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An analytical expression for the efficiency of conversion into third harmonic in a Fabry-Perot cavity filled with the 
third order nonlinear medium is obtained in the constant intensity approximation. This approximation takes into account the 
reverse reaction of excited harmonic wave on the phase of fundamental radiation. It was shown that in order to achieve 
highest conversion efficiency the optimum values of problem parameters like coefficient of reflection, nonlinear length of 
medium etc. should be chosen. 
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1. INTRODUCTION

Third harmonic generation plays a vital role in 

optical communications, biological microscopy etc. At 

Fabry-Perot cavity resonant wavelength in near-
infrared regime, the efficiency of THG from a 50 nm 

thick amorphous GST225 planar film is boosted, by 

422 times compared to that of non-resonant conditions 

[1]. Third harmonic generation in layered or 

periodically modulated media has been drawing 

considerable attention [2].  Calculations suggest the 

possibility of  all optical switch at third harmonic 

frequency controlled  by the parameters as intensity and 

frequency of the fundamental wave [3]. Second 

harmonic generation occurs at ordered non-

centrosymmetric structures that are observed mostly in 
crystals as wel as metals [4]. Biological materials 

contain wide-scale non-centrosymmetric buildings 

with coiled view strucrures and polymeric proteins, for 

instance, at striated muscle and fibrillar collagen [5]. 

Generation of third harmonics  is due to tripling of the 

frequency of fundamental wave that means conversion 

of three photons into one photon of a triplred energy 

[6]. Third harmonic generation occurs at structural 

inerfaces, such as local transitions of the refractive 

index or third-order nonlinear susceptibility [7]. For the 

Fabry-Perot cavity as wel as V-sahaped cavities authors 

have derived the rate of conversion of the fundamental 
frequencies into the second harmonic and the sum 

frequencies [8]. Third harmonic generation microscopy 

is a label-free scatter process that is elicited by water-

lipid and water protein interfaces, including intra-and 

extracellular membranes, and extracellular matrix 

structures [9].  

2. THEORETICAL APPROACH AND 

DISCUSSIONS

In this paper we present the results of analysis of 

third harmonic generation in the Fabry-Perot cavity 

filled with  medium of third order nonlinear 

susceptibility. Unlike the constant field approximation 

, here calculations are carried out in the constant 
intensity approximation [10] taking into account 

reverse reaction of generated harmonics on the phase of 

fundamental. Earlier we have employed this 

approximation for analysis of frequency conversions in 

traditional nonlinear crystals [11] as well as 

metamaterials having negative refractive  index in a 

specific frequency region[12-14]. 

For the analysis of third harmonic generation in 

an external cavity we assume that the fundamental 

wave with frequency 𝜔1  is normally incident on the 
nonlinear medium with cubic nonlinearity. As a result 

of nonlinear interaction between incident wave and 

nonlinear medium the thir harmonic of frequency     
𝜔3 = 3𝜔1 is generated. The process of generation of 

third harmonics is described by the following system 

of truncated equations: 

±
𝑑𝐴1

±

𝑑𝑧
+ 𝛿1𝐴1

± = −𝑖𝛾1𝐴3
±(𝐴1

±)∗2𝑒±𝑖∆𝑧

(1) 

±
𝑑𝐴3

±

𝑑𝑧
+ 𝛿3𝐴3

± = −𝑖𝛾3(𝐴1
±)3𝑒∓𝑖∆𝑧

where 𝐴1
± and 𝐴3

± are the complex amplitudes at

frequencies 𝜔1 and 𝜔3 = 3𝜔1 respectively. Here

123 kkk  - is the difference of wave

numbers; j - are the nonlinear coupling coefficients;

j  - are linear absorption coefficients (j=1,2,3). In an 

external cavity the above set of truncated equations  is 

solved  according to the following boundary 

conditions: 

𝐴3
−(𝑙) = 𝑅3𝐴3

+(𝑙)𝑒−𝑖2𝑘3𝑙 ;  𝐴3
+(0) = 𝑅30𝐴3

−(0)   ;
 (2) 

𝐴1
+(0) = 𝐴10 ; 𝐴1

−(𝑙) = 0
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Here 𝑅30, 𝑅3 –are  the complex reflective coefficients of third harmonic for the left and right mirrors respectively,

when the wave  is incident from  nonlinear crystal. In the case of consideration fundamental wave freely passes 

through cavity (𝑅10, = 𝑅1 = 0)  and third harmonic wave undergo multiple reflections (𝑅30,  𝑅3 ≠ 0 ).

Substituting    𝐴3
±(𝑧) = 𝑎3

±(𝑧)𝑒[−(𝛿3+3𝛿1+𝑖∆)𝑧/2] in above set of equations (1) yiedlds

𝑑2𝑎3
±

𝑑𝑧2 + 𝜇2𝑎3
± = 0   (3) 

where 𝜇 = [3Г3
2 + (

𝛿3−3𝛿1−𝑖∆

2
)

2

]
1/2

Solving the equation (3) for the complex amplitude of third harfmonic in the constant intensity approximation 

gives  :  

𝐴3
+(𝑙) =

−𝑖𝛾3𝐴10
2 𝑙𝑠𝑖𝑛𝑐𝜇𝑙∙𝑒[−(𝛿3+3𝛿1+𝑖∆)𝑙/2]

1−𝑟30𝑟3𝐾∙𝑒
[−

(𝛿3+3𝛿1)𝑙+𝑖(𝜑+2𝑘3𝑙+∆𝑙)
2

]
 (4) 

where   𝐾 = 𝑐𝑜𝑠𝜇𝑙 + [(𝛿3 + 3𝛿1 + 𝑖∆)/2𝜇]𝑠𝑖𝑛𝜇𝑙, Г3
2 = 𝛾1𝛾3𝐼10

2  , 𝑟30 , 𝑟3 − are absolute values of coefficients of

reflection and 𝜑 = 𝜑30 + 𝜑3  are the phase shifts for harmonic wave at mirrors.

From (4) we get expression for the  intensity of third harmonics  at  the output mirror (𝑟30 = 1) :

𝐼3
+(𝑙) =

𝛾3
2𝐼10

3 −1(𝑠𝑖𝑛2𝑥𝑐ℎ2𝑦+𝑠ℎ2𝑦𝑐𝑜𝑠2𝑥)𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙]

1−2𝑟31𝑐𝑜𝑠∙𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙/2]+𝑟3
21

2∙𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙]
 (5) 

here   𝑥 = 1/2𝑙𝑐𝑜𝑠𝜃/2 ,  𝑦 = 1/2𝑙𝑠𝑖𝑛𝜃/2 , = [3Г 2 +
∆2

4
−

(𝛿3−3𝛿1)2

4
]

2

+ 

+
∆2(𝛿3−3𝛿1)2

4
 ;  𝜃 = 𝑎𝑟𝑐𝑡𝑔 [

∆(𝛿3−3𝛿1)/4

3Г 2+
∆2

4
−

(𝛿3−3𝛿1)2

4

]  ; 


1
2 = (𝑐𝑜𝑠𝑥𝑐ℎ𝑦 + 𝑎𝑠𝑖𝑛𝑥𝑐ℎ𝑦 − 𝑏𝑐𝑜𝑠𝑥𝑐ℎ𝑦)2 + (𝑏𝑠𝑖𝑛𝑥𝑐ℎ𝑦 + 𝑎𝑐𝑜𝑠𝑥𝑠ℎ𝑦 − 𝑠𝑖𝑛𝑥𝑠ℎ𝑦)2

𝑎 =
∆𝑦+(𝛿3+3𝛿1)𝑥

2(𝑥2+𝑦2)
𝑙 ;  𝑏 =

∆𝑥−(𝛿3−3𝛿1)𝑦

2(𝑥2+𝑦2)
𝑙 ,  = 𝜑 + 2𝑘3𝑙 +

∆𝑙

2
− 𝜃1

𝜃1 = 𝑎𝑟𝑐𝑡𝑔
𝑏𝑠𝑖𝑛𝑥𝑐ℎ𝑦 + 𝑎𝑐𝑜𝑠𝑥𝑠ℎ𝑦 − 𝑠𝑖𝑛𝑥𝑐ℎ𝑦

𝑐𝑜𝑠𝑥𝑐ℎ𝑦 + 𝑎𝑠𝑖𝑛𝑥𝑐ℎ𝑦 − 𝑏𝑐𝑜𝑠𝑥𝑠ℎ𝑦

From the obtained expression for the intensity of third harmonics we can get efficiency of frequency conversion 

into third harmonic: = 𝐼3,𝑜𝑢𝑡..
+ /𝐼10

 =
𝛾3

2𝐼0
2−2(𝑠𝑖𝑛2𝑥+𝑠ℎ2𝑦)𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙]

1−2𝑟31𝑐𝑜𝑠∙𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙/2]+𝑟3
21

2∙𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙] 
 (6) 

where 𝐼3,𝑜𝑢𝑡.
+ = 𝐼3

+(𝑙)(1 − 𝑟3
2)

When 𝑟3 = 0 from the formula (6) we obtain


0

= 𝛾3
2𝐼0

2−2(𝑠𝑖𝑛2𝑥 + 𝑠ℎ2𝑦)𝑒𝑥𝑝[−(𝛿3 + 3𝛿1)𝑙]  (7) 

Using last two formulas gives us gain (̃ = /
0

) due to use the resonator

̃ =
(1−𝑟3

2)

1−2𝑟31𝑐𝑜𝑠∙𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙/2]+𝑟3
21

2∙𝑒𝑥𝑝[−(𝛿3+3𝛿1)𝑙] 
 (8) 

As can be seen from above expression one of the ways ofto acheive the maximum gain is fulfilling the resonance 

phase condition ( = 2𝑛𝜋): 

𝜑 + 2𝑘3𝑙 +
∆𝑙

2
− 𝜃 = 2𝑛𝜋  (9) 
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Thus in the constant intensity approximation resonance 

phase condition depends on the pump intensity. At 

definite values of other parameters of problem 

condition ̃ > 1 implies limitation to the absolute value 

of coefficient of reflection 𝑟3  of harmonic wave: 𝑟3 <
2𝜇𝑐𝑜𝑠/(1 + 𝜇2). Other condition for obtaining 
maximum frequency conversion serves choosing 

optimum value of reflective coefficient. 

Theoretical  analysis showed that the gain due to 
use of cavity has pronounced maxima depending on the 

coefficient of reflection 𝑟3  and reduced length of

nonlinear crystal has pronounced maxima. Gain 

reaches its maxima at optimum values of coefficient of 

reflection depending on other parameters of problem. 

Also it was found that in order to obtain effective 

frequency conversion it is reasonable to choose 

optimum length of nonlinear crystal. Optimum length 

of crystal decreases with increase in difference of wave 

numbers of interacting waves. 

3. CONCLUSIONS

On the basis of above stated one can conclude that 

resonance phase condition determines the effective 

frequency conversion in third order nonlinear medium. 

This condition is a function of intensiy of fundamental 

wave. When reflective coefficient does no agree with 

inequality obtained in this paper the employment of 

resonator is not reasonable. An optimum value of 

coefficient of reflection depends on nonlinear length of 

medium, intensity of pump wave , phase mismatch etc. 
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