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An analytical expression was acquired for determining the optimal value of the pump intensity during three-wave
interaction in medium with negative refraction under the condition of phase synchronism. The losses for parametric
interaction in the metamaterial can be compensated for the backward wave. The optimal value for pumping intensity is
obtained by analytical solution. The analysis showed that it depends on the intensity of interacting signal and idler waves.
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INTRODUCTION

The discovery of metamaterials contributed to
the emergence of the possibility of controlling light
radiation by changing the optical properties of such
artificial ~ structures. Resonant interactions, the
existence of backward waves, negative refraction in
chronological order were considered in the works of
G. Lamb [1], L.I. Mandelstam [2], D.V. Sivukhin [3],
V.N. Agranovich and V.L. Ginzburg [4], V.G.
Veselago [5] and others. [6].

One of the features of these materials is the
possibility within the same structure at the same time,
but for different frequency ranges, to ensure the
existence of both positive and negative values of the
real part of the refractive index of a nonlinear medium
(i.e., simultaneously negative values of the dielectric
(e dielectric permittivity) and magnetic permeability
(u magnetic permeability). Hence, the unconventional
result of the interaction of an electromagnetic pump
wave with a metamaterial manifests itself in the
nonlinear interaction of optical waves, for example, in
the generation of harmonics [7,8], as well as in the
generation of sum and difference frequencies. Then, if
the pump wave is in the frequency range with a
negative refractive index, and the harmonic wave is in
the frequency range with the opposite sign of the
refractive index, then the fundamental wave transfers
energy in the opposite direction to its phase velocity.
With such a geometry, the pump wave is known to be
a backward wave. In this case, the maximum intensity
of the harmonic is achieved not at the output, but at
the input to the nonlinear medium. This medium plays
the role of a nonlinear mirror. A similar conduction of
a nonlinear medium is manifested in the case of a
degenerate four-wave interaction when observing the
effect of wavefront reversal of laser radiation [9-11].

To date, thanks to the improvement of the
technology of manufacturing metamaterials, their
development from the radio range is moving towards
the visible range. In [12] they report on the results of
developments already in the near IR and in the visible
ranges of the spectrum.

In the constant field approximation a theoretical
study of the nonlinear optical interaction in such
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artificial structures was carried out in a number of
works, of which we note [9-15, 16-23]. In the
constant field approximation [15, 24, 31], we studied
the generation of the second and third harmonics, the
effects of self-action in a metamaterial [25, 26].

In classical electrodynamics, according to the
dispersion relations of Kramers - Kronig, which
determine the behavior of the optical constant of the
medium - the real (refractive index) and imaginary
(absorption coefficient) parts of the electrical
permeability of frequency, at the resonant frequency,
the absorption coefficient increases sharply, which
leads to significant energy losses of the
electromagnetic wave. Thus, there are inevitable
losses in  metamaterials that weaken the
electromagnetic wave.

The main problem in the study of metamaterials
is high losses. [7-10]. Various constructive variants of
metamaterials are being investigated, where it is
possible to attenuate signal losses. One of the ways to
overcome the losses is considered and proposed as a
result of the analysis in the constant intensity
approximation [12] in the work [13,14]. The influence
of losses in metamaterials for the case of four-wave
interaction is studied for the process of amplification
and generation of the reverse signal wave in the
constant intensity approximation.

The aim of this scientific work is to study of
phase effects in three-wave parametric interaction in
metamaterials, and also to compute the optimal study
of the pump intensity in a three-wave parametric
interaction in a metamaterial. The nonlinear optical
interaction in metamaterials has been studied in the
constant intensity approximation [8,9]. In the constant
intensity approximation the generation of the second
and third harmonics, self-action effects and parametric
interaction in metamaterials [27-30], four-wave
interaction in metamaterials [24, 29] were studied.

THEORY

Consideration is carried out for the case of
parametric three-wave interaction in a metamaterial at
a frequency w,. We believe that the properties of the
metamaterial are manifested for the wave at the pump
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frequency w, (w, = w; — w,;). We assume that the dA; ] CiAg
waves at the frequencies of the signal and pump waves dz —iyAsApe

run along the positive z axis. In the constant intensity
approximation,  parametric  interaction in a
metamaterial without taking into account losses, but at
different phase distances and initial values of the

dag . . i
= 8As = —ivsAidpe™ ()

intensities of the interacting waves at high-frequency d A

and low-frequency pumping, was carried out by us in B 5 A iypAiA’;eiAZ

[27, 28]. dz

The usual shortened equations for three .

interacting waves in a metamaterial take the form Here, A;;, the corresponding complex

[27]: amplitudes of the interacting waves, &; - are the
l absorption coefficients of the medium at frequencies

w; (=1.3),
- 87T)(effw & 87T)(effws & 87t)(effa)psp
' kicz ¢ k2 7P k,c?
- coefficients of nonlinear connection of waves at the | When constructing the second equation of

corresponding frequencies, A = k; — ks — k,, - phase  system (1), we took into account that the medium has

mismatch between interacting waves, Z(Z) - effective @ pegatiye refractive_ index at the frequency ws, SO &
) o eff minus sign appears in front of the loss factor in the

quadratic susceptibility of the medium, z=0 second equation.

corresponds to the entrance to the left of the The boundary conditions in this case are:

metamaterial. |

Ai,p(z =0) = Aio,pO,As(Z =1)= Ag. )

Ajopo- the input values of the waves at the sum | We apply the constant intensity approximation of
frequency and at the frequency of the pump wave at  the fundamental radiation, 1;,(z) =1I;,(z=0) =
z =0, A the initial amplitude of the wave at the const and for the intensity of the wave at the
difference frequency w, at the entrance to the difference frequency ws at the output on the left at z=0
metamaterial on the right. we obtain [30]:
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In order to study the optimal generation mode with respect to the intensity of a strong pump wave, we take
the derivative of the output signal intensity on I, i.e.,
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As a result of mathematical transformations, we obtain
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Where made are the following substitutions:

yszlio
a=

b — chAl - Al — shAl
Isl .

AZ

Here, to simplify the calculations, we assume
that the real and imaginary input intensity values I,
are equal, i.e. I,p = Io. This does not limit the scope
of the problem and does not significantly change the
interaction analysis. By solving the right and left parts
of the obtained analytical expression separately, it will
be possible to numerically determine the optimal
value of the intensity I,, for each set of problem
parameters (phase mismatch, wave losses and pump
wave intensity (via the parameter I,7) and intensity of
the direct wave (via the parameter I;?).
This calculation can be required in the development of
parametric transducers based on metamaterials.

CONCLUSION

Thus, the paper considers, taking into account
phase effects, the parametric interaction of waves in a

shal
¢ =chal +6,——, 1 =

. (20— i)

R

quadratic medium, which is “left” for a signal wave.
The features of the process in this case are analyzed.
We performed an analytical calculation for the optimal
value of the pump intensity for three-wave interaction
in medium with negative refraction under the
condition of phase matching. It is shown that the
optimal value of the pump intensity depends on the
intensities of the interacting signal and idler waves.
This fact is not found in the constant intensity
approximation. By analytically solving the obtained
expression, one can calculate the optimal value of the
pump wave intensity for each set of problem
parameters (phase mismatch, wave loss, and pump
wave intensity (via the parameter I;?) and direct wave
intensity (via the parameter I;?).

This calculation can be required in the
development of parametric transducers based on
metamaterials.

[1] H. Lamb. On the Propagation of Tremors over
the Surface of an Elastic Solid. Proc. London
Math. Soc., V. 1, Ne 2 (1904) 473.
L.I. Mandelstam. Lectures, lectured on February
26, 1940 and May 5, 1944. Full. coll. tr. 5. (M.:
Proceedings of the Academy of Sciences of the
USSR, 1950.
D.V. Sivuxin. On the energy of an
electromagnetic field in dispersive medium.
Optics and Spectrum, V. 3 Ne 4 (1957) 308-314.
V.M. Agranovich and V.L. Ginzburg. Crystal
Optics Taking into Account Spatial Dispersion
and Excitation Theory [in Russian], lzd. Nauka,
Moscow, V. 5 Ne 2 (1965) 376-381.
V.G. Veselago. The Electrodynamics of
substances with simultaneously negative values
of € and p. Sov. Phys. Usp., V. 10 Ne 4 (1968)
509-514.
A.N. Lagarkov, V.N. Kisel, A.K. Sarychev,
V.N. Semenenko. Temmopusnka  BBICOKHX
Temmeparyp, V. 6, Ne 48 (2010) 1031-1034.
AK. Popov, S.A Myslivets,, V.M. Shalaev.
Coherent Nonlinear-optical Energy Transfer and
Backward-wave Optical Parametric Generation
in Negative-index Metamaterials, V.405, Ne 7
(2010) 2999-3002.
S. Zhang, W. Fan, N.C. Panoiu, K. J. Malloy,
R.M. Osgood and R.J. Brueck. Experimental
Demonstration of Near-Infrared Negative-Index
Metamaterials. Phys. Rev. Lett., V. 95, No 13
(2005) 95-101.
[9] N.G. Basov, |.G. Zubarev. Phase conjugation of
laser radiation. Nature, V. 405, Ne 8 (1980) 8-18.
[10]J.F. Reinjes. Nonlinear optical parametric
processes in liquids and gases. Orlando, (1984)
478 pages.

[2]

(3]

[4]

[5]

[6]

[7]

[8]

37

[11] Z.A. Tagiev, R.J. Kasumova, R.A. Salmanova.
Theory of degenerate four-wave mixing in the
prescribed intensity approximation. Optics and
Spectroscopy, V. 87, Nel (1999) 86-89.

[12] Xiao Shumin, V.P. Drachev, A.V Kildishev,

Ni Xingjie, U.K. Chettiar, Yuan Hsiao-Kuan,
V.M. Shalaev. Loss-free and active optical
negative-index metamaterials. Nature, V. 466, Ne
7307 (2010) 735 - 738.

[13] Jinggui Zhang, Yuanjiang Xiang, Lifu Zhang,
Yongfan Li, and Zhaoming Luo. Induced
focusing of optical wave from cross-phase
modulation in nonlinear metamaterials. IEEE
Journal of Quantum Electronics, V. 10, Ne 50
(2014) 823-830.

[14]1.V. Shadrivov, A.A.Zharov, Y.S. Kivshar.
Second-harmonic generation in nonlinear left-
handed metamaterials, JOSA, V. 23, Ne 3 (2006)
529-534,

[15] Z.H. Tagiev, R.J. Kasumova, R.A. Salmanova,
N.V. Kerimova. Constant-intensity
approximation in a nonlinear wave theory. J.
Opt. B: Quantum Semiclas. Opt., V. 3, Ne 3
(2001) P. 84 -87.

[16] Zh. Kudyshev, I. Gabitov, and A. Maimistov.
Effect of phase mismatch on second-harmonic
generation  in  negative-index  materials
Phys.Rev., V. 87, Ne 6 (2013) 063840

[17] M. Scalora, M. A. Vincenti, D. De Ceglia,

V. Roppo., M. Centini, N. Akozbek and
M. J. Bloemer. Second- and third-harmonic
generation in metal-based structures. Phys.Rev.,
V. 82, Ne 4 (2010) 043828 [14 pages].

[18] M. W. Klein, M. Wegener, N. Feth, S Linden.

Experiments on second- and third-harmonic


https://www.google.az/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&cad=rja&uact=8&ved=0ahUKEwi5rJ2D5NPUAhXIMBoKHSuTCfkQFggoMAE&url=https%3A%2F%2Fwww.ncbi.nlm.nih.gov%2Fpubmed%2F20686570&usg=AFQjCNEzgaxHOpwrTlna6QW8gGStYQ6K0A
https://www.google.az/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&cad=rja&uact=8&ved=0ahUKEwi5rJ2D5NPUAhXIMBoKHSuTCfkQFggoMAE&url=https%3A%2F%2Fwww.ncbi.nlm.nih.gov%2Fpubmed%2F20686570&usg=AFQjCNEzgaxHOpwrTlna6QW8gGStYQ6K0A

ASMAR RASIM AHMADOVA

generation from magnetic metamaterials Optics
Express, V. 15, Ne 8 (2007) 5238-5247

[19] V.M. Agranovich, Y.R. Shen, R.H. Baughman.,
AA. Zakhidov. Linear and nonlinear wave
propagation in negative refraction metamaterials.
Phys. Rev., V.69, Ne 16 (2004) 1-7.

[20] A.l. Maimistov, I.R. Gabitov. Nonlinear optical
effects in media with a positive-negative
refractive index. Bulletin of the Russian
Academy of Sciences: Physics, 72, Ne 3 (2008)
704-707.

[21] A.B. Kozyrev, H. Kim., D.W. Weide. Parametric
amplification in left-handed transmission line
media. Appl. Phys. Lett, 88, Ne 4 (2006)
264101-1

[22] W.J. Padilla., D.N. Basov, D.R. Smith. Negative
refractive index metamaterials. Materials today,
9, Ne7-8, (2006) 28

[23] W.J. Padilla, A.J. Taylor. Dynamical Electric
and Magnetic Metamaterial Response at
Terahertz Frequencies. Phys. Rev. Lett., V. 96,
Ne 10 (2006) 1401-4

[24]RJ. Kasumova. Four wave mixing and
compensating losses in metamaterials.
Superlattices and Microstructures, V. 61, Ne 3
(2018) 86-91.

[25] Z.H., Tagiev, RJ. Kasumova, L.S. Gadjieva.
Phase effects at second-harmonic generation in

Received: 03.05.2023

38

metamaterials. Journal of Russian Laser
Research, V. 32, Ne 2 (2011) 188-199.

[26] R.J. Kasumova, G.A. Safarova, Sh.A. Shamilova,
N.V. Kerimova. Phase effects in metamaterials at
Third-Harmonic ~ Generation. International
Journal of Engineering and Technology IJET-
IJENS, V.15, Ne06 (2015) 19-30.

[27]1 R.J. Kasumova, Sh.Sh. Amirov, Sh.A. Shamilova,
“Parametric interaction of optical waves in
metamaterials under low-frequency pumping,”
Quantum Electron. V. 47, Ne 7 (2017) 655-660.

[28] R.J. Kasumova, Z.H. Tagiyev, Sh.Sh. Amirov,
Sh.A. Shamilova, G.A. Safarova. Phase effects at
parametrical interaction in  metamaterials.
Journal of Russian Laser Research, V. 18, Ne 1
(2017) 211 - 218.

[29] R.J. Kasumova, G.A. Safarova, Sh.Sh. Amirov,
AR Akhmadova. Four-wave mixing in
metamaterials. Russian Physics Journal, Volume
61, Ne 9 (2019) 1559-1567.

[30] R.J. Kasumova, N.V. Kerimova, G.A. Safarova,
A.RR. Akhmadova. Compensation of losses at
three wave parametric interaction in the
matematerials.  Newspaper  “Baku  State
University”, Nel, (2020) 42-45.

[31] Z.H. Tagiev, A.S. Chirkin. “Fixed intensity
approximation in the theory of nonlinear waves,”
Zh. Eksp. Teor. Fiz., V. 73, Ne 2 (1977) 1271-
1282.


https://journals.aps.org/prb/abstract/10.1103/PhysRevB.69.165112
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.69.165112
https://aip.scitation.org/doi/abs/10.1063/1.2214136
https://aip.scitation.org/doi/abs/10.1063/1.2214136
https://aip.scitation.org/doi/abs/10.1063/1.2214136

