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In the framework of the Minimal Supersymmetric Standard Model, the CP-odd asymmetries in the process of fermionic 
pair generation in muon colliders are investigated: ff→µµ +− . Taking into account the arbitrary polarizations of the muon-
antimuon and fermion-antifermion pairs, a general expression for the effective cross-section of the process is obtained. 
Expressions are found for CP-odd asymmetries associated with the longitudinal and transverse polarizations of the muon-
antimuon pair, as well as the degrees of longitudinal (transverse) polarization of the fermion and antifermion. Studying these 
characteristics can provide valuable information about the nature of the Higgs boson. 
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1.      INTRODUCTION  

The Standard Model (SM) of strong and 
electroweak interactions has achieved great success in 
describing various processes of high-energy physics. 
Especially with the discovery of the Higgs boson SMH  
in the Large Hadron Collider (LHC) by the ATLAS and 
CMS collaborations [1, 2] (see also reviews [3-5]), a 
new era in high-energy physics began. On the one hand, 
the mechanism of generating the masses of 
fundamental particles – the mechanism of spontaneous 
violation of the Braut-Engler-Higgs symmetry has been 
experimentally confirmed [6-8]. On the other hand, the 
theory of fundamental interactions has received a 
logical conclusion and has acquired the status of a 
standard theory. Within the framework of the SM, 
Feynman diagrams of various processes can be 
considered and compared with the corresponding 
experimental data. The agreement between the SM and 
the experiment is strikingly good. 

Despite the success of SM, this theory has its own 
difficulties. One of the difficulties is related to the 
renormalization of the Higgs boson mass. The fact is 
that for all SM particles, mass renormalization works 
well, and in the case of the Higgs boson, a problem 
arises: the vacuum has a strong influence on the mass 
of the Higgs boson, its mass increases by trillions of 
times, and such a particle can no longer play the role of 
the Higgs boson. There is no restraining factor inside 
the SM that stops the growth of the Higgs boson mass 
due to virtual particles. Such a way out of a difficult 
situation is possible here. If there are some other 
particles in nature that are absent in the SM, then they 
can compensate for the influence of the Higgs boson on 
the mass in a virtual form. The most important thing 
here is that in models of physics outside the SM, for 
example, in the Minimal Supersymmetric Standard 
Model (MSSM), such compensation occurs by itself 
after the construction of the theory. 

The absence of dark matter particles in the SM is 
also one of the difficulties of this theory. 
Astrophysicists believe that in the Universe, in addition 
to ordinary matter in the form of planets, stars, black 
holes,  
gas and dust clouds, neutrinos, etc., there are particles  
of a completely different nature, which we do not see 

in any range of electromagnetic waves. These are dark 
matter particles that practically do not interact with 
ordinary matter and radiation. There is not a single 
particle in the SM that is suitable for this role. In the 
MSSM, there are such particles as neutralinos, 
sneutrinos, gluinos, gravitinos, which can be candidates 
for dark matter. 

The universe consists almost entirely of matter, 
individual planets, stars, galaxies consisting of 
antimatter are not observed. Such an imbalance of 
matter over antimatter should have arisen dynamically 
at the earliest stages of the evolution of the Universe. 
However, calculations show that the SM is unable to 
generate the necessary imbalance. In fact, the very 
existence of the world as we see it speaks of the 
insufficiency of SM. The above facts, as well as other 
reasons, indicate going beyond the scope of the SM. At 
the same time, special attention is paid to the MSSM 
[9-11]. 

In this model, two scalar field doublets with 
hypercharges -1 and +1 are introduced:  
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In order to obtain the physical fields of the Higgs 
bosons, the fields 1ϕ  and 2ϕ  are represented as  
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where 0
1H , 0

1P , 0
2H  and 0

2P  are the fields describing the 
excitations of the system with respect to vacuum states 
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CP even Higgs bosons H  and h  are obtained by 
mixing the fields 0

1H  and 0
2H  (mixing angle α):  
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Similarly, the fields 0
1P  and 0

2P , ±
1H  and ±

2H  are mixed 
(mixing angle β): 
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Here 0G  and ±G  are neutral and charged Goldstone 
bosons, )( ±HA  – CP are odd (charged) Higgs bozones. 

Consequently, five Higgs bosons appear in the 
MSSM: CP-even H  and h  bosons, CP-odd A -boson 

and charged ±H -bosons. 
The Higgs sector is characterized by mass 

parameters hM , HM , AM , ±HM , and angular 
parameters α  and β . Of these, the parameters are 

considered free, AM  and 
1

2tg
υ
υ
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parameters are expressed through them: 
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where ZM  and WM  are the masses of the gauge 

bosons Z  and ±W .  
Muon colliders are widely discussed in order to 

study the physical properties of both the standard Higgs 
boson SMH  and the Higgs bosons, H , h  and A  the 
MSSM [12-15]. In these colliders, Higgs bosons can be 
born directly in the s-channel during the annihilation of 
muon-antimuon pairs ffAhH →→µµ +− ),,( *** , 
where ff -fermion-antifermion pair (lepton pair +−ττ , 

quark pair ,cc  ,bb tt ). 
Note that collisions of polarized leptons and 

antileptons (electrons and positrons +−ee , muons and 
antimuons +−µµ ) at high energies are an effective 
method for studying the structure of elementary 
particles and the mechanisms of their interaction. This 
is mainly due to the following circumstances. First, the 
interaction of muons and antimuons (electrons and 
positrons) is described by the electroweak Weinberg-
Salam theory, so the results obtained are well 
interpreted. Secondly, since muons and antimuons 
(electrons and positrons) do not participate in strong 
interactions, the background conditions of experiments 
are significantly improved compared to studies 
conducted with proton beams in the LHC. 

It should be noted that high-energy electron-
positron and muon-antimuon colliders are either 
designed or planned to be designed in various 
laboratories around the world. These include the 
electron-positron International Linear Collider (ILC) 
with an energy of 0.5 TeV in the center of mass system 
[13, 16], the Compact Linear Collider (CLIC) with an 
energy of 3 TeV [14], the Muon Collider (MC) with an 
energy of 1.5-4 TeV [13]. These colliders will help 
solve a number of issues related to the physics of the 
Higgs boson. 

In this paper, the CP-odd asymmetries in the 
process of the production of a pair of fundamental 
fermions during the annihilation of a muon-antimuon 
pair are investigated within the framework of the 
MSSM 

ff +→µ+µ +−                     (1) 
Here ff  there can be a pair of tau-leptons +−ττ , a pair 
of quarks cc  and bb . The production of a heavier top 
quark pair will be investigated separately. The success 
of the accelerator technology on counter +−µµ  ( +−ee )-
beams makes it already real to study this process in a 
wide range of energies. Taking into account the 
arbitrary polarization states of both the initial and final 
particles, an analytical expression for the effective 
cross-section of the process is obtained, the CP-odd 
asymmetries due to the longitudinal and transverse 
polarizations of the muon-antimuon pair, the degrees of 
longitudinal (transverse) polarization of the fermion-
antifermion pair are determined. 

 
2.     THE AMPLITUDE AND CROSS-SECTION 
OF THE PROCESS ff→Φ→µµ +− )( *   

 
In the framework of the MSSM, the process (1) is 

described by the Feynman diagrams a) and b) shown in 
fig. 1. In the lowest order of perturbation theory, 
annihilation ff→µµ +−  can occur both through a 

virtual Higgs boson *Φ  ( ** H=Φ , *h  or *A ), and 
through a virtual photon and *Z -boson. 

The amplitude corresponding to diagram a) can be 
written in the following form (we believe that the boson 
has CP-even and CP-odd components) 
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Fig. 1. Feynman diagrams of the reaction ff→µµ +−
 

 
 
where 12 )()( −

ΦΦΦΦ Γ+−= iMMssD  – is the 

propagator of the Φ -boson; ΦM  and ΦΓ  – is the 
mass and total width of this boson; )( 11 sp , )( 22 sp , 

)( 11 rk  and )( 22 rk  – 4 are the impulses (polarization 
vectors) of the muon, antimuon, fermion and 
antifermion, respectively; 22

21 )( qpps =+=  – the 
square of the total energy of the muon-antimuon pair in 
the center of mass system; µm  and fm  – the masses of 

the muon and fermion; 246=υ  GeV= 21)2( −
FG  – 

the vacuum value of the standard Higgs boson field; 
µa , µb , fa  and fb  – some complex constants; 

µµΦg  and ffgΦ  – the interaction constants of the 

Higgs boson Φ  with the muon-antimuon and fermion-
antifermion pair, normalized to the interaction 
constants of the standard Higgs boson (they are shown 

in Table 1). 
Table 1.  

  Interaction constants ffgΦ  
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Squaring the matrix element of the reaction 

ff→Φ→µµ +− )( * , we get the expression (the 
masses of the muon and fermion are neglected in 
comparison with their energies): 
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The differential cross-section of the process ff→Φ→µµ +− )( *  in the case of arbitrary polarizations of the 

muon-antimuon and the fermion-anti-fermion pair in the center-of-mass system can be represented as 
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 (4) 
Here CN  – is the colour factor (in the case of the production of a tau-lepton pair 1=CN , and at production cc  or 

bb  a quark pair 3=CN ) 1ξ
  and 2ξ

  ( 1η
  and 2η

 ) are the unit vectors directed along the spin vectors of the 
muon and antimuon (fermion and antifermion) in their rest systems, n , 0η

  – are the unit vectors along the muon 
and fermion impulses. We analyze the differential effective cross-section (4) in various cases of polarizations of 
the muon-antimuon and fermion-antifermion pairs. 
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3.     THE CASE OF LONGITUDINAL POLARIZATION OF PARTICLES  
 
Suppose that the muon-antimuon and the fermion-antifermion pair are longitudinally polarized  
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where 1λ  and 2λ  ( 1h  and 2h ) are the helicities of the muon and antimuon (fermion and antifermion). In this 
case, the total effective cross-section of the process ff→Φ→µµ +− )( *  will take the form: 
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It follows from this formula that the muon and the 
antimuon (fermion and antifermion) must have the 
same helicities: 

121 ±=λ=λ , 121 ±== hh  
This is a consequence of preserving the full moment in 
the annihilation process ff→Φ→µµ +− )( * . Indeed, 
let us consider this process in the center-of-mass 
system. In this system, the muon and antimuon 
(fermion and antifermion) impulses are equal in 
magnitude and opposite in direction (see Figure 2, 
where the directions of the impulses and spins of the 
muon-antimuon and fermion-antifermion pair are 
shown). Since the Higgs boson Φ  spin is zero, the 
process ff→Φ→µµ +− )( *  is allowed only due to 
the fact that the muon and antimuon, as well as the 

fermion and antifermion are in a state with the same 
helicities. It is in this case that the projection of the total 
moment of the muon and antimuon (fermion and 
antifermion) on the direction of the muon momentum 
is zero. 

 

 
Fig. 2. Directions of impulses and spins of particles in the 
process ff→Φ→µµ +− )( *   

According to formula (5), diagram (a) of Fig. 1 
corresponds to four spiral sections: 
1) all particles are right polarized: 
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3) the +−µµ -pair is polarized right, а ff  – to the left: 
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4) the +−µµ -pair is polarized to the left, and ff  – to the right: 
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Here, the first (second) index of the spiral section 
corresponds to the helicities of the muon and antimuon 
(fermion and antifermion). In these cases, the directions 
of the pulses and spins of the muon-antimuon and 
fermion-antifermion pairs are shown in Fig. 3. As can 
be seen from the figure, the directions of the spins of 
the muon-antimuon (fermion-antifermion) pair are 
oriented oppositely, therefore, the sum of their spins is 

zero, the spin of the intermediate Φ -boson is also 
zero. 

Let us perform summation in the effective section 
(5) over the polarization states of the fermion and 
antifermion and present the resulting expression in the 
following form  
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Fig. 3. Directions of impulses and spins of particles in the reaction ff→Φ→µµ +− )( *  
 
We define the longitudinal spin asymmetries due 

to the polarization of the muon and antimuon:  
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Here )0,( 1λσ  ( ),0( 2λσ ) – is the effective cross-
section of the process under consideration, when the 
muon (antimuon) is longitudinally polarized, and the 
antimuon (muon) is not polarized. It follows from 
expressions (7) and (8) that the longitudinal spin 
asymmetry 

1λA , that occurs during the annihilation of 
a polarized muon and an unpolarized antimuon is equal 
to the longitudinal spin asymmetry 

2λA , that occurs 
during the annihilation of an unpolarized muon and a 
polarized antimuon. 

An experimental study of these longitudinal spin 

asymmetries can provide valuable information about 
the CP-odd nature of the Φ -boson. If the Φ -boson is 
a CP-even particle, like H - or h -boson ( 1=µa , 

0=µb ) or a CP-odd particle, like A -boson ( 0=µa , 
1=µb ), then no longitudinal spin asymmetry will be 

detected in experiments: 0
21
== λλ AA . 

Information about the CP-odd Φ -boson can also 
be obtained by studying the degree of longitudinal 
polarization of the fermion or antifermion. Indeed, in 
(5) we perform summation over the polarizations of the 
antifermion and averaging over the polarization states 
of the muon-antimuon pair, we present the resulting 
expression as 

)1(
2
1)( 101 fPhh +σ=σ ,                  (9) 

where 0σ  – is the total effective cross-section of the 
process ff→Φ→µµ +− )( *  in the case of unpolarized 
particles 
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a fP  – is the degree of longitudinal polarization of the 
fermion 
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It is convenient to study this degree of longitudinal 
polarization during the production of a tau-lepton pair 
during the annihilation of a muon-antimuon pair. This 
is due to the possibility of measuring the tau-lepton 
polarization by studying decays τ

−− νπ=τ , τ
−− ν=τ K

, τ
−− νρ=τ . The widths of these decays are very 

sensitive to the polarization of the lepton, which allows 
us to measure this polarization in experiments. 

If we assume that the real and imaginary parts of  
the constants µa , µb , τa  and τb  are equal to each 

other (𝑅𝑅𝑅𝑅 𝑎𝑎𝜇𝜇 = 𝐼𝐼𝐼𝐼 𝑎𝑎𝜇𝜇 = 𝑅𝑅𝑅𝑅 𝑏𝑏𝜇𝜇 = 𝐼𝐼𝐼𝐼 𝑏𝑏𝜇𝜇 = 𝑅𝑅𝑅𝑅 𝑎𝑎𝜏𝜏 =
𝐼𝐼𝐼𝐼 𝑎𝑎𝜏𝜏 = 𝑅𝑅𝑅𝑅 𝑏𝑏𝜏𝜏 = 𝐼𝐼𝐼𝐼 𝑏𝑏𝜏𝜏), then the longitudinal spin 
asymmetry 

1λA  and the degree of longitudinal 
polarization of the tau-lepton τP  can reach values of 

the order 1± . 
 
4.     THE CASE OF TRANSVERSE POLARIZA 
        TION OF PARTICLES 
 

As is known, electrons and positrons moving in 
storage rings acquire mainly transverse polarization 
due to synchrotron radiation [17]. In the case when the 
initial and final particles are transversely polarized, the 
differential cross-section of the process 

ff→Φ→µµ +− )( *  has the form: 

 

 −φξξ−++








υπ
=→Φ→µµ

Ω
σ ⊥⊥

µµµµΦΦµµΦ
µ+− cos)({)()(

256
)( 21

222222
2

22
* babassDgg

mmNff
d
d

ff
fC  

 ]sin)Im(2cos)(}[sin)Im(2 21
*

21
2222

21
* ϕηη−ϕηη−++φξξ− ⊥⊥⊥⊥⊥⊥
µµ ffffff babababa         (12) 

 
Here ⊥ξ1  and ⊥ξ2  ( ⊥η1  and ⊥η2 ) are the transverse components of the spin vectors of the muon and antimuon 
(fermion and antifermion) (with full transverse polarization 12121 =η=η=ξ=ξ ⊥⊥⊥⊥ ), φ  (ϕ ) – is the angle between 
the vectors ⊥ξ1

  and ⊥ξ2
  ( ⊥η1  and ⊥η2 ). 



S.K. ABDULLAYEV, M.Sh. GOJAYEV, A.K. GULAYEVA 
 

8 

The differential effective cross-section (12) leads to the following transverse spin symmetries associated with 
the polarizations of the muon-antimuon pair (with full transverse polarization 11

2
1
1 =ξ=ξ ) 

 22

22

1 0
0

µµ

µµ

+

−
=

Ωπ=φσ+Ω=φσ
Ωπ=φσ−Ω=φσ

=
ba

ba
dddd
ddddA

)()(

)()(
,                             (13) 

22

*

2
)Im(2

)2()2(
)2()2(

µµ

µµ

+
=

Ωπ=φσ+Ωπ−=φσ
Ωπ=φσ−Ωπ−=φσ

=
ba

ba
dddd
ddddA                         (14) 

 
From the formula of the effective cross-section (12), we can also determine the degrees of transverse 

polarization of the fermion-antifermion pair according to the definition: 
 

 22

22

1 )()0(
)()0(

ff

ff

ba

ba

dddd
ddddP

+

−
=

Ωπ=ϕσ+Ω=ϕσ
Ωπ=ϕσ−Ω=ϕσ

= ,                                 (15)  

 
22

*

2
)Im(2

)2()2(
)2()2(

ff

ff

ba

ba
dddd
ddddP

+
=

Ωπ=ϕσ+Ωπ−=ϕσ
Ωπ=ϕσ−Ωπ−=ϕσ

= .                        (16) 

 
For a complete transversely polarized muon-

antimuon  (fermionantifermion) pair,  we   have  
11 =A  ( 11 =P ) if the Φ -boson is a CP-even Higgs 

boson H  or h : 1=µa , 0=µb  ( 1=fa , 0=fb ). For 

a CP-odd A -boson 0=µa , 1=µb  ( 0=fa , 1=fb ) 
the transverse spin asymmetry (the degree of transverse 
polarization) is 11 −=A  ( 11 −=P ). Therefore, by 
measuring the transverse spin asymmetry 1A  or the 
degree of transverse polarization 1P , information 

about the nature of the Higgs boson Φ  can be 
obtained. The difference from zero of the transverse 
spin asymmetry 2A  or the degree of transverse 
polarization 2P  also indicates a violation of CP-parity 

in the reaction ff→Φ→µµ +− )( * . 
We determine the total effective annihilation 

cross section of a muon-antimuon pair into a fermion-
antifermion pair, taking into account the contribution of 
all diagrams with the exchange of CP-even Higgs 
bosons H  and h , as well as CP-odd A -boson (for 
H - and h -bosons 1==µ faa , 0==µ fbb , and for 

A -boson 0==µ faa , 1==µ fbb ): →µµ +−

ffAhH →),,( *** . At the same time, due to different 

CP-parity, there is no interference between H - and 
A -bosons, as well as between h - and A -bosons. As 

a result, for the effective cross-section of the reaction 
ffAhH →→µµ +− ),,( *** , the expression was 

obtained 

})()()()({
16

)),,(( 222
2

2
***

0 AffAAhffhhHffHH
fC ggsDggsDggsDs

mmNffAhH µµµµµµ
µ+− ++









υ
⋅

π
=→→µµσ .             

(17) 
Fig. 4 shows the energy dependence of the 

effective cross-section of the process 
ττ→→µµ +− ),,( *** AhH  at 400=AM  GeV, 3tg =β

, 4=Γ=Γ=Γ AHh  GeV, 1056.0=µm  GeV, 
778.1=τm  GeV, 1875.91=ZM  GeV. As can be seen, 

with an increase in energy s , the effective cross-

section increases and reaches a maximum at AMs =
=400 GeV, and a further increase in energy leads to a 
decline in the effective cross-section 

  
5.      THE AMPLITUDE AND CROSS-SECTION   
          OF THE REACTION tt→Φ→µµ +− )( *   

We investigated the process of the production of 
a +−ττ -lepton pair or cc  ( bb )-quark pair during the 
annihilation of a muon-antimuon pair. At the same 
time, we neglected the masses of the muon and fermion 

compared to their energies ( sm <<µ
2 , sm f <<

2 ). 
However, when a top quark pair is born during the 
annihilation of a muon-antimuon pair, we cannot 
neglect the mass of the t-quark, since this mass is too 
large ( 2.173=tm  GeV) [18]: 
 

 
Fig. 4. Dependence of the effective cross-section of the 
reaction ττ→µµ +−  on the energy 
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 ×γ+υ
υ

=→Φ→µµ µµΦµµΦΦ
µ+− )],())(,([)())(( 115222

* spubaspggsD
mm

ttM tt
t   

 )],())(,([ 22511 rkbarku tt υγ+×                                                     (18) 
Based on this amplitude, the following expression is obtained for the effective cross-section of the process 

tt→Φ→µµ +− )( * , when the muon-antimuon pair and the top quark pair are longitudinally polarized:  
 

 −λλ++−








υπ
=→Φ→µµσ µµΦµµΦ

µΦ+− )1]({[41)(
64

)(
))(( 21

222
2

2

2

2
* ba

s
msgg

mmsD
tt t

tt
t   

 












+−+++









−λ+λ− µµ )()Re()]([)})(Re( **

21

2

21
2

2
2

21
4121412 hh

s
mbahhb

s
maba t

ttt
t

t      (19) 

From this effective cross-section, it can be seen 
that the muon and antimuon, as well as the top quark 
and top antiquark, as well as at the production of a +−ττ
-lepton pair or, cc , ( bb )-quark pair, must have the 
same helicities 121 ±=λ=λ , 121 ±== hh . The 
longitudinal spin asymmetry caused by the polarization 
of the muon (antimuon) )(

21 λλ AA  coincides with the 
formula (7), (8) obtained in the reaction 

+−+− ττ→Φ→µµ )( * . However, the degree of 
longitudinal polarization of the top quark in the form 

 

222

2

41

412

ttt

ttt
t

bsma

smba
P

+−

−
=

)(

)Re( *

               (20) 

it differs significantly from the degree of longitudinal 
polarization of the tau-lepton in the reaction 

+−+− ττ→Φ→µµ )( * . The degree of longitudinal 
polarization of the top quark depends not only on the 

parameters ta  and tb , but also on the energy of the 
counter muon-antimuon beams. 

Figure 5 shows the dependence of the degree of 
longitudinal polarization of the top quark on the energy 

s  at tttt bbaa ImReImRe ===  and 2.173=tm  
GeV. As can be seen, the degree of longitudinal 
polarization of the top quark is positive and it increases 
with an increase in the energy of the counter muon-
antimuon beams. 

Note that the longitudinal polarization of the top 
quark has already been measured in the LHC by the 
ATLAS detector at the production of a quark pair in 
proton-proton collisions with an energy of 7 TeV in the 
center of mass system [19]. 

Now let's consider the case when the muon-
antimuon pair and the top-quark pair are transversely 
polarized. In this case, the differential cross-section of 
the process tt→Φ→µµ +− )( *  is determined by the 
expression: 

 

+











ϕηη+−+φξξ−φξξ−+


 +×

×−
π









υ
=→Φ→µµ

Ω
σ

⊥⊥⊥⊥
µµ

⊥⊥
µµµµ

ΦΦµµΦ
µ+−

)cos1(21]}{[sin)Im(2cos)(][

41)()(
256

))((

21

2
22

21
*

21
2222

2
22

2

2

2
*

s
mbabababa

s
mssDggNmm

tt
d
d

t
tt

t
tt

Ct

  

 



















ϕηη−−ϕηη+−ϕηη−+ ⊥⊥⊥⊥⊥⊥ sin41)Im(2]cos1[2cos][[ 21

2
*

21

2

21
22

s
mba

s
mba t

tt
t

tt .                        (21) 

From this effective cross-section, we determine the degree of transverse polarization of the top quark pair: 

222

222

)41(

)41(
)()0(
)()0(

ttt

ttt
t

bsma

bsma
dddd
ddddP

+−

−−
=

Ωπ=ϕσ+Ω=ϕσ
Ωπ=ϕσ−Ω=ϕσ

=⊥ .                                      (22) 

 

 
 Fig. 5. Energy dependence of the degree of longitudinal polarization of the top quark in the reaction  
                                             tt→Φ→µµ +− )( *   
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Fig. 6 shows the energy dependence of the degree 

of transverse polarization of the top quark at =taRe  

ttt bba ImReIm == , 2.173=tm GeV. It follows from 
the figure that the degree of transverse polarization of 
the top quark is negative and it increases with an 
increase in the energy of the counter muon-antimuon 
beams. 
Now we consider the integral cross-sections of 
reactions ttH →→µµ +− )( *  and ttA →→µµ +− )( *  
in the case of unpolarized particles. In the process 

ttH →→µµ +− )( * , due to the CP-parity of the Higgs 
boson 1==µ taa , 0==µ tbb , are taken, and in the 
process ttA →→µµ +− )( * , due to the CP-odd of the 
A-boson 0==µ taa , 1==µ tbb :           
 

 
 
Fig. 6. Dependence of the degree of transverse polarization  
           of a tt -quark pair in the process of tt→µµ +− . 
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s
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MMs
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ttA t
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2222

2

2
* 41

16
1
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))(( −

πΓ+−



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



υ
=→→µµσ µ+− .  

 
Fig. 7 shows the dependence of the cross sections 

of the processes ttH →→µµ +− )( * , 

ttA →→µµ +− )( *  on the energy s  at 500=AM
GeV, 3tg =β . It can be seen that with an increase in 

energy s , the cross-section of the process 
ttH →→µµ +− )( *  increases and reaches a maximum 

at HMs = =500 GeV, and a further increase in 

energy s  leads to a decrease in the cross-section. A 
similar dependence is observed in the process 

ttA →→µµ +− )( * , but the maximum of the cross-
section is shifted towards high energies. 

 

 
 
Fig. 7. Energy dependence of the cross sections of reactions 

ttH →→µµ +− )( *  (1) and ttA →→µµ +− )( *  (2) 

6.      THE AMPLITUDE AND CROSS-SECTION 
OF THE REACTION ttZ →γ→µµ +− );( **   

As noted above, the process of annihilation of a 
muon-antimuon pair into a pair of fundamental fermions 
can go both through a virtual photon and through a 
virtual Z -boson (see diagram b) in Figure 1). The 
diagram with photon exchange is responsible for the 
production of a fermion-antifermion pair with negative 
C-parity, since the photon is charge-odd. The diagram 
with the exchange Z -boson corresponds to the 
production of a pair bff  of superposition states with 

1+=C  and 1−=C , since the vertex Z -boson contains 
both vector and axial interaction. The interference of 
states with charge parity 1±  should give an asymmetry 
in the angular distribution of the fermion and 
antifermion. First, we will discuss the qualitative 
properties of processes with longitudinally polarized 
initial and final particles. It is known that the helicity of 
fermions is preserved in vector and axial interactions 
[20]. The preservation of helicity requires that the muon 
and the antimuon have opposite helicities ( +−µµ RL  or 

+−µµ LR ). The same is true for a fermion-antifermion pair 
in the final state: RL ff  or LR ff . Therefore, at high 
energies, only four independent spiral amplitudes should 
correspond to the process ff→µµ +− : LLF , LRF

RLF  and RRF  (the first and second indices of these 
spiral amplitudes correspond to the spiralities of the 
muon −µ  and fermion f ) which describe the following 
spiral processes [21]: 

RLRL ff +→µ+µ +− , LRRL ff +→µ+µ +− , 
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RLLR ff +→µ+µ +− , LRLR ff +→µ+µ +− . 
We define these spiral amplitudes by writing the amplitudes αβF  ( L=βα, ; R ) of the process as: 

 ×γ+γυ+υγ+γγ+γυ= µµµ→ )]()()([)]()()()][()()([{ 152251152

2
111

4
pupFkkupupFeM LRLLfi   

 +υγ+γγ−γυ+υγ−γ× µµµ )]()()()][()()([)]()()([ 251152251 111 kkupupFkku RL   
 )]}()1()()][()1()([ 251152 kkupupFRR υγ−γγ−γυ+ µµ ,                              (23) 

where  

 
)1(
)()(

)(
WW

Z
f

xx
fgg

sD
s
QQ

F
−

µ
+= βαµ

αβ  ( RL;, =βα )                             (24) 

 
spiral amplitudes; ,][)( 12 −Γ+−= ZZZZ iMMssD ZΓ – 

the full width of the Z -boson; )(1 fQQ −µ –the 
electric charge of the muon (fermion); )(µLg  ( )( fgL  
and )(µRg  ( )( fgR )–are the left and right constants of 
the interaction of the muon (fermion) with the vector 
Z -boson:  

,)(,)()(

,)(,
2
1)(

3 WfRWfL

WRWL

xQfgxQfIfg

xgxg

−=−=

=µ+−=µ
   (25) 

)(3 fI  – the third projection of the weak fermion 
isospin, WWx θ= 2sin  – the Weinberg parameter. 

The differential cross sections corresponding to 
the four spiral amplitudes are equal (there is no 
interference between different amplitudes due to the 
preservation of the helicities of the particles): 

,)cos1(
4

)( 22
2

θ+
α

=→µµ
Ω
σ +−

LLCRLRL FsNff
d
d  

 
,)cos1(

4
)(

,)cos1(
4

)(

22
2

22
2

θ−
α

=→µµ
Ω
σ

θ−
α

=→µµ
Ω
σ

+−

+−

RLCRLLR

LRCLRRL

FsNff
d
d

FsNff
d
d

  (26) 

22
2

)cos1(
4

)( θ+
α

=→µµ
Ω
σ +−

RRCLRLR FsNff
d
d , 

 
where θ  – is the angle between the directions of the 
fermion and muon impulses. 

As follows from these spiral sections, at the zero 
angle of departure of the fermion ( 0=θ ), the spiral 
sections of the processes LRRL ff→µµ +−  and 

RLLR ff→µµ +− , and at the angle of departure of the 
fermion π=θ , the spiral sections of the processes 

RLRL ff→µµ +−  and LRLR ff→µµ +−  turn to zero. This 
fact is connected with the law of conservation of the 
total moment in spiral processes. 

Fig. 8 shows the directions of the impulses and 
spins of the particles in the reaction 

ffZ →γ→µµ +− ),( ** . As can be seen, the spin 
vectors of the initial particles are directed in one 
direction, therefore, their total spin moment is equal to 
one, the spin of the virtual photon and the Z -boson is 
also equal to one. 

We denote by 1λ  and 2λ  ( 1h  and 2h ) the 
helicities of the muon and antimuon (fermion and 
antifermion). Then, in the case of longitudinally 
polarized initial and final particles, the differential 
cross-section of the process ffZ →γ→µµ +− ),( ** can 
be represented as: 

 

 

 
  

 
Fig. 8. Directions of impulses and spin vectors of particles in the reaction ff→µµ +− , 

 

 

+θ+−+λ−λ+++−λ+λ−

×
πα

=λλ
θ

σ

2
2121

2
2121

2

2

2121

)cos1)](1)(1)(1)(1()1)(1)(1)(1({[

32
),,,(

)(cos

hhFhhF

sNhh
d

d

RRLL

C

  

 ]})cos1)(1)(1)(1)(1()1)(1)(1)(1([ 2
2121

2
2121

2 θ−+−λ−λ++−+λ+λ−+ hhFhhF RLLR .        (27) 
 
Thus, the contributions of diagrams a) and b) in 

fig. 1 to the process ff→µµ +−  cross-section differ 
significantly from each other in terms of the spiral 
properties of the muon-antimuon and fermion-

antifermion pairs. Indeed, according to diagram a), the 
muon-antimuon of the pair, as well as the fermion-
antifermion of the pair, must have the same helicities  

LLLL ff→+−µµ( , RRLL ff→µµ +− , LLRR ff→µµ +− , 
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RRRR ff→µµ +− ). However, under this condition, the 
contribution of diagram b) to the cross-section of the 
process turns to zero. If the muon-antimuon pairs with 
a fermion-anti-fermion pore have opposite helicities    (

RLRL ff→µµ +− , LRRL ff→µµ +− , RLLR ff→µµ +− , 

LRLR ff→µµ +− ), then the contribution of diagram a) to 
the cross section is zero. Consequently, the spiral 
properties of the muon-antimuon pairs make it possible 
to isolate the contributions of diagrams a) and b) to the 
cross-section of the process under consideration. 

Let's move on to the discussion of the most 
observed characteristics of the process 

ffZ →γ→µµ +− ),( ** . These characteristics are: 
1. forward-backward asymmetry in the case of 

unpolarized particles 
 

2222

2222

4
3

RRRLLRLL

RLLRRRLL

BF

BF
FB

FFFF

FFFF
A

+++

−−+
⋅=

σ+σ
σ−σ

=

(28) 
 
where Fσ  and Bσ –is the effective cross-section of the 
fermion production in the interior and posterior 
hemispheres: 
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                  (29) 

 
2. left-right spin asymmetry 
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+++

−−+
=

σ+σ
σ−σ

= ,                                       (30) 

 
here Lσ  and Rσ  –  are the effective cross-sections of the processes ffL →µµ +−  and ffR →µµ +− : 

];[
3
2
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3
2

222

222

RRRLCR
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FFsN
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+πα=σ

+πα=σ
                                                   (31)  

3.  the degree of longitudinal polarization of the fermion 
 

,
)()(
)()(

2222
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f

FFFF

FFFF
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ffP

+++

−−+
=

σ+σ
σ−σ

=                                (32) 

 
where )( Rfσ  and )( Lfσ  – are the integral effective cross sections of fermion f  generation in the final state 
with experimentally measurable right and left polarization 

 

].[
3
1)(

],[
3
1)(

22

22

LLRLCL
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                                                   (33) 

 
In the case when the muon-antimuon pair is transversely polarized, and summation is performed according 

to the polarization states of the fermion-antifermion pair, the differential cross-section of the process 
ffZ →γ→µµ +− ),( **  can be represented as follows: 

 

 −θ−++θ++
α

=
Ω
ξξσ ⊥⊥

222222
2

21 )cos1]([)cos1]({[
16

)(
RLLRRRLL

C FFFFsN
d

d  

 ]}2sin)Im(2cos)[Re(sin2 ****2
21 ϕ++ϕ+θξξ− ⊥⊥

RRLRRLLLRRLRRLLL FFFFFFFF ,           (34) 
 
Where ϕ  – is the azimuthal angle of the fermion f  departure, calculated from the plane of transverse polarization 
of the muon-antimuon pair. 

The differential annihilation cross-section of a transversely polarized muon-antimuon pair (34) leads to the 
following transverse spin asymmetries:  

 



INVESTIGATION OF CP-ODD ASYMMETRIES IN MUON COLLIDERS 

13 

 
2222

**

1

1

2

0

1

1

2

0

21

)1( )Re(

)(cos

)(cos2cos
2

RRRLLRLL

RRLRRLLL

FFFF

FFFF

d
ddd

d
dddg

A
+++

+
−=









Ω
σ

θϕ









Ω
σ

θϕϕ

ξξ
=

∫∫

∫∫

−

π
−

π

⊥⊥ϕ ,          (35) 

 2222

**

1

1

2

0

1

1

2

0

21

)2( )Im(

)(cos

)(cos2sin
2

RRRLLRLL

RRLRRLLL

FFFF
FFFF

d
ddd

d
dddg

A
+++

+
−=








Ω
σ

θϕ








Ω
σ

θϕϕ

ξξ
=

∫∫

∫∫

−

π
−

π

⊥⊥ϕ .          (36) 

 
We will estimate the above asymmetries in the 

reaction +−+− ττ→γ→µµ ),( ** Z  at the value of the 
Weinberg parameter 2315.0=Wx , the mass of the 

1875.91=ZM  GeV Z -boson (the full width of the 

decay of the 4952.2=ΓZ  GeV Z -boson is not taken 
into account, since ZZZ Mms Γ>>− 2 ). Figure 9 
illustrates the dependence of the asymmetry on the 
energy of a muon-antimuon pair. It can be seen that the 
forward-backward asymmetry FBA  and the left-right 
spin asymmetry are positive and decrease with 

increasing energy. The degree of longitudinal 
polarization of the −τ -lepton and the transverse spin 

asymmetry are negative and fP  increases with 

increasing energy s , and ϕA  decreases with 
increasing energy. The transverse spin asymmetry 

)2(
ϕA  does not occur, since the imaginary parts of the 

spiral amplitudes αβF  are not taken into account. 

 

 
Fig. 9. Energy dependence of the asymmetry in the reaction +−+− ττ→γ→µµ ),( ** Z . 

  
Fig. 10. Energy dependence of the reaction cross-section +−+− ττ→γ→µµ ),( ** Z  

 
In the case of unpolarized particles, the total effective cross-section of the reaction ffZ →γ→µµ +− ),( **  is 

determine by the formula 

][
3

)),(( 2222
2

**
RRRLLRLLC FFFFsNffZ +++

πα
=→γ→µµσ +− .  (37)

Fig. 10 shows the dependence of the effective cross-section of the reaction +−+− ττ→γ→µµ ),( ** Z  on the 

energy of the muon-antimuon pair. As can be seen from the figure, with increasing energy s , the effective cross-
section of the reaction decreases. 
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7. EFFECTIVE CROSS-SECTION OF REACTION ttZ →γ→µµ +− ),( **   
In the process of creating a heavy top quark pair during the annihilation of a muon-antimuon pair, we cannot 

neglect the mass of the top quark. The amplitude of this reaction can be write as follows: 
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The square of the amplitude of this process is expressed by muon and top-quark tensors: 
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Electromagnetic )(γ
µνL  and )(γ

µνT , weak )(ZLµν  and )(ZTµν , as well as interference tensors )(ILµν  and )(ITµν , 
including the product of these tensors, are given in the Appendix. Here we present the cross sections of the process 

ttZ →γ→µµ +− ),( **  in the center of mass system at certain values of the helicities of the initial and final 
particles. Using the products of the muon and top-quark tensors given in the Appendix, we find the following 
expression for the effective cross section 
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We have neglected the mass of the muon compared to its energy ( sm <<µ
2 ), as a result, the helicity of the 

muon and the antimuon are opposite: 121 ±=λ−=λ . However, we have left the mass of the top quark, while the 
top quark and the top antiquark must have the same helicities in the mass terms )(~ 2 smt : 121 ±== hh . 
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Due to the consideration of the mass of the top quark, the process tt→µµ +−
 is characterize by spiral sections: 
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We will obtain similar spiral flows during the annihilation of a right-polarized muon and a left-polarized anti-

muon: ttLR →µµ +−
. To obtain the spiral sections of these processes, it is necessary to make changes in the spiral 

amplitudes of the following substitutions: RL ↔ . If no information about the spins of the particles is recorded in 
the experiments, we must perform averaging over the spins of the incoming particles and summing over the spins 

of the particles in the final state. For the cross section of the process ttZ →γ→µµ +− ),( **
 in the case of 

unpolarized initial and final particles, we find: 
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Fig. 11 shows the dependence of the differential effective cross-section of the reaction 

ttZ →γ→µµ +− ),( **
 on the angle θ  at 500=s  GeV, 2.173=tm  GeV and 2315.0=Wx . As can be seen from 

the figure, with an increase in the departure angle of the top quark, the effective cross-section of the reaction 

tt→µµ +−
 decreases. I integrate the cross-section (41) at the angles of departure of the top quark θ  and ϕ , we 

obtain an expression for the integral cross-section of the process in the following form: 
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Fig. 12 illustrates the dependence of the total cross-section of the reaction ttZ →γ→µµ +− ),( **
 on the 
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energy of the muon-antimuon pair s . It is observed that with increasing energy, the cross-section of the process 
decreases. 

 

 
 
Fig. 11. Angular dependence of the reaction cross-section     
              tt→µµ +− . 

 
Fig. 12. Energy dependence of the process cross-section     
              tt→µµ +−  

 
CONCLUSION 
 
In the framework of the Minimal Supersymmetric Standard Model, we discussed the process of annihilation 

of muon-antimuon pairs into a fermion-antifermion pair: ff→µµ +− . Taking into account the arbitrary 
polarizations of the initial and final particles at the same time, a general expression for the effective cross-section 
of the process is obtained. Diagrams with the exchange of Higgs bosons *H , *h  and *A , as well as with the 

exchange of a photon 
*γ  and a neutral *Z -boson, are studied in detail. 

Expressions for longitudinal and transverse spin asymmetries, as well as the degrees of longitudinal and 
transverse polarizations of the tau-lepton and top quark are determined, the study of which is a source of 
information about the physical nature of the Higgs bosons H , h  and A . 

 
APPLICATION 

Here we give the expressions of the muon (top quark) tensors )(γ
µνL , )(ZLµν , )(ILµν  ( )(γ

µνT , )(ZTµν , )(ITµν ) and the 
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