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We present two new limit relations that reduce the orthogonal Jacobi polynomials directly to the Hermite polynomials
with shifted and nonshifted arguments. The proofs of these limit relations are based on the method of mathematical induction.
The obtained limits open the way to studying new exactly solvable harmonic oscillator models in quantum mechanics in terms

of Jacobi polynomials.
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1. INTRODUCTION

Special functions of mathematical physics usually
arise when solving differential or finite-difference
equations describing mathematical models of physical
objects [1-4]. These include, for example, orthogonal
polynomials of continuous and discrete arguments,
gamma functions, spherical, cylindrical and
hypergeometric functions and their q-deformed
analogues [4], etc. Special functions are widely used in
all areas of theoretical and mathematical physics when
considering a wide class of phenomena in atomic and
molecular physics, electromagnetic radiation, optics,
solid-state physics, nuclear physics and elementary
particle physics, group representation theory,
combinatorics, coding theory, probability theory, and
computational mathematics.

It is worth noting that the hypergeometric
orthogonal polynomials and their g-analogues [1-4]
form an important class of special functions. This class
includes various families of polynomials that form the
Askey scheme or table of orthogonal polynomials
introduced in the 1980s [4]. In this scheme,
polynomials are arranged at different five levels
depending on the number of their parameters. For
example, the Wilson polynomials form a family of

orthogonal polynomials with four parameters and are |

therefore arranged at the upper level LF;(4). The
Hermite polynomials do not contain parameters, so
they are arranged at the lower level ,F,(0). The
Hermite, Laguerre, Jacobi and Meixner-Pollachek
polynomials, as exact solutions of second-order
differential equations of hypergeometric type, or finite-
difference equations, are among the most widely used
in problems on bound states of relativistic and non-
relativistic quantum mechanics of classical orthogonal
polynomials [5-13]. This is primarily due to the fact
that the exact solutions of the Schrddinger, Klein-
Gordon, Dirac wave equations [5 — 8], as well as the
relativistic finite-difference equation [9-13], as usual,
consist of a weighted and a polynomial part, i.e. are
expressed through orthogonal polynomials.

The Askey scheme reflects the "hidden"
properties of orthogonal polynomials. In particular, an
important aspect of the Askey scheme is that it is
possible to establish relations between almost all
polynomials located in the nearest or almost nearest
neighboring nodes of the table by means of exact limit
relations or special cases. In this regard, we emphasize
that in the literature limit relations between the Meixner
polynomials M, (x;a,c) and Hermite polynomials
have been obtained [14]

lim (2)"/2 My, (22252 y ) = (=1)"Ha (), CEY
V-0 1-y vy
between continuous dual Hahn polynomials S,,(x?; a, b, ¢) and Laguerre polynomials L% (x) [11]
. 1 . l _ a0—1/2
1}1_}1‘2105511 (xv, a,b, 2) =1L, (%), (1.2)

where a, = lima,

Vo0

polynomials [13]
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YV—00

limn!v—"2pY (x\/;; arccos x—) = H,(x + x,),

lim (b — v) = const, between Meixner—Pollaczek polynomials BY(x; @) and Hermite

= (1.3)

between Jacobi polynomials P,f“’ﬁ) (x) with domain —1 < x < 1 and Hermite polynomials [15]
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lim2™*n!v™" P(V ravyitby ) (%) =H, (x + az;b), (1.4)

V—00

between Bessel polynomials y,, (x; a) and Hermite polynomials [16]

. 2 2 |2
lim (D" @)™y, G + ;\Exi —V) G) = Hy(x), (1.5)
between pseudo-Jacobi polynomials B, (x; v, N) and Hermite polynomials [17] (see also [18])
: nyn/2 r —
lim 2"N"/2 P, (r,v N) = Hy(x), (16)
11m 2"N™/2 p (— vWN, N) = H,(x —v). (1.7)

In addition, in [11] it is also shown that the Meixner—Pollaczek polynomials are special cases of continuous dual
Hahn polynomials

Pl (5) = (-1 >“(2n+1). 2 (¥51.0,3) as

szn( )— (—1n 2 o ( 2;O,b%). (1.8b)

The aim of this paper is to prove two theorems (Theorems 1 and 2 below) that in fact there are two additional

direct limit transitions from Jacobi polynomials Pn(“‘ﬁ)(—x) with domain 1 < x < oo, to Hermite polynomials
with unshifted and shifted arguments.

2.  BASIC PROPERTIES OF HERMITE AND JACOBI POLYNOMIALS
In this section we give the basic formulas for the Hermite and Jacobi polynomials. These formulas are well

known [3, 4]. However, we give them here for future reference.
The Hermite polynomials are defined in terms of the ,F, hypergeometric functions as follows

n n—-1
Ha() = @)"oFo (T30~ 25— ). @)

x2

They are exact solutions of the following second-order ordinary differential equation
y"'(x) = 2xy'(x) + 2ny(x) = 0, y(x) = Hy(x). (22)
The orthogonality condition for Hermite polynomials is
= e H, (x)H, (x)dx = d28,,,, d2 = 2"nl\T. (2.3)
The recurrence relation for them is determined by the formula
Hyyy (%) = 2xHp (%) — 2nH, 4 (x), (24)

Two-parameter Jacobi polynomials belong to a higher level in the Askey scheme, and are defined in terms of ,F;
hypergeometric functions as follows:

(a+1) - 1-
P(aﬁ)( ) = (a+Dn 2F1( n,n+a+ﬁ+1; Tx)’ (2.5)

n! a+1

They satisfy the following second-order ordinary differential equation

A=x2)y"X)+[f—-a—-(a+B+2x]y'(x)+n(n+a+ B+ 1Dy(x) =0, (2.6)
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where y(x) = PP (x).
Forg >—-1,a+p <—-2N—1and m,n € {0,1,2, ..., N} the orthogonality condition for Jacobi polynomials
is written as

floo(x +1)% (x — DB PYP) (—x) PP (—x)dx = d2,, 5 mm 2.7)
where
a+f+1 I
d3n(at, ) = —— [Cnza AT+ frl) 2.8)

2n+a+pf+1 (—n—a)n!

(Note. It should be noted that in formula (9.8.3) of the book [4] (p. 217) there is a typo: instead of T(n + a + B +
1) itshould be F'(n + B + 1)).
The recurrence formula for these polynomials has the form

Pt () = AP P00 = BB 2P (), 29
A (x: [ BZ—a® Gntatpi2) 2n+a+pf+1
n(x @ B) = 2n+a+p x@nta+p 2+ 1D(n+a+p+1)
Bn(a,ﬂ) _ n+a)(n+p)(2n+a+p+2) 2.10)

m+1)(n+a+f+1)2n+a+p)’
3. Two Limit Relations between Jacobi Polynomials and Hermite Polynomials

Theorem 1 (Limit relation from P,f“'ﬂ) (—x) to H,(x)). The Hermite polynomials H,,(x) are obtained from the
Jacobi polynomials P,f“'ﬁ)(—x), where x € (1; ), if we make the substitutions « - —2v, B - v, x > 1+
2e2*/VV and then pass to the limit v — oo, in accordance with the following relation

limn! v~z p2v) (=1 —2e¥/) = H, (). (3.1)

V00

Proof. We will prove relation (3.1) by mathematical induction. To do this, we first write down explicitly the
Jacobi polynomials and the Hermite polynomials for the first few values of: n = 0, 1, 2:

PPz =1, P(2) =S[(a+ B+ Dz +a -],

PP (2) =Z[(@+ B +3)a+p+ D)z +2(a+ [ +3)(a— )z + (@+1)(a+2)+

+(B+ 1D +2)—2(a+2)(f+2)], 3.2)
Ho(z,) = 1, Hi(z1) = 22z;, Hy(2)) = 4z{ - 2.

Using these expressions, we directly obtain that for n = 1 and n = 2 the relation (3.1) is true:

1
limv™2 P2 (=1 — 2e2%/¥V) = 2x = H,(x),

V—00

lim 2v~1 PZ(_ZV’V) (-1- Zezx/ﬁ) = 4x? — 2 = Hy(x). (3.3)

V—00
Now we prove that relation (3.1), valid in the cases n = 1 and n = 2, also holds for an arbitrary n > 2. To do this,
assume that equality (3.1) holds for the polynomials P> (—1 — 2¢2*/V¥) and P2V (—1 — 2¢2%/VV) for
some n. Then it also holds for P2V (—1 — 2¢2¥/¥¥). Indeed, we multiply both sides of the recurrence relation
(3.9) for the Jacobi polynomials by (n + 1)! v~ (*1D/2 Then we pass to the limit v — oo and from here we obtain
recurrence relations for the Hermite polynomials (2.4). Thus, we have
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n+1 — —
lim(n + 1)!v_z PC2WY) (=1 - 2e%/VV) = A(x)Hn(x) — ByHp_1(x).  (34)

n+1
YV—00
Because
— 1
A(x) = lim(n + 1)1/_5An(—1 — 222XV, _2y, v) = 2x,
V—00
B, =limn(n+ 1)v~1B,(—2v,v) = 2n, (3.5)
then we get e

n+1
lim(n + 1)!v™z PGV (=1 — 22/) = 2xH, (x) — 2nH,_,(x). (36)

V>0

Therefore, taking into account (2.4), we have the equality

n+1
lim(n + 1D!v"z PG (=1 = 2e2¥/VV) = H .y (x). (3.7)
Y—00
This completes the proof of Theorem 1.
Note that in the limit v - co the orthogonality relation (2.7) for the Jacobi polynomials P,f’z‘“’)(—l -
2e2"/‘/7) goes over to the orthogonality relation for the Hermite polynomials H,,(x) (2.3). To prove this, we
multiply both sides of (2.7) by (n))?v~", make the change of integration variable x - 1 + 2e2*/VV and take into

account that in this limit the weight function of the Jacobi polynomials Pn(_z""’)(—l — 262"/‘5) asymptotically
behaves as

(2 + 2e25V%) " (2e22/V7) " = g3, (3.8)

It is also easy to verify that in this limit the square of the norm d%,(—2v,v) of the Jacobi polynomials
Prf‘zv'”)(—l - 2e2x/ﬁ) is asymptotically equal to the square of the norm d2 of the Hermite polynomials

d3,(=2v,v) = 273v*2yn-1/2(n) =242, (3.9)

Let us also take into account the asymptotics of the integration differential

d(—1— 2e2/VV) = 4y=1/2(x. (3.10)

Now, using the limit relation (3.1) and the asymptotic expressions (3.8) — (3.10), it is easy to verify that the
orthogonality condition for the Jacobi polynomials Prf‘zv'”)(—l - 2e2x/ﬁ) does indeed transform into the

orthogonality condition for the Hermite polynomials H,, (x).
Note that to find the asymptotic expressions (3.8) — (3.10), we used the following asymptotic formulas, valid
for |z|] » oo and |x| < 1:

[(z+1) =2nze?™?~ %2 In(1+x) =x— %xz. (3.11)
For example, the I'-functions included in d%,,(—2v, v) have the following asymptotics:
[(v—n) =V2myv"n-1/2¢7v,

T(v+n+1) =V2myVtn+l/2e—v,
(3.12)

[(2v —n) =\2r(2v)2v—"n-1/2¢-2v,

In the indicated redistribution v — oo, equation (2.6) for Jacobi polynomials also transforms into equation

(2.2) for Hermite polynomials. Indeed, if in equation (2.6) we replace x with —1 — 2e2*/VV | then we obtain an
equation that, after simple transformations and passage to the limit v — oo, coincides with equation (2.2).
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Theorem 2 (Limit relation from Pn(“‘ﬁ)(—x) to H,(x + x,)). The Hermite polynomials H,, (x + x,) are obtained
from the Jacobi polynomials Pn(“‘ﬁ)(—x), where x € (1; o), if we make the substitutions &« - —2v, f » v —

XV, x > 1+ 2e2*/\7 and then pass to the limit v — oo, in accordance with the following relation

limnl vz PTS_ZV'V_XOW) (=1 —2e%/VV) = H, (x + xo). (3.13)

V—>00

Proof. We prove relation (3.13) by the method of mathematical induction. Using the explicit form (3.2) of Jacobi
polynomials, it is easy to verify directly that forn = 1andn = 2 relation (3.13) is true:

1 (- —
limv™2 P1( 2viv=xoV) (-1- ZeZX/W) = 2(x + xg) = Hy (x + xp),

V—00

. 1 n(=2vv-

lim2v~1 Pz( vv=sxo\V) (-1- 2e2x/\/7) =4(x+x9)2—2=H,(x+x5). (3.14)
YV —>00

Now we will prove that relation (3.13), which is valid in the casesn = 1andn = 2, also holds for an arbitrary

n > 2. To do this, assume that equality (3.13) holds for the polynomials Pn(_zv'v_x"‘m(—l — 2e%/V) and

p2=20WW)(_1 _ 202%/¥%) for some n. Then it also holds for P2 ™) (1 — 262%/¥%)  Indeed, if we

multiply both sides of the recurrence relation (2.9) for the Jacobi polynomials Pn(;fv'v_x"ﬁ)(—l — 2e2*/VV) by

(n+ 1)!v=+D/2 and then take the limit v — oo, we obtain the recurrence relations (2.4) for the Hermite
polynomials H, (x + x,), with a shifted argument:

n+1  (_ _
lim(n + 1)tv=z PCEV V) (L1 — ge2e/ VW) =
V—>00 _ B
= A(x + XO)Hn(x + xo) - Ban_l(x + xo). (315)
Here

— 1
A(x + x0) = limn(n + 1) 24, (=1 — 2e2/VY; —2v,v — x\v) = 2(x + xo),

V—>00
B, =limn(n+ Vv 1B, (-2v,v — xoVv) = 2n. (3.16)
Thus, .
n+1 _ _
lim(n + D)lv™z P20 (L1 — ge2x/vv) =
V—>00
= 2(x + xo)Hy(x + x9) — 2nH,,_1 (x + x). (3.17)

Therefore, taking into account (2.4), we have the equality

n+1 (_ _
lim(n + D)1y~ z p2Y )

V>0

(-1- 2e2x/\/7) = Hp 1 (x+x0).  (3.18)

This completes the proof of Theorem 2. | solvable quantum-mechanical models of the harmonic
oscillator.
It is easy to show that in the limit v — oo equation
(2.6) for the polynomials Pn(_zv‘v_x"‘m(—l — 4 CONCLUSION

2e2*/V) goes over to equation (2.2) for the Hermite In the presented article, using the method of
polynomials H,, (x + x,) with a shifted argument. mathematical induction, we proved two limit relations

It is also easy to prove that in this limit the by which Jacobi Orthogona| po|yn0mia|s are
orthogonality relation (2.7) for the Jacobi polynomials  transformed into Hermite polynomials. These relations
pn(—z""’—xoﬁ)(_l — 2¢2%/V%) again goes over to the can find wide application in problems of theoretical and
orthogonality relation (2.3) for the Hermite ~Mmathematical ~physics, especially in quantum
polynomials H,, (x + x,) with a shifted argument. mechanics, and in the theory of orthogonal

It should be noted that relations (3.1) and (3.13) polynomials. For example, on their basis, it is possible

open the way to the construction of new exactly to construct an oscillatory model in an external
homogeneous field.
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