 1Js KOTOpOro yucao 2k--1 asaser-
cs1 KBaapaToM, ectb k=4, Ho Torga n=~0~k-}1>24.
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3. n=06~k+2, Tae k— uenoe unciaoz=0. HMmeem:
(3k-F1) (2k+1) (12k+5) =m?
v uucaa 3k+1, 2k+1 n 12k45 (kak mOnapHo B3aUMHO NIPOCThbiE) JOJIKHBL
66T KBaapatami, Ecan 6ul Obl10 2=0, uncao 12k-+5 He 6bl10 OB KBaapa-
toM. [l HaTypaJbHBIX Ke R HAXOAUM, KaK U paHee, 4TO R>=4, OTKyla n=
=6k-}2>>24
4. n—06k-+3, rje k — uenoe uncao =0. Umeewm:

(26+1) (3k1-2) (12k4-7) =m2,

npHuyeM, KakK Jerko 3aMeTuTb, uucaa 2k+1, 3k+2 u 12k+47 siBasiiorcs nomap-
HO B3aMMHO NPOCTHIMH M, 3HAUHT, A0JKHBI OblTb KBaaparamu. Tak Kak uuc-
a0 3k+2 He aBasgercs xkpaapatom npu k=0, 1, 2 wan 3, T0 HOJKHO GBHITH
k=4, tax uto n=6k-3>24.

5. n==6k-+4, rie £ — uenoe uncio =0. Mmeewm:

(3k—+2) (6k+5) (4k+-3) =m?,

rae uncaa 3k-+2, 6k45 u 423 nonapHO B3aUMHO OPOCTHL H, CJIEI0OBATE/Nb-
HO, HOJIKHBI OBITH KBaJpaTaMH. 31ech He MOXeT ObiTh k=0, 1, 2, 3, Tak Kak
rorjpa uucao 3k+42 He smasiercss KBajpatoM. CaenoBarenbHo, k=4, oTKyRa
n==06k-+4>24.
6. n=06k+5, rae & — venoe yucao =0. meewm:
(6k45) (k1) (12-+11) =m?,
rae uncaa 6k-F5, k41 u 12k 11 monapHo B3auMHO TPOCTHL H, CJEL0BATENb-
10, A0JKHDBI OBITh KBaJgpaTaMu. 31ech He MOxKeT ObiTb £=0, 1, 2, 3, TaK Kax
torja uneac 645 He siBasiercss kpagpaTom. CaenosatenabHo, k>=4, oTKyda
n=—6k+5>24.
Taxum 00pa3oMm, MBI J0Ka3aju, uTO HAHUMeHbllee HaTypajbHOE UHCI0

n>1, aas xoroporo cymma 124224 . . . +4-n? gBaseTcd KBajgparoM, €CTh
n=24,

IMpusmeuvanne Tpyano nokaswiBacTest Teopema, COrJacHo KOTopoit 24  sBaseTcs
CANHCTBCHHBIM HATYPAJbIIBIM YyucaoM > 1, maa Kotoporo cymma 124224 ... -4n? ecTb KBaa-
paT. HexoTopble yKkasaHHs, OTHOCSUIHECT K 3TOi TeopeMe, NPHBOANTCA B Moell kuure «Teoria

liczb», Czesc Il. Warszawa, 1959, crp. 133. 3aro cymma 174234+ . . . +n® pid Kaxaoro
HaTypaJbLHOro uHeaa 7 ecTh KBaApaT W MOMKHO J0KA3aTh, YTO HH A OAHOFO HATYPAJbHOro
uieaa n>1 ue asasieress KySowM HaTyoadbHOro yucaa (cM. Tan Xk e, cTp. 132, caenctsue 3).
235. a) VickOMBIMU 4HCIAMU ABJASIOTCH BCe HATypasbHble 4HCIA, KpOMe
CJAEYIOIIHNX:
1,235, 6,7, 10, 11, 13, 14, 15, 19 u 23.

Jlerko 10KasaTb, YTO HH ONHO U3 3THX 13 UHCeJ He ABASETCS CYMMOH
KONEUHOro YHC/a NMPAaBHJABHBIX CTemeHell (KOTOPEIMH SIBJASIIOTCS ynopsmoqeﬂ-
HBle [10 BeJAHUMHe yHcaa 22, 23, 32 24=42 52 33 25 62
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[Tycts Tenepb n — HaTypaJbHOE uuCA0, OTAMYHOE OT KaXKAOro0 H3 yIo-
MSHYTBIX BbILIE 13 uncesn.

Ecnu n=4k, roe k— HaTypaJbHOe YHCJO, TO YHCJO 7 ecTb cyMMa R
gucesi, paBHBIX 22, :

Ecan n==4k--1, T0, TaK KaK n5=1 U n>=5, Mbl MOXEM MNpPEIANOJOXKHTh,
uyto k>=2, Tak uto n=—4k-+1=324-4(k—2), roe £—2 ecTb Henoe yncio =0.
Ecau £=2, 1o =232, ecqin ®Ke k>2, to n=2324+224 . . . 422 rje ciaarae-
MBbIX 22 Mbl HMeeM R—2.

Ecau n=4k+2, To, Tak KaK n OTJHuHO OT uucea 6, 10 u 14, nmeem
k=4 u n=4k+2=32432}+4(k—4), oTKyna CHOBa BBITEKAET, UTO YHCJIO 7
HMeEeT 3aJaHHOE CBOHCTBO,

Haxonen, ecan n=4k-+3, 10, Tak Kak n==3, 7, 11, 15, 19 u 23, umeem
k=6 u n=3%+4(k—6), oTKyZa CHOBa BBHITEKaer, UTO YHCAO 1 obaagaer 3a-
NaHHBIM CBOHCTBOM.

6) HMmeem: 1=32—23 2=3%-52 3=27—5% 4=055-112=23--22,
7=27—112 8=2—23 9=52—42 10=133—-3".

Mpumeuanune Mbl He 3HaeM, ABJseTCd JH 4HCAO 6 PA3HOCTLIO ABYX UPaBUJbHBIX

cTeneHeit.
Brickazano NpefnoqoXKeHHe, YTO KaxKJoe HATypajdbHOE YHCJIO AaeT KoHeuHoe =0 uyHc-
JIO OpelcTaBJeHHl B BHAEe Pa3sHOCTH ABYX NMpPaBUJBHBIX CTeNeHeH.

236. Ecau a?+-b2=c?, rae a, b w ¢ — HATypasJbHBlE YHCIa, TO, KAK Jier-
KO TIPOBEPHUTb, YMHOXHB 006€ HacCTH 3TOr0 paBeHCTBA Ha UHCJIO

qen® ~1)., pin@En+)n—1), chn@n—1)

Mbl TOJYUYUM!

[ (a2nb(2n+1)(n~1)cﬂ(2n—l)) 2n]24 [ (a2n+1b2r? —Acan? )yn—t]2=
— [ (aZn—ibZn(n—i)CZn2 —2n+1) 2n+1] 2,

Cp. W.Sierpinski. Wiadomos$ci Matematyczne, 1V, 1961, crp. 185.

237. CyuectByer JHlllb OJHO Takoe HaTypaibHoe uyHca0: n==>5. Jlerko
IPOBEPHUTD, YTO ITO YHCJO YAOBJETBOPsieT ypaBHeHuo (n—1)!14-1=n? a Tak-
XKe, 4To yueja n=2, 3 U 4 He YLOBJeTBOPSIOT 3TOMY ypaBHenuto. [ng n=
=6 uMeem n2>6n—4 W mpH NOMOLIM MATEMATHYECKOH HHIAYKUIHH JeErko
MOKHO [00Ka3aTb, YTO 3TO HEPABEHCTBO CHPAaBEJIHBO IJf KAaXKJAOFO HATY-
paJjbHoro uncaa n>=6. Ecain n — natypanbHoe yHC/I0 =6, TO UMeeM:

(n—1)14+1>2(n—1) (n—2) =2(n*—3n+2) >n?,
TaK Kak n?>6n—4, Takum obpasom, mas HaTypasJbHBX #>>5 DaBeHCTBO
(n—1)!41=n? HeBO3MOKHO.

, Mpumevuaunune, Mu 3uaeM TOALKO JBa HATypadbHBIX uHcaa =>5, Takux, 4TO
n2|(n—1)!41, a umenso, 13 u 563, 1 He 3Haem, CYILIECTBYIOT JIM APYTHe TaKHe UUCIA H ABJA-
€TC /I YMCI0 uX KoHeunbiM. M3pectno, yTo Kaxpoe Takoe uuc/ao LOJIKHO ObiTh HPOCTHIM.
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3aMeTHM 3Mechb elie, uTo mas n=>5, 6 u 8 uucaa (n—I1)!+1 gBasiorcs KBagpaTami
(cooTBercTBenHO yncen 5, 11 M 71), NpHYeM HEH3BECTHO, CYUIECTBYIOT JIH ele APYTHe Takue
HaTypaJsibHble Yucia A

238. Ecau 6bl Ipu HATYpaAbHOM A>>1 ObIO ty_y-fp==m?2, rie M — HaTYy-
pajbHOe YHCI0, Mbl UMean Obl (n—1)n?=(2m)?, a Tak Kax uyucaa n’—1 u
#2 gBJSAIOTCS B3aMMHO NPOCTLIMH, TO KaXkKJ0€ U3 HHUX AOJIKHO Obli10 OBl OLITL
KBajapaToM, YTO HEBO3MOXKHO, BBHIY TOTO, YTO Pa3HOCTb JBYX KBaJApaToB Ha-
TypaJbHBIX YHCEJ He MOKeT ObTh eAHHHUIEl.

Ilycrs Temepb 7 — JaHHOe HAaTypaJbHO® UHCIO. YpaBuenne x2—n(n-+
+1)y2=1 umeer GeCKOHEUHO MHOTO PeIlCHHH B HATYypaJbHBIX UHCAAX X, Y.
JelicTBUTENBHO, OJHUM H3 TAKHMX pelleHuH siBasercs x=2n-+1, y==2, ecau
JKe TpH HEKOTOPHIX HAaTyPaJbHBIX X M y uMeeM x>—n(n+-1)y2=1, To Takxe

[ Cn+1)x+2n(n+1)yl>—n(n+1) [2x4 (2n+ 1) y]2=1.
HakoHell, ecliM X ¥ ¥ ABJIAIOTCA TaKUMH HaTypPaJbHBIMH YHCJAAMH, 4TO
x—n(n+t1)y2=1, T0 ln-tos y="In"tn 42 (2tn-y*-+ 1) =12-y2-x2= ({rn-yx)? .

Tax Hampumep, AJad n=2 umeeM fy-lou=302, foloso=(3-20-49)2.
239. 219=1024>>10% Orcioga 21%5=25. (2“’)194>10 103494=10%83, oTKy-

na 22178 = 010%8% — (910) 10382 — 10820582 " yyeno ke uupp nocaenHero uucaa
6oJbire, yeM 10982,

Yucao 5- 219741 umeer, O4EBHJHO, NUPP CTONBKO K€, CKOJbKO HX HMe-
eT uyucao 5.2¥Y=10.2196 a Ttaxk xak log2=0,30103..., TO 21—
=] (1946108102 — [(9858 oTKyma CleayeT, uTO Hallle 4HciIo 5-219%741 umeer
587 undp.
@ Hp}l Mevyanue Hucao F1945 ecTb Haubosbllee H3 M3BECTHBIX COCTABHBIX uYHCeN

cpMa.

240. YUucao 2M23—] umeer, oueBHAHO, CTOJABKO LHGDpP (B AecATHUHOH
CHCTEME CYHCJCHHA), CKONBKO NHMP UMeeT YHCa0 2M215) 0T KOTOpPOro OHO OT-
JIM4aercd TOAbKO nocaedHed nndpoi, Takum odpasoMm, A0CTATOYHO MOJCUH-
TaTb, CKOJbKO LH(pP HMeeT uucgo 211213,

Ecan n ectb HaTypasabHOe uuciao Buaa 10%, rie x — BelLleCTBEHHOE UMC-
10 (z=0), 10, 0603HauuB yepes [x] Haubosblliee LeaOe YUCIO <TX, HMeeM
10 < n< 10151+, OTKyJa cJelyeT, 4To uucao n umeer [x]--1 umpp Ho
2us—M2oe2, 2 Tak Kak logp2=0,30103..., To 3375<<11213 log;p2<
< 376 wu, cnenosaTeano, yuceao 2112131 ymeer (B HecsiTHYHOH  cHuCcTeMe
cuncaenus) 3376 uudp.

241. Nmeem:

211212 (211213_ 1 ) — 222425*211212'

[logcunraem BHauaje, CKOMbKO Hudp uMeer uyucao 22%%, Tak xak

22425 1og102=22425-0,30103 . . . =6750,597 . . ., TO (CM. pelleHHe 3a-
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nauy 240) uucio 222425 yveer 6751 uudpy u 222425=10670. 100,57 3 rak Kak
1

10059710 2 >3, To 1067122425~ 3.106™0, orkyna cjeayer, 4To mepsas
undpa uncaa 2245 posxua 6bITh =3, [TosToMy unciao nudp uucaa 2242 oc-
TaHeTcsl 6€3 U3MEHeHHs, eCJIH H3 MOocJeAHero Mbl BeluTeM yucao 211212 ¢ meHpb-
muM yucaom nudp. Urak, yncno 21212(2123—1) umeer 6751 uudpy.

242, Vimeem: 3!=6, 3!!=6!=720, 3!1"1=720!=>99!.100%t > 10122, Ta-
KHM oOpasoM, yHeso 3!!! uMeer Gosiee ThICSAUH LHPP.

Ha ocHoBanuu H3BecTHON TeopeMnl (cM., HanmpuMep: W. Sierpifiski.
Teoria liczb, wyd. 3. Warszawa — Wroctaw, 1950, cTp. 163, nemma I11) 1, ec-
JH 1 — HATypaibHOE UHCJIO, a P — MPOCTOe YHCAO, TO HauOOAbIas CTENeHb
qhCaad p, AesLias YHCaA0 m! ecTb

2+ (2R

p

rae [x] — nauGonbuiee nenoe uncao <<Cx. OTCIOAA CACAYET, YTO HAMOOAbILAS
CcTeneHb yucaa b, aeasuast yacao 3!M1=720!, ectp

720 720 720 720 =

5]+ [55) + lis) + [og) = 144+ 2845+ 1= 178,
a HauBbICIIAsl CTeNeHb uucaa 2, feadwmas uucao 720!, Oyaer euie OGouiblie,

720

TaK Kak yxe [—;—]=360. Orcroza caenyer, uro uncao 3!11=720! umeer Ha

KOHIle 178 nynei.

243%, Pewenue, satizeHHoe A, lunnenem.

YKasaHHOe CBOHCTBO HMeeT MEeCTO JJis HAaTyPaJbHbIX Yuces A1, SBJAIO-
IIUXCA CTENeHsIMH MPOCTBIX YUCce] (C HATypaJbHbIMH MOKa3aTesasiMH) H TOJb-
KO IJI1 TaKHX YUCEJ M,

B camoMm gene, ecau m=pk, rjle p ecTb HPOCTOE YHUCJO, R — HATypaJb-
Hoe, TO A5 f(x):x?"(pk) B cayuae p 1 X COIJIAcHO Teopeme Diniepa HMeeM
[(x)=1 (mod p*), B cayuae ke p|x uMeem p*|x*, a tak Kak @ (p*) =pti=
==k (u4TO JI€TKo M0Ka3blBaem [Jif HATYPaJbHBIX 2 NOCPeICTBOM HHIYKLHUH),
TO W NOJABHO p’*]x‘f(f’k) , caefoBarteqabho f(x)=0 (mod p*).

Ecau m — matypanbHoe uicao >>1 B m He ABJASAETCHA CTeNEHbIO NMPOCTO-
ro 4ucaa, TO M UMeeT 1o kpaliHell Mepe ABa Pa3JHUHEIX [POCTLIX LENUTEN:
p u g=p. [Ipeanonoxum, 4yto f(x) ecTb MHOIOUJIEH C LeNbIMH KO3((pHUHEH-
TAMH H YTO CYIIECTBYIOT LieJIble YHc/ia Xy H Xz, Takue, uto [(x) =0 (mod m)
H f(x3)=1 (mod m). Torna, tax xak plm u g|m, f(x1)=0 (mod p) =u
[(x2)==1 (mod q). Ho p u ¢ — pasiuuHble IpPOCTHIE YHCIA, MOITOMY Ha OCHO-
BAHUU KUTaficKof TeopeMbl 06 OCTATKAX CYWIECTBYET IeJ0oe UMCAO Xy, TaKoe,
yto Xo=2x; (mod p) u xe=x, (mod g) H, clenoBaTeNbHO, [(Xo)=[(X1)=
=0 (mod p) u f(x0)=[f(x)=1 (mod q).

1 JloKasaTeJbCcTBO 3TON TeOpeMHI CM. HHXKe, Ha cTp. 147. — fIpum. nepes.
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Ha ocHOBaHHM IepBOTO M3 3THX CpPaBHEHHI yOexAaeMCsl, UTO He MOKET
OuITh f(Xo)==1 (mod m), a Ha OCHOBAHHM BTOPOTO — YTO HE MOMKET ObITb
f(%) =0 (mod m).

Taxum o6pasowm, f(xy) npu Jenenun na m He paer B ocraTke Hu 0, Hu 1.
CrenoBaTesibHO, €C/IM M He SIBJISETCS CTENEHbIO TIPOCTOTO MUCAA, TO HU ONWH
MHOrou/eH f(x) ¢ neabiMu Kos(QOHIUHEHTAMH HE yAOBAETBOPSET NOCTABJ/IEH-
HBIM TPeOOBAHHAM,

244, Kax JeTko NOJCYHTATh,

D<[(dm2+1)n+m1]2,
CJIeJIOBATEJIbHO, LeJad 4acTb uucaa VD— €cTb uHCNo o= (4m>*+1)n+m, or-
Kyna
D—a?y=4mn-1.

—__ L _¥D+ag
YYD — aq D—a&

Tax xax @ ecTb Lesast yacTb yncaa YD, To umeenm ap<<yD <<ap--1, o1-
Kyna :

T2y 1
Taxum obpazon, VD:ao—F—x— H X
1

2a0<<YD+ae<<2ae+1,

YUHTBIBas Xe, uTo ag=4(mn-+1)m-+n, nHakgem:

2n VD +a,
2m+4mn+l < D—4

&

2n+ 1

OTKYJA, TAK KaK <1, caegyer, 4TO 1ieJlag dYacTb Yucaa X; =

n--1
/D+a 1
= ll)iif—“ eCTh UHCI0 @y = 2m. TakuM oGpasoM, x, =a, + ——
-—a
__ U
H2 = x—ay
_¥D-+tay o VD —|[@dmnt1)m—n]
Ho xl——al——————mn_‘l 2m = 1
CJIeAOBATENBHO,
_ (mn = )[VD +dmn+ )m —n)
Y = D= [\amn = D m = nj? '
Ho, KaK Jilerko NpOBEPUTh:
D=[(4mn+1)ym—n]2+ (4mn-+1)2
Ce0BATE/bHO,

VD 4+ (4mn+m—n
- dmn + 1 ?
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a Tax Xak ao<1/5<a0+1, 17601 (4mn+1)m+n<1/5< (4mn-+1)ym-tn--1,

TO 2m << xp<<2m-+ T T W SHAUNT, uesas 4acTh YHCIA Xz €CTb YHCIO

1
a;=2m. Taknm o6pasom, ta=az+ — , OTKyJa ¥3— ———.
X3 Xo— Qg
Ho

Lo
TN

VYV Drd(mn - 1)m—n VD —(4mn+ )m—n
Xy 0= imn — 1 —32m = 4mn + 1 ’
cJaen0BaTegabHO,
_ @man+ DY D = (dmn = Dmtn) = n o
*s = D — [(4mn + 1)y m + n]? =V D+ (bmn = m + n=

= Vﬁ 7}7 ao;

OTKYJa 3aKJioyaeM, 4TO Hedasd 4acTb 4yHc/Jaa X3 €CTh 2(10 H 4TO YHUCJHAO VD pas-

Jaraercst B apU(pMeTHUECKYIO LenHylo Apobb ¢ TpexuJeHHbIM MepPHOLOM, CO-
CTOHLFI/IM U3 unces 2m, 2m H 2a,.

ITpumeuanue MoOxHO IoKa3aTb, YTO BCEMH HATYpaJbHBIMH uncaaMu D, nasa xo-

TOPHX passioxenne uncna YD B apudMeTHUECKYIO nennyio ApoSb MMEeT TPeXWIEHHEHI ne-
pUOJ, sBAsIOTCA yucaa D, Kotopele Obuin 3eck pacemorpedsl: Cm.. W, Sierpinski.
WiadomoS§ci Matematyczne, V, 1962, ctp. 53—55.

245. Ec/M M3BeCTHO passioKeHHe YHCla n Ha MNPOCTbIe COMHOXKHTENH

%y

n=q; ,q; ...qs, 710115 ¢(n) ud(n) umeeMm POpMyJIbl
(P(n):‘ﬁl—l (g1—1) . .. gt (gs—1),
d(n) = (au+1) (@+1) . .. (as+1).

INoeacuuras npu nomomu 3Tux GopMys 3HaueHus QYHKUUE ¢(n) u d(n)
Aang n<<30, MBI JerKo HafjeM, 4YTo 3sHauvenuwsimu n=30, 1% KOTODBIX
@(n)=d(n), asasiorca n=1, 3, 8, 10, 18, 24 u 30. 3xece Mbl umeeMm: @(l)=
=d(l)=1, ¢(3)=d(3)=2, ¢(8)=d(8)=4, ¢(10)=d(10)=4,¢ (I18)=
=d (18) =6, ¢ (24) =d(24) =8, ¢(30) =d(30) =8.

Ipumeuanue [lokasaHo, 4To He CYLIECTBYeT APYIHX pELICHHI ypaBHeHUs @(n)=
=d(n) B HaTypaJbHHX unciax n. MMeruo, MOXHO AoKa3aTh, 410 AAA n>30 umeem @(n) >

>d(n), Cm.: T. ITofia u I'. Ceré. 3amaun u TeopeMbl W3 aHasauza, u. II, wam. 2. M,
1956, ctp. 355, samaua 45.

246. Kak Jerko npoBepuUTh, IPH HATYypaJbHOM & U LejoM =0 HMeeM:
1 l 1 s+ 1
— — [ N S — B N,
(1+k)(1+ k+1)"'(1‘ k—}—s) Lt k" (1)
TlenoxuTeTbHOE PANMOHAJIBHOE YHCHO @W—1 MBI MOXKEM, OYEeBH]IHO, Ipel-

m
CTaBHTb B BHEe W—Il=——, I'le M U n—Hatypa/nbHEe YHcaa (He obs3a-
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TeNbHO B3aHMHO MpocTthie) u rae n>g. Teneps, uto6sl npaBas yactb Gopmy-
Jei (1) Oblna paBHa w, NOCTATOYHO NMPHHATh k=n 1 s=m—1. Takum nyrem
MBI TOJYUMM AJI1 @ 3aJaHHOe passoxeHHe,

Cp.: Matematyka, 1958, Ne 1(51), crp. 60, 3anaua 457.

247 *. JJokaxem BHauase, 4TO Kaxaoe uedoe 4ucao £==0 MOXHO NO
Kpa¥iHell Mepe OJHHM CIIOCOOOM MPEACTaBHTh B BHIe

k=122 | 4em2 (1)

Tlle M — HATypaJJdbHOE YHCJIO0, 3HAKU K€ «£» BoIOpaHb Halexalnm odpa-
30M. 210 cnpasefauBo as 0, Tak kKak 0=12422—32{ 4252 62+72 3ro
Tak;Ke HMeeT Mecto Aasd uucea 1, 2, 3, rak xak 1=12, 2—=—]2—-2232.1-42,
3=—12422 4=—=—12—224 32,

Iajee, oueBHIHO, JOCTATOUHO JOKA34Th, YTO HAlIA TeopeMa CIpaBelH-
Ba [JIs1 K&XK/J0T0 HaTypaJ/bHOrC YHeIa R, @ TaK Kak OHA CIpaBeNuBa AJsl YH-
cea 0, 1,24 3, TO AOCTATOUHO JOKa3aTh, UTO €CAH TeopeMa CnpaBeJmHBa s
eqoro uncia £>=0, To OHA cOpaBelJHBa TaKkKe s uncaa k4.

Urak, npeanonoxum, urto TeopeMa CIpaBel]uBa A YHCAA k, T. €. UTO
CYIECTBYET TaKOe HaTypaJbHOe YHCJAO 1, YTO HpH Hajjdexaillem BeiGope
3HAKOB «-4» umeer MecTto opmynaa (1). Kak nerko nposepurs,

(m+41)2—(m+-2)2—(m+3)*+ (m+44)>=4. @)
[Tostomy u3 Qopmyast (1) cregyer, uTo
RH4==12122+ | . . £m2} (m41)2—(m+2)2—(m+43) 24 (m+4)3

T. €. 4YTO Hallla TeopeMa CnpaBefausa Ajas uuciaa k-+4. Takum ob6pasom, oHa
cnpaBejaMBa AJs KaXKJIOTO UEJOr0 uucaa,

3aMeTHB TeNepb, YTO H3 TOXKAECTBA (2) AAs KaXKAOrO HATypaJbHOro
YHCJa M BBITEKAET COOTHOIUEHHE

(m4-1)2— (m4-2)>— (mA4-3) 2 (m4-4)2— (m+-5) >4 (m-4-6)2-+
4 (m-7)2— (m8)2=0,

MBl MOxKeM B (opmyae (1) umciao m 3aMeHUTb Ha m-+8, a CJIeL0BATE/bLHO,
Takxke Ha m~-16 v 1. g, ClegoBatenbHo, KaxI0€e eJ0oe UHCI0 B MOXKHO 6ec-
KOHEUHbIM UHCJA0M c110co60B NpeaCcTaBuTh B BHAe (1), 4. u T, A.

248. a) Ypasuenune 4x-2=0, oueBHIHO, He UMeeT LeJbX KopHell. OfHa-
Ko cpaBHeHHe 4x+2=0 (mod p) paspeminmMo AJs KaxKAOr0 MPOCTOro MOAY-
as p. as Moayas 2 oHO paspeiluMo TOXKAECTBEHHO, eCJIU Ke p —— NpOocToe
HeyeTHoe 4ucaIo, p=2k--1, rae £ — HaTypasabHOE YHCJO, TO HAlle CpaBHEHHE
HUMeeT pelleHde x==%&.

6) [lpumem m==a; nockonpKy cpasHeHHe ax-+b=0 (mod m) pas-
pewumo, 10 a|b, cnemoBaTeNbHO, b=ak, rie k — uesoe yucjI0, H ypaBHEHHE
ax—+b=0 umeer KOpeHb x=—~R,
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249. Mmeem ToxkaectBo 6x2+45x-+1= (3x-+1) (2x-+1), u3 xoroporo cae-
Iyer, uro ypaBHeHHe 6x2+5x+|1=0 He nmeer pemIeHUH B HeJHX YHCAAX.
[lycte m o3nadaer NpoH3BOJIbHOE HATYPAJBHOE UHCJO0, m==2" My, rje o — Le-
Jioe uneno =0, a my; — HeueTHoe HaTypasbHOoe uncao. Tak kak (2%, my) =1,
TO, KaK H3BECTHO, CYIIECTBYET HATypaAbHOE UuHCIO X, Takoe, uto 3x=—1
(mod 2% ), a 2x=—1 (mod my), otkyna m=2*my| (3x+1) (2x4-1); caeno-
BaTeabio, 6x2-+5x-41=0 (mod m).

250. a) Ecan g — mpoctoe uncao 3 u ¢|27+1, to g|22r—1 u 22p==1
(mod g). Ilyctp § — noxasareab, KOTOPOMY NPUHAMJNEKAT YHCI0 2 IO MOAY-
Jio g. Tax kak 8|2p, to =1, 2, p uau 2p. Ho §=1 gaer 2=1 (mod ¢), uto
HeBO3MOXKHO; §=2 naetr 2*=1 {mod ¢), oTkyAa g==3 BOIPEKU YCJIOBHIO;
8=p pmaer ¢|2P—1, a rax xak ¢|2P4-1, To noayuaem ¢|2, 4TO HEBO3MOXKHO,
160 ¢|2P4-1 u g Heuerno. Mrax, 0=2p, a Tak kak 8]g—1, 10 2p|g9—1, OTKY-
na g=2kp¥1, rae k— HaTypaJabHOE YHCIIO.

HurtepecHo conocraBuTh 10KasaHHy0 TeopeMy Pepma ¢ XOpOILO H3BeCT-
HOH TeopeMoli, COrIacHO KOTOPOHl eCa p — MpOoCcToe YHCJA0 >>2, TO KaxAbli
Jeantenb yucaa 2P-—1 umeer popmy 2kp--1, rue k— nesoe duchaoe,

0) JloxasaTenbCTBO BBHITEKAET U3 DPABEHCTBa

tpe + tpepr= (n®>—1)2+4(2n)2 pna n=2, 3, . . .

B) Taxosel, nampumep, uucna (fg-Hl=4k(8k-+1)4+3 nmaa k=I,
2, ..., TaK Kak 3TH uHcja NPHU JeJICHUH Ha 4 20T B OCTaTKe 3 H MOITOMY
He MOryT ObITb CyMMaMH IBYX KBaADPaTOB,

r) TakoBbl, manpumep, Bce uHcaa Buga (96-47)2-+12, rae f=0, I,
2, ..., Tak Kak BCe 2TH 4Hcjaa CyTb umcaa supa 9R-+5, rae R — Hatypanb-
Hoe uMcao. JeficTBUTeNbHO, ecad Obl Obli0 9&-5=f.+7,, Gol10 6Bl 8 (9%
+5)+2=(2x4+1)24(2y+1)2 tne x 1 y — "HaTypaabHble unciaa. Ho xeaapar
HEYeTHOro yHcsa NpH jeneHud Ha 9 jgaer B octatke 0, 1, 4 nau 7; nostoMy
CyMMa JIBYX KBaJApaToB HEUETHBIX UHCeJ DU JeJleHHH Ha 9 He MOXKeT AaBarb
B ocraTke 6 — Bonpexu TomMy, yTo 8(9%+45)4-2=9(8%+4) 6.

n) Takoswl, HanpuMep, Bce uucia suaa 36k4-15, rne k=0, 1, . . ., nbo
TIpH feJsieHnH Ha 9 OHM AAIOT OCTATOK 6, a mpu JeseHHH Ha 4 — OCTAaToK 3.

e) Pewenne A. Wluuueas. B 1942 r. Jlionrrpen aokasana, 410 ypas-
HeHHe 22-}1=2y* umeer TOJbKO JABA peleHUs B HATYPAaJbHBIX YHCJAaX §y H Z:
y==z=1u y=13, 2=239. M3 storo ypaBHeHHus1 cjaelyer, 4TO Z €CThb Heyer-
Hoe uHcJI0, 2=2x-+1, yro naer ypaBHeHHe x24 (x-}1)2=y*, umMelollee B Ha-
TYPaJbHBIX YHCIAX X U y TOJBKO OAHO pellienne: x=119, y=13 [15].



NMPUMEYAHUS NEPEBOAYHKA

I (crp. 21). MaremaTHKH APEBHOCTH 3HAJM M YMeNH LOKA3biBAThH TEOPEMY O GecKoHeu-
HOCTH PAZa NPOCTBIX YHCEd, T. €. TeopeMy 0O CYUIeCTBOBAHHH GECKOHEYHOro MHOMXKECTBA Ipo-
_CTBIX uHces B apudmeruyeckoli mnporpeccun 2x-+1 (x=1, 2, . . .). Xopowo usBecTHOE
eBKANI0OBCKOe paccyxienne («Hawanas, k. [X, npean. 20) BnocaefcTsuu GblI0 NPHUMEHEHO
IS I0KA3aTebCTBA AHAJOTHYHBIX TeopeM O NPOCTHIX 4YHCIaX B APH(pMETHYECKHX NPOrpeccH-
AX YaCTHHIX BHAOB: 4x—1, 6x—1 u np.

OTkpbiTHe oOulell TeopeMbl 0 GECKOHEYHOCTH YUCJIa MNPOCTHIX uKcesa B apugpMeTHUECKoi
nporpeccun ax—+b, rae (a, b)=1, x=1, 2, . . ., —3acayra Jlexauznpa!. 3amerka Jlexana-
pa, cojepixalias 3Ty TeopeMmy, nossujace B 1778 r. (B XKypHaae 3a 1775 r.). Jlokasaresib-
CTBO TeopeMbl JIeXKaHAp NOMECTH BO BTOPOM u3fauuu cBoux «Essai sur la theorie des
nombres» (Ilapuxk, 1808). Ho 3To AoKasaTenbcTBo 0Kas3ajoch OMUOOUHBIM.

IlepBoe mokasareqancTBo Teopembl JlexxaHApa Owiio Halfiieno upuxae # onyOauKoBa-
HOo uM B 1837 r. Pabora Jlupuxne, nocBslieHHAA 3TOH TeopeMe, CHIrpaja BaXKHYIO pojb B
Pa3BUTHH aHAJMTHYECKO TEOPHH 4HCe], Haya/Jo KOTopoli Obiio mosoxeHo Dilnepom. Teope-
Ma, oTKpulTaa Jlexkanapom, He cayuaiiHo crana HocuTb uMmsl Jupuxge. O posn 3Toil TeopeMbl
H METOLOB €e JOKa3aTenqbCTBA B TEOPHH UYHCEN YHTATEIb MOXKET MOJYUHTb NpeicTaB/eHUE
u3 kuurn I'. Xacce «Jlekuuu mo teopuu uucesn» (Mocksa, 1953), ofHa M3 ueThIpeX [iaB KO-
TOpO#l HocuT Haspanue «Teopema JIHpuXJe O MPOCTBIX UMCAAX>,

Teopema [upuxse — onHa U3 BaKHefimuX TeopeMm Teopun umcen. Cam [lupuxse pac-
IPOCTPAHUJ ee Ha lLiejble KoMIeKcHble uncna, a H. I'. Ueborapes nan ee o6obiienye B Teo-
pHH njJeanoB. B nocienuse gsa AecATHIETHs OblJIO MOTPAyeHO HEMAJO YCUIHH AJS MMOJyye-
HHSl CPaBHHTENBHO 3JeMEeHTAPHBIX AoKa3aTenbcTB TeopeMhl Jlupuxse, Ycnexu, LOCTHIHYTHIE
B 3TOM HanpasJjeHuH, cpszanol ¢ umeHamu A. Ceanbepra, T. Uﬁannpo u ap.

Coraacio Teopeme JlMpuXJie LEJOYHCJEHHBIH MHOTOYJEH MNepBoil crefenn ax—+b, rae
(a, b)=1 ¥ x npunHuMaer Bce LieJble 3HAYEHMs, AaeT OGECKOHEUHOe MHOXKECTBO MPOCTHIX 4H-
ceq. O6JafaoT JIM THM CBOHCTBOM UENOYUC/AEHHBIE MHOTOWIEHB (MM MHOTOYJIEHBl ¢ pauHo-
Ha/JbHBIMH KO3(QGULHEeHTaMu) BTOPOil U GoJiee BBICOKHMX cTemeHeill? XOTS 3TOT BONPOC [AaBHO
yKe NPHBJEKAaeT BHHMAaH#e MaTeMaTHKOB, ero A0 CHX NOP He YAAJOCh PelllHThb. )

[lonsaTtHo, uTO B 3TON 3ajaue NEJOUMCAEHHBI MHOTOWIeH f(x) noJXeH ObiTb: 1) mpH-
MHTHBHBIM (T. €. MMeThb B3aHMHO-NPOCTHe KO3(GHIHEHTH), 2) HenpUBOAHMBIM Hal TNOJEM
paltoHaJibHBIX 4Hcea (T. €. He OBITh TPOM3BEJEeHHEM ABYX MHOTOUYIEHOB C PallHOHaJbHBIMHU
ko3¢ GHUHEHTaMH, CTelleHH KOTOPHIX MeHblle cremeHd [(x)). Oamaxo Jerko nokasarb, 4TC

1 T'. BunefitHep B cBoeii KHure «Mcropusi mateMaTtuku ot [lekapra o cepeguuni XIX
cronetusi> (M., 1960, ctp. 81) orkpbiTHe 3TOii TeopeMbl NpHnHchiBaer Jitepy. OnHaKo Y
Siinepa (Opusc. analytica, 2, 1785, ctp. 241; memyap 3a 1775 r.) mbl ofHapyXHBaeM JHIIL
yTBepKAEHHE O OGECKOHEUHOCTH 4YHCAa NPOCTHIX 4YHCEad B apudMeTHUECKHX DpOrpeccHax
4x--1, 4x—1, 100x4-1 H ROZOGHLIX HM, KOTOpPOE eCTeCTBEHRO Gbliio 6Bl OGO6UIHTD HA HpoOrpec-
cud BHAOB: mx-+1 ¥ mx—I1, uTo, Mo-BUAKMOMY, Dillep H UMea B BHAY.
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MHOTOYJIEH CTeNeHH BEIIe NepBOH, YAOB/ICTBOPAIONIMI 3THM TpeGOBaHHAM, MOMXKET H He 1a-
BaTh NMpocTHIX uHced. Tak, Hanpumep, NPUMUTHBHBIA U HENPUBOAHMBII MHOTOUNEH

J) = #0430 8x 18— [ ZEFIEED Ly 3 ()

JaeT TOJbKO YHC/AA, KPDAaTHBIE 6.

B 1857 r. B. 1. ByusakoBckuil cdopmymupoBas cAeNyIOIYI0 THIOTe3y: ecad f(x) —
HEeNOYHCJACHHbIA, NMPHMHTUBHLIA H HENPUBOLUMBIN Haj MNOJeM PaLHOHAJBHBIX 4YHCEJ MHOIO-
unes, a N — nanGoabluil obwiil DeJHTe b 3HAUEHHH ero MIPH BCEX LEJBIX 3HAYEHHUAX X, TO
Les03HayHbll MHOroudeH f(x)/N naer GeckoHedHOe MHOMKECTBO NPOCTBIX YHCEN, KOTAA X IPH-
HHMaeT Bce Liejble 3HAYEHHUS.

[ast muorounena (1) N, gueuano, ==6. Ho rak kax f(0) =18, a [(1)=30, To scuo,
uto N He npesocxoAuT 6. CrepoBaresnbHo, N=6. Takum 06pazonM, no DYHSKOBCKOMY leJjO-

) f(x) 1 o 4
3HAuHbIli MHOTOWIEH ~¢~ = —5~ X8 5 x2 4 —3—x+ 3 naer, GECKOHEUHO MHOTO NPOCTHIX

quceNt, KOTAA X NPHHWMAET BCe UeNble 3HAUCHUs.

Kpome Teopembl JlupuxJye, Mbl He 3HaeM HH ofHoro (axra, MoATBEpXKIAIOLIEro rnpa-
BHJIBHOCTDb THIIOTe3bl ByHAKoBckoro. JLo CHX 1M0p He pelieH BOMPOC, HHTEPCCOBABIINI Jitnepa:
maer au MHOrouled x2-41 xomeuHoe WJIH GeCKOHeYHOe MHOXKECTBO NPOCTHIX HHces, Korga X
NpUHHMAaeT BCe HaTypanbHble 3HadeHHs. I'unoresa ByuskoBckoro W p#j LpYyrHX I'HTOTe3 H
TeOpeM TEOPHH YHCeN SABJAITCA CASACTBHAMH OJHON o0ulefi TMIOTe3bl, BHICKA3aHHOM HCLAB-
2o A. Mlunnesem (em.: B. Ceprnuuckui, Uro Mpl 3HaeM M 4ero He 3HAEM O NPOCTHIX
uyncnax. M., dusmarrus, 1963, crp. 86).

MaTemMaTHKOB [1aBHO HHTepecoBaJ BONPOC O HauMeHbIUIEM MNDOCTOM HuCJIe B apudme-
Thueckolt nporpeccuy. Mnrtepecnifi u riy6oxuil pesyspTaT B 5TOM HanpaBAeH:uu OHA nody-
ven B 1944 r. 10. B. JlunauxkoM. JIMHHHK YCTaHOBHJ CYIIECTBOBAHHe AGCOMOTHON MOCTOSH-
noit C, Taxo#i, uto ecau (a, b)=1 u 1<<b<<a, 10 B apudmeTHueckofi nporpeccun b, a-+b,
2a-+b, . . . CONCPKUTCA NPOCTOE UHCIO, Menbiilee yeM aC, B 1965 r. Uens Usninb-pyH noxa-
3aJ, uto noctosHdas JluuHuka C He npeBocxofuT 777.

2 (crp. 23). B 1845 r. ussecruniit Qpannyackuit matematik JKosed Deptpan chopmy-
JIMPOBAJA M WCHOJb30BAJ AMNA PeilleHHs OJHOIO BONMPOCA TEOPHH TPYNI YTBEepXKAeHHE, coTiac-

n
HO KOTOPOMY NpPH BCSAKOM IleJoM A>>7 MEXAY 5 H A—2 BCerjga CoAepiKUTCA MPOCTOE UHCIO.

10T dakT OH MPOBEPHS NPU TMOMOULM HMeBIIefics B ero PacnopimeHdd TAGAHIBL MPOCTHIX
unces Aasi Bcex n<C6-10%. BepTpan ne cMor AokasaTe cBOe yTBEpXKAEHHE H, TakuM o6pa-
30M, GBI BbIHYXKIEH TNPHHSATH €r0 B KauecTBe [OCTynaTa.

HerpyaHo BHAeTh, uTo mocTyaaT Deprpana MoXuo nepedpasupoBath caefyiouum of-
pasoM: Npu BCAKOM LeJoM n>>3 MexAy n U 2n—2 comepurcs no KpaliHeidl Mepe OZHO
npocroe uucao!. B aroit dopmyaupoeke mocryiaatr DBeprpana 6bs1 BnepBHle  J0KasaH
[1. JI. YeGnuernim B ero pabore, onybaukosauuoli B 1850 r. nox Haszsauuem «Memoire sur
nombres premiers» 2. DTa KJaaccHueckas pafoTa BeJHKOTO MaTeMaTHKa HAUHHAETCS CJelyio-
WHMH caoBaMu: «Bce Bompochl, 3aBHcsLINE OT 3aKOHA paclpefieJeHust MPOCThIX YHCeN B PALY

1,2 3 45,6,7,8 9,10, 11, 12, . .,

IpeJCcTaBJadg0T BooOiuie GoJblIHe TPYAHOCTH. Te 3aKJIYEHHsl, KOTOpble MOXKHO clendaTtbh ¢
oueHb GOABIIOH BEPOATHOCTBIO Ha OCHOBAHWU Tabauy NPOCTHX YHUCeH, Yalie BCRTO OCTATCH
6e3 CTPOTrOro JokKasaTeqabCTBa. HaHpI/IMEP, TaOIUIbI NIDOCTHIX YHCea NPUBOAAT K MBIC/IH, UTO,

t M3 310ro Mpei/oKeHHS BbITeKaeT, 4To AJA HATYPANbHBIX A=>1 MeXAYy n u 2n colep-
XKATCA NpocToe YHea0 (cM. caeacTsHe 1 Ha crp. 153). [locaennee yTBepKieHue MHOrAA Tak-
e HasblBaOT nocryiaatom Deprpara. B Takoit ocnabienHoit popmyJanposke mocrynat Bepr-
paHa HexaBHo Obin oGHapyxen . 1. MarsueBckoil B OLHON u3 3aNKCHBIX KHHXeK Dilepa.
Cu. ee crateio B 14-M Bhimycke «HcTopuko-marteMaTHYeCKHX HCCIELOBAHHMD.

2 1. JI. UHe6 i me B. [Tosnoe cobpanne counmenusn, 1. I, M.—JI., 1946, ctp. 191—207.
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HAUMHAA OT a>>3, CYUIeCTBYeT BCerza MpoCToe YHCJO, Gosbliee yeM @ v MeHbliee 2a—2,
4TO COCTaBJfeT H3BeCTHbIH postulatum beprpana, no no HacrosAumero BpeMeHH He GbLIO JO-
Ka3aTeJbCTBA 3TOr0 MpelJIOKeHHS AR 3HaYeHMi @, KOTOphle NPEBHIUAIT [pelefbl HAHX
tabaul. TpyaAHOCTD ellle yBeIHUMBAeTCA, KOrAa 3afanTcs Oojee TeCHBIMH MpelejaMH . . . ».

Haiinennoe YeOnlleBniM NOKa3aTeabcTBO MOCTynaTa Deprpana leHHo d camo no cebe.
OnHako eute B Goabliefl Mepe 3Zech HOJKHEI OhiTh LEHUMBbI NTpHeMbl, BBIABHHYThHe Uebhime-
BBIM [I/Is PelieHHsl TPYJIHelIIHX BONDPOCOB, CBA3AHHBIX C 32KOHOM paclpefeseHus MPOCTHIX
yices. Hosble Metonpt UYeOGhleBa, WCNOJb3VIOLMIHE CPABHHTENbHO 3JEMEHTADHBIE CPENCTBa,
TPOM3BesM CHJIbHElIlllee BIeyaTeHHe Ha MaTemaTHkoB, Opaunmysckuii marematuk Ceppe, 1o-
MeCTHBIIHII BO BTOPOM TOMe CBOero Kvpca «Bolcuteir anre6por» memvap Ueboimepa «O npo-
CTBIX YMCJax», DHcaX: «5 He cuHTald Oecnojie3HbIM INPEACTABHTL 31eCh TeHHAAbHbII AHAJIH3
UeGbiliesa, aHaau3, KOTOPHIH NMOKOHTCS Ha COBEPHIEHHO HOBBIX COOOpAasKEHHSIX», a BBILAIO-
ugpsicst agranfickuii mMarematuk CHabBecTp 3akoHudsn Memyap 1881 r. cioBamu: «HtoGbE
BHIDA3UTHCS C ONMPeIe/IEHHOCTHIO O CYL{eCTBOBAHUH MOAOGHOH BO3MOKHOCTH, HARO, BEPOSTHO,
NOROAKAaTh, NOK4 POAUTCA Ha CBET HEKTO, KTO OyNer HACTOJMBKO NpeBOCXOAUThL Uebblliesa,
C TOUKH 3peHHs OOIIHX B3IJISAOB H INIPOHHKHOBEHHS, HACKOJbKO caMm YeOhllieB jHoKasald,
YTO OH Bbllle N0 3TUM KayecTBaM OOLIKHOBEHHOTO YPOBHSA UE/IOBEYECKOTO POAa».

JokasatenpctBo YebblllleBa ONUPACTC HA YCTAHOBJAEHHYIO MM TEODEMY, COMVIACHO KO-
TOPOH Aasi J11060oro €>>!/5 cylllecTBYeT HATYPANBHOE YHCIO 1=11e(&) TaKOe, UTO NS KaMKAOIC
nz=no Mexay n u (l4-e)n (BKJOYas moclefHee 3HAYEHHE) COAEPIKHTCA MO KpaiHell Mepe
OJIHO TIPOCTOE YHCJO.

IToctynary Beptpana u Teopeme UeObilleBa MOCBALIEHBI MHOTOYHCAEHHBIE HCCAEL0BA-
uus. B 1929 r. M. llyp nokasan, yrto rpanuua no B Teopeme YeGhileBa MOMeT ObITh Of-
pemenena, u s g=='/, Hamea no(l/;) =24. Uepes tpu roma pesyavrar [lypa Gvln yayu-
weH P. Bpofimem, KOToOpbA Hamesn (IPH NOMOIUH BeCbMa CJIOXKHOIO AHAJHTHYECKOTO amma-
pata}, uto ne(!/s) =48. Hannyummii pesyasrar no teopeme YebrimmieBa B HacTrosuiee BpeMmst
npusaaaexut . Popbaxy u JK. Beiicy, Aoka3aBlluM 3J€MEHTApPHO, HPH IOMOIIH 4eBbIIes-
ckux Gyukuuit O (x) 1 P(x), uro no(!/13) =118, 1 Daxke HECKOJBKO CHJIbHee, uTo fo(0,073) =
=119. Cm.. H. Rohrbach, J. Weis. Zum finiten Fall das Bertrandschen Postulats,
J. reine und angew. Math.,, 1. 214/215, 1964, ctp. 432—440. Bubauorpadua — 22 Hazpauus.

3 (crp. 29). Teopema Diinepa, coracHo KOTOPOH ypaBHEHHe

dxy—x—y=2° (1

HE HMEeT peUIeHHH B HATYDAAbHBIX UMCIAX X, § M 2, BIEDBble YNOMHHAeTcs B MucbMe Dile-
pa & [ospabaxy or 9 cenrsabpst 1741 r. . Bfigep, DoATBepAMB 371eCh CPaBeTHROCTh «OUSHB
munoii» («sehr artigs) reopemnt TI'oabnbaxa o ToM, uto (3m-+2)n%+3 HH NpH KakuX UEAbX
m W 1 He MOXKeT OBITb KBAApaTOM, 3aMeuaeT, 4TO €My Yy¥Ke AaBHO HM3BeCTHH CJAeAYIOLIHe
AHAJIOTHYHbIE TEOPEeMbl, COFJIACHO KOTODPHIM uucaa 4mn—m—1 u uncaa 4mn—m—n HU TPH
KaKHX LeqblX MOJOXKUTENAbHBIX 7 H A He MOTYT OBITH KBaZPAaTaMH.

DTH ABe TEOpPeMbl M ADYTHEe, CXOLHbie ¢ HUMH, GBUIM NPEIMETOM AOBOJbHO MPOLOJIKH-
TENBHON HHCKYccHH MexAy iiepom u [onbabaxom. Diiaep BHIEN, 4TO HEBO3MOKHOCTh pa-
BEHCTBA

dmn—m—1=a? (9

(4n—1ym=a*+1 (3)

B HATYpaAbHBIX YHCJAX M, 7 U a BbiTekaeT u3 Teopemsl Pepma: HU OZHO NMPOCTOE YHCJAO BH-
na 4k—1 He MOXeT ObiThb AeJMTEJNEM CYMMBbI ABYX B3aHMHO IPOCTHX KBajipartoB. JHjep
HalleJ JOKa3aTeJbCTBO 3T0oil TeopeMb PepMa u cooburua ero [onbabaxy B nmucbMe oT 6 map-
ta 1742 r. (npeicTaB/ieHHe 06 3TOM AOKa3aTeqbCTBE MOXKHG HOJYYHTh M3 npuMeyanns [5]).

RJB, ITO TO XKe caMoe, paBCHCTBA

* 3pech W majtee NaTel npuBojsArcs no HoBomy cruaw. Cwm.: «Leonhard Euler und

Christian Goldbach Briefwechsel 1729—1764», Hrsg. von A. P. Juékevi‘é und _E. Winter,
Akademie—Verlag, Berlin, 1965.
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W3 Teopemnl Pepma BHITeKala TakKe HEBO3MOMNKHOCTb paBeHcTBa (4m—I1)(4n—1)=
= (2a)2+1, a cnenoBaTeNbHO, B HEBO3MOXKHOCTb paBeHCTBa 4mn—m—n=a?,

Onnako u Jitep, n Toapabax cuntann, uro obe TeopeMbl MOrYT OBITb AOKa3aHbl NpH
fIoMOWIH OoJiee NMPOCTHIX CPEICTB, M HACTOHYMBO HcKadM Ipyrdae AokasaTeabcTsa. HauGonw-
1Iylo akTUBHOCTb B 3THX MOUCKaX npossua Foabpabax. XoTa €ro paccyXiaeHnusa NepBOHaYafb-
HO OBIIM TPOMO3JKH H 3aNyTaHHbI, a MOpoH HeyGeAMTeJbHbl H OUIHGOYHEI, MY B KOHIE KOH-
110B YAaJ0Ch NOJAYUYNTh MCKJIIOUNTENBHO NPOCTOE M KPAcHBOE JOKA3ATeNbCTBO TeopeMbl Jiine-
pa, 110 XOTopoi ypaBHeHHE

dxy—x—]=2° 4)

HEe UMeeT PeIeHH{] B HATYPAAbHHIX yucaax x, Y, z. BocopousBeieM 3[ech 3TO JLOKa3aTenbCT-
BO, BHECS] B HEro HECYUIECTBEHHBIE H3MEHEHHS.

Ilycte ypaBuenue (4) paspellnMo B HATYPadbHBIX YHCHAAX X, Y H 2 H TYCTh Q@ — Hau-
MeHblIee HaTypPa/lbHOE 3HAUEHHE 2, VIOBJAETBOPSIONIEe YPABHEHHIO (4), TaKk UTO HMeeM DaBeH-
crBo (2), THe m W n— TakkKe HaTypaJbHble uncaa. [IpubGaBUB K 0oGEMM 4YacTAM DaBEHCTBA
(2) no —4ma-+4m?, nonyuum:

dm(n—a-+m)—m—1=(a—2m)?2. (5)

Tenepb HETPYAHO MOKA3aTh, YTO
a<<m. (6)

JeficTBHTENBHO, NPEINONOKHM a==m HYXHO OTOPOCHTb, TAK KaK B 3TOM c/lyuyae mnpaBasi
4acTh paBeHcTBa (2) Jeaujach Obl HA M, a JeBasi HeT. Ecad Xe NDPEATNONOXKHTD, YTO a>>m,
To Byller n—a-+m<Cn, ¥, 3HAYUT, J€BAsT Y4CTh paBeHcTBa (D) OKa’KeTcs MeHbIIE JEBOH 4acTH
paBencrsa (2). Takum o6pasom, MBI NpHAeM K HepaBeHCTBY (a—2m)2<Ca?, HEBO3MOXKHOMY
BBUAY ONpeNEsieHNs uucaa 4.

[MokaxeM, uto

4n—1>2a. (N
Tpubasus ¥ oGeum uactam pasencrsa (2) no —2a{4n—I1)+ (4n—1)2, noayuum (4n—
—1) (m—2a4-4n—1)—1=[a—(4n—1)]2. TlosToMy, yuuTeBas ONpelesieHHe YHCAA @, HMeeM

HepaBenctBo a’<< [a—(4n—1)]2, u3 KOTOpOro HenocpeacTBeHHO BhiTexaer (7).

YuuteBasg (2), (6) u (7), momyyaem a?+1=(4n—1)ym>2a-a=2a% otkyna a?<l,
uTO HEeBO3MOXKHO. TeopeMa gokasaua.

IMpuBenenHoe A0KA3aTEJbCTBO SIBJASIETCS MOYYHTENbHBIM NPHMEPOM YHCTO aphdmeTHye-
CKOTO paccyxjeHus. Diep ¢ BOCTOProM BeTpeTusa ero. «[lofXed Nmpu3HaTtbes, — TNHCAT OH
B mHceMe OT 15 okTsabps 1743 1., — uTO o He OXMAaJj, YTO AAHHYIO TEOpEeMY MOXHO LOKa-
3aThb CTOMBb JIETKHM H NIPEKpacHBIM nmyTeM. $1 yBepeH, uro GOJBIIHHCTBO TeopeM Pepma Mo-
Xer OhTh J0Ka3saHO MONOOHBIM 3Ke NyTeM, M NO3TOMY s ewe Gojee o6s3aH Bam 3a co06-
LI€HHe ITOTO NPEKPacHOro JA0Kas3aTeJbCTBa». B 3ToM Ke mucbMe Diijep nokasad, YTo NPH-
eM Foabp6axa mpuMeHHM K [Js AoKa3aTelbcTBa TeopeMbl o6 ypashenuu (1).

Bor aoxasarenbctBo Jiiepa.

Ilycts ypaBuenne (1) paspeltnMo B HATYPaJbHEIX YHCJAX X, Yy B 2 H NYCTh & — IaH-
MeHblllee HATYpaJbHOe 3HAYeHHe 2, YAOBJETBOPsIONlEe STOMY YPaBHEeHHE, TaK 4TO HMeeM pa-
BEHCTBO

4mn—m—n=a?, (8)

TIe m M n— TakXKe HaTypaJjbHble uycaa.
Ymuoxus 06e yacty paBetcTBa (8) Ha 4, M NpuBeieM €ro X BUAY

(4m—1) (4n—1)—1=4a2 9)
{IpubaBus x oGenm yacrsam pasenctBa (9) mo —8a(4n—1)-+4(4n—1)2, noxyunm:
[4m—1—8a-+4(4n—1)] (4n—1)—1=4(a—4n-+1)2 (10)
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Pasencrso (10) cxoaHo ¢ paBeHCTBOM (9), M MOSTOMY OHO AOCTAaBASET HOBOE pelleHHE
ypasuenus (1) ¢ z==2|a—4n+11.
YuuTHIBas ONpefeseHHe YHCIA a, HMEeeM:

[4m—1—8a+4(4n—1)] (4n—1) > (4m—1) (4n—1),

oTKyaa 4n—1>2a.

Tax kak pasencrBo (8) CHMMETPHUYHO OTHOCHTEJBLHO M H R, TG, NOCTYNAs aHAJOTHUHBIM
ofpa3oM, HalineM, yto 4m—1>>2a.

Honoxum 4m-—1=2a+p n 4n—1=2a-+q, rie p u ¢ — HaTypanbuble yucaa. Torna

(4m—1) (4n—1) =4a24+2a(p-+q) +pg,

OTKYJa, NpHHsSB BO BHHUMaHHe (9), nosyunMm 2a(p+q)-+pg==1, 4T0, OUEBUAHO, HEBO3MOKHO
B HaTypa/bHBIX YHCAaX &, p ¥ ¢. [losyueHHOe NpoTHBOpeune AOKa3bIBaeT TEOpeMY.

Wntepec Diitepa k ypasrHenuio (1) me Gwwi cayyaitneiv. OH 6bl1 TECHO CBA3aH C €ro
M3BICKARUAMH O JHHEHHBIX AeNNTeNAX KBAAPATHUYHLIX (OPM, NPUBEALIHMU €ro K OTKPHITHIC
BaXKHellell TeopeMbl TEOPHH YHCeJ — KBAAPATHUHOMY 3aKOHY B3aHMHOCTH,

4 (ctp. 33). Uucaosas nocjefoBaTENbHOCTE {}Ztn} HA3bIBACTCA MEpPHOAMYECKOll, ecan
CYWIECTBYIOT TaKHe HAaTypaJsibHble YHcId £ H [, 4TO NpPH JI060M 712>k BBINOJNHAETCS PABEHCTBO
Gn41=0n. Ecan [ — HanMenbllee HaTypaJbHOE YHC/IO, YAOBJIETBOPSIONIEE 3TOMY YCJOBHIO,
TO TOBOPAT, UTO MOCHEAOBATENIBHOCTh {dn} uMeer [-umennslfl nepuon. Ee mepnop HaseiBa-
€TCA 4YUCTBIM, €C/AM eMy NpPHHAAAeXaT Bce TepBble [ WICHOB NOCAEH0BATENbHOCTH. Taxmm
006pa3oM, YMCTHIA NepHoJ TOoJydaeTcst TOAbKO npn k=1. ‘

5 (crp. 39). Tlpumepuo 3a 500 jqeT 10 H. 3. KHTafiuaM Yxe GbLT H3BECTEH YACTHbIf Cay-
yafl Masoil TeopeMbl PepMa: eciu A — HeueTHOE TpoOCToe wucao, To n|27—1—1, Torga xe Ku-
Tafinbl OWMGOUHO NOJaradi, 4TO CNpaBefJHBa TeopeMa: ecid 1|27 ~1—1, To n He MOXeT GHITh
COCTABHBIM YHCJOM. DTH YTBEepXKAEHHUS, O-BUAHMOMY, ObLIH OCHOBAHBI TOJIBKO HAa SMIApHUE-
ckofi uaaAykuun. O6 ux KuTafickoM TpoHCXOXKAenwn B EBpole Y3Halu JHULIb B CaMOM KOHIE
XIX B. Cm.: J. H. Jeans. The converse of Fermat's theorem, Messenger Math, 27,
1898, crp. 174.

Ownboynas «TeopeMa KHTalleB», pasyMmeeTcs, MOrIa BO3HHUKHYTb M Ha €BPOMefickoi
nouype. M JelicTBUTeNbHO, H3yuyasa DYKOMHCHoe Hac/tepue JlefiGHUNA, NyGJIHKALHA KOTOPOro
Hayasack Bo BTOpoil nodosuHe XIX B, JI. Manke samerust, uro JIefGHHN OTKpHUT 3TY
«TeopeMy KuTafileB» M JaxKe Hallend 175 Hee AOKas3areabcTBO (OWHOKA B 3TOM [OKa3aTelb-
CTBRE JIETKO OOHAPYXHBaAETCsH).

JIoXKHOCTh «TeopeMbl KuTalllleB» Bneppble Onlia ycraHoeiaeHa B 1830 r., xorla OonHH
HEU3BECTHBIl aBTOP B 3aMeTKe, HaneuaTaHHofl B llectoM ToMme Xypuajaa Kpemste, noxasads,
uyro 23%0—1=0 (mod 341). [danabueiiune ykasauus, oTHOCSIIHECS K STOMY HHTEPECHOMY BO-
npocy, cM. B cratbe: E. Grassini, 1 numert compositi m che verificano la congruenza
di Fermat am—t=1 (mod m), Periodico di Matematiche, cep. 1V, 7. 43, 1965, Ne 3,
cTp. 183—208.

ABTOp 3THX CTPOK NpPHAEPKHBAETCS MHEHHS, yTo oWHGouHoe yTBepXKlenue Depma o

npocrote uncea Fp=22"+1, rge n==0, 1, 2, ..., BOSHHKJNO HA OCHOBE SMIHPHUECKOH HH-
aykuuu. PepMa 3aMeTus, 4to udcia Fn,=3, 5, 17, 257, 65537, KOTOpEIE moJydaloTcs IpH
n==0, 1, 2, 3, 4, asasiotca npocTeiMy. Kccnenopanye fanbHEAIIHX YHCe Fn ero saTpymHsano.
Haunnas ¢ 1640 r. depma ynopHO HCKA/T [0KA3aTeJIbCTBO JAJs CBOEH JIOKHON TEOPEMBI I
npenjaraJ HaiiTH ero cBoWM Koppecnouaexram. B 1659 r. ®depma B nncbhMe k Kapkasu yike
yKa3biBaJ, 4yTo TeopeMa O NpocToTe yucesd F, MoxKeT ObITh LOKa3aHa METOAOM OECKOHEUHOro
CrycKa.

Ecan ucxonuts n3 yGexpenus, uyto depma ymea AOKasbiBaTh CBOH apudMeTHYECKHE
TEOpeMBl, To UHTEPECHO ObLIO Gbl BOCCTAHOBHTb M €ro OMHOOUHOE J0KA3ATEJNbCTBO JIOKHOH
Teopembl, OCHOBaHHOe Ha Meroje cnycka. OnHAKO OCTPOYMHAsl PEKOHCTPYKLUs BaHaxeBnqg
He HCT0Jb3yeT Meton cnycka, [lo Banaxesnuy, Pepma JonkeH OblT MOMb3OBATHCS «TEspeMOk
KHTalilleB», KOTOPYIO OH MOT MPHHATL B KAYECTBE NOCTYJATa. TaKoe J0Ka3aTeJbCTBO, TI0 MHE-
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Hulo Banaxesnua, Morao B riasax ®epma NOBHICHTh NPAaBAONOAOCHOCTL €r0 YTBEPKACHHA O
yucaax Fn,. Cm.: T.Banachiewicz. O zwigzku pomiedzy pewnem twierdzeniem mate-
matykéw chifiskich a forma Fermata na liczby pierwsze, Sprawozdania z posiedzen Towar.
Nauk. Warszawskiega, 1. 2, Ne I, 1909, ctp. 7—10.

B Hay4HOM HacaeAUH cbepma AOoWemeM A0 HAc, HET HA OAHOTO yK33aHHﬂ Ha «Teope-
My kuntaiines». Bosee Toro, Jerko moxasate, uro depma 3TOH TeopeMoli He cras Gbl NOJb-
3oBatbcd. Pepma HHTEpecoBaJC 4HCAaMu BHOa 27—, rae n=1, 2, . . . . B aByx nucebmax
3a 1640 r. oH ykasmeBaJ, UTO €CJIH 1 ecTh COCTABHOe UKCAO, TO H 2"—1 — cocTaBHoe, ec/u
n—mpoctoe !, To 2"—2 gmenurcs Ha 2n W, HakOHel, 4TO NPOCTble AGNHTEIH dHcaa 27—1
LOMKHBl ObiTh BUAA 2kn-1; Tak, Hanpumep, 211—1=23-89, 223|237—1 n 47|22%—1. Takum
obpasoM, aag Pepma Oblna OUEBMAHA JOKHOCTb YTBEPIKJAEHHS: €CJH 1 — NPOCTOE, TO H
27—1 ¢cTb NpOCTOE uMea0. A BeAb UMEHHO 3TO yTBepKAeHHE ABAACTCA OMKafiliNM cled-
CTBHEM «TeopeMbl KHTaillleB». JIefiCTBUTENBHO, ecau n —— NPOCTOE YKCIO, TO n|2"—2 H, cae-
NOBATEABHO,

on]|22"—2 _y|g2n—1 g,

OTKYAa, N0 Teopeme KuTalines, 2%—1 ecTb NpoCTOE YHLJIO.

Pekoncrpykuns Banaxesnua seyGenutesnpHa. Hesb3si cODJIACHTbCS H ¢ ero 3aMeYaHHeM
0 TOM, YTO «OLIMOOYHOE YTBePKJeHHe KHTAHCKHX XKpPEuos BO3poAnaock B EBpone B u3Me-
HenHoll dopme, B Buge omnb6odnoll TeopeMsl ®epmas, CyTh Aeda He B Qopme: 3TH yTBEpKIe-
HUA HE SKBHBAJCHTHB! (B TOM CMBICJC, YTO M3 JIOKHOH TeopeMbl Pepma HeNoCpedCTBEHHO HE
BHITEKAET «TEOPEMA KHTAHLEBY).

Banaxesuy yTBep:xkiaer, uro Pepma snan, uyro menutenn Fn ClAeLyeT MCKaTh TOJAbKC
cpeny uucea supa k-27+14-1, rae kB — nartypaJspHOe uHMcao, M no3ToMy DepmMa MOT HCKIIO-
YHTb BO3MONKHOCTP OEJUMOCTH Fn Ha MHorHe mnpoctble uucaa. Ho u sto HeyGenurtennuo.
Henbss npunuceieats ®@epma To, 4TO y Hero Morao 6ol 6bITh. Pepma 3Ha, 4TO HU OLHO TPO-
CTO€e 4uca0 BUAA 4k—1 He MOXKeT ObiTb JeauTe/eM CyMMBI ABYX B3aHMHO TIPOCTBHIX KBaJAparToB
U, CIeA0BATENbHO, NPOCThie ACAUTEIH Fn OOJMKHB OblTh BHaa 4k-+1. YToudenue dopmbl ge-
Jautenelt Fn Gbl10 BbINOAHEHO DijIepOM.

Bocnpoussenem 3nech paccyxjaeHue Jiepa B coxpauienHoM Bufe 2. Ilycts p— npo-
croe HeuetHoe uncao, p t au p 1 b. Toraa no madoii Teopeme ®epma, plaP—t—bP—1 u, cre-
ZopaTenbho, p ¢ aP—t4-br—l={(ar—t—br-1)420p=1t.  TlosTOoMy, ecaun p=4k—1, 71O
Pt QR phh =2 = (g2 4-b2) (@4h—t— . . .) u, 3uauuT, p t a®+b% Jokasas Teopemy Depma,
diep mowesn Aanplie. OH 3aMeuaeT, yTo NPH B3AHMHO MPOCTHIX @ M b HeYeTHbE JAeJHTeNH
cymmbl at4-b4= (02)?+4-(b2)2 MoryT ObITb TOJbKO Buia 4k-+1, 7. e. ando snpa 8k+1, aubo
Bufa 84—3. Eciu p=84—3 — npocroe umucio, 1o p 1 adk—t4-her—t= (at)2h—14 (h4)2h—1 y,
sHaunt, ptat4-b TakuM 06pason, HedeTHbIE HPOCTBIE AeTHTENN CyMMbl IBYX B3aHMHO NMPOCTHIX
6HKBaApaTOB MOTYT GbiTh TONBKO BHAa 8k 1. Analoruyno yCTaHaBJHMBAETCS, YTO He4YeTHHIE
NpOCTHE AeauTenu cymmul a®-+b68 nomkubl 6uiTh BHRa 16k--1 u uro BooOGme, ecan (a, b) =
TO HeueTHble NPOCThle Ae/nTedn cyMmbl a2”'+562" pomxuel ObiTh Buma 27+1-k41.

Uerepts Beka Depma He paccraBajcs co CBoell JIOGHMOH TeopeMoll O NPOCTOTE UH-
cea Fp. Dilnep, nuiTaBlinficss BHayale 10Ka3aTh 3Ty Teopemy, onposepr ee B 1732 r., noxasas,
uto F5 ecTb yueno cocrashoe. Eciu 6o Gepma 3Had, uTo mesuTeaud Fs LOJKHBI OblTh BHAA
64k-+1, To, npoBepuB npocreie uncaa 193, 257, 449, 577, 641, ou mpu nAto#l npobe obHapy-
XKuJa 6bl, uto 641| Fs.

Heynaua ®epma ¢ uncnamu Fn, a TakKe ADYrue OLINGOYHBIE YTBEPXKIEHHA €TO 3aCTaB-
JsTI0T aymarb, uto epma He ymen JOKasblBaTh MHOTHE M3 TEOPEM, NOJYUEHHBIX HM NyTeM
HabMIOneHNH.

6 (crp. 47). Hekoroprie cBefleHuss o TCEBJONMPOCTHIX UYHCIAaX TMPHBOAATCA B KHHUrE
B. Cepnunckoro «UYTo MBI 3HaeM H 4ero He 3HaeM O NPOCTHIX YHcTAax» (cTp. 36—38).

t HyKHO: npoCTOe HEeueTHOe.
2 L. Euler. Opera omnia, cepus 1, Tom 2, crp. 69—73.
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7 (crp. 52). Kuraifickoit Teopeme 06 ocraTkax nocssited § 3 B kuure B. Cepnunckoro
«O pewenHH ypaBHeHHH B LeJbIX yHclax». Bocnpousselem 3zech GOPMYJIHPOBKY 3TOH Teo-

peMbl: €CJIH m — HaTypaJdbHOE YHCIO =2, ay, G2, . . ., Qm — TONAPHO B3aHMHO MPOCTHIE
HaTypanbHblE YHCJIA H Fy, I2, . . . , I'm — NPOU3BOJBHBIE LeJble YUCAA, TO CYILECTBYIOT Le/ble
YHcNa X1, X2, . . . , Xm, YAOBJCTBOPSAIOIINE CHCTEME YPaBHEHHI

a1 x1Fri=aoxotro= ... =AmXm+rm.

Knrafie npakTHueckn BJAlesn 3Toil TeopeMoi yxeé He nozanee 111 B. Omnaxo o6 3ToM
g Espone crano useectHo auuis B cepegude XIX B, Takum o6pasoM, HaUMeHOBaHHE «KHTafi-
cKasi TeopeMa 00 OCTaTKax» MOIJIO TIOSBHTbCS He paHee, yem BO BTOpoil nojopune XIX B.
ApudmerHyeckHe 3ajaus, pelicHHe KOTODBIX OCHOBAHO Ha 3TOI TEOpEMe, PaccMAaTPUBANNCH B
pasHble BpeMeHa B pa3jHuHbX cTpaHax. Cm: L. E. Dickson. History of the theory of
numbers. T. 2. Washington, 1920, crp. 57—64. HoBble maHHble 0 TakuxX 3afadyax U MeTOAax
HX pelieHHs B pyccKHX pvKonucsax XVII B. memaeno coobwna A. I1. I0mkepny B cTathe <06
OMHOH 3alaye TEOPHH UMCEN B PYCCKHX MarteMaTHuecKHX pykonucsax XVII B.» («Tpyab up~
CTHTYTa HCTODHH €CTECTBO3HAHMA U TeXHWKH». M., 1957, crp. 300—-311).

Kuraiickoii Teopeme 06 ocTaTKax DHaep TNOCBATHI CBOA TPETHH TeOPETHKO-UHCIOBON
Memyap: «Peiuenue apudmernyeckoit 3afayd o HaXOXJEHHH UMCJIA, KOTOpOe NMpPH HeJeHHH HA
JNaHHBlE YHCJa 1aBajo Obl NaHHBIE OCTATKH» (Ha JIATHHCKOM fA3biKe; cM. ero «Opera omnia»,
cep. 1, T. 2, ctp. 18—32). Pewenne 3anaun, yka3aHHoil B Ha3BaHHH MeMyapa, Diijiep CBOAHUT
K pelIeHHIO CHCTEMbl JIMHEHHBIX YDABHEHHII, YHCJIO KOTOPHIX Ha €IHHHIY MeHblIe 4{caa He-
u3BecTHBIX. [ayce pewenne 3Tofl 3agauy cBed B CBOHX «ApDH(pMETHUECKHX HCCJAEHLOBAHUAK»
(§ 32—36) x pewenuo cucTeMbl cpaBHeHHH nepsofl cTenesd. Ho merom Taycca, kKak moz-
MeTHa eme Juectpem («Bibliotheca mathematica», cep. 3, t. 9, 1908—1909, crp. 339), no
CYIIEeCTBY COBNajaeT ¢ METOJAOM, pa3pabOTaHHbIM DHJIEPOM.

8 (ctp. 82). HenaBuo 6bl1 mosyuen Gosee ofuimii pesyabrat, Ilokasaro, yto mjis Jio-
60ro HaTypaJbHOro YMC/aa @ cyliecTByeT apudMeTHyeckass nporpeccus Q, cocrosimas u3 Gec-
KOHEUHOTO YHcJia HATYypPasbpHBIX uMces, Takasl, Yro 4yucjo ka™-1 ABJAgercs HeYyeTHHIM H €O-
CTABHBIM LJf1 Ka)XIOTO HATYypanpHOro uyMeaa n u Jnoboro uucaa k us3 mporpeccin Q. Cwm.:
R. Bowen. The sequence ka"+1 composite for all n, American Math. Monthly,
71, 1964, ctp. 175—176.

9 (crp. 87). Teopuo AHODAHTOBLIX ypaBHeHHH HHOTJA HA3BIBAIOT AHOMAHTOBLIM aHa-
ausoMm. B nuodantoBom amanuse paccMaTPHBAIOTCS YPABHEHHS H CHCTEMB! ypaBHeHHH (ecau
3T0 ajre6panyeckue YpaBHEHHMS, TO — C LENBIMH KO3(hOhHIHEHTAMH), KOTOPble HYXHO DElIHTDH
B YHC/IaX ONpejejieHHOr0 BHIA; HalpHMep: B DAallHOHAJbHBIX, HeJBIX, HATyPaJbHBIX, Tpe-
YIOMBHBIX WM NPOCTHIX uHcaax. B 3amauax AuodaHTOBa aHANH3a YHC/IO HEH3BECTHHIX OOBIYHO
NPEBOCXOAHT YHCJIO YPABHEHHI M NMOITOMY MOCHeJHHe HA3LIBAIOT HEONpPEeNeJeHHEIMH.

Bo Bce BpeMeHa, HauuHAasl ¢ ryGOKOH ADPEBHOCTH, HeonpeleJeHHbIe ypaBHeHHs MpHBJeE-
Kasni BHHMaHHe MaTeMaTHXOB. Tenepb M3BECTHO, 4TO yKe oKoso 1700 I. 10 H. 3. BaBHJIOHCKHE
MaTeMaTHKH YMeJH pelllaTh TaK Ha3biBaeMoe NH(paropoBo ypaBHeHHe x%--y’==2% B pamuo-
HAaJbHBIX YHC/IaX, @ 3HAYUT, YUUThHIBAs OAHOPOJHOCTb ypaBHeHHS, W B IeJbIX YHCIAX.

boénpinylo uacts Bcex uCcleNOBaBHI B TEOPHH YHCEJ MOXKHO OTHECTH K AHO(AHTOBY
ananu3y. Tak, HanpuMep, BOMPOC O MPEACTABJEHHH JNaHHOTO 1€JIOr0O YHc/aa M GMHApHOH KBad-
paTHuHO#l dopMoH ax?—+bxy--cy? CBOAUTCA K H3YYEHHIO HEONPEACJEHHOr0 ypaBHEHHS
ax?4-bxy+4-cy*=m u, 3uauuT, NpuHagiexRuT ARohaHTOBY aHaausy. K LHOGaHTOBY aHaausy
MOXKHO OTHECTH MHOTHE BONpPOCH TeopHi pasbueHuil ¥, B YACTHOCTH, 3HAMEHHTHIH Pe3yabTaT
. M. BunorpaznoBa, cOrnacio KOTopoMy ypasHenne x+y+2z=N, rae N — nocratouno 60Jb-
Woe NOJOXKATeJbHOE HEUETHOE YHCJO, Pa3peliiMo B MPOCTHIX YHCAaX X, Y, 2.

Teopus uncen, no muenuio I1. JI. UebnieBa, «paccMaTpUBAET YHCAA TOJIBKO B OTHOLIE-
HHH HX CIOCOGHOCTH YAOBJETBOPSITH HEONMpefe/eHHHIM YPaBHEHHAM TOTO HJH APYroro BH-
na» 1. Mimerno mosromy UeGHlileB CYHTAd, UTO «TEOPHSl UHCeJ, HHAYe HasblBaemast TpaHc-

tTI.JI. Ue6ni e B, Iloanoe cobpanue coyunenuns, 1. I. M.—J1., 1946, ctp. 15.
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IIEHAEHTHOIO apH(METHKOIO, eCTb HayKa O peLIeHHH HeompeRe/eHHBIX ypaBHEHMH B yucjaax
uesbix» L.

Hauasto cHCTeMaTHUECKOMY H3YUeHHI0O HeompefeJeHHbIX YPAaBHEHHI ObLIO IOMOXKEHO
rpedeckHM MaTeMaTukoM [uodanTom, :KHBmHM, no-suauMony, B 111 B. duodaunr ymen uaxo-
IHTh DElHeHHS HEOMNPEeNeNeHHbIX YDABHEHHH HEKOTOPBIX BHAOB (IO YETBEPTOH CTENEHH BKJIO-
YHT/bHO) B PALMOHAJbHBIX MOJOXKHTEbHbIX uncaax. [Ipuembl [uodanTa, BooGLIe roBops,
HENPHTOANBL JJI151 OTHICKAHHS LEeACYHC/EHHBIX pelleHHi. MHOTHe aBTOPbI NONYEPKHBAIOT CY-
ry6o HCKycCTBeHHBIH M 4acTHeIH XapakTep npuemoB JlnodanTa H OTMEHAIOT OTCYTCTEHE OOLIMX
METOHOB y Hero. BnlckaszmiBaeTcfi ¥ NPOTHBONOJNOKHOE MHEHHE, KOTOPOE MOXHO BHIPa3uTh
cmopamu U. T. BamMakosoi: «Kuurm [dnodanrta (peyb HIET O NOIEANHX IO HAcC LIECTH
kHurax «Apudmerukn» J{uodanrta. — 4. M) — ne npocroit ¢6OPHHK 3aAad, HO CHCTEMATHYe-
CKOe M3/0XKeHde ryGOKO NPOAYMAHHBIX TEOPETHUYECKHX HCCAELOBaHHI» 2.

«Aputmerukas JlnodaHTa HMeaa OrpOMHOe 3HaueHHe AJS PA3BHTHA Teopuu umced. Ee
BAMSAHME CcTajio ocoGenHo owmyTumbiM B XVII B, mocfte MOsBAEHHS JIATHHCKOTO NepeBoja
(c rpeyecknM TEKCTOM), IPOKOMMEHTHPOBAHHOIO H OnyGJuKoBaHHOrO Baue ze MesupHakowm,
B llapmxke B 1621 r. % Ha mnoasx sksemnasipa storo nepesona Pepma 0cTaBui HaM CBOM
3HaMeHHTbIe npuMeyanus. Ilo-BHAMMOMY, K TOMY NEepPHOAY C/Ie1yeT OTHECTH IOSBJACHHE Ha-
3panus «JlHOQaHTOB, AU HEONpPeAENEHHLIN, aHanu3» W [HOCTAHOBKY TPEeGOBAHMA pPeUIeHHs
HEONpe/leseHHbIX YPaBHCHUI B IIeabIX 9HcaaX B kavectBe HauboJ/ee THNHYHOH 3afayd axodaH-
TOBa aHaJau3a .

[Mocie OuodaHTa HaHGOJBLIKA BKAAX B TEOPHIO HeONpPeJeJEHHBIX YDaBHEHHI BHeEC
Pepma. dPepma mocTaBua PSR BaXkKHEHIIMX 3ajay AHOo(aHTOBAa aHAIH3a W pa3paborasn Heko-
Tophie MeToArl ero. Hacaeane ®epma (B H3BeCTHOH CBOE YacTH HHTPHTYIONIeE) CAYKHIO
OTIpaBHLIM NYHKTOM AJs1 HccaefosaHumil Diliepa, Jlarpawxa, Jlexanapa, [aycca, Koumm,
Kymmepa u MHOrMX Hpyrux marteMmaTukoB. OHO crnocoGCTBOBANO BOSHUKHOBEHHIO H DAa3BHTHIO
TEOPHH aJjrefpandecKuX YHCeJ -— OAHOH M3 HauboJee BaXKHEIX BeTBEH COBDEMEHHOH TeOpHH
gucen. B ceolo odepefip anrebpanuyeckue uncsaa cnocoGCTBOBANM PACHINPEHHIO KPyra 3ajad K
cpeacTB AnodaHTOBa aHa/HM34. B YacTHOCTH, BO3HHKJA 3ajaya DeIIeHHS HeompeeseHHBIX
YPaBHEHHUl B LeJAbIX alreGpanyecKHX UYHCAAX TOFO HJAM HHOTO HYHCJAOBOTO TOJA.

Hu B ofHOM u3 pasgesoB MaTeMaTHKH TaK OCTPO He OHIYUIAeTCs HeJOCTaTOYHOCTb Me-
TOJOB, Kak B An0GbaHTOBOM aHaju3e. B HauayulleM MOJIOXKEHHMH 3lech OKas3ajack mpobieMa
pellleHHa B LEJBIX UHCJIAX UeJOYHCJHEHHBIX ajrefpauuecKHx yPaBHEHHH c JBYMS HeH3BecT-
HeiMu. Teopusi ypaBHeHust mepBGil cTelleHH ax—+by=—c¢ Oblia 3aBeplieHa B Hauasde XVII B.
Bawe ne MesupnakoM. Tloanasn Teopnsi ypapHeHMs BTopo# crenenu ax?-+bxy+cy?+dx—+ey-+
-+f=0 6rna cosnana obwumu ycuausmuy Pepma, Bpoyukepa, Baanuca, dinepa u Jlarpas-
Ka 1 ¥ Hayany XIX B. Opira noabitorkeda [ayccoM. B XX B. HeCKOAbKO BHIZAIOHIUXCA pe3yiib-
TAaTOB ObLIO NMOJNYUYEHO COBeTCKHME MmareMartHkaMu. Tax, B. H. JleJoHe maJ mosHOe pelleHHe
HEeONpele/eHHOro ypaBHeHus ax’-ky?=1, rge a — HaTypaJbHOE UHCJI0, He ABJAIOLIEECH KY-
6oM, B Heablx yncaax X, y. OH XKe paspaboraj MeTOH pellieHHS B IENLIX YHCIAX OBGIIMPHOro
KJaacca ypaBHenuit Buga ax’-+bx2y+cxy*+dy*=c. B. A. TaprakoBckuil ga;i MeTOl pelleHHs
BCEX YpaBHeHHI Buna x2"—py?" =1, uckaioyas ypaeHenne x*—I15y*=1. JI. K. ®anznees nan
METOJ pelleHHs1 OZHOTO KJIacca yYpaBHEHUIl YeTBEPTOl CTENeHH, K KOTOPOMY IDHHALJIEKHT W
ypabuenne x*—15y4==1. Hopeexckunii matematrk A. Tys emie B Hauane XX B. NoAyuns cae-

1L JI. Ue6nmes. Ilonsoe cobpanme counnennii, v. I. M.—JL, 1946, ctp. 15,

22U, T. BammakoBa. O6 aunTnynoll MaTeMaTHKe MePBBIX BEKOB Hallell 3pul.
Hcropuko-mMatematuyeckue ueenen., som, X1V, M., 1961, crp. 480.

3 Jlatunckufi nepesog Bamie 6bi1 BropmM. [lepBRiil JaTHHCKHI nepeBof <ApHOMETH-
ku» duodaura 6pi nanesatan B 1575 r. OH GBI BBIIOIHEH npod. rpeveckoro siasika B Iefi-
menpGepre B. Toabumanom (Kcuaawgepom). Ilepseie apaGekue nepesoinl Jxodanta Oblin
caeqansl B barmane Kocro#t u6u Jlykoi (yM. B 912 r.) u 3atem AGy-n1-Badoit (940—998).

¢ Eme paHee OTHe/JbHble YPaBHEHHS DEINANHCh B LEMBIX YHCJAAX JpeBHErPeYecKHMHE
maTemaTHkami, B 111 B. — xurafinamu, B V, VII u XII . — unnuiinamu, 8 1IX—XI BB. — apa-
6amu u B X111 B.— B EBpone Jleonapao IInsanckum.
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Ayouylo obuylo TeopeMy: eclH f{2) =ao2"+a12" "+ . . . -a, — HenpuUBOAUMBII Haj To-
JIeM PalHMOHAJBHBIX YHCEJ MHOIOY/IEH C LeNbIMH KO3(QQUIHEHTaMH cTeleHH n>=3, To NpH Jo-
6om 1enoM b ypaBHeHHe

axtax™y+ . .. Fany"=>b

He MOXKET MMeTb 0eCKOHEUHOro MHOXEeCTBa PElIeHHH B LeJhiX uyucaax. JLoKas3aTelbCTBO 3TOH
BaXXHOH TeOpeMbl BIEPBbie OLLIO MOJYYEHO NPH NOMOIIH TeOpHH NpUOJHKEHHs anreGpaunue-
CKHX umceJ PaLHMOHAJbHBIMH. DTa TeOpHsl BO3HMKJIA M pa3BuBajiach B paborax JIMysu/ad,
A. Tys, K. 3ureas, . J. Mopayxasa-Boartosckoro, P. O. Kysbmuna, A. O. Teapdonna,
J. Haiicona, K. Pora, A. Belixepa u np. Bosbline TpyaHOCTH BO3HMKAIOT Mepei HCCIeI0Ba-
TeNAMH NPU H3yyeHHH aiareGpanyecKux ypPaBHEHHI ¢ TpeMs u Oojiee HEM3BECTHBLIMH, XOTH H
3lecb 3a NOCJAeAHMe JeCATHJETHS COBETCKHe M 3apyOexHble Matematuku ([. K. ®apnees,
T. Harenb u Ap.) NOJY4HJIH PSA LEHHBIX Pe3yJbTaTOB.

B sax/oueHne 3TOro KpaTkoro o63opa KOCHYChL BOMPOCA O 3HAMEHHTOH AECATOH Mpo6-
Jgeme ['niabbepra, B KOTOPOH CTaBUTCH BONDPOC O HAXOXKIEHHM ATOPHUTMA, MO3BOJSIOIETO AJIsS
KaXJ0ro AHO(AHTOBA YDABHEHHA BBIICHHTb, HMEET JM OHO IEJOYUCJEHHOe pelieHue. B mo-
ciellHee BpeMsA Bce yallle BhicKasbiBaeTcs NPeArNoJoXKeHHe, 4TO TAKOrO aJTOPHUTMA HE CYUIeCT-
BYeT, OTPULATEJbHble PElIeHHs PAAA GJIU3KMX a/ITOPHUTMHUECKHX NPOGJEM MOJYyYeHBl HEAABHO
amepukauckumu MatemaTtukamu M. Jssucom, X. IlatHamom u k. Po6HHCOH.

10 (crp. 93). HokasareabctBo Moprenna He ABJIAETCS 3JeMeHTAapHBIM., OHO HCMNOMb-
3yeT cpejcTBa aAre6panyeckol TeOPHH YHCEa H NPUMBIKAET K KJIACCHYECKHM HCC/IELOBAHHAM
Mopaeina mo ypaBHeHHSIM BHAA

eyt =ax*+-bx*+cx-+d, 1)
rie a, b, ¢, d u e — ueavie 4yucaa.
[Mpeo6pasopas ypasHeHue
y(y+1) =x(x+1) (x+2) (2)
K BHLY
202 =0v3*—4v-4-2 (3)

(ans 3Toro LOCTaTOUHO YMHOXKHUTb o6e uacTd ypasHenust (2) Ha 8 m nogokuth u=2y-+I1,
v=2x+2), Mopaea1 npuBes 3afauy K HCCAELUBAHUIO ypasueHHd (3) B Ky6uUuecKoM MoJe
R(®), rae © — kopeHb ypaBuenus 0°—40-+2=0. B noae R(O) ypassenHe (3) MOXKHO npei-
CTABUTH B CJEAYIOLUIEM BHAE!

22 = (v—0) (v24-Bv4-02—4), (4)

Ilanee Mopaent paGortaer ¢ ypaBHeHueM (4), onnpasdAch Ha clefyioline apH(MeTHYecKUe
cBojictBa mossi R(©): 1) ueabiMH YHclIaMu 3TOTO Modad ABJsioTes udceaa a+b0--c02, rae a,
b, ¢ — uesble palHOHAJbHBIE YHCIA; 2) eIMHHIAMH, T. €. JeJHTeNsIMH uHcaa |, SIBASIOTCS YHc-
aa -kt n™, rae e=0—1, 1==20—1, a [ u m npoberaiT Bce IeJble 3HaUeHHs, 3) B IoJae
R(B) HMeeT MeCTO TeopeMa o €IHHCTBEHHOCTH DAa3J/IOXKEHHT Ha NMPOCThie MHOKHTeau. Mop-
IeJ1 YCTAHOBHJ, YTO ypaBHeHHe (3) WMeeT peLIeHHSl B LE@JIBLIX YHCAAX, MOJYyYyaeMble TOJBKO
apu v=0, +2, 4, 12. Tem camMmbiM OH JoKa3aJ, 4TO ypaBHeHuHe (2) HMEET B HATYDPAaJbHBHIX
YHCAaX TONBKO ABa pellleHus:: x=1, y=2 u x=>5, y=14, 1. e. uro uncia 6=2-3=1:2.3
H 210=14-156=5-6-7 — eAuHCTBeHHblE HATYpalbHble YHCAA, SBAAIOLIMECS ONHOBPEMEHHO
NIPOU3BE/ICHHSAME H JABYX M TpeX MNOC/NeLOBaTeNbHbIX LeabX umcesa. Cm.: L. J. Mordell, On
the integer solutions of y(y+1)=x(x+1)(x+2), Pacific Journal of Mathematics,
T. 13, Ne 4, 1963, crp. 1347—1351.

OrMeTuM NONYTHO ellle GAMH WHTepECHBH pe3yabraT, noayuennwdn . H. Barconowm.

x(x + D(2x - 1)
6

[Tocnennnit moxasad, 4to ypaBHEHHe =y? yuMeeT JHUIb ABA DpeIICHHS
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B HATypaJbHbIX UYHCJIaX, MOJyYaeMblX npu x==1 u X==24, T. e. 4TO CyILlECTBYET TOJBKO JBa
THPaMUAAJbHBIX YHCIId, SBJAIOIHXCS KBaApaTaMH HATYpalJbHBIX YHCeN,

B 1922 r. Mopaean [okasan, 4To eciiu NpaBas 4acTb ypaBHeHus (1) He umeeT KBajl-
pATHUHOTO MHOMKHTeJIsl OTHOCHTEJBHO X, TO ypaBHeHde (1) HMeeT JHMIUbL KOHEYHOE YHCIO pe-
LeHWH B LeJblX 4¥cAaX X M Y. PasbickaHhe 5THX pelieHuft, BoOOIe TroBOpS, OYeHb TPyAHAR
sajlaua, MccnefoBaHnsi B 3TOM HanpabJeHuu npuBenan MopHesna K BaXKHOMY pesysbraTy o
KOHeUHOM 6asHce IJIsl PallMOHAJBHHIX TOYEK Ha KPHUBON TpeTbero mopsinka. Ilo Teopeme; Ho-
came#t mMsa Mopienna, Bce panuOHAJbHEbie TOYKH HAa KDHBOH TPeThEro MOPSAKA MOTYT
GBITb TMOJYYEeHB 43 KOHEUHOTO YHCMA UX NOCPEACTBOM NPOBEAEHHS KACATEJBHBIX M CEKYILIHX.
Sra Teopema HrpaeT OCHOBHYIO POJb B TeopHH AHO(AHTOBBHIX YPABHEHWH TPEeTbell CTeNeHH
¢ JIBYMsI HEM3BECTHBIMH, C KOTODOH YHTATeJp MOXKET MO3HAKOMHTLCS [0 NPEKPACHON KHHre
b. H. Meaone u 1. K. ®Panneesa «Teopus uppanuonanbHocTell TpeThell crenenu», M., Max-
8o AH CCCP, 1940.

2
11 (crp. 109). Yenosue 0<<w << —%—— I ne siBasercss HEOOXOXMMBIM OJS TOrO, UTOGBI

UMEJ0 MeCTO pPasJoKeHHe BUHAA
1 1
w=—"5+ "7+ .... +—, (1)
x2

)C1 Xy

rA¢ W — panMoHanabHoe uMcio, X; (i==1, 2, . . ., n) — pasauuHble HATypaJbHbie 4YHCIR, & N
omnpejenseTcs MO YHCAY @.

Onupascp na yrBepxienne Dpaéma, Cepnunckuit Jokasal, ciaenyiomyio teopemy [Hun-
uesisi: 114 TOro YTOOBI PAallHOHAJbHOE YMCAO w AaBajo pasjoxeHue Buma (1), Heo6X0oXUMO

H JOCTAaTOYHO, UTOOB! BBINOJHSIOCh OLHO M3 YCJIOBUIl: aHOO 0<w<_én2—1, an6o 1<So<<

<_é_n2. Cm.: W. Sierpifiski Uwagi do pewnego zagadnienia P. Erddsa, Roczn.
Polsk. towarz. mat., cep. 2, 1. 7, Ne 2, 1964, crp. 221—228. Teopema lllunuens asisercs
cle[[CTBHEM HEKOTOPHIX OGIIUX pe3y/bTaToB, noaydeHHeix I'paxamom. Cm.: 1) R. L. Gra-
ham. On finite sums of unit fractions, Proc. London Math, Soc., cep. 3, 7. 14, Ne 54,
1964, ctp. 193—207; 2) R. L. Graham. On finite sums of reciprocals of distinct n-th
powers, Pacif.,, J. Math,, 1. 14, Ne 1, 1964, ctp. 85—92.

12 (ctp. 110). Bo BTOpoii crathe I'paxama, ymoMmsamyToit B Upumeuanns [11], mpuso-

1
ANTCA 3TO K€ pas3JjoxKeHue uuciaa T Tam xe NPUBOASATCA PA3JOXKEeHUS M4 —3— )51 37 :

1
—3—=2'2—|—4—2+ 10-24-12-24-20—24-30-24-60-2,
5
a7 =2-345-3410-3415-3+416-347434- 11134+ 1853424054 2963+ 4443+ 14803,

13 (crp. 114). 3aech aBTOp MHMOXOZOM KOCHYJCA OAHOH H3 HHTepecHeilllux mpobieM
auodagTopa avaausa. Ohsep! chopMyJupoBanl PAL YTBEpKAEHHN, KoTophie 0606Ma0TCA
caepyloniell TMIOTe30A: KAKOBbl Obl HH ObLIX HATypajbHble YMC]IAa R M n, YAOBAETBOPSIOIIHE

n n L n o
ycaoBuo 2<Ck<Cn, ypaBHeHHe Xy + X5 + ...+ Ak:xZ_H He MMEET pellleHHuil B HaTypab-
HelX uucrnax. OTciofa npu £=3 n n=4 nosyJaeM yTBepKIEHHE O HepPa3PEUINMOCTH YPaB-
4 4 4 4
HEHHS X + X, + X,= X B HATypa/ibHHX uucaax. [lpn k=2 runotesa Jiirepa cosna-

AaeT ¢ «BeJUKOH Teopemoit Pepma». YxKe nocilefHee 3ameyaHue NOKas3biBAET, KAK TPyAHa
3Ta npobsema. Ecau runotesa Oiinepa BepHa M JOKasyema, TO €CTeCTBEHHO OXKHAATH, YTO
BHAYaJe MOSBATCH JOKa3aTeJbCTBA €€ 4acTHBIX CJAYYaes.

! L. Euler. Opera omnia, cep. I, T. 4, ctp. 331.
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B 1914 r. A. Bepe6procoxa.1 npennoxmn J0Ka3aTebCTBO YTBEPKACHHS Disepa 0 He-
pa3pemHMOCTH ypaBHeHHS x + .\ + x = x B HaTypa/JbHBLIX UYHCJIaX. YKAa3aHue Ha 3Ty

paGory BepeGpiocoBa nveercss B kmure JI. Juxcona . Ho JlHKcOH He 3aMeTHJ. 4TO JOKa-
3atenbcTBO BepebpiocoBa omn6ouyno. [locnennee 6uio0 otMeueHo Jwmmb B 1935 r. B..[laz-
xu 3. TloppoGHhiit pasbop owmnbkn BepeGpiocosa nan 3. Besr %, npaBPlJleOCTb paccMaTpH-
BAEeMOT0 YaCTHOrO YTBepXKIeHHsi Dilnepa Oblia noareepxkieHa M. YopaoMm 3 mo x,<<10000 8.

14 (ctp. 122). HepmaBHo 6w [0Ka3aHo, 4To B IMOcCJaefoBaTesqbHOCTH @uboHauuH
TOJIbKO WJIEHHI U1, Uz H U4z sBJAsAOTCST kBagpataMu. Cm.: O, Wyler. Squares in the Fibo-
nacci series, American Math. Monthly, 71, 1964, ctp. 220—222.

15 (ctp. 135). IlpennoxeHHoe 3xech pPEIIEHHe, OYEBHAHO, MOXKET HAUTH JHIIb TOT YH-
TaTesb, KOTOPHIH XOpoUWlo OcBeAoMJieH 00 ypaBHEHHU

2y —1=2% )

DTO ypaBHEHHe HMeeT HWHTePeCHYIO MCTOPRIO. Jinep B nucbMe x [oabpabaxy or 2 ceH-
tabps 1747 r. ykasan, uto ypaBHeHue (1) uHMeeT B pDaUUOHANBHBIX YHCJAAX Y, 2 pelIeHHd,
KOTOpble NoayyaloTcs npu y==1, 13, —= 1525 2@1—7—- Ilpn 310M OH 3asBHJ, YTO He B

1343 ° 72372159
COCTOSIHHH HaliTd JpyrHe pellleHHs B HaTypaJbHBIX YHCJaxX, KpOMe ABYX: y=z=1 0 y=13,
2=239. TTozauee Jinep mpelJIOKHA CnOCOO, NMO3BOSIONIME NMOJNYYaTh GECKOHEUHOe MHOXKe-
CTBO pelIeHHI B PanHOHAJNbHBHIX YHCJAAX ypaBHeHHs (1), HoO He [oKa3saJ, 9TO ero Croco6 na-
er BCe Takue pelleHHsi 7. YpaBHeHHeM (1) 3arHuMajca Takxke Jlarpadxk. EMy npuHaiexuT
peKyppeHTHas (opMyJa, IpW NOMOLIX KOTOPOHl MOTYT ObiThb Hal[AEHB BCE pEILEHWA 3TOTO
ypaBHeHHd B pauMOHaJbHBIX uuciaax 5. Ypapuenue (l) NpHB/IeKaso BHUMaHHE H APYTHX HC-
crepoBatejedl. M3BecTHEI NOMNBITKH pelleHHs BOIpoca O uuc/ae pelieHud ypapHenus (1) B
HaTypaabHBIX YHCJAAX, NpeNNpuHHHMaBiixeca A0 JloHITpera. OpHakKo JHIIb HOCACAHEMY
yiajoch [O0KasaTh, YTG 3TO ypPaBHEHHE HMEET TOJBKO IBa pellileHHs B HaTypaJbHBIX HHC-
Jlax — pelueHusi, KoTopble Hawen iep °. YpasHenue (1) urpaeT BaKHYIO poJib BO MHO-
THX TEOPETHKO-YUCAOBBIX Hcc/lenoBaHUAX 10

[lonarno, yto ypapHeHu#, nofoOHLIX ypabBHenuio (1), MOXKHO NPUAYMATb CKOJDKO
yrogHo. Crout i uMu 3aHuMatbes? OTBeT Ha 3TOT Bompoc Mel HaxoguM y [1. JI. UeGwime-
Ba: «BcAkoe ypaBHeHHe, 3ak/Ioyamollee HeCKOJbKO NEPEMEHHBIX, MOMJIECKHT HCCHEJ0BAHUIO
TeopHH yHcesl. HO He BCe OHH OAHHAKOBO IOCTYNHEI HCCIefOBAHHIO H He BCE OHH HMeEIOT
OIHHAKOBYI0 BaXKHOCTb IO NPHJOXKEHHSIM CBOMM. Teopus yHces A0 CHX HOp OTpaBHM4YHBaeT-
csl TOJNIBKO PAacCMOTPEHHEM ypaBHeHHH, HanGoJee NPOCTHIX ¥ B TO Ke BPeMs HMEIOIHX HaH-
6osiee BajKHbIe TIPUJIONKEHHUA» .

Bepe6p}oc03. L’'Intermed, des Math, 21, 1914, crp. 161.

. E. Dickson. History of the theory of numbers, . 2 1920, ctp. 648.

. Padhy_ The mathematics student, T. 3, Ne 2, 1935, crp. 100, 101.

"Bell The mathematics student, 1. 4, Ne 1, 1936 cTp. 78.

M. Ward, Proc. Nat. Acad. Sc., 31, 1945 etp. 125; Duke Math, J, 15, 1948,
cTp. 827—837.

5 Tlo cmosam J1. X. Jlemepa (u3 nucvMa Kk A. Ulnuunemo ot 13 wmoas 1966 r.), Jleow
Jlangep (CLIA) 27 wmionst 1966 r. yCTaHOBm coorHourenne 275-4-8454-1105-4+1335 = 1445,
onpoBeprallee rHHOTe3y Ditnepa nas cayuasd k=4, n=>5. (IlpumevaHue npu Koppekrype.)

7 Cum.: L. Euler. Opera omnia, cep. 1, 1. 5, crp. 82—93.

8 Dra Qopmyta NpHBegeHa B KHHre: B. Ceprnurckuii. O pemeHdn ypaBHeHuil B
uenblx yncaax. M., dusmatrus, 1961, crp. 80.

2 Cm.: W, Lj unggren. Zur Theorie der Gleichung x2-}-1=2Dy*, Avh. Norske Vid,
Akad. Oslo (Mat.-hat. klasse), 1, 1942, Ne 5, ctp. 1—27.

10 Cwm.:, nanpumep: V. Tartakowskij. Auflosung der Gleichung xét—py*=1.
«Hasectusi AH CCCP», cep. VI, 1. 20, 1926, crp. 301—324.

# TI JI. Ye 6 b w e B. [TosHoe cob6panne codnmHenudt, 1. . M.—JL., 1946, crp. 15.
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APHJHNO)XEHHE

JOKA3ATEJBCTBN
NMOCTYJATA BEPTPAHA (TEOPEMBbI HEBbILIEBA)!

B. CepuuHCcKU#

Eciu JaHO BeLUeCTBEHHOE YHCIG X, TO cuMponoM [x] Mbl ofosnavaem ? HaunGodbluee
3 —_
uenoe uucno =< x. ITosromy, B uacruocTh, [%]:0, {—71—]2'1' [V2]=1, [r]=3. U3 on-

pellesieHHs clelyer, UTo MJA Kax[Oro BeilecrsemHoro uucaa x Oymer x—I<C[x]<{x. Pa-
BEHCTBO [x]=x HMeeT MeCTo TOrJia M TOJbKO TOrZa, KOrKa X ecTb nejoe uucio. Ecan
k — menoe uucao, TO AAA Joforo memecrBennoro x umeeM [x4-k]=[x]-4-k Hdan mobbx
BENECTBEHHHIX uHcend X H Y, ouesuano, umeeM [x]-4[y]=<[x+y]. Hanpumep,

R e R DR R

Teopema 1. Ecain n— HaTypadpHOe WHCJO, TO B PA3NOKEHHH uMcaa n! HA NMPOCThie
COMHOKHTeJH NMPOCTOe YMCJO p BXOAHT C MOKasaTesneM CTENMeHH a, rie

n n n
a:[ }JF[ ]+[__3}+.... (1)
14 p? P
JloxkasarteabctBo. Ilycth n M k— nBa JaHHBIX HATYPAJbHHIX YHCJIAX W p~— NpO-
cToe uHcno =<n. Uncna nociepoBaTeNbHOCTH 1, 2, . . ., 11, Hedsmidecs Ha p®, T0AXKHB ObITh

n
BHIa Ip*, rie | — HATYpaJbHOE YMCJIO, YAOBJETBOPSIOLIEE YCAOBHIO IpR<n, Tak uToO lg? ,

o n o
Uncno snauenuit [ pasHo [—; . C apyro#t cTopoHEI, fCHO, YTO NMoKasaTedb CTEMEeHH O, C
P

KOTOpPbIM IIPOCTOE YHCJIO p BOl';IRET B pPasnoxKeHne n! Ha IpOCTbhie COMHOXKHTEJH, SBAAETCH
CYMMO#H 4YHCEJ, PaBHBIX UHCIY UYJEHOB NOCAEHOBATENBHOCTH 1, 2, .. . f, ACAAIHXCSE HA p,
YUCAY YJACHOB, LEJAIIHXCSI Ha pz, YHCJIY YJEHOB, JeJIIHXCA Ha p3, HT A OTCIOLIa H T10JYy-
yaetcs (opmyna (1).

t IlepeBon wusBaeuenna u3 kuurm: W. Sierpinski. Elementary theory of num-
bers. Warszawa, 1964, ctp. 131—139. B mnepeBoje npmHsiTa CBOSA Hymepauus (HOpMya #
TeopeM. — [lpum. nepeas.

2 CumBon [x] umraercs: «llenas wacts ot x». — [Ilpum. nepes.
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B KauecTBe NPOCTOr0 NPHJOXKEHHA TeopeMbl | PacCMOTDHM BONPOC O YHCJe HYJed,
KOTOPbIMH OKaHyuBaeTcs uucio 100!

Corgacuo ¢opmyJe nokasaTedb, ¢ KOTOPBIM YHCIO 2 BXOAMT B pasnoxexue yucaa 100!
Ha mpocThie coMHoxuTeNH, (1) ecth

[1_‘2’_0}+[12°°}+[12£f}+ .. =50+ 254 1246+3+1=097

[Mokasarteab Ke uucjaa 5 eCcThb

QQ] [@I:QO 4—24
[5 T 52 + '

Orciona cjleayer, 4to 3amnucb 4yucaa 100! B pecsAATHYHON CUCTEMe CYMC/IEHHS HUMeeT Ha KOHUEe

24 myust.
Jlemma 1. Iag HatypanbHBX #>>1 uMeeM:
2n\1 4n
— . 2
( n ) ~ ®

HoxkaszarteabcTBO. HepaBeHctBo (2) wumeeT MecTo A n=2, TaK Kak

4 2
( )=6>ﬁ;. [TpennosoxuM, YTO HepaBeHCTBO (2) cHpaBedJHBO AAf HATYPaJbHOIO

2 )
yucsaa n. TOI‘JIa HMeeM:
(Qn. + 2) _olnt 1( Zn) L _20nhet 2(2n + 1)4" < 4+l
n+1 ntlln/ " (ni2yn V(DY n4t Vni1

notoMy uto (2n4-1)2>4n(n+1), otkyza 2n—+1>V4n(n+1). Takum obpasom, HOKa3a-
TEeALCTBO CHPaBeNJHBOCTH HepaBeHCTBA (2) AJs HaTypadpHblX n>1 mNosayyaercs NpH IMo-
MO HHIYKLHH.

Jlemma 2. llpousBenenne P, Bcex NMPOCTHIX uHceJ <in (e A -— HaTypaJbHOe YHC-
JIO) MeHblue, ueM 47,

JokasarteabcTBo. Jlemma, oueBHAHO, BepHa nia n==1 u n=2. Ilyctp 7 —
HaTypaabHoe uucao >>2. IlpennosnosKHMm, 4ro JeMMa COpaBel/HBa [AAS HaTypajbHBIX UH-
cen <<n. Eciu n— vetHoe uucao, T0 Pp=~Pn_4 ¥, 3HAUUT, JleMMa CIpaBelJuBa g 4HC-

aa n. Ecan n=2k+1, rae £ — HarypanbHOE YHCIO0, TO KaXA0€ HPOCTOE 4HCAO p, TAKOE,
qto R+2<Ip=<C2k-+1, aBagerca meauTeleM 4Yucaa
(2k+ 1) _ 2k + D2R2E—1)... (R 4-2) )
k 1-2...k ’

[lpuHuMas BO BHHMaHHe, YTO

0+ 1)2k+1>(2kk+ 1) . (z;kjll) 22(2kk+ 1),

HMeeM:

(2kk+ 1) < 4k,

1 O cuMBoJae ( ) CM. TpuMeuaHue Ha crp. 42 — [Hpun. nepes.

Rl
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MNpoussenenne BceX (pas/HYHBIX) NpocTHIX UMCed, TakuX, 4To R4-2<<p=<<2k-+1, ecTh
Aequtean uncaa (3). CiemoBarenbHo, oo MeHblle, uem 4%, [lo npeanonoxeruio o CnpaBei-
JIUBOCTH JIeMMbl [/1 HaTypa/bHbIX UHCEeN, MEHBIIUX 71, IPOH3BENEHHe NPOCTHIX uncea =<k--1
RoAXHO ObITh MeHblle uem 4%+1 Tlostomy Pp=Papy1< 4k -4h+i=42k+t1—=4n  orKyA2
P, <<4™ Takum 006pa3oM, Npu NOMOM{H HHAYKUHH YCTAHABAMBACTCH CTPaBEAAMBOCTD JEMMbl
LISl KaXJAOTO HATYPaJbHOro uHcia A,

. 2n 5
Jemma 3. Ecan p— npocroft genurens qucna( , npHueM p=Y¥2n, T0 p BXO-
n

n
AHT B pasJioXKeHHe yucJaa ( ) Ha IIPOCThIE COMHOKUTEJH C NIOKAa3aTe  ei CTelIeHH I.
n

/

Hokasateanbcrpo. Cornacio TeopeMe | moKasaTesb, ¢ KOTOPbIM MPOCTOE HHCAC

i 2n 2n1 2n7 .

p BXOIMT B pasfoXkeHue uucaa (2n)! Ha npocThie COMHOMKHTH, €CTh | = |+ 1= |+ =
P I& P

n o 1l
-+ ..., a nokasare/p, ¢ KOTOPEIM OHO BXOJHT B PasJoKeHHEe yHc/Ia n!, ecTh [—J + -i
P p2
4 [Lg]+ .
p
Tak xak
2n) ~ (2n)!
( n (n)’

(21
TO TOKasaresb, ¢ KOTODBIM NPOCTO€ YHC/IO p BXOAHUT B Da3/0KEHHE UHCJIH ( )Ha npo-

CTbl€ COMHOXKHUTEJH, eCTh

N /

o= N[22 (|- ([ 2] 2]

fe1 pF k=1 p* k=1 p* e

Ecau p>]/2_n, TO p=V% TOJNBKO B cayuae n=2. [loatomy mna n=+2 Mbl HMeeM p>1"_ﬁ
2n
OTKyla o= ';T} *2[_’1_]<24 Caegopareqapto, 0.<C2 HJAH TAK KaK O — LeJ0e YHCa0, a=C 1.
p

TakuM oGpasoM, JeMMa AOKa3aHa AJs HATYpaJbHHIX n¥~2, a masg n=2 ee COPaBEAIHBOCTL
4
YCTaHaBAUBAETCA HENOCPeACTBEHHO, TaK Kak (2 )=2~3.

. 2n .
Jlemwma 4. Kaxawlit peautean qucna( ) , UMEOWH{l BuA p7, TAe p— npocroe
n

YUCNO, a r— HaTypaJjbHoe, He npesocxoaut 2a. HMmeem:

( 2n )< (2n)ﬁ (2/1)1‘
n

2n
Hokasatenscreo. Ecau pr| ( , TO TMpOCTOE 4YHCJIO p BXONHT B pasjoXeHHe
n

7

2n
YyHCAa < n Ha NPOCThble COMHOZKHTENM ¢ MOKas3aTe/eM CTeneHu

o 2n 9 n
a = 2 % | —4| 5F =T
= F p
! CumBoa m(x) O3HAyaer YHCIO BCEX NPOCTBIX WHCeN <iX. — [Ipum. nepes.
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Fcau 60 6uao pr>2n, T0 AAS kZ==r MB uUMenu Oul [E;LJ —-2[;;%] ==0H, ciejoBaTeAbHO,
14 1

r—1
2n n
a4 = P ) —
kZ:l pk pk

‘Ho Tak Kak AAf BceX BEHIECTBEHHBIX X CNpaBefJnBO HepaBencTso [2x]—2[x]=C1, To moc-
JelHee DPABEHCTBO Aaer a<Ir—I, Bonmpeku TOMy, yro aZ=r. Takum oGpasoM, p” <2n. TLast

- n
J0Ka3aTedbCTRa BTOPOM HaCTH JCMMBEI 3aMETHM, YTO B Da3/0KeHHe uucaa ( ) Ha 1po-
n

2n
CTble COMHOMKUTEJIH MOTYT BXOJHTH TOJABbKO NIpocThle uncaa =<2n. Orcoona ( ) < (2n)“(2”)‘
n

JieMma noKasana
-temMma b Ec.m n— HaTypanpHOe uyMCJI0O >>2, TO HM OJHO NPOCTOE YHCIO P, YAOB-

2 P n
JIETBOPAKOIIEe YCJIOBHIO _3_ n<p<n , He MOXeT ObITb AEJHTEeJEeM 4YHCJIa ( ) .
) n

2n

JokasateabcTBo. Ecan _“-n p<n 102"<3u o CaexoBateabHo,
Iz

<

[&] <2, [_’1_] > 1, uro naer [2 ]

P P on P 9

pE> A H, CIeI0BaTeIbHO, — < 9 <1 nuna n > 4. Tlosromy [__’.1_} —o[ 2 J:
9 pk on e e

=0, na9 £ > 1 u n > 4. CreoBaTesbHo, Aid n > 4 YHUCIO p BXOIAT B pasjoxeHye

n 2
(2 \ Ha NpoCThie COMHOXHTENN € noxKaldarejiem 0, T. €. HYHUCIO ( fl) HE AeauTcs
n n

P
]*01 Jdag k> 1 M uMeeMm

Ha p. Takum o6pasoM, aas n > 4 jaeMMa cnpasejauna, Jlaa cayuaes =3n n=+4%
'CIIPaBeIIMBOCTH JEMMBl YCTaHABJAMBAeTCA NpoBepkoil. B of6oux ciyuasx mpoctoe uuc-

S0 P, YAOBAGTBOPsOLLEE YCIAOBHIO _g_n < p < n, fomkHo OmTh pabno 3. Yucno xe 3

He ABISeTcd JeJuTcJeM HU 4YHCJa ( g )=20, HU YHcaa ( i ):70.

JlemMa noxazaua.
Jlemma 6. Ilpocroe uucio p, yaoBierBopsiollee yCIOBUIO n<I p<2n, BXOJIHT B pa3s-

2n,
JIOXKEHHEe YHCaa ( ) Ha TPOCThle COMHOXKHTEIH C MOKa3aTejqeM CTENEeHH, PaBHbIM 1.
n

2 g n oy

-

p

IokasartenbcTro. Jdags n<<p<2n umeem | < [Tosromy

n
[—-} = [ J_O HOas k> 2 umeem Eﬁ < 2" i Caenosare plo, 1ias n>1
5P P P n
n 2n -

—k 2 1, Tax urto [——kJ =0, a 3payuT, ¥ MOJAABHO J 0. Takum ofpasom, INOKa-
P P

3aTelb o, C KOTOPHIM p BXOAMT B pasioxeHue 9Hcja (2”) HA TIPOCTHIC COMHOXH-

n

1 910 cieayer u3 TOro, 4TO [2’1} —2 [_"-} <2 —-2-1=0, rax uTO [ln_] _
p P r

—2[ 1] <0, a ¢ apyroit CTOPOHB, 15 KAKAOTO BENECTBEHHOTO X CHPABEIIHBO Hepa-
P
BEHCTBO [2x] — 2[x] > 0. — IIpum. nep es.
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Teau, pased 1. Cayuaii n =1 He HyXzxaeTcAd B AOKasaTelbCTBe, TAK KaK HeT NMPOCTHX
yucea p, YAOBJAETBODPSIOMHX YCIOBHIO n < p < 2n. JleMMa aokasaHa.
JemMa 7. Ilng HaTypanbHBIX Ydcea n>=14 uMeeT MeCTO HEPAaBEHCTBO

1

(n) ng—l.

14
HokaszaTteabctBo. Kak nerko noxgcuurars, 1t(l14)=6= 5 —1. CuenoBaTenbHo,.

gemMma 7 copaBefsauBa aas n=14. Ilpeamojoxum, 4rto n— HaTypaJbHOE 4HCSIO =215,
n
B nmocmenosarenasHoctH 1, 2, . . ., n YeTHBle yucaa 4, 6,8, ..., 2[7} SABJAIOTCH COCTaB~

n
HeIMH. HX u#cio paBHO {T]-—l. Kpome Toro, B mocaemoBarenbHOCTE 1, 2, . . ., n npn

nz=15 sxonat mevertHsle yucaa 1, 9, 15, rakxe He sBasiomuecs npocteiMu. [TosaToMy

2

n
—1). Taxum oGpa3som, n(n)<-2_—1 g n==15, u TeM CcaMbIM JeM--

MMsm—(P%J—1+3):n_fgj—2<li_1

2 2
Ma TOJHOCTHIO HOKa3aHa.
Jlemma 8. Ilyctb R, of03HauaeT Npou3BefleHHe BCEX MPOCTHIX YHCEN P TaKUX, YTO-

n< p<<2n, u nyctb Ro=1 B cayyae, KOrAa TakHX HOPOCTHIX uicesn HeT. Torga

nl n
(TaKk Kak [—J > =

n
3

_
VT
2

4

Rn > (4)

2V n (2n)

IS BCeX HaTypaJbHBIX nz=98.
2n
HdokasarTensbcTBo. 3 onpefencHuss Ry HEMOCPEACTBEHHO BHITEKAET, 4TO Rp l( )
n

2n
C/enoBare/bHO, =QnRn, Tne Qn—HarypansHoe uncio. OTCiofa Ha OCHOBaHHH
n

aemMMbl (6) MBI 3akJiodaeM, YTO HH OZHO IPOCTOE YMCJO p, YAOBJETBOPAILEe YCJIOBHIG:
n< p=<2n, He BXOOUT B pa3jiOXKeHHe uncaAa Qn Ha NpocTole coMHoXHuTend. Takum obpa-
30M, MpOCThle p, KOTOPhIe COAEPXKaTcA B 3TOM DPAasNOXKeHHH, HOJ/KHB OBTL = n. Ho Toraa

no JeMmMe 5 oHU XKe IIOJIKHBL OBITh <—§—n I/ITaK, npon3BefeHte BCEX PA3JMHYHBIX MNPOCTHIX.

2
YHCeJ P TaKHX, uTO P|Qn, HE NPEBOCXOAUT NPOUSBENEHHE BCEX NMPOCTBIX UMCes <_3_n H, cle-

2ﬂ] 2n
NoBaTeqbHO, [0 JeMMe 2 Oyxer <4[ 34 «43 .Ha ocHoBaHHH JeMMB! 3 H COOTHOLIEHHS:

(Qu1 2

COMHOKHTENH MOXKeT OhIThb >>1 TOJBKO B ciaydae, Korga p<<y2n. Hucno ke Takux MPOCTHIX'

qHces NO Jemme 7 (NONyualomleecs MpH 3aMeHe B Helt n Ha [V2n], uro BO3MOXHO, TaK Kaks
BBHIY yca0BHA n>98 nMeeM V2n>>14, otkyna [Y2n] =14) menbwme uem —22—” .

n
)3axmoqaeM, YTO MNOKAa3aTe/b NOPOCTOro p B DPA3JIOXKEHHH 4YHC/aA Qn Ha MNpPOCTHIE:
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Ilo nemme 4 IIpOH3BEAEHHE cTeneHell TaKHX NMPOCTBHIX 4YHCEJ, BXOAALIKX B Pa3JoxXKeHHEe
n o
=qnicaa ( )Ha npocTble COMHOXKHTENH, 4 3HAUHT, H NMOJAABHO NPOU3BC/IEHHE CTENEeHCH TAaKUX
n

MIPDOCTHIX YHCeJ, BXOAALINX B pPasJ/joKeHHE Qn Ha T1IDOCThIe COMHOXKHTEJIH, 6y116’l‘ -MEHbLIe

yeM (2n) 2 . Orciona clepyert, uto Qn <42 (2n) ? . Ho rax KaK( 2n ) =Q.R, ¥ 10 M-
n
yn
Me 1 QnRr>—T7=, TO nerko nonydaem copmyay (4). Jlemma mokasaHa.

2V n ;

Jlemma 9. [as mHaTypasbHbix uucea k=8 umeem 22> 18(k+1).

HokasarenbcTBO. MMeem 28=256>18.9. Eciiu ke 28 >18(k+1), To 2Ftl=
=2k 428> 18k-184 1824 18> 18k+36=18(k+2). Takum o6pazoM, [AOKA3aTEJbCTBO JeM-
Mbl MOJIyuaercss NMPH MOMOLIH HHAYKUHH.

Jlemma 10. Jlns BeuiecTBeHHBIX uHcea x>=8 umeeMm 2% >>18x.

JNokasatenbcTBo. Jlasg BemecrBeHHBX uncen x>>8 umeeM [x]=8. Cuaenoea-
‘reabHo, Mo JeMMe 9 23221 > 18([x]+1) >18x, ortkyna2*>>18x, u. 1 1. 1.

JJemma 11. [las HaTypanbHHIX uHcen k=6 umeem 2* >6(k--1).

Hdokasatearctso. Ilpuaumas Bo BHMMaHHe JeMMy Y9, JOCTATOYHO JOKa3aTh
aemmy 11 mna k=6 w k=7. Ho 26=64>6-7 u 27=128>6-8.

Jemma 12. Jlna BeliecTBeHHBIX uncea x>=6 HMeem 2% >6x.

Jloka3aTe/ibCTBO aHAJOTHYHO HOKA3aTebCTBY JeMMEI 10,

Jlemwma. 13. Ecau n — narypaastoe uuciao =648, to R, >2n.

HokasartenbcTBo. [IpHHUMasg BO BHHMaHHe JeMMYy 8, HOCTATOYHO N0OKA3aTb, 4TO

n
3 — Ve Van
-ecm n>=648, o 4 >4n}n(2n) . 3ameuaem, uto ecan nz=648, o 5 >6 u no geM-
Von
Me 12 HMeeM HepaBeHCTBO 2 S OTKYZla, BO3BBICHB 00e €ro 4acTd B CTeNeHb ¢ MO-
n

_ 3 /2
:Kasatenem }2n, moayuum 2 > (Qn)Vn . Ho Tak xak n>>648 wu, 3Hauur, _29£ =8, 1o mo
2n n

9 3 —_— ~
Jemme 10 umeem 2 >4n, otkyga 2 >4nY4n>4nyn. Takum obpasom, aaa n==648
n n n

3 o 3 — 3 — e
HMeeM 2 >(2rz)V”/2 H 2 >4nyn, otkyga 4 >4nyn(2n) V”/Z. Jlemma aokasaHa.

Jemma 14. Ecn n>=>648, To Mexnay n ¥ 2n comep:UTCA N0 Kpafine#l Mepe jiBa pas-
MUYHBIX TPOCTBIX YHCAA,

HokasareabcTBo. U3 omnpeaeneHus uucna Rp caexyeT, 4To ecad Obl Mexay 7
U 2n cojepkanoch 6bl camoe GoJbliee OfHO MPOCTOE YHCIO0, TO Mbl HMedu Obl R, <I2n, 4TO
A n>>648 HeBO3MOXKHO, TAK KaK MPOTHBOPEUHT JeMme 13.

Teopema 2. Ecan n— natypajbHOe YHCIO >>5, TO MeXIy 7 U 21 COLePKHTCA MO
KpafiHell Mepe IBa pa3jiHUHBIX MPOCTBIX YHCJIA.

HokasareabcTBo. Has n=6 teopeMa, OueBUAHO, BepHd, TaK KAK MeXKAy UHC-
namu 6 u 12 jexar mpocthle uncaa 7 B 11. TakuM ofpasom, mpHHHMAas BO BHUMAaHHE JIeM-
My 14, RoCTaTOYHO JAOKAa3aTh, YTO TeOpeMa CHPABEANHBA JJisl KaxKAOTo HATYPaJbHOLO YHC-
Jla n, Takoro, uto 7=.n<C648. YtoOwl 3TO nokasaTh, HeT HeOGXOAHWMOCTH NPOBEPSTh Teope-
‘MY HENOCPeACTBEHHO JJS KaXJoro U3 HaTypaabHelXx uyucea 7, 8, ..., a==64T7.
LocraToyHo coCTaBHTH BO3PACTAIOIYI NOCAEI0BATENBHOCTH NPOCTHIX UHUCET §o, 1, - - . »
Gm, TAKHX, UTO Go=7, gr<2Qnr_» AAs1 k=2, 3, . . ., MU Gm-1>>a. JeficTBUTENbHO, NYCTb
71 03HAYaeT Kakoe-HMOYIb HATypaJbHOE UHCIO, TaKoe, 4To 7=Cn=<<a. IlepBHil wieH nocie-
AOBATENBHOCTH (o, §1, . . . , §m HE HPEBOCXOAHMT 7, NOCIAEIHUH Ke WieH >az=n U, claelo-
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BaTe/qbHO, >>n. TaKHM 06pa3oM, cymecTByeT HauGoJblUHl HHAEKC £, MEeHbIIHI m—I1, Takoi,.
uyto gr<<n. Hrak, umeeM R-4-2<Cm, n< gp4,. [Ipuaumasn e Bo BHHMaHHe COOTHOIIEHHE:
Grt2<<2gr<<2n, ycTaHaBJHMBaeM, 4TO MeXJy # H 2n COAEPXKHTCA MO KpaHHedl Mepe iaBa
NpOCTHIX YyUacaa: gr+1 U gr+2.

ITpn moMomiu TalJHIBl IPOCTHIX YHCEJ HETPYAHO MPOBEPHTb, YTO NOC/]EL0BATENbHOCTD,.
ompejeseHHas BhIe, €CThb NocaefoBaTenrHocts 7, 11, 13, 19, 23, 37, 43, 73, 83, 139, 163,.
277, 317, 547, 631, 653, 1259.

[TokameM, UTO M3 [OKa3aHHOH TeopeMbl 2 HENOCPENCTBEHHO BBITEKaeT

Teopema 3 (He6oimesa). Ecnu n— HatypanpHOe yneao >3, To MeXkAy n u 2n—2:
COAepIKUTCS MO KpalHeH Mepe OJHO NPOCTOE YMCJIO.

Has n=4 1 n=>5 TeopeMa BepHa, TakK Kak MexXJy 4 U 6 cOgepXuTCA HPOCTOE YHC-
a0 b, a mexay 5 u 8 —mpocroe uucao 7. Ecau n>5, To cormacHo TeopeMe 2 MeXAy 1
n 2n conepKuTCs MO KpabHell Mepe JABa MPOCTHIX yuc/ia. Ecau HauGosablliee H3 HUX g==2n—1,
TO Apyroe LOJMKHO ObITb < 2n—2, TaK Kak 2n—2 1njd n>=>5 eCTb COCTaBHOe YHCaI0. Takum:
obpasom, n<{p<2n—2. Eciu ke g<T2n—I1, 10, TaKk Kak p<{g, Mbl ONATb HMeeM R<p<C
< 2n—2.

Teopema 3 6ruta copmyanpoana JK. Beprpanom B 1845 r. u BrepBble Gblia HOKa3sa-
pa I1. JI. YeGbitweBblM B 1850 r. JlokasaTeabcTBO, U3JIOXKEHHOe Bblllle, NpeacTasaseT cobofi
mozudukaumio goxkasarenbctsa I1. dpaéwma [1] 1, npunagnexamyo JI. Kaabmapy.

CnenctBue 1. Ecmm n— HartypaabHoe uncio =>1, To MeXAy 7 H 21 COLePKHTCSH:
o KpafHell Mepe OJHO NPOCTOE YHCJO.

JoxaszareabcTBo. [lo TeopeMe 3 3T0 ciencTBHe CNpaBe/IHBO [/ HATYPalbHbIX:
yucea >>3. [lns HaTypasdbHBIX Xe n=2 H A=3 CJeACTBHE TaKXe CIPaBeI/HBO, TaK Kak.
MeXIy yHcaaMH 2 U 4 COAepPXKHUTCS NpocToe uucao 3, a MeXAy 4ucaamu 3 u 6 colepKuTcd
pOCTOE HHCAO .

B 1892 r. Ax. Jdx. Cuassectp [2] mokasan caepyioniee o0o0muieHHe ciaeacTBus 1:

Ecan n>k, 1o B nocnegomartenvHoctd n, n+1, n+2, ..., n+k—1 cymecTByer no-
Kpaiigell Mepe ONHO YHCJO, MMewllee NPOCTOH AefHTesnp >k, Orcrooga ciaeacteHe | moay-
yaercst npu n=4k-+1. D10 o6oGwenne nokasan takxke WU. Llyp [3] B 1929 r. Koporkoe m
Gosiee ssemMeHTapHOe GoKasareibcTBo pana I1. Dppéw [4] B 1934 r. (cp. dpnéu [5]).

CaepcrBue 2. Jlaa HaTypaibHbIX ukcen k>1 umeem pp <2k 2,

HoxasaTteawcrtso. Mmeem p,=3<C22. Ecam nmns HaTypaJsbHOro umcjaa k chpa--
BeJUIMBO HEPABEHCTBO pr<< 2%, To Mo cielcTBHio | cyllecTByeT no KpaifiHeil Mepe OJHO IIPO-
CTOe YHCJO, codepikallleecst Mexnay 2% u 2R+! xoropoe, oueBHOHO, Gosblie ueM pr. Takum:
o6pa3oM, OyLeT CIpaBelIJHBO H HEPABEHCTBO Pry1< 2%+1 W 10Ka3aTenbCTBO CAENCTBHS MO--
JyyaeTcs MHAYKUHeHd mo k.

Cnepcteue 3. Ecan n>1, To B pasaoxenuu uucia n! Ha TNPOCTble COMHOXKHUTENH
uMeeTcql 1o KpaiHell Mepe OXMH MPOCTOH COMHOXKHTENb C MoKasaTeseM CTeneHu l.

HJokasarteascrBo. lags n=2 claeacTBHe, oueBHIAHO, chpasBemnnBo. Ecau n==
=2k>1, rae k— HartypasbHOe 4YHCI0, >>1, TO, HA OCHOBaHHH CJEJCTBHS 1, CYIIeCTBYeT
IPOCTOE YHCIO p, Takoe, uTo R<Cp< 2k, oTKyla p<n<2p H, CIEAOBATE/JbHO, p SABJISETCAT
JIeJHTeJeM TOJbKO OLHOTO U3 COMHOXKHTesneH npoussemenus 1-2- . . . -n. C ppyroft cro-
pOHH, ecau n=2k-1, rge £ — HaTypaJbHOe UYHCJO, TO CYILECTBYET MPOCTOE UYHCIO P, Ta-
Koe, 4T0 k<Ip<C2k<n, otkyna 2k<<2p u, clepoBaTejbHo, 2k-+1<C2p, Tak uTO, KaK U B»
HepBOM CAyuae, HMeeM p< n<C2p W, 3HAUHT, CHOBA yOekAaeMcs B CIPABEAJNHBOCTU JEMMBI

U3 cnepctBHA 3 HEMOCPEACTBEHHO BbITEKaeT

CnencrBue 4. Jlng HATYpPadbHBIX 4ucesa A>>1 4ncao nl He ABJASETCA CTENEHbIO Ha-
TYPaJbHOrO UHC/IA C HATypaJbHBIM NOKasaTtegeM 1.

BriBenem Tenepb M3 TeopeMbl 2 caeldyollee YTBEpKIeHHE.

Teopema 4. Il HaTypanbHBIX yucen k>3 uMeeM Pz <<2ps.

! 3nmece H Hajee B KBaJpaTHbIX CcKOOKax yKasblBaeTcss HOMep paboTbl B CIIHCKe JH—
TepaTypbl B KOHLE cTaTbd. — [Ipum. nepea.
2 CumBosioM pr 0G0O3HAuaOT k- MO MOPSAKY npoctoe uucio. — [Tpum. nepes.

153



HokasarteabctBo. Ilycts k— narypanbnoe uuncio >3. Toraa pz>>ps;=>.
«Cornaco TeopeMe 2 MeXAY Pr U 2pr CORCPAKUTCA 110 KpPafHel Mepe ABA PAa3HUYHBIX NPOCTHIX
4HCaa, @ TaK KakK IByMsl HaHMeHbUIHMH NPOCTEIMH YHCJIAMH, NPEBOCXOAALIHMH Pk, SBJAIOTCA
YUCNA Pri4 B Pry2, TO HOMKHO OBITH Pr+2<2pPx, 4. U T. A.

3aMeTuM, 4TO, HA0BOPOT, H3 TeOpeMbl 4 MOXHO HENOCPeJCTBEHHO BLIBECTH TeopeMy 2.
JleficTBHTEIBHO, NPEINOJOXKHM, YTO TeopeMa 4 BepHAa U NMYCTh A O3HayaeT Jo0boe HaTypanb-
Hoe uucao >6. Mrak, n=7 u, sHauut, pi=7=n. [lycTb pp — HauboJbliee NPOCTOE YHLIO,
He IpeBOCXOJsllee n; OUEBHIHO, >3 U prys1>>n. Ilo Teopeme 4 umeeM ppys<<2pn<<2n.
Taxum obpasoM, MeXAY n H 27 CONEPXHTCS no KpafiHell Mepe JBa NPOCTBIX YHCAA: Priy H
Pr+z. ClelloBaTeNbHO, OCTaeTCss NPOBEPHTL CHPABEANHBOCTb TEOPEMBI 2 TOJBKO s n=~06.

Hrak, Mpl A0Ka3a/4, UTO TeopeMbl 2 W 4 3KBHBAJEHTHH B TOM CMBbIC/E, 4TO KaXKAas H3
HHX MOKEeT ObITb JIeIrKo BblBeleHa H3 JPYIOH.

Caencraue 1. Mmeem pr+1<<2px nns k=1, 2, . . ..

HNoxazareabcTBo. Haa k=4, 5, ... ciedcTBue | BbITeKaeT HENOCPEACTBEHHO
u3 teopeMmut 4. Ilpoeepum caepctBue | ans k=1, 2, 3: p,=3<T4=2p,, p;=5<T6=2p,,
Pu=T7<10=2p;.

CanepcrBue 2. Jlaa HaTypaabHBIX yuced £>>1 HMeeM Ppy2<<pPrtpPrit.

HokxaszarteabcTBo. Jna £>3 COOTHOLIEHHE BBITEKAET HEMNOCPENCTBEHHO M3 TEO-
peMbl 4: Prtoa<<2pr<<pr+pPr+1 (TaK KaK pp<<pr+1). Ho oHO nMeer MecTo TakkKe u Aasd
4k=2 u k=3. JeiictBuTenbHO, pi=7<3+5=pz+ps; u ps=11<<5-4+7=p;s+p.
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"TEOPEMA HIEPKA!
B. Cepnuueckui

Teopema (X. &. Illepxa). [Ing xaxaoro HaTypa/JbHOrO UHC/IA N NIPH COOTBETCTBYIO-
mweM BHIGOPE 3HAKOB «-+» HJIH «—» HMeeM:

p2n=lip1ipz:t PN ipzn;2+p2n—1 (5)‘

Dopp1=lZdp1d=pat . .. ipzn_1+2p2n. (6)

Iti popmyast Gblan Hafigens 2 Hlepkom [1] B 1830 r. JokasareasCTBo UX OMyOGAHKOBAJE
C. C. Tlunau [2] s 1928 r. JloxkazaTeancTeo, NpejiaraeMoe 3/iechb, OLIIO ONVOANKOBAHO MHOIO-
{3] B 1952 r. CxonHoe noKa3aTenbcTBO onybaukosaa P. Toidens 4] B 1955 r.

MokasaTtenbcTBO DyiaeMm roeopurs, uro 6GecKoHeyHas MOCAeJOBATENBHOCTD:
g1, g2, . . . o61agaeT cBOHCTBOM P, ec/M OHa ecTh BO3pacTaiollas IOCAeL0BATEIbHOCTL Ha-
TYpaJIbHBIX YHCEJ, 32 HCKJAIOYEHHEeM MNePBOr0 U/IeHa HEUYETHBIX, Takas, uTo

q1=2, g2=3, q3=25, qi=1, gs=11, gs=13, g1=17 (7).
u
Gn+1<<2qn (8)
nsn=1,2 ...

B yacrHocTH, NpuHUMAas BO BHHMaHHe clefcTBHe 1 TeopeMbl 4, 3ak/ioyaeM, 4TO 1OC/IC-
LOBATENBHOCTb §pn==pPn (And n=1, 2, . . .) obaanaer coficreom P. Takum o6pasom, 4Tob6bl
AoxasaTbh Teopemy lllepka, JOCTaTOYHO J0KA3aTh, UTO NPH COOTBETCTBYIOMEM BHOODE 3HAKOB
dopmyasl (5) u (6) HMeroT MecTo A4 JMOOOH MOCAefOBATENLHOCTH, 06JaZaiomel CBOHACT-
BOM P.

JTemma. Ecan qi, g2, . . .— OeckoHeuHas NOCAEZOBATEIbHOCTh, OOJagaollasi CBOM-
ctBoM P, To ISt =3 KaX[I0e HaTypalbHOE HEUETHOE YHCAO <l {§a2n1 NPH COOTBETCTBYIOIIEM
BbIOOpE 3HAKOB «4» HJH «—> NPEeACTaBHMO B dopMe

g1t ... EGrn—-1FGon.
HoxaszateabcTBo Jemmbl. Ha ocHoBanuu (7) sakjwouaeM, 4To JieMMa clpaBemliu-
Ba aafA n=23. [leficTBUTENbHO,

|l =—q14g2+gs—Gi—qs1+qs, 1l =g;—qe—gs—qu-+qs+qs,
3=qg1—qg2~—qa-+qi—qs+4ge, 13=g1—q2+q3+gi—aq5+gs.
5=qg1+g2+q3—gi—qs+4gs, t8=—q+q24ga-+qi—as+ge,
7=—q1—Ge—qs—qs+gs+4gs, 17=g1+g2—gs5—~q:+q5+4s.

9=q1+¢e—Gs+G1—q5-+qs,
3aMeruM, 4TO s n=2 JeMMa He HMeeT MECTa, TaK KaK HH NDPH OAHON KOMOHHALHH 3HAKOR
«+>» MM «—> paBeHCcTBO H===243+5-}-7 HEBO3MOKHO.

TIpennodoxkum Tenepb, 4TO JAeMMa CNPaBefAuBa J[Jisi HATYPAJBHOTO uYueia NZ=3, U
nyctb 2k—1 — HeyeTHOE HHCHAO <X (G2n+3 Ha ocHoBanMH (8) HMmeeM Gan+3<2¢an42 H M03TO-
MY —G2nt2<<2R—1—@G2n+2<gan+o.

CaenoBaTenbHo, MOXKHO BHIGpaTh 3HAK «+» WIH «—>» Tak, yToObl Obl10 0=l 4= (2k—1—
—Q2n+2) <<{zn+2. Corsacuo (8) umMeeM Gan+2<C2¢2n41 U NMOTOMY

—Qen+1 <<tk (2R—1—G2n12) —Gan+1<goniy;

.
1 Tlepeson ussieuenust u3 kuurn: W. Sierpinski. Elementary theory of numbers,
Warszawa, 1964, crp. 140—142. B nepesoae HoMepa GopMyJ Nporo/KalOT HyMepalHio ¢op-
MyJa npeabiaymeii craThd. CCHUIKH Ha TeopeMbl H GOPMYabl NpeABIAYIUEH CTAThH AENAI0TCH
6e3 ynOMUHAHHS CTaThH.
2 Ho He moKasaHBl — BONPEKH CKa3aHHOMY (no Moeidl Buue) Ha crp. 30 xHuru Cepnus-
ckoro «HTo Mbl 3HaeM M uero He 3HaeM O MPOCTHIX uucaax» (M., 1963). — IIpum. nepes.
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T03TOMY MOXKHO BblépaTb 3HAK «+» HJIH «—>» TdK, UTO

0+ {+ (2b—1—G2nt2)—Gon+1} <G2n i1 9)

Tak Kak Kaxzpoe H3 YHCES Gan4t H Jan+z HEUETHO, TO WHCJO, 3aHHMaollee B HEPAaBEHCTBAX
(9) cpennee NMosOKeHHe, eCTh HATYPANbHOE HEUETHOE UYHCIAO < Gan+i. CJIEIOBATENBHO, HA OC-
HOBAHHH MHAYKTHBHOTO NpEJANOJOXKEHHS, YTO JeMMa CIpPaBeiauBa IJsi UHCAA A, MBI MOXKeEM
3aKJIIOYUTE, 4TO NPH COOTBETCTBYIOLIEM BHIGODE 3HAKOB «-» HJIM «—» HMEET MeCTO PABEHCTBO

{2 (2h—1—Gant2) —Gont1} =Fq:iEget . . . EGan—1+Gon.
‘OTcrofa TpH COOTBETCTBYIOLIEM BbIOODPE 3HAKOB «—+>» HAH «—>» [I0JyuaeM:
2h—1=oqi g% . .. EgantGonr1tGonie,

4TO AOKA3LIBACT CNPaBeJIHBOCTb AeMMBl AJfA yHena n-+1 ¥ OZHOBpPEeMEHHO NDH MOMOUIH HH-
LYKIHH — /51 BCEX HaTypaJdbHBIX uHcesa n2=3.

Chneanctsue. Ilpu moaxonsimieM BBIOOpE 3HAKOB «+» WIH «—» HMeeM:
Gonpr=£Gg1 g2t . . . Egon_1-+Gon. (10)

JoxasaTedbCcTBO CASACTBAN. TaK KaK §an4i — HEUCTHOE HATYPAJBHOE UHCJIO, TO
&1 nz=3 dopmysaa (10) HemocpencTBeHHO CAefyeT na JeMMbl. Jas n=1 n n=2 npamoii
MOACYET TOKA3bIBAET, UTO eCqH yuecTh (7), TO gs=¢1+¢g2 1 gs=q1—qs+gs+4..

Jlokaxem tenepb cnpaBensuBocTh GopMya (5) u (6)

HokaszateabctBo dopMmyan (6). Aad n=3 4HCIO Gant1—G2n—1 coraacuo (8)
£CTb HEUETHOE HATYDPAJbHOE YHCAO < §an+1. 1103TOMY, Ha OCHOBAHHUH JIEMMBI, IPH COOTBETCT-
ByIOLEM BBIGODE 3HAKOB «—» HJH «—>» HMEEM fanit1—Gen—Il==q1tqs3 ... £G2n—1+G2n,
OTKYRa (npu qi=p;, (=1, 2, . . .} caeayer dopmyna (6). Ons n=1{ u n=2 Henocpexcr-
BEHHBII MOACYET NOKA3biBaeT, uTo gs=1—q;+2qs, g5=1—g+ga—g3s+2¢gs. Taxum obpason,
(popMyna (6) cnpapeanuBa AJjs BceX HAaTYPaJbHBIX UHCEN 1.

HoxaszateabcTBo ¢opmyan (d). Ha ocHopaunu (8) umeeM Gant2<<2¢anyt H 3a-
MEYaeM, UTO §onto—fon+1—| €CTh HEUCTHOE HATYDAJIBHOE YHCIO < (pp-4i. Temepb, MPUMeHss
JeMMy, AJsT A2=3 NpH NOAXOASINeM BHIGOPE 3HAKOB «-+» HIH «—>» HMEeM:

Gornto—Gont1—l=od=q1 =qok . . . EGan—1+Gan,
OTKYAA
Gonr2=1xqgiqs . .. FGoan—1}+G2ntGant1. (11)
Kpove toro, yuntoipas (7), umeem: .
go=14q1, gs=1—q1+g2+3gs3, gs=1+q,—qa—gs-+q.-t+qs,

4To jokaswlBaeT Qopmyay (i1) maa n==0, I u 2. Mrak, dopmysa (11) Bepna ana n=0, I,
2, .. .u, cNefoBaTeNbHO (TaK Kak g;=p;, i=1, 2, .. .), BepHa bopmyaa (5) ana n=1, 2,
3, . . ..Takum obpazom, Teopema lllepka noxasaua.
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