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We investigate the scattering of sufficiently low-energy antineutrinos at transversely polarized ultra-relativistic electrons 
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1. INTRODUCTION 

 

One of the most important problems of modern 

nuclear physics, particle physics, astrophysics and 

cosmology is exploration of interactions of neutrinos 

and antineutrinos with strongly magnetized medium. 

Analyses of the investigations [1-3] on the 

antineutrino-electron scattering (AES) 
 

            𝜈𝑖 + 𝑒
− → 𝜈𝑖

′ + 𝑒−′                 (1)                                         
 

in an external magnetic field (MF) show that in case of 

low-energy antineutrinos the field effects are essential 

[1]. The anti-Stokes scattering of low-energy 

antineutrinos and neutrinos on relativistic electrons in a 

MF with allowance of the transverse polarization of the 

electrons was investigated in [2] where the authors 

calculated the dependence of the cross-section on the 

invariant dynamic parameter 𝜒. Detailed calculations 

and analyses show that some coefficients and signs in 

the expressions for the cross sections of the process (1) 

are incorrect in the work [3] (see at: [4]). In [2] the cross 

section for the scattering of antineutrinos at electrons in 

a constant homogenous magnetic field was calculated 

and the longitudinal polarization of electrons was taken 

into account. Apart from the work [3] in [2] the authors 

calculated the dependence of the cross section on the 

invariant kinematic parameter 𝜅 and dynamic 

parameter 𝜒. In [2] it was shown that the influence of 

the external magnetic field on the AES is determined 

by the parameter  

                          𝜂 =
𝜒

𝜅
.                                                          (2) 

 

In the presented paper we investigate the anti-

Stokes scattering of sufficiently low energy 

antineutrinos (𝜔 ≪ 𝑚𝑒) at transversely polarized ultra-

relativistic electrons in an external constant 

homogenous MF with the strength 𝐵 ≪ 𝐵0 in the low 

energetic approximation of the standard Weinberg-

Salam model. The purpose of the presented work is to 

clarify the mechanism of transition of the energy from 

the electrons of the magnetized medium to low-energy 

antineutrinos.  

 

2. MATRIX ELEMENT OF THE PROCESS 

 

We choose the gauge of a four-potential of the 

external field as 𝐴𝜇 = (0, 0, 𝑥𝐵, 0). In this gauge the 

MF is directed along the 𝑧-axis. We use the pseudo-

Euclidean metric with signature (+ − − −).  
When the momentum transferred is relatively 

small, |𝑞2| ≪ 𝑚𝑊
2 , 𝑚𝑍

2  (𝑚𝑊 is the 𝑊±-boson mass, 

𝑚𝑍 is the 𝑍-boson mass), the low-energetic (the four-

fermion) approximation of the standard Weinberg-

Salam electroweak interaction theory can be used.  

The matrix element of the considered processes 

(1) in a MF is written as follows 
 

            𝑀 =
𝐺

√2
∫Ν𝛼(𝑥)Λ

𝛼(𝑥)𝑑4𝑥          (3)                        

    

where 
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Ν𝛼(𝑥) = 𝜓�̃�(𝑥)𝛾𝛼(1 + 𝛾
5)𝜓�̃�′(𝑥)      (4)             

 

is the antineutrino current, 
 

    Λ𝛼(𝑥) = 𝜓
𝑒′
(𝑥)𝛾𝛼(𝑔𝑉 + 𝑔𝐴𝛾

5)𝜓𝑒(𝑥)    (5)                     

 

is the electron current,  𝛾𝛼 are the Dirac matrices, 𝛾5 =
−𝑖𝛾0𝛾1𝛾2𝛾3, 𝑔𝑉 = 0.5 + 2 sin

2 𝜃𝑊  and 𝑔𝐴 = 0.5 are 

for 𝜈𝑒𝑒
−-scattering,   𝑔𝑉 = −0.5 + 2 sin

2 𝜃𝑊 and 𝑔𝐴 =
−0.5 are for 𝜈𝜇𝑒

−(𝜈𝜏𝑒
−)-scattering, sin2 𝜃𝑊 ≅ 0.23,  

𝜃𝑊 is the Weinberg angle, 𝜓�̃�(𝑥) =
(2𝜔𝑉)−1 2⁄ 𝑣(𝑘)𝑒𝑥𝑝(𝑖𝑘𝑥) is the wave function of the 

incident antineutrino possessing the four-momentum 𝑘 

and the energy 𝜔,     𝜓
�̃�
(𝑥) = 𝜓�̃�

+(𝑥)𝛾0,  𝜓�̃�′(𝑥) =

(2𝜔′𝑉)−1 2⁄ 𝑣′(𝑘′)𝑒𝑥𝑝(𝑖𝑘′𝑥) is the wave function of 

the scattered antineutrino possessing the four-

momentum 𝑘′ and energy 𝜔′, 𝑉 is the normalization 

volume, 𝑣(𝑘) and 𝑣′(𝑘′) are the Dirac bispinors of the 

incident and scattered antineutrinos, respectively, 

𝜓𝑒(𝑥) (𝜓𝑒′(𝑥)) is the solution of the Dirac equation in 

a constant homogeneous external MF for the electron 

[4] in the initial (final) state, 𝜓
𝑒′
(𝑥) = 𝜓𝑒′

+ (𝑥)𝛾0.  

When the electrons are polarized transversely, the 

spin coefficients, 𝑐𝑖  (𝑖 = 1,2,3,4) are given by [4] 

  

         (

𝑐1
𝑐2
𝑐3
𝑐4

) =
1

2√2

(

 

𝐵3(𝐴3 + 𝐴4)

𝐵4(𝐴4 − 𝐴3)

𝐵3(𝐴3 − 𝐴4)

𝐵4(𝐴4 + 𝐴3))

             (6)                                 

 

where 𝐴3 = √1 + (𝑝𝑧 𝐸⁄ ), 𝐴4 = 𝜁√1 − (𝑝𝑧 𝐸⁄ ), 

 𝐵3 = √1 + 𝜁(𝑚𝑒 𝐸⊥⁄ ),  𝐵4 = 𝜁√1 − 𝜁(𝑚𝑒 𝐸⊥⁄ ),        
𝐸 - energy of the electron in the initial state, 𝑚𝑒 is the 

electron mass, 𝐸⊥ = √𝐸
2 − 𝑝𝑧

2 = 𝑚𝑒√1 + 2𝑓𝑛,       

𝑓 = 𝐵 𝐵0⁄ ,  𝐵0 = 𝑚𝑒
2𝑐3 𝑒ℏ⁄ = 4.414 × 1013 𝐺 is the 

Schwinger field strength, 𝑒 > 0 is the elementary 

electric charge,  𝜁 = ±1 is the spin quantum number 

that determines the projection of the electron spin along 

(opposite to) the direction of the MF vector �⃗�  . The 

electrons in the final state are described and denoted 

with the primed quantities that are determined with the 

same expressions (6) and above indicated related 

formulae.  

 

3. CROSS SECTION OF THE PROCESS 
 

We consider that the electrons in the initial and 

final states are ultra-relativistic (𝐸2 ≫ 𝑚𝑒
2, 𝐸′

2
≫ 𝑚𝑒

2 ) 

and they possess large transverse momentum (𝑝⊥ =
(2𝑒𝐵𝑛)1 2⁄ = 𝑚𝑒(2𝑓𝑛)

1 2⁄ ≫ 1, 𝑝⊥
′ = (2𝑒𝐵𝑛′)1 2⁄ =

𝑚𝑒(2𝑓𝑛
′)1 2⁄ ≫ 1) in the MF that is not enough strong 

and satisfies the condition 𝑓 ≪ 1. The latter two 

assumptions mean that the electron states occupying 

high Landau levels (𝑛, 𝑛′ ≫ 1)  mainly contribute to the 

total cross section for the process. We assume that the 

longitudinal momentum of the electrons in the initial 

state is zero: 𝑝𝑧 = 0.  

We consider a massless antineutrino model that is 

justified for ultra-relativistic antineutrinos (𝜔,𝜔′ ≫
𝑚𝜈 ). We suppose that the incident antineutrinos fly 

along the MF direction 

 

                       𝑘𝜇 = 𝜔(1, 0, 0, 1).                   (7)  

                     

and their energies are in the range 

 

                         𝜔𝑚𝑖𝑛 ≪ 𝜔 ≪ 𝑚𝑒.                (8)                         

 

where 𝜔𝑚𝑖𝑛 = 𝑒𝐵 𝑝⊥⁄ .  

        Standard calculations of the cross section of the 

process gives the following general formula  

 

           𝜎 =
𝐺𝐹
2𝑚𝑒

2

4𝜋3 2⁄ ∫ [�̃�Φ1(𝑧) − �̃� (
𝜒

𝑢
)
2 3⁄

Φ′(𝑧) − �̃� (
𝜒

𝑢
)
1 3⁄

Φ(𝑧)]
𝑢𝑑𝑢

(1+𝑢)4

∞

0
                     (9) 

where  

   �̃� =
𝜅

2𝑢
[𝑔𝐿
2 + 𝑔𝑅

2(1 + 𝑢)2 + 2𝑔𝐿𝑔𝑅𝜁𝜁
′(1 + 𝑢)] − 𝑔𝐿𝑔𝑅(1 + 𝜁𝜁

′)(1 + 𝑢),         (10) 

 

                            �̃� = 𝑔𝐿
2 + 𝑔𝑅

2(1 + 𝑢)2 + 2𝑔𝐿𝑔𝑅𝜁𝜁
′(1 + 𝑢),                                   (11) 

 

                       �̃� = 𝑔𝑅
2𝜁′(1 + 𝑢)2 − 𝑔𝐿

2𝜁 + 𝑔𝐿𝑔𝑅(𝜁 − 𝜁
′)(1 + 𝑢),                             (12) 

 

                                         𝜒 =
𝑒

𝑚𝑒
3 [−(𝐹𝜇𝜈𝑝

𝜈)
2
]
1 2⁄

=
𝐵

𝐵0

𝑝⊥

𝑚𝑒
                                                 (13) 

 

is the field parameter, 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇     is the tensor of the external field, 

 

                                              𝜅 =
2𝜔𝐸

𝑚𝑒
2 =

2𝑘𝑝

𝑚𝑒
2                                                                      (14) 

 

is the kinematical parameter, 𝑢 is the invariant spectral variable 

 

                                             𝑢 =
𝜒

𝜒′
− 1 =

𝑝⊥

𝑝⊥
′ − 1 ≃

𝜔′

𝐸−𝜔′
,                                                     (15) 
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the field parameter 𝜒′ belongs to the electrons in the final state,  

 

                                         Φ(𝑧) =
1

2√𝜋
∫ 𝑑𝑡𝑒𝑥𝑝 [𝑖 (𝑧𝑡 +

𝑡3

3
)]

+∞

−∞
                                                 (16) 

 

is the Airy function depending on the argument 
 

                                                  𝑧 = (
𝑢

𝜒
)
2 3⁄

(1 −
𝜅

𝑢
),                                                                   (17) 

  

Φ′(𝑧) = 𝑑Φ(𝑧) 𝑑𝑧⁄  and Φ1(𝑧) = ∫ Φ(𝑦)𝑑𝑦
∞

𝑧
.  

 

4. BEHAVIOR OF THE CROSS SECTION IN STRONG FIELD CASE 

 

        Let us consider the limiting case when 𝜒 ≫ 1 and 𝜒 ≫ 𝜅. In this case the parameter 𝜂 ≫ 1. Using the explicit 

formula of the argument of the Airy function 
 

                                                   𝑧 =
1

𝜂2 3⁄

𝑢

𝜅
−1

(
𝑢

𝜅
)
1 3⁄                                                                            (18)  

 

we can write |𝑧| ≪ 1. If we take the fact |𝑧| ≪ 1 into account in the general formula of the cross section of the 

process, we obtain  
 

                            𝜎 =
𝐺𝐹
2𝑚𝑒

2

9𝜋
{
3

2
[𝜅 (

1

3
𝑔𝐿
2 + 𝑔𝑅

2 + 𝑔𝐿𝑔𝑅𝜁𝜁
′) − 𝑔𝐿𝑔𝑅(1 + 𝜁𝜁

′)] +           

 

                                           +Γ(
2

3
) (

5

27
𝑔𝐿
2 + 𝑔𝑅

2 +
2

3
𝑔𝐿𝑔𝑅𝜁𝜁

′) (3𝜒)2 3⁄ −   

 

          −Γ (
1

3
) [2𝑔𝑅

2𝜁′ −
4

27
𝑔𝐿
2𝜁 +

1

3
𝑔𝐿𝑔𝑅(𝜁 − 𝜁

′)] (3𝜒)1 3⁄ }.                               (19) 

 

If we consider the anti-Stokes scattering of an antineutrino at an electron, the following condition  

 

                                                         𝐵 ≫ 𝐵0
𝜔𝑚𝑒

𝐸2
                                                                        (20) 

 

is to be satisfied. In that case the behavior of the cross section is in the form 

 

                                  𝜎 =
𝐺𝐹
2𝑚𝑒

2

9𝜋
{Γ (

2

3
) (

5

27
𝑔𝐿
2 + 𝑔𝑅

2 +
2

3
𝑔𝐿𝑔𝑅𝜁𝜁

′) (3𝜒)2 3⁄ − 

 

                               −Γ(
1

3
) [2𝑔𝑅

2𝜁′ −
4

27
𝑔𝐿
2𝜁 +

1

3
𝑔𝐿𝑔𝑅(𝜁 − 𝜁

′)] (3𝜒)1 3⁄ }.                               (21) 

 

5. DISCUSSION OF THE RESULTS 

 

If we compare this result with the corresponding 

formula of the work [3], we see that the second term is 

absent in [3]. It is explained with that in the limiting 

case when 𝜒 ≫ 1, the second term can be neglected and 

the result of the work [3] is obtained from our result as 

a private case. It should be also noted that the sign in 

front of   2𝑔𝐿𝑔𝑅𝜁𝜁
′ 3⁄   in the first term that contains the 

multiplier  (3𝜒)2 3⁄   is positive. However, the sign in 

front of   2𝑔𝐿𝑔𝑅𝜁𝜁
′ 3⁄   in the term that contains the 

multiplier  (3𝜒)2 3⁄  is negative. Our detail calculations 

and analysis confirm that the sign in front of the term  

2𝑔𝐿𝑔𝑅𝜁𝜁
′ 3⁄  in the work [3] is incorrect. Now let us 

consider the astrophysical application of the obtained 

results. For the neutron stars possessing the magnetic 

field 𝐵~1012𝐺 with the internal temperature 𝑇~1011𝐾 

(𝐸~107𝑒𝑉) and antineutrinos of the energy 𝜔 ≲

103𝑒𝑉, we obtain 1 ≲ 𝜒 ≲ 10,  𝜅 ≲ 1. In this case 𝜂 ≳
1 and the field effect become essentially. It means that 

in the neutron stars possessing the magnetic field 

𝐵~1012𝐺 with the internal temperature 𝑇~1011𝐾 the 

anti-Stokes scattering of antineutrinos of the energy 

𝜔 ≲ 103𝑒𝑉 at electrons contribute to cooling of the 

neutron stars significantly.  

 

6. CONCLUSION 

7.  

We obtained the analytical formula for the cross 

section of the scattering of low-energy antineutrinos at 

transversely polarized ultra-relativistic electrons in a 

constant homogenous magnetic field. We also obtained 

the analytical formula for the anti-Stokes scattering of 

antineutrinos at transversely polarized electrons. We 

applied the obtained results to the magnetized stars and 

showed that in the neutron stars possessing the 
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magnetic field 𝐵~1012𝐺 with the internal temperature 

𝑇~1011𝐾 the anti-Stokes scattering of antineutrinos of 

the energy 𝜔 ≲ 103𝑒𝑉 at electrons contribute to 

cooling of the neutron stars significantly. This is a new 

mechanism of cooling of the neutron stars possessing 

the magnetic field 𝐵~1012𝐺 with the internal 

temperature 𝑇~1011. 

__________________________________ 
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