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The process of delocalization of particles from the one-dimensional rectangular potential well with a decrease in its depth 

with time is theoretically investigated. In practice, such a well corresponds, in particular, to a region of a local quasi -
homogeneous electric (or magnetic) field created along the direction of particle motion with a dipole electric (or magnetic) 

moment. It is believed that these particles are in a high vacuum and the electromagnetic forces acting on them are not 
dissipative. The conditions under which a multiple slowdown (cooling) of delocalized particles is achieved in comparison with 
their initial state in the potential well are established and analyzed. 
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1. INTRODUCTION 
 

The development of effective methods for 

slowdown (cooling) of various micro- and 
nanoparticles in vacuum is important for studying the 

fundamental problems of gravity and quantum 

mechanics using these particles, including limits of 

applicability of the corresponding theories [1, 2]. 

Moreover, deep cooling of atoms and molecules in 

vacuum is necessary for precision fundamental 

research [3]. 

The author's articles [4, 5] showed the possibility 

of slowdown and trapping of various particles 

(including atoms and molecules in their ground 

quantum state) by means of external electromagnetic 
fields, which induce potential wells on a path of such 

particles with a fixed spatial distribution, but deepening 

with time up to some limit. It is assumed that the 

considered particles are in high vacuum conditions and 

forces acting on them are not dissipative, i.e. these 

particles move without friction. Depending on whether 

the particles have an electric (magnetic) dipole 

moment, a controlled electric (magnetic) field can be 

used to capture or slowdown them by the proposed 

methods [4, 5]. 

In the brief communication [6], author showed the 

possibility of significant slowdown (cooling) of such 
particles in high vacuum due to their removal from the 

initial localized state in a similar potential well with a 

sufficiently slow decrease in the depth of this well by 

means of a controlled weakening of the corresponding 

electromagnetic field.  

In the general case, for study of such processes, it 

is necessary to numerically solve the differential 

equations of particle motion [6]. However, a number of 

important features of such a deceleration (cooling) of 

particles will be established in this work on the basis of 

simple mathematical relations for the one-dimensional 
rectangular potential well. In practice, such a well 

corresponds, in particular, to a region of a local quasi-

homogeneous electric (or magnetic) field created along 

the direction of particle flight with a dipole electric (or 

magnetic) moment. 

2. BASIC RELATIONSHIPS 
 

As in articles [4-6], we will conduct theoretical 

study within the framework of classical mechanics and 
electrodynamics. Let us assume that a point particle 

with mass m  moves in vacuum, including the region of 

the potential well 𝑈(𝐫, 𝑡), which explicitly depends not 

only on the coordinate 𝐫 , but also on the time 𝑡. The 

total energy of the particle with a nonrelativistic 

velocity 𝑣 is described by the well-known formula [7]: 
 

          𝐸(r, v, 𝑡) = 0.5𝑚𝑣2 + 𝑈(r, 𝑡).      (1)                                                
 

We will consider the following potential energy 

𝑈(r, 𝑡): 

                 𝑈(r, 𝑡) = 𝑠(r) ∗ 𝜑(𝑡),              (2)                                                  
 

where the coordinate function 𝑠(𝐫) ≤ 0 and 𝜑(𝑡) is a 

function of time 𝑡. Such a non-stationary potential (2) 

can be created for particles with an electric or magnetic 

moment by means of a controlled electromagnetic field 

(in particular, non-resonant laser radiation) with a time-

varying intensity, but with a fixed spatial distribution 
[4-6]. In this case (2), we obtain the following equation 

of particle motion [7]: 
 

                    𝑚
𝑑2𝐫

𝑑𝑡2 = −𝜑(𝑡)
𝑑𝑠(𝐫)

𝑑𝐫
.               (3)                                                 

 

We consider the situation when the force on the 

right side of equation (3) does not have a dissipative 

effect on the motion of the particle, i.e. is not a force of 

friction. Then from relations (1)-(3), the important 

formula follows for the time derivative of the total 

particle energy 𝐸: 
 

                          
𝑑𝐸

𝑑𝑡
=  𝑠(𝐫)

𝑑𝜑(𝑡)

𝑑𝑡
.                   (4)                                    

 

Further we will consider the one-dimensional 

rectangular potential well 𝑈(𝑥, 𝑡), bounded by the 

coordinates 𝑥 = ±𝐿, whose depth decreases with time 

𝑡 (Fig. 1):  
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Fig.1. One-dimensional rectangular potential well with the depth decreasing during time t. 

𝑈(𝑥, 𝑡) = −𝐽0𝜂(𝐿2 − 𝑥2)𝜑(𝑡),  (5)                                          

where 𝐽0 > 0  is the constant with the dimension of

energy, 𝜂(𝐿2 − 𝑥2)   is the step function (η(y) = 1  for 

y ≥ 0  and η(y) = 0  for y < 0), 0 ≤ 𝜑(𝑡) ≤ 1  is a non-

increasing function of time. It is believed that until the 

moment 𝑡 = 0 the potential well (5) is stationary with 

the value 𝜑(0) = 1  and a point particle with mass 𝑚 

and velocity 𝑣0 is localized in it. Then, taking into

account (5), the initial total energy𝐸0 of this particle at

𝑡 = 0 has the form: 

𝐸0 = 0.5𝑚𝑣0
2 − 𝐽0.  (6)                                     

Localization of the particle in the well (5) is possible 

only at the energy 𝐸0 ≤ 0  (6), i.e. under the following

limitation on the particle velocity 𝑣0:

|𝑣0| ≤ 𝑣m = √
2𝐽0

𝑚
.  (7) 

According to the equation of motion (3), the module 
|𝑣0| (7) of the particle velocity will be constant within

the one-dimensional rectangular potential well (5) 

despite the change in its depth. Starting from the 

moment 𝑡 = 0, the depth of the well (5) starts to 
decrease. Such a process is accompanied by an increase 

in the total particle energy 𝐸(𝑡), according to relation 

(4), which in the case of a rectangular well (5) reduces 

to the following formula for  𝑡 ≥ 0 :  

𝐸(𝑡) − 𝐸0 = 𝐽0[𝜑(0) − 𝜑(𝑡)] = 𝐽0[1 − 𝜑(𝑡)].  (8) 

From (5)-(8) we obtain the condition when the particle total energy 𝐸(𝑡1) = 0  at a moment 𝑡1 > 0:

𝜑(𝑡1) =
𝑚𝑣0

2

2𝐽0
=

𝑣0
2

𝑣m
2 ≤ 1 . (9) 

At a moment 𝑡2 ≥ 𝑡1 this particle can already leave this well (Fig.1) with the final speed 𝑣𝑓 which are determined

on the basis of relations (4) and (5) taking into account that at the moment 𝑡 = 𝑡1 its total energy 𝐸(𝑡1) = 0:

0.5𝑚𝑣𝑓
2 = 𝐸(𝑡2) - 𝐸(𝑡1) = 𝐽0[𝜑(𝑡1) − 𝜑(𝑡2)] .                        (10)

Let's assume that at the initial moment of time t=0, the considered particle with the velocity 𝑣0 (7) is within the

potential well (Fig. 1) with the coordinate 𝑥 (𝐿 ≥ 𝑥 ≥ −𝐿) . Then it is not difficult to find the moment 𝑡2 when

the particle leaves this well: 

𝑡2 = (
2∙𝐿∙𝑘+𝐿−𝑥∙𝑣0∙|𝑣0|−1

|𝑣0|
). (11) 
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The value k in (11) is the number of particle collisions with boundaries of the well (Fig. 1) during the localization 

time  𝑡2 > 𝑡 ≥ 0  and is determined by the following formula: 

 

                                              𝑘 = 𝑐𝑒𝑖𝑙 (
𝑥∙𝑣0

2𝐿∙|𝑣0|
+

|𝑣0|∙𝑡1

2𝐿
− 0.5),                                (12) 

 
where the function ceil(z) is the minimum integer number ≥ z, and the time 𝑡1 is found from (9). Now, from relation 

(10), we find the following expression for the final particle velocity 𝑣𝑓, taking into account its sign, i.e. exit 

direction from the potential well (Fig. 1): 

 

                            𝑣𝑓 = 𝐽0
0.5 ∙ [𝜑(𝑡1) − 𝜑(𝑡2)]0.5 ∙ 𝑣0 ∙ |𝑣0|−1(−1)𝑘.                     (13) 

 
3. DISCUSSION OF RESULTS 

 

Further, we will carry out research on the example of the following time dependence 𝜑(𝑡) (2): 

 

                              𝜑(𝑡) = 𝑒𝑥𝑝[−(𝑡 𝑇⁄ )𝑛] ,       (𝑡 ≥ 0, 𝑛 > 0) ,                                (14) 
where T is some characteristic time interval.  

 

 
 

Fig.2. Dependence of the function φ(t) (14) on the time t (in units T) for the parameter  n= 0.5 (curve 1), 1 (2) and 2 (3). 

 

Fig. 2, for example, shows such 

dependences 𝜑(𝑡) (14)   for a number of the parameter 
n=0.5, 1 и 2. Based on the function(14), we obtain from  

(9) the moment 𝑡1 at which the total energy of the 

particle 𝐸(𝑡1) = 0: 

                                              

  𝑡1 = 𝑇 ∙ [𝑙𝑛(𝑣𝑚
2 𝑣0

2⁄ )]1 𝑛⁄  .                  (15)                             
 

Fig. 3 shows the dependences of the values 𝑣𝑓 

(13),  𝑡2 (11), 𝑡1 (15) and  𝑘 (12)  on the characteristic 

time interval 𝑇  of the function  𝜑(𝑡)  (14). This 

parameter 𝑇 in Fig. 3 is presented in fractions of the 

characteristic time τ = (2𝐿 𝑣𝑚⁄ ) of the passage of the 

localized particle between the boundaries of the 

potential well (Fig. 1) with the maximum possible 

speed 𝑣𝑚 (7). It can be seen that the final velocity 𝑣𝑓 of 

the delocalized particle undergoes damped oscillations 

with increasing  𝑇 (Fig. 3a). The times 𝑡1 (15) and 𝑡2 ≥
𝑡1 (11) increase monotonically with increasing 𝑇 (Fig. 

3b). We note that equal values 𝑡2 = 𝑡1 correspond to 

the moments when, according to (13), the velocity 𝑣𝑓=0  

(Figs.3a,b). The value k, which determines the number 

of collisions of the localized particle with boundaries of 

the well (Fig. 1) during the time interval 𝑡2 > 𝑡 ≥ 0, 
also increases with increasing T (Fig. 3c). The 

dependences presented in Figs. 3 do not qualitatively 

change when the initial coordinate x of the particle 

localized within the well (Fig.1) changes at the initial 

time t=0. 
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Fig.3. Dependences of values 𝑣𝑓 (a),  𝑡1,  𝑡2 (b) and k (c) on the characteristic time interval 𝑇 (in units τ = 2𝐿 𝑣𝑚⁄ ),

 when n=0.5, x=0.39L, and  𝑣0= -0.36 𝑣𝑚.

At the same time, the following characteristic σ is 

of special interest, which determines the ratio of the 

values of the kinetic energies of the particle averaged 

over the distance 𝐿 ≥ 𝑥 ≥ −𝐿 when it leaves the 

potential well with the final velocity 𝑣𝑓  and during its

previous localization in this well with the speed |𝑣0|:

 𝜎 =
1

2𝐿
∫ (

𝑣𝑓(𝑥)

𝑣0
)

2

𝑑𝑥
𝐿

−𝐿
,  (16)                      

where the dependence 𝑣𝑓(𝑥) is determined on the basis

of relations (9)-(13). 

   Fig. 4 shows the dependences of the value of σ 

(16) on the characteristic time interval T for three 

values of the parameter n = 0.5, 1 and 2 of the function 

𝜑(𝑡) (14). It can be seen that σ decreases monotonically 

with increasing T, starting from the value σ =1 at T =0, 

and can reach very small values σ <<1 at 𝑇 >> τ =
(2𝐿 𝑣𝑚⁄ ). In this case, a faster decrease in σ takes place

for the parameter n = 0.5, when there is a slower 

decrease with time t of the function 𝜑(𝑡) (14) compared 

with the cases n = 1 and 2 (Fig. 2). 
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Fig.4. Dependence of the value σ on 𝑇 (in units τ = 2𝐿 𝑣𝑚⁄ ) for the parameter n=0.5 (curve 1), 1 (2) and 2 (3), when          

           𝑣0= -0.36 𝑣𝑚. 

 

      

 
 

Fig.5. Dependence of the value σ on |𝑣0| (in units 𝑣𝑚) for the parameter n =0.5 (curve 1), 1 (2) and 2 (3) when 

           𝑇 = 15τ = 30𝐿 𝑣𝑚⁄ . 

 

Fig. 5 shows the dependences of the value σ (16) 

on the speed |𝑣0| of the localized particle for the fixed 

time interval T and three parameters n = 0.5, 1, and 2 of 

the function 𝜑(𝑡) (14). It can be seen that for n =1 and 

2, the value of σ decreases with increasing |𝑣0| (starting 

from the value σ =1 at 𝑣0=0) over the entire interval 
|𝑣0| ≤ 𝑣m and can reach very small values σ <<1 as 
|𝑣0| approaches to 𝑣m (curves 2 and 3 in Fig. 5). At the 

same time, at n = 0.5, the dependence 𝜎(𝑣0)  after a 

sharp decrease with increasing |𝑣0| may rise as |𝑣0| 
approaches to 𝑣m (curve 1 in Fig. 5). 

Thus, based on the study, we can conclude that the 

efficiency of deceleration (cooling) of particles during 

their delocalization from the considered potential well 

(Fig. 1) increases with a slower decrease in the depth of 

the well, as well as with a reduction in its length 2L, 

since the characteristic time interval T of the function 

𝜑(𝑡) (14) is presented on the horizontal axis in Figs. 3 

and 4 in fractions of the value τ = (2𝐿 𝑣𝑚⁄ ). According 

to Fig.3c, during this process, quite a lot of oscillations 

of the particle between the boundaries of the well 

should occur.  
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The established features and qualitative results of 

the delocalization process of particles from the 

considered rectangular potential well (Fig. 1) are also 

confirmed by additional calculations of the author 

carried out for various dependences of the well depth 

decrease with time t, different from the function        

𝜑(𝑡) (14). 

_________________________________________ 
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