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INVESTIGATION OF CP-ODD ASYMMETRIES IN MUON COLLIDERS
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In the framework of the Minimal Supersymmetric Standard Model, the CP-odd asymmetries in the process of fermionic
pair generation in muon colliders are investigated: ,~u* — ff . Taking into account the arbitrary polarizations of the muon-

antimuon and fermion-antifermion pairs, a general expression for the effective cross-section of the process is obtained.
Expressions are found for CP-odd asymmetries associated with the longitudinal and transverse polarizations of the muon-
antimuon pair, as well as the degrees of longitudinal (transverse) polarization of the fermion and antifermion. Studying these
characteristics can provide valuable information about the nature of the Higgs boson.
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1.  INTRODUCTION

The Standard Model (SM) of strong and
electroweak interactions has achieved great success in
describing various processes of high-energy physics.
Especially with the discovery of the Higgs boson Hyy,

in the Large Hadron Collider (LHC) by the ATLAS and
CMS collaborations [1, 2] (see also reviews [3-5]), a
new era in high-energy physics began. On the one hand,
the mechanism of generating the masses of
fundamental particles — the mechanism of spontaneous
violation of the Braut-Engler-Higgs symmetry has been
experimentally confirmed [6-8]. On the other hand, the
theory of fundamental interactions has received a
logical conclusion and has acquired the status of a
standard theory. Within the framework of the SM,
Feynman diagrams of various processes can be
considered and compared with the corresponding
experimental data. The agreement between the SM and
the experiment is strikingly good.

Despite the success of SM, this theory has its own
difficulties. One of the difficulties is related to the
renormalization of the Higgs boson mass. The fact is
that for all SM particles, mass renormalization works
well, and in the case of the Higgs boson, a problem
arises: the vacuum has a strong influence on the mass
of the Higgs boson, its mass increases by trillions of
times, and such a particle can no longer play the role of
the Higgs boson. There is no restraining factor inside
the SM that stops the growth of the Higgs boson mass
due to virtual particles. Such a way out of a difficult
situation is possible here. If there are some other
particles in nature that are absent in the SM, then they
can compensate for the influence of the Higgs boson on
the mass in a virtual form. The most important thing
here is that in models of physics outside the SM, for
example, in the Minimal Supersymmetric Standard
Model (MSSM), such compensation occurs by itself
after the construction of the theory.

The absence of dark matter particles in the SM is
also one of the difficulties of this theory.
Astrophysicists believe that in the Universe, in addition
to ordinary matter in the form of planets, stars, black
holes,
gas and dust clouds, neutrinos, etc., there are particles
of a completely different nature, which we do not see
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in any range of electromagnetic waves. These are dark
matter particles that practically do not interact with
ordinary matter and radiation. There is not a single
particle in the SM that is suitable for this role. In the
MSSM, there are such particles as neutralinos,
sneutrinos, gluinos, gravitinos, which can be candidates
for dark matter.

The universe consists almost entirely of matter,
individual planets, stars, galaxies consisting of
antimatter are not observed. Such an imbalance of
matter over antimatter should have arisen dynamically
at the earliest stages of the evolution of the Universe.
However, calculations show that the SM is unable to
generate the necessary imbalance. In fact, the very
existence of the world as we see it speaks of the
insufficiency of SM. The above facts, as well as other
reasons, indicate going beyond the scope of the SM. At
the same time, special attention is paid to the MSSM
[9-11].

In this model, two scalar field doublets with
hypercharges -1 and +1 are introduced:

HY Hy
P= | P2= N
Hl H2

In order to obtain the physical fields of the Higgs
bosons, the fields ¢, and ¢, are represented as

0 _ 1 (v +H)+iP] 0 1 Hy
2 Hy " 2o, + HY4iP2

where H?, B°, H? and p? are the fields describing the
excitations of the system with respect to vacuum states
<o >:iu and <o >:i(p .
1 \/E 1 2 \/E 2
CP even Higgs bosons H and h are obtained by
mixing the fields H? and HY (mixing angle o):

H) (cosa sina ) HY

h ) \-sina cosa)H? )
Similarly, the fields p° and p?, H;f and H; are mixed
(mixing angle B):

G%) (cosp sinp)( P’
A ) \-sinB cosp) p?)’
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G| (cosp sinpY Hf

Ht) \-sinp cosp )| HE )
Here G° and G* are neutral and charged Goldstone
bosons, AH*) — CP are odd (charged) Higgs bozones.

Consequently, five Higgs bosons appear in the
MSSM: CP-even H and h bosons, CP-odd A -boson

and charged H*-bosons.
The Higgs sector is characterized by mass
parameters My, My, Mu, M, and angular

parameters o and B. Of these, the parameters are

considered free, M , and tgB =2 the remaining
Ly
parameters are expressed through them:

M ) Z%[M/iJFM%i\/(Mf\+M§)2—4Mf\M§COSZ2B],

2 2
MZ. =Mi+Mg, tgzaztgzﬁW(—gmso)

where M, and M,, are the masses of the gauge

bosons Z and W*.
Muon colliders are widely discussed in order to
study the physical properties of both the standard Higgs

boson Hy, and the Higgs bosons, H , h and A the

MSSM [12-15]. In these colliders, Higgs bosons can be
born directly in the s-channel during the annihilation of
muon-antimuon pairs ppt — (H",h", A" - ff .

where f -fermion-antifermion pair (lepton pair T t*,

quark pair CC, bb, tt ).

Note that collisions of polarized leptons and
antileptons (electrons and positrons e~e*, muons and
antimuons ;—u*) at high energies are an effective

method for studying the structure of elementary
particles and the mechanisms of their interaction. This
is mainly due to the following circumstances. First, the
interaction of muons and antimuons (electrons and
positrons) is described by the electroweak Weinberg-
Salam theory, so the results obtained are well
interpreted. Secondly, since muons and antimuons
(electrons and positrons) do not participate in strong
interactions, the background conditions of experiments
are significantly improved compared to studies
conducted with proton beams in the LHC.

It should be noted that high-energy electron-
positron and muon-antimuon colliders are either
designed or planned to be designed in various
laboratories around the world. These include the
electron-positron International Linear Collider (ILC)
with an energy of 0.5 TeV in the center of mass system
[13, 16], the Compact Linear Collider (CLIC) with an
energy of 3 TeV [14], the Muon Collider (MC) with an
energy of 1.5-4 TeV [13]. These colliders will help
solve a number of issues related to the physics of the
Higgs boson.

2 2
A_MZ

- — m. m
Mt — (@) > ff)=—2t"

In this paper, the CP-odd asymmetries in the
process of the production of a pair of fundamental
fermions during the annihilation of a muon-antimuon
pair are investigated within the framework of the
MSSM

pWHpt > f+f @
Here ff there can be a pair of tau-leptons t7t*, a pair

of quarks CC and bb . The production of a heavier top
quark pair will be investigated separately. The success

of the accelerator technology on counter -+ (e7e*)-

beams makes it already real to study this process in a
wide range of energies. Taking into account the
arbitrary polarization states of both the initial and final
particles, an analytical expression for the effective
cross-section of the process is obtained, the CP-odd
asymmetries due to the longitudinal and transverse
polarizations of the muon-antimuon pair, the degrees of
longitudinal (transverse) polarization of the fermion-
antifermion pair are determined.

2. THE AMPLITUDE AND CROSS-SECTION
OF THE PROCESS pp* — (@) — ff

In the framework of the MSSM, the process (1) is
described by the Feynman diagrams a) and b) shown in
fig. 1. In the lowest order of perturbation theory,
annihilation ,-p* — ff can occur both through a

virtual Higgs boson ®" (®"=H", h™ or A"), and

through a virtual photon and Z” -boson.

The amplitude corresponding to diagram a) can be
written in the following form (we believe that the boson
has CP-even and CP-odd components)

07 Do (8) - 9o ot [0( P2, 82) (@, +v5b, Ju(py, $1)] %

x[u(ky, n)(@s +vsbs)o(ky, 1)1,

@



INVESTIGATION OF CP-ODD ASYMMETRIES IN MUON COLLIDERS

wi(p,) f(kz) w(p,) f(kz)
D*(q) Y'(Q), Z(q)
u(p,) f(k1) w(py) f(k1)
a) b)
Fig. 1. Feynman diagrams of the reaction M_M+ - ff
I.
where D (s)=(s—M2 +iM,I,)* ~— is the inTable1).
propagator of the @ -boson; M, and T, - is the Table 1.
mass and total width of this boson; p,(s,). p,(s,),  'Mteraction constants Jqyy
k,(r;) and k,(r,) — 4 are the impulses (polarization
vec_tors)_ of the muon, antimuon, fermion and D - ng Joee Jom Yot
antifermion, respectively; s=(p, +p,)2=q% — the 6030H _ .
square of the total energy of the muon-antimuon pair in H cosa siha cosa Sina
the center of mass system; m, and m, —the masses of cosf sinf3 cosf sinf3
. J_ 2 _sina | cosa | sino | cosa

the muon and fermion; v =246 GeV=(2Gg)™"* - h cosp | sinp cosp sinp
the vacuum value of the standard Higgs boson field;
a,, b,, a, and p, — some complex constants; A tgp ctgp tgp ctgp

Opuu and Qg — the interaction constants of the

Higgs boson @ with the muon-antimuon and fermion-
antifermion pair, normalized to the interaction

constants of the standard Higgs boson (they are shownI

Squaring the matrix element of the reaction
ppt — (@) —> ff, we get the expression (the
masses of the muon and fermion are neglected in
comparison with their energies):

2
M - @) ) =[m‘;#] Q03 [Da (5)
<l + b, T0p: - P2+ mE(sy s+l | TPy -2)(p2 50 (py P )(sy 5201+
+2Re(a,b, )m, [(py - 52) + (P - $1)]+ 21M(8, D)8 00 Pry P2y 205161
{la| + e 10k ko) +m? e+ | o] Tk B)(Kp 1)~ (ko) 1)1+
+2Re(a; b )m[(k - 1) + (K, - 1)] - 2Im(ag by )€ wvpoKiuKay T2p Tio } ®3)

The differential cross-section of the process y—u* — (@*) — ff in the case of arbitrary polarizations of the
muon-antimuon and the fermion-anti-fermion pair in the center-of-mass system can be represented as

2
N m mf 2 2 2
L [}:)—2} g(I)pugCfo |Dd) (S)| SX

do -+ * 3
— S (@) > ff)= .
dQ(u u (@) ) 256,22

fa, T+ B8n) 238 (NE )]+ o, | - Ei)1 - 2Re(a, b)I(AE,) — (nE,)] - 2Im(a, by (AIELE, DY

2 I I ~ 2 R * I I K\ e e
xfla| L+ (afi2) - 267, (No7i2)]+[be | L (o)1 + 2 Re(a by )[(Fghy) - (fgh) — 21m(a bt ) (g [y, 1)} -
@
Here N. —is the colour factor (in the case of the production of a tau-lepton pair N =1, and at production CC or
bb aquark pair N. =3) g, and &, (4, and 7, ) are the unit vectors directed along the spin vectors of the

muon and antimuon (fermion and antifermion) in their rest systems, fi, 7, — are the unit vectors along the muon

and fermion impulses. We analyze the differential effective cross-section (4) in various cases of polarizations of
the muon-antimuon and fermion-antifermion pairs.



S.K. ABDULLAYEV, M.Sh. GOJAYEV, A.K. GULAYEVA

3. THE CASE OF LONGITUDINAL POLARIZATION OF PARTICLES

Suppose that the muon-antimuon and the fermion-antifermion pair are longitudinally polarized

(A1) = Ayr (A82) =—hpy (Ei€2) = —Ridzy (MoT) =hyy (MpNp) =—hy, (WyM,) =-Mh,,
where A, and A, (h, and h,) are the helicities of the muon and antimuon (fermion and antifermion). In this
case, the total effective cross-section of the process . —pu* — (@) — ff will take the form:

_ o oo Ng (mmg
ot > (@) > ff)=—C5| -~
(np > (@) ) 64n( 7

2
j Do (8)|” S(Gapy Govit )

<[] + [0 )@+ 1ahp) —2Re(a b))k + Ao | + by )@+ tuhy) +2Rea b} )(hy + )] ()

It follows from this formula that the muon and the
antimuon (fermion and antifermion) must have the
same helicities:
AM=A,=%1, h=h,=41

This is a consequence of preserving the full moment in
the annihilation process p—nu* — (@*) — ff . Indeed,
let us consider this process in the center-of-mass
system. In this system, the muon and antimuon
(fermion and antifermion) impulses are equal in
magnitude and opposite in direction (see Figure 2,
where the directions of the impulses and spins of the
muon-antimuon and fermion-antifermion pair are

shown). Since the Higgs boson @ spin is zero, the
process put — (@) — ff is allowed only due to

the fact that the muon and antimuon, as well as theI

ORR = T6r

2) all particles are left polarized:

"fermion and antifermion are in a state with the same
helicities. It is in this case that the projection of the total
moment of the muon and antimuon (fermion and
antifermion) on the direction of the muon momentum
is zero.

—-ep $<$mmm e )

Ll },l; f_,;_. fH
a) b)
Fig. 2. Directions of impulses and spins of particles in the
process ppt — (@) — ff
According to formula (5), diagram (a) of Fig. 1
corresponds to four spiral sections:
1) all particles are right polarized:

z
N m.m
__C( }:)2 ! ] |D(D(S)|Zs(gd)p.p.g®ff )2|ap _bp|2|af +bf |2 ;

2
N.. (m,m
oLL =_C[ CZ : ] |D‘1’(S)|2(g<l>uug®ﬁ )2|aPl +b“|2|af by |2;

167
3) the j—u* -pair is polarized right, a ff —to the left:

16n

2
N~ (mm
ORL __C( iz ! ] |D<D(S)|2(g(bppgcl>ff )2|ap _bp,|2|af _bf| ;

2 .

4) the .+ -pair is polarized to the left, and ff - to the right:

167

Here, the first (second) index of the spiral section
corresponds to the helicities of the muon and antimuon
(fermion and antifermion). In these cases, the directions
of the pulses and spins of the muon-antimuon and
fermion-antifermion pairs are shown in Fig. 3. As can
be seen from the figure, the directions of the spins of
the muon-antimuon (fermion-antifermion) pair are

2
N. (m,m
OR =_C[ T)Z : J |Dd>(5)|2(gd>uug®ff )2|aH +b“|2|af +by

oriented oppositely, therefore, the sum of their spins is |

N m, mg
6(7\41,7\.2) :ﬁ[ t)z

<[] + b )0+ 205) ~ 2Re(a,b) 0y +2)]

|2

Izero, the spin of the intermediate @ -boson is also
zZero.
Let us perform summation in the effective section
(5) over the polarization states of the fermion and
antifermion and present the resulting expression in the
following form

2
J |DcI> (S)|zs(gq)pp,g®ff )2[|af |2 +|bf |2]><

(6)
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/0 /o)

Fig. 3. Directions of impulses and spins of particles in the reaction pp* — (@") — ff

We define the longitudinal spin asymmetries due
to the polarization of the muon and antimuon:

1 o(0)—o(-2,,0) _ 2Re@b) (7

Ay = ,
! 7\.1 G(}\.]_,O)'FG(—}\.:L,O) |ap.|2+|bu|2

A, _ 1 0(0.2,)-0(0ky) _ 2Re(a,b) ®)
2 Ay o(Xy,0)+0(0,—Ay) |au|2 +|b“|2

Here o(2,0) (o(0,1,)) — is the effective cross-
section of the process under consideration, when the
muon (antimuon) is longitudinally polarized, and the
antimuon (muon) is not polarized. It follows from
expressions (7) and (8) that the longitudinal spin
asymmetry A, , that occurs during the annihilation of

a polarized muon and an unpolarized antimuon is equal
to the longitudinal spin asymmetry A that occurs

during the annihilation of an unpolarized muon and a
polarized antimuon.
An experimental study of these longitudinal spinI

2
o= 12| P25 100 Camon s+ M 1,

16m

a p, —isthe degree of longitudinal polarization of the

fermion
2Re(a;by)

f=7 2 2 (1)
[acl -+

It is convenient to study this degree of longitudinal
polarization during the production of a tau-lepton pair
during the annihilation of a muon-antimuon pair. This
is due to the possibility of measuring the tau-lepton
polarization by studying decays r~ =z v_, 1~ =K v,
, t =pv,. The widths of these decays are very
sensitive to the polarization of the lepton, which allows
us to measure this polarization in experiments.

If we assume that the real and imaginary parts of
the constants a,, b,, a, and b, are equal to eachI

do , _ « = Ng (mmq
— S ffy=—C- | &
dQ(ILl 3 ) 2567[2[ v?

~2im(a,b))eres sinoda | +[oe|” +(as| —|p:[Inin3 cosp—21m(a;bi ynini sine]

Iasymmetries can provide valuable information about

the CP-odd nature of the @ -boson. If the @ -boson is
a CP-even particle, like H - or h-boson (a, =1,

b, =0) or a CP-odd particle, like A -boson (a, =0,
b, =1), then no longitudinal spin asymmetry will be
detected in experiments: A=A, =0

Information about the CP-odd @ -boson can also
be obtained by studying the degree of longitudinal
polarization of the fermion or antifermion. Indeed, in
(5) we perform summation over the polarizations of the
antifermion and averaging over the polarization states

of the muon-antimuon pair, we present the resulting
expression as

o(h) = Zop@+hPy), ©)

where o, — is the total effective cross-section of the
process pp* — (@") — ff in the case of unpolarized
particles

(10)

! other

(Rea, =Ima, = Reb, =Imb, =Rea, =
Ima; = Reb, = Imb;), then the longitudinal spin
asymmetry  a_ and the degree of longitudinal

polarization of the tau-lepton P, can reach values of
the order 1.

4. THE CASE OF TRANSVERSE POLARIZA
TION OF PARTICLES

As is known, electrons and positrons moving in
storage rings acquire mainly transverse polarization
due to synchrotron radiation [17]. In the case when the
initial and final particles are transversely polarized, the
differential cross-section of  the process
put — (@) — ff has the form:

2
j Gonon 210 O st + . + Ga [ Jo,[ 23 cose -

(12)

Here ¢ and ¢} (wf and w3 ) are the transverse components of the spin vectors of the muon and antimuon
(fermion and antifermion) (with full transverse polarization ¢ = g3 =n;it =n2 =1), ¢ (0) —is the angle between

the vectors £ and £ (ni and 3 ).
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The differential effective cross-section (12) leads to the following transverse spin symmetries associated with
the polarizations of the muon-antimuon pair (with full transverse polarization ¢} = ¢} =1)

do(p = 0)/d0— do(o=m/d0 [ —|b,|’

A=

do(¢ = 0)/dQ + do(p = )/dQ |au|2 4 |bu|2 ’

_do(¢p=-n/2)/dQ—do(¢p =7/2)/dd 2 Im(a,b;)

(13)

(14)

2

 do(¢ = -71/2)/dQ + do(p = 1/2)/dQ |a“|2 . |bu|2

From the formula of the effective cross-section (12), we can also determine the degrees of transverse
polarization of the fermion-antifermion pair according to the definition:

o do(p=0)/d0 - do(p=r)/d0 _ | e[

1

_ do(e = -7/2)/dQ ~do(e = n/2)/d _ 2Im(a;b;)

~ do(e = 0)/dQ+do(e = 1)/dQ |af|2+|bf|2’

(1)

(16)

2

For a complete transversely polarized muon-
antimuon (fermionantifermion) pair, we have

A =1 (P, =1) if the D -boson is a CP-even Higgs
boson H orh:a, =1, b,=0 (a, =1, b, =0). For

a CP-odd A -boson a, =0, b, =1 (a; =0, b, =1)
the transverse spin asymmetry (the degree of transverse
polarization) is A =-1 (P, =-1). Therefore, by
measuring the transverse spin asymmetry A or the
degree of transverse polarization P, information
about the nature of the Higgs boson ® can be

obtained. The difference from zero of the transverse
spin asymmetry A, or the degree of transverse

polarization P, also indicates a violation of CP-parity

m,m;

ol — (H™, 0" A" > ff)=e..
16m

Fig. 4 shows the energy dependence of the
effective cross-section of the process
ppt > (H", ", A" >t at M, =400 GeV, tgh=3
, Th=Ty=Ty=4 GeV, m, =01056 GeV,
m, =1.778 GeV, M, =91.1875 GeV. As can be seen,
with an increase in energy /s, the effective cross-

section increases and reaches a maximum at \/_ =M,

=400 GeV, and a further increase in energy leads to a
decline in the effective cross-section

5.  THE AMPLITUDE AND CROSS-SECTION
OF THE REACTION pp* » (@) > ti
We investigated the process of the production of
a t 1" -lepton pair or CC (bb )-quark pair during the
annihilation of a muon-antimuon pair. At the same
time, we neglected the masses of the muon and fermion

 do(e = —7/2)/dQ + do(p = 7/2) /dQ |af |2 +|bf |2

fin the reaction put > (@) > ff .

We determine the total effective annihilation
cross section of a muon-antimuon pair into a fermion-
antifermion pair, taking into account the contribution of
all diagrams with the exchange of CP-even Higgs

bosons H and h, as well as CP-odd A -boson (for
H - and h-bosons a,=a; =1, b, =b, =0, and for
A -boson b,=b; =1): up*—
(H*,n", A") — ff . At the same time, due to different

a, =a; =0,

CP-parity, there is no interference between H - and

A -bosons, as well as between h-and A -bosons. As

a result, for the effective cross-section of the reaction
ppt—>(H,h",A")— ff, the expression was
obtained

2
2 2
U2 J S{'DH (S)ngngﬁ + Dh(s)ghppghff| +|DA(S)| (gAp.p.gAff )2}

(17)

| ; ; 7
compared to their energies (M, <<S, m% <<8).

However, when a top quark pair is born during the
annihilation of a muon-antimuon pair, we cannot
neglect the mass of the t-quark, since this mass is too
large (m, =173.2 GeV) [18]:

480

380

T fbarn
L]
B
&

120

o

375 387,5 400 4125 425
V5, GeV

Fig. 4. Dependence of the effective cross-section of the
reaction u p* — tt on the energy
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umt

Mup" — (@) >t) = Do () oppuJore [0(P2,52)(@, + vsb, Ju(pr. 51)] %

[Tk, n)(@ +vshr)oks, )] (18)
Based on this amplitude, the following expression is obtained for the effective cross-section of the process
pput — (@) — tf, when the muon-antimuon pair and the top quark pair are longitudinally polarized:

|Dq> (S)|

ouut = (@) >ti
MW > (@)->tt)= s

m,my
( . ]( Qopuon)’s 1——{[\ J 10 ) -

— 2Re(ab))(h, + xz)}{ | {1— 4m¢ }+ Iog[ 1L+ hyhy ) + 2 Re(ayb; )1 4mt (hy + hz)} (19)

From this effective cross-section, it can be seen
that the muon and antimuon, as well as the top quark

and top antiquark, as well as at the production ofa t t*
-lepton pair or, CC, (bb )-quark pair, must have the
same helicities A, =X, =41, h=h,=+1. The
longitudinal spin asymmetry caused by the polarization
of the muon (antimuon) A, (A, ) coincides with the
formula  (7), (8) obtained in the reaction
ppt > (@) —>tt. However, the degree of

! parameters a, and b, , but also on the energy of the

counter muon-antimuon beams.

Figure 5 shows the dependence of the degree of
longitudinal polarization of the top quark on the energy
Js at Rea, =Ima, =Reb, =Imb, and m, =173.2
GeV. As can be seen, the degree of longitudinal
polarization of the top quark is positive and it increases
with an increase in the energy of the counter muon-
antimuon beams.

Note that the longitudinal polarization of the top

longitudinal polarization of the top quark in the form

2Re(a,b; Wi-4m? /s
T2 2
la,| @~ 4m? /) +|ny|
it differs significantly from the degree of longitudinal

polarization of the tau-lepton in the reaction
put > (@) —>tt. The degree of longitudinal

quark has already been measured in the LHC by the
ATLAS detector at the production of a quark pair in
proton-proton collisions with an energy of 7 TeV in the
(20) center of mass system [19].

Now let's consider the case when the muon-
antimuon pair and the top-quark pair are transversely
polarized. In this case, the differential cross-section of
the process pp* — (@) —ti is determined by the

expression:

polarization of the top quark depends not only on theI
—(u pt o (@) > th) =

m, m; 2 4m?
do 7| 5og.2 GowGar) D (5)]” 51— -

x{[|au|2 b1+ (| ~[o.[)eies coso-21m(a, b )et e singilla” + oy ]{1——(1“11 n COS(p)}

2 2 * 4m? .
+[0a|” —[b| A minz COS(p——[1+n1 1M C0s¢] - 2Im(aby ),/1—T‘nfn%5m¢

From this effective cross-section, we determine the degree of transverse polarization of the top quark pair:
ot _ Go(9=0)/d2—do(p =1)/d0 _[af a-4m? /s) o,
t

do(p=0)/dQ+do(p=m)/d2 [a[(1-4m? /s)+ o

(21)

(22)

0,5

0,475 |

0,45

0,425

04

400 500 600 700 800 900 1000
V5, GeV

Fig. 5. Energy dependence of the degree of longitudinal polarization of the top quark in the reaction
ppt o (@) >t
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Fig. 6 shows the energy dependence of the degree
of transverse polarization of the top quark at Rea, =

Ima, = Reb, = Imb,, m, =173.2 GeV. It follows from
the figure that the degree of transverse polarization of
the top quark is negative and it increases with an
increase in the energy of the counter muon-antimuon
beams.

Now we consider the integral cross-sections of
reactions pp* —> (H*) >ttt and pp* — (A" >t
in the case of unpolarized particles. In the process
upt — (H") —ti, due to the CP-parity of the Higgs
boson a, =a, =1, b, =b, =0, are taken, and in the
process up*t — (A") — tf, due to the CP-odd of the
A-boson a, =a, =0, b, =b, =1:

my

700 800 900
Vs, GeV

500 600 1000

Fig. 6. Dependence of the degree of transverse polarization
ofa tt -quark pair in the process of pu p* —ti .

s 1 (sin20 (. 4m¢

., N m, \*
o(u ' > (H )»tt){ g J

(s-M{)? +MATy 16m

sin 23 S

5[5

wo0-(00]
o p > (A)->tt)= o

Fig. 7 shows the dependence of the cross sections

of the processes ppt — (H™) > ti,

u 't — (A" —tt on the energy \/g at M, =500
GeV, tgB=3. It can be seen that with an increase in

energy \/g , the cross-section of the process
ppt — (H™) —tf increases and reaches a maximum

at \/_ZMH =500 GeV, and a further increase in

energy \/g leads to a decrease in the cross-section. A
similar dependence is observed in the process
put — (A" —tf, but the maximum of the cross-

section is shifted towards high energies.

32

28

24

20

o, fbarn

16

12 +

02

}1_ 4m¢ .
M2)? + MAr2 16n s

480 485 490 495 500 505 510 515 520

Vs, GeV

Fig. 7. Energy dependence of the cross sections of reactions
ppt > H) > @Q)and ppt - (A >t ()
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6. THE AMPLITUDE AND CROSS-SECTION
OF THE REACTION H'_”'+ - ('Y*; Z*) —tf

As noted above, the process of annihilation of a
muon-antimuon pair into a pair of fundamental fermions
can go both through a virtual photon and through a
virtual Z -boson (see diagram b) in Figure 1). The
diagram with photon exchange is responsible for the
production of a fermion-antifermion pair with negative
C-parity, since the photon is charge-odd. The diagram

with the exchange Z -boson corresponds to the
production of a pair ffb of superposition states with

C=+1and C=-1, since the vertex Z -boson contains
both vector and axial interaction. The interference of
states with charge parity 1 should give an asymmetry
in the angular distribution of the fermion and
antifermion. First, we will discuss the qualitative
properties of processes with longitudinally polarized
initial and final particles. It is known that the helicity of
fermions is preserved in vector and axial interactions
[20]. The preservation of helicity requires that the muon
and the antimuon have opposite helicities (. nuj or

nguy ). The same is true for a fermion-antifermion pair
in the final state: f f, or f,f, . Therefore, at high

energies, only four independent spiral amplitudes should
correspond to the process np*t — ff : F ., FRr

Fr. and Frg (the first and second indices of these

spiral amplitudes correspond to the spiralities of the
muon - and fermion f )which describe the following

spiral processes [21]:

pL+uk o L+ fro ug+pk - fr+ Ty
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HR +ul — fL+f_R’ HR +ul — fR+f_L'
We define these spiral amplitudes by writing the amplitudes F,; (a,B=L; R ) of the process as:

2
Mis = eT{FLL [0(p2)y, @+ vs)u(p)IU(ky )y, A+ v5)0(ko)]+ Fg[O(p2)y, L+ 7vs)U(py)]x

X[U(kyy, A= 7v5)0(k)]+ Fr [O(P2)y, A= v5)u(P)IT(K)y, A+ 75)0(ky)]+

+Frr[0(P2) Y, @ —vs)u(p)IU (k) v, @—vs)o(k)1}s (23)
where
ap T g +DZ(S)—XW(1—XW) (o.p=LR) (24)

. . [ . . .
spiral amplitudes; D, (s)=[s—-MZ2 +iM,I,1™" Tz~ where 0 — is the angle between the directions of the

the full width of the Z -boson; Q, —1(Q,)-the fermionand muon impulses. _
‘ As follows from these spiral sections, at the zero

angle of departure of the fermion (0=0), the spiral
sections of the processes i ut — f,f, and

psni — f fr, and at the angle of departure of the

electric charge of the muon (fermion); g, () (g, (f)
and g (n) (ggr(f))—arethe left and right constants of
the interaction of the muon (fermion) with the vector

Z -boson: 1 fermion © =T, the spiral sections of the processes
gL (W) =—7+Xw, gr (1) =X, nnk — ffr and pgpuf — f i turn to zero. This
2 (25) fact is connected with the law of conservation of the

9. (F)=15(f)-Qsxy, 9r(f)=—Qsxw, total moment in spiral processes.
I;(f) — the third projection of the weak fermion Fig. 8 shows the directions of the impulses and
isospin, x,, —sin?6,, — the Weinberg parameter. spins of the particles in the reaction

The differential cross sections corresponding to v —>(r".2") > ff . As can be seen, the spin
the four spiral amplitudes are equal (there is no  Vectors of the initial particles are directed in one
interference between different amplitudes due to the  direction, therefore, their total spin moment is equal to

preservation of the helicities of the particles): one, the spin of the virtual photon and the Z -boson is
do, _ . _ o? 5 ) also equal to one.

1o HLkr = foR):TNcS|FLL| (1+cos0)”, We denote by 2, and A, (h, and h,) the
do , _ . N ) , helicities of the muon and antimuon (fermion and
E(uLuRafRfL):TNCS|FLR| (1-cos8)?, antifermion). Then, in the case of longitudinally

(26) polarized initial and final particles, the differential
cross-section of the process n—u* — (y",z") — ff can

be represented as:

do , _ . a a? 2 2
— — f fr) =——N¢s|F 1-cos0)”,
dQ(HRHL L fr) 4 ¢ | RL| ( )

do , _ F a’? 2
E(“R“t — faf)) =TNC3|FRR| (1+cos6)?,

[T I He 1 MR He u He [y
/i it /
/o oa) b) [ d)

Fig. 8. Directions of impulses and spin vectors of particles in the reaction pp* — ff ,

hi
]

do na’N
Ay by hy) = c
d(cose)( k2. M. 32

P @A) @A)~ )+ hy) +|Fral @+ A~ A) @+ h) (L - )]+ cosB)? +
FIFR[ Q- 2@+ M)+ R ) +[Fac @+ A -2 )L~ )@+ h)L-cosO)2T}.  (27)

S X

Thus, the contributions of diagrams a) and b) in  antifermion pairs. Indeed, according to diagram a), the
fig. 1 to the process jp* — ff cross-section differ ~muon-antimuon of the pair, as well as the fermion-

significantly from each other in terms of the spiral ~ antifermion of the pair, must have the same helicities
properties of the muon-antimuon and fermion-  (uel — e, pipl — frfey  pmrpg — UL,

11
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nrnk — fg fr ). However, under this condition, the  —u* — (v",z") — ff . These characteristics are:
contribution of diagram b) to the cross-section of the 1. forward-backward asymmetry in the case of

process turns to zero. If the muon-antimuon pairs with unpolarized particles
a fermion-anti-fermion pore have opposite helicities (

Lk f L f -0t f 2 2 2 2
Mg — fo_R’ B Ur — fR.fL’. “RH.L — f frs _og-og 3 |FLL| +|FRR| —|FLR| _|FRL|
nrui — fg £, ), thenthe contribution of diagram a) to Arg = =7

or+05 A |Fy [P+ |Frl* +|Fr|” +|Frel’

the cross section is zero. Consequently, the spiral (28)

properties of the muon-antimuon pairs make it possible
to isolate the contributions of diagrams a) and b) to the . . .
cross-section of the process under consideration. where o and o —is the effective cross-section of the

Let's move on to the discussion of the most fermion production in the interior and posterior
observed  characteristics  of  the  process hemispheres:

N
J‘d(CO e)—mt—cs—{7[|':|_|_| +|FRR| ]+|FLR| +|FR|_| }
0d(cos0)
2N (29)
_Ilﬁd(c 59)—% {]FLL| +|FRR| +7[||:LR| Jr|FRL| 1%
2. left-right spin asymmetry
g = 0=n _[Ful’ [Pl [P ool @
OL+0r  |F | +|Fir|” +|Far| +|Feel
here o, and o, — are the effective cross-sections of the processes . n* — ff and ppu*™ — ff :
2
oL :gn(szCS[|F,_L|2 +|FLR|2],
(1)
2
ox :EnazNCs[|FR,_|2 +|Fral’T;
3. the degree of longitudinal polarization of the fermion
= ottr)—o(fy) L e L L (32)

~ o(fg)+o(fy) |FLL| +|FRL| +||=LR| +|FRR|

where o(fg) and o(f_ ) — are the integral effective cross sections of fermion f generation in the final state
with experimentally measurable right and left polarization

1
o(fg) =§7T0‘2’\‘c5[|FRR|2 +|F|_R|2]:
1 2 2 (33)

In the case when the muon-antimuon pair is transversely polarized, and summation is performed according
to the polarization states of the fermion-antifermion pair, the differential cross-section of the process
uut — (v, z")— ff can be represented as follows:

1
dc(jglfﬂ = NC S{[|FLL| +|FRR| 1(1+cos6)? +[|FLR| +|FRL| 11— cos)” -

—2&ieL sin? e[Re(FLL FrL + FLrFrr) €0s 29 + IM(Fy Fr + FLr Frr) sin 2¢1} (34

Where 0 —is the azimuthal angle of the fermion f departure, calculated from the plane of transverse polarization

of the muon-antimuon pair.
The differential annihilation cross-section of a transversely polarized muon-antimuon pair (34) leads to the
following transverse spin asymmetries:

12
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T 2([)d i d 0) —
cos go Ccos
I _'[1 ( )( dQ j

2 Re(Fy Fr + FirFrr)
o _ 0 _ LLRL LRRR
AlP_éLEJL 2n 1 do __F 2 0E PilE PilE 2" (35)
152 jdcpjd(cose)(j [Fu|” +[Fia|” +[Fac|” +|Fesl
0 71 dQ
2n 1
[sin 2¢dge [ d(cos 6)(dcj . .
(2 _ 0 I ) Im(F Fr. + FirFrr) 36
'A\p‘al& 2n 1 do _FZFZFZFZI (36)
i jd(pjd(cose)(j [Fu|” +[Fue|” +[Fec|” +[Fre
b do
We will estimate the above asymmetries in the ! increasing energy. The degree of longitudinal

reaction ppu* —(y",2") >t " at the value of the
Weinberg parameter x,, =0.2315, the mass of the

M, =91.1875 GeV Z -boson (the full width of the

decay of the T, =2.4952 GeV Z -boson is not taken
into account, sinces—m2 >>M,I, ). Figure 9

illustrates the dependence of the asymmetry on the
energy of a muon-antimuon pair. It can be seen that the
forward-backward asymmetry A and the left-right

spin asymmetry are positive and decrease with

400 500 &00 00 800
V3, GeV

0,084

0,086

400 500 600 00 800
+E, GeV

polarization of the t~ -lepton and the transverse spin

asymmetry are negative and Pf increases with

increasing energy\/g , and A, decreases with
increasing energy. The transverse spin asymmetry

2 . —
A((p ) does not occur, since the imaginary parts of the
spiral amplitudes F,p arenot taken into account.

0,066

0.06S

0,063

5, GeV

0,378

40,3808

0,383

41,3888

-0.388

500 600 Ton BOO
3. BeV

Fig. 9. Energy dependence of the asymmetry in the reactionp p* — (v, 2" ) >t 1" .

400 500 600 700 800
5, GeV

Fig. 10. Energy dependence of the reaction cross-section pp* — (y",2") >t t*

In the case of unpolarized particles, the total effective cross-section of the reaction p—p* — (v",z*) — ff IS
determine by the formula

_ 2
o = (2" > ) = T Nesl|F | +|Fir|” +|Fru|” +|Frel’T- 37)

oL
3
Fig. 10 shows the dependence of the effective cross-section of the reaction " — (v*,z*) — v ¢* onthe

energy of the muon-antimuon pair. As can be seen from the figure, with increasing energy VS , the effective cross-
section of the reaction decreases.

13
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7. EFFECTIVE CROSS-SECTION OF REACTION p—p* > (v",Z2") > tt

In the process of creating a heavy top quark pair during the annihilation of a muon-antimuon pair, we cannot

neglect the mass of the top quark. The amplitude of this reaction can be write as follows:
2

M, +M, = %QHQI [D(P2»2)7,U( Pr, ST (K, )y, 0(Kp, 1)1 +
2

1
+ 2%, (i_ o) : o M% [O(P2,82)7, (9L (WA +v5) + Gr (A = v5)U( Py, S )] %

X[U(ky, 1)y, (9L (DA +75) + Ir (DA = vs)U(Ky,15)] - (38)
The square of the amplitude of this process is expressed by muon and top-quark tensors:

|My +Mz|2 :|Mv|2 +|Mz|2+(M;Mz +M;My), |My|2 :z_z(Qth)z LT

(IAVRN VAV

2" QQ o
' 7 b T
4xy (L-Xy) s(s—-My7)

Electromagnetic LLYV) andTLfVY), weak Lﬁz\,) and'ﬂfvZ ) as well as interference tensors Lﬂv) andTLfVI),

including the product of these tensors, are given in the Appendix. Here we present the cross sections of the process
put — (v, z") >t in the center of mass system at certain values of the helicities of the initial and final

particles. Using the products of the muon and top-quark tensors given in the Appendix, we find the following
expression for the effective cross section

dG _ * * _ (XZNC 4mt2
— > ,Z )o>tt)=——4/1- X
dQ(u noo(y ) > tt) ols ‘/ S

2
4m;

S

4
2 e 1 * «
M,| = : LTS MM, +M M, =
| Z| 16X&,(1—XW)2 (S—M%)Z wy Tpyos Ty Z Z™%y

x{4(QHQt)2[(1—7»17»2)[(1—h1h2)(1+ cos? 0)+(1+h;h,)- -sin? 9]+2(x2 —xy)(h, —hy) cos e]+

SZ

+ .
Xy 1-xy)® (s-M2)?

2 2
X (gE(t>+gé(t))[(l—hlhzxucosze)+<1+h1h2)-4m‘ -sinze]+<gﬁ(t)—gé(t)),/1—4”;t X

S

{«g E(W+ gAMWA— A2 +(OF (W)~ 9Z(W)(hy =2y )X

4m

x (h, —h,)(1+cos® 0) +2g, (1)gg (1) St (+hh,)sin® 9)J+[(gf(#)9§(ﬂ)(1—/11/12)+

2

+(9¢ (1) + 92 (1)) (4, ﬂq)][(gf(t)Jr gr(D)(h, - hl)(l— Zr:‘ J+ (92 () - 9z ()21~

am?
s

(d-hh,)+

4m¢ 2Q.Q, s
+29, (1)) S (h, _hl)jcongj|+ X, (L— %, ) ) (s— Mzz) [((9. () + 9 ()A—A44,) +

+((9. (1) = gr (1)) (4, —A)){(QL(t) +gr (H)(@-hh,)(L+cos* 0) +4%(1+ hyh,)sin® ) +

4m

+(9,. (1) - gr(1)4/1- St (hz_hl)(l"‘COSz0):|+((g|_(,u)_gR(,U))(l_ﬂ'lﬂ'z)"'

2m?

S

+((90 (1) + 9r (1)) (2, = 4)[(9, (1) + e () (N, — hl)[1+ jC059+

2
+(@U0- 8 (1)-2-Q-hihy) 1—4%cose] . @)

. 2 L

We have neglected the mass of the muon compared to its energy (M, <<3), as a result, the helicity of the
muon and the antimuon are opposite: A, =—i, =+1. However, we have left the mass of the top quark, while the
top quark and the top antiquark must have the same helicities in the mass terms (~ m?2 /s) : h, =h, = 1.

14
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Due to the consideration of the mass of the top quark, the process H_Lﬁ >t is characterize by spiral sections:

do - 3na’s f 4m? 4m?
d(cos e)(“L“E_)thR): 8 t[FLL FLR]Z'Ttsmze,

do _ 3na’s 4m
_ >4t )= i
d(cos0) (HLMR b))
2

do _ . Bna’s | 4m? / 4m2 am?
d(cos9) (mink ~ ) = 8 1- St I:LL{“ - St J+ FLR[]-_\’]-_ 2‘ (1+cos0)?, (40)
2

do 3na’s 4m? 4m? 4m?2
d(cos6) (Thytes —>thL)— 5 ,/ S‘ [FLL[l—Wfl— St }r FLR[1+1/1—Tt]] (1-cos0)?.

We will obtain similar spiral flows during the annihilation of a right-polarized muon and a left-polarized anti-

2
[FLL +Fel’ Am sin®o,
S

-+ g " R . - . .
muon: Mpl{ —> L. To obtain the spiral sections of these processes, it is necessary to make changes in the spiral

amplitudes of the following substitutions: L < R. If no information about the spins of the particles is recorded in
the experiments, we must perform averaging over the spins of the incoming particles and summing over the spins

of the particles in the final state. For the cross section of the process ].l_u+ - (y Z )—>tt— in the case of
unpolarized initial and final particles, we find:

2 2
Cp , - 4+ PR _ o NC 4mt
o > ,Z )t ="y l——
o W P02t =— -
am? 2
—Mz w (= Xy

2 2
[(QL(MHQR(H))[(QLUHQR(t)){HCOS o+ 2T S -sin 9]+29L(t)gR(t) o ]

4m?2
—2(gE(u>—g§(u»(gE(t>—gé(t)),/l— "s‘t cose}

2
PR 20,0 {(QL(MH'gR(M))(gL(t)+9R(0){1+cos26+4%~sin2 6}+

s—MZ Xy (@=Xy)

2
+ 29 (W) - 9r (W19 (1) - 9r ()] 1—4%0059]}- (41)

Fig. 11 shows the dependence of the differential effective cross-section of the reaction

H_u+ - (Y Z )—>tt_ onthe angle 0 at \/_ =500 Gev, m, =173.2 GeV and x,, = 0.2315. As can be seen from
the figure, with an increase in the departure angle of the top quark, the effective cross-section of the reaction

IJ_H+ -1 decreases. | integrate the cross-section (41) at the angles of departure of the top quark 6 and¢, we
obtain an expression for the integral cross-section of the process in the following form:

e N 4y, ome), 8 :
oo(u " > (.2 )_’tt)_w4 C{A(Q#Qt)z [ st]JF(S—SI\/@)Z'X\f,(l—xw)2X

S 2Q Qt
—Mz Xw(l )

2 2
x[(gf(mgé(u))[<gf(t)+gé(t»;‘(1+2;“‘]+29L<t)gR<t)-4Z‘tﬂ+

2
X[QL(M)"’QR(“)][QL(D‘"gR(t)]'%'[l"_z%J}' (42)

Fig. 12 illustrates the dependence of the total cross-section of the reaction u_u+ - (Y Z )—>tt— on the
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energy of the muon-antimuon pair\/g . It is observed that with increasing energy, the cross-section of the process
decreases.

600

1,45
500 |
: 1,15 }
5 400
a
g E
h] S 085
§ 300 -g-
= .
200
0,55 |
100
0 30 60 dgu 120 150 180 - ) ) )
& degree 400 500 600 700 800

/s, GeV
Fig. 11. Angular dependence of the reaction cross-section '

wpt > Fig. 12. Energy dependence of the process cross-section

ppt >t
CONCLUSION

In the framework of the Minimal Supersymmetric Standard Model, we discussed the process of annihilation
of muon-antimuon pairs into a fermion-antifermion pair: ,~u* — ff . Taking into account the arbitrary

polarizations of the initial and final particles at the same time, a general expression for the effective cross-section
of the process is obtained. Diagrams with the exchange of Higgs bosonsH™, h™ and A", as well as with the

*
exchange of a photon ¥ and a neutral 2" -boson, are studied in detail.

Expressions for longitudinal and transverse spin asymmetries, as well as the degrees of longitudinal and
transverse polarizations of the tau-lepton and top quark are determined, the study of which is a source of

information about the physical nature of the Higgs bosons H , h and A.

APPLICATION

Here we give the expressions of the muon (top quark) tensors L(JV) , L(HZV) , L(I) (TH(X) , Tuv) , val) ) and the

products of these tensors (we assume that the muon and anti-muon are Iongltudlnally polarized)

= (= APy Pay + P2y P = (Pr- P2) 8,1 =104 = ) (v py),,
L) = 2007 () + G (1L + 2007 (1) - G2 (1)K (g = APy Py + PoyePry = (Py P2) G 1+ (L Audg) (v, ). 3,
L0 =T, (1) + R (1LY + 100 (1) - G (KA = APy By + Py By = (B P2)0 ]+ A= o) (=) (aaviyy) 3,
T =Ky Koy + Ko ke, = (Ky - Ky)g,,, — mtz[rlurZV + o hy — (1 )9, T+ im [(uvk R, + (uvkon), +
+ (uvKolp), + (VK ), 1= MEg,, = (k- Ko)[uTay + Pl = (1 12) G 1+ (Ky - )[Ry + Koy b, = (Ko - 1) G0 1—
= (1)K Koy + Ko key 14 (Kp - 1)Ky oy + Ky o 1
T = 298 (6) + 92 ONKykay +Kouksy, = (K -Kp) Gy = ME[R Ty + Bl — (1) 0,1+
+im[(uvker,), — (uvkon) 1+ 2[g7 (t) — 9& OIHM [y, Ly + ke, — (K1) 9, — ko, — Rk, + (7 Kp) G, 1+
i(uvkiky), —imé (uvin) 3+ 49 (0 9r OFME g, + (& - K)[Ruy + oy, = (72 1),,]-
= (kg )[R, Koy + Ay, — (7 - Ko) G, 1+ (1 - 1)Ky, oy + Ko Key 1= (K - 1) [kgy 1oy + Key o 13
T =190 () + 9 (ORKykay +Kauksy, = (K ko) yy =P[R, + Tl = (7 1), 1M, — (K- Koy +

+ 1l = (1) 9, 1+ (kg )[R Koy + 1y Ko 1= (1 - 1) [k, Koy + Ky Koy, 1+ (Ko - 1)Ky 1y + Ky 1oy 13
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L&(\ZTJX) = 2(1= 22 )[(Py - K (P2 - Kp) + (Pr - Ko) (P2 ki) =M (P 1)(Pa - 1) + (Py - 1)(P 1) +ME(py - Py) —
= (kg - k)[(Py - 1)(P2 - 12) +(Py - 1) (P2 - )]+ (K - )[(P2 - Ko)(Py - 1) + (P K2)(P2 - 1)l -
= ()P - k) (P2 - ko) + (1Ko )(P2 - Ky) = (Pr - P2)(Ky - k)] + (Ko - i) [(Py - k) (P - 1) +
+(P2 - K)(Py 1) = (Py - P2)(Ky - )]+ 2(A = A))M (P, - ki )(Py - 12) = (Py -k (P2 - 1) + (P2 k) (P 1) —
= (Pr-k)(P2 1)+ (P2 k) (Py 1) = (Pr-Ko)(P2 - 1) + (P k)(P2 - 1) — (P2 - k(P - )],

LT = 8198 () + 92 (0]A~2uz) +197 () ~ 9R (W12 ~ 2)THIGE () + GROTI(P: - ko) (P2 ko) +
+(py ko) (P2 -ke) =ME ((Py - 1)(P2 - 1) + (Py - 1)(P2 - )] +L97 (1) = QR OIM[(py -k )(p, - 1) +
+(Pr1)(P2 - Ky) = (P 1)(P2 -Ka) = (P2 - 1)(Py - ko)1 + 29, (1)gr (IME(Py - ) +
+ (kg k) ((Py - 1)(P2 - 1) + (P 1) (P2 - 1)) — (K - ) ((Py - 1) (P2 - ko) + (P2 - 1)(Py-K)) +
+(1 )Py - k) (P2 - ko) + (P Ko) (P2 - Ky) = (P - P2)(Ky - K2)) = (K - 1)((Py - Ky ) (P - 1) +
+ (P2 K)(Py 1) = (Pr- P2) (Ko - 1)) 3+ 8{107 (1) — 9& (1A~ A122) +GF (W) + IR (WI(Ro —Ag)}x
<{[9¢ (©) + 93 OIM[(py - 1)(Pa - k) = (pr - K)(P - 1) + (Py - 1) (P - Kz) = (Pr - ko) (P - 1)] +
+[9f (1) - GAMII(P: - Ky)(Pa ki) = (Pr - Ky)(Py - ko) +ME (P 1)(Pa - 1) = (Py - 1)(P2 - )]+
+29, O9r OM (P - 1)(P2 -K2) = (P2 - )Py Ka) + (Py - 1)(P2 - Ky) = (P2 - 1)(Py - k)1}

L(HI\;)T;f\I/) =2{[g9, (W) + 9 (WIA—225) + [ (1) — Ir (W], —A)HI9L (1) + g OII(Py - k) (P2 - Ko) +
+(py ko) (P - Ky) = mE ((Py - 1) (P - 1) + (Pr - 1)(P2 - )] +[9L (1) — G OIM[(py - ki) (P, - 1) +
+ (g - K)(Pr 1) = (P2 ko) (Pr - 1) = (Py - ko) (P2 - 1]+ 90 (©) + 9r O1IME (py - P2) — (ky - k)((Py - 1)(p2 - 1) +
+(Py 0)(P2 1)) + (K1) (P2 ko) (Pr - 1)+ (Py Ko ) (P 1)) — (1 R)((Py - K (P2 ko) + (py - Ko)(P2 - Ky) —
= (Pr- P2)(ky k) + (Ko - i) ((Py - k) (P2 1) + (P2 Ky )(Py - 12) = (Py - P2)(Ky - ) 2{[9 (1) — 9r (W] %

x (L=2A5) + 9L (1) + gr (W12 —A)HIgL () + gr OIM (P2 -k )(Py - 1) = (P - K)(P2 - 1) +

+ (P2 k)(Py 1) = (P ko) (P2 - 1)1}
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