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The dependence of electron mobility on their surface density in a semiconductor quantum well is studied. The modified 

Poschl-Teller potential is used as the confining potential in the quantum well. It is shown that the dependence of electron 

mobility on their surface density is close to linear. Comparison of the obtained theoretical results with experimental data 

shows that the modified Poschl-Teller potential represents the confining potential in 𝐺𝑎𝐴𝑠/𝐴𝑙𝑥𝐺𝑎1−𝑥𝐴𝑠 quantum well 

properly. 

 

Keywords: quantum well, Poschl-Teller potential, mobility. 

PACS: 73.63.-b; 73.63.Hs 

 

Semiconductor quantum well is the quantum film 

in which the motion of the charge carriers is not 

restricted in two directions (let us assume the 

Cartesian coordinates in these directions x and y) but 

in one direction (the z -axis). Theoretical study of 

transport phenomena in electron gas in semiconductor 

quantum wells requires to choose the shape of the 

confining potential in the z -direction. Since the actual 

shape of this potential is unknown [1], different 

models are used in theoretical researches. In scientific 

literature, the most used models are the square well 

potential [1] and the parabolic well potential [2]. In 

real crystals the energy of electrons depends on z and 

height of potential is finite quantity. The flaw of 

square well potential is that this model does not 

consider z dependence; parabolic model considers this 

dependence but its value tends to infinity at large 

distances. 

In recent years the modified Poschl-Teller 

potential has been used as the confining potential in 

quantum wells [3-5]. This potential has a shape 

between square well and parabolic well models, 

depends on z and gets finite value at large  z (fig. 1).  
In the present paper dependence of the mobility 

of electrons on their surface density in a quantum well 

with the modified Poschl-Teller potential is studied. 

This potential can be written as [6]: 

 

𝑈 𝑧 =
ℏ2𝛼2

2𝑚
𝜆 𝜆 + 1 tanh2𝛼𝑧, 𝜆 > 0   

(1) 

 

Since in 𝑥 and 𝑦 directions motion is not 

restricted, dispersion law of electrons with potential 

(1) is as follows: 

 

𝜀 𝑘𝑥 ,𝑘𝑦 = 𝐸𝜆 ,𝑁 +
ℏ2 𝑘𝑥

2 + 𝑘𝑦
2 

2𝑚
 

𝐸𝜆 ,𝑁 =
ℏ2𝛼2

2𝑚
 𝜆 𝜆 + 1 −  𝜆 − 𝑁 2     (2) 

Here 𝑚 is the effective mass of conduction 

electrons, kx and ky are the projections of wave vector 

of electrons, respectively in x and y directions, 

N=0,1,2, ... is the number of energy levels (N λ).   

 

  

Fig. 1. Different models of confining potential: 1- square 

well, 2- parabolic, 3- modified Poschl-Teller 

potential (L - width of the quantum well). 

 

Wave function of the electrons with energy spectrum (2) is given as: 
 

𝜓𝑁 ,𝜆  ,𝑘𝑥  ,𝑘𝑦
 𝑟  =

𝑒 𝑖(𝑘𝑥𝑥+𝑘𝑦 𝑦 )

 𝐿𝑥𝐿𝑦𝐿𝑧
 
𝛼 𝜆−1 Γ 2𝜆−𝑁+1 

𝑁!
 

1

2
𝑃𝜆
𝑁−𝜆 tanh αz                         (3) 
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Here 𝑟  𝑥, 𝑦, 𝑧  – coordinates of the electron, Lx, 

Ly, Lz –dimensions of the sample in the respective 

directions, 𝑃𝜆
𝑁−𝜆 tanh αz  are the Legendre 

functions [6].  

The analysis of the results of most experiments 

performed in quantum films shows that electrons 

occupy the states with the lowest energy (N = 0), 

namely the average energy satisfies the relation 

𝜀  < ℏ2𝛼2 2𝑚 . So we can take parameters of the 

potential as 𝜆 = 1, 𝑁 = 0. 

Let us assume the case that the electric field is 

directed along the quantum film. Then in order to find 

the mobility, Boltzmann kinetic equation can be used. 

We are going to use the relaxation time 

approximation. In the absence of magnetic field and 

temperature gradient the distribution function of 

electrons can be written as follows [7]: 
  

𝑓  𝑘𝑥 ,𝑘𝑦 = 𝑓0 𝜀 +
 𝑒

ℏ
𝜏 𝜀 𝐸  ∇𝑘  𝑓0 𝜀      (4) 

 Here 𝑓0 𝜀   is the isotropic part of the 

distribution function, 𝐸      -the intensity of the electric 

field, ()=(vak+ vpz+ vi)
–1

 is the total relaxation 

time due to different scattering mechanisms, vak , vpz , 

and vi are scattering rates due to acoustic and 

piezoacoustic phonons and impurity ions, 

respectively. These rates were calculated in [4] and 

[5]. When the distribution function of electrons is 

known (4) mobility can be derived from the 

expression for current density along the quantum film: 

  𝑗 = −2𝑒  𝑣  𝑓 𝑘𝑥 ,𝑘𝑦 𝑘𝑥 ,𝑘𝑦                    (5) 

Here 𝑣 = ℏ𝑘  /𝑚  is the electron velocity. If we 

take into account (4) in equation (5) and convert the 

summation over 𝑘𝑥  and 𝑘𝑦  into an integral, we get: 
 

 𝑗 =
𝑒2ℏ2

2 𝜋2𝑚2   −
𝜕𝑓0

𝜕𝜀
 

∞

−∞
𝜏 𝜀 𝑘   𝑘  𝐸   𝑑𝑘𝑥𝑑𝑘𝑦  (6) 

    

We can write the last expression in polar 

coordinates (k, φ) and integrate over angle φ: 

𝑗 =
𝑒2ℏ2

2 𝜋  𝑚2
𝐸    −

𝜕𝑓0

𝜕𝜀
 

∞

0
𝜏 𝜀 𝑘3𝑑𝑘 = 𝜎 𝐸     (7)                          

Here  is conductivity. When electrons are 

located in parabola with the lowest energy (N =0) for 

the chemical potential of electrons we get: 
 

𝜁 =
ℏ2𝛼2

2𝑚
+ 𝑘0𝑇 ln  exp  

𝜋ℏ2𝑛

𝑚𝑘0𝑇
 − 1        (8) 

Here k0 –Boltzmann constant, T - the temperature 

of the crystal, n – the surface density of electrons. 

Note that E1,0 =(ℏ22
/2 𝑚) is the minimum of the 

parabola with the lowest energy. Let us take origin as 

the minimum of the parabola and consider new 

variables as below: 
 

𝑥 =
𝜀

𝑘0𝑇
−

ℏ2𝛼2

2𝑚  𝑘0𝑇
=

ℏ2𝑘2

2𝑚  𝑘0𝑇
, 𝜂 =

𝜁

𝑘0𝑇
−

ℏ2𝛼2

2𝑚  𝑘0𝑇
  (9)      

Then electron mobility 𝜇 = 𝜎/𝑛𝑒 can be written 

as: 

𝜇 =
𝑒  𝑘0𝑇

 𝜋  ℏ2𝑛
 

𝑒𝑥−𝜂

(𝑒𝑥−𝜂+1)2

∞

0
𝜏 𝑥  𝑥𝑑𝑥       (10)  

 

At low temperatures, the main mechanism of the 

scattering is the scattering by impurity ions. In this 

case mobility of electrons becomes: 
 

𝜇 =
𝜒2(𝑘0𝑇)2

2𝜋2ℏ 𝑒3𝛼2  𝑛  𝑛𝑖
 

ⅇ𝑥−𝜂

(1+ⅇ𝑥−𝜂 )2
  

𝐼2(𝑘 ,𝑡) 𝑑𝑡

𝜖2 𝑘 ,𝑡  1−𝑡2

1

0
 
−1

∞

0
𝑥2𝑑𝑥               (11) 

Here,  𝑘 =   2 𝑚𝑘0 𝑇 ℏ  𝑥1 2 , 𝐼 𝑘, 𝑡 =  ⅇ−2𝑘𝑧𝑡  1 − Tanh 𝛼𝑧 2 ⅆ𝑧, 𝑡 =
𝑞

2𝑘

∞

0
 . 

 

χ - the static permittivity, 𝑛𝑖  - surface density of ions in the quantum well, 𝑞 =  𝑘  2 − 𝑘  1   - the magnitude of 

the difference of two-dimensional wave vectors of the interacting electrons, 𝜖 𝑘, 𝑡  is dielectric function [4,5]: 
 

𝜖 𝑞 = 1 +
2𝑚𝑒2

ℏ2𝜒𝑞
 

1

2
 
𝑞

𝛼
 

2
𝛹(1)  −1 +

𝑞

2𝛼
 −

4+ 
𝑞

𝛼
−1  

𝑞

𝛼
 

2

 
𝑞

𝛼
−2 

2  𝑓0  
ℏ2𝛼2

2𝑚
               (12) 

 

Here Ψ(1) 𝑧 =
𝑑2

𝑑𝑧 2 𝑙𝑛Γ(𝑧) – trigamma 

function, Γ 𝑧  -gamma function, 𝑓0  
ℏ2𝛼2

2𝑚
  -

occupation probability of the lowest energy state 

(𝑘 = 0) . 

From (11) dependences of mobility on the 

temperature, the surface density of impurity ions and 

electrons can be investigated. In quantum wells 

dependence of the mobility of electrons on their 

surface density is sharply different from the bulk 

crystals. The reason is that in bulk impurity 

semiconductors concentrations of electrons and ions 

have the same order of magnitude, while in the 

quantum film it is possible to increase the surface 

density of electrons compared to surface ion density 

sufficiently. For example, in heterostructure AlxGa1-

xAs/GaAs number of electrons in quantum well 

(GaAs) increases by one or two orders of magnitude 

because of the electrons coming from the environment 

(AlxGa1-xAs) [8,9]. Since the ions in the AlxGa1-xAs 

part of the heterostructure are far from the electrons in 
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GaAs quantum well, their influence on scattering of 

electrons is insignificant, consequently increasing of 

surface density of electrons causes significant increase 

of mobility. 

Let us compare obtained theoretical results with 

experimental ones [8] in n –type GaAs/AlxGa1-xAs  

quantum well. In this experiment, the electron 

mobility is measured in the interval of the surface 

density of electrons 𝑛 = (1 ÷ 8)1015 𝑚 −2. At these 

values of electron surface density at low temperatures 

(T<20K) electrons are strongly degenerate, then  

(reduced chemical potential) and k can be written as 

 = 2ℏ𝑛/𝑚𝑘0𝑇 and 𝑘 =  2𝜋𝑛 , respectively. 

Let us calculate mobility numerically at T =12 K 

in which experiment is performed. Values of used 

parameters  [10]: m =0.067m0 (here m0 –free electron 

mass), =5.310
3 

kg/m
3
, =12.9, E1=7.4eV, 

e14=0.16C/m
2
.  

In order to find parameter  of the modified 

Poschl-Teller potential we use the fact that the factor 

before tanh
2
 z function (1) is equivalent to the depth 

Δ of the quantum well [5]; when λ =1: 
 

ℏ2𝛼2

𝑚
= ∆                             (13) 

 

In the experiment [8] the proportion of GaAs in 

AlxGa1-xAs  film  is x=0.3. If we take into account 

that band gaps of the AlAs and GaAs are 2.23eV and 

1.52eV, respectively [10], at x=0.3 for the band gap of 

the AlxGa1-xAs we get Eɡ 1.52(1-x) +2.23 x 1.73 

eV. Then AlxGa1-xAs and GaAs films have band gap 

difference of Eɡ0.21eV. The depth of n -type 

quantum well is equal to the difference of the 

minimums of the conduction bands in heterojunction. 

From scientific literature [11] it is known that this 

difference can approximately be found from the 

condition  0.7𝐸ɡ. Then from expression (13) for 

the parameter of the potential, we get =3.6  10
8
m

-1
. 

We will use this value of 𝛼 in numerical calculations. 

The dependence of mobility on the electron 

surface density has been calculated at the different 

values of the surface density of the ions  and given in 

fig. 2(a). As seen from the figure the dependence of 

electron mobility on their surface density is close to 

linear dependence.  

In fig. 2(b) the comparison of the obtained 

theoretical results with experimental ones [8] is given 

at ni=6×10
14

m
-2

. From this figure, we can see that 

obtained theoretical results fit well with experimental 

results. Based on this, we can conclude that the 

modified Poschl-Teller potential represents confining 

potential in GaAs/AlxGa1-xA quantum well properly. 

 

 
 

 

Fig. 2. (a) Dependence of electron mobility on their surface 

density at: 1-ni= 2×1014m-2; 2- ni=4×1014m-2; 3- 

ni=6×1014m-2;   4- ni =8×1014 m-2; 5- ni =1015 m-2; 

(b) Comparison of experimental and theoretical 

results at ni=6×1014m-2; line - theoretical, dots - 

experimental results. 
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