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MANNING - ROSEN VO YUKAVA POTENSIALLARININ XOTTi
KOMBINASIYASI UCUN DIiRAK TONLIYININ ANALITIK HOLLI
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Toaqdim olunan igds Dirak tonliyi Manning-Rosen vo Yukava potensiallarinin xatti comi tiglin dogiq spin va psevdospin
simmetriyalar1 halinda Nikiforov-Uvarov metodunu tatbiq edarok olagoli hallar {igiin analitik sokildo holl edilmigdir. Marks-
zoqagma potensialinda yaranan sinqulyarligi aradan qaldirmaq tigiin yeni yaxinlagma totbiq edilmisdir. Hor iki halda, yani do-
qiq spin va psevdospin hallarinda enerji spektri, spinor funksiya vo normallanma sabitlori tigiin k spin-orbital kvant odadinin
ixtiyari gqiymatlori tiglin analitik ifadolor tapilmisdir. Homginin, normallanmig moxsusi funksiyalar Yakobi polinomu ils ifads
olunmusgdur. Géstarilmisdir Ki, enerji spektri vo moxsusi funksiyalar spin-orbital kvant odadinin se¢ilmasine hossasdirlar.
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GIRIS

Kvant mexanikasi yarandigi giindon bari kegon
yiiz ildon ¢ox bir miiddatds fizika elminin tamamila
qurulmus bir sahasine ¢evrilmisdir. Fiziki potensiallar
ticiin dagiq hall edila bilon problemlorin Gyranilmosi
fiziki todgigatlarda hols do vacibliyini saxlayir [1-4].

Qeyri-relyativistik vo relyativistik dalga tonliklo-
rinin kvant mexaniki sistemlor {iglin analitik va bagh
hollorinin tapilmasi olduqca maraqli vo vacib prob-
lemlordon hesab olunur. Kvant mexanikasinin, yaran-
dig1 giindon bori, osas mogsadi fiziki maraq kosb edon
xtisusi potensiallar tg¢iin dalga tonliklarinin analitik
hall edilmasidir. Dalga tonliklorini hall edoarak, tapilan
dalga funksiyalarindan kvant sistemlori haqqinda ki-
fayat godor mitkommol molumatlar sldo etmok miim-
kiindiir. Yoni, dalga funksiyalari, vo ya sistemin mox-
susi funksiyalar1 kvant mexaniki sistem haqqinda bii-
tiin informasiyalar1 6ziindo comlosdirir [1-4]. Ona géra
do, Dirak tonliyinin analitik vo bagli hallinin tapilmasi
olduqgca vacib todqiqat isidir. Relyativistik kvant me-
xanikasinda Dirak tonliyi spini-1/2 olan sistemlorin di-
namikasini tasvir etmok tigiin istifads olunur [1-3]. Di-
rak tonliyi xiisuson niive vo hadron fizikasinda miixte-
lif proseslards fiziki hadisslorin arasdirilmasi tiglin ge-
nis totbiq edilir. Bu sahslorin tadgigindo Dirak Ha-
miltonianin iki név simmetriyaya malik oldugu hal
gebul edilir: dagig spin va psevdospin simmetriyasi
[5-8]. Dirak tenliyinds spin va psevdospin sim-
metriyasi hallar ilk dofo 1969-cu ildo Arima, Hecht,
Adler va bagqalari torafindan irali siiriilmiisdiir [9-10].
Dagiq spin ve psevdospin simmetriyalar1 Dirak Ha-
miltonianinin SU (2) simmetriyasindan V(r) vektor vo
S(r) skalyar potensiallar1 arasindaki konkret miinasi-
botlorden alinir, yani V(r) vektor va S(r) skalyar poten-
siallarmin  farginin A(r) =V (r)—S(r) vo cominin
2(r) =V (r) + S(r) sabito borabar olmasi sortindon ali-
nir. Dirak tonliyinds bilavasits potensiallarin farginin

A(I’) Vo cominin X(r) diferensiallari daxil olur, yani

dA(r)/dr vo d2(r)/dr hodlori daxil olur.
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A(r)=const  sabit oldugundan dA(r)/dr =0 bura-
dan A(r) = const alinir. Bu hala uygun simmetriyaya
dogiq spin simmetriyast deyilir. Ikinci halda iso
3(r) =const oldugundan dx/dr =0 . Bu hala uygun
simmetriyaya iso psevdospin simmetriyasi deyilir. Da-
qiq spin simmetriyast bu (n,l, j=17Fs) kvant odod-
lorina uygun iki cirlasmis hal yaradir vo buna da spin
dubleti kimi baxa bilorik. Burada n-radial, | -orbital vo
j-tam moment kvant adadloridir, s-spin kvant odadidir.
Psevdospin simmetriyast halinda iso kvazicirlasma
moveuddur, bu hallar da orbital kvant adadinin tam
vahid qodor forglonan iki halina uygundur, yani
(n1,j=1+1/2) va (n-L1+2, j=1+3/2) . Bu hallara
homginin do kvant odadlori (n,l,j=1+1/2) vs
(n=L1+2,j=1+3/2) olan psevdospinin dubleti ki-
mi baxa bilarik. Psevdospin dubleti
(F=n-11=1+1 J=I+3) kvant adodlori ilo xa-
rakterizo olunur. Burada n -psevdo radial n=n-1,

| -psevdo orbital | =1+1 vo § -psevdospin
s =1/2 kvant ododlori adlanirlar [11,12]. Psevdo or-
bital kvant ododini Dirak spinorunun asagi kompo-
nenti kimi interpretasiya etmok miimkindir [7]. Bu
iki simmetriyan1 yronmak t¢iin ¢oxlu sayda todgigat
islori gériilmiisdiir: mazalon, niivanin antinuklon spek-
trini izah etmok {iciin [8-11], niive deformasiyasi
prosesi [12], niivo superdeformasiyasi [13], niivenin
effektiv ortik modeli [14] vo hamginin hadronlarda
kigik spin-orbital geniglanmasi. Digar tarafdon, tenzor
qarsiliglt tasir potensialinin har iki simmetriyaya tosiri
gostarir ki, biitiin dubletlor cirlagmalarini itirirlor [15].
Bu xasseni aragdirmagq iigiin, tenzor qarsiliqh tasir no-
zoro alinmaqla Dirak tenliyi bir ¢ox potensiallar ligiin
analitik sokilda holl edilmigdir [16-19].

TODQIQAT METODU

Manning-Rosen va Yukava potensiallarinin co-
minin V (r) vektor italomo va S(r) cazibs saholorini
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nozars almagla M kiitlali zorracik {igiin Dirak tanliyini
(7 = ¢ =1) atom vahidlor sisteminds asagidaki forma-

da yaza bilarik [1]:
[@B+ M +SMp ) =[E-VIOk ) @)

Burada V (r) vektor italomo vo S(r) skalyar cazibo sa-
halerini tosvir edirlor. o va g dordélgiilii Dirak mat-

rislori, E - iso sistemin relyativistik enerjisidir. Sferik
simmetrik Dirak spinor dalga funksiyasini agagidaki
formada yazmagq olar, yani

Fo (r) vo G, (r) hagiqi kvadratik integrallanan

funksiyalardir, m -magnit kvant adadi olub, impuls
momentinin  Z oxu tizro proyeksiyasini xarakterizo
edir. lem 6, 9) lem (8, ) funksiyalar1 iso sferik har-
monik funksiyalardir. Eyni zamanda 1(l +1) = k(k +1)
Vo T(F +1) = k(k —1) sortlorini 6dayirlor. Baxdigimiz
potensial sferik simmetrik potensial olub, zamandan
asili olmadigindan stasionar Dirak tonliyini hall edacs-
yik.

Dirak tonliyini Manning-Rosen vo Yukava po-
tensiallarinin comi iigiin hall etmokdon 6trii (2) funk-

siyasim (1) tonliyinds nazors alsag, onda iki olagoli
Yok = 1{ Fnk (r) YjILn (0' w):l ' (2) tg?’ll?isé allarlq: ) 0 e
FliGu (1) Yin(6,0)
d k
(EJFFJF”" (N =[M+Eq +S(r)-V(N)G, (r) ®)
d k
(E—FJGW (r)=[M —Eq +S) +V (N)]Fy (r) )

Buradan G, (r) funksiyasin (3) tonliyindon tapib (4) tonliyinds vo F, (r) funksiyasin (4) tonliyindon

tapib onu (3) tonliyindo nazors alsag, onda bu funksiyalar tgiin asagidaki formada

tonliklor alang:

dA(r) ( d ., k}
2
D a0l - S0

dr? r

{i_ KE=D M +Ey —AMIM —En + 3]

dr? r?

ikinci tortib diferensial

M +E, — A(r) Fruc(1) =0, ©®)
dz(r) ( d K )

dr \dr r
M — E, +2(r) Gne (1) =0, ©)

Burada A(r) =V (r)—S(r) va Z(r) =V (r)+ S(r) soklindo toyin olunurlar. Homginin, k =+1,42,+3,....
oldugda, j=|k|-1/2, 1=k +1/2|-1/2,1 =|k-1/2|-1/2 vo I(1+1) =k(k+1), 1 (I +1) =k(k—1) soklindo toyin
olunurlar. Eyni zamanda, bagli hallar ii¢iin Dirak spinorlart Fy (0) =G (0) =0 vo F () =G (0) =0 sortini

do 6dayirlar.

Manning-Rosen potensiali iki atomlu molekulun ragslarinin va vibrasiyalarinin riyazi modellesdirilmasinda
genis istifads edilir. Homginin do digar fiziki hadisslorin riyazi tesviri li¢iin uygun modellarin qurulmasinda

istifads edilir va agagidaki sokilds olur [20, 21]:

h? a(a-1)e

-2rlo Ae—r/5

Vmr () =

2u5° (1_e—r/5)2 e )

Nuklonlar arasindaki giiclii qarsiliglt slageni tasvir etmak ticiin tasirli bir potensial olaragq gsbul edilon Yukava

potensiali [22]

Ve
V,(r)=——"— ®)

r
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burada Ave a Olgiisiiz sabitlor, § ekranlagsma parametridir. V, qarsiliqli tosir giictinii toyin edir.
Manning-Rosen va Yukava potensiallarmin xatti Comini asagidaki sokilds yaza bilarik:

26%(a—-1)e "  25% AePT 20Vpe T Ve Ve

V ry= - = )
mry (1) M (1— efzar)z M 1-e2% q_g2 - e725r)2 1_g20
Burada
25%a(a -1 2
VOl = M Vo V023 =V02 +V03 = ZiA—A + 26\/0 (10)

Owvolco dogiq spin simmetriyast halina baxag. %:0 oldugda A(r)=const. [18,19]. Dagiq spin

simmetriyas1 halinda X(r) -iss Manning-Rosen vo Yukava potensiallaininin comina barabar olur, yani

Z(r) =Vury (r).
(9) potensialini (5) tanliyinds nozars alsaq onda daqiq spin simmetriyasi ti¢iin alariq:

{j—i—"‘k—ZD—[M +Ey —Cl) +[E5 M7 +C(M - Enk)]}an -0 )
r r

(10) tonliyindon goriiniir ki, kK =-1 vo k =0 oldugda onu analitik sokilds hall etmok miimkiin deyildir. Ciinki,
bu halda spin-orbital alage parametri k(k +1)/r? sifra borabar olur. Bu problemi aradan qaldirmaq iigiin (11)
tonliyindos markezogagma potensialina asagidaki yaxinlagmani totbiq edok. Bu yaxinlasmani o zaman totbiq et-
mok miimkiindiir ki, & <<1 kriteriyasini 6dasin [23-25].

1 45% ,
—_— 1
(2 (1-e2%)? (12)

Onda alariq:
ak(k +1)5%e 2

_2&) :ank (r) =0 (13)

2
{ST—[M +En — C]Z(r)+[E§k ~M?+C(M ~Ey)]- 1-e

Bu tonliyi holl etmok iigiin s =e ¥ doyisonini daxil etsok, (13) tenliyini asagidaki sokildo yaza bilarik:

d? d Voie ™% Ve 2
46%s* — +46%s—+[M +E,, -C] —% — 028 +
{ ds? ds [ nk (1_e—25r)2 1_g 2%

2
+[EZ M2 oM -E ] M} Fy (1) =0 (14)

—20r\2
)

Bozi sadalagdirmalordan sonra (14) tanliyini asagidak: sokilds yaza bilarik:

2
ﬂJrldF_nkJrl:[MJrEnk_C{ Vou _ Vox }r

ds? s ds 45%(1-s)® 45%(1-5s)s
k(k+1)
EZ-M2+C(M-E)|-——= |Fy =0 15
52 2[ ( nk)] S(l—S)2:| nk ( )
(15) tonliyini sadslosdirmok {iglin yeni parametrlor daxil edok:
o2 = Vou(M + Ep —C) B = Voos(M +E —C) 2 = M2 —E4 —C(M —Ey) (16)
45° ’ 452 ’ 45%

Onda asagidaki tonliyi alariq:
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d’F, 1-s dF, 1 > 2 o ) ,
~ BP%s(l—s)— y2(1—9)2 —k(k +)s|F, =
4 s—s) ds  s2(l-s)’ 05 - ps(1-5) - 120 -9)* —k(k + s (17)
(17) tonliyini
" 7(s) , &(s) ~
d (S)+a(s)" (S)+0—z(s) x(s)=0 (18)

hiperhondasi tonliyi ilo miiqayiso etsok, 7(s),o(S) Vo &(s) amsallari {igiin alariq [26]:
7(s)=1-s, o(s)=s(1-59)
V')

() =a’s? — p2s(1-s)—y?(1-5)? —k(k +1)s (19)

(18) ifadolorindan istifado edorok 7(s) funksiyasini hesablaya bilorik:

' = ’ 2
r(s) = TELTE) i\/(o- = T(S)J —5(5)+Ko(s) =

2
:_gi\/%—azsz +B%s(1-8)—y?(1-8)% +k(k +1)s+k's—k's® =

2
:—%i\/%—azsz+ﬂzs—ﬂzsz—72+2yzs—y252+k(k+1)s—k’sz+k's=
S s? 2 2,2 2 2 2 2
:_Ei T—(a + 0 +y +K)S T+ (B +2y° +k(k+D) +k)s—y° =

- —%i\/%(l—4(a2 + B2+ 72 +K)S + (B2 + 2% +k(k +D) +K)s—p? =

:—%i%\/(1+4(a2 B2y K)S? — 4%+ 277 —k(k+1) —K)s+4y? =

s 1 S
=2+ E\/(4a2 _4K')s? —4(b—K') + 4c = —t J@a-K)s2—(b-K)s+c . (20
burada
1
a=Z+(a2+ﬁ2 +72)
b=+2y% + B2 —k(k +1) (21)
c=+y2.
(19) ifadssindo k' parametrini tapmaq ii¢iin avvolco kok altindaki ikinci doracsli ¢oxhodlinin diskriminantini
tapib sifra borabor etsok, onda k' -a nozoron kvadrat tonlik alariq, yoni
D=(b—k')? —4c(a—k') =k'> — (4c —2b)k’ + (b? — 4ac)
D =0 sortindon
k'? —(4c—2b)k' +(b? —4ac) =0 (22)

alariq. (22) tonliyini k' -a nozoron hall etsok onda alariq:
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2b-4c J(4c—2b)? — 4(b? - 4ac)
2 2

k] = (b—2¢) +2,/c2 +c(a—h) (24)
K} = (b—2c)—2y/c? +c(a—b) (25)

(a—k')s? —(b—k)s+c=(a—b+2c—2,/c2+c(a—b))s2—
—(2c—2\/c2 +c(a—b)js—c=(As—B)2

k1/,2 = (23)

Digor torofdon

(26)

Buradan aliriq ki,

A% =a—b+2c—24/c?+c(a—h)
2AB=2c—2,/c® +c(a—b) (27)

BZ=c
A:\/E—\/c+a—b

Jc+a-b :\/+y2+%+a2—ﬂ2+y2—272+ﬂ2+k(k+1) =

:\/%+k(k+l)—a2 :\/(k+%)2+a2 (28)

(24) va (25) ifadslorindon istifado edorok 7(s) funksiyasi igtin dérd miimkiin funksiya tapa bilorik:
(\/E—«/c+a—b)s—\/6, k'=(b—2c) +2y/c? +c(a—b)
(\/E+\/c+a—b)5—\/g, k' =(b—2c)—2y/c? +c(a—b)

Nikiforov-Uvarov metoduna asason z(s) ¢oxhadlisinin dérd miimkiin formasindan elo birini segirik ki, bu

2(s) = —%i (29)

forma goxhadli tigiin z(s) funksiyasinin téromasi manfidir vo kék (0, 1) intervalinda yerlosir.

Enerjinin moxsusi giymoti bilavasito 4 parametrinin ifadssindon tapilir, yani A parametrinin iki ekviva-
lent ifadslorinin bir-birine barabar olmasi gortindon tapilir:

iz(b—20)—2,/02+c(a—b)—%—[\/E+\/c+a—b] (29)

Verilmig, monfi olmayan n tam adadlari ii¢iin hiperhandasi tip tonlik yalniz n dorocali unikal polinom
hallo malikdir:

A, =—nr'(s)—@a"(s), (n=012,..)

burada
7(s) :1—(2+2( c +\/c+a—b))s+2«/E,
7'(S) :—(2+2( c +\/c+a—b))
Onda

N

) :n[2+2(ﬁ+\/c+a—b)]—@.(-z):

:2nb+(\/5+\/c+a—b)]+n(n—1) (30)
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(29) vo (30) ifadalorinin ekvivalentliyindon alariq:
(b—2c)- 2Jc-Jera- ———[\/E+ c+a- ] [1+( c+vC+a-— )]+n(n 1
(b—2c)- 2Jc-Je+a— b———\/c+a 2nb+(\/5+ c+a-— )]+n(n -1

2 2
\/E(2n+1+2\/c+a—b):—ﬂ2—k(k+1)—%—1/(k+%j +a? -n-n®-2n (k+%j +a?
1) 1 1)?
Je|2n+1+2 (k+5j +a? :—ﬂz—k(k+1)—§—n(n+l)—(2n+1) [k+5j +a?

—,B k(k+1)——+n(n+1) (2n+1)1f k+
Je =
2n+1+2\/(k+;j —a?

Buradan enerjinin moxsusi giymoti {i¢iin asagidaki analitik ifadoni alariq:

12
,B k(k+1)—f—n(n+1) (2n+1)1’ k+ +a?
32)
2n+1+2\/(k+;] +a?

12
,B k(k+l)———n(n+l) (2n+1)1/k+
?= (33)
2n+1+2\/(k+;j +a?

(15) ifadoasindon »2 -nin ifadosini (33)-do nozors alsaq onda daqiq spin simmetriyast hali {iciin enerji spektrini
asagidaki sokilds yaza bilorik:

31)

Cc=

I

2

2 1 ( 1J2 2
B —k(k+1)—§—n(n+1)—(2n+1) k+E +a

2
n+£+ k+1 +a?
2 2

Burada Dirak tsnliyi Manning—Rosen va Yukava Ifunksiyasml tapmaq tg¢iin Fp, (S) funksiyasini asagi-
p.otens1a.11ar1n1n xotti comi iclin dsqlq SPIN gaki sokilds faktorizasiya edok:
simmetriyasi halinda adi kvant mexanikasinda
Nikiforov-Uvarov metodunu tothiq etmoklo analitik Fi(S)=a(s)y(s) (35)
formada hall edilmisdir. Spin-orbital, radial vo orbital o
kvant odadlarinin ixtiyari giymatlori iigiin zerraciyin ~ #(S) funksiyasinin asagidaki sorti dadiyini tolob edo-
enerji spektrini tosvir edon analitik ifado alinmigdir.  rok onu tapag:
Gostorilmisdir ki, enerji spektri bu kvant odslorindan #'(s)  x(s)
ciddi asthidir W - %

Indi Nikiforov-Uvarov metodunu totbiq edarok
Manning-Rosen iistagol Yukava potensiall1 sahodo ho-  Buradan ¢(s) funksiyasi iigiin alariq:
rokot edon M Kkiitloli relyativistik zarraciyin maxsusi

M2-E2 —-C(M -E,) = 8 (34)

(36)

60



MANNING — ROSEN VO YUKAVA POTENSIALLARININ XOTTi KOMBINASiYASI UCUN DiRAK TONLIiYiNiN...

dg(s) _ @d 37
[ S | o) S @37)
2
1 (k+lJ +a?
72'(8) _r_ 2 2
o(s) s 1-s
2
%— (k+;j +a? 1 [k+ljz+a2
J'd¢(s):.|'zds—f ds=Ins” +In(1-s)? 2
#(s) S 1-s

1 (k+1j2+a2
Ing(s)=In|s” - (1—s)? 2

1 [k+1)2 +a?
p(s)=s"-(1-5)> 1\ 2 (38)

(35) funksiyasinda y(s) funksiyasimi tapmagq tigiin ovvalco p(s) funksiyasim tapmaq lazimdir. p(s) ¢oki funk-
siyast Pearson diferensial tanliyinin hallindan tapilir. Pearson diferensial tonliyi asagidak: sokilds tayin olunur:

(op)' =1p (39)
Bu tonliyi hall edok:

’

(o'-7)p=-0p

Yo, o

j - s

r—c' =2Jc(l-s)-2sJc+a—b

jd_p:jz‘/gds_jzs“(lHa_b ds:2\/EIns+2\/c+a—bIn(l—s)
-S

P s

In p= In(SZ\/E A (1_ S)Zvc+a—b j

2 (k+1]2+a2
p:sz‘E (L-sg)2Verab 2 (g ) 2 (40)
Fo« (s) spinor funksiyasinin torkib hissssi olan y,(s) funksiyasi Rodriques diisturu ilo asagidaki sokilda toyin

olunur:

_Cni n
w@—mw&@mﬂ (41)

P

o(S) va p(s) -in ifadalarini (41)-ds nozars alsaq onda y,(s) funksiyasi ti¢iin alariq:
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12
n+2 [k+fj +a?

C d" 2
Yn(s) = — s (1-5) 42)
2 (k+£j +a? S
s . (1-5s) 2
Jakobi ¢oxhadlisinin [25]
(a.b) (D" d" [ b ]
P (s) = 1-5)*" - (L+5)>"
n () ni2"(1—s)3(@+s)® ds" SE
Vo
n
Pn(a,b) (1_23) _ Ld_[saﬁ-n '(1_S)b+n]

s?(1—s)? ds"

xassalarindon vs asagidaki ifadadon istifads edarak:
d " a+n b+n | _ a b p(a,b)
F S . (l— S) = CnS (1— S) Pn (1— 25) (43)
S

onda (42) funksiyasini asagidaki sokilds yaza bilorik:

2
(27,2 (k+2) +a?)
Yn(s)=CyP, (1-2s) (44)

Belolikls, F, (s) funksiyasini agagidaki sokilds yaza bilorik:

r (k+1]2+“2 C
Fo(8) = 4(5)- y(5) = 87 (1—5) 2 . n___
2\/(k+1j +a?
s%7 . (1-5s) 2

1\, 1 1\, 1\,
gn 5 n+2 (k+Ej +a re [k+EJ +a (27,2 (k+5) +a“)
o s (1-5s) =Cps” (1—5s) P, (1-2s) (45)
s

X

C, normallagma sabiti normallanma gartinden tapilir ve asagidaki sokildadir:

] 20-Ni(n+K+1+p)I'2y+DI'(n+2y +K
n (N+k+Dr@)rn+2y +Hr(n+2k +2)°

(46)

Dirak tonliyinds psevdospin simmetriyasini nazors almaq tigiin ise (6) tonliyindo dX(r)/dr =0 gétiirmali-
yik. 2(r)=C =const yenidon (6) tonliyinde nozars alsag, hamin tonliyi asagidaki sokilds yaza bilsrik:

d?  k(k-1
Lr—z - (r2 ) ~[M +Ep —AMIM — Eqy +CJ |G () =0 (47)
Nozors almaq lazimdir ki, k <O hali {igiin k = ~1 v k>0 hali ticiin k = I +1soklinds toyin olunur. A(r) iso

Manning-Rosen iistogsl Yukava potensiallarinin comina barabardir, yani A(r) =Vyry (r) . Onda (47) tenliyini
asagidaki sokilds yaza bilarik:
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d?  k(k-1 Vo™ Vgpee 2
{P_ (r2 )—[M—Enkm{ai2&)2—1(22& M2 -E2 +oM +Ep[Bu(n =0 (48)

(48) tonliyini analitik gakilda hall etmoak iigiin yeni S =g dayisonini daxil edarok 1/r%-m (12) ifadssi ila
ovaz etsok, onda (48) tonliyini asagidak: sokilds yaza bilorik:

2 2
{45282d—+45251+[M —Ex +C:1:.V01$ _Vozss}_

ds? ds @-s)® 1-s
4k(k -1)5%s
VRIS Enk)]_ﬁ}enk ©-0
(49)
Vo ya
d2  (-s) 1 Vois2 Vipss ) o2 k(k —1)
-+ + M-E, +C] -2 982 _M2_E2 +C(M +E, ) |-——— |G, (5) =0
[drz (1—5)3 45252 [[ nk ‘:(1_5)2 1_g [ nk ( nk)] S(l—S)z nk( )
(50)
(50) tonliyini sadslogdirmok iiglin yeni parametrlor daxil edok:
72 V(M -Ey +C) 2o Vop(M—Ep +C)
- 452 T 452 ’
72 M2 -EZ +C(M+E) 51)
452 ’
(51) ifadalorini (50) tonliyinds nazers alsaq onda olariq:
d2Gy (s) L L-s dGu(s), 1
ds? @l-s)s ds  (1-s5)%s?
x|@2s? - F2s(1-5) - 72(1-5)? —K(K-1)s G (5) =0 (52)

(52) tonliyini (18) thiperhandasi tonliyi ilo miigayiss etsok, onda 7(S), o(S)ve &(S) omsallar iiiin asagidaki
ifadolori alariq:
7(s)=1-s
o(s)=(1-s)s
5(s) =a’s?-p%5%(1-s)-72(1-s)? —Kk(k -1)s (53)

7(8), o(s)vaa(s) -in malum ifadolorindon istifads edorok 7(S) funksiyast iigiin alariq:

w9 =TT \/[“'(S)Z‘f(s)jz () +K'o(s) =

2 —~
:—3_\/%—&252 L B%(L=39)+72(L—3)2 + k(K —1)s + k's(L—s) =

N

2 -~ -~
:—%i\/%—(&z B2 1K)s2 - (- f227 % —k(k—1)—K)s+ 72 =

:—%i%\/(l—4—(&2 15272 4 K))s% —4(—f% +27 2 —k(k—1)—k')s+472 =
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:—%i%\/(4a—4k’)sz —4(b—K")s+4c :—%i\/(a—k')sz —(b—k)s+c (54)

Buradan bilavasits aliriq ki,

a= %+52+;72 +a?
b=4%+272—k(k-1) (55)
c=y2

(54) ifadssinds k' sabitini tapmagq t¢iin avvalco kok altindaki kvadrat tighadlinin diskriminantini tapib sifra
borabar etsok, onda k' -a nazoron kvadrat tonlik alariq, yani

D =(b—k')?> —4c(a—k’) =k'? + (4c — 2b)k’ + (b? — 4ac) (56)
D =0 sortindon agagidaki kvadrat tanliyi alariq:

k'? + (4c — 2b)k’ + (b? —4ac) =0 (57)

(59) tonliyindan k; va k; iigiin asagidaki noticoni alariq:

ki = (b—2c) + 2y/c? +c(a—b) (58)
ks = (b—2c)—24/c? +c(a—h) (59)
(54) ifadasindo kok altindaki ifadani asagidaki sokilds do yaza bilorik:

(a-k")s? —(b—k")s+c :(a—b+2c—2wlc2 +C(a—b))52 —(2c—2,/c2 +c(a—b))s+c =(As-B)? (60)

Buradan aliriq:

A% =a—b+2c—2c?+c(a—b)
2AB=2c—2,/c2 +c(a—h) (61)

B2=c¢
A=Jc-Jc+a-b
Je=7

2
«/c+a—b:\/;72+%—,82+;72—522+ﬂ2—2772+k(k—1):\/%Jrk(k—l)—&z = [k—%j —a? (62)

(61) ifadasindan istifads etsok onda 7(s) funksiyas tigiin agsagidaki ifadslari alariq:

(\/E—\/c+a—b)s—\/5, k' = (b—2c) +24/c? +c(a—b)

s
7(s)=—~* (63)
2 (x/E+\/c+a—b)s—\/E, k' =(b—2¢)—2y/c? +c(a—b)
Nikiforov-Uvarov metoduna osason A parametri iki ifads ilo toyin olunur:
A=7x'(s)+k, (64)

Vo
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lz—nr’—@a". (65)

Hor iki ifadanin barabarliyi sortindon enerjinin maxsusi giymatini hesablamaq miimkiindiir. Onda alariq:

A=(b-2c)-24c-Jera- —%—(\/E+\/m>=

2 2
=2 ~ 1y~ 1 ~ 1) | =~
P —kk-D)-27 [ k-2 L k-t -
Bk )y(zjm > [ 2j+a

2 2
= B2 k(k-1)-7| 2 (k—%j vo? +1|- (k—%j +&2—%.

2
A=2n1+y + (k—%} +a? [+n(n-1).

2

1) ~ 1 1 1)
2n+2n7 +2n (k—aj —52+n(n—1):—/)’2—k(k—1)—5—77 2 (k—a) +a’ +1|- (k—aj +a’. (66)

Buradan enerji spektri ii¢iin alariq:
~ 1 1)?
B —k(k -)-5-(@n+Y (k —Zj +a® -n(n+1)

1 2
2n+1+2 (k—zj —a?

(67) ifadasinin hor torofini kvadrata yiiksaltsok onda psevdospin simmetriyasi halinda enerji spektri tiglin
asagidaki analitik ifadoni alariq:

7= (67)

2
i ; [ 1]2 -
? k=1~ ~@n+D) | k-] +a&% ~n(n+1)

2
n+£+ k—1 +a’
2 2

Psevdospin simmetriyast halinda G, (S) mexsusi funksiyani tapmaq ii¢iin onu agagidaki formada faktorizasiya
etsok:

M2 —E2 +C(M +Ep) =

5 (68)

Gnk(s) =4 ()7 () (69)
onda 5 (s) vo Y(s) funksiyalar1 iiciin alariq:
1 (k_l)z 7
~ 2\ 2
p(s)=5"-(1-5) (70)
e [k'ij -
p(s)=s-(1-s) (71)
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2
{27,21 (k—%) +&2]

(70) va (72) funksiyalarini (69)-da nozars alsaq onda G, (s) funksiyast tigiin alariq:

Yn(s) =CyP (1-2s) (72)

Gk (S) =Cnsf '(1—5);_ (k_%j “ 'Pn[z’il2 (k_ij - ](123) (73)

Cn normalanma sabiti normallagma sartindon tapilir vo asagidak: sokildadir:

_[28-ni(n+k -1+ )2y +DI'(n+2y +k)

Cn = (Nn+k —DICPH)I(n+27 +DI(n+ 2k —2)

(74)

NOTICO ' moxsusi giymoti, Yakobi goxhodlisi ilo ifado olunan
moxsusi fuinksiyalar1 {igiin analitik ifadolor tapilmis-
dir. Gostorilmisgdirki, har iki halda enerji spektri va
moxsusi funksiyalar spin-orbital vo radial kvant adad-
lorinin segilmasine hossasdirlar. Alinan naticalor ele-
mentar zorrocikoarin yeni modellarinin qurulmasinda,
proton vo neytronun spin balansinin todgigindo isti-
fads oluna bilar.

Manning-Rosen vo Yukava potensiallarinin xotti
kombinasiyas tigiin Dirak tonliyi adi kvant mexanika-
sinda doagiq spin vo psevdospin simmetriyasi hallarin-
da Nikiforov-Uvarov metodunu totbiq edorok analitik
sokildo holl edilmisdir. Manning-Rosen vo Yukava
potensiallarinin comindan togkil olunmus sahads horo-
kot edon M kiitlali relyativistik zarraciyin enerjisinin
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Sariyya Mammadal kizi Aslanova

ANALYTICAL SOLUTION OF THE DIRAC EQUATION FOR THE LINEAR COMBINATION OF
THE MANNING-ROSEN AND YUKAWA POTENTIAL

In this paper, the analytically bound state solution of the Dirac equation is obtained for the linear combination of the
Manning-Rosen and Yukawa potensials by using Nikiforov-Uvarov method.

To overcome the difficulties arising in the case for arbitrary k in the centrifugal part of the Manning-Rosen potential
plus the Yukawa potential for bound states, we applied the developed approximation. Analytical expressions for the energy
eigenvalue and the corresponding spinor wave functions for an arbitrary value spin-orbit, radial and orbital quantum
numbers are obtained. The relativistic energy eigenvalues and corresponding spinor wave functions have been obtained for
cases exact spin and pseudospin symmetries by using the Nikiforov-Uvarov method. Furthermore, the corresponding
normalized eigenfunctions have been represented as a recursion relation in terms of the Jacobi polynomials for arbitrary
states. A closed form of the normalization constant of the wave functions is also found. It is shown that the energy
eigenvalues and eigenfunctions are very sensitive to spin-orbital quantum number.

Capus MaMmenajm KbI3sl AcJIaHOBA

AHAJIMTUYECKOE PEIIEHUE YPABHEHUS JIUPAKA 1J151 JUHEHHOM
KOMBHUHALIIMU TIOTEHIIUAJIA MAHHUHI'A-PO3EHA U FIOKABBI

B npexncraBnenHoii paboTe HaiieHO aHANMTUYECKOE PEIICHHE U CBSI3aHHBIX COCTOSHHU ypaBHeHHs [upaka s
TMMHEIHOM KoMOMHANK oTeHnuanoB MaHauHra-Po3ena u FOxaBbl ¢ ucnons3oBanneM Merona Hukudoposa-YBaposa. st
TIPEOIONIEHHs TPYAHOCTEH, BOSHUKAIOIMX B CIydae MPOU3BOJILHONW K B LEHTpOOEXKHOW YacTH MOTeHIHManta MaHHUHTa-
Posena mmoc mortenmmana FOkaBel ISt CBS3aHHBIX COCTOSHHM, MBI NPHMEHWIM pa3BHTOe NpuOMDKeHHe. llomydeHs
AQHAINTUYECKHUEe BBIPKEHMS IJISI COOCTBEHHOTO 3HAYEHHs SHEPIrHU U COOTBETCTBYIOIIUX CIIMHOPHBIX BOJHOBBIX (DYHKIIMH
JUISL TIPOM3BOJIBHOTO 3HAYEHMSI CHHH-OPOWTAIBHOTO, PAJUalbHOTO W OpPOUTANBHOrO KBAaHTOBBIX umncen. CoOCTBEHHBIE
3HAUCHUS PEISITHBUCTCKOM SHEPTUHM M COOTBETCTBYIOLIME CIIMHOPHBIC BOJIHOBBIE (DYHKUUH OBUIM MONYYEHBI JJIS CIydacB
TOYHOW CIIMHOBOW M IICEBIOCIHHOBOW CHMMETPHH C HCIOJNB30BaHMEM Merona Huxudoposa-YBaposa. Kpome Toro,
COOTBETCTBYIOIINE HOPMHPOBAHHBIE COOCTBEHHBIC (YHKIMHM OBUIM IPEICTABICHHI B BUJE PEKYPCUBHOTO OTHOLICHHS B
TEPMHUHAX TTOJIMHOMOB SIKOOU ISl IPOU3BONIBHBIX COCTOAHUM. HaiiieH Taxoke 3aMKHYTBIH B HOPMHPOBOYHOH MOCTOSHHOM
BOJHOBBIX (pyHKIMHA. [Toka3aHO, 4TO COOCTBEHHBbIE 3HAYECHUS SHEPTHM U COOCTBEHHBIC ()YHKLIUH OYEHb TyBCTBHTEIBHBI K
CNHH-OPOUTAIBHOMY KBAaHTOBOMY UHCITY.
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