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Recently, the ATLAS and CMS collaborations at LHC announced Higgs boson like particle with mass around 125 GeV. 

To explore its physical properties, different observables are needed to be measured precisely at the various processes with the 

Higgs boson. In this paper in the framework of the Standard Model the Higgs boson and a heavy fermion pair production 

process in electron-positron collisions in considered: fHfee  , here ff  – is the lepton pair (
 ) or quark pair   ( bb , 

tt ). The mechanism of Higgs boson radiation by a heavy fermion pair is investigated in detail. Taking into account the 

arbitrarily (longitudinal and transverse) polarizations of the electron-positron pair and the longitudinal polarizations of the 

fermion pair, analytical expressions for the differential and integral cross sections are obtained. The left-right and transverse 

spin asymmetries, as well as the degree of longitudinal polarizations of the fermion are determined. At the energy of the 

electron-positron pair s =1 TeV, the dependence of the effective cross section and asymmetries on the energies and angles 

of departure was studied. The possibility of measuring the coupling constant of the Higgs boson with a tt -quark pair is 

discussed. 
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1. INTRODUCTION 

 

The Standard model (SM), based on the local 

gauge theory with a symmetry group 

)()()( 123 YLC USUSU  , satisfactorily describes the 

physics of strong, electromagnetic and weak 

interactions between quarks, leptons, and gauge bosons 

[1-5]. In elementary particle physics, not a single 

experiment has yet been observed, the results of which 

are not consistent with the SM. Recently opened the 

missing bricks in the building SM. These is the scalar 

Higgs boson, discoveries by the ATLAS and CMS 

collaborations [6, 7] (see also reviews [8-10]) at the 

Large Hadron Collider (LHC) at CERN. The discovery 

of the Higgs boson experimentally confirmed the 

theoretically predicted mechanism for the generation of 

masses of fundamental particles – the mechanism of 

spontaneous breaking of the Brout-Englert-Higgs 

symmetry [11–14]. 

In experiments conducted in the LHC, the main 

properties of this particle were established. The Higgs 

boson is a scalar particle with spin zero, positive parity, 

nonzero vacuum value, mass about 125 GeV, 

interacting with 
W - and 

0
Z -bosons with a coupling 

constant proportional to their masses. With the 

discovery of the Higgs boson H , the SM has entered a 

new stage in the study of the properties of the 

fundamental interactions of elementary particles. An 

accurate measurement of all the coupling constants of 

this particle with fundamental fermions can be an 

argument in favor of or a counterbalance to the fact that 

it is in fact a Higgs boson of the SM. In this connection, 

interest in various channels of the Higgs boson 

production and decay has greatly increased [1, 15–29]. 

Determining the physical characteristics of the 

Higgs boson H  is the main task of the LHC, as well as 

future high-energy electron-positron colliders. Note 

that the collision of electrons and positrons at high 

energies is an effective method for studying the 

mechanisms of interaction of elementary particles. This 

is mainly due to the following two circumstances. First, 

the interaction of electrons and positrons is described 

by the electroweak Weinberg-Salam theory; therefore, 

the results obtained are well interpretable. Secondly, 

since electrons and positrons do not participate in 

strong interactions, the background conditions of the 

experiments are significantly improved compared with 

the studies conducted with hadron beams. The latter 

circumstance is especially significant when studying 

processes with small cross sections. We only note that 

experiments carried out with electron-positron beams at 

LEP and SLC acceleration centers up to energies of 

s 209 GeV in the center-of-mass system played an 

essential role for precision testing of the SM [1, 2]. 

At present, the construction of a new generation 

of electron-positron colliders ILC (International Linear 

Collider), CLIC (Compact Linear Collider), FCC-ee 

(Future Circular Collider), CEPC (Circular Electron 

Positron Collider) [23, 30] has been designed. In the 

future, these colliders will allow us to study the 

physical properties of the standard Higgs boson. 

In recent works [16, 27], we have investigated the 

processes of production of the Higgs boson and light 

fermion pair in arbitrarily polarized electron-positron 

collisions. The associated production of the Higgs boson 

and the heavy fermion pair was first considered in [31]. 

Here authors consider the electromagnetic mechanism of 

the production of a heavy fermion pair and the Higgs 

boson radiation from the fermion line 

Hffee   *)( . In [32] (see also [33]), in 

the framework of the SM, the production of the Higgs 
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boson H  and a heavy tt -quark pair was considered 

ttHZee   *)*;( . Here, a cross section is 

obtained, integrated over the angles of emission of 

particles and characterizing the distribution of the tt -

quark pair by energy. In a recent paper [34, 35], we 

investigated the electromagnetic mechanism of the 

process ffHee   *)(  with allowance 

for arbitrary polarizations of the electron-positron pair 

and the helicities of heavy fermions. 

In the present work, we studied the associated 

production of the standard Higgs boson H  and a heavy 

fermion pair in arbitrarily polarized electron-positron 

collisions in the framework of the SM: 

 

      ffHZee  *)*;(           (1) 

 

 

where ff  –may be a lepton (  ) or quark ( ,bb tt ) 

pair. The differential and integral cross sections of the 

process are calculated taking into account the 

polarizations of the particles. The possibility of 

measuring the fundamental constant of the SM, the 

Higgs boson coupling constant of with a heavy fermion 

pair, is discussed, which is very important for verifying 

the Higgs sector of the SM. 
 

2.  DIFFERENTIAL CROSS SECTION OF 

     REACTION fHfee 
 

 

In the SM process (1) is described by two types of 

Feynman diagrams, shown in fig. 1, where 4-momenta 

of the particles are written in parentheses. Diagrams a) 

and b) correspond to the Higgs boson radiation by a 

heavy fermion pair, and c) describes the Higgs boson 

radiation by the intermediate vector 
0

Z -boson. 

 

 
 

Fig. 1. Feynman diagrams for the associated production of Higgs boson with a fermion pair. 

 

Within the framework of the SM, the matrix element corresponding to diagrams a) and b) can be written as 

(note that diagram c) was studied in detail in a recent paper [16], which is why it is not considered here) 
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Here 1eQ  – is the electric charge of an electron in units e ; 
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– electromagnetic (weak) currents of the electron-
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positron and heavy fermion pair; 
2

21
2 )( ppps   – 

the square of the total energy 
ee -pairs in the center 

of mass system, fm  and fQ  – the mass and electric 

charge of the fermion f , Hffg  – the Higgs boson 

coupling constant with a heavy fermion pair, ZM  – the 

mass of a 
0

Z -boson, )(egV  and )(egA  ( )( fgV  and 

)( fgA ) – the vector and axial-vector coupling 

constants of the electron (fermion) with 
0

Z -boson. In 

SM, these coupling constants are defined by the 

expressions 
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where WWx  2sin  – is the Weinberg parameter, 21)(3 fI  – is the third projection of the weak isospin of 

the fermion f . 

The square of the matrix element (2) is expressed by the formula 
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 HL , )( )()( ZZ

HL   and )( )()( ii
HL   are the electromagnetic, weak, and 

interference tensors of the electron-positron (heavy fermion) pair. Due to the conservation of electron-positron 

currents 
)(

  and )(Z
 , the contribution to the cross section is made only by the spatial components of the tensors 
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Electron-positron tensors )(a
mrL  are easily calculated on the basis of currents )(

  and 
)(Z

 , in the case of 

arbitrarily polarized 
ee -pairs, they have the following structure [36, 37]: 
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where 1  and 2  ( 1


 and 2


) are the helicities (the 

transverse components of the spin vectors) of the 

electron and positron, N


 –is a unit vector directed 

along the electron momentum.  

From the expressions of tensors (9), it follows that 

the longitudinally polarized electron and positron must 

have opposite helicities 121  (the left 

electron, and the right positron – 

RLee  or the right 

electron, and the left positron – 

LRee ). This is due to 

the preservation of the total momentum in the 

transitions * 
ee  and *Zee   . 

As for the fermionic tensors of a heavy fermion 

pair 
)(a

mrH , we note that in the general case they have a 

cumbersome expressions, therefore they are not given 

here. However, at high energies of colliding particles    

( 1s  TeV), the rations sm f
2  and sM H

2
 can be 

neglected (for example, when 1s  TeV for a heavy 

t -quark this ratio is 1030
1000

2173
2









.
.

). Then for the 

tensors 
)(a

mrH  we have the following expressions (we 

assume that the heavy fermion pair is polarized 

longitudinally): 
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Here 1h  and 2h  – are the helicities of the fermion 

and antifermion, sEx 11 2 , sEx 22 2  and 

2122 xxsEx HH   – are the scaling energies 

of the fermion, antifermion and Higgs boson, 

respectively, n


, 1n


 and 2n


 – are the unit vectors along 

the Higgs boson, fermion and antifermion momentums. 

As follows from the tensors 
)(a

mrH , the helicity of 

the fermion and the antifermion, in contrast to the 

helicity of the electron-positron pair, must be the same 

121  hh  ( RR ff  or LL ff ). 

This is due to the conservation of the total 

momentum at the Higgs boson emission by the fermion 

or antifermion ( ,Hff   Hff  ). We note 

that  when  the  Higgs  boson is emitted by the vector 

Z -boson, due to the conservation of the total 

momentum in the transition ffZ *
,  the  fermion 

and  the   antifermion  must  have  opposite   helicities                               

 

( 121  hh , RL ff  and LR ff ). Consequently, it is 

possible to separate the contributions of the diagrams a) 

and b) from the contribution of the diagram c) along the 

helicities of the fermion and the antifermion. 

We use a coordinate system in which the OXZ 

plane coincides with the particle production plane 

021  kqq


, and we introduce angles  ,   and  , 

where   – is the polar angle between the Z axis and the 

direction of the electron beam,   – is the azimuth angle 

between the production plane and the plane defined by 

the Z axis and the electron beam,   the azimuth angle 

between the planes of production and transverse 

polarization of the electron. In this coordinate system, 

the angular distribution of particles over the angles  , 

  and   in the case of arbitrarily polarized electron-

positron and longitudinally polarized fermion-

antifermion pairs is given by: 
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where CN  – is the color factor (in the case of the production of a lepton pair 
  1CN , and in the case of the 

production of a quark pair bb  or tt  3CN ). 

 

3. ANGULAR CORRELATIONS IN THE PROCESS fHfee 
 

 

We introduce the so-called correlation functions )( 91 nn , by means of the relations 
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Then the product of the electron-positron and fermionic tensors can be represented as: 
 

                         23431133332112212211 ()()()(
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For the distribution of particles over the angles   and   in the reaction (1) the expression is obtained 
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The notation is entered here 
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and functions 
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Correlation functions n  and n , entering in (16), depend on scaling energies 1x  and 2x  (
212 xxxH  ) 

and they are easily determined on the basis of fermionic tensors (10): 
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As can be seen, due to the orthogonality of the Y 

axis to the particle production plane, the correlation 

functions ,5  6 , 9 , 5  and 6  vanish. 

In the case of massless fermions and Higgs boson, 

the distribution of particles in the Dalitz diagram is 

determined by the laws of conservation of energy and 

momentum: 

      .0,2 221121  nxnxnxxxx HH


 

  

The boundaries of the allowed region are given by 

the equations  
 

).( kjixxx jik   

  

The lines ,21 xx   Hxx 1  and Hxx 2  divide 

the Dalitz diagram into six different areas. In the region 

of ( ji; ) the scaling energies of the particles ix  and jx  

satisfy the conditions 
 

).( kjixxx kji   
 

We can direct the axis Z  along the most energetic 

particle and choose an axis X  so that the x  projection 

of the momentum of the second more energetic particle 

becomes positive. Then the following areas of the 

Dalitz diagram are obtained. 

Ia (3; 1). The axis Z  is directed along the 

momentum of the more energetic Higgs boson, and the 

momentum of the second energetic fermion has a 

positive x -projection (see fig. 2a) 
 

).,0,(),,0,(),1,0,0( 3232231311 csncsnn 


 



HIGGS BOSON RADIATION IN ARBITRARILY POLARIZED ELECTRON-POSITRON COLLISIONS 

45 

Similarly, we have the following areas: 

 

 Ib(3; 2): );,0,(),,0,(),1,0,0( 3232231311 csncsnn 


  

 IIa(1; 2): );,0,(),,0,(),1,0,0( 1313121221 csncsnn 


  

 IIb(1; 3): );,0,(),,0,(),1,0,0( 1313121221 csncsnn 


  

 IIIa(2; 1): );,0,(),,0,(),1,0,0( 2323212112 csncsnn 


  

 IIIb(2; 3): ).,0,(),,0,(),1,0,0( 2323212112 csncsnn 


 

 

 
 

Fig. 2. The coordinate systems Ia, IIa and IIIb. 

  

Here we have used the notation ijijs  sin  and 

ijijc  cos , where ij  – the angle between the 

directions of the momenta of the particles i  and j . 

These angles depend on the scaling energies of the 

particles 
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Using these expressions, we can easily determine 

the correlation functions in each area of the Dalitz 

diagram. Here we present the correlation functions in 

the coordinate system Ia (Ib), where the momentum of 

the more energetic Higgs boson is directed along the 

axis Z , and the second energetic fermion (antifermion) 

in the production plane has a positive momentum 

projection 01 xq  ( 02 xq ): 
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The expressions for the correlation functions in 

the coordinate systems IIa, b and IIIa, b are given in the 

Appendix. 

The distribution of particles over the angles   and 

  present in the form: 
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where the coefficients of the angular distributions of particles are determined by the expressions 
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Let us estimate the coefficients of the angular 

distributions ),,,,( 87421 kk  in the coordinate 

system IIIb, where the momentum of the more 

energetic antifermion is directed along the axis Z , and 

the momentum of the second energetic Higgs boson in 

the production plane has a positive x -projection 

0xk  (see fig. 2c). Using the expressions of the 

correlation functions given in the Appendix, for these 

coefficients we have the expressions: 
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In fig. 3 shows the dependence of the coefficients 

on a variable 2x  with a fixed scaling energy 901 .x  

in the process ttHee   . Here and in further 

calculations, the energy of electron-positron beams is 

assumed s  = 1 TeV, mass of 
0

Z -boson ZM  = 

91.1875 GeV, mass of t -quark tm  = 173.2 GeV, 

Weinberg parameter Wx = 0.232. As you can see, the 

coefficient 1  ( 7 , 8 ) is negative and decreases 

(increases) with increasing energy 2x . The coefficient 

of the angular distribution 2  is positive and slowly 

increase with increasing variable 2x . The angular 

distribution coefficient 4  at the beginning of the 

energy spectrum is negative, it increases with 

increasing 2x  and at the end of the energy spectrum 

becomes positive. 
 

4. LEFT-RIGHT AND TRANSVERSE SPIN     

   ASYMMETRIES AND THE DEGREE OF  

   LONGITUDINAL POLARIZATION OF THE  

   FERMION 
 

When electron-positron pair a longitudinally 

polarized the differential cross section of reaction (1), 

integrated over the angles   and  , can be represented 

as: 
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Here 
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– the differential cross section of this process in the case of unpolarized particles, and 
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– left-right spin asymmetry due to the longitudinal polarization of the electron and the designation introduced  
 

 
222 )]()()[()(2)()(2 ZAVAVZVAfeD XfgfgegegXfgegQQG  .  

 

The left-right spin asymmetry LRA  in the process 

ttHee    at 95.02 x  approximately 

17.6% and slightly increases with growth 1x , 

remaining almost constant. The same character is the 

left-right spin asymmetry in the process 
  Hee . However, in this process, the 

left-right spin asymmetry is almost three times less than 

in the process ttHee  
. 

Due to the weak interaction in the process under 

consideration, fermion and antifermion can be 

produced longitudinally polarized. Taking into account 

the longitudinal polarizations of the heavy fermion pair, 

the differential cross section integrated over the angles 

is: 
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Here  

                  

1}2)1)((2)](2)(2)[21)(11(22{

]})21(3)21232123(1)[21()]11(3232)[11{(

}2)()()](2)(2[)()({







ZXHxfAgeAgeVgxxHxAG

xssccxHxxxcxHxx

ZXfAgfVgeAgeVgZXeAgeVgfQeQfP

.                  (27) 

 

– degree of longitudinal polarization of the fermion or 

antifermion in the coordinate system IIIb. 

In fig. 4 shows the dependence of the degree of 

longitudinal polarization t -quark in the process 

ttHee    on the variable 1x  at a fixed 

scaling energy 902 .x  and 9502 .x . From the 

graphs it follows, that with increasing scaling energy 

1x  the degree of longitudinal polarization decreases 

monotically. However, at a fixed quark energy 1x  with 

an increase in the antiquark energy 2x , the magnitude 

of the degree of longitudinal polarization increases. 

Interestingly, the degree of longitudinal 

polarization of the fermion ),( 21 xxPf  changes its sign 

when replacing 21 xx  : ),(),( 1221 xxPxxP ff  . 

Note that the degree of longitudinal polarization 

t -quark has already been measured by the ATLAS 

detector in the process of hadron production of a pair 

tt  at the Large Hadron Collider [38]. 

Now consider the particle distribution over the angles 

  and  . In this case, the annihilation cross section of 

a transversely polarized electron-positron pair, 

integrated over the azimuth angle  , has the form 
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– differential cross section of this process in the case of unpolarized particles,  
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Fig. 3. Dependence of the angular distribution coefficients on      

           the energy 2x  in the reaction tHtee 
 for     

          901 .x , s  = 1 TeV, ZM  = 91.1875 GeV,  

           tm  =  173.2 GeV. 

 Fig. 4. The degree of longitudinal polarization in the process 

tHtee 
 as a function of the energy 1x  for   

             different 2x . 
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– transverse spin asymmetry due to transverse polarizations of the electron-positron pair. The notation is entered 

here 
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In fig. 5 shows the angular dependence of the 

transverse spin asymmetry (30) in the process 

ttHee    at 9501 .x  and in the three 

values of the variable 2x 0.55, 0.6, and 0.65. As the 

angle  increases, the transverse spin asymmetry 

increases and reaches a maximum at an angle of              

 =90, and then the asymmetry decreases and 

vanishes at the end of the angular spectrum. The growth  

 

of the variable 2x  leads to a decrease in the transverse 

spin asymmetry. 
 

5. THE DISTRIBUTION OF PARTICLES IN A 

VARIABLE T   
 

Dalitz distribution density on variable 1x  and 2x  

has a simple and compact form, which coincides with 

the result of [32] 
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            (32) 

 

In fig. 6 shows the dependence of the cross section (32) in the process ttHee    on the variable 

2x with fixed 901 .x and 9501 .x .With increasing scaling energy 2x , the cross section monotonously 

decreases, and a decrease in the variable 1x  also leads to a decrease in the cross section. 
 

 
Fig. 5.  The transverse spin asymmetry in the process 

tHtee 
as a function of the angle   at 

9501 .x  for different 2x . 

              

 

            
Fig. 6. Dependence of the cross section of the process 

tHtee 
 on the energy 2x  for different 1x  and 

s  = 1 TeV, ZM  = 91.1875 GeV, tm  = 173.2 GeV. 

 

 

We introduce new variables ),,,max( HxxxTT 211   2T  and 3T  so that inequalities 

2321 2 TTTTTT   are satisfied. We direct the axis Z  along the momentum of the most energetic 

particle and integrate the section in a variable 2T  with a fixed T  one. Then we get the following results: 

1) at TxH   and 21 Tx   (or 22 Tx  ) 
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2) at Tx 1  and 22 Tx   (or at Tx 2  and 21 Tx  ): 
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3) at Tx 1  and 2TxH   (or at Tx 2  and 2TxH  ) 
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By adding the contributions to the cross section of individual regions of the Dalitz diagram, we obtain the 

cross section characterizing the distribution of the most energetic particle in a variable T : 
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In fig. 7 illustrates the dependence of the cross 

section of the reaction ttHee    on the 

variable T  for 1s  TeV and 2173.tm  GeV. 

Growth of the variable T  from 0.725 to 0.9 leads to a 

monotonic increase in the cross section from 0.252 

fbarn to 4.529 fbarn. 
 

 
Fig. 7. Dependence of the cross section of the process 

tHtee 
 on the variable T  for the s  = 1 

TeV, ZM  = 91.1875 GeV, tm  = 173.2 GeV. 

 

Note that an experimental study of the reaction 

ttHee  
 is of great interest, since it allows 

you to accurately measure the coupling constant Httg . 

Although the Higgs boson coupling constants with 

gauge bosons HWWg , HZZg  are measurable in the 

LHC, the direct measurement of the constant Httg  is 

difficult. Consequently, the study of the Higgs boson 

radiation process by top quarks in high-energy 

electron-positron collisions represents a certain 

interest. 

CONCLUSION  
 

Thus, we discussed the process of the associated 

production of the Higgs boson H and a longitudinally 

polarized heavy fermion pair in the annihilation of an 

arbitrarily polarized electron-positron pair 

ffHZee   *)*;( . An analytical 

expression of the differential cross section of the 

process is obtained, the features of the cross section 

behavior, angular correlations of particles, left-right 

spin asymmetry LRA , the degree of longitudinal 

polarization of the fermion fP , and transverse spin 

asymmetry A are investigated. The results of the 

calculations are illustrated with graphs. The possibility 

of experimental measurement of the coupling constant 

Httg  is discussed. 

 

APPENDIX 
 

Here we give the expressions for the correlation 

functions in the coordinate systems IIa, IIb, IIIa and 

IIIb. 

1) In systems IIa and IIb: 
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2) In systems IIIa and IIIb: 
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The upper sign corresponds to systems IIa and 

IIIa, and the lower IIb and IIIb. 
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