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KOORDINATDAN ASILI KUTLOLI OSSILYATOR BIRCINS QRAVITASIYA
SAHOSINDO: 2% = 0 vo 2? < 0 HALLARI
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Xarici bircins gravitasiya sahasinds koordinatdan asili kiitlali geyri-relativistik kvant xatti harmonik ossilyatorun modeli
yenidon normallanmus tezliyin 22 = 0 vo 22 < 0 giymetlori vo iimumilosmis sarbast Hamiltonian iigiin tadqiq olunmus, uygun
Sredinger tonliyi dagiq hall olunmusdur. Dalga funksiyalar1 vo enerji spektri tapilmigdir. Dalga funksiyalar1 psevdo-Yakobi

coxhadlilari ils ifads olunur.
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1. Bu yaxinlarda biz birdl¢iilii kvant harmonik os-
silyatorun yeni dagiqg hall olunan modelini toklif etmi-
sik [1]. Bu model iki cshatdan diggsts layiqdir. Birin-

cisi, hesab olunur ki, ossilyatorun kiitlasi m=M(x) koor-
|

1
HO = m
burada N = 1,2,3 ... giymatlorini alan ixtiyari miisbot
tam adaddir. (1) hamiltonianinda g impuls operatoru ilo
M(x) kiitlo operatoru arasinda biitiin miimkiin nizam-
lamalar nozars alinmigdir vo ona goéra do, adobiyyatda
[3-8] rast gelon bu név hamiltonianlar (1)-in xiisusi
halidir.(1) ifadssinds «;, B, y; (i =1,2,..,N) para-
metrlari nizamlama parametrloridir vo

ai+ﬁi+yi=—1,i=1,2,...,N (2)
sortlorine tabedirlor. Hy-1 agagidaki kimi gostarak:
1, 1
HO = EpM(x) p + Vfree(x): 3)
burada Vpye. (x) funksiyasi
hZMI hZMII
Viree(x) = A — == — Bp = 4)

soklindadir. (4)-doki Af vo By omsallart a; Vo y; para-
metrlorinin @ = %Zﬁ\':l a;,y = %Z’i"zlyi orta giymot-
lorilo ifado olunur A =a+y+ay, Br=a+y.
Viree (x) sorbast potensial adlandiriimisdir.

[1] isindo baxilan ossilyator modelinin kiitlosi
koordinatdan asagidaki kimi asilidir:

a’m,
a?+x?’

M(x) = — 00 < x < oo (5)
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dinatdan asihidir. Ikincisi, koordinatdan asili kiitloli
kvant dinamiki sistemlori tosvir etmak ftigiin [2] isindo
toklif olunmus timumilogmis Hamilton operatorundan
istifado olunmusdur:

@

" Sadalik tictin kiitloys daxil olan a parametrini miisbat
gobul edacayik: a > 0. Aydindir ki, a = oo limitinda
kiitlonin koordinatdan asililig1 yox olur, yani

lim M(x) = m,.

a—oo

(6)

Baxilan model ti¢iin potensial enerji operatoru asagida-
k1 kimi segilmisdir

M(x)w?x?

V(x) = (7)

Sarbast (4) potensialinin mévcudlugu ona gatirib

¢ixarir ki, ossilyatorun tezliyi w yenidan normallanaraq

£-ya barabar olur, yani

2, RE(@+y+4ay)

4Af_3Bf
Ada* ) (8)

Yenidon normallanmis tezliyin kvadratt imumi halda
N? >0, 2% =0vos N? < 0 giymatlorini ala bilar.

Baxilan ossilyator modelini tasvir edon Sredinger
tonliyini yazaq:

N =w w2(1+

492
a*mg

(02 =20, + 2 [E - Vo, 0]} = 0, ©

Veff(x) =V(x) + Vfree(x)-

Effektiv potensiali yigcam formada yazaq:
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M
Verr(x) = (x) [_szz +29x + —— Bf] (10)

[1] mogalssinds 22 > 0 hali genis aragdirilmus,
enerji spektri va dalga funksiyalarinin agkar gokillori ta-
pilmigdir. |

2x 2a?m,

Toqdim olunan isds magsed baxilan ossilyator
masalosini 22 =0 vo N? <0 hallar1 iiciin aras-
dirmaqdir.

2. Q% = 0 hali. Bu halda (9) tonliyi asagidaki soklo
diisiir

a’mg

{oz + |E

Yeni adsiz doyisons ke¢ok &€ = x/a.Onda alariq

Oy +

a?+x? h?(a?+x2)

T o
(02 +Z0:+=)w=0. (12)

Burada asagidaki isaralomolor edilmisdir:

o(§) =1+, 7)) =2§,6(8) = co — 1§ + 6287

Co, C1Vo €, omsallar ti¢iin asagidaki ifadslori alinir

2a’mgE  — — 2a3mdg

Cop = 72 - -Y, (1= fl— = Zlox‘)a
2a’mgyE

Cy = h—z . (13)

Indi Nikiforov-Uvarov metodundan [9] istifado et-
mokls (12) tonliyini hall edok. Dagig hollin tapilmasi
tiglin (&) -nin maksimum birinci tortib coxhadli, o (&)
Vo G(€)-nin iso maksimum ikinci tortib goxhadli olma-
st talob olunur. Indi biz (12) tenliyinin hallini asagidak1
kimi axtaririq:

Y = p(©y(),

burada m = (&) maksimum birinci tartib ixtiyari ¢ox-
hadlidir, yoni m =my + mé vo my, = conste($)
tigtin (14)-don novbati ifadani olds edirik:

(&),

() = els0®

(14)

P = (1 + 52)%eﬂ0arctanfl

(2gx +

oo}y =

(11)

2(a%+x2)

(15)
|

@(&)-nin & = +oo noqtalorinds sonlu olmasi talobin-
don (yenifligrn @(&) = 0 olmasi Ggiin) biz 7; < 0 oldo

edirik. Naticodo y = y(&) figlin ikinci tortib differensi-
al tonliyi alariq:

y”+§y’+%y=0, (16)

T=%+2m,6 =6+ F—o)n+n?+on' (17)

o (&) do maksimum ikinci tartib ¢oxhadli oldugundan,
onda tolob eds bilarik ki, 6(&) ¢oxhadlisi a(§) ¢ox-
hadlisins boliinsiin:

o = Ao, 1 = const. (18)
Bu halda, (16) tenliyini asagidaki sokls diisiir.
ay" +1y'+ Ay =0. (19)

(18) tonliyi ilo (17) tonliyinin miiqayisasindon
2 (0 —-PDn—puoc+é&=0,u=21—mu" (20)

almir. Bizim tonliyimizds
(&)-ni agagidaki kimi tapmaq olar

o' —1 =0 oldugundan,

T = e\/ya—

(21)-do diskriminant D = c¢?
Belalikls, u tiglin agagidaki iki giymati aliriq.

U

F=eJ(u—c)E+cé+pu—co, e=+1.

(21)

—4(u —c;)(u — cg) = 0 olmalidr va bu bizo imkan verir ki, u sabitini tapag.

= %[co +cy +eg/(c — co)? + CIZ], e; = +1.

(22)

(22)-don istifado edarak m (&) ¢oxhadlisinin m, ; amsallarini asanliqla oldo eda bilarik

C1
g = €

2\/pu—cy,
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U—c, = %[co —cy+ e/ (cog+ )%+ clz] >0 vo m; <0, e; =41 sortlorina asason e = —1  olmalidur.
Demali,

—Cq

1
p=zleo+e+ -2+,  m= : (24)
\[Z[cz—c(ﬁ /(co+cz)2+cf
=— || = J(cz —co)2 +c2 25
m = Z[Co ¢z ++/(c2 = co) +C1], (25)
4a’moE  —

buradaki ¢y + ¢, = 2¢, — By = —a—-Yc—c=B=a+y.1=2n,+2(m; + Dévorl=p+n' =

B2
U + my ifadolari tiglin (16)-ni yenidon yaza blorik.

(1+&3)y" +2[mg + (my + DEly' + (u + m)y = 0. (26)

(26) tonliyini y = B,(&; v, N) psevdo-Yakobi ¢oxhadlisinin 6dadiyi ikinci tortib differensial tonliklo miiga-
yiso etsok [10]

—I

1482y +2(v=N&Y +n(2N —n+1)y = 0. 27)

Miigayisodon v =y, N = —mt; —1Vvo u+ m; = n(2N —n + 1) alinir.

Buradan
__ "4 _ — _ — _
V== N=yu—c,—1Lu=n2N—-n+1)+N+1, (28)
y =P, (& v, N) (29)

sortlorini alariq. Burada N miisbot tam ododdir: N = 1,2,3,...von = 0,1,2, ..., N.
(28)-don enerjinin kvantlanmasi sorti alinir. \/ju — ¢, = N + 1 = 2, 3, 4, ... boaraboarliyindon alinir ki,

—(a+y)+ \/(E +7)2% + 428x%a® = 2(N + 1)? = 8,18,32, ... (30)

v vo N model parametrlorini asagidaki kimi ifads edok, goriindiiyii kimi onlar a, my, w,a, g Kemiyyatlorini
6ziinds birlosdirir

—22¢xa3
v = et 7 (31)

—@+7)+ /(E+]7)2+4A§x§a6

1/2
N = [;(-w +7) + J @+7)2+ 413x§a6)] - L (32)

V(N + 1) = —A¢xyas. (33)
&= 2 oldugunu nozars alsaq, (15) ¢aki funksiyasi asagidaki sokla diigor.

—(N+1)

o(x) = (1 _l_z_z) 2 evarctan(g). (39)

Co,C1 VO Cy (4.4) omsallari ilo v vo N kvantlari arasinda asagidaki kimi olago yaranir

co=n2N—-n+1)+N+1—-v%c¢;=-2v(N+1),c, =n(2N—-n+1)—-NN+1) (35)

39



S.09. OMIiROVA
Aoa = 41/3Bf - 4'Af . (36)

(30), (31) va (32) tonliklarindan istifads edorak, E = E,, enerji spektri ligiin asagidaki ifads alariq:

E - hw
" \2A%q2

hw

+212 2[2<(a+y) \/(a+y)2+4lox0 )—n(n+1) ,

\/ (a+y)+\/(oz+]/)2 + 42A8x3ab <n+%)+

@37)

n=20,12, ..., N giymatlorini alir.
(14), (15) va (29) nozars alaraq dalga funksiyasi tigiin ifadoni alariq.

—(N+1)

ba) =cn(1+5) 7 e @@, (5v,n), @8)

Dalga funksiyasi tigtin agagidaki ortonormalliq sortindon istifado edorok
oo *
f_ooll) () Y (x)dx = S, (39)

normallanma sabiti c,,-nin ifadasini tapiriq
_ 1 N—n IT(N+1-n+iv)| |T(2N+2-n)
tn = an!\/ﬁz F(2N+1-2n) \I 2N+1-2n ' (40)

3. Q2 < 0 hali. Bu halda (9) Sredinger tonliyi asagidaki soklo diisiir

{62 v 5 42 mOZ)[ a’mo 5 (2% + 293 + 5o By )]}lp 0, (41)

a?+x? Ox + h2(a?+x 2(a?+x
Bu tanliyi Nikiforov-Uvarov metoduna uygun formada (12) yazag. c,, ¢;, c;omsallari iigiin

2a’myE | a*m30?
h2 h2

2a’mgE —  — 2a3mig
= m A=Y ==

= ZAOXOQS , Cp = (42)
ifadolori alinir.

(41) tonliyi (11) tonliyinin hoallina analoji gaydada hall edilir. Natice do 7, 7y, m; Vo u amsallari {igiin (21) vo
(24) ifadslorini alacagiq, farq onda olacaqdir ki, v vo N adadloari (31) vo (32) avazino (43) va (44) diisturlar ilo
verilacakdir:

—V225x0a3
v = V2. 0Xoa = (43)

—2(@+y)-Akat—aay+ J (2(@+7)+A%a* +4ay)’ +4A8x2as

1/2
N = [ < 2(@ +y) — Aga* — 4oy + \[(Z(E +7) + Agat + 4ay)? + 4/1§x§a6)] -1, (44

V(N 4+ 1) = =A% 3/ [(N 4+ 1)2 —v2 — 2(a + ) — 4ay]3.

Notico do enerji spektrinin ifadasini asagidaki kimi tapiriq
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E =
" \2A%a?

ho [l </‘Lga4 + 4oy + \/(2(& +7) + Ada* + 4ay)? + 4/13x§a6> —n(n+ 1)]-

hw

1
—2(a+7y) — Aa* — 4ay + \/(2(& +7) + Aga* + 4ay)? + 4A5x2a® (n + 5) +

22%a2 |2

(45)

Dalga funksiyalarmin ifadolori hor iki hal iigiin, yoni 022 =0 vo2? < 0 formaca iist-iisto diisdiiyiindon
normallama sabitinin do ifadolori formaca eyni olur, lakin v vo N-nin ifadslori farglonir, yani

—(N+1)

Yn(x) =cp (1 + z_z)

2

1 N—n [T(N+1-n+iv)|

evarctan(g)Pn (f 3V, N);

(46)

a

Ch =

anWm

F(2N+1-2n)

F(2N+2-n)
2N+1-2n

|
Biz bu igdo yenidon normallanmis ossilyator tezliyi ~ Bu hallarda da, nozordan kegirilon sistem diskret enerji

N? = 0 vo0N? < 0 oldugu hallarda koordinatdan asili

kiitloli

ossilyator

modelini  aragdirdiq:  dalga

funksiyalarimi vo diskret enerji spektrlorini toyin etdik.
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OSCILLATOR WITH A POSITION-DEPENDENT MASS IN A HOMOGENEOUS
GRAVITATIONAL FIELD: Q% = 0 AND Q2 < 0 CASES

The model with a position-dependent non-relativistic quantum linear harmonic oscillator in an external homogeneous
gravitational field was studied for values of the renormalized frequency 22 =0 and 22 < 0and the generalized free
Hamiltonian, the corresponding Schrédinger equation was exact solved. The wave functions and energy spectrum are found.

Wave functions are expressed by pseudo-Jacobi polynomials.
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II. A. Amuposa

OCIHUAJIATOP C 3ABUCSIIENA OT KOOPAUHATBI MACCHI B OTHOPOTHOM
TPABUTAIITMOHHOM IIOJIE: Q2 = 0 1 9% < 0 CJIVYAEB

Hccnenorana Mmoaeis HEPEIBITUBUCTCKOI'O KBAHTOBOT'O JIMHEHHOTO TapMOHHUYECKOTO OCHUIIIIATOpPA C 3aBHCS{H.[eﬁ OT KO-
OpAUHAThI Maccoil BO BHEUTHEM OJHOPOJHOM I'paBUTALITMOHHOM IIOJIC IJId 3HAYCHUI HepeHOpMHpOBaHHOfI JaCTOThI .Qz = 0,

0? < 0 1 06061EHHOr0 CBOGOIHOTO FAMUJILTOHHAHA, COOTBETCTBYIONIEe ypaBHenue [lIpeaunrepa 66110 penreHo Touno. Hait-
JICHBI BOJIHOBBIE (DYHKIIMH U SHEPTeTHYECKUH CIIeKTp. BoHOBEIE PyHKINK BBIpaXkaloTCs IOJIMHOMaMH IIceB0-Kko0u.
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