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1. INTRODUCTION 
 

As is known, one of the formulations of quantum 
mechanics is its formulation in the phase space [1-5]. 
This formulation uses concepts that are common to 
both quantum and classical mechanics. It makes it 
possible to describe the picture of quantum 
phenomena using, as far as possible, the classical 
language. This formulation deals only with c-
numerical quantities and equations, and not with 
operators, which sometimes simplifies the 
mathematical description of a given quantum system. 
The main tools of the phase formulation of quantum 
mechanics are quantum distribution functions. To pass 
to this formulation from the Schrödinger operator 

formalism, it is necessary to replace the operators of 
physical quantities with their Weyl transformations 
[6], and the wave functions with quantum distribution 
functions. 

Among the various quantum distributions 
functions that exist, the Wigner quantum distribution 
function is well known. Wigner function 𝑊𝑊 depends 
on momentum 𝑝𝑝 and coordinates 𝑥𝑥 particles and in the 
general case on time 𝑡𝑡, those 𝑊𝑊 = 𝑊𝑊(𝑝𝑝, 𝑥𝑥, 𝑡𝑡). 
Introduced in 1932, the Wigner function is widely 
used to describe various physical quantum systems. 
The Wigner quantum distribution function is 
expressed in terms of the Schrödinger wave function 
𝜓𝜓(𝑥𝑥, 𝑡𝑡) using the formula: 

 

𝑊𝑊(𝑥𝑥,𝑝𝑝, 𝑡𝑡) = 1
2𝜋𝜋ℏ ∫𝜓𝜓

∗(𝑥𝑥 − 𝑥𝑥′

2 , 𝑡𝑡)𝜓𝜓(𝑥𝑥+ 𝑥𝑥′
2 , 𝑡𝑡)𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖′/ℏ 𝑑𝑑𝑑𝑑.                             (1.1) 

 
At present there exist a lot of papers with 

computation of the Wigner function of the various 
constant [7-10] and position-dependent mass [11-17] 
quantum relativistic and nonrelativistic harmonic 
oscillator models. 
On the other hand, it is also well known that the 
construction and study of models of dynamic quantum 
physical systems with coordinate-dependent mass has 
long attracted the attention of scientists [18–37]. Such 
quantum systems play an important role in studying 
the physical and electronic properties of 
semiconductors [22], quantum wells and quantum dots 
[23], clusters 3He [24], quantum liquids [25], graded 
alloys, semiconductor heterostructures [26], etc.     

The aim of this work is to construct the Wigner 
quantum distribution function for a linear oscillator 
model with a position-dependent mass and frequency 
in an external homogeneous field [38]. 
 
2. WIGNER QUANTUM DISTRIBUTION 
FUNCTION FOR A LINEAR HARMONIC 
OSCILLATOR WITH CONSTANT MASS IN A 
UNIFORM EXTERNAL FIELD 
 

Let us write the Schrödinger equation describing 
the motion of a linear harmonic oscillator with a 
constant mass in a uniform external field 

 

� 𝑝𝑝�2

2𝑚𝑚0
+ 𝑚𝑚0𝜔𝜔0

2𝑥𝑥2

2
+ 𝑔𝑔𝑔𝑔�𝜓𝜓𝐻𝐻𝐻𝐻(𝑥𝑥) = 𝐸𝐸HO𝜓𝜓HO(𝑥𝑥),                            (2.1) 

 
where 𝑝̂𝑝 = −𝑖𝑖ℏ𝜕𝜕𝑥𝑥 is the momentum operator, 𝑚𝑚0 and 𝜔𝜔0 are constant mass and frequency of the oscillator, 
equation (2.1) is defined on the entire real axis−∞ < 𝑥𝑥 < ∞. 

It is well known that the exact solution of Eq. (2.1) is expressed in terms of the Hermite polynomials 
 

ψn
HO(𝑥𝑥) = 𝑐𝑐𝑛𝑛HO𝑒𝑒

−12(𝜉𝜉+𝜉𝜉0)2𝐻𝐻𝑛𝑛(𝜉𝜉 + 𝜉𝜉0),𝑛𝑛 = 0,1,2,3 …,                            (2.2) 
 

and the discrete energy spectrum corresponding to the wave functions is equidistant 
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𝐸𝐸𝑛𝑛HO = ℏ𝜔𝜔0 �𝑛𝑛 + 1
2
� + 𝑚𝑚0𝜔𝜔0

2𝑥𝑥2

2
, 𝑛𝑛 = 0,1,2,3 …                            (2.3) 

 
Here we use the following notation 

𝜉𝜉 = 𝜆𝜆0𝑥𝑥, 𝜉𝜉0 = 𝜆𝜆0𝑥𝑥0, 𝑥𝑥0 = 𝑔𝑔
𝑚𝑚0𝜔𝜔0

2 , 𝜆𝜆0 = �𝑚𝑚0𝜔𝜔0
ℏ

.                             (2.4) 
 

From the orthonormalization condition for wave functions (2.2) 
 

∫ 𝜓𝜓𝑛𝑛∗HO(𝑥𝑥)∞
−∞ 𝜓𝜓𝑚𝑚HO(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝛿𝛿𝑛𝑛𝑛𝑛                                            (2.5) 

 
we find the normalization constant as follows 
 

𝑐𝑐𝑛𝑛HO = �𝜆𝜆02

𝜋𝜋

4 1
√2𝑛𝑛𝑛𝑛!

.                                                           (2.6) 
 

Substituting (2.2) into (1.1) leads to the following expression for the Wigner function for a linear harmonic 
oscillator in an external uniform field 
 

𝑊𝑊𝑛𝑛
HO(𝑝𝑝, 𝑥𝑥) = (−1)𝑛𝑛

𝜋𝜋ℏ
𝑒𝑒−(𝜉𝜉+𝜉𝜉0)2−𝜂𝜂2𝐿𝐿𝑛𝑛(2𝜂𝜂2 + 2(𝜉𝜉 + 𝜉𝜉0)2),                    (2.7) 

  
where 𝐿𝐿𝑛𝑛(𝑥𝑥) are Laguerre polynomials, and 𝜂𝜂 = 𝑝𝑝 𝜆𝜆0ℏ.⁄  Formula (2.7) can also be written in operator form [11]. 
 

𝑊𝑊𝑛𝑛
HO(𝑝𝑝, 𝑥𝑥) = 1

𝜋𝜋ℏ
1

2𝑛𝑛𝑛𝑛!
𝐻𝐻𝑛𝑛 �𝜉𝜉 + 𝜉𝜉0 −

𝑖𝑖
2
𝜕𝜕𝜂𝜂�𝐻𝐻𝑛𝑛 �𝜉𝜉 + 𝜉𝜉0 + 𝑖𝑖

2
𝜕𝜕𝜂𝜂�   𝑒𝑒−(𝜉𝜉+𝜉𝜉0)2−𝜂𝜂2 .            (2.8)  

 
2. THE LINEAR HARMONIC OSCILLATOR WITH POSITION DEPENDENT MASS AND 

FREQUENCY IN THE EXTERNAL HOMOGENEOUS FIELD WITH A LIMITED PARABOLIC 
WELL 

 
Linear harmonic oscillator model with a position dependent mass 𝑀𝑀(𝑥𝑥) = 𝑎𝑎2𝑚𝑚0

(𝑎𝑎+𝑥𝑥)2
 and frequency 𝜔𝜔 =

𝜔𝜔0 �1 + 𝑥𝑥
𝑎𝑎
�,  (𝑎𝑎 + 𝑥𝑥 > 0)  in an external uniform field 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥) = 𝑔𝑔(𝑥𝑥), considered in [38] is described by the 

Schrödinger equation 
 

           �𝐻𝐻0 + 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥)�𝜓𝜓(𝑥𝑥) = 𝐸𝐸𝐸𝐸(𝑥𝑥),        𝑎𝑎 + 𝑥𝑥 > 0.                                            (3.1) 
 

Here 𝐻𝐻0 is the free Hamiltonian with a position dependent mass  
                                        

               𝐻𝐻0 = 1
2
𝑝̂𝑝 1
𝑀𝑀(𝑥𝑥)

𝑝̂𝑝 + 𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥),                                                     (3.2) 
 

and 𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥) is the contribution from the free Hamiltonian to the potential energy, which depends on the mass 
function 𝑀𝑀(𝑥𝑥) and on the real parameters  𝐴𝐴𝑓𝑓, 𝐵𝐵𝑓𝑓 ∈ 𝑅𝑅(−∞,∞)(see [38,39,40]). It has a form 
 

𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥) = 𝐴𝐴𝑓𝑓
ℏ2𝑀𝑀′2

2𝑀𝑀3 − 𝐵𝐵𝑓𝑓
ℏ2𝑀𝑀′′

4𝑀𝑀2 .                                               (3.3) 
 

The effective potential is equal to the sum of the interaction potential 𝑉𝑉(𝑥𝑥) and free potential, i.e. 
 

                                                    𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥) = 𝑉𝑉(𝑥𝑥) + 𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥).                                          (3.4) 
 

Interaction potential 𝑉𝑉(𝑥𝑥) we choose in the form 
 

𝑉𝑉(𝑥𝑥) = �
𝑀𝑀(𝑥𝑥)𝜔𝜔2𝑥𝑥2

2
+ 𝑔𝑔𝑔𝑔,     𝑥𝑥 + 𝑎𝑎 > 0,

∞,                          𝑥𝑥 + 𝑎𝑎 < 0,
                                                      (3.5) 

 
where 𝑔𝑔 is a force and 𝑀𝑀(𝑥𝑥)𝜔𝜔2(𝑥𝑥) = 𝑚𝑚0𝜔𝜔0

2. 
     In this case, when  𝑀𝑀(𝑥𝑥) = 𝑎𝑎2𝑚𝑚0

(𝑎𝑎+𝑥𝑥)2
  we have 𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝑥𝑥) = 𝑉𝑉0 = const. The solution of the equation (3.1) with 

the potential (3.4)  
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𝜓𝜓𝑛𝑛
𝑔𝑔(𝑥𝑥) = 𝑐𝑐𝑛𝑛

𝑔𝑔 �1 + 𝑥𝑥
𝑎𝑎�
𝐴𝐴𝑛𝑛
𝑒𝑒−𝑏𝑏

2�1+𝑥𝑥
𝑎𝑎�𝐿𝐿𝑛𝑛2𝐴𝐴𝑛𝑛+1 �2𝑏𝑏2 �1 + 𝑥𝑥

𝑎𝑎�� ,𝑛𝑛 = 0,1,2, …𝑁𝑁𝑔𝑔,         (3.6) 
 

is expressed in terms of the Laguerre polynomials [38] 
 

                      𝐿𝐿𝑛𝑛𝛼𝛼(𝑥𝑥) = (𝛼𝛼+1)𝑛𝑛
𝑛𝑛!

𝐹𝐹1(−𝑛𝑛,1 𝛼𝛼 + 1; 𝑥𝑥) ,                                   (3.7) 
         

in the following way, where 𝑏𝑏 = 𝜆𝜆0𝑎𝑎 , 𝐴𝐴𝑛𝑛 = 𝑏𝑏2 − 𝑛𝑛 − 1 − 𝑏𝑏𝜉𝜉0, 𝑁𝑁𝑔𝑔 = 𝑏𝑏2 − 1 − 𝑏𝑏𝜉𝜉0. The corresponding to the 
wave functions (3.7) discrete energy spectrum has the form  
 

𝐸𝐸𝑛𝑛
𝑔𝑔 = ℏΩ0 �𝑛𝑛 + 1

2
� − ℏ2

2𝑚𝑚0𝑎𝑎2
𝑛𝑛(𝑛𝑛 + 1) − 𝑚𝑚0𝜔𝜔0

2𝑥𝑥0
2

2
+ 𝑉𝑉0,                        (3.8) 

 

where  Ω0 = 𝜔𝜔0 �1 − 𝜉𝜉0
𝑏𝑏
� is a renormalized oscillator frequency. 

Let us now find the normalization constant 𝑐𝑐𝑛𝑛
𝑔𝑔 in (3.7) from the condition  

 

∫ �𝜓𝜓𝑛𝑛
𝑔𝑔(𝑥𝑥)�2∞

−𝑎𝑎 𝑑𝑑𝑑𝑑 = 1.                                            (3.9) 
 

To calculate this integral (3.9), we use the formula [41] 
 
∫ 𝑥𝑥𝛼𝛼−1𝑒𝑒−с𝑥𝑥𝐿𝐿𝑚𝑚

𝛾𝛾 (𝑐𝑐𝑐𝑐)𝐿𝐿𝑛𝑛𝜆𝜆 (𝑐𝑐𝑐𝑐)𝑑𝑑𝑑𝑑 = (𝛾𝛾+1)𝑛𝑛(𝜆𝜆−𝛼𝛼+1)𝑛𝑛
𝑚𝑚!𝑛𝑛!𝑐𝑐𝛼𝛼

Γ(𝛼𝛼) 𝐹𝐹23 (−𝑚𝑚,𝛼𝛼,𝛼𝛼 − 𝜆𝜆; 𝛾𝛾 + 1;𝛼𝛼 − 𝜆𝜆 − 𝑛𝑛; 1)∞
0 ,   (3.10)        

 
Re𝛼𝛼 > 0, Re𝑐𝑐 > 0. In our case we have 𝛼𝛼 = 𝛾𝛾 = 𝜆𝜆 = 2𝐴𝐴𝑛𝑛 + 1,  𝑚𝑚 = 𝑛𝑛, 𝑐𝑐 = 1. As a result, we find 
 

     𝐶𝐶𝑛𝑛
𝑔𝑔 = (2𝑏𝑏2)

𝐴𝐴𝑛𝑛+1
2� 𝜆𝜆0𝑛𝑛!(2𝐴𝐴𝑛𝑛+1)

𝑏𝑏Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+1)  .                                           (3.11) 
 

4. COMPUTATION OF THE WIGNER DISTRIBUTION FUNCTION OF A SEMICONFINED 
LINEAR HARMONIC OSCILLATOR MODEL WITH POSITION-DEPENDENT MASS AND 
FREQUENCY IN AN EXTERNAL HOMOGENEOUS FIELD 

 
For our calculations, we will substitute expression (3.7) for the wave function into the definition of the 

Wigner distribution function 
 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

�𝐶𝐶𝑛𝑛
𝑔𝑔�2

𝜋𝜋ℏ
𝑒𝑒−2𝑏𝑏

2�1+𝑥𝑥𝑎𝑎� � ��1 +
𝑥𝑥
𝑎𝑎
�
2
−
𝑦𝑦2

𝑎𝑎2�
𝐴𝐴𝑛𝑛𝑦𝑦2

𝑦𝑦1
𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1 �2𝑏𝑏2 �1 +

𝑥𝑥 − 𝑦𝑦
𝑎𝑎

�� × 

× 𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1 �2𝑏𝑏2 �1 + 𝑥𝑥+𝑦𝑦

𝑎𝑎
�� 𝑒𝑒−

2𝑖𝑖𝑖𝑖𝑖𝑖
ℏ 𝑑𝑑𝑑𝑑.                                 (4.1) 

 
Integration limits in (4.1) 𝑦𝑦1 and 𝑦𝑦2 we find from the condition that the argument of the wave function 

varies in the region 𝑥𝑥 > −𝑎𝑎, therefore, we have 𝑥𝑥 − 𝑦𝑦 > −𝑎𝑎  and 𝑥𝑥 + 𝑦𝑦 > −𝑎𝑎. Hence it follows that 𝑦𝑦1 =
−(𝑥𝑥 + 𝑎𝑎),𝑦𝑦2 = (𝑥𝑥 + 𝑎𝑎). Since the boundaries of integration in (4.1) are finite, this integral converges. 

We introduce a dimensionless variable 𝑡𝑡 = 𝑦𝑦 (𝑥𝑥 + 𝑎𝑎)⁄  and imagine 𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) as 

 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 𝜎𝜎𝑛𝑛 ∙ 𝛪𝛪𝑛𝑛,                                              (4.2) 

 

𝜎𝜎𝑛𝑛 =
|𝐶𝐶𝑛𝑛

𝑔𝑔|2

𝜋𝜋ℏ𝜆𝜆0
𝑒𝑒−𝜌𝜌𝑏𝑏−2𝐴𝐴𝑛𝑛(𝑏𝑏 + 𝜉𝜉)2𝐴𝐴𝑛𝑛+1 =

1
𝜋𝜋ℏ

𝑒𝑒−𝜌𝜌[2𝑏𝑏(𝑏𝑏 + 𝜉𝜉)]2𝐴𝐴𝑛𝑛+1 ∙
𝑛𝑛! (2𝐴𝐴𝑛𝑛 + 1)

Γ(2𝐴𝐴𝑛𝑛 + 𝑛𝑛 + 2). 
 

𝛪𝛪𝑛𝑛 = � (1 − 𝑡𝑡2)𝐴𝐴𝑛𝑛  𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1(𝜌𝜌 − 𝜌𝜌𝜌𝜌)𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1(𝜌𝜌 + 𝜌𝜌𝜌𝜌)𝑒𝑒−2𝑖𝑖𝑖𝑖(𝑏𝑏+𝜉𝜉)𝑡𝑡𝑑𝑑𝑑𝑑,
1

−1
 

 
where 𝜌𝜌 = 2𝑏𝑏(𝑏𝑏 + 𝜉𝜉), η = 𝑝𝑝 𝜆𝜆0ℏ⁄ .  Using equality 
 

𝑡𝑡𝑒𝑒−2𝑖𝑖𝑖𝑖(𝑏𝑏+𝜉𝜉)𝑡𝑡 =
𝑖𝑖

2(𝑏𝑏 + 𝜉𝜉)𝜕𝜕𝜂𝜂𝑒𝑒
−2𝑖𝑖𝑖𝑖(𝑏𝑏+𝜉𝜉)𝑡𝑡 
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rewrite 𝛪𝛪𝑛𝑛 in operator form 
 

𝛪𝛪𝑛𝑛 = 𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂� ∫ (1 − 𝑡𝑡2)𝐴𝐴𝑛𝑛  𝑒𝑒−2𝑖𝑖𝑖𝑖(𝑏𝑏+𝜉𝜉)𝑡𝑡𝑑𝑑𝑑𝑑.1
−1      (4.3) 

 
Here integration can be carried out using the formulas [41] 
 

∫ (𝑎𝑎2 − 𝑥𝑥2)𝛽𝛽−1𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 = √𝜋𝜋Γ(𝛽𝛽)𝑎𝑎
−𝑎𝑎 �2𝑎𝑎

𝜆𝜆
�
𝛽𝛽−1 2⁄

𝐽𝐽𝛽𝛽−1 2⁄ (𝑎𝑎𝑎𝑎),𝑅𝑅𝑅𝑅𝑅𝑅 > 0,       (4.4) 
 

where 𝐽𝐽𝛽𝛽(𝑥𝑥) is the Bessel function. As a result, we obtain the following operator relation 
 
𝛪𝛪𝑛𝑛 = √𝜋𝜋Γ(𝐴𝐴𝑛𝑛 + 1)𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�[𝜂𝜂(𝑏𝑏 + 𝜉𝜉)]−𝐴𝐴𝑛𝑛−1 2⁄ 𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.    (4.5) 

 
Taking into account (4.5), we can now write the Wigner function in operator form, i.e. 
 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

|𝐶𝐶𝑛𝑛
𝑔𝑔|2

ℏ√𝜋𝜋𝜆𝜆0
Γ(𝐴𝐴𝑛𝑛 + 1)𝑏𝑏−2𝐴𝐴𝑛𝑛𝑒𝑒−𝜌𝜌𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂� × 

                                    × �𝑏𝑏+𝜉𝜉
𝜂𝜂
�
𝐴𝐴𝑛𝑛+1 2⁄

𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.                                    (4.6) 
 

4.1. GROUND STATE WIGNER FUNCTION 
 

From (3.16) we extract the Wigner function of the ground state, which has the form 
 

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

ℏ√𝜋𝜋
(2𝐴𝐴0 + 1) Γ(2𝐴𝐴0+1)

Γ(2𝐴𝐴0+2)
�4𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝐴𝐴0+1 2⁄

𝑒𝑒−𝜌𝜌𝐽𝐽𝐴𝐴0+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.            (4.7) 
 

Now taking into account the following well-known relation for the Gamma functions [43] 
 

Γ(2𝑧𝑧) = 22𝑧𝑧−1

√𝜋𝜋
𝛤𝛤(𝑧𝑧)𝛤𝛤 �𝑧𝑧 + 1

2
�,                                   (4.8) 

 
we can simplify expression (4.7). As a result we obtain the following analytical expression for the ground state 
Wigner distribution function 
  

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 2

ℏ
1

Γ(2𝐴𝐴0+1 2⁄ )
�𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝐴𝐴0+1 2⁄

𝑒𝑒−𝜌𝜌𝐽𝐽𝐴𝐴0+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�                      (4.9) 
 

or explicitly 

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 2

ℏ
1

Γ(𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄ )
𝑒𝑒−𝑏𝑏2−𝑏𝑏𝜉𝜉0 �𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄

𝐽𝐽𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�,   (4.10) 
 

where 𝐴𝐴𝑛𝑛 = 𝐴𝐴0 − 𝑛𝑛, 𝐴𝐴0=𝑏𝑏2 − 𝑏𝑏𝜉𝜉0 − 1. 
    For the case of the absence of the external field 𝑔𝑔 = 0 and 𝜉𝜉0 = 0, and the Wigner function of the ground state 
(4.8) slightly simplifies as follows: 
 

𝑊𝑊0
0(𝑝𝑝, 𝑥𝑥) = 2

ℏ
1

Γ(𝑏𝑏2−1 2⁄ )
𝑒𝑒−𝑏𝑏2−𝑏𝑏𝜉𝜉0 �𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−1 2⁄

𝐽𝐽𝑏𝑏2−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.              (4.11) 
 

    Taking into account that the Wigner function of the ground state (4.2) is exactly  computed in terms of the 
Bessel functions, then one can try to compute its analytical expression for arbitrarily excited states  𝑛𝑛. For this, 
one needs to go to the expression (4.2). Its integrand mainly consists of the product of two Lagerre polynomials 
with different arguments. One applies there the following known finite sum for such kind of products [42] 
 

                        𝐿𝐿𝑛𝑛𝛼𝛼(𝑥𝑥)𝐿𝐿𝑛𝑛𝛼𝛼(𝑦𝑦) = Γ(𝛼𝛼+𝑛𝑛+1)
𝑛𝑛!

∑ (𝑥𝑥𝑥𝑥)𝑘𝑘

𝑘𝑘!Γ(𝛼𝛼+𝑘𝑘+1)
𝑛𝑛
𝑘𝑘=0 𝐿𝐿𝑛𝑛−𝑘𝑘

(𝛼𝛼+2𝑘𝑘)(𝑥𝑥 + 𝑦𝑦).                  (4.12) 

 
Its substitution at (4.2) yields 
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𝛪𝛪𝑛𝑛 = Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)

𝑛𝑛!
∑ 𝜌𝜌2𝑘𝑘

𝑘𝑘!Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)
𝑛𝑛
𝑘𝑘=0 𝐿𝐿𝑛𝑛−𝑘𝑘

(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)(2𝜌𝜌)∫ (1 − 𝑡𝑡2)𝐴𝐴𝑛𝑛+𝑘𝑘 𝑒𝑒−2𝑖𝑖𝑖𝑖(𝑏𝑏+𝜉𝜉)𝑡𝑡𝑑𝑑𝑑𝑑.1
−1      (4.13) 

 
Applying again the integral formula (4.4), for 𝛪𝛪𝑛𝑛 we get 
 

𝛪𝛪𝑛𝑛 = √𝜋𝜋 Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)
𝑛𝑛!

[𝜂𝜂(𝑏𝑏 + 𝜉𝜉)]𝐴𝐴𝑛𝑛−1 2⁄ ∑ 𝑄𝑄𝑘𝑘,𝑛𝑛
𝑘𝑘=0                                    (4.14) 

 
where  

𝑄𝑄𝑘𝑘 = Γ(𝐴𝐴𝑛𝑛+𝑘𝑘+1)
𝑘𝑘!Γ(2𝐴𝐴𝑛𝑛+𝑘𝑘+2)

�4𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑘𝑘
𝐿𝐿𝑛𝑛−𝑘𝑘

(2𝐴𝐴𝑛𝑛+2𝑘𝑘+1)(2𝜌𝜌)𝐽𝐽𝐴𝐴𝑛𝑛+𝑘𝑘+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.              (4.15) 
 

So the Wigner distribution function of the semiconfined quantum harmonic oscillator model with position 
dependent mass and frequency in the presence of the external homogeneous field takes a form 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

1
ℏ√𝜋𝜋

(𝐴𝐴𝑛𝑛 + 1)𝑒𝑒−𝜌𝜌 × 

 

× ∑ Γ(𝐴𝐴𝑛𝑛+𝑘𝑘+1)
𝑘𝑘!Γ(2𝐴𝐴𝑛𝑛+𝑘𝑘+2)

�2𝑏𝑏𝑏𝑏
𝜂𝜂
�
𝐴𝐴𝑛𝑛+𝑘𝑘+1 2⁄

𝐿𝐿𝑛𝑛−𝑘𝑘
(2𝐴𝐴𝑛𝑛+2𝑘𝑘+1)(2𝜌𝜌)𝐽𝐽𝐴𝐴𝑛𝑛+𝑘𝑘+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�,𝑛𝑛

𝑘𝑘=0     (4.16) 
 
or explicitly 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

1
ℏ√𝜋𝜋

(2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 2𝑛𝑛 − 1)𝑒𝑒−2𝑏𝑏(𝑏𝑏+𝜉𝜉) �
Γ(𝑏𝑏2 − 𝑏𝑏𝜉𝜉0 − 𝑛𝑛 + 𝑘𝑘)

𝑘𝑘! Γ(2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 2𝑛𝑛 + 𝑘𝑘) ×
𝑛𝑛

𝑘𝑘=0

 

× �4𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑏𝑏𝜉𝜉0−𝑛𝑛+𝑘𝑘−1 2⁄

𝐿𝐿𝑛𝑛−𝑘𝑘
2𝑏𝑏2−2𝑏𝑏𝜉𝜉0−2𝑛𝑛+2𝑘𝑘−1�2𝑏𝑏(𝑏𝑏 + 𝜉𝜉)�𝐽𝐽𝑏𝑏2−𝑏𝑏𝜉𝜉0−𝑛𝑛+𝑘𝑘−1 2⁄ �2𝜂𝜂(𝑏𝑏 +)�.   (4.17) 

 
Absence of the external field again slightly simplifies (4.17) due to that 𝑔𝑔 = 0 (𝜉𝜉0 = 0): 
 

𝑊𝑊𝑛𝑛
0(𝑝𝑝, 𝑥𝑥) =

1
ℏ√𝜋𝜋

(2𝑏𝑏2 − 2𝑛𝑛 − 1)𝑒𝑒−2𝑏𝑏(𝑏𝑏+𝜉𝜉) �
Γ(𝑏𝑏2 − 𝑛𝑛 + 𝑘𝑘)

𝑘𝑘! Γ(2𝑏𝑏2 − 2𝑛𝑛 + 𝑘𝑘) ×
𝑛𝑛

𝑘𝑘=0

 

× �4𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑛𝑛+𝑘𝑘−1 2⁄

𝐿𝐿𝑛𝑛−𝑘𝑘2𝑏𝑏2−2𝑛𝑛+2𝑘𝑘−1�2𝑏𝑏(𝑏𝑏 + 𝜉𝜉)�𝐽𝐽𝑏𝑏2−𝑛𝑛+𝑘𝑘−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.  (4.18) 
 

We obtained an exact expression for the Wigner distribution function of our model of the linear harmonic 
oscillator with position dependent mass and frequency in the external homogeneous field. 

 
5. LIMIT CASE 𝒂𝒂 → ∞ (or 𝑏𝑏 → ∞) 

 
In this section, we will find the limit of the wave function (3.6) and the Wigner distribution function (4.6). 

In doing so, we will proceed from asymptotic formulas valid for |𝑥𝑥| ≪ 1 and |𝑧𝑧| → ∞: 
 

√1 + 𝑥𝑥 = 1 + 1
2
𝑥𝑥 − 1

8
𝑥𝑥2, ln (1 ± 𝑥𝑥) ≅ ±𝑥𝑥 − 1

2
𝑥𝑥2,                          

Γ(𝑧𝑧 + 1) ≅ √2𝜋𝜋𝜋𝜋 𝑒𝑒𝑧𝑧ln𝑧𝑧−𝑧𝑧 ,                                                                (5.1) 
 

as well as the limit formula for Laguerre polynomials [44] 
 

�𝛼𝛼
2
�
𝑛𝑛
2 𝐿𝐿𝑛𝑛𝛼𝛼�𝛼𝛼 + √2𝛼𝛼𝑥𝑥� = (−1)𝑛𝑛

𝑛𝑛!
𝐻𝐻𝑛𝑛(𝑥𝑥).                                                (5.2) 

 
5.1. Limit of wave functions. To calculate the limit of the wave function (3.6) at 𝑎𝑎 → ∞, first, we find the 
asymptotics of each of the factors separately in (3.6). 
а) In 𝑐𝑐𝑛𝑛

𝑔𝑔 for the Gamma function we have 
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Γ(2𝐴𝐴𝑛𝑛 + 𝑘𝑘 + 2) = Γ(2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 𝑛𝑛) ≅
√𝜋𝜋
𝑏𝑏
𝑒𝑒𝜎𝜎1 ,  

𝜎𝜎1 ≅ (2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 𝑛𝑛) ln 2𝑏𝑏2 + 𝜉𝜉02 − 2𝑏𝑏2. 
Hence, 

𝐶𝐶𝑛𝑛
𝑔𝑔 ≅

�λ02
4

𝜋𝜋 √𝑛𝑛! (2𝑏𝑏2)
−𝑛𝑛 2⁄

𝑒𝑒−𝑏𝑏
2−1

2𝜉𝜉0
2
.                                  (5.3) 

b)�1 + 𝜉𝜉
𝑏𝑏
�
𝐴𝐴𝑛𝑛

= 𝑒𝑒𝐴𝐴𝑛𝑛 ln�1+
𝜉𝜉
𝑏𝑏� ≅ 𝑒𝑒𝜎𝜎2 ,𝜎𝜎2 ≅ 𝑏𝑏𝜉𝜉 − 1

2
𝜉𝜉2 − 𝜉𝜉𝜉𝜉0.                                                        

(5.4) 
Substituting (5.3) and (5.4) into (3.6), we have for 𝑏𝑏 → ∞ 
 

𝜓𝜓𝑛𝑛
𝑔𝑔(𝑥𝑥) ≅

�λ0
24

𝜋𝜋 √𝑛𝑛! 𝑒𝑒−
1
2(𝜉𝜉+𝜉𝜉0)2(2𝑏𝑏2)−𝑛𝑛 2⁄ 𝐿𝐿𝑛𝑛

2𝑏𝑏2−2𝑏𝑏𝜉𝜉0−2𝑛𝑛−1(2𝑏𝑏2 + 2𝑏𝑏𝜉𝜉).                 (5.5) 
 
Now to calculate the limit  

𝑍𝑍𝑛𝑛 = lim
𝑏𝑏→∞

(2𝑏𝑏2)
−𝑛𝑛 2⁄

𝐿𝐿𝑛𝑛
2𝑏𝑏2−2𝑏𝑏𝜉𝜉0−2𝑛𝑛−1 �2𝑏𝑏2 + 2𝑏𝑏𝜉𝜉�,                           (5.6) 

 
we introduce the notation 𝑃𝑃𝑛𝑛 = 2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 2𝑛𝑛 − 1,𝛼𝛼 = 2𝑏𝑏2, 𝑧𝑧 = 2𝑏𝑏2 + 2𝑏𝑏𝜉𝜉 and obtain the recurrent formula 
for the Laguerre polynomials 𝐿𝐿𝑛𝑛

𝑃𝑃𝑛𝑛(𝑧𝑧). 
Since for for the Laguerre polynomials 𝐿𝐿𝑛𝑛𝛼𝛼(𝑧𝑧) the recurrence relation is valid [42] 

 
(𝑛𝑛 + 1)𝐿𝐿𝑛𝑛+1𝛼𝛼 (𝑧𝑧) − (2𝑛𝑛 + 𝛼𝛼 + 1 − 𝑧𝑧)𝐿𝐿𝑛𝑛𝛼𝛼(𝑧𝑧) + (𝑛𝑛 + 𝛼𝛼)𝐿𝐿𝑛𝑛−1𝛼𝛼 (𝑧𝑧) = 0,                     (5.7) 

 
then, the recurrence relation for 𝐿𝐿𝑛𝑛

𝑃𝑃𝑛𝑛(𝑧𝑧) will have 
 

(𝑛𝑛 + 1)𝐿𝐿𝑛𝑛+1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) − (2𝑛𝑛 + 𝑃𝑃𝑛𝑛 + 1 − 𝑧𝑧)𝐿𝐿𝑛𝑛

𝑃𝑃𝑛𝑛+1(𝑧𝑧) + (𝑛𝑛 + 𝑃𝑃𝑛𝑛+1)𝐿𝐿𝑛𝑛−1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) = 0,                     (5.8) 

 
We now prove by mathematical induction the following limit relation 
 

𝑍𝑍𝑛𝑛 = lim
𝛼𝛼→∞

(𝛼𝛼)−𝑛𝑛 2⁄ 𝐿𝐿𝑛𝑛
𝛼𝛼−√2𝛼𝛼𝜉𝜉0−2𝑛𝑛−1�𝛼𝛼+ √2𝛼𝛼𝜉𝜉0� = (−1)𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑛𝑛�𝜉𝜉+𝜉𝜉0�.                           (5.9) 
 

     Proof. First we write explicitly the Laguerre and Hermite polynomials for the first few values 𝑛𝑛 
 

𝐿𝐿0𝛼𝛼(𝑧𝑧) = 1, 𝐿𝐿1𝛼𝛼(𝑧𝑧) = 1 + 𝛼𝛼 − 𝑧𝑧, 𝐿𝐿2𝛼𝛼(𝑧𝑧) =
1
2

[(1 + 𝛼𝛼 − 𝑧𝑧)(3 + 𝛼𝛼 − 𝑧𝑧) − 1 − 𝛼𝛼], 
𝐻𝐻0(𝑧𝑧) = 1,𝐻𝐻1(𝑧𝑧) = 2z,𝐻𝐻2(𝑧𝑧) = 4𝑧𝑧2 − 2.                              (5.10) 

 
We will also need a recurrence relation for the Hermite polynomial 
 

𝐻𝐻𝑛𝑛+1(𝑧𝑧) = 2z𝐻𝐻𝑛𝑛(𝑧𝑧) − 2n𝐻𝐻𝑛𝑛−1(𝑧𝑧).                             (5.11) 
 

Using these expressions, we directly obtain that for 𝑛𝑛 = 1 and 𝑛𝑛 = 2 relation (5.9) is true: 
 

𝑍𝑍1 = lim
𝛼𝛼→∞

(𝛼𝛼)−1 2⁄ 𝐿𝐿1
𝛼𝛼−√2𝛼𝛼𝜉𝜉0−3 �𝛼𝛼+ �2𝛼𝛼𝜉𝜉0� = −�2�𝜉𝜉+𝜉𝜉0� = −

1
√2

𝐻𝐻1(𝜉𝜉+𝜉𝜉0) 

𝑍𝑍2 = lim
𝛼𝛼→∞

(𝛼𝛼)−1 𝐿𝐿2
𝛼𝛼−√2𝛼𝛼𝜉𝜉0−5�𝛼𝛼+ √2𝛼𝛼𝜉𝜉0� = �𝜉𝜉+𝜉𝜉0�

2 − 1
2 = 1

4𝐻𝐻2�𝜉𝜉+𝜉𝜉0�.                           (5.12) 
 

Let us now prove that relation (5.9), which is valid in the cases 𝑛𝑛 = 1 и 𝑛𝑛 = 2, also performed for an arbitrary 
𝑛𝑛 > 2. For this, we assume that relation (5.9) holds for the polynomials 𝐿𝐿𝑛𝑛+1

𝑃𝑃𝑛𝑛+1(𝑧𝑧) and 𝐿𝐿𝑛𝑛−1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) at some 𝑛𝑛. Then it 

also holds for 𝐿𝐿𝑛𝑛+1
𝑃𝑃𝑛𝑛+1(𝑧𝑧). Indeed, we multiply by 𝛼𝛼−

𝑛𝑛+1
2  both sides of the recurrence relation for Laguerre 

polynomials 𝐿𝐿𝑛𝑛+1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) (5.8) 

𝑍𝑍𝑛𝑛+1 = lim
𝛼𝛼→∞

𝛼𝛼−
𝑛𝑛+1
2 𝐿𝐿1

𝛼𝛼−√2𝛼𝛼𝜉𝜉0−2𝑛𝑛−3�𝛼𝛼 + √2𝛼𝛼𝜉𝜉0� =  
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= (−1)𝑛𝑛+1

(𝑛𝑛+1)!√2𝑛𝑛+1
[2(𝜉𝜉+𝜉𝜉0)𝐻𝐻𝑛𝑛(𝜉𝜉+𝜉𝜉0) − 2𝑛𝑛𝐻𝐻𝑛𝑛−1(𝜉𝜉+𝜉𝜉0)].                        (5.13) 

 
According to (5.11), the last expression is 
 

𝑍𝑍𝑛𝑛+1 = (−1)𝑛𝑛+1

(𝑛𝑛+1)!√2𝑛𝑛+1
𝐻𝐻𝑛𝑛+1(𝜉𝜉+𝜉𝜉0).                                        (5.14) 

This completes the proof. 
 
5.2. Limit of the Wigner distribution function for the ground state.  
 
To calculate this limit, we find the asymptotics of each of the factors in (4.10). We have 
 

а)  1
Γ�𝑏𝑏2−𝑏𝑏𝑏𝑏−1 2⁄ �

≅ 1
√2𝜋𝜋

�𝑏𝑏2�
−𝐴𝐴0

𝑒𝑒𝑏𝑏
2−1

2𝜉𝜉0
2
,                                                   (5.15a) 

 

b) �𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑏𝑏𝜉𝜉02−1 2⁄

≅ �𝑏𝑏
3

𝜂𝜂
�
𝐴𝐴0+1 2⁄

𝑒𝑒𝑏𝑏𝜉𝜉−
1
2𝜉𝜉

2−𝜉𝜉𝜉𝜉0 ,                          (5.15b)   
                                       

c) 𝐽𝐽𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)� ≅ 1
𝑏𝑏√2𝜋𝜋

�𝜂𝜂
𝑏𝑏
�
𝐴𝐴0+1 2⁄

𝑒𝑒𝑏𝑏2+𝑏𝑏𝜉𝜉−𝜂𝜂2−𝜉𝜉02−𝜉𝜉𝜉𝜉0 .        (5.15c)                                        
 
Note that the asymptotic behavior of the Bessel function in (5.15c) was found using the asymptotic formula 
(7.13, 8(14)) for 𝐽𝐽𝑝𝑝(𝑥𝑥), given in [42] 
 

𝐽𝐽𝑝𝑝(𝑥𝑥) ≅ 1

√2𝜋𝜋�𝑝𝑝2−𝑥𝑥24 exp ��𝑝𝑝2 − 𝑥𝑥2 − 𝑝𝑝Arch 𝑝𝑝
𝑥𝑥
� , 𝑝𝑝 > 𝑥𝑥 > 0,𝑝𝑝 → ∞.               (5.16) 

 
We emphasize that there is a typo in the formula (7.13,8(14)) in [42]: instead of Arsh 𝑝𝑝

𝑥𝑥
 should stand Arch 𝑝𝑝

𝑥𝑥
. We 

took this correction into account in formula (4.16). To obtain (5.15c) we left in (5.16) the main terms in powers 
𝑏𝑏−1: 
 

�𝑝𝑝2 − 𝑥𝑥24 ≅ 𝑏𝑏,   �𝑝𝑝2 − 𝑥𝑥2 ≅ 𝐴𝐴0 + 1
2
−2𝜂𝜂2, 

Arch
𝑝𝑝
𝑥𝑥
≅ ln �

𝑏𝑏
𝜂𝜂�

−
𝜉𝜉+𝜉𝜉0
𝑏𝑏

+
𝜉𝜉2 − 1 − 2𝜂𝜂2 − 𝜉𝜉02

2𝑏𝑏2
. 

 
As a result of substituting asymptotics (5.15) into (3.21), we find that the limit of the Wigner distribution 
function of the ground state coincides with formula (2.7) for 𝑛𝑛 = 0, i.e. 
 

lim
𝑏𝑏→∞

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

𝜋𝜋ℏ
𝑒𝑒−𝜂𝜂2−(𝜉𝜉+𝜉𝜉0)2 = 𝑊𝑊0

HO(𝑝𝑝, 𝑥𝑥).                        (5.17) 
 

5.3. Limit of the Wigner distribution function for 𝑛𝑛  excited state. To calculate the limit of  𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) it is 

convenient to start from equality (4.6). Let's rewrite it in the form 
 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�Ω𝑛𝑛

𝑔𝑔(𝑝𝑝, 𝑥𝑥),                            (5.18) 
where 

Ω𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

ℏ√𝜋𝜋
𝑛𝑛!(2𝐴𝐴𝑛𝑛+1)Γ(𝐴𝐴𝑛𝑛+1)

Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)
𝑒𝑒−𝜌𝜌 �4𝑏𝑏

3

𝜂𝜂
�
𝐴𝐴𝑛𝑛+1 2⁄

�1 + 𝜉𝜉
𝑏𝑏
�
𝐴𝐴𝑛𝑛+1 2⁄

𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.                  (5.19) 
 

As above, we find the asymptotics of each factor (5.19) as 𝑏𝑏 → ∞. We have 
 

a)Γ(𝐴𝐴𝑛𝑛 + 1) ≅ √2𝜋𝜋(𝑏𝑏2)𝐴𝐴𝑛𝑛+1 2⁄ 𝑒𝑒𝛾𝛾1 , 𝛾𝛾1 = −𝑏𝑏2 + 𝜉𝜉02

2
, 

 

b) (2𝐴𝐴𝑛𝑛+1)
Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)

≅ 1
Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+1)

≅ 1
2𝑏𝑏√𝜋𝜋

(2𝑏𝑏2)−2𝐴𝐴𝑛𝑛−𝑛𝑛𝑒𝑒𝛾𝛾2 , 𝛾𝛾2 = 2𝑏𝑏2 − 𝜉𝜉02,                         (5.20)                              

с) �1 + 𝜉𝜉
𝑏𝑏
�
𝐴𝐴𝑛𝑛+1 2⁄

≅ 𝑒𝑒𝛾𝛾3 , 𝛾𝛾3 = 𝑏𝑏𝜉𝜉 − 𝜉𝜉2

2
− 𝜉𝜉𝜉𝜉0, 
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d) 𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)� ≅ 1
𝑏𝑏√2𝜋𝜋

�𝜂𝜂
𝑏𝑏
�
𝐴𝐴0+1 2⁄

𝑒𝑒𝛾𝛾4 , 𝛾𝛾4 = 𝑏𝑏2 + 𝑏𝑏𝜉𝜉 − 𝜂𝜂2 − 1
2

(𝜉𝜉 + 𝜉𝜉0)2. 
 
So for Ω𝑛𝑛

𝑔𝑔(𝑝𝑝, 𝑥𝑥) we get the following asymptotics 
 

Ω𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) ≅ 1

𝜋𝜋ℏ
𝑛𝑛! (2𝑏𝑏2)−𝑛𝑛𝑒𝑒−𝜂𝜂

2−12(𝜉𝜉+𝜉𝜉0)2 = 𝑛𝑛! (2𝑏𝑏2)−𝑛𝑛𝑊𝑊0
HO(𝑝𝑝, 𝑥𝑥),              (5.21) 

 
whose substitution into (4.18) gives 
 

lim
𝑏𝑏→∞

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 𝑛𝑛! lim

𝑏𝑏→∞
(2𝑏𝑏2)−𝑛𝑛𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�𝑊𝑊0

HO(𝑝𝑝, 𝑥𝑥).            (5.22) 

 
So that 𝜌𝜌 ± 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂 = 𝛼𝛼 + √2𝛼𝛼 �𝜉𝜉 ± 𝑖𝑖

2
𝜕𝜕𝜂𝜂�, where 𝛼𝛼 = 2𝑏𝑏2,  according to (4.9) will have 

 

lim
𝑏𝑏→∞

(2𝑏𝑏2)−𝑛𝑛𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑖𝑖𝜕𝜕𝜂𝜂� = 

= 1
2𝑛𝑛(𝑛𝑛!)2

𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 −
𝑖𝑖
2
𝜕𝜕𝜂𝜂�𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 + 𝑖𝑖

2
𝜕𝜕𝜂𝜂�.                                  (5.23) 

 
Taking into account (5.22) and (5.23) we find 
 

lim
𝑏𝑏→∞

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

𝜋𝜋ℏ2𝑛𝑛𝑛𝑛!
𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 −

𝑖𝑖
2
𝜕𝜕𝜂𝜂�𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 + 𝑖𝑖

2
𝜕𝜕𝜂𝜂� 𝑒𝑒−𝜂𝜂

2−(𝜉𝜉+𝜉𝜉0)2 ,   (5.24) 
 

i.e. at 𝑏𝑏 → ∞ the Wigner function of the model of a linear harmonic oscillator with position dependent mass and 
frequency in an external uniform field transforms into the Wigner function for a linear harmonic oscillator with 
constant mass and frequency in an external uniform field. 

In this work, we have found an exact expression for the Wigner function of a quantum linear harmonic 
oscillator with position dependent mass and frequency in an external uniform field in the case of a semiconfined 
quantum parabolic well. Although the wave function of the considered system is defined on the half-
line(–𝑎𝑎;∞), integration in the definition of the Wigner function is carried out in the finite region (– (𝑥𝑥 + 𝑎𝑎); 𝑥𝑥 +
𝑎𝑎). 
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